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Motivic multiple zeta values relative to -

Zhongyu Jin and Jiangtao Li

We establish a short exact sequence about depth-graded motivic double zeta values of even weight relative
to . We find a basis for the depth-graded motivic double zeta values relative to w, of even weight and a
basis for the depth-graded motivic triple zeta values relative to w, of odd weight. As an application of our
main results, we prove Kaneko and Tasaka’s conjectures about the sum odd double zeta values and the
classical double zeta values. We also prove an analogue of Kaneko and Tasaka’s conjecture in depth three.
Finally, we formulate a conjecture which is related to sum odd multiple zeta values in higher depth.

1. Introduction

Multiple zeta values are defined by the convergent series

1

W, I’ll,...,l’lr_1>0, n,>l.
1 r

¢y, ...,n) =
O<ky <<k,
In particular, when r = 1 they are the classical Riemann zeta values. We call r the depth, and N =
ny + - - -+ n, the weight of the above multiple zeta value.
Denote by Zy the Q-vector space generated by all the weight N multiple zeta values for N > 0, and
Zo=Q. Then Zy, - Zn, € Zy,+n,, and

Z=Z0+Z 1+ -+ Zy+---

is an algebra with the shuffle product. The weight structure is conjectured to be a grading. There is a
depth filtration D on Zy,
D, Zy =(¢(ny,...,n) € Zn, k <71)q,

where for x; € R, i € A, (x;, i € A)g mean the Q-linear subspace generated by x;,i € A in R.
The double zeta values generate the subspace D, Z of Z. Gangl, Kaneko, Zagier [Gangl et al. 2006]
found an interesting connection between period polynomials of SL,(Z) and the double shuffle relations

among D, Z.

Brown [2012] defined the motivic multiple zeta values algebra H. Its elements can be written as
Q-linear combinations of motivic multiple zeta values {™(ny, ..., n,). There is a surjective algebra
homomorphism:

n:H—>Z2Z, ™ni,...,n)—= Ly, ..., 0n).

MSC2010: primary 11F32; secondary 11F67.
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Brown proved that the set {¢™(ny, ..., n,), n; €2, 3} is a basis for nonzero weight subspace of #, thus
proving that every multiple zeta value is a (D-linear combination of ¢ (1, ..., n,), n; € 2, 3 (Conjecture C
in [Hoffman 1997]). Because of the period homomorphism, we can study the multiple zeta values by
studying these motivic multiple zeta values.

Motivic multiple zeta values also satisfy the double shuffle relations by [Souderes 2010]. By Gangl,
Kaneko, Zagier’s results, there are also period polynomial relations among motivic double zeta values of
even weight. This fact was reinterpreted as a short exact sequence which involves motivic double zeta val-
ues of even weight with a slight modification and period polynomials in the second author’s paper [Li 2019].

Furthermore, Li [2019] proposed two exact sequence conjectures which relate the depth-graded version
of motivic multiple zeta values and period polynomials of SL;(Z). Li verified the two conjectures in low
depth. Besides, Li and Liu [2020] established a short exact sequence about motivic double zeta values of
odd weight.

After Brown, Glanois [2016] considered the motivic multiple zeta values relative to py, which is a
generalization of # for the cyclotomic field , where py is the set of all N-th roots of unity. She gave a
basis of motivic multiple zeta values relative to uy for N =2, 3, 4, 6, 8. We will give a brief introduction
to Glanois’ work in the next section in the case of N = 2.

Ma [2015] studied motivic double zeta values relative to uy for N =2, 3. He found various connections
between some special matrices which come from motivic Galois action on motivic double zeta values
relative to py, Hecke operators and newforms of I'g(V) for N =2, 3.

In the rest of this paper, we only consider the motivic multiple zeta values relative to u,, and denote
by H the (Q-algebra generated by them rather than the motivic multiple zeta algebra of Brown for
convenience.

For positive integers n; > 1, np, > 2, define

o 1
¢%(ny,no) = Z W

O<ky <kp,0dd "1

It is obvious to see

1 _ _ _
fo(nl,ﬂ2)=Z(((ﬂl,nz)—é“(nl,nz)—f(nl,n2)+§(m,n2)),
where
_ (=Dk _ (=Dk _ (—Dlith
¢(ny, o) = Z ek ¢(ny, np) = Z T ¢(ny, np) = Z T
O<ki<ky 1 72 O<kj<ky 1 72 O<ki<ky 1 72

Denote by Z? the Q-vector space generated by

ny,...,n e]f‘---ef"

¢ = Y g @sil-l (re) £ (1D,
a O<ky<--<k, 1 r

and we call N =n; +---+n, and r its weight and depth respectively. Denote by D, Z> the subspace of
Z? spanned by elements of depth < r. According to the previous equality, we have £°(ny, ns) € D> 22
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Similarly we have
1 1 ni n
0 sy Ny
¢o(ni,ng, ... np) = Z A o Z €162 € ¢ c e )
O<kj<ky<--<ky,0dd "1 "2 r eeltl),1<i<r Lo ©r

We call ¢°(ny, ny, ..., n,) a sum odd multiple zeta value.
In the case of even weight, Kaneko and Tasaka [2013] found the following result:

Theorem 1.1 (Kaneko-Tasaka). For any even integer N > 4, denote by Sy (2) the space of cusp forms
forTo(2) = {y €SLy(Z);y = (‘; Z), ¢ =0 mod 2} of weight N, then we have
dimg(z°@2r,N =2r); 1 <r <N/2—-1)g < N/2—1—dim¢c Sy(2).
Besides, for N even, they also conjectured that elements

°Qr—1,N—2r+1), 1<r<N/2-1

are (O-linear independent, and each element °(r, N —r), 1 <r < N — 2 can be written as a (Q-linear
combination of
°Qr—1,N—=2r+1), 1<r<N/2-1,¢(N).

In this paper we will reinterpret Kaneko and Tasaka results on the motivic level.

There are weight grading and depth filtration structures on H which are compatible with the usual
weight and depth structures on classical multiple zeta values relative to u;. Denote by grPHy the
weight N depth r part of the depth-graded motivic multiple zeta values, and

gr.H=0& @ DH/Dr 1.

r>1

Denote by £”™(n1, ny) the motivic sum odd double zeta value, which we will introduce later. Let Pg;™
be the space generated by the images of

{¢”™(n1,n2), ni, ny > 2, even}

in the quotient grf H.
Our first main result (in a rough version) is the following:

Theorem 1.2. There is an exact sequence with respect to sum odd motivic double zeta values
0— PO™ — (gr{ 1M @ grP 1%’ — P(T'y(2))” — 0,
where H is the algebra of motivic multiple zeta values relative to [i;.

Details of the above notations will be introduced in Sections 3 and 4. Theorem 1.2 gives a description
of the space of motivic sum odd multiple zeta values of the form

{™(ny1,n2), ny,ny>2,even,

and from it we recover Theorem 1.1 immediately.
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We can also discuss the case of odd n1, n,, and obtain the following theorem:
Theorem 1.3. (i) For an even integer N > 4, the set of the images of
{¢”™(n1,n2),n1+n2=N, 1 <n; <N — 1, odd}
in gr%)’H is a basis for grf’HN.
(ii) For an odd integer N > 5, the set of the images of
{¢"™(n1,n2,m3),n1+na+n3=N, 1 <n; <N —2, odd)}
in gr3D’H is a basis for gr3D’HN.
In the above theorem, ¢”™(ny, ny, n3) means the motivic version of the sum odd multiple zeta value
¢%(ny, ny, n3). Its definition will be given in Section 2.

