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On the definition of quantum Heisenberg category

Jonathan Brundan, Alistair Savage and Ben Webster

We introduce a diagrammatic monoidal category Heisi(z, t) which we call the quantum Heisenberg
category; here, k € Z is “central charge” and z and ¢ are invertible parameters. Special cases were known
before: for central charge k = —1 and parameters z = ¢ — ¢~ and t = —z~! our quantum Heisenberg
category may be obtained from the deformed version of Khovanov’s Heisenberg category introduced
by Licata and Savage by inverting its polynomial generator, while Heisy(z, t) is the affinization of the
HOMFLY-PT skein category. We also prove a basis theorem for the morphism spaces in Hei sy (z, t).

1. Introduction

Fix a commutative ground ring k and parameters z, t € k*. This paper introduces a family of pivotal
monoidal categories Heisi (z, t), one for each central charge k € Z. We refer to these categories as quantum
Heisenberg categories. The terminology is due to a connection to Khovanov’s Heisenberg category [2014]:
our category for central charge k = —1 is a two parameter deformation of the category from [loc. cit.],
and is closely related to the one parameter deformation introduced already by Licata and Savage [2013].
The category Heiso(z, t) has also already appeared in the literature: it is the affine HOMFLY-PT skein
category from [Brundan 2017, Section 4]. For more general central charges, our categories are new. They
were discovered by mimicking the approach of Brundan [2018], where the definition of the degenerate
Heisenberg categories introduced in [Mackaay and Savage 2018] was reformulated.

In fact, we will give three different monoidal presentations of Heisg (z, t). They all start from the affine
Hecke algebra A H, associated to the symmetric group S,. It is convenient to assemble these algebras
for all n > O into a single monoidal category A#(z). By definition, this is the strict k-linear monoidal
category generated by one object 1 and two morphisms x :1—1 and 7 :1 ® 1—1 ® 1, subject to the
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relations
To(l4 ®x)oT=x® 14, (1.1)
ToT =27 + l1g1, (1.2)
(t®14)o(14®T)o(t®11) =(14®17) o (T ®14) 0 (14 ® 7). (1.3)

The second relation here implies that 7 is invertible. We also require that x is invertible, i.e., there is

another generator x ! such that
xox '=x"lox=14. (1.4)

-1

Adopting the usual string calculus for strict monoidal categories, we represent t, T~ ', x, and more

generally x°¢ for any a € Z, by the diagrams

_’\ -1 _ / _ oa _ L,
T = L T _X, x_%, X _%. (1.5)

Then the relations (1.1)—(1.3) are equivalent to the following diagrammatic relations:

NG
K //—Z , (1.7)

TS T

The affine Hecke algebra A H,, itself may be identified with End 43;)(1®"), with its standard generators

x; and 7; coming from a dot on the i-th string and the positive crossing of the j-th and (j+1)-th strings,
respectively; our convention for this numbers strings 1, ..., n from right to left. It is often convenient
to assume (passing to a quadratic extension if necessary) that k contains a root ¢ of the quadratic

2 _zx—1=0, so that z =g — ¢g~'. The quadratic relation in AH, may then be written as

equation x
(tj —q)(rj+ g~") = 0. Such a choice of parameter ¢ is not needed in sections 2—4, but is essential for
the applications in sections 5-10.

To obtain the quantum Heisenberg category Heis (z, t) from A (z), we adjoin a right dual | to the

object 1, i.e., we add an additional generating object | and additional generating morphisms

c=\_J:1-]®1 and d=/\1®|—>1

U U

Then we add several more generating morphisms subject to relations which ensure that the resulting

subject to the relations

monoidal category is strictly pivotal, and moreover that there is a distinguished isomorphism

1+l ®1e1% ifk>0
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or
+ | @19 P = | @ +ifk <0.

There are various equivalent ways to accomplish this in practice; see Sections 2—4. In these sections, we
establish the equivalence of the three approaches and record many other useful relations which follow
from the defining ones, including the property already mentioned that Heis (z, t) admits a strictly pivotal
structure.

In this paragraph, we explain the approach from Section 4 in the special case k = —1. According to
Definition 4.1 and (4.14), Heis_;(z, t) is the strict k-linear monoidal category generated by objects 1, |
and morphisms

AN /
YN M U O U
subject to (1.7)—(1.9), the relations

X

J o
Gl S o o

and one more relation, which is equivalent to (1.4). We have not included the generating morphism x

since, due to a special feature of the k = —1 case, it can be recovered from the other generators via the
formula

x = % = tb—zzw
The relations in Definition 4.1 which involve x such as (1.6) are consequences of the other relations with
one exception: we must still impose that x is invertible, that is, relation (1.4).

The deformed Heisenberg category #(g?) introduced in [Licata and Savage 2013] is (the additive
envelope of) the strict k-linear monoidal category defined by the same presentation as in the previous
paragraph, with the parameters satisfying rz = —1, but without the relation (1.4). This follows easily
on comparing our presentation with the one in [loc. cit.], using also the fact that our category is strictly
pivotal. The generator x denoted by a dot here is not the same as the morphism denoted by a dot in
[loc. cit.] (that is simply equal to the right curl); instead, our dot is the “star dot” of [Cautis et al. 2018] (up
to renormalization). The Hecke algebra generator T = >< from [Licata and Savage 2013, Definition 2.1]
is related to our T by T = gt (so that the quadratic relation becomes (7; — qz)(Tj 4+ 1) =0). Also the
generator X appearing just before [loc. cit., Lemma 3.8] is our —x. In fact, the category #(g>) may be
identified with the monoidal subcategory of our category Heis_;(z, —z ') consisting of all objects and
all morphisms which do not involve negative powers of x.

For any k-linear category C, there is an associated strict k-linear monoidal category Endy (C) consisting of
k-linear endofunctors and natural transformations. Then one can consider “representations” of Heisg(z, t)
by considering k-linear monoidal functors into Endy(C) for different choices of C. The motivation for
the definition of Heisy(z, t) comes from the fact that it acts in this way on other well-known categories
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appearing in representation theory. If k =0 and t = ¢" then Heis(z, t) acts on representations of U, (gl,,),
with the generating objects 1 and | acting by tensoring with the natural U, (gl,)-module and its dual,
respectively; see Section 5. This action is an extension of the monoidal functor from the HOMFLY-PT
skein category to the category of finite-dimensional Uj (gl,)-modules constructed originally by Turaev
[1989]. If k # O then Heisi(z, t) acts on representations of the cyclotomic Hecke algebras of level |k|
from [Ariki and Koike 1994], with 1 and | acting by induction and restriction functors if k < 0, or vice
versa if k > 0; see Section 6. When k = —1, this specializes to the action of the deformed Heisenberg
category on modules over the usual (finite) Hecke algebras associated to the symmetric groups constructed
already in [Licata and Savage 2013]. The action of Heis_;(z, t) on representations of cyclotomic Hecke
algebras extends to an action on category O over the rational Cherednik algebras of type S, Z/1 for all
n >0, with 1 and | acting by certain Bezrukavnikov—Etingof induction and restriction functors from;
[Bezrukavnikov and Etingof 2009]; see Section 7.

We also prove a basis theorem for the morphism spaces in Heisg(z, t); see Section 10 for the precise
statement. In particular, our basis theorem implies that the center Endyy,;, (;,1)(1) of the quantum Heisen-
berg category is the tensor product Sym ® Sym of two copies of the algebra of symmetric functions.
In the degenerate case studied in [Brundan 2018], the basis theorem was proved by treating the cases
k = 0 and k # O separately, appealing to results from [Brundan et al. 2017] and [Mackaay and Savage
2018]; the proofs in [loc. cit.] ultimately exploited analogs of the categorical actions mentioned above, on
representations of degenerate cyclotomic Hecke algebras and representations of gl,, (C), respectively. In
the quantum case, it is still possible to prove the basis theorem when k£ = 0 by such an argument, but for
nonzero k the approach from [loc. cit.] seems to be unmanageable due to the larger center. Instead, we
prove the basis theorem here by following the technique developed in the degenerate case in [Brundan et al.
2018, Theorem 6.4] (and earlier, in the context of Kac—Moody 2-categories, in [Webster 2018]). It depends
crucially on the existence of an action of Heisx(z, t) on a “sufficiently large” module category, which is
obtained by choosing / > 0 then taking the tensor product of actions of Heis_;(z, t) and Heis;11(z, 1) on
representations of suitably generic cyclotomic Hecke algebras of levels / and k + [, respectively.

The construction of this categorical tensor product involves a remarkable monoidal functor from
Heisk(z, t) to a certain localization of the symmetric product

Heisi(z, u) © Heisy, (z, v)

for k =1+ m and r = uv. This functor is defined in Section 8 and is the quantum analog of the categorical
comultiplication from [Brundan et al. 2018, Theorem 5.4]. The particular tensor products exploited to
prove the basis theorem are generic examples of generalized cyclotomic quotients of Heisr(z,t); see
Section 9 for the general definition. In fact, these k-linear categories first appeared in [Webster 2015,
Proposition 5.6], but in a rather different form; the precise relationship between the categories of [loc. cit.]
and the ones here will be explained in [Brundan et al. 2019].

We have stopped short of proving any results about the decategorification of Heis(z, t) here, but let
us make some remarks about this. There are two complementary points of view:
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e One can consider the Grothendieck ring Ko(Kar(Heisx(z,t))) of the additive Karoubi envelope of
Heisk(z, t). For generic z (i.e., when ¢ is not a root of unity), we expect that this is isomorphic
to a Z-form for a central reduction of the universal enveloping algebra of the infinite-dimensional
Heisenberg Lie algebra, just as was established in the degenerate case in [Brundan et al. 2018,
Theorem 1.1]. However, there is a significant obstruction to proving this result in the quantum case:
we do not know how to show that the split Grothendieck group K(o(A H,) of the affine Hecke algebra
is isomorphic to that of the finite Hecke algebra.

 Alternatively, one can pass to the trace (or zeroth Hochschild homology). In [Cautis et al. 2018], this
was computed already for the category #(g?) of [Licata and Savage 2013], revealing an interesting
connection to the elliptic Hall algebra. Using the basis theorem proved here, we expect it should be
possible to extend the calculations made in [loc. cit.] to give a description of the trace of the full
category Heisy(z, t) for all k € Z.

In the main body of the article, proofs of all lemmas involving purely diagrammatic manipulations have
been omitted. However, we have attempted to give enough details for the reader familiar with the analogous
calculations in the degenerate case from [Brundan 2018, Section 2] and [Brundan et al. 2018, Section 5] to
be able to reconstruct the proofs. Brundan, Savage and Webster [> 2020] are currently preparing a sequel
in which we incorporate a (symmetric) Frobenius algebra into the definition of Heisi(z, t), in a similar
way to the Frobenius Heisenberg categories defined in the degenerate case in [Savage 2019]. We will
include full proofs of all of the diagrammatic lemmas in the more general Frobenius setting in this sequel.

2. First approach

Before formulating our first definition of Heisg(z, t), let us make some general remarks. We refer to the
relation (1.7) as the upward skein relation. Rotating it through £90° or 180°, one obtains three more
skein relations; for example, here is the leftward skein relation

U
X_X:Z(\' 2.1)

At present, this has no meaning since we have not defined the leftward cups, caps or crossings which it
involves! However, already in the monoidal category obtained from A7 (z) by adjoining a right dual | to
1 as explained in the introduction, we can introduce the rightward crossings

U0 XU e

and then we see that the rightward skein relation holds from (1.7). Rotating the two rightward crossings
once more by a similar procedure, we obtain positive and negative downward crossings satisfying the
downward skein relation. We also define the downward dot

y = f = m (2.3)
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It is immediate from these definitions and (1.9) that dots and crossings slide past rightward cups and caps
S =&, =] (2.4)

VAN N\ 7=\ N —\/
=Y =N W= W= e

(A=Xy X=Xy (A=Xy X=Xy 69

Also, the following relations are easily deduced by attaching rightward cups and caps to the relations in
(1.8), then rotating the pictures using the definitions of the rightward/downward crossings:

The following lemma will be used repeatedly (often without reference). There are analogous dot slide
relations for the rightward and downward crossings (obtained by rotation).

Lemma 2.1. The following relations hold for a € Z:

CK—ZZ b% % ifa>0 ;X—ZZ b% % ifa>0,
N by % = =i 2.8)
oA e Y ke as<o 7 B+ Y b fa<o;
b+c=a b+c=a
b,c<0 b,c<0
N4z 3 wbbe ifaso, Foypz 3 wbde ifazo,
\/:4 /i by % % }/\: X = % % 2.9)
¥ NAa c i . E Sa _ c . .
S L PO o LR

Now we can explain the first way to complete the definition of the quantum Heisenberg category
following the scheme outlined in the introduction. The idea is to invert the morphism

X
-

M1 R1I—>] @1 el if k>0,
A (2.10)

1]
X NANG:-IEE Ukl]:?®¢@1@<—k>—>¢®¢ if k <0,

in Add(Heisr(z, t)) (where Add denotes the additive envelope).
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Definition 2.2. The quantum Heisenberg category Heisk(z, t) is the strict k-linear monoidal category
obtained from A#(z) by adjoining a right dual | to 1 as explained in the introduction, together with the
matrix entries of the following morphism which we declare to be a two-sided inverse to the morphism (2.10):

X N/ Eg{}d@T@l@k%T@i itk >0,
S
X

( 0 (2.11)
N 111 ® | 1ok ifk <0.

