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The distribution of p-torsion in degree p cyclic fields
Jack Klys

We compute all the moments of the p-torsion in the first step of a filtration of the class group defined by
Gerth (1987) for cyclic fields of degree p, unconditionally for p = 3 and under GRH in general. We show
that it satisfies a distribution which Gerth conjectured as an extension of the Cohen—Lenstra—Martinet
conjectures. In the p = 3 case this gives the distribution of the 3-torsion of the class group modulo the
Galois invariant part. We follow the strategy used by Fouvry and Kliiners (2007) in their proof of the
distribution of the 4-torsion in quadratic fields.

1. Introduction

Let K be a number field of degree n. Let Clk denote the class group and Clk , denote the p-part. Let S
be the set of finite abelian p-groups. We are interested in the question: what is the probability of any
A € § occurring as Clg , for K of degree n? The Cohen—Lenstra heuristics [Cohen and Lenstra 1984]
propose an answer to this question for quadratic fields.

We make the question more precise as follows. Let Dk denote the discriminant of K. Let D; be the
set of real (resp. complex) quadratic fields with |Dg| < X. For any X define

{K € DY | Clg,, = A}
DY

SE(A) =

The probability of A occurring as Clg , in the family of real (resp. complex) quadratic fields is
limy _ oo S;E (A). In general this is not known to exist. Cohen and Lenstra conjectured that it does
and proposed a distribution on S which should equal this quantity.
For s € Z>1 U {oo} let
A
1e(p) = 1‘[(1 - i)
i=1 p

One can show [Cohen and Lenstra 1984; Hall 1938] that

1 1
D
oy 1AUGl noo(p)
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Then for any A € S and u > 0 define

Noo (D)

Ay = M)
mA) = AlA

This defines a probability measure on S, called the Cohen—Lenstra distribution. They originally considered
the case n =2, p # 2 and considered complex quadratic and real quadratic fields separately.

Conjecture 1.1 (Cohen-Lenstra). For A € S
no(A) = lim Sy(A), ui(A)= lim Sy (A).
X—o00 X—o00

These conjectures were extended to higher degree number fields by Cohen and Martinet [1987] again
for ptn.

No cases of these conjectures are known in full strength, though there has been much recent work on
the subject. In the setting of number fields there are results giving the average size of the class group or
subgroup thereof. There is the classical result of Davenport and Heilbronn [1971] and Datskovsky and
Wright [1988] for the average size of 3-torsion of quadratic fields. There are also partial results for 8 and
16 torsion of quadratic fields due to Milovic [2017; 2018].

Below we will discuss in more detail the work of Fouvry and Kliiners [2007] on 4 torsion of quadratic
fields. Recently Smith [2017] has proven the distribution of the whole 2°°-torsion of complex quadratic
fields, thus generalizing their work.

There are also nonabelian versions which have been studied by Alberts [2016] and Bhargava [2014].
The conjectures have also been studied in the setting of function fields which provides additional tools such
as moduli schemes. Some results here are the work of Ellenberg, Venkatesh and Westerland [Ellenberg
et al. 2016], Boston and Wood [2017] and Wood [2019].

The original conjectures ignored the case when p divides the degree of the number fields. Gerth
proposed a way of extending them to p-torsion in degree p cyclic fields by considering a certain subgroup
of Clg[p] (which he calls the narrow principal genus—see Section 4 of [Gerth 1987]). He proved
theorems providing compelling evidence for these conjectures (Theorems 4.3 and 5.11 in [Gerth 1984]
and Theorem 2 in [Gerth 1987]) For the case p =2 and n = 2 Gerth’s extension implies the conjectures
should hold in their original form, but with Cl%< instead of Clg. This was proved by Fouvry and Kliiners
[2007]. To state their result, let tk4(Clg) =rky (Cl%() and for any k € Z> let

2krk4(C1K)
M]?:(Z): lim ZK,O<:I:DK<X

X—00 ZK,O<:|:DK<X 1

Define N (k, p) to be the number of subspaces of [F’[‘,.

Theorem 1.2 (Fouvry—Kliiners). For every k € 7>

M7 (2 =Nk,2), MIQ)=Nk+1,2)—Nk,?2).
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By a separate result Fouvry and Kliiners [2006] deduce that these moments are enough to determine a
distribution.

Theorem 1.3 (Fouvry—Kliiners). The density of complex quadratic fields K with tk4(Clg) = s is

Noo(2)
n2(2)2%

and the density of real quadratic fields with tka(Clg) = s is

Moo (2)
Ns(2)Ns41 (Z)ZS(SJA) .

Gerth conjectured a distribution for a certain subgroup of Clg[p] of cyclic p fields for all p. To state

it we first define some notation. Throughout the paper p will denote an odd prime. Let K be a cyclic
field of degree p with Galois group G = (o). Let ox = 1 — ok act on Clg[p]. It can be shown (see
Section 3) there is a filtration

Clg[p]® =kerpx Ckergy C -+ Ckergl ' =Clk[pl. (1-1)

Then Gerth conjectured a distribution for the p-rank of ¢k (ker (pf(). Notice that for p = 3 we have
ker w%( = Clg[3] and so the above filtration implies gk (ker w%() = Clg[3]/ Clx[3]1¢. We prove the
following theorem which verifies Gerth’s conjecture for p = 3:

Theorem 1.4. The density of cyclic cubic fields with tk3(Clg[3]/ Clk[3]16) = s is

Noo(3)
s (3)Ns+1 (3)3S(S+1) '

We can extend this to all odd p under the assumption of GRH for Artin L-functions (we remark the

L-functions we will consider are all known to be entire, and as such we do not need to assume Artin’s
holomorphy conjecture).

Theorem 1.5. Assume GRH for Artin L-functions. Let p be odd. The density of degree p cyclic fields
with 1k, (g (ker 9%)) = s is
Noo(P)
s (P)Ns41(p) p G+

The above filtration (1-1) is analogous to the filtration

CI$ , = Clg[2] € Clg[4] € -+~ C Clg

when p =2 and the object gk (ker (p%() is hence analogous to Clg [4]2 = Clk[4] / Clg[2] from Theorem 1.2.
Since the completion of this paper Koymans and Pagano [2018] have extended the methods of Smith [2017]
to determine the distribution of Clg [p*°]/ Clg[ p°°]G for odd p (conditional on the generalized Riemann
hypothesis). They in fact prove a refined result which implies the distribution of ¢ (ker (p{(+l )/ ¢k (ker (p}()
for all j.
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Before continuing we make some remarks about Clg [ p]G. It is the part of Clg[p] corresponding by
class field theory to the genus field of K, that is the maximal unramified extension of K which is abelian
over Q. It can be shown [Clg[p]¢| = p"~! where r is the number of primes ramified in K and that the
average of rkp(ClK[p]G) 1S 00.

In the case p = 2 this quantity is CI x[4]¢ = Clg[2] and hence

rk Clg = rka(Clg [4]/ Clg [2]),

that is removing this part corresponds to replacing the 2-rank of Clg by 4-rank as defined above.
We deduce Theorems 1.4 and 1.5 from the following theorem together with [Fouvry and Kliiners 2006].
Define

krk, (g (ker 92))
ZK,DK<Xp PRIk

ZK,DK<X 1

Theorem 1.6. Let k € Z>,. Then unconditionally for p =3 and under the assumption of GRH for Artin

Mi(p) = lim

L-functions for p > 3 we have
Mi(p) =Nk +1, p) —N(k, p).

The proof of Theorem 1.6 follows the strategy of Fouvry and Kliiners. For any degree p cyclic field K
we express |Clg[p]| using a sum of idele class characters, and then sum over all degree p cyclic fields of
discriminant up to X. We then study the asymptotics of this expression using techniques from analytic
number theory.

In the p = 3 case we require several versions of a large sieve inequality for cubic characters to bound
the error term. We prove one such version as well as applying several others from the literature, due to
Heath-Brown [2000], Baier and Young [2010] and Iwaniec and Kowalski [2004]. The reason for assuming
the generalized Riemann hypothesis in the general case is that certain versions of the large sieve are not
yet available for order p characters. In particular we lack analogs of Propositions 6.3 and 6.4. This is the
only obstacle to an unconditional proof for all p.

Finally we remark briefly about an equivalent formulation of the Cohen—Lenstra conjectures which is
commonly used. The distribution w,, is characterized by the fact (see for instance [Ellenberg et al. 2016,
Lemma 8.2]) that for all A € S

EGp, (1Sur(G, A)) =) 1, (G) - |Sur(G, A)| =
GeS

. 1-2
Al (1-2)
This is often called the A-moment of x4, and computing it only for certain A can still provide information

about the distribution of elements in Clg.
It is clear that |[Hom(G, (Z/ pZ)k)| = pk k,(G) | Furthermore

k

Hom(G, (Z/p2)")| =) n(k, i, p)ISur(G, (Z/pZ)")]
i=0
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where n(k, i, p) is the number of i-dimensional subspaces of [F'I‘,. Hence Theorem 1.6 can be rephrased
as computing the A moments in the above sense for all the groups A = (Z/pZ)*.

2. Preliminaries

2A. Class field theory. For any number field K Galois over Q and rational prime / let K, be the
completion of K at the prime p|/. Let N, : K, — @; be the norm map. Denote K; = K ®g Q; and
N; = ]_[p ¥ Ny. Note the isomorphism K; = Hp\l K, which lets us view N, as a function on Kj.

Let Ckx denote the idele class group of K. Let N¢, : Cx — Cg denote the norm map defined by
(Nega) = Nl(l_[pu%) = l_[p|l Nyay.

In several places we will use the following isomorphism of Cq with Ry x [ ], Z/. For x € Cg there
exists a unique a, € @* such that a, -x € Ry x [, Z/. It is not hard to see that x > a, - x is well defined
and bijective.

Define the morphism (-), : K, — Ck by (b), = (..., 1,b,1,...) the class of the element with b in
the p-th coordinate and 1 elsewhere. We will need the following lemma in Section 4.

Lemma 2.1. Let b € Q* and (b); € Cq. Then b € N|K, if and only if (b); € Nc,Ck.

Proof. If b = Njo for some oy € K; then clearly (b); = N¢ (..., 1, a1, 1,...).

For the converse note that, under the natural embedding of Q; into Cq, we have Nc, Cx NQ; = N, K[
by Corollary 5.8 from [Neukirch 1999, Section VL5, page 394]. Hence if (b); € Nc, Ck then it follows
immediately from the definition of N¢, that b € N; K. O

2B. Cyclic degree p fields. Let K/Q be a degree p cyclic extension (p an odd prime). Then the
discriminant is of the form Dg = (p; - -- p;)? —1 where each pi is either a prime congruent to 1 mod p
or equal to p? and they are distinct. Conversely every integer of this form is a discriminant of a degree p
cyclic field [Mayer 1992].

