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We prove a moving lemma for the additive and ordinary higher Chow groups of relative O-cycles of regular
semilocal k-schemes essentially of finite type over an infinite perfect field. From this, we show that the
cycle classes can be represented by cycles that possess certain finiteness, surjectivity, and smoothness
properties. It plays a key role in showing that the crystalline cohomology of smooth varieties can be
expressed in terms of algebraic cycles.
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1. Introduction

Just as the classical Chow moving lemma played a fundamental role in studies of Chow groups of smooth
algebraic varieties over a field, the moving lemma of Bloch [1986; 1994] played a significant role in
studies of higher Chow groups of smooth algebraic varieties, i.e., the motivic cohomology. One limitation
of those moving lemmas however is that they focus only on the proper intersection properties of the given
cycles. Occasionally, the given circumstances require us to know more about the cycles beyond such
proper intersection properties. For instance, we often need to know whether the given cycles are finite
over the base scheme, and smooth, or, if not, whether they can be moved to such cycles. Such questions
require more subtle treatments and may hold under special circumstances only.

The goal of this article is to prove a moving lemma of this sort for higher relative 0-cycles of a regular
semilocal scheme essentially of finite type over an infinite perfect field k. Here, “essentially of finite
type” means it is obtained by localizing a quasiprojective k-scheme at a finite set X of points. Achieving
suitable finiteness and regularity of the cycles is the main characteristic of the moving lemma we seek.
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In the introduction, we state the main results, explain the motivation, and give an outline of the article.

1A. The sfs-moving lemma. Let k be an infinite perfect field. Let R be a regular semilocal k-algebra
essentially of finite type. Let V = Spec(R) and let X denote the set of closed points of V. Let Tz4(V, o; m)
be the nondegenerate additive cycle complex of V in codimension ¢ > 1 and with modulus m > 1. Let
TCHY(V, n; m) denote the associated homology groups, called the additive higher Chow groups of V
(see Section 2A).

For n > 1, let Tz (V, n; m) denote the subgroup of sfs-cycles in Tz"(V, n; m) (see Section 2E).
Roughly speaking, an sfs-cycle is an element o € Tz"(V, n; m) such that every irreducible component
of « intersects ¥ x F properly for every face F C DZ‘I, is finite and surjective over an irreducible
component of V, and the image under every projection V x DZ‘I -V x D,{ (0<j<n-—1)isaregular
scheme. Those cycles have the trivial boundaries (see Lemma 2.21). Let TCHg (V, n; m) denote the
image of the canonical map Tz (V, n; m) — TCH"(V, n; m) (see Section 2F). The goal of this article
is to prove the following result.

Theorem 1.1 (the sfs-moving lemma). Let k be an infinite perfect field. Let m,n > 1 be integers. Let V

n

be a smooth semilocal k-scheme essentially of finite type. Then the canonical map TCH

(V,n;m) —
TCH"(V, n; m) is an isomorphism.

For the same V as above, let z7(V, o) denote the cubical version of Bloch’s cycle complex (see [Krishna
and Levine 2008, Section 1]) and let CH? (V, n) denote the associated higher Chow groups. We can define

n
sfs

the subgroup zg (V, n) of sfs-cycles and the higher Chow group CH;(V, n) of sfs-cycles analogous to

the additive higher Chow group of sfs-cycles. There is a canonical map CHg (V, n) — CH"(V,n). As a
byproduct of the discussions toward the proof of Theorem 1.1, we can recover the following result, stated

in [Elbaz-Vincent and Miiller-Stach 2002].!

Theorem 1.2. Let k be an infinite perfect field. Let V = Spec(R) be a smooth semilocal k-scheme
essentially of finite type. Let n > 1 be an integer. Then the canonical map CH (V,n) — CH"(V, n) is
an isomorphism.

Theorem 1.1 provides the main geometric ground for the proof of the following result and a few of
its consequences in the paper [Krishna and Park 2015a], discussed separately due to the huge size and
complexities of the proofs of the current article. In particular, it allows one to describe the crystalline

cohomology of a smooth scheme in positive characteristic in terms of algebraic cycles.

Theorem 1.3 [Krishna and Park 2015a]. Let k be any field and let R be a smooth semilocal k-algebra
essentially of finite type. Let m,n > 1 be integers. Then there is a natural isomorphism

g 1 W, Q% =5 TCH"(R, n; m),
where W, Q2% is the big de Rham—Witt complex of Hesselholt and Madsen.

n [Elbaz-Vincent and Miiller-Stach 2002, Lemma 3.11], Theorem 1.2 is claimed for arbitrary fields, but we do not know if
this can be achieved using the techniques of linear projections.
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When R is a field, this was first proven by Riilling [2007]; the above is a higher dimensional general-
ization, but it also relies on the theorem of Riilling.

1B. The presentation lemma. We deduce Theorem 1.1 from the following general presentation lemma
for residual cycles of linear projections. This has the flavor (hence the name) of Gabber’s geometric
presentation lemma (see [Colliot-Théléne et al. 1997]). Of course, our assertions are different and intricate.

Let k be an infinite perfect field. Given a finite map & : Y’ — Y of k-schemes and a reduced closed
subscheme Z C Y/, let h*(Z) be the closure of A~ (h(Z)) \ Z in Y’ with the reduced induced closed
subscheme structure. We call this the “residual scheme of Z” with respect to 4.

Letn > 1 and let Ag, ..., A,_; be smooth projective and geometrically integral k-schemes of positive
dimensions. For0 < j <n—1,let A; C A ; be a nonempty affine open subset. Set Cy := Spec(k) and
Cj:= ]_LJ:_O] A; for j > 1. Let r; : C, — C; be the obvious projection. For any map f : Y’ — Y, let
fi:Y'xCj—Y xC; be the map f xidc,.

Let X C P} be a reduced closed subscheme of pure dimension > 1 and let X C X be the complement
of a hyperplane in [}’ such that X is regular and integral. Let ¥ C X be a finite set of closed points. Let
Z C X x C, be an integral closed subscheme of dimension r such that the projection Z — C,, is not
constant, and the projection Z — X is finite and surjective.

The presentation lemma for the residual schemes that we prove is the following.

Theorem 1.4. Let k be an infinite perfect field. There exist a closed embedding X — PV, a hyperplane
HC [P’,]CV with X = X \ H, and a dense open subsetU C Gr(N —r — 1, H) of the Grassmannian variety
such that for each L € U(k), the linear projection ¢, : IPIICV \ L — P} away from L defines a finite surjective
morphism ¢ : X — P, such that the following hold:

(1) There exists a Cartesian square:

XC——X

o e

A} —— Py
(2) ¢ is étale over an affine open neighborhood of ¢ (X).
(3) ¢(x) # ¢ (X)) for each pair x # x’ of points in X.
(4) The map k(¢ (x)) — k(x) is an isomorphism for each x € X.
(5) The induced map Z — ¢,(Z) is birational.
(6) The map ¢,J{ (Z) — X is finite and surjective.
(7) 7j(¢,(Z)) is regular at all points lying over  for each 0 < j < n.

1C. Outline of proofs and remarks. We first remark that although V may be in general obtained by
localizing a quasiprojective k-scheme at a finite set ¥ of not necessarily closed points, for the proof of
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the sfs-moving lemma, we can easily reduce to the case of closed points. See Proposition 2.19. Then the
proof the sfs-moving lemma can be broadly divided into two parts.

In the first part, we prove it when the underlying semilocal ring is the localization of an affine space
A} at a finite set of closed points. To solve this case, we rely on two key ingredients: the lemma of
Bloch [1986, Lemma 1.2] and the moving lemma for cycles with modulus on affine spaces by Kai [2019].
(N.B., Part of what we need in this article from [loc. cit.] is also available in [Krishna and Park 2016].)
The moving lemma of Kai allows us to ensure that our cycles can be made to intersect the closed points
of the semilocal scheme V properly. After this, we apply an “spread out and specialize” type of argument
using [Bloch 1986, Lemma 1.2] to achieve our goal.

Roughly speaking, we argue that we can equip the sfs-property to cycles after moving them via a
certain kind of twisted translations by a general set of k-rational points of A;. This requires us to use that
the ground field & is infinite. The rest of the argument is to construct a homotopy between the new and
the original cycle. The plain translations by the rational points do not work and the twisted translations
make the argument more involved than the classical case. This is done in Section 3.

In the second part, we prove the general case of the sfs-moving lemma by combining the affine space
case and the presentation lemma (Theorem 1.4). The proof of the presentation lemma is an intricate
application of the method of linear projections and moduli in algebraic geometry.

The reason for this intricacy lies in the fact that it is not sufficient for us to find enough linear projections
which give finite and flat morphisms from a projective variety X to projective spaces. We need to invoke
a more delicate linear projection in such a way that if we project a subvariety in some smooth family
over X to a similar family over the projective space, the resulting residual scheme has certain desired
geometric properties, e.g., regularity along a given set of fibers in the family. Even more, we need to
ensure that if we project this smooth family over X to a smaller dimensional family via proper maps,
then the images of the residual scheme continue to enjoy the good properties.

Showing that one can find enough such linear projections that do the above jobs lies at the heart of
the argument. We see that the moduli spaces of linear subspaces that we encounter in the process are all
rational, and we find enough rational lines in them. We then reduce the argument to studies of a family of
linear subspaces parametrized by a rational line (pencil of linear subspaces). This simplifies the problem.

Along the proofs, we need to separate the cases of algebraically closed and general infinite perfect
fields. We first prove the results over algebraically closed fields. Over a general infinite perfect field &,
we argue that we can find enough linear subspaces after going to an algebraic closure k so that all desired
properties are achieved (over k) in such a generality that they remain to be satisfied for the original cycle
over k after descent. One of these generalities we ensure over k is that the whole residual scheme is
regular, and not just its irreducible components (even if the latter case suffices for the sfs-moving lemma).
We then show that there are enough such linear subspaces defined over k. This is achieved using a Galois
descent.

Carrying out this program rigorously takes up from Section 4 to Section 7. We combine them to prove
the main results in Section 8.
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We now make some remarks on our assumption on the ground field. We need k to be infinite to ensure
that our moduli spaces have enough k-rational points. We need it to be perfect to achieve the regularity of
various residual subvarieties. Although we only need the regularity of cycles, our argument at some stage
uses the condition that some regular schemes that we encounter in the middle are actually smooth over k
(e.g., see the last part of the proof of Proposition 7.8). The perfectness requirement is evident even in the
proof of the sfs-moving lemma in affine space, where we need to use a specialization argument. To make
sure that we do not destroy the regularity during the specialization, we need our over-field to be separably
generated over k (e.g., see the proof of Lemma 3.11). This requires k to be perfect.

Recall that the moving lemma of Bloch and Chow hold over all fields. One proves this for infinite
perfect fields first. The case of finite field reduces to the case of infinite perfect fields using the techniques
of pro-¢-extensions and the push-pull operators on the Chow groups. However, we cannot use this
technique in our case because the smoothness property of the sfs-cycles are not well-behaved under the
push-forward operators. However, based on Theorem 1.1, we prove Theorem 1.3 in [Krishna and Park
2015a] over all base fields with different methods.

Finally, the reader may notice that our sfs-moving lemma is stated and proven in this paper for

TCH"(V,n; m) form>1.

However, we remark that one does not miss out on anything by this assumption because it is shown in
[Krishna and Park 2017, Theorem 1.5] that

TCH"(V,n;0)=0.

In particular, TCH (V, n; 0) = 0.

The main result of this article plays essential roles in [Gupta and Krishna 2019b; 2019a; Krishna
and Park 2015a]. Apart from these applications, we hope that our presentation lemma through linear
projection techniques as well as various results and ideas of manipulating locally closed subsets of the
Grassmannian will be useful in the future to anyone in the mathematics community (in particular, those
working with algebraic cycles) who uses the linear projection machines in the tool box.

1D. Conventions. Unless we specify otherwise, k is a fixed field. We shall assume later that k is infinite
and perfect for our main results. A k-scheme is a separated scheme of finite type over k. An affine
k-scheme is a k-scheme which is affine. A k-variety is an equidimensional reduced k-scheme. The product
X x Y means X Xy Y, unless we specify otherwise. We let Schy be the category of k-schemes and Smy
of smooth k-schemes. A scheme essentially of finite type is a scheme obtained by localizing at a finite
subset of (not necessarily closed) points of a quasiprojective subscheme of a finite type k-scheme. We
include the case of not localizing at all. For C = Schy, Smy, we let C**® be the extension of the category C,
whose objects are either those in C or those obtained by localizing an object of C at a finite subset.
Given X € C**® and a finite set of points ¥ C X, we write Xy, for the localization of X along X. If
Y C X is an inclusion of a reduced locally closed subscheme, then the closure of Y is considered a closed
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subscheme of X with the reduced induced structure. The image of a reduced closed subset under a proper
map is considered a closed subscheme of the target scheme with the reduced induced structure.

2. The fs and sfs-cycles

After recalling the definition of higher Chow groups and additive higher Chow groups, we define our
main objects of study: the fs and sfs-cycles. We prove some preliminary results about these cycles.

2A. Higher Chow groups and additive higher Chow groups. Let k be a field. First recall (see [Bloch
1986]) the definition of higher Chow groups. Let X € Sch{™ be equidimensional. Let P} = Proj k[Yo, Y11,

and [1" = (I]j’}c \ {1DH". Let (y1, ..., y») € 00" be the coordinates. A face of [1" is a closed subscheme
defined by a set of equations {y;, =€y, ..., y;, = &}, where €; € {0, 00}. For 1 <i <n and € =0, 00, let
6 [0"—! — [O" be the inclusion given by (yi, ..., V1) = V1 -+, Vi1, €, Viy - .-, Yu—1). Its image

gives a codimension 1 face.

Let g,n > 0. When X is obtained by localizing at a nonclosed point, for closed subschemes in
X x 0", the notion of dimensions could be ambiguous but the codimensions are well-defined. So, we use
dimensions only when there is no ambiguity.

Let z9(X, n) be the free abelian group on the set of integral closed subschemes of X x[" of codimension
g, that intersect properly with X x F for each face F of [1". We define the boundary map 97 (Z) :=
[(Idx x¢§)*(Z)]. This collection of data gives a cubical abelian group (n — z9(X, n)) in the sense
of [Krishna and Levine 2008, Section 1.1], and the groups z7(X, n) := z9(X, n)/z9(X, n)degn (in the
notations of [loc. cit.]) give a complex of abelian groups, whose boundary map at level n is given by
0= Zf;l(—l)i(aioo — 8?). The homology CHY (X, n) := H,(z9(X, »), 9) is called the higher Chow
group of X.

We recall the definition of additive higher Chow groups from [Krishna and Park 2015b, Section 2]
(see also [Park 2009]). Let X € Sch;* be equidimensional. Let A,i = Speck[t], G,, = Speck[t,t7'],
and 0 = [P’}(. For n > 1, let B, = All x O B, = A,l x 0" ! and én = [F",]( x 0! 5 B,. Let
(t, Y1, .-+ Yn—1) € l_f,, be the coordinates.

On B, define the Cartier divisors FnlJ. ={yi=1}forl <i <n-—1, F,0:= {t =0}, and let
F! = Z;:ll Fnl’l.. A face of B, is a closed subscheme defined by a set of equations of the form
Yiy = €1, ..., i, =€, where €; € {0, 00}. For  <i <n—1ande=0,00,lety,;: B,—1 — By be the
inclusion (¢, yi, ..., Yn—2) —> (¢, Y1, ..., Yi—1, €, Vi, - - . » Yn—2). Its image is a codimension 1 face.

The additive higher Chow complex is defined similarly using the spaces B, instead of [1”, but together
with proper intersections with all faces, we impose additional conditions called the modulus conditions,
that control how the cycles should behave at “infinity”: (see [Krishna and Park 2015b, Definition 2.1])
let X be a k-scheme, and let V be an integral closed subscheme of X x B,. Let V denote the Zariski
closure of V in X x B, and let v: VN — V C X x B, be the normalization of V. Let m,n > 1 be
integers. We say that V satisfies the modulus m condition on X x B,, if as Weil divisors on V" we have
(m+1)[V*(Fu0)] < [v*(ED]. Whenn =1, we have F|| = @, so it means v*(F 9) =0, or {t =0}NV = 2.
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If V is a cycle on X x B,, we say that V satisfies the modulus m condition if each of its irreducible
components satisfies the modulus m condition. When m is understood, often we just say that V satisfies
the modulus condition. Note that since F, o = {t =0} C B, replacing B, by én in the definition does
not change the nature of the modulus condition on V.

For an equidimensional X € Schi®, and integers m, n, g > 1, we first define Tz?(X, 1; m) to be the
free abelian group on integral closed subschemes Z of X x A! of codimension ¢, satisfying the modulus
condition (see [Krishna and Park 2015b, Definition 2.5]). For n > 1, Tz%(X, n; m) is the free abelian
group on integral closed subschemes Z of X x B, of codimension ¢ such that for each face F of B,,
Z intersects X x F properly on X x B,,, and Z satisfies the modulus m condition on X x B,,. For each
l<i<n-1lande=0,o00,letdf(Z) :=[(dy XL;’I-)*(Z)]. The proper intersection with faces ensures
that 07 (Z) are well-defined. The cycles in Tz7(X, n; m) are called the admissible cycles (or, often as
additive higher Chow cycles, or additive cycles).

This gives the cubical abelian group (n — Tz?(X, n + 1; m)) in the sense of [Krishna and Levine
2008, Section 1.1]. Using the containment lemma [Krishna and Park 2012, Proposition 2.4], that each
face 97 (Z) lies in Tz (X, n — 1; m) is implied from the defining conditions.

For a cycle Zf: | niZi,we let || be the closed subscheme Ule Z; with its reduced structure. This is
called the support of . If f: Y — X is flat and o € Tz?(X, n; m), we write f*(«) often as ay. This
shorthand is more evident when f is a localization morphism.

Definition 2.1 [Krishna and Park 2015b, Definition 2.6]. Let X € Sch}*® be equidimensional. The additive
higher Chow complex, or just the additive cycle complex, Tz (X, »; m) of X in codimension g with
modulus m is the nondegenerate complex associated to the cubical abelian group (n +— Tz (X, n+1; m)),
i.e., Tz?(X, n; m) is the quotient Tz? (X, n; m)/Tz9 (X, n; m)gegn.

The boundary map of this complex at level n is given by 9 := Z;’:—ll (=1) (97° — 81.0), and it satisfies
92 =0. The homology TCH?(X, n; m) :=H,,(Tz4 (X, »; m)) for n > 1 is the additive higher Chow group
of X with modulus m.

