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On the locus of
2-dimensional crystalline representations
with a given reduction modulo p
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We consider the family of irreducible crystalline representations of dimension 2 of Gal(Q »/Qp) given by
the V., for a fixed weight k > 2. We study the locus of the parameter a, where these representations
have a given reduction modulo p. We give qualitative results on this locus and show that for a fixed p and
k it can be computed by determining the reduction modulo p of Vi ,, for a finite number of values of the
parameter a,. We also generalize these results to other Galois types.
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Introduction

Let p be a prime number. Fix a continuous representation p of Gg, = Gal(Q »/Qp) with values in
GL,(F ). Kisin [2008] defined local rings RY (k, p) that parametrize the deformations of p to characteristic
0 representations that are crystalline with Hodge—Tate weights (0, k — 1) and determinant 1. These rings
are very hard to compute, even for relatively small values of k. We are interested in this paper in the rings
RY (k, p)[1 /p]. These rings lose some information from RY (k, p), but still retain all the information
about the parametrization of deformations of p in characteristic 0.

We can relate the study of the rings RY (k, p)[1/p] to another problem: When we fix an integer
k > 2 and set the character i to be Xfy_cll,
representations of dimension 2, determinant ¥ and Hodge—Tate weights (0, kK — 1) is in bijection with

the set of isomorphism classes of irreducible crystalline

the set D = {x € Q p» Up(x) > 0} via a parameter a,, and we call Vi.a, the representation corresponding
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to a,. So given a residual representation o we can consider the set X (k, p) of a, € D such that the
semisimplified reduction modulo p of Vi 4, is equal to p*".

It turns out that X (k, p) has a special form. We say that a subset of @, is a standard subset if it is a
finite union of rational open disks from which we have removed a finite union of rational closed disks.
Then we show that (when /5 has trivial endomorphisms, so that the rings RY (k, ) are well-defined):

Theorem A (Theorem 5.3.3 and Proposition 5.3.5). The set X (k, p) is a standard subset of Q p> and
RY (k, p)[1/p] is the ring of bounded analytic functions on X (k, p).

This tells us that we can recover RY (k, p)[1 /p] from X (k, p). But we need to be able to understand
X (k, p) better.

We can define a notion of complexity for a standard subset X which is invariant under the absolute
Galois group of E for some finite extension E of Q. This complexity is a positive integer cg (X), which
mostly counts the number of disks involved in the definition of X, but with some arithmetic multiplicity
that measures how hard it is to define the disk on the field E. A consequence of this definition is that if
an upper bound for cg(X) is given, then X can be recovered from the sets X N F for some finitely many
finite extensions F of E, and even from the intersection of X with some finite set of points under an
additional hypothesis (Theorems 4.5.1 and 4.5.2).

A key point is that this complexity, which is defined in a combinatorial way, is actually related to the
Hilbert—Samuel multiplicity of the special fiber of the rings of analytic functions bounded by 1 on the set
X (Theorem 4.4.1). This is especially interesting in the case where the set X is X (k, p) as in this case
this Hilbert—Samuel multiplicity can be bounded explicitly using the Breuil-Mézard conjecture. So, when
0 has trivial endomorphisms and under some conditions that ensure that the Breuil-Mézard conjecture is
known in this case:

Theorem B (Theorem 5.3.3). There is an explicit upper bound for the complexity of X (k, p).

As a consequence we get (with some additional conditions on p, that are satisfied for example when o
is irreducible):

Theorem C (Corollary 5.4.11). The set X (k, p) can be determined by computing the reduction modulo p

of Vk.a, for ap in some finite set.

In particular, it is possible to compute the set X (k, p), and the ring RY (k, p)[1/p], by a finite number
of numerical computations. We give some examples of this in Section 6. One interesting outcome of
these computations is that when p is irreducible, in every example that we computed we observed that
the upper bound for the complexity given by Theorem B is actually an equality. It would be interesting to
have an interpretation for this fact and to know if it is true in general.

Finally, we could ask the same questions about more general rings parametrizing potentially semistable
deformations of a given Galois type, instead of only rings parametrizing crystalline deformations. Our
method relies on the fact that we work with rings that have relative dimension 1 over Z,,, so we cannot use
it beyond the case of 2-dimensional representations of Gg,. But in this case we can actually generalize
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our results to all Galois types. In order to do this, we need to introduce a parameter classifying the
representations that plays a role similar to the role the function a,, plays for crystalline representations,
and to show that it defines an analytic function on the rigid space attached to the deformation ring. This is
the result of Theorem 5.3.1. Once we have this parameter, we show that an analogue of Theorem A holds,
and an analogue of Theorem B (Theorem 5.3.3). However we get only a weaker analogue of Theorem C
(Theorem 5.3.6). The main ingredient of this theorem that is known in the crystalline case, but missing
in the case of more general Galois types, is the fact that the reduction of the representation is locally
constant with respect to the parameter a,, with an explicit radius for local constancy.

Plan of the article. The first three sections contain some preliminaries. In Section 1 we prove some
results on the smallest degree of an extension generated by a point of a disk in Q p- These results may be
of independent interest. In Section 2 we prove some results on Hilbert—Samuel multiplicities and how to
compute them for some special rings of dimension 1. In Section 3 we introduce the notion of a standard
subset of P!(Q p») and prove some results about some special rigid subspaces of the affine line.

Section 4 contains the main technical results. This is where we introduce the complexity of so-called
standard subsets of P! (Q »), and show that it can be defined in either a combinatorial or an algebraic way.

We apply these results in Section 5 to the locus of points parametrizing potentially semistable repre-
sentations of a fixed Galois type with a given reduction. We also explain some particularities of the case
of parameter rings for crystalline representations.

In Section 6 we report on some numerical computations that were made using the results of Section 5
in the case of crystalline representations, and mention some questions inspired by these computations.

Finally in Section 7 we explain the construction of a parameter classifying the representations on the
potentially semistable deformation rings.

Notation. If E is a finite extension of €0, we denote its ring of integers by O, with maximal ideal mg,
and its residue field by kg. We write g for a uniformizer of E, and vg for the valuation on £ normalized
so that vg(rg) = 1 and its extension to Q p- We also write v, for vQ,- Finally, G g denotes the absolute
Galois group of E.

If R is aring and n a positive integer, we denote by R[X ], the subspace of R[X] of polynomials of
degree at most n — 1.

Ifae @p and r € R, we write D(a, r)" for the set {x € @p, |x —a| <r} (closed disk) and D(a, r)~
for the set {x € @p, |x —a| < r} (open disk).

We denote by xcycl the p-adic cyclotomic character, and w its reduction modulo p. We denote by
unr(x) the unramified character that sends a geometric Frobenius to x.

1. Points in disks in extensions of the base field

Definition 1.0.1. Let X be a subset of @ p»» and let E be an algebraic extension of Q,. We say that X is
defined over E if it is invariant by the action of Gg.
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Let DCQ » be a disk (open or closed). It can happen that D is defined over a finite extension E of Q,,
but £ N D is empty. For example, let 7 be a p-th root of p and let D be the disk {x, v,(x —m) > 1/p}.
Then D is defined over Q,,, as it contains all the conjugates of 7, that is, the §1’;71 for a primitive p-th
root ¢, of 1. On the other hand, D does not contain any element of Q. The goal of this section is to
understand the relationship between the smallest ramification degree over E of an extension field F such
that F N D # &, and the smallest degree over E of such a field F.

In this section a disk will mean either a closed or an open disk.

The results of this section are used in the proofs of Propositions 4.5.6 and 4.5.8.

1.1. Statements.

Theorem 1.1.1. Let E be a finite extension of Q. Let D be a disk defined over E. Let e be the smallest
integer such that there exists a finite extension F of E with ep/p = e and F N D # &. Then e = p°® for
some s, and there exists an extension F of E with [F : E] < max(1l, p>~") such that FN\ D # @. For
s < 1 any such F/E is totally ramified.

We can in fact do better in the case where p =2. Note that this result proves Conjecture 2 of [Benedetto
2015] in this case.

Theorem 1.1.2. Let p = 2. Let E be a finite extension of Q,. Let D be a disk defined over E. Let e
be the smallest integer such that there exists a finite extension F of E with ep/p = e and F N D # @.
Then e = p® for some s, and there exists a totally ramified extension F of E with [F : E] = p°® such that
FND+#o.

1.2. Preliminaries. We recall the following result, which is [Benedetto 2015, Lemma 3.6] (it is stated
only for closed disks, but applies also to open disks).

Lemma 1.2.1. Let K be an algebraic extension of Q. Let D be a disk defined over K. Suppose that D
contains an a € Q p of degree n over K. Then D contains an element b € Q p of degree < p* over K where

s =vp(n).

Corollary 1.2.2. Let K be an algebraic extension of Q. Let D be a disk defined over K. Suppose that
D contains an element a such that [K (a) : K| = n. Then the minimal degree over K of an element of D is
of the form p' for some t < v,(n).

Proof. Tt follows from Lemma 1.2.1 that the minimal degree over K of an element of D is a power of p.
On the other hand, applying Lemma 1.2.1 to a, we get an element of degree at most p* for s = v,(n).
Hence the minimal degree is of the form p’ for some ¢ < s. U

Corollary 1.2.3. Let E be a finite extension of Q. Let D be a disk defined over E. Then the minimal
ramification degree over E of an element of D is a power of p, and it can be reached for an element a
such that [E(a) : E] is a power of p.
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Proof. We first apply Corollary 1.2.2 with K = E"™ to see that the minimal ramification degree is a
power of p. Let b € D be such that eg)g = p' is the minimal ramification degree.

Let E(b)o = E"™NE(b), and let F be the maximal extension of E contained in E (b)q such that [F : E]
is a power of p. Note that v,([E(b) : F]) =t, as [E(b)o : F] is prime to p. We apply Corollary 1.2.2 to
K = F, and we get an element a € D of degree at most p’ over F. By minimality of 7, we get that in fact
[F(a): F]= p', and F(a)/F is totally ramified. As [F(a) : E] is a power of p, so is [E(a) : E], and
€Ew/E = D" O

Let g be a uniformizer of E, and let F be a finite unramified extension of E. For x € F, we define
the E-part of x, which we denote by x’, as follows: we write x as x =Y, _ v @, 7, where the a, are
Teichmiiller lifts of elements of the residue field of F. Let x* = ZZ: N anng_with a, € Eforalln <m
and a,, 41 € E (or m = oo if a € E) so that x% € E. We have that vg(x — x°) = m + 1. This definition
depends on the choice of 7.

Proposition 1.2.4. Let D be a disk defined over E, and suppose that F N\ D # & for some unramified
extension F of E. Then EN D # &.

Proof. Leta € FND. We fix g a uniformizer of E, and let a° be the E-part of a. Let o be the Frobenius
of Gal(F/E). Then vg(a —o(a)) = ve(a — a®). So any disk containing a and o (a) also contains a® O

We also recall the well-known result:

Lemma 1.2.5. Let f € Q »(X) be a rational fraction with indeterminate X. Then for any disk D, if f
does not have a pole in D, then (D) is also a disk. Moreover, if D is defined over E and [ € E(X),
then f (D) is defined over E.

1.3. Proofs. The part that states that e is a power of p in Theorems 1.1.1 and 1.1.2 is a consequence of
Corollary 1.2.3.
We start with the rest of the proof of Theorem 1.1.2 which is actually easier.

Proof of Theorem 1.1.2. By applying Corollary 1.2.3, we get an element a € D that generates a totally
ramified extension F' of K of degree e = p°, where K is an unramified extension of E of degree a power
of p, and we take [K : E] minimal. If K # E, let K’ C K with [K : K'] = p. We will show that we can
find b € D of degree e over K’, which gives a contradiction by minimality of K so in fact K = E.

Let 1 be the minimal polynomial of a over K, so u € K[X] is monic of degree e. Now we use that
p =2: let (1, u) be a basis of K over K’, and write y = o + upq with pg, @1 in K’[X]. If uo has a
root in D we are finished, so we can assume that 11 has no zero in D, and let f = /o € K'(X). Let
D' = f(D). It is a disk defined over K’, containing —u € K, so by Proposition 1.2.4, D’ contains an
element ¢ € K'. This means that ;o — ¢ty has a root b in D.

Then b is of degree at most e over K'. By minimality of e, it means that b is of degree exactly e over
K’, and K’(b)/K' is totally ramified. So this gives the contradiction we were looking for. O

Now we turn to the proof of Theorem 1.1.1. We first prove the result when we assume an additional
condition.
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Proposition 1.3.1. Let D be a disk defined over E and a € D. Suppose that vg(a) = n/e, where
e = e /e and n is prime to e. Then there exists an extension F of E of degree at most e such that
FND#w.

Proof. Let K = E(a)NE"™. Let u be the minimal polynomial of a over K, so that  has degree e. We write
w= ZbiXi, b; € K. Define MO = Zb?Xi, where b? € E is the E-part of b;. Let x1, ..., x, be the roots
of 1. Then vg (1°(a)) = Y¢_, ve(a — x;). On the other hand, (@) = u®(a) — (@) = Y 52y (b? — b;)d'.
By the condition on vg(a), we get that ve(ul(a)) = min05i<e(vE(b? —b;)+in/e). Let o be an element
of G that induces the Frobenius on K. Let yq,..., y. be the roots of o () = Za(b,-)Xi. Then
as before, vg(o(n)(a)) = Y ve(a — yi), and vg(o(u)(a)) = ming<; . (ve(o(b;)) — b;) +in/e). As
vE(b? — b;) = vE(o (b)) — b;) for all i, we get that ve (1 (a)) = ve(o (1) (a)).

Suppose first that D is closed. Write D as the set {z, vg(z —a) > A} for some A, then we get that
ve(o(u)(a)) > ek as the y; are among the conjugates of a over E and hence are in D, so ve(u(a)) > er
and so there exists an i with x; € D. Let F = E(x;); then F is an extension of E of degree at most e.
The case of an open disk is similar. O

Note that if we take e to be minimal, then necessarily F/E is totally ramified and of degree e.

Proof of Theorem 1.1.1. The case e = 1 is a consequence of Proposition 1.2.4.

Assume now that e > 1. Leta € D, F = E(a) with ep;g = e. If a is a uniformizer of F, the result
follows from Proposition 1.3.1. Otherwise, let f € E[X ], be a polynomial such that f (a) is a uniformizer
of F.

Assume first that such an f exists. Let D’ = f(D). Then D’ is a disk defined over E by Lemma 1.2.5,
containing an element @ = f(a) with eg )/ = e and ve () = 1/e, so it satisfies the hypotheses of
Proposition 1.3.1. Hence there exists some ¢ € D’ with [E(c) : E] < e. Let b € D such that f(b) =c,
then [E(D) : E] <e(e—1) as b is aroot of f(X) — ¢, which is a polynomial of degree at most e — 1
with coefficients in an extension of degree e of E. Moreover, by minimality of e, we get that eg)/E > e,
and so [E(b) NE"™ : E] <e— 1. Let K be the maximal extension of E contained in E(b) N E"™ such
that [K : E] is a power of p. Then [K : E] < p*~! where ¢ = p*, because [K : E] < e — 1. Now we
apply again Lemma 1.2.1, to the field K: D contains a point a’ with [K (a’) : K] < p?»(E®)KD that is,
[K(a'): K] < p’ Sofinally @’ € D and [E(a’) : E] < p>*~L.

We prove now the existence of such a polynomial f. Fix a uniformizer 7wy of F, and let K = E(a)NE"™.
Let £ be the set of pairs of e-tuples («, P), where ¢« = «y, ..., a, are elements of K, P = Py, ..., P,
are elements of E[X].., and Zi o; P;(a) = wp. Then &£ is not empty: we can write mr = Q(a) for some
0 € K[X]<.; now let a1, ..., o be a basis of K over E, and write Q = ) _ o; P; with P; € E[X]_,. For
each (o, P) € € let my, py = inf; ve(o; P;(a)), so m,py < 1/e. It is enough to show that there is an
(o, P) with m, py = 1/e. Indeed, if ve(o; Pi(a)) = 1/e, let B; € E with ve(o;) = ve(B;) then B; P; is
the f we are looking for.

So choose an («, P) € £ with m = m,, py minimal, and with minimal number of indices i such that
vg (o Pi(a)) = m. Suppose that m < 1/e. Then there are at least two indices i with vg («; P;(a)) =m. Say
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for simplicity that vg (o) Pi(a)) = ve (oo P2(a)) = m. By minimality of e, P; and P, have no root in D.
Let f = P;/ P, and D' = f(D). Then D’ is defined over E, and contains an element f (a) of valuation
r =ve(Pi(a)/Px(a)) € Z, as r = vg(az/ay). Consider 7" D'. It contains an element of valuation 0
and it does not contain 0, so it is contained in a disk {z, vg(z — ¢) > 0} for some element c that is the
Teichmiiller lift of an element of ﬁ;. So vg(m;" Pi(a)/Px(a) —c) > 0. As w;" D' is defined over E, we
have that ¢ € E. Let x = cng, then vg(Py(a) —xPx(a)) > r +ve(Pa(a)) = ve(P(a)). We define an
element (o', P’) of £ by setting P{ = Py —x P> and ), = ap + xa, and o] = o; and P/ = P; for all other
indices. We observe that vg (o} P{(a)) > m, vg(a) Py(a)) > m, and all other valuations are unchanged.
This contradicts the choice we made for («, P) at the beginning. So in fact m = 1/e. 0

2. Some results on Hilbert-Samuel multiplicities

2.1. Hilbert—-Samuel multiplicity. Let A be a noetherian local ring with maximal ideal m, and d be the
dimension of A. Let M be a finitely generated module over A. We recall the definition of the Hilbert—
Samuel multiplicity e(A, M); see [Matsumura 1986, Chapter 13]. For n large enough, lens (M /m" M) is
a polynomial in 7 of degree at most d. We can write its term of degree d as e(A, M)n?/d! for an integer
e(A, M), which is the Hilbert—Samuel multiplicity of M (relative to (A, m)). We also write e(A) for
e(A, A).

If dim A = 1, it follows from the definition that

e(A, M) =leng(M/m"T'M) —leny (M /m" M) = leny (m" M /m" ' M)

for n large enough.
We give some results that will enable us to compute e(A) for some special cases of rings A of dimension
1.

Lemma 2.1.1. Let k be a field, and (A, m) be a local noetherian k-algebra of dimension 1, with A/m = k.
Suppose that there exists an element z € m such that A has no z-torsion and for all n large enough,
zm” = m" L Then e(A) = dimg A/ (2).

n+1

Proof. For n large enough, we have m"™" C (z). So the surjective map A — A/(z) factors through

A/m™*! (and in particular len, (A/(z)) is finite). We have an exact sequence
A A/m"T 5 A/(z) >0

For n large enough, the kernel of the first map is m” by the assumptions on z: it contains m”, and as
multiplication by z is injective, it is exactly equal to m”. So we have an exact sequence

0— A/m" = A/m"™!' - A/(z) - 0

This gives leng (m” /m"T!) =leny (A/(z)) = dimy A/(z) as stated. O
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Corollary 2.1.2. Let k be a field, and (A, m) be a local noetherian k-algebra of dimension 1, with
A/m = k. Suppose that there exist an element 7 € m such that A has no z-torsion and a nilpotent ideal 1
such that m = (z, I). Then e(A) = dimy A/(2).

Proof. We need only show that zm"” = m"*! for all n large enough, as we can then apply Lemma 2.1.1.
Let m be an integer such that /™ = 0. Then for n > m we have m" = > ", I'z"~/, which gives the
result. 0

Definition 2.1.3. Let k be a field. Let Ay, ..., Ay be a family of local noetherian complete k-algebras of
dimension 1 with maximal ideals M; and residue field k. Let A be a local noetherian complete k-algebra
with maximal ideal m and residue field k. We say that A is nearly the sum of the family (A;) if there
are injective k-algebra maps u; : A; — A suchthat A=k ® (@le u;(M,-)) as a k-vector space and
m=@_, u;(M).

In this case, we write V; for u; (M;), and for all n > 0, V/" is defined as u; (M"), and Vl.0 is defined as
{1}. For a = (i, ..., ay) € Z% ), we denote by V* the vector space generated by elements of the form
X1 -+ X5, Where x; is an eleme;lt of Via". Note that this is not in general an ideal of A. We also denote by
V*V! the set V# where Bj = aj, except for B; = a; +n.

Example 2.1.4. Let A = k[[z1, x2, 2211/(x3, 21%2, 2122 — X2), A1 = k[[z1]], and A, = k[[x2, 2211/ (x3).
Then A is nearly the sum of A| and A,, for the natural maps A; — A.

Lemma 2.1.5. Let k be a field. Let Ay, ..., As be a family of local noetherian complete k-algebras of
dimension 1 with maximal ideals M; and residue field k. Suppose that for all i, there is an element z; € A;
such that A; has no z;-torsion and that for all n large enough, z; M = Ml."H.

Let A be a k-algebra with maximal ideal m that is nearly the sum of the family (A;), and let V; = u; (M;)
as in Definition 2.1.3. Moreover, suppose that there exist integers Ny and ty with ty < No such that for all
iand j, V;V!" C V™" foralln > Ny.

Then e(A) =Y _;_, e(A)).

Note that if we had the stronger property that V;V; = 0 for all i # j the result would be trivial, as then
m' = @521 Vzn and mn/mn—i-l — @;}‘:1 Vin/vin—H'

Proof. Observe first that there exist integers N and ¢ with N > 7 such that for all «, for all i, V*V/" C Vl-"_l
for all n > N. Indeed, V* C V;, ---V; where {ji,..., j-} C{l,...,s} is the set of indices with o; > 0.
Then if n > r N, then V;, ---V; V' C Vinfrto. So we can take N = s Ny and ¢ = si.