By class field theory each such extension corresponds to a character x of Cq with ker x = N¢, (Ck)
an index p subgroup of Cq. Through the identification Cq = Ry x [, Z x descends to a character

x:(+pZ)x [ ¥ —>wp @2-1)
Il Dk l#p

where the (1 + pZ,) factor appears if and only if p | Dg. The character y is nontrivial on each factor.

By an order p character we will mean a character x; : F,* — u, for any prime [ # p, or x, :
(14 pZp,) — pp. For each prime [ (including / = p) there are p — 1 such distinct nontrivial characters.
Thus yx factors into a product of order p characters x =[], | px Xi- Hence there are (p — 1) ™ distinct
nontrivial characters defined on the domain in (2-1) where w(n) denotes the number of distinct prime
divisors of n. Furthermore two distinct characters y, 1 have the same kernel if and only if x = ¥ for
some l <i<p-—1.

It follows from these facts that for a fixed integer n which is a discriminant of a degree p cyclic
extensions of @, the number of such extensions K /Q with Dxg =n is (p — 1)®™~1,
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The following asymptotic formula for the number of degree p cyclic fields with discriminant up to

XP~is well-known [Wright 1989]
Z 1~cX.

K,Dg<XP-!

2C. The field Q)(¢3) and cubic reciprocity. Let ¢3 be a cube root of unity. The following facts about the
field Q(¢3) and the cubic residue symbol can be found for instance in [Baier and Young 2010, Section 2.1].

The extension Q(¢3)/Q is quadratic, and for x € Q(¢3) we denote its Galois conjugate by x. The
ring of integers of Q(¢3) is O = Z[¢3]. It is a principal ideal domain and every ideal (n) C O with
(n, 3) = 1 has a unique generator n which satisfies n = 1 mod 30. The only prime which ramifies is
(3) = ((1 — z3)?). The primes of Z which split in O are exactly the ones congruent to 1 mod 3Z.

The set {1, £3} is a basis for O, so that every element of O can be written as a 4 b{3. Letting
N : Q(¢3) — Q denote the norm map we have the formula N (a + b¢3) = a® + b*> — ab. Using this it can
be shown that |{a + b¢3 € O| N(a+ b&3) < X}| = O(X) and for a fixed b € Z that

{a € Z|N(@a+bg) < X} =0(X"?).

For n, m € O coprime and (m, 3) = 1 denote by ( )3 the cubic residue symbol. It satisfies

n
m

(:)-() G-

and, if additionally n, m = 1 mod 30 then there is the law of cubic reciprocity

()

3. Counting p-torsion in degree p cyclic fields

The first goal is to describe the subgroup of class group whose distribution we will be computing. See
[Stevenhagen 1995] for a slightly different treatment of some of the material found in this section.

We recall that p will always denote an odd prime.

Let K be a degree p cyclic extension of Q) with Galois group G = (ok). Let ox = 1 — og. We view
ok as a morphism acting on Clg [p*°]. Let NG = Zipz_ol o}'(. Then since NG : Clg — Clg and the latter
is trivial we have ker NG = Clg. Thus we can view Clg[p>°] as a module over the ring Z,[ox /(N G).

It can be shown that in Z,[ok]/(N G) there is the relation (go,’éfl) = (p). Thus there is a filtration

Clx[p]° =kergg C kergo%( c...C kergoi_l = Clg[p].
From this we can write down the exact sequence
16

1 — Clg[p]” — kergo%( — (pK(kergo%() — 1

so that |ker 9% | = |Clk[p]|Clpk (ker g% )].
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Note that as a special case of the ambiguous class number formula (see [Lemmermeyer 2013, Theo-
rem 1]) we have |Clg| = p"~'. This implies Clg C Clg[p*™].

Denote by N the norm map Ng,q (both on ideals and elements of K). Let J be the group
of fractional ideals of K. Furthermore let Py, ..., P, be the ramified primes of K, and let B =
{P*-- P |ej=0,1,...,p—1}. Forany I € J let I denote the natural projection to Clg.

Lemma 3.1. Let B be the projection of B to Clg. Then |B| = p"~.

Proof. Clearly B C Clg[p]°®. We will show B generates Clg and the lemma will follow from |Clg| =p'~
Let I € 7 such that I € C1¢, so that I°¢ = («)] for some « € K. Applying N to both sides gives
N () = 1, hence multiplying by —1 if necessary, we have No =1 in K. By Hilbert’s Theorem 90 there
exists B € K such that o = 179k
Thus 1°¢ = (8)'~°¢ I and rearranging ((8)1)°% = (B)1. So (B)1 is fixed by ok in 7. This implies
gl is divisible only by ramified and rational primes in K. Thus gI € B. This completes the proof. [

Next we give another description of ¢g (ker (p%().

Lemma 3.2. Consider N acting on J the group of fractional ideals of K. Then
ker N = o (7).

Proof. 1t is clear that ¢ (J) C ker N. Suppose NI = 1 for some ideal / € J. Then [ can only be
divisible by split primes. Let g € Z be a prime above which I is supported and let Oy, ..., Q) be all the
prime ideals in K lying above ¢ such that Q7* = Q. Then N(Q7' Q% - -- Q[;," ) = g 2% which implies
that )" a; = 0. Then Q7' Q5 - - Qa” (Q° Qa1+a2 Ny Qiljl...+a,,—1)1—”’<. Applying this to all primes g

below I shows I € pg (J). O

Lemma 3.3. For any I € J such that e Clx[p1¢ we have
e goK(ker(p%() < NI = N(a) in J for some o € K

(note this condition is independent of the ideal representing I).

Proof. Suppose first that I € ¢ (ker go%(). So for some J € Clg, we have I = J'~°%. We have for some
o € K* that (@)] = J'~°% in 7. Taking norm of this gives NI = N(a~!) which proves one direction.
Now suppose that NI = N(«) for some o € K. Hence I = («)J for some ideal J € ker N. By
Lemma 3.2 we have J = JW for some ideal Jy € J. So I = JW Then J(pK = I¥c =1 in Clg since
IeClK.Thus JoekergoK. O

Let
~ D f p DK,

3-1
Dg/pP~!' if p| Dk. G-

Proposition 3.4. With the above notation let Q(Dx) be the set of positive integers dividing Dy. Then

lpk (ker p%)| = %|{b € Q(Dk) | b = Na for some a € K*}|.
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Proof. Firstly it is clear that the map N : B — Q(Dg)isa bijection. Since |B| = p"~! by Lemma 3.1,
let {(1), (1) ..., ()} C B be the principal ideals. To each J € Clg[p]® = B we associate the set
wy={NU;), N(U;l),...,N(,I,)} CJ where I is a choice of representative of J supported on the
ramified primes. For every element of w; we may choose the unique generator which is a positive integer.
With this identification we may assume w; C Q(ﬁ ).

We claim that if J; # J; in B then 5, Nwj, = . Suppose to the contrary that x € w;, Nwy, so
Ny, l;) = N(,l;) for some i, j, and hence N(1;,) = N(1;1;) for some /i since the principal ideals of
B form a subgroup. Since N is injective on B we get I;, = I,l;, a contradiction. Thus we can write as a
disjoint union

Q(Dg) = Uw,.

JeB

Then also

(beQ(Dk)|b=Na forsomeaeKX}:Ua)J
J

where the union is over all J such that some element of w; is of the form N« for some o € K. Note this
condition is equivalent to every element of w; is of the form N« for some o € K since if N(I;1;) = N(x)
then N(I;1;) = N(al;l; ).

By Lemma 3.3 |pk (ker (p%()l is the number of classes J € Clg[p]© such that NI = N(«) for some
(any) representative I of J and some « € K. In the above notation this is the set of J € B such that
Na € wy for some o € K. Thus

ok (ker )| = 1 Iy |
J

where the union is over all J such that every element of w; is of the form N« for some o € K. This
completes the proof. (I

4. The p-torsion as a character sum

The goal of this section will be to prove a formula for the size of ¢g (ker go%{) defined in the previous
section.

Let K /Q be a cyclic degree p extension with discriminant Dk and Galois group Gal(K /Q) = (o).
Let x be a character of Cg corresponding to K and yx its quotient (see Section 2B). Recall that x factors
into a product of order p characters x =[], | Dy XI-

For simplicity we will henceforth write im(¢g ) for ¢k (ker go%().

Recall the definition of D kx 1n (3-1) and that a)(ﬁ k) denotes the number of distinct prime divisors
of 51{. For any prime [ of @ we defined the morphism (-); : K; — Cg by (b); = (..., 1,b,1,...) the
element with b in the /-th coordinate.
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Proposition 4.1. For each degree p cyclic field K let ox denote a generator of the Galois group and Dk
the discriminant and X a corresponding character. Then

limig)l =~ Z l_[]_[(l—i-x—i— A ZPTHUBY)

(bo,....bp—1) i=0 1]b;
[ prime

where the sum is over p-tuples of coprime positive integers (b;) satisfying

p—1 p—1 B
<1_[b,-) =Dg and B=bb3---b"_|.
i=0

Proof. Since K /Q is cyclic by the Hasse norm theorem b € @ is a global norm if and only if b is a local
norm everywhere:

b= N« for some o € K <= b = N,«; for some ¢; € K, for all /.

Recall K; = K ®g Q. Hence by Proposition 3.4 we want to detect when b | D k satisfies b € N;K; for
all 1. If [ )(DK this condition is trivial since b is then a local unit in @y, and it is a standard fact from local
class field theory that if / is unramified in K /Q then N; : K; — (; surjects onto the local units. Hence
we need to check the condition only for / | Dg.

By Lemma 2.1 b € N;K; if and only if the idele (b); € Cq satisfies (b); € N¢,Cx = ker x. Since X
has order p this implies

. o if (b); € ker x,
47+t 57 ‘)((bm:{p i € ferx
0 else.

Hence we arrive at the following expression which detects when b is a norm at /:

9 .. Y _1 i
<1+X+ + 1P )((b)1)={1 if b € N;K;, -1

P 0 else.

Note that D kx 1s a p — 1 power. Write a divisor of D K as b1b2 bp _, Where the b; are square-free and
coprime. Let

1 ifbe NK*,
Gb) = ifbe
0 else.
Thus by Proposition 3.4 we have
plimg)l= Y Gbib3---bh))

—1 ~
bbby~ | D
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—_

where the sum is over positive integers dividing D. In the following we will let B = blbg e bZ: - By
(4-1) we get

149 4+...4 5,1
plimeol= Y 1‘[<+X+ X )((B)l)

(B0.ewnbp-1) 1| Dy p
1

= e, Z [TITa+%+---+x""Husw

..... bp—1) i 1]bi

where the sum is over p-tuples of positive integers satisfying ([ ]; bj)?~! = Dg. This completes the
proof. U

We define some notation to state the next proposition. Define the function & : Ff, — [, by
D (u, v) = P((u1, u2), (vi, v2)) = u(v2 — uz). 4-2)

Under the identification Cqg = Ry x [], Z (see Section 2A) for any integer b the class of (b); maps to

1 b1
...,l—i,l—i,l—i,...

where i = ord; b. Hence if x decomposes as HZIDK x; acting on (1 4+ pZ,) x HllDK,l;ép F/ (see

Section 2B) then
R b 1
2B =i (l—) [Tx (;) (4-3)
q#l

Theorem 4.2. For each degree p cyclic field K let ok denote a generator of the Galois group and Dk
the discriminant and x =[], | D X1 @ corresponding character. Then

imgl =53 T TT xl(n Do v>) (4.4

(D) UE'FZ L[| Dy ME[F2
lprtme

where the sum is over p>-tuples of coprime positive integers (D) indexed by u € [F2 and satisfying
] ~
(Hue[Fz D )P = Dg.

