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Singularity categories of deformations
of Kleinian singularities

Simon Crawford

Let G be a finite subgroup of SL(2, k) and let R = K[x, y]¢ be the coordinate ring of the corresponding
Kleinian singularity. In 1998, Crawley-Boevey and Holland defined deformations O* of R parametrised
by weights 1. In this paper, we determine the singularity categories Dy, (O*) of these deformations, and
show that they correspond to subgraphs of the Dynkin graph associated to R. This generalises known
results on the structure of Dy (R). We also provide a generalisation of the intersection theory appearing in
the geometric McKay correspondence to a noncommutative setting.

1. Introduction

1A. Background. Throughout let k be an algebraically closed field of characteristic 0. The Kleinian
singularities k?/G, where G is a finite subgroup of SL(2, k), are ubiquitous in algebraic geometry,
representation theory, and singularity theory. In this paper, we shall study the latter of these for a family
of (generically noncommutative) algebras.

The notion of the singularity category of a ring R was introduced by Buchweitz [1986] as a particular
Verdier quotient of D°(mod-R). More specifically, writing Perf(R) for the full subcategory of perfect
complexes in PP (mod-R), Buchweitz defined the singularity category as the Verdier quotient category

DP(mod-R)
Perf(R)

By construction, this category possesses the structure of a triangulated category. Buchweitz also showed

Do (R) :=

that, when R is Gorenstein, the singularity category is triangle equivalent to MCM-R, the stable category
of maximal Cohen—Macaulay R-modules (that this latter category is triangulated also follows from a
general result of Happel [1988]). The singularity category of a commutative ring R is also closely related
to the category of reduced matrix factorisations of R by [Eisenbud 1980, Corollary 6.3], and under mild
hypotheses these categories are in fact equivalent.

From the above definition, it is not difficult to see that Dz (R) is trivial precisely when R has finite
global dimension. However, in general it is difficult to give an adequate description of the singularity
category of an arbitrary Gorenstein ring of infinite global dimension. Recent work includes [Chen 2011;
2018] which describes the singularity category when R has radical square zero or when it is a quadratic
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monomial algebra, and [Kalck 2015] which provides a description when R is a so-called gentle algebra.
Moreover, in [Amiot et al. 2015] the authors determine the singularity categories of some commutative
Gorenstein isolated singularities.

The standard examples of commutative surface singularities are the Kleinian singularities, which are
very well understood. The main aim of this paper is to provide a concrete description of the singularity
category of certain noncommutative deformations of the coordinate ring of a Kleinian singularity.

Very little is known about the singularities of noncommutative rings, particularly those which are not
finite over their centre. For example, given a singular noncommutative ring S, it is not known whether and
under what circumstances one can find commutative rings Ry, ..., R such that we have an equivalence
of triangulated categories Dy (S) =~ EB;‘:l Dgg(R;). If this is the case, one can think of S as having the
same singularities as those of the varieties Spec R;. Our main result, Theorem 1.1, shows that we have
such a decomposition of singularity categories for the algebras of interest in this paper, and can be seen
as a first step towards better understanding singularities of noncommutative surfaces.

Crawley-Boevey and Holland [1998] defined a family of algebras 0*(Q) depending on the data of
an extended Dynkin quiver Q and a so-called weight for Q. Write Q for the Dynkin quiver obtained
from Q by removing an extending vertex, and write Rg for the coordinate ring of the corresponding
Kleinian singularity. Then the algebras O*(Q) may be thought of as deformations of R in the sense
that there exists a filtration F of O)‘(Q) satisfying gr - O)‘(Q) > Rg. These deformations are generically
noncommutative, a property which depends on the weight A, and it is easy to determine when this is the
case. When Q = A,,, if ©*(Q) is noncommutative then it is an example of a generalised Weyl algebra, as
studied in [Bavula 1992; Hodges 1993]. If O*(Q) is commutative, a description of its singularity category
follows from [Iyama and Wemyss 2014, Theorem 3.2], where quite geometric techniques are employed.
Through a completely ring-theoretic approach, we determine Dsg((DA(Q)) irrespective of whether the
deformation is commutative or noncommutative.

Our main result can be stated as follows, where undefined terms will be defined in Section 2.

Theorem 1.1 (Theorem 3.6, Theorem 4.13). Let Q be an extended Dynkin quiver with vertex set
{0, 1, ..., n}, where O is an extending vertex, and write Q for the full subquiver obtained by deleting
vertex 0. Let A be a weight for Q Then there exists a subset J = J(A) of {1,...,n} such that, if
QW -1 QW is the full subquiver of Q obtained by deleting the vertices in J, so that the Q¥ are
connected and therefore necessarily Dynkin, there is a triangle equivalence

Dee(0(0)) =~ P Dig(Rp).

i=1
One can show that we may restrict our attention to the case where the weight X is quasidominant (see
Definition 2.16). For example, when k = C, a weight is quasidominant if, for 1 <i <n,

Ai€f{zeC|Rez>0, or Rez=0and Imz > 0},

and where Ag can be arbitrary. In this case, the subset J in the above theoremis J ={i € {1, ..., n}|A; =0}.
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The result in Theorem 1.1 coincides with the intuition coming from commutative singularity theory
which says that deforming a singularity should make it no worse; in our context, deforming a singularity
corresponds to making weights at certain vertices of Q nonzero, and the above theorem says that this
makes the singularity category simpler, in a precise sense. In the Appendix, we also provide a simple
proof which illustrates how the translation functor acts on the triangulated category Dsg((’)’\(Q)).

Since the first version of this paper appeared online, an alternative proof of Theorem 1.1 has been
given in [Kalck and Yang 2018, Theorem 9.4] using relative singularity categories.

Now suppose that the weight A € k" *! is given by Ao =1 and A; =0 for 1 <i <, and in this case write
A = g9. We then consider O*(Q) to be a noncommutative analogue of Rg. This viewpoint is partially
justified by the following immediate corollary:

Corollary 1.2. Retain the notation of Theorem 1.1, and suppose that » = &gy, as above. Then there is a
triangle equivalence

Dse(0(Q)) = Dy (Rp)-

Another family of results concerning Kleinian singularities is what is often called the geometric McKay
correspondence, which concerns the intersection theory of the minimal resolution of Spec Rg. In the last
section, we prove a result which may be seen as a generalisation of this to a noncommutative setting. We
give an imprecise statement of this result below, and a more precise statement in Section 5.

Theorem 1.3 (Theorem 5.8). Ler Q be an extended Dynkin quiver with corresponding Dynkin quiver Q
and let A = gy. Then (’)A(Q) has a noncommutative resolution, and the intersection theory of the
exceptional objects in this resolution is the same as that of the exceptional curves in the minimal resolution

of a Kleinian singularity of type corresponding to Q.

In particular, this result further supports the viewpoint that O*(Q) can be viewed as a noncommutative
analogue of Ry when A = go.

We now take a moment to provide an overview of the proof of Theorem 1.1. For all of our calculations,
we work in MCM-O*(Q) rather than Dy, (O*(Q)); as mentioned previously, these two categories are
triangle equivalent, see Theorem 2.7. The first important observation to make is that we can restrict our
attention to weights A which are quasidominant. In Section 3, this restriction allows us to give a concrete
description of Dsg(OA(Q)) as a k-linear category in terms of an auxiliary Krull-Schmidt category. We
also find that the isoclasses V; of indecomposable objects in Dsg(Ok(Q)) are indexed by those vertices
i > 1 with A; = 0. This auxiliary category allows us to establish the equivalence of Theorem 1.1, but only
as a k-linear equivalence.

In a previous version of this paper, a lengthy case-by-case analysis was then used to show that we had
the desired triangle equivalence. A result of Keller which subsequently appeared significantly reduces the
amount of work that needs to be done. In fact, it now suffices to show that the direct sum appearing on
the right-hand side of the (a priori k-linear) equivalence of Theorem 1.1 is a decomposition into algebraic
triangulated subcategories. This is shown in Section 4.
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1B. Organisation of the paper. This paper is organised as follows. In Section 2, we recall some basic
definitions and facts, and introduce the notation used throughout the paper. In Section 3, the singularity
categories of OA(Q) are determined as K-linear categories. We then complete the proof of Theorem 1.1 in
Section 4. In Section 5, we provide a noncommutative version of the geometric McKay correspondence,
and in the Appendix we detail how the translation functor behaves on objects of D (Rp).

2. Preliminaries

We now recall some of the definitions and results that we will make use of throughout this paper. In this
section, R will denote an arbitrary ring.

2A. Conventions. As stated in the introduction, throughout k will denote an algebraically closed field
of characteristic 0. We write mod-R (respectively, R-mod) for the category of finitely generated right
(respectively, left) R-modules; in this paper, we shall use right modules unless otherwise stated. We also
write proj-R for the full subcategory of mod-R consisting of finitely generated projective modules. We
write M* := Hompg (M, R) for the dual of an R-module M, which is an (R, Endg (M))-bimodule. We
write p.dim M and i.dim M for the projective and injective dimensions of M € mod-R, respectively, and
gl.dim R for the global dimension of R.

2B. Definitions and basic results.

Definition 2.1. A quiver Q is a directed multigraph, and we write Qq for the set of vertices and Q;
for the set of arrows. We equip Q with head and tail maps %, t : Q1 — Qo which take an arrow to the
vertices that are its head and tail respectively. A nontrivial path in the quiver is a sequence of arrows
p =10 ... With h(e;) = t(a;41) for 1 <i < £ —1 (that is, we compose arrows from left to right),
and such a path is said to have length £. Moreover, for each vertex i € Qg there is a trivial path e; of
length 0, with head and tail vertex both equal to i.

Definition 2.2. Given a field k and a quiver Q, we define the path algebra kQ of Q as follows: as a
k-vector space, KQ has a basis given by paths in the quiver, and we define multiplication by concatenation
of paths:
g = {pq if h(p) =1(q).
0  otherwise.

