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High moments of the Estermann function

Sandro Bettin

For a/q € Q the Estermann function is defined as D(s, a/q) := anl d(n)yn™* e(ng) if R(s) > 1 and by
meromorphic continuation otherwise. For ¢ prime, we compute the moments of D(s, a/q) at the central
point s = 1/2, when averaging over 1 <a < gq.
As a consequence we deduce the asymptotic for the iterated moment of Dirichlet L-functions
2 1 2 1 2 .. .
> i modgy |LGoxa)| "+ L5 x)[|L(5, x1 -+ xx) |, obtaining a power saving error term.
Also, we compute the moments of certain functions defined in terms of continued fractions. For
example, writing f1(a/q) := Z] o(£1)7b; where [0; by, ..., b,] is the continued fraction expansion of
a/q we prove that for k > 2 and ¢ primes one has Z 1fi(a/q)k ~2(¢(k)? /¢ (2k))g* as ¢ — oo.

1. Introduction

Since the pioneering work of Hardy and Littlewood [1916], the study of moments of families of L-
functions has gained a central role in number theory. This is mostly due their numerous applications on,
e.g., nonvanishing (see [Iwaniec and Sarnak 2000; Soundararajan 2000]) and subconvexity estimates
(see [Conrey and Iwaniec 2000]). Moreover, moments are also important as they highlight clearly the
symmetry of each family.

In this paper we consider the moments of the Estermann function at the central point and, as a
consequence, we obtain new results for moments of Dirichlet L-functions. We will describe the Estermann
function in Section 1.1.2, we now focus on the family of Dirichlet L-functions. For this family only the
second and fourth moments have been computed. The asymptotic for the second moment was obtained
by Paley [1931], whereas Heath-Brown [1981] considered the fourth moment and showed

1 . A=1/p) s
w*(q)x(modq)\L(z,x 27,217[ 1, s’ (1-1)

provided that ¢ doesn’t have “too many prime divisors”, a restriction that was later removed by Soundarara-
jan [2007]. As usual, Y _* indicates that the sum is restricted to primitive characters and ¢*(g) denotes
the number of such characters. The problem of computing the full asymptotic expansion for the fourth
moment was later solved by Young [2011a] in the case when ¢ is prime. He proved

4

L5 )= citlogg) +0(q~5+%) (1-2)
x (mod q) i=0

1
v*(q)
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for some absolute constants ¢; with ¢4 = (2712)_1. Recently, Blomer, Fouvry, Kowalski, Michel and
Miliéevi¢ [Blomer et al. 2017] introduced several improvements in Young’s work improving the error
term in (1-2) to O (g~ %+).

In this paper, we consider a variation of this problem and compute the asymptotic of

1 *
M@) = S L) L) PG )
¢ g X1seos Xk—1 (mod q)

2, (1-3)

where the sum has the extra restriction that xi - - - yx—1 is primitive. If k = 2, this coincides with the usual
fourth moment of Dirichlet L-functions as computed by Young, whereas if k > 2 then My (q) should be
thought of as an iterated fourth moment, since each character appears four times in the above expression.

We shall prove the following theorem.

Theorem 1. Let k > 3 and let g be prime. Then, there exists an absolute constant A > 0 such that
o 2V k k Ak -5
Mi@)=) K72 ((log gio)” + (=%)") + 0: (k™ q ™),
n=1
where v(n) is the number of different prime factors of n, 6 := (k —2 —389)/(2k +5) with ¥ = % being
the best bound towards Selberg’s eigenvalue conjecture. Also, the implicit constant depends on € only.

Remark. Notice that §; is a increasing sequence such that §; — % as k — oo. For v = % the first few

43 5 107 5o 5T

values of & are 83 = 557, 84 = g35, =5

Theorem 1 yields an asymptotic formula for My (g) for k < n(logq)/(loglogg) with n > 0 sufficiently
small. Larger values of k are easier to deal with and one obtains the following corollary.

Corollary 2. Let g be prime. Then as g — 00 we have

tk/2)?
£ (k)

uniformly in3 <k = o(q% log q), where y is the Euler—Mascheroni constant. Moreover this range is

Mi(q) (log(q/(8m)) + »)¥, (1-4)

optimal, meaning that (1-4) is false if k > q% logg.

Remark. Notice that the main terms in (1-4) and Theorem 1 have a double pole at k = 2. This is
consistent with the fact that the main term for M5 (g) has size (log q)4 rather than (log q)z. In principle
one could treat the case k = 2 together with the case k > 3. However, in order to do so one would need to
include in (2-2) an extra main-term of size g°!’ coming from the diagonal term. For k > 3 this term is
absorbed in the error term and so it is more convenient to simply exclude the case k = 2.

A moment somewhat similar to (1-3) was previously considered by Chinta [2005] who used a multiple

Dirichlet series approach to compute the asymptotic of the first moment of (roughly)

L(3: X)L (3. Xao) L(3: X Xar): (1-5)
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where x4 denotes the quadratic character associated to the extension @(\/3) of Q. We remark that there
is a big difference between (1-3) and this case. Indeed, if x;, x» are characters modulo ¢ then so is xi x2,
whereas if di, d» ~ X then xg4, x4, s typically a character with conductor ~ X 2. This means that (1-3)
roughly correspond to an iterated fourth moment, whereas the second moment of (1-5) roughly correspond
to an iterated sixth moment of quadratic Dirichlet L-functions, and thus it doesn’t seem to be attackable
with the current technology. (As a comparison, the first moment computed by Chinta roughly correspond
to an iterated third moment).

1.1. Twisted moments, the Estermann function, and continued fractions. A nice feature of Theorem 1
is that it can be essentially rephrased in terms of high moments of other functions appearing naturally in
number theory. Indeed, the same computations give also the asymptotic for moments of twisted moments
of Dirichlet L-functions, of the Estermann function, and of certain functions defined in terms of continued
fractions. We now briefly describe each of these objects and give the corresponding version of Theorem 1.

1.1.1. Moments of twisted moments. Several classical methods to investigate the central values of Dirichlet
L-functions pass through the study of the second moment of L(s, x) times a Dirichlet polynomial

N

Py (s, x) = anqz’ a, - x(m)yn=*:
1 *
o 2 LGPl (1-6)

x (mod q)

For example, Iwaniec and Sarnak proved that % of the Dirichlet L-functions do not vanish at the central
point via proving the asymptotic for such average for ¥ < % (and choosing Py to be a mollifier). Moreover,
it is easy to see that if one could extend such asymptotic to all polynomials of length ¢ < 1, then the
Lindeldf hypothesis would follow.

Expanding the square, using the multiplicativity of Dirichlet characters, and renormalizing, one
immediately sees that (1-6) can be reduced to an average of twisted moments of the form

M@, q)=—— S Lk x) x (@,

for (a, g) = 1. By the orthogonality of Dirichlet characters one can immediately rewrite Theorem 1
(and (1-1)) in terms of M (a, g). In particular, one has

4q M(lo ko _ 1
g(q/@m) +y)* if3<k=o0(q?logq),
> M.g) = LD k2 () ~ f® (1-7)
a=1 ¢*(q) F(log q)* ifk=2,
T

as g — oo with g prime, where ¢ is Euler’s ¢-function.

1.1.2. Moments of the Estermann function. For

(a,9)=1, q¢>0, o, BeC and NR(s)>1—min(NR(x), R(B)),
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the Estermann function is defined as

o0

Do g(s,a/q):=_e(na/q)

n=1

To,p(1)
nS

= Dcos;a,ﬂ(s’a/Q)+iDsin;a,5(Saa/Q), (1-8)

where D¢,s and Dgj, have the same definition as D, but with e(na/q) replaced by cos(2mna/q) and
sin(2wna/q) respectively. As usual, e(x) := e2™i* and To,p(n) 1= Zd1d2=n dl_“dz_ﬁ.

Dy p(s,a/q) was first introduced (with « = 8 = 0) by Estermann who proved that it extends to a
meromorphic function on C satisfying a functional equation

relating Dy g(s,a/q) with D_, _g(1 —s,*a/q),

where a denotes the multiplicative inverse of a modulo ¢ (and similarly for D, and Do which satisfy a
more symmetric functional equation given by (3-2) below).

Since the work of Estermann [1930; 1932] on the number of representations of an integer as a sum of
two or more products, the Estermann function has proved itself as a valuable tool when studying additive
problems of similar flavor (see, e.g., [Motohashi 1980; 1994]) and in problems related to moments of
L-functions (see, e.g., [Heath-Brown 1979; Young 2011a; Conrey et al. 1986]). These applications
mainly use the functional equation for D as it encodes Voronoi’s summation in an analytic fashion,
allowing for a simpler computation of the main terms. However, the Estermann function is an interesting
object by its own right, due to its surprising symmetries (see [Bettin 2016]) and to the connections with
some interesting objects in analytic number theory. For example, by the work of Ishibashi [1995] (see
also [Bettin and Conrey 2013a]) one has

Dsin;1,0(07 a/q) =ms(a,q), Dsin;O,O(Os al/q) = % cola/q),

where s(a, q) is the classical Dedekind sum and cy(a/q) is a cotangent sum, related to the Nyman—
Beurling criterion for the Riemann hypothesis, which has been an object of intensive studies in recent
years (see, for example, [Bettin and Conrey 2013b; Maier and Rassias 2016; Bettin 2015]). Ishibashi
obtained similar identities also for other values of «, 8, and in particular if « is a positive odd integer one
obtains that Dgjn.0.0(0, a/q) is related to certain Dedekind cotangent sums studied by Beck [2003]. All
these functions satisfy certain reciprocity relations and provide examples of “quantum modular forms”
(see [Zagier 2010]).

Moreover, one can also obtain formulae relating the Estermann function to twisted moments of Dirichlet
L-function (see [Bettin 2016; Conrey and Ghosh 2006]) and in particular for ¢ prime and (a, g) = 1, one
has 1

Daon(ha/a) + Dumoold. a/a) = M(a. )+ 24 =2e (4)” (19
By this formula and (1-7), it is clear that Theorem 1 gives an asymptotic formula for the high moments
of Dcos;O,O(%» a/ q) ~+ Dygin: 0,0(%, a/ q). The method however allows one to obtain the asymptotic for the
joint moments of Dcos;O,O(%a a/q) and Dyin:0,0(%. a/q). We shall state this in Theorem 5 below where
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shifts are also included (all our results will be derived from this theorem). Here we content ourselves
with giving the asymptotic for the high moments of the Estermann function:

Theorem 3. Let g be prime. Then,

gq—1
LZDo,o(%,—) ~ gH21o1- k/zigk(/lci) % ((e m/4(10g%+y)_e_m'/4%)k)

as g — oo, uniformly in3 <k = o(q% log g). In particular, if 3 <k < 1 then

g—1
ﬁ Doo(}. 8) ~q"*7'2' k/zf(;(/;) (cos(F) logg)* — 5 sin(‘F) log ) ™")
a=1

as q — Q.
1.1.3. Moments of certain functions defined in terms of continued fractions. Finally, we discuss the

relation with continued fractions. In [Bettin 2016] (see also [ Young 2011b]), it was observed that M (a, q),
and more generally, D.os and Dygj,, can be written in terms of the continued fraction expansion of a/gq.

Indeed, if a, g € Z-¢ and [bo; by, . .., b, 1] is the continued fraction expansion of a/q, then for ¢ prime
one has
1
M(a,q) = Zb; log 24 +y) — Z b2+0(1ogq) (1-10)
1 1
j]odd jjeven

It is therefore not surprising that Theorem 1 has an incarnation also in terms of moments for functions of
the rationals defined as
K
i r/2
Frtalg) = (&EDIB)?,
j=1

where r € 7.

Theorem 4. Let g be prime and let k,r € Z>1 with3 < kr = o((logq)/(loglogq)). Then

q 2
. k sz(k”/Z) kr/2
;f,ﬂ:(a/Q) ) ¢

as g — oQ.

Starting with the work of Heilbronn [1969], who considered the average value of fj 4, there have been
a very large number of papers computing the mean values of functions defined in terms of the continued
fraction expansion. In particular, we cite the works [Porter 1975; Tonkov 1974] on fy + and [Yao and
Knuth 1975] where the asymptotic for the first moment of f> + was given. However, to the knowledge of
the author, Theorem 4 is the first result giving asymptotic formulae for k-th moments with & > 3 without
exploiting an extra average over g (as in [Hensley 1994; Baladi and Vallée 2005]). For k = 2 the only
cases previously known where obtained by Bykovskii [2005] (considering the second moment of Sfo+)
and by the author [Bettin 2016] (considering the second moment of a variation of f> ;). By combining
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the techniques employed in [Bettin 2016] and in this paper it seems possible to extend Theorem 4 to more
general functions of similar shape.

1.2. Brief outline of the proof of Theorem 1. The approximate functional equation allows one to express

My (g) roughly in the form
3 d(ny) - --d(ng)

1 1 ’

(1-11)
Anytny-£n=0 (modq),  Ni -+ N}
ni--ng<q*

so that the problem of estimating My (q) reduces to that of computing the asymptotic for this quadratic
divisor problem. The diagonal terms (i.e., the terms with &n| = n, - - - = nx = 0) are a bit easier to study
and give a main term; the main difficulties then lie in obtaining an asymptotic for the off-diagonal terms
and in assembling the various main terms. In his proof of (1-2), which corresponds to (1-11) with £k =2,
Young used a combination of several techniques each effective for some range of the variables ny, n;.
In particular, when n| =~ n; (in the logarithmic scale) he followed an approach a la Motohashi [1997]
using Kuznetsov formula, whereas when one variable is much larger than the other one, he used (new)
estimates for the average value of the divisor function in arithmetic progressions.

Our approach is similar to that of Young, however there are several substantial differences which we
will now discuss in some detail. First, the larger number of variables gives us the advantage of having
to deal with more “flexible” sums enlarging the ranges where the various estimates are effective. For this
reason, we can afford to use slightly weaker bounds employing the spectral theory only indirectly, through
the bounds of Deshouilliers and Iwaniec [1982] (together with Kim and Sarnak’s bound for the exceptional
eigenvalues [Kim 2003]). It seems likely that one could use spectral methods in a more direct and efficient
way, however the generalization of the methods in [Young 2011a] (or [Blomer et al. 2017]) to the k > 3
case is not straightforward and so we choose a simpler route as this is still sufficient for our purposes.