Proof. For this proof we will denote D x = DP~L, By Proposition 4.1 we have
i 1
lim(gx)| = Pz Z l_[]_[(1+x+ A+ Z7HUBYN) (4-5)
..... bp_1) i=01]b;

where the sum is over p-tuples of positive integers satisfying [[; b; = D and B = blb% ‘e bZ:i. We fix i
and focus on the innermost product in (4-5). Expanding it we get

[Ta+z+--+27haw= > [[#"u» (4-6)

L1bi JtseesJoy) L bi
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where the sum is over tuples of integers with each 0 < j; < p — 1. For any such fixed tuple ji, ..., jow,)
and for each 0 < j < p — 1 define D, ; to be the product of all primes [ | b; such that j; = j. Then we
can instead write (4-6) as

p—1
> [1xasm= ) [T 11
JtseeosJowy) Ul bi (DipsDip+1s-es Dip+p—1) j=01|Dipj

where the sum on the right is over all p-tuples of positive integers satisfying ]_[5' ;(; D;,1j=b;. Thus we get

p—1
Iim(wK)lzﬁ Z ]‘[( > IT 11 Xj((B)1)>

----- bp—1) i=0 “(Dip,Dip+1,-.s Dip+p—-1) j=01|Djp+;

where the inner sum is over all p-tuples of positive integers satisfying ]_[f;é Dipyj=0b;. If | b; then
ord; B =i hence by (4-3) we have

g B/ 1
/(B )z)—X((B’)z)—)a(lU) [1 xq(ﬁ).

Plugging this in and rearranging summations we get

|im<<p1<)|=ﬁ Z 1 [m(lu) I1 xq(li])} 4-7)

..... _Dij=01|Dipy; q|D,q#l

2_
where the first sum is over all p>-tuples of positive integers satisfying ]_[f.”:o1 D; = D. Taking the last
two products from (4-7) and rearranging them gives

T[() T ()]

q|D.q#l
1\7. 1 B/
“[ I (I )} T (I )] I #(3)]
q|D/Dipyj I Dipyj g1 Dip+j I Diptj/q L Dip+j
and grouping products and renaming the variable / to ¢ in the last term gives

1 q” B/
LA GO )
[q | Dl/_gilﬂrj \Djj, q |1D—[ip+j \Dj.; q |1D—[ip+j g

ip+j ipt+j

Define A; ;, B, ], Ci J to be respectively the first, second, and third factors in (4-8).

Let D = ]_[l =0 tp+]’ D; =TI, lpﬂ and D; = 1—[;7:—01 D, ;. Then the last two terms in (4-8)

can be combined:
qij B/ B/
B ;j-Ci ;= l_[ Xq (DT> l_[ Xq(qu = l_[ Xq DT . (4-9)
q | Dip+j ipt+j” qlDip+j q | Dip+j iptj

-1
Let Bj = H;‘D:O Bi,jC,',j.
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Taking the product over i =0, ..., p — 1 of the first factor in (4-8) gives

Too=[ 11 n()I[T 11 #(%)

q|1D/D;

Define E; ;, E; ; to be respectively the first and second factor in (4-10).
So far we have shown

. 1
'lm(‘”’”':W Z H(E” E ;- Bj).

Now we can compute

and

Memo=T1 11 #(%) 1 w4 ) -]

i,j=0gq| Dlp+j J ql Dip+/ ip+j

Plugging (4-12) and (4-13) into (4-11) we get
1 B/ D;
[im(pg)| = W Z 1_[ 1_[ Xq( ) 1_[ (3])
j q1D;
1 B/
= pa)(D)-H ) 1_[ [ Xl( )

Do,...D ) Jj= Ol|D

NPy T «(%)

Dy, ..., p2-1) 1:J=01|Dip;
From the definition of B we have
p—1
B=[](DipDips1- Dipyp1)
i=0

hence for 0 < uy, us, vy, v < p — 1 the exponent of D, 4y, in B”Q/b is
uivy —uguy = uy(v2 —uz).
Letu = (uy,ur) € [Ff7 and v = (v, 1) € I]:f,. Recall we defined & : I]:% — [F, by

O (u,v) =ui(vy —uy).

(4-10)

(4-11)

(4-12)

(4-13)
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Thus relabelling D; ), j = D; j) we conclude that

lim(gx)| = W > [T11 xl( 1 D:?("*”)). (4-14)

(D0,0)s-+»Dp—1,p—1)) UE[F%IIDU uek?

as required. U

5. An expression for the k-th moment

Define
S =Y limex)l.

K,Dg<Xp~1
Computing Si(X) will allow us to determine the k-th moment

Sk(X)

Mk
"= XHOO ZK Dg<xr11

of the function |im(pg)|. We will then show that knowing M (k) for all k € Z>; will be enough to
determine the distribution of the values of |im(¢k)|. Our goal for the remainder of the paper will thus be
computing Sy (X).

We want to use Theorem 4.2 to obtain a formula for [im(¢x)|*.

Proposition 5.1. For each degree p cyclic field K let ok denote a generator of the Galois group and Dk
the discriminant and x =[], | D X1 @ corresponding character. Then for any k € Zj\

lim(gx)|* = kw(DK)Z [T 11 xl( [T pr« v>)

(Du) ve(F3)k lplrbme ue(F3)k

where the sum is over p*™-tuples of coprime positive integers (D,) indexed by u € (I]:f,)k satisfying
HME('F%))]( Du = DK.

Proof. From Theorem 4.2 we see |im(¢g)|* involves a k-fold product of summations over factorizations
of DK, so we want to simultaneously consider k different factorizations of DK. We follow the same
method as in [Fouvry and Kliiners 2007, pages 471-472], and denote any k factorizations of D K as

b= ] 5=~ [T ol

2 2
ule[Fp ukEIFP

where each index u; € [F%) (note this differs from the notation in the previous section). Define Dy, 4 =

gcd(Dul, e (k)) From this we obtain a further factorization of each D by

1§J§k u; E[F%
J#l
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Hence taking (4-4) in Theorem 4.2 to the k-th power we get

pk . pkodi) 2o 1_[ [T 11 Xz( [T @9)®w: U,)

(Dg ) (D(">)l 1y ef? lprlme u; €F?
11D
where the summations are over p>-tuples of positive integers (D,Sl;.)) such that [ [, . DL(,Z;.) = Dy. By
! p
multiplicativity of the y; we can simplify this as

Z 1_[ 1_[ Xl( 1_[ Dq)(’ljt.].’;);)‘i‘ A+ (ug, vk)>

u ..... ”k) (vy,. vk)e([F2 )/‘ |I Prime (uy,..., uk)e([F]z,)“
UI.A,,.UA,

p pkw(DK)

where the sum is over all p**-tuples of positive integers (D,,,....,,) such that

.....

1_[ Dul,...,uk = IBK.

(1o ur) €FL

To simplify notation we let u = (uy, ..., ux), v = (vy, ..., vx), and D (u, v) = Zle ®(u;, v;). Then
the expression becomes

kw(DmZ [T II Xl( I1 D;Mu,v))

(D) ve([F2 )k llprlme ue([F%)k
D

| Dy
where the sum is over p*-tuples of coprime positive integers with I, e Du= Dg. ]
P

We now sum the expression from Proposition 5.1 over all degree p cyclic fields with discriminant up
to X. To this end we define the following notation:

Let P(X) denote the set of ka—tuples of coprime positive integers (D,,) indexed by u = (uy,...,u;) € [F%,k
(with u; € I]:?,) whose prime factors are congruent to 1 mod p or equal to p and p°9»”) D < X where we
denote D = ]_[ue([%)k D,.

Let C(D) be the set of tuples of nontrivial order p characters (x;);|p (see Section 2B).

Theorem 5.2. For each degree p cyclic field K let ok denote a generator of the Galois group and Dk
the discriminant. Then for any k € Zy>

. ! (D) "
Y dmeol=c——r 3 Y amx Il Hxl(l_[ Df"“)

K,Dg<XP~! (D)PX) (e P veF lprbme ue(F2)*
where on the right hand side we denote D = ]_[ue([%)k D, and &y (u, v) = Zle D (u;, v;) with ® defined
in (4-2).

Note that we are summing over cyclic degree p fields satisfying Dx < X?~! but on the right-hand
side the condition is p°»P) D < X.
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Proof. Fix a degree p cyclic field K. Summing ((4-4) over all tuples of order p characters (x;), | Dy
characters corresponds to summing over all degree p cyclic fields of discriminant Dg but overcounts by a
factor of p—1 since for a fixed discriminant D the characters [ |, | by X1 and [, | By le forl<j<p-1
correspond to the same field (see Section 2B). Thus for any D € Z which is a discriminant of a degree p
cyclic field, by Proposition 5.1 we get

> limpe))f = =

K,Dxk=D

kw(D)Z > I1 11 Xz(l_[ ka(”»”)>

(D) (xr)€C(D) veF2k 1] Dy uek2
[ prime

l)pp

where the sum is over p*-tuples of coprime positive integers (D,) indexed by u € (F%)k satisfying

]_[L,E([Fz y Dy = D (D defined as in (3-1)). Since we are interested in computing the average over all
P

degree p Galois fields we sum over these to get

i 1 u,v
Z |1m((PK)|k=m Z w* (D) ——— kw(D) Z Z 1_[ 1_[ Xl( 1_[ D;Dk( ; ))

K,Dg<XP~! Dez (D) (x)€C(D) veF% 1| Dy uek%
0<prP p<x [ prime

and [], 2« Du = D. Then by definition of P(X) we obtain
P

Z |im(<ﬂ1<)|k=ﬁ Z ,u(D)pkw(D) Z l_[ HXI(H Dq)k(uv))

K,Dg<Xr-! (DW)EP(X) ()eC(D) veF2k 1] Dy uek
[ prime

This proves the theorem. 0

The goal will now be an asymptotic analysis of this formula.

6. Analytic tools

We list the analytic results that will be needed in the sequel. The first two we take directly from [Fouvry
and Kliiners 2007].