2B. Subcomplexes associated to some algebraic subsets. Let X € Sch;™ be a variety. Here are some
subgroups of Tz? (X, n; m) with a finer intersection property with a given finite set W of locally closed
algebraic subsets of X:

Definition 2.2 [Krishna and Park 2012, Definition 4.2]. Define T_zf/v(X ,n; m) to be the subgroup of
Tz7(X, n; m) generated by integral closed subschemes Z C X x B, that additionally satisfy

codimyxp(ZN(W x F)) > g for all W € W and all faces F C B,,. (2-1)

The groups "l;zf’,V(X, n+1; m) for n > 0 form a cubical subgroup of (n+— Tz? (X, n+1; m)) and they give
the subcomplex TZ?/V (X, »; m) C Tz4(X, »; m) by modding out by the degenerate cycles. The homology
groups are denoted by TCHY, (X, n; m).
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2C. Schemes with finite closed points. Recall that (see [Gabber et al. 2013, Section 2.2]) we say a
scheme X is an FA-scheme if for any finite subset ¥ C X, there exists an affine open neighborhood
U C X of X. We have the following [loc. cit.]:

Lemma 2.3. Any quasiprojective k-scheme is FA. Any open subset of an FA-scheme is FA. Given any
finite subset ¥ of a quasiprojective k-scheme, and an open subset U C X containing X, there exists an
affine open neighborhood W C U of X.

Recall (Section 1D) that a semilocal k-scheme V is essentially of finite type if there is a quasiprojective
k-scheme whose localization at a finite subset X of points gives V. By Lemma 2.3, we may obtain it by
localizing an affine k-scheme of finite type.

Definition 2.4. For any semilocal k-scheme V essentially of finite type, a pair (X, X) consisting of an
affine k-scheme X of finite type and a finite set X of points such that V = Spec(Ox x), is called an atlas
for V. A smooth (resp. regular) atlas (X, X) is an atlas such that X is smooth over k (resp. regular).

Lemma 2.5. Let V = Spec(R) be a semilocal k-scheme obtained by localizing at a finite set ¥ of points
of a quasiprojective k-variety X. For a cycle « on V x By, let @ be its Zariski closure in X x B,,.

Then a € TZ% (V, n; m) if and only if there exists an affine open neighborhood U C X of ¥ such that
oy € Tqu (U, n; m).

Here, if 0(a) = 0, then we can assume that d(ay) = 0. If o is a boundary, then we can assume dy is

also a boundary. If V is smooth over k, then we may take (U, ) to be a smooth atlas.

Proof. The first three assertions were proven in [Krishna and Park 2016, Lemmas 4.13 and 4.14]. For the
last one, choose any X of finite type using the first assertion. Since V' is smooth, we have X, NV = @
and Xy, = X \ Xging D X. By Lemma 2.3, we can choose an affine open U C X, containing X. O

2D. The fs-cycles. Recall that for higher Chow groups of a semilocal k-scheme V in the Milnor range,
[Elbaz-Vincent and Miiller-Stach 2002, Lemma 3.11] used the notions called fs-cycles and sfs-cycles. An
fs-cycle in [loc. cit.] is a cycle @ on V x L1} such that for each irreducible component Z, the morphism
Z — V is finite and surjective. However, a moment’s thought gives that it is not a good notion. For
instance, if V is reducible, then one can almost never achieve the surjection part.

Even if we modify the definition a bit by requiring instead that the support |¢| — V is finite and
surjective, still there is a problem when V is not irreducible: suppose V = V; U V; is a disjoint union of
irreducible components. Suppose for i = 1, 2, we have an irreducible closed subscheme Z; on V x L1}
such that Z; — V; is finite surjective. Then W := Z| + Z, and W’ := Z| + 2Z, are both fs-cycles in this
updated sense. But, then W' — W = Z; is still finite over V, while it is no longer surjective over V. As a
result the set of fs-cycles in the above sense is not even closed under basic summation of cycles, thus
they do not form a group.

The natural notion to work with is the following:
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Definition 2.6. Let X, Y € Sch;*. First suppose that Y is irreducible. In this case, we say that a morphism
Y — X of k-schemes is fs over X (or an fs-morphism, or simply fs when X is understood) if it is finite
and it is surjective to an irreducible component of X.
In case Y is not necessarily irreducible, we say ¥ — X is fs over X if for each irreducible component
Y; C Y, the induced map ¥; — X is fs over X.
€ss

We generalize it further: let f : ¥ — X be a morphism in Sch;™” and let U — X be a flat morphism.
We say that Y — X is fs over U, if the fiber product f':Y xx U — U is fs.

This notion coincides with the naive notion mentioned above when X is irreducible. Unlike the naive
notion, this notion of fs-morphisms behaves well under base changes.

Lemma 2.7. Let f : Y — X be an fs morphism in Schi**. Let U — X be a flat morphism in Sch}**. Then
the fiber product f':Y xx U — U is fs.

Proof. That the base change of a finite morphism is again finite is apparent. The remaining part on
surjectivity over an irreducible component follows by [EGA IV, 1965, Proposition (2.3.7)(ii), page 16],
where the dominance there is equivalent to surjectivity under finiteness. U

Lemma 2.8. Let Z be a cycle on Y x B such that Z is fs over Y in the sense that each irreducible
component of Z is fs over Y.

Let f : Y — X be a finite surjective morphism in Schi®® of irreducible schemes. Then the finite
push-forward f,(Z) on X x B is fs over X.

Proof. We may assume Z is irreducible. Since Z — Y is finite surjective and ¥ — X is finite surjective,
the composite Z — Y — X is finite surjective. g

Here is one simple criterion on finiteness

Lemma 2.9 (finiteness criterion). Let X be an equidimensional affine k-scheme essentially of finite type.
Let B be a smooth projective geometrically integral k-scheme of finite type of dimension n > 0 and let
BC Bbea nonempty affine open subset.

Let Z € 7'(X x B) be an irreducible cycle. Then Z — X is fs over X if and only if Z is closed in
X x B.

Proof. Let f: Z — X x B — X be the composite map. Suppose f is fs over X. Since the second map is
projective, by [Hartshorne 1977, Corollary 11-4.8(e), Theorem II-4.9, pages 102—-103], the first map is a
closed immersion. This proves (=).

Conversely, suppose that Z is closed in X x B, i.e., the first map is a closed immersion (thus projective).
Since the second map is projective, the composite f is projective. Hence, f is a projective morphism
of affine schemes, so that it must be finite by [Hartshorne 1977, Exercise II-4.6, page 106]. Moreover,
Z — X; being a finite map of irreducible affine schemes of the same dimension, where X; is the irreducible
component that receives Z, this morphism must also be surjective. This proves (<). O
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Lemma 2.10. Let V = Spec(R) be a semilocal k-scheme essentially of finite type with the set of closed
points X.. Let B C B be as in Lemma 2.9. Let F := B \ B. Let Z € 7"(V x B) be an irreducible cycle and
let Z be the Zariski closure of ZinV x B.

Suppose that ZnN (X x F) = . Then given any affine atlas (X, X) for V, there exists an affine open
subatlas (U, X) for V such that for the Zariski closure Z of Z in X x B, the projection map Zy — U is
fs over U.

If 'V is smooth over k from the first place, then we can choose (U, X) such that U is smooth over k as

well.

Proof. Let (X, X) be a given atlas. Let % be the Zariski closure of Zin X x B and let f : % <> XxB—>X
be the composition with the projection. Let ¥ := f (ZN (X x F)). Since f is projective and since
ZN(Z x F)= Zn (X x F) =, we see that Y C X is a closed subset disjoint from X. Hence, X \ Y is
an open neighborhood of ¥ such that Z N ((X\Y) x F)=2. By Lemma 2.3, we can find an affine open
neighborhood U of ¥ in X \ Y, so we have ZN (U x F) = @. In particular, Z N (U x B) = ZN (U x B).
This means Zy is closed in U x B. Hence, by Lemma 2.9, the map Zy — U is fs over U.

In case V is smooth, then by excising the singular locus of X, which is disjoint from X, we may
assume that X is smooth. Then the open subset U C X is also smooth. O

Let X be an equidimensional quasiprojective k-scheme and let ¥ C X be a finite set of points. By
Lemma 2.3, we may replace X be an affine k-scheme. We have the following two notions of fs-cycles:

Definition 2.11. Let V = Xy. Let m, n > 1 be integers:

(1) A cycle a € TZ5. (X, n; m) is said to be an fs-cycle along ¥ if there is an affine open neighborhood
U C X of ¥ such that each irreducible component of oy is fs over U. The group of fs-cycles along
¥ is denoted by TzY, ( (X, n; m).

(2) A cycle a € Tz (V, n; m) is said to be an fs-cycle if each irreducible component of « is fs over V.
The group of fs-cycles is denoted by Tzg (V, n; m).

These two notions are related as follows:

Corollary 2.12. Let X be an equidimensional affine k-scheme and let ¥ C X be a finite set of points. Let
V =Xx. Let m,n > 1 be integers. Then a cycle o € Tzy.(X, n; m) is an fs-cycle along X if and only if

ay € Tzg,(V, n; m) is an fs-cycle.

Proof. (=) Since the localization map V — X is flat and it factors through any open neighborhood
U C X of Z, one can pull-back by Lemma 2.7 to prove this direction.

(<) By Lemma 2.5, there exists an affine open subatlas (U, ¥) of (X, ) for V such that the closure &
of Z in Uy x B, is in Tz, (U1, n; m).

For each irreducible component Z of «, let 7 be its Zariski closure in V x B. Since Z is fs over V,
by Lemma 2.9 Z is already closed in V x B, thus Z=Z.In particular, ZN (T x F,) = @. Hence by
Lemma 2.10 there exists an affine open subatlas (Uz, X) for V of (U;, X) such that for the Zariski closure
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Z of Z in U; x By, the base change Z;, — Uy is fs. By taking U := (), Uz where the intersection is
taken over all (finitely many) irreducible components of «, we deduce that Z; — U is fs. This proves
the corollary. U

We have the following a bit different characterization of the cycles centered around Tzg (V, n; m):

Proposition 2.13. Let V = Spec(R) be a semilocal k-scheme of geometric type with the set ¥ of closed
points. Letm,n > 1. Let Z € Tz¢(V, n; m) be an irreducible cycle. Then Z is an fs-cycle if and only
if there is an atlas (X, X) for V such that for the closures Z in X x B, and ZinV x én, we have
Z € T2 (X, n;m) and ZN (T x F,) = @.

Here, V is smooth over k if and only if we can choose (X, X) in the above such that X is smooth over

k as well.

Proof. For the first assertion, suppose that Z is an fs-cycle. By Lemma 2.5, there is a affine atlas (X, X)
for V such that Z Tz5. (X, n; m). Since Z — V is fs over V, by Lemma 2.9, ZnN (X x F,) =0.
Conversely, suppose that for an atlas (X, ¥) and the closure Z in X x B,, we have Z € Tz, (X, n; m)
and ZN (X x F,) = @. Then, by Lemma 2.10, we may shrink (X, X¥) to an affine open atlas (U, X) such
that Zy — U fs over U. Hence Zy € TZ”Z’fS(U, n; m). Now by Corollary 2.12, we have Z € Tz (V, n; m).
For the second assertion, in case V was smooth, then we could have take X to be smooth here by the
last assertion of Lemma 2.5. Conversely, a localization of a smooth scheme is smooth again, so that V is
smooth over k. (|

2E. The sfs-cycles. For 1 < j <n, let r; : B, — Bj and 7; : B, — I§’J~ be the projection maps.
Let X € Sch;™ equidimensional. We shall often denote the maps idxy x 7; : X x B, — X x B; and
idy x77j : X x B, > X x B ; simply by 7; and 7;, respectively, if the scheme X is fixed in a given
context.

For any reduced closed subscheme Z C X x B, and 1 < j < n, let ZU) = (idy x 7;)(Z) be the
scheme-theoretic image of Z. Let Z© be the scheme-theoretic image of Z in X. Note that if the
projection Z — X is proper, then (idx x 7;)(Z) is closed in X x B; and, with its reduced induced closed
subscheme structure, coincides with Z(?. The same holds for Z(*). We shall use Z) when Z — X is in
fact finite.

Definition 2.14. Let X € Sch;* be smooth over k and let ¥ C X be a finite set of points. Let m,n > 1
be integers. An integral cycle [Z] € Tz" (X, n; m) is called an sfs-cycle along %, if [Z] € Tz5. (X, n; m),
and there exists an affine neighborhood U C X of ¥ such that the following hold:

(1) Zy is finite and surjective over an irreducible component of U, i.e., Zy — U is an fs-morphism.

(2) The scheme (Z))y is smooth over k for every 0 < j < n.

A cycle @ € Tz" (X, n; m) is called an sfs-cycle along ¥ if every irreducible component of « is an sfs-cycle
along X.
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Lemma 2.15. Let X be an equidimensional smooth affine k-scheme and let ¥ C X be a finite set of
points. Let V = Xx. Let m,n > 1 be integers. Then a € Tz'y (X, n; m) is an sfs-cycle along X if and
only if ay € Tz (V, n; m) is an fs-cycle such that Z () is smooth over k for each 0 < j < n and for each

irreducible component Z of ay.

Proof. Under Corollary 2.12, the (=) direction is obvious. We prove (<). By Corollary 2.12, together
with Lemma 2.3, we can find an affine open neighborhood U’ C X of ¥ such that the closure oy €
Tz% (U’, n; m) is an fs-cycle along X. Now let Y C U’ be the union of the images of the finite maps
(Zg,))smg — U’, where Z runs over all irreducible components of « and 0 < j < n. Since Zy — U’ is
finite for each Z, this Y C U’ is a closed subset that does not meet ¥. By Lemma 2.3, we can choose
an affine open neighborhood U C U’ \ Y of X. Then for each component Z of @ and each 0 < j < n,
the scheme Zg ) is smooth over k. Note (Zy)Y) = 2Dy naturally. This shows that «y; is an sfs-cycle
along X. g

Another property that sfs-cycles enjoy is the following:

Lemma 2.16. Let ¢ : X — Y be an étale morphism of smooth affine k-schemes. Let ¥ C Y be a finite
set of points and let ¥’ = ¢~ (). Let Z € TZ"(Y, n; m) be an integral sfs-cycle along X. Then the flat
pull-back ¢*(Z) € Tz" (X, n; m) is an sfs-cycle along ¥'.

Proof. It is easy to see that ¢*(Z) € Tzy, (X, n; m). We now prove the other properties. We can shrink Y
and assume that Z — Y is finite and surjective, and Z/) is smooth over k for 0 < j <n. Let W := ¢*(Z).
It follows from Lemma 2.7 that W is an fs-cycle along X’. To prove that each W/ is smooth over &, let
W; := ¢*(Z")) and consider the commutative diagram

W w) W; b.¢
l l P 2-2)
Z A Y.

Here, the map W) — W; exists uniquely since the right square is Cartesian. The outer big square is
also Cartesian, and this implies that so is the left square. In particular, the vertical arrows are all étale,
the horizontal arrows are all finite and surjective and all schemes in (2-2) are reduced. In particular,
W) — W;. On the other hand, as W — X is finite, W) = 7;(W) is a reduced closed subscheme of W;.
Thus W) = W;. Since Z and Z () are smooth over k and ¢ is étale, it follows that W and W, are smooth
over k. In particular, W) = W; is smooth over k. This finishes the proof. 0

2F. Additive higher Chow groups of fs and sfs-cycles. The goal of this paper is to prove the “sfs-moving
lemma” which will show that the cycle class groups of sfs-cycles coincide with the additive higher Chow
groups in the Milnor range for a smooth semilocal k-scheme essentially of finite type when k is an infinite
perfect field.

Let m,n > 1. Let X be a smooth affine k-scheme and let ¥ C X be a finite set of points. It follows
from Definition 2.14 that Tz%’SfS(X, n; m) is a subgroup of Tz, ¢ (X, n; m).
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Definition 2.17. We let
ker(d : Tz (X, n; m) — Tz" (X, n — 1; m))

im(d : TZ"(X,n+ 1; m) - TZ"(X, n; m)) N TZ% (X, n; m)’
ker(d : Tz, (X, n; m) — Tz"(X, n — 1; m))

im(d : T2" (X, n+ 1; m) — Tz"(X, n; m)) N Tz, ¢ (X, n; m)’
ker(0 : ngsfs(X, n;m)— TZ"(X,n—1; m))

im(d : Tz" (X, n+ 1; m) — Tz" (X, n; m)) N Tz, 4 (X, n;m)’

TCHY (X, n; m) =

TCHng(X, n;m) =

TCHY, (X, n; m) =

We similarly define TEJH’;(V, n; m), TCHE(V, n; m), and TCH (V, n; m).

sfs

If X is not necessarily connected, note that the groups for X are obtained simply by taking the direct
sums of the corresponding groups over all connected components of X.

In the above, the definition of the group TEJH';: (X, n; m) is slightly different from that of TCHY, (X, n; m)
in Definition 2.2. However, we have:

Lemma 2.18. The natural surjection TCHY. (X, n; m) — T’(\I/an (X, n; m) is an isomorphism. Similarly,
TCH%(V, n; m) — TEH;(V, n; m) is an isomorphism.

Proof. By the moving lemma for additive higher Chow groups of smooth affine schemes of W. Kai [2019]
(see [Krishna and Park 2016, Theorem 4.1] for a sketch of its proof), the composition TCHY. (X, n; m) —
T’(TH; (X, n; m) - TCH" (X, n; m) is an isomorphism. Hence, the first arrow is injective. The proof for
the second one is similar, except that we use [Krishna and Park 2016, Theorem 4.10]. O

We thus have canonical maps

TCH(V, n; m) — TCHE(V, n; m) — TCHy,(V, n; m) — TCH"(V, n; m), (2-3)

sfs

where the last map is an isomorphism by Lemma 2.18 and [Kai 2019]. Our goal is to show that all other
maps are also isomorphisms.

2G. Reduction to localization at closed points. The semilocal k-schemes essentially of finite type we
consider are obtained by localizing an affine k-scheme (see Lemma 2.3) at a finite set X of points which
may not necessarily be closed. In Section 2G, we show that for the sfs-moving lemma, it is possible to
reduce to the case when all points of ¥ are actually closed. The following is the goal:

n

Proposition 2.19. Suppose the natural map TCH (V, n; m) — TCH"(V, n; m) is an isomorphism for

every smooth semilocal k-scheme V essentially of finite type, obtained by localizing at a finite set of closed

n
sfs

semilocal k-scheme V essentially of finite type.

points. Then the natural map TCH”, (V, n; m) — TCH"(V, n; m) is an isomorphism for every smooth

We prove the following first:

Lemma 2.20. Let V be a smooth semilocal k-scheme essentially of finite type, obtained by localizing an
affine k-scheme X at a finite set X of , not necessarily closed, points. Let a € TZ"(V, n; m).
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Then there exist (1) a smooth semilocal k-scheme V' essentially of finite type, obtained by localizing
an affine k-scheme at a finite set X' of closed points with a flat localization map V. — V' and (2) a
cycle o' € TZ"(V', n; m) such that the flat pull-back map (;5“;, :TZ"(V', n; m) — TZ"(V, n; m) satisfies
¢“,/,(a’) =a. If da = 0, we can ensure do’ = 0.