From the explicit calculations in the proof of Theorems 1.2 and 1.3, we also obtain the following
theorem, which was conjectured in [Kaneko and Tasaka 2013, Section 3.2, Remark 2].

Theorem 1.4. (i) For an even integer N > 4, the space
(¢°(nN=r);1<r <N-=2)q
is spanned by
{¢(N),¢%(r, N—r); 1 <r <N —3,0dd}.
(ii) For an even integer N > 6, we have
(¢(1,n2)ini+ny=N,ny>2)g € (¢°(n1, n2); ny +ny =N, np > 2)q,
(¢°(n1,n2); ni+n2 =N, n; even)g S (¢ (n1,n2); n1+n2 =N, ny > 2)q.
We can also give some information in higher depth cases, as in the case of depth 3:

Theorem 1.5. For a given odd integer N > 5, and ny +ny+n3 = N,ny,ny > 1, n3 > 2, the element
¢%(ny, na, n3)
can be written as a Q-linear combination of
¢%(my,my,m3), mi+ma+m3=N, my,my>1,m3>3,m;odd

and lower depth multiple zeta values relative to (5.

It seems that Theorem 1.3 should also be true for higher depth. We calculate the depth-graded
motivic Galois action for sum odd motivic multiple zeta values explicitly in higher depth. Assuming the
invertibility of a specific matrix, we can prove the higher depth analogue of Theorem 1.3.

Our paper is divided as follows. In Section 2A, we introduce mixed Tate motives over Z[%] In
Section 2B, we introduce motivic multiple zeta values relative to u,, which was considered by Glanois
[2016], following Deligne and Goncharov’s work [2005]. We consider the motivic Galois action and
show the way to do the calculation in Section 2C. Then we give a brief introduction to period polynomials
in Section 3. The proofs of our main results will be given in Sections 4 and 5.
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2. Motivic multiple zeta values relative to u,

As said in the introduction, the motivic multiple zeta values relative to uy are the generalization of
Brown’s motivic multiple zeta values. In this section, we only define them in the case of N = 2. The
main references for this section are [Deligne 2010; Glanois 2016; Gil and Fresan 2018].

2A. Mixed Tate motives over Z[%] Consider the category of mixed Tate motives over Z[%]; denote it
by MT>. It is a Tannakian category with the natural fiber functor

w: MTr— Vecg; M — ®w, (M),

where
(M) = Homp7, (Q(r), gr?,,(M)).

Let GM72 be the Tannakian fundamental group (the motivic Galois group) of M7, with respect to
this fiber functor w, and /72 be the pro-unipotent radical of GM72. We have

MT2 ~ MT
g ZZGmKu 2.

By Proposition 1.9 in [Deligne and Goncharov 2005], the extension group Ext}m-2 (Q(0), Q(n)) is
nontrivial only when n > 1, odd and

Ext),7,(Q(0), @) =Q,  n>1,0dd,
Exti,r,(Q0), @(n)) =0,  foralln.

By Appendix A in [Deligne and Goncharov 2005], there is a set of symbols { f2,+1; n > 0} such that
(noncanonical isomorphism)

OUMTYZQ(f1, frv-es fonstls o),

where Q(f1, f3,..., fon+1, - - .) denotes the noncommutative polynomial ring with variables f1, f3, ...,
fon+1, - - . under the shuffle product.

Let g be the Lie algebra of 472, then g = (m/m?)", where m € OUM72) is the maximal ideal. It
is a free Lie algebra with a set of generators {o7,1; n > 0}.

Denote by oIl = 71{’”?(|]3’1 —{0,1, —1, o0}, 1_)0, ——1)1) the motivic torsor of paths from O to 1 on
P! —{0, +1, oo}, with tangential base point given by the tangent vectors 1 at 0 and —1 at 1. It is a functor.
For any (Q-algebra R, denote by R((ep, e—1, €1)) the noncommutative formal power series in eg, e_1, €]
with coefficients in R and

A R({ep,e_1,e1)) = R({ep, e_1,e1)) Qr R{{eo, e_1, e1))

the co-product on R {{eq, e_1, 1)) satisfying Ae; =e; ®1+1Q®e; fori € {0, £1}. Letting R{{ep, e_1, e1))*
be the set of nonzero elements of R({{eg, e_1, e1)), we have

oIll1(R) ={S € R{{ep, e_1,€1))*; AS=5® S},

i.e., oI1;(R) is the set of group-like elements in R {{eg, e_1, e1))*.
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Denote by ¢’ the canonical dual of ¢; fori € {0, 1, —1}. The affine ring of regular functions of oI, is
the graded algebra with the shuffle product

O@Il) = @(eo, el, e_l).

The symbol o1; is the point g1; : Spec @ — (I1; whose function ring homomorphism maps every

0

nonempty word in €’, e!, e~ ! to 0.

More generally, for x, y € {0, &1}, denote by , IT, the motivic fundamental groupoid from the tangential
point T at x to the tangential point T at y.

Let V be the automorphism subgroup of the motivic fundamental groupoid (all basepoints are tangential
points at {0, £1}) of P! — {0, &1, oo} satisfying the following properties:

(i) Elements of V are compatible with the composition law on the motivic groupoid of P! — {0, £1, oo}.
(i1) Elements of V fix exp(e;) € ;I1; fori € {0, £1}.
(iii) Elements of V are equivariant with the {£1}-action on the motivic groupoid.

By Proposition 5.11 in [Deligne 2010], the map
E:V—oll}, arally)
is an isomorphism of schemes and
Lie V = (L(eo, e1, e—1), {, D,

where L(eg, e, e—1) is the free Lie algebra generated by the three symbols e, e, e_, and { , } denotes
the Thara Lie bracket on L(eg, e1, e_1).
The action of ™72 on <[y, x,y € {0, &1} factors through V. So there is a natural Lie algebra
homomorphism
i:g— LieV = (L(eg,e1,e-1),{, })-

By the main results of [Deligne 2010], the map i is injective.
For any element w in L(ey, e;, e—1), let depth(w) be the smallest number of total occurrences of e;
and e_; in w. It induces a depth filtration D on L(eg, e, e_1) as follows:

D'L(eo, e1, e—1) = {w € L(ep, e, e_1); depth(w) > r}.
According to [Deligne 2010], the map i satisfies
i(o1) =e_1, i(0241)=(1—2")ad(eg)*"e_; +2*"ad(eg)*"e; + HDT,

where HDT means the higher depth term.
The motivic Lie algebra g has an induced depth filtration D" g from the injective map i. Since the Ihara
bracket is compatible with the depth filtration, we know that the depth-graded space

r>1
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is a Lie algebra with the induced Ihara bracket. Furthermore, from the main results of [Deligne 2010], 0g is
a free Lie algebra with generators

i(o) =e_1, i(0241) = (1—2")ad(ep)*e_; +2*"ad(ep)*"e;

in the depth one part.
We will use them in the style of Lie polynomial in Q({eg, e}, e—;) rather than Lie words in the rest of
this paper for convenience:

2n

2n

2 2

i(021) = (1-22) (—1)’( r")eg"*’e_leﬁzz" y (—1)r( rn)eé””ele{)—kHDT. )
r=0 r=0

2B. Motivic multiple zeta values. Similar to Brown’s work, Glanois [2016] considered motivic iterated
X1,X2,..,Xp

integral /™ and motivic multiple zeta values (m(el o
3€25000y P

), €; € uy relative to the set of N-th roots of

unity py from [Deligne and Goncharov 2005]. We denote by % = #? the @-vector space of motivic

multiple zeta values relative to pup = {1, —1}. Here we only give the definition in the case of N =2.
Let us consider the map

dch : @(eo, el, e_]) — R.