—k—1

We impose one more essential relation:
O=tz"1ifk>0, O=@z"'=1"zHl1ifk=0, >+« =1z "14ifk <0, (2.12)

where the leftward cups and caps are defined by the formulas

—t7'z7 ) ifk >0,
. k=l tk‘Q if k>0,
U= 16 ifk=0, (= A (2.13)
t—lé —7127 N ifk <o
—k

ifk <0;

To complete the definition, we introduce a few more shorthands for morphisms. We have already
introduced one of the two leftward crossings; define the other one so that the leftward skein relation (2.1)
holds. Also set

N
wzzwﬂé ifk>0, w::w if0<a<k, (2.14)
0 0 a a
0 0 a a
A::[C’\HQ ifk<0, /N=/7\ ifo<a<-—k. (2.15)
v

Next, introduce the following (+4)-bubbles assuming a < 0:

—tz7! k@ ifa > —k, 717! _@ark ifa >k,
B =111y fa=—k D=1 pa=p, @19
0 ifa < —k; 0 ifa <k.

Finally, define the (4)-bubbles with label a > 0 to be the usual bubbles with a dots:

@a =D, o@ = ad). (2.17)
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Then define (—)-bubbles for all a € Z by setting

Oa :=Cpa — Da , o@D = ad)— o . (2.18)

In the case k = 0, the assertion that (2.10) and (2.11) are two-sided inverses means that

é:h] if k=0, A:Q:H if k=0. (2.19)

In fact, the defining relations for Heisg(z, t) from Definition 2.2 are exactly the same as the ones for the
affine HOMFLY-PT skein category AOS(z, t) from [Brundan 2017, Theorem 1.1 and Section 4]. Thus,

Heiso(z, 1) = AOS(z, t).

In this case, most of the other relations that we need have already been proved in [loc. cit.]. However, the
arguments there exploit a theorem of Turaev [1989, Lemma 1.3.3] to establish all of the relations that do
not involve dots; the approach described below reproves all of these relations in a way that is independent
of Turaev’s work.

When k > 0, the assertion that the morphisms (2.10) and (2.11) are two-sided inverses implies the

N
6 =0ifk >0, 9 =0if0<a<k, o¢)=-duut 'z 'l1if0O<a <k (2.21)
N

following relations:

To derive these relations, we multiplied the matrices (2.10) and (2.11) in both orders, then equated the
result with the appropriate identity matrix. The following useful relation is an easy exercise at this point;
one needs to use (2.8), (2.12), (2.13) and (2.21):

7
@ =840\ J for0<a<k. (2.22)

Finally, when k£ < 0, we will need the following relations which are deduced from (2.10) and (2.11) by
the same argument as explained in the previous paragraph

Q’:

e

k—1 J
_ Z%" if k <0, Q { ‘ ifk <0, (2.23)
a=0[“ e

/
Q:Oifk<0, ba:Oif05a<—k, (pa =000t 'z ' I1if0<a<—k  (2.24)
/7
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Now we are going to consider the counterpart of the morphism (2.10) defined using the negative instead
of positive rightward crossing:

X

~

1= el if k >0,
o (2.25)
|1
) A IR S ] 1@l e1H S @1 ifk<0.
Lemma 2.3. The morphism (2.25) is invertible with two-sided inverse
\/\ qu/ \kc_;{} 1 @1 @1 51 @ ] ifk >0,
— / —
X
g (2.26)
AN 1 ®1—>1 e | e1%Ch ifk <0.
—k—1

Moreover, we have that

kW y=—1""z"Myifk >0, O=@z"'=r 'z Yl ifk=0, O=—-r"1z7"11ifk <0, 2.27)

t k9 ifk >0,
1z o/ ifk>0, N
U= y M=y Q ifk =0, (2.28)
tlb"‘ ifk <0, <

—k—1
27 g™ ifk <.

3. Second approach

Our second presentation for Heis (z, t) is very similar to the first presentation, but we invert the morphism
(2.25) instead of (2.10).

Definition 3.1. The quantum Heisenberg category Heis;(z, t) is the strict k-linear monoidal category
obtained from A#(z) by adjoining a right dual | to 1 as explained in the introduction, together with the
matrix entries of the morphism (2.26), which we declare to be a two-sided inverse to (2.25). In addition,
we impose the relation (2.27) for the leftward cups and caps which are defined in this approach from
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(2.28). Define the other leftward crossing, i.e., the one which does not appear in (2.26), so the leftward
skein relation (2.1) holds. Also set

N
v::w—zé if k >0, A\O/::w if0<a <k, (3.1
0 0 a a
0 0 a a
= -z if k <0, = if0<a< —k. (3.2)
A=rA=0) A=
v

Finally define the (4)- and (—)-bubbles from (2.16)—(2.18) as before.

Theorem 3.2. Definitions 2.2 and 3.1 give two different presentations for the same monoidal category,
with all of the named morphisms introduced in the two definitions being the same. Moreover, there is a

unique isomorphism of k-linear monoidal categories
Q1 Heisy (z, 1) — Heis_y(z, 1P (3.3)
sending
b do X=X MU U=

The effect of Q. on the other morphisms is as follows:
el ¥ X=X X=X X=X
Xe= A= Xe A= X Xe=X
WEE Ay Y A
N2 Ue = @@, @@

Proof. To avoid confusion, denote the category Heisg(z, t) from Definition 2.2 by Heis,‘gld(z, t) and the
one from Definition 3.1 by Heis;"" (z, t). The relations and other definitions for the category Heis;*" (z, 1)
in Definition 3.1 and the ones for Heis‘llg (z,t~!) from Definition 2.2 are related by reflecting all diagrams
in a horizontal plane and multiplying by (—1)*"Y, where x is the number of crossings and y is the number
of leftward cups and caps (including leftward cups and caps in (4)- and (—)-bubbles but not ones labeled

by ¢ or ©). It follows that there are mutually inverse isomorphisms
a Q
Heis(z, 171 T Heis]®™ (2. 1)
+

both defined in the same way as the functor €2 in the statement of the theorem. Now we apply Lemma 2.3
and Definition 3.1 to construct a strict k-linear monoidal functor

O : Heispy " (z, 1) — ’Heiszld(z, t)
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which is the identity on diagrams. This functor is an isomorphism because it has a two-sided inverse,
namely, 2, o ®_; o Q_. Thus, using O, we may identify Heis}"(z, ) and Heisild(z, t). Finally,
Q := Q4 gives the required symmetry. O

In the remainder of the section, we record some further consequences of the defining relations, thereby
showing that Heisy (z, t) is strictly pivotal. The first lemma explains how dots slide past leftward cups,
caps and crossings. Its generalization to dots with arbitrary multiplicities n € Z may also be deduced
using induction and the leftward skein relation like in Lemma 2.1.

Lemma 3.3. The following relations hold:
=) \=/7, (3.4)
N/ _ R/ g _ N
K=K XX

Let Sym be the algebra of symmetric functions over k. This is an infinite rank polynomial algebra with
two sets of algebraically independent generators, namely, the elementary symmetric functions ey, e, . . .
and the complete symmetric functions hy, hy, . ... Adopting the convention that e, = h, := §,, for
n <0, the elementary and complete symmetric functions are related by the following well-known identity
[Macdonald 1995, (1.2.6)]:

Z (—=D’erhy = 3n.0- (3.6)
r+s=n
The following lemma, which we may refer to as the infinite Grassmannian relation (following Lauda),
shows that there is a well-defined homomorphism

B - Sym® Sym — Endyei (2,r) (1) (3.7)

such that
Ry @1 (=1)" Ttz 0k, 1@hy > (=)'t 'z =D, (3.8)
en® 1>t 2Pk, 1Qe, > —t72O)-n . (3.9)

We will prove in Corollary 10.2 that 8 is actually an isomorphism.

Lemma 3.4. For any a € Z, we have that

Y. @ =) O =80z 11, (3.10)

b,ceZ b,ceZ
b+c=a b+c=a
Moreover
e =8, 4tz 1 ifa<—k, @ =-8u"'z7 1 ifa<k, (3.11)

oy =80tz ' 11 ifa=0, Oa =—8,0t7 27"y ifaz0. (3.12)
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Corollary 3.5. For an indeterminate w, we have that

D W Hw =00 w W) =1, (3.13)
where

@) =172 @nw " ew s+ w " Endpeig .y (DIw T, (3.14)
neZ

B W) =—tzy_ s@w " ew 1y +w " Endypgeie, e D w ™1 (3.15)
neZ

O W) =—tzy_ On w" € 11+ wEndggeig c.oy (DIw], (3.16)
neZ

OW)=t"2)  nOw™" € l1 +wEndpeiy .y (DIw]. (3.17)
neZ

Using the next relations plus (2.14) and (3.2), the leftward cups and caps decorated by < or © can be
eliminated from any diagram.

Lemma 3.6. The following relations hold:

(=) h Db if0<a<k, (3.18)

a b>1

a

AN==2Y0 @ if0<a<—k. (3.19)

b>1

The next lemma shows that | is left dual to 1 (as well as being right dual by the original construction).
Thus, the monoidal category Heisy(z, t) is rigid.

Lemma 3.7. The following relations hold:

m :w m :J_ (3.20)

The final lemma together with (3.4) implies that Heisi(z, ) is strictly pivotal, with duality functor
* 1 Heisy(z, 1) —=> (Heisy(z, 1)°P)™ (3.21)
defined on morphisms by rotating diagrams through 180°.

Lemma 3.8. The following relations hold:
/ VAN /=N N/ =\
oo X=X (=0 e

&’X:
X=Xy =Xy X=X Qs 6»
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4. Third approach

Now we have enough relations in hand to formulate our third presentation for Heis (z, t). This presentation
does not involve any leftward cups or caps decorated by < or ©; Lemma 3.6 showed already that these are
redundant as generators.

Definition 4.1. The quantum Heisenberg category Heisi(z, t) is the strict k-linear monoidal category
obtained from A#(z) by adjoining a right dual | to 1 as explained in the introduction, plus two more
generating morphisms /~ "\ and\__/ subject to the following additional relations:

U+Z2 Z ch@ab’

% - (4.1)
=| |-t 2 .
% m a,b>0

%

\Q = +tz><+ z MZ>O ab@%z . (4.2)

b = 5k,ot—1‘ if k>0, a+k8 )= Ba,—ktz =840t 'z D11 if —k<a <0, (4.3)
d\: 5,(,0:1 ifk<0,  (a—rk =@Gaotz ' —8aut 'z D11 ifk<a<O. (4.4)

Here, we have used the leftward crossings which are defined in this approach by

X XX

and the (4)-bubbles which are defined for a < k or a < —k, respectively, by

@a-k = 1"T1z47 det( kri=it1D); iy (4.6)
k(@ = =17 det(~ okt ), oy s 4.7)

interpreting the determinants as §, ¢ in case a < 0. Finally, define the (4-)-bubbles with label a > 0 to be
the usual bubbles with a dots as in (2.17), then define the (—)-bubbles for all a € Z so that (2.18) holds.

Before proving the equivalence of this definition with the earlier ones, we make some remarks about
the relations (4.1)—-(4.7). If k < 1, the relation (4.1) is equivalent to

— i (4.8)
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This follows immediately from the definition of the (+)-bubbles from (4.6). Similarly, when k > —1, the

relation (4.2) is equivalent to
J
\Q = U 4.9)

+1z .
e

A

Here are some other useful consequences of these relations:

N 7
6 =80t \_J ifk>0, b =A_J ifk>0, (4.10)
Q:ak,otm if k <0, 9 =1/ ifk <0, (4.11)
Ve N

QZSk,or‘f\ if k>0, Q:t[\ if k > 0, (4.12)
N v

/ N
b =80  ifk <0, 6 =) ifk<o0. (4.13)

These follow from (4.3)—(4.4) on expanding the definitions of the sideways crossings. Then, using (4.13)
and the leftward skein relation to convert the negative crossings in (4.8) to positive ones, relation (4.8)
can be further simplified in case that k < 0: it is equivalent to

)

Similarly, (4.9) is equivalent to the following when k > 0:

4]

Finally, when k = 0, the relations (4.8)—(4.9) together are equivalent to the single assertion

\/\ - (X) , (4.16)

i.e., both of the relations from (2.19).

Theorem 4.2. The category Heisy (z, t) defined by Definition 4.1 is the same as the one from Definitions 2.2

and 3.1, with all morphisms introduced in the third definition being the same as the ones from before.

Proof. To avoid confusion in the proof, we denote the category from the equivalent Definitions 2.2 and 3.1
by Heisgld(z, t), and the one from Definition 4.1 by Heis;"(z, t). From the evident symmetry in the
relations (4.1)—(4.7), it follows that there is an isomorphism

Qi : Heisy ™ (z, 1) — Heis"}' (z, t_l)OP
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which reflects diagrams in a horizontal plane and multiplies by (—1)*"> where x is the number of
crossings and y is the number of leftward cups and caps. Combining this with (3.3), we are reduced to
proving the theorem under the assumption that k < 0.