Proof. By Lemma 2.3, we may assume that V = Xy, where X is a smooth affine k-scheme of finite
type. For the cycle o € Tz"(V, n; m), by Lemma 2.5, there exists a smooth affine open neighborhood
U C X containing ¥ such that the Zariski closure oy of @ in U x By, is in Tz" (U, n; m). If daa =0, we
can shrink U further (if necessary) so that day = 0.

For each p € X, there exists a closed point m, € U that is a specialization of p. (It exists by the
basic fact in commutative algebra that any proper ideal of a commutative ring with unit is contained in
a maximal ideal.) We choose it so that a distinct pair of points of X gives a distinct pair of points. Let
¥ :={m, | p € ¥}, and take V' := Us,. Here, ay € Tz"(U, n; m), and let &’ € Tz"(V’, n; m) be its flat
pull-back via the localization map V' — U. This satisfies da’ = 0 if da = 0. By the construction of V', we
also have the localization map V — V’ and the flat pull-back map ¢“f/ TZY(V/, n;m) — T2"(V, n, m).
By the construction of o/, we have qﬁ},ﬂ(a’) = «. This proves the lemma. O

We remark however that Lemma 2.20 does not say that the map qﬁ“f "is surjective. It simply says that

for each element «, there is some V' such that « can be an image of a cycle over V',
Proof of Proposition 2.19. Since the map TCH;(V, n; m) — TCH"(V, n; m) is automatically injective,
it is enough to prove that this is surjective. Let « € TCH"(V, n; m) be an arbitrary cycle class, and
choose its cycle representative in Tz"(V, n; m), also denoted by «. Being a cycle representing a class in
TCH"(V, n; m), we have 0o = 0.

By Lemma 2.20, there exists now a smooth semilocal k-scheme (V’, ') essentially of finite type,
obtained by localizing at a finite set of closed points, a cycle class «’ € TCH" (V’, n; m) and the localization
map ¢“,// : TCH"(V’, n; m) — TCH"(V, n; m) sends o’ to o.

On the other hand, the localization map (l)“,ﬂ sends the sfs-cycles over V' to the sfs-cycles over V.
To see this, we first note that this map sends "[;z’é,(V’ ,n;m) to Tz (V, n; m) because the localization
does not increase the dimensions of schemes, thus the proper intersection condition with X" implies
the proper intersection condition with ¥. Now, the sfs-cycles are preserved under ¢“,// because the
localization (flat pull-back) of fs-morphisms are fs-morphisms by Lemma 2.7, while it is a basic fact in
commutative algebra that a localization of a regular local ring is again a regular local ring. Hence, we
have a commutative diagram:

TCH', (V' n; m) = TCH™ (V. n: m)
fl Jf (2-4)

TCH"(V', n: m) —>— TCH" (V. n: m),
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where ¢ = d)“f "and ¢t is the restriction of ¢. By construction, we have ¢ («’) =«. By the given assumption,
we have that sfsy is surjective, so that there exists «” € TCH;(V’, n; m) such that sfsy' (") = . Hence
a=a¢@)=¢osfsy (o) =" sfsy oggss(a”), where 1 holds by the commutativity of the diagram (2-4).
In particular, o € im(sfsy). Since o was arbitrary in TCH" (V, n; m), this shows that sfsy is surjective,

hence an isomorphism. O
We have one further result.

Lemma 2.21. Let (V, X) be a smooth semilocal k-scheme essentially of finite type. Let m,n > 1 be
integers. Let a € Tz (V, n; m) be such that |«| is finite over V. Then o does not intersect V x F for any
proper face F C By, at all. In particular, 9(a) = 0.

Proof. We may assume that « = [Z] is an irreducible cycle and V is integral. We prove that ZN (V x F)
is empty.

The composite ZN(V x F) — Z — V is finite by the given assumption. Hence, its image in V is
closed and therefore must intersect X nontrivially if nonempty. It suffices therefore to show that the fiber
product ¥ xy Z xp, F = ZN (X x F) is empty.

However, by the given assumption that Z € Tzy.(V, n; m), the proper intersection condition with X
reads codimyx g Z N (X x F)) > n. Equivalently,

dmZNE X F)<dim(X x F)—n=dimF —n < 0.
But this means Z N (X x F) = &. This proves the lemma. O

Convention. Using Proposition 2.19, from now on, when we say a semilocal k-scheme essentially of
finite type, it will mean that it is obtained by localizing at a finite set of closed points, unless we say
otherwise.

3. The sfs-moving lemma in affine spaces

In this section, we prove a special case of Theorem 1.1 when the underlying semilocal scheme is a
localization an affine space over k. This will be a ground for the general case of the theorem.

3A. The Set-up for affine spaces. We fix some notations that we shall use throughout this section.

Let k be an infinite perfect field. Let m, n, r > 1 be integers. We let ¥ C A} = Spec(k[xy, ..., x,]) be
a finite set of closed points. Let V' be the localization of A at X. Let j : V — A} be the inclusion map.
Let p, : A} x A,i x01 — A} x A,l and g : A x Ali — Ay denote the projection maps and let g, =g o pj.
Using the automorphism y — 1/(1 — y) of P}, we replace ((J, 0o, 0) by (Al, 0, 1), and write (] = A,i.

For any closed subset ¥ C A; x A,l x "1, let Y be its closure in A X A,l x 01 Welet Z €
Tz, (A}, n; m) be an irreducible cycle. For an integer s > 0 and a point g € A, we consider the map (see
[Kai 2019])

bos AL XA xOx T = AL x Al x O

s(m+1) (3_1)

(-E?tay9y]9"'ayn—])'_>(-E—i_yt g,t,)’l’---»yn—l)-
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Note that ¢, ; is strictly speaking defined over the residue field of g, but to simplify notation we often
won’t make it explicit. If needed, one can take the scalar extension to the residue field of g to turn g into
a rational point. For a € [1(k), we let ¢,  , be the composite map

A,ﬁx&,&xi"*%&;x&éxDxin_lMAZXAéXE”_I,

where the first arrow takes (x, f, 2}) to (x,1,a, 27).

The evaluation of ¢, ; at y = 1 defines an isomorphism A}, x Ag ., = Af X Ap . given by
Gos1(x, 1) = (x+ t5m+tDo 1) Let ¢§,s,1 1 k(g)lx, t] - k(g)[x, t] be the corresponding k(g)-algebra
isomorphism.

3B. Some properties of the twisted translations. Note that ¢,  is a flat morphism. In particular, ¢; (Z)
is an algebraic cycle on A} x A,l x [1". In the next few lemmas, we verify some algebraic and geometric
properties of ¢, (Z).

Lemma 3.1. Let f(x,t) € k[x, t] be a nonzero polynomial. Then there is a nonempty open subset U C Ay
such that for each g € U and sufficiently large s >> 0 (not depending on g), the polynomial ¢§’ s.1(f) is

monic in t over k(g)[x], i.e., integral over k(g)[x].

Proof. Let M :=deg, f and write f(x,t) = Ziﬂio fi(x)tM~ for some f; € k[x] and M > 0. Since f #0,
we have fo(x) # 0. Let d; = deg, (fi), which is the total degree in x. We first consider the case r = 1
and take U = A,l \{0}. Letc; €k be the coefficient of the highest degree term of f;(x). Since fy(x) # O,
we have cg € k*. Then,

M M

fx+15mtg 1) = Z fi(x 45D gy M=t — Z ci (g ¢smIDIM=i | (Jower degree terms in 1)).
i=0 i=0

Let ip be the smallest integer such that d;, = max{dp, di, . .., du}. Here, c;, € k* by definition.

If d;, = 0, then each f;(x) is a constant, so f(x + s+ g, t) gives an integral dependence in ¢ as
desired. Suppose d;, > 0. If ip = 0, then for each i > 0 and each s > 0, we have

dosm+1)4+M>dis(m+1)+M>dis(m+1)+M —1i.

Hence, the leading coefficient of the highest degree term in ¢ is cog® € k(g)*, so, after dividing by this
unit cog®, we get a monic polynomial in ¢. Hence it is integral.
If ip > 0, then for each i > iy and each s > 0, we have

digsm+1)+M—ig>dism+1)+M—iy>dis(m+1)+ M —1,
while for 0 <i < iy, we have d; < d;, so that for every sufficiently large s > 0, we have

disim+1)+M—i <dj,s(m+1)+ M —i.
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Note that this choice of s depends only on f and not on g. Hence, for every sufficiently large s > 0
(not depending on g), again the leading coefficient of highest degree in ¢ is ¢;, g% € k(g)*. Hence after
dividing by this unit, it gives the desired integral dependence relation.

In case r > 2, the backbone of the proof is the same, but one problem is a possible cancellation of
the highest degree terms in ¢, namely, if d; is the total degree of f;(x, ..., x,), then possibly a multiple
number of monomials in ¢§’ 5.1(f) could have the same total degree d;. However, such g’s form a closed
subscheme of A; (depends on f(x, 1)), so for a general g € U for some nonempty open subset U C Ay,
we can avoid it. g

W. Kai [2019, Proposition 2.3] (or see [Krishna and Park 2016, Claim of proof of Theorem 4.1]) defines
a positive integer s(Z) associated to Z, which plays a crucial role in proving the modulus condition for
*
(Z).
8,8

Lemma 3.2. Let s > s(Z) be any integer. Then (,b;S(Z) e Tz"(A;, n+1; m) for any g € A}.

Proof. The modulus condition for ¢;s (Z) follows from [Kai 2019, Proposition 2.3] (see also [Krishna and
Park 2016, Proof of Theorem 4.1]). We show that ¢, ((Z) intersects all faces of 1" properly. Let F be a
face of (0", If F = {0} x F’ for some face F’ of [(J"~!, then the proper intersection follows directly from
that of Z with F’ since the map ¢y ¢ is identity. If F = {1} x F’ for some face F’ of [0"~!, then the proper
intersection also follows from that of Z with F’ since the map ¢, 5,1 : A x Al x F' — A7 x Al x F’ is an
isomorphism. If F = x F’ for some face F’ of (3", then the map A} x A,l xOx F'— AL x Al x F’
is flat of relative dimension one and hence we get

dim(¢>;s(Z) NA; x Al xOx F')) = dim(¢; ((ZN F'))
=dim(ZNF)+1 <dim(Z) + 1 — codimp—1 (F)
= dim(gb;’s(Z)) — codimp (O x F')
= dim(¢, ;(Z)) — codimey (F).
This proves the desired proper intersection of ¢; ((Z). (|

Lemma 3.3. Assume that n = 1. For g € A} \ {0} and s > 0 as in Lemma 3.1, ¢;S’1(Z) is finite and
surjective over Ay s

Proof. Since A x A,l is factorial, there exists an irreducible polynomial f(x, ) € k[x, ¢] such that
Z = Spec(k[x, t]/(f(x,t))). The modulus condition mandates that this cycle does not intersect the
divisor {t =0} in A} x A,l, so that after scaling f by a constant in k™, we must have f =th — 1 for some
h(x,t) € k[x, t]. By Lemma 3.1, qbg,s(th — 1) is monic in ¢ for g € Aj \ {0} and s > 0 up to scaling by
a unit in k(g)*. This is equivalent to saying that ¢;,5,1(Zk(g)) — A,ﬁ(g) is finite. As both have the same
dimension and A} 2 is integral, this morphism is automatically surjective. U

3C. The three types of cycles. In order to generalize Lemma 3.3 to n > 2 case, we need to consider
three types of cycles.
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Lemma 3.4. Suppose that the projection to the first factor Z — A is dominant. Then there is a dense open
subset U C Ay such that each g € U and integer s > 0, the projection to the first factor ¢;M (Zkg) — Az(g)
is still dominant.

Proof. This is immediate from the definition of ¢y ;. O

Lemma 3.5. Assume that (a) the projection q, : Z — Ay is not dominant while (b) the projection
pry,: Z — All is dominant. Then there is a dense open subset U C A such that for each g € U and s > 0,
we have

(1) dim(gn(¢; ; 1 (Zk(g)))) = dim(gn(Zk(g))) + 1 and

v 1 Zk) = Ai(g) is dominant.

(2) the projection pr, : ¢ 25,1
Proof. By (b), the map pr, is a dominant morphism to a regular curve, thus it is flat by [Hartshorne 1977,
Proposition I1I-9.7, page 256]. In particular, pr,(Z) C A,i is a dense open subset. For each g € A; and
s > 0, we have a surjection ® : g,(Zi(g)) X pry(Zi(g) — qn(qﬁ;“(zk(g))), given by sending (x, t) to
x 41" D g Thus, dim g, (¢} | | (Zi(g)) < dim gu(Zi(g) + 1.

On the other hand, for each fixed closed point 7y € pr,(Z), the set ®(g,(Zi()), to) has the same
dimension as that of g, (Z(,)), while it is an equidimensional proper closed subset of g, (qb;x’ 1Zk)))
when g is a general member, i.e., in an open subset of A;. Since pr,(Z) is dense open in A,l and hence of
positive dimension, we must have dim(g, (q&; 5.1 (Zk(g))) > dim(g,(Zk(g)))- This proves (1). Property (2)

is obvious because ¢, ; does not modify the A,i-coordinate. O

Lemma 3.6. Assume that neither of the projections q, : Z — A} norpr, : Z — A,i is dominant. Let s > 1
be any integer. Then there is a dense open subset U C A such that for each g € U, there is an open

neighborhood W, C AI’C( 2) of X such that qﬁ;M (Zk(g)) restricted over W is empty.

Proof. Since pr, : Z — A,l is not dominant and Z is irreducible, pr,(Z) must be a singleton closed
subset {fp}. By the modulus condition that Z satisfies, we must have 7) # 0 and Z C A} x {fp} x Dz_l.
It is therefore sufficient to prove the lemma by replacing k by k(#p) and X by ntgl(Z), where 7, :
Spec(k(ty)) — Spec(k) is the base change. We can thus assume that 7y € k™. Consider the proper closed
subset ¢,(Z) C A of dimension < r and the dense open complement Uy = A}, \ g (2).

Because Z restricted over Uy is empty, we see that the translation ¢;s,1(zk(g)) restricted to the
translation ¢;S’1(Z/{0) is empty for every g € A;. Hence, it is enough to show that for an open subset
U C A, the set W, := qb; 5.1(Uo) contains ¥ for each ¢ € U. However, this is evident because X is a
finite set of closed point of A; while U is a dense open subset of A;, and ¢>; 5.1 1s translation by a nonzero
constant factor (tg(m+1)) of g. This proves the lemma. O

3D. Key lemmas. The key to our sfs-moving lemma for the localizations of A; are the following two
lemmas.

Let W C A} x B, be a reduced closed subscheme and let W be its closure in A x B, with reduced
closed subscheme structure. We let W2 = W N (A X Gk X 071y, We fix a closed point x € ¥ and
integers m, s > 1.
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Define
P :AZXAZXA% x ! — Ay,
Py AL x AL x Al x 0" A7 x Al x O
to be the projection to the first factor, and the projection to the remaining factors. For a fixed x € A},
define ¢, : A} x A,i x 01— A x A x A,i x 0" to be the map (g, ¢, 27) — (g, x +15mtDg ¢ 2)). Let

Oy := Pyou, and oy := (P oty)] 61 (W)> where 6 L(W) is given its reduced induced closed subscheme
structure. We then have the commutative diagram

— lx Py —
071 (Wo) S AL X Gy x "1 e AL X AL X G x 01— AL X G x O «— WO

e l [

— — tx — Py — —
071 (W) — 071 (W) —— AL x Al x O 1 — A x AL x Al x T —— A7 x Al x O +—— W

Py

A,

(3-2)
where the top row’s ¢, P, are the restrictions of the second row, and wyw  is the natural composition.
The vertical arrows are canonical open immersions. It is easy to check that ¢, is a closed immersion
and 6, is an isomorphism on the top row. Using (3-1) and (3-2), one immediately verifies the following
observation which we shall use often.

Lemma 3.7. Let x € Al be fixed. Then for each g € A}, the map
—1 —
05! (@) = @1 (W),
(g, 1, y) > (x,1,y),isan isomorphism. The same holds for W and W as well.
Another lemma we shall use is the following.

Lemma 3.8 [Bloch 1986, Lemma 1.2]. Let X be an algebraic k-scheme and G a connected algebraic
k-group acting on X. Let A, B C X be closed subsets, and assume the fibers of the map G x A — X,
(g,a) — g-a all have the same dimension, and that this map is dominant.

Moreover, suppose that for an over-field K D k and a K-morphism  : X — G, there is a nonempty
open subset U C X such that for every x € Uk, a scheme point, we have

tr. degy k(¢ o ¥ (x), 7 (x)) = dim(G),

where w : Xg — Xy and ¢ : Gg — Gy, are the projection maps. Define ¢ : Xg — Xg by p(x) = (x)-x
and suppose ¢ is an isomorphism. Then the intersection ¢ (Ax N Ug) N Bk is proper.
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3E. Applications of the key lemmas. We apply the above two lemmas to our cycle Z and various other
closed subsets associated to it. Let n € A} denote the generic point and let K := k(n). We can regard
n € A (K). Apply Lemma 3.8 with

X=ApxA <O G=AL, vty =mr™h, A= xA x0"", and B=Z,

where G acts on A7 x Al x 0" ! by g (x,t,y) = (g +x,t,¥). Welet ¢ : Xx — Xk be given by
d(x,t,y)=(()t* "D 4x, ¢, y). One checks irr_lmediately that the conditions of Lemma 3.8 are satisfied
and we_conclude that ¢ (Ag) ﬁ Z x has dimension at most zero. Comparing this with (3-2) and using
Lemma 3.7, this is equivalent to saying that the generic fiber of w7 , is finite for every x € X.

It follows that if Z’ is an irreducible component of 6! (Z), then either the map w7, Z — Al is
not dominant or it is dominant and generically quasifinite. In the dominant case, Chevalley’s theorem
on fiber dimensions (e.g., see [Hartshorne 1977, Exercise II-3.22, page 95]) tells us that we must have
dim(Z’) =r and Z' — A is generically finite. In any case, it follows that there is a dense open subset of
A} over which Z' — A; is quasifinite (with possibly empty fibers).

By taking the finite intersection of such dense open subsets, running over all irreducible components
of 0;1(Z) and all x € X, we conclude that there is a dense open subset U C A} such that for each x € X,
the map a)%’lx(U ) — U is quasifinite. Using Lemma 3.7, equivalently we get:

Lemma 3.9. For any integer s > 1, there is a dense open subset U C A such that for every g € U, the
set (X X Bn)k(g) ﬂ(ﬁ;’&l(Z)k(g) = (X x Bn)k(g) ﬂqﬁ;,&l(zk(g)) is finite.

We can now show the following:

Lemma 3.10. Let s > 0 be as in Lemma 3.1. Assume that Z is either dominant over A or restricts to
zero on V. Then we can find a dense open U C A such that for g € U, the scheme ¢;"S’1 (Z)|v is either
empty or finite and surjective over V.