For words u; € {€°, e',e71},i =1, ..., k satisfying u; # e°, uy # ¢!, define
dch(uy - - - ug) =/ wy, (1) - - - oy (1),
O<ti<-<fr<l1

where w,o(t) =dt/t, w,i(t) =dt/(i —t),i € {1, —1}. By Appendix A in [Le and Murakami 1996], we
know that

f @y (11) -+~ 0 (1) = P (log(e). log(m) + O (sup(e [log(e)|* + 11 [log(m)| %)),
e<ti<-<tr<l—n
where P is a polynomial. For a general word sequence u; - - - uy, define

dch(uy, ..., ux) = P(0,0).

By the shuffle product of iterated integral, dch is a (D-algebra homomorphism. Since O(pI1;) is an
inductive object in the category of mixed Tate motives M7, there is a natural action of GM72 on
Q(e% ¢!, e7!). Denote by Z the largest graded subideal of Kerdch which is stable under the action
of GM72. The motivic multiple zeta algebra H is O(oI11)/Z.

Denote by Z™ the natural quotient map

I 0@ =@ e e ™) > X

and by per the map per : H — R satisfying per o I™ = dch.

The motivic multiple zeta value ;m(ﬁi;‘j """ ) is
1€25.00y P

I (e Lyl el e )T (0L @) Oy,
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mxl,...,xp _ xl,...,xp
per\¢ = .
61,...,6p 61,...,617

It’s obvious to check that

Define ¢™(ny, ..., n,) as

1 ny,...,n
go,m(nl’”_’nr):? Z 61"'€r§m< 1 r>'

€ly ..., €
e e{£l}, 1<i<r

It’s clear that the image of ¢>™(ny, ..., n,) under the period map per is the sum odd multiple zeta values
o(ny, ..., n.).

In O(I1;) = Qe e!, e '), for any word uy - - - uy, u; € {°, e', e}, k is called its weight and the
total number of occurrences of e! and e~! is called its depth. Denote by D, Q(e’, e!, e~ ') the subspace
spanned by elements of depth < r.

Since the depth filtration on O(pI1;) is motivic [Deligne and Goncharov 2005], it induces a natural depth
filtration on #. The depth filtration on # is compatible with the depth filtration on Z? through the map per.

Denote by gr?H = D,H/D,_1H. The following formula in the case of depth 1 follows from the main
results in [Deligne and Goncharov 2005]. From this formula we can deduce a basis for ngDH:

Lemma 2.1. (Deligne—Goncharov) We have the distribution formula
n “n m(
g‘“(_1>:(2 e <1> foralln > 2.

Lemma 2.2. (Deligne—Goncharov) There is a basis ofngD’H: {{m(_rl), r>1 odd}.

Remark 2.3. We will always write ¢™("!}"?) as {™ (71, n), similarly {™(ny, m3), {™ (71, 2), £ ™ (k) for

convenience.

2C. Motivic Galois action. In this subsection we explain how to calculate the depth-graded motivic
Galois action of the motivic Lie algebra of MT(Z[%]) on the motivic multiple zeta values relative to (5.
Then we give the definition of the map d and deduce its injectivity from the results of [Brown 2012;
Deligne 2010; Glanois 2016].

Since the expression of i(o2,+1) in (L(eg, e1, e—1), {, }) has canonical depth one part, 07,4+ in
g = Lie 472 induces a well-defined derivation

Ont1 - gr??—l — gr?_l’;’-[.
Denote by grlg #°4d the subspace of ngD’H generated by the images of
™M), ™3, ..., "2n+1),...

in the quotient space gerH. In this section we will show how to calculate the map 95,41 explicitly.
Since O(pI1;) is an ind-object in the category M T ;, there is an action of the motivic Lie algebra

g x O(oITy) — O(pI1y).
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Denote by h =Lie V = (L(eg, e1, e—1), {, }). The action of g on O(gI1;) factors through the action
of hon O(yITy).
Denote by Uh the universal enveloping algebra of . Then

Uh = (Qeo, e1, e_1), 0),

where o denotes the new product on Q{eq, e1, e_1) transformed from the natural concatenation product
on Ubh.

The product o is difficult to calculate in general, but by the same reasoning as Proposition 2.2 in
[Brown 2013], for any a € b, any words w in eg, €1, e—1, and any n > 0, we have

ao(efeiw) = ef((lila)e; +e; ([ila)*)w + efei (@aow), i€{l,—1}, 2)
where
aoey=eya, [i](egeg’e‘;i ) = ege}ilef ooy ayra) =D ay, - ay), a; € {eg, e1,e_1}.

From the correspondence between unipotent algebraic group and nilpotent Lie algebra, we know that
for any a € b, the natural action of @ on O(yI1;),

O =Qfe’, e, e™) % 0(IM) =Qfe’ el ™)), x> al),
is dual to the following action of a on Ub:
Uh = Qeo, e, e—1) > Uh = Qeg, e1,e—1), yr>aoy.

By the definition of ‘H and 95,41, we have the commutative diagram

_ 02n+1 _
gr?@(eo,el,e ) —">gr21®(eo,e1,e 1)

| |

dnt1
D " D
gr - H gr,_H

where 0,,,41 is the depth-graded version of the action of i(02,41) on Qe e!, e~1). Thus in order to
write out the maps d,+1 and d,,,41 clearly, we need to compute the action o : i) x Uh — U first.
There is a well-defined map

d:grPH — grPH Y @er? H; 8= Z ¢"2n+1) ® dopy1-
n>0

The following proposition is crucial to our analysis.
Proposition 2.4. Forr > 2, the map 0 is injective.

Proof. By exactly the same method as that in [Brown 2012, Section 2.3], it follows that H = OUMT2)[1]
(t is a weight 2, depth 1 element with trivial action of g) as a g-module. Moreover ", n > 1 are all
depth 1 elements.
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So we have

griH = gr,OUM™) @& ) grr—10UM 1",

n>1

It suffices to prove that 9|4, oM7) 1s injective. By the main results of [Deligne 2010], the depth-graded
motivic Lie algebra 0g is a free Lie algebra with generators in the depth one part. By the correspondence
between nilpotent Lie algebra and unipotent algebraic group, d|,,, oqM72) 18 injective. U

Remark 2.5. Proposition 2.4 is not true for Brown’s original motivic multiple zeta values, since, in that
case, the depth-graded motivic Lie algebra of M7 (Z) is not a free Lie algebra and it has generators
in higher depth part. See [Brown 2013; Enriquez and Lochak 2016; Li 2020] for some conjectural
descriptions of the depth-graded motivic Lie algebra of MT (Z).