If o; > N, then V¥ C V;xjit C V;. So if there are two different indices 7, j with o; > N and aj > N,
then V¥ =0 as it is contained in V; N'V;. If || > sN, then there exists at least one i with a; > N so
Ve=3% (venv;).

Fix some index i. Let n > 0. Then m" = Zlalzn V¢ Soif n > Ns, then (m"NV;) =) (V¥NV))
and the only contributing terms are those with ; < N for all j # i, and o; > N. For such an «, we have
Ve C Vl-"_SN asa; =n— (s —1)N. Letr =sN, so that V""" C V; for all n > r. So for all n > r and all

such o we have V¢ C V;, so finally for n > r we have
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m"NV;) = > Ve, (1)
lot|=n,a; <N if j#i
We see that V' C (m"NV;) C V""" foralln > r.

Note that (m" N'V;) is an ideal of A;, which we denote by W; ,. We know that z; V" = Vl.’”rl for all n
large enough, so by the formula (1) for W; , we see that z; W; ,, = W; ,41 for all n large enough. In A;,
multiplication by z; induces an isomorphism from V/" to Vi’“rl and from W, , to W; ,,11, so it also induces
an isomorphism from V;"~" /W, , to Vl.”Jrl ="/ Wi n41 for all n large enough. Note that these vector spaces
are finite-dimensional, so they have the same dimension, as dimy Vi"” / V" is finite for all n.

We consider the inclusions

VIC Wi, CV' C Wiy, C V.

For all n > 0, we know that dimy V"™"/ V" = dimy Vl.”*zr/Vi”*r = re(A;) and dimy V""" /W, , =
dimy V"% /W, ,—,, which gives dimy W; .,/ W, , = re(A;).

We now go back to A. For all n > 0 we have that dim; (m”~"/m") = re(A). On the other hand, for all
n >0, we have seen that m" = €, (m" N'V;), so m"~" /m” is isomorphic to ), (m" " NV;)/(m"NV;) =
DB; (Wi n—r/Win). Sore(A) =Y ;_,re(A;), and so e(A) =Y, e(A)). O

Example 2.1.6. Let us take again A, A,, A as in Example 2.1.4. For all n > 0, m" is the set of terms of
the form ) ,_ aiz’i +> e bizg +D ions cixzzé. Indeed, we have that x, € V; Vo € m2, although in A,
we have xp é M\ Mzz. S;) we do notilave m'NV, =V, butm" NV, =V +(V, V2"_l Nm"), where
Vi VZ"_1 is the part that contains the term Xng_z.

2.2. Hilbert-Samuel multiplicity of the special fiber. Let R be a discrete valuation ring with uniformizer
m and residue field k.

Let A be a local R-algebra with maximal ideal m, and let M be an A-module of finite type. We denote
by er (A, M) the Hilbert—Samuel multiplicity of M ®p k as an A @ g k-module, with respect to the ideal
m®pgk. When M = A we just write eg(A) instead of eg(A, A), and we omit the subscript R when the
choice of the ring is clear from the context.

Lemma 2.2.1. Let (T, mr) — (S, mg) be a local morphism of local noetherian rings of the same
dimension, with residue fields kt and kg respectively. Then e(T, S) > ks : kr]e(S).

Proof. Let n > 0 be an integer. Then S/m’ is a quotient of S/(m7.S)", so leny (S/m’) <lenz(S/(m7rS)").
Moreover,

n—1 n—1

leng (S/mg) = " dimy, m/m™ = [k : kr] ) dimy m/mi" = [ks : kr]leng(S/m}),
i=0 i=0

so finally [kg : k7]leng(S/m’) <len7(S/(m7S)") which gives the result. Il

Proposition 2.2.2. Let A be a complete noetherian local R-algebra which is a domain. Let B C A[1/7] be
a finite A-algebra. Let k4 and kg be the residue fields of A and B respectively. Then e(A) > kg : kale(B).
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Proof. Note that B is also a complete noetherian local R-algebra which is a domain. Indeed, A is henselian
and B is a finite A-algebra, so B is a finite product of local rings, and so it is a local ring as it is a domain.
It is enough to prove the result when w B C A, as B is generated over A by a finite number of elements
of the form x /" for x € A.
We have an exact sequence of R-modules,

0—>A— B—> B/A—0.
After tensoring by k£ over R we get the exact sequence
0— B/A—> AQrk—> BQrk —> B/A — 0.

Indeed, (B/A)®grk =B/A, and (B/A)[7r] = B/A and B is w-torsion free so B[w] = 0.
Hence we get that e(A, B) =e(A, A). So we only need to show that e(A, B) > [kp : kale(B), which
follows from Lemma 2.2.1 appliedto 7T = AQg k and S = B Qr k. O

Remark 2.2.3. We give some examples: Let R = Z,, C = R[[X]], and A, = R[[pX, X"]] C C for
n>1,and B, = R[[pX, pX>,..., pX"~!, X"]] € C for n > 1. We check easily that A, C B, C C
and that C is finite over A,, and A, is not equal to B, if n > 2. We compute that e(A,) = e(B,) = n,
and e(C) = 1. So we see that in Proposition 2.2.2, both possibilities e(B) < e(A) and e(B) = e(A) can
happen for A # B. See the end of Section 4.1 for more examples.

2.3. Change of ring. We suppose now that R is the ring of integers of a finite extension K of Q. If K’
is a finite extension of K, we denote by R’ its ring of integers.

Proposition 2.3.1. Let K’ be a finite extension of K, with ramification degree ex/x. Let A be a local
noetherian R'-algebra. Then eg(A) = e/ ger (A).

Proof. Suppose first that K’ is an unramified extension of K, and let k and k’ be the residue fields of
K and K’ respectively, and let 7w be a uniformizer of R and R. Then A Qg k' = AQrk=A/mA. So
er(A) =e(A/mA) =ep (A).

Suppose now that K’ is a totally ramified extension of K. Let u be an Eisenstein polynomial defining the
extension, so that R' = R[X]/u(X), and i(X) = X*, where s =[K': K]. Then AQrk=AQp (R’ Qrk) =
AQp (k[X]/(X*)) = (A®g k) @, k[X1/(X®). So er(A) = ser(A) =[K': Kler (A).

For the general case, let R be the ring of integers of the maximal unramified extension Ky of K in K'.
Then eg(A) = eg,(A) and eg,(A) = [K': Koler (A) which gives the result. O

We recall the following result, which is [Breuil and Mézard 2002, Lemme 2.2.2.6]:

Lemma 2.3.2. Let A be a local noetherian R-algebra, with the same residue field as R and A is complete
and topologically of finite type over R. Let K’ be a finite extension of K, and A’ = R' @ A. Suppose that
A’ is still a local ring. Then eg(A) = ep/(A)).
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3. Rigid geometry and standard subsets of the affine line

3.1. Quasiaffinoid algebras and rigid spaces.

Quasiaffinoid algebras. Let F be a finite extension of Q,, with ring of integers Or. We denote by R, ,,,
or R, m F,the F-algebra Op(x1, ..., xs)[[¥1, ..., Yml]l ®0, F. Following [Lipshitz and Robinson 2000],
we say that an F-algebra is a quasiaffinoid algebra (or an F-quasiaffinoid algebra) if it is a quotient of
R, i for some n, m. For example, an F-affinoid algebra is F-quasiaffinoid, as it is a quotient of the Tate
algebra R, o r for some n. The theory of quasiaffinoid algebras has also been studied by other authors
under the name “semiaffinoid algebras”; see for example [Kappen 2012].

Let A be an F-quasiaffinoid algebra. Following [Kappen 2012, Definition 2.2], we say that an Op-
subalgebra A of A is an Op-model of A if the canonical morphism A ®o, F' — A is an isomorphism.
Note that an Op-model is automatically Op-flat. Assume that A is normal. Let A be an Op-model of A,
and let A? be the integral closure of A in A. Then A® is normal, and is an Op-model of A.

A quasiaffinoid algebra is said to be of open type if it has an Op-model that is local, or equivalently, if
it is a quotient of Ry ,, for some m. For example, let R be one of the potentially semistable deformation
rings defined by Kisin (as recalled in Section 5.1), then R[1/p] is a quasiaffinoid algebra of open type.
These will be our main focus of interest, but we need to use quasiaffinoid algebras that are not necessarily
of open type in order to study them.

Quasiaffinoid algebras have some properties that are similar to affinoid algebras: for example they are
noetherian and they are Jacobson rings, and the Nullstellensatz holds for them.

Rigid spaces attached to quasiaffinoid algebras. Let A be an F-quasiaffinoid algebra. Using Berthelot’s
construction, as described in [de Jong 1995, Section 7], we can attach canonically to it a rigid space
X = X4 defined over F. We say that such a rigid space is the quasiaffinoid space attached to A. We say
that a quasiaffinoid space is of open type if it is attached to a quasiaffinoid algebra of open type.

We give some properties of this construction. We denote by A an Op-model of A.

Proposition 3.1.1. (1) We have a natural map A — TI'(X, Oy) which induces a map A — I'(X, Og_,)
(where Og( is the sheaf of functions bounded by 1).

(2) The map A — I'(X, Og() is an isomorphism as soon as A is normal. In particular, in this case A is
isomorphic to the subring of I'(X, Oy) of functions that are bounded.

(3) There is a functorial bijection between Max(A) and the points of X.
(4) This construction is compatible with base change by a finite extension F — F'.

Proof. Property (1) is [de Jong 1995, 7.1.8], (2) is [de Jong 1995, 7.4.1], using the fact that an O p-model
is Op-flat.
Property (3) is [de Jong 1995, 7.1.9] and (4) is [de Jong 1995, 7.2.6]. U
If X is a rigid space over F, we write A(I)p (X) for I'(X, Og() and Ap (X) for the subring of I'(X, Ox)
of functions that are bounded. If & is the rigid space attached to an F-quasiaffinoid algebra A that is
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normal, then A has a normal Op-model A, and we have A = Ap(X) and A = A%(X ) (in particular, there
is actually only one Ofr-model of A that is normal, and it contains all other O r-models).

A map f:X — ) between F-quasiaffinoid rigid spaces is quasiaffinoid if it is induced by an F-algebra
map f*: Ar(Y) — Ar(X). By Proposition 3.1.1, it is easy to see that any rigid analytic map f : X — )
between F-quasiaffinoid spaces is in fact quasiaffinoid as soon as X" is normal.

R-subdomains. As in the case of affinoid algebras and rigid spaces, we define some special subsets of
quasiaffinoid spaces.

Let X be a quasiaffinoid space. Let A, f1,..., fu, &1, - .-, &n be elements of Ap(X) that generate
the unit ideal of Ar(X). A quasirational subdomain of X is a subset U of the form {x, | f;(x)| <
|h(x)| for all i and |g; (x)| < |h(x)| for all i }; see [Lipshitz and Robinson 2000, Definition 5.3.3]. This
generalizes the notion of an affinoid subdomain: let A" be an affinoid rigid space, then an affinoid subdomain
of X is a subset defined by equations of the form {x, | f; (x)| < |h(x)| for all i}, where fi,..., f, and h
generate the unit ideal.

In contrast to the case of affinoid subdomains, it is not necessarily true that a quasirational subdomain
of a quasirational subdomain of X is itself a quasirational subdomain of X’; see [Lipshitz and Robinson
2000, Example 5.3.7]. We recall the definition of a R-subdomain of X [Lipshitz and Robinson 2000,
Definition 5.3.3]: the set of R-subdomains of X is defined as the smallest set of subsets of X’ that contains
X and is closed by the operation of taking a quasirational subdomain of an element of this set. In particular,
any finite intersection of R-subdomains of X" is also an R-subdomain.

Any R-subdomain of a quasiaffinoid space X is itself a quasiaffinoid space in a canonical way, attached
to the quasiaffinoid algebra constructed as in [Lipshitz and Robinson 2000, Definition 5.3.3].

3.2. R-subdomains of the unit disk. Our goal now is to understand the subsets of @ p that are the set of
points of some quasiaffinoid space. For simplicity, we consider for the moment only subsets of the unit
disk. Let D be the rigid closed unit disk, seen as a quasiaffinoid space defined over @, or over any finite
extension of @, so that D(@p) = D(0, 1)*. We say that X C D(0, 1)* is an R-subdomain if it is of the
form X (Q p) for some R-subdomain X" of D, and that it is a quasirational subdomain if it is of the form
X (@ p) for some quasirational subdomain X" of D.

Definition 3.2.1. We say that a subset of Q p 1s a rational disk if it is a set of the form {x, [x —a| < r}
with a € @p, re |@;| (open disk), or of the form {x, [x —a| <r} witha € @p, re I@;I (closed disk).
Let F be a finite extension of Q,. We say that a disk is well-defined over F if it can be written as

{x,|x —al<r}oras{x,|x —a| <r}forsomea € F and r € |F*]|.

Recall (see Definition 1.0.1) that a disk is defined over F if it is fixed by GF, so a disk that is
well-defined over F' is defined over F, although the converse is not necessarily true.

From now on, when we write “disk” we always mean “rational disk”. It is clear that a rational disk is a
quasirational subdomain of the affine line.

Following [Lipshitz and Robinson 1996, Definition 4.1], we define:
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Definition 3.2.2. A special subset of @ p» s a subset of one of the following forms:
(D) {x,r <|x—a| <r'} for some a € @p and r, r’ in |@;|.
(2) {x,|x—a|<randforallief{l,..., N}, |x—a;|>r;}for somea, («;)1<i<n, € @p andr, (ri)1<i<n
in |Q].
Special subsets are R-subdomains, as they are finite intersections of quasirational subdomains. We
have the following result:

Lemma 3.2.3 [Lipshitz and Robinson 1996, Theorem 4.5]. An R-subdomain of D(0, 1)% is a finite union
of special sets.

Definition 3.2.4. We say that a subset X of D(0, 1) is a connected R-subset if it is of the following form:
Do\ U, D;, where the D; are rational disks contained in D(0, 1)*, Dy # D; for all i > 0, D; C D,
and D; and D; are disjoint if i # j and i, j > 0.

We say that a subset X of D(0, 1)™ is an R-subset if it is a finite disjoint union of connected R-subsets.

We say that a connected R-subset is of closed type if Dy is closed and the D;, i > 0 are open. We say
that it is of open type if Dy is open and the D;, i > O are closed. We say that an R-subset is of closed
type (resp. open type) if it is a finite union of connected R-subset of closed type (resp. open type). We
say that a connected R-subset is well-defined over some extension F of Q,, if each disk involved in its
description is well-defined over F.

We check easily the following result:

Lemma 3.2.5. Let X and Y be two connected R-subsets of closed (resp. open) type. If X NY # & then
XNY and X UY are connected R-subsets of closed (resp. open) type. As a consequence, any finite union
of connected R-subsets of closed (resp. open) type is an R-subset of closed (resp. open) type.

From Lemma 3.2.3, we get the following property of R-subdomains of the unit disk:
Proposition 3.2.6. Any R-subdomain of the unit disk is an R-subset.
On the other hand, we can ask whether any R-subset is an R-subdomain.

Proposition 3.2.7. Let X be a connected R-subset. Let F be a finite extension of Q, such that X is
well-defined over F. Then X is a quasiaffinoid subdomain of D(0, 1)%, and it is the set of points of a

quasiaffinoid space defined over F which is uniquely defined as a quasirational subdomain of D.
Proof. From Definition 3.2.4, we see that X can be defined by a finite number of equations of the form
|x —a| < |b|or|x —a| <|b|or |x —a| > |b| or |[x —a| > |b| fora, bin F and b # 0. O

In particular, if X is a connected R-subset of closed type, then it is the set of points of an affinoid
subdomain of the unit disk, and any affinoid subdomain of the unit disk is of this form by [Bosch et al.
1984, Theorem 9.7.2/2].

Definition 3.2.8. Let X be an R-subdomain of D, defined over F as a quasiaffinoid space, and let
X = X(Q,). Then we write Ar(X) for Ar(X) and A%(X) for A%(X).
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For example, let X be the disk defined by |x — a| < |b| for some a, b in F, b # 0. Then A%(X) =
OF[l(x — a)/b]] is isomorphic to the power series ring Op[[f]]. Let ¥ be the annulus defined by
|c] < |x—a]| < |b| for some a, b, ¢ in F with ¢ %0 and |c| < |b|. Then A(I),(Y) =0Ffll(x—a)/b, c/(x—a)]l,
which is isomorphic to Op[[t, u]l/(tu — c/b). In general the ring Ar(X) can be entirely described using
[Lipshitz and Robinson 2000, Definition 5.3.3]. We will not give a formula, but we see easily that for a
connected R-subset X, A?p (X) is local if and only if X is of open type. So we have:

Proposition 3.2.9. Let X be a connected R-subset. Assume that we know that X is the set of points of a
quasiaffinoid space of open type. Then X is an R-subset of open type.

3.3. Rings of functions on standard subsets. We continue studying subsets of Q@ p» or more generally of
Pl(Q »), coming from quasiaffinoid spaces. From now on, we will be only interested in R-subsets that are
of open type, but we will not necessarily assume that the subsets are contained in the unit disk anymore.

Standard subsets. We make the following definitions:

Definition 3.3.1. We say that a subset X of P! @ p) is a connected standard subset if it is of one of the
following forms:

(1) Do\ U;_, D;, where the D; are rational disks, Dy is open and each D; is closed for i > 0, co & Dy,
Dy # D; foralli >0, D; C Dy, and D; and D; are disjoint if i # j and i, j > 0 (bounded connected
standard subset).

(2) P! (@ )\ U?:l D;, where the D; are rational disks, each D; is closed, and D; and D; are disjoint if
i # j (unbounded connected standard subset).

The disks (D;) are called the defining disks of X.

So a bounded standard subset contained in the unit disk is the same thing as a connected R-subset of
open type.

Definition 3.3.2. A standard subset is a finite disjoint union of connected standard subsets of Pl (@ »)-
The connected standard subsets that appear are called the connected components of the standard subset.
The defining disks of a standard subsets are the defining disks of each of its connected components.

It is clear that a standard subset can be written in a unique way as a finite disjoint union of connected
standard subsets so the notion of connected component is well-defined.

Let F be a finite extension of (Q,. We say that a standard subset is well-defined over F if each defining
disk of X is well-defined over F.

Definition of the rings of functions of standard subsets. Let X C Q » a connected standard subset, which
is well-defined over some finite extension F of Q,. Although it is not necessarily contained in the unit
disk, it is contained in some closed disk, and so all the results of Section 3.2 apply to X. In particular we
can define Ar(X) and .A?p (X) as in Definition 3.2.8.

Let X c P1(Q ») be an unbounded connected standard subset not equal to all of PHQ p). Let f bea
rational function with @ p-coefficients defining a bijection of PL@ »)» and such that its pole is outside of
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X, then Y = f(X) is a bounded connected standard subset of Q p- Let F be a finite extension of @, such
that X is well-defined over F, and such that the rational function f has coefficients in F. Then Ag(Y)
and A%(Y) are well-defined. We define A (X) and A?p (X) to be the functions of X of the form u o f for
uec Ap(Y) and A%(Y) respectively. It is clear that this does not depend on the choice of f, as different
choices of f give rise to bounded connected standard subsets coming from isomorphic quasiaffinoids.

We give now a general formula for these functions rings, which can be obtained using [Lipshitz and
Robinson 2000, Definition 5.3.3]:

Proposition 3.3.3. Let X be a connected standard subset that is well-defined over some finite extension
E of Q. Write X = D(ao, ro)” \U'}—, D(aj, rj)* or X =P"(@,) \U’}_, D(aj, rj)* witha; € E for
all j, and the sets D(aj, r;)* are pairwise disjoint for j > 0. For each j, let t; € E be such that |t;| =r;.
Then for any finite extension F/E, we have

Ap(X) = {f»f<x>=ZCf’°(x ?) *chf’f(xijaj) |

i>0 j=1i>0

withc; j € F foralli, j and {c; j,0 < j <n,i > 0} bounded }

if X is bounded and

Ap(X) = {f, £ :C°+ZZCLJ(X 361)
J

j=1i>0

withc; ; € F foralli, j and {c; j, 1 < j <n,i > 0} bounded }

if X is unbounded.

Also, || fllx = sup; j |ci j| if f is as above. If we write fo = ;- ocio((x — ap)/to)" (or fo =co in
the unbounded case), and f; =Y ;_qci.j(tj/(x —a;))" for j > 0 so that f =Y ' fi, then || fllx =
maxo<i<n | fill x-

In particular, f € A(} (X) ifand only if ¢; ;j € O foralli, j.

Remark 3.3.4. Assume that X is unbounded. Then the value of the constant term ¢y is independent from
the choice of the a; € D(a;, ;)™ used to write the decomposition, as it is the value of the function at co.

Let now X be a standard subset. It can be written uniquely as X = | J/_, X;, where the X; are disjoint
connected standard subsets. Then we set Ar(X) = @®/_; Ar(X;) and A% (X) = P, A%(X;), where
F is a finite extension of Q,, such that X is well-defined over F.

Field of definition and change of field. Let F be a finite extension of Q,. The field of definition of
X c P! (@p) over F is the fixed field of {o € GF, 0(X) = X}. The field of definition of X is the field of
definition of X over Q,. Then X is defined over F (as in Definition 1.0.1) if and only if F' contains the
field of definition of X.

Let X be a standard subset defined over some finite extension E of Q,. Let F be a finite Galois
extension of E such that X is well-defined over F. In this case Gal(F/E) acts on Ap(X) and A%(X )
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by (0f)(x) = o (f(0'x)). We write Ag(X) and A% (X) for Ap(X)SUF/E) and A% (X)CE/E) | So for
example, if X = D(0, 1)7, then X is defined over Q,, and A% (X) is Og[[x]] for any finite extension E
of Q. Itis clear that the definition of Ag(X) and A% (X) does not depend on the choice of the extension
F over which X is well-defined.