Proof. We can assume n > 2 by Lemma 3.3. We let U; C A; be the intersection of open subsets obtained
in Lemmas 3.6 and 3.9. We can therefore assume that ¢; | (Zk()) — A}, is dominant for all g € U;.
For g € Uy, there is a commutative diagram

r 1 =n—1 Pn r 1
Akie) X Prie) X Biigy = Ay X A

¢l P (3-3)

1 =1 _Pr A 1
x A x [ — A xAk(g),

A k(g) k(g) k(g)

,
k(g)
where the horizontal arrows are the projections.
If we let W = pn(zk(g)), it follows from Lemma 3.9 that the composite map ¢;,s,1(zk(g)) —
5.1 (W) = Ay ) is quasifinite over (). Since ¢y (| (Zi(g)) — Ay, is dominant by Lemma 3.4, it
follows from Chevalley’s theorem on fiber dimensions (see [Hartshorne 1977, Exercise 11-3.22, page 95])
that there is an open neighborhood U, C A}, of X () over which the map ¢, | (Zk(g) — Ay, is
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quasifinite with nonempty fibers. We then get maps
0% o1 Zr) Ny ' (Ug) L5 ¢ (W) Ng ™' (Up) = U,

where the first map is projective and the composite map is quasifinite with nonempty fibers. This implies
that the first map is also quasifinite, and hence, it is finite. Since Z — W is dominant, so is the map
m — ¢;"S’1(W) by (3-3). It follows that m — ¢;’S’I(W) is finite and surjective
over Uy.

On the other hand, we have shown in Lemma 3.3 that ¢;" 5.1 (W) — AL @ is finite and surjective over
A, for our choice of s 3> 0 and g € A} \ {0}. We conclude that there is an open neighborhood Uy, C Ay
of Xy, over which ¢;,S71(Zk(g)) — Ay, Is finite and surjective.

To show this property for ¢;’S’1(Zk(g)), we fix x € ¥ and use the diagram (3-2) where we take

W =Y :=Z\ Z. To understand the generic fiber of wy,,, we apply Lemma 3.8 with
X=AxA xT7L G=AL v, t, ) =" A= x Ay x T, B=Y, (3-4)

where G acts on A; x A,i X EZ*I by g-(x,t,y) = (g +x,t,y) as before. One checks immediately
that the conditions of Lemma 3.8 are satisfied. It follows that the intersection Oy.5,1(Akap) N By 1s
proper. By a dimension counting, this means that ¢, 1(Axu)) N By = <. Equivalently, we have
Ak Ny 51 (Ykap) = &. We conclude by Lemma 3.7 that for every x € X, the map wy, : 0-1(Y) > A
is not dominant. We can therefore find a dense open subset U C U; C Ay such that the fiber of
wyx:071(Y) — Ay is empty over U for every x € X. In other words, for every g € U, the intersection
by 5.1 Yk(e) N Akge) = (m \ @ 5.1(Zk(g))) N Ak(g) is empty. But this means that the map

¢; 5.1 (Zig)) — A,r(( 0 is finite and surjective over an affine neighborhood of ¥ (¢) (see Lemma 2.10). [J

Lemma 3.11. Assume that Z € Tz5,(A}, n; m) is an irreducible cycle such that Z — A} is finite and
surjective over an affine neighborhood of X. We can then find s > 0 and a dense open subset U C A
such that for each 1 < j < n and for each g € U, the scheme (¢; 5.1 (Zk(g)))(j ) is regular over an affine
neighborhood of Xy ).

Proof. We take W = Z;,, the singular locus of Z, in (3-2) and consider the map DZpeox 0. 1 (Zsing) — A
for x € X¥. We had seen previously that the map 6, on the top row of (3-2) is an isomorphism. In particular,
the map 6, : 6 1 (Zsing) —> Zsing 1s an isomorphism. But this implies that dim(6 1 (Zsing)) = dim(Zgjng) <

r — 1. It follows that the map wz, 10 1 (Zsing) — A is not dominant. We can therefore find a dense

sing»X
open subset U C A} such that the fibers of w, over U are empty. By shrinking U further, we can assume
that this holds for all x € 2.

It follows from Lemma 3.7 that for every g € U, the closed subscheme (d’;,m(zk(g)))sing =
qﬁ;s’]((Zk(g))sing) = ¢Z,S’1((Zsing)k(g)) does not meet (X x B,)i). Here, the last equality uses the
perfectness of k. But this means that ¢; s.1(Zk(g)) 1s regular at all points lying over Zy(g). By choosing

s > 0 as in Lemma 3.1, shrinking U further, and using Lemma 3.10, we can assume that ¢} | (Zk(g)) is
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*

finite and surjective over an affine neighborhood of % ,). But then ¢ .51

(Zk(g)) must be regular over an
affine neighborhood of X ).

Let Z/) C Al x B; be the projection of Z to B; as in Section 2E for 1 < j <n. Since Z — A is finite
and surjective over an affine neighborhood of X, each Z/) is also finite and surjective over an affine
neighborhood of X. We can therefore repeat the above process successively for each Z) by shrinking
U further each time. In the end, we get a dense open subset U C A} such that each 1 < j <7 and for
each g € U, the scheme qb; 5.1 Zz ,(({;)) is regular over a common affine neighborhood of i (e). Since the
diagram

.
1 -1 J 1 j—1
X Ay X D) » Ake) X Akigy X Higg)

¢g,5,l l l ¢g,5,l (3_5)

.
1 =n—1 / r 1 j—1
XAy X By = Akie) X Akie) X o)

,
A (€9

A/r<(g>
commutes and the vertical maps are isomorphisms, it follows that ¢;S’1 Z ,E{;,)) = (qbz,"s,,l (Zk(g)))(j ). We
have therefore shown that there is a dense open subset U C A} such that for every g € U and 1 < j <n,
the scheme (¢} | (Zk(g)))"Y is regular over a common affine neighborhood of (). This finishes the
proof. g

Lemma 3.12. For every integer s > 1, there is a dense open subset U C A} such that for every g € U,
one has d)ijys’l (Zig) N (X x A}C x F)ig) = @ for every proper face F of 0" 1,

Proof. We let F be a proper face of ("' and let W = Z N (A x A}( x F). We fix a point x € ¥ and
consider the diagram (see (3-2)):
O (W) AL X Gy X Fy AT 5 AL X G X F —23 AT X G g X F —— W
JPI (3-6)
Ay.

WW,x

As in (3-2), the map 0, = P, o, is an isomorphism. Note also that (see Lemma 3.7) for any g € A},
the map wﬁ,{x(g) — ¢;S’1(Z) N ({x} x A,l x F), which sends (g, t, 2}) to (x,1t, _y), is an isomorphism. It
follows therefore that the map wy , is not dominant. Equivalently, there exists a dense open U C A;
such that the fibers of ww , over U are empty. Shrinking U further if necessary, we can assume that this
happens for all x € X. It is clear that for every g € U, the set ¢;S,1(Zk(g)) N x A,i X F)p(g) 18 empty.
This proves the lemma. O

3F. The proof of the moving lemma for affine spaces. We can now prove the main result of this section,
the sfs-moving lemma for the localizations of A;. We begin with the following intermediate modification

step.
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Lemma 3.13. Let k be an infinite field and let o € Tz" (A, n; m). Let V = Spec(On; ) for a finite subset
X C Ay of closed points, with the localization map j : V — Aj. Assume that 3(j*(a)) = 0. Then there
are cycles B € TZ" (A, n; m) and y € TZ" (A, n+ 1; m) with 0(j*(y)) = j*(a) — j*(B) such that each

component of B is either dominant over A or restricts to zero on V.

Proof. We choose an integer s > 0 which is at least as large as the integer s(Z) and the one chosen in
Lemmas 3.5 and 3.6 for every irreducible component Z of «. It follows from Lemma 3.2 that ¢;,"’ s(a)
intersects all faces of (1" properly. Taking the face F = {1} x [J"~! (and using the containment lemma
[Krishna and Park 2016, Proposition 2.2]), we see that ¢;S’1 (x) € TZ" (Az(g), n;m) for all g € Aj. We
can also assume that s > 0 is large enough so that Lemma 3.2 holds also for each boundary of each
component of «.

We let U C A}, be any dense open which is contained in the intersection of the ones given by Lemmas 3.5
and 3.6 for all irreducible components of |«x|. We let g € U (k) be any element. It follows by our choice
of g that if Z is a component of «, then qb;“ (Z) is either dominant over A7, or it restricts to zero on V,
or satisfies conditions (1) and (2) of Lemma 3.5.

We now compute

n—1
¢h0d(a) =), (Z(—l)"(a} — a?)(a))

i=1

n—1
=T (=D'@ =00 )@ (@)
i=1

== (=1'@ =)@} (@),

i=2
where =" follows from (3-1). On the other hand, we have

n

dogl (@)= (=D —))(¢] (@)

i=1

= (=@} = N (¢) (@) + D (=13 =) (@] ,(@)).

i=2

It follows that 8(¢;’S(ot)) + ¢;S(8(oe)) = (8? — 811)(¢;s(a)) =a— ¢;s’l(a). Lemma 3.2 says that
;s(a) eTZ"(A7, n+1; m). If welet y :¢Z,"S(a) and 8 :¢>§ys’1 (o), wesee that d(j*(y)) =j*(@)—j*(B).
It also follows that d(j*(8)) = 0.

We now replace @ by § in TZz" (A}, n; m) and repeat the above process. It follows from Lemmas 3.4,
3.5 and 3.6 that after finite steps, we arrive at new cycles 8 € TZ"(A}, n; m) and y € TZ"(A,,n+ 1; m)
such that 9(j*(y)) = j*(a) — j*(B). Moreover, each component of § is either dominant over A; or
restricts to zero on V. O
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Theorem 3.14. Let k be an infinite perfect field and let o € Tz" (A, n; m). Let V = Spec(Oa; ) for a
finite subset ¥ C A} of closed points, with the localization map j : V — Aj. Assume that 0(j*(a)) = 0.
Then there are cycles B € Tz, (V,n; m) and y € Tz*(V,n+ 1; m) such that d(y) = j*(a) — B.

sfs

Proof. By applying Lemma 3.13 and removing those components of the resulting new cycle o which
restrict to zero on V, we can assume that every component of « is dominant over A;. Note that this does
not change 9(j*(a)).

We now choose an integer s > 0 which is at least as large as the integer s(Z) and the one chosen
in Lemmas 3.10 and 3.11 for every irreducible component Z of «. It follows from Lemma 3.2 that

2.5 (@) intersects all faces of [J" properly and ¢Zj’s’1(a) e Tz" (A o 13 m) for all g € A} (see the proof
of Lemma 3.13). We can also assume that s > 0 is large enough so that Lemma 3.2 holds also for each
boundary of each component of «.

We let U C A} be any dense open which is contained in the intersection of the ones given by
Lemmas 3.10, 3.11 and 3.12 for all irreducible components of «. Since U is rational and k is infinite,
U (k) is a dense subset of U. We let g € U (k) be any element. We claim that j*(¢;s’ () €Tz (V, n;m),
where qﬁz,‘,s(—) is defined on TZ" (A}, n; m) by the usual linear extension. By Lemmas 3.10 and 3.11, we
only need to show that ¢;,s,1 (o) € Tz (A7, n; m). But this is equivalent to showing that (X x A,l x F)N
|</>;S’1 ()| = & for every proper face F of [0"—!, which in turn follows from Lemma 3.12. The claim is
thus proven.

A computation identical to the one in the proof of Lemma 3.13 shows that

B(g: (@) + ¢, (@) = (30— ) (¢, (@) =a — ¢ | ().

Lemma 3.2 says that ¢;S(a) eTZ"(AL,n+1;m). If 0(j*(x)) =0, wecansety = j*o ¢;S(a) and
B = j*(¢;‘,s’1(a)). We get d(y) = j*(a) — B and we have shown above that 8 € Tz (V, n; m). The
theorem is now proven. U

Remark 3.15. The proof of Theorem 3.14 (where we take n > 2, replace B, by [I"~! and take s = 0
everywhere in the proof) also shows that if » > 1 and o € z*(A, n) is a higher Chow cycle with
d(j*(a)) =0, then we can find y € Z"(V,n+1) and B € z{; (V, n) such that d(y) = j* (@) — B. Note
that n = 0 case of this result is trivial.

4. The fs-property of residual cycles

Let & be an infinite perfect field. In this section, we discuss some results on linear projections in projective
spaces, and show how these projections can be used to equip the residual cycle of a given cycle with
certain finiteness properties over the base scheme. The main result of Section 4 is Theorem 4.15. It will be
used later in proving the fs-moving lemma (see Lemma 8.7), a precursor to the final sfs-moving lemma.

For 0 <n < N and a linear subspace H C IP’,}(V defined over k, let Gr(n, H) be the Grassmannian scheme
of n-dimensional linear subspaces of [P’,’cv contained in H. This is a homogeneous space of dimension
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(dim(H) —n)(n + 1). Unless we specify the field of definition, a linear subspace of [P’,](V will mean a
k-linear subspace.

Given two closed subschemes Y, Y’ C PY, let Sec(Y, Y’) C PY be the union of all lines £, joining
distinct points y € ¥, y’ € Y’. In general, we have dim(Sec(Y, Y')) <dim(Y)+dim(Y")+1. If Y =Y/, the
scheme Sec(Y, Y') = Sec(Y) is the secant variety of Y. If Y’ = L is a linear subspace, then Sec(Y, L) =
C1(Y) is the cone over Y with vertices in L.

4A. Containment and avoidance. Let 0 <m <n < N be integers and let S, T C [P’,ICV be two disjoint
subsets.

Definition 4.1. We denote the set of n-dimensional linear subspaces of IP,]CV containing S by Grg(n, IP’,I(V ).
We write Grg(n, I]:"II(V ) as Gry (n, I]:Dliv ) if § = {x} is a closed point. We denote the set of n-dimensional
linear subspaces of [P’,iv which do not intersect S by Gr(S, n, [P’,iv). If § = {x}, we write Gr(S, n, IPIICV) as
Gr(x,n, PY). We let Grg(T, n, PY) := Grs(n, P)) NGr(T, n, PY). For any linear subspace L C P,
we define Grg(n, L) and Gr(7, n, L) similarly.

One checks that, when M C IP,]{V is a linear subspace of dimension m, then Gry, (n, P,/(V ) is a homogeneous
space which is an irreducible closed subscheme of Gr(n, [P’,’(V ) of dimension (N —n)(n—m). The following
result is elementary. We leave the proof as an exercise.

Lemma4.2. Let N > n. (1) If S’ C S, then Gr(S, n, IP’,’(V) c Gr(S', n, P,?’). (2) For any finite closed set
Sc PV, Gr(S, n, [P’,I(V) C Gr(n, IP’,I(V) is a dense open subset.

Lemma 4.3. Let X C IP’,I{V be a closed subscheme of dimensionr > 1 with N > r and let H C [P’,lcv be a
hyperplane, not containing any irreducible component of X. Then Gr(X, N —r — 1, H) is a dense open
subset of Gr(N —r — 1, H).

Proof. Consider the incidence scheme S ={(x, L) € X xGr(N —r —1, H) | x € L}. We have the obvious
projection maps X <= § =2 Gr(N —r — 1, H).

Each fiber of 7 over X \ (X N H) is empty. It is a smooth morphism over X N H with its fiber over
x € XNH tobe Gr, (N —r—1, H), whose dimensionis (N—1)—(N—r—1))(N—r—1-0)=r(N—r—1).
It follows that dim(S) <dim(X N H) +dimGr,(N —r—1,H)=r—14+r(N—r—1)=r(N —r)— 1.
Thus, m,(S) is a closed subscheme of Gr(N —r — 1, H) of dimension < r(N —r) — 1 which is less than
dimGr(N —r —1, H)=r(N —r). Hence, Gr(X, N —r — 1, H) =Gr(N —r — 1, H) \ m»(S) is a dense
open subset. U

4B. Transverse intersection. For a reduced scheme X, let X, C X be the singular locus of X and
let X be its complement. For a closed subscheme X C P,’(V , let Gr'" (X, n, IP’,’CV ) denote the set of n-
dimensional linear subspaces which do not intersect Xgne, and whose intersection with Xy, is transverse
(if not empty). We let

Gr'(X,8,n,PY) = Gr(S,n,PY)NGr"(X,n,PY) and Gri(X,n,PY) = Grs(n,PY) NG (X,n,PY).

For a linear subspace H C PN, we define Gr"(X, S, n; H) and Grtsr(X ,n; H) similarly.
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Lemma 4.4. Let r > 2 be an integer and suppose N > r. Let H C [P’,iv be a hyperplane. Let L C [P’,iv
be a linear subspace of dimension N —r + 1 intersecting H transversely and let X C L be a curve (not
necessarily connected) none of whose components is contained in H. Then the set of linear subspaces in
Gr'"(L, X, N —2, H) is a dense open subset of Gr(N — 2, H).

Proof. Observe that Gr'"(L, N — 2, H) is a dense open subset of Gr(N — 2, H). Consider the map
vy :Gr'"(L, N -2, H) — Gr(N —r — 1, LN H) given by v; (M) = LN M. This v; is a smooth surjective
morphism of relative dimension 2(r — 1). It follows from Lemma 4.3 that Gr(X, N —r —1, LN H) is a
dense open subset of Gr(N —r — 1, LN H), so vL_l(Gr(X, N —r—1, LN H)) is a dense open subset of
Gr'"(L, N —2, H), and hence a dense open subset of Gr(N —2, H). Il

4C. Affine Veronese embedding and linear projection. Recall that for positive integers m, d > 1, the
Veronese embedding v;, 4 : P}’ — IPII{V is a closed embedding given by v, 4([x]) =[Mo(x), ..., My(x)]=
[M(x)], where N = (m;d) —1and {My, ..., My} are all monomials in {xo, ..., x,} of degree d, arranged
in the lexicographic order.

If [yo, ..., yn] € IP,]CV denotes the projective coordinates, it is clear that v,;yld({yo =0} = {xg =0}. In

particular, the Veronese embedding yields Cartesian squares

A" —— PP ——dHy

umvdl J/Umd lvm'd (4-1)

AN —— PY «—— Hyp,

where H,, o C P}" is the hyperplane {xo = 0} and the vertical arrows are all closed embeddings. The closed
embedding v, 4 : Al' — A,iv is given by vy, s (1, ..., ym) = (M7, ..., My), where {M{, ..., M)} is the
induced ordered set of all monomials in {yy, ..., y,} of degree bounded by d.

Let 1 <r < N be two integers. Recall (e.g., see [Krishna and Park 2012, Lemma 6.1]) that when L C [P’,iv
is a linear subspace of dimension N —r — 1, there is an associated projection map ¢y, : P,’(V \L— P,
where [, is a linear subspace of IP,ICV such that L NP} = &. This map ¢, defines a vector bundle over P},
of rank N —r, whose fiber over a point x € [P, is the affine space C, (L) \ L, where Cy(L) = Sec({x}, L).