If R is a commutative ring, then Spec R is nonsingular if and only if R has finite global dimension. It
is therefore sensible to say that a (possibly noncommutative) ring is nonsingular if it has finite global
dimension, and singular otherwise. Before we are able to define the singularity category of a ring, we
must make a few more definitions.

Definition 2.3. Given R-modules M and N, write Hom (M, N) = Homg(M, N)/ ~, where f ~ f’if
and only if f — f’ factors through a finitely generated projective module. The stable module category of
R, denoted mod- R, is then the category whose objects are the same as those of mod-R, and for modules
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M, N, has morphisms Hom (M, N). Given a full subcategory abc-R of mod-R, we write abc-R for the
full subcategory of mod-R whose objects are the same as those of abc-R.

Noting that an element of Zf: 1 ni ® f; of N @r M* gives rise to a homomorphism M — N via
m Zle n; fi(m), it is not hard to show that a module homomorphism f : M — N factors through
a projective module if and only if f is the image of some element of N ® g M*. Abusing notation,
this allows us to identify Hom (M, N) with Homg(M, N)/(N ®g M*), which will be useful in later
calculations. In this paper, we are often in the situation where R = eAe, M = e; Ae, and N = e; Ae,
where A is some ring and e, e, and e, are pairwise orthogonal idempotents, and we are able to make
identifications

exAeg
exAeley

In the stable module category, we have a weaker notion of an isomorphism than in the usual module

M*=eAe;, Homg(M,N)=ey;Ae;, Homg(M,N)=

category. Indeed, [Auslander and Bridger 1969, Proposition 1.44] shows that two R-modules M, N are
isomorphic in mod-R if and only if there exist projective modules P and Q suchthat M @ P =N & Q
in mod-R.

The first syzygy QM of M € mod-R is defined to be the kernel of any surjection R" — M. The
observation in the previous paragraph combined with [Rotman 1979, Proposition 8.5] implies that QM is
uniquely determined in mod-R.

Definition 2.4. A ring R is said to be Gorenstein if it is noetherian (i.e., left and right noetherian) and
both i.dim Ry and i.dim g R are finite. By [Zaks 1969, Lemma A], under these hypotheses the values
i.dim Rg and i.dim g R coincide, and we call this common value the (injective) dimension of R.

Definition 2.5. Suppose that R is Gorenstein. A finitely generated R-module M is said to be maximal
Cohen—Macaulay (MCM) if it satisfies Ext’k(M ,R)=0foralli > 1. We write MCM-R for the full
subcategory of mod-R consisting of maximal Cohen—Macaulay R-modules.

For commutative local rings, the above definition coincides with the usual (commutative) definition
of maximal Cohen—Macaulay modules in terms of depth [Buchweitz 1986, Section 4.2]. Maximal Cohen—
Macaulay modules have the following elementary properties, proofs of which can be found in [loc. cit.]:

Lemma 2.6. (1) Any finitely generated projective module is MCM.
(2) MCM modules are reflexive.
(3) Finite direct sums and direct summands of MCM modules are MCM.
(4) An MCM module is either projective or has infinite projective dimension.

With these definitions in hand, we now recall a theorem which identifies a category that is triangle
equivalent to the singularity category in the case of a Gorenstein ring R:

Theorem 2.7 [Buchweitz 1986, Theorem 4.4.1]. Suppose that R is Gorenstein. Then the full subcategory
MCM-R of mod-R whose objects are MCM R-modules is a triangulated category, with translation
functor ¥ given by Y M = Q™' M. Moreover, there is a triangle equivalence Dge(R) ~ MCM-R.
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While the term “singularity category” is more suggestive (which was our main reason for using this
terminology in the introduction), since every example that we consider in this paper satisfies the hypotheses
of this theorem, we instead focus our attention on determining MCM-R.

Theorem 2.7 is a specific example of a more general result due to Happel, which we now briefly recall.
An exact category C is an additive category possessing a class of conflations (sometimes called exact
sequences) which are triples of objects connected by arrows X — Y — Z, and which satisfy a number
of axioms; see [Chen 2012, Section 2] for more details. An object P € C is projective if the functor
Hom¢ (P, —) sends conflations to exact sequences, and we say that C has enough projectives if every
object Z e C fits into a conflation X — P — Z with P projective. Dually, one has a notion of an injective
object and of having enough injectives. An exact category C is said to be Frobenius provided that it has
enough projectives and enough injectives, and the class of projective objects coincides with the class of
injective objects. Given a Frobenius category C, we may form its stable category C in the same way we
formed the stable category MCM-R. Then [Happel 1988] shows that this category is triangulated, and if
X — Y — Z is a conflation in C then there exists a triangle of the form X - Y - Z — XX inC. If T
is a triangulated category which is triangle equivalent to the stable category of a Frobenius category, then
we say that 7 is algebraic.

If R is a Gorenstein ring, then MCM-R is Frobenius and so Happel’s result implies that MCM-R is
triangulated; this triangulated structure is precisely the one given in Theorem 2.7. In MCM-R, every
conflation X — Y — Z arises from a short exact sequence 0 - X — Y — Z — 0 of MCM R-modules.

Finally, we recall two useful results that will be helpful when identifying the maximal Cohen—Macaulay
modules of a ring. Given an additive category C and an object C € C, we write add(C) for the full
subcategory of C consisting of direct summands of finite direct sums of C. This is the smallest additive
subcategory of C which contains C and is closed under taking direct summands. The following result is
due to Auslander, but we provide a proof.

Proposition 2.8 (Auslander). Suppose that R is Gorenstein and that M € MCM-R is a generator (for
example, this occurs if M has R as a direct summand or if R is simple). If gl.dimEndg (M) < 2, then
add M = MCM-R.

Proof. Write A = Endg(M). Since mod-R has split idempotents (a fact which holds for any ring R),
[Krause 2015, Proposition 2.3] implies that the functor Homg (M, —) : mod-R — mod-A restricts to an
equivalence

add M = proj-A. (2.9)

We also note that since M is a generator, R" € add M for any n > 1.
That add M € MCM-R is clear, so suppose that N € MCM-R. Since R is noetherian, N* is finitely
presented, so we have an exact sequence of left R-modules of the form

R™ - R" - N* = 0.
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Applying Homg (—, R) and noting that N is MCM and therefore reflexive, we obtain an exact sequence
0—>N— R"— R".
Applying Hompg (M, —) then gives an exact sequence
0 — Homgr(M, N) — Homp (M, R™) o, Homp (M, R™) — cokerd — 0,

where, since M is a generator, Homg (M, R") and Homg (M, R™) are both projective A-modules by
(2.9). Since gl.dim A < 2 we have p.dim cokerd < 2, and therefore Homr (M, N) is also a projective
A-module. By (2.9), it follows that N € add M. O

Remark 2.10. If R has injective dimension at most 2 then the converse of Proposition 2.8 also holds;
see [Simon 2018, Proposition 2.2.11].

When R has injective dimension at most 2, we also have the following:

Lemma 2.11. Let R be a Gorenstein ring of injective dimension at most 2. Then M € mod-R is reflexive

if and only if it is maximal Cohen—Macaulay.

Proof. (<) This is Lemma 2.6 (2), and doesn’t require the hypothesis on injective dimension.

(=) Suppose now that M is reflexive. Since R is noetherian, M* is finitely presented, so we have an
exact sequence of the form

R" - R" — M* — 0.
Applying Hompg (—, R) and noting that M is reflexive yields an exact sequence
0— M— R" %5 R™ — cokerf — 0.

But then, by [Rotman 1979, Corollary 6.55], Exti, (M, R) = Ext'?(coker 6, R) = 0 for all i > 1, where
the last equality follows since i.dim R < 2. That is, M is maximal Cohen—Macaulay. ]

2C. The deformations of Crawley-Boevey and Holland. In Crawley-Boevey and Holland [1998] intro-
duced the notion of the deformed preprojective algebra of a quiver Q, and, if 0 is extended Dynkin, a
family of k-algebras ©O*(Q) which may be thought of as deformations of the coordinate ring of a Kleinian
singularity. We now recall these definitions, noting that our definition of O*(Q) differs slightly from that
of Crawley-Boevey and Holland, but is consistent with their definition by [loc. cit., Theorem 0.1].

Definition 2.12. Let Q be a quiver without loops. The double of Q is the quiver Q obtained from Q by
adding a reverse arrow @ : j — i for each arrow « : i — j in Q. We call the arrows in Q which are not
reverse arrows ordinary arrows. Given a weight A € K20 for Q, the corresponding deformed preprojective
algebra is the K-algebra

n*(Q) :=kQ/I
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where 1 is the two-sided ideal of kKQ with generators

Z oo — Z ao — Aje;
aeQ acQ
t(a)=i h(a)=i

for each vertex i € Q. It is easy to see that we can equivalently define / as being the two-sided ideal

Z (xa —aa) — Z rie;.

a€Q) i€Qo

with the single generator

It is helpful to think of a weight as a label from K at each vertex of Q, and we will often refer to A; as
the weight at vertex i.

Now suppose that Q is extended Dynkin, with vertices and arrows (of its double) labelled as in Figure 1.
Throughout this paper, it will be our convention that Q denotes an extended Dynkin quiver, while Q
will denote the corresponding Dynkin quiver obtained by removing the extending vertex 0, where the
orientation of the arrows comes from Figure 1.

We are now able to define the algebras of interest to us. We write OA(Q) for the algebra

O*(Q) := epIT*(Q)ey.

The elements of ©O*(Q) may be thought of as linear combinations of (equivalence classes of) paths in the
double of Q which start and end at the extending vertex 0.

If . = 0, then T1(Q) := I1*(Q) is the (undeformed) preprojective algebra of Gelfand and Ponomarev
[1979], and in this case we also write O(Q) := O*(Q). We will often write [T* and O* (or IT and O if
A = 0) when the corresponding quiver is either unimportant or understood.