Lemma 6.1. There exists an absolute constant By, such that for every X > 3 and every | > 0 we have

X (loglog X + By)

— 2 —
{n=Xlwm) =1 pn (n)—l}ISBologX T

Lemma 6.2. Let y € Rwith y > 0. Then we have

> vy < Y(logX)" !
X-Y<n<X

for2 < Xexp(—y/logX) <Y <X.

Let O = Z[¢3], the ring of integers of the quadratic extension (2(¢3). Let (%)3 denote the cubic residue
symbol for x, y € O coprime. Let N (-) : Q(¢3) — Q denote the norm function. In the following A, B, Q
will denote positive integers.
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We will need the following results for estimating bilinear sums. They are all versions of the large sieve
inequality. The first two containing the (A B)€-type factor will be used when A and B are close together,
and the latter two which do not contain this factor will be used when A and B are far apart. The first is
Theorem 2 from [Heath-Brown 2000].

Proposition 6.3. Let ¢, be a sequence of complex numbers indexed by elements of O. Then for any € > 0

iy MZ(N(”)N(m))Cn(%>3

meQO, ne,
N(m)<A N(n)<B

2
Le (A+ B+ (ABP)(AB) ) el
neO

where each of the sums are over square-free elements m,n € O congruent to 1 mod 3.

Next we have a version for cubic Dirichlet characters and sums over integers, which is Theorem 1.4
from [Baier and Young 2010].

Proposition 6.4. Let c,, be any sequence of complex numbers indexed by N. Then for any € > 0

Yo YD cwnPmxim)

qgeN  x mod meN
0<q<20 i A<m<2A

2
L (@M + 0P A QA D P (m)lenl

meN

where the second sum is over x which are primitive Dirichlet characters satisfying x> = 1.

The next version is Theorem 7.13 from [Iwaniec and Kowalski 2004, Section 7.5, page 179] (due to
Bombieri and Davenport) and applies to all Dirichlet characters (not necessarily cubic).

Proposition 6.5. Let c, be a sequence of complex numbers indexed by N. Then

2
I cmuz(m)x(m)‘ L (Q*+4) > lewl?

eN x mod meN meN
;I<QX 4 A<m<2A

where the second sum is over x which are primitive Dirichlet characters.

Finally we will need a generalized version of Siegel-Walfisz for character sums, stated as Main
Theorem in [Goldstein 1970]. We state a slightly weaker simplified version here.

Proposition 6.6. Let € > 0. Let K /Q be Galois of degree n and let x be a nontrivial finite Hecke character

of K with conductor f,. Then there exists a positive constant ¢ = c(€), not depending on K or x such that

> x() = 0(dxlog’ x exp(—cn(log x)'/?/d))

pC Ok prime
N(p)=x
(p, fr)=1

where d = n> |Dx N (fy)|°c™". The implied constant does not depend on K or x.
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We now prove another version of a large sieve bound for cubic characters.

We require a preliminary lemma. The next result is Exercise 2 from [Iwaniec and Kowalski 2004, Sec-
tion 7.4, page 178]. In their terminology asetof o, = (cty. 1, ..., ¥y k) € R is 8-spaced if max;|o,; — o, i| >
8 for all  # r’. The definition extends to elements of R¥/Z* by choosing representatives in R* for which
|ty ;i — o ;| 1s minimal, for all i (that is, which make the spacing minimal).

Lemma 6.7. Letd > 1 and § > 0 and let o, = (a1, . .., &rq) be §-spaced points in IRd/Zd and a, a
sequence in C indexed by n = (ny, ..., ng) € 7 with 1 <n; < N. Then

2

r

2
Zan expri(n-a,))| K4 ™4+ N9) 2:|Cln|2

n

Proposition 6.8. For each n € O let yr, be a primitive cubic Hecke character of modulus (n) C O.

For any d € O let z4 be the smallest positive integer such that d~' = z/z4 for some z € O (clearly
za < |N(d)|). Let P(B) C O be a set of elements d satisfying z4 < B.

Foralld € O let a; € C such that |ag| < 1. Then

2| 2 antn

neP(B)! meO
N(m)<A

2
< (B> + A)A.

Proof. For r, n € O define the generalized Gauss sum for the character i as

gromy= Y Yu(d)é(rd/n)

de(©/n)*

where é(z) = exp(2mi(z + z)). It satisfies the property (see [Baier and Young 2010, Section 2.2])

g(rs,n) =Y, (s)g(r, n)

for s € O coprime to n. We will write g(n) = g(1, n).
We can write the sum in the statement as

Z%wm) > wwz%mmm

de(O/n)*

(m)‘

Z Ig( [g(mP

Ig( 1gmP

Since 1, is a primitive character of (O/n)* we can sum over all such characters to get the bound

2
(mﬂ mm»ZZ: > x&D%;@meﬁo

X 'de(©/n)*
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where the summation ) 4 1s over primitive characters of (O/n)*. Then expanding the square and using
orthogonality of characters we obtain, with the notation by =, ané(dm/n),

2

n

1

2
Zamwnm)‘ §Z|g(n)|22 Y x@x@)baba

X d,d'e(O/n)*

52|g(;11)|2 > baby Y x(dd™")

n d,d'e(O/n)* X

©/m)] ; ?
=2 e de(oz/n)x 2 anédm/m)
2
<03 D anédmyn| . (6-1)

n o de(©/m)x' m

We now want to apply the multivariable large sieve inequality of Lemma 6.7 so we will rewrite the
summation accordingly.

Let R={(n,d) |neP(B),d € (O/n)*}. For any (n,d) € R, using d € O to also denote any choice
of representative of d € (O/n)* (everything that follows will be independent of such a choice), write
d/n =d; + {3d, in the basis {1, {3} with d; € Q and similarly write m = 51 + {35, with s; € Z. Then a
computation shows dm/n = (d1s; — dasa, d1s» + das) — dps;) in coordinates in {1, {3}, and

tr(dm/n) =dm/n +L%/I7l =51Q2d| —dr) +s52(—di —dr) = (51, 82) - 2dy — dp, di — dp).
So given r = (n, d) € R define o, = (2d| — d», di — d») € @°. Then
e(dm/n) = expQmitr(dm/n)) = exp(Rmi(sy, 52) - &)

Hence we can rewrite (6-1) as

2

n m rerR

2
D g exp@risy, 52) ) (6-2)

(s1,52)€2?

where s1, 5o << A!/? since N(m) < A (see Section 2C).

We claim the sequence S = {«,},cr is 1/B-spaced (see definition before Lemma 6.7). For any
(n,d) € R, d is coprime to n so the map R — Q(¢3) defined by (1, d) — d/n is injective. Furthermore
(dy,dr») — (2d| — d», d| — d») is an invertible linear map, hence the elements of S are all distinct. Note
that for any distinct a/c, b/c € Q we have |a/c — b/c| > 1/c. Hence the spacing of a set in @ is bounded
below in terms of the denominators of the coordinates of its elements.

Since n € P(B) there exists z € O such that nz =z, € Z and z,, < B. We can write
d dz a b

n nzg Zn Zn

for some a, b € Z. Since z,, < B it follows that § is 1/B-spaced as required.
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Thus by Lemma 6.7 and (6-2) we get

> Zamwnm)‘ <y

n reR

< (B*+ A)A. O

D dsrtcn XPQRTI(s1, 52) |

S1,82

7. Determining the main term

We start with the expression for ) . Dy <xr—1 1M(@ x)|* which we derived in Theorem 5.2,

1 ]_[Dll u,v
Sp(X) = m Z Z kw(l—[DH) 1_[ 1_[ Xl(l_[ D<I>k( )) (7-1)

(D)EPX) (ynec(] Du) v 1| Dy
and recall the notation:

e P(X) denotes the set of p2k -tuples of coprime positive integers (D,,) indexed by u = (uy, ..., ur) €

F2* whose prime factors are congruent to 1 mod p or equal to p and p*@»®'D < X (with D =

Hue[ng D).

e C(D) denotes the set of tuples of nontrivial order p characters (x| p-
o Dp(u,v) =25 ®(u;, v;) with @ defined in (4-2).

For the remainder of the paper we will use the convention that the implied constants in any big-O notation
which appears are allowed to depend on p and k, but not X.

FixkeZs;andlet A=1+ log_(p_l)'pk X. Define A to be a p*-tuple of variables (Au)ue[F%f with
each A, = A/ for some j > 0. We can partition S;(X) according to the various A.

Let P(X, A) C P(X) be the subset of tuples (D,) satisfying A, < D, < AA, forall u € [F?Uk. Let
Sk (X, A) be the above sum (7-1) but now restricted in the first summation to tuples (D,) € P(X, A).
Thus we have

Si(X) =) Su(X, A)
A

summing over all A with [ ],z Ay < X.
P

Note that since A =1+ log*("fl)'pk X there are O((log X)ka(H(p_l)'pk)) possible A with S, (X, A)
not empty. This is since there are O((log X)(1+(1’_1)'1’k)) choices foreach 1 < A, < X.

We now consider certain families of tuples A for which S; (X, A) makes a negligible contribution to
the sum. These will be the same as the four families from Section 5.4 in [Fouvry and Kliiners 2007]. In
the case of the first the argument is identical but for completeness we reproduce it here. The proofs in the
remaining three cases must be generalized.

First we reduce the sum S;(X) to terms where all of the D, satisfy w(D,) < Q, where we define
Q =e(p—1)p*(loglog X + By) with B the constant given by Lemma 6.1.

Let P(X, A, ) C P(X, A) be the subset of tuples (D,) additionally satisfying w(D,) < 2 for all
u e [Ff,k. Let Sx(X, A, 2) be the above sum (7-1) but now restricted in the first summation to tuples
(Dy) e P(X, A, Q).
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Lemma 7.1. With the above notation, for all tuples A

S (X, A = SXAQOX
§k(, )—gjkm Q)+ (@)

Proof. Let Sp be the sum of the terms in (7-1) where not all of the D,, satisfy w(D,) < Q2. We will bound
So. Letn =], eF2k D,.. We can trivially bound (7-1) by setting all x; = 1. For any positive square-free
n € Z we have |{(Du) e P(X) | Hue[ng D, = n}| = p2ke®) (this is just the number of ways of writing n
as a product of p* positive integers) and [C(n)| = (p — 1)“™. Thus applying the trivial bound to Sy gives

o< Y, wWm@p—1)°.
n<X,wn)>Q

Then splitting the sum up by the number of prime factors and applying Lemma 6.1 we get the bound

(loglog X + By)!
Al

wn X
Y Pmerp -1 < ZZQ ek PP

n<X,wn)>Q
k(p—1)(loglog X + By)\'
< Xz<p (p )(lg g o))
0g 1>Q /e
X 1Y
& Z(—k)
logXlZQ )4
< X
log X

where in the second-last inequality we are using [/e > (p — 1) p**(log log X 4 By) by definition of Q. [J

Thus we can assume in the remainder that all variables D, satisfy w(D,) < Q (we will only need this
fact to bound family 4 in Section 7D).