The larger number of variables also has a cost. Indeed, it introduces several new complications in the
extraction and in the combination of the main terms, a process that requires a rather careful analysis and
constitutes the central part of this paper. One of the causes of the complicated shape of the main terms
(see (6-1)-(6-2)) is that with more than two variables the dichotomy “either one variable is much bigger
than the other or the variables have the same size” doesn’t hold for k > 2 and one has to (implicitly) deal
also with cases such as ny & - -- &~ ng_; ~ ¢'tV/* and ny ~ 1.

Another difference with Young’s work arises when studying the diagonal terms. If kK = 2, then one can
handle these terms easily thanks to Ramanujan’s formula anl d(n)? /n* = g‘(s)4 /¢(2s). If k= 3, we
don’t have such a nice exact formula, and we are left with the problem of showing that the series

Z d(ny)---d(ny)

e s
+n£--£n=0 (I’l] nk)

can be meromorphically continued past the line i(s) =1 — 1/k which is the boundary of convergence.
We shall leave this problem to a different paper, [Bettin 2017], where with similar (but a bit simpler)
techniques we prove that this series admits meromorphic continuation to the region 9i(s) > 1 —2/(k + 1).
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Last, we mention a more technical problem. One of the steps in Young’s proof requires separating
ny, ny in expressions of the form (n; &=n,)"* when N(z) &~ 0. This can be easily obtained by using some
classical Mellin formulae; however, whereas the Mellin integral corresponding to (1 4+ x)~° converges
absolutely, the Mellin integral corresponding to (1 — x)~* converges only conditionally so that the terms
containing (n; — ny)~* demand some caution. In our case this problem becomes rather more subtle as we
need to apply these formulae iteratively in order to handle expressions such as (ny & --- 1) ™. We
overcome this difficulties by using a modification of the resulting “iterated” Mellin formula allowing us
to write such expressions in terms of absolutely convergent integrals (see Section 10 for the details).

1.3. The structure of the paper. The paper is organized as follow. In Section 2 we state Theorem 5, a
more general version of Theorem 3 providing the asymptotic for the mixed moments of Do and D,
(as well as allowing for some small shifts). We then use this result to deduce Theorems 1, 3 and 4. In
Section 3 we give some lemmas on the Estermann function which we shall need later on. It is in these
lemmas that the spectral theory comes (indirectly) into play. The proof of Theorem 5 is carried out in
Sections 5-9, after introducing some notation in Section 4, and constitutes the main body of the paper.
Finally, in Section 10 we will prove the Mellin formula mentioned at the end of the previous section as
well as some technical Lemmas needed in order to use this formula effectively.

2. Mixed moments of D, and Dy, and the deduction of the main theorems

Letk > 1, g be a prime and let «y, ..., o, B, ..., Bx € C. Then, for any subset Y C {1, ..., k} let My
be the mixed shifted moment

1 q—1 k
— 1
Tk = 0(q) 1_[ la,ﬂzig

a=1i=1

where D;.q; g, := Dsin.o; 5, if i € T and D; := Dy, 5, Otherwise. Also, let

r(i ifi e,

)= L Fs) e @)
I'(s) otherwise.

Since Dyin.o, (8, —a/q) = —Dgin.o; 6, (5, a/q), then M~y is identically zero if | Y| is odd. If |Y] is

even the asymptotic for M~ j is given by the following theorem, provided that £ > 3 (the corresponding
theorem for k = 2 is essentially implicit in [ Young 2011a], whereas the case k = 1 is trivial).

Theorem 5. Let Y C {1,...,k} with |Y| even. Let k > 3 and let q be a prime. Let ¢ = (ay, ..., &),
B:=(Bi,..., B € Crwith|ai|, |Bi| < 1/logq and |o;], | Bi| < %foralli =1, ..., k. Then, there exists

an absolute constant A > 0 such that for any € > 0 we have

Mryi= Y Mg+ Ok gh2m1705), (2-2)
(o], B} ={cti. Bi}
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where 8y := %,
k/2—1 ¢ (k _ gk k 1_ o o
q 5(2 Zizlaz) ( +Zz 1:31) l—‘1(4 2) g\
Mo B = 55— (=) ¢d—ai+p) (2-3)
SN ¢(k =0 (i — B)) E Fi(z]‘;+7')<”)

and where the implicit constant in the error term depends on & only.

Remark. If o; = B; for some i =1, ..., k, then .#, g has to be interpreted as the limit for o; — B;
(see (2-4) below).

As mentioned in Section 1.3, we will prove Theorem 5 in Sections 5-9. We will now deduce
Theorems 1, 3, and 4 from Theorem 5.

2.1. Proof of Theorem 1, 3 and 4 and of Corollary 2. We start by observing that if | Y| is even then
from Theorem 5 one has

& 1 g 2" Ak k/2—8
Y 1000z 8 =552 H(log S v — @) + Ou (kMg (24
a=1i=1 n=1 i=1

where a; = —% ifi e Yand g; = % otherwise. Indeed, if & and B satisfy the hypothesis of Theorem 5

and «; # B; for all i, then by contour integration the main term on the right hand side of (2-2) can be
rewritten as

Y e =t ?“ D VAl Rl )i RS,
e anif c(k+ 5, 25— — B)
|S1|— ISkI—
% ﬁ Fi(fll + Sia{ﬁi)

-

{o} B}={ei . Bi}

(q )“"_”"_ﬁ";a +si —a)¢(1+s; — Bi)dsi, (2-5)

i=1

where the circles are integrated counterclockwise. Thus, taking the limit for &, § — 0 and expanding
£(s)?/¢(2s) as a Dirichlet series (see [Titchmarsh 1986, (1.2.8)]), we obtain

k21 2 qvm) k4 F.(l+ﬁ) 5
_q 2T 2)( g \" N2
2w =" 2 p p.(l_ﬁ)(ﬁ (sds
(o] B)=tei i) =1 =l e 2
sil=1
k21 2 o) K
_ 41 q
= S 2 iz | (g gz +y —aim),

n=1 i=1

by the residue theorem. We remind that v(n) is the number of distinct prime factors of n and y is the
Euler—Mascheroni constant. Equation (2-4) then follows.
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To prove Theorem 1 we observe that by (2-4) we have (remember that if | Y| is odd then My ; = 0)

-1

(Dcos;O,O(%’ %) + Dsin;O,O(%» %))
1

B

k

2
I

k k qg—1
:Z<r>ZDCOGOO % g DsmOO(% g)r
r=0
kj2 o 2v(n) k
q
=T 2 Z(r)(log#+y——) "loggL+y+3%) +&
e
k/2 o 21)(}1)
q k
- 2k Z k/2 ((2 IOg 8nm +2)/) (_%) )+52

n=1

oAk g /2—bike

for some & <K, , where in the last step we used that

k k Y
Z(f)xkiryrz(x-i_y) -;—(x y) for all x, y € R.

r=0
reven

Thus, using (1-9) one obtains Theorem 1. One easily verifies that as ¢ — oo

21 (k22
iz ((log gz + V) +(-3)") ~ o ogsr+ y)*

8
n=1

uniformly in k > 3. If k < n(loggq)/(loglog g) with > 0 sufficiently small (but fixed), then the error
term &, is smaller than the above main term and so Corollary 2 follows on this range.
Now assume k > n(logq)/(loglogq). First, we observe that by (1-10) for a # 1 we have

\M(a,q)| < (g/n)? logq (2-6)

for any fixed 1 < n < 2 and ¢ sufficiently large. Indeed, this is obvious if a = —1, whereas if a # £1
then max; b; < (¢ — 1)/2 and so the above bound follows since by - - - b, < g. Furthermore, from the
second moment estimate ZZ:I |M (a, q)l2 < (log q)4 it follows that for every C > 0 there are at most
O(g(logg)*/C?) values of a in 1 < a < q such that |M(a, g)| > C. Thus, by (2-6) we have

q q q
Y M@, gt< Y M@+ )Y, Mgt
a=2 2<a<q 2<a<q
|M(a,q)|<C IM(a,q)|=C

K2+ (Jog g)etd gh/2+2/0+2)

k k+2
KCq+ AC2 < i (logq)

for C = n_%q%_l/(k“) log g. Note that if k > (logq)/(loglogq), then

error term << qkﬂn_k/“(log q)k = o(qk/z(log(q/(&r)) + y)k) as ¢ — oo, uniformly in k.
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Finally, we have (see [Heath-Brown 1981])

M(1,q) =q(og(q/Bm) + 1) +2¢ (1)} + 0@ )

so that

k
M(Lq)k=q"”(log(q/(é%n))+y>"exp(2¢(%)2 5 <1+0<1/logq>>)
q?loggq

for g large enough. Thus, if (logg)/(loglogq) K k = o(q% log g) we have

¢(k/2)?

lo 8 k
0 ———(log(q/(@8m)) +y)

q
Mi(q)=q**)  M(a,q)" ~ (log(q/Bm)) +y)* ~

a=1

as g — oo, whereas this asymptotic is false if k > q% log g. This concludes the proof of Corollary 2.
The proof of Theorem 3 is analogous to those of Theorem 1 and Corollary 2, with the difference that
in this case we use (1-8) rather than (1-9). Indeed for some &; <, kAqu/Z_‘S“LS we have

k k g—1
:Z<I’) Dcos;O,O(%,g) rl DsmOO(%sg)r
r=0 a=1
k/2 2 oun) k
q k
:ﬂznk/z Z( )(IOgﬁ"‘V_%) li"(log g +y +3) + &
S
qk/Z S 2v(n) . '
=20 2 p (A +i(loggh +y) = (1 =03) + (A =D (log gk +v) = (1+DF)) +&
n=1
k/2 o 2" oTil4 —mi/4n\k
= (q/2)"*2n ZW( (log gL +y) —e ™/HE) ) 4 &1,
n=1
~g*221- "/zg(gk(/z)) R((e/*(log L +y) —e™HT)"

as ¢ — oo with 3 < k = o((logg)/(loglogg)). One then obtains Theorem 3 on the range 3 < k =
o(q% log g) by proceeding as in the proof of Corollary 2.

2.2. Proof of Theorem 4. We compute the moments of f. only, the case of f,_ being analogous
(using (2-8) instead of (2-7)).
We start by noticing that Corollary 11 of [Bettin 2016] gives

K 1 .
Deosoo(3, 8) =3 3" b} (log & +7 — 3) + Ollog ), 2-7)
j=1
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K
1 .1 b
Din0.0(3. §) =5 D (=D7b} (log gk +y +5) + O(log ), (2-8)
j=1
where [0; by, ... b, 1] is the continued fraction expansion of a/q. Moreover, since by - - - bj < g, then if
one among by, ..., b;, say b, satisfies b+ > g /(log ¢)'%, and thus in particular

loghj, =logg + O(loglogq),

then b; < (log ¢)'% for j # j*. In particular, if max; b; > q/(log ¢)'% and 1 <r =o(logg/loglogq),
then

K r
_ rn r/2 50r+1y & 3 50r+1
fr,+(§)—21bj/2—jgﬁfkbj +0(logg)™"") = G (jI:nlé}fi_ij logq) + 0((log )"
j:

1 L ‘ )

= (( max b; (log é’—; +yv— %)) (1+ O(loglog q/logq))> + O((log ¢)+1y
(log q) j=1,..«

~ (logg)’

Deos (3 g)’(l + O(rloglogg/logq)). (2-9)

Moreover, from (2-7) it follows easily that
Koot
Zb; = DCOS;O,O(%a %) +B logq
j=1
for all a/q and some B > 0. In particular, if max; b; < g/(log ¢)'% and ¢ is large enough, then

(k/2)(r—1) 1\ k (k/2)(r—1)
k —q 2 _q 1 a k
fr(§) = 50k (Zlﬂ) = (Deos;0,0(5, %) + Blogq)
’ (r=1) J 50k(r—1) 10,0020 ¢
(logq) o (log q)

kr/2—1
q 1 2
< (log g )30k(r=1)+47(;~2) (DCOS;QO(E’ 3) + Blog 61) (2-10)

for k > 2, since max; b; < g/(log ¢)'® implies | Deos (3, <) |+Blogg < q2/(log ¢)*8 for g large enough.
Now, we have

q
Yo ® =Y Fe® Y Fra(9)". (2-11)
a=1

1<a<q 1<a<q
max; bj>q/(log )'® max; bj<q/(log q)'"

By (2-10) the second summand is bounded by

kr/2—1
a\k q 1 a 2
Z f’*+(3) < (log ¢)S0kr—D+48(k~2) Z (Deos (3, 5) +Blogq)
1<a<gq, 1<a<q
max; bj<q/(log q)'®
kr/2 kr/2

q q
< (log q)30k(r—D+48(k—2)—4 < log g
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for kr > 3 (if kK = 1 one needs to modify slightly the argument, but the final bound still holds). By (2-9)
the first summand of (2-11) can be written as

kr
q 2D ;0,007 4
Z ( cos (zk )) (1+0(kr loglogq/logq))
ol (log q) r
max; b;>q/(logg)'* ¢
j0j 2Dcos 00 _)) ' /2
- 12 (14 O(krloglog ¢/ log q)) + 0(q*"/ /log q)
(log )"
l<a<gq
)2
— 2 LD k(14 0 kr loglog ¢/ Tog )

¢ (kr/2)
by (2-4) for 3 <rk = o0((logg)/(loglog g)) and where one can complete the sum by proceeding as in the
previous computation. Theorem 4 then follows.

3. The Estermann function and bounds for sums of Kloosterman sums

In this Section we give some results for the Estermann function and for the periodic zeta-function which
will be needed in the proof of Theorem 5. In particular, in Section 3.1 we give the functional equation for
both these functions, whereas in Section 3.2 we give a version of the approximate functional equation for
the Estermann function. Finally, in Section 3.3 we give some estimates for products of the Estermann
function and the periodic zeta-function, using the bounds of [Deshouillers and Iwaniec 1982] for sums of
Kloosterman sums.

3.1. The functional equations. We start by giving the functional equation for the Estermann function.

Lemma 6. For (a,q)=1, g >0anda € C, Dy g(s,a/q) —g' TP (s+ ) (s+ B) can be extended
to an entire function of s. Moreover, Dy g(s, a/q) satisfies the functional equation

2 q 2—2s—a—f
Do (s, 3)=5<§) P1—s—a)l(1—s—B)

x (cos(m(a = B)/2) Dap(1 =5, &) —cos(3(2s + & +B)) Do (1 =5, =5)), (-1

where, here and in the following, a denotes the multiplicative inverse of a modulo the denominator q.