Remark 4.5. The referee asked whether the above vector bundle ¢, : [P’,ICV \ L — [P} is isomorphic
to Opr (1)®WV=")_ Indeed, ¢, is (up to an isomorphism) the projection map of quotient stacks ¢y, :
[(A™HN\{0}) x4 V) /G, ] = [(A"1\ {0})/G,, ], where V = kN~ and the G,,-action everywhere is by
scalar multiplication. Since [((A" 1\ {0}) x; V) /G, ] = [(A™1\ {0}) /G, ] X BG,, [V /Gy ], one identifies
¢, with the map P} x gg,, 7*(V (1)®N =) — P where V(1) is the line bundle on BG,, :=[Spec(k)/G]
associated to the 1-dimensional G,,-representation given by the scalar multiplication on k, and 7 :
[(Ar+! \ {0})/G,,] — BG,, is the canonical projection.

Note that in general, if we let G, act on k by weight n € Z (i.e., A - x = A"x) and let V (n) denote
the corresponding line bundle on BG,,, then 7*(V (n)) is isomorphic to Opy;(n). Hence the above
m*(V (1)®N =) is isomorphic to Opr (1)®™ "), as wished.
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Definition 4.6. Recall that if X C [P’,](V is a closed subscheme with X N L = &, then ¢, restricted to X
defines a projection ¢y, : ¢r|x : X — P}. We call it the linear projection of X away from L. Since
this is a morphism of projective schemes with affine fibers, it must be a finite morphism. In particular,
dim(X) <r.

We shall use the following situation often: let H C IP’,]CV be a hyperplane containing L and X C [P’,](V a
closed subscheme with X N L = & and X ¢ H. Then ¢, defines the Cartesian squares of morphisms

X\ H X XNH

N

PI\H — P, «—— P, NH,

Together with (4-1), we deduce the following fact, which we use often:

Lemma 4.7. Let X — A}’ be an affine scheme of dimension r > 1 and let X — P} be its projective
closure. Then, for d > 1, the Veronese embedding vy, g4 : P} — IPIICV and the linear projection away from
LeGr(N—-r—1, P,](V)(k) vield a Cartesian diagram with finite vertical maps

X——X
¢LJ/ lm (4-3)
A — Py

if L e Gr(X, N —r — 1, Hy 0)(k), where Hy o = {yo =0} C PY as in (4-1).

4D. The Set-up. Let k be an infinite perfect field. Here, we introduce the basic Set-up that will be used
for most of the paper. This set of assumptions will be referred to as the Set-up of Section 4D.

(1) The spaces: Let X be an equidimensional reduced projective k-scheme of dimension » > 1 with
a given closed embedding  : X — [P’,iv with N > r and of degree d + 1 > 0. We let B be a smooth
projective geometrically integral k-scheme of positive dimension and let B C Bbea nonempty affine
open subset with F := B \ B. Let ¥ C X, be a finite set of closed points.

(2) The linear projections: Suppose that H C [P’,’CV is a hyperplane not meeting 3, and that X\ (XNH) C X¢n.
For L € Gr(X, N —r — 1, H)(k), let ¢;, : X — [P, be the linear projection away from L. If L is fixed
in a given context, we often drop it from the notation of ¢; and write as ¢ : X — P;. We write
qAﬁzquzqﬁindé:Xxl%—)IP,’(xl}.

(3) The cycles: Let Z C X x B be a reduced closed subscheme with irreducible components {Zy, ..., Zs},
each of dimension r. We suppose that both X x F and H x B intersect properly with each irreducible
component of Z. We let f Z—>Xand g:Z — B denote the restrictions of the projection maps. Let
E C B be a closed subset containing F such that no component of Z is contained in ¢ ~' (E). We suppose
that each projection Z; — B is nonconstant.
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(4) The residual schemes and residual sets: Let L™ (Z) be the closure of d3_1 (&(Z N\Zin X x B with
the reduced closed subscheme structure. For any closed point x € X, we write LT ({x}) as L (x). We let

LT(Z) = ex LT ).
4E. A Nisnevich property of linear projections. The first result on “moving” our cycle Z is the following:

Lemma 4.8. We are under the Set-up of Section 4D. After replacing the embedding n : X — [P’,ICV by a
bigger one via a Veronese embedding if necessary, there exists a dense open subsetUd C Gr(X, N—r—1, H)
such that each L € U(k) satisfies the following:

(1) ¢ is étale at X.

(2) ¢ (x) # ¢ (x") for each pair of distinct points x # x' € Z.
(3) k(pr(x)) = k(x) forall x € %.

4) LT (x) # D forall x € .

(5) LTx)N f("N(E)) =@ forall x € .

6) LT(x)N f (Z)=D forallx € X if f : Z; — X is not dominant over any irreducible component
of X.

Proof. Replacing the given embedding X < [P’,I(V by its composition with a Veronese embedding, we may
begin with a closed embedding X — [P’,ICV such that N > r and the degree of X in IP,ICV is bigger than one.

Step 1. First suppose that k is algebraically closed. Tt follows from our assumption that dim(g~!(E)) <
j Since f is projective, it follows that f (§_1(E)) is a closed subset of X of dimension at most
r—1. We let W C X be the union of Xy, f (¢~ '(E)) and the images of all components of Z which
are not dominant over X. This is a closed subset of X such that dim(W) < r — 1. In particular,
dim(Sec(D, W U D)) < r for any finite closed subsets Dy, D, C X. It follows from Lemma 4.3
that Uy == (g Gr(X U Sec({x}, WU (2 \ {x})), N —r — 1, H) is dense open in Gr(N —r — 1, H).
Furthermore, any L € U (k) satisfies (5) and (6) by construction.

We continue the proof of the rest of the properties. Let s x C IP’,](V be the union of the tangent spaces to
X at all points of 3. Since ¥ C Xy, we have Tx x = T x,,, which is a finite union of linear subspaces
of dimension r. For each x € X, the set Z, = X U Ty x USec({x}, Xsing U (X \ {x})) is closed in IPIICV of
dimension r. Therefore, the set U = ﬂxez Gr(Z,, N —r—1, H)NU, is dense open in Gr(N —r — 1, H)
by Lemma 4.3. By construction, each L € U/ (k) defines the finite surjective map ¢, : X — [P}, which is
unramified at ¥ and separates the points of X. In particular, (2) holds.

Since X, is regular and dense in X, it follows that ¢; |x,, : Xsm — P} is a dominant and quasifinite
morphism between regular k-schemes. In particular, the map Op; ¢, (x) = Ox x is a local homomorphism
of regular local rings with the finite closed fiber for each x € ¥. It follows from [EGAIV; 1965,
Proposition (6.1.5), page 136] (or [Matsumura 1986, Theorem 23.1, page 179]) that ¢, is flat at each
point of X. Hence ¢ is étale at X, being flat and unramified, proving (1).
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Since k = k, the isomorphisms of the residue fields, (3) is evident. Property (4) follows because
deg(¢r) > 1 by the assumptions on the chosen Veronese embedding of X. This proves the lemma in
Step 1 when £ is algebraically closed.

Step 2. Now suppose that k is any infinite perfect field. Let k be an algebraic closure. For any k-scheme A,
M: A — A be the base change to k. We have that Yp=my ! (X) is still a finite closed set of the regular
scheme X ;. By Step 1 applied to Xz, Hj and X, there exists a dense open U’ C Gr(N —r — 1, Hy)
where the mentioned properties (1)—(6) hold.

Since k is perfect, there exists a finite Galois extension k C &’ in k such that /' is defined over k’. Let
U:=N seGal(k'/k) O -U'. This is a nonempty open subset defined over the radical closure of k in k', but
since k is perfect, this radical closure is equal to k. Hence &/ C Gr(N —r — 1, H) and it is defined over k
(see [Colliot-Thélene et al. 1997, Lemma 3.4.3]). Here we have U;; C U’. Now, for each L € U(k), we
have X N L = & by our choice of the open set. So, we get a finite surjective map ¢ : X — P} over k.

We prove that ¢ is étale at each point x € X. Let y := ¢ (x). By the faithfully flat descent
[EGAIV4 1967, Corollaire (17.7.3)(ii), page 72], the map ¢, : Spec(Ox x) — Spec((’)pr y) 1s étale if and
only if its faithfully flat base change ¢, i Spec(OXk ) — Spec((’)pr ) of the semilocal schemes via
Spec(k) — Spec(k) is étale. Here, x; :=my (x) and yk = JTP, (y) But Step 1 shows that the latter map
¢, j is €tale at each point of the set x; C X, thus so is the former ¢ at x. This proves (1).

Since ¢,  separates the points of X; by construction, (2) is obvious. Furthermore, this shows that for
each x € ¥, the map ¢, ; : n;l (x) —> nﬂ;,zl (y) is injective, where y = ¢; (x). Hence by Lemma 4.9 below,
we have k(x) = k(y), which proves (3). Property (4) is evident because deg(¢;) > 1 and k(¢ (x)) =~ k(x)
for each x € X by (3).

Conditions (5) and (6) are apparent for any L € U (k) because for every x € X, we have that (L ,;)*(x/ )n
fé(glgl(E,;)) =@ = (Lp*(x) N fi(Z;) for all x' lying in the finite set 7y ' (x) C ;. Note here that
if Z; is not dominant over a component of X, then no component of Z; ; can be dominant over any
component of X;. This finishes the proof of the lemma. O

We used the following in the middle of the proof of the above Lemma 4.8.

Lemma 4.9. Let k be an infinite perfect field and let ¢ : X — Y be a finite morphism of k-schemes.
Consider the base change Cartesian square:

P
Xp— X

ﬂxl lny (4-4)
]

X ——Y

Let x € X be a closed point and let y := ¢ (x). Then one has |7TY W =<l|my (x)| The equality holds if
and only if [k(x) : k(y)] = 1. Furthermore, this equality holds when the map ¢y : 7wy (x) — Ty (y) is
injective.
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Proof. Since k is perfect, we have |n;1 (x)| =[k(x) : k] and |JT;1 (y)| =[k(y) : k]. So, the field extensions
k < k(y) = k(x) imply the first and the second assertions. If the map ¢, : rr;l(x) — rr;l(y) is
injective, then |7, ! W= |my ! (x)|. The last part of the lemma thus follows. Il

4F. Some algebraic results. We discuss some algebraic results that will be needed.

Lemma 4.10. Let f : A — B be an injective finite unramified local homomorphism of noetherian local

rings that induces an isomorphism of the residue fields. Then f is an isomorphism.

Proof. Let m4 and mp be the maximal ideals of A and B, respectively. Since f is finite, to show that f
is surjective it suffices to show that A/m4 — B/(my4B) is surjective by Nakayama’s lemma. But this
follows because the map A/m4 — B/mp is an isomorphism and so is the map B/(ms4B) — B/mp as f
is unramified. U

Lemma 4.11. Let f : Y' — Y be a finite surjective morphism of regular k-schemes. Let W C Y be an
irreducible closed subset and let y € W be a closed point. Let S = f~'(y) and W' = f~'(W). Let
x € Sandlet Z C W' be an irreducible component passing through x. Suppose that f is étale at x and
k(y) => k(x). Then ZN S = {x} if and only if Z is the only component of W’ passing through x.

Proof. We first observe that f must be a flat morphism (see [Hartshorne 1977, Exercise 111-10.9,
page 276]). We next note that any irreducible component of W’ that passes through x will be in the
connected component of Y’ containing x. So, we may assume Y’ is connected. On the other hand, W C Y
being irreducible, it must belong to a unique connected component of Y. Hence, we may also assume that
Y is connected.

Now, first suppose S = {x}. We claim that f is an isomorphism locally around y, so that the lemma
holds trivially. Indeed, it follows from Lemma 4.10 that the map Oy,, — Oy , is an isomorphism. This
implies that f is a finite and flat map with [k(Y”) : k(Y)] = 1 (see [Liu 2002, Exercise 5.1.25, page 176])
and hence must be an isomorphism.

We now suppose |S| > 1. Consider the commutative diagram of semilocal rings

o] o2

Oy,y Oy’ s Oy’ x
lﬂl lﬁz l/-%
o3 o
OW,y E— OW/,S —_— OW’,x (4_5)

as
Ozs —— Oz,
!

where y := B4o0a3 and y’' := a5 0 y. Here, o1 and «j3 are finite and flat, and «; o &y is étale. The lemma
is equivalent to that a5 is an isomorphism if and only if Bs is.

Suppose a5 is an isomorphism. Since B4 is surjective and o3 is finite, the map y is finite. Thus, ¢’ is a
finite map of local rings. Since a o ¢ is étale, the map a4 o a3 is also étale. Since Bs is surjective, we see
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that ' is unramified. Thus, y’ is a finite and unramified map of local rings. Since Z — W is surjective
and k(y) >~ k(x), the map y’ is an isomorphism by Lemma 4.10. In particular, o4 o o3 is an étale map
of local rings such that 8s o a4 o 3 is an isomorphism, in particular, étale. It follows that S5 is étale, by
[EGA TV, 1967, Proposition (17.3.4), page 62]. Thus, Bs is a surjective étale map of local rings. But it
can happen only if S5 is an isomorphism.

Conversely, suppose that Bs5 is an isomorphism. Let p be the minimal prime of Oy g such that
Ow .s/p =0z and let {py, ..., p,,} denote the set of distinct minimal primes of Oy s different from p.
To show that a5 is an isomorphism, we need to show that p +p; = Oy s forall 1 <i <m.

Claim 1. PiOw x =Ow foralll <i <m.

Proof. Note that Oy , is an integral domain because Oz  is an integral domain and S5 is an isomorphism.
Thus, we must have either p;Ow , =0 or p; Oy x = Oy . In the first case, we have p;Oz , =0 as Bs
is an isomorphism. Equivalently, os o B4(p;) = 0. Since p; # p, and p;, p are minimal, there is @; € p; \ p
such that B4(a;) # 0. Hence, s o B4(a;) # 0, because o5 is injective being a localization of an integral
domain. This is a contradiction. Thus, we must have p; Oy , = Oy, for each i, proving Claim 1. [

Let m be the maximal ideal of Oy g defining the closed point x. By Claim 1, for any 1 <i < m there
exists a; € p; \ min Oy s such that o4(a;) is invertible. Let a = ]_[;":1 a;. We see that there are nonzero
elements b, c € Oz g with ¢ ¢ m such that c(1 —ab) =0.

Claim 2. 1—abep.

Proof. Let v=1—ab. Then, we have cv =0 € m with ¢ ¢ m, so that v € m and a4(v) = 0. Toward
contradiction, suppose v ¢ p. Then v € m\ p, so that B4(v) #0. Thus B5o0a4(v) = a5 0 B4(v) # 0 because
o5 is injective. But this contradicts that a4 (v) = 0. Hence, we have v € p, proving Claim 2. 4

By Claim 2, we have v € p, ab € p; for all i, while v —ab = 1. This shows that p +p; = Oy s for all
1 <i <m. Thus, as is an isomorphism. O

4G. Birationality under linear projections. Using Lemma 4.8, we shall show that the linear projections
often give birational morphisms when restricted to a given integral closed subscheme. But first, we derive
the following consequence of the results we proved in Section 4E and Section 4F. We continue to work
with the Set-up of Section 4D.

We use a trick of “marking” irreducible components: for each 1 <i <, we fix a closed point o; € (Z;)sm
such that (1) o; € Z; for j #1i, (2) x; = f(oz,-) € Xgm but not in X, and (3) b; = g(«;) € B. Note here that
o; € (Zi)sm and x; € X¢y can be achieved as follows: by the assumptions of the Set-up of Section 4D,
each Z; intersects H x B properly and X \ (X N H) C X Then any choice of a point in Z;|(x\(xn#))x B
maps to a point of X,. Moreover, perfectness of k implies that (Z;)sm N Z;|(x\(xnH)=xB # D. Let
E={x1,...,x}UX and E ={by,...,bs}UF.Since Z; ¢ X x F and Z; — B is nonconstant by the
Set-up of Section 4D, no component of Z lies in g~ (E).
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Lemma 4.12. After replacing the embedding X — [P’,iv by a bigger one via a Veronese embedding if
necessary, there is a dense open subset U C Gr(X, N —r — 1, H) such that each L € U(k) has the property
that Z; ﬂézl(éL(ai)) ={a;} foralll <i <s.

Proof. We let 7 : Spec(k) — Spec(k) denote the base change map. For any A € Schy, we shall write
w4 Ap — A simply as 7 using a shorthand.

We fix i. Let §; := dA)L(ai). Let 7~ o) = {@;;j};, which is a finite set of points, and let x;; := f,;(aij),
bij = JACT 7). Note that all of ;; and x;; lie in the smooth loci of (Z;); and X, respectively.

We let E; :={x;;}; UX; and E; := {b;;}; U F}.

Applying Lemma 4.8 over k for the above E; (for X there) and E; (for E there), we obtain a dense
open subset Z/Il.’ C Gr(X, N —r — 1, Hy) such that every L € U'(k) satisfies the properties (1)—(6) there.
Repeating the argument of Lemma 4.8 in Step 2, we obtain a dense open subset ; C Gr(X, N —r—1, H)
such that for every L € U; (k), we have L; € U! (k).

We show that the following map is bijective:

b p:im ) = 77 (B). (4-6)

Suppose this is not i_njective, i.e., for some j < j’, we have dA)L,,;(a,‘j) = qASL’,;(aij/). Then b;; = gz (i) =
8; (a;j’) = b;j. Since k is algebraically closed, we can write o;; = (x;;, b;;) and «;j» = (x;j, b;j). Since
b;j = b;j and «;; # o/, we must have x;; # x;;r.

But at the same time, we have

¢A5L,;;(xij) = ﬁ;(QEL,/;(Olij)) = ﬁ;(dA)L,;;(Olij')) = $L,1}(xij’)-
I{l particular, Xij € L;(x,‘j). Since gr,;(aijr) = b,‘j/ € E;, we thus have f];((){ijf) = Xjj € (L,;)*(xij) N
i (§k_ (E;)). But this contradicts property (5) of Lemma 4.8 satisfied by L. Hence the map (4-6) is
injective.
On the other hand, we have

7 (Bi) X specti(py) Spec(k(a;)) = Spec((k @ k(B:1)) ®kpy) k(i) = Spec(k @ k(a;)) = 7~ (o)

so that it follows that the map (4-6) is surjective, as well, thus bijective.

Going back to the proof of the lemma, first note that we clearly have Z; N ¢3L_1 (Bi) D {«;}. For the
inclusion in the other direction, toward contradiction suppose there is &’ € (;ASL_l (B)\{a;} such that &’ € Z;.
Clearly we have 7~ !(a’) N 7~ a;) = @. On the other hand, we have dva,;(n_l(o/)) cx (B =
) L. ,;(71_1 (ct;)), where the second equality holds by the bijectivity of (4-6).