7A. The first family. Note that it is possible there exists an A for which S; (X, A, Q) is not empty, but

]_[ AA, > X. (7-2)

2k
uEIFp

Thus for any tuple (D,) € P(X, A, Q) the condition [ [, D, < X imposes dependencies between the D,,.
We wish to remove this dependency to allow application of subsequent analytic results in which we will
sum over each D, independently.

Let 7| denote the set of A such that (7-2) is satisfied.

Lemma 7.2. With the above notation

D Su(X. A, Q) < X/log X.
AEF
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Proof. Applying the trivial bound as in Lemma 7.1 and applying Lemma 6.2 we have

YosxA< Y Gfp-1)"P < d-AaT)X(og X) PV
AeF; A’I’ZngDgx

Using that (1 +x)% = 1 +ax + O(x?) for x — 0, setting @ = —p?* and x = log_(p_l)'l’k X we get
AP = (1 41og= PP x)=r" = 1 — p1og= =D+ X 4 0(log2(r=DPh ).
This gives the bound

37 SiX, A, Q) < (pFlog™ VP X + 0(log 2D X)) X log X) PV « X/log X. O
AE.F]

Thus if A ¢ F; then any (D)) € P(X, A, Q) automatically satisfies | |ue[sz D, < X so this condition
P
can be dropped from the definition of P(X, A, Q) for A ¢ Fj.

7B. The second family. We now bound the terms in which the range of summation is too short for too
many variables D,. Let X* = exp(log” X) for some small > 0 which we will specify later.
Let 7, be the set of A which satisfy

k—1

at most p variables satisfy A, > X ¥, (7-3)

Lemma 7.3. In the above notation

3 Si(X. A, Q) < X (log X)"0= DV,
AeF,

Proof. Let r be the number of variables greater than X*. We factor the sum )_ , 7 Sk(X, A, Q) into two
parts corresponding to terms with all variables D, < X* and terms with all D, > X* and then apply the
trivial bound as in the proof of Lemma 7.1. This results in

P! 1 w(m) | w(n)
Z (X, A, Q) < Z Z /,Lz(m)(ka—r)“’(’”)<p7) Z Mz(n)<(l? ~ )r) .

AeF r=0 < (x%)p¥-r n<X/m

Then applying Lemma 6.2 to the second term above we get

pkfl ‘
D). phyem
Z Si(X, A, Q) K Z Z p=D-r) X (log X)(P=Dr/p*=1

m
AeF, r=0 < (X3P

k—1

<<X<pZ(1ogX)<p1>r/p“>( 3 ((p_l)'pk)w(m).

m

r=0 m<(XEypH-r
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We trivially bound
pkfl
Y (log X) PV« (log X) PP P T = (log X)71/P. (7-4)
r=0

We will apply Mertens’” formula [ | q<x(1 — %)_1 « logx (where the product is over g prime), to the

second term above. Recall X* = exp(log” X). We have
1. ko (m) 1. k
Z ((p ) p") < 1—[ (1+(P ) p +>

m<(X¥)pH-r " g<(xH)p¥r q
1\ ~1q@-br*
SN
g<(xH)p=r 1
< (log XH)P' P~ = (log x)"" (P~ (7-5)
Putting together (7-4) and (7-5) we get
Z Sk(X, A, Q) < X(log X)’?(P—l)-pk—l/p‘ 0

AeF,
Clearly for any € > 0, for small enough n we get X (log X)”(p_l)"’k_l/l’ < X/(log X)1/P—,

7C. The third family, the case p = 3. For the third and fourth families we will first let p = 3 and bound
the error term unconditionally. In Section 7E we will handle the case of general p under the assumption
of GRH.

We define some terminology which will be used in the remainder of the paper.

Definition 7.4. We say indices u, v € [Fi,k are linked if @y (u, v) % 0 or @ (v, u) # 0. Otherwise we say
they are unlinked. We say a set U C [F%,k is unlinked if # and v are unlinked for all u, v € U.

Let XT :]Og8(1+9k(1+2-3’<)) X.
Let 73 denote the set of A such that there are two linked indices u and v with

Ay, Ay > X (7-6)

Fix such an A and two linked indices u, v. We split

4
SeX. A, Q) =) Si(X. A Q) (7-7)
i=1
into four terms depending on whether 3 | D,, 3| D,, 3| D,, for some w # u, v, or 3t D,, for all w. For
simplicity we only present the proof of bounding Si (X, A, 2), the arguments in the other cases being
almost identical.
We now consider two cases: case 1 occurs when both ®; (u, v) and P (v, u) are nonzero in (7-1) and
case 2 occurs when only one of these is nonzero.
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Case 1: Both @4 (u, v) and &, (v, u) are nonzero.

Define Q(X) C O to be the set of elements d € O congruent to 1 mod 30 which are products of split
primes, u>(N(d)) =1 and N(d) < X.

Note Q(X) is closed under conjugation in Q(Z3).

Lemma 7.5. If ©(u, v) and @i (v, u) are both nonzero then

2 dy
Yoo (Dw)a(dua(dv)(d—)
3

dy €Q(AA,/3) v
dy,€Q(AAy)

Sei(X, 4, Q) < > (7-8)

(Dw)w#u,vep(styQ)

with |a(d,)|, la(d,)| < 1, and we denote D,, = N (d,)N (d,).

Proof. In the following equation to simplify notation we write D =[], P2 Dy and D'=D,D,. Let A;
denote the (3% — 2)-tuple (Ay)wy.» and Ay denote the pair (A, Ay).
Then from (7-1) we get by splitting up the summations and bounding

1 w*(D) ®
. ©(z,y)
Sk,l(XaA7Q)—2'3k Z Z 3ka (D) l_[ l_[ Xi l_[ D,
(Dw)e37?(X,A,Q) (x;)eC(D) ye[F%" I Dy ze[F%k

u

1

1
52.—3k2 ZW

(Dw)EP(X.A1.Q) (x)€C(D/D')
u*(D)
Z Z 3k (D)) X
(Du,Dy)EP(X,A2,9) (xy)€C(D") y
)

u

X

1_[ D?k(ZJ)) '

2k
z€l;3

Suppose z € Z is square free and a product of primes congruent to 1 mod 3Z. This implies z factors into
split primes in @(¢3), hence there are exactly 2@ ideals I C O such that N (1) = z. Furthermore for any
ideal I C O such that N (/) = z there exists a unique element with (d) = I such that d € Q(z).

Since p = 3 there are 2 nontrivial cubic characters y; corresponding to any prime /. They are (%)3 and
(%)3 where 7w, 7 =1 mod 30 and N () = N(7r) = . Thus there is a bijection between C(z) and ideals
I C O such that N(I) = z, defined by

vz = ( I1 7T>- (7-9)

Uz
X =(;)
This map is injective by unique factorization of ideals and hence surjective since the size of both sets is

equal. In particular this implies

1 Za)(D/D’)

Z 3ka(D/D)) = 3kw(D/D)
(xi)eC(D/D’)

1.
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So far we have shown

2
u” (D)
Sk1(X, A, Q) K E ' E E k(D) X
(Dy)€P(X,A1,) (Dy,Dy)€P(X,A2,L) (x1)€C(D") y=u,v
31D [ Dy

u

l_[ D;Dk(Z,y)) ’

2%k
7€l

It also follows from the above bijection (7-9) that in the sum over D,, D, we can replace the x; with
cubic residue symbols

2
Z Z % Xl <2 l—[ qu’k(z,y))
=u,v

(Du,Dy)EP(X,A2,9) (x)€C(D') y=u, eF
3| D, 1| Dy 3
D (z,y)
2 D
12(D) [Lerx D:
<« oy oy 3 mm () a(ITee) ao
(Du,Dy)EP(X,A2,Q) d €Q(AA,/3) dyeQ(AA,) y=uv Y 3 N e
3|D, N(d,)=D,/3 N(d,)=D, }

For any d,, in the above sum let

2 Dy, pE+OW
TNy ) R (L
3

k(N (dy))
3 y#u,vl| Dy du

and similarly for b(d,) (which will additionally contain the factor of x3 (]_[ZE[F%k D? k(z’”))). Note also that

u?(D) = pu* (1, 4y Du) 1 (1T, . Du) w?(D, D,). Changing notation to D, = N(d,) and D, = N(d,)
and plugging in b(d,) and b(d,) we can rewrite (7-10) as

) Du Oy (u,v) Dv O (v,u)
> > u(Dqub(du)b(dv)(Z) (d—) :

d,€Q(AA,/3) d,€Q(AA,) 3 3
Au/3<N(d)<DAL/3 Ay=N(dy)<AA,

Note &y is either 1 or 2, and squaring a cubic character is the same as conjugating it. Since Q(X) is
closed under conjugation, removing ®; from the exponent permutes the coefficients. As a result of this
procedure rename b(d,) to a(d,) and b(d,) to a(d,) if necessary. Letting a(d,) =0 for N(d,) < A,/3
we can extend the range of summation to N(d,) < AA,/3, and similarly to N(d,) < AA,.

Forany D, =N(d,) = d,d, and D, = N(d,) = d,d, not divisible by 3 by the properties (2-2) and

the law of cubic reciprocity (2-3) we have

Du Dl) dM d_u d'l} jv du 2 ju ju 2 d_l,{
—I)l— ===l )l=) = —)l=) =(=). (7-11)
dy J3\du /3  \dy/3\dy /3\du/3\du /3 \dv/3\dv/3\dy /3 dv/3

This proves the lemma. U

Proposition 7.6. Forall A € F3

Sk1(X, A, Q) <X/ log!+9 (14239 x
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Proof. We will apply the standard strategy of bounding bilinear sums using Cauchy—Schwarz followed
by a large sieve type bound. By Cauchy—Schwarz applied to the summand on the right-hand side in
Lemma 7.5 we have, for any fixed tuple (Dy,)y-£u,v € P(X, A, Q),

2> 1/2

d, d,
> W (Dwaldaldy) (Z) < AW( ) Y wA(Duwaldy) (d_u>3
(7-12)

d €Q(AA,/3) 3 dy,€Q(AA) d,€Q(AA,/3)
dy€Q(AA,)
where D,, = N(d,)N (d,).
Note that d, +— M2(Duv)(fl—:)3 is a primitive cubic Hecke character of modulus (d,). Note also
that Q(AA,) satisfies the conditions of the set P(AA,) in Proposition 6.8 since by definition for any
d € Q(AA,), N(d) =dd < AA,. Thus by Proposition 6.8

> > uz(Dma(du)(;ﬁ)
v/3

dyeQ(AAy) dy€Q(AA,/3)

2
L (A2 + ADA,.

Plugging this into the bound (7-12) we get

Y W (Duwaldi)ady) (fl—”>
v/3

A 1\?
< AV((A2+ ANADY? = A A, (—” + —) . (7-13)
d, d,

AM Al)

By symmetry (recall by cubic reciprocity (%)3 = (21—2)3) we can also bound this by A, A, ((ﬂ + L))1/ 2,

<
>

Now by symmetry we can assume without loss of generality that A, < A,,.
First suppose A2 < A,. Recall A € F3 implies A,, A, > X' = 1og81+9°1+239) ¥ plygoing the bound
(7-13) into Lemma 7.5 we get

A 1 1/2 1 1 1/2
_U+_> < X<_+_> &« X/ 10g1+9k(1+2-3k) X.

