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FULLY NONLINEAR PARABOLIC DEAD CORE PROBLEMS

JOAO VITOR DA SILVA AND PABLO OCHOA

We establish geometric regularity estimates for diffusive models driven by
fully nonlinear second-order parabolic operators with measurable coeffi-
cients under a strong absorption condition as follows:

F(x,t, Du, D*u) — du = o(x, )u" (u»oy in Rr:=Rx(0,7),

where 2 Cc R” is a bounded and smooth domain, 0 < u < 1 and A is
bounded away from zero and infinity. Such models arise in applied sciences
and become mathematically interesting because they permit the formation
of dead-core zones, i.e., regions where nonnegative solutions vanish iden-
tically. Our main result gives sharp and improved C*1~* parabolic reg-
ularity estimates along the free boundary d{z > 0}. In addition, we derive
weak geometric and measure-theoretic properties of solutions and their free
boundaries as: nondegeneracy, porosity, uniform positive density and finite
speed of propagation. As an application, we prove a Liouville type result for
entire solutions and we carry out a blow-up analysis. Finally, we prove the
finiteness of parabolic (n+1)-Hausdorff measure of the free boundary for a
particular class of operators.

1. Introduction

Throughout this article, we are interested in sharp and improved geometric regularity
estimates for diffusive models with strong absorption as follows:

(DCP) Z(x,t, Du, D*u) —d;u = ro(x, 1).u" =0 (x, ) in Qr:=Qx (0, T),

with continuous and nonnegative boundary data, where 2 C R” is a bounded and
smooth domain, 0 < i < 1 is the order of reaction, A is bounded away from zero and
infinity and it is known as the Thiele modulus. Moreover, .7 : Q7 xR" xSym(n) — R
is a fully nonlinear, second-order uniformly elliptic operator with Lipschitz character:
there exist constants A > A > 0 (ellipticity parameters) and k > 0 such that

- AYl—«lgl = F(x, 1,8, X) = F(x,1,§ + ¢, X +Y) < AY| + x|
MSC2010: 35B65, 35K55.
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for every X, Y € Sym(n) with Y >0, (x,¢,&,¢) € Qr x R" x R". It is worth
mentioning that .% is assumed to have bounded measurable coefficients. For this
reason, bounded viscosity solutions to (DCP) have, as the best a priori estimates, a
universal Holder modulus of continuity according to celebrated Krylov—Safonov
parabolic estimates; see [Krylov and Safonov 1980] for more details.

Another fundamental aspect of such models is that if f(u) = Aou" x>0y 1S not
Lipschitz, then the maximum principle is not applicable. Consequently, nonnegative
solutions may create plateau regions, which are known in the literature as dead-
cores and represent regions where no reaction takes place in the diffusion process
from (DCP). Solutions of this class are currently called dead-core solutions and
appear in a number of physical-mathematical models; see, for example, [ Antontsev
et al. 2002; Bandle and Stakgold 1984; Choe and Weiss 2003; da Silva et al. 2018;
Guo and Souplet 2005].

The main first result of our manuscript concerns sharp and improved regularity
of dead-core solutions along their free boundaries. We refer the reader to Section 2
for the employed notation.

Theorem 1.1 (improved regularity at free boundary points). Let u be a nonnegative
and bounded viscosity solution to (DCP), so that 0;u > —co(x, t)u" x>0 (in the
viscosity sense)! for ¢y a nonnegative bounded function and & € Qr a compact set.
Then there exists a universal constant* € > 0 such that for all (xg, to) € 0{u > 0}NRK,

2
u(x,t) < € lullp=@pdist, ((x, ), (xo, t0)) =+,
for all (x, t) sufficiently close to (xg, ty).
We shall also provide how dead-core solutions leave their free boundaries.

Theorem 1.2 (nondegeneracy). There exists a constant €;=C;(n, A, A, k,m, 1) >0
such that any viscosity subsolution to (DCP) satisfies

2
(1-2) sup u(x,r)>CG-ri-n,
G (x0,%0)

for any (xg, ty) € {u > 0} N Ly and €, (xg, ty) C 2 x (0, 00).

Finally, our last main result concerns the parabolic Hausdorff measure of the
free boundary.

INotice that such an assumption is weaker than those imposed in [Choe and Weiss 2003; Shahgho-
lian 2003; 2008]. It means that solutions can decrease in time direction, but with an appropriate lower
bound control.

2Throughout this manuscript universal constants are those which depend only on dimension and
structural parameters of the problem, namely A, A (ellipticity constants of the operator), m, 9 (bound
of 1), « (bounds for the gradient variable of ), dist(, 9, 27) and pu.
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Theorem 1.3 (Hausdorff measure estimates). Let u be a viscosity solution to (DCP)
with % a concave operator. There exists a universal constant € > 0 such that for
all (xo, ty) € o{u > 0} ﬂ%/z,

At 1@ > 0} NG, (x0, 19)) < €p"

par

for all p K 1, where %’Zjl is the (n+1)-dimensional Hausdorff measure with
respect to the parabolic metric.

1A. Motivations, state of the art and overview. Throughout the last four decades
parabolic PDEs with strong absorption conditions have received much attention
due to their connections with the modeling of several phenomena in pure and
applied sciences (see [Antontsev et al. 2002; Bandle and Stakgold 1984; Diaz
2001; Stakgold 1986]). An illustrative example coming from isothermal, catalytic
reaction-diffusion processes is

Au — du = u" x>0y in Qr,
ulx,t) =g(x,1) on 2 x (0, 7),
u(x, 0) = up(x) in Q,

where the boundary data satisfy
O<uge CO(S_Z), gx,t)=¢>0 and u(x,0)=¢% forall x €dS.

In this context, u represents the concentration of a (gas-liquid) reactant over a
diffusing material evolving in time. Hence, the development of dead-core regions
occurs precisely when the reactant becomes inactive. Notice that the boundary
condition means that the reactant is injected with a fixed isothermal flux on the
boundary. From a chemical engineering point of view, to understand the dead-core
phenomenon is crucial, since the catalytic material is wasted precisely along the
dead-core zone.

Other insights for our study come from the theory of nonlinear geometric free
boundary problems (see [Apushkinskaya et al. 2002; Caffarelli et al. 2004; Shahgho-
lian 2003; Teixeira 2016] for some enlightening examples). In this direction, we
cite the class of “pseudo” free boundary problems

max{Plu] — ou, —u} =0 in Q7,
(FBP) ulx,t)=g(x,t) onad2x(0,7),
u(x,0) =up(x) on,

where Plu] := F(x,t, Du, D*u) — rp(x, Hut xu=o0y(x, 1) for u, g, up and .F as
before. As a particular application of (FBP) to financial markets, we may consider
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the operator

2y 2y
3G, 76,06
PV = 50161, 026,)" 82;/ 312"// (0161, 026))

06,06 3(62)2

2 v .

+ Z(Fo - Ui)GiE —ro?, ",

i=l !
where ro > 0 is the interest rate, o; is the volatility of the price of the corresponding
asset, ¥ is the American option and (&1, G5) is the price vector of underlying assets.
Such nonlinear obstacle problems can be interpreted as the extended model (with
zero constraint) in pricing of American options in financial mathematics, which
precisely deals with the case p = 0 (an obstacle type problem). The interested reader
may see the references [Blanchet et al. 2005; 2006; Petrosyan and Shahgholian
2007; Shahgholian 2008] for a more complete treatment.

Despite the fact that a number of qualitative and quantitative features for linear
models in divergence form like

(1-3) Au — du = hou" xu=0y(x, 1) in Qr

have been extensively studied by many authors by using variational approaches
in the last four decades (see [Choe and Weiss 2003] for a seminal treatment, see
also [Antontsev et al. 2002] and [Diaz 2001] for classical references on this theme),
many pivotal issues have not been established for a general model (DCP), until now,
due to the rigidity of the structure of such operators. For this reason, the treatment
of such free boundary problems in nondivergence form requires the development
of new approaches and modern techniques.

We are particularly interested in the smoothness and weak geometric properties
around free boundary points of viscosity solutions of models like (DCP). Such
issues were our impetus for researching parabolic dead-core problems via a modern,
nonvariational and systematic approach based on geometric regularity theory (com-
pare with [Choe and Weiss 2003] for a dead core problem ruled by a heat operator
and [da Silva et al. 2018] for its extension to degenerate evolution operators).