We first check that all of the defining relations (4.1)—(4.7) of Heis;®" (z, t) are satisfied in Heisﬁld (z, 1),
so that there is a strict k-linear monoidal functor

O : Heisp™ (z, 1) — Heis,?ld(z, 1)

which is the identity on diagrams. For this, note to start with that (4.5) holds in Heis,‘jld(z, t) as we have
shown that the latter category is strictly pivotal. The relation (4.6) is almost trivial when k < 0 and holds
thanks to (3.11). For (4.7), the identity holds if a — k < 0 due again to (3.11), so assume that a — k > 0.
Then the desired identity is the image under the homomorphism B from (3.7) of the identity

,,,,,

in Sym ® Sym. This follows from the well-known identity s, = det(e;_j11); j=1,....; see [Macdonald
1995, Exercise 1.2.8]. It remains to check the relations (4.1)—(4.4). For (4.1)—(4.2) when k = 0, we just
need to check the equivalent form (4.16), which follows by (2.19). For (4.1) when k < 0, we check the
equivalent form (4.14), which holds due to the second relation from (2.23). For (4.2) when k < 0, we
use the first relation from (2.23), expanding the leftward caps decorated by © using (2.13) when a =0 or
(2.15) and (3.19) when a > 0. Finally, the relations (4.3)—(4.4) follow easily from (2.24), (2.12)—(2.13)
and (2.27)—(2.28).

Now we want to show that ® is an isomorphism. We do this by using the presentation from Definition 2.2
to construct a two-sided inverse

(O3 ’Heiszld(z, t) —> ’HeisZeW(Z, 1),

still assuming that k < 0. We define ® on morphisms by declaring that it takes the rightward cup, the
rightward cap, and all dots and crossings (with any orientation) to the corresponding morphisms in
Heisp®" (z, 1), and also

0

QD([O\) =—tz/ "\ ifk <0, CD([g)\> 1= —z? Zﬂb —a-b@d if0<a < —k.

b>1

To see that @ is well defined, we must verify the relations from Definition 2.2. For (2.12), we must check
the following in Heis;"" (z, 1):

t8=(z‘z_1—t_1z_l)11 ifk=0, >k =¢z"'11 ifk<O.

These follow from (4.4) and (4.12). Then the main work is to show that the images under ® of the
morphisms (2.10) and (2.11) are two-sided inverses in Heis;"¥(z, r). When k = 0, this is immediate from
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(4.16), so suppose that k < 0. The images under @ of the two equations in (2.23) are precisely the known
relations (4.2) and (4.14). We are left with checking that the images under @ of the relations

emo Qo &
=0, =0, =841
a / @)a a

hold in Heis;*"(z, t) for 0 < a, b < —k. The first of these when a = 0 follows by (4.13). To see it for
0 < a < —k, we first apply the leftward skein relation, then slide the dots past the crossing using the
leftward analog of (2.9) which may be deduced from the definition (4.5), and finally appeal to (4.4).
The second and third relations follow from (4.11) and (4.4) in the case that b = 0. To prove them when
0 < b < —k, we must show that

Y (@ =0, Y Oateb—e® = —8,527211

=17 c>1
in Heis;" (z, t). For the first identity, it is zero if b > —k as the (+)-bubble vanishes by (1.3). To
see it for 0 < b < —k, use the skein relation, commute the dots past the crossing, then appeal to
(4.4) and (4.11). For the second identity, define a homomorphism y : Sym — Endysev(; ) (1) by
sending e, — t_lzC}nfk for n > 0. Using h, = det(e;—j41)i,j=1,...» and (4.7), it follows that y sends
hy = (=D 1tz n+k@ for n < —k. Then the identity we are trying to prove follows by applying y to
the identity ", (= 1) *"Cey 4 4 ch—k—p—c = 84 5, Which is (3.6).

To completei[he proof, we must show that ® and ® are indeed two-sided inverses. To check that

® o ® = 1d, the only difficulty is to see that

a a
o(e(™)) ="
When a = 0, this is immediate from (2.13), while if 0 < a < —k it follows from (2.15) and (3.19). To
check that ® o ® = 1d, the only difficulty is to see that

o(M) = (L)) =1
These follow from (2.13) and (4.12)—(4.13). m]

Lemma 4.3. Suppose that C is a strict k-linear monoidal category containing objects 1 and | and
morphisms &, Y, W ,\_Jand M\ satisfying (1.6)—(1.9). Then C contains at most one pair of morphisms
\_J and /" which satisfy (4.1)—(4.4) (for the sideways crossings and the (+)-bubbles defined via (2.2)
and (4.5)—(4.7)).

Proof. 1f k <0, Theorem 4.2 implies that the morphism (2.10) is invertible in C, and x is the (1, 1)-
entry of the inverse matrix. This property characterizes X uniquely as a morphism in C when k < 0,
independent of the choices of /™ or X\_/. Similarly, when k£ > 0, the morphism (2.25) is invertible in
C, and { is the (1, 1)-entry of the inverse matrix. Thus { is characterized uniquely when k < 0. To
complete the proof when k = 0, it remains to use (4.12)—(4.13), since these show how to express / \ and
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\_/ in terms of /" and \_J and the two leftward crossings. To complete the proof when k& < 0, we note
instead that the (2, 1)-entry of the inverse of (2.10) is —tz/ "\, so /) is uniquely determined in C. Then
1_/ may be recovered uniquely using the relation (2.13) and our knowledge of X . Finally when k > 0,
the (1, 2)-entry of the inverse of (2.25) gives t~1z8_J and then /1 may be recovered using (2.28) and
our knowledge of (. m

To conclude the section, we formulate three more important sets of relations. The first of these explains
how to expand curls. It is quite surprising that we have never needed to simplify left curls when £ > O (or
right curls when k£ < 0) before this point.

Lemma 4.4. The following relations hold for any a € Z:

ad:zz Da-b le —2)_ Oa-b le : (4.17)

adﬂg@ab le _Zggab le, (4.18)
Tpa -3 v ) a0, (4.19)
rba -3 v ) b abD), (4.20)

The following lemma gives a braid relation for alternating crossings. All other variations on the braid
relation can be deduced from this plus the original braid relation from (1.8), by arguments similar to the
proof of the braid relations in (2.7).

Lemma 4.5. The following relation holds:

// .
X - X _Z3Z®abc %c ifk=0, (4.21)
/ \/ _ 3 Z % }afjb:@ ifk <0, (4.22)
a.b20 [ ¥

Finally we have the bubble slides.

Lemma 4.6. The following relations hold for any a € Z:

a@T:P@ — 72 Z b+c% a—b—c(P), (4.23)

b>0
c>0

[@a — @4_ 23 @b %b+c , (4.24)

b>0
c>0
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a@‘%a@ —2y bﬂ% ab-c@), (4.25)

b<0
c<0

[@a _ @4_ 23 Oabee %b+c . (4.26)

b<0
c<0

5. Action on representations of quantum GL,,

In this section, we construct an action of Heiso(z, ¢) on the category of modules over U, (gl,) and use this
action to produce a family of generators for the center of U, (gl,,). These central elements were introduced
originally by Bracken, Gould and Zhang [Gould et al. 1991]. We also determine their images under the
Harish-Chandra homomorphism, giving a new approach to some results of Li [2010]. Throughout the
section, we work in the generic case, setting

k:=Q(g), z:=¢ —q_l, t:=q"

for an indeterminate g. In fact, the formulae which we derive are defined over Z[g, ¢ '], hence, they
make sense over any ground ring for any invertible ¢ (including roots of unity).

For the precise definition of U (gl,,), we follow the conventions of [Brundan 2017, Section 3], denoting
its standard generators by {e;, fi, dfl li=1,...,n—1,j=1,...,n}. The usual diagonal generator k; of
the subalgebra U, (sl,) is d; dl.jrl]. The subalgebras of U, (gl,) generated by the ¢;, f; and d]j.E are U, (al)™,
U, (gl,)” and U, (al,)°, respectively. We also have the Borel subalgebras U, (al,)? := U, (gln)OUq (al,)™
and Uq(gln)b = Uq(gln)ol](I(gIn)_. We will often cite Lusztig’s book [1993], noting that our ¢ and k; are
Lusztig’s v™! and Ki_l.

The natural module V™ and dual natural module V ~ are the left U, (gl,,)-modules with bases

{vf |1 <i<n} and {v; |1<i<n},

respectively, on which the generators act by

+ _ + + _ + +_ i+
ﬁvj =36i Vi1 eiv; =8;41,;v; , d,-vj =q°v;, 5.1
ﬁvj =0i41,jV; » eiv; =3 jV; 1> d,-vj =q ;. (5.2)

We denote the weight of vl.+ by &;; then v; is of weight —&;. Let A := D_, Ze; be the weight
lattice with inner product (-, -) defined so that &1, ..., &, are orthonormal. The positive roots are
{ei —¢€j |1 <i < j <n}. By a weight module we mean a U, (gl,)-module V' that is the sum of its weight
spaces Vi :={v e V |djv = g™ v} for all A € A. The Weyl group is the symmetric group S,,. It acts in
obvious ways on A and on U, (al,)° = k[dlﬂ, R d,j“], permuting the generators. Denote the longest
element of S, by wy.

We work with the Hopf algebra structure on U, (gl,,) whose comultiplication A satisfies

Ale)=d 'dip 1 ®ei+e,®1, A(f)=1Q fi+ fi®did |, AWd)=d;®d,. (5.3)
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We also need various (anti)automorphisms. First, we have the bar involution, which is the antilinear
automorphism — : U, — U, defined from ¢; := e;, ]_”, = f; and d; = dl._l. Then there are linear
antiautomorphisms 7 and G defined from

T (e;) :== fi, T(f) :=ei, T(d) :=d;, (5.4
G(e):=eni, G(fi):=foi, Gd;):=dpy1-i. (5.5)

The maps —, T and G commute with each other. Finally, we have Lusztig’s braid group action, under
which the i-th generator of the braid group acts by the automorphism 7; : U, (gl,) — U, (gl,) (which is
T”_ from [Lusztig 1993, Section 37.1.3]) defined for | j —i| > 1 and k #i,i + 1 by

Ti(ei) = —fidid;rl], Ti(eix1) =eieir1 —q 'eivies, Ti(e)) =e;j,
Ti(f) =—d 'dizrei. Ti(fix)) = fixi /i —qfi fizt.  Ti(f) = fi.
Ti(d;) = di1, T:(di1+1) =d;, Ti(dy) = d.

A key role is played by the R-matrix. We recall its definition following the approach from [Lusztig
1993, Section 32.1]. Let ® be the quasi- R-matrix from [loc. cit., Section 4.1]. This is an infinite sum of
components O, € U, (gl,)_, ® U, (gIn);r as « runs over the positive root lattice @;-:11 N(e; —e&;+1). Let
P:V®W — W®YV be the tensor flip. Assuming in addition that V and W are weight modules, let
I[T: VW — V QW be the diagonal map defined from

Nvew):=¢*Pvew

for v of weight A and w of weight . Then, for finite-dimensional weight modules V and W, the R-matrix

Ryw:VOW 5> WRV (5.6)

is the U (gl,)-module isomorphism defined by the composition ® o P o I'l, which makes sense since all
but finitely many of the components ®, act as zero. The inverse R;’IW :WQ®V — V®W is the map
-0 P~ 0 ®, where O is obtained from ® by applying the bar involution to each tensor factor. For
finite-dimensional weight modules U, V and W, we have the hexagon property

Ry,w ®idy oidy ® Ry.w = Rygv,w, 1dy @ Rywo Ry,yv ®idw = Ry vew. (5.7)

This is proved in [Lusztig 1993, Proposition 32.2.2] (our Ry w is Lusztig’s R,y taking the function f
from [loc. cit., Section 31.1.3] to be f(A, i) := —(A, u)).

In fact, to define the isomorphism Ry w, one only needs one of the modules V or W to be a finite-
dimensional weight module; the other can be an arbitrary U, (gl,)-module. To see this, one just needs to
observe that I1 extends to a linear map V ® W — V ® W when just one of V or W is a weight module

on setting

N w) (d, @D (v®w) if wisa weight vector of weight A,
VR W) =
(1®d)(v®w) ifvisa weight vector of weight A,
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where d, := dl(k’gl) . -d,(,k’g"). Then the same formula Ry w := ® o P o Il makes sense when only one
of V or W is a finite-dimensional weight module, and it still gives an isomorphism of U, (gl,,)-modules.
Moreover, the hexagon property (5.7) remains true if only two of U, V and W are finite-dimensional
weight modules. These assertions follow from the known results in the previous paragraph. For example,
to prove that Ry w is an isomorphism assuming that W is a finite-dimensional weight module, let
pw : Uy(gl,) — Endg (W) be the corresponding representation. Then

(ow ®1)(©) € Ende(W) ® Uy (l,) and  (pw ® 1)(©) € End(W) ® Uj (1,,).

It suffices to show that these are inverse to each other, since then Ry w = (ow ® 1)(®) o P oI has inverse
Mo P 'o (pw ® 1)(O) for any module V. We have that

(pw ® 1)(©) 0 (ow ® 1)(©) € Endy (W) ® U (gl

and, for any finite-dimensional weight module V with corresponding representation py, we have

(1® py)((ow @ 1)(®) o (pw ® 1)(O)) =1

by the known result. Since the intersection of the annihilators of all finite-dimensional weight modules is
zero, this implies that (o ® 1)(®) o (pow ® 1)(®) = 1. The proof that (pw ® D(®) o (pw @ 1N(O) =1
is analogous, as is the proof of the hexagon property when just two of the modules are finite-dimensional
weight modules.