Proposition 3.3.5. Let X be a standard subset defined over E. Let F be a finite extension of E. Then
Ar(X) = F @ Ap(X), and O ®o, A%(X) C A% (X), with A%(X) finite over OF ®o, A%(X). If F/E
is unramified, then this inclusion is an isomorphism.

Proof. When X is well-defined over E, the formulas of Proposition 3.3.3 give the isomorphisms Ap(X) =
F®g Ap(X) and Of ®@o, .A%(X) = A?;(X) (even if F/E is ramified).

We now treat the general case. We defineamap ¢ : F ®g Ap(X) > Ar(X) by ¢(a® f) =af. Letus
describe the inverse ¥ of ¢. Let Q=Gg/Gp. Ifaisin F and f € Ap(X), o(a) and o (f) are well-defined
for o € Q as a and f are invariant by G r. Moreover, for a € F, we have that trp/g(a) =) . 0 o(a).

Let (eq, ..., e,) be a basis of F over E, and (u1, ..., u,) € F" be the dual basis with respect to trr/g,
thatis, trp g (ejuj) = 6; ;. We see that for o € Gg, we have Z?:l e;o(u;)=1if o € G, and 0 otherwise.

For f € Ap(X), we set t;(f) = ZJEQG(uif). Let ¥ (f) = >.i_ e ®1;(f). Let us check that
¥ is the inverse of ¢. Let f € Ap(X), and f' = ¢(¢¥(f)). Then f' =), eiZQa(ui)a(f) =
ZQa(f)(Zi e,-o(ui)), so f'=f. Let f e Ag(X),anda € F. Let g = ¢(a ® f). Then t;(g) =
trpeau;) fras o (f) = fforallo € Q. So ¥ (g) =Y, €; Qtrpjplau;) f = (Y ; i trp/e(au;)) @ f as
trp/g(au;) € E. Then we check that ), e; trp g (au;) =a, so Y (¢(a® f)) =a® f. So we see that ¥ is
the inverse map of ¢, so ¢ is an isomorphism.

We see that ¢ induces a map ¢° from Of Qo, A%(X) to A?V(X). When F/E is unramified, we
can choose (¢;) and (u;) to be in O, and in this case the restriction ¥° of ¥ to A?p (X) maps into
OF Qo A% (X), and so " is the inverse map of ¢, and so ¢ is an isomorphism. O

Some algebraic results. Let X be a standard subset of Pl(@p) that is defined over E for some finite
extension E of Q,. Let F be a finite extension of E. We say that X is irreducible over F if it cannot be
written as a finite disjoint union of standard subsets of P! (@ p) that are defined over F. There exists a
unique decomposition of X as a finite disjoint union of standard subsets of P!(Q p) that are irreducible
over F. A standard subset is connected if and only if it is irreducible over any field of definition.

Lemma 3.3.6. Let X be a connected standard subset of PL(@Q p) defined over E. Then Ag(X) is a domain,
and .A% (X) is a local ring which has the same residue field as E.

Proof. Let F be a finite Galois extension of E such that X is well-defined over F. The result for A?,(X )
holds from the description given in Proposition 3.3.3, and the result for .A% (X) follows from the fact that
it is equal to A% (X)CGal(F/E) and the results of Proposition 3.3.5. Note that the maximal ideal is the set of
functions f such that | f(x)| < 1 for all x in X, that is, the functions f that are topologically nilpotent. [

Lemma 3.3.7. Let X be a standard subset that is defined and irreducible over E, and let X = J;_, X;
be its decomposition in a finite union of connected standard subsets. Let F be the field of definition of
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X1 over E. Then the restriction map A%(X) — A°(X) induces an Og-linear isomorphism A% (X)) —>
AY(X)).

Note in particular that [F : E] is the number of connected components of X, and the isomorphism
class of A%(X 1) as an Og-algebra does not depend on the choice of X.

Proof. The group G acts transitively on the set of the (X;) as X is irreducible, and G is the stabilizer
of X;. We fix a system (o;) of representatives of Gg/G r, numbered so that 0;(X) = X; for all i.

Let f be an element of A% (X). First note that f is invariant under the action of G, as it is by
definition invariant under the action of G, so fx, is in .A(} (X1). Moreover, we have that for all x € X;,

Fx)=0i((o7 o7 () = 0: (fix, (0, x)).

So fix, is entirely determined by f|x,, so the restriction map is injective, and moreover for any f € A?D (X1)
the formula above defines an element of A% (X), so the restriction map is bijective. 0

Corollary 3.3.8. If X is defined and irreducible over E, then Ag(X) is a domain and A% (X) is alocal
ring.

Proof. We apply Lemma 3.3.7: A% (X) is isomorphic as a ring to .A%(X 1), which is local. O
Definition 3.3.9. If X is defined and irreducible over E, we denote by kx r the residue field of A% (X).

By construction, kx, g is a finite extension of kg. In the notation of Lemma 3.3.7, we have kx g =kx, F,
and by Lemma 3.3.6, kx, r = kr as X is connected.

Example 3.3.10. Let a € Q> such that v,(a) =0, and a is not in [ ,. Let a’ be its Galois conjugate, so
that the disks D = D(a, 1)~ and D' = D(d’, 1)~ are disjoint. Let X be the union of D and D". Then
X is defined and irreducible over Q,,, although it is not connected. Moreover, Agbp (X) = A?sz (D) is
isomorphic to Z p2lwl] (where w corresponds to x — a), so kx,@p =F P2

3.4. Some maps from quasiaffinoid spaces to the unit disk.

Theorem 3.4.1. Let X be a normal, Zariski geometrically connected quasiaffinoid space over some finite
extension of Q,, D be the closed unit disk, and f : X — D be a rigid analytic map that is an open
immersion. Then the image f(X) of X is a connected R-subset of D, and f is an isomorphism from X
to its image.

Let us first recall what is known in the affinoid case. Let X and ) be affinoid spaces, and let f : X — Y
be a rigid analytic map which is an open immersion. Then by [Bosch et al. 1984, Corollary 8.2/4], the
image of f in ) is an affinoid subdomain of ) and f is an isomorphism from X to its image.

But this does not hold in the quasiaffinoid case without extra hypotheses, as illustrated by the following
example: let X’ be the disjoint union of the open unit disk and the unit circle, and i the natural map from
X to the closed unit disk D. Then i is an open immersion and is bijective, but is not an isomorphism (as
X is not connected, whereas the closed unit disk is).

We need some lemmas in order to prove Theorem 3.4.1.
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Lemma 3.4.2. Let X be a quasiaffinoid space and Y be a rigid space, both defined over some finite
extension of Q,, and let f : X — Y be a rigid analytic map which is a surjective open immersion.

Assume that there exists a covering (Y;) of Y by affinoid subdomains, such that each f~'();) is an
affinoid subdomain of X, and ());) is an admissible covering of Y (that is, any affinoid subdomain Y’ of Y
can be covered by a finite number of ;). Then f is an isomorphism from X to Y.

Proof. We need to construct the inverse g : Y — X. It is enough to construct g’ : ' — X satisfying
f o g’ =id for each affinoid subdomain )’ of ) (as these are necessarily compatible and glue to form
g). Fix such a ). Then it is covered by some ); for i in some finite set 1. Set X; = f_1 ();), so that X;
is affinoid. As X is quasiaffinoid, there exists some affinoid subdomain X’ of X containing all the X;
for i € I. Note that we have, for each i € I, a map g; : ; — A&; which is the inverse of the restriction of
f to X;, and these are compatible. So they glue to form the function g’ : )’ — X" by the admissibility
condition and Tate’s acyclicity theorem; see [Bosch et al. 1984, Corollary 8.2/3]. O

Looking back at the inclusion i : X — D as above, we see that i is a surjective open immersion,
but there does not exist a covering of D satisfying the conditions of Lemma 3.4.2. Indeed, let ) be a
connected affinoid subdomain of D, then i ~' () is affinoid if and only if ) is either contained in the unit
circle or in the open unit disk. But it is not possible to have an admissible covering of D by affinoids
satisfying this condition.

Corollary 3.4.3. Let X and Y quasiaffinoid spaces, both defined over some finite extension of Q,, and
let f: X — Y be arigid analytic map which is finite and an open immersion. Assume that ) is connected
and X is nonempty. Then f is an isomorphism.

Proof. Assume first that ) is affinoid. Then so is X as f is finite, and so f is an isomorphism by
[Bosch et al. 1984, Corollary 8.2/4]. In general, ) has an admissible covering ()/;) by connected affinoid
subdomains. Let X; = f~!());); then each A; is affinoid as f is finite. Moreover, for each i, either X;
is empty or f induces an isomorphism between &; and ;. By connectedness of ) and the fact that
X is nonempty, we get that f(X;) =) for all i and in particular f is surjective. So the conditions of
Lemma 3.4.2 are satisfied. O

Lemma 3.4.4. Let X and Y be quasiaffinoid rigid spaces, and let f : X — ) be a quasiaffinoid map.
Assume that f is an open immersion. There exists a finite covering (V;) of Y by connected R-subdomains
such that for each i, either {f~1();) is empty, or f induces an isomorphism from f~'(Y;) to Y.

Proof. As f is an open immersion, it is in particular quasifinite. So we can apply [Lipshitz and Robinson
2000, Theorem 6.1.2]: there exists a finite covering ();) of ) by R-subdomains such that f induces a
finite map f; from X; = f~1();) to ;. We can assume that each ) is connected. By Corollary 3.4.3, for
each i we have that either &; is empty or f; is an isomorphism. 0

Proof of Theorem 3.4.1. Let f : X — D be as in the statement of the theorem. First observe that f
is a quasiaffinoid map from X' to D, as it is a bounded analytic function on X and X is normal. By
Lemma 3.4.4, there exists a finite covering ();) of D by R-subdomains of D such that for all i, either
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f~1();) is empty or f induces an isomorphism from f~'()}) to J;. By Lemma 3.2.3, we can assume
that each Y; =) (@ p) 1s a special subset of Q p- We see X and f as defined on some finite extension F
of Q,, that is large enough so that each of the ¥; are well-defined over F. Let Y be the union of the Y; for
those i such that £~'()}) is not empty. We see that Y is a finite union of R-subsets of @ p» and is equal
to f(X(@p)). As X is connected, so is Y, and so Y is in fact a connected R-subset of @p and so is the
set of points of a quasiaffinoid subdomain ) of D.

We now want to prove that f induces an isomorphism between X and ). We want to apply Lemma 3.4.2,
and so we want to construct an appropriate covering of ). It is the same to work with quasiaffinoid
subdomains or their sets of points, so from now on we work with subsets of @ -

We write the family (Y;) as (S;) U (A;), where S; are subsets of the form (2) of Definition 3.2.2 (and
hence affinoid), and A; are subsets of the form (1). We can cover each A; = {x,r <|x —a| <r'} by a
family of affinoid subsets A; , = {x,r/n <|x —a| <r'n}forn>1,ne \/W, n close enough to 1. So
we get a covering of Y by affinoid subsets, that is, the S; and the A; ;. Their inverse images in X’ are
affinoid, as each of them is contained in one of the Y;.

This covering is not necessarily admissible, so we add some other affinoid subsets of Y in order to get
an admissible covering. We know that if Z is an affinoid subset of X, then f(Z2) is an affinoid subdomain
of D and f induces an isomorphism between Z and f(Z) by [Bosch et al. 1984, Corollary 8.2/4]. Let
C be the covering of Y by the union of families of elements (S;), (A; ), and all the sets f(Z) @ p) for
Z an affinoid subset of X. We want to show that C is an admissible covering of Y. Then it will satisfy
the conditions of Lemma 3.4.2 and so the conclusion will follow.

Write Y as D(ag, ro) \ U:": 1 D(a;, r;), where each of the disks is rational and either open or closed
andage Y. Letn>1,ne \/W We set ry , =ro if D(ag, ro) is closed and ro/n otherwise, and for
i >01letr;, =r;if D(a;, r;) is open and r; ,, = r;n otherwise. Let Y, = D(ao, ro.)) " \ U=, D(ai, rin) ",
so that ¥), is an affinoid contained in Y (for n close enough to 1), and the family (Y,) forms an admissible
covering of Y. So it is enough to show that each Y, can be covered by a finite number of elements of C.

Foreach 0 <i <m, let b; € Y be such that |a; —b;| =r; . Let ¢; be an element of A; for each i. Writing
A; as {r < |x —a| <r'}, we choose some c; in Y N D(a, r)* if it is not empty. By [Liu 1987], as X is
connected, there is a connected subset Z of X that is a finite union of affinoid subdomains of X', such that
f(Z) contains ag and each of the b;, ¢; and C:'- Let Z' = f(Z). Then it is a finite union of elements of C,
and a finite union of connected closed R-subsets, as it is a finite union of images of affinoid subsets of X’.
As Z is connected, so is Z’, so it is a connected closed R-subset by Lemma 3.2.5. By construction, there is
a finite number of open disks (D;) that do not meet Z’ such that D; C Y and Y, is contained in Z'U(U; D;).

So it suffices to show that each D; can be covered by a finite number of elements of C. If D; does
not meet any A, then it is covered by the elements of C of the form S;. If D; meets A}, then as D; does
not contain c¢; (nor c;), then D; C A; and so D; is covered by A ; for some # > 0. O

Corollary 3.4.5. Let X be a normal rigid space that is quasiaffinoid space of open type over some finite
extension E of Q. Let D be the rigid closed unit disk. Let f : X — D be a rigid analytic map over E
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that is an open immersion. Let Y = f(X)(Q p). Then'Y is an R-subset of open type defined over E, and if
X is geometrically Zariski connected then Y is a connected R-subset. Moreover, f induces an E-algebra
isomorphism between Ag(Y) and Ag(X), and between A% (Y) and A% (X).

Proof. Let F be an finite extension of E that is large enough so that each geometric Zariski connected
component is defined over F, and F/E is Galois.

Write X as a disjoint union of X; where each X} is geometrically Zariski connected. Let f; be the
restriction of f to Aj; it is still an open immersion, and is defined over F. We apply Theorem 3.4.1 to
fit fi induces an isomorphism between &; and its image f(AX;) = ). In particular, Ar(Y;) and Ap(AX;)
are isomorphic by the map fi#. As X is of open type, so is &; and hence so is ;. By Proposition 3.2.9,
this implies that ¥; = Y;(Q p) is a connected R-subset of open type. Moreover, the Y; are disjoint as f
is injective. Let Y be the disjoint union of the Y;.

So we get an F-algebra isomorphism f* between Ar(Y) = D:_, Ar(Y;) and Ap(X), which is equal
to @;_; Ar(X;). As X is defined over E and f is an E-morphism, we see that ) is defined over E.
We have an action of Gal(F/E) on both sides, and f* is Gal(F/E)-equivariant. So f* induces an
isomorphism between the Gal(F/E) invariants on both sides; hence the result. O

4. Complexity of standard subsets

4.1. Algebraic complexity of a standard subset over a field of definition.

Definition. Recall that we defined e in Section 2.2.

Definition 4.1.1. Let X be a standard subset of P!(Q p) that is defined over E. If X is irreducible over
E, we define the complexity of X over E to be

ce(X) = [kx.k : keléo, (A%(X)).

In general, let X = J;_, X; be the decomposition of X as a disjoint union of standard subsets that are
defined and irreducible over E. We define the complexity of X over E to be cg(X) = Zle ce(X)).

The above definition makes sense as A% (X) is a complete noetherian local Og-algebra if X is irreducible
over E by Corollary 3.3.8.
Note that in particular if X is connected then cg(X) = ep, (A% (X)) as kx g = kg in this case.

Some general results on algebraic complexity. We now give explicit formulas for the complexity. It is
enough to give such formulas for subsets X that are irreducible over E.

Proposition 4.1.2. In the situation of Lemma 3.3.7, we have cg(X) = [F : Elcp(X)).
Note that ¢ (X1) does not depend on the choice of X| among the connected components.

Proof. Let er/g be the ramification degree of F//E. We have that .A?p (X)) = .A% (X) as Og-algebras,
and kx g = kx, r = kr. So cp(X) = [kr : kgleo, (A%(X)) = [kr : kpléo, (A%(X1)) which equals
[kr : kgler/péo, (A%(X1)) = [F : Elcr(X1) by Proposition 2.3.1. O
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Proposition 4.1.3. Let X be a connected standard subset defined over E, and F a finite extension of E.
Then cg(X) = cp(X) with equality when F [ E is unramified.

Proof. From Lemma 2.3.2 we see that e(Or ®¢, A% (X)) = é(A% (X)) = cp(X), and from Propositions
3.3.5 and 2.2.2 we see that e(Of Qo, A%(X)) > é(A(}7 (X)) with equality when F/E is unramified. [l

Proposition 4.1.4. Let X be a standard subset defined over E, and F a finite extension of E. Then
ce(X) = cp(X) with equality when F / E is unramified.

Proof. By additivity of the complexity we can assume that X is irreducible over E. Write X = [ J/_, X;,
where each X; is connected. Let E; be the field of definition of X; over E, so that cg(X) = ncg, (X;)
for all i. Then FE; is the field of definition of X; over F. Suppose that the action of G on the set
of the irreducible components of X has r orbits, with representatives say X1, ..., X,. Then cp(X) =
Z;ZI[FEj : Flerg;(X;). We have that cre;(Xj) < cg; (X)) by Proposition 4.1.3, and ce; (X;) is
independent of j, and equal to (1/n)cg(X). Moreover, [FE; : F] is the cardinality of the orbit of X ;, so
Z;Zl [FE;: F]=n. Finally we get that cr(X) < cg(X), with equality if and only if crg; (X ;) = cg; (X )
for all j, which happens in particular if F'/E is unramified. U

Does cp(X) characterize A%(X )? We ask the following question: let X be defined and irreducible
over E. Let R C A% (X) be a local, noetherian, complete, Og-flat Og-subalgebra of A% (X), such that
R[1/p]=AEg(X). Suppose moreover that R and .A% (X) both have residue field kg, and e(R) = E(A% (X)),
that is €(R) = cg(X). Do we have R = A%(X)?

It follows from [Breuil and Mézard 2002, Lemme 5.1.8] that the equality holds if cg(X) = 1, and in
this case both rings are isomorphic to Og[[x]], and X is a disk of the form {x, |x —a| < |b|} for some
a,beE.

But as soon as cg(X) > 1 there are counterexamples. We give a few, with £ = Q,,.

(1) Let X = {x,0 < v,(x) < 1}. Then A%F(X) is isomorphic to Z,[[x, y]]/(xy — p). Let R be the
closure of the subring generated by px, py and x — y. Here e(R) = cq, (X) = 2.

2) Let X = {x, vp(x) > %} Then A?QP(X) is isomorphic to Z,[[x, y]]/(x2 — py). Let R be the closure
of the subring generated by y and px. Here e(R) = cq,(X) = 2.

(3) Let X ={x, |x—m| <|7|}, where ¥ = p. Then A?QP(X) is isomorphic to Z,[[x, y]1/(x? — p(y+1)).
Let R be the closure of the subring generated by y and px. Here e(R) = cq,(X) = p.

4.2. Computations of the algebraic complexity in some special cases.

Preliminaries. If P € E[x],and a € @p, let P,(x) = P(x+a)e @p[x].

Lemma 4.2.1. Let D be an open disk defined over E, let s be the smallest degree over E of an element in
D. Let a be an element of D of degree s over E. Let A € R be such that D = {x, vg(x —a) > A}.

Let P € E[x] g, and write P,(x) = Zf;& bix'. Then vg (b;) > ve(bo) —iX foralli. In particular, if
vE(bo) = 0, then vg(b;) = —iA foralli > 0, and if vy (bg) > 0, then vy (b;) > —iA foralli > 0.
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Proof. Consider the Newton polygon of P,: if the conclusion of the lemma is not satisfied, then it has at
least one slope n which is < —X. So P, has a root y of valuation —p > A. Let b =a + y, then b is a root
of P, so of degree < s over E. On the other hand, vg (b —a) = vg(y) > A so b is in D, which contradicts
the definition of s. U

A similar proof shows:

Lemma 4.2.2. Let D be a closed disk defined over E, let s be the smallest degree over E of an element in
D. Let a be in D of degree s over E. Let . € R be such that D = {x, vg(x —a) > A}

Let P € E[x] s, and write P,(x) = Zf;& bix'. Then vg(b;) > vg(by) —iA foralli > 0. In particular,
if vg(bg) = 0, then vg(b;) > —iA foralli > 0.
Definition 4.2.3. Let L/Q),, be a finite extension. Let f € Or[[w]], f = Zizofi w'. We say that f is
regular of degree n if f, € (’)Z and f,, € my for all m < n.
Definition 4.2.4. Let L/Q, be a finite extension. Let f € Or[[w]], f = ZiZO fiw'. We define the
valuation of f as vg(f) = min; ve(f;), and the leading term of f as w' for the smallest i such that
ve(f) =ve(fi). In particular, f is regular of degree n if and only if vg(f) = 0 and the leading term of
fis w™

We recall the following result (see, e.g., [Washington 1997, Proposition 7.2]):
Lemma 4.2.5 (Weierstrass division theorem). Let f € Op[[w]] that is regular of degree n, and g €
Orllw]]). Then there exists a unique pair (g, r) with g € Op[[w]],r € Orlw]., and g = qf +r.