Hence there is some oz; e 7 (') and a;jr € 7~ ;) such that

(@) o) #aipr,  while (b) ¢, p(o)) =, rleij).
Property (b) implies that g; (oz;.) = g (a;j) = bijr. Since k is algebraically closed, for x’ := f,;(oz;), we
can express oc;. = (x, b;jj) and o;j» = (x;jr, b;j’). Because a} #;j by (a), we must have x" # x;;» = fA,; (otijr).

In particular, x' € LY (x;j). But & = b;j € E; so that we obtain x" € L (x;j) N f; (27" (E))). But, this
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contradicts property (5) of Lemma 4.8 satisfied by L;. Hence no such o exists. Our proof then is over by
taking U := (;_, Us. O

Combined with Lemma 4.11, we immediately have:

Corollary 4.13. For each linear projection L as in Lemma 4.12 and each 1 <i <'s, one has that Z; is
the only irreducible component ofézl (qASL(Z,-)) passing through a given marked point a; € Z; \ Uj#i Z;.

We can now prove the birationality of a given finite set of integral closed subschemes of X x B, under
suitable linear projections.

Lemma 4.14. For a suitable choice of the set E in the Set-up of Section 4D, after replacing the embedding
X — IP’,](V by a bigger one via a Veronese embedding if necessary, there is a dense open subset U C
Gr(X, N —r —1, H) such that for each L € U(k), the induced map (]AbL 1z —> dA)L(Z,-) is birational for all
1<i<s.

Proof. We follow the choices of o; € Z;, & and E that we made just before Lemma 4.12. We shall prove the
lemma for this E. We letid C Gr(X, N—r—1, H) be as given by Lemma4.12 and fix L el (k). Welet T; :=
qAﬁ 1(Z;) and B; := ¢3 . (a;). To show that q§ 1 : Z; — T; is birational, we prove a stronger assertion that the map
Or,.5; = Oz, p of semilocal rings is an isomorphism, where Oz, g := 0, , 6B Consider the maps

OTivﬂi - Ozi»}gi - OZi,ai' 4-7)

It follows from Lemma 4.12 that Z; N <]3L_1 (Bi) = {a;}. In particular, the second map of (4-7) is an
isomorphism, actually the identity map. By condition (1) of Lemma 4.8, the map ¢, is étale in an affine
open neighborhood U’ of E, and thus ¢, is étale at ;. In particular, the composite map in (4-7) is
unramified. By condition (3) of Lemma 4.8, we have k(8;) — k(«;). Hence, the first map of (4-7) is
an injective finite unramified map of local rings, that induces an isomorphism of the residue fields. It
is therefore an isomorphism by Lemma 4.10. This completes the proof. 0

4H. A presentation lemma for moving to fs-cycles. The final result of Section 4 is the following
Theorem 4.15, that will be used in the proof of the fs-moving lemma, specifically, in the proof of
Lemma 8.7.

Theorem 4.15. Under the Set-up of Section 4D, let ZZQ = Zilxxp and Z° := Z|x« .

Then for a suitable choice of the set E in the Set-up, after replacing the embedding X — [FDIICV by its
composition with a suitable Veronese embedding, there is a dense open subsetUtd C Gr(X, N —r — 1, H)
such that each L € U(k) satisfies the following:

(1) ¢y is étale at X.

(2) ¢1 separates the points of X.

3) k(pr(x)) = k(x) forall x € X.

(4) There exists an affine open neighborhood U C X of X such that:
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(4a) If Z? is an irreducible component of Z° that is dominant over an irreducible component of X,
then for each component Z' 0fL+(Z?), the map Z;; — U is fs over U.

(4b) If Z? is an irreducible component of Z° that is not dominant over any irreducible component of
X, then LT(Z?)y = 0.

Proof. For 1 <i <, choose closed points ¢; € Z? \ (Uj#i Z?) such that
xi = f(a;) € Xsm and b; = §(;) € B,

as we did in Lemma 4.12. Let E :={x1, ..., x,}UX C Xgpand E :={by,...,b,}UF C B. Since
Z; ¢ XxFand Z; — Bis nonconstant, it is not contained in g~ (E). We choose I C Gr(X, N—r—1, H)
as given by Lemma 4.12 and fix L € U (k). In particular, all the properties of Lemma 4.8 holds, so that
we have conditions (1)—(3) of the theorem.

To prove (4), first note that the irreducible components of L+(ZIQ) are exactly the restrictions to
X x B of the irreducible components of L*(Z;). Let Z; be an irreducible component of Z dominant
over an irreducible component of X. Let Z’ be an irreducible component of L*(Z;). We prove that
ZNExF)=02.

Suppose, on the contrary, that there is a closed point A € Z' N (X x F). This means that there is a
closed point A’ € Z; such that ¢ (1) = ¢ (/). We claim in this case that

Y =9 @) N Zi = (1) (4-8)

Suppose we have shown that A’ = A. Then we get A € Z; and (4-8) becomes equivalent to showing
that <]3L_1 (<]3L (V) N Z; = {A}. But the proof of this equality is simply a repetition of the argument of
Lemma 4.12. Hence, the claim is reduced to showing that A" = A.

Let’s do it. First consider the case when k is algebraically closed. We can then uniquely write
A = (x, b) for some closed points x € X and b € F, and ' = (x/, b), where x’ € gi;Zl(dA)L(x)). If x' # x,
then x’ € LT (x) and x’ € f (¢~ '(E)), which contradicts condition (5) of Lemma 4.8. Hence, we must
have x’ = x so that A" = A.

If k is not algebraically closed, we argue as in the proof of Lemma 4.12. Suppose again that A" = A. Then
for the base change map 7 : Spec(k) — Spec(k), we have 7 ~! (A )Nz~ (1) = 2. Let #’ =L (V) =dr ().
We show as in the argument of Lemma 4.12 that the map q@L,,; (W) — 7w~ 1(B) is bijective. Using
this, we continue following the proof of Lemma 4.12, to get closed points rerx ') and M e r (V)
such that fA,;(X) € (L,;)Jr(f,;():/)) N f,;(gr; (E;)). But this contradicts property (5) of Lemma 4.8 for Ly,
which violates our choice of L. This proves (4-8).

Coming back to the proof of Z'N (X x F) = &, we now note using Corollary 4.13 that Z" # Z;. So,
the two deductions A € Z' N Z; and qASL_l (qASL M) N Z; = {)\} from (4-8) together contradict Lemma 4.11.
Hence, we must have Z' N (X x F) = &, as desired.
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Now, by Lemma 2.10, there is an affine open neighborhood U; 77 C Xy, of X such that Z;Ji.Z’ — Uz
is fs. We take U; := (| U;.zz where the intersection is taken over all i such that Z; dominant over a
component of X and the irreducible components Z’. This open set U; works for (4a).

About property (4b), let Z; be an irreducible component of Z which is not dominant over X. Let
Z' be a component of LT (Z;). In this case, we repeat the proof of (4a) above, where we now apply
condition (6) of Lemma 4.8, to conclude that Z’' N (X x é) =d.

It follows that f (LT(Z;)) is a closed subset of X disjoint from X. Hence, we can apply Lemma 2.3 to
obtain an affine open neighborhood U of X in X such that L+(Z,~)Ui/ = @. We take U, := (| U/, where
the intersection is taken over all i such that Z; is not dominant over any component of X. This open set
U, works for (4b). Taking U := U; N U,, we have (4), and this concludes the proof of the theorem. [J

5. Regularity of the original cycle over residual points

The focus of the remaining sections is to achieve the sfs-property of the residual cycle of Z along X
via more refined linear projections. In order to achieve this, we first ensure that our original cycle Z is
regular at all points lying over the residual set L*(X) of ¥ C X. We later show that this regularity of Z
at all points lying over L™ (X) implies the regularity of the residual cycle of Z along X. The goal of this
section is to achieve the first one when k is algebraically closed. The general case will be considered later.

5A. A basic algebraic result. We first discuss the following:

Lemma 5.1. Let k be an algebraically closed field. Let X C [P’,ICV be a reduced closed subscheme of
dimension 1. Suppose N > 1 and let x # y be two closed points on Xsy. Let Gryyoy(N — 1, IP’,]CV) C
Gr(N —1, [P’,I(V ) be the set of hyperplanes containing {x, y} that do not intersect X transversely at y. Then
Grixy) (N — 1, PN) = PY ™2 and Gryq2y(N — 1, PY) =~ P .

Proof. Recall that Gry, (N —1, IP’,/(V) C Gr(N —1, IPIICV) is the set of hyperplanes containing {x, y}. Since
x #y, by elementary linear algebra on ranks of linear systems, we immediately have Gry, (N —1, [P’,I(V )~
[P’,]cv_z. We prove the second assertion. Since N >> 1, we can find a linear form s; € W = HO(PYN, O(1))
which does not vanish anywhere in {x, y}. This yields a k-linear map o : W — Ox (x y) /mxmi =: Ox42y)
given by a(s) = s/s;. Since k is algebraically closed, the ideal m, is generated by linear forms vanishing
at y. Hence, the composite map W — OX,{x,y}/mxmi —» Ox,y/mi =: Oppy, 1s surjective and a‘l(mi) is
precisely the set of linear forms in W not transverse to X at y.

We first claim that « is surjective. Since x, y are two distinct regular closed points of X, the set
Gry(x, N —1, IP’,](V ) is nonempty and hence, m,/m,m, — O\, and there is a commutative diagram of
short exact sequences:

0 —— o '(mymy) —— o~ '(m,) O 0

L

0 —— memy/m,m? —— my,/m] O 0




1026 Amalendu Krishna and Jinhyun Park

In particular, the first vertical map is surjective. Since Gr,(y, N — 1, [P’,I{V ) # &, we conclude that « is
surjective.
To finish the proof, we look at the commutative diagram with exact rows:

0 —— ker(a) —— W —*—= Op12y) —— 0

l l (5-2)

0— o '(m}) w Opy) 0

Since the last vertical arrow is surjective with one-dimensional kernel, by the snake lemma, the first
vertical arrow is injective with one-dimensional cokernel. Since P(a~! (mi)) ~ [P’,’{V ~2, we conclude that
Gryay(N — 1, PY) =~ P(ker(a)) ~ PY 2. O

S5B. The Set-up+(fs). We suppose k is an infinite perfect field. The Set-up we now use repeatedly is the
following situation, that we call the Set-up+(fs):
(1) The Set-up: We still suppose the Set-up of Section 4D, not necessarily specifying some closed subset
E CB.
(2) The fs-property: There exists an affine open neighborhood Xg; C X¢p of X, that is dense open in X,
such that the projection Z — X is fs over Xg.

5C. Regularity of the original cycle over residual points. We now discuss two central results: Lem-
mas 5.2 and 5.10. Recall that X is equidimensional under the above assumptions.

Lemma 5.2. Let k be an algebraically closed field. Suppose r = 1. We are under the Set-up+(fs) of
Section 5B. Let x € Xy be a closed point and let S C X \ {x} be another finite set of closed points.
After replacing [P’,]CV by a bigger projective space via a Veronese embedding if necessary, there exists a
dense open subset Us C Gry (N — 1, IP’,]CV ) such that each L € Us(k) satisfies the following:
1) LN((X\Xg)US) =@.

(2) L intersects X transversely.

(3) LN X consists of (d + 1)-distinct closed points co = x, ¢y, . . ., C4-
(4) Z is regular at all points lying over {cy, ..., cq}. In particular, each component Z; does not meet
other irreducible components at points lying over {cy, ..., cq}.

Proof. Since dim(Zsiyg) = 0, we see that f(Zsing) is a finite closed subset of X. Since Xj, is dense in X,
we have | X \ X¢s| < o0o. Hence, T := (f(ZSmg) U(X\ X)US)\ {x} is a finite closed subset of X. Thus the
hyperplanes disjoint from 7 form a dense open subset Gr(7, N —1, [P’,ICV ) of Gr(N —1, I]j’,iv ) by Lemma 4.2.
The set Uy :=Gr"(X, N — 1, PY)NGr(T, N — 1, PY) is dense open in Gr(N — 1, PY). If we show that
Us :=U NGry (N —1, [P’,ICV) # &, then this set will be dense open in Gr, (N — 1, IP’,I{V). It is moreover clear
that any L € Us(k) satisfies (1)—(4). It remains to show that Gr" (X, N — 1, IP’,](V) NGry(N —1, P,ﬁv) and
Gr(T, N — 1, PY)NGr (N — 1, PY) are both nonempty.
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Let V be the set of linear forms in H%(PY, ©(1)) that vanish at x. Note that dim|V| = N — 1 and
that the maximal ideal m, C Oy, is generated by the members of V. Let B C X x | V| be the incidence
scheme consisting of pairs (y, L) such that L passes through y, but not transverse to X at y. We study
the fiber of 7 : B — X over each y € X4y \ {x}.

Choose s; € V such that s;(x) = 0 but s;(y) # 0. Consider the map 8 : V — (’)X’y/mf, given by
B(s)=s/s1. Since dim|V| = N — 1, while Gryy 1 (N — 1, PV) ~ PV¥=2 and Gr{y42,1(N — 1, P¥) ~ PN =3
by at most N —3, because dimk((’)x,y/mi) =2. Thus, dim(B) <dim X—I—dim(nl_l M) <1+N-3=N-2.
Hence its image in |V | under the projection p : X x |V| — |V is a proper closed subset (note that X
is projective). Since N > 0, its complement Gr'f (X, N — 1, I]j’,i\’) in Gry(N — 1, [P’,ICV) is a dense open
subset. Since dim(Gr, (N — 1, IP’,I(V ))=N —1and T C X is a finite set of closed points different from x,
the assertion that Gr(7T, N — 1, [P’,iv) NGry(N —1, [P’,ICV) is nonempty follows from Lemma 5.1. We have
therefore finished the proof. O

In Section 6A, we will obtain a slightly stronger version of Lemma 5.2. This is done in Lemma 5.9.
The difference in the latter lemma from the former is that (following the notations of Lemma 5.2), after a
possible reembedding, we may impose an additional property that for LN X = {¢cp = x, ¢y, ..., ¢4}, NO
three points of them are collinear.

At one bad extreme case, suppose X is contained in a 2-dimensional projective space. Then for any
hyperplane L, which is a line, the hyperplane section L N X is entirely collinear. This is an important
obstacle to avoid. We will show in Lemma 5.7 that, after taking a Veronese reembedding for a high
enough degree d > 3, we can always avoid it. It will be improved for the higher dimensional case in
Lemma 5.8. These two are some technical grounds needed in Section 6A.

Once we can avoid the above extreme case using a Veronese reembedding, then one can employ the
following well-known general result (see [Arbarello et al. 1985, Chapter III, page 109]):

Theorem 5.3 (general position theorem). Let N > 2. Let C C PV be an irreducible nondegenerate,
possibly singular, curve of degree d. Then a general hyperplane meets C in d points, any N of which are
linearly independent.

Recall that a closed embedding X C [P} of an integral projective scheme X is said to be nondegenerate
if no hyperplane of P} contains X. We won’t give the proof of Theorem 5.3 here. We mention that
Theorem 5.3 for N =2 is immediate, while, for N > 3 reduces to the following special case (see [loc. cit.]),
that is more relevant to the paper:

Lemma 5.4. Let C C PN with N > 3 be an irreducible nondegenerate, possibly singular, curve of

degree d. Then a general hyperplane meets C in d points, no three of which are collinear.

Remark 5.5. To give a bit of the flavor of the proof of Lemma 5.4, we remark that with some efforts
(see [Arbarello et al. 1985, pages 110-111] or imitate [Hartshorne 1977, Proposition IV-3.8, page 311]),
one can argue that if Lemma 5.4 fails, then all tangent lines to C passes through a single fixed point
p € C. Then a linear projection from p would shrink the entire curve C to a point in PV ~!. Since C is
nondegenerate, we can argue this cannot happen.
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Such a curve in PV all of whose tangent lines pass through a fixed point is called strange (see
[Hartshorne 1977, page 311]). We remark that in case C is nonsingular, it is known that the only
nonsingular strange curves in any PV are either a line or a conic in P? in characteristic 2 (see [Samuel
1966, Theorem, Appendix to Chapter II, page 76] or [Hartshorne 1977, Theorem IV-3.9, page 312]).

We thank the referee for pointing to us that some technical part of our construction of the paper is
relevant to noncollinearity of configurations of points and strange curves. U

Combined with the Bertini theorem ([Kleiman and Altman 1979, Theorem 1] or [Jouanolou 1983]),
we immediately extend Lemma 5.4 to the following higher dimensional version, which we use:

Proposition 5.6 (linear general position theorem). Let X C PN with N > 3 be a nondegenerate, possibly
singular, variety of degree d. Let r = dim X > 1. Then for a general sequence of hyperplanes Hy, ..., H,
in PN the intersection X N\ Hy N - --N H, has d points, no three of which are collinear:

Note that the above Proposition 5.6 holds for schemes that are nondegenerate in the projective spaces
of dimension at least 3. This is another view of why we had a pathology about noncollinearity when X
was contained in a 2-dimensional projective space in the paragraph before Theorem 5.3.

As said before, to avoid this problem, we need to replace the embedding by a bigger Veronese
embedding. This is discussed now in the following:

Lemma 5.7. Let C C P} be a reduced projective curve. Suppose that there exists a 2-dimensional linear
subspace L C P} such that C C L. Let ¥ : P} — I]j’,iv be the d-uple Veronese embedding with d > 3. Then
the image of each irreducible component of C via ¥ does not lie inside a 2-dimensional linear subspace
of PY.
Proof. We can assume C is an irreducible curve in order to prove the lemma. After a linear change of
coordinates in P}, we may assume that P} = P(V) and L = P(W), where V is an (n+1)-dimensional
k-vector space with a basis {xo, ..., x,} and W = Span, {x¢, x1, x2} is a subspace of V. For any closed
embedding f : C — P}, we let dy(C) denote the degree of C under f.

Let ¢ : C — L be the closed embedding as given in the assumption of the lemma. Let dy := d,(C) > 1.
Since L is linear in P}, the degree of C under the composite of the embeddings C < L < [P} is also dy.

Toward contradiction, suppose that there is a 2-dimensional linear subspace L' C IP’,](V such that
¥(C) C L', where ¢ : P} — [P’,ICV is the d-uple Veronese embedding with d > 3. We denote the resulting
embedding C < L' by ¢¥|c.

By our choice of the embedding L — P, we have a commutative diagram

C&—— L—— P!

NN

M—— PV

where M = P} (with r = (d + 1)(d +2)/2 — 1). The horizontal arrows in the right square are linear
embeddings and the vertical arrows are the d-uple Veronese embeddings.



A moving lemma for relative 0-cycles 1029

The linearity of the inclusion L' — [P’,I{V implies that dy|.(C) coincides with the degree of C under the
composite closed embedding C < L' — [P’,’CV . By the same argument, the degree of C for this composite
embedding coincides with the degree of C for the composite embedding C <> L <> M. Since ©’ is the
d-uple Veronese embedding, it follows that the degree of C for the latter composite embedding is dod.
We conclude that dy.(C) = dod.