Proof. This is Lemma 4 of [Conrey 1989]. O

Corollary 7. Let

) s+(a+p)/2

s ) =TT Dot )
+8

+(a+p)/2
Mg (5. s =P (E52) 0 (252) (£) D 0.,

Then, we have the functional equations

Acos;a,ﬂ(S7 g) = Acos;fa,fﬁ(l -, g)’ Asin;oz,ﬁ (Sa g) = Asin;fa,fﬁ(l -, g) (3'2)
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Proof. These functional equations follow from (3-1), using the reflection and the duplication formulas for
the I'-function. g

We also need the basic properties of the periodic zeta-function which, for x € R and N(s) > 1, is
defined as

Fs,0 =3 O, (3-3)
n=1

Notice that if x € Z, then F (s, x) = £(s).

Lemma 8. Let h,l € Z with (h, ) =1 and £ > 0, then F (s, h/£) extends to an entire function of s with
the exception of a simple pole at s = 1 if £ = 1. Moreover, F (s, x) satisfies the functional equation

I'(s)

. _ ps—1
F(l—s,h/0)=1¢ Z (hb/z)(2 T

(e7™5/2F (s, b/0) + €™ ** F (s, —b/0)). (3-4)
Finally, for £ 1 h we have
F(0,h/€)=—3+ % cot(mh/b). (3-5)

Proof. For (3-5) and the analytic continuation of F see [Apostol 1951, pp. 161, 164]. For (3-4), one divides
the series for F' into congruence classes modulo £ writing F (s, h/£) as a sum of Hurwitz zeta-functions
¢ (s, b/t); applying the functional equation [Apostol 1976, Theorem 12.6] for (s, x) then gives (3-4). UJ

3.2. The approximate functional equation. Next, we give an approximate functional equation allowing

us to express a product of k Estermann functions as a sum of total length about ¢*/2.

Lemma 9. Letk > 1 and Y C {1,...,k}. Let G4 g(s) be an entire function satisfying Go g(—s) =
G_q,-p(5), Ga(0) =1 and G“,ﬁ(% — oz,-) = Ga,,g(% — ,8,~) =0 fori =1,...,k and decaying faster
than any power of s on vertical strips. Let

k

(e T (4 )2
wotr =2 | | ((§+ﬂz)/2) 9

j=1

(=TG- £)2) g
e an @)

and for any cg > 0 let

1 —sd
Vap@) =7~ | Gap(s)gaplx™ T,

(cs)
where, as usual, f(c) - ds indicates that the integral is taken along the vertical line from ¢ — i oo to ¢ +io0.
Then fora,q € Z, withq > 1 and (a, q) = 1 we have

]'[D, wirfi (5 2) = Sup(@, Q)+ Xa pS—a, (@ ), (3-7)
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where a is the inverse of a modulo q and

._lTl CEEEY
Sepla) =" Y T ey e P T ()

2k ...
e=(£1 1,0, DE{E 1 n1em>1 (ny---ng)?

a(Eing o Epng) ny---ng
e Vas( —— ).
q q

Proof. By contour integration and the functional equation, we have
k
1
1_[ Aisar (E’ 3)
i=1

Al o7 s, = o -
= 27 (/2) /( 2)) 1_[ & ) ﬂ(S)

q - s, ). ds
2n1/2)l_[ e, ,31 s, ) Olﬂ(s) P +27‘[l/(2)1_[A T, ﬂ, (]) G—ot,—ﬂ(s) S

Now, expanding the Estermann functions into their Dirichlet series, we see that

with py (&) = [[;er (Ei D).

1 k Aisap l+s’2
i l_[ = ) eith/2 a’ﬂ(S)%
TR (4 an) 2T ((5 4 Bi)/2) (2)

i1l ( )Tal,ﬂ|(|n1|) Takﬂk(lnkD (a(n1+"'+”lk))
= sgn ni
2k Z ll;[r

11,k €Z\{0} ny -2 q
1 -kl ds
X — G K | ——— “s
i ® oe,ﬂ( )goc,ﬂ( )( q" B
and the lemma follows. |

3.3. Estimates for the Estermann function. In this section we give two bounds for certain averages
of products the Estermann function and the periodic zeta-function. Both bounds depend on estimates
for Kloosterman sums, more specifically on Weil’s bound and on (a minor modification of) a bound by
Deshouilliers and Iwaniec [1982]. We recall that the classical Kloosterman sum is defined as

S(m,n; L) = Z* e<ch+nE)

¢ (mod £)

for any c,m,n € Z,c > 1, where Z* indicates that the sum is over ¢ (mod ¢) such that (c, £) = 1.
Also, we recall that Weil’s bound gives S(m, n; £) < d(€)(m, n, E)%E%. Using this bound we obtain the
following lemma.
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Lemma10. Letr >0, 0<8 <1, C>2, 0o #O0and (1, ..., n,) € {£1)". Let |a| <2CS, |b| < C$

and |a;jl, |bj| <6 for j =1, ...,r. Then, for some A > 0 we have
1 *
> e Y F1+C(s—3)+b. 1) 1‘[ Da,., (5. ) <5 (AC/$ATFO (1 + [sPATHO (3-8
=1 h (mod £)

in the strip

r—+
—l+—2+88 < N(s) < = — 26,
2 C + r— =
where F is the periodic zeta function defined in (3 3). Moreover, the left hand side of (3-8) is meromorphic
in the half plane R(s) > —> —|— (r+ 2)/(C +r— —) + 88 with poles at s = > —aJ and s = 5 — b; for
j=1,...,rands = E—b/C and these poles are simple ifay, ..., a,, by, ..., br and b/ C are alldzstmct.

Proof. For L > 1, let

*

Hy(s)i= Y ECIM > F(1+C(s—3)+b. 1) HDa] kY,

L<(<2L h (mod £)

r

K (s) :=l_[(s—%+aj)(s—%+bj).

j=1
Notice that if £ £ 1 and (h, £) = 1 then F(x, h/£) is entire and thus so is Hy (s)K (s) for all L > 1. Now,
if N(s) = % + 24, then a trivial bound gives
Hi()K (s) < (1+]s*)(A/8)> 1 L=+, (3-9)

where, here and in the following, A denotes a sufficiently large positive constant, which might change
from line to line.

Next, take M(s) = —% — 26. Then, applying the functional equations (3-1) and (3-4) to D and F,
expanding D and F into their Dirichlet series, and using Stirling’s formula in the crude form

T(o +it) < c LA+ Al A+ 1) 2e~ @M 5 >c50, (3-10)

we see that

14
HL($)K (5) < A"CAC(1 4 [shACHOL=IHOCHE N N F(C(§ —s) — b u/t)|
L<(<2L u=1

|S(ou, ny + -+ -+ ng;

Z |Tfa1,fb1(|n1|) Tfar,fb,-(lnr|)|

1425 1426
|n+ : nr+ |

and thus by Weil’s bound we obtain

HL(S)K(S) < (A/8)2r+5CAC(1 + |s|)A(}’+C)Lr+%+6(}’+C)5’ (3_11)
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when N(s) = —% —24. Thus, by (3-9), (3-11) and the Phragmén—Lindelo6f principle, if —% =28 <N(s) <
% + 26 we have
HL (S)K(S) < (A/8)2r+5CAC(l + |S|)A(r+C)Lr—i—%—(C—‘rr—%)(?H(s)-i—%)+58(r+€)'
Moreover, if ‘s — —| > 28 then K (s) > 8% and thus, if —1 —28 < %(s) < l — 28, we have
HL (S) < (A/8)4r+5CAC(1 + |S|)A(r+C)Lr+§—(C+r—§)(ﬂt(s)+§)+58(r+C)‘

It follows that if

3
r+5+65(r+C
LT ( - )gm(s)gl—za (3-12)
then
Z ora Z 1—|—C +b, 770/1 l_IDa, '7/]1) <s (A/8)4r+6CAC(1+|S|)A(r+C)
>1 h (mod ¢)

Finally, the contribution of the £ =1 term to the left hand side of (3-8) is

((1+C(s =) +0) [16G+s+a)e(3 s 4bj) < A/8 A4 shA
j=1
when s satisfies (3-12) and thus (3-8) follows. We conclude by remarking that the above computations also
give the meromorphicity of the left hand side of (3-8) on %(s) > —1 + (r+2+58(r+C))/(C+r—13). O

We now states a variation of a bound by Deshouilliers—Iwaniec for sums of Kloosterman sums (see
Theorem 9 and (1.52) of [Deshouillers and Iwaniec 1982]), which is also essentially implicit in the more
general bounds given in [Blomer et al. 2007; Harman et al. 2004] (see [Watt 2005, Theorem 1.4]).

Lemma 11. Let W be a smooth function supported in [1, 2] and satisfying WD (x) < C! fori =0, 1,2
and some C > 1. Let ay,, b, < 1 be sequences of complex numbers supported in [M,2M] and [N, 2N ]
respectively. Then, for ¢ > 1 and n € {£1} we have

D WE/L)anbyS(gm,nms ) <. g"FCHELITE +g7)MN, (3-13)
m,n,£>1

7
where ¥ = -

Proof. First we observe that we can assume that a,, is supported on integers which are coprime with q.

1 e have

Indeed, if (3-13) holds in the coprime case, then since ¢ < 5

Y W/DanbuSmgn: &)= Y Y~ W/L)agnbaS(gdm, nn; €)
m,n,£>1 d|g>® m,nL>1
(m, q)—l

« Y A ap My
d|lg*

< ql?+€cg+8(Ll+€ +q%)MN,
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as claimed. To prove (3-13) in the coprime case, one proceeds as in the proof of Theorem 9 of [Deshouillers
and Iwaniec 1982] applying Kuznetsov’s formula. Then one uses the multiplicativity of Hecke-eigenvalues
to separate g and m and applies the Kim—Sarnak bound [Kim 2003] for Hecke eigenvalues to deal with
the contribution of the g-coefficient. The rest of the proof carries on as in [Deshouillers and Iwaniec
1982] essentially unchanged other than for the parameter X which is now multiplied by q%. We remark
that the multiplicativity of Hecke eigenvalues holds since we are in the case of level 1 for which there are
only new-forms.

The above argument was carried out in detail in [Blomer et al. 2007, Theorem 4], where the authors
deal with the more general case of arbitrary level which introduces several difficulties especially when
dealing with the contribution of the Eisenstein spectrum. In some ranges [Blomer et al. 2007, Theorem 4]
gives a weaker bound than (3-13), but one can easily modify their proof to obtain (3-13). Indeed, for
D =1 the bound on the last display of [Blomer et al. 2007, p. 75] can be modified to give (in the same
notation as in [Blomer et al. 2007])

Z ([ Z \7 Z3+ZX+ X2+ M/q
< 1+X)Z 48( ) ( ) MNg*
e (U020 (g1 ) iy T+ X/Z

If Z'*¢ > X then this is obvious since this bound is weaker than the bound in [Blomer et al. 2007],
aside from the fact that we removed the factors (1 + C/+/MN)*” and Z*” since Selberg’s eigenvalue
conjecture holds when the level is D = 1. If X > Z!*¢, then Z!™* < T = 16X and so only the summands
with |¢;| <1 and 1 < [t;] < Tp = 16X give a nonnegligible contribution. The terms with |¢;| < 1 then are

laz|l3. (3-14)

bounded as in the first display of [Blomer et al. 2007, p. 75] without ignoring the extra saving (1+X/Z)~!
as done there, whereas for the terms with 1 < |¢;| < Ty we use the bound in the first line of the second
display of [Blomer et al. 2007, p. 75] using 7p = 16X.

In the case D =1 the contribution of both the holomorphic and the continuous spectrum can be treated
in the same way without extra difficulties, obtaining that also their contribution is bounded by (3-14).
Using these bounds we then obtain that the left hand side of (3-13) is

1 1
(C2+CJgMN/L+qMN/L*+M)*(C? + C/gMN/L +gMN/L? + N)?

e q19+ac2+5

I+ /gMN/(LC)
x L'"V/MN
< q19+8cg+8(L1+8 +q%)MN O

Remark. Using the variation of the spectral large sieve given by Blomer and Miliéevi¢ [2015, Theorem 8],
one obtains a bound which improves upon (3-13) when the parameters are in certain ranges. It is likely
that the use of such a bound in combination with (3-13) would lead to a better bound for the error term in
Theorem 5. However for simplicity we choose to use (3-13) in all ranges, since this is sufficient for our
purposes.

Using Lemma 11 we obtain the following result.
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Lemma 12. Forr > 1, let ty, ..., t, € R, (1, ..., 1) € {£1}, and let ng # 0. Furthermore, let
lajl, |bj| <dfor j=1,...,r and some O < § < 1. Finally, let L > 0 and let W (x) be a smooth function
supported on [1, 2] with W(i)(x) K1 fori=0,1,2 Then,ifw e Cand o > 268, we have that

6= UL S~ by ity W) [] Dayoy (=0 +it7. 222)

E1+w
=1 h (mod €) j=1
is bounded by
ATt nol” 0 if L= ol
G s LGN (5w, 1,1 x{ - ’ 3-15
T KO DX s s, 1)

for some absolute A > 0 and where

,
Ke(sow .o t) = 14+0) @A+ [wh [T+ s+ 120"
j=1
Proof. Applying the functional equation (3-1), expanding D and F into their Dirichlet series, and
using (3-10) we obtain

r
6<<8 Ar(l_'_AO,)ZV((T-‘ra-‘rl)(l_[(l+|tj|)2((7+5)+1)

Z ZZ n‘:/&(—%s(ﬁom, n; )|,

j=1 {>1m>1neZ
where
W()(x) = W(x/L)xr(ZU—Fl)—l—w—Z;:l(tj-‘raj-‘rbj) << (ZL)V(30’+1)—1—.‘R(7.U),
Tq,—b (In1]) T, —b,(Inr]) |
Jo= Z 11+sl—it1 I+s—it <5 (A/8)7 1+8/2°
nl,...,n,EZ#) nl nr ' |n|

ni+--+n,=n
Splitting the sums over n and m into dyadic blocks and applying (3-13) one easily gets the bound
A" r(o+1) .
& < LT — Ko (o, w, 1, ol (1m0l 2/L), (3-16)
which gives (3-15) in the case L > |r]o|%. Applying Weil’s bound rather than (3-13), one obtains
Are+D)

O e AT A (3-17)

and taking the minimum between (3-16) and (3-17) one gets (3-15) also in the case L < |n0|%. O

4. Some assumptions

In this section we set up some notation and make some simplifying assumptions, which we will use
throughout the rest of the paper.