Beyond the several applications, the topics treated in this article help to understand
general issues in free boundary problems. This fact is illustrated by Theorem 1.1,
which shows that the dead-core’s analysis brings to light an impressive feature: better
regularity estimates (at free boundary points) than those currently available. In effect,
in our approach we impose just bounded measurable coefficients for .%#. Notwith-
standing, the modulus of continuity improves upon the expected Holder regularity
coming from the classical Krylov—Safonov regularity estimate (see [Crandall et al.
2000, Section 5; Krylov and Safonov 1980; Wang 1992a, Section 4.4]). Furthermore,
even for constant coefficient problems, % (Du, D*u) — du = f(x,t,u) € L*, our
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result is surprising, because in this setting, the C!+%(1+%)/2_estimate is the available
regularity; see [Wang 1992b, Section 1.2] and [da Silva and Teixeira 2017, Sections 4
and 6]. Finally, we must compare our estimates with ones coming from Schauder
type estimates (see [Tian and Wang 2013] and [Wang 1992b, Section 1.1]). For
simplicity, let us suppose that .#(D?u) = Au and A¢ > O is constant. Notice
that Agu* € C*"/2(€). Therefore, the classical Schauder theory implies that
C lz(:cr”’(%r“ )2 (%1). On the other hand, the estimates from Theorem 1.1 tell us

that u has w(s) = s?/(!=") as modulus of continuity at points on the free boundary.
Finally, the main point is that

ue

2
—>24pu
l—n

for any p € (0, 1). In other words, we obtain an improved decay estimate (at free
boundary points for a right-hand side which is not not necessarily Holder) when
compared with classical Schauder estimates. Taking into account the previous state-
ments, our results are new even for linear parabolic problems with nondivergence
structure and bounded and merely measurable coefficients.

The insight for the proof of Theorem 1.1 is inspired by techniques from regularity
theory of fully nonlinear equations and free boundary problems (see, e.g., [da Silva
et al. 2017; da Silva and Teixeira 2017; Shahgholian 2003; 2008; Teixeira 2016]).
It consists of a finer geometric decay throughout an iterative process, which is
based on the sharp scaling of the equation and maximum principle tools for a
limiting caloric profile via a contradiction reasoning. It is worth mentioning that a
difficulty in our studies is the absence of a strong maximum principle for .%-caloric
functions, i.e., .Z(D*h) —3,;h =0 (a viscosity solution to homogeneous problem
with constant coefficients). For this very reason, the assumption of control in time
variable will play an essential role in our analysis in order to overcome such an
obstacle, since in such a limit configuration solutions will become nondecreasing
in time direction. This will enable us to apply a strong maximum principle for fully
nonlinear equations; see [Da Lio 2004].

Finally, it is worth highlighting that our article extends, as well as generalizes
to some extent, the previous seminal results (sharp regularity and weak geometric
properties) from [Choe and Weiss 2003] and [Teixeira 2016] by using different ap-
proaches and techniques adapted to the general framework of the fully nonlinear par-
abolic operators (compare also with [Caffarelli et al. 2004] and [Shahgholian 2008]).

The paper is organized as follows: The reader will find the main definitions and
assumptions in Section 2. Afterwards, we will present the proofs of the improved
regularity and nondegeneracy Theorems 1.1 and 1.2 in Section 3. In Section 4 we
put forward a number of consequences of these results. Section 5 treats global
analysis results of Liouville and blow-up type. Finally, the Hausdorff estimates in
Theorem 1.3 and related results will be delivered in Section 6.
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2. Preliminaries and main assumptions

Let us start with some standard parabolic notation. By 2 we shall denote a bounded,
open and smooth set in R*. For xo € R" and r > 0, we denote by B,(x() the
Euclidean open ball with center x¢ and radius r. Also, for a point (xg, fp) € 2 x R
and r > 0, we consider three kinds of parabolic cylinders:

%, (x0, to) := B, (x0) X (to —r%, to+r>) (whole cylinder)
%f (x0, to) := B, (xg) X [to, to + r2) (the upper semi-cylinder)
€, (x0, o) := Br(x0) x (to — r2, to] (the lower semicylinder).

Moreover, we will omit the center of the cylinder as (xg, o) = (0, 0).
For a parabolic cylinder 4’ = Q2 x .#, where .# is a closed interval with endpoints
a < b, we define the parabolic boundary by: 9,% := (Q x {a)hUOR x .2).
Given (x, 1), (v, s) € Q x R the parabolic distance (or metric) between (x, t)
and (y, s) is given by

disty (. 1), (7, ) =/ lx = Y2+ 1t —s1.

For r > 0 and ¢ C R"*!, we let A47(0) :={(x,1) € R : dist,((x,1), O0) > r}
for the parabolic tubular neighborhood of radius r of &.

By Sym(n) we mean the set of symmetric real matrices of sizen x n. If M is a
given matrix, we shall use || M || to denote any matrix norm.

Throughout this manuscript % : 6] x R" x Sym(n) — R is a second-order fully
nonlinear operator satisfying the structural condition

(SC) ,@;’A(M—P)—Klﬁ—cﬂ§§(x,t,ﬁ,M)—§(x,t,c7,P)
< PIA(M—P)+k|F 7|,

for any M, P € Sym(n) and p, g € R", where @fm A denote the Pucci’s extremal
operators

PENM) =2 ei+A-Y e and P (M):=k-) ei+A-Y e
e; <0 e; >0 e; >0 e; <0

and {e; : 1 <i < n} are the eigenvalues of M.
For a fixed (xg, ty) € 41, we will measure the oscillation of the coefficients of .#
around (xg, 7o) by the quantity
F(x,t,0, M) — F(x9, 10,0, M
@) OsGotx.)i= sup 12X ) = 7 (xo, fo, 0, M)|
MeSym(n)\ {0} M

For notation purposes, we shall often write ® (0, 0, x, t) = ® #(x, t). Hence, the
coefficients of the operator are merely measurable.
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In the following definition, we provide the class of solutions that we consider in
this work.

Definition 2.1 (viscosity solutions). We say that a function u € C%(%,) is a viscosity
subsolution (resp. supersolution) to

(2-2) Z(x,t, Du(x, 1), D*u(x, 1)) — d,u — f,t,u)=0 in%

if forall p € C 21(#)) whenever u — ¢ has a local minimum (resp. maximum) at
(x0, tp) € ¢ then

F(x,t, Dp(x, 1), D*9(x, 1)) = — f(x,1,9) =0 (resp. <0).

Finally we say that u is a viscosity solution to (2-2) if it is both a viscosity subsolution
and a supersolution.

We recall the existence of a universal constant pg, satisfying % <pyo<n+1,

for which Harnack inequality (resp. Holder regularity) holds for viscosity solutions
with RHS in L7, provided p > pg; see for instance [Crandall et al. 2000, Section 5].
The following compactness result then becomes available:

Proposition 2.2 (compactness of solutions). Let u be a viscosity solution to
(2-3) du—F(x,t, Du, D*u) =f(x,t,u) in%,,

under the assumption f € L? with p > po. Then u is locally of class C*P for some
O0<B<land

_ p_nt+2
lullcsgy < Cyhy A ir P (lulloigy 77 7 1 flliee))-

Another piece of information we need in our approach concerns the stability of
the notion of viscosity solutions, i.e., the limit of a sequence of viscosity solutions
turns out to be a viscosity solution of the limiting equation. More precisely, we refer
to the following lemma, whose proof and general form can be found in [Crandall
et al. 2000, Theorem 6.1].

Lemma 2.3 (continuity with respect to the equation). Let .7;, .7 be normalized
(A, A, k)-operators, p > po, with f, fj € LP(¢1) N C%(%)) and let u;j be viscosity
solutions to

duj— Fj(x,t,Duj, D*u;) = fi(x,t) inG

for all j € N. Assume that uj — u locally uniformly as j — oo. Moreover, for all
% (x0,t0) C 61 and all p € C 216 (x0, to)) (test function), assume that

gi(x, 1) = Zj(x,t, Dp(x, 1), D*p(x, 1)) — fj(x, 1)

and
glx,t):=F(x,t, Do(x,t), D2<p(x, t))— f(x,1)
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satisfy
(2-4) g — &jllLr & (xo.t0)) — O as j — oo.
Then, u is a viscosity solution to

du— F(x,t, Du, D*u) = f(x,1) in% (xo, o).