For our purposes, it is important to know precisely when the rings O* are noncommutative. This
depends on the weight A and also on a vector § € NQO, which we now define. Let G be the finite subgroup
of SL(2, K) corresponding to 0 by the McKay correspondence. Then each vertex of 0 corresponds to
an irreducible representation W; of G, and we set §; := dimyx W;. If we number the vertices of Q as in
Figure 1, then

Ay: s=(1,1,...,1,1)
o D
n-+1 times

D,: §=(,1,2,2...,2,2,1,1)

o=

n—3 times

Eg: 6=1(1,2,1,2,3,2,1)
E;: 6=0(1,2,3,4,3,2,1,2)
Es: 6§=10(1,2,3,4,5,6,4,2,3).

Theorem 2.13 [Crawley-Boevey and Holland 1998, Theorem 0.1, Theorem 0.4(1)]. O* is commutative
ifand only if -8 =), cp, Midi = 0. In the case when . =0, O is isomorphic to the coordinate ring of

the Kleinian singularity corresponding to Q.
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Figure 1. Doubles of extended Dynkin graphs with the labelling of vertices and arrows
that will be used throughout this paper. We have labelled the arrows only for those

quivers in which we will need to refer to specific paths.
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In fact, by [Crawley-Boevey and Holland 1998, Lemma 2.2], one may always assume that A - § is either

0 or 1. When A is a weight with A -8 =0 (so that ©” is commutative), if we define A’ = (Ag+1, Ap, ..

-3 An)

then we consider ©*' to be a noncommutative analogue of O*. It is natural to ask if there is any relationship
between the singularity categories of ©O* and ©*. In fact, it follows from Theorem 1.1 that the singularity

categories of these k-algebras are triangle equivalent.
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When Q = A,,, it can be checked that O* has a presentation of the form
Kx, y, 2)

xz=(z+A-0)x, xy=1_[?:o(Z+Z§~:1 Aj) ,
yi=@—x-8)y, yx=[[_oz=2-8+ X 1))

When ©* is noncommutative, since there is no loss in generality in assuming A - § = 1, these are precisely

(2.14)

the algebras considered by Hodges [1993] and Bavula [1992], where in the latter they were called
generalised Weyl algebras.

In [Crawley-Boevey and Holland 1998, Section 7], the authors prove a number of results in the case
where the weight A is dominant, a term which we now define. Fix a total ordering < on K which also
satisfies the following:

(1) Ifa < b, thena+c <b+cforall c e k.
(2) On the integers, < coincides with the usual order.
(3) For any a € K, there exists m € Z with a < m.
For example, when k = C we may define < by z < 7’ if and only if Rez < Re 7/, or Rez = Re 7z’ and
Imz < Imz’. We then say that a weight A € K20 is dominant if A; > 0 for all i € Q.
When A is dominant and Q is (extended) Dynkin, and Crawley-Boevey and Holland showed that it
is easy to determine certain representation-theoretic properties of I1*(Q). For example, we have the

following useful result which we will use frequently in later sections:

Lemma 2.15 [Crawley-Boevey and Holland 1998, Lemma 7.1(1)]. Suppose that Q is Dynkin, and let A
be a dominant weight for Q. Write Q). for the full subquiver supported on those vertices i with A; = 0.
Then TT*(Q) = T1(Q,). In particular, the projective TT*(Q)-modules are the modules ¢;T1*(Q), where i
is a vertex with A; = 0.

2D. Restriction to quasidominant weights. A weaker version of dominance will play an important role
in this paper, which we now define.

Definition 2.16. If O is extended Dynkin, we say that a weight A is quasidominant if A; >= 0 for all i # 0,
where < is a total ordering on K as above.

It turns out that we are able to restrict attention to quasidominant weights for the remainder of this
paper. We now state this as an assumption, before explaining why this is the case.

Assumption 2.17. If A is a weight for an extended Dynkin quiver (, then we always assume that the
weight A is quasidominant unless explicitly stated otherwise.

To explain why this restriction is possible, we first recall a definition. Let Q be a quiver, and let
C =21 — A be the generalised Cartan matrix of O, where A is the adjacency matrix of the underlying
graph of Q. For each loop-free vertex i € Q, define the dual reflection r; : K2° — k20 by

(r,')»)j Z)\j _Cij)ti-
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It is easy to see that if Q is extended Dynkin then A - § = (r;A) - §. We then have the following result,
which appears in unpublished work of Boddington and Levy [2007].

Lemma 2.18. Suppose that ) is a weight for an extended Dynkin quiver Q, and let p be a sequence of

dual reflections at vertices other than the extending vertex 0. Then O* = OP®),

This is a strengthening of [Crawley-Boevey and Holland 1998, Lemma 7.9], in which the authors
established only a Morita equivalence between these two rings, rather than an isomorphism. Combining
Lemma 2.18 with [loc. cit, Lemma 7.8], we have the following result, which justifies the restriction given
in Assumption 2.17.

Lemma 2.19. Suppose that } is a weight for an extended Dynkin quiver Q. Then there exists a quasidom-
inant weight 1 with O* = O

We will see later that this assumption allows one to easily read off a number of useful facts about the
module category of ©*, and ultimately its singularity category as well. As a first example, if we restrict
our attention to quasidominant weights then it is easy to detect whether O* is singular.

Lemma 2.20. If A is a quasidominant weight for an extended Dynkin quiver 0, then O is singular if
and only if A; =0 for some i # 0.

Proof. By [Crawley-Boevey and Holland 1998, Theorem 0.4(4)], O* is singular if and only if A - o = 0 for
some Dynkin root o. The possible values of these Dynkin roots are not important to us; it suffices to know
that they have the form (0, @) € Z"*! where, in particular, &’ has entirely nonnegative or nonpositive
entries, and has at least one nonzero entry. In addition, &; € Z"*! for 1 <i < n is always a Dynkin root,
where ¢; is the i-th coordinate vector (here the entries are indexed from O to n). Therefore, if A; =0
for some i # 0 then A - « = 0 for the Dynkin root « = ¢;, while if A; # O for all i # 0, then necessarily
A -a # 0 for all Dynkin roots «. The result then follows. ]

3. The singularity category of O*( Q) as a k-linear category

Our first step in determining MCM-O* is to determine its structure as an additive category, or indeed as a
k-linear category. We first identify an important module.

Lemma 3.1. T1*¢ is a finitely generated O*-module, and it satisfies End . (IT*ey) = IT*. Moreover,
" ey is maximal Cohen—Macaulay.

Proof. The first part of the statement follows from [Montgomery and Small 1981, Lemma 1]. To determine
the endomorphism ring, first note that, by [Crawley-Boevey and Holland 1998, Lemma 1.4, Corollary 3.5],
IT* is Morita equivalent to a ring which is a maximal order and hence is itself a maximal order. The claim
then follows from the results in [Crawley-Boevey 1999, Section 5.4].

For the final claim, note that [T*ey is a reflexive O*-module by [Crawley-Boevey 1999, Section 5.4].
Therefore, since [The is finitely generated, and since i.dim O* <2 by [Crawley-Boevey and Holland
1998, Theorem 1.6], Lemma 2.11 implies that I1*eq is maximal Cohen—Macaulay. U
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Write V; = e;1*e; we shall refer to these O*-modules as vertex modules, and they will play an
important role in determining MCM-O”*. Using Lemma 3.1, we are able to calculate the Hom spaces
between the vertex modules.

Corollary 3.2. We have Homp (V;, V;) = ¢;IT%e;.
Proof. By Lemma 3.1, M = Endp» (ITep) = @k,e Homp:. (ex [T*eq, e, IT"ep). Multiplying on the left by

e; kills each Hom space with £ # j, while multiplying on the right by e; kills each Hom space with k #i.
It follows that

ejl'l’\e,- = q(@ Hompx (V, Vg)>el~ =e¢; Hompy: (V;, Vj)e; = Hompi (V;, V;),
k.t

as claimed. O

This allows us to determine the stable endomorphism ring of I1*¢y. We fix some notation which
will be used throughout the rest of this paper: write Q) for the full subquiver of O with vertex set
Lo:={ie{l,...,n}| A =0}

Lemma 3.3. We have End . (IT*ep) = I1(Q;).
Proof. Write u = (Aq, ..., An). By Corollary 3.2, we have that

(I ep)* = @ Homps (¢; T eq, egIT*ep) = @ eoe; = g,
i i
Then, noting that TT*eo(IT*eg)* = IM*epI1*, we have End,. (TT*eg) = I1*/(IT*¢o1*) = [1#(Q). Since the
entries of u are all > 0 by Assumption 2.17 and Q is Dynkin, Lemma 2.15 tells us that IT* (Q) is isomorphic
to the preprojective algebra supported on the vertices i of Q with u; = 0; that is, [T*(Q) = T1(Q,).
Therefore Eﬂi@(nxeo) =T1(0;). [l

We are also able to determine when a vertex module is projective. It turns out that this is the case
precisely when the corresponding vertex is deleted when passing from Q to Q;.

Lemma 3.4. Ifi =0 or A; # 0, then V; is a projective O*-module.

Proof. When i = 0 this is clear. So suppose that i # 0 and X; % 0. Then, as in the proof of Lemma 3.3,
e; =0in IT*/TT*¢oI1* and so ¢; € [T*¢oIT*. But then, using Corollary 3.2, V; V;* = ¢;[T*¢oIT*e; 3 €} = e,
where ¢; is the identity element of End. (V;) = e;1"e;, and so V; is projective by the dual basis lemma
(see [Lam 1999, (2.9))). O

It follows that the vertex modules V; satisfying A; # 0 are equal to the zero object in the singularity

category, so that [T*eq and @,., V; are isomorphic in MCM-0O*. When working in the stable module

i€l
category, we will sometimes refer to those vertex modules whose corresponding weight is zero as

nonprojective vertex modules.
Proposition 3.5. (1) MCM-0O* = add IT*e,,
(2) MCM-O* = add IT* ¢y = add(P; ., Vi).

i€l
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Proof. (1) First note that O* is Gorenstein and that, using [Crawley-Boevey and Holland 1998, Theo-
rem 1.5],
gl.dim Endps (IT"eg) = gl.dim IT* < 2.