Sei(X, A, Q) < > AvAu<Au A Tty
u

(Dw)w;éu.u EP(X,A, Q)

Now suppose A, < A%. Then by Proposition 6.3 we directly get the bound, for any € > 0,

d 2
> ) M(Duv)a(dp(d—”) K (Au+ Ay + (A A)) (AL A Ay (7-14)
dy€Q(AA,) d,€Q(AA,/3) v/3
Plugging (7-14) into Lemma 7.5 we get
Sei(X, A, Q) < > AV (Au+ Ay + (A A (AL A AN

(Dw)w;éu,ve,P(XsAyQ)
11 1 12
X{|{—+—+———=)(A,A)°
< <<AU+AM +(AuAv)1/3)( uAv) )

1 \12

<X/ 10g1+9’f(1+2.3’f) X. 0



840 Jack Klys

This proves the desired bound in Case 1.

Case 2: Only one of @4 (u, v) and Py (v, u) is nonzero. Without loss of generality assume Dy (u, v) is
nonzero.

For any X > 0 define R(X) to be the set of positive d € Z which are a product of primes congruent to
1 mod3Z and d < X.

Lemma 7.7. For any linked indices u and v with ®;(u, v) # 0 and @y (v, u) =0

D
S (X, A, Q) < >, > u2<Duv>a<Du>a<dv>(d—“), (7-15)
(Du)wpu v €P(X,A,Q)" dyeQ(AA,) v/3
D,eR(AA,/3)

with |a(d,)!, la(dy)| <1, Dyy = Dy N (dy).

Proof. This is a simpler version of the proof of Lemma 7.5. Since ®4 (v, u) = 0 the symbol (%)3 does
not appear and hence we do not apply cubic reciprocity unlike in that proof. Hence we are left with (3—:)3

which is what appears in the statement above. O

Proposition 7.8. Forall A € F3
Si1(X, A, Q) < X/ log! 9" (1423 x|

Proof. The above expression is no longer symmetric in # and v hence we must consider several subcases.
By Cauchy—Schwarz applied to the summand on the right-hand side in Lemma 7.7 we have, for any
fixed tuple (Dy)wzu,v € P(X, A, Q),

2 D,
> on (Duv)a(Dm(dv)(d—)
3

dy€Q(AA,) v
D,eR(AA,/3)

o\ 1/2
) (7-16)

<<A}/2( > ’ > u%%»a(dﬁ(?—f)

D,eR(AAL/3) dyeQ(AA,) 3

where D,, = D,N(d,).

For fixed D, € Z the map d, — MZ(DMU)(%)3 is a primitive cubic Hecke character on O with
modulus (9D,) (see [Baier and Young 2010, Section 2.1]). Note also that R(AA,/3) satisfies the
conditions of the set P(AA,/3) in Proposition 6.8, since by definition for any d € R(AA,/3),d € Z and
d < AA,/3. Thus by Proposition 6.8

> > u%%@a(a@)(%l

DyeR(AA,/3) dyeQ(AA,) v

2
L (A2 +A)A,.

Plugging this into (7-16) we get

A 1\!/?
< AV (A2 + A) A = A, A, (A—" + A—) A1)
v u

2 Du
E w (Dyy)a(Dy)a(dy)
dy€Q(AA,) dv /5
D,eR(AAL/3)
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First suppose A2 < A,. Plugging (7-17) into Lemma 7.7 we get

A, 1\!/2
Ski(X, A, Q) < > AMAU<_ + _>
(Dy)w-uv€P(X,A,Q)

1 1 1/2
< X(— + —)
A Ay

<X/ 10g1+9k(1+2-3k) X.

Next suppose A2 < A,. We again apply Cauchy—Schwarz as in (7-16) with summations reversed. Note
x(Dy) = (%)3 is a primitive Dirichlet character of modulus N (d,) for all d, € Q(AA,). Then by
Proposition 6.5 we have

D 2
u
> > a(Dumz(Duv)(d—) K (AT+AYA,
d,€Q(AA,) D ER(AA,/3) v/3
and hence
1 1/2 k k

1/2 2 1/2 - 149 (1+42-3%)

Sk1(X, A, Q) < Yoo AAT+ADAY ' < X(_Ai 5+ Av) < X/log X.

(DUJ)",'#Ll,UGP(XvAﬂ Q)

In the case when the variables A, and A, are close together, specifically A, < A, < Aﬁ orA, <A, < A%
we again apply Cauchy—Schwarz, followed by Proposition 6.4. We obtain

> > a<Du)u2<Duv)(%)3

dyeQ(AAY) D, eR(AAL/3) v

2
L (AN L A2B AN (ALA)CA,.

Then

2/9 1/2
A 1
Sk(X, A, Q)< > A}/2((A}}/9+A3/3Au)(AMAU)GAM)W<<X<<L+—>(AMAU)6) :

1/3
(Dw)uryéu,vep(X,A,Q) Au Al)

Then using that A, < A, < Al% we get

1 1 1/2 12
Ay Ay Ay

The case A, < A, < A% is similar. U

This proves the desired bound in Case 2.
Finally summing over all A € 73 and recalling that there are O((log X )9k(1+2'3k)) possible A with
Sk (X, A, Q) not empty, we have proven

D Su(X. A, Q) < X/log X.
AEF3
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7D. The fourth family, the case p = 3. Recall we previously definedX¥ = exp(log” X) and X' =
10g8(1+9k(1+2-3k)) X.
Now consider the fourth family F4 which consists of those A such that A ¢ F3 and there are two

linked indices u#, v and

A,> X5 2/JA<A, <X (7-18)

Note that given A, > X ¥ the condition A, < X' is forced by the assumption that A ¢ F3. For fixed u
we in fact consider the collection of all indices v € F%k which satisfy the above condition. Of the set of
v E [F%k linked with u satisfying (7-18), let S be the subset of v such that ®;(u, v) # 0 and let S, be the
subset of v such that ®; (v, u) # 0. We assume S; U S, is not empty.

As in Section 7C we split Sg(X, A, Q) = Z?:l Sk.i (X, A, ©2) into four terms depending on whether
3| Dy, 3| D, for some v € S, 3| D, for some w # u and w ¢ S, or 31D, for all w. In the following we
bound Sk 1 (X, A, 2), the arguments in the other cases being almost identical.

Lemma 7.9. For each prime | € Z congruent to 1 mod 3 fix a nontrivial order 3 character of modulus I,
denoted y;.
For A, u and S, Sy as defined above we have

Ska1(X, A, Q) K Z
(Dw)w#u EP(X,A, Q)

u*(D)
Z 3@ (N (dy)) ¥ (du)

dy€Q(AAL/3)

where we denote D = ]_[w P D,,D = ]_[w fu Dy, and v is a cubic Hecke character defined by

D,
¥ (d,) = (H+> 11T x®o.
u 3

vesi 1| Dy

Proof. The proof is similar to Lemma 7.5. ]

We remark that the v € S by assumption satisfy A, < X'. The modulus of v is fv=9 Hve&u& D,
and N(fy) < (XT)2'32k. Also note v is a nontrivial character since D, > A, > 2/A > 1.

Proposition 7.10. With the above notation we have, for some t € R

2 t

(D) (log X)
Z w(dy) ¥du) < 4 4-2.9%k¢ /22 '
dMGQ(AAu/?)) " exp(c (log X)n/ 6/3 +€)

Proof. Partitioning the sum according to the number of prime factors in O we get

u(D) oy
> Sowy V) = ; 3

du

M2<1_[ Dy N (7 -"ﬂz))lﬂ(ﬂl"'ﬂz)

----- g vF#U
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where (7r;) are prime ideals in O with r; =1 mod 3 and N (rr; - - - ;) < AA,. We can relabel the 7; so
that N (1) < N(mp) < --- < N(7;) and split the sum on the right-hand side up to get

Q
e X 1//(”1"'”l—l)ZM2<HDuN(JT1---m))xb(m) (7-19)
=0 b4

LyeensTT—1 ] vFEU

where N(mry ---m_1) < AAy, and AY' < N(m)) < AA/N (1 -+ 7121).

Note a)(]_[v fu D,N(my--- m,l)) < 3%Q factoring in Z, hence the number of prime factors in O is at
most 2-3%*Q. Hence removing w? from (7-19) adds at most an additional O (§2) terms of absolute value 1.
Furthermore notice the summations in (7-19) are only over primes split in O. The number of inert primes

() in O with 72 = N7 < A, is O(ALI/ 2). Then looking at the inner sum of (7-19) we obtain the bound

ZMZ(H DyN(y - -m))wom < D v +e+al

b vFEU 71, (1, fy)=1

where the summation on the right-hand side is now over all prime ideals in O with A,i/ ! < N(m) <
AA,/N(my---1-1).
Now we apply Proposition 6.6 with f, = fy and x = AA, /N (mry - - - ;1) to get, for some constant c,

N(fy)x(ogx)
exp(ct(log x)1/2 /32N (fy)€)’

PR ACARS

7, (7, fy)=1
Using that N (f,)¢ < (X")29¢ which implies exp(—1/N(f;)¢) < exp(—1/(X")29€), we get

(X2 ¢x(log x)?
eXp(C4(10gx)1/2/32+5 (XT)2-9"5) ’

Y v« (7-20)

71, (7, fy)=1

Now x > N () > AY/'. We claim AL/ ' >> exp(log”/? X). Note Q < log log X by definition. Let § =log X.
Then

—logl+nlogfd > —log2+nlogd > —loglogh 4+ nlog6 > glogé.
Taking exp of this inequality gives (1/1) log" X > log"’? X. Thus
log Abl/l > log(XH! = (1/1)log" X > log"? X.