Proposition 2.4 (gradient estimates [Crandall et al. 2000, Remark 7.7; Wang 1992b,
Section 4.2). Let u be a viscosity solution to (2-3) with % a normalized (A, A, k)-
operator and f € LP(61). If

»
lim  sup (][ ®§¢(Y,S,X,f)> =0,
=0+ (y e \J%(r.5)
2

then u € CH“’(”“)/Z(‘@)for some universal 0 < a < 1. Furthermore, there exists
a universal constant € = €(n, A, A, k) > 0 such that
1Dull ooy < €, Ay A i) (ullzocgy + 1L f L))

The next result can be proved in a similar way to one in [Crandall et al. 1992,
Theorem 8.3].
Theorem 2.5 (comparison principle). Let uy and uy be continuous functions in €
so that
(2-5)  F(x,t, Duy, D*uy) — duy — ho(x, 1) (1)’

<0< Z(x, 1, Duy, D?uz) = dyuz — ho(x, )(ua)  in %

in the viscosity sense. If u1 > uy on 9,%, then uy > uy in %).

In the next theorem, we shall state the existence of solutions to the problem

F(x,t, Du, D*u) — d,u = Ao(x, )u" xpu=0) (x, 1) in %1,
(2-6) u(x,t)=g(x,1) ondB; x (=1, 1),
u(x, 0) = uo(x) inB; x {—1},

for continuous functions g and ug satisfying the compatibility condition g(x, 0) =
uo(x) for x € dBy. The existence is achieved by the celebrated Perron’s method
combined with the previous comparison principle, Theorem 2.5.

Theorem 2.6 (existence of dead core solutions). Suppose that assumption (SC)
holds for %, and that A is continuous. If there exist a viscosity subsolution uy to
(2-6) and a viscosity supersolution u® to (2-6) such that

Uz = u® on d,%1,

then there exists a viscosity solution u to problem (2-6). Furthermore, such a u is
nonnegative provided the data are nonnegative.
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3. Improved regularity estimates and nondegeneracy of solutions

In this section we will prove our main results, Theorem 1.1 and 1.2. We start
by deriving the improved regularity estimate in a normalized class of viscosity
solutions defined in the unit cylinder, and then we extend the results to general
dead-core viscosity solutions.

Definition 3.1. For any fully nonlinear operator .# fulfilling (SC) we say that
u € J(F, ro, W) (€1) if:

o Z(x,t, Du, D*u)—d,u = ro(x, Hu' (=0 (x, t) in %] (in the viscosity sense)
with [[Agut || ) < 1.

e 0<u<l,0<m<iy<Min 4.

o diu > —co(x, ut xu=0y(x, t) in €1 (in the viscosity sense) for a nonnegative
and bounded function c¢.

e u(0,0)=0.

Hereafter, we shall adopt the notation 7y, x,,r) U] := SUPe— 4y U(X, 1).
In the next, we shall define for u € J(%#, Ag, w)(%1) the set

2J+1

V(u] := {jeNU{O};Yl_[u]§212HmaXil,%}-Y 1 [u]},

*
0

where € > 0 is the nondegeneracy constant from Theorem 1.2. Notice that V[u] is
not empty. Indeed, j =0 € V[u] since, in view of Theorem 1.2,

m > € (%) Alul,

2
—

* (1
1] = €5 (3)
which implies that

1
Filu] <277 max{l, —}5@ [u].

)

We now present a key lemma for proving Theorem 1.1, which provides the sharp
growth rate for functions on J(.Z, Ag, u)(%1).

Lemma 3.2. There exists a positive constant €y = Ey(n, A, A, w, M) such that

2

1\ =r
(3-1) Yﬁ [u] <& - (2—J>
forallu € J(F, Ao, )(61) and j € V[u].

Proof. The proof will hold by reductio ad absurdum argument. Let us suppose
that the thesis of the lemma fails to hold. Then, for each kK € N we might find
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up € J(Z, Ao, 1)(€1) and ji € V[uy] such that

1
(3-2) ZW [uk] > k<2] )

Now, we define the auxiliary function:

1 1
U Z-_ka’ 22—”(1‘)

2
—

vr(x, 1) =

Thus, vy fulfills

[uk]
o 0<up(x, r)<L" 2:=2%0"" max(1, 1/€%} in €, and v (0, 0) =0.

y’]/Q/k'H [uk] —

. ﬂ%[vk] > 1.
1 1 22k u . _
o 0;v; > —co< X, —-t),—v (x,t) In €, .
S 'yll/zzcﬂ (] K :
1 1 1
o Fi(x,t, Dog, D vy) — 0pvp = WT[])‘O(MX Eyans )(Uk)+(x 1) in 6
in the viscosity sense, where T
jk ('x7 t’ p b M)
. 1 1
W‘g@k st 25 e [ B o 228, i L) M)

Notice that the operator .%; fulfills (SC). Moreover,

PR PRl
11‘+l

1 1 _[uklko( . L_t)(vk)i(x,t)HLm( <A1 (%) 50 as k—oo.

The previous sentences together with standard compactness arguments for fully
nonlinear parabolic equations (see Proposition 2.2) imply that, up to a subsequence,
vx — v locally uniformly in ﬁj and ., — .%p. Furthermore, by stability results
(see Lemma 2.3) we have

Fo(D*v) — 8v =0 in G, .

0<v<Qland3 >01n<€4/5

v(0,1) =0 forall € (—(%)%,0].
e Aplvl =1

Therefore, according to the strong minimum principle (see [Da Lio 2004]) v =0,
which contradicts the previous sentence. (]

In the next result, we state a version of Theorem 1.1 for the class J(.#, Ag, w)(%61).
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Theorem 3.3. There exists a positive constant € = €(n, A, A, u, M) such that for
allu € 3(F, ro, (1)

w(x, 1) <C-(x,HF  forall (x,1) € %,

where
2. 1) sup{r > 0; €, (x, 1) C{u >0} for(x,t) € {u> 0},
X, =
0 otherwise.
Proof. The proof will be by induction. First of all, we claim that
2
1 \Tx
(3-3) L u] <& - <—) forall j e N,
27 2j—1

where & is the constant coming from Lemma 3.2. Note that if €y > 1, which we
can suppose without loss of generality, then (3-3) holds for j = 0. Suppose now
that (3-3) holds for some j € N. We will verify the (j+1)-th step of induction. In
fact, if j € V[u], the result holds directly by Lemma 3.2. On the other hand, if (3-3)
fails, by using the induction hypothesis we obtain

1\ INTA/ 1 \Tr 1\ 7
stz (3) T rtaze(3) () e (3)

Therefore, (3-3) holds for all j € N.
In order to finish the proof for a continuous parameter, for r € (0, 1) let j € N
be the greatest integer such that 1/2/%! <r < 1/2/. Then,

2

1 =
Slu] < 1 [u] < € (F) D<@ AL, M) T
2J

Finally, in order to obtain an estimate for # over the whole cylinder we will use
a suitable barrier function from above. Let us define

c__( m(l — p)? )
T 22Ap (=]

and ¢(x, 1) :=c- (|x|>+2nA -1)/1=* Then, we have

)
F(x,t, D¢, D*7) — a—i — ho(x, 1)k

du
<0< Z(x,t, Du, D*u) — o~ holx, D'l inet.

Moreover, we have that ¢ > u on BP%JF, where we have used .7, [u] < ¢ - r2/(1=1)
for the estimate on {t = 0}. Consequently, the comparison principle for viscosity
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solutions in Theorem 2.5 implies that { > u in ‘51+. Therefore,

supu(x,t)§€(n,)\,A,,u,K,m).rﬁ. O
(gr

Remark 3.4. Following the same arguments as in the proof of Theorem 1.1, it
is possible to obtain similar regularity estimates for a family of problems with
a general (not pu-homogeneous) nonnegative and nonlinear absorption term f :
é1 < [0, lulloo]l = Ry, ie.,

F(x,t, Du, Dzu) —du=Ff(x,t,u) inQr,

provided f(x, ¢, r) < €,r#, for all 0 < r < 1 and for some constant €, > 0. Some
interesting examples include

Xo(x, 1) (e —1) fors > pu >0,

Ao(x, ) In(u’, +1) fors > u > 0,

Ao(x, t)ui In(u®*+1) fors >0,

Lo(x, Hu'l /(1 +u®)™ fors >0 and 0 <m < p.

fu) =

We have decided to treat the case f(x, ¢, u) = Ao(x, t)u’fr(x, t) in order to intro-
duce the main novelties in our approach.