3. Period polynomials

In this section, we review the theory of period polynomials, and define P(I'g(2))" in Theorem 1.2. The
main reference is [Kaneko and Tasaka 2013].
As we know, I'g(2) = {y € SL2(Z); y =0 mod 2} is generated by two elements

r=(01): #=(37)

For a positive even integer NV, denote by Vi the space of homogeneous polynomials with two variables
X, Y of degree N —2:

N-2
VN = {P(X, Y)eQ[X,Y]; P(X,Y) = Z a,.xin—Z—i}_
i=0

The group I' =I'9(2) acts on Vy naturally: for any polynomial P(X,Y) € Vy and y = (‘; Z) eI'v(2),
yoP(X,Y)=P@@X+bY,cX+dY).
We write this action as P (X, Y)|y for convenience. Consider the subspace Wy of Vi as follows:
Wy ={P(X,Y)e Vy[X,Y]; PI1-T)(1+M)=0}.

Denote by Sy (2) the space of cusp forms of weight N for I'g(2). For f € Sy(2), the period polynomial
rp(X,Y) of fis given by

ry(X,Y) Z/(; f)(X —zY)N2dz.

It can be shown that

rr(X,Y) e Wy ®C.
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Now we decompose Wy into two parts. Let ¢ = (_01 (1)) It is obvious to see that P|(1 £¢) € Wﬁ for

any P € Wy, thus we have the direct sum decomposition
Wy =Wiewy,
where W]J\; (resp. W) is the even (resp. odd) part of Wy,
W;,—L ={PeVy;Ple=xP,PI1-T)1+ M) =0}.
For f € Sy (2), denote by rjf the even and odd parts of the map r,
rfiSn@) > Wy ®C; f > ri(X,Y).
We can decompose W; further as
Wi=0 X" 2eowy e vV 2
where
N—4

w0 = {P(X, Y)= Z a; X YN e vy PI1=T)(1+ M) :0}.

i=2 even
Kaneko and Tasaka [2013] proved the following two propositions which describe the structure of W;,r -0,

Proposition 3.1. For any even integer N, there are two isomorphisms of vector spaces
rTiSy(2) = Wi'®C and r:Sy(2) > Wy ®C.

Proposition 3.2. For any even integer n, k, denote by (Z) the binomial coefficient. The space W;} s of
the form

{ Y axr Y ()= (y b)) =012 =N =3.0da.

i=2 even i=2 even

Remark 3.3. We let () =0 when k > n or k <O0.

Denote by P(I'0(2)) =Dy even W;,r % Then P(p(2))Y in Theorem 1.2 is the compact dual of P(I"¢(2)).

4. The depth two case
In this section we calculate the map
3:grPH — grPH Y @ er? H

in the case of r = 2 explicitly. Then we establish a short exact sequence about sum odd motivic double
zeta values and we find a basis for the depth-graded motivic double zeta values relative to , by the
explicit expression of the map d in the case of r = 2. As an application of our results, we prove Kaneko
and Tasaka’s conjectures [2013, Remark 2].
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4A. The calculation in depth two. The following formulas come from direct calculation. We write
i(02p+1) as 02,41 for short. When n =0, 07,11 = o1, a; > 0, we have
gio(eyerey) =ey’e_jerey —eyere_iey' +ey’erey' e, 3)

— ag a ag a ag ay ag ay
o1o(eye_1e)) =eyele_1e, —eye_iere, +eye_1eye_q. 4)
When n > 0, a; > 0, we have

O2n+10© (e() ele() D)

—_— — 41 ao a) ———
=, (02n+1€1 —e10+1)€, €y e1ey oo+l

—2%m) Z( 1’ <2n)6’8°€(2)" Te_iepereq + 27" Z( D’ ( )6806(2)" "erepere

r=0

—(1 =22 Z(_l)r< . )eo erepe_ 1e(2)" Tt — 2% Z( 1" (r )eo eleoeleg" "y
2n

— 2% Z( " ( )eo e egle(z)” "e_ 166+22" Z( " < )eo e egle(z)” "erey,  (5)

r=0

and

O2n+10 (eo e— leo "

=, ([—1](02n+1)€—1 —e_1[—11@20s1)) €’ +€8°€—1€8162n+1

— 2% Z( " ( )egoe(z)" rele(’)e_legl—i—ZZ” Z( " ( )eg"eé" Te_jepe—iey'

r=0

— 2% Z( 1" ( )eoe 1eoe1e(2)" "ep! o Z( 1" < )eoe jepe— 1e(2)” "e!

22")2( 1y’ ( )eoe refled" " e_jef+27" Z< 1) ( " e regiel e ()

By taking dual of formula (1) and (2) we have the following result:
Lemma 4.1. For positive even integers ni, ny and €1, €; € {1, —1},
a_l(eél (eO)I’L]—leez(eO)nz—l) =0

Proof. We calculate the map by taking dual of the action 67,41, thus we only need to find the terms
€e, (eo)’”_le62 (eg)™~! on the right-hand sides of equations (3) and (4). However, there are no such terms
because n1, ny are both even and thus n; — 1, ny — 1 are odd, it means that there is at least one ey between
e, and e,, and one e after e,. It follows that 9; (e*! (€)1 —1ee2(e%y2=1) = 0 for all ny, n, even. O



Motivic multiple zeta values relative to o 2697

Lemma 4.2. For positive even integers ny, np, and n > 0, writing the words

2n 1, ,0\n1+ny—2n—2 2n —1,,0\n +n2—2n—2
(n1_1>e (e”) , (nl_l)e (e”) ,

2n 1, 0\ni+ny—2n—2 2n —1, O\ni+na—2n—2
(pory)e' e ()t ,

as ©7', ©",, O, © respectively for convenience, we have

Dur1(e! ()Tl () Th =220 — O, (7)
Oont1(e! ()" eTH ()T = (1 -2 (O] — O, 8)
Dnr1(e ()1l (P = (1 - 22" — 270", ©)

Dnr1(e” ()17 e ()T =220 — (1-27H)e"™. (10)

Proof. To calculate the term
donr1 (e ()" el (0T,
we only need to find the term

—1 —1
e1(ep)"' " eq(ep)™

on the right-hand sides of equations (3) and (4). The only two possibilities are ap = 0,r =n; — 1 or
ap=0,r =ny — 1. Thus we have

%(@1 (eO)nl—lel(eO)nz—l) — 22”[(nl2il> _ (nzzil)]el(e())nl-‘rnz—zn—z.

Formula (5) is proved. By the same method we have (6)—(8). Il

It is also useful for us to determine the case that ny, ny are both odd. We use the same argument here

and the result is a little different.
Lemma 4.3. For positive odd integers n; > 1, n, > 1, we have

e_lv #(iISiz):(la_l)a nlzlvn2:17
—el (@) el if iy, i) =1, —=1), n1=1,ny, >3,

1/,0\n2—1 —1.,0\n2—1 (7 1A) — —
a_l(eil(eO)HI—leiz(eO)nz—l) — e (e ) 2 —e (e )nz ’ lf(llv l2) - (_19 1)7 ny= 17”2 = la

el(em-1, if i1,i) =(1,—1), n; >3, ny =1,
e HehHm-t, if (i1,i2) = (—=1,—=1), n; > 1,ny =1,
0, otherwise.