The goal now is to derive explicit formulae for Ry« j; and Ry, y+ for any module M. Similar formulae
were established already in [Gould et al. 1991, Section III] following the older conventions of Drinfeld

and Jimbo. They involve the higher root elements defined as follows. Let
eii=fi=2" eir1:=¢e, fiiy1:=fi. (5.8)
Then when j —i > 1 we recursively define
eiji=eirerj—q enjeir. fij:=frifir—a " firfrj- (5.9)

where r is any index chosen so that i <r < j. It is an induction exercise to see that these elements are
well defined independent of the choice of r; see the proof of the following lemma for a more conceptual
explanation of this. Alternatively, ¢; ; and f; ; can be defined using the braid group action: we have that

e j=Ti—1---Tip1(e)), fi,j=Tj—1---Ti11(fp).

Note that

T(eij)= fij T(fi.j)=eij, (5.10)
Geij) =eny1—jnti—i>» G(fij) = fari—jnt1-i- (5.1D)

However, the bar involution does not fix ¢; ; or f; ; (except when j =i +1).
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Lemma 5.1. Foranyi < j, the (¢; — €;)-component ©; ; of the quasi-R-matrix © satisfies

I ror. e e .. . . ... . — r..,,, . . o e e .
0;; = E z fi_vir Jioiy ® €, Cig,iy = E 2" fig.iy Jir_1.ir ® €ig iy €ir_1,ir-
r>1 r>1
i=ip<i|<---<ip=j I=ig<i|<--<ip=J

Proof. 1t suffices to derive the first expression. Then the second follows using (5.10) and the identity
(T ® T)(®y) = P(B04), which may easily be deduced from the characterization in [Lusztig 1993,
Theorem 4.1.2(a)]. To prove the first expression, we appeal to further results of Lusztig from [loc. cit.].
Let f be Lusztig’s “half” quantum group with its standard generators 0y, ..., 6,_1; see also [Brundan
et al. 2014, Section 2.1] which follows the same conventions as here. There are two isomorphisms

T f = UGt 6 =, ) f = Gel), 6 =i

Consider the convex ordering on the positive roots defined so that ¢; —¢; < ¢, — ¢, if either i < p or
(i =p and j < q); this is the “standard order” as in [loc. cit., Example A.1]. Let 6; ; be Lusztig’s higher
root element associated to this ordering, which was denoted Tei—e; in [loc. cit., Section 2.4]. Noting that
(ém — €, & — &) 1s a minimal pair for &; — ¢}, [loc. cit., Theorem 4.2] implies that these satisfy the
following recursion: 6; ;1 = 6; and 6; ; = 6; ,0, ; — q0, ;j0; , for any i <r < j. Comparing with (5.9), it
follows that 9;:/. =ejjand b, ; = (—q)/ 71 f; ;5 in particular, these equalities justify the independence of
r in (5.9). Then we appeal to [loc. cit., Theorem 2.7] (which was extracted from [Lusztig 1993]) to see that
{6 Oy =1 i=ig<---<i,=j}and {(1—g%)0
are a pair of dual bases for fg, ., with respect to Lusztig’s form. Finally the formula from [Lusztig 1993,
Theorem 4.1.2(b)] gives that
Oij= D, A= gN O b @6 6

rflsir

ir1.ir i 1de o Oigiy | = 1 i =ip <+ <ip =}

r>1
i=ig<--<ip=J

This simplifies to the desired formula. O

Forl <i,j<nlet e:r j € Endy (V1) (resp. e; ;€ Endg (V7)) be the ij-matrix unit with respect to the

basis vfr, R v:[ (resp. v, ..., v, ). Then fori < j and v* € V* we have that

B i - B i
e,‘,jv+:eifjv+, ﬁ,jer:eIier, e v =(—¢q) /" e; v, fijv =(—q)' /7 e v, (5.12)
_ - _ _ i1 — — - _ i1 — —

e,-,jv+:e;'jv+, f,-,jv+=e;fiv+, e v =(—¢q)" e v, fijv =(=¢q)™" e v (5.13)

These follow easily by induction on j — i using (5.1)—(5.2) and (5.9). Also let

min(i, j) n
xXij=2" Z eridy frjdj,  viji=2" Z di firdrejr (5.14)
r=1 r=max(i, j)

for any 1 <i, j <n. Then for m > 0 we set

Xl.(,r?) = Z Xioi1 * " Xipy_1vim» yi(,r?) = Z Yiosiv " Vimetsim - (515)

i=00,i1,eeerim—1,im=] I=00,i1, s im—1,im=]
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In particular, x = yl(oj) =9, j. From (5.11), we get that

(m) (m) (m) (m)
GO = Vatt—jnri—ie GO = X0 g1 (5.16)

Lemma 5.2. For any U, (gl,)-module M, the endomorphisms Ry+ y and Ry v+ and their inverses are
given explicitly by the following operators:

Ry+ym=2Po Y el ® fijd;, R\ y=—1P®) difi;®e€/,,
i<j i<j
RM’V+:ZPOZ€i,jdi®eIl‘7 R;/[ V+:—ZPOZ€Ii®djei,j,
i<j i<j
Ry-y=-1PoY (=q)' Ve, ®difij. Ry, =2Po) (@) fijd;j®ej,.
i<j i<j
Ryy-=—-zPo Z‘(—q)l’—fdjei,j ®e;, Ry, =zPo Z(—q)"—fe;j Qe jd;.
i<j i<j

Proof. These are all proved by similar calculations, so we just go through the argument for Ry v-.
Take v ® vj_ € M ® V™. By definition, Ry yv-(v ® vj_) = @(vj_ ® dj_lv). To compute the action of ©®,
we observe by weight considerations that only its weight components ®,, ., for i < j are nonzero on
vj_ X dj_lv. Moreover, in the first expression for ®; ; from Lemma 5.1, all of the monomials with r > 1
acton v; as zero. We deduce that

Ryv-(v® v;) = v; ®d;1v +z Z fi,jvj* ®e; jdjv.
i<j

Then we use (5.12) to replace f; ; with (— q)'~/*1e: ., the relation e; jdj = qdje; j, and the definition
e =—z"toget

Ry,v-(v®v;)=—ze; ;v; @djej jv—1z Z(—q)’_Je;jvj_ Qej, jdjv.
i<j
Now observe that the expression on the right-hand side of the formula we are trying to prove acts on

VU, in the same way. m|

Corollary 5.3. For any U,(gl,)-module M and m € Z, we have that

n

Z ®x() ifm >0,

(Ru,v+o0 Ry )" =1 "0
S ety ifm <o,
ij=1
Proof. This follows from Lemma 5.2 and Definitions (5.14)—(5.15). O

Now we return to the Heisenberg category Heiso(z, t) taking t :=g". Let OS(z, t) be the HOMFLY-PT
skein category as defined in the introduction of [Brundan 2017], which is Turaev’s Hecke category [1989].
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By [Brundan 2017, Theorem 1.1], OS(z, ) has a presentation by generators and relations which is very
similar to the presentation of Heiso(z, t) from Definition 2.2 but without the morphism x. Consequently,
there is a strict k-linear monoidal functor OS(z, t) — Heiso(z, t). By [loc. cit., Lemma 4.2], this functor
is faithful, so we may use it to identify OS(z, t) with a subcategory of Heisg(z, t). Thus, OS(z, t) is the
monoidal subcategory of Heiso(z, t) consisting of all objects and all morphisms which do not involve
dots (i.e., x or y). In fact, as noted already after Definition 2.2, Heisg(z, t) is the affine HOMFLY-PT
skein category from [loc. cit., Section 4].

Let U, (gl,)-mod be the category of all left U, (gl,)-modules. By [loc. cit., Lemma 3.1] (although the
result is much older, e.g., it was exploited already in [Turaev 1989]), there is a monoidal functor

v :0S8(z, t) — U;(gl,)-mod 5.17)

to the category of left U, (gl,)-modules. The functor ¥ sends the generating objects 1 and | to V™ and V~,
respectively. It maps the various generating morphisms to the following U (gl,,)-module homomorphisms:

vj'@v;r ifi <j,
Koo @l gvi @} ifi = j, (5.18)
v;r(E§>v,.++zvi+<§§>v;r ifi > j;
—_ + . . .
NS 4o v, ®u; ifi#7],
v Qv > _ o _ . . (5.19)
K J {q_lvj ®v;r—zzlr:11(—q)_’vj_r®v;r_r ifi =j;
vj_®vi_ ifi > j,
Aivy ®@vy = qv; ®v; ifi =j, (5.20)
v, ®v; v, ®u; ifi<j;
+ — . . .
) oy v ®; ifi#j,
v Qul > N _ _ e (5.21)
A ! {q_lvjr@)vl- —2) (=) v, if i = j;
v;'®v1.+ ifi > j,
X :vl.Jr(X)v;r — q_lvjr(X)vi+ ifi=j, (5.22)
v;-r®vi+—zv;réév;r ifi < j;
—_ + . . .
A v, ®; ifi#j,
AN =S P ; _ O (5.23)
x J {qvj ®v;r+z2:’:i(—q)’vj+r®v;§rr ifi = j;
vj_®vi_ ifi <j,
X v @uv; = q7"v; ®v; ifi =, (5.24)
vy ®v; — 2 ®v; ifi > j;
+ — . . .
/ + Uj ®Ul if i ?EJ,
v, ®u; > _ - _ O (5.25)
;\ / {qv}i_@l)i +ZZ:=]1(_q)rvj_—r®vi—r if i =7;
Uil Y (=gl @v], Uil Y (=g vt ey, (5.26)
j=1 j=1
Mo @ = (=1)'g7'8 ), Ny Qv (=1)'g" "8 (5.27)
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These formulae are recorded in many places in the literature going back to the original work [Turaev
1989], but one finds many different choices of normalization. For our choices, (5.18)—(5.21) and (5.22)-
(5.25) follow from the formulae for the R-matrix and its inverse from Lemma 5.2, while the formulae
(5.26)—(5.27) are derived in [Brundan 2017, Section 3].

Theorem 5.4. Assuming t = q" and z = q — q~", there is a strict k-linear monoidal functor
U : Heiso(z, 1) — Endy (U, (gl,)-mod)

such that ¢V = Ev O®|OS(Z,[)’ where E\Ldenotes evaluation 0/1\1 the trivial module. On objects, ? takes
X to the endofunctor ¥(X)® —, e.g, V() =VT® —and V(|) =V~ ® —. On morphisms, ¥ sends
f € Homos(;.1 (X, Y) to the natural transformation ¥ (f) @1 : V(X)) ® — — W (Y) ® —. Finally, on the
additional generating morphism x, it is defined by

@(x)M =Ry yv+oRy+ p: VieM—> VoM, v;-r Qm var ® x;, jm.

i=1
Proof. We just need to verify that the relations from Definition 2.2 are satisfied. All of the ones that do
not involve x follow immediately since they are already satisfied by the morphisms in the image of the
monoidal functor W. Also Ry+ p o Ry v+ is invertible since each of these R-matrices is invertible. It just
remains to check the relation (1.6). In fact, this is a formal consequence of the hexagon property; see e.g.,
[Virk 2011, Proposition 3.1.1]. The argument goes as follows. By (5.7), we have for any U, (gl,,)-module
M that

RV+®M,V+ o RV*,V*@M = Rv+’v+ ®1dM Oidv+ ® RM,V+ Oidv+ ® RV*,M o Rv+’v+ ®1dM
This establishes that the image under U of the relation

12

\

is satisfied, from which (1.6) easily follows. ]

Let Z,(al,) be the center of U, (gl,). It is identified with the endomorphism algebra of the identity
functor Iqu (gl,)-mod; indeed, evaluation on the identity element of the regular representation defines a
canonical algebra isomorphism End(Iqu(g[n)_mod) —> Z4(gl,). Dotted bubbles are endomorphisms of
the unit object of Heiso(z, t). Applying the monoidal functor ¥ from Theorem 5.4, we obtain natural
transformations

(I\I( m) : Iqu (a1,)-mod > Iqu (gl,,)-mod>» (5.28)

hence, central elements z,, € Z(U,(gl,)) for each m € Z. A calculation using (5.26)—(5.27) and
Corollary 5.3 shows that

S im0

- (5.29)
Y gd Ty i m <0,

im =
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We have trivially that zg = [n],. The goal in the remainder of the section is to compute explicit formulae
for the images of all the others under the Harish-Chandra homomorphism.
Our argument uses the Harish-Chandra homomorphism in two different forms adapted to the positive and

negative Borel subalgebras, respectively. To review the definitions, let p; := —&y —2e3— - - — (n — 1)¢g,
and p_ ;= —(n—1)e; — -+ — 28,0 — &y_1, 1.6., p— = wo(px). For any A € A, we have the shift
automorphism

S, Uy (al,)° — Uy (sl di > g% 4. (5.30)

For example, S, (d;) = qi_ldi and S_, (d;) = q”_idi. Let U, (gl,,)o be the zero weight space of U, (gl,,),
which is a subalgebra containing Uq(gln)o. Let I (resp. I_) be the intersection of U, (gl,)o with the
left ideal of U, (gl,) generated by ey, ..., e,—1 (resp. fi,..., fu—1). Equivalently, I (resp. I_) is the
intersection of U, (gl,)o with the right ideal generated by f1, ..., f,—1 (resp. ey, ..., e,—1). It follows
that /. is a two-sided ideal of U, (gl,)o. Let pry : U, (gl,)o — U, (al,)? be the algebra homomorphism
defined by projection along the direct sum decomposition Uy (gl,)o = U, (a1,)° @® I+. The two versions of
the Harish-Chandra homomorphism are

HCy:=S,, opry : Uy(al,)o — Uy (sl,)’. (5.31)
The following is an extension of the well-known description of Z, (sl,) from e.g., [Jantzen 1996, 6.25].