Let X be a connected standard subset defined over E. Then we have the easy but useful result:
Lemma 4.2.6. Let f € A%(X). Then f reduces to 0 in A%(X)/(T[E) ifand only if || fllx < |mwg|. The
image of f in A%(X)/(JTE) is nilpotent if and only if || fllx < 1.

Open disks. We want to give the general formula for the complexity of a disk. We start with some
examples. We see that there are two kinds of difficulties: one from the radius that is not necessarily the
norm of an element of E, and one from the fact that the disk does not necessarily contain an element in E.
Example 4.2.7. Leta, b be in E with b #0. Let D be the disk {x, |x —a| < |b|}. Then cg(D) =1. Indeed,
A%(D) is isomorphic to Og[[w]], where w corresponds to the function (x — a)/b, so A%(D)/(nE) =
kel[w]].

Example 4.2.8. Let D be the disk {x, v,(x) > 3}. Then cq, (D) = 2. Indeed, .A%p(D) is isomorphic to
Zyllw, t11/(t*> — pw), where w corresponds to the function x2/ p and ¢ to the function x. So A%p (D)/(p)
is isomorphic to [, [[w, t]]/(tz).

Example 4.2.9. Let D = {x, |x — 7| < |7|}, where 7” = p. Then cq,(D) = p. Indeed A%p(D) is
isomorphic to Z,[[t, w]]/(t? — p(w + 1)), where 1 is the function x and w is the function (x” — p)/p.

Proposition 4.2.10. Let D be an open disc of radius r € p@ defined over E. Let s be the smallest

ramification degree of E(a)/E for a € D. Let t be the smallest positive integer such that r*' € |E(a)™|.
Then cg (D) = st.
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Proof. There are two steps in the proof: the first is to find a description of A%(D), and the second to use
this description to show that A%(D) /() satisfies the conditions of Corollary 2.1.2 and apply this to
compute cg (D).

Step 1: Let a € D be as in the statement. As the complexity does not change by unramified extensions by
Proposition 4.1.4, we can enlarge E so that E(a)/E is totally ramified. Let u be the minimal polynomial
of a over E, so that u has degree s. Write F' = E(a). For v € Q, let F), be the set {x € F, vp(x) > v}
(so that Fy = Op).

Let A be such that D = {x, vg(x —a) > A}. Let also p € F such that vg(p) = stA, which is possible
by the definition of . When s > 1, we see that vg(a) < A (otherwise 0 € D), and if @’ is another root
of i then vg(a —a’) > A as D is defined over E.

For n € Z, let &£, be the subset of E[x].; of polynomials that can be written as Zf;é bi(x —a)’
with vg(b;) = —(i 4+ ns)A. Note that by Lemma 4.2.1, &, is the set of polynomials in E[x].; with
v (bg) > —nsA. In fact &, is in bijection with the set F_,, by P — P(a), as any element of F can
be written uniquely as P(a) for some P € E[x].;. Note that p~le F y,. Wefix R €& the unique
polynomial such that R(a) = p~'. We set @ = Ru".

Let L be a Galois extension of E containing F' and an element £ such that vg(§) = A. Then .A% (D) is
isomorphic to Oy [[w]], with w corresponding to (x —a)/&. We consider now « as a polynomial in w = (x —
a)/&. Then an easy computation shows that & € O [w], and it is a polynomial of degree at most st +s — 1
which is regular of degree st in the sense of Definition 4.2.3 when seen as an element of Ag (D)=0[[w]].

Let £ be the subset of E[x]_,; of polynomials that can be written as

st—1

> bi(x—a)
i=0
with vg(b;) > —iA. Then

A%(D) = { > P P e 5/}

n>0

and any element of A%(D) can be written uniquely in such a way. Indeed, let f € A%(D), which we
see as an element of A(z(D) = O [[w]]. Applying repeatedly the Weierstrass division theorem, f can
be written uniquely as ano P,a" with P, € Op[w].y;. The fact that f is in A%(D) means that f is
invariant under Gal(L/E). As « itself is invariant under this group, this means that each P, is invariant,
and so P, € & (where we see &' C Op[w].ss by w = (x —a)/§).

Step 2: We now want to check to conditions of Corollary 2.1.2. We see that £’ = @3;10 wiE ;. For
0<i<t,let (u;j)i1<i<s be abasis of £; as an Og-module, taking u; o =1, and vg (u; o(a)) > 0 fori > 1.
We can satisfy this condition as taking a basis of & is the same as taking a basis of Of over Og, and F is
totally ramified over E. We also observe that for j > 0, we have vg (u; j(a)) > —jsA by definition of z.
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Write y; j = u,-,juj and z = « (note that y; o =1). Then .AOE(D) is a quotient of Og[[y;, j, z]]; hence
the ring A = A%(D)/(ng) is a quotient of kg[[y; j, z]]. Let y; ;, z be the images of y; j, zin A. Let I be
the ideal generated by the y; ; for (i, j) # (1, 0). Then the maximal ideal m of A is generated by  and z.

We show first that / is nilpotent. We see y; ; as an element of Ag (D) = Or[[w]], then |y; jllx =
max, a,, where y; j = > _,a,w". So we see that for (i, j) # (1, 0), we have that ||y; j|Ix < 1, and so
yi,j 18 nilpotent by Lemma 4.2.6.

Let us see now that A has no z-torsion. As before, we see A% (X) as a subalgebra of Oy [[w]]. From
the existence of this inclusion, we see that the norm on A%(X ) is actually multiplicative. As ||z||x = 1,
we deduce that ||zf||lx = || f||x forall f € .A%(X), and so A has no z-torsion.

We deduce that the conditions of Corollary 2.1.2 are satisfied. So e(A) = dim; A/(z), and we see
easily that 1 and the y; ;, 1 <i <sand0<i <1, (i, j) # (1, 0), form a k-basis of A/(z). Ol

Holes.

Proposition 4.2.11. Let X = P! ((IZDP) \T,where T = UlNzl D; is a G g-orbit of closed disks of positive
radius r € p@, with each disk defined over a totally ramified extension of E. Let K be the field of definition
of Dy. Let s be the smallest ramification degree of K (a)/K for a € Dy. Let t be the smallest positive
integer such that r*' € |E(a)*|. Assume that K (a)/E is totally ramified. Then cg(X) = Nst.

When N =1, that is, when T is a disk, then the formula and the proof are similar to what happens
in Proposition 4.2.10. But there are additional difficulties when there is not only one hole, but a whole
Galois orbit of them, that is, when N > 1.

Proof of Proposition 4.2.11. We divide the proof into several steps.

Step 1: We first give a description of the ring of functions in the case where N = 1, that is, when there
is only one hole. Write X’ = P1(Q ») \ Dy, so that X’ is defined over K. We will give a description of
the ring .A(,)< (X, forgetting T and E for the moment. This computation is similar to the computation in
Proposition 4.2.10, although complicated by the fact that we work with rational fractions and not only
with polynomials.

Let a € D as in the statement of the proposition. Note that [K : E] = N. Let F = E(a). Note that
K C F so E(a) = K(a). By hypothesis, F/FE is totally ramified. We write [F : K] = s. Write D; as
the set {x, vg(x —a) > A} for some A € Q. Let u be the minimal polynomial of a over K, so that u has
degree 5. Let also p € F be such that vg(p) = stA, which is possible by the definition of ¢.

Let R be the unique element of K[x].; such that R(a) = p. Note that when we write R(x) =
3" bi(x —a)’, we have vg(b;) > (st —i)A for all i > 0 by Lemma 4.2.2. Set v = R/, and for n > 1, set
o =pp "L

Let L be an extension of E containing a and an element £ such that vg (§) = A, and which is Galois over
E. Note that .A% (X’) is isomorphic to O [[w]], with w corresponding to the function & /(x — a). In this
isomorphism, observe that «,, is regular of degree nst and is divisible by w*, and v = Ru~" = p~' Ra;

is regular of degree st, and divisible by w*~*1,
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Let f = wg € wA%(X’). Then by applying Lemma 4.2.5 repeatedly we can write w''~! f =
w'g as Yo Pu(w)a, for P, € Op[w]y (there is no remainder as w* and «; differ by a unit).
So f =3, w™"P,(wa,. So any element of A?(X’) can be written uniquely as f = ag +
Yoot ,owl_”_Pn(w),u_’v"_l, where ag € O and P,(w) € O [w] ;.

We want to know when such an element is in Ak (X"). As v and u=' are in Ag (X'), we see that it is
the case if and only if ay € Ok and pw! ™% P, (w) is invariant under the action of Gal(L/K). Note that
pw! ™ P, (w) in actually in L[x]_,, so it is invariant by Gal(L/K) if and only if it is in K[x]. Let £ the
set of elements Q € K[x] . such that when we write Q(x) = Zi>0 b;(x —a)', we have vg (b;) > (st —i)A.
Then we see that £’ is exactly the set of elements of K[x]_, tha; are of the form pw!™ P(w) for some
P e Oplw]<y.

Then we have shown that

A(,)((X’)z{ao—i- Q"—(xt)v", aOEOK,QnES/},
p(x)
n>0
where v = R/’
Note that if f € A(}((X/) is written as ag + anO(Qn(x)/u(x)’)v” with ag € Ok, O, € &, then

11l x" = max(lao|, max 1 Qnit™" llx). (2)

We can see f as being in Oy [[w]] and reason in terms of vg(f). We have that vg(v) = 0 as v is regular
of degree st. Moreover, writing Q,, 0" as o' 0,01, we see that the leading term of Q,u~" is w*’. Using
this, we see easily that vg(f) = min(vg(ag), min, (ve(Q,u~"))) which gives the result.

Step 2: We introduce the tools that allow us to go from the description of A(}< (X’) to the description of
AL(X).

Let Q = {0y, ..., on} be a system of representatives in Gg of Gg/G g, numbered so that o; D1 = D;
(so we take o1 = id). Recall that w = £/(x — a). Let &;, a; be conjugates of £ and a; by o;, and let
w; =& /(x —a;) (so that w; = w). If £ € Op[[w]] =A% (X)) c A (X), with f =3 f,w", we denote
by tr f € .Ag(X) the element ZlN:] >, 0i(f)w!. Note that if f € Ag(X'), then tr f € Ag(X) and
A% X)={a+trf,ae O, f € A(}( (X")}. We can actually make this more precise: let A% (X)o and
A(}( (X")o the subspaces of A% (X)and A(1)< (X") of functions with no constant term (see Remark 3.3.4). Then
tr induces a bijection between A(}((X/)O and A%(X)o. Moreover if f € A(}( (X))o then || fllx = |Itr flix,
as can be seen from Proposition 3.3.3.

Note that A(,)((X "y € Or[[w]], and this injection is multiplicative and preserves the norm. So we
also get an injection A% (X)o — Or[lw]], which preserves the norm as noted earlier. But this is not
multiplicative, as in general tr( fg) # (tr f)(tr g). However, we have for all f, g in wO[[w]]:

Itr(fg) — (tr HHtrlix < Il fgllx 3)

In particular, we have that |[tr(fg)||x = || (tr f)(tr &) x.



668 Sandra Rozensztajn

Let us prove (3). Write f =) f,w"and g =), g,w". Then (tr f)(tr g) is of the form tr(u) for
some u in wOy[[w]]. We can assume that || f||x» = ||g|lx’ = 1, so that || fg|lx = 1. Let w’ be one of
the w; for i > 1. Consider w"w'™ for some integers n, m > 0. It can be written as a sum of an element
of wOy[[w]] and an element of w'O;[[w’']], and we want to understand the term in wO; [[w]]. Note
that for n > 0, m > 0, we can write w"w™" =Y " o;w’ + > 1", Biw', with o; € Oy and B; € O, and
la;| < 1 and |B;| < 1 foralli as || < |a —a’|. So we see that all the terms contributing to fg — u have
norm < 1. This proves (3).

Step 3: We give a description of A% (X). Combining the description of A(}( (X’) in Step 1 and using the
trace we get

A (X) = {ao+2tr<%v"), a € Op, O, es/} )

n>0

and elements of A% (X) can be written uniquely in such a way. We want to change this description to
something more convenient. Let z = tr v. Then

AL(X) = {ao + Ztr(%)z”, ag € O, Oy € 5/}. (5)

n>0

In order to prove this, we transform an element written as in (4) into an element written as in (5) by
successive approximation, using the inequality (3) and the formula (2) for the norm.

Step 4: We now give a set of generators of .AOE (X) as a complete Og-algebra, which will be useful in the
next steps.

We start by giving a basis of the Og-module £ For 0 < j < t, let £; be the subset of K[x]., of
polynomials that can be written as Zf;é bi(x —a)" with b; € F, vg(b;) > (s(t — j) — i)A. Note that
by Lemma 4.2.2, £; is the subset of elements of K[x].; with vg(by) > s(t — j)A, and if P € &}, then
ve(b;) > (s(t — j) —i)A for all i > 0. Moreover, £; is in bijection with the set

Fsg—jn=1{b € F,vp(b) = s(r — j)A}

by P+ P(a). Indeed, if b € F, it can be written uniquely as b = P (a) for some P € K[x]_.; as F = K (a).
By definition, F(—j), does not contain an element of valuation s(z — j)A for 0 < j <. We note that
&= @3-_:10 1/ Ej. We define bases for the £; as Ox-modules as follows: fix §; in Fy— ), of minimal
valuation (take 6o = 1, and note that vg(§;) > s(r — j)A if j #0). Let @ be a uniformizer of F, so that
(1,w,...,w* ") is a basis of O as an Og-module. Then let Qi,j € &; be the polynomial such that
Qi jla)= iji*I for 1 <i <s. So we deduce a basis (P; j)o<j<s,1<i<s of £ as an Og-module by taking
Pij= Qi n.

Finally let u; ; = P; j /i’ € A(}( (X"), so that v = R/u’ = uy . Let @ be a uniformizer of K, so that
Ok = Ogla] (recall that K is a totally ramified extension of degree N of E). Let y; j = tr(ozeu,; ;). Then
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A%(X ) is generated by z and the y; ; ¢, and more precisely

s t—1 N—1

AR (X) = {ao-i-Z( 3N ai,j,[,nyi,j,é)znv ao, ai j.en € Op Vi, J, 5}- (6)

n>0 N i=1 j=0 £=0

Step 5: Let A = A% (X)/(mwg). We now show that the hypotheses of Corollary 2.1.2 are satisfied by A.
Denote by y; ;. the image of y; ;¢ in A, and by z the image of z (observe that y; 9.0 = z). Let I be the
ideal of A generated by the y; ; ¢ for (i, j, £) # (1, 0, 0). Then it is clear from (6) that the maximal ideal
of A is generated by [ and Z.

Then I is a nilpotent ideal. Indeed, consider f one of the elements y; ; ¢, that is, f = tra‘u; ;. We
see f as an element of A%(X). When we write o/u,;j as an element of O [[w]], with w =&/(x —a) as
before, we see that in fact it is in w; O [[w]], as either £ > 0 or (i, j) # (1,0). So f isin nL.A(z(X). By
Lemma 4.2.6, this means that the image of f in A is nilpotent. So [ is nilpotent.

Let us show that A has no z-torsion. Let f € A which is not a unit. Then f = g for some g € A% (X)
that can be written as tr(/) for some & € A(I)( (X"). We compute ||zgllx = [|(trv)(trh) || x = |tr(vh)| x (by
(3)), so finally [lzgllx = [[vhllx' = llvlix |kl x'. Moreover, |lv]x =1, so [zgllx = ll2llx* = ligllx- By
Lemma 4.2.6, this means that 7 f # 0 if f #0.

So finally we are in the conditions of Corollary 2.1.2.

Step 6 We compute the dimension of A/(z), which is the complexity we are looking for by Corollary 2.1.2.
It is clear from (6) that dim; A/(z) < Nst, as A/(Z) is generated as a k-vector space by 1 and the y; ;¢
for (i, j, £) # (1,0, 0). Let us show that it is in fact an equality.

Let X = L+ D ; 0)£(1.0.0) M.j.ti,je in A that reduces to 0 in A/(Z), and let us show that all the
coefficients are in fact 0. First, u = 0 otherwise x in a unit in A. Lift each A; ; , to some a; j o € Of. Let
f =26 .020.00 %.j.ea‘ui j, so that x =tr f, and assume that f 7 0.

The fact that x reduces to 0 in A/(z) means that there exists some g € .A% (X) such that ||tr f —zg|lx <
|7g|. Then g is in the maximal ideal of .A% (X) (it cannot be a unit as ﬂ is nilpotent in A but z is not).
So we can take g to be of the form tr 4 for some & € A(I)( (X")o. Let us compare tr f and (tr v)(tr i): they
are both in A% (X)p so we see them in Oy [[w]] = A(I)( (XN.

We compute easily that the valuation of ozgul-, jistvg(a)+({ — Dve(w)+ve(d;) and the leading term
is w*?=7). So we can determine j from the leading term. Note also that vg(e) = 1/N, vg() = 1/sN.
AsO0<f¢ < Nand 0 <i—1 <y, we see that for a given j, the valuations of o/u,-,j and oezlu,-/,j are
not equal modulo Z except if i =i’ and £ = ¢'. This means that in f there are no cancellations, and in
particular the leading term of f is w*?~/) for some j < . On the other hand, the leading term of v/ is
w" for some n > st. This contradicts the fact that |[tr f — (trv)(trh)|| < |7g].

So finally e(A) = dimg A/(Z) = Nst. O

Additivity formula. We know want to compute the complexity of any connected standard subset defined
over E. Using the fact that the complexity is invariant under unramified extension of the definition field,
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we see that Proposition 4.2.12, combined with Propositions 4.2.10 and 4.2.11, gives us a way do this
computation.

Proposition 4.2.12. Let X be a connected standard subset defined over E. Assume that X is of the form
Y\ T, where Y is either Pl(@p) or a disk defined over E, T = J!_, T;, where each T; is a disjoint
union of closed disks D; ; such that the T; are pairwise disjoint, with each defined and irreducible over
E, contained in Y, and each D; ; is well-defined over an extension of E that is totally ramified over E.
Then cg(X) = cg(Y) + Y1t ce(PY@Qp)\Ty) if Y is a disk, and cp(X) = Y cg(P' @) \ T}) if
Y =P'(@)).

Proof. Let X; = Pl(@p) \T; for 1 <i <m, and set Xo =Y if ¥ is a disk. Then X =), X;, and each X;
is defined over E, and if i > 1 then X; is of the form of the subsets studied in Proposition 4.2.11.

Using the description of the ring of functions in Proposition 3.3.3, we see that for each i, we can write
A%(X i) = Og & M; for some submodule M;, where OF is the subring of constant functions (note that
if i > 1 we can choose M; canonically by taking the functions that are zero at infinity). Then we have a
natural injection A% (X)) —> .A% (X) for all i, such that A% X)=0r® (EBI M,-) by Proposition 3.3.3.
Let f € .AOE (X), and write f in this decomposition. Then f has a nonzero component on M; if and only
f hasapolein T;. Let A; = .A%(X,‘)/(JTE), and M; = M;/(wg). Then each A; contains an element z; as
in Lemma 2.1.5: it is the element called z in Propositions 4.2.10 (for i = 0, if X is bounded) and 4.2.11
(fori > 1).

Let A= A%(X)/(mg). Then A=k (D, Vi), where V; is the image of M;, and A is nearly the sum of
the A;’s as in Definition 2.1.3. In order to compute the multiplicity of A, we want to apply Lemma 2.1.5.
So we need to prove: for all i # j, there exist some integers N and ¢, with # < N, such that V"V; C Vi"_’
for all n > N. It is clear that V;V; C V; + V;. So we can assume without loss of generality that m < 2.

We will treat only the case where i = 1, j = 2. The case where i or j is equal to O (which can occur
only when X is bounded) is similar. For simplicity, we will assume from now on that 7} and 7, are
actually connected, that is, each is a single closed disk D; defined over E. The general case needs no
new ideas but requires more complicated notation.

We first describe a little the ring A% (X). We fix a finite Galois extension L of E such that X is
well-defined over L. Let to = ey /g. So fori =1, 2 we write D; = D(a;, |& T, with ¢; and &; in L. Note
that |§; /(a; —a;)| < 1if {i, j} ={1,2},s0v.(§/(a; —a;)) > 1. Let y; =&;/(x —a;) fori =1, 2. Then
AL (X)) c OLllyill = A2 (X)) If h € A% (X)) N O[], then A is in w5 A% (X)).

We have a decomposition A% (X) = O & M| & M, as before. We denote by «; the projection to
M; in this decomposition. We also have a decomposition of A = A%(X )/(wg) as k ® V) & V,, and we
denote by &; the map to V; which is the composition of reduction modulo g and projection to V;. The
maps «; extend to the decomposition Ag(X )=0LBOM1 L DMy L.

Denote by z; the element that was called z in the proof of Proposition 4.2.11 applied to X (which
is also the element called v, as we are in the case where N = 1), and denote by t the integer that was
denoted by sz. Then in Or[[y1]], z1 is equal to w h + y{u for some h € Or[yi]l<; and u € O [[y1]]*.
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For m > 0, write z|' = ijo cm,jy{ with ¢, j € Or. Then we have that vy (¢, j) > m — j/7. On the
other hand, we can write y|'* = 220 q,-z"l with g; € ninax(o’m_i)(’)L[[tl]].

Let z; be the image of z; in A;. Then as in the proof of Proposition 4.2.11, V| is generated by z; and a
nilpotent ideal 7 of A;. Let #; be an integer such that /" = 0. Then any element of V" for n large enough
is a multiple of ]~

Fix some f € M such that its image in V; is in V', and g € M. As we are interested only in working
in A, we can assume that f is divisible by z’f*t‘. So when we write f (seen as an element of A(Z (X1)
as ) ; ij{, we have vy (fj) >n—t — j/t.