Since IM*eg has O* as a direct summand, the first claim then follows from Proposition 2.8.
(2) Part (1) immediately implies that MCM-O* = add [T*e( = add(@i V,-). But projective modules

become the zero object when passing to the stable module category, so the result follows by Lemma 3.4. [J

We recall that an additive category is said to be Krull-Schmidt if every object decomposes into a finite
direct sum of objects, each of which has a local endomorphism ring. By [Krause 2015, Theorem 4.2],
this decomposition is unique up to reordering.

Theorem 3.6. The functor Hom,,; (TT*eq, —) induces a K-linear equivalence
MCM-O" > proj-I1(Q;).
Proof. By [Krause 2015, Proposition 2.3], the functor
Hom,, (IT*eo, —) : mod-O* — mod- End,; (IT"¢g) = mod-T1(Q;)

induces a fully faithful k-linear functor add IT*ey — proj-I1(Q;), where add IT*ey = MCM-0O* by
Proposition 3.5. Since I1(Q); ) is finite-dimensional [Biatkowski et al. 2007, Proposition 2.1], mod-I1(Q;)
is Krull-Schmidt and hence so too is proj-IT1(Q;). Therefore, to establish essential surjectivity of the
functor Hom,, (IT*ep, —), it suffices to show that we can hit each indecomposable projective ¢; I1(Q;),
where i € I;. Indeed, we have

H (Teo. V1) e; T e; T n* 1o,
om eo, Vi) = = =¢; =¢; )
O T T eIl eI NIThells ' Mheoll <
and so the functor is also essentially surjective. We therefore have the claimed equivalence. U

It follows that MCM-(” is nontrivial if and only if A; = O for some i # 0 which, by Lemma 2.20,
happens precisely when O* is singular; this is consistent with the more general fact that Dy (R) is
nontrivial if and only if R is singular. Moreover, the vertex modules V; with i = 0, or with i # 0 and
Ai # 0, are those which are projective and hence vanish in MCM-O*. This is reflected by the fact that
these are the vertices which are deleted to obtain Q).

As an immediate consequence of (the proof of) Theorem 3.6, we have the following result:

Corollary 3.7. MCM-O* is a Krull-Schmidt category.

Remark 3.8. By Proposition 3.5, the objects of MCM-0O* are direct summands of finite direct sums
of the nonprojective vertex modules. Since these vertex modules are indecomposable and MCM-O* is
Krull-Schmidt, in fact every object of MCM-O" is isomorphic to a finite direct sum of vertex modules.

The following two corollaries are then immediate from Theorem 3.6:
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Corollary 3.9. Suppose that Q is an extended Dynkin quiver and Q; = QM U---L QY is a disjoint union
of connected quivers QW , which are therefore necessarily Dynkin. Then there is a K-linear equivalence

,
MCM-0O* ~ @proj-n(Q@).
i=1
Corollary 3.10. Ler Q and Q' be extended Dynkin quivers (not necessarily of the same type) and let
A and )\ be quasidominant weights for 0 and @', respectively. If Q; = Q), then there is a K-linear
equivalence

MCM-0*(0) ~ MCM-O* (Q").

It is illustrative to apply Theorem 3.6 (and its corollaries) to an example.

Example 3.11. Suppose that QO = As, and consider the deformation O* where the weight A is indicated
in red on the left-hand quiver in Figure 2.

By Corollary 3.9, there is a K-linear equivalence MCM-0O* =~ proj-T1(A3) @ proj-IT(A;). In more
suggestive notation, we can write this equivalence as

Dye(0") = Dyg(Ra,) ® Dsg(Ra,),

and so it is sensible to consider O* as having an A3 singularity and an A singularity.

If we more concretely set A = (—1, 0,0, 0, 1, 0) (respectively, A = (0, 0, 0, 0, 1, 0)) then O* is com-
mutative (respectively, noncommutative). In this case we can use (2.14) to write down a presentation
for O*. In particular, we have a K-linear equivalence

Klx.y.2l Kix,y,z)
(xy —z4(z+1)2) ~ <xz= (z+Dx, xy=z*@+1)? >

Dso

yz=(z— Dy, yx=(z—1*z?

7N L 7
Qo«—s/j S

Figure 2. A weight A for an As quiver, and the corresponding category MCM-O*.
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4. The singularity category of O ( Q) as a triangulated category

We are now able to complete the proof of Theorem 1.1 which gives a complete description of the singularity
category of O*(Q). To do this, we need to show that the induced triangulated structures on the right-hand
sides of the k-linear equivalences

r

Dy (0*(Q)) ~ MCM-0"(Q)) ~ @B proj-11(Q"), (4.1)

i=1

r r
D Dse(Roi) = (P proj-1(Q") 4.2)
i=1 i=1
are the same. We achieve this in by showing that the summands proj-IT(Q") in (4.1) are in fact
triangulated subcategories of @’_, proj-IT1(Q"), and that the triangulated structure on each proj-IT(Q")
is essentially unique. To establish the latter of these, we use the following result:

Theorem 4.3 [Keller 2018, Corollary 2]. Let T and T’ be Krull-Schmidt K-linear triangulated categories
which are finite, connected, algebraic and standard. If T and T' are equivalent as K-linear categories,

then they are in fact equivalent as triangulated categories.

We note that, if Q is Dynkin, proj-IT1(Q) (and the K-linearly equivalent category Dse(R)) are finite,
connected, and standard since they are K-linearly equivalent to certain orbit categories which are known
to have these properties (see [Amiot et al. 2015, Remark 5.9]). Therefore, if we can show that each
proj-IT(Q®) is an algebraic triangulated subcategory under the K-linear equivalence (4.1), then each
k-linear equivalence proj-IT(Q®) ~ Dsg(Rpo) 1s in fact a triangle equivalence, which will prove
Theorem 1.1 from the introduction.

We must first show that the translation functor ¥ induced on the right-hand side of (4.1) preserves
connected components, in the sense that it restricts to an autoequivalence of each of the subcategories
proj-IT(Q ). Writing P; for the indecomposable projective IT(Q;)-module corresponding to vertex i in
0, it follows from the Krull-Schmidt property of proj-I1(Q,) that ¥ permutes the P;. We write o for
the induced permutation of the vertices. This allows us to make the following observation:

Lemma 4.4. With the above setup, o is a graph automorphism of Q.

Proof. First note that the spaces Homp (g, )(P;, P;) = ¢;I1(Q;)e; can be graded by path length, and that
vertex i and vertex j are adjacent in Q;, if and only if there is a degree 1 morphism in Homp (g, )(P;, P;).
Applying X, this is equivalent to Homp (g, ) (P (i), Po(j)) containing a degree 1 morphism, which happens
if and only if o (i) and o (i) are adjacent in Q,. That is, o is a graph automorphism of Q;. U

If the Q) are pairwise nonisomorphic, then the fact that the induced translation functor has to be a
graph automorphism forces it to preserve connected components, as required. This leaves only the cases
where some of the Q") are isomorphic, and one might hope to abstractly prove that the translation functor
preserves connected components. Unfortunately, the following example shows that one should not expect
this to be the case.
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Example 4.5. Let 7 be a Krull-Schmidt k-linear category with only two indecomposable objects U
and V, and suppose these objects satisfy Homy (U, V) =0=Homz(V, U) and Endy (U) =Kk =Endr (V).
For example, this is the case for MCM-0O* (&3) when (Ag, A1, A2, A3) = (0, 0, 1, 0), since in this case it is
k-linearly equivalent to proj-IT(A) @ proj-TT(A;). This category has two possible triangulated structures:
the first has ¥ = id, and the distinguished triangles are isomorphic to direct sums and rotations of

U U500 and VS VoS0V,

and the second option has YU =V and £V = U, and the distinguished triangles are isomorphic to direct
sums and rotations of

UL U—s0-v.

The first example decomposes into a direct sum of two triangulated subcategories, while the second
example does not.

While the above example shows that one should not expect to be able to abstractly prove that the
translation functor preserves connected components, this is essentially the only counterexample. The
following proof is due to Jeremy Rickard, and we thank him for allowing us to reproduce it:

Lemma 4.6. Suppose that T is a Krull-Schmidt K-linear triangulated category with finitely many inde-
composables which decomposes as a K-linear category as

T=T.
i=l1

Suppose that the translation functor ¥ satisfies ¥T; = T; for some i # j. Then T; and T; each have only
one isoclass of indecomposable objects.

Proof. Let a : X — Y be a nonzero morphism between two indecomposable objects of 7;, and complete
to a triangle
xSy Lz vy,

where X X € 7, by assumption. We claim that every indecomposable summand of Z lies in 7;. To this
end, suppose that Z = Z'@ Z" where Z' € T and Z" € @, 4 ; Tk, and write y = (¢, 0). The map ' gives
rise to a triangle Z’ Yo sX Y - 27 and rotating yields the triangle X — X ~'Y" — Z’ 7, wx.
The direct sum of this triangle with the triangle 0 — Z” — Z” — 0 is a triangle isomorphic to the triangle
X—>Y—>Z-—>XX,andsoY = X~!'Y'@Z". By indecomposability of ¥, we therefore have Z~'Y’' =0
or Z'=0.If 7Y =0then Y = Z” and XX = Z'. Our original triangle becomes

X572 532Xz - X

which is isomorphic to the direct sum of the triangles X - 0 — XX - XX and0 > Z" — Z" — 0.
This means that « is the zero map, contrary to our assumption, and so we must have Z” = 0, establishing
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the claim. Now, since every indecomposable summand of Z lies in 7;, B is the zero map. Applying

Hom(Y, —), we get an exact sequence
Hom(Y, X) —— Hom(Y, Y) — Hom(Y, Z)

where the last term is 0. By exactness, there exists «’ : ¥ — X with aa’ = idy. Since T is Krull-
Schmidt the endomorphism ring of X is local, which implies that the idempotent map o'« is a unit and
therefore equal to idy. Therefore a : X — Y is an isomorphism, and so 7; (and hence 7;) has only one

indecomposable object, up to isomorphism. ([

Therefore, to show that the induced translation functor on @;_; proj-IT(Q") from the second K-linear
equivalence in (4.1) preserves connected components, we only need to consider the case when there
exist 0 and QW) i # j, with Q) = A; = Q). It suffices to show that, for the corresponding objects
Vi,V € I\Q/I—Ok(@), we have £V; =V; and £V; = V;. To this end, we first have the following result:

Proposition 4.7. Let Q be a non-Dynkin quiver with no oriented cycles, and with vertices labelled
{0, 1, ...n}. Write T1(Q) for the preprojective algebra of Q, and write V; = e¢;T1(Q)eqo, which is a right
eol1(Q)eo-module. Then, for any i # 0, there exists a short exact sequence of egI1(Q)eg-modules
O—>V,-—>@Vj—>vi—>0,
jeoi
where 0i is the set of vertices adjacent to i in Q.