First, g will always denote a prime, k an integer greater than 2, and Y a subset of {1, ..., k} of even
cardinality. Moreover we shall use the convention that A and ¢ denote respectively a sufficiently large
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and an arbitrarily small positive constant on which the implicit bounds are allowed to depend and whose
value might change from line to line.

Also, we assume o = (a1, ..., Q) € Nﬁc’ B=(B1,...,B) € A’é/z for some constant C > 0 (with
4C/logg < % ), where A, denotes the annulus {s € C | r/logg < |s| <2r/loggq}. This assumption can
then be removed in the proof of Theorem 5 by analytic continuation and the maximum modulus principle,
since both the left hand side and, by (2-5), the main term on the right hand side of (2-2) are analytic
functions of the shifts in ||, |Bi| <4C/logq. We remark in particular, that with the above assumption,
we have |o;|, |Bil, |a; — Bi| < 1/logg.

Moreover, for the rest of the paper we fix an entire function G4 g(s) as follow:

_ Qup®)E(3+9)
Qup0) £(3)

Gea,p(s): 4-1)

where £(s) := %s(s — l)n_”/zF(%s)g“(s) is the Riemann &-function and

k

Qu.p(s) =] J((s* = (i = B)*) (§ — (s +a)?) (5 — (s + 8)?)).

i=1

By the functional equation for the Riemann zeta-function we have G g(—s) = G _o,—g(s) and s0 G g(s)
satisfies the hypotheses of Lemma 9. Moreover, using Stirling’s formula (3-10) we also obtain

Gap(s) < (Alogg)* e (1 4 |g |y AR, (4-2)

forall s =0 +it € C and some C; > 0.
Finally, we notice that from the functional equations (3-2), for i =1, ..., k we have the convexity
bound

1
Dia,f (3, &) < ¢ (logg)?
and so trivially My ; < (Aq% (log q)z)k. Also, from (2-5) it is easy to see that one also has

Yo e <q (Alogg).
(o) B =t 1)

A/Z Thus, we

It follows that Theorem 5 is trivial if k > log ¢/ loglog ¢ since in this case (Ak)** > ¢
will assume k = o(log g/ loglog q). In particular, for g large enough we have |«;|, |Bi| <4C/logg <

1/(kloglogq) < 5; and a fortiori
lai| +- -+l + B+ -+ 1Bl <e.

Moreover, notice that under these assumptions we also have the inequality (k/ £)Ak « (log q)Ak < q°,
which we shall often use.
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5. Dividing into diagonal and off-diagonal terms and structure of the proof

By the approximate functional Equation (3-7) and the orthogonality of additive characters, we can
decompose M~ j into diagonal and off-diagonal terms:

q—1 k
_ 1 l g _
T,k -— ( ) 1_[ i0, ﬁ, 2° ¢ —Da,ﬂ+X¢x,ﬂID7a,fﬂ+Oa,ﬂ+Xa,ﬂofoz,fﬂv
a=1 i=1
where
Hae
i Toy,  (M1) - -+ Ty, g (1) ny---ng
Da.p = ok Z pr(#) Z i aklm Ve 3 ’
EHES +inyEo-Exnr=0 (nl Tt nk)2 q
;17 /
Oupi=— D Pr(E)0;qp
se{E1}k
u(q/d) Tay, g (1) * -+ Ty, g (Mk) ny---ng
80613 Zd q) Z = klk Ve k)
dlq P sty ()2 q
:|:1}’l]:|:2'--:|:kl’lk750
and the sum over ¢ is a sum over ¢ = {£1, ..., +¢1} € {1, —1}%.

The diagonal term Dy g will be treated in Section 6, using the results of [Bettin 2017]. The terms with
d=1in (’)/ could be easily dealt with in a simple way, however it is more convenient to keep them
together w1th the other off-diagonal terms.

Lemma 13. We have
Da.p = Du.p + O (qk/>=2k/ e D+ey (5-1)
where Yy g is as defined in (6-1).
For the off-diagonal terms we introduce partitions of unity. We need a function P : R>g — Rxo,
satisfying
ZT P(x/N)=1, Vx>0,

N

where by ZT we mean that the index runs through the elements of a certain (fixed) set of positive real
numbers such that Z%X4§N§X 1 < log X. Also, we require that P(x) is supported on 1 < x <2 and
PP (x) « j4 for some A > 0. It is not difficult to construct such a partition.! Notice that under these
conditions, the Mellin transform of P (x),

~ o
P(s) := / Px)x*'dx,
0
is entire and satisfies

Plo+it) < (1+j+loDY Al a4+, vj=>o. (5-2)

LFor example take the set of indexes in ZT to be {( ) |ne Z} and P(x) = fl n(xy) , where n(x) = Ce_l/(l_(4x_7)2)
for }x — 4| < 4 and 1 (x) = 0 otherwise, and where C is such that fR n(y) d =1.
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Using partitions of unity we can decompose O, 8 into

;
= Z O/ g g N1 .. Ni),
Ni,...,Ni

where O;” «.p (N1, ..., Ny) is defined as O;’ . with the only difference that the summands are multiplied
by P(ni/Ny)--- P(ng/Ny). In the following we will often omit to indicate the dependencies from
Ni, ... N for ease of notation.

The following two Lemmas summarize our results on the off-diagonal terms. The first Lemma, which
is effective when Ny, ..., N are close together, uses the spectral theory of automorphic forms (via the
bounds proven in Section 3.3) and is proven in Section 7. The second lemma, which is effective when one
of the N; is considerably larger than the others, uses the bounds for sums of Kloosterman sums proven by
Young [2011a] and is proven in Section 9.

Lemma 14. Let Nyox be the maximum among Ny, ..., Ni. Then
D or(©0Ly g(NI, ..., No) = Mo p(N1, ..., No) + Er:a p(N1, ..., No), (5-3)
eel{£1}
where
k/2+1 _1 i 1 1 1
Ng 19N 2 k/2 3+17/3N2 6+19/3 Ni---N,)2 N;---N,)2
gl;a,ﬂ<< Ina:( 4" Nmax 1+q r?ax+q (N1 %) +( 1 1 ) ) (5-4)
q (Ny -~ Np)2 (Ny--- Ni)2 Nmax N

and My g(N1, ..., Ni) is defined in (7-38). Moreover,

Lo
My g(N1, -, Ni) K q° (N1 -+ Ni) 2 N P2 (5-5)
Lemma 15. Let Npax be the maximum among Ny, ..., Ni. Then
L_1/2k-1)) 3 1
" Ny--- N \? q4 (Ny -+ Ni)?
Oy (MY (vt
max Niax Nrmax

Notice that in the crucial case Nj - -+ Ny < qk Lemma 14 is nontrivial for Npax < q2_2(19+1)/(k+1)_‘S
for any fixed 6 > 0, whereas Lemma 15 is nontrivial as long as Nyax >k q%”. In particular, in order to
have a nontrivial bound for all ranges we need ¥ < "3;2 and so for k =3 we need ¥ < %

The following lemma, which we shall prove in Section 8, allows us to combine the various main terms.

Lemma 16. We have

il f
D, (MapWNi o NO+Xpal g (N1, Ni)
Ni,....Ng
N, "'Nk<<qk+£

3
= _(@a,ﬂ+Xﬂ,a-@—ﬂ,—a)+ Z %a/7ﬁ,+0(qk/2_§+tk+€)’
{of, B} ={i, Bi}

where .y g is as defined in (2-3) and 1 = % if k =4 and 1;, = 0 otherwise.
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We conclude the section with the deduction of Theorem 5 from the above lemmas.

Proof of Theorem 5. Lemma 14 gives us the asymptotic for } . px ()0, g in the range where the
variables are close together. If one variable is much larger than the others then (5-5) and Lemma 15 give
us that both (’);’, «.p and the main term are small and so we obtain a second formula for ) _, pv (e)O!

g,o,B°
D @0, y(N1. ... Ni) = Map(Ny. ... No) + Exap(N1, ... No), (5-6)
se{E1}k
where 'ty , 1
N:---N. \2~ - 1 Ni---N.)2
&0, K q{(%) ( ql + 1) + M)
max Niax Nitax

Finally, in the range where N - - - Nj is much smaller than ¢* one can improve upon (5-3) and (5-6) by
simply bounding trivially O/, ; and .#, g by g "Ny - - Ni)2. We then record here the following
third formula for ), py(e)O/

&,a,p "

D @0, g (N1, ..., Ni) = Mo p(N1, ..., No) + Exap(N1, ..., No), (5-7)
ee{£1}k
with E3.6 g (N1, ... Ni) < g (Ny -+ - Np)2.
Combining (5-3), (5-6) and (5-7), and adding the condition Nj - -- Ny < qk“ at a negligible cost,
Lemma 16 gives

Oa,ﬂ +Xﬂ,a0a,ﬂ
10
1 T
=5 2 1@ 3o (Op(Nio N+ XpaO g (N1, N)) +O(1)
ee{1}k Nivo,Ni
Ny-Np<ghte
3
— —(Qa,ﬂ + Xﬂ,a-@—ﬂ,—a) + Z ’///a’,ﬂ’ + ga,ﬂ + O(qk/2_7+“"+8),
{of . B]Y={i. B}
where
éaa,/g < max (min(@“’l, &, 53))
Ni,..., Nk
Ny Ny<gkte

Thus, since the term —(Zy, g + Xg.0 Z—p,—«) cancels out with the main term of the diagonal term given

by (5-1), to conclude the proof of Theorem 5 we just need to show that & g < gk/2—1-d+e,

Writing
Nmax =q% and Ny --- Ny = qb (and considering only the contribution from the first summand in (5-4),
since it easy to see the other terms produce a contribution which is O (g*/>=2%¢)), we have that it is

sufficient to show that

(k1 b . b _ )_’£_§ 33+29) _k _ _
iﬂ?z’fmr?f?kmln( y ATy IR Lkiah). =) =5 o+t T2 %
ka>b
for k > 3, where
_3_a o (1 1 —h(L_ 1 _b_3
Li@b)=3-5+0-0)(3-557) L@ =b-o(3-55-5) Li@b):=3-7a
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If the maximum is attained at the interior of {a < b <k, ka > b}, then it must occur when k42-1 b —1=
§ —1=0L;(a,b) fori =1,2, or 3 and so it would be L % — %, %‘ 5 Z and & 3% respectlvely Along the
lines a = b, ka = b and b = k we have
max max min(lfa — 149, Li(a,a), a4_ 1) = max mm(L (a, a) 1) =0,
i=1,2,30<a<k 2 2 0<a<k
max max min<2 — 1+, Li(a, ka), ka _ 1) < —= —1—19 <0,
i=1,2,30<a<l1 2 2 2
max max min<k+1a _k_ 1+9, Li(a, k), lf — 1)
i=1,2,3 1<a<k 2 2
k7, 8kQ2+9)—19-129 @ 3 2(k+9)-5-4% k 3 3(3+219))
= max(z st T avam—a 22 3 200+k—3) "2 2 202k+5)
_k_3,36420)
) 2(2k+5)’
fork >3 and ¥ < % Theorem 5 then follows. Il

6. The diagonal terms

In this section we prove Lemma 13 deducing it from the following Lemma in [Bettin 2017]. We recall
that in Section 4 we assumed ||, |Bi] < 28_k foralli=1,...,k.

Lemma 17. For %(s) > 1 — L — LS min(%(a;), R(B;)), let

.lTl PR
Was(®) =50 D orle) Y T,y (1) T i (10).

ni---nr)s
se{£1} FinyEa-Eng=0 (m K

Also, let

, DT+ 17121 Ti(—a/24+ (1 +sz.a)/IZ)) )
w) = I—aj+
FOE DY ﬁ|I|(s_1)+sI;a/+1(n“ P T (/2= (L 5200/ IT))

1
XZ Z WHD (14 o] — (A +sza)/|Zl, o] — B, h/L).

£>1 h (mod €)

where s7.q' ==Y ;o7 o) and

e

Then for any € > 0, Wy g(s) —
such a half plane it satisfies W, 5(s) — ﬂ(s) < ( 1+ |s|))

IZCA{l,...k}, |ZI > |T|+1, IZNY] even, }
{a;,ﬁf}={ai,ﬁi}wez, (), B) = (. B) Vi ¢ T}

£ and in

k+1

Proof. Theorem 3 of [Bettin 2017] gives the meromorphic continuation and the bound for each ¢. Thus,
one obtains the lemma by summing over ¢ (for the simplification of the polar term one proceeds as in
Lemma 23; see also Remark 2 of [Bettin 2017]). O
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Proof of Lemma 13. Writing V, g in terms of it’s Mellin transform we have

1 d
D“ﬂﬂ 2 Ga,ﬂ(s)ga,ﬂ(s)wa,ﬂ( +S)qks S.
i 2)

We write We (5 +5) as W, (3 +5) + (Wap(3 +5) =W, 4(3 +5)). For the second term we move
the line of integration to 9i(s) = % — (2 —4¢)/(k+ 1) and bound trivially using (4-2) obtaining an error
of size O (kAkgk/2=2k/Uk+l)tey — O (gk/>=2k/k+D+e) For the first term we move the line of integration

to N(s) = —% picking up the residues from the poles. We obtain (5-1) with

Da.p i= ) Y. Tnas (6-1)

TUT=AL,. k), INT =2 (o], B]}={oi,Bi} VieT
\I|>|.,’7|+1 |ZNY |even (ot ﬂ) (a;.8) VjeT

where
1 1
Ga.p(5T,0) . w201 —a; +B) Tilz — (@i +52.4)/2
QI;a,ﬂ = 2kuga,ﬁ(51;a)qksz'a l_[ 1 (411 l z )
5T:a7|Z| iy tebze Ty(f 4 (@ +57.4)/2)
1
SIP) (T~ ez (=B <1_[D 2o sra @ = Fj. “3)> (6-2)
£ h (mod?) jeJ
and S7.q =) ;o7 i O
7. The terms close to the diagonal
In this section we prove Lemma 14. First, we assume that N; is the maximum of Ny, ..., Ni, as we can

do since both the main term and the error terms in Lemma 14 are symmetric in the indexes. Moreover,
since we assumed that | Y| is even, then we have

Yo @0, 5=2 Y pr(e)0 4

ee{1}k ee{£1}k
+1=—1

where here and in the following ¢ = (£11, %31, ..., £¢1). We split Og” «p further, depending on the
sign and the size of £, f := —n| £y ny £3 - - - =4 ny (with f > 0), introducing another partition of unity
controlling the size of f:

Y o @©0ls=2 3 Y @ Y Keroas (7-1)

eelxl)f NokN1g=/k gef£1}k +.1e(+1)
i]:—
where
p(g/d) oy g (1) - Tay.p (M)
Kg,i*;a,ﬂ = ZdT Z Z (431 ,BI Olklﬂk
aq P4 /=1 =1 (ny---ng)?

f=0 (_rn(;d d) n1=i2n2i3---£knk:t*,f

() )
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Notice that in (7-1) we truncated the sum over N, at N, < kN 1q5/ k as we clearly could.