If we now apply the degree-genus adjunction formula for plane curves to the embedding ¢, we get
g4(C)= %(do —1)(do—2), where g,(C) is the arithmetic genus of C. The same formula for the embedding
?|c yields g,(C) = 3(dod — 1)(dod — 2).

Hence (do — 1)(do — 2) = (dod — 1)(dod — 2), i.e., dg(al2 — 1) —3dy(d — 1) = 0. This factors into

do(d —1)(do(d +1) —3) =0. (5-4)

Since dp > 1 and d > 3, the left hand side of (5-4) is > 1-2-(1-4 —3) > 0, so that the equality of (5-4)
cannot hold, thus a contradiction. This proves the lemma. O

An analogue of Lemma 5.7 in higher dimensions is the following.

Lemma 5.8. Let 1 : X < P} be a reduced projective scheme of pure dimension r > 2. Assume that the
degree of each irreducible component of X in P} is at least two. Let X2 C X be a finite set of closed points.
For an integer d > 1, let ¥ : P}, — IP’,}(V be the d-uple Veronese embedding.

Then for all sufficiently large d > 3, (depending on X, X, n and the degrees of the irreducible
components of X in P}), a general intersection Hy N --- N H,_1 N ¥ (X) of X with hyperplanes H;
in Grg(N — 1, IPIICV )(k) is a reduced curve, none of whose irreducible component is contained in a

2-dimensional linear subspace of [F",ICV .

Proof. By the Bertini theorems of Kleiman and Altman [1979, Theorem 1], an intersection of ¢ (X) with
(r—1) general hyperplanes containing ¥ in a large enough d-uple Veronese embedding ¢ is a curve C,
whose intersection with every irreducible component of ¥ (X) is again irreducible. Since k is perfect
and X is reduced, it is actually geometrically reduced. It follows therefore from the Bertini theorem of
Jouanolou [1983, Théoreme 6.3] that C can be chosen to be reduced.

Let X1, ..., X; be the irreducible components of X and let Cy, ..., C; denote the irreducible compo-
nents of C.

Let s; be the degree of X; in P} so that the degree of X in P} is s = Z;Zl s; (see [Hartshorne
1977, Proposition 1-7.6, page 52]). Let C = HyN---N H,_; N9 (X) be as above. Let d,(C;) denote
the degree of C; in P} via the inclusion ¢ : C < X < P} and let dy(C;) denote the degree of C;
in I]j’,iv . Each of the hyperplanes Hi, ..., H,—1 C P,’CV restricts to a unique hypersurface of degree d
in P}. Since these hyperplanes are sufficiently general, an elementary degree computation shows that
d(C;)=d""'s; and dy(C;) =d"s; for each 1 <i <t. We need to show that if d is sufficiently large, then
each C; = HyN---N H,_1 N¥(X;) is not contained in a 2-dimensional linear subspace of P,ICV . To show
this, we can assume that X and C are irreducible. In particular, d,(C) = sd™Vand dy (C) = sd".
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We shall prove our assertion as an application of Castelnuovo’s bound for the genus of curves. Let
3 <n’ < n be the smallest integer such that X C IP’Z/ C P?, where the first embedding is nondegenerate
and the second embedding is linear. Note that the lower bound on n’ is forced by our assumption on the
lower bounds of the dimension of X and its degree in [P}.

Since Hy, ..., H,_ restrict to general hypersurfaces of degree d in P}, we see that they restrict to
hypersurfaces of the same degree in [P’Z/. Since a hypersurface (of degree at least two) section of a nonde-
generate closed subvariety of a projective space is necessarily nondegenerate (looking at the homogeneous
coordinate rings), we conclude that the composite embedding C «— X — IPZ/ is also nondegenerate.
Furthermore, the degrees of X and C inside [P’Z/ are the same as their respective degrees inside [}.

Letm > 1and 0 < e < n’ — 1 be two integers such that sd"~! — 1 = m(n’ — 1) + €. It follows
from Castelnuovo’s bound on the arithmetic genus (see [Harris 1982, Chapter 3; Arbarello et al. 1985,
Chapter III, page 116] and see [Ballico 1989, Remark following Lemma 2.1] for singular curves) of C that

n —Dm@m —1)
3 +

Since n' — 1 > 2 and d is sufficiently large, we can assume m < sd"~! — 1. We thus get
224(C) < (' — D)m(m — 1) +2me
< —Dm@m—1)+2m@®H —1)
=@ —Dm@m+1)
<(sd"'=1)(sd = 1)
= (sd" ' = 1)~ (5-6)

84(C) = me. (5-5)

Now toward contradiction, suppose that inside P, the curve C is contained in a 2-dimensional linear
subspace L C [P’,ICV . Since dy (C) is equal to the degree of C inside L, the degree-genus adjunction formula
for the embedding C — L= P2, yields 2g,(C)=(sd"—1)(sd"—2). Note that if we let ¢’ := sd"~1—1, then

284(C) = (sd" — 1)(sd" —2)
=(dsd ' =D +d-1)dsd - 1) +d-2)
=d*(€)*+ (2d —=3)d(e') + (d — 1)(d - 2), (5-7)
and because d > 3 and s > 0, we have 2g,(C) > (¢/)*> +¢ +0 > (¢/)>.
On the other hand, from (5-6) we had 2g,(C) < (¢/)?. This is a contradiction. O
We now present the aforementioned improvement of Lemma 5.2.

Lemma 5.9. Let X — IP’,[(V and x € Xg be as in Lemma 5.2. After replacing I]j’,iv by a bigger projective
space via a Veronese embedding, there exists a dense open Us C Gry (N —1, IPIICV ) such that every L € Us (k)
satisfies the following:

(1) Conditions (1)-(4) of Lemma 5.2.

(2) No three points of LN X = {x = ¢y, c1, ..., cq} are collinear.
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Proof. Suppose first that X does not lie inside any 2-dimensional linear subspace of [P’,ICV . In this case, we
choose Uy just as in Lemma 5.2 so that (1) holds. Condition (2) holds by Proposition 5.6. Hence the
lemma is proven in this case.

Suppose now that X lies inside a 2-dimensional linear space of [P’,I{V . In this case, we choose a suitable
Veronese embedding [P’,](V — []3’,1(\’ " such that the image of each irreducible component of X does not lie in
any 2-dimensional linear subspace of [P’,iv / applying Lemma 5.7. Then after reembedding if necessary, we
have a nonempty open subset Us C Gry (N’ — 1, IP,]{V /) such that conditions (1)—(4) of Lemma 5.2 hold.

In doing so, we can make sure that X is nondegenerate in a projective space of dimension at least 3.
Then condition (1) holds by the choice of s, while condition (2) holds by Proposition 5.6. This proves
the lemma. O

The following result generalizes Lemma 5.9 to higher dimensional » > 1.

Lemma 5.10. Let k be an algebraically closed field. Suppose r > 1. We are under the Set-up+(fs) of
Section 5B. Let x € Xy be a closed point and let S C X \ {x} be another finite set of closed points.

After replacing [P’,]{V by a bigger projective space via a Veronese embedding if necessary, we have
the following property: given any hyperplane Hy C IP’,](V disjoint from S U {x} and a general L¢ €
GrtSrU{x}(Ho, N—r—+1, P,](V)(k), there exists a dense open subset Us C Gr;r(Lo, N-—1, [P’,I(V) such that each
L € Us(k) satisfies the following:

(1) LNLoN((X\ X)) US) =2
(2) LN Ly intersects Xys transversely.
(3) LN LyN X has (d+1)-distinct closed points co = x, cy, ..., Ccq4.

(4) Z is regular at all points lying over {cy, ..., cq}. In particular, each component Z; does not meet

other irreducible components at points lying over {c1, ..., c4}.

(5) LoN X is an equidimensional reduced curve none of whose irreducible component lies inside a

2-dimensional linear subspace of I]j’,iv .

(6) No three points of LN LoN X = {x =cp, c1, ..., cq} are collinear.

Proof. In case r =1, we have Gr(N —r +1, I]J’,iv) =Gr(N, IP’,]CV) = {I]j’,jcv} so that Ly = [P’,jcv and Lemma 5.10
follows from Lemmas 5.7 and 5.9. Hence we may assume r > 2. Let X1, ..., X; be the irreducible
components of X.

We saw in the proof of Lemma 5.8 that the Bertini theorems of Kleiman and Altman [1979, Theorem 1]
and Jouanolou [1983] imply that an intersection of X with (r—1) general hyperplanes containing SU{x} in
a large enough Veronese embedding of I]J’,iV is a reduced curve C whose intersection with every irreducible
component of X is irreducible. This curve C contains S U {x}. We can also ensure that no component of
C is contained in f (Zsing) U (X \ X¥s), it is regular at points away from Xi,g, and for each component of
Z| o - 1ts projection to B is nonconstant.
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Hence, after replacing the embedding n : X — [P’,iv by its composition with a Veronese embedding
of [P’,’CV, we can find an (r—1)-tuple of general hyperplanes (Hj, ..., H,_1), each in Grgyg (N — 1, [P’,’cv),
such that the linear subspace Lo = H; N ---N H,_; has the following properties:

(a) L is transverse to H.

(b) C = LyN X is areduced curve none of whose components lies in f (Zsing) U (X '\ Xfs).
(¢) CNX; isirreducible for each 1 <i <t.

(d) C is regular at points away from Xgjg.

(e) For each component of Z| .z, the projection to B is nonconstant.

Let ' :=(C\{xhnN (f(ZSing) U (X \ Xg) U S), which is a finite closed subset of C.

Note from the definition of the degree of the embedding 1 : X — [P’,ICV that a general hyperplane inside
Lo will intersect C at (d+1) distinct closed points. Applying Lemma 5.9 to the curve C, the finite set S’,
and Lo >~ [P’,I(V ~+1 (which is regarded as the ambient projective space for C), there exists a dense open
subset Uc s C Gry (N —r, Lo) that satisfies the assertions (1)—(2) of Lemma 5.9. Note that as N > r, the
subset Gr'"(Lg, N — 1, IP’,](V) is dense open in Gr(N — 1, IP’,](V).

Consider the regular map

6L, :Gr'" (Lo, N —1,PY) — Gr(N —r, Lo), (5-8)

given by 07,(L) = LN L.

One checks that 6z, is a surjective smooth morphism of relative dimension r — 1. Since 0, is a
smooth and surjective morphism such that OL_OI (Gry(N —r, Lg)) = Gr;r(Lo, N —1, [P’,’CV ), we see that
Us = 9[01 (Uc,s') 1s a dense open subset of Gr;r(Lo, N —1, IP’,](V).

We want to show that each L € Ug(k) satisfies the desired conditions (1)—(4). This is a tautology,
but let us write it in detail: suppose L € Us(k), i.e., O1,(L) NS = @ and 6;,(L) = L N Ly satisfies
()—(4) with Z replaced by Z| ., 3. Since 0,(L) N (X \ X)) US) = LN (LoNX)N((X\ X)) US) =
OL,(LYNCN((X\ X5s)US) COr,(L)NS', and since x € Xg, we see that 7, (L) N (X \ X)) US) =@,
proving (1).

Since L intersects Lg transversely, which in turn intersects X transversely along Xy, by (b) and
(d) above, we see that 67,(L) intersects X transversely along X, proving (2). Also, 07,(L) N X =
0L, (L)YNC ={x=cp, c1, ..., cq} With¢; #c; fori # j, proving (3). Finally, since (Cﬂf(Zsing))\{x} cs
and since 6,(L) NS’ = @, we see that Z is regular at all points lying over ¢; for 1 <i <d, proving (4).

We now prove (5). First of all, if the degree of any irreducible component of X inside [P’,I(V was less
than or equal to two, before we do anything else, we first could have replaced [P’,ICV by its suitable Veronese
embedding so as to ensure that the degree of any irreducible component of X is bigger than 2. In doing
so, we see using Lemma 5.8 that the intersection Lg of general (r—1) hyperplanes Hj, ..., H,_ lying
in Grgyg (N — 1, IP,]CV ) will have the property that Ly will satisfy the above (a)—(e), and Ly N X will be
a reduced curve none of whose irreducible component is contained in a 2-dimensional linear subspace
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of [P’,’cv . Note that since X is equidimensional and L is general, the curve Ly N X will have this property
too. This proves (5). The last property (6) is a direct consequence of (5), condition (2) of Lemma 5.9,
which we already achieved from the beginning, and Proposition 5.6. U

Later, the set {cy, ..., cq} that we obtained in Lemma 5.10 will be taken to be L™ (x) for x € X, where
Y is the given set of finitely many closed regular points of X. This means the regularity of Z at points
lying over the residual points L™ (X). We will come back to this discussion, and it will be finished in
Proposition 7.2.

6. Vertical separation of residual fibers

In this section, we prove some results which we shall need in order to prove the regularity of the residual
cycle of Z along ¥. The main goal is to show that the distinct fibers, of the projection Z — X to the
“horizontal axis” over the residual points of X (for a suitable linear projection) are mapped to disjoint
sets under the projection g : Z — B to the “vertical axis”. We call this property of linear projections, the
vertical separation of residual fibers. We continue to use the Set-up+(fs) of Section 5B.

6A. Separating residual fibers of Z along B: the local case. Let k be an algebraically closed field.
In Lemma 5.2, under certain assumptions, we found a nonempty open subset of a Grassmannian such
that each member L satisfies the properties (1)—(4) there. In Lemma 5.9, after choosing a Veronese
reembedding into a bigger projective space, we achieved an additional noncollinearity of any three points
of the hyperplane sections. It was generalized to Lemma 5.10 for » > 1.

In Section 6A, we want to further strengthen them, by constructing a nonempty open subset for which
we have an additional separation property, which will be called property (/). This is eventually done in
Proposition 6.5.

Up to Lemma 6.4, we assume the following. We suppose r = 1. We let x € Xy be a closed point and let
$ C X\ {x} be another finite set of closed points. For any map W — X and a closed point y € X, let W,
be the reduced fiber of W over y. We work under the Set-up of Lemma 5.9, which includes Lemma 5.2.

Since we want to prove a property called (/) by a kind of double induction argument on the pairs of
numbers (m, n) with 0 <m <n <d —1, we find it convenient to temporarily introduce some intermediate

notations.

Definition 6.1. For 1 <n <d —1 and 0 < m < n, we say that a member H = (H,cy,...,¢cq) €
Gry (N —1,PN)(k) x X% is (Z, x, m, n)-admissible, if H satisfies the properties (1) and (2) of Lemma 5.9
with HN X = {x =cyp, c1, ..., cq}, together with the additional property

§(Zc,~)ﬂ§(zc_,)=® forO<i#j<n,

6-1
8Z.)NgZ.,, )= for0<i=<m. (-1

We remark that for n = 0 (thus we have just (1)¢,0), the first condition of (6-1) is empty.

Before anything else, we note the following elementary fact:
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Lemma 6.2. The projections f : Z — X and § : Z — B are finite and the sets 3(Zy) C B and
27 1&(Z,)) C Z are finite subsets of closed points.

Proof. Note that f : Z — X is a projective morphism of reduced curves such that its restriction over the
dense open subset X¢; of X is fs. Hence f is a projective quasifinite morphism, hence a finite morphism.
Since g is a projective morphism from a curve which is nonconstant on each component of the source, it
must also be finite. Since Z, is a finite set, as Z is fs over X¢ and x € X, the lemma now follows. [

Let V; C X be the nonempty open subset whose coordinates are all distinct from each other and
distinct from x as well. More precisely, this is the complement of the union of all the small diagonals
A CX 4 defined by the equation y; = yj for 1 <i < j <d as well as the subschemes given by y; = x for
l1<i<d. Letw:X?— Sym?(X) = X?/&, be the quotient map for the action by the symmetric group
G4 which permutes the coordinates. Since G, acts freely on V; C X 4 the restriction 7 : Vy; — m(Vy) is
finite étale of degree d!.

Inside V;, we consider the following subsets of “bad points” that do not satisfy the analogue of
condition (1), , for (y1, ..., yq) € V4. That is, for yo := x, let Dy := &, while forn > 1, let D, C V; be
the subset of points (y1, ..., ya) such that g(Zy,) N g(Zy,;) # @ for some 0 <i # j <n and G;, C V4 be
the subset of points such that g(Z,,) N g(Z,,,,) # @ for some 0 <i <m.

Express D, = D, 1 U D, >, where D, | consists of the points (yi, ..., ys) € V4 such that g(Z,,) N
8(Zy,) # @ for some 1 <i # j < n, while D, consists of the points (yi,...,ys) € V4 such that
§(Zy,) N§(Zy,) # & for some 1 <i <n. We also write G, = /L, G}, ;, where G, ; consists of the
points (yi, ..., ya) € Vg such that g(Z,,) N g(Zy,,,) # @ for 0 <i < m. We check these “bad sets” are
closed.

Lemma 6.3. The subsets D, ; fori = 1,2 and G, ; for 0 <i < m are closed subsets of Vy. In particular,
D, and G, are closed subsets of V.

Proof. Let E,, 1 C B9 be the subset of points (by, ..., by) such that b; = b; for some 1 <i # j <n. Let
E,,C B9 be the subset of points (b1, ..., bg) such that b; € g(Z,) for some 1 <i <n. The set E, | is
certainly closed in éd, while E,, » is closed in B because 8(Z,) is finite by Lemma 6.2. One checks that
Dyi= (g% W(E,) NV fori=1,2, where f*4: 74 — X% and %9 : ¢ — B are the direct
products of f and g. Since f *d is finite by Lemma 6.2, this shows that D,, ; is closed in V.

Similarly, let J;Z,o C B9 be the subset of points (b, ..., by) such that b, € g(Z,). This is closed
since g(Z,) is finite by Lemma 6.2. For 1 <i < m, let J,’Zvi C B9 be the subset of points (b1, ..., by)
such that b; = b,41. This is also closed. One checks that G” . = f*d((g*4)~! (Jn ) N Vg, and this

m,i

shows that G”m’i is closed in V; for 0 <i <m. O

Coming back to the story, we let Us C Gr, (N — 1, P,]g] ) be the nonempty open set of Lemma 5.9. Let
Us — Symd(X) be the map given by L +— Zflzl[ci], where LNX ={x =cy, c1, ..., cq}. By condition (3)
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of Lemma 5.2, its image is in 7w (V). Define Vg by the Cartesian diagram

VS%V[,

¢l lrr (6-2)

Us —— t(Va),

so that v is a finite surjective étale map. The set Vs \ e~!(D, U G") is open in Vs by Lemma 6.3.
Via the open map ¥, we define the open subset Ll,iyn =¥ (Vs \ e (D, UG")) C Us. This is open in
Gry (N — 1, PY).