Proof. By [Brenner et al. 2002, Proposition 4.2], there is an exact sequence of I1(Q)-modules

0— T1(Q) > P e;T(Q) — e:T1(Q) — Si — 0, (4.8)
jeai
where §; is the simple module at vertex i. Noting that egIT1(Q) is a direct summand of I1(Q) and hence

projective, applying Homp o) (eoI1(Q), —) yields an exact sequence

0 — Hompy(g)(eoT1(Q), i T1(Q)) — EP Homng) (eoT1(Q), ¢;T1(Q))
jeoi

— Hompy(g) (eoI1(Q), ¢; T1(Q)) — Homp(g)(eoI1(Q), S;) — 0.
We also have Homp(g)(eoI1(Q), e, I1(Q)) = Vi and, since i # 0, Hompg)(eoI1(Q), S;) = 0. We
therefore have exactness of

O—>V,~—>@Vj—>V,-—>O,
jeoi

as claimed. O

In particular this result holds for extended Dynkin quivers, where we remark that if we wish to apply it
to an A, quiver then we must orient the arrows so that there are no oriented cycles; this does not change
the isomorphism class of nA,) [Crawley-Boevey and Holland 1998, Lemma 2.2].
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Remark 4.9. The above result may or may not fail for Dynkin quivers, depending on how the vertices
are labelled. For example, when Q = Az where the vertices are labelled as follows,

O0—1———2
then the complexes of interest to us are
O—-Vi>-Vyo®dV,—->Vi—>0, and 00— Vo, —> V| —> V, —> 0.

Since dimk V) = 1, dimgk V| = 1, and dimg V, = 1, the first of these is exact while the second is not. If
instead we label the vertices of Q as follows,

]l —0——2
then the complexes of interest to us are
0O->Vi->Vy—>Vi—>0, and 00—V, > Vy—> Vo, —> 0,

and both of these are exact since dimk Vo =2, dimk Vi = 1, and dimg V, = 1.

We now use Proposition 4.7 to show that the induced translation functor on €p;_, proj-I1(Q®)
preserves connected components.

Proposition 4.10. Let Q be an extended Dynkin quiver and A be a quasidominant weight for Q. Write
Q5 =0V u--.u QY as a disjoint union of connected quivers Q) , which are therefore necessarily

Dynkin. Consider the triangulated structure on @;_, proj-IT(QY) induced by the K-linear equivalence

MCM-0* ~ @B proj-11(Q")
i=1

of Corollary 3.9, and let X be the translation functor. Then each proj-T1(QY) is invariant under %.

Proof. By Lemma 4.6 and the discussion following it, the only situation in which there exist proj-IT1(Q ")
which are not necessarily invariant under ¥ is when we have multiple Q) equal to A;. Working in
MCM-0*(Q), this happens if and only if there is some vertex i with A; =0, and if j is adjacent to i then
either j =0 or A; # 0; in particular, the modules V; corresponding to these vertices are projective as
(’)A(Q)—rnodules by Lemma 3.4. By Proposition 4.7, we have an exact sequence of eoH(Q)eo—modules

0>V Pv, L vi—o. @.11)

jeai
Now consider (4.11) as a sequence of modules over O*(Q). It is a complex since the composition ¢ is
equal to the (undeformed) preprojective relation at vertex i, which is equal to A;e; = 0. Filtering 1(Q)

and O*(Q) by path length we obtain a sequence of associated graded modules, which is in fact the exact
sequence (4.11). It is standard (see [McConnell and Robson 2001, Proposition 7.6.14]) that this implies
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that (4.11) is exact as a sequence of modules over OA(Q). To summarise, we have an exact sequence of
O*(Q)-modules

0=V, —> @ Vi—=>Vi—0
jeai
whose middle term is projective. It follows from the definition of the translation functor that X V; = V;
in MCM-0*(Q). Thus each proj-I1(Q?) is invariant under the induced translation functor on
@i proj-TI(QY). 0

We now seek to prove Theorem 1.1. Retaining all of the above notation, for each 1 <i < r, define
W= (Vi lje ). € =add (Vo e P V.,-) and 7; := add ( %) V./>,
jegy jeQy’
where the latter two are viewed as subcategories of MCM-O* and MCM-0*, respectively. It will also be

M= B v

je(@0\0y

convenient to write

and to set
WE:={V;|je(@o\ 0y}, C:=add(Vo®M;) and TF:=addM,;.

Observe that we can decompose MCM-O* as

,
MCM-O" = (D Ti
i=1

as K-linear categories. We wish to show that this is also a decomposition into triangulated subcategories.
To do this, we first prove a result which shows that the C; are Frobenius subcategories of the Frobenius
category MCM-O”. We call a subcategory B of an exact category A extension-closed if whenever we
have a conflation X — Y — Z with X, Z € B then necessarily ¥ € 5. Furthermore, an extension-closed
subcategory B is called admissible provided that every B € B fits into conflations B — P — B’ and
B” — Q — B with B’, B” € B and where P, Q are projective in .A. We remark that an admissible
subcategory of a Frobenius category is itself Frobenius; see [Chen 2012, Section 2].

Lemma 4.12. For each i, the subcategory C; satisfies the following property: if X — Y — Z is a
conflation in MCM-O" such that two of the three objects are in C;, then the third object is also in C;.
Consequently, C; is a Frobenius subcategory of MCM-O”.

Proof. We only show that if X — Y — Z is a conflation with X, Y € C; then Z € C;, with the other
cases being similar. So suppose that we have such a conflation. Since MCM-O* ~ proj-T1(Q;) and
this category is Krull-Schmidt, we have Z® P = U @ U’ ® Q in MCM-0O*, where U e W;, U’ € We,
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and P, Q are projective. This conflation gives rise to a triangle X — ¥ — Z — £ X in MCM-O*, and
applying the functor Hom,; (M;, —) yields an exact sequence

Hom,, (M;, Y) — Hom,, (M;, Z) — Hom,, (M;, £X).

Now XX € C; by Proposition 4.10 and Y € C; by definition, while M; € C;, so both of the flanking terms
are 0. This implies that the middle term, which is equal to Hom,,, (M;, U "), is also 0. But this means that
U’ =0, and hence Z ® P € C;. Since, by definition, C; is closed under direct summands, it follows that
Z € C; as required.

For the final claim, first notice that the above paragraph tells us that C; is extension-closed. Moreover,
given an object C € C;, since MCM-(O* is Frobenius we can always find conflations C — P — Z
and X — Q — C with X, Z € MCM-O" and P, Q projective. Since projective O*-modules are direct
summands of sums of copies of O*, we have P, Q € C; by definition, and then the previous paragraph
tells us that X, Z € C;. Therefore C; is admissible and hence Frobenius. O

This allows us to prove our main theorem.

Theorem 4.13. Let Q and Q; be as in Corollary 3.9. Then the K-linear equivalence

p
MCM-O* ~ @proj-n(QU)),
i=1
of Corollary 3.9 is a triangle equivalence, where the right-hand side is a decomposition into triangulated
subcategories satisfying proj-T1(Q") ~ Dsg(Rg).

Proof. By Lemma 4.12, we know that C; is a Frobenius subcategory of MCM-(*. Using [Arentz-Hansen
2019, Theorem 3.15(2)], it follows that 7; is equal to the stable category of the Frobenius category C; for
1 <i < r, and so the decomposition

Mc_M-0*=@T,-

i=1

is in fact a decomposition into triangulated subcategories. If we set e) = Y [Krause 2015,

jeQ® €j
Proposition 2.3] implies that the functor

Hom,,; (e(i)H’\eo, —): n&l—@k — mod- End (e(i)l'lkeo)

restricts to a k-linear equivalence 7; ~ proj-IT1(Q ). This equivalence also induces an algebraic triangu-
lated structure on proj-IT(Q"). Since this category is k-linearly equivalent to Dys(R pi), Theorem 4.3
implies that they are triangle equivalent, completing the proof. U

Remark 4.14. In the first version of this paper, [Crawford 2016], a much longer argument was used to
establish Theorem 4.13. The original proof made use of the so-called knitting algorithm from [Iyama
and Wemyss 2010] to construct short exact sequences of O*-modules, and explicitly listed many such
sequences. The techniques used and the exact sequences given may be of independent interest.
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5. A noncommutative geometric McKay correspondence

We now look at a generalisation of the intersection theory of the minimal resolution of a Kleinian
singularity Spec R to a noncommutative setting. We begin by recalling the result in the commutative
setting, whereby it is often referred to as the geometric McKay correspondence.

Let Ry be a Kleinian singularity with corresponding extended Dynkin quiver Q. Then the affine
variety Spec R is an isolated surface singularity which has a unique minimal resolution. It is well-known
(see, for example, [Leuschke and Wiegand 2012, Section 6.4]) that the exceptional fibre of this minimal
resolution is a union of n irreducible curves y;, where n is the number of vertices of Q. Moreover, each
¥ is isomorphic to P! and has self-intersection —2, and y; N y; 18 either empty or a point. In fact, the
dual graph of the exceptional fibre is given by the underlying graph of Q. Let I" be the n x n matrix with
entries

=2 ifi=j,
I'ij=11 if y; and y; intersect,
0 otherwise,

so that I';; is equal to the intersection multiplicity y; ey;. With an appropriate labelling of the curves y;, we
have I' = —C where C is the Cartan matrix corresponding to the Dynkin type of Q; explicitly, C =21 — A,
where A is the adjacency matrix of the underlying graph of Q.