7.1. Separating the variables arithmetically. We wish to separate the variables in

le,ﬁl (nl) = ‘L’al’/gl (:tznz :|:3 e :|:k ng :|:>,< f)
One can achieve this goal by using Ramanujan’s identity

ce(n)

o0
Tap () =1 T0pa(m) =0~ C(I—at+b) Y o=,

(=1

(7-2)

which holds for n # 0 and R(a — b) < 0. The coefficient c;(n) denotes the Ramanujan sum
— )
ce(n) = Z e( 7 )
h (mod ¢)

However, since (7-2) doesn’t hold in a neighborhood of a = b =0, it is more convenient to follow Young’s
approach and use the following lemma, which rephrases (7-2) as an approximate functional equation
for 7, p(n).

Lemma 18. Letn € Z.gandleta, b € C. Then,

wam=n 3 S (E)y —"Zefi(f_),,vba(’fi—z) (7-3)

14

where

G
Ua(x) = f 21— at w) 22 g,
(cw) w

where ¢, > |N(a — b)| and G4 g(w) is as defined in (4-1).
Proof. See Lemma 5.4 of Young [2011a]. O

Applying (7-3) and splitting the resulting sum over £ using another partition of unity (and adding the
restriction L > % as we can do since P is supported on [1, 2]), we rewrite K¢ 4., g as

,Ce,j:*;a,ﬂ = Z ZT ﬁa’,ﬁ’, (7'4)

o) =l 1} L>1
(@}, B))=(e;.Bj) YVj#l

where o’ := (at}, ..., ), B = (B, ..., B;) and

, p(g/d)d ce(Fany &3+ - kg ng + f) 0?
Lap:= Z Z Z Z ¢l—a+B Vai—f (n_l)

ng, f=1 dlgq v(q) € & (mod )
ni= :|:2n2:t3 s f dI f

Ty, B, (12) * - Toy, g (M1) ny---ng ny ng f £
X 22 % %k k Va,ﬂ qk P Nl ... P Fk P F P z .
nl .--nk *

Notice that we have omitted to indicate the dependency of Ly g from ¢ and =%, in order to save notation.
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Expressing P, vy, —g, and V in terms of their Mellin transform and making the change of variables
ui —u; —s,fori =1,...,k, we see that L, g can be written as

(q/d)d
ﬁa,ﬁ:ZL Z Z Z (m)k+3

dlq (/)(C]) ny,...ng, f=1,d| f £ h (mod ¢)
tongtsz-dpnpts >0

y / Nf*P(£>N1MI_S“'N;?k_S Tan,p (N2) =+ - Ty g (M) Ce(Fonp 3 - - T ng £y f)

Uy l—a1+81+w 1 1
AR f L 14 e (dony £3-- - g ng . f)%+oc|+u1—w/2n§+u2 e I’l,?ﬂlk
~ ~ ~ H w, s
XPus)P(uy —s)-- P(ug — s)qksM dwdsdudu,, (7-5)
ws
where du :=du - - - duy, ¢, denotes the lines of integration ¢, ..., ¢, and

Hyg(w,s):=¢(1+w—a1+B1)Gqep(s)Ga,g(w)ga,p(s).

Notice that, by the definitions (4-1) and (3-6) of G g(s) and g g(s), Hy g(w, s) is entire and decays
rapidly in both variables w and s:

Hag(w, 5) < e~ C2BOHWD (1 4 191(5)| + [t (w) AP HR@)+0) (7-6)
for some C, > 0. As lines of integration, we take
csi=¢lk, ¢y = —3k—%—0!1 +7¢, o =cy, = =cy =4k, ¢y =10e.
The real parts of the lines are chosen to be large enough so that the various sums are absolutely convergent.

7.2. Separating the variables analytically. To complete the separation of the variables, we need also to
deal with the factor (Fpny &3 - - - £ ng . f)%Jr"”‘H“_w/2 in (7-5). In order to do so, we use Lemma 27,
in Section 10. We apply the lemma with « := k+ 1, B := 3k and v; = § -y —u; + ¥ 5, so that
N(vy) =B+ 1—2¢e. We get

B!
Ea’ﬂZZm(Nuaﬂ‘F otﬂ) (7-7)
v

where the sum is over v = (v, ..., Uk, Vy) € Zzo satisfying
v+ + v+ =8B, v =0 if+x;1=-1, Ve =0 if+,1=-1,
and V)., g is defined by
ulg/dyd P(/L) co(Fany £3- - ng 4 f)
Nowp=3 ma/dd 3 / / f N

9(q) (@mi)2k+3 frove
dlq nlj‘>’lnkd’ f‘?l (CA CwsCusCuy s Ct*
ks arlit1—S i
q N Tal /31 (I’l )N
X e gre P Pl - ”(H /< p 2t " T D)

a,ﬂ(w s)

x\Ilg*’B(%—al—ul—i—w/Z v, v*) s

dsdwdudvdu,dv,, (7-8)
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with ¢, = --- = ¢y, = ¢y, = ¢/k, and N‘j; «.p is defined in the same way with lines of integrations
Cyy ="+ =Cp =Cp = % inplace of ¢y, . .., Cy,, Cy,. Also, in (7-8) we used the notation v := (v, ..., vr),
dv:=dvy---dvg and €* := (£11, ..., &1, £,1) and W« p is as in (10-5).

The contribution of N\; «.p CAN be bounded by moving the lines of integration c,, to ¢,, = 2¢ 4 v; for

i=2,...,kand ¢, toc,, = % + v, + ¢ and bounding trivially. We obtain

1 1
— +Ag | 5+vit2e ] —
Niqp € g~ FENT PN N 2e |yt 2e e

and thus B!
! 14+Ae p7Ae 8
sz! Vg 'N“ﬂ<<q NiTL
v
since Nj is the maximum among Ny, ..., Ny and N, < kquS/"
Next, we open the Ramanujan sum in (7-8) and we execute the sums over n», ..., ng, f as we can do

since the integrals and sums are absolutely convergent since v;, v < B =3k and ¢, = ¢, = 4k for all i.
We obtain

* dl Ve —Us+Vy

u(g/d) P(t/L) dh\ k
Nv;a,ﬂ = Z Z )3 Z ﬁl e+ Bt (U* + Uy — Vy, :I:*T)q s
L glq) o @) ,
q Coy) h (mod £)

(cs,cwsCu, Cuys

N”*P(u*)(]_[/ Dy, (5 +ui v — vi, Z2) Py — )N}~ s>
‘"z

H, g(w,s
x N{'™~ SP(u, —5)Wer (— —ar—ur+ %, v, v*)L dsdwdudvdu,dv,,
ws
where, after moving the lines of integration c,,, ..., ¢y, , c4,, We have
cs:=¢/k, ¢y, =—B-— % —NR(a1) +7e, ¢y = 10¢,
(7-9)

Cypy=-=cCy =0y, =¢/k, c,,=1+v.4+2e—¢/k,
and ¢,, = 2+U,+8/k fori=2,...,k.

Remarks. (1), Thanks to (7-6) and to Lemma 28 in Section 10, the integrals in V)., g are all absolutely
convergent when the line of integration are chosen so that R (vy) = --- = N(vk) = R(vs) = &/k and
R(v1) :=NR(3 —a1 —u; + %) = B+ 1—2¢ (and even if an extra factor of ]—[f-;z(l + Jui| + v D s
introduced inside the integrals, as will be relevant later on in the argument). In the following computations,
until Lemma 20, we will (almost) always arrange the lines of integration in a way such that 9 (v;) is kept
equal to B + 1 — 2¢.% This ensures the absolute convergence of the integrals in all the bounds we give.

(2) We also observe that, by the definition (10-5), the poles of W+ g(v1, v, v4) are contained in the set
{(vl,v,v*) e CH1 | vi € Z<o forsome i € {1, ..., k} 0rv1+---+vk+v*=B+l}.

2The only exception is in the proof of (7-19), where we need to take N (v{) = B — 2¢. One can easily verify however that the
integrals are all absolutely convergent also in that case.
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(3) One should morally think of having B = v, = v, =--. = v =0, as their presence is just an artificial
effect of forcing the various integrals over v; to be absolutely convergent. Also, we chose and shall
keep c,, in a way so that we stay just to the right of the pole of F. Aside from this, in the following
computations our goal will typically be that of moving ¢,,,, ..., ¢, to the left thus obtaining savings in
Ny, ..., Ni. Since D(s, %) grows roughly like £! =) when 0 < 9i(s) < 1, we then need to move w to
the right to insure the convergence of the sum over £. This in turn forces us to move c,, to the right
since we need ‘R(% —o—uy+ % +uv+-- v+ v*) < B +1 to avoid a pole of W+ g. Doing so we
lose a power of Nj; however, since in the first argument of W« p u; appears with a coefficient which is
(negative the) double of that of w, we have that the gain in the exponents of N, ..., Ny is superior to the
loss in the exponent of Nj. This will then produce a saving when the variables are close to the diagonal,
that is when N; is not much larger than (&, - - - Np)V/&=D,

7.3. Picking up the residues of the Estermann function. For each i = 2, ..., k we move the line of
integration ¢, to ¢,, = —% + v; — 2¢, passing through the poles of the Estermann function at

| 1
up=5—0a;—vi+v; and u;=5—pi—vi+v.

By Lemma 6 and the residue theorem, we obtain

Nowp= > Plvia p- (7-10)

[UI={2,...k} Ao, B}={ei. Bi} Viel
V=2 (@, p1)=(a;.B;) YjeIu(1}

where, for IUJ ={2,...,k}, INJ =2,

D '=ZM(Q/d)ZP(E/L)
el dlq v(q) ¢ (27Ti)5 (Cs5CwCuy s Cuye s Cuy) EZiEIU“}(l_ai+ﬂi)+w

qksdl—v*—u*-‘rv* * dh
Z F(U*‘f‘u*_v*ai*T)
h (mod ¢)

! i —
X(l_[ 27i)? Do p; (3 +uj+vj—vj, 57)Pu;—s)N;’ Sduj)
.iEJ( T[l) (Cuj»cvj)

1 ~ Lty — ~ o~
x (]‘[ —/ P(—ai—vi v —s)N? v S)Njf*P(u*)Nlu‘_AP(ul—s)
(cv;)

iel 2mi
X Wee p(L —ar —ur + 2,0, v*)w ds dw duy dv du, dv,
and
Hpyg(w,s):=Gup(s)Gap(w)gap(s)s(1+w—ar+pi) ]_[ ¢ —ai +B), (7-11)
el
so that |

HI/;a,ﬂ(w’ s) < (A logq)\lle—cz(lg(s)\-i-lﬁ(w)\)(1 + N (s)| + |m(w)|)A(|~‘7‘(S)|+\m(w)\+k)_ (7-12)
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We remind also that the lines of integrations are given by (7-9) and
cu,=—5+vj—2e, forall jeJ. (7-13)

7.4. Applying the bounds on sums of Kloosterman sums. In this section, we apply Lemma 12 to give a
bound for P; ..o, g under certain conditions.

Lemma 19. Let I C {2, ..., k}andlet J :={2,...,k}\ 1. Then, if |I| <|J| we have
14 Ae rAe (0 KFD/2 | k2933 Sl
Pruap Kq  ENPE(gT NG gt ETTENE ) (N N TRLT (7-14)
whereas if |I| > |J| and v; > 0 for some j € J, then
PI,U;d,ﬂ < q_%+ﬁ/3+A$N1_1+A8(N1 . Nk)%L_g. (7_15)
Proof. First, we bound the sums over / and £ by Lemma 12 and we bound trivially the integrals which

are all convergent by (5-2), (7-12) and (10-6) when the lines of integrations are given by (7-9) and (7-13).
Doing so, we obtain

-B-1+A L iy, i
Pl,v;a,ﬂ < q—%+ﬁ/3+AsN1 >+ €N>:+V*+$(l_[ Niz-i-v)(l_[ Nj 2+V])L|J| |[I|—e
iel jedJ
< / (1—[

1+4e| p
/ (L4 Jvj ]+ | [) ) P (u —S)||duj|)
(Cs5CuwCuy s Cuge »Cuy.) jes )

) (l_[/( )|5(%—ai—vi+w—s)|)|ﬁ(u*>||ﬁ(u1—s>|

iel
|H}.o g(w, 5)]
X |Wer g (3 —ar —uy + 2, v, v*)|%|dsdwdu1dvdu*dv*|
<« q_%+%+A€N1_B_%+A8Ni+V*(HNi%JrUi)(1_[ N;%+VJ)L\J|—|1\—3‘ (7-16)
iel jeJ

If [I| —|J| > 0 and at least one of the v; is greater than zero, then this is bounded by

1 ; vi—1
P < —%”/HAENAE—N: i (Ny---Ny)? 1_[ N; 1_[ N L¢
I,v;oc,ﬁ q 1 V*+1 1 k N])i Nuj
N, ier 1 jes 1

«gTHAA N SIS (N TL

since B=v;+---+ ansz,...,Nkal,N*<<kN1q8/k.
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Now assume |I| —|J| <0 andlet L < q%. In this case (7-16) gives

1 vj

14+v;
_s Lirprae N _1 N; T NP\ 1qs—iun—
Prvap Kq o PTAN] ) T)*-‘rl (N1---Ni) 2 l_[ §F l_[ JV./ g2
N ier Ni jes Mi

1
<<q—gw/%%(|J|—|1|)+Agle+|1’\+A€(N1 "‘Nk)_%

1
« AR AS (KR =y L k2N (L Ny, (7-17)

since |[I| =k—1—|J]and 55 < |J| <k — L.