Remark 3.5. Notice that Lemma 3.2 ensures that there exists a universal constant
0 < 79 < 1 (small enough) such that if u € J(F, Ao, u) (%) with

|.Z (x, t, Du, D*u) — d;ul| L) < o,

then

2
1\ 1=
yzjlﬂ [u] = Q:O‘ (2_1) )

We now are ready to prove the main result of the article.

Proof of Theorem 1.1. In order to prove Theorem 1.1, we have to reduce the
hypothesis presented on it to the framework of Theorem 3.3. We assume without
loss of generality that & =%, C Q7. For (x,1) € {u > 0}N K let 0(x, ¢) the distance
comes from Theorem 3.3. For (xg, 79) € a{u > 0} N K let us define

u(xo + Rox, to + Rir)

Ko

v(x,t):= in 6

for constants kg, SR > 0 to be determined universally a posteriori.
From the equation satisfied by u, we easily verify that, in the viscosity sense, v
fulfills

(3-4) 4 (x, 1, Dv, D*v) — 8,0 = ho(x, 1) - v (x, 1),
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for
9%2
G(x,1,p,2) = _Oy<x0+9%x, to-l-%(z)» ﬂﬁ, K—%%)
“o Ro R
and
~ 9&{(2) )
Ao(x, 1) 1= ———Ao(xo +Rox, fo +Rot).
Ko

Observe that ¢ satisfies assumption (SC) from Section 2 with the same ellipticity

constants A and A, Lipschitz constant «, and a modulus of continuity @(s) = w (Rs).
Now, let 7o > 0 be the greatest universal constant, from Remark 3.5 such that

Lemma 3.2 holds provided ||¥4(x, t, Dv, D?u) — 0;v|| Loz < 0. By choosing

dist(R, 8,Qr) |0y "
2 Voo [

ko :=|lu|lL~,;) and O<9%<min{1,

v fits into the framework of Theorem 3.3. Hence, there exists a constant ¢ =
C(n, A, A, 9N) so that

v(x,1) < €-d(x, )T,

where
20x. 1) sup{r > 0; €, (x,t) C{v>0}} for(x,t)e{v>0},
X, t) =
0 otherwise.
By scaling back, we obtain the conclusion of Theorem 1.1. (]

This final part is devoted to proving Theorem 1.2 which tells us how dead-core
solutions detach their free boundaries. As a byproduct, we shall also give important
consequences of such a nondegeneracy property, including uniform Lebesgue
density of positive sets {u > 0}, porosity of z-level sets of the free boundary and
finite speed propagation of {u# > 0}; see Section 4 for more details.

Proof of Theorem 1.2. Firstly, notice that by continuity of viscosity solutions, it
is sufficient to show that (1-2) holds for (xg, fg) € {u > 0}. To this end, fix such a
point and take r > 0 so that % (xo, f9) C 2 x (0, c0). Now, define the comparison
function

1 _
W(x, 1) :=cillx —xol* + 2(to— 1™, (x,1) €6 (x0, f0),

ml—p) p—1
2

where ¢, ¢y are positive constants satisfying ¢y < c¢; and

1

. ,_{ m(l — p)? }‘M
PTlazea + A 00— w1
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where 0 < m < Ag. Hence, it follows that
F(x,t, DV, D*W) — 3 — ho(x, DY <0 in € (xo, to).

Now, if ¥ > u on whole 9,4, (xo, ty), then the comparison principle Theorem 2.5
would imply that u < W in €, (xo, fo). However, this is a contradiction with the fact
that W (xo, 1) = 0 < u(xo, t9). Therefore, there exists a point (x’, ') € 9,%,” (xo, to)
such that u(x’, ') > W(x’, t'). Since W (x’, t') = ¢vr?/1=1 for ¢ independently of
(x’, t'), we have completed the proof of the theorem. O

4. Applications

Using Theorem 1.1 we are able to prove a similar growth rate for the gradient of dead-
core solutions provided that the coefficients of .# are VMO (see Proposition 2.4).

Corollary 4.1 (growth estimates for gradient). Suppose that the assumptions of
Proposition 2.4 are in force. Then a positive constant €, =& (n, A, A, w, IN) exists
such that for all u € J(F, Lo, L) (61):

IDu(x, )| < €, -0(x, )14 for all .

Proof. As before, it is enough to prove the estimate

Lhp Lp

I\ [1\T*
(4-1) fzjil[llDull]SmaX{@iz-(g) (5> Y;j[IIDMII]},

for all j € N and a constant €, = €, (n, A, A, u, IM).
Let us suppose that (4-1) does not hold. Then, there exists u; € J(F, Ao, 1) (61)
such that

I\ T 1\ T
—K K
4-2) J’ﬁ[llDMjII] Zmax{1<§) , (§> Yzlj[IIDMjll]}-

Next, we define the auxiliary normalized and scaled function

2juj (%x, %t)
1 [IIDujl]
2j+1

vi(x, 1) =

Notice that using (3-1) and (4-2) we obtain

. .2
2igyTr
OSU/(X)S(—)
‘ 1[I Dull}

1
2j+1

¢
E—.IO for (x, 1) € 61.
J K
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Furthermore:

o Fj(x,t, Dvj, Dzvj) —0vj = )Co(x, t)(vj)i(x, t) in %1 in the viscosity sense,
where

fj(x,t,ﬁ, M)

1 1 .
= — Fl| —=x, —1t, Du ; ,—”ZJy Du;||]- M
PERRTTET (21 it 7 D) 5,207 [1Duj1] )
2J+

and

) 1 1 11
Rox. 1) = S5 yl?“[llDujll]/\()(Ex’ Et)’
2J+T

- /DI 1.

Consequently,

9 1
||)\O . (Uj)l-f-”Loc(%”l) < m - Q:M . ;

Finally, by using the a priori gradient estimate from Proposition 2.4 we obtain
1< Y%[IIDUJ'H] <&, A, M)[llvjllLez) + ||):0(Uj)i||L°°(§§1)]
<¢*.——=0 asj— oo,

which is a contradiction. Therefore the proof is ended. ([

An interesting piece of information coming from our technique is that by using
again the previous iterative geometric argument and supposing better assumptions
on .% (to be clarified soon) we will be able to access an improved growth rate for
the higher derivatives of u (namely, the temporal derivative and the Hessian of u,
respectively) according to Schauder type estimates.

Corollary 4.2 (growth estimates for higher derivatives). Assume that (DCP) has
locally C*' a priori estimates, i.e., there exists a universal constant ¢ > 0 such
that

ID?ull Loy, 10t Lo ig,y < €5 forall r L 1.

Then, there exists a positive constant & = €y(n, A, A, , M) such that for all
u € J(F, ro, w)(61),

||D2u(x,t)||§€2-b(x,t)12fuﬂ (resp. |8,u(x,t)|§€2-b(x,t)')%ﬂ) forall(x,t)e%%,

Remark 4.3. An interesting class of operators for which we can apply Corollary 4.2
is the class of convex (or concave) operators (recall that such a family of opera-
tors enjoy local C2+*+®)/2 3 priori estimates; see [Krylov 1983; Wang 1992b,
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Section 4.3]), because under such assumptions on % it is possible to develop a
Schauder type estimate provided the source term enjoys a universal modulus of
continuity, suitably integrable at origin (see [Tian and Wang 2013] and [Wang
1992b, Section 1.1] for more details and compare with [da Silva and Teixeira 2017,
Section 6] and [da Silva and dos Prazeres 2019, Section 6] for results when such
an assumption fails). Finally, in [da Silva and dos Prazeres 2019], Schauder type
estimates were proved for flat C*-viscosity solutions, i.e., solutions with very small
oscillation, provided .# is in C 1’T(Sym(n)) and has Dini continuous coefficients.
Therefore, such a family of solutions and operators is an interesting class where
Corollary 4.2 holds true.