Now let O be an extended Dynkin quiver with n+ 1 vertices, let Q be the quiver obtained by removing
the extending vertex, and let A = ¢9 = (1, 0, ..., 0); that is, the weight at the extending vertex is 1, and 0
for all of the other vertices. We may then consider O*(Q) to be a noncommutative analogue of Ry, the
coordinate ring of the corresponding Kleinian singularity; indeed, these rings have equivalent singularity
categories by Theorem 1.1. We now seek to generalise the geometric McKay correspondence to 0*(Q)
for this particular choice of A. To do so, we need an appropriate analogue of a resolution of the singular
ring OA(Q); we use the definition given in [Qin et al. 2019], where such a resolution is a noncommutative
ring satisfying certain properties which we will recall below. The role of the exceptional curves in the
resolution will be played by finite-dimensional simple modules, of which our resolution of ©*(Q) has
finitely many, and the intersection multiplicity of any two such modules is provided by [Mori and Smith
2001]. In this section, we will prove the following:

Theorem 5.1 (Theorem 5.14). Let Q be an extended Dynkin quiver with corresponding Dynkin quiver Q
and let A = go. Then OA(Q) has a noncommutative resolution (which in fact can take the form (’)“(Q)
for some weight  and so is a deformation), and the exceptional objects (the finite-dimensional simple
modules) in this resolution may be indexed so that the corresponding intersection matrix is —C, where C

is the Cartan matrix corresponding to Q.

5A. Noncommutative quasicrepant resolutions. We now give a precise definition of the noncommuta-
tive resolutions which appear in the above theorem, which is taken from [Qin et al. 2019], and we prove a
useful general result. We first recall a definition:
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Definition 5.2. Let A be a k-algebra and X, Y € Mod-A. We say that X and Y are n-isomorphic, written
X =, Y, if there exists a third module Z and homomorphisms

¢:Z—X and Yv:Z—->Y
such that the kernels and cokernels of ¢ and ¢ each have GK dimension at most 7.

We can now give the precise definition of a noncommutative quasicrepant resolution from [Qin et al.
2019, Definition 3.15].

Definition 5.3. Let A be a noetherian Auslander—Gorenstein K-algebra with GKdim(A) = d. Then a
noncommutative quasicrepant resolution (NQCR) of A is a triple (B, M, N) where B is a noetherian
Auslander regular, Cohen—Macaulay k-algebra with GKdim(B) = d and where g M 4 and 4 Np are finitely
generated bimodules which are reflexive on both sides and which satisfy

MI/NN=;oB and NRgM=,;, A.

NQCRs have the following useful property, which is not proven in [Qin et al. 2019] but provides a
useful complement to [loc. cit., Theorem 0.6]. We remark that the following statement remains true if one
replaces “noncommutative quasicrepant resolution” by “noncommutative quasiresolution” (see [loc. cit.,
Definition 3.2]), the latter notion being slightly weaker.

Lemma 5.4. If B is a noncommutative quasicrepant resolution of A and C is Morita equivalent to B,

then C is also a noncommutative quasicrepant resolution of A.

Proof. Let d = GKdim A. Since B is a NQCR of A, it is Auslander regular and Cohen—Macaulay, has
GK dimension d, and there exist bimodules g M4 and 4 Np which are finitely generated and reflexive on
both sides and which satisfy

MR ;N=Z;»B and NRgM=,; 5 A.

Moreover, since C is Morita equivalent to B, there exists a progenerator P € mod-B with C = End(Pp),
and we may view P as a (C, B)-bimodule.

First note that C has GK dimension d by standard Morita theory, and by applying [Yekutieli and
Zhang 2002, Propositon 4.3], we deduce that C is also Auslander regular and Cohen—-Macaulay. Writing
8 Q¢ = Hom(¢ P, C) = Hom(Pg, B), define two bimodules CMA and ANC as follows:

M=P®sM and N=NQ;zO.
Since we have pairs of mutually inverse equivalences

—®c Q :mod-B — mod-C, —®p P :mod-C — mod-B,
P®p—:B-mod — C-mod Q ®c —:C-mod— B-mod

and since M and N are reflexive on both sides, it follows that M and N are reflexive on both sides.
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It remains to show that M ® A N =,4_»C and N Rc M =,4_» A. The latter of these is immediate, since
NOcM=NQpOQcPRpxrMZENQzM=Z4_ A,

where the first isomorphism follows from [Lam 1999, 18.17 Proposition] and the (d —2)-isomorphism fol-
lows since (B, M, N) is aNQCR of A. We now wish to show that 1171®A1\~/ =4_2C.Since MR sN=,4_0 B,
there exists a bimodule g Zp and morphisms

¢:Z—-> MR yN and Vv :Z—> B

such that the kernels and cokernels of ¢ and 1y have GK dimension at most d —2. Define Z=P®pZQ50
and morphisms

p:Z—> M@y N, ¢ =idp P ®idg,

V:Z—C, V(p®x®q)=q(py ).

We claim that the kernels and cokernels of these maps have GK dimension at most d — 2, which will
complete the proof.

We first consider the kernel and cokernel of ¢. Since P and Q are projective (hence flat) on the right
and left respectively, we can make an identification ker ¢ = P @ gker ¢ ® Q. Since P and Q are finitely
generated modules, [McConnell and Robson 2001, Proposition 8.3.14] implies that GKdim ker ¢ <
GKdimker ¢ < d — 2, as required. Flatness of P and Q also allows us to make identifications

imq~5 =PRpim¢p@p QO and cokertf) = P ®pcoker¢ ®p Q,

and so GKdim coker ¢ < GKdim coker ¢ < d — 2.
We now turn our attention to . Observe that we can view ¥ as the composition

J:P@sZ®p 0 L, peyBey0 " pryo L C
where m : P ® p B — P is the multiplication map and © : P ® p Q — C is the evaluation map. Flatness
of Q implies that m ® idg is an isomorphism, while x4 is an isomorphism because P is a progenerator.
Thus ker ¢ = ker(idp QY ® idp), and again we can identify this with P ® 3 ker  ® p Q, which has GK
dimension at most d — 2 using the same argument as in the previous paragraph. Similarly, we have an
identification im ¥ = P ® 3im ¥ ®p Q, and arguing again as above, we find that im v/ has GK dimension
at most d — 2, completing the proof. (I

5B. Intersection theory for a family of noncommutative resolutions. We return now to the K-algebra
of interest, namely O where A = gg. Our first aim is to identify an appropriate NQCR, which we have in
fact already done.

Lemma 5.5. T1* is a NQCR of O*.

Proof. Since O* is Auslander—-Gorenstein, IT* is Auslander regular and Cohen-Macaulay, and they both
have GK dimension 2 [Crawley-Boevey and Holland 1998, Theorem 1.5, Theorem 1.6], it suffices to
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show that IT*e € bimod-(IT*, ©*) and egIT* € bimod-(O*, IT*) are reflexive on both sides, and that
H)‘e() Ror eol_[)L = M and e‘()l_[)L QR H)Le() =0 o*.

By Lemma 3.1, IT"¢ is reflexive as a right O*-module, and since it is a generator for mod-O*, [Lam
1999, Proposition 18.17] implies it is also reflexive as left [1*-module. Similarly, eoIT* is a reflexive
module on both sides.

The O-isomorphism eoIT* @ ey = O* follows from the fact that these two modules are actually
isomorphic. To see that [T*eq ® o eoI1* = 1%, it suffices to show that the multiplication map

m: ero Ror eol'[A — I1*

has finite-dimensional kernel and cokernel. The cokernel of m is IT*/IT*eoIT* = T1(Q;) = I1(Q), which
is finite-dimensional. To see that K = kerm is finite-dimensional, factor m as

m: H)Le() Qo 6()1_[)L LN HAEOHA —
where 7 is surjective and hence ker m = K. We then have a short exact sequence
0— K — IMey @ egIT* =5 M eoI1* — 0.

Since IT*ey is a finitely generated O*-module, IT*e( ®~+ eoI1* is a finitely generated IT*-module, and
so K is also a finitely generated IT1*-module. Applying — ®p. IT*e to the above sequence, which is an
exact functor since IT*e is a projective left I1*-module, we obtain the short exact sequence

0— KQm ero — ero Ror eol"[A R I"[Aeo — H’\eol"[A R H)‘eo — 0.
It is easy to see that the above sequence is in fact
0— Keg— [Mrey => ey — 0,

and so Key = 0. It follows that K has the structure of a finitely generated right I1*/I1*eoI1*-module,
and is therefore finite-dimensional. By definition, we find that IT* is a NQCR of O*. ]

We can actually obtain infinitely many noncommutative resolutions of O* using the dual reflections
r; of [Crawley-Boevey and Holland 1998], the definition of which was given prior to Lemma 2.18. It
is clear that the r; preserve the 7"+ lattice inside k!, It was also noted earlier that A -8 = r; A - § for
all A e k% and i € Q0. so that the r; preserve the affine hyperplanes {1 € K"*! | 1 . § = ¢} for each
¢ € k; since g - § = 1, we are primarily interested in the case ¢ = 1. Crawley-Boevey and Holland [1998,
Corollary 5.2] proved the following useful result:

Lemma 5.6. Let p be a composition of dual reflections. Then T1* is Morita equivalent to TIP™).
By combining Lemmas 5.4, 5.5 and 5.6, we obtain the following:

Corollary 5.7. TI?™ is a NQCR of O* for any composition of dual reflections p.
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As stated previously, we need to identify an analogue of the exceptional curves appearing in the minimal
resolution of a Kleinian singularity. When A = g, by Lemma 2.15, IT* has precisely n isoclasses of
finite-dimensional simple modules, and hence by Morita equivalence so does I1°*) for any composition
of dual reflections p. These will play the role of the exceptional objects in our noncommutative resolution.