We have that fg € M|@BMp, soitsimage in A isin V@ V,>. We want to show that in this decomposition,
the projection @ (fg) of fg to V, is zero, and the projection @ (fg) to V; is contained in V|'~" (for some
t independent of n to be determined).

Clearly, for all integers a, b, we can write yj‘yé’ = Zle )La,b,,-yl" + Z?:l ,ua,b,,-yé with A, 5 and [g p.i
in Op,and vy (Mg p i) =a+b—iand vy (Ugp)>a+b—i.

We study ﬁ.rst a1(fg)in A%(X). We have o (fg) = ijo fjozl(y{g). Asvr(fj)=n—1t — j/r,.all
terms fo (y{g) for j < (n — ty — t;)7 contribute elements that are in nZ)OL[[yl]]. Consider o (y{ g)
for j > (n —ty — t1)t. It contributes to y{ with a coefficient of valuation > j—i. So all terms in y{ with
i <(n—to—1)T —tg are in 7 OL[[y1]]. Thus & (fg) is in (P OL[[y111+ ¥~ OLIy11]) N AL (X))
for t, = t; + 2fp. We have that yl("_mr =Y, iz} with ¢; € nglax(o’("_lz_i)r)OL[[yl]]. So finally,
a1(fg) € @Oyl + 2O,y N AL(X)) for 13 = £ + fp. From this we deduce that @, (fg)
is a multiple of 7] ", and so is in V' ",

We see also that if n > 219 + 1, then o (fg) goes to 0 in V>.

So we get the result we wanted by taking ¢ = 13 and any N > max(t3, 2fo + t1). O

4.3. Combinatorial complexity of a standard subset with respect to a field. We give another definition
of complexity of a standard subset. It is defined in more cases than the algebraic complexity, as we do
not require X to be defined over E to define the complexity of X with respect to E.

Definition. Let X be a standard subset, and E be a finite extension of Q,. We define an integer y£(X)
which we call combinatorial complexity of X.

Let D be a disk (open or closed). Let F be the field of definition of D over E. Let s be the smallest
integer such that there exists an extension K of F, with ex,r =s, and K N D # &. Let ¢ be the smallest
positive integer such that D can be written as {x, stvg(x —a) > vg(b)} or as {x, stvg(x —a) > vg(b)}
for elements a, b in K. Then we set yz (D) = st. We also set yg (P! (@p)) =0.

Then if X is a standard subset, we define yz(X) to be the sum of the combinatorial complexities of its
defining disks. That is, if X is a connected standard subset, it can be written uniquely as Dy \ U';: 1 Dj
with Dy an open disk or Dy = P! (Q »)» Dj aclosed disk for j > 0, and the D; are disjoint for j > 0. We
set yp(X) = 27:0 ye(D;). If X be a standard subset, we can write uniquely X = (J;_, X;, where X; is
a connected standard subset and the X; are disjoint. Then we set yg(X) = Zle ve(X;).

Some properties of the combinatorial complexity.
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Lemma 4.3.1. Let X be a standard subset. Let F/E be a finite extension. Then yg(X) > yr(X), with
equality when F [ E is unramified, or when F is contained in the field of definition of X.

Proof. 1t suffices to show that yg (D) > yr(D), with equality when F/E is unramified, for any disk D
(open or closed), and then it is clear from the definition. O

Proposition 4.3.2. Let X be a standard subset defined and irreducible over E, and write X = Ji_, X;
its decomposition in connected standard subsets. Let E| be the field of definition of X| over E. Then
Ye(X) =[E1 : Elyg, (X))

Proof. We have yg(X) =Y :_, ve(X;) = Y_i_, v, (X;). Observe first that yg,(X;) does not depend on
i. Indeed, for all i there exists 0 € Gg such that 6(X;) = X; and o (E;) = E;. Such a ¢ transforms
an equation {x, vg(x —a) > vg(b)} (or {x, vg(x —a) > vg(b)}) of a defining disk of X to an equation
defining the corresponding disk in X;. Moreover, s = [E| : E], as Gg acts transitively on the set of X;
because we have assumed X to be irreducible over E. (|

4.4. Comparison of complexities. The important result is that the two definitions of complexity actually
coincide when both are defined.

Theorem 4.4.1. Let X be a standard subset defined over E. Then cg(X) = yr(X).

Proof. We can assume that X is irreducible over E, as both multiplicities are additive with respect to
irreducible standard subsets.

Write now X = | J X;, where the X; are connected standard subsets, and let E; be the field of
definition of X;. Then cg(X) =[E : E1]cg,(X1) by Proposition 4.1.2, and yg(X) = [E : E1]yg,(X1) by
Proposition 4.3.2.

So we can assume that X is a connected standard subset defined over E. Note that cg(X) = cg/(X)
and yg(X) = yg/(X) for any finite unramified extension E’/E by Propositions 4.1.4 and 4.3.1. So we can
enlarge E if needed to an unramified extension, and we can assume that we have written X = D\ | J Y;
satisfying the hypotheses of Proposition 4.2.12. So we have c¢g(X) = cg(D) +)_; ce (P! (@p) \ Y;) by
Proposition 4.2.12, and the analogous result for yz follows from the definition. So we need only prove
the equality for these standard subsets.

Let D be a disk defined over E, of the form {x, vg(x —a) > A}. Let s be the minimal ramification degree
of an extension F of E such that FND # &, and ¢ > 0 be the smallest integer such that stA € (1/s)Z. Then
ce(D) = yg(D) = st. For cg (D) it follows from Proposition 4.2.10, and for yg (D) it is the definition.
So we get that cg (D) = ye(D).

Let now X = P'(Q,) \ T, where T is defined and irreducible over E, and T = vaz  Di, where
the D; are disjoint closed disks defined over a totally ramified extension of E. We have yg(X) =
> ye(D;) = Nyg(D,) as the D; are Gg-conjugates. Let F be the field of definition of D;. Then
ve(X) = Nyp(Dy) = Nyp (P! (@p) \ D1p). On the other hand, it follows from Proposition 4.2.11 that
cp(X) = NCF(IP’l(@p) \ D1). The proof that )/p([lj’l(@p) \ D) = CF([FDl(@p) \ D7) is now the same as
in the case of a disk. So finally cg(X) = yg(X). O
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From now on we only write cg to denote either cg or yr (so we can consider cg(X) even for X that
is not defined over E, or for X a disjoint union of closed disks).

Corollary 4.4.2. The complexity of X is at least equal to the number defining disks of X. It is at least

equal to the number of connected components of X.

4.5. Finding a standard subset from a finite set of points.

Approximations of a standard subset. Let X =|J)_, (Dy.0\ U™, Dy.;) be a bounded standard subset,
where the D, o\ (J!""; Dy,; form the decomposition of X as a disjoint union of connected standard subsets,
so that the disks D; ; are the defining disks of X.

ForJ C{l,...,N}and I, C{l,...,m,}forne J,wesetY; ;= UneJ(Dn,O\Uiel,, Dn,i). This is a
standard subset with cg(Y; ;) < cg(X) and equality if and only if X =Y, ;. Such standard subsets are
called approximations of X.

For a bounded connected standard subset X, written as D(a, r)~ \ A for some finite union of closed
disks A, we define its outer part as D(a, r)~. If X is any bounded standard subset, we define its outer
part as the union of the outer parts of its connected components. Note that if X is defined over a field E,
then so is its outer part X', and X’ is an approximation of X, and it contains X.

We make similar definitions for unbounded standard subsets. If X is an unbounded standard subset,
then we define its outer part to be P!'(Q p)-

Main results.

Theorem 4.5.1. Let X be a standard subset defined over E. Let m be an integer such that cg(X) < m.
Then there exists a finite set £ of finite extensions of E, depending only on E and m, such that X is entirely
determined by the sets X N F for all extensions F € £.

We can actually take the set £ to be the set of all extensions of E of degree at most N for some N
depending only on E and m. This theorem will be proved later, after we establish some preliminary
results.

Corollary 4.5.2. Let X be a standard subset of D(0, 1)~ defined over E. Let m be an integer such that
ce(X) <m. Let ¢ > 0 be such that D(x, &)~ C X forall x € X,and D(x,e)" N X = forall x ¢ X.
Then there exists a finite subset P of D(0, 1)~, depending only on E, m, and ¢, such that X is entirely
determined by X NP.

Proof. Let £ be the set of extensions of E given by Theorem 4.5.1. For each extension F' of E which is
in &, the set F N D(0, 1)~ can be covered by a finite number of open disks of radius &, and we define a
finite set Pr by taking an element in each of these disks. Then X N F can be entirely determined from
X NPr. We set P to be the union of the sets P for the extensions F of E that are in £. This is a finite
set, as £ is finite, and X is determined by X NP, as it is determined by the intersections X N F for F € £
by Theorem 4.5.1. U

Remark 4.5.3. As is clear from the proof, the set P can be huge. However in practice for a given X we
need only test points in a very small proportion of this subset.
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Notation. Letce@ p- If a < b are rational numbers, denote by A (a, b) the annulus {x, b <vp(x—c) <a}.
If a is a rational number, denote by C.(a) the circle {x, vg(x —c) = a}.

If t € Q, let denom(¢) be the denominator of ¢, that is, the smallest integer d such that t € (1/d)Z.
Note that [E(x) : E] > denom(vg(x)).

Preliminaries.

Lemma4.54. Letx, z € @p, with denom(vg (x — z)) > teg(x)/E for some integer t. Let D be a rational
disk (open or closed) containing z but not x. Then cg(D) > t.

Proof. 1t is enough to prove that cg () (D) > ¢, as cg(D) > cg(x)(D). Let D be such a disk. As D does
not contain x, we have D C C(A) where A = vg(x —z). So for all y € D, denom(vg)(y —2)) =
denom(vg () (x —2z)) > t, which implies that e, )/ £(x) > t. By the definition of combinatorial complexity,
we deduce that cg () (D) > t. O

Fix an integer B. We say that A € @ has a large denominator (with respect to B) if denom(A) > B, and
a small denominator otherwise. The set of elements of ) with small denominator can be enumerated as a
strictly increasing sequence (%;);cz.

Corollary 4.5.5. Let x € Q p»Mm € Z, and X be a standard subset defined over E with cg(X) < m. Let
B > meg(x)/E, and define the sequence (t;) of rationals that have a small denominator with respect to
B. Leti € Z, and let D be a defining disk of X (open or closed). Then either A,(t;,t;+1) N D = &, or
Ax(ti, tiy1) C D (and then x € D).

Proof. Assume that A, (¢, t;11) N D is not empty, and let z € Q » be an element of this set. Then
denom(vg (x—z)) > B, so in particular denom(vg (x —z)) > meg (v g. By Lemma 4.5.4, either cg (D) >m
or x € D. As the first is impossible because cg(X) < m, we get that x € D. Assume that D is a closed
disk (the case of an open disk being similar). So D is a set of the form {y, vg(x — y) > t} for some ¢ € Q,
or equivalently of the form {y, v (x —y) >t} for t’ =teg(x) £. We have cg () (D) = denom(z’) and
cEw) (D) < cp(D) < cg(X) <m, so denom(t') < m, and so ¢ has a small denominator and hence is one
of the #;. As D contains an element of A, (#;,;41), we see that 7; <; and so A (;, ;1) C D. O

Proposition 4.5.6. Let E be a finite extension of Q,. There exists a function g such that for any
bounded standard subset X defined over E, if cg(X) < m, then there exists an extension F of E with
[F:El<Ygm)and XNF # @.

Lemma 4.5.7. Let E be a finite extension of Q,. There exists a function 1//2 such that for any open
or closed disk D of @p defined over E, if cg(D) < m then there exists an extension F of E with
[F:E]< wg(m) and DN F # @ and the radius of D is in |F*|. For m < p* or p =2 we can take
wg (m) = m and consider only extensions F/E that are totally ramified.

Proof. We write the proof for D open, the proof for D closed being nearly identical.
Let s be the minimal ramification degree of an extension K of E with KN D # &, and fixa € KN D.
Let ¢ be the smallest positive integer such that D can be written as {x, stvg(x —a) > vg(b)} for an
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element b € K. So by definition cg (D) = st. By Theorem 1.1.1, there exists an extension K of E with
ex/e=sand [K : E] < s2and KN D # . Then if F is a totally ramified extension of degree ¢ of
K, then F satisfies the conditions, and we have [F : E] < s%¢. As st < m, this means that we can take
Y (m) =m>
Note that s is a power of p by Theorem 1.1.1, and s < m. So if m < p* then s =1 or s = p, so we can
take [K : E] <s and K /E totally ramified instead of [K : E] < s2 and so we can take [F : E] < m.
When p =2 the result comes from applying Theorem 1.1.2 instead of 1.1.1. (]

Proof of Proposition 4.5.6. We show first that there exists a function 119 such that for all X a standard
connected subset defined over E with cg(X) < m, there exists an extension L of E with [L: E] <y é (m)
and XN L # @.

Consider first the case where X is of the form D(0, 1)7\ Y, with Y a disjoint union of closed disks. Then
either 0 € Y, in which case 0 € X, so EN X # & and there is nothing more to do, or 0 € Y. We assume from
now on that 0 € Y. Then m > 1 and we can write Y as D(0, |a|)TUZ, with Z a union of disjoint closed disks.
By the additivity formula for complexity, we have that cg (Pl(@p) \ D, |aD™) + cE([P’l(CDp) \Z) <
m — 1. Let A € @Q* with denom(A) > m. Then Z N Cy(1) = &, by Lemma 4.5.4 and the fact that
cp (P! (@ »)\ Z) <m. Let s =denom(vg(|al)). Then by definition of the combinatorial complexity, we
have that cE(IPI(@,,) \ D(0, |a])*) = s, so we know that s < m, and in particular vg(a) > 1/m. So we
see that Co(1/2m) C X by the two previous remarks. Let L be a totally ramified extension of E of degree
2m, then L N Co(1/2m) # @, and so L N X # &. So there exists an extension of E of degree at most 2m
such that X has points in this extension.

Consider now the case where X is of the form D \ Y, but D is not necessarily D(0, 1)~ anymore. By
Lemma 4.5.7, there exists an extension F of E of degree at most wg (m) such that D contains a point
in F and has a radius in |F*|. Moreover, cr(X) < cg(X) < m. By doing some affine transformation
defined over F, we can reduce to the case where D = D(0, 1)~, so we see that X contains a point in
some extension L of F with [L : F] <2m, and so X contains a point in L with [L : E] < }E (m), where
Wi (m) = 2myd(m).

Now we go back to the general case, where X is not necessarily connected. Write X as a disjoint union
of irreducible components over E. Each of them has complexity at most m, and it is enough to find a
point in one of them. So we can assume that X is irreducible over E.

Suppose now that X is irreducible over E: write X = Ule X;, where the X; form a G g-orbit. Let
F De the field of definition of X1, and s = [F : E]. Then cg(X) = scp(X1), so cp(X1) <m’ = [m/s].
There exists an extension L of F of degree at most }p (m’) such that K N X| # &. As L is an extension
of E of degree at most sw}p(m’), we see that we can take Y g (m) = sup—;,, SUP[F.g]=q sw}p(Lm/sJ),
which is finite as £ has only a finite number of extensions of a given degree. O

By inverting the role of closed and open disks, we obtain the following statement:
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Proposition 4.5.8. Let E be a finite extension of Q. There exists a function ¢ such that for any standard
subset X defined over E and different from P! (@p), if cg(X) < m, then there exists an extension F of E
with [F : E] < ¢g(m) and there exists an element of F that does not belong to X.

Following the proofs above, we see that we can actually take wg(m) = m?, W}E(m) = 2m?>, and
YE(m) = gpp(m) =2m’,

Proof of Theorem 4.5.1. To help with the understanding of the method, we will explain the steps on the
following example (for p > 2): let

X =(D1,0\D1,1)U(Dy0\ D2,1)UD30U Dy,

where Dy o= D(0, )", D1,1 =D(0, |[p))*, D2,o=D(0, |p)~, D21 =D, |p**, D3,0=D(1//p. D",
D3 o= D(-1/,/p,1)". Here X is defined over Q, and cq,(X) = 6 so we can take any m > 6.

We assume first that we know that X is bounded.

Write X as |, (Do \ U™, D.i), where the Dy 0\ /™, Dy,; form the decomposition of X as a
disjoint union of connected standard subsets (in particular D, o is open and D, ; is closed for i > 0).
We number the disks so that the D, o for 0 < n < M are maximal, that is, they are not included
in any other defining disk of X, and the D, o for M < n < N are all included in another defining
disk of X. In this way, the outer part of X is Ufzw: | Dno. In the example the outer part of X is
DO, 1)"uUD(//p, )" UD(-1//p,1)".

Let £ be the set of extensions of E of degree at most 2m? max(y'g(m), ¢ (m))>, where cg(X) < m.
Let P = Upcg F. We have to show that X can be recovered from the knowledge of X NP.

We work by constructing a sequence (X;) of approximations of X, such that each X; is defined over E
and is an approximation of X;1; and cg(X;4+1) > cg(X;), so that at some point X; = X and we stop.

We first describe how to solve the following problem: given some fixed x € X, with [E(x) : E] <Y g(m),
find the largest defining disk D of X containing x (note that D is necessarily open).

Let the sequence (¢#;) be as before Corollary 4.5.5, with B = myrg(m). For each i € Z, let A; =
(t; +1t;+1)/2. By construction A; has a large denominator, but denom(a;) < 2m21ﬁE (m)?. Choose some
z; € P such that vg(x — z;) = A;. This is possible as we can choose z; in a totally ramified extension of
E(x) of degree at most 2m>y g (m)% Then:

Lemma 4.5.9. Let i € Z be the smallest element such that z; € X. The largest defining disk of X containing
x is the disk D = {z, vg(x — 2) > t;}.

Proof. Let D be the largest defining disk of X containing x. Then z; € D. Otherwise, z; is contained in
some (open) defining disk of X that does not contain x, which contradicts Corollary 4.5.5.

We can write D as {z, vp(x —z) > t} for some ¢ € Q. Moreover t = t; for some j, as cg(D) < m.
Then t <t; as D contains z; so j <.

Let us show now that j =i. If j <i then by definition of i, z; & X. As z; € D, it means that z; € D’
for some closed defining set of X contained in D. But then A,(¢;, ;1) C D" by Corollary 4.5.5, so D’
is of the form {y, vg(y — x) > s} for some s < t;, which contradicts the fact that D’ C D. O
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Next we describe how to solve the following problem: given some fixed x ¢ X but x in the outer
part of X, with [E(x) : E] < ¢g(m), find the largest defining disk D of X containing x (note that D is
necessarily closed).

Let the sequence (#;) be as before Corollary 4.5.5, with B = m¢g(m). Then D is of the form
{z, vE(x —2) > t;} for some i, as cg)(D) < m. As x is in the outer part of X, there exists a largest
defining disk D’ of X containing x. Let ig € Z be the integer such that D’ = {z, vg (x —z) > f;,}. For each
i, we can find an element z; in C, (¢;), with [E (x, z;) : E(x)] < m*¢g(m), such that the G E(x)-orbit of z;
contains at least m elements zlgl) =Ziyeees zl(m) satisfying vg (zlfj) - zl@) =1; for all j # ¢. We can find
such a z; as follows: first find y; in a totally ramified extension of E(x) of degree at most m¢pg (m) such
that vg(x — y;) = ¢;. Next, find u; generating the unramified extension of E(x) of degree m and such

that |u;| = 1 and the G g(x)-conjugates of u; have distinct reductions modulo p. Let z; = u;y;. Then z;
satisfies the property we want, as it has m G gy, y,)-conjugates (zl@)lﬂfm and they satisfy the property
about UE(ZEJ) — zl@).

Lemma 4.5.10. Leti € Z be the smallest element > iy such that z; ¢ X. Then D = {z, vg(x — 2) > t;}.

Proof. Let j € Z, j > ig be such that z; ¢ X. As X is Gg-stable, this means that 29 is not in X for all
1 < <m. As each zE-K) is in the outer part of X (in fact in D’), it means that each zﬁ-[) is contained in

some closed defining D, disk of X contained in D’. Then in fact there exists a closed defining disk of
)
; J

zi-e )). So if there is not a closed defining disk

X containing x and all the z(/.[) for 1 < ¢ < m. Indeed, if a disk contains two of the 7z~ it contains all
’ )

-
), then the disks Dy are all distinct, which gives that cg(X) > m. So, in particular,

of them and also x, due to the condition on the vg(z
containing all the zf
z;j is contained in D.

On the other hand, assume that D = {z, vg(x — z) > t;} for some j. Necessarily j > ig as D C D".
Then z; ¢ X: if z; is in X, then so is le_e) forall 1 < <m. So each zﬁ-[) is contained in an open defining
disk of X contained in D, and so as before there exists some open defining disk of X containing z; and x

and contained in D. But this is impossible as vg(x —z;) =1;. Il

We show now how to find the outer part X; of X, thatis, X| = Uf:i o Dn,0 in the notation of the
beginning of the proof. Start with X| = @.

(1) Find some x € X NP that is not in X, if there is one. If there is not, then X is the outer part of X.

(2) Find the largest defining (open) disk D of X that contains x, using Lemma 4.5.9. Add to X the
G g-orbit of D. Go back to the first step.

For the first step, Proposition 4.5.6 ensures that if X is not contained in X, we can find some element
of X \ X that is also in P. For the second step, note that by construction the G g-orbit of D is disjoint
from X, and during the construction the set X is always defined over G .

In the example: note that X N Q, = &, so we find points in X N Q,(,/p). The fact that 1/,/p € X
gives us the defining disk D3 o= D(1/,/p, 1)~ and the fact that X is defined over Q, gives the other
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defining disk D40 = D(—1/,/p, 1)". The fact that ,/p € X gives us the defining disk D o= D(0, 1)".
At this point we have the outer part X1 = D oU D3,0U Dj4p.