Define 8(’;’) =1ifm=n, 8(';’) =0ifm #n.
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Lemma 4.4. For positive odd integers ny, ny, let 7', ©"'|, 7%, ©" be as above and n > 1, we have

2
Dnri(e! @)l () = =2 (@ — o) —5(, " Yor),

ny—

P~ ni ny 2 nj
T (el (@) e (@) = —(1 =2 (@ — ey —s(, | e,

— 2
T (e ()l (@ = —(1 =2 (e 5, o)) +27e,
_ 2
82n+1(e_1(eo)n]_le_l(eo)nz_l) — _221’1 (®T1 _ 8(n1f1>®rill) + (1 _ 22)1)@121.
With the above lemmas, we can calculate the maps 9 and 9 in the case of r = 2.

4B. Proofs of the main results. Now we are ready to state our main results. We have already defined
the map 9,41 for n > 0 in Section 2C and the space P2;™ in Section 1, which is the subspace of grf H
generated by the set of images of {¢*™(ny, ny), ny, ny > 2, even}. Define

D : grPH°% @ grPH%M - (P(Th(2)))

2ny _

"Cmi+1D)®"2ny+1) > 0 v@2n1+1,2n+1), ni,np>0,

22ny+1 _
where v(2n1 + 1, 2ny + 1) is a linear functional on P(I'g(2)) satisfying
v(2n1 + 1, 2n2 + 1)(p) = pon; 20,

for
P=" Do 2 XY € P(To(2).

Theorem 4.5. Denote by (ng’HOdd(X) gr?%"dd)b the subspace of gr??—["dd@) gr1D7-L°dd which is generated
by {™(i11) ® {™(12), ny, na > 3, odd. Then

d(Po™) C (grlDHodd ® grlDHodd)b
and there is an exact sequence
0— Po™ L (grPH @ grPHo) B p(ry(2))” — 0,
where the second map 3 is induced JSrom 8| pom and the third map D is induced from D defined as above.
Proof. By Lemmas 4.1 and 4.2 it’s obvious to check that
A(Po™) C (gr]DHodd ® grlD/Hodd)b_

The map 3 is injective by Proposition 2.4. The surjectivity of D is trivial. We only need to show that
Imd = Ker D.
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The following diagram is commutative:

gr?@(eo, el, e ) LN (Dgl)v ®gr1D@(eo, el, e )

| l

grf?—[ gr;DH ® ngD”H,

where
I=> (Gt1) ®domt1,

n>0

and (072,+ 1)v, n > 0, is the dual basis of 65,11,7 > 0, in (Dgl)v. The second column map transforms
(@n71) ® D2041(x) 10 L™ 20 + 1) @ B 41 (T™(x)).
Thus we can calculate the image of P2™ under 9 by calculating its lift on

gr@(e% e e7!).
For even integers n1, ny, the motivic double zeta value %™ (ny, ny) regarded as an element of gryH is

equal to

iIm(el(e())nlflel(eO)nzfl _efl(eO)nlflel(eO)nzfl _671(60)n171671(60)n271 _}_el(eO)nlflefl(eO)nzfl)‘

Define A(ny, ny) to be

%[61(60)1’117161(60)11271 o 671(60)n17161(60)n271 . e*l(eO)nlflefl(e())nzfl _{_el(e())nlflefl(e())nzfl]‘
Let ®;”’ be as above, n > 0 and s = n; + np, —2n — 2. According to Lemmas 4.1 and 4.2 we have
_ 1 1 2n 2n 1,0 1,0
T (A1, m) = (O] =07 =0, +07) = 2((, 7 ) = ([, 1)) €' @ = e ).
By Lemmas 2.1 and 2.2, if s > 0, we have

a1 (™ (1, 12)) = %((nffl) ~(,2))EmG .

Combining with the definition of D and Proposition 3.2 , it is obvious that Im (5) = Ker (5). O

Kaneko and Tasaka [2013] proved that there are at least dim Sy (I'9(2))-linear independent relations
among the numbers {(°(ny, ny), ny +ny = N, ny, np > 2, even}. From Theorem 4.5 we obtain

dimq(¢°(ny, n2); ny+ny=N,ny,ny > 2, even)g < % —1—-dimSy(Ip(2))

immediately. The above inequality is compatible with Kaneko and Tasaka’s result.
The next theorem gives an affirmative answer for part of Kaneko and Tasaka’s conjectures in the
motivic setting.
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Theorem 4.6. For an even integer N > 4. The elements
{¢”™k,N—k),1 <k <N —1odd}
are Q-linear independent. Moreover, the set of their images in grzD ‘H is a basis of gr? Hy.

Proof. We will make use of the above calculations again. The case N =4 is easy to check. Given an even
integer N > 6, according to Lemmas 4.3 and 4.4, for any odd n, n; such that n; +n, = N, we have for
allny,ny>1, 3 (¢™(?""?)) =0 and

(1) = 5 T —e () e ()], B, 1) = T ) e (0,

Thus by the distribution formula, we have

1-2m . 1 —2m
J— , a o,m ’1 [
3" M@, D) = e

For the same reason, if n > 1 and s = n| +ny, —2n — 2 > 0, the following formula holds:

a6 nnn = 2= (2 ) = () +a(, 2 ) a =2 e,

Ifn>1ands =ny+n,—2n—2=0, we have

N ("™, np)) = ¢ ().

2 —
i1 (€™ m) = —8(, 7 )@ = em (D),

4
In conclusion, we can write the map 9 in the following form in the case of n| +ny = N:
¢o™(1, N = 1) MD®™(N —1)
MG N=3 | o [ ®M(N =3)
: =MB :
¢o™(N—=1,1) (N -D ™)
In the above formula,
B—di 1 —2N=1  2N=3_ 231 QN1 -1
= aia ) EEEILICIE) s T
g 2 —2N=174(2N-4 1) 422 —1) 4

isa (%)—th invertible diagonal matrix, M is a square matrix of order % in the form

1 0
0 0
M=|: u ;
0 0
c 1

where M is an (& —2)-th square matrix in the middle of M. The matrix M equals (a;,;),; j<_2» Where

2
2j 2j 2i Ny
= — 8 1 2%+,
. (2z‘> (N—2—2i>+ <2j>( )
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The theorem holds if M is invertible by the fact that 9 is injective. M can be written as the form D+ A,

Wheret=%—1,

. ; 2j 2j
D =diag(dy, ..., d;—1), A= (bij)i<ij<i—1, and d; =1-2%%" bij = <2£>_ (2;_]2,')'
Given j, notice that b; ; +b,11—;j =0and b; ; =0 for j <i <t — j, it’s obvious to check that

min{’3L, j—1} min{5!, j—1}

(7 J 5 il

Z o Z J Z J 2j+1 _
— |bz,J|§2 (2l>§2 1<2l.><2j 1.
1= 1=

i=1

t—1
> Ibijl=2
i=1

So clearly for j =1,...,¢t— 1, we have
-1 -1
D bijl = Ibijl = 1bj sl < |d; +bj 1.
i=1,i] i=1
By the following lemma, the matrix M, and furthermore M are invertible. O

Lemma 4.7. For a real matrix A = (a; j)1<i,j<n, if laii| > Zi#j la; ;| fori =1,2,...,n,then|A| #0.

Proof. Denote by «; the i-th column vector of A, if |A| = 0, there exist {k, ..., k,} # {0} such that
kiay + - - -+ k, ¢, =0 1s the zero column vector.
Let

lki| = max{|kil, ..., [kq|}.