We also require a notion of intersection multiplicity for the exceptional objects, which is provided
by [Mori and Smith 2001]. Given a nonsingular noetherian ring S and M, N € mod-S which satisfy
dimg Extg(M , N) < oo for all £ > 0, we define the intersection multiplicity of M and N to be

MeN = Z(—l)”l dimy Ext§(M, N)
€0
(note that this sum has finitely many terms since S is nonsingular).
We are now in a position to prove a preliminary version of Theorem 5.1:

Theorem 5.8. Ler Q be an extended Dynkin quiver with n + 1 vertices, and let A = gy. Let u = p(}),
where p is any composition of dual reflections, so that TT* is a NQCR of O*. Then TI* has precisely
n finite-dimensional simple modules S; up to isomorphism, and with a suitable indexing of them, the

intersection matrix I' with entries I';; = S; » S is —C, where C is the Cartan matrix corresponding to Q.

Proof. The discussion after Corollary 5.7 shows that IT* has n finite-dimensional simple modules S; up
to isomorphism, so it remains to prove the result on the intersection multiplicities.

Since Morita equivalence preserves dimensions of Hom and Ext groups, we are able to calculate
the intersection numbers of the finite-dimensional T1#-modules by performing the calculations over n
instead. Identifying IT*-modules with representations of Q which satisfy the relations coming from IT*,
[Crawley-Boevey and Holland 1998, Lemma 7.2(6), Theorem 7.4] tells us that the dimension vector of S;
is &; € N**1_ 1t follows that

L (5.9)
i = @aeél (Xn)‘. .
t(a)=i
Also observe that
k . -f . — -’
Homp (e, 1, Sy = "=/ (5.10)
0 ifi #j.

The proof of [Crawley-Boevey and Holland 1998, Lemma 10.1] shows that, for each i # O, there is an
exact sequence of IT*-modules
0— ¢I1" N Gaekl'[A AN e;IT* — §; — 0.
kedi
Since the modules e, IT* are direct summands of IT* and hence projective, this is in fact a projective

resolution of S;. Now let 1 < j < n. Seeking to calculate the extension groups between §; and S;, we
apply Homp (—, §;) to the corresponding deleted resolution to obtain the complex

0 — Hompy (¢; 11, S;) — @) Hompy (e, I1*, S;) — Hompys (¢; T1*, S;) — 0. (5.11)
keadi
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We now consider three distinct cases when computing the homology of this complex. If j =i then, using
(5.10), as a complex of vector spaces (5.11) becomes

0>k—->0—->k—>0
and so we can immediately read off that
dimg Hompps (S;, S;) = 1 = dimy Ext7, (S;, S),  dimy Bxtf, (S;, S;)) =0 for¢=1or ¢ >3,
andso S;eS; =—1+0—1=-2.If j € 9i, then (5.11) becomes

0-0—-k—=-0—-0

and so
dimy Extf}, (S, $) =1,  dimg Ext}, (S;, S;) =0 for £ =0 or £ > 2.

That is, if i and j are adjacent in Q, then
S,"Sj =04+14+0=1.
Finally, if j #i and j ¢ di then (5.11) becomes

0—-0—-0—-0—0

and clearly
dimy Extt, (S;, S;)) =0 for € >0,

and so §; « §; = 0 in this case. It follows that the intersection matrix I" satisfies I' = —C. O

The above result should be seen as a noncommutative analogue of the geometric McKay correspondence.
However, we can strengthen this result by showing that ©O* possesses a NQCR which is actually a
“deformation”: that is, a NQCR of the form O* for some weight w. Since we are restricting our attention
to quasidominant weights, the fact that O* is nonsingular forces p; > 0 for all i > 1 (see Lemma 2.20).
It is not immediately clear that such a deformation exists; we prove its existence in the next subsection.

5C. O has a NQCR which is a deformation. The dual reflections defined earlier also appear in the
so-called numbers game of [Mozes 1990]. The relationship between this game and our setting is that
the moves considered by Mozes can equivalently be described as an application of a dual reflection to a
weight A. This allows us to make use of some of the results from this paper; in particular we are able to
prove that, for A = &9, NQCRs of ©* which are also deformations exist.

Lemma 5.12. Let Q be an extended Dynkin quiver with n + 1 vertices. Then there exists a sequence of
dual reflections p such that p(g9); > 0 for all i # 0; in particular, p(&gy) is quasidominant.

Proof. 1t suffices to show that we can find such a sequence of dual reflections when we work over the field R,
since any such sequence will also have the desired effect on &g when we work over our algebraically closed
field Kk of characteristic 0. Accordingly, we write < instead of < for the total order. Write G for the group
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generated by the dual reflections, which is simply the Weyl group of type corresponding to Q. Lemma 5.5
of [Mozes 1990], when translated into our notation, says that {\ € R | A; >0forall 0 <i <n}is
a fundamental domain for the action of G on {» € R"*! | 1»-§ > 0}. Recalling that G preserves the
affine hyperplane V := {» ¢ R"*! | A .8 = 1}, it follows that V = UpeG oU, where U is the n-simplex
{(LeR"™ A, >0forall0<i<nand A-§=1}. Let H={\ € V | A; >0 for all i #0}, which is a convex
subset of V' containing open balls of arbitrarily large diameter. Since each pU has the same finite diameter,
there exists some p € G with pU C H. In particular, p(g9) € H; that is, p(g9); > 0 for all i # 0. (Il

Remark 5.13. By playing Mozes’ numbers game, one can often determine an explicit sequence of dual
reflections p satisfying the hypotheses of Lemma 5.12. For example, if Q = Ay, then the numbers
game starting with the initial configuration (-3, 1, 1, 1, 1) terminates at g9, and so by applying the
corresponding dual reflections in reverse we obtain the desired p. More generally, [Gashi et al. 2012,
Proposition 5.1] tells us that when Q is of type '&st [Ij)4m, I]j>4m+1, [~E6 or [Eg, where m is a positive integer,
then the numbers game starting with the initial configuration (1 — Z?:l 6, 1,1,..., 1) terminates at &g,
and so this determines a sequence of dual reflections p such that p(A); > 0 for all i # 0.

We are now in a position to prove Theorem 5.1.

Theorem 5.14. Let Q be an extended Dynkin quiver with n + 1 vertices, and let > = &y. Then O* has a
NQCR of the form O*, where O has precisely n finite-dimensional simple modules S; up to isomorphism.
With a suitable indexing of the S;, the intersection matrix I with entries I';j = S; ¢ §; is —C, where C is

the Cartan matrix corresponding to Q.

Proof. Lemma 5.12 tells us that there exists a sequence of dual reflections p such that O* is nonsingular,
where i = p(). Since IT" is a resolution of O* and there are Morita equivalences between IT*, IT#, and
O" (by [Crawley-Boevey and Holland 1998, Corollary 5.2, Corollary 9.6]), it follows that O* is a NQCR
of O*. Finally, these Morita equivalences combined with Theorem 5.8 tells us that O* has precisely 7 finite-
dimensional simple modules S; up to isomorphism, and since Morita equivalences preserve dimensions
of Hom and Ext groups, the claimed intersection multiplicities follow from Theorem 5.8 as well. ]

Appendix: Uniqueness of the translation functor on objects of proj-I1 ( Q) when @ is Dynkin

In this appendix, we show that if Q is Dynkin and proj-IT1(Q) has the structure of a (not necessarily
algebraic) triangulated category, then the translation functor ¥ is uniquely determined on objects of
proj-I1(Q). In particular, this tells us how the translation functor acts on objects in Theorem 4.13.
Although this is known from that result, we believe that an elementary and relatively short proof of this
fact may be of independent interest.

For the remainder of this section, write Py, ..., P, for the n indecomposable projective right I1(Q)-
modules corresponding to the vertices of Q. Write Wy, ..., W, for the n 41 irreducible representations of
the finite group G corresponding to Q. Since proj-IT(Q) is Krull-Schmidet, it is easy to see that £ P; = P;
for some j, so write o for the permutation of the vertices of Q satisfying X P; = Py(;). The map W; — W}
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sending a representation to its dual is an involution of {W1, ..., W,} (where we intentionally omit W),
and we can view this map as an automorphism v of Q. Throughout this section, all Hom spaces are over
[1(Q), and we omit this subscript. The aim of this section is to prove the following result, which we
achieve by analysing cases.

Theorem A.l. Consider the category proj-I1(Q) with some triangulated structure with translation
functor X. Then o = v as automorphisms of Q.

Remark A.2. Explicitly, v is the identity automorphism of Q when Q is A, D, (n even), k7, or Eg, and
it is the unique graph automorphism of order 2 when Q is A, (n > 2), D, (n odd), or Eg.

Adapting the proof of Lemma 4.4, o is necessarily a graph automorphism of Q. Therefore, since the
automorphism group of an A, E7, or Eg graph is trivial, it immediately follows that o is the identity in
these cases. For the remaining cases, we argue that X is uniquely determined using Lemma 4.4 and by
considering the dimensions of the Hom spaces between the P;. We record the dimensions of these Hom
spaces in the following lemma; the E7 and Eg cases are unnecessary and hence omitted, but they can be
established in the same way.

Lemma A.3. Let Q be a Dynkin quiver with n vertices and let Py, ..., P, be the n indecomposable
projective right T1(Q)-modules corresponding to the vertices of Q. Let H(Q) be the matrix with

H(Q)ij = dll’nk Hom(Pj, Pl') = dlmk eiH(Q)ej.

() If Q =A,, then

111---11
122
123...32

HA =111 01
123...321
122 ...221
\111---111

2) If Q =D, then
222 ... 2 1 1
244 ... 4 2 2

246 --- 6 3 3
HD)=|::: " : : :
246 --- 2(n—2) n—2 n-—2
123 n=2 5] %7

] 7]

123... n-2 |*
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(3) If Q = [¢ then

4246 42
223 432
436 8 63
6481284
436 8 63
223 432

H(Ee) =

Proof. These can be calculated using [Erdmann and Snashall 1998a, Section 4; 1998b, 3.4; Malkin et al.
2006, Theorem 2.3.b]. O

We now begin our case-by-case argument. In each case, the technique is the same: seeking a contradic-
tion, we show that if o is a graph automorphism of Q different from the one given in Theorem A.1 then
we arrive at a contradiction. We begin with the type A case.