We now want to find X, = Ufy:O(Dn,o \ U!%y Dn.i). Note that X is defined over E.

The method as it is very similar to the method to find X;. For each D, o, n < M, find if there is an
element x that is in X| but not in X. If such an element exists, we can take it with [E(x) : E] < ¢ (m)
by Proposition 4.5.8. Then we find the largest (closed) defining disk of X containing x and contained in
Dy, o using Lemma 4.5.10.

In the example X, = (D 9\ D1,1) U D3,0U Dy 9. The fact that p is in Dq o but not in X gives us the

defining disk Dy ;.

Once X is found, we have the decomposition X = X, U X', where X, and X’ are both approximations
of X,and X' = U:,V:MH(Dn,O \Um Dn,l-). In particular, we have that cg(X') = cg(X) — cg(X>3). Let
m' =m —cp(Xy). If m" =0 then X, = X. Otherwise, we must find X’, given that X’ is defined over
E and cg(X') < m’. Moreover, as we know X, entirely, if we know X NP then we also know X' NP.
Applying the same steps as before, we can find an approximation of X’ and so work recursively.

In the example, X' = Do\ Da,1, and as cg, (X2) =4 we get m" = m — 4, and we need to find X".

Finally, we want to remove the hypothesis that we know that X is bounded. First, we can determine
whether X is bounded by considering only X N @Q,. If X is bounded apply the algorithm described. If X
is not bounded, then set X| = X, and then apply the algorithm starting at the step where we determine X5.

5. Application to potentially semistable deformation rings

5.1. Definition of the potentially semistable deformation rings. We recall the definition and some prop-
erties of the rings defined in [Kisin 2008]; see also [Kisin 2010].

Letp: G@p — GLZ((IZD p) be a potentially semistable representation. Then we know from [Fontaine
1994] that we can attach to p a Weil-Deligne representation WD(p), that is, a smooth representation
o of the Weil group Wq, with values in GL,(Q p),and a Q p-linear, nilpotent endomorphism N of @%
such that No (x) = p%€* (x)N for all x € Wg,. We say that o is the extended type of p, and o Io, the
inertial type of p, where Ig, is the inertia subgroup of Wg,.

Kisin defines deformation rings that parametrize potentially semistable representations with fixed
(distinct) Hodge—Tate weights and a fixed inertial type. However, this is not entirely adapted to our
purposes: we would like each of these families of representations to be classified by one parameter
(see Theorem 5.3.1). This is not the case for the rings defined by Kisin: for example, if we take the
trivial inertial type, the deformation ring classifies a family of crystalline representations, and a family of
semistable, noncrystalline representations, and we cannot classify all of these with a single parameter. So
we introduce a refinement of Kisin’s rings, where in some cases we will consider deformations with a
fixed extended type instead, and use a refinement of Kisin’s rings defined in [Rozensztajn 2015].

Definition of the Galois types. We make the following definition:
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Definition 5.1.1. A Galois type of dimension 2 is one of the following representations with values in
GL>(Q)):

(1) A scalar smooth representation 7 = x @ x of Ig,, such that x extends to a character of Wq,.

(2) A smooth representation 7 = x; @ x2 of Ig,, where both x; and x, extend to characters of Wg,,
and x1 # X2

(3) If p > 2, a smooth representation T = x1 @ x2 of Wq,, such that x; and x» have the same restriction
to inertia, and x1(F) = px2(F) for any Frobenius element F in Wq b

(4) If p > 2, a smooth irreducible representation 7 of Wg,.

We call Galois types of the form (1) and (2) inertial types, and those of the forms (3) and (4) discrete
series extended types. If p is a potentially semistable representation of Gg, of dimension 2 and p > 2,
then we know from the classification of 2-dimension smooth representations of W, that either its inertial
type is isomorphic to a Galois type of the form (1) or (2), or its extended type is isomorphic to a Galois
type of the form (3) or (4) (if p = 2 there are other possibilities). Of course the possibilities are not
mutually exclusive, as a representation that has its extended type of the form (3) also has its inertial type
of the form (1), but we will define different deformation rings using these Galois types. Note that if the
Galois type of p is of the form (2) or (4) then it is potentially crystalline (that is, the endomorphism N
of the Weil-Deligne representation is zero), and that if p is potentially semistable but not potentially
crystalline (that is, N # 0) then its Galois type is of the form (3).

Definition of the deformation rings.

Definition 5.1.2. A deformation data (k, t, p, ¥) is the data of
(1) an integer k > 2,
(2) a Galois type 7,

(3) a continuous representation p of Gg, of dimension 2, with trivial endomorphisms, over some finite
extension [ of [,

k—
cyc

If the type 7 is a discrete series extended type, we will assume that p > 2.

(4) a continuous character ¥ : Gg, —> @; lifting det p such that ¥ and 11 det T coincide.

Let (k, 7, p, ¥) be a deformation data, and let E be a finite extension of @, over which 7 and  are
defined, and such that its residue field contains F. Let R(p) be the universal deformation ring of p over
OF, it is a local noetherian complete Og-algebra. Let RY (5) the quotient of R(5) that parametrizes
deformations of determinant /. Kisin [2008] defined deformation rings RY (k, , p) that are quotients of
RY(p). We will also use a refinement of these rings introduced in [Rozensztajn 2015], which are better
for our purposes in view of Theorem 5.3.1.

If the Galois type 7 is an inertial type, we denote by RY (k, 7, 5) the ring classifying potentially
crystalline representations with Hodge-Tate weights (0, k — 1), inertial type t, determinant i with
reduction isomorphic to p, as defined by Kisin [2008].
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If the Galois type T is a discrete series extended type, we denote by RY (k, T, p) the Og-algebra
which is a quotient of RY (), classifying potentially semistable representations with Hodge—Tate weights
(0, k — 1), extended type 7, determinant ¥ with reduction isomorphic to p defined in [Rozensztajn 2015,
2.3.3].

We know that RY (k, T, p) is a complete flat local Og-algebra (in particular it has no p-torsion), such
that Spec RY (k, T, p)[1/ p] is formally smooth of dimension 1.

The characterizing property of these potentially semistable deformation rings is the following: There is
a bijection between the maximal ideals of RY (k, 7, 5)[1/p] and the set of isomorphism classes of lifts p
of p of determinant i, potentially crystalline of inertial type t (resp. potentially semistable of extended
type 7), and Hodge—Tate weights O and k£ — 1. In this bijection, a maximal ideal x, corresponding to a
finite extension E, of E, corresponds to a representation p : Ga, — GL,(E,) such that there exists a
lattice giving the reduction p (as we consider only representations p that have trivial endomorphisms, the
lattice is unique up to homothety if it exists, so there is no need to specify it).

The Breuil-Mézard conjecture [2002] gives us some information about these rings (proved in [Kisin
2009; Paskiinas 2015; 2016]; see also Rozensztajn 2015 for the cases of discrete series extended type):

Theorem 5.1.3. Let p be a continuous representation of G, of dimension 2, with trivial endomorphisms.
If p =3, assume that p is not a twist of an extension of 1 by w, and let (k, T, p, ¥) be a deformation data.
Then there is an explicit integer pLa(k, T, p) such that e(RY (k, T, p)/(7E)) = pau(k, T, p).

For our purposes, what is important to know about pau(k, T, 0) is that it can be easily computed in
a combinatorial way, in terms of p, k and 7. For more details on the formula for this integer see the
introduction of [Breuil and Mézard 2002].

Definition 5.1.4. We will say that a representation p with trivial endomorphisms is good if it satisfies the
hypothesis of Theorem 5.1.3, that is, if p = 3 then p is not a twist of an extension of 1 by w.

Note that the condition of trivial endomorphisms implies that p is not reducible with scalar semisimpli-
fication.

5.2. Rigid spaces attached to deformation rings. As RY (k, T, /) is a complete noetherian (O -algebra,
the E-algebra RY (k, 7, p)[1/p]is an E-quasiaffinoid algebra of open type as described in Section 3.1, and
RV (k, T, p) is an O-model of it. We denote by XV (k, T, /) the rigid space attached to RY (k, , p)[1/p]
by the construction of Berthelot as recalled at the end of Section 3.1.

Let pi,...,p, be the minimal prime ideals of RY(k,t,p), and let R; = RV (k, t, 0)/pi. As
RY (k, T, p) has no p-torsion by construction, the set of ideals (p;) is in bijection with the set of minimal
prime ideals (p;) of RV (k, T, p)[1/p]l, with R;[1/p] = RV (k, 7, ﬁ)[l/p]/p;. Let &; be the rigid space
attached to R;[1/p], then XV (k, T, p) = U?_, A;, and each A; is an E-quasiaffinoid space of open type.

Let R? be the integral closure of R; in R;[1/p], so that R; C R? C R;[1/p] and R? is finite over R;.
As R;[1/p] is formally smooth, it is normal; hence so is R? . Hence we see that R? is equal to the ring
r';, (99(1_) of analytic functions on A; that are bounded by 1, that R;[1/p] is equal to the ring of bounded
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analytic functions on X;. We deduce that RV (k,t, p)[1/p] is equal to the ring Ag (XV(k,t,p)) and
b, R? is equal to its subring A% XV(k, t,p)).

5.3. Results.

Parameters on deformation spaces.

Theorem 5.3.1. For all deformation data (k, T, p, V), there exist a finite extension E = E(k, T, p, V)
of Q, such that XV (k, t, p) is defined over E, and an analytic function Ah,t,5,4) - XV, t,p)— P}E’ﬁg
defined over E, satisfying the following condition: for all p and p', and (k, T, ) such that (k, T, p, V) and
(k, T, p', ) are deformation data, then A 5. y)(X) = Az, 5, y)(X) if and only if x and x" correspond
to isomorphic representations.

In particular, each A 1 5.y 1S injective on xv (k, T, p) (@I,), and if there exist x and x' such that

A, 5 (X) = A7, 57,y (X7), then p and p" have the same semisimplification.

The existence of the functions A« ¢ 5 ) will be proved as Propositions 7.4.1, 7.5.3, 7.6.1, and 7.7.4,
with an explanation of the choice of the field E(k, T, p, V).

Corollary 5.3.2. In the conditions of Theorem 5.3.1, the map A+ ;,y) defines an open immersion of an-
alytic spaces. The image of XV (k, T, p) (@p) by Ak,z,5,v) is a standard subset XV (k, z, p) of P! (GZDP) that
is defined over E (k, T, p, ). Moreover we have that 'A%(k,r,,é,w) XYk, t,p))= A(I)f(k,r,ﬁ,l,lf) (XV(k, 1, p)).

Proof. Let X be a rigid analytic space that is smooth of dimension 1, and let f : X — P17 be a rigid
map that induces an injective map X (Q ») — P! (@ »). Then f is an open immersion. Indeed, this follows
from the well-known fact that an analytic function f from some open disk D to @ p that is injective on
@p—points satisfies f'(x) # 0 for all x € D. Now we apply this to X = XY (k,t, p) and f=Xk.5,9)-
We write A for Ag  5.y)- Let X = XV (k, 7, p) be the image of X'(Q),) by A. It is clear that X is defined
over E.

Assume first that X is contained in some bounded subset of Q p (this is automatic when 7 is an inertial
type; see Sections 7.4 and 7.5). Then X is an analytic open immersion from the quasiaffinoid space X
to some quasiaffinoid space D attached to an open disk in A", By Corollary 3.4.5, X is a bounded
standard subset of P'(Q »), and A induces an isomorphism between Ag(X) and Ag(X), and between
A%.(X) and A% (X).

We do not assume anymore that X is contained in some bounded subset of Q. By the Breuil-Mézard
conjecture, there is an infinite number of p” with trivial endomorphisms such that X' = X Yk, T, p)is
nonempty. For such a p/, X’ contains a disk D(a, r)~ for some r > 0 as it is open. For any p’ with
trivial endomorphisms such that its semisimplification is not the same as the semisimplification of p, we
have that the intersection of X and X’ is empty. So there exists some a € P!(Q p) and r > 0 such that
D(a,r)” N X = @. Let u be the rational function u(x) = 1/(x — a), so that it sends a to 0o; then u(X)
is a bounded subset of P! (Q p)- This means that u o A is a bounded analytic function on X. So we can
apply the same reasoning as before to show that u(X) is a bounded standard subset of P! (Q p), and so X
is a standard subset of I]j’l(@p). O
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Complexity bounds. Recall that XV (k, t, p) denotes the subset )\(k,f,[;,w)(é‘(‘/’ (k, T, ﬁ)(@p)) of Pl(@p).
Now we give more information on the sets X Yk, t, p).

Theorem 5.3.3. Let (k, T, p, V) be a deformation data. Then XV (k,t, p) is a standard subset of
P'(Q)), defined over E = E(k, T, p, ¥), with cg(XV (k, T, p)) < e(RY (k, T, p)/(7E)). In particular,
CE(Xw(k’ T, 15)) S Maut(kv T, ﬁ) l.f15 iS gOOd‘

Remark 5.3.4. Note that the right-hand side of the inequality does not depend on the choice of E,
whereas the left-hand side can get smaller when E has more ramification. In particular, to get a statement
as strong as possible we want to take E with as little ramification as possible.

Proof. Let py, ..., p, be the minimal prime ideals of RY (k, 7, ), let R; = RV (k, 7, p)/p; and let R)
be the integral closure of R; in R;[1/p] as in Section 5.2. Let X; be the rigid space attached to R;[1/p],
then XV (k, T, p) is the disjoint union of the X; = A(X; (@p)), and each of the X; is a standard subset
of P1(@,) which is defined over E. Then A% (X;) = R?, so cg(X;) = [kx, £ : kgle(RY) by definition.
Note that ky, g is the residue field of R?, while kg is the residue field of R;. So by Proposition 2.2.2, we
have cg(X;) < e(R;). So we get ce(XV(k, 1, p)) < 2?21 e(R;). Finally, Z?:l e(R) =e(RY (k, 1, p))
by [Breuil and Mézard 2002, Lemme 5.1.6]. O

Note that in the proof above, the decomposition XV (k, 1, p) = \U; Xi is the decomposition of
XV (k, T, p) in standard subsets that are defined and irreducible over E. So we also have the following
result:

Proposition 5.3.5. Let XV (k, 1, p) = \U; Xi be the decomposition of X V(k, 1, p) in standard subsets
that are defined and irreducible over E. Then RY (k, T, p)[1/p] = P, Ae(X)).

Finally, we have the following result:

Theorem 5.3.6. Let (k, T, p, ) be a deformation data, and assume that p is good. There exists a finite
set £ of finite extensions of E = E(k, T, p, V), depending only on p,(k, T, p), such that XV (k,t,p)is
determined by the sets XV (k, T, p) N F for F € €.

Proof. This is a consequence of Theorem 5.1.3 and Theorem 4.5.1, where we take m = pau(k, 7, ). U

5.4. The case of crystalline deformation rings. We are interested here in the case of the deformation
ring of crystalline representations, that is, we take 7 to be the trivial representation. This case is of

particular interest as we are able to deduce additional information.
k—1
cycl
RY (k, triv, p) and RY (k, triv, p) are isomorphic as long as ¥/v/' is an unramified character with trivial

In this case RY (k, triv, p) is zero unless ¥ is a twist of x by an unramified character. Note that

reduction modulo p. So without loss of generality we will assume from now on that ¢ = Xfy_cll and
detp = " 1.

We denote by R(k, p) the ring Rxfy_cl1 (k, triv, p). It parametrizes the set of crystalline lifts of p with
determinant Xfy_dl and Hodge-Tate weights 0 and k£ — 1. We also write X (k, p) for X Xeyel (k, triv, p) and

Maut(k, p) for pau(k, triv, p).
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Let [ be the extension of [, over which p is defined (so F = [, when p is irreducible), and E(p) the
unramified extension of Q, with residue field [ (so E(p) = Q, when p is irreducible). Then R(k, p)
is an Of(5)-algebra with residue field [F.

Classification of filtered ¢-modules. For a, € Z p and F a finite extension of Q,, containing a,, we define
a filtered ¢-module Di.a, as follows:

Di,a, = Fe1 @ Fey, p(er) =p* e, P(e2) = —er +apey,

Dy, ifi=<O0,
Fil' Do, =y Fe; ifl<i<k-—1,
0 if i > k.

Denote by Vi.a, the crystalline representation such that Dcrys(Vk*’ ap) = Dkq,- Then Vk.a, has Hodge—
Tate weights (0, k — 1) and determinant Xfy_cll. Moreover, Vi 4, is irreducible if v, (a,) > 0, and a reducible
nonsplit extension of an unramified character by the product of an unramified character by xfyzf if
vp(a,) = 0. We have the following well-known result:

Lemma 5.4.1. Let V be a crystalline representation with Hodge—Tate weights (0, k — 1) and determinant
Xé{y_cll' If V is irreducible there exists a unique a, € mz such that 'V is isomorphic to Vi q,. If V is
reducible nonsplit there exists a unique a, € Z; such that V' is isomorphic to Vi q,.

The parameter a,. We show in Proposition 7.4.1 that the parameter a,, actually defines a rigid analytic
function. This is the function that plays the role of A of Theorem 5.3.1 for crystalline representations.

From Theorem 5.3.1 we can already deduce some results. It is a well-known conjecture (see [Buzzard
and Gee 2016, Conjecture 4.1.1]) that if p > 2, k is even, and v(a,) ¢ Z, then \_/ifap is irreducible. From
this we get:

Proposition 5.4.2. Let p > 2, k even, n € Z>¢. If the conjecture above is true, then there is an irreducible

representation p (depending on n, k) such that the set {x,n < v,(x) < n+ 1} is contained in X (k, p).

Proof. If the conjecture holds, then the set C = {x,n < v,(x) <n+ 1} is the union of the C N X (k, p)
for p irreducible. So we have written C as a finite disjoint union of standard subsets, which means that
one of these subsets is equal to C. g

Reduction and semisimplification. We now want to show that the case of crystalline deformation rings
is accessible to numerical computations. However we must change slightly our setting. Indeed, we can
compute numerically only the semisimplified reduction of Vi ,,. So we need to express the result of
Theorem 5.3.3 in terms of semisimple representations instead of in terms of representations with trivial
endomorphisms.

Let 7 be a semisimple representation of Gg, with values in GLy(F »). We define Y (k, r) to be the
set {a, € DO, )™, Vy? 0 = r}. Let p be a representation of Gg, with trivial endomorphisms with
semisimplification isomorphic to 7. Let X’ (k, p) = X (k, p) N D(0, 1)~. This means we are only interested
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in elements in X (k, ) that correspond to irreducible representations Vj . Then we have that X' (k, p) C
Y (k, 7). We want to know when this is an equality.

Definition 5.4.3. We say that a representation p with trivial endomorphisms is nice if either p is irreducible,
or p is a nonsplit extension of o by § where 8/« ¢ {1, w}.

We say that a semisimple representation r is nice if r is not scalar, and in addition when p =3 if r is
not of the form « @  with «/8 # w.

Note that any p with trivial endomorphisms that is nice is also good (in the sense of Definition 5.1.4);
hence satisfies the hypotheses of Theorem 5.1.3. Moreover, its semisimplification is a nice semisimple
representation. If 7 is semisimple and nice, then there exists a nice p with trivial endomorphisms such
that p* =7, so we have Y (k,7) = X'(k, p). We can choose such a p so that in addition, E(p) = E (7).

Proposition 5.4.4. Let p be a nice representation with trivial endomorphisms. Then X' (k, p) =Y (k, p*%).

Proof. The result is clear when p is irreducible. Recall that dim Ext! («, 8) > 1 if and only if B/« € {1, w}.
Suppose that p is an extension of & by 8 where 8/« € {1, w}. Let x € Y (k, p**). By Ribet’s lemma, there
exists a G, -invariant lattice 7' C Vi  such that T is a nonsplit extension of a by 8, and so is isomorphic
to . This means that x € X'(k, p). O

We know some information about the difference between X (k, o) and X' (k, p):

Proposition 5.4.5. Let p be a representation of G, with trivial endomorphisms. If p is not an extension of
unr(u) by unr(u™") " for some n which is equal to k—1 modulo p—1,and u I]_:;, then X (k, p) C D(0, 1)™.
If f is an extension of unr(u) by unr(u™")" for some u € H_:; and 0 <n < p—1,and n =k — 1 modulo
p—1l,andu & {£1}ifn=00rn =1, then X (k, p) N{x, |x| = 1} is the disk {x, x = u}.

Proof. For a, € Z;, the representation Vj 4, is the unique crystalline nonsplit extension of unr(u) by
Cky_cll, where u € Z; and u and u‘lpk_1 are the roots of X2 —_apX + p*=1. In particular, for
any invariant lattice T C Vi 4, such that T is nonsplit, we get that T' is an extension of unr(i) by

unr(u— ) x

unr(z~ "1 So X (k, 5) does not meet {x, |x| = 1} unless p has the specific form given. Moreover,
u=a,. So X(k, p)N{x, |x| =1} C{x,x =u}. If p is an extension of unr(u) by unr(u~)w" for some
uel pand 0 <n < p — 1, the conditions on (n, u) imply there is a unique nonsplit extension of unr(u)
by unr(u~ ", and so X (k, p) N {x, |x| =1} = {x, X = u} O
Corollary 5.4.6. Let p be a representation with trivial endomorphisms. Let X'(k, p) = X (k, p) N
D(0, 1)™. If p is not an extension unr(u) by unr(u~ )" for some n which is equal to k — 1 modulo p — 1,
then X'(k, p) = X (k, p) and cg(X'(k, p)) < e(R(k, p)). If p is an extension unr(u) by unr(u )" for
some n which is equal to k — 1 modulo p — 1, and u & {1} if n =0 or n = 1, then cg(X'(k, p)) <
e(R(k, p)) — 1.
Proof. The first part is clear by Proposition 5.4.5.