Lemma 5.5 [Li 2010, Lemma 2.1]. The restriction HC := HC | Z.@al) defines an algebra isomorphism
= q n
between Z,(al,) and the algebra k[(d; - - -dy,)~', d3, ..., d2]°".

The following facts are also well known, but we could not find a suitable reference.
Lemma 5.6. Each braid group generator T; : U, (gl,) — U, (gl,,) fixes Z,(gl,) pointwise.

Proof. Take ¢ € Z,(gl,). Let V be an integrable highest weight module. Since V is irreducible, both ¢
and 7;(c) act on V as scalars. These scalars are equal because there is an automorphism 7; : V — V
such that 7;(cv) = T;(c)T; (v); see [Lusztig 1993, Section 37.1.1]. This shows that ¢ — T;(c) acts as zero
on every integrable highest weight module. The intersection of the annihilators of all integrable highest
weight modules is zero, so this proves that ¢ = T;(c). ]

Lemma 5.7. The restriction HC = HCJF|Z () is equal also to the restriction HC_ |Z ()
qi\omn q\8'n

Proof. Let T,,, be the product of simple braid group generators 7; taken in some order corresponding to
a reduced expression of wy. This is an automorphism of U, (gl,) which switches U, (gln)ji and U, (al,)’,
and it sends d; — d,,1—;. It follows that

HC= 0Ty, =Ty, 0 HCx. (5.32)

Clearly, T, fixes k[(d; - - d) VN d? L, d,%]S" pointwise. It also fixes Z,(gl,) pointwise by Lemma 5.6.

Hence, HC_|, .\ =HC_oTy|, . =TwoHCy[, ( =HCi[, . . O

Lemma 5.8. The antiautomorphism G fixes Z,(gl,) pointwise.
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Proof. We have that
HC+:oG=GoHCx. (5.33)

Combined with Lemma 5.7, it follows that HC o G|Z @) = Go HCJF|Z ()" Also G clearly fixes
~ q\on q\9'n
k[(d;---dy)~ Y, d?, ..., d,%]“’" pointwise. Hence, HC+oG‘Z (L) = HC+‘Z (L) which implies the result
q\8'n q 8l
since HC is injective on Z,(gl,). O
In particular, this shows that G (z,,) = z,,, hence, on applying G to the right-hand side of (5.29) using
(5.16), we obtain another formula for z,,:
2?21 qn+l—2iyi(”;l) if m > 0’

Z?:l qn+172ix(*m) if m < 0.

i,i

(5.34)

im =

Comparing with (5.29), it follows that
Iem =2Zm (5.35)

for every m € Z. From now on, we only consider z,, for m > 1.
Finally, consider the modified complete symmetric polynomials

hnCers o)=Y (g My (5.36)
I<i)<-<im=n

We will use these for all values of n > 0 (not just the n fixed above for gl,). We have that
ﬁm(xl,...,x,,)=qz*1 ifm=0 and ﬁm(xl,...,x,,)=0ifm >0butn=0.

These elements obviously satisfy the recurrence relation

m
hn(xt o X)) =B (1, X ) G2 B (1 X)X (5.37)

r=1

for n > 0.
Lemma 5.9. ﬁm(xl, e Xp) = ﬁm(xl, ey Xn—1) +ﬁm_1(x1, e X)Xy — q_zfzm_l(xl, ey Xn—1)Xn.

Proof. By (5.37) with m replaced by m — 1, we have that

m—1
> = 1 > 1
hp—1 (X1, oo X)X =hp1 (X1, o, X)X +q 7 2 Z hm—r—1(x1, ..., xn—l)x;+

r=1

m
- 1 -~
=hm_1(x1, ..., Xp=1)Xp +q 'z E hp—r(x1, ..., xn—l)xz
r=2

m
=q 1 (X1, o X)X g2 th_r(m, e Xp— )X

r=1
Given this, it is easy to see that the right-hand side of the identity we are trying to prove is equal to the
right-hand side of (5.37). a
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Theorem 5.10. For any m > 1 we have that HC (z,,) = ¢" ' hy (d?, . . ., d?).

Proof. Noting that ¢' ™"z, = > qzi_z”x(m) according to (5.29), this follows from the following claim:

ii
foranym > landi =1, ..., n, we have that

1

HC (") = hy(d}, ....d}) —q 2hw(d}, ... d2)). (5.38)

To prove (5.38), we proceed by induction on m + n. The result is easy to check when n = 1. Now assume

B

that n > 1. The Harish-Chandra homomorphism HC. is compatible with the usual “top left corner’

embedding of U, (gl,_) into U, (gl,). This follows because the restriction of p for gl, is the weight p,

for gl,,_;. Also the elements xi"i), e x,(ﬁ)l a—1 of Uy(gl,_1) are the same as these elements in U, (gl,).

Thus we get (5.38) for each i < n from the induction hypothesis. It remains to prove (5.38) when i = n.
We have that

¢ "HC_(zn) =) _q" " Y HC_(Z"¢jiidji fiijodps € i ).
i=l jl vvvvv Jm

By the definition of HC_, the terms in this expansion are zero if either j; < i or j, < i. Thus, the sum
simplifies to give

n n
¢ "HC_(zm) =) ¢* T HC_ (V) =) HC (") d}.
i=1 i=l1

Now we apply G, using Lemma 5.8, (5.33) and (5.11), to see that

n
q""HC (zm) =Y HC,(x1™")d}.

i=1

Remembering (5.29), we have now proved that
n n
Y P TTHCL (M) =Y HC (") d? (5.39)
i=1 i=1

The same identity with n replaced by (n — 1) gives

n—1 n—1

Y HC ) = Y HCL (D) d? (340
i=1 i=1

By the induction hypothesis, the left-hand side of (5.40) is equal to ﬁm(dz, R d,%_l). Hence, (5.39) can
be rewritten to obtain
HC(x"))+q 2hy(di, ....d;_))

=HC,(x\""Nd; +hu(d},....d;_))

=hp(d?, ... d> )+ (d}, ... d)d> —q hy (dF, ..., d>_))d?,
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where we have used the induction hypothesis again to establish the second equality. This is equal to
/~1m d?, ..., d,%) thanks to Lemma 5.9. The conclusion follows. O

Corollary 5.11 [Li 2010, Theorem 4.1]. Z,(gl,) is generated by z\, ..., z, and (d; - - dy)~ .

Proof. This follows from Lemma 5.5 and Theorem 5.10 since k[x, ..., x,]%n is generated by the modified
complete symmetric functions El(xl, e Xn)s e ftn(xl, e Xpn). O

6. Action on modules over cyclotomic Hecke algebras

Throughout the section, we assume that we are given a polynomial
fw)= fow' + frw' ™ 4+ fi e Kw] ©6.1)

of degree [ > 0 such that fo = 1 and f; = ¢>. Recall from the introduction that the affine Hecke algebra
AH, with its standard generators xi, ..., X,, T1, ..., Ty—1 iS identified with the endomorphism algebra
End 47(;)(1®") so that and x; is the dot on the i-th string and 7; is the positive crossing of the j-th and
(j+1)-th strings (numbering strings 1, ..., n from right to left). The cyclotomic Hecke algebra an '
of level [ associated to the polynomial f(w) is the quotient of A H, by the two-sided ideal generated
by f(x1). We also include the possibility n = 0 with the convention that Hof =k.

The basis theorem proved in [Ariki and Koike 1994, Theorem 3.10] shows that the following gives a
basis for an as a free k-module:

{xil...x;’l'[g|O§I’1,...,l‘n<l,g€6n}a (62)

where 7, denotes the element of the finite Hecke algebra defined from a reduced expression for the
permutation g. By the basis theorem, the obvious homomorphism H,*f — Hr}f+1 sending the generators
x; and 7; to the elements of an 41 With the same names is injective. So we may identify H,f with a
subalgebra of H,f +1- We denote the induction and restriction functors by

1nd”+1 n+] ®ys — Hf—rnod — anH—mod (6.3)
res" ! ; anH—mod — HY-mod. (6.4)

We are going to make the Abelian category P an -mod into a left Heis_(z, fo_l)—module category,

n>0

with 1 and | acting as induction and restriction, respectively. In order to do this, we need the Mackey
theorem for an : there is an isomorphism of functors

ind;_, ores) ®Id® =~ res), n+1 olnd"+1 (6.5)

The standard proof shows that the map

-1 -1
H,f ®an;1 HJ@EBHJ_’HJH’ (u(X)v,wo,...,u)1_1)|—>utnv—l-X:w,x,’l+l (6.6)
r=0 r=0



On the definition of quantum Heisenberg category 303

is an isomorphism of (H,,f , H,f )-bimodules. This implies that there is a unique (H,f , H,f )-bimodule

homomorphism

trf Hf

S~ Hf (6.7)

such that trn (t,) =0and trn x' . )=6opfor0<r <l

n+1

Lemma 6.1. For any n > 0, we have that tr,{(f(an)) =0

Proof. For u, v € Hf+1, write u =, v as shorthand foru =vincasen=0,0oru —v € H,f Ty an in case

n > 0. We first show by inductiononn =0, 1, ... that

2 b c c .
ZZ+61+"'+Cn=8(Hi with ¢;20(—2 Ci))xn+1xn" exytifa >0,
a — >0,¢1,...,cn =
Ty TX( T Ty =y ) b ¢ ¢ . (6.8)
Zb—i—cH— +¢,,—a(1_[,' with ci;&O(Z Ci))xn+1xn" e 'xll ifa<0.

b<0,cy,..., c, <0

We explain this in detail in the case a > 0, since the case a < 0 is similar. The base case is trivial. For the
induction step, using the relations depicted in (2.8)—(2.9), we have that

Tn Xy Ty = Ty T, -z E TpX n+1x
b+c=a
b,c>0
2 b :
-z § : Ty XX — 2 E : Xy 41Xy
b+c=a b+c=a
b,c>0 b,c>0
_ b c+d 2 b c__ .a 2 b c
=) X, — § : Xnt1Xn  —X E Xn+1%n = Xp41 —< § CXpt1%n-
b+c+d=a b+c=a b+c=a
b,c,d>0 b,c>0 b,c>0

Now take the expression for 7,_1 - -- T1x{ 1y - - - 7,1 given by the induction hypothesis, multiply on left
and right by 7,,, and use the above identity plus the observation

rn(an Tp— 1H l)tn_Hf TnTn—lan,{ H 1 Ta—1TnTn— 1H CH,{C‘Canf.

n—1
Finally, to deduce the lemma, we multiply (6.8) by f;_, and sum overa =0, 1, ...,/ to show
I
T fEDT T = fit Y fra Y ( [] 2 ) XXy Xy
a=1 b+4ci++c,=a i with ¢;#0
b>0,cy,..., ¢, >0

The left-hand side is zero by the cyclotomic relation in H . The right-hand side is equal to f (x,+1)
plus terms in the kernel of trn . O

Theorem 6.2. There is a unique strict k-linear monoidal functor

W, Heis_j(z,1) — Endk<@an —mod)

n>0
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sending the generating object 1 (resp. |) to the additive endofunctor that takes an H,f -module M to
indﬁJrl M (resp. res, | M), and the generating morphisms x, T, ¢ and d to the natural transformations
defined on the an -module M as follows:

® LI’f(JC)M n+1 ®HfM—> n+1 ®HfM UKV UXxyr] Q.

n+2 ., 1nd”Jrl

e Vi(D)u: H, +2®HfM—> n+2®HfM,M®U|—>MTn+1®U (where we have identified ind), |}

with 1nd”Jr2 in the obvious way)
s Uiy : M — res"“( p

making (1nd”+1 res”“) into an adjoint pair of functors.

Hf M), vi— 1Q®u, ie., it is the unit of the canonical adjunction

e Wi(d)y: H ®H/ (res), M) — M,u®v > uv, i.e., it is the counit of the canonical adjunction

making (ind” resn 1) into an adjoint pair of functors.

n—1>
Proof. We use the presentation for Heis_;(z, t) from Definition 2.2. Let us first treat the case / = 0. In this
case, the polynomial f(w) from (6.1) is 1 and > = 1. The category D,~o an -mod is simply the category
of left k-modules, and all of the induction and restriction functors are zero. Consequently, almost of the
relations are trivially true. The only one that requires any thought is the relation (y= (tz~' — ¢~z 1)1
from (2.12). This holds because the scalar on the right-hand side is zero as > = 1.

Henceforth, we assume that/ > 0. Then Heis_;(z, t) is generated by the objects 1 and | and morphisms
x, T, ¢ and d subject to the relations (1.6)—(1.9), plus two more relations:

(D [X NUANE-REERRNG-Io i| is invertible where o := X is defined by (2.2).

(2) 1 =tz7'11 where y :=/ " is defined by (2.13), i.e., it is —t~'z~! times the (2, 1)-entry of the
inverse of the matrix in (1).

The relations (1.6)—(1.9) are straightforward to check. On H,f -modules, W ¢ (o) comes from the (H,f , H,f )-
! Hn [~ Hr{—H’
is invertible by the proof of the Mackey theorem. Moreover, we see from (6.6) and the definition that

W ¢(y) comes from the (an, Hf) blmodule homomorphisms —¢ 'z 7! tr,j,r Hf Ml Hf for all n > 0.