Lemma 64. For 0 <n <d —1and 0 < m < n, the subset L{,fw C Gry(N — 1, I]:DIICV) is nonempty. In
particular, it is a dense open subset of Gr, (N — 1, P}).

Proof. Step 1. Z/Ig’ o 7 9. Note that condition (/)o,o is independent of the choice of an x-fixing order on
LNX. LetT =SU (f(g—l(g(zx))) \ {x}). This is a finite closed subset of X by Lemma 6.2. Applying
Lemma 5.2 to T (in the place of S there), we obtain a dense open subset Uy of Us C Gry (N — 1, |]:|>11€V ).
On the other hand, condition (1) (in Lemma 5.2) for T implies that for each L € Uy (k), we have
LN(f (37 1(8(Z)))\{x}) = @, which shows that 8(Ze)NE(Z.,) =@ foreach j #0when LNX = {x =
o, C1, - - -, €4}, for every x-fixing order on LN X. Thus (1)¢,0 holds, and U7y C Ugo, in particular U(io # .

M. ForO<n<d-2, ile,in %+ O, then M&Hl #* . IfL{;Zn # &, then it is a dense open subset of
Gr, (N —1, IP’,’(V ). In particular, for the dense open subset Uy C Gr, (N —1, IP,]{V ) of Step 1, the intersection
Us , NUr is dense open in Gr (N — 1, PY). But, by definition, one notes that 24, , N\Ur C L{(i o1 SO that
U i1 # 2.

Step 3. ForO<n<d—1land0<m <n—1,ifUy , # @, thenld ., , #@. If U} , # @, then it is dense
open in Gry(N — 1, [P’,ICV ). For the dense open subset Uy C Gry(N — 1, [P’,’cv ) of Step 1, the intersection
Us , NUr is therefore nonempty dense open in Gr, (N — 1, PY).

Fix an element L € (Z/lnﬁ’n NUr)(k) and let LEN X = {x = co, c1, ..., cq}. Since every k-point of
Z/lnsl’n satisfies condition (2) of Lemma 5.9, we know that no three points of LN X are collinear. Thus
{co, cm+1, cnt1} are not collinear so that when £ = Sec({co}, {c;n+1}) is the line joining ¢y and ¢y, 41, it
does not pass through ¢, 4.

We let P =Sec({cy+1}, £). The subspace Gry(N —1, I]J’IICV) is of dimension N —2 and Grp (N —1, [P’,]CV) is
a closed subspace of Gry (N —1, I]:'>,1(v ) of dimension N —3 (see Lemma 5.1). Because we may assume N > 3,
there is a one-parameter family (actually isomorphic to IP,IC) Bin Gry(N — 1, P,’CV ) such that (i) {L;} € B,
(i1) every member of the family BB passes through both of {cg, ¢;,+1} and (iii) a general member does not
pass through ¢, 4. Since L{nsm NU7 is dense open in Gry (N —1, [P’,I(V) and L6 € Z/IHSM NUrNGry (N —1, [P’,’CV),
the latter is dense open in Gry(N — 1, IP,]CV ). Hence, a general member of B is contained in Z/I”S“1 NUr.

Let WCB mu,ﬁ,n N U7 be a smooth affine irreducible (rational) curve passing through {LE)}. Consider
again the quotient map 7 : X d_ Symd (X)=x4 /G4, and the finite étale map 7 : V; — (V) for the
open set V; defined previously in (6-2). Consider the map W — (V) given by L Zl‘.lzl[yi], where
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LNX={x=yp,¥y1,...,yq}. This yields the Cartesian product

e

. T~

W< w Vy

NIt

W — 7 (Vy)

so that v is finite and étale. Note also that the members of W can be represented by L = (L, y1, ..., yq) €
W x Vg such that LN X = {x = yo, y1, ..., ya}. We let W C W be the component containing the point
(L), c1,...,cq). For the “bad” closed subsets D,,, G;;H C V; of Lemma 6.3, we have:

Claim. Y :=e¢"(D,U G,,.1) is a proper closed subset of W'.

Proof. That this is a closed subset of W’ follows by Lemma 6.3. We need to show that this is a proper subset.

Note that D, = D, 1 U D, > and G}, = U?:[,l G, ISNE We analyze each piece of them in what follows.

Case 1: We first show that e~ (D, 2) = @ and e~ (G), | () = @.

Note that we had W C B ﬂZ/{nSm NUr, where Uy is as in Lemma 5.2. Here, condition (1) of Lemma 5.2
(and S replaced by T') reads as ‘L N ((X \ X¢) U T) = @’ for each L € Uy (k). So, for every L € W (k),
this is disjoint from 7 = S U (F(@ 1@ (Z)) \ {x}). Hence, if e (D, ») # @, then it gives an element
L € W(k) such that LN X = {x = yo, y1, ..., yq} satisfies g(Z,,) N g(Z,,) # @ for some 1 <i <n, so
that L intersects with a point of 7', contradicting the above choice of W. Hence e~'(D, ;) = @. An
identical argument shows that e~! (Gri1.0) =9

Case 2: We now show that e~! (Dy,1) and e (G ) for 1 <i < m are finite.

m—+1,i
To do so, it is enough to show that these closed subsets are proper in W', as W’ is an irreducible curve.
Suppose e~ (D,.1) = W'. In particular Ly:=(Ly.cr,...,cq) € e 1(D,.1), so that (cy, ..., cq) € D1,

0 8(Z:)Ng(Z.;) # @ for some 1 <i # j <n. But, this contradicts that L, Z/I,;Z’n(k). Hence, e~ 1(D,.1)

n

is proper closed in W’. By the same argument, we have |e~! (C/ap

)| < o0.

Case 3: It remains to show that |e‘1(GﬁlJrl ma1)] < 00.

To do so, we will make use of our choice of W that W C B. Recall that B C Gr, (N — 1, [P’,Icv )is a
one-parameter family containing {L{} such that every member of B passes through {co, ¢;u+1}, while a
general member does not pass through ¢, 1.

Consider the composite ¢ : W' — V,; — X2, where the last arrow takes (1, ..., Ya) t0 (Vms1, Ynt1) €
X2. Since every L € W (k) C B(k) contains ¢, by construction, the composition of ¢ with the first
projection X 25 X, taking (Y1, Yn+1) tO Ym+1, is the constant map that takes all of W’ to ¢;,+1 € X.
On the other hand, the general member L € W (k) does not contain c,11. This implies that the composite
of ¢ with the second projection X? — X, taking (Y41, Yu+1) tO Yut1, is nonconstant. Hence, the map
g is nonconstant and the image ¢(W’) in X? is an irreducible curve contained in {c, 41} x X = X (recall
that k is assumed to be algebraically closed).



A moving lemma for relative 0-cycles 1037

Write it as W' — g(W’) = X, where u is induced by ¢ and v is the projection to the coordinate y, .
Since both u and v are nonconstant morphisms of irreducible curves, they are dominant and quasifinite. In
particular, the composite vou is quasifinite. Note that by definition, e*I(G:’n stme) CUL Y1, - ya) €
W | yus1 € S1} = (wou) ' (Sy), where S := f(§(§(Z.,,,)))- Since f and § are finite by Lemma 6.2,

m+1,m+1)| < 00, being a
subset of a finite set. This finishes the proof of the Claim. 0

the set S, is finite, thus (v o u)~'(S)) is a finite set. Hence, we have |e~!(G

Back to the proof of Step 3, since the set ) of the Claim is finite, the subset W'\ ) C W' is nonempty
open. Since v is an open map and W' C W is open subset such that W' — W is surjective, it follows
that ¥ (W’'\ ) C W is a nonempty (thus dense) open subset. By construction, ¥ (W'\ )) C Z/l,i e In
particular, we get Z/{,;z +1., 7 . This proves Step 3.

Back to the proof of the lemma, by inductively applying the above three steps, we deduce that each
Z/{,;Z’n is a dense open subset of Gr, (N — 1, []3’,1("). O

Now we allow r > 1. We can strengthen Lemma 5.10 as follows:

Proposition 6.5. We follow the notations and the assumptions of Lemma 5.10. Let r > 1. After replacing
IPIICV by a bigger projective space via Veronese if necessary, we have the following property: given any
hyperplane Hy C IPIICV disjoint from SU{x} and a general L € GrtSrU{x}(Ho, N—r+1, [P’,[(V)(k), there exists
a dense open subset Ll;f C Gr;r(Lo, N -1, [P’,jcv ) such that each L € Z/l;f (k) satisfies the properties (1)—(6)
of Lemma 5.10 as well as the additional property (I) : §(Z.,) N g(zcj) = O for each pair 0 <i # j <d.

Proof. The r =1 case of the proposition follows from Lemma 6.4 with (m,n) =(d —1,d —1). So we
assume r > 2.

We use an argument of reduction to the r = 1 case as we did in Lemma 5.10. Using the notations
there, choose a reembedding 7 : X — PV a general Lo € Gr(N —r +1, [P’,ICV)(k) and C =LoN X asin
Lemma 5.10. Let §" := (C\ {x})N (f(Zsing) UX\ Xg)US) and W = Z| . 5. Applying the “r =17 case

PY~"F!, there is a

of the proposition (proven in Lemma 6.4) to C, S’ and W, with the identification Ly ~
dense open subset U’ C Gr (N —r, L) that satisfies the properties of Proposition 6.5 for r = 1 case. (In
terms of the notations of Lemma 6.4, we have U’ = Z/lj/_l’ 4—1-) Note that Lemma 6.4 is applicable to C
by property (6) of Lemma 5.10.

Recall now that we had a smooth surjective morphism of varieties
6L, :Gr'" (Lo, N —1,PY) — Gr (N —r, Lo)

from (5-8). So, the inverse image Z/{f = 9[01 (U) is a dense open subset of Gr;r(Lo, N —1, IP,ICV). We
claim that this ¢/ fulfills the requirements of the proposition for r > 2 case.

Indeed, since W = Z| ., 3, we see that Z, = W, and hence g(Z,) = g(W,) for any closed point
y € C. Hence, for L € Gr;r(LO, N -1, P,iv)(k) with 0, (L)NX =L NLy)NC ={x=co,c1,...,¢cq},
condition ([) is satisfied if and only if condition (/) is satisfied for 67,(L) with X replaced by the curve C.
This means L € Z/l)f (k) satisfies the proposition, as desired. O
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6B. Separating residual fibers of Z along B: the semilocal case. Note that in the statement of
Proposition 6.5, the dense open subset that we found depends on the choice of a single regular closed
point x € X. We want to extend it to a finite subset ¥ of regular points. This issue will be completely
resolved in Proposition 7.2 by using the “cone admissibility”” condition, which we develop as property (3)
of the following Proposition 6.6. One further aspect on étaleness is studied in Section 6C.

Recall that when M C IP,I(V is a linear subspace and x € IP’,JCV is a closed point, after the base change
Spec(k(x)) — Spec(k), the cone C (M) = Sec({x}, M) is the smallest linear subspace containing both
x and M. When x ¢ M, we have dim(Cy(M)) = dim(M) + 1. In this article, we need to use the cones
only when k is algebraically closed, so that no confusion will arise.

Proposition 6.6. Let k be an algebraically closed field. We are under the Set-up+(fs) of Section 5B. After
replacing the embedding X — [P’,ICV by a bigger one via a Veronese embedding if necessary, we have the
following: for the given hyperplane H C IP,](V disjoint from ¥ and a general Lo € Gr"(H, N —r+1, IP,](V ) (k),
there exists a dense open subset VW C Gr(N — 2, H) such that each M € W(k) satisfies the following

properties:

(1) M intersects L transversely.
Q) MNLyNX =@.

(3) Foreach x € X, the cone C,(M) lies in Z/[XE\{X}(k) for the open subset L{XE\{X} C Grir(Lo, N—1, P,’CV)
of Proposition 6.5.

Proof. Note that if ¥ = {x1, ..., x,}, then condition (3) consists of conditions (3); : Cy,(M) € L{E\{x"}(k)
for 1 <i <n. Suppose we proved the existence of a dense open subset W; C Gr(N — 2, H) for which
each member M € W, (k) satisfies conditions (1), (2), and (3); for each 1 <i <n. Then we can take WV :=
(_; Wi, which is again a dense open subset of Gr(N — 2, H). Hence, it is enough to prove the existence
of those W;. Without loss of generality, we may assume i = 1. For notational simplicity, we let x := x
and T := X\ {x1}. We note also that when r = 1, we have Gr"(H, N —r + 1, PY) = Gr(N, PY) = {PV}
so that the choice of Lg plays no role. We prove the proposition for the cases of r =1 and r > 2 separately.

Step 1. Suppose r = 1. Consider the affine morphism of schemes
9 : Gr(x, N —2,PY) — Gr (N — 1, PY), L — C(L). (6-4)

This is a smooth surjective morphism, and defines a vector bundle of rank N — 1. For the closed
irreducible subscheme Gr(N — 2, H) < Gr(x, N — 2, I]J’Iiv ), the restriction ¥ g : Gr(N — 2, H) —
Gr, (N — 1, IPIICV) of ¥, is an isomorphism.

LetU! ¢ Gr,(N —1, I]I’,iV ) be the dense open subset of Proposition 6.5, applied to x, T and Hy = H
for r = 1. Then ﬁx_}q L{XT) is a dense open subset of Gr(N — 2, H). Since Gr(X, N — 2, H) is its dense
open subset by Lemma 4.3, so is the intersection W) := 19;}1(2/{;) NGr(X,N—-2,H)in Gr(N —2, H).
One checks that this satisfies the required conditions (1), (2), and (3);, proving the proposition for r = 1.
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Step 2. Suppose now that r > 2. As we did previously in Lemma 5.10 with Hy = H via a Bertini
arngent of [Kleiman and Altman 1979], we choose a reembedding n : X < P, a general Lg
G'"(H,N —r+1, IPIICV)(k), acurve C =LoN X, and Z|, 3. Consider again the map in (6-4). When L
contains x, this ¥, induces a smooth surjective map ﬁxLO :Gr'"(Lg, x, N =2, [P’,I{V) — Gr;r(Lo, N—1, [P’,I{V),
where we recall that Gr'" (Lo, x, n, [P’,iv) :=Gr" (Lo, n, IPIICV) NGr(x, n, []3’,1("). This restricts to give ¥y g :
Gr"(Ly, N -2, H) — Gr;r(Lo, N-—1, [FD,](V). One checks that this map is an inclusion whose image is
the dense open subset Gril (Lo N H, N — 1, PY). As H N{x} = @, we see that Grf (LoN H, N — 1, PY)
coincides with Gr;r(Lo, N —1, [II’IICV ). This implies that ¥, g is an isomorphism.

Let! c Gr¥ (Lo, N —1, I]j’,iv ) be the dense open subset of Proposition 6.5 applied to x, T, and Hy=H
for r > 2. Since ¥, g is an isomorphism, 1‘};}1(1/{;) is dense open in Gr' (Lo, N —2, H), thus dense open
in Gr(N —2, H). Combining this with Lemma 4.3, we conclude that W, := 19;11,{(2/{)?) NGr(C, N -2, H)
is dense open in Gr(N — 2, H). One checks that each M € W(k) satisfies the required conditions (1), (2),
and (3);. This finishes the proof. Il

6C. Etaleness of linear projections at L* (X). Recall that we had obtained a linear projection ¢ : X —
[P, that is €tale at each point of ¥ in condition (1) of Lemma 4.8. Unfortunately, this is not quite enough
for us. We need to have L such that ¢; is étale at each point of L*(X) as well. We show that we can
achieve this as a geometric consequence of condition (3) of Proposition 6.6.

Part of the requirement of Proposition 6.6 that Cy (M) lies in Z/{xE \ix) (k) for the open set Z/{xE s that
C, (M) intersects X C Xgp transversely. This comes from condition (2) of Lemma 5.10. Here is its
geometric meaning.

Lemma 6.7. Let k be an algebraically closed field and let L € Gr(X, N —r — 1, [P’,I(V)(k). Let P} be a
linear subspace of [P’Ilcv such that LNP, = &. Let y € P} be a closed point such that Cy(L) N Xsjpg = 2.
Then Cy(L) intersects X transversely if and only if the linear projection ¢, : X — P} away from L is
finite and étale over an affine neighborhood of y in P

Proof. (=) Suppose that C, (L) intersects X transversely and let £ := C,(L)NX be this scheme-theoretic
intersection. Since k is perfect while Cy (L) and Xy, have the complementary dimensions N —r and r in
[P’,J(V , respectively, the transverse intersection is equivalent to saying that E is smooth, |E| < oo, and each
point of E is a simple regular point of Xy,. Because we are given that XN L =@ and L C C, (L), we
see that Cy,(L) N X = (Cy(L)\ L) N X, which is precisely the scheme-theoretic fiber d)L_l (y) over y € P}..

Since Cy (L) N Xsing = I, we see that qb;l (») N Xsing = <. Since ¢, is finite, ¢ (Xging) 1s a closed
subscheme of P} not meeting y. Hence, there is an affine open U C P} containing y such that qﬁZl(U ) is
regular. We therefore get a Cartesian square

E—¢;'(U)

@l lm (6-5)

Spec(k(y)) — U
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such that ¢ is smooth. Since ¢, is a finite map of regular affine schemes over «, it is flat by [Hartshorne
1977, Exercise I11-10.9, page 276] (or [EGA IV, 1965, Proposition (6.1.5), page 136]). It follows therefore
by [Hartshorne 1977, Exercise II1-10.2, page 275] (or [EGA IV3 1966, Théoreme (12.2.4)(iii), page 183])
that there is an affine neighborhood of y in U over which the restriction of the map ¢;, is smooth, thus
finite and étale.

(«) If ¢ is étale over a neighborhood of y, then its base change to Spec(k(y)), i.e., the map d){ (E =
Cy(L)NX — Spec(k(y)) from the scheme-theoretic intersection is étale. Since k = k(y), this means E
is smooth over k so that the intersection is transverse. O

Corollary 6.8. Let k be an algebraically closed field. Let L € Gr(X, N —r — 1, [P’,ICV )(k) and realize the
linear projection ¢, : X — P}_for a linear subspace P, C IP’,](V such that L NP}, = @. Suppose that for
each x € X, we have Cy(L) N Xgng = & and Cy (L) intersects Xqy, transversely. Then there is an affine
open neighborhood U C A of ¢ (%) such that ¢, : qﬁZl(U) — U is finite and étale. In particular,
¢ : X — Py, is étale at every point 0f¢>£1(d)L(E)).

Proof. Note that for each x € X, we have C, (L) = Cy, ()(L) since ¢, is given with a chosen internal linear
subspace P} C IP,QV . Since Cy, (x)(L) N Xing = & and Cy, () (L) intersects X transversely, Lemma 6.7
says that there is an affine open neighborhood U, C P} of ¢ (x) such that ¢, : ¢Zl (Uy) — Uy, is finite
and étale. Hence, for U :=J, 5, Uy, the restriction ¢, : ¢L_l (U) — U is finite and étale. By Lemma 2.3,
we may shrink this U into an affine