For the second part, we can write X (k, p) as a disjoint union of X'(k, p) and Xt (k, p) = X (k, p) N
{x, |x| =1}, and both are standard subsets defined over E, so cg(X (k, p)) =ce(X'(k, p))+ce(X T (k, p)).
By Proposition 5.4.5, cg (X" (k, 5)) = 1 under the hypotheses, hence the result. Il
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Local constancy results. We recall the following results:

Proposition 5.4.7. Leta, € mz . Ifa, #0, then

/S8  ~U /SS
Vk,a,, - Vk,a;,

for all a;, such that vp(ap—a/p) > 2v,(ap) + Lptk—1)/(p — 1)2]. Further, ‘_/ifap ~ ‘_/ifo for all a,, with
vplap) > [(k—=2)/(p—1)].

Proof. The result for a;,, # 0 is Theorem A of [Berger 2012]. The result for a, = 0 is the main result of
[Berger et al. 2004]. O

Computation of Y (k, r). We explain now how we can compute numerically the sets Y (k, r) for r semisim-
ple and nice (and hence the sets X (k, p) for p with nice semisimplification).

From Corollary 5.4.6 we deduce (using the fact that a nice representation with trivial endomorphisms
is good and so satisfies the hypotheses of Theorem 5.1.3):

Proposition 5.4.8. Suppose that r is a nice semisimple representation, and let p be a nice representation
with trivial endomorphisms with p** =r. Then Y (k, ) is a standard subset of D(0, 1)~ defined over
E =E(r), withcg(Y(k,r)) < tau(k, p). Moreover if p is an extension of an unramified character by
another character then cg(Y (k, 7)) < pane(k, p) — 1.

Theorem 5.3.6 specializes here to:

Theorem 5.4.9. Let r be a nice semisimple representation. Then there exists a finite set £ of finite
extensions of E = E(r), depending only on k and r, such that Y (k, r) is determined by the sets Y (k, )N F
for F €€&.

Proof. This is Theorem 4.5.1, where we take for E the field E(r), and for m the bound given by
Proposition 5.4.8, that is m = pau(k, ) or wau(k, o) — 1, where p is some nice representation with
ﬁSS — ’7 |:|

Theorem 5.4.10. Let r be a nice semisimple representation. Then there exists a finite set of points
P C D(0, 1)7, depending only on k and r, such that Y (k, r) is determined by Y (k, ) NP.

Proof. This is Corollary 4.5.2, where we take for E the field E(7), for m the bound given by Proposition
5.4.8, and for ¢ we can take the norm of an element of valuation |[3p(k—1)/(p— 1)?] by Proposition 5.4.7.
O

Corollary 5.4.11. Let p be a nice representation with trivial endomorphisms. Then there exists a finite
set of points P C D(0, 1)7, depending only on k and p**, such that X (k, p) is determined by X (k, p) NP.

Proof. Let r = p**. Then r is a nice semisimple representation, so we can apply Theorem 5.4.10 to
compute Y (k,7) = X (k, p) N D(0, 1)7, and Proposition 5.4.5 to determine the rest of X (k, p). O
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As a consequence, if we are able to compute \_/ifap for given p, k, a,, then we can compute Y (k, r) for
7 nice in a finite number of such computations, bounded in terms of E(7) and k. We give some examples
of such computations in Section 6.

We give a last application of these results: It follows from the formula giving wau(k, p) that there
exists an integer m(k), depending only on k, such that .. (k, p) < m(k) for all p. The optimal value for
m(k) is of the order of 4k /p* when k is large.

In general, the value of Vis ap depends on more information than just the valuation of a,. But there are
some cases where it depends only on v, (ap):

Corollary 5.4.12. Fix k, and let m be an integer such that m > e(R(k, p)) for all nice p with trivial
endomorphisms. Let a and b be rational numbers such that for all rational ¢ between a and b, the
denominator of c is strictly larger than m. Then, for all a, witha < v,(a,) < b, either Vis a is not nice,
or Vifap is constant on the annulus Ay(a, b).

In particular, let ¢ € Q with denominator strictly larger than m. Then, for all a, with v,(a,) = c,

either Visa is not nice, or Visa is constant on the circle Cy(c).
2dp Up
Note that if p > 3 and k is even, Vis . is always nice.
Up

Proof. Suppose that there exists at least an a,, in Ag(a, b) such thatr = ‘_/‘,‘;‘fup isnice. Thencg (Y (k, 7)) <m
for E = E(p) which is an unramified extension of Q,. So we can apply Corollary 4.5.5: the annulus
Ag(a, b) is a subset of Y (k, 7). O

6. Numerical examples

We give some numerical examples for the deformations rings of crystalline representations. We have
computed some examples of X (k, p) using Theorem 5.4.10 and a computer program written in [SAGE]
that implements the algorithm described in [Rozensztajn 2018]. We also used the fact that ‘71?51,7 is known
for v,(a,) <2 in all cases for p > 5, by the results of [Buzzard and Gee 2009; 2013; Ganguli and Ghate
2015; Bhattacharya and Ghate 2015; Bhattacharya et al. 2018; Ghate and Rai 2019] which reduces the
number of computations that are necessary to determine X (k, p).

We make the following remark: let p be a representation such that p ® unr(—1) is isomorphic to p.
Then X (k, p) is invariant by x — —x. Indeed, Vk.—a, is isomorphic to Via, ® unr(—1). This applies in
particular when p is irreducible.

6.1. Observations for p = 5. We have computed X (k, p) for p =5, k even, k < 102, or k odd and
k <47, and p irreducible (so in this case we have E(p) = Q).
We summarize here some observations from these computations:

(1) In each case, we have Vifap = \_/ifo for all a, with v,(a,) > [(k —2)/(p + 1)], and not only
vp(ap) > [(k—2)/(p—1)] which is the value predicted by [Berger et al. 2004].

(2) In each case, we have cg, (X (k, p)) = e(R(k, p)), that is, the inequality of Proposition 5.4.8 is an
equality.
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(3) Each defining disk D of a X (k, p) has yq,(D) = 1.
(4) Each defining disk D of a X (k, p) is defined over an extension of @, of degree at most 2, which is

unramified if k is even and totally ramified if k is odd.

(5) For each defining disk D of a X (k, p), either O € D, or D is included in the set {x, v, (x) = n} for
some n € Z if k is even, and in the set {x, v,(x) =n + 1} for some n € Z if k is odd.

It would be interesting to know which of these properties hold in general. Property (1) is expected to
be in fact true for all p and k, but nothing is known about the other properties. We comment further on
Property (2) in Section 6.4.

6.2. Some detailed examples. Let p =5. Let rp = ind w, and r; = ind a)g and 7(n) =r ® " for all n.
We describe a few examples of sets X (k, 7). In each case, the sets given contain all the values of a, for
which \_/f a is irreducible. We also give the generic fibers of the deformation rings.

(a) The case k = 26.

. X (26, 70) = {x, v,(x) < 2} U {x, vp(x) > 2},
with cq, (X (26, rp)) = 3 and R(26, ro)[1/p]l = (Zp[[X11 @ Q) X (Z[[X, Y11 /(XY — p) @ Q))..
. X (26, 7(2)) = {x, v,(x —a) > 3} U {x, v,(x +a) > 3},

where a = 4-5%, with cq,(X(26,79(2))) =2 and R(26,7(2))[1/p] = (Z,[[X]]® @,,)2..

. X26,r(1)={x,2<v,(x—a) <3}U{x,2 <v,(x+a) <3},
with cg, (X (26, r1(1))) =4 and R(26, ri(1))[1/p]l = (Z,[[X, Y1I/(XY — p) ®@p)2.

Here we see an example where the geometry begins to be a little complicated, with annuli that do not
have 0 as a center.

(b) The case k = 28.
. X(28,r)={x,v,(x) >2, v(x—a) <4, v,(x+a) <4}U{x,0 <v,(x) <1},
where a =457 4 5% with cg, (X (28, 71)) =5 and
R(28,7)[1/pl = (Z,I[X, Y1I/(XY = p) @ Q))
X (Z,lIX, Y, ZN/(XY = p* = (a/p*)Y, XZ — p* +(a/p)Z, YZ — (p*2a)(Y = 2)) ®Q,). ()
. X(28,ro(1)) ={x, 1 <v,(x) <2},
with cq, (X (28, r9(1))) =2 and R(28, ro(1))[1/p] = (Z,[[X, Y11/ (XY — p) ® Q).

. X(28,r0(3)) ={x,vp(x —a) >4} U{x,v,(x +a) > 4}
with cq, (X (28, 70(3))) =2 and R(28, 7o(3))[1/p] = (Z,[[X11 @ Q))*.
Here we see an example with an irreducible component that has complexity 3.

(c) The case k = 30.
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. X(30,70) ={x,0<v,(x) < 1}U{x,v,(x) >4}

with cg, (X (30, /o)) =3 and R(30, 7o)[1/pl = (Zp[[X11 ® Qp) x (Zp[[X, Y11 /(XY — p) ® Q).
. X30,70(2) ={x,v,(x —a) >3} U{x, v,(x +a) > 3},

where a = 5% - /3, with cq,(X(30,70(2))) =2 and R(30, ro(2)[1/p]l = (Z2[[X]]1 ® Q,2)
. X@30, (1) ={x,1<v,(x) <3}U{x,3 <v,(x) <4}

with cq, (X (30, 71(1))) =4 and
R(30, Fi())[1/pl = (Z,I[X, Y1I/(XY — p) ®Q)) x (Z,[[X, Y]I/(XY — p>) ® Q).

The interesting part here is X (30, 79(2)): we see that A?Qp (X (30, 79(2))), which is a domain, has
residue field [ 2, whereas R(30, 79(2)) has residue field [,. So R(30, 79(2)) # A%p (X (30, r9(2))).

6.3. Criteria for nonnormality. Recall the notation of Section 5.2. Then we see, by Proposition 5.3.5,
that if we know X (k, p) then we know R(k, p)[1/p]l =D, Ri[1/p] = @, Ae(X;). We can ask whether
we can recover each R;, that is, if R; = .A%(X i), or equivalently if R; = R? for all i (the description of
X (k, p) gives no indication about how the R; glue together so we cannot hope for complete information
on R(k, p) anyway if it is not irreducible). We do not expect this to hold, as this would mean that each of
the R; is a normal ring. So we can ask instead, how can we recognize when R; is not R??

A first criterion is when they have different residue fields, as in the example of R(30, 7(2)) in
Section 6.2(c). Another criterion is when R; and R? have the same residue field (a situation that we can
always obtain by replacing E by an unramified extension, which does not change the complexities), but
e (R,Q) < e(R;). This is a situation that does not seem to arise often; see Section 6.4.

We give a last, more subtle criterion. Let X; be one of the components of X (k, p), and assume that
each of the disks that appears in the description of X; is defined over Q,, and has complexity 1. In this
case, a closer look at the proof of Proposition 4.2.12 shows that Spec(A%p (X;)/p) has exactly cq, (X;)
distinct irreducible components. On the other hand, the geometric version of the Breuil-Mézard conjecture,
proved in [Emerton and Gee 2014], shows that if p is irreducible then Spec(R(k, p)/p) has at most two
irreducible components (which can have large multiplicity), and so Spec(R;/p) also has at most two
irreducible components. So if cg, (X;) > 2 then we certainly have that R; # R?. This happens for example
for the second irreducible component of X (28, 7). It would be interesting in this case to understand how
the irreducible components of Spec(Rl(.) /p) map to the irreducible components of Spec(R;/p).

6.4. Complexity and multiplicity. An interesting result coming from our computations is the following:
for p = 5, for all irreducible representation p, for all k& < 47 and all even k£ < 102, we have that
ca,(X(k, p)) =e(R(k, p)), instead of simply the inequality cq, (X (k, p)) < e(R(k, p)). Given this, it is
tempting to make the following conjecture: For all p > 2, for all k¥ > 2 and for all irreducible p, we have
that cg, (X (k, p)) = e(R(k, p)).

Note that this equality between complexity and multiplicity does not necessarily hold when p is
reducible. Consider the following example: let p = 5 and k = 16. Then we can compute that X (16, r;)
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is the set {x, v(x) > 0, v(x) # 1}. So the set of a, for which the reduction is reducible is contained
in the set of a, with v(a,) = 0 or v(a,) = 1. For v(a,) = 0, the reduction is of the form o ®1
when restricted to inertia. The reduction for the values of a, with v(a,) = 1 is entirely computed
in [Bhattacharya et al. 2018], from which we get that for A € f;, the (semisimplified) reduction is
unr()w? @ unr(A~Hw for exactly the values of a, of valuation 1 for which A =2(a,/p — p/a,). So
for each A, we get that X (16, unr(A)w? @ unr(A~"w) is the union of two disks, and has complexity 2,
except for A = %1, where this is just one disk, and has complexity 1. On the other hand, for any A € F;
we have ¢(R(16, unr(\)w? @ unr(xr~"w)) = 2. So we do not always have the equality of multiplicity and
complexity in the case where p is reducible. However, it may be true that for all p > 2, for all k > 2,
there is only a finite number of reducible (nice) representations p for which the equality does not hold.
We can also reformulate this equality in a different way: recall the notation of Section 5.2. So R(k, p)
has a family of quotients R; that are integral domains, and e(R(k, p)) = Y, e(R;). On the other hand,
ca,(X(k, p)) = >k RO F p]é(R?), where k R is the residue field of R?. The equality between complexity
and multiplicity can be reformulated as saying that for all i, e(R;) = [kgo : [ ]e (Rl(.)). Written in this way
without any reference to the sets X (k, p), the equality can be generalizled to any potentially semistable
deformation ring, including those that are of dimension larger than 1, such as the deformation rings
classifying representations of dimension larger than 2 or representations of G ¢ for some finite extension

K/Q,.

7. Parameters classifying potentially semistable representations

This section is devoted to the proof of Theorem 5.3.1. We start with some preliminaries, and then give
the proof for the various cases starting in Section 7.4.

7.1. Results on Weil representations.

Field of definition. Let W, be the Weil group of Q,. A Weil representation is a representation of Wg,
with coefficients in Q,, that is trivial on an open subgroup of Ig,.

Let 7 be a Weil representation. The field of definition of 7, denoted by E(7), is the subfield of Q,
generated by the trt(x), x € Wg,. This is a finite extension of Q,, as a Weil representation factors
through a finitely generated group.

Let E be a finite extension of @,. We say that 7 is realizable over E if there is a representation
T/ Wa, — GL,(E) that is isomorphic to 7. Then we have:

Lemma 7.1.1. Let t be an irreducible Weil representation. Then there exists a finite unramified extension
E of E(t) such that T is realizable over E.

Proof. From the results of [Kratzer 1983, 1.4], we see that the obstruction to realizing t over E(7) is in
the Brauer group of E(t). An element of the Brauer group can be killed by taking a finite unramified
extension, hence the result. g
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(¢, Gal(F/Q)))-modules. We fix a finite Galois extension F of Q,, and denote by F the maximal
subextension of F that is unramified over Q,.

Let A be a Q-algebra. Then a (¢, Gal(F/Q))-module M over Fy ®q,A is a free Fy ®qg,A-module
of finite rank, endowed with commuting actions of an automorphism ¢ and the group Gal(F/Q),). The
action of ¢ is A-linear and Fy-semilinear (with respect to the Frobenius automorphism of Fj), and the
action of Gal(F/Q,) is Fy-semilinear (with respect to the action of Gal(F/Q)) on Fy) and A-linear.

Proposition 7.1.2. Let A be an Fy-algebra. There is an equivalence of categories between (¢, Gal(F/Q)))-
modules over Fy ®q, A and Weil representations over a free A-module that are trivial on I, and this

equivalence preserves rank. Moreover this construction is functorial in A (in the category of Fy-algebras).

Proof. The construction of the Weil representation from the (¢, Gal(F/Q,))-module is explained in
[Breuil and Mézard 2002] for a given A, and the converse construction is immediate. Il

We will make use of this equivalence as some things are more naturally expressed in terms of
(¢, Gal(F/Q)))-modules, whereas others are more easily proved in terms of representations of the Weil
group (for example Theorem 7.3.2).

In the same situation, we define a (¢, N, Gal(¥/Q)))-module over Fp ®q,A to be a (¢, Gal(F/Q)))-
module over Fy ®q,A that is additionally endowed with a Fp ®q, A-linear endomorphism N satisfying
N¢ = ppN that commutes with the action of Gal(F/Q,).

7.2. Universal (filtered) (¢, N)-modules with descent data. We recall a few definitions concerning
objects attached to p-adic representations of Gg,. If F/Q), is a finite extension, we denote by Fj the
maximal unramified extension of Q,, contained in F.

Let V be a continuous representation of Gg, over an E-vector space for some finite £/Q),. Let F
be a finite Galois extension of Q,. We denote by DE (V) the F, ®a, E -module (Berys ®aq, V)Gr . Tt

Crys

is a (¢, Gal(F/Q,))-module over Fj ®q, E. ItV beiomes crystalline over F then Dfrys(V) is a free
Fy ®q, E-module of rank dimg (V). We denote by Dg(V) the Fy ®q, E-module (By ®q, V)GF Ttis
endowed with a structure of (¢, N, Gal(F/Q,))-module over Fj ®aq, E. If V becomes semistable over
F then is it a free Fy ®q, E-module of rank dimg (V). If V becomes crystalline over F' then Dg (V) and
Dfrys(V) coincide as (¢, Gal(F/Q)))-modules, and N = 0. We denote by DgR(V) the F' ®q, E-module
(Bar ®0 » V)GF Ttisan F ®a, E -module with a semilinear action of Gal(F/Q),), and is endowed with
a separated exhaustive decreasing filtration by sub-F ®q, E-modules that is stable under the action of
Gal(F/Q)), and satisfies an additional condition called admissibility. If V' is potentially semistable, then
DS{ (V) is an E-vector space of dimension dimg (V). Moreover, we have that DgR(V) =F ®p, Dg(V)
as an F ®a, E-module, so this endows F ®F, DQ(V) with a filtration as above, that is, a structure of
filtered (¢, N, Gal(F/Q),))-module.

Theorem 7.2.1. Let F be a finite Galois extension of Q. Let X be a reduced rigid analytic space, let V
be a locally free Ox-module of rank n with a continuous action of Gq,,. For all x € X, assume that Vy is
potentially semistable with weights independent of x, and becomes semistable over F. Then there exists a
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projective Fo ®q, Ox-module D of rank n, endowed with a structure of (¢, N, Gal(F/Q,,))-module over
Fy®aq, Ox, such that for all x, Dy is isomorphic, as a (¢, N, Gal(F/Qp))-module, to Dg Vy).

Proof. This follows immediately from [Bellovin 2015, Theorem 5.1.2]: we take the module D to be the
module called Dp (V) there, considering V as a representation of G r; see also [Berger and Colmez 2008,
Théoreme C]J. O

Theorem 7.2.2. Let F be a finite Galois extension of Q,. Let X be a reduced rigid analytic space,
let V be a locally free Ox-module of rank n with a continuous action of Gq,. For all x € X, assume
that V, is potentially semistable with weights independent of x, and becomes semistable over F. Let
D be as in the conclusion of Theorem 7.2.1. Then F ®F, D is endowed of a filtration by locally free
sub-F ®q, Ox-modules, such that the graded parts are also locally free, such that for all x, (F @, D)x
is isomorphic, as a filtered (¢, N, Gal(F/Q))-module, to DgR(Vx).

Proof. This follows from [Bellovin 2015, Theorem 5.1.7], as F ®pF, D is the F ®a, Ox-module that
is called Dpy, (V) there, considering V as a representation of G r. Indeed the filtration, and the graded
parts, are given by the modules called D%’({:] (V). The point that we need to check is that for all [a, b], the
F®aq, Ex -modules Dgfd’]f] (V) are actually free (then their rank is independent of x by the condition on
the weights). This comes from [Savitt 2005, Lemma 2.1], and here we use the fact that we start from a
representation of Gq,. UJ

Let now (k, 7, p, ¥) be a deformation data, as defined in Definition 5.1.2. Let E be a finite extension
of Q,, satisfying the following conditions:

(1) The residual representation p can be realized on the residue field of E.
(2) The type t can be realized on E.

(3) The character i takes its values in E*.
Let RV (k, T, p)[1/p] be the ring defined by Kisin attached to this data, as recalled in Section 5.1. It
is an Og-algebra. We can apply Theorems 7.2.1 and 7.2.2 to the rigid analytic space X = XV (k, 7, p)

attached to the Kisin ring RY (k, 7, p)[1/p]. Indeed, we know that these rings are reduced, and the
hypotheses come from the definition of the rings.

7.3. Working in families.
Reduction of an endomorphism.

Proposition 7.3.1. Let K be a field and A be a K -algebra. Let ¢ be an A-linear endomorphism of A?,
and assume that the characteristic polynomial of ¢ is in fact in K[X], and that it is split over K with

distinct eigenvalues. Then, Zariski-locally on A, ¢ is diagonalizable.

Proof. Let A and u be the roots of the characteristic polynomial of ¢, and let (i 2) be the matrix of ¢ in
the canonical basis of A% (so that a +d = A + p and ad — bc = Au).
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We are looking for a basis (fi, f») of A?, with fi =xe1 + yes, fo = ey, such that the matrix of ¢ in
this basis is upper triangular. The new basis is as wanted if x, y satisfy one of the following systems of
equations:

(a—Mx+by=0 and cx+(d—1)y=0
or
(a—w)x+by=0 and cx+(d—wn)y=0.