Now consider the /-th variable in the above zero column vector. Because we have that |a; ;| > ), 2 laijl,
kiaj1 + - +kpa;, # 0, we get a contradiction. O

Remark 4.8. Kaneko and Tasaka [2013] conjectured that for given N > 4, elements
{¢°(n1,n2); mi=1,n2>1,0dd, ny+ny= N}

are Q-linear independent. Theorem 4.6 gives a proof of the motivic version of Kaneko and Tasaka’s

conjecture.
As we know, for odd n > 1, the double zeta value ¢°(n, 1) is not well-defined. However, the motivic sum
odd double zeta value %™ (n, 1) is well-defined. We will calculate the period of £”™(n, 1). Recall that

£, 1) = £ [e™0, D= g™, D =", D + £, D). (1
Lemma 4.9. Forn > 1, odd, the period of ¢*™(n, 1) is

per(C”™m, 1) =~ [-¢t(,n) — ¢+ D) —¢(Ln)+ ¢+ 1) —¢n, D)+ ¢@, D]

[-cd,m)+¢(La)— ¢, D+ D+ Q" =2)¢(n+ D).

e i S e
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Proof. It is direct to get the periods of {™(n, 1) and ™(n, 1), we only need to determine the other two
terms in (11). Consider the following regularized integral:

dn dn  diy di (1—77)’ S U=
/0 ----- =) ; ( log(n) = 3 | ~— )

<ty <-<tyy1<l—ng l_tl 15} In 1_tn+l O<s<r =1

Let log(n) = 0. The above integral is equal to — Zfil Zle(l —n)"/(rs"). Letting n — 0, we have

—ZZ”"—— > ——Z =t =L+ D).

s=1 r=1 O<r<s

By the definition of per, we have

per(§™(n, 1)) =—=¢(1,n) —¢(n+1).

Similarly, we have

per(¢™ (@, 1) =—=¢(1,1) —¢(n+1).
Combined with (11), this proves the lemma. Il
The following remark follows from Theorem 4.6 and Lemma 4.9 immediately.
Remark 4.10. Every element ¢ (”‘ "2) ni+ny =N, N even, (ny, €) # (1, 1) can be written as a Q-linear

combination of {°(odd, odd), ¢(N) and per(¢™(N — 1, 1)) as above.

4C. Kaneko and Tasaka’s three conjectures. Kaneko and Tasaka [2013] additionally conjectured that
(¢°(ry, N—r); 1 <r <N —2)q is spanned by ¢°(odd, odd) and ¢(N). We will prove this statement as
an application of the motivic method.

Theorem 4.11. For a given even integer N > 4, the space ((°(r, N —r); 1 <r < N —2)q is spanned by
{E(N), ¢°(r, N =r); 1 <7 < N =3, 0dd}.

Proof. Denote by gr, Py the weight N part of 8ry D3. According to the property of the period map per,
we only need to prove that

(2", N=r);1 <r <N —=2)g=spanf{¢®"(r, N —r); 1 <r < N —3, 0dd}

in gr? Hy. (Be aware that >™(r, N —r); 1 <r < N — 3, odd, are elements of #, in the above formula
we mean their natural images in gr, DN
We use the same notation as in the proof of Theorem 4.6, there is a matrix £ such that

¢o™(1, N —1) ("D ®™(N —1)
(TEN=3 | [ 8NN -3

¢o™(N =1, 1) (™M(N =D ®™()

where E = M B is invertible.
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Thus we have

o™, N —1) ™) ®¢™(N — 1)

P ¢*™(3,N—=3) {"B3)®¢™(N =3)

¢O™(N —1,1) {™(N —1)®¢™(1)

On the other hand, according to Lemmas 4.1 and 4.2, we have

™2, N —-2) ;m@@g"‘(N— D
P4 N=H | TG @IV =3)
¢"™(N —2,2) (N -1 ®¢™(1)
where F is a matrix of order (% -1, %), thus
¢*™(2,N—=2) ™1, N —1)
£o" (4, N —4) "G N=3)
. —dFE ,
{P™(N —2,2) cO™(N —1,1)

By the injectivity of d, we have

¢"™(2,N—2) O™, N —1)
LM, N —4) et G N =3)
: =FE" .
{O™(N —2,2) (Om(N =1, 1)

in grf ‘Hy. From the explicit calculation in Theorems 4.5 and 4.6, it’s obvious to check that the last
column of the matrix FE~! is 0. By using the period map, the theorem is proved. g

Kaneko and Tasaka [2013] gave some other conjectures and we can prove them by the same motivic
method as above.

Proposition 4.12. For even integer N > 6, we have

(C(ni,na);ny+ny=N,ny>2)g € (¢°(ny, n2);n1+ny=N,n; >2)q,

(¢°(n1,n2);ny +ny = N, n; even)g C (¢ (n1,n2); ny +ny=N,ny > 2)q.

Proof. We only need to prove this proposition in the motivic version. According to our calculations above,
for n > 0, letting s = N — 2n — 2, we have

9", m) =0, B (€ ma =2 (0" (2 ) (2 ) (,2))emen.

ny—



2704 Zhongyu Jin and Jiangtao Li

By the distribution formula, when s 7% 0 we have

s e m) = 2 (o () = e ( 2 ) (2 )enG D

and when s = 0 we have
0n+1(C™(n1, np)) =0.

We have shown there is an invertible matrix S such that
¢”™(3, N =3) ("3 ®L™(N —3)
957! : = :
{OmM(N =3,3) ¢M(N=3)®¢™(3)
By the injectivity of d, we have
(¢™(n1,m2);ni+ny=N,ny >2)q € (" (n1, n2);ni +n2y=N,2 <n; <k—2)q.

Forny,ny, >2,even, if s =0orn =0,

n+1(C"™(n1, np)) =0,

and if s, n > 0,

Dnt1(C”™(n1, np)) = il_zﬁl [( 2n ) — ( 2i1>]§m(m).

25—1 L\n1—1 ny
Since the map 9 is injective, to prove
(¢°(n1, n2); ni+n2 =N, n; even)g C ({(n1, n2); n1 +nz2 =N, ny > 2)q,
it suffices to prove that there are numbers d ('"' mz) which satisfy
1 2n 2n _ mi, my m my (2N 2n
27"[(711—1)_(@—1)]_ (nl,nz)[(_ ) ( )_( D ( 2—1)+8<m1—1>]
m1+my=N
m;>1

forallny+n, =N, n;,ny >2,even, 3 <2n+1 < N —3. The above statement follows from Lemma 4.13
and Remark 4.14 below. O

Denote by
Vvo =" 4 np = N, nyny > 3, 0dd)o,
Pyn2=(x]'"" 1x§2 ;nyp+ny=N, n;,ny > 1l)q,
I]J"’N‘{z— (xy'™ ]xgz ;n1+ny=N, ni,nr > 2, even)q.

For p(x1, x2) € Vy 2, define
Li1(p)(x1,x2) = p(x1, x2) + p(x1 — x2, x1) — p(x1 — X2, X2),

X x X|—X
L%,l(]?)(xl,xz)=l?(2 >+p<TZ,X1>—p<%,X2)-
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Lemma 4.13. Denote by jod . Pyo2— [P"]’\,dy2 the natural map which satisfies for p(x1, x2) € Py 2,

i°U(p)(x1, x2) = p(x1, x2) — p(—x1, x2).