So for (2) we must show that —t~1z~! tr,, (xn )= tz~!. This follows from Lemma 6.1 and the definition

bimodule homomorphism H,, / ® u® v+ ut,v. So we get the relation (1) since (6.6)

of trn , remembering that t*> = f;. m|

If we switch the roles of induction and restriction, we can reformulate Theorem 6.2 in terms of
Heisenberg categories of positive central charge. We prefer for this to replace the induction functor ind,’frl

from before (which is the canonical left adjoint to restriction) with the coinduction functor

coind"*! := =Hom,,/(H; |, —): H/-mod — Hr{H—mod (6.9)

n+l ’
which is its canonical right adjoint.
Theorem 6.3. There is a unique strict k-linear monoidal functor

\IJJY Heisy (z, 1) — Endk(GaH,{c—mod)

n>0
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sending the generating object 1 (resp. |) to the additive endofunctor that takes an H,f -module M to
res; | M (resp. CoindZ+1 M), and the generating morphisms x, T, ¢ and d to the natural transformations

defined on the an -module M as follows:

. lI!jY(x)M cres;) M —res) | M, v x,v.

Vv . n n —1
o lIff(t)M cres) s M —res) s M,vi> —1,_ .

. \I!JY(C)M M — Homeil(H,{l,resZil M), v — (u — uv), ie., it is the unit of the canonical
n

adjunction making (res, _,, coind),_,) into an adjoint pair of functors.

. \IJ]Y (d)p :resi ! (HomHn/ (Hrf:rl ,M))— M,0+>0(1), i.e., it is the counit of the canonical adjunction

n+1

PN I .. .
w+, coind, ") into an adjoint pair of functors.

making (res

Proof. This may be proved directly in a similar way to the proof of Theorem 6.2. One uses the presentation
for Heis;(z, ') from Definition 3.1 instead of the one from Definition 2.2, plus the Mackey isomorphism
(6.6) and Lemma 6.1 as before. We leave the details to the reader. m|

In fact, we have that ind’,fJrl = coindZ“. This follows by the uniqueness of adjoints, since Lemma 3.7
and Theorem 6.2 (resp. Theorem 6.3) implies that indZJrl is right adjoint to restriction as well as being left
adjoint (resp. coindZJrl is left adjoint to restriction as well as being right adjoint). It follows that all three
functors (induction, coinduction and restriction) send finitely generated projective modules to finitely
generated projective modules. Hence:

Lemma 6.4. The restrictions of the functors ¥y and \Ily constructed in Theorems 6.2—6.3 give strict

k-linear monoidal functors

W, Heis_i(z,1) = Sndk(@ H,f—pmod), \I{,Y : Heisy (z, t_l) — 5nd<@ an—pmod),

n>0 n>0

where an .—pmod denotes the category of finitely generated projective left an —modules.

7. Action on category O for rational Cherednik algebras

The Heisenberg action on €§ an -mod from Theorem 6.2 can also be extended to an action on the

n>0
category O for rational Cherednik algebras, following an argument of Shan. To explain this in more detail,
assume that k = C, and consider the complex reflection group G(l, 1,n) = S,:Z/1Z for [ > 1, with
reflection representation k™ defined as in [Shan 2011, Section 3.1]. Defining a rational Cherednik algebra
requires a choice of parameters, for which there are a bewildering number of different parametrizations.

We have:

A single parameter k € k, which is the parameter kg | in [Ginzburg et al. 2003, Remark 3.2] for a
reflecting hyperplane H on which the difference of two coordinates vanish.

e Anl-tuple (k1,..., k1) € k! of parameters, which corresponds to the family {ky ; }o<i<; of parameters
in [loc. cit., Remark 3.2] associated to a reflecting hyperplane H on which a single coordinate
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vanishes so that k; = kg ;. In [loc. cit.], it is assumed that ky o = ky; = 0, but adding a constant
to all kg ; leaves the algebra unchanged. It is useful for us to incorporate an additional degree of
freedom, so we drop the vanishing condition here: our parameter x; may be nonzero.

Let H,, be the rational Cherednik algebra attached to these parameters as in [loc. cit., Section 3].

Let g := exp( V—1mk) and qi = exp( —1m(k; —i/L) fori =1,...,1. One can relate these to
the parameters in [Shan 2011] by choosing integers e > 2 and (sq, ..., s;) then letting x := 1/e and
ki = ks; +i/t, so g =q*, fori = 1,...,1; note that the parameter ¢ in [loc. cit.] is our ¢°. Let
O =0, = @nzo 0O, where O, is the category of H,-modules introduced in [Ginzburg et al. 2003,
Section 3]. Also define

l

fw)y=]lw+gd, t=q-q.

i=1

By [Ginzburg et al. 2003, Theorem 5.16], there is an exact functor

KZ:0— P H-mod. (7.1)

n>0

Note that this functor depends on a choice for each n of a basepoint in the subset of C" where all entries
are distinct and nonzero. Different basepoints give isomorphic functors, but the isomorphism depends on
the homotopy class of a path between the basepoints. For simplicity, we assume these basepoints are
chosen to lie in the set {(by,...,b,) € R" |0 < b; < --- < b,}. Since this is a contractible space, the
resulting KZ functors are all canonically isomorphic, and there is no need for us to be more specific.

Matching with the formulae in [Ginzburg et al. 2003; Shan 2011] requires using the isomorphism from
the cyclotomic Hecke algebra in [Shan 2011, Section 3.1] to ours that sends the generators Ty, 11, ..., 1,1
to —x1,¢7T1, ..., qT,—1. The Hecke algebra generators 7; (i =1, ..., n—1) in [Shan 2011] are of the form
—T for Hecke algebra generators 7' from [Ginzburg et al. 2003, Section 5.2.5] associated to reflections in
the first type of hyperplane above. Also, Ty is a scalar multiple (depending on the choice of «;) of the
Hecke algebra generator T in [loc. cit., Section 5.2.5] associated to a reflection of the second type. The
key point in all of this is that the minimal polynomials for x; and t; { =1, ..., n — 1) arising from the
key formula in [loc. cit., Section 5.2.5] are f(w) and (w —g)(w +¢~!) (up to scalars), i.e., we do indeed
get defining relations of H,{ .

The functor KZ is fully faithful on projectives [loc. cit., Theorem 5.16]. Moreover, it intertwines the
in [Shan 2011,
Section 3.2] with the functors indZJrl and resZ“ thanks to [loc. cit., Theorem 2.1]. These induction and

Bezrukavnikov—Etingof induction and restriction functors denoted ind;,  , and res,

n+1 n+1

restriction functors also depend on a choice of basepoint with a particular stabilizer, which following Shan
we fix to be (0,0, ..., 0, 1). (It would be more philosophically consistent with our previous conventions
to say that whenever we choose a basepoint for restriction, we choose one of the form (b1, ..., b,) € R"
such that 0 < b; < b, <--- <b,; whether we have equality or strict inequality depends on which stabilizer
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we wish to have under the action of G(/, 1, n). As before, all such choices give canonically isomorphic
functors.)

Theorem 7.1. There is a strict k-linear monoidal functor
Wy Heis_i(z, 1) — Endy(O). (7.2)

that makes O into a module category over Heis_;(z, t), with 1 and |, acting as Bezrukavnikov—Etingof
induction and restriction functors, respectively. This can be done in such a way that KZ is a morphism of
Heis_;(z, t)-module categories, viewing P an -mod as a module category via the functor V¢ from

Theorem 6.2.

n>0

Proof. Our argument is exactly as in the proof of [Shan 2011, Theorem 5.1] using [loc. cit., Lemma 2.4].
We need to show that there are certain natural transformations of functors satisfying specific relations.
Theorem 6.2 allows us to define these on the image of the functor KZ via the action of Heis_;(z, t). The
full-faithfulness of KZ allows us to transfer this to an action on the full subcategory of projectives in O.
Since O has enough projectives by [Ginzburg et al. 2003, Corollary 2.8], this action can be extended to
an arbitrary object X by presenting X as the cokernel of a map between projectives. The resulting action
is well-defined due to the fact that endomorphisms of an object lift to any projective resolution uniquely
up to homotopy. m|

Remark 7.2. This quantum Heisenberg action is in many ways more convenient for working with category
O over Cherednik algebras than a Kac—-Moody 2-category action, since the Heisenberg action requires no
special assumptions on parameters. In fact, this action is still well defined if k is replaced by a complete
local ring, so one can extend the Heisenberg action to deformed category O.

8. Categorical comultiplication

In this section, we construct the quantum analog of the categorical comultiplication from [Brundan et al.
2018, Theorem 5.4]. As discussed in [loc. cit., Theorem 1.3], the name “categorical comultiplication”
derives from the relationship of this map to the usual comultiplication on the universal enveloping algebra
of the Heisenberg Lie algebra. Since in the quantum case an explicit description of Ko(Kar(Heis(z,t)))
analogous to that of [loc. cit., Theorem 1.1] is not available, we will not make a precise statement along
these lines here, but we fully expect an analog of [loc. cit., Theorem 1.3] to hold in all situations where
the Grothendieck ring has the expected form. As well as the quantum Heisenberg category Heisy (z, t),
we will work with Heis;(z, u) and Heis,, (z, v) for [, m € Z and u, v € k* chosen so that

k=I1l4+m, t=uv. (8.1)

To avoid confusion between these different categories, the reader will want to view the material in this
section in color.

Let Heis;(z, u) © Heisy (z, v) be the symmetric product of Heis;(z, u) and Heis,, (z, v) as defined
[Brundan et al. 2018, Section 3]. This is the strict k-linear monoidal category defined by first taking
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the free product of Heis;(z, u) and Heis,, (z, v), i.e., the strict k-linear monoidal category defined by the
disjoint union of the given generators and relations of Heis;(z, u) and of Heis,, (z, v), then adjoining
isomorphisms oxy : X ® Y — Y ® X for each pair of objects X € Heis;(z,u) and Y € Heis,, (z, v)
subject to the relations

ox,9X,,y = (0x,y®lx,)o(lx, ®0x,v), ox,vyo(f®1ly)=(y® f)oox, v,
oxyvey, =(ly, ®oxy)o(oxy ®ly,), oxyo(lx®g) =(g®lx)ooxy,

for all X, Xy, Xy € Heisi(z,u), Y, Y1, Y>» € Heisy(z,v) and f : X| — X», g : Y1 — Y. Morphisms
in Heis;(z, u) © Heisy, (z, v) are linear combinations of diagrams colored both blue and red. In these
diagrams, as well as the generating morphisms of Heis;(z, u) and Heis,, (z, v), we have the additional

Ko X X X

which represent the isomorphisms ox y for X € {?, |} and Y € {1, |}, and their inverses

XXX X

Definition 8.1. Given a diagram D representing a morphism in Heis;(z, u) © Heis,, (z, v) and two generic

two-color crossings

points in this diagram, one on a red string and the other on a blue string, we will denote the morphism
represented by

(D with an extra dot at the red point) — (D with an extra dot at the blue point)

by labeling the points with dots joined by a dotted line. For example

SRR

Let Heis;(z, u)OHeis,, (z, v) be the strict k-linear monoidal category obtained by localizing at $ $ .
This means that we adjoin a two-sided inverse to this morphism, which we denote as a dumbbell

(b ) 3

Just as explained in the degenerate case in [Brundan et al. 2018, Sections 4—5], all morphisms whose
string diagram is that of an identity morphism with a horizontal dotted line joining two points of different
colors are also automatically invertible in the localized category. We also denote the inverses of such
morphisms by using a solid dumbbell in place of the dotted one. For instance

-0 - (5 00) (T )
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We also need the following morphisms, which we refer to as internal bubbles:

I
¢::Z§ @ %Q_Z@%, &;zzga% @ _Z%@. (8.5)

The category Heis;(z, u) ©Heis,, (z, v) possesses various symmetries which are often useful. Derived
from (3.3), we have the strict k-linear monoidal isomorphism

Ql|m : Heis; (z, u)éHeism (z,v) = (Heis_(z, u_l)éHeiSfm (z, U_l))0p9 (8.6)

which takes a diagram to its mirror image in a horizontal plane multiplied by (—1)**” where x is the
number of one-colored crossings and y is the number of leftward cups and caps (including ones in (+)-,
(—)- and internal bubbles). Also, we have

flip : Heis; (z, u) OHeis, (z, v) —> Heisp (z, vV)OHeis; (z, u) (8.7)

defined on diagrams by switching the colors blue and red then multiplying by (—1)* where z is the total
number of dumbbells (both solid and dotted) in the picture. Finally, the category Heis;(z, u)OHeis,, (2, v)
is strictly pivotal, with duality functor

* 1 Heis; (z, u)OHeisy, (2, v) => (Heis;(z, u)OHeis,, (z, v))°P) (8.8)

defined by rotating diagrams through 180° just like in (3.21).
We denote the duals of the internal bubbles (8.4)—(8.5) by

ST

This definition ensures that internal bubbles commute past cups and caps in all possible configurations.

Q- (-9

Again as in [Brundan et al. 2018, Sections 4-5], there are many other obvious commuting relations, such

For example

as

)
Y6 =

>
5
3
X

X
L.
Y.

3.
L
T
1



310 Jonathan Brundan, Alistair Savage and Ben Webster

3=, Sy b = fo.

as well as the mirror images of these under the symmetries €2;),,, flip and *. We will appeal to all such
relations below without further mention.
Here are some more interesting relations. The first shows how to “teleport” dots across dumbbells

Hedte DA A e

b+c=a—1 b+c=a—1
b,c>0 b,c<0

(plus a correction term):

for any a € Z. We also have the following relations to commute dumbbells past one-color crossings:

KAt b oo
WL =20 4eg s, = L +eg o=, (8.11)
R =N e Nl =T, e
m:xr?ﬁﬂm, on—f:m-i—zm. (8.13)

These are all straightforward to prove: one first cancels the solid dumbbells by composing on the top and
bottom with their inverses then uses the affine Hecke algebra relations (1.6)—(1.7) to commute dots past
crossings in the result. For example, to prove the first relation in (8.10), we have

d=X bR @A X b =X b T

We then compose on the top with a solid dumbbell connecting the red strand and the leftmost blue strand,
and compose on the bottom with a solid dumbbell connecting the red strand and the rightmost blue strand.
The following seven lemmas are the quantum analogs of [Brundan et al. 2018, Lemmas 5.6-5.12].