Remark 4.4 (dead core solutions vs. flat solutions). In view of previous results, we
must highlight the relationship between regularity coming from dead-core solutions
and that coming from the classical Schauder theory. To this end, let us suppose
that u is a flat C%-viscosity solution to

(4-3) F(x,t, D*u) — du = ho(x, Hul (x, 1) in &,

where 0 < i < 1, A9 € C¥* (%)) and .Z is subject to the assumptions in, for example,
[da Silva and dos Prazeres 2019]; see Remark 4.3. Under such assumptions, the
Schauder type estimates from [da Silva and dos Prazeres 2019] ensure that solutions
to (4-3) are ClzoJCr” (/D) (%1) (particularly at free boundary points). On the other
hand, our main theorem, Theorem 1.1, claims that u is CS1%(S+)/2 gt free boundary

points, where
2 2 2
si=|—| and a¥i=——|——|.
1—n 1—pn 1—pn

Nevertheless, notice that for any 0 < < 1 we have
2
sta=——>2+pu,
I—p

which means that dead-core solutions are more regular, along free boundary points,
than the best regularity result coming from classical regularity theory in [da Silva
and dos Prazeres 2019].

Remark 4.5 (regularity in some problems from geometry). Over the last decades
the study of geometric flows has proved to be extremely effective in solving some
of the most important problems in topology, differential geometry and geometric
analysis. Geometric considerations lead to equations of the form

(4-4)  F(x,t, Du, D*u) — d,u

:f(x, t, u/ 4 (Du, Dzu) dx)x{u>o} in.# c R,
By
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where .% is a convex (concave) operator and ¢ € C°(R" x Sym(n), R™) is a vector
field (see [Tian and Wang 2013] for more detail on these topics). Such equations
appear in many applications of parabolic PDEs in curvature and gradient flows.
For this reason, our work has also been motivated by the study of such equations
coming from differential geometry and geometric analysis in order to establish high
order estimates to solutions along their free boundaries.

Next, we will comment on interior regularity results for general nonlinear curva-
ture and gradient flows (4-4) (at free boundary points); they provide an interesting
application in the geometric setting for our main theorem. We consider .# to be
a closed manifold without boundary under a volume constraint assumption; thus
interior regularity is sufficient. For (4-4), one can to obtain C>! estimates for
solutions via maximum principle

lullc2igy < C  forall r < 1.

Furthermore, such an estimate implies that (4-4) is uniformly elliptic; thus the
structural condition is satisfied. Notice that such an estimate also implies that
the RHS is C? in x and bounded and measurable in ¢. Hence, we fall into the
assumptions of Remark 3.4. As a result, Theorem 1.1 can be applied for viscosity
solutions to equations of form (4-4).

Finally, this result can be further applied to equations of the form

Z (DY, D*h) — 3, — b |A1> =0,

where b is the inwards mean curvature vector of the surface at position x and time ¢
and |2(] represents the norm of the second fundamental form. This equation is the
extended version for models describing the mean curvature hypersurface in the
Euclidean space R"*!; see [Sheng and Wang 2010].

Next, we will establish a finer control for dead-core solutions close to free
boundary points. In brief, any viscosity solution to (IDCP) will be “trapped” between
the graph of two suitable multiples of dist, (-, d{u > 02/ d=m),

Corollary 4.6. Let u be a nonnegative, bounded viscosity solution to (DCP) and
Q' € Q7. Given (xo, tp) € {u > 0} N/, there exists a universal constant €; > 0
such that

Cydist, ((xo, o), O{u > 0N ™# < u(xo, 1o) < ¢Edist,, ((xo, to), d{u > 0} .

Proof. The upper estimate is an immediate consequence of Theorem 1.1. Next,
let us suppose that such a €; > 0 does not exist. Then there exists a sequence
P = (xx, 1) € {u > 0}NQ with

2
di i=dist, (P, 3{u >0)NQ)— 0 ask—>oo and u(P) <k 'd ™.
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Now, let us define the auxiliary function v : 47 — R by
u(Pye + (dry, dis))
5 .

=7
dk

v (y, s) i=

It is easy to verify that:
(1) Zi(x,t, Dvg, D*vy) — d,vx = /):k(x, t)- (vk)i in €12 in the viscosity sense
where

_2u 1+n 2u

Zk(y. s, P, 2) =dy qy(Pk +(dky,d,§s),d,:7“ﬁ,qu%)

and
(v, 8) 1= ho( P+ (diy, d2s)).

) u(Py+ (dry, d,fs)) < SUPy+ (B, u(y,s) < Qfd,f/(l_“) according to Theorem 1.1,
where P is such that dj =kdistp(Pk, Pr). Hence, vy is nonnegative and uni-
formly bounded.

3) w(y,s) =C-df + % for all (y, s) € ‘51_/2 due to local Holder regularity of
solutions; see [Crandall et al. 2000, Section 5; Krylov and Safonov 1980;
Wang 1992a, Section 4.4].

From the nondegeneracy property, Theorem 1.2, and the last sentence we obtain

2

1\ ™= 1
(4-5) O<¢0.(§> : < sup vk(y,s)fsupvk(y,s)§Cd,f+%—>O as k — oo.
a,,%; 0
2

Such a contradiction finishes the proof. (]

As an another application, we establish an average control for the p-power of
dead-core solutions. Such an estimate will be useful in order to prove Hausdorff
measure estimates.

Corollary 4.7. Let u be a nonnegative, bounded viscosity solution to (DCP) and
Q' € Qr. Forall (xo, ty) € 3{u > 0} N2, there exist universal constants €; > 0 and

dist, (2, 9,2
0<ro <<min{1’w}

such that

o
][ ut(x,t) > Cyri-n,
©r (xo0,10)

forany r <ry.
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Proof. Once more, we will proceed via a contradiction argument. If sucha €, > 0
does not exist, then there would exist a sequence Py := (xy, fy) € d{u > 0} N Q'
such that for any sequence rp — 0+ as k — oo we would have

2
][ u(x,t) < kilrkl_”.
@, (Po)

Now, define the function v, : 4" — R by

u( Py + (rey, rfs))
L .

Vk(y, 8) == —
rgf”

It is easy to verify
G (x, 1, Dvg, D*vp) = dop = he(x, 1) - () iG]

in the viscosity sense, where

21 1+p 21

G (y,s,p, X) = rk_?“f(Pk + (rry, r,fs), rkl_“[_)’, rk'_“ )
and
I (. 8) 1= ho(Pe+ ey, 1))
On the one hand, using the contradiction assumption,
ut(x,tr) 2"+2

(4-6) f v (y,8) = Z”Hf o < — 0 ask— oo.
%7(0,0) Cre (Pr) k
2

i=n
Ty

On the other hand, using Corollary 4.6 we obtain

ut (P + (riy, r2s))
f v (y,s) = ][ -t
“7(0,0) %7(0.0) er
2 2

k

N @L][ (distp(Pk + ey, r2s), d{u > 0}))312
~ e 00 Tk '
2

Now, let us denote di(y, s) :=dist, (P + (rcy, r,gs), 9{u > 0} N Q). Under such a
notation we define

De={0,9) e @1 0,001 di(y, s) < arrid,

where
I—p

L\ 2 I -
ap = <%> l |‘5;(0, 0)] e (<, ) by (201 +2)y %
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with & > 0 chosen such that
204(n+2)
10
Notice that for k£ > 1 large enough, ©; N %, (PN {u > 0} £ @. Moreover, since

ar — 0 as k — 0o, we have, for k > 1 large enough, that |D;| > %rg;/z(o, 0)].
Therefore, we can estimate for k > 1

|£7(0, 0)] > 2"+2.
2

F oo S [ (G0
00 I%% 0,0 Jo¢ Tk
2a(N+2) . a(n+2) B n+2
> 3 |©k|ZW|(€% 0,0)] > k’
which contradicts (4-6). This finishes the proof of the corollary. U

The nondegeneracy property and the growth rate for viscosity solutions to (DCP)
will lead us to establish some measure-theoretic properties of the free boundary.
We start by showing a property of positive density.

Corollary 4.8 (positive Lebesgue density of {u > 0}). Let u be as in Theorem 1.1.
Then, there exists a positive constant { = ¢(n, A, A, M, |lu| L~,)) such that for
all (xo, to) € {u > 0} and 0 < r < 1 such that 6, (xo, to) C €12, the inclusion

Ger (X', 1) C 6 (x0, 10) N {u > 0},
holds for some (x', t') € € (xo, o).

Proof. Let (xg, ty) € {u >0} N ‘@ For r small enough, we have by Theorem 1.2
that there exists (x’, t') € €, 5(x0, to) such that

r\ TR
4-7) u',t’)y>c- <§> )
Suppose that for all 0 < ? < 1 small, there exists a point (x, ) € d{u > 0} NG 2
satisfying
(4-8) (x',1') € G(x, 1) C %, (x0, 10).