Finally, if |[I| —|J| <0and L > q%, then we move the lines of integration c¢,, and ¢, to
cw=|JI—=I|4+10e =k—1-=2|I|+10e, ¢, =—l—B+§—§)’t(oz1)—|I|+7s.

Then, we use Lemma 12 and bound trivially the integrals (using (5-2), (7-12) and (10-6)) and we obtain

Ly 1l
R B | R [N A I

iel jelJ
- . ko ,—%tvi _ k/2+1+A
q 1+0+A8N%+A£ N: +1 l_[ & 1_[ Ni 2TV q 1+19+A€N1 TAE -18)
S (v VB ) < — _
1 iel "V N\im 1 (Ni---Nip)2L
1 1
Thus, since N/2g=% « g*/>~INZ + ¢ 'N{"*** we have that (7-17) and (7-18) imply (7-14). 0

7.5. Reassembling the sum over v and further manipulations. By the previous section, we only need
to consider the Py.,.q g With [I| > |J| and v; = 0 for all j € J (and lines of integration given in (7-9)
and (7-13)). For each j € J, we move Cu; tO % +v; — 2¢ and simultaneously Cy; t0 ¢y, = —1+ e/k,
passing through the pole of W,+ p at v; = 0. The contribution of the integral on the new line of integration
can be bounded by

< q—2+19/3+AgN1—1+Ae(N1 o Nk)%L_S, (7-19)

as can be see by moving ¢,, to ¢,, = —B — % — a1 + 7¢ and bounding the sums and integrals as in the
proof of (7-15). Thus we only need to consider the residue at v; =0 forall j € J.

In the same way, we move the line of integration c¢,, to ¢,, =14¢/k and c,, to ¢,, = v« +2¢ —¢/k,
passing through the pole of Wy« p at v, =B +1— (% —a;—u;+ %) — Zie[ v;. The contribution of the
new line of integration can be bounded by (7-19) in a similar way, so again we only need to consider the
contribution of the residue. Thus, summarizing (and recalling (7-7) and (7-10)), we arrive at

B!
Lo p= Z Z sz—gl;v:a,ﬂ

R VAV
IUI=2k) (o B)=lanfi) Vil 0 S
InJ=a, |I|>|J| @}, B))=(aj.B)) YjeJUil}

q—1+Ag Ag kt1)/2 1 1 1
" 0( L (qﬂNl( +1/ 4 MR +q6+19/3N2---Nk)L_S), (7-20)
([\I1 ce Nk)i
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where the sum over v is now over v = (Vp, ..., Vg, Vx) € Zkzo satisfying

v+t +v. =B, vi=0 if+x;1l=—1loriel, ve,=0 ift,1=-1,

and where
1
u(q/d) P(£/L) d5— B =1+ w /24 vi—utv,
I LTS o ) e,
(q) (27Tl)4+|1| gzzelum(] a;i+pi)+w
dlq t h (mod?) (ca,cw,c,,],c,,*,c,)t.\ﬁel)
H;., g(w,s)
x qkSF(B + % tontur— % - Ziel Vi + Us — Dy, :l:*dgh)—uz)s

+; —s
(1_[ 2,“/ Do, (3 +uj. ) Plu; = )N} Mj)
X N;‘*P(u*)Nl”' TP =)V p(3—a—u+ Y, v)
~ 1_
x (]‘[ PO —ai—vi+vi—s)N T T gy, ) dwduy dsdu,, (7-21)
iel

for v; := (vi)ier, €] = (FiDieruis) and
F(B +1—vi =3 Ui) l_[ieIU{l} I"(vi)

F(V$*;61 (U], U[))F(B + 1— V¢*§51 (U], v[))’ (7 22)
Vi (v1,vp) = Z v;.

ielU{1}
+1=+1

q’};g;,B(vlﬂ vy) 1=

We also remind that the line of integrations are

csi=¢lk, cp,=10¢, ¢, =14+vi+2e—¢/k,

1 . £ . (7-23)
—5+tvi—2 Vjel, cy, =— Viel

Cu.: ; k

J

and ¢,, = —B — % —N(ay) +7e.

Remark. Notice that the integrand in (7-21) decays rapidly along a vertical strip in each of the variables
of integration. In particular, in the following computations we will always be able to bound the integrals
trivially.

At this point, we wish to execute the sum over the partitions of unity N,. However, first we need to
remove the truncation N, < kN1q®/*. This can be done at a negligible cost, as shown in the following
lemma.

Lemma 20. We have

T i _ 1
Y Qs =) Qap+O(g NN NDILT), (7-24)
N, <kNg¢/* N
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Proof. Assume N, > kN1q®/¥. Given a large positive integer A, we move c,, to ¢,, = —Ak + % for all
i € I in (7-21). Doing so, we pass through the poles of

Wy p(3 - —ur+%,v1) at v €Sa:={-r|rez0=<r<Akj,

so that we have to deal with a sum of (Ak + 1)/"! terms coming from the contribution of the residues

and of the integrals on the new lines of integration.3 Then, for each of these terms, we move the line

/
I.¢7.B
coming from picking up a residue in each of the variables v; for all i € I, since in this case the I" factor

of integration ¢,, to ¢,, = Ak. This can be done without crossing any pole of W if the term was

in the denominator of \II}; 6.8 cancel the poles of I'(vy) = F(% —oyp—uy+ %) Otherwise, we also have
to consider the residues of \IJ}; o B at % —a; —u;+ % € Sa. In all cases, however, all the terms will still
have at least one integral left (besides the w and u, integrals) with line of integration c¢,, = —Ak + % or
¢y, = Ak. Finally, for each of these terms we place the line of integration c,, so that the real part of the
argument of the function F in (7-21) is still 14 (4 —|I|/k)e (we can do this without crossing poles).
Thus, bounding these terms by using Lemma 12 and the estimates (5-2), (7-12) and (10-6), we obtain

raF i+ A

L+ri+Ae
5 N} N --N
. —3+9/3+Ae 1 2 k -1
Qv Lq Z B+Y ¥, ri—vet@G—11/k)e , ¢ 1_[ N
reree(0,1,, a-nuf{ak—1})  Nx L J
r,-=Ak7% for some i € ({1}UT)
ri=0ifi € J
1
NAS(N| -~ Ny)2 !
—1+Ae "1 —1 —e —2+Ae prAe 5 —&

«a 7 NE (l_[Nj )L KgTHANEE N N2 (LN,) ™

* jeJ
if A is large enough with respect to €. Equation (7-24) then follows. 4

We now move the line of integration ¢,, to ¢,, = % + 3¢ and then execute the sum over N,., which we
do by using the following lemma.

Lemma 21. Let K (s) be a function which is analytic and grows at most polynomially on a strip | (s)| <c
for some ¢ > 0. Then, for any —c < ¢, < ¢ we have

ZT L/ K@) P(u)N"du = K (0).
N (Cu)

2mi

Proof. For ¢ > 0, let g.(x) be the Mellin transform of g, (1) := K (u)e”z. We have
i1 ~ T 5
> — f K u)P)N"du = lim Y —f K u)e®™ P(u)N" du
2 (cw) e—0 2mi (0)
N u N
as can be seen by splitting the sum according to whether N > 1 or N < 1 and moving the line of integration

accordingly to —c/2 or c/2. We then write g.(u) in terms of its Mellin transform. Exchanging the order

3In total there are (Ak + 1)/!! terms because for each v; we have the possibility of taking the residue at v; = —r; € Sp or to
take the integral at ¢, = —Ak + %
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of the integrals, as allowed by the bound g, (x) < min(x¢/?, x=¢/?), and executing the integral over u we
obtain

limZTfo ge(x)P(l/Nx)d%:g%/O gg(x)d%:F(O). 0
N

e—0

We move the line of integration ¢, to ¢,, = % + 3¢ without crossing poles and apply the above lemma
obtaining

d%—B—al—u1+w/2+ZiE, Vit

t nig/d) _PE/L)
; Ql;v;a,ﬂ:Z Z Z (27.”)3-1—|1| / gziezu(l,(l—ai+ﬂi)+w

dlq ¢(9) ¢ h (mod¢)

(Lr,cwvcul > L'UiViEI)

qusF(B'i‘l'i‘al +uy— % _Ziel Vi — Vy, :l:*%)

+ihy —s
(1_[ 27,/ Dey p; (3 +uj, =) Puj— )N} Ad“j)
cu

. H;. , g(w,s)
x Ny XP(ul—s)\IJ};S;’B(%—al—ul—i—%,v[)%
~ L gyt —
xH(P(%—ozi—vi—i—vi—s)Niz AUV g dvi) dwduyds, (7-25)

iel
with lines of integrations that we can take to be given by (7-23) and ¢, = % + 3e.

We are finally ready to execute the sum over v. We do this in the following lemma, which also
summarizes the previous computations.

Lemma 22. We have

Y or(e) wﬂ—22 3 3 Y ox@® Y Risvap

se{£1}k TUJ={2,...k}  {af,Bl}={a;,Bi}Viel] se{1}* +,.1e{+1}
=2, 111=171 (@, Bi)=(a;.p/) Vje] F11=-1

—1+Ae 1
1 1 1
+ O( q 11 (ql?Nl(k-‘rl)/z +qk/2—§+17/3N12 _J’_qg-i-ﬂ/:ﬁ’Nz . Nk))s (7_26)
(Ny---Np)2L¢
where I} := 1 U{1} and
ksd%—al—u1+w/2+zi61 v; Nlul—S

n(g/d) P(t/L) / q
R ce*ror =
I;e*;a,8 ; (p(q) ;h (Zde) (27Tl)3+|1| EZiell(lfai‘Hgi)‘i‘w

(CS'ﬂCUMCLll ’ Cl)l Vie])

£/ s
<H2m,/ “//3/ +“J’_1)P(“1_S)NJ “j>

X ’ﬁ(l/i] —S) X F(§+Ol]+u] _7_21'61 Vi, i*dzh)\lj}g 0( — ] —M1+%,v1)

- 1 gy fu g (W5 S)
x (np(%—ai—vi—s)zvﬁ g dv,-)%dwdmds
iel

and lines of integrations given by (7-23) and ¢, = % + 3e.
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Proof. Using (7-1), (7-4), (7-20) and (7-24) we obtain (7-26), with R.¢+.« g replaced by
B! i
/ .
Rl;s*;a,ﬂ T Z m Z Ql;v;a,ﬁ
v N,

and ZT Qr:v;a,g as in (7-25). Thus, the lemma reduces to showing that R.¢+.¢ g = R’I;s*;a’ﬂ. This is an
immediate consequence of Lemma 29 below, which is applicable since the pole of F is canceled by the
sum over d. U

7.6. Reassembling the sum over e. Now, we can also get rid of the integral over w. To do this, first we
move the lines of integration ¢, and ¢, for j € J (without passing through poles), so that we have

o =—R)+7Te, o, =r-Naj)—2¢ YjeJ e=¢g/k, cy=> Viel (1-27)

J i k
and then we move ¢, to ¢,, = —1 + 10¢ passing through a pole at w = 0. The contribution of the new
line of integration is trivially bounded by
_1
< g N N N TLE (7-28)

since we have the convexity bound D(l —2e+it,a;—Bj, %) LA+t and |1] > 2 (since || > | J|
and k > 3). Thus, we only need to consider the contribution from the residue at w = 0.
By the convexity bound

1 .. h 1 1
F(3+7e—lle/k+it, %) <€2(1+t])2,
the contribution of the d =1 term is also bounded by (7-28). Thus, using also that o) '=g7"+0@™?
for g prime, we have
—14Ae p—3HAE 17—
Riexap = Sl;s*;a,ﬂ + O(C[ N] (Np---Np)2L ) (7-29)
with
ks—L—oi—ui+Y;c; vi

P(E/L) g -
k. p—v P _
S = XZ: h (Zdi) 2y (cs,Cuy > co; Viel) i (—aitpi) Ny (g —s)

| | 4~ a
( 2mi ,/ Day.p (2 +”jv:|:*Tj)P(uj—s)N}41 Sdui)
Cu

(§+al+u1_2ielvl’%)qjls 0(2 O[l—u1,ll1)

. H,. .(0,s)
g W —U— : I, 5 ’
X (l_[ P(% —a; —V; —s)Ni2 wmv Sq”’ dv,’)% duds
iel
and lines of integration given by (7-27). Notice that we made the change of variable 7 — +.A.
We are ready to reassemble the sum over ¢. To do this, first we split ¢ into &;, and ¢;, where

€5 := (£il)es; in particular, py (e) = py(e1,) pr () where, with a slight abuse of notation, we write
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pr(es) == [l;erns(£il). Then, we observe that

> oD [ Dup (570 £:5) = 271D " T Djiay g (55 §).

e jeJ jel
Thus,
Z PT(8) Z Sl;e*;a,ﬂ
se{£1} i lef£l)
+1=—1

N SR .
:2\J|i|TmJ|Z Z* P({/L) qk‘s Lo~ + 3 vi

¢ h (mod ¢) (27Ti)2+|1| Zzielu(l;(l—ai-i-ﬂi)

1

| |— D 1 P~ s
’ '/ ' ( Zﬂi/ jiapy (3 1. 7) Pluj— )N}’ dui)
(e scuys co; ViEl) jeJ (cu;)

NI By — ) F (5o 4~ Ty v D)0 (3~ — e, )

~ TR H,., 40, s)
x (]‘[ PA—aj—v—s)N?T" Sq”"dv,-)Ldulds, (7-30)
iel §
with
X o)=Y (EDTVENT pr(e) W (v, 00,
+.le{£l1} 8116{:|:l}”1|
+11=-1
=r(1—2vi>]_[r(vi) > (&
iel iel +.le{£1}
—1
< X (X )= X w))
8116{:|:1}‘1” iel iel
:l:]l:—l :i:i1=$*1 :|:,'1=$*1

by the definition (7-22) of W/ . ; and since (£, 1) = (£, )T DI for |T| even (as we have
1O
assumed). Also, we remind that we defined &} := (&;1);esuisy and 17 ;=1 U {1}.
We will now give a I'-function identity, which we will use to give a symmetric expression for Xj (vy, vy).
Lemma 23. Letr > 1,® C{1,...,r}and (s1,...,s,) € C". Fore = (£1,...,%,.1) € {£1} let
pe(€) :=[1ice(Fil). Then*

iljF(Si) > & er@(w(F( > sl->r<1— > s,-))_1

+,le{£1) eef+1) +i 1=, 1 4 1=F.1
+1=—1
231+--~+3r< F(%Jr%))( I'(%) ) Cm T
= (a2 ) sin(G e+ o0 =F1e1).
=/ icO F(l_f) i¢0 F(i_%) 2 2