Their proofs are quite similar to the degenerate case.

peo)

Lemma 8.3. For any a € Z, we have that

b= g 123 8
bz @D o<pa PO
b<a or b>0

Lemma 8.2. We have that
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Lemma 8.4. The following relations hold:

Y- K kol g st
Y- K hol-g st

Lemma 8.5. We have that
(o= -z 08
=2z Z a .
/ a>0 % 7a7b@

beZ

Lemma 8.6. We have that

bedbi A g T8

Lemma 8.7. We have that

1z g vl

ceZ

P4

Using these, we can prove the main theorem of the section:

Lemma 8.8. We have that

Theorem 8.9. For k =1+ m and t = uv, there is a unique strict k-linear monoidal functor
A Heisg(z, 1) — Add(Heis(z, u)OHeisy, (z, v))

such that t— 1 ® 1, {— | @ |, and on morphisms

%}_) %Jr% (8.14)
K Ko res bt o
RSP S G S S T

M U U+ 8.17)
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Moreover, we have that

A (/) =® +® c A () =- @ - @ (8.18)

Also, the following hold for all a € Z:

Allm( @a ) =12 @b > Allm(ae} )=-2 b@ ) (8.19)
% @a—b % a—b@
A ( Oa)=—2. O | Ap(e@)=2). "9, (8.20)
gl: @af/) heXZ: afb@

Equivalently, in terms of the generating functions (3.14)—(3.17) and their analogs in Heis;(z, u) and
Heism (Za U)

Ay (D (W) =D (w) D (w), Ayu(H W) = B w) Hw), (8.21)
A (O (W) = O (w) O w), Au(S W) = W) o W). (8.22)

Remark 8.10. For the proof, it is helpful to notice that flip oA}, = A,,; (on extending flip to the additive
envelopes in the obvious way). However, A;|,, does not commute with either of the other symmetries
Q or . In fact, the map Q_;_,, o A_j_,, o € would be an equally good alternative choice for the
categorical comultiplication map. The only change to the above formulae if one uses this alternative is
that one needs to replace g with —g~ " in (8.15)—(8.16); this is the “Galois symmetry” in the choice of
the root ¢ of the equation x> —zx — 1 =0.

Proof. In view of the uniqueness from Lemma 4.3, we may take (8.14)—(8.18) as the definition of A;|,, on
generating morphisms, and must check that the images of the relations (1.6)—(1.9) and (4.1)-(4.4) from
Definition 4.1 are all satisfied in Add(Heis;(z, u)OHeis,, (z, v)); we must also check (8.19)—(8.20). The
details are sufficiently similar to the degenerate case from the proof of [Brundan et al. 2018, Theorem 5.4]
that we only sketch the steps needed below.

First one checks (1.6)—(1.8). For example, to check the skein relation, the image under Ay, of 'X — X
is A 4 flip(A) where

(5 - )+t - )

Using the skein relation in Heis;(z, u) plus (8.9), A simplifies to B := zT T—l— zT T This is what is required
since the image under Ay, of ZT Tis B 4+ flip(B). The other relations here are checked by similarly
explicit calculations. The one for the braid relation is rather long.

The relation (1.9) is easy.

To check (8.19)—(8.20), we assume to start with that k > 0. Consider the clockwise (+)-bubble «F.
When a < 0, this is just a scalar (usually zero) due to (3.11) and the assumption k£ > 0, and the relation
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to be checked is trivial. So assume that @ > 0. Then «@ = ad ), hence, its image under A, is
— ‘€ y— “8 ), which is indeed equal to —z ) ,.; b a—bF> by Lemma 8.3. This establishes the
left-hand identity in (8.19), hence, the left-hand identity in (8.21). The right-hand identity in (8.21) then
follows using (3.13), thereby establishing the right-hand identity in (8.19) as well. Next, consider the
clockwise (—)-bubble a(=y. This time the relation to be checked is trivial when a > 0, so assume that
a < 0. Then, using the assumption k > 0 again, we have that «(= = ad ), hence, its image under Ay,
is =€ y—"8 ), which is equal to z)_, ., 5™ «-b— by Lemma 8.3 (noting when a < 0 < k that the
term involving (+)-bubbles is zero). Then we complete the proof of (8.20) using the equivalent form
(8.22) and (3.13) once again. It remains to treat k < 0. This follows by similar arguments; one starts by
considering the counterclockwise (4-)- and (—)-bubbles using the identities obtained by applying €2;),, to
Lemma 8.3, then gets the clockwise ones using (3.13).

Consider (4.3)—(4.4). The relations involving bubbles follow easily from (8.19)—(8.20). Next consider
the right curl relation in (4.3), so k > 0. Applying A, to the relation reveals that we must show that
A +flip(A) = B +flip(B) where

A=z W —b, B :zsk,ofl‘.

This follows from Lemma 8.5, noting that the only nonzero term in the summation on the right-hand side
of that identity is the one with @ = b = 0 due to the assumption that k£ > 0. The argument for the left curl
in (4.4) is entirely similar; it uses the identity obtained by applying * o £2;},, to Lemma 8.5.

Finally, one must check (4.1)—(4.2). This is a calculation just like in the final paragraph of the proof of
[Brundan et al. 2018, Theorem 5.4]; ultimately one uses Lemmas 8.6-8.8. m]

9. Generalized cyclotomic quotients

In this section, we define some k-linear categories, namely, the generalized cyclotomic quotients of
Heisi(z, t). Recall that x = $ and y = é

Definition 9.1. Suppose we are given monic polynomials

fw) = fow' + firw'M+-- 4+ fi ekw], (9.1)
g(w) = gow™ + grw™ '+ + g, € k[w] (9.2)

such that k =m — [ and 1*> = f;/g,,. Define
8

Of(w)=t""2) Ofw™:=gw)/f(w) € w* +w* k[w™], (9.3)
nez

Ot (w) = —1z Z OFfw™ = f(w)/gw) € w* +w*k[w "], (9.4)
nez

O~ (w) =—tz) Oyw ™" :=r’g(w)/f(w) € | + wklw], (9.5)

nez
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O (w)=1""2) Oyw™=1"2f(w)/gw) € | +wk[w]; (9.6)

neZ

cf. (3.14)—(3.17). Let Z( f|g) be the left tensor ideal generated by the morphisms
(f(xX), Pn—01| -k <n<l)}. (9.7)

The generalized cyclotomic quotient associated to the polynomials f(w) and g(w) is the quotient category

H(fg) := Heisk(z, 1) /Z(f8)- 9.8)
It is a module category over Heisy(z, t).

The following is the quantum analog of [Brundan 2018, Lemma 1.8]; see also [Brundan and Davidson
2017, Lemma 4.14] for the analog in the setting of Kac—-Moody 2-categories.

Lemma 9.2. In the setup of Definition 9.1, Z( f|g) may be defined equivalently as the left tensor ideal
generated by

(g0, n@® -0}k <n<m}. 9.9)
Moreover, it contains @ n— 071, On—0;1,0@ —OFLandn & — O, 1 foralln € Z.

Proof. For morphisms 6, ¢ : X — Y, we will write 6 = ¢ as shorthand for 6 —¢ € Z(f|g). By (3.11)-(3.12),
we have automatically that fHr» = OF1 whenn < —k, n @ = @f{l when n <k, ©n» = 0, 1 when
n>0, andn@z(ﬁ);lwhennzo.

In this paragraph, we use ascending induction on n to show that (P » = O} 1 for all n € Z. This is
immediate from (9.7) if n < [, so assume that n > [. The fact that f(x) =0 implies that

l l l
Y fe@n-at Y faOn-a= Y fol Pn-a=0.

a=0 a=0 a=0
On the left-hand side of this, the only nonzero (—)-bubble arises when n = a = [, so it shows that
Zé:o fa@Pn—a = 81,,,flt_1z_]l. Using the induction hypothesis and f; = gmtz, we deduce that
P+ Zf;:l f.0F_ 1 =6 ,8ntz'1. Equating w'~"-coefficients in f(w)O+(w) = g(w), we get that
Zi:o a0, =8ngmtz~". Hence, @ n= 0,1 as claimed.
Next, we show by descending induction on n that &) » = O, 1 for all n € Z. We may assume that
n < 0. Equating w"-coefficients in f(w)O"(w) = fzf(w)(])*(w) gives that

) )
Z fl*a(DL-n = Z fl*a®;+n‘
a=0 a=0

Using the induction hypothesis plus the previous paragraph, we deduce that

l I
Y fra®atn+ fi0; + Y firaOatn=0.

a=0 a=1
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But also from f(x) =0 we get that

l 1 l
Z fl—a@ a+n + Z fl—a@ atn = Z fl—a® a+n = 0.
a=0 a=0 a=0

Taking the difference of these two identities establishes the induction step.

Using the notation of (3.14)—(3.17), we have now shown that ) (w) = Ot (w)1. Taking inverses using
(3.13), we deduce that & (w) = @i(w)l. Hence, n & = @fl for all n € Z. So we have established the
last assertion from the lemma.

Equating w’-coefficients in g(w) = f(w)O* (w) shows that g,,_, =17z Zla=0 fl_a@:{_b. Hence

! l

_ (4.17) _

g =1 lfz—a(zz 3 @a—b) =" i e =0
a=0 b>0 a=0

We have now shown that Z( f|g), the left tensor ideal generated by (9.7), contains (9.9). Similarly, the

left tensor ideal generated by (9.9) contains (9.7). This completes the proof. O

We assume for the rest of the section that k is a field, and that we are given a factorization t = uv~" for
u, vek* suchthatu®>= f; and v> =g,,. Let V(f) and V(g)" denote D=0 H,‘,f—pmod and P,~¢ Hj-pmod
viewed as a module categories over Heis_;(z, u) and Heis, (z, v~!) via the monoidal functors W, and
W.' from Lemma 6.4. Let

V(f1g) =V(HrV(g)” (9.10)

be their linearized Cartesian product, i.e., the k-linear category with objects that are pairs (X, Y) for
X €V(f),Y € V(g)", and morphisms

Homy, s ((X, Y), (U, V)) := Homy s (X, U) ® Homyg)v (Y, V)
with the obvious composition law. There is an equivalence of categories

V(£19) — €D (H ® HE)-pmod,
r,s>0
hence, V(f|g) is additive Karoubian. Moreover, V( f|g) is a module category over the symmetric product
Heis_;(z, u) © Heisy (z, v").

Lemma 9.3. Let V be a finite-dimensional A Hy-module. All eigenvalues of x, on V are of the form
A, g*\ or g2 A for eigenvalues A of x1 on V.

Proof. We may assume for the proof that k is algebraically closed. Suppose that v € V is a simultaneous
eigenvector for the commuting operators x; and x; of eigenvalues A; and X, respectively. If v =g (resp.
TV = —q_] v) then Ap = qz)\l (resp. Ay = q_2A1), as follows easily from the relation x; (7] — z)v = t1x10.

Otherwise, v and 7y v are linearly independent, in which case the matrix describing the action of x; on
Al =22

the subspace with basis {v, v} is (] i

). So A, is another eigenvalue of x; on V. O
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Lemma 9.4. Assume that f(w) and g(w) split as products of linear factors in k[w], and moreover
assume that A= ¢ {¢% | i € Z} for all roots A of f(w) and 1 of g(w). Then the categorical ac-
tion of Heis_;(z, u) ® Heis,,(z, v ") on V(f|g) defined above extends to an action of the localization
Heis_i(z, u)OHeisy (z, v™") from Definition 8.1.

Proof. Lemma 9.3 implies that the eigenvalues of xp, ..., x, on any finite-dimensional an -module are
of the form g2  for i € Z and a root A of f(w). Consequently, the commuting endomorphisms defined
by evaluatingT $ and $ Ton an object of V(f|g) have eigenvalues contained in the sets {¢g%A | i €
Z, 1 aroot of f(w)}and {¢g%/ 1| j € Z, u aroot of g(w)}, respectively. By the genericity assumption,
these sets are disjoint, hence, all eigenvalues of the endomorphism defined by & & =] & — & Tlie
in k*. Consequently, this endomorphism is invertible. O

Lemma 9.4 shows for suitably generic f(w), g(w) that there is a strict k-linear monoidal functor
\IJf(T)\IJéY :Heis_i(z, u)OHeisy (z, v = Ende V(f|g). Composing this functor with the functor A_y,,
from Theorem 8.9, we obtain a strict k-linear monoidal functor

Wylg i= \IJf(T)\D; oAy : Heisy(z,t) = Ende(V(f12)). 9.11)
Thus, we have made V( f|g) into a module category over Heisi(z, t).