Now, according to (4-7), (4-8) and Theorem 1.1, it follows

2

r\ T y 2
c-| = <u(x',t')< sup u<C€ol-n,
2 Gx.)
This clearly does not hold for < & - 5, where E := (é)(l_u)/2 < 1. Hence

Czar(x', 1) C 6 (x0, 10) N {u > 0}. This ends the proof of the theorem. O
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Remark 4.9. Notice that Corollary 4.8 ensures that the free boundary cannot have
Lebesgue points. Consequently, for any compact set R C %], we have

2" @{u > 0}NK) =0.
Next, we shall prove, as an easy consequence of the above result, that the free
boundary is a porous set. We recall the definition of this notion.

Definition 4.10 (porous set). A set & € R” is said to be porous with porosity
constant 0 < ¢ < 1 if there exists YR > 0 such that for each xp € £ and 0 <t <R
there is a point x" so that B, (x) C Be(xo) \ &.

Observe that a porous set has Hausdorff dimension at most n — co¢"”, where
co = co(n) > 0.
Corollary 4.11 (porosity for ¢-level of free boundary). Let u be a viscosity solution
to (DCP). For every compact set ¥ C 61,
A u > 0N Nt =10)) < o0
foraconstant0 <8 =586, A, A, u, M, ||ullL=s). dist(H#, 0671)) < 1.

Proof. The proof is standard (see, for instance, [Choe and Weiss 2003]). However,
we quote full details for completeness. Without loss of generality we can suppose
that 7 = ‘@ Let (z, 1) € 0{u > 0} N %; then for 0 < r < 1, according to the
nondegeneracy property, there exists x’ € d B, (z) such that

u(x', 1) > € R,
On the other hand, from Theorem 3.3,
u', 19) < €, 1) 7.

Consequently,
2 2

corTu <u(x',tg) <€-o(x, tg)TH.

)=/

Next, by selecting § = ( , then 0(x’, o) > & - r. Therefore

¢

Bs.,(x)N B,(2) C{u(-, 1) > 0}.

Now, choose y € [z, x'] such that |y — x| = 2. Note that for any y € B(sr)2(y),
lyo — x| < lyo—yl+ |y —x'| =6r.

Moreover, since |z —x'| = |y —z| + |y — x|,

YA or
lyo—zl <lyo—yl+(z—x"| =]y —x']) < 3+<r—3) =r,
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so we conclude that B(sry/2(y) C Bs-(x") N By (2) C B, (2) \ (8{u > 0} N {t = t0}).
Therefore, 3{u > 0} N {t = to} N %} is porous with porosity constant 5. O

In contrast to one of the most known properties of heat equations, namely the
infinity speed of propagation, fully nonlinear parabolic dead core problems have
the property of finite speed propagation. Such a property supports the physical
soundness of the equation to diffusive models. Moreover, the occurrence of this
phenomenon is a consequence of loss of diffusivity of the equation at the level set
u = 0. The proof will be based on [Choe and Weiss 2003, Corollary 4.4].

Corollary 4.12 (finite speed propagation of {u > 0}). There exists a constant
c(n, A, A, ) > 1 such that, for any solution to (DCP), with nonnegative and
bounded time derivative, and any € (xo, to) C Q x (0, 00), the implication

u(-,10) =0 in By(x0) = u(-,to+5) =0 in Buax(0,r—cs)(X0)
holds.
Proof. Let us suppose that for 0 < 51 < % there exists a point x; € By_s, (x0) such

that u(x1, fo +5%) > 0. The nondegeneracy property (Theorem 1.2) implies

2

u(x, g) > Chs, ™"

_ 2 . du - .
for some (x2, ¢) € E5, (x1, tp + 57). Moreover, since a—'; is nonnegative and bounded,

we deduce that there exist 0 < t(n, u) < 1 and (x», g —i—s%) satisfying
u(xy, to+55) >0, with 0<s;<(1—71)5; and |x—x|<s.
By iterating the previous reasoning we can obtain a point (x, fy —|—5z) such that

si[l —(1—0)*']
. .

)k—l

u(xk,to+5%)>0, with0<s, <(1—7 51 and |xp—x1| <

Finally, up to a subsequence, x;y — xoo as k — oo; thus we obtain a point (x, fy) €
{u > 0} fulfilling |x» — x1| < s1/t. However, this contradicts our assumptions
provided ¢ > %. This contradiction proves the corollary. U

5. Global analysis results

5A. Blow-up analysis. Throughout this subsection we shall study the blow-up
analysis over free boundary points (interior touching points). Historically, such a
procedure provides a powerful device in order to study certain one-dimensional
profiles in several free boundary problems (see [Apushkinskaya et al. 2002] and
[Caffarelli et al. 2004] for some enlightenment). Thus, let u be a solution to (DCP),
Po 1= (xg, t9) € d{u > 0} ﬂcfl/z and (px = (X, t))ken € 0{u > 0} ﬂ%l/z such that
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px — po. Now, consider, for each g, N\ 0, the blow-up sequence ug, : €12 — R

given by

u(xy +erx, t + 8kl‘)
12
&

ubk(x, 1) :=

We must stress that this sequence is indeed an g¢-zoom-in of u (on the free boundary
points) rescaled in a suitable way. The next result analyses the “limiting profile”
for any blow-up sequence.

Theorem 5.1 (blow-up limit). Let po = (xo, to) € d{u > 0} be a free boundary point,
(Pr)ren € {u > 0} such that py — po and a blow-up sequence (ug,f Yken. Then, up
to a subsequence

up" — u O uniformly in every compact & C R" x R.
Furthermore, ug is a nonnegative viscosity solution to the following global parabolic
dead-core problem with constant coefficients:

(5-1) Z(x0, to, D*ud’ (x, 1)) — dul’ (x, 1) = Ao(x0, 10) - (") (x, 1) inR" x R.

Finally, (0,0) € 8{up° > 0).

Proof. Note that u ¢ fulfills, in the viscosity sense,

&k’

o (x, 1, Dult, D2ul) — bt =J(x, ) - @BL in@ .
£k

where
_ 2;1. I+p 21

ygk(‘x’t’ﬁ’%):zé‘k F (X + &xx, tk—l—skt gkl 3 k] ")

and . 5

Ac(x, 1) := Ao(xx + exx, 1y + &1).
Observe that .%,, satisfies assumption (SC) from Section 2, with the same structural
parameters. As a consequence, from Theorem 1.1 we have

ubt(x, 1) <C(n, A, A, M, ) forall (x,7) € %ﬁ

Particularly, ugk is locally bounded in %7 /(2¢,). From universal Holder regularity,
see for instance Proposition 2.2, up to a subsequence, u‘gf — ”0 locally uniformly
to an entire function. Furthermore, a{ug° > 0} has zero (n+1)-Lebesgue measure

and by stability results (see Lemma 2.3) ug" fulfills
F (x0, 1o, D2ug (x, 1)) = Bug’ (x, 1) = ho(x0, 10) - (up)y (x, 1) in R" x R.
Obviously, ug" is a global nonnegative solution. By nondegeneracy (Theorem 1.2)

sup ub’(x,1) = hm sup ubt(x, 1) = &5 riw 8
%7 (0,0) k=00 4= 0,0)

which ensures that (0, 0) € 3{u}’ > 0}. O
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From now on, for our purposes, ugo will always denote a limiting function, using
the previous reasoning. For this reason, we will label it as the blow-up solution
at (xg, to).

The next result establishes a quantitative control profile at infinity for a class of
entire solutions to the dead-core problem, namely, blow-up solutions.

Theorem 5.2 (behavior of blow-up solutions). Let ug be a blow-up solution at
(0,0) € 0{u > 0}. Then, there exist universal constants ¢y, &y > 0 such that

o uo(x, 1)
(5-2) ¢ <  liminf >
dist, ((x,1),(0,0))—o00 diStp((X, [), (0, 0))q
, 1
< lim sup uox, 1) — < &.

dist, ((r.1). (0.0)—oe dist , ((x, 7), (0, 0)) 7

Proof. Such a lower and upper control at infinity are a consequence of Theorem 1.1
and Theorem 1.2, respectively. (|

Remark 5.3. Note that (5-2) implies that blow-up solutions are nontrivial. More-
over, (5-2) says that blow-up solutions satisfy

2 2
co-ri-n < Sluol < Co-ri-r,
for values of r large enough.