Combining these facts we have (log 0OV 10g'7/4 X so we can write co(log V2> 10g’7/4 X for some
constant cg. Noting that X' is some fixed power of log X we get the bound

Ay (log x)*
N(ry---m—1) exp(c4(log X)n/4—2~9ke/cO32+e) ’

T v < X2

71, (71, fy)=1

(7-21)
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We plug (7-21) back into (7-19) to get

2 @ 2
w (D) 1 2.0k A, (log x)
—Y(d,) K = X €
; 3w (dy) V¥ (du) ; 3l . Z N(my---m—1) exp(c4(10g X)”/4*2'9k5/co32+‘)

Lyeees W1

“exp(ct(log X )1/4=29%¢€ jcy32+€) (NGryemen)

=0 7y,..., T —

Noting the bounds

1
Z —— K log A, < loglog X logx < log X
T yees TT—1 N(]T] "'nl—l)
N(my-m-1) <A Ay
we get, for some t € R

2 t

p”(D) (log X)
3 B ) < A e e 0

dy
Combining Lemma 7.9 and Proposition 7.10 we get

Z w?(D) (log X)'

ovanVd)| <X -
dycQ(AA,/3) S Vi exp(c*(log X)n/4=29%€ /¢y 32+¢)

Sk1(X, A) K Z
(Dw)w#uep(X»AyQ)

Then summing over all A and using that there are O ((log X)° 14239 possible A with Sy (X, A, ) not
empty
(IOg X)t+9k(1+2~3k)

Si(X,A) <X =
Z k( ) exp(c4(log X)n/4—2~9’<e/6032+e)

AeFy

o(X).

7E. The third and fourth families for all p. Assume GRH for Artin L-functions. The missing ingredi-
ents required to extend our result to general p unconditionally are analogs of Proposition 6.3 and 6.4.
That is, we cannot deal with the case in family 3 when A, and A, are close together. We will instead
give a proof assuming GRH. The following argument replaces the sections containing families 3 and 4
for p = 3 above.

Suppose A ¢ Fi U F,. In particular there are at least p*~! 4 1 indices w € F2¥ which satisfy A,, > X*.
Let A, be the largest of these. Let S; be the set of indices v linked with u such that @ (u, v) # 0 and let
S> be the set of v such that @ (v, u) # 0 and suppose S; U S; is not empty.

Let ¢ = ¢*/P and let O = Z[¢] the ring of integers of Q(¢) which is a degree p — 1 extension of Q.
For each prime [ € Z congruent to 1 mod p fix a nontrivial order p character of modulus /, denoted ;.

For A, B € Z with (A, B) = 1 define

A} ut-Fx')
2| = (4)
[B p lll_l! p

which does not depend on the choice of x; above.
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Recall we defined R(X) to be the set of positive d € Z which are a product of primes congruent to
1 mod pZ and d < X. Then we have, by an argument similar to the proof of Lemma 7.5,

D C
o) 5]
2 7).l

D,eR(AAy)

Sk(X, A) <« > (7-22)

(Dw)w#uep(XsAsQ)

where D = Hwe[F%k Dy, Cy =[] ,es, Dw, and any choice of f, € O with N(f,) =[], s, Dw- Divisibility
by p of the Dy, is handled as in the p = 3 cases in the previous section. For simplicity we will assume
PIDLCuN (f).

Let K = Q(¢, {/C,) and let F, denote the Frobenius of g in K. Let K = Q(¢). Define a character
p : Gal(K/Ky) — u, by o(YC,) = p(0)YC, (viewing Gal(K/K;) as a subgroup of Gal(K/Q)).

Denote by p' = Indgigggf) o the induction to Gal(K /Q).

Lemma 7.11. With the above notation, for any D, € R(AA,) and any prime g =1 mod p

C, _ Hq | D, tr P/(Fq)
D, , - p@ D) ’

Proof. Note F,; € Gal(K/K;). We claim that for any ¢ =1 mod p we have p(F,) is trivial if and only
Xq(Cy) is trivial. Indeed x, : F7 — up has kernel equal to the p-th powers in F 7. For any prime q in
Q(¢, ¥C,) lying above g we have, using g = 1 4+ pn for some n, that

Fy(+/Cy) mod § = (y/Cy)? mod § =C;/C, mod q.

Let [F; denote the residue field of the prime g. Note C,, € F; C [F; and C}) mod q is trivial exactly when
C, is a p-th power. Thus we have shown p(F,) is trivial if and only x,(C,) is trivial. In particular
-1 . -1 .
YT ' (F) = 0 2 (Cu).
By properties of induced representations and since F, € Gal(K /K1), we have

p—1
trp'(Fy) = Yo @' R =) p(F)
g€G(K/Q@)/G(K /K1) i=1
where (r(h) = p(h) if h € Gal(K /K1) and 0 otherwise. The result follows. U

Let M be the degree p cyclic field corresponding to the character xy(y,) and let L = K M. Define the
representation o = xn(s,) ® p’ of Gal(L/Q).

Lemma 7.12. The L-function

-1
Lo(s, o) = ]_[ det(I—LIjq))

9=1(p) 4
qtD
1

is convergent for Re s > 3.
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Proof. Consider the regular representation x' = 695:02 x' where x : Gal(Q(¢)/Q) — p—1 18 a fixed
character. Let t be the representation of Gal(L/Q) givenby 71 =0 ® x'.

Note the following facts. By standard properties of Artin L-functions we can factor L(s, 1) =
1‘[5’;0‘ L(s, xn(f) - X' ® p'(Fy)). If ¢ =1 mod p then x'(F,) =1 for all i. If ¢ # 1 mod p then
trlxn(r) - X' ® p'(Fy)1 = 0. Furthermore for any ¢ we have

-x'® p'(F, t -x'® p/(F, 1
det(I—XN(f“) xs®p( q)>=1_ XN xs®p( q)]+0(_)'
q q

qZS

Putting these together we get

Ly "(F -1
L(S7T)=1_[det<1_XN(fu) X ®,0( q)>

S
q1D 9
/F -p 1 —1
= 1 det<1——XN<f")®sp( ‘1)) I1 <1+0(—2s>) .
g=1(p) 4 g#1(p) 4
qtD qtD

The last product above is absolutely convergent for Re s > % and hence has no zeros. Note L(s, 7) is
entire since it can be factored as a product of 1-dimensional L-functions or ones which are induced from
1-dimensional L-functions, which are all known to be entire. By assumption of GRH L(s, ) has no
zeros to the right of s = % Thus there exists a branch of log(Lo(s, 0)?) (and hence of (Lg(s, o)P)1/p)

on Res > % and the result follows. O

Define the function

Lo = [] (1+tm(Fq)>.

N
4=1(p) pq
qtD

Lemma 7.13. There exists a function F(s) =[] q(l + 0/ qzs )) which is absolutely convergent for
Res > % and a branch of (Lo(s, o)F(s))'/P defined on Re s > % such that

Lo(s) = (Lo(s, o) F(s))"/?.

Proof. By definition we have

-1
Lo(s,0) = l_[ det(! — %)—1 _ 1—[ <1 B traq(Fq) +0(1/q25)> '

S
9=1(p) q=1(p)
q1D q1D

By a similar computation we have

Lo’ = [] (1+“"q(Fq)+0<1/q2f>>.

S
q=1(p)
q1D
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Now we have

Lo(s.0)Lo(s) "= [] a+o0/g*»".
q=1(p)
qtD
By assumption of GRH L(s, o) (and hence Ly(s, o)) has no zeros to the right of s = % and neither
does F'(s) since it is a convergent product. Thus there exists a branch of log Lo(s, o) F(s) (and hence of
(Lo(s, o) F(s5))/7) on Res > % and the result follows. O

1

In particular it follows from the above lemma that L (s, o)!'/? has no poles for Re s > 5

Let (d) = u*(D) 1,4 tro (Fy)/p®®. Then by Lemma 7.11 we have

l/f(d) 2 ( u)|: Lti| —s
Lots)= ) = > WA D) [Cul s
o) ds ) fu JyLDu ],

deR(00) D, €R(c0)

We now apply a standard argument for bounding sums of L-series coefficients (see for instance [Davenport
2000, pages 105-106]). We have

> -

deR(x) 2-iT

2+iT 2

d
Lo Z v o =—2—). (7-23)
s T logx

Consider the integral of Lo (s)x® /s over the rectangle with vertices (%+e, +i T), (2,£iT). ByLemma7.13
we have |Lo(s)| < |Lo(s, o)"/?| on this rectangle. Furthermore by the Lindelof conjecture |Lg(s, 0)| <
(T D)€ on this rectangle. In addition for s on the lines y +i7T with y € [% + €, 2] we have the bounds
|x%] <« x% and 1/|s| < 1/ T. Thus shifting the above integral to the % + € line we get the bound

2+iT ds 2+iT ¥
/ Lo(S)XS—‘ <<f |Lo(s. 0)!/7||—| ds
2—iT s 2—iT S
1/24€e+iT ds x2 T D)€
<</ ILo(s,o)l/"llxsl—JrO(#)
1/24¢—iT Is| T
1/24+€+iT 1 2 T D)€
<<x1/2+€(TD)€/ —ds+0<x ( ) )
1/24e—iT I8l T
2 €
TD
& x\/ (T D) + 0(%). (7-24)

Combining (7-23) and (7-24) and setting 7' = x> we get

Z llf(d) < x1/2+6/D€.
deR(x)
Then we bound the inner sum in (7-22) as

D C
> WD) o), Y Y@ <A,

D,eR(AAL) Ju deR(AA,)
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k
Note that D€ < A,’;z € since A, < A, forall w e I]:f,k . Then summing over all the remaining D,, we get
Si(X, A) < X/AVY « x/ X/t = o(X).

This argument shows that we can remove all A in which there is a variable larger than X* and linked
with any other A,, > 1. This is equivalent to removing the A which belong to families 3 or 4.
We summarize the results of this section in the following theorem:

Theorem 7.14. Let Z;l Sk (X, A) denote a summation over all tuples A which do not belong to any of
the 4 families, that is they do not satisfy any of (7-2), (7-3), (7-6), (7-18). Then

S0 =Y Sk(X, A)+0(X).

8. Computing the k-th moment

We now want to prove Theorem 1.6.

For this section we define the following notation. Let N'(k) = N (k, p) which we recall is the number
of vector subspaces of [F’;. Let S(X) be the set of positive square-free integers of the formn = p;--- p,
and each p; is either a prime congruent to 1 mod p or equal to p?, and such that n < X.

We will do this by proving the following:

Theorem 8.1. Forany k € 7>,
SkX)=p * Wk + 1D =NK) Y (p—D*""" +o(X).
neS(X)

Note S;(X) = ZK’DK<Xp—1 |im(¢K)|k is a sum over discriminants up to XP~1. Recall from Section 2
that the number of degree p cyclic fields with discriminant up to X7~ is

S (p— DO =X +o(X).
neS(X)
Thus it follows immediately from combining these facts with the above theorem that

Y kpeexm@F N4 1) — Nk
lim = .

k
X—00 ZK,DK<X 1 p

We start by proving some facts about maximal unlinked sets of indices. Recall that for u, v € [F%? written
as u = (uy, up) and v = (v, v) we defined

D(u,v) = (u1)(v2 —u).