Theorem 9.5. Assume that f(w), g(w) satisfy the genericity assumption from Lemma 9.4 so that (9.11)
is defined. Let Ev : Endy(V(f|g)) — V(f|g) be the k-linear functor defined by evaluation on S =
(H, f ., Hdg ) € V(f1lg). The composition Ev oW |, factors through the generalized cyclotomic quotient
H(f|g) to induce an equivalence of Heisy(z, t)-module categories

Urlg - Kar(H(fg)) — V(flg)-

Proof. We first show that W 7, (€D (w))s € w* End(S)[w™'] equals OF (w)1s. Recalling that O (w) is
the expansion at w = oo of the rational function g(w)/f (w), this follows because

Wr1g (D (W))s = Wy (D (W) s ® W, (D (W) e

thanks to (8.21), and also W (P (w))HOf =1/f(w) and \P;({—D (w))Héz = g(w). To see the last two
assertions, we first apply Lemma 9.2 to see that Z( f|1), the left tensor ideal of Heis_;(z, u) generated
by f(x), contains all coefficients of the series (P (w) — 1/f (w)1; all elements of this ideal act as zero
on HOf since its generator f(x) acts as zero. Then we apply Lemma 9.2 again to see that Z(1|g), the
left tensor ideal of Heis,, (z, v~!) generated by g(y), contains all coefficients of P (w) — g(w)1; all
elements of this act as zero on H(f .

The previous paragraph shows that <P » — O;F'1 acts as zero on S for all n € Z. Also it is obvious that
f(x) acts as zero on S. So the left tensor ideal Z( f|g) acts as zero on S, which proves that Ev oW ¢|, factors
through the quotient H( f|g) = Heisi(z, t)/Z(f|g) to induce a k-linear functor H(f|g) = V(f)RV(g)".
Since V(f|g) is additive Karoubian, this extends to the Karoubi envelope to induce the functor ¥ 7|,
from the statement of the theorem. Moreover, it is automatic from the definition that v 7|, is a morphism
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of Heisy(z, t)-module categories. It just remains to show that ¥ 7|, is an equivalence, which we do by
showing that it is full, faithful and dense.

First we show that ¥ 7|, is full and faithful. It suffices to check this on objects X = X, ® - - - ® X and
Y=Y;®---®Y] that are words in 1 and |. We assume moreover that k > 0; a similar argument with the
roles of 1 and | interchanged does the job when k <0 too. Let X* = X7 ®- - -® X} be the dual object (here,
1*=], }*=1). By rigidity, we have a canonical isomorphism Homy;(|¢)(X, ¥) = Homy(r1)(1, X*®Y),
from which we get a commuting diagram

Homy, (1) (X, Y) ——  Homyy (1, X*®Y)

I/ff\gl llffﬂg

Homy(/1¢)(X ® S, Y ®S) ——— Homyf)(S, X*®@Y ® ).

The left-hand vertical map in this diagram is an isomorphism if and only if the right-hand vertical map
is one. We claim that the left-hand vertical map is an isomorphism when X = Y =1%". To prove this,
the usual straightening algorithm (see the beginning of the proof of Theorem 10.1 for details) shows
that EndHei‘vk(Z,,)(T‘g’”) is spanned by diagrams in the image of the canonical homomorphism AH,, —
Endyeis, z.1) (1®"), with some number of bubbles added to the right-hand edge. Thus we have an induced
homomorphism H,f — Endy(f1g)(1®") which is surjective since bubbles on the right-hand edge are scalars
in the generalized cyclotomic quotient. On the other hand, Endys|4) (1®" ®S) =End H/ (an )= an . The
claim follows. Hence, the right-hand vertical map is an isomorphism when X* ® ¥ =] ®" ® 1®". Using
this, we can show that the right hand vertical map is an isomorphism in general. All of the morphism
spaces are zero unless X* ® Y has the same number of 1’s as |’s. If all |’s are to the left of all 1’s, we
are done already, so we may assume that X* ® Y involves 1 ® | as a subword. Let U be X* ® Y with
the two letters in this subword interchanged and V be X* ® Y with these two letters deleted. Using the
isomorphism 1 ® | = | ® 1 ®1%* from (2.10), we get a commuting diagram:

Homyy(s1)(1, X*®Y) ——  Homyysip (1, U@ V)

Wf\gl l‘/ff\g

Homy(f1¢)(S, X*®Y ® §) ——> Homy)(S, U ®S® V ® S)

By induction, the right-hand vertical map is an isomorphism, hence, so too is the left-hand one.

Finally, we explain why v 7|, is dense. Let Q be an indecomposable object in V(f|g). We have
that |®" @ 18" ®S =|®" ®(H, HY) = (H!, HS) @ M where M is a direct sum of summands of
(Hn]: , H,fl,) with n’ < n and m’ < m. It follows that Q is isomorphic to the image of some idempotent in
Endy (1) (1®" @ 1¥" ®S) for some m, n > 0. Since we have shown already that v/ 7, is full and faithful,
there is a corresponding idempotent in Endy(rjo)(1®™ ® 1®"). The latter idempotent defines an object
P of Kar(H(f|g)) such that ¥ r|,(P) = Q. m|

Remark 9.6. If g(w) = 1 the genericity assumption is vacuous, so Theorem 9.5 gives us an equivalence
of categories ¥ 7|y : Kar(H(f[1)) — V(f). In other words, the generalized cyclotomic quotient H(f|1)
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is Morita equivalent to the “usual” cyclotomic quotient defined by the cyclotomic Hecke algebras H,f for
all n > 0. This statement is the quantum analog of [Brundan 2018, Theorem 1.7]; see also [Rouquier
2012, Theorem 4.25] for the analogous result in the setting of Kac-Moody 2-categories.

Remark 9.7. More generally, suppose that there are factorizations f(w) = fi(w) fo(w) and g(w) =
g1(w)g2(w) such that the genericity assumption Ax~! ¢ {g® | i € Z} holds for A a root of fi(w) or g1 (w),
and p aroot of f>(w) or ga(w). Then a similar argument to the proof of Theorem 9.5 can be used to show
that the categories Kar(#(f|g)) and Kar(H(f1|g1) R H(f>|g2)) are equivalent. In particular, applying
this to Kar(H(f|1)) and using the previous remark, it follows that the cyclotomic Hecke algebra H,f is

Morita equivalent to @ anll ® an;z, thereby recovering a result of Dipper and Mathas [2002].

ni+ny=n
10. Basis theorem

Finally, we prove a basis theorem for the morphism spaces in Heisi(z, t). Our proof of this is very similar
to the argument in the degenerate case from [Brundan et al. 2018, Theorem 6.4]. Let X = X, ® - - - ® X
and Y =Y, ®---® Y] be objects of Heisi(z,t) for X;,Y; € {1, |}. An (X, Y)-matching is a bijection
between {i | X; =t}u{j|Y;=|}and {i | X; ={}U{j | ¥Y; =1}. A reduced lift of an (X, Y)-matching
means a diagram representing a morphism X — Y such that

« the endpoints of each string are points which correspond under the given matching;
« there are no floating bubbles and no dots on any string;

« there are no self-intersections of strings and no two strings cross each other more than once.

Fix a set B(X, Y) consisting of a choice of reduced lift for each of the (X, Y)-matchings. Let B,(X, Y)
be the set of all morphisms that can be obtained from the elements of B(X, Y) by adding dots labeled with
integer multiplicities near to the terminus of each string. Also recall the homomorphism 8 :Sym ® Sym —
End3.is; (-, (1) from (3.7). Using it, we can make the morphism space Homy,,;s, ;. (X, ¥) into a right
Sym ® Sym-module: ¢6 := ¢ ® B(6).

Theorem 10.1. For any ground ring k, parameters z, t €k, and objects X, Y € Heisy(z, t), the morphism
space Homyy,is, .1y (X, Y) is a free right Sym @ Sym-module with basis Bo(X, Y).

Proof. We just prove this when k < 0; the result for £ > 0 then follows by applying Q. Let X =X, ®- - -® X
and Y =Y, ®---® Y] be two objects.

We first observe that B, (X, Y) spans Homy,;, (-1 (X, Y) as a right Sym ® Sym-module. The defining
relations and the additional relations derived in Sections 2, 3 and 4 give Reidemeister-type relations
modulo terms with fewer crossings, plus a skein relation and bubble and dot sliding relations. These
relations allow diagrams for morphisms in Heisg(z, ¢) to be transformed in a similar way to the way
oriented tangles are simplified in skein categories, modulo diagrams with fewer crossings. Hence, there a
straightening algorithm to rewrite any diagram representing a morphism X — Y as a linear combination
of the ones in B,(X, Y).
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It remains to prove the linear independence. We say ¢ € B.(X,Y) is positive if it only involves
nonnegative powers of dots. It suffices to show just that the positive morphisms in B, (X, Y) are linearly
independent. Indeed, given any linear relation of the form ZlN: 1 @i ® B(6;) = 0 for morphisms ¢; €
B, (X, Y) and coefficients 6; € Sym ® Sym, we can “clear denominators” by multiplying the termini of
the strings by sufficiently large positive powers of dots to reduce to the positive case.

The main step now is to prove the linear independence in the special case that X = Y =1%", To
do this, we need to allow the ground ring k to change, so we will add a subscript to our notation,
denoting Heisg(z,t), V(f1g), Sym® Sym, ... by yHeisg(z, 1), V(fg), xSym Qi Sym, . .. to avoid any
confusion. It suffices to prove the linear independence of positive elements of B,(X, Y) in the special
case that k = Z[z*!, r*!]; one can then use the canonical k-linear monoidal functor Heisi(z, 1) —
k ®zp#1 +17 71,1 =17 Heisg (z, t) to deduce the linear independence over an arbitrary ground ring k and
for arbitrary parameters.

So assume now that k = Z[z*!, t*!] and take a linear relation ZlN:1 ¢; ® B(6;) = 0 for positive
¢; € Bo(X, Y). Choose a so that the multiplicities of dots in all ¢; arising in this linear relation are < a.
Also choose b, ¢ > 0 so that all of the symmetric functions 6; € Sym Qi Sym are polynomials in the

elementary symmetric functions e; ® 1, ...,ep, @1 and 1 ®eq, ..., 1 ®e.. Then choose [/, m so thata < [,
b+c <m and k =m — [. Note that [ > m due to our standing assumption that k <0. Let uy, ..., up and
V1, ..., U: be indeterminates and K be the algebraic closure of the field Q(z, ¢, uy, ..., up, v, ..., V).

1

Pick ¢ € K* so that z = ¢ — ¢~ "' and consider the cyclotomic Hecke algebras Kan and  HS over K

associated to the polynomials
fw)=w +72, gw)=w"+uw" '+ Fupw™ v+ vw+ 1.

Note the formula for g(w) makes sense because b 4 ¢ < m. Consider the Heisi (z, t)-module category
kV(f|g) from (9.11) (taking u :=¢ and v :=1). Since k< [, there is a canonical k-linear monoidal functor
kHeisg(z,t) — kHeisg(z, t), allowing us to view iV (f|g) also as a module category over Heisy(z, t).
Then we evaluate the relation ) ¢; ® B(6;) =0 on S := (KHOf , KHé” ) to obtain a relation in KH,{C . By
the basis theorem for Kan from (6.2) and the assumption that a </, the images of ¢, ..., ¢x in Kan are
linearly independent over [, so we deduce that the image of 8(6;) in K is zero for each i. To deduce from
this that ; = 0, recall that 6; is a polynomialine; ®1,...,e,®1, 1®ey, ..., 1 ®e.. So we need to show
that the images of S(e; ®1),...,B(ep®1), B(1Re)), ..., B(1®e.) in K are algebraically independent.
In fact, we claim that these images are the indeterminates u1, ..., up, vy, ..., U, respectively. To prove
this, note that the low degree terms of OF (w) are

Ot (w) =gw)/f (w) =w* +uw =+ Fuwt= +. .. e wK[w ™',
O~ (w) =2g(w)/f(w) =1+viw+--+vw +- - € K[w].

By (3.9), (9.3)-(9.5) and Lemma 9.2, the images of 8(e, ® 1) and 8(1 ® ¢,,) are the wk="- and w"-
coefficients of O (u) and O~ (u), respectively, and the claim follows.
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We have now proved the linear independence when X = Y =1®". Returning to the general case, we can
use the canonical isomorphism Homyyis, (;.1) (X, Y) = Homyyis, 2,1 (1, X* ® Y) arising from the rigidity
to see that the Sym ® Sym-linear independence of the positive morphisms in B,(X, Y) is equivalent
to the Sym ® Sym-linear independence of the positive morphisms in B,(1, X* ® Y). Thus, we are
reduced to the case that X = 1. Assume this from now on. The set B,(1, Y) is empty unless Y has
the same number n of 1’s as |’s. Also we have already proved the linear independence in the case
Y =/®" ® 1%". So we may assume that ¥ has a subword 1 ® |. Let Z be Y with the two letters in
the subword interchanged. By induction, we may assume the linear independence has already been
established for B,(1, Z). Consider a linear relation ZZNZ 1 @i ® B(6;) for positive ¢; € B,(1, Y). Recalling
the isomorphism 1 ® | @ 190 = | ® 4 from (2.25), multiplying the subword 1 ® | on top by the
sideways crossing X defines a Sym ® Sym-linear map s : Homyi, ;1) (1, ¥) — Homyei 2.0 (1, Z).
Unfortunately, s does not send B,(1, Y) into B,(1, Z). However, the image of B,(1, Y) is related to
B,(1, Z) in a triangular way, which is good enough to complete the argument. The full explanation of
this is almost exactly the same as in the degenerate case, so we refer the reader to the last paragraph of

the proof of [Brundan et al. 2018, Theorem 6.4] for the details. m]
Corollary 10.2. Endy.is; (2,1 (1) = Sym ® Sym.
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