Remark 5.4. In view of Theorem 5.2, the nontrivial space-independent blow-up
solution u = u(t) to

F (X0, to, D*u) — dyu = ho(xo, to)u' (x, 1) inR" x R

is given by u(t) = [—(1 — ) Ao(x0. f0)¢]} ' . On the other hand, when .Z () =
Tr(-), nontrivial time-independent blow-up solutions # = u(x) are of the form

2 2 N
u(x) = {Cpp - (xi)—li-_u »C (xi) ", Ch - (Jx —xo| — %O)J-_ﬂ},

foranyi =1,...,n, where

c ,_(xo(l—mzllﬂ)
0w )

Notice that the first blow-up type solutions are half-space solutions and the last
one is a radial solution with dead core being precisely By, (xo); see [da Silva et al.
2017, Section 6] for an analysis about radial solutions of fully nonlinear elliptic
dead core problems. Finally, another interesting example of blow-up solutions are
those with independent variables, i.e., u(x, t) = v(x) + w(z).
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5B. A Liouville-type theorem. In this section we are concerned with proving a
Liouville-type result for global dead-core solutions. In summary, we show that a
global viscosity solution must grow faster than (|x |4|¢|'/%)%/ (1= as |x |+|¢]'/> — oo,
unless it is identically zero. The proof will be based on [Teixeira 2016, Theorem 8].

Theorem 5.5. Let u be an entire viscosity solution to
F(x,t, D*u) — du(x, t) = ho(x, 1) - ul (x, 1)
withu(0,0)=0. Ifu(x, t) =o(dist,((x, 1), (0, 0))ﬁ) as dist, ((x, t), (0, 0)) — o0,
then u = 0.
Proof. For each positive number r >> 1, let us define

u(r x, r’t)
ur(x,t) = ————
ri-w

Thus, it is easy to check that
Fr(x, 1, D?uy) =ty = ho(rx, POyl in %

and u, (0, 0) =0, where %, (x, t, 2) :=r 2%/ 1= g (rx, r?t, r?»/(1=W 27). More-
over, we note that ||u, ||z<%) =0 (1). In fact, for each r e N, let (x,, #,) € R" xR
be such that

up (X, 1) =supu,(x, ).
G

We must consider two possibilities:

(1) If lim dist,((rx,, r°t,), (0, 0)) = oo, we get
r—o0

r (xr, 1) = disty (., 728,), (0, 00) T u(rxy, ) dist, ((rx,., 71y, (0, 0) ™7
<C(m,A, A, n)-0(1) >0 asr— oo.

(2) On the other hand, if hm dlstp((rxr, rt.), (0, 0)) < oo, the conclusion is
immediate, because u 1s a contlnuous function.

Therefore, applying Theorem 1.1 we have
(5-3) uy(x, 1) < o (1) - dist,((x. ), (0,0)) 7 in .

Now, if we assume that there exists (£, 7) € (R” x R) \ {(0, 0)} such that u (%, f) > 0,
we deduce from (5-3) that
S(x,t X, 1!
54 sup——rt D < L
‘5I dist,, ((x, 1), (0, 0))1 Z 100 dist, ((x, 1), (0,0))n
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provided r >> 1. We now estimate, for r > max{2|x], V2071
M()CA, i) u(x, t)

<sup
dist, ((£,1), (0, 0) = 75 disty((x,1), (0, 0) ™

up(x,1)
<sup 2
1 dist, ((x,1),(0,0))7#
u(x, 1)
" 100dist, (%, 7), (0,0) Fr

which finally drives us to a contradiction, completing the proof of theorem. (]

6. Hausdorff measure estimates

In this section, we will proceed to estimate the parabolic Hausdorff measure (i.e.,
the Hausdorff measure with respect to the parabolic distance) of the free boundary
set of dead-core solutions u. To this end, we need first some preliminary results,
which are based on the set of assumptions in Section 2 on the operator .%, together
with the following additional hypothesis:

(C) ((M, b)-concavity) There exist a constant ¢ > 0 and a bounded symmetric
positive definite Lipschitz matrix M : 41 — Sym(n), M = [m;;], so that

9(x,t,ﬁ,%)§Tr(M%)+b|ﬁ|,

in the viscosity sense, where b > 0 and 0 < ¢(x, #) < ¢;. We further assume
that there exists a constant 8 > 0 such that m;; > B for all i, j (see [Ricarte
et al. 2017, Section 5] for a similar property).

(T) (lower bound for d;u) There is a constant ¢g > 0 such that d,u > —coui in the
viscosity sense.

Before discussing the main result of this section, let us present some useful
notions and preliminary results.

Definition 6.1. Let .« be a subset of a parabolic domain . We say that <7 has the
(8, ¢)-density property if there is § € (0, 1) so that there corresponds ¢ > 0 with
the property
L (G (x, 1) N ) .

L (G (x, 1) T
for all (x,t) € 9ANE. If (6-1) holds for all § in (0, 1), then we say that </ has
uniform density in ¢ along 9.«

(6-1)

As a consequence of the above definition, we derive the following facts which
will be used in our proof of Hausdorff estimates for the free boundary.
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Proposition 6.2. Let o C € be open. Then:
o If < has the (8, {)-density property, there is a constant M = M (n) such that

()

LN N5 0.) N6y (x0, 10) < ——L" TN A5(d.57) N E,(x0, 10) N )

for (xo,ty) € 0./ NE and § K p.
o If o/ has uniform density in € along 3.4, then "' (3.7 N€) =

Proof. We prove the first part. Let (xp, %) € 0o/ N ¥ and § < p. Consider
a covering of 45(0.%7) N €,(xo, ty) by cylinders €5(x, t) centered at points on
0.9/ N6, (xp, tp). By [Lieberman 1996, Lemma 7.8], we may extract a countable and
disjoint subfamily of cylinders {€s(x;, t;)}; so that {€5s(x;, t;)}; covers A5(0<7) N
€, (x0, t). Hence:

LA D.) NGy (x0, 10)) < D LT (Gss(xi, 1))

M(”)sf"“% (xi, ;) N <)

< MO it (s 0.07) A 63, (x0, 10) O ),

where we have used the (8, {)-density property of <7 and the fact that €5(x;, t;) C
N5(0.27) N 62, (X0, to) O

We start with the series of preliminary results needed in the proof of Theorem 1.3.
The first lemma contains an L2 estimate on the gradient near free boundary points.

Lemma 6 3. There exists a constant C > 0 such that for all (xo, tp) € 9{u > 0}NE 2
and p < 7, the following holds:

/ |Vu|2§C€,0n+l

2
I

Cp(x0,t0) {O<u<e =1}

Proof. Define

(6-2) O(x,t):=ulx,t)y 2 (x,t)+e€y 2 (x,1).
{0< [ {u>el-n}

u<e

Integration by parts gives

CD-mijD,-.,-u
Cp(x0,t0) 2
to+p 1 . .
:/ |:— /@-mij-Dju-(x’—x(’))d%”_l— /Di(QJ'mij)Djde}d[
l‘()—,02 IO

9B, (x0) B, (x0)
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In view of the assumptions (C) and (T), nondegeneracy on average for dead core

solutions (Corollary 4.7), the growth rate on gradient, as well as that 12_—’; < %J_’—Z
for any 0 < 0 < 1, we conclude

Tr(MDzu) > f (m— co)ui(x, t) — b|Du|
©p (x0,t0) Cp(x0,t0)
2 14+,
> " HE(m — cg)p 7 — bE;p1n ]
n+2 2
> wp" T p T [Ce(m —¢p) — bE] > 0.

In particular, we derive

. mijD,-ju > 0.
Cp (x0,10)
Hence
1 to+p? ) )
/ » MmijDiu-Dju = —/ f ®-mij-Dju-(x'—xp) dA" !
Gy (x0,10){0<u<e =1} P J1y—p? JIB,(x0)
—/ 2 CIJD,'m,-j-Dju.
G (x0,t0){O<u<e -1}

Using regularity of Du and that 0 < p < 1, we conclude the proof of the lemma. [

The above gradient estimate may be applied to get bounds on the Lebesgue
measure of the set {0 < u < €2/(1=")} near the free boundary, in terms of the upper
bound €. Precisely, we have the next lemma.