4The identity has to be interpreted as an identity between meromorphic functions.
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Proof. First, we observe that, by analytic continuation, we can assume that sy, ..., s, € R\ Z. Thus, using
the reflection formula for the Gamma function to have

-1
(F( Z si>F(1— Z s,-)) =711sin<7r Z s,>_71 1?5(exp( Z s,-)).
+i 1=, 1 +i 1=, 1 +i1=F,1 +i1=F,1

It follows that

-1
= ) (£ p@(s>(r< > si)r(l— > si))
+,le{£1} ee{£1) +; 1=T,1 +; 1

+1=—1
=n 7 '3(e"M AL+ (—DI®1AL),

where
-

Aq = Z ,o@(e)exp<ni Z si).

se(£1) i=2
+1=—1 +il=7F1

Now, since pe(e) = [[;ce(Ei1) = (=IO [licovp) (i 1), we have

r r
L= (_1)|@)ﬂ{1}\ (l_[(:l:l :Fenisi)) (1_[(1 _i_enisi))
=2 i=2
ie® i¢®
r r r
= 0 () (TTon(73)) (TTeo(%)
S 176
and thus
r—1 . ) ' ' .
S = 271 (l_[ sin(%)) (]_[ cos( ))( DO (€71 4 (— 1)1 /2NN (ri/2) s 50

icO® i¢0
i#1 i£1

r

_ 2;(1—[ Sm(frsl )) (1—[ cos(T[s’))(—l)@S(il@m{”6(”i/2)|®\{1}|+(ﬂi/2) i)
i€®

= i_r(l_[ sm(nsl)) (Hcos( )) sm(——|®|+ Xr:si).
ic® i=1

By the duplication and the reflection formula for the I'-function we have

r+3)
ri=3)°

and thus the lemma follows. O

sin( . )F(s) — 325! cos(%)r(s) sl 2

Applying Lemma 23 with r = | ;| and using the definition (2-1) of I';, we obtain
2Ziell Vi Vi

Fi(—) . T T
Xy (vi, vp) = F(l _Z”")nl—un/z (]_[ o = %)> sm(—5|ll NYI+3 Zvi).

iel iel t\2 iel
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Thus, plugging this expression into (7-30), making the change of variables
ui:%—ai—vi—s Viel, uj—uj+s Vje(JU({l}),
and moving slightly the lines of integration, we obtain

Yo v Y Stevas =Unap (7-31)

ee{£1}k +ile{£1}
+1=—1

where for Z C {1, ..., k} (with |Z| > 2), J :={1, ..., k}\ Z, we define

© P(/L) ¢“7 Hrep®)
. _olTI TN
Z/{I,u,ﬂ . 210G Z Z (27”')1+k €n6) nﬁZieI(l_ai’Hgi) s

£ h (mod ¢)

o (TT Pross (-4 %)Fw,-w;’f)r(l FIZI(s = 1)+ Dl +0)

jeJ
xsin<%|TﬂI|+ IZI(s Z(ul+al )
iel

l_[ ”%F(Mi)N,-"i Fi(% — wtaits)
i€z (2g)titeits =3 T (3 4 45y

X F(14+1ZI(s — )+ X ser(ui+ai), qh)( )dsdu, (7-32)

with lines of integration

Cu,~=%—m(06i)—3%—8 Vief{l,..., k}, cs i =¢/k, (7-33)
and, recalling (7-11),
H7. 4 5(5) = Ga.p(5)8a.p(5) 1_[ {1 —ai+Bi). (7-34)
ieT
For future use we remark that if we move cy to ¢y = —% — NR(ay) — 5¢ for some i’ € 7 we get
Uriap < N HA8gA5(Ny - N L™ (7-35)
Also, if |Z| > | 7|, then moving the line of integration to ¢,; to ¢,; = —% + 5% —¢ for all j € J (leaving

the other lines of integration as in (7-33)), we obtain

1
Urap < q ANy - NOIL™ T N7 (7-36)
jeg
Finally, moving ¢, to ¢; = 14 B—3%ande, toc, =—Bforalli=1,...,k we obtain
y 2 k i i
Ur.ap KB (N1 -+ Ni/q") Pgt/PmHae, (7-37)

if 7] > 2.
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We are now ready to complete the proof of Lemma 14. Using (7-26), (7-29) and (7-31) we obtain

S @0y = Z > 2Upap

se{£l1}k L 1uJ={2,.., k}y o] B}=lai.Bi} Viel
nJ= @ "|>|J| @, B)=(a;.B)) VjeJ

NlAe k/2+q1</2—7+19/3
+0 ql—Ae 1
(Ny - Nj)?

o NlAs q Nk/2+qk/2—%+19/3
a.fp 1—Ae 1
q (N2 -+ Ny)2

_1
+ (@ PN+ 1><Nz---Nk>5))

_1
+(@ PN+ DN --Nk)i))

where

Mo (N1, ..., Ni) _Z > > 2Ur.qp. (7-38)

TUT=(1,k)  {a] Bli=lai.fi} VieT
INT=2, |Z|>|J|+1 (oz /3) (aj,B)) VjeT

and Uz g as defined in (7-32). Noticed that in the last step we used (7-36) to extend the sum over the
subsets of {1 ..., k} to include also the sets Z that do not contain 1. Moreover, by (7-35) and (7-36) we
also have

l —
M p(N, ... No) < g™ (Ny - N PN A2,

and thus the proof of Lemma 14 is complete. Also, by (7-37) for any B > 0 we have

My p(Ny, ..., Ni) < ¢ 2SNy - Ny /gF) 8 (7-39)
We remark that we reached a formula for .#, g which is completely symmetric in the Ny, ..., Ni. This
is important in order to remove the assumption that N; is the largest of Ny, ..., N, so that we can sum

over the partitions of unity.

8. Assembling the main terms

In this section we prove Lemma 16.

We start by moving ¢, to ¢,; =0 for all i € Z and ¢, to % — 3% (we can do this without passing through
any pole nor having a problem of convergence). Then, after extending the sum over the partitions of unity
L, Ny, ..., Ny using (7-39) and summing over them using Lemma 21 we obtain

Z Map(N, ..., Np) = > 3> 2 V1.5 + O(1)

N ZUg={1,....k} {of B} ={ei,Bi} VieL
Np- NA<<qk+f INT=2, |T/>|7|+1 (@, B)=(aj,B)) VjeT
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with
MEeav q2|I|+|.7\S 1 1
Vrap =2 2mf Z oy} (14 1ZI(s = 1)+ Xy )
(Cr) ¢ h (modZ) i€
@m)> Ti(5 =)\ HLap®)
<[] D 5+, E))(
(]l;[7 PPIR2 ¢ ll; 2a1+gq0l, F (%-’- ;_ ) s

. (T s T
FOL+IZI(s = D) + Y, 1) sm(EIT NZ|+ E|I|(s -+ 5 Za,-) ds, (8-1)
i€l
and line of integration ¢, = % -3z
Now, for each integral we move the line of integration c; to

c—max( _1 ﬂ)wi_{ﬁwi if [7] = 7] +2 = £ + 1 with k even,
' 2 -1 T T e if 2] > 7] +2.

picking up the residue of the pole of the I"-function at

gy L T i

s =s5(a) = > 7]

(unless k =4, |Z| =3 in which case we stay on the right of such pole). Notice that Lemma 10 guarantees
the convergence of the sum over £ on the new line of integration. Also, a quick computation shows that if
T#IL:={1,...,k} (and |Z| > |TJ|+ 1) then

3

1 k €
§|I|+|;7|Cs—1§§—§+tk+9%

where ¢, = 13—4 if k =4 and t; = 0 otherwise. In particular, if Z # I, then by (3-8) the contribution of the
integral on the new line of integration is O (g*/2~3+%+4%) and we obtain

_3
Vi p = Zrap+ 07704, (8-2)
where
2T1;1TNT| s ST
Xrap = ———— q—F(O )sm( (|TﬂI|—1))
op 7| e (—aiipy
£ h (mod ¢)
< (TT s )(TT n)! H(i—af;’))H”aﬂ(sv
JiaiBi\a s 7 T - — .
ey YN e (f ) ) A

(Notice that (8-2) holds also in the case k =4, |Z| = 3, since from (3-5) and a trivial bound it follows
that 27.q g is convergent and O(q%JFAE) = O(qk/z_%+‘k+Ag)).
If 7 = I, then
%k;a,ﬂ = %k;a»ﬂ + n//l;;a,ﬂv

where 7/1; w.p is as in (8-1), but with the line of integration c¢; = 9¢/ k.
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Now, notice that if |Y N 7| is odd (and thus so is | NZ]| since | Y| is even), then the sine in the
expression defining 27.4 g is equal to 0 and thus so is 7. g. If [T N 7| is even, then the product of
the Estermann functions in the definition of .27.4 g is invariant under the change h — —h; in particular,
using the identity F (0, h/€) + F (0, —h/€) = —1 (which follows immediately from (3-5)), we obtain
2T.0p=—2T.a.8 + HT,a.p and 80 Z7.q g = %.)5/1;“,,;, where

21Tl % q2III+IJ|s -1 | -
HATap =~ 7| Z Z gZ,ez(l ai+Bi) (l_[ Dj?a/’vﬂj(f—i_s ’ Z))
¢ h (mod?¢) jeJg . Y ,
(H (2n): B(%—""?))H Tap®)
X
+a; g0 1 +s’ /
iezzsaan(Z"' 2Y) TS
= _-@I;a,ﬂa

where Z7.4 g is as in (6-2), since 3|Z| +|T|s' — 1 = ks’ + (3 —5')|Z| — L = ks’ + Y,y o and by the
definition (7-34) of H7. ﬂ(s/ ). It follows that

_1
Z Z ZAI/I;a,ﬂ — Z 27/1;(;‘!’/3 _ @a,ﬂ + O(qk/Z 2+lk+A€)
IUIJ;U ----- kY Ao, Biy=la;,Bi} Viel {of, B} ={i. Bi} Viel
§+§7<—|% @, B))=(ej.B)) YieT

and thus to conclude the proof of Lemma 16, we just need to show AI/I;{;a,ﬂ + Xﬂ’“y/l;;—ﬂ,—a = My g With
My g as in (2-3). First, we need the following lemma.

Lemma 24. For R(s1 +s1) > 2 and N(s2) > 1 we have

Z — Z h 5(81)5(51-1-52—1). 8-3)

h (mod ¢) C (SZ)

Proof. From the functional equation for F (s, x) and the Phragmén-Lindel6f principle one sees that if
|s;1 — 1| > &’ > 0, then if

Z* |F(sl, %)| Lsor 1 +£1—.‘)€(sl)+s
h (mod ¢)

for all ¢ > 0. It follows that the left hand side of (8-3) defines a meromorphic function in sq, s, on
the region M (sy) > 1, NR(s; + s2) > 2. Now, assume J(s1), N(s2) > 1. Expanding F into its Dirichlet
expansion (3-3), executing the sum over %, and using (7-2), we obtain

cé(”) O1—5,(n) (5551 +520—1)
Z 52 Z S1, Z £52 Z {(Sz) Z n (s2) '

h (mod ¢)

The lemma then follows by analytic continuation. O
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Applying this Lemma, we see that

k21 . Lhks — 5+ 5% a)e (b +ks + 30, B
%;'aﬂ:_q - / F(l+ks—li+zai)§( T 2+Z‘=1ka)§(2+ S+Z,=1ﬂ)
B 27 Jiey) 2 ¢ (k=i (i = B)

k (L aits % N\ H” ()
xsm( (|T|——+ks+zoh>> <1_[ ngzlt—i-"‘z%rs;;_iﬂl) Ik;[lsﬂ ds,
1

i=1

so that by the functional equation (using that | Y| is even) and the definition (7-34) of H” we obtain

¥ :(_l)lwz‘l%*l C(5—ks =i o) (5 +ks + 302, B)
I:a,B 2wi Jiey) {(k_zi 1(041'_/31'))

(l_ai;rs)l“.(l+ﬂ’;'s) —%\ ds
Q) AT (G a)D ) )&

Notice that changing s into —s we obtain exactly —Xg o times the analogous term coming from “f/ “B—a

x Gaﬂ<s>(]"[ ¢l —ai+ B

but with line of integration ¢, = 98 Thus, “I/I .f +Xg o7, - coincides with the res1due of the
above integral at s = 0, that is

41/1;;«,/9 + Xﬂva%;;—ﬂ,—a,

S YR RV RYC)) ~4) (g
e I ¢(1~ l+/3,> ).
! C(k_ Zizl(ai _lgi)) ll_! * ( + ) <7T)

R= N—
IR N|S

Thus, Lemma 16 follows.

9. The terms far from the diagonal

We will use the following result of Young to prove Lemma 15.

Lemma 25. Let g be prime and let L, K < q'*¢ and let W be a smooth function with compact support
on R.q. Then,

2

O<l<L

3 C(Q>W<§> ‘<< Lgit* +¢°K?L.
(k,q)=1 1

Proof. This is Proposition 4.3 of [Young 2011a] with the extra condition requiring g to be prime which
easily allows us to remove the condition (g, £) = 1 from the first sum. O

Proof of Lemma 15. For simplicity we shall take « = 8 =0:= (0, ..., 0), as the shifts don’t play any
role in this lemma and the same argument with obvious modifications works also when «;, 8; < 1/loggq.

By symmetry, we can assume that N; is the maximum of the N; and that N, is the second largest.
Also, we assume Ny --- Ny < qk+8 and N; > q1+38 , since otherwise the result is trivial.
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Now, we start by observing that we can remove the condition £1n| £, --- £ ng #0in O] := O/
at a cost of an admissible error:

OQ:Zd“Wd) Z d(”l)"'d(”k)va’f;(nl"k'nk)P<2]_1l)”.P<Z]_]Ii)

1
e D ity (0107 g

+0(q™ (N, -+ N /).