There is a linear map j : Py — [P’;’\;lz such that the following diagram is commutative:

Ly,
VN2 —— Py

lL;.l lj
iad od
[FDN,Z ” [FDN’Z

Proof. Define j; : Py 2 — Py 2 as the Q-linear map which is induced by

X1+Xx
X1 — %, X2 = X).

Define j, : Py 2 — Py.2 as the Q-linear map which is induced by
X1 — %, X2 = X1.
Define j = 1i° o (ji — j»).
For p € Vi 2,

iOdoL%’l(p)(xl,xz) =L (p)x1,x2) =Ly 1 (p)(=x1,x2)

([ X1—Xx2 o (X1—x _(x1tx ) <X1+X2 )
_p( 2 ’-x]) p( 2 ’x2> p( 2 » X1 +p 2 , X2 ),

JoLy1(p)(xy,x2)

= (= oL (p) @1, x2)— (i = ja)oLia (p)(—x1. x2)]

2
1,. . . .
=E(J]OLl,l(P)(Xl,xz)—JzoLl,l(P)(Xl,xz)—JloLl,l(P)(—xl,X2)+JZOL1,1(P)(—X1,X2))
1 _ _
=—(Ll,l(P)(xl+x2,x2>—L1,1(p)<xl+x2,xl)—Ll,l(P)<xl—+x2,x2)+L1,1(P)<xl—+xz,—x1>>
2 2 2 2 2
_ 7 (xitx ) (Xl—xz X1+X2)_ (Xl—xz )]
_2|:p< 2 9-x2 +p 2 ’ 2 p 2 7-x2
11 (x1tx ) (xl—xz X1+X2)_ (xl—xz >]
2[”( 2 )t T PATo M
I (=xitx ) <x1+xz x1—Xz)_ <x1+xz )]
2[”( . )t )i
1 —Xx1+x2 ) <X1+Xz X1—X2)_ <X1+X2 )]
+2[p(—2 , X1 )+p T T 5 P—2 , X1

_ (X1—Xx2 o (X1—x (X1 tx ) (x1+x2 )
_p( 2 ’-x1> p( 2 7~x2) p( 2 7x1 +p 2 7~x2 .

As a result of the above calculations, the lemma is proved. O
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Remark 4.14. Define d(";i':;) to be the coefficient of x'f‘_lx;z_l in %j(x;"‘_lx'znrl), ie.,

1. mi—1_my—1 mi, M\ ni—1_ny—1
ij(xl X )= Z d(nl,nz )xl 2

ni+ny=N
n;>2,even

For 3 <2n+1 < N — 3, by running the commutative diagram in Lemma 4.13 on

p:x%nxéV—Z—Zn e VN’Z,
we have
1 2n 2n _ mi, my my (2N my (2N 2n
ﬁ[(m—l)_(nz—l)]_ > d( nwu)[(_l) (m1—1>_(_1) (m2—1)+3<m1—1)]'
mi+mr=N
m;>1

Remark 4.15. Assuming Grothendieck period conjecture, neither of the two inclusions in Theorem 1.4(ii)
is an equality. To see this, we can count the dimensions of two sides on motivic level by the injective map 9.

By the motivic method we can prove the following, which was proved by Kaneko and Tasaka [2013]:
Proposition 4.16. For odd integer N > 6, we have

(¢°(n1,np);ni+ny=N,n; >2)g € ({(n1,n2);n1+ny=N,ny >2)q.

5. The higher depth case
In this section we calculate the map
d:grPH — grPH Y@ gr? \H
in the case of r > 3 for sum odd motivic multiple zeta values explicitly. As a corollary we obtain a basis
for the depth-graded motivic triple zeta values of odd weight. What’s more, all elements of this basis are
the natural images of sum odd motivic multiple zeta values in the depth-graded motivic triple zeta values
of odd weight. At last we conjecture that a matrix appearing in the explicit calculation of d on the sum
odd motivic multiple zeta values is invertible.
Denote by

TN’rZ{(nl,...,nr)le;n1+“'+nr=N,niZI,Odd,lfl.fr}.
Define §(, ") = Lif (my, ..., m,) = (n1,...,ny), ()1 70r) = 0if my, . ooomy) # (na, ..o ymy).

.......... ny

Proposition 5.1. Let N =r mod2 and N > r +2. For (ki, ..., k) € Ty, we have

0 ks k) =Y e<k1,k2,...,

ny,ny, ...,
(nl ----- nr)ETN,r

k —_ 0
) ® ),
,
where for n; > 3, odd,
kikasoooske N _ fon—1 1 kika, ..ok | 1 ni—1 ny—1 ki,ooooki—i,kivo, .- ke
e(nl,nz,...,nr>_<2 _5)6(n1,n2,...,nr)+§Z((ki+1—1)_<k,-—1>>8< Ny ees iy ey Ay )’

klka""vkr _ k19k27”'9k}“ 1 klv'--vkr—l’kr
e< 1,ny,...,n, )__5< 1,ny,...,n, )+§5< ny,...,n.,1 )
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Proof. Notice the following calculation:

"M (ny, ... ny)
1 ni,...,n
S R Gy
2r €,..., €
ee{Ll},1<i<r

1
— Z 61 .. 'ErIm(eelmGr (EO)nlfleezmer (eO)nZ*l .. .eer (60)11,71)

g e{xl},1<i<r
N Z Im[(el(eO)nl—leEZWEV (eO)nz—l .. ‘eér (eO)I’lr—l)

ie{1},2<i _ _ — —
ge{£l},2<i<r —e 1(60)111 leez e,(eO)nz 1"’€€r(60)n' 1)]

- D I (@) e () e ()T — e () T e () e (€))L
eie{£l},2<i<r

We have
—_— ao ay a ao —_— a; a ao ay ——
Oont10 (e eiey -+ -ejey)) = E ey - (Omyioe)ey - -eie) +ey - e €y 0onyl.

Since, when n = 0, we have
O|=e€_|,6_10€| =e€_1e] —e|eé_|,e_10e_| =e1e_|1 —e_1ée],
it follows that
B @) @) = 5( G )8(1R )irte — ey el ) +
+8<as0—1)8(1511115)1.5716,-.(60)64. ‘”eis_z(eo)ax_z(e—l —el)(eo)“s
#3()0( 1) et ety
As a result, we have
01 (2™ (n1,na, ... ny))
_ 1 Z Im[él(ele“ (") lee2 (0l L o8 (eo)”’_l)]

-
eie{xl},1<i<r

:zl_rs(nll) Z < (6162)6 (e~ _el)(eO)nz—l”'ee,(eo)nr—l)_i____

ee{xl}1<i<r

+ 2%5(”}’1_]> Z |: <Er lEr)Eler_leél(eO)nl—l . eérfz(e())nrfz—l(e—l _ el)(e())n,—l]

{1}, 1<i<r

+%3(nlr) Z < < >eleel(60)n171__.ee,-,1(80)nr,171>

g e{xl},1<i<r

n o 1 ny o
==3(" e, o+ 58("] ),
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In the above calculation, the last equality is due to the fact that

Z 8(61612)61 =0.