If we represent each index u € [F?,k as u = (uy1, U2, Ua1, U2, . .., Ug1, Ug2) then

k k
D, v) =) D((wi1, uin), (vir, vi2)) = Y (uin) (i — ui2).

i=1 i=1
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We defined u, v € I]:f,k to be unlinked if @4 (u, v) =0 and Oy (v, u) =0. We say asetU C [F?,k is unlinked
if u and v are unlinked for all u, v € U.

We will show that for each A in the sum in Theorem 7.14 all the indices u € [F%k with AA, > 2 form a
maximal unlinked set.

Let 7 : F2¥ — % be the projection onto the even coordinates, that is

(UL, W12, U1, U2,y - ., UkL, Uk2) = (U12, U2, .. ., ULD)

and let p be the projection onto the odd coordinates. Let V; =ker  and let V, =ker p. Then [Ff," =View,
given by & : v > (pv, V).

For any subset V C [Ff,k define 7(V)t ={v e [F][‘, |v-u=0,Yuenx(V)}.

We will start by classifying the maximal unlinked subspaces of [F%,".

Lemma 8.2. Let V be a subspace of [F%,k. Then V is an unlinked set if and only if (V) C (V)* @ (V)
(here m(V)* @ (V) is viewed as a subspace of Vi & V»). Equality holds if and only if V is a maximal

unlinked subspace.

Proof. For any v, w € V

k

Dp(v, w) =Y vit(win —vi2) = p(V) - T (W —v).
i=1

Suppose V is unlinked. Fix any u € V. Let w = u 4+ v € V in the above equation. Then we get
&, (v, w)=p)-w(u)=0s0 p(v) em(V)™. Since ve V was arbitrary this implies £(V) C a(V)ten(V).
The converse is clear from the above equation.

For the second part note that dim7(V)+ @& (V) =k for all subspaces V of F%". Thus by the first part
any unlinked subspace is contained in one of dimension k. This completes the proof. O

Next we determine when translation preserves the property of being unlinked.

Lemma 8.3. Suppose V C [F%k is an unlinked subspace. Let a € I]:?,k. Then V + a is unlinked if and only if
p(a) e m(V)*.
Proof. Let v, w € V. Then we compute

k k
Op(v+a, wta)=Y (Vi +am)(wi—vi2) = Y _(an) Wiz — vi2) = p(a) - (w) — p(a) - 7 (v).

i=1 i=1

If p(a) € 7 (V) we see V +a is unlinked. If V 4« is unlinked then setting w =v+u forany u € V we
see p(a) e m(V)*t. O

Next we show that every maximal unlinked set is a coset of some unlinked subspace.

Lemma 8.4. Let U C [F%]k be a maximal unlinked set and leta € U. Let V =U —a. Then V C I]:f)k is an

unlinked subspace.
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Proof. First we show V is a subspace. Let u, v eld. We need to show that (u—a)+(v—a)+a=u+v—acld.
Since U is maximal we show u + v — a is unlinked with every element of /. Let w € U. We have

k
Qp(u+v—a,w) =Y (uir +vi1 —ai)) Wiz — iz — vi2 + a;2)
i=1
k
= Z(uil +vi1 — ai) ((aiz — ui2) + (wiz — vi2))
i=1
k
=Y vin(ai2 — ui2) + uin (wi2 — vi2) — ain (wi2 — vi2)

i=1

=0

where the last two equalities follow since u, v, w, a are all unlinked and for instance v;| (—u;2 + a;j2) =
—v;1(Ujn — vi2) + vi1 (—vi2 +aj2). Similarly

k
Op(w,u+v—a)= Z(wil)(”iZ +vi2 — ain — wiz) =0.
i=1
Thus V is a subspace. Next we show V is unlinked.
Forany w € V we haveid =U+w. Letu’ € V and let u =u’+a, sou € U. Note a € U. Then we have

0=®,(u+w,a+w)
k
= Z(uil +wi1) (@2 + w2 — Uiz — w;2)

i=1

k
=®y(u,a)+ Z wi(aiz — u;2)
i=1

k
=Y wiup=pw) -7
i=1
Since w, u’ € V were arbitrary this shows p(V) € m(V)* so £(V) C n(V)L @ (V). By Lemma 8.2 V
is unlinked. O

With the above results we can classify all the maximal unlinked sets.

Proposition 8.5. The maximal unlinked sets U C Ff,k are exactly the sets of the formU =V +a where V

is a subspace which is a maximal unlinked set and p(a) € w (V)™ .

Proof. Suppose U is a maximal unlinked set. By Lemma 8.4 I/ —a = V for some subspace V which is
unlinked and some a € Y. Since Y = V +a by Lemma 8.3 we see p(a) € T(V)*.

Let W =& (n (V) @®m(V)) so that V C W. By Lemma 8.2 W is unlinked. Note p(a) € 7(V)*+ =
7 (W)L. Thus W+ a is unlinked and &/ C W + a. By maximality we get U = W +a.
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The converse is clear from the above lemmas. |

As mentioned in the above proofs dim (V) @ n(V) = k for all subspaces V and hence, by
Proposition 8.5, every maximal unlinked set has size p*.
With this we can rewrite S;(X) in a form closer to Theorem 8.1.

Proposition 8.6. Let k € Z~1. Let U be the number of maximal unlinked sets in I]:?,k. Then

. U o(n)—
> lim(gp)lt = (—k) > (=1 o)
K,Dg<XP-! P/ wesx
where S(X) is the set of square-free positive integers of the formn = py - - - p, where each p; is either a

prime congruent to 1 mod p or equal to p?, such that n < X.

Proof. Given two maximal unlinked sets i/; fori =1, 2, if a € Uy NU, then V; =U; — a is a vector space
which is also a maximal unlinked set. If the If; are distinct then so are the V; and hence V; NV, is at most
k — 1 dimensional. Hence the largest possible intersection of two distinct maximal unlinked sets has size
p*~!. Thus a set of p*~! 4 1 unlinked indices determines a unique maximal unlinked set.

Let A be a tuple as in the statement of Theorem 7.14, that is A ¢ F; fori =1, 2, 3, 4. Let U be the
set of indices u € I]:?,k such that A, > X*. Since A ¢ F; this implies there are at least p*~! 4+ 1 indices
ue [Ff,k with A, > X¥ so |Uy| > pk_1 + 1. Then since A ¢ F3 and X* > X7 the set U is unlinked, so by
the above remark determines a unique maximal unlinked set &/ D U.

Hence any u € [Fik such that u# ¢ U is linked with some v € Uy. Since A ¢ F3U F4 this implies A, <2/A
and hence D, = 1.

Let A; be the tuple consisting of the coordinates of A in /. Thus in the expression S (X, A) all of the
characters yx; evaluate to 1 so we can write

1 (D) v
s =o— Y Y SR Ta([Toe) o

(Dy)eP(X,A) (x)eC(D) v [|D,
1 p* (D)
z(p_l),pk Z Z pk (D)+0(X)
(D uecu€P(X, A1) (xp)€C(D’)
1 w*(D") o (D)
=T 2 gy oD o)
(Du)ueZAEP(XsAl)

where we denote D = Hue[F%k D, and D" =], Du.

Let A(U) be the set of tuples A which determine ¢/ by the above procedure, that is for which A, <2/A
forall u ¢ U and A, > X* for all u € Y.

We can partition )y St(X, A) = Y, Si(X, U) where we define S (X,U) = Y4 a0 2 Sk(X, A).
Notice that for each u € U the range of summation of each D, in Sy (X, U) is X t < D, < X. It follows
from Section 7B that we can extend this to 1 < D, < X since it is proven there that the summation over
these terms is contained in the error term.
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Thus we have

1 5 Pt p—1 w(l_[_];;".i)
sc=go—y B w2(In)(5r) T ew
M njescx /=

1
=— 2, W@ =D o).

p neS(X)

The last equality follows since there are p*“ ways of writing a positive integer n as a product of p*
positive integers. The proposition follows by summing S (X, I/) over all maximal unlinked sets &/. [J

The final step of the proof will be the next proposition. Define n(k, r) to be the number of »-dimensional
subspaces of I]:’;,. We will need two properties of this function which can be found in Lemmas 1 and 3
from [Fouvry and Kliiners 2007].

Lemma 8.7. The function n(k, r) satisfies

k
ntk.ry=ntk,k—r), > pak,r)=Nk+1)—N(k).

r=0

Lemma 8.8. The number U of maximal unlinked sets U C [Fik is
U=N(k+1)—N(k).

Proof. By Lemma 8.3 if V is a maximal unlinked subspace then V 4 a is maximal unlinked if and only if
p(a) € m(V)*. Hence given any k-dimensional subspace V C [F%k which is a maximal unlinked set there
are p*(pdim~ (V)L) vectors which translate V' to a maximal unlinked set. However since translating by a
and a; gives the same set if and only if a; and a; are in the same coset of V this implies that there are
pdim”(‘/)l distinct maximal unlinked sets that can be obtained from V.

Now let S be the set of k-dimensional subspaces V C [Ff,k which satisfy Lemma 8.2. We compute the
size of this set. Fix some subspace Vy C [F/[‘, with dim V) = r and suppose V satisfies 7 (V) = V. So
dimz(V)*=k—r.IfVeSthenV =a(V)t@n(V) = VOL @ Vp and hence there is a unique V € S
with 7 (V) = V. Hence the number of V € S with dimnw (V) =r is n(k, r).

Thus we have

k
U=y pim W =37 putk, r) = Nk +1) = N (k)

Ves r=0

by Lemma 8.7. U

Thus combining Lemma 8.8 with Proposition 8.6 we have shown

SkX) =p *Wk+ 1D =NGE) D (p— D +o(X)

n<X
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which proves Theorem 8.1. As remarked at the beginning of the section it follows that

. k
fim 2=KLexXM@OON a1 v, 8-1)

X—00 ZK,DK<X 1

Thus we have computed all the moments of the function |im(pg )| over degree p cyclic fields. We now

refer to a result of Fouvry and Kliiners which shows that these moments determine a distribution.

The combination of Proposition 1 and Theorem 2 from [Fouvry and Kliiners 2006] can be summarized
in the following form. This form is slightly more general than the original but follows by the same exact
proof (see [Fouvry and Kliiners 2006, pages 7—15]) which only uses properties of the function N (k, p)
and 7, (p) (defined in the introduction).

Let F be a family of number fields. Let f be a function on F valued in {1, p, p?,...}. Let

k
M(k):Xhm 2 ker pel<x S (K).

00 ZKef,|DK|<X 1

Proposition 8.9. Let p be a prime. Suppose that for every k € 7>
Mk) = p™ Nk + 1) = N(K)).
Then for every s € Z> the density of the set {K € F | f(K)=p°}is

Noo(P)
Ns(P)Ns+1(p) pPE+H

By letting F be the set of degree p cyclic fields and f = |im(pk)| = p™»M¥K) we see that
Proposition 8.9 combined with (8-1) immediately implies Theorems 1.4 and 1.5.
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