Next, we decompose n| into n| = f;g; and attach to the new variables two partitions of unity so that
f1 < F1,g1 <G, with F] > G| and F;G| =< N;. We shall also add the condition (g;,g) =1 at a cost
of an error which is easily seen to be O (g*/?—2+48), Writing V and P(n/N;) in terms of their Mellin
transform, we obtain

f s ATU 5 d
o/=% / GONY Y w6 + ) Gap ()80 Plur) S duy

/
FiG <N, ¢ €s:Cuy) 0<|m|<M
G <F

+ 0(qA8(N1 . Nk)%/Nl +qk/2—2+A€), (9_1)

where M := min(2kN;, g), the f " indicates that the integrals are truncated at |u][, |s| < ¢°, the lines of
integrations are ¢,, =0, ¢y, = ¢/k, and

op T T o(E(E)

dlg (@) (g1,9)=1 figi=m (mod d) (f181)7+“
W (8) 1= Z Mp(ﬂ)p(ﬂ)

5+s N- N,
+onyt3--tgng=—m (mod q) (”2 e I’lk)z 2 k

Now, we apply Poisson’s summation formula to the sum over f; and we see that for R(s) =¢/k

)=y pig/d) 3 P(giifl) 3 e(ﬁn;(gﬁ)/oo‘” P(X/Fl)e<_%x>dx+0(q_1)

1
5+s
2
dlg (p(Q) (g1.9)=1 gl 0<|€|<d?:Aa X
- = 1

= (s)+ 0@,

1
Fj_s P G E O oo P KF
A (s) = —— Z % Z e( mgl)/ l(i)e(— 1x>dx
@) (g1.9)=1 gf ’ 0<|¢|<L q 0 x27° q

where

and L = ¢'*4¢/F|. Indeed, the sum over £ in the d = 1 summands contains only the term £ = 0 which
cancel with the £ =0 term from d = g. Thus, (9-1) becomes

/7’ ¥ S ATU * o d
o= % / GN D W) (5 + 1) G p($)gap Plur) S diny

F1G =Ny, ¢ (€5:cuy) 0£|m|<M
G <F

/

F 0PI L g (Ny - NN,



High moments of the Estermann function 293

since the contribution of the terms with m = 0 can be bounded trivially by

1
L(FiGp)2 _1
< BRGNS (N - N g

_1 1 1 3
< qA8N2 2(1\]3 . Nk)i +q—1+A8(N2 . Nk)i < qk/2—§+As'

since Ny 'N3 -+ Ny < ¢F3F4¢ and N, - - - Ny < ¢F=2+4¢. Also, we assume Ny < F2 < ¢*+24¢ since
otherwise .27 (s) is identically zero.
Changing the order of summation and integration and bounding trivially G4 g(s)g«.8 P (uy1), we see
that
1
4o (N1 -+ Nyp)2

N (9-2)

3
0; < Z / G°1E(s, u)| |ds duy| 4+ ¢*?274¢ g4
FiGi=N, (€ss€uy)

G1<F,
where
P(gl/Gl) ﬁmgl
E(s,uy) = (p@ ST wa®l] Y T g
0<|t|<L O<|m|<M (g1.9)=1 g
1 1
F2 G 5 +s+uy ra
Lo 22 (@)D
gG? =R Akl g NG/ 8 7
with R := min(2kL N, q) < 2kq'*4¢ min(N,/F;, 1) and
_1
D I IO > g d(n2) - d(n2) (N2 -+ N~
tm=r (mod q) O<|¢|<L,ny=<Ns,...,np <Ny
O<|m|<M, O<|f|<L (danyt3- ) l=—r (mod q)
_1 1 1 1
< > MNP NDT K Y d@g™t Ny (N3 Np)?
0<[€|<L, |n|<kN> lal<kLN,
nl=—r (mod q) a=—r (mod q)

_1
&L g™ Ny (N3 No) > (1+ LN, /q).

Thus, by Lemma 25, for |s], |u;]| < qAS, N(s) =¢/k, R(uy) =0 we have

—1+Ae % -1 3 343 %
E(s,u))<gq F?(G1N2)"2(N3---Ni)2(1+LN>/q)(R2q* + G{ R)
_1 1 1 1
L g (F1/GN2)* (N3 -+ N)2 (1 + No/Fy) min(F, 2N2q* +GiNs/F1, g% +G3)
1 1
) ) i NE F2 4 F2
:qu(N3---Nk)2(1+N2/F1)m1n(q—,+—2,, —llq—1+ )
G} F? N:G? N22

1
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For x, y > 0 we have (1 +x%) min(y 4+ x, y/x 4+ 1/x) < (x + 1)(y + 1), whence
1 1 o1 1
E(s,u1) < q™(N3--- NP (NFqiN; 2+ NZF, 2 +q77G, 2 +1)

1 L1 3 1
< g™ (N3 N)I(NSN, * +q*N,  +1)

_1 _1
< g* (N2 NOIN, ¥+ (Ny--- N ~VCED i N> 1)), 9-3)
_1 _1 _1 _1
where in the second inequality we used that Ny > ¢, F, * N1 “and G, =< (Fl/Nl)% <N, zq%J’As,
and in the third one that N3 - - - Ny < N5 2 (so that N3 - - - Ny < (N, Nk)(kfz)/(k*”). The lemma then
follows by inserting (9-3) in (9-2). [

10. A Mellin formula

In this section we prove a formula to separate the variables in expressions of the form (F;x; 35 - -+, x,)™*
which generalizes the Mellin transforms given in the following lemma.

Lemma 26. Let x,y > 0. Then

_ 1 roroé—-v) .,
b v—b v
=-— —_— dv, 10-1
e T 7 B (10-1)
for 0 < ¢y, < N(b). Moreover, for W(b) < 0 < ¢y, we have
1 rwra-5s ,_, _
(x—y)" XR>0(X —y) = — XYy, (10-2)

2mi ) T'd—=>b+w)
where xx(x) is the indicator function of the set X.

Equation (10-1) can be used repeatedly to give a formula for (x; 4 - - - 4+ x,,) ™ valid for 9(s) > O.
However, it is not straightforward to obtain a satisfactory formula valid in the case when there are

some minus signs, as the integrals obtained by repeatedly applying (10-1) and (10-2) are not absolutely
convergent. The following Lemma overcomes this problem by introducing an extra integration.

Lemma 27. Letk > 2 and x1,...x, > 0. Let e = (£1, ..., £ 1) e {£1}, with+11 = —1. Let B e Z>
be such that 5 —}—% < N(v1) < B+ 1. Moreover, let cy,, ...,y C,,, ..., C, >0 besuch that

R +cy+--+ey, <B+1<R)+c),+---+c, . (10-3)
Then
(Faxp 3o e x0) " g (Faxa 3+ e )

B! 1 e
-y | ( [ - )535”1 2 oy dv, (104
vl p ) Qui)k— x5

VotV = B
vi=0if£; =—1
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where
L(sp) - T'(sie) GB+1—s1—: - —5)
"IJS,B(Sla'--’SK):= ’
C(VieCst, ooy DT (Voie(s1, o, 80) B+H1—s1—---— s
10-5
V:I:;s(vl’--wv/():: E v; ( )
1<i<k
+1=+1

and G (s) is any entire function such that G(0) = 1 and G (o +it) < e~ 11 +|o )21 for some fixed
C1, C2 > 0.

Remarks. (1) If e = (—1, ..., —1), then W, has to be interpreted as being identically zero.
(2) If £(s) is the Riemann &-function, then G (s) = £(s)/&(0) satisfies the hypothesis of the lemma.

Before giving a proof for Lemma 27, we give the following lemma which implies that the integrals
in (10-4) are absolutely convergent.

Lemma 28. Lets; =o0; +it; fori =1, ..., k. Then, for some A > 0 we have
(14 B+ o1+ -+ |o|)AdFBFlor++loc)
B U127 (L D27 (L [11] - [ [yorEFoet

provided that the s; are located at a distance greater than & > 0 from the poles of V..

leé‘,B(sla "'7SK) << (10‘6)

Proof. By Stirling’s formula (and the reflection’s formula for the Gamma function), if the distance of
s = o + it from the poles of I'(s) is greater than §, then we have

1
L) < S (L Ao DI 1) 2e ™M, 1)~ (1 Ao )71 11 =220,

for some A; > 0. It follows that

Lps,B(slv ceey Sk)
1 (14 B+|o1|+-- -+ |oc|)A20+B+orl++lowD)
8% (10D (1 [ge )2~

e~ /Dt At = Vie (11, ) = [ Voo (71, B ) D= Cr [t 42|
X (10-7)

1

(I Ve (tr, - ) )Y@ (L [V (1, ) Ve @no) =
for some A, > 0. Now, we have
e~ Cilx+yl (14 |n1| + |2 ) A3 (mi+Inal)
(I +[x™m A +[yHm (I +lx[+[yhm+m
for some Az > 0 (depending on C). Thus, the factor on the second line of (10-7) is

e~ T/t At [ = Ve (11, i) = Voo (7150 1))

0',(—1
(1 Vae (e )L+ Vet 1) 7T
(14 loy|+ - - - + |o|)AsUorl++loeD)
(L4t 4« - - + |t )orttoe—1

L (1 + o1+ -+ o )AelerlFFloeh

9



206 Sandro Bettin

and (10-6) follows. Il

Proof of Lemma 27. First, we remark that the estimate (10-6) implies the absolute convergence of the
integrals on the right hand side of (10-4) and justifies the following computations.
we prove the lemma by induction. First we consider the case k = 2. From (10-1) we have

(2 +x3)" 7 = (ra 4 x3) B (g - a3) 1B
3 B! x”zx”L/ T )T+ B —v) — v3)
wlvs!” 3 2mi (Cuy) F(l+B—vl)forl_”l_“x;’3

V2,V3 EZZ()
v+v3=8B

dvs, (10-8)

for 0 < ¢y, <14 B — % (v1). Now, by contour integration,

'd+B—v — v3)xv1+v3fol _ L(/ _/ ) C(w)x,” G(B+1—v; — vy —v3) dvs
ra+B-—uv) 2 2mi (Cuy) () F'vou+v) B+1—vi—vy—v3 >

where ¢,,, ¢;, > 0 and ¢,, < =9 (vi +v3) + B+ 1 < c,,. Inserting this into (10-8) we obtain (10-4) in
the case ¢ = (—1,1, 1).

The case ¢ = (—1, 1, —1) (and thus its permutation ¢ = (—1, —1, 1)) follows in the same way
from (10-2).

Now, let ¢ = (—1, %9, ..., £eq1) € {1} with k > 2 and suppose (10-4) holds for all &’ € {£1}*
with 71 = —1. Since x + 1 > 3 there are two indexes 2 <i < j <« + 1 such that &;1 = %;1 and
without loss of generality we can assume i =k, j =« + 1. Then, letting &’ = (—1, &2, ..., ), we have

(20243 Fer1 Xer ) xmey (Faxa £3 - Fept Xier1)

B Z B! 1
N Vol ! Qmi)e—!

v=(va,..., v,()eZ‘éo

v+ Fvep1=B
vi=0if +; = — W, (
BUI, .., ) _
X( / - / ) - (e 4 K1) T dvy - dg
v2—V2 Ue—1—Vi—1
, , x2 “e xl{—l
(CogreensCin)  (CpyreennCy,)
where ¢y,, ..., ¢y, €, - - -, ¢, > 0 satisfy (10-3). Then, we expand the binomial (x, +x,41)" and apply

(10-1) to (x, + x,+1) " ". We obtain

(20 F3 - et Xer )™ xmey (Faxa £3 - et Xet1)

B B! 1 / /
T 2 sz"'vx+1!(2ﬂi)*‘( N )

(CogrnsCupyy)  (Clyamnncy )

Ve+1

vy v =B
U,‘:O ifii =—1
\PS/,B(vlv"'va) F(vK-‘r])F(vK_vK-‘rl)dv dv
K U27V2 L Ve T Ve VeV Ve Ve 1~ Vit [ (ve) 2 ke
2 Kk—1 K Kk+1 K

where ¢,,,,, ¢, . > 0are such that 0 < ¢,,,, < c,,. We make the change of variables v, — V¢ + Ve

Uk+1

and the lemma follows. O
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Lemma 29. Let k > 2 and let e* = (£11, ..., %1, £,1) € (£1}H!, with £11 = —1. For B >0, let

'B+1—vi—--—v)l'(v) - T'(ve)
F(V:F*;S(vlv DI UK))F(B+ 1— V:F*;S(vlv DI UK))’

\D;*’B(vl, e, V) =

where V.. is defined in (10-5).
Let F(vg, ..., v¢) be analytic on {(vo, o 0) €CHN 0 < R(vy) < B+ 1} and assume that for
0 <NR(vg) < B+ 1andany A > 0 one has that F satisfies

Fvo, ..., ve) < [ [+ i)™

i=2
where the implicit constant may depend on A, vi and R (vy). Then for any vi € C and c,,, ..., cy, >0
satisfying 0 < X(vy) + ¢y, + - -+ ¢y, < 1 we have
B! "
Xv:m / e 3 (V15 oy V)
(CoyreensCu)
x]—'(B+1—v*—v1—---—vK,vl,vz—v2,...,v,(—v,c)dvz--' dv,
= f é,o(vl,...,v,()]-"(l—v1—---—vK,vl,...,vK)dvz---de, (10-9)
(CogeensCu)

where the sum on the left is taken over v = (va, ..., Vg, Vy) € Z’;O satisfying

vw+---+v.+v. =B, vi=0 ifLtj=—1oriel, Ve =0 if £,=-1.

Proof. Making the change of variables v; — v; +v;, fori =2, ..., Kk, moving back the lines of integration
to ¢y, (as we can do without crossing any pole), and switching the order of summation and integration,
we see that the left hand side of (10-9) is equal to

B!

* /

E —— WV (v, 024V, Ve FV)F( =V = =0, VL, -, V) dUp - d g
velvp! ey !

Now, the identity B(s; + 1, s2) + B(s1, s2 + 1) = B(sy, s52), satisfied by the Beta function B(sy, s52) :=
(s (s2)T (51 +s2) ', can be generalized to

Z rl D(si+r) - Ulsm+rm)  Tls1)---Tlsm)
Loor! Trtsi+o4sm) TG4 +sm)

m rl s
(r1,...,rm)6220
ri+trm=r
form,r > 1, s1,...,8, € C. Thus, we have
B! /
E Ve, vt v Ve ) = W p(vr, -, 0)
Velvpl ey !

v:(vz,“.,v,(,v*)ez’éo
Vot Ve +ve =B
vi=0if +; = —1
ve=0if £4 =—1
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and the lemma follows. U
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