61,626{:&1}

Similarly for n > 1, from

St —(1—22">Z( () eiep 2 Z( (e ed,

r=0 r=0

Fmpioer = (1 —2%) Z( 1" ( )( 2n=re_ 1€pe1 —ele(z)"fre_le(’))

22n Z( 1) <2}’l> 2n— rele()el _elegn—releS)’

Tmrioe ;= (1—=2°" Z( 10 ( )( 2n— “erepe—y —e,legn_rele(r))

r=0
—1—22"2( D" ( )( n=ry 1epe—1 —e— 16(2)" "e_ 166),

r=0

we have
Danri (e (@) et (e)")
—(1-— 22n)8<a1 )S(ilif)e—il (60)a26i3 (eO)d3 coel (eO)as
( 22”)( l)al( ) (lllf) i1(60)01+az—2nei3 (eO)a3 . eis (eO)IIS
nof A1 i1ip i1, Onas iz Ovas is o ONay
+2°"5 n 1) 1 )e (e)eB (e ) ---e"(e)
) .. ' . .
_ 22}1(_1)01 (a?)8<llll2>ell (e())al+azf2net3 (60)(13 . et; (eO)as

e (=2 (21 )BT et @) el (@t 2 Oy
§— -

— (=221 ! ) (isilfs )ei1 €)= () eint (¢

ds—1

+ 22?1(_1)6{;_1 < 2n >8<ls—11 is )eil (e())(l] . el'.;_z (eo)aAv—2+(l_¢_| —2nei_v_] (eO)aS
a

s—1
+ 22}1(_1)@;,1 ( 2n )6(is—11 is )eil (60)611 . eix,Q (eO)QS,ZeiS,1 (60)05714—@;—2)’1

as—1

F(— Zzn)(_l)aS(2?>5(ivl>eil(eo)al R

F2 1y ()37 el (el (e rre
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Thus for (ny, ny, ..., n,) € Ty, we have
Pns1(C7™(n1, ... np))

= i Z E[Im[52n+l(e€1 (eO)Il]—l e (eo)nr—l)]

ee{£l}, 1<i<r

1 ¢
=30 = 18(yt e 2, )

—1Hm- 2
+L(22” — 1)<n1i1>§”’m(n1 +ny,—2n—1,n3,...,n)

2
22}1 nl o,m 22” nl—l 2” o,m
+75<27’l+1)§ (”lz,--w”r)—T(_l) <n1_1>§ (n1+n2_2n_17n35~~'7nr)

2n on
+---+1 2 (=Dfr=1= 1<n 1_1)4“”’"‘(111,-..,nr_a,nr_z+nr_1—2n—1,nr)
,,

2n 2
1= 2 (=D~ l<n _ln_l)g“"’m(m,--.,nr_z,nr_l+nr—2n—1)

22n _ 2n .
_( D 1<n _l_l)i)’m(nl, cesnp 3,0 2+n, 1 —2n—1,n;)

2n 2
2 ( *=1= ]<n ln_l)ia’m(nl,...,nr_z,nr_1+nr—2n—l)
r—

2n
+1 2 (— 1)’“—1( e e e =20 = 1)

+7<—1)"r—1( L)E G e ey = 20— 1)

( —%) (2n+1) “M(ng, ..., np) — %( ) My +ny—2n—1,n3,...,n,)
2n

1)§0,m(n1’ ce N3, N 2 +n, 1 —2n—1,n;)
Np—1—

1
+..._|_§(

1 2n
_§<n B _1>C0’m(n1, e NN +n,—2n—1)

1/ 2n
+§<n —1){0»“1(”1, s e ey 0y — 20— 1)
r

—(@m - —)6(2n+1) My, )

r—1
1 2n )
+35 § ((n +1—1> (n._1)>'é“"m(nl,..-,nifl,ni-i-nm—2n—1,ni+2,---,nr).
1 1

i=1

Thus the proposition holds.

With the help of the above proposition, we can generalize Theorem 4.6 to the case of depth 3.
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Theorem 5.2. Forr =3, N > 5 odd.

(1) The set of the images of elements
{¢”™(n1, n2, n3); ny +na+n3 = N, n; odd)

in gr3DHN is a basis of the total space gr3D’}-{N,

(ii) Every element in
Pr3=(¢"(n1,n2,n3);ny +ny+n3=N,n3> l)g

can be written as a Q-linear combination of some sum odd multiple zeta values of weight N, depth 3
and multiple zeta values relative to ., of weight N, depth less than 3.

Proof. We have known that the set of elements
{¢7™(n1, n2); ny+ny =k, n; > 1, odd}

is a basis of the space ngD H . Similar to the proofs of Theorems 4.6 and 4.11 we will use the above propo-
sition to prove the first part. Using Lemma 4.7, we only need to prove that for any given (n1, na, n3) € Ty 3,

k17k27~-~skr n19n27"'9nr
E e < |e .
ny,ny, ...,n, ny,ny,...,Nn,
(k1 ko, ki) # (n1,02,.0m7)

When n| = 1, the above inequality is trivial.
When n{ > 3, we have

P S vy Rl Vi) R B[Sty R Vi)
S DI o9 [(Vemey B Voamry) IES LY [(y B iy )|

(k1,k2,k3)€SN 3

< 2 (G FIEDDHGIIGDEZD) -2

(k1,k2,k3)€SN 3
ni—1 "
542( . )—2<2 ~1
i>0
Thus the first statement holds.
As for the second part of this theorem, denote by

C={¢""(n1,n2,n3); n1 +nay+n3=N}\{¢""(n1, n2, n3); ny +ny+n3 =N, n; odd}.

Assume that there is a lexicographical order on Ty ,, it induces an order on C and {{*™(ny, na, n3);
ny +ny+n3 = N}. Let o (resp. B) be the column vector whose i-th element is the i-th element in C
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(resp. {¢>™(ny, na, n3); ny +ny +n3 = N}). The argument above and Proposition 5.1 show that there
is a matrix P and an invertible matrix Q such that

Ia) =Py, 9(p)=0Qy,

where y = (™1 ® ¢*™(1, N —2), ..., c™(N =2)® ™1, 1)T.

The last column of Q is (O, ...,0,2N 3 %)T obviously, and the last column of P is O because of

the following equation:
dn—2(¢”™(ny,n2,n3)) =0, forall (™ (ny, ny, n3) €C.

By the injectivity of 0 we have
a=PQ'B,
and that the last row of P Q! is 0. Thus the theorem holds. O
Furthermore we can put forward the following conjecture:

Conjecture 5.3. Foranyr >4, N >r+2, N —r =0 mod 2, the order |Ty | matrix
E:(e(klvkz,’kl’)>
n17n2,---7nr

Remark 5.4. If this conjecture is true we can directly generalize Theorem 5.2 to cases of higher depth by

as in Proposition 5.1 is invertible.

induction. Unfortunately in depth > 4, the matrix E is usually not a strictly diagonal dominant matrix any
more. Thus Lemma 4.7 is not helpful in cases of higher depth. By explicit calculation we have checked
that Conjecture 5.3 is true for r =4, N =6, 8, 10.

Remark 5.5. The motivic approach in this paper can also be used to study cyclotomic multiple zeta
values for other roots of unity. By explicit calculation, the analogue of Theorem 1.3 in other roots of
unity (at least for w3, @4, (e and ug) is true. Unfortunately we can’t find any short exact sequence either
for other roots of unity or for w; in higher depth.
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