Assume that u = d — A is invertible. We solve the first system by setting x =1, y = —c/(d — A). In the
first case, in our new basis ¢ has a matrix of the form (8 Z), and actually d = u by the trace condition.
As A — u is invertible, we can change the basis again so that in the new basis, ¢ has matrix (3 2)

Assume now that v = a — A is invertible. Then so is d — u = —v. We solve the second system by
setting x = 1, y = —c/(d — w). In this case we do the same thing after exchanging A and u.

Note that u + v = u — A is invertible by assumption. We set f = (d —A)/(u — A1), A = Alf 1,
Ar = A[(1 — f)~']. Then as we just saw in A and A, there is a basis in which the matrix of ¢ is (3 2)
which gives the result. U

Isomorphism of group representations.

Theorem 7.3.2. Let K be a field of characteristic zero, and A a K -algebra.

Let G be a group. Let p : G — GL,(K) be a representation that is absolutely irreducible. Let
0+ G — GL,(A) be a representation. Assume that for all g in G, we have tr p(g) = tr p’(g).

Then, Zariski-locally on A, there is an M € GL,(A) such that p'(g) = Mp(g)M~! forall g € G.

Proof. By [Rouquier 1996, Théoréme 5.1], there is an A-algebra automorphism t of M, (A) such that for
all g € G, p'(g) = tp(g). By [Knus and Ojanguren 1974, IV. Proposition 1.3], there is a family ( f;) in
A generating the unit ideal such that for all i, the automorphism of M, (A[1/f;]) induced by t is inner.
Hence the result. 0

Variations on Hilbert 90.
Proposition 7.3.3. Let K be an infinite field, and L /K be a finite Galois extension of fields.
(1) Let M be a finite K -algebra. Then H' (Gal(L/K), (L ®x M)*) = 0.

(2) Let A be a K -algebra. Assume that for every maximal ideal m of A, A/m is a finite extension of K.
Letce H! (Gal(L/K), (L ®k A)*). There exists a family of elements (f;) in A that generate the
unit ideal such that the image of ¢ in H! (Gal(L/K), (L ®k A[fi_l])x) is zero for all i.

Proof. Let M be a K-algebra, and ¢ € Hl(Gal(L/K), (L®g M)*). Let x € L. We set ¢(c, x) =
ZyeGal(L/K) y(x)c(y) € L@k M. We have c(g)g(¢(c,x)) =¢(c, x) forall g € Gal(L/K),s0c =0
as soon as we can find an x such that ¢ (c, x) is invertible in L @ x M. Point (1) is well-known, and is
proved by showing that if M is finite over K then such an x exists, with a proof similar to the case where
M = M, (K) (here we do not need M to be commutative).



Locus of 2-dimensional crystalline representations with reduction modulo p 693

For any commutative K -algebra M, the M-algebra L ® ¢ M is finite. We denote by Ny, the norm map
L®g M — M, sothat forall x € L ®x M, we have x € (L @ M) if and only if Ny (x) € M*.

Moreover the norm map commutes with base change: let u : M — M’ be a map of K -algebras, then
Ny(1®u)(x) =u(Ny(x)) forallx e L&k M.

Let now A be as in point (2) and let c € H'(Gal(L/K), (L ®x A)*). For an extension A’ of A, denote
by c4 the image of ¢ in H'(Gal(L/K), (L @k A')*).

Let m be a maximal ideal of A, and K, = A/m. Then K, is a finite extension of K. So there exists an
x € L such that ¢ (cg,,, x) is invertible in L&k K. Let f =Na(¢(c, x)) € A. Then Dy is aneighborhood
of m in Spec A. Moreover the image of ¢(c, x) in L ®g A[f_l] is invertible, so Carf-1 = 0.

So we see that there is a covering of Spec A by open subsets of the form Dy with ¢4 z-1; = 0, which
is what we wanted. [

7.4. The crystalline case. We want to prove Theorem 5.3.1 for the case where the Galois type is of the
form (1), that is, T = x @ x for some smooth character x of /g, that extends to Wg,. By twisting by the
character x, we can reduce to the case where 7 is the trivial representation of I@p, that is, the case of
crystalline deformation rings. Recall from Section 5.4 the definition of the parameter a,.

Proposition 7.4.1. There is an element a, € R(k, p)[1/ p] such that for any finite extension E, of E and
x:R(k, p)[1/pl — E, corresponding to a representation py, a,(x) is the value of a, corresponding to
px by the classification of Lemma 5.4.1.

In particular, we can see a, as an analytic map from X (k, p) to AL Moreover, a p induces an
injective map from X (k, p)(Q,) to D(0, 1)*.

Proof. Consider the ¢-module D which is obtained from applying Theorem 7.2.1 to the rigid space
X (k, p) attached to the ring R(k, p)[1/p]. It is a projective module of rank 2 over R(k, p)[1/p] and is
such that for all x : R(k, p)[1/p] — E. corresponding to a representation oy, D g, 5)(1/p] Ex is the
¢-module D, attached to p, (forgetting the filtration). Now observe that a,, as defined in Lemma 5.4.1,
is the trace of ¢ on the dual of D, so it is an element of R(k, p)[1/p], and a,(x) is the evaluation at x of
the trace of ¢ on the dual of D. O

7.5. The crystabelline case. We suppose here that T = x| @ x», where x; and x» are distinct characters of
lg, with finite image that extend to characters of Wg,, so that the representations classified by R Yk, p)
become crystalline on an abelian extension of Q,,. In this case we show the existence of a function A as in
Theorem 5.3.1 when x; # x2. We make use of the results of [Ghate and Mézard 2009], which classifies
the filtered ¢-modules with descent data that give rise to a Galois representation of inertial type T and
Hodge—Tate weights (0, k — 1). We summarize their results for such a 7.

The characters y; factor through F' = Q,(¢,=) for some m > 1, so the Galois representations we are
interested in become crystalline on F, and so are given by filtered (¢, Gal(F/Q,))-modules. Note that
here Fy = Q).
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Let E be a finite extension of Q, containing the values of x; and x,. Let a, B be in O with
vy (o) +v,(B) =k—1. We define a (¢, Gal(F/Q),))-module A, g as follows: let A, g = Ee; ® Ee;, with
g(e1) = x1(g)er and g(ex) = x2(g)e> for all g € Gal(F/Q),). The action of ¢ is given by: ¢ (e1) = ale
and ¢ (ep) = ,3_162. We are looking at filtrations on Ay g r = F ®a, Aa.p satisfying Fil’ Ay pr=0if
i <1—k Fil' Ay pr=Aqpifi>0,andFil' Ay g =Fil’ Aqppforl—k <i <0isa F ®q, E-line.

We summarize now the results given in [Ghate and Mézard 2009, Section 3].

Proposition 7.5.1. Fix a, B in O with v,(a) +v,(B) = k — 1. Then there exists a way to choose
Filo(Aa,ﬁ,F) C Ao g, F = Ao g ® F that makes it an admissible filtered (¢, Gal(F/Q))-module.

If neither a nor B is a unit, then all such choices give rise to isomorphic filtered (¢, Gal(F/Q,))-
modules, which are irreducible.

If o or B is a unit, the choices give rise to two isomorphism classes of filtered (¢, Gal(F/Q,))-modules,
one reducible split and the other reducible nonsplit.

We denote by D, g the isomorphism class of admissible filtered (¢, Gal(F/Q,))-module given by
a choice of filtration that makes it into either an irreducible module (if neither & nor § is a unit) or a
reducible nonsplit module (if « or § is a unit).

Then it follows from the computations of [Ghate and Mézard 2009, Section 3] that:

Proposition 7.5.2. Let V be a potentially crystalline representation with coefficients in E, of inertial type
T and Hodge—Tate weights (0, k — 1) that is not reducible split. Then there exists a unique pair («, 8) € Og
with v, (a)+v,(B) =k —1 such that DE (V) is isomorphic to Dy g as a filtered (¢, Gal(F/Q))-module.

crys

Let E = E(k, T, p, ) be a finite extension of @, such that p can be defined over the residue field of

E, E contains the images of x; and x» and of the character 1. Then the ring RY (k, 7, 5) can be defined
over E. Moreover:

Proposition 7.5.3. Let p be a representation with trivial endomorphisms. There are elements «, B €
RV (k, T, p)[1/ p] such that Dfrys(,ox) is isomorphic to Ay (x),gx) as a (¢, Gal(F/Q,))-module for each
closed point x of Spec RY (k, T, p)[1/p] corresponding to a representation p.

Proof. By Theorem 7.2.1 applied to the rigid analytic space XV (k, 7, p) attached to RY (k, , p)[1/p],
there exists a ¢-module D with descent data by Gal(F/Q,), where D is a projective module of rank 2 over
RY(k, T, 0)[1/pl, such that for each closed point x of Spec RY(k, T, p)[1/p], D(I;ys (py) 1s isomorphic to
D ®p E, (where E, is the field of coefficients of p,) as a (¢, Gal(F/Q))-module.

Applying Proposition 7.3.1, we observe that the action of Gal(#/Q),) on D is given as the action of
Gal(F/Q)) on each A, g: that is, Zariski-locally on Spec RY (k, T, p)[1/p], we can write D = Re; & Re»,
with g(e1) = x1(g)e1 and g(e2) = x2(g)ez.

As the action of ¢ on D commutes with the action of Gal(F/Q),,), this shows that the eigenvalues of ¢
acting on D are in fact in RV (k, 7, o)[1/pl, that is, & and 8 are elements of RV (k, 7, ol1/pl. O

Moreover, if we fix the determinant of the Galois representation corresponding to D, g then we fix of.
So the function « is injective on points, so it can play the role of the function A of Theorem 5.3.1.
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Let XV (k, T, 5) be the image of XV (k, T, ﬁ)(@p) in @p, then we see that XV (k, 7, p) is contained
in the set {x,0 < v,(x) < k — 1}, with the irreducible representations corresponding to the subset of
elements that are in {x, 0 < v,(x) <k —1}.

7.6. Semistable representations. We now assume p > 2 and we study the case of the deformation rings
attached to a discrete series extended type of the form T = x @ x2, where x; and x, are characters of Wg,
that have the same restriction to inertia, and such that x;(F) = px2(F) for any Frobenius element F. As
in the case of crystalline representations, we can twist by a smooth character of Wg, and reduce to the case
where x; and x, are trivial on inertia. Then the deformation rings RY (k, 7, p) classify representations
that are semistable, and only a finite number of the representations that appear can be crystalline.

Let p be a semistable, noncrystalline representation of dimension 2 of Gg,, with Hodge-Tate weights
(0, k — 1) for some k > 2. Then we know (see, for example, [Ghate and Mézard 2009, Section 3.1]), that
the filtered (¢, N)-module D (p) is isomorphic to exactly one D, . for some o with v(«) = k/2, some
LeQ » and some finite extension E containing « and £, for (¢, N)-modules D, , defined as follows:
Dyr=Ee ®Ees, p(e)) = pa'el, ¢p(es) =a~'ey, Ney = ey, Fil’ D, s = E(e; — Le). Then L is the
L-invariant of Fontaine, as defined in [Mazur 1994, Section 9]. Let p be a crystalline representation of
dimension 2 of Gq,, we set its L-invariant to be co.

Proposition 7.6.1. Let X be a rigid analytic space defined over some finite extension E of Q,. Assume
that X is endowed with a 2-dimensional representation p of Gq,, such that for all x € X, py is semistable
with Hodge—Tate weights (0, k — 1), the Weil representation attached to py is independent of x, there
exists at least one x such that p, is not crystalline, and none of the p, are reducible split. Then there
exists a rigid analytic map L : X — PL. defined over E, such that for all x, L(x) is the L-invariant of py.

Note that under these conditions, the o of D, » is independent of x, and is in E.

This proposition applies in the following situation: let p > 2, let X = XV (k, 7, /) be the deformation
space for the extended type 7, and p is not reducible split. Then the function £ can play the role of A of
Theorem 5.3.1.

Proof. In order to prove this result, it is enough to prove it for an admissible covering of X. Indeed,
the condition that £(x) is the £-invariant of p, ensures that the functions defined on each subset of the
covering will glue. In particular, we can assume that X is affinoid, coming from a Tate algebra A over E.

By Theorems 7.2.1 and 7.2.2, there is a projective A-module D of rank 2 over A, endowed with a
structure of filtered (¢, N)-module, such that D, is D (o) for all x € Max(A). Consider the action of ¢
on D: it has eigenvalues pa~! and «~!. By Proposition 7.3.1, we can assume, after replacing A by a

e, and ¢(er) = a le,.

Zariski covering, that D is free over A, with a basis ey, e> such that ¢ (e;) = pa™
By the commutation relations between ¢ and N, there is a A € A such that Ne; = Aep. Moreover, we can
assume that there is a free A-module L of rank 1 in D, with quotient that is also free of rank 1, that gives
the nontrivial step of the filtration. We fix a basis f of L.

Let h =det(f, ¢(f)). Let us show that N and & do not vanish simultaneously. If this is the case, let x

be a point where they both vanish. Then p, is crystalline, as N, = 0, and the filtration of the associated
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filtered ¢-module is generated by an eigenvector of ¢, as i, = 0. Then the representation p, is necessarily
split reducible. But by hypothesis this cannot happen. So by replacing Max(A) by a Zariski cover, we
can assume that either N never vanishes, or / in a unit in A.

Assume first that N never vanishes, that is, p, is never crystalline. Then the A as defined above is
actually a unit in A, so we can modify the basis (eg, ep) so that L = 1. Write f in this basis as ae| + bey,
with a, b € A. By specializing at each x € Max(A), we see that a(x) # 0 for all x, as this would contradict
the admissibility condition of the filtered module. So @ € A*. Then by definition of the £-invariant, we
have L(x) = —(b/a)(x) for all x € Max(A). So the function £ is indeed an analytic function on Max(A).

Assume now that % is a unit in A. Let (e, e») be the basis of D defined above such that each ¢; is
an eigenvector for ¢. We can write f = ae; + be, for some a, b € A. Then the condition on /& implies
that a and b are in A%, that is, (aeq, bey) is also a basis of D over A. So we can modify the basis so
that we have moreover f = e + e. After specializing at x € Max(A) an easy computation shows that
A(x) = —1/L(x) (and in particular the condition on % implies that £ does not take the value 0). So we
have defined an analytic function Max(A) — P! by taking £ = 1/A. g

7.7. Supercuspidal types. In this subsection, assume that p > 2. We consider now the case where the
type is supercuspidal, that is, the Weil representation is (absolutely) irreducible.

Defining the generalized L-invariant. We fix once and for all a supercuspidal extended type t, that is,
a smooth absolutely irreducible representation 7 : Wg, — GL2(Ep) for some finite extension Eq of Qp.
This corresponds to cases (2) and (3) of the classification of types of [Ghate and Mézard 2009, Lemma 2.1].
Note that we can take Eg to be an unramified extension of the definition field of r by Lemma 7.1.1.

Let F be a finite Galois extension of Q, such that 7 is trivial on Ir, and let Fj be the maximal
unramified extension of QQ, contained in F. We assume, after taking an unramified extension of Ey if
necessary, that Fy C Ep.

Let Derys,0 be the (¢, Gal(F/Q,))-module associated to T via the correspondence of Proposition 7.1.2.
Let Dgr,0 = F ®F, Derys,0. It is endowed with an action of Gal(#/Q),) coming from the one on Deyys 0.

Lemma 7.7.1. Assume that there exists at least one potentially crystalline representation p with coeffi-

. . . . .. . Gal(F/Q
cients in E for some finite extension E of Ey, such that DgR (p) is isomorphic to Ddg é /9 ®g,E asa

F ®q, E-module with an action of Gal(F/ Q). Then DS;IBF/@”) is an Eg-vector space of dimension 2.

Proof. Let D = Dgr o ®g,E, with its action of Gal(F/Q),), which is isomorphic to the ¢-module
D(fR (p) with its action of Gal(F/Q,) for some potentially crystalline representation p. Then we have
DgR(,o)Gal(F /Qp) = Dfﬁ{ (p) is an E-vector space of dimension 2, as p is de Rham as a G, -representation.
The action of Gal(F/Q,) on Dgr ¢ is Ep-linear. So the dimension of its subspace of fixed elements is
invariant by extension of scalars. Hence the result. 0

Remark 7.7.2. We could also make use of the results of [Ghate and Mézard 2009], which give an explicit

)Gal(F/@

basis of the E-vector space (Dgr,0 ®F, E ») for some extension E of Ej.

We denote by V; the Ey-vector space of dimension 2 given by Lemma 7.7.1.
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Any potentially semistable representation of extended type T becomes crystalline when restricted to G r.
For any such representation p, with coefficients in an extension E of Ey, Dfrys(,o) isa (¢, Gal(F/Q)))-

F

module over Fy®q, E. We have that DgR(p) is canonically isomorphic to F ® r, D,,(p), and is endowed

Ccrys
with an admissible filtration. Furthermore, we have DgR (p)CalF/Qp) — Dfi{ (p) is Zm E-vector space of
dimension 2.

We also fix an integer k > 2, a continuous character ¥ : Gg, — E{ . Note that there is no loss of
generality in considering only characters with values in Ey, as the compatibility condition between type
and determinant shows that if RY (k, 7, p) is nonzero then ¥ takes its values in Ej.

Let & be the set of Galois representations p : Gg, —> GL,(Q p) that are potentially crystalline of

extended type 7, Hodge—Tate weights (0, K — 1), and determinant . Then:

Theorem 7.7.3. There exists a map L, : & — P(V; ®k, Q p) such that two elements p, o of & are
isomorphic if and only if L. (p) = L (p).

Proof. We can assume that £; is not empty, otherwise the statement is trivially true. Let p : Gg, —
GL,(Q ») be an element of £;. Then WD(p), the Weil-Deligne representation attached to p, is actually a

Weil representation as p is potentially crystalline. By definition, WD(p) is isomorphic to 7 @, Q, as a

representation of Wg,. We fix such an isomorphism u, it is unique up to a scalar by the irreducibility of
g'ys
of Gal(F/Q,), by Proposition 7.1.2. This also gives us an isomorphism, that we still call u, between
D/x () and Dar 0 ® £, Q.

The isomorphism class of p is entirely determined by the filtration on DfR(p). As the Hodge-Tate

7. Then u gives us an isomorphism between D, (o) and Derys.0 ® Eo@ p» as ¢-modules with an action

weights of p are known, the only necessary information is the F' ®q, Q p-line corresponding to the
nontrivial steps of the filtration. This line is invariant by the action of Gal(F/Q,). By the isomorphism
u, this gives rise to a Gal(F/Q)-invariant F ®aq, Q p-line in Dggr o ® Eo@ p- This line is generated by an

element of Dygr o ® Eo@ p that is invariant by Gal(F/Q),) by (1) of Proposition 7.3.3, hence by an element
Gal(F/Q =
of Dd}({l,f) o ®k Q).
Gal(F/Q)) Gal(F/Q,)

We define L, (p) € I]3’(DdR’0 ® Eo@ p») to be the line generated by this element in DdR’0 ® Eo@ -
This does not depend on the choices made, as  is unique up to multiplication by a scalar, and the invariant
element generating the line is well-defined up to multiplication by a scalar. (|

Making it into an analytic function. Let X be the rigid analytic space corresponding to the deformation
ring RY (k, T, p) for some representation /5 with trivial endomorphisms and some supercuspidal extended
type 7. Let E = E(k, T, p, ¥) be the field E( defined above.

Proposition 7.7.4. There exists a rigid analytic map L, : X — P(V.), defined over E, such that for all x,
L, (x) is the L, -invariant of p, as defined in Theorem 7.7.3.

By fixing a basis of the 2-dimensional E-vector space V;, we then get a map £, : X — PL, which
plays the role of A in Theorem 5.3.1.
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Proof. 1t is enough to do this on an admissible covering of X’ by affinoid subspaces. So we can assume
that X = Max(A) for some affinoid algebra A, and replace X’ by an admissible covering by affinoid
subspaces as needed.

Let D(f;ys(A) be the (¢, Gal(F/Q,))-module corresponding to the representation p. We can assume
that D (A) is a free A-module of rank 2. Using the correspondence between (¢, Gal(F/Q)))-modules
and representations of the Weil group as in Proposition 7.1.2, and Theorem 7.3.2, we can assume that
Dfys(A) =Dl ®EA as a (¢, Gal(F/Q,))-module over Fy ®q, A.

Consider now DgR(A). It is isomorphic to F ®F, Dfrys(A), SO to DgR,O ®EgA as a ¢-module with action
of Gal(F/Q,). In particular, it is trivial as an F ®q@, A-module with an action of Gal(F/ Q). Also, it
has a basis as an A-module given by the chosen basis of DgR,o- The module DgR(A) contains a locally
free sub-F ®, A-module F of rank 1, such that DgR (A)/F is also locally free of rank 1, that gives
at each point x the filtration on DgR(px). We can assume that F and DgR(A) are free of rank 1 over
F ®q, A. Moreover, this submodule is invariant by the action of Gal(¥/Q,). Consider a basis f of F.
Then the action of Gal(F/@Q,) on f gives rise to an element ¢ € H! (Gal(F/Qp), (F ®a, A)*). Using
Proposition 7.3.3 and replacing Max(A) by an admissible covering if necessary, we can assume that f

itself is fixed by the action of Gal(F/Q),).

So we get that f is in DgR(A)Gal(F /@) which is canonically isomorphic to Dfﬁ{,o ®gA. Thus f defines
an analytic map over Max(A) with values in [P’(D?]{yo) = P(V;), which is what we wanted. Il
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