Proposition A.4. Let o be the graph automorphism of A, induced by the translation functor ¥ on
proj-I1(A,). Then o is the identity when n = 1, and it is the unique order 2 graph automorphism
whenn > 2.

Proof. We have already established the n = 1 case, so suppose n > 2. By Lemma 4.4, o is either the
identity or has order 2 so, seeking a contradiction, suppose that o is the identity; that is ¥ P; = P; for
all i. Consider the nonzero morphism P; — P, given by left multiplication by &, _1&,_> - - - &, which
gives rise to a distinguished triangle

Pr— P,— M — P

for some M € proj-I1(A,). Applying Hom(—, P,), this gives rise to an exact sequence

Op—10p—2 0] ,6 Wp—10p—2 0]

Hom(P,, P,) — Hom(P;, P,) — Hom(M, P,) —) Hom(#P,, P,) —— Hom(P, P,)

H H H H
ke,

koty—10,—2 -+ - 0y ke, Koty 100,—2 -+ -0y

where we use Lemma A.3 to write down bases for each of the Hom spaces. Now the left-hand map is
surjective, so exactness implies that 8 is the zero map, which forces y to be injective. Moreover, the
right-hand map is injective, so that y is the zero map. In particular, Lemma A.3 implies that we have
Hom(M, P,) =0 and so M = 0, but this tells us that P; = P, which is absurd. Therefore o must be the
unique order 2 graph automorphism of A,,. (I

We now turn our attention to the type [E cases.

Proposition A.5. Let o be the graph automorphism of k, induced by the translation functor ¥ on
proj-I1(E,), where n € {6,7, 8}. Then o is the identity when n # 6, and it is the unique order 2 graph

automorphism when n = 6.
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Proof. Again, the E; and Eg cases are immediate from Lemma 4.4, so consider Eg. By Lemma 4.4, o is
either the identity or has order 2 so, seeking a contradiction, suppose that o is the identity. Consider the
nonzero morphism P, — Pg given by left multiplication by as@403¢2, which gives rise to a distinguished
triangle

P,— Ps—> M— P,

for some M € proj-IT1(Es). Applying Hom(—, Ps), this gives rise to an exact sequence

Q540302 B A5X 4302

Hom(Pg, Ps) —— Hom(P,, Ps) —— Hom(M, Pg) —) Hom(Ps, Ps) —— Hom(P;, Ps)

keg Kasaqo300 keg Kasaiq0i300
e - - e
Kas@qo @ ogds Kasqor @ aqdsasqa3dn Kasaqo @ a4dis Kas@qo 0 aqis050 40307

where again we use Lemma A.3 to write down bases for each of the Hom spaces. We see that the left-hand
map is surjective and so B is the zero map, and exactness implies that y is injective. Since the right-hand
map is injective it follows that y is the zero map. Therefore by Lemma A.3 Hom(M, Ps) = 0 and so
M = 0, but this tells us that P, = P which is absurd. Therefore o must be the unique order 2 graph
automorphism of Eg. O

Finally we consider the type D cases. Since we claim that ¥ behaves differently depending on whether
n is odd or even, we have to consider these two cases separately; additionally, we consider the n = 4 case
separately since Aut(D4) = S3 instead of it having order 2.
Proposition A.6. Let o be the graph automorphism of Dy induced by the translation functor ¥ on
proj-I1(Dy4). Then o is the identity.
Proof. By Lemma 4.4, o is either the identity, a two-cycle which swaps a pair of vertices i # 2 # j, or it
cycles the vertices 1, 3, 4. We rule out the latter two possibilities.

First suppose that o is a two-cycle: without loss of generality, o = (34). Consider the nonzero
morphism P; — P, given by left multiplication by &4c3, which gives rise to a distinguished triangle

Py— Py—> M — Py

for some M € proj-I1(D4). Applying Hom(—, Ps), this gives rise to an exact sequence

30 B o403

Hom(P3, P3) —— Hom(Py, P3) — Hom(M, P3) —> Hom(P4, P3) —— Hom(P;3, P3)

kes @ kazagtigoz kazo kazos kes @ kazoatigonz

Clearly the left-hand map surjects, so exactness forces 8 to be the zero map, which in turn implies that y
is injective. The right-hand map is injective, and exactness forces y to be the zero map. In particular we
have Hom(M, P3) = 0 and so M = 0, but this tells us that P; = P, which is absurd. Therefore o is not a

two-cycle.



Singularity categories of deformations of Kleinian singularities 379

Now suppose that o is a three-cycle: without loss of generality, c = (1 34). We now consider the
triangle obtained from the morphism «a3-: P3 — Py,

Ps— PL—>M— Py

and seek to obtain contradiction. Applying the functor Hom(—, P3), we get exactness of the following
sequence:

‘03004 B o3

Hom(P3, P3) —— Hom(Py, P3) — Hom(M, P3) —> Hom(P;, P3) —— Hom(P;3, P3)

kes @ kasajajas kaizory karzorg kes @ Kazaapas

Again the left-hand map is surjective, forcing g to be the zero map and hence y to be injective. Moreover,
the right-hand map is injective, and so y must be the zero map. In particular we have Hom(M, Pz) =0
and so M = 0, but this tells us that P; = P3 which is absurd. Therefore o is not a three-cycle, and hence
must be the identity. O

Proposition A.7. Let n > 5 be odd and let o be the graph automorphism of D, induced by the translation
functor X on proj-TI1(D,,). Then o is the unique graph automorphism of order 2.

Proof. By Lemma 4.4, ¢ is either the identity or (n—1 n) so, seeking a contradiction, assume it is the
former; that is, £ P; = P; for all i. Consider the morphism P, — P; given by left multiplication by
a1 - - - oy —30,. This gives rise to a distinguished triangle

P,— P —>M— P,

for some M € proj-I1(D,). Applying Hom(—, P;) gives rise to the following exact sequence,

A0 0y 30y B Q0 0y 30y

Hom(P;, P) — Hom(P,, P) —— Hom(M, P)) —> Hom(P;, P) — Hom(P,, P;)

ke; ®kp Kooy - - - ay—_3a, ke ®kp Koo - - - 3y

where here p is some path. The left-hand map is surjective, so § is the zero map and therefore y is
injective. The kernel of the right-hand map is one-dimensional, and exactness tells us that y has rank 1.
In particular we have dim Hom(M, P;) =1 and so M is either P,_; or P, by Lemma A.3. If we instead
apply Hom(—, P,), the resulting exact sequence is

Q10O 30y B OOy 30y

Hom(P,, P,) — Hom(P,, P,) — Hom(M, P,) —) Hom(P,, P,) — Hom(P,, P,)

K&, 03 - &2l K(n—1/2 Ky - - - Gy K= /2
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Since 7 is odd, the shortest path from vertex n to vertex 1 and back to vertex 7 is zero in I1(D,,), so the first
and the last maps both have rank zero. Therefore 8 has full rank, forcing the kernel of y to have dimension
(n—1)/2. Exactness also forces y to have rank 1, and therefore dim Hom(M, P,) = (n—1)/2+1. Now we
have already seen that M is either P,_; or P,, but dim Hom(P,_{, P,) = (n —1)/2 = dim Hom(P,, P,),
so we have a contradiction. Therefore o is the unique graph automorphism of order 2. (Il

Proposition A.8. Let n > 6 be even and let o be the graph automorphism of D,, induced by the translation
functor ¥ on proj-I1(D,). Then o is the identity.

Proof. By Lemma 4.4, ¢ is either the identity or (r—1 n) so, seeking a contradiction, assume it is the
latter. Consider the morphism P, — P; given by left multiplication by o« - - - o, 3, and extend this
to a distinguished triangle

P,— P —>M— P,

for some M € proj-I1(D),). If we apply Hom(—, P;) we get the following exact sequence

Q030 — | B QO 0y 30y

Hom(P;, P) — Hom(P,_;, P) — Hom(M, P)) —> Hom(P;, P) — Hom(P,, P;)

ke @ kp Kotjory - - ot 30001 ke @ kp Koo - - - a3ty

where p is some path. The left-hand map surjects, so § = 0 and therefore y injects. The right-hand map
has a one-dimensional kernel, so y has rank 1. It follows that dim Hom(M, P;) = 1, which implies that
M is either P,_; or P,. If we instead apply Hom(—, P,) we get

00y 30— a0y 30,

Hom(P,, P,) — Hom(P,_1, P,) —) Hom(M, P,) —) Hom(P,, P,) — Hom(P,, P,)

K, @3 - - G2l kn/2-1 K, @p_s -+ - ol Kkn/2

Since n is even, the shortest path from vertex n to vertex 1 and then to vertex n—1 is zero in IT1(D,),
while the shortest path from vertex n to vertex 1 and back to vertex n is nonzero. It follows that the
left-hand map is the zero map, while the right-hand map has rank 1. Therefore 6 has full rank which
implies that the kernel of n has dimension n/2 — 1. Moreover, the right-hand map is injective, so that n
has rank 0 and so dim Hom(M, P,) = n/2 — 1. Combining this with our earlier restriction on M, this

forces M = P,_1, and our distinguished triangle is therefore
Pn — Pl — Pnfl —> Pnfl.

Since Hom( Py, P,—1) is spanned by &,,—1&,—3 - - - @201 and y is not the zero map, we can assume that the
map P; — P,_ in this triangle is given by left multiplication by (a scalar multiple of) &, —10¢,,—3 - - - &2
Moreover, Hom(P,_1, P,_1) =span{e,_1, p2, ..., pns2} Where the p; are paths of length > 4. Since 0
is not the zero map and the composition P, — P,_; — P,_; must be zero, the map P,_; — P,_; in
this triangle lies in span{p,, ..., p,2}. But then 6 : Hom(P,_, P,) — Hom(P,_;, P,) maps the longest
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path in Hom(P,_1, P,) to zero, contradicting the fact that 6 has trivial kernel. It follows that o is not a
two-cycle. (Il
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