Lemma 6.4. There exists a constant C > 0 such that for any € > 0 small enough,
any (xo, to) € 0{u > 0} N G2 and any p small, the estimate

L (G, (0, 10) {0 < u < €77 )) < Cp"e,
holds.

Proof. From a Vitali covering theorem for parabolic cylinders, see [Lieberman 1996,
Lemma 7.8], consider {%;}, a finite covering by cylinders of d{u > 0} N %), (xo, to),
with center at (x;,t;) € d{u > 0} and radius C*¢, for a constant C* > 0 to be
determined a posteriori. Moreover, we require that

U%j C A1 (E1) N (x0, 10)
J

Observe that, from the Heine—Borel lemma there exists a constant [ > 0 (with
dimensional dependence) such that

(6-3) > X)L
J
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We first prove the estimate

(6-4) / \Vu|? > 2" (%)),

2
{O<u<e -1 }N%;

for some C > 0 and C* to be chosen large enough. Indeed, in view of the nonde-
generacy property, there is (le., t}) € }T% i such that

2

1 .1 * 1 * o
u(xj,tj)=supuz€o- ZCe .

1ep,
1%

Next, choose C* > 0 large enough so that

1
K = sup |Vu| > E and Q:B‘ (C*)ﬁ >41%ﬂ

4 (%% )
Next, we choose € > 0 small enough so that if r} = & and r}z. = &, then
e 1. 1.1
(6-5) D > Y in¢; = ‘5,.} (xj,1;)
and
2¢ o2
(6-6) D < Y <€ in %j = %,g(xj, 1),

where @ is defined in (6-2). We claim that if m ; := fé ®, then |® —m | > ge for
some ¢ > 0 and for at least one of the cylinders v; I and 2. In fact, if this is not
the case, then we can find sequences (xg, #) € ‘5 and (Vk, Sx) € ‘52 such that
|®(xk, tx) —mj| 1 |®(yk, sx) —mj| 1
< — < —

and .
€ k € k

Letting k — oo, we obtain

| D (xk, te) — P (v, si0)
€

— 0.
This contradicts (6-5) and (6-6). Thus, by Poincaré inequality, we have
%€’ sf |®—mj| < <C*e>2][ Vo
] <
and hence, for a universal constant C, > 0, we conclude that

IVul? > Cr. 2" ().

{O<u<e}Ne;
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Moreover, by Corollary 4.6, if (y,s) €e {0 <u < e2/d=m1n €, (x0, to), then

L
-

¢Codist((y, s), d{u > O})1 L <u(y,s)<e
Thus,
{O<u< e%ﬂ} NG, (xo, t0) C A . 120 (0{u > 0} N G2, (X0, f0)).
() °
Therefore, by enlarging C* and diminishing € if necessary, we conclude that
(0 <u < €T} N0, 10) € |26, C %y
J

Appealing to Lemma 6.3 and the estimate (6-4), we conclude

cortl= [ wPziy [ e
{0<u<e?/d-ming; Y 2¢;N{0<u<e?/(1-1}
C2 n+1
> ;z (€))

c
> —[2.,%"“({0 <u<eTHNG, (v, 10)). O

Theorem 6.5. There exists a constant C > 0 such that
LN (AMe({u > 0y NGy (x0, 10))) < Cep™™!

fOl’ (x0, t9) € d{u > 0} ﬂ%/z.
Proof. First, observe that

67) [ > 0}) NG, (x0, 10) N {u > 0} C [{0 < u < €677} N, (x0, 10)]

for € > 0 as in Theorem 1.1. Indeed, if (x, t) € A5(3{u > 0}) N €, (x0, o) N {u > 0}
and (y, s) € d{u > 0}, then
2

w(x, 1) < C(1x — y| + |t —s|7) 7 < €57

By the uniform positive Lebesgue density of the positive set of u (see Corollary 4.8),
we have that there exists a constant ¢ so that
L (@5 (x0, 10)) N {u > 0} -
L5 (x0, 10)) B

Hence, the set {u# > 0} has the (8, ¢)-density property, and then by Proposition 6.2,
there is a constant M > 0

LN (A5 {u > 0}) N E, (x0, 10))
< Cr. 2" N (A5(3{u > 0)) N %, (x0, t0) N {u > 0}) + MSp" T
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Thus, by appealing to (6-7), we derive
" (A50{u> 0NN, (xo, 10)) < Cr. 2" (0 <u <€8T7)NE, (x0, f0))-+M5p"H.
From Lemma 6.4, we get for § small enough that

L' A5 {u > 0} N %, (x0, 1)) < C8p" !,

for some universal C > 0. O

Remark 6.6. It will be useful to introduce the notion of parabolic Hausdorff
dimension for a set £y C R+,

Hpar(Zp) 1= inf{O <s < 00 :forall y > 0 there exists {€r;(xj, 1)} j=1
such that Xy C U @r,(xj,t;)and er < y}.
Jj=1 Jj=1

We will finish this section with the proof of the Hausdorff estimate for the free
boundary.

Proof of Theorem 1.3. Let 0 < § < p < 4—1‘, and consider a covering ¢; by cylinders
of the set d{u > 0} N6, (xo, tp) centered at points in d{u > 0} N, (xo, 7o) and with
radius 8. Hence,

% c A01u > 0) NE,15(x0. t0).
J

Thus, we derive

1
(6-8) i ({u>01N%,(x0. 00) <CY _8"'=C) g.,s,ﬂ"“ (%))
] J

J
C
< EX"H(«/V(S(?){M > 0}) N Cpt5(x0, 1))
<C(p+&",

where we have used Theorem 6.5 to obtain the last inequality. Hence, the conclusion
is reached by letting 6 — 0. (]

Remark 6.7. We must highlight that the parabolic Hausdorff dimension and classi-
cal Hausdorff dimension have the relationship given by

2(X0) —n < Hpar(Xo) < H(Xp) + 1.
Therefore, 77 ((0{u > 0}NRKR)) <n+ %, for any R € Qr.

We end this section by providing a 7-integral estimate on lower-dimensional
Hausdorff measure of the free boundary. This is a direct consequence of the previous
arguments.
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Lemma 6.8. Consider the set-valued mapping §(s) := d{u > 0}N{t =s}. Hence the
mapping s — A N(E ()N € (X0, 10)), for (xo, to) € {u > 0}, is Borel measurable
in (to — p?, to + p?) and the estimate

to+p? n
(6-9) / AT ()N Ey(x0, 10)) ds < Ep"
1—p?

holds for a universal constant ¢ depending only on dimension.

Proof. We first show that § is upper semicontinuous in (fo — p2, o + p>). Indeed, if
7 1is an open set containing §(so) N R, K C 1,2 compact, then §(s) N K C % for
all s sufficiently close to sg. In fact, if this is not the case, then we can build up a
sequence (yi, Sx) € §(sx) N (K\ %) with s, — 59. Passing to a subsequence, we have
Yk, Sk) = (v, So) € {u > 0}N(R\ % ). This contradicts that §(s9) C % . Therefore,
the mappings s — %’3”‘1 ($(s)NE,(x0, 1)) and s — A" N(F(s)N € (x0, 1)) are
Borel measurable.

Consider now the covering by cylinders from Lemma 6.4. Hence by (6-8), we
obtain

1
Q:'(,O+(S)n+l Z_/ dgn-i-l
8 U; € (xj.t))

1 (5+p)*
= —/ " (U Ci(xj, tp)N{t= s}) ds  (by coarea formula)
8 J-(+pp2 r

(6+p)*

w, _ .

> / 8" Xt epupnu=snds  (Lasin (6-3))
—(84p)? j

W, (8+p)? »
> / K GG, (o, 10)) d.
lwn—1 J_(54p)

By letting § — 0, we derive the estimate (6-9). ]
Remark 6.9. We highlight that Lemma 6.8 implies particularly, from geomet-
ric measure theory results (see [Federer 1969, Theorems 4.5.6 and 4.5.11]), that

Xiu=0y( -, 1) is a function of bounded variation for almost every ¢ € (0, T'). Moreover,
for any ¢ € Co1(Q: R) it follows that

/ divopdx = / @-vd#""" for almost every t € (0, T),
fu(-,0)>0} Oreafu(-,0)>0}
where v is the normal vector in the measure theoretic sense. Nevertheless, such
a previous sentence does not yield any additional information on the singular

set of free boundary, because neither the x,~0y(-, ) nor the reduced boundary
Ored{u( -, t) > 0} detect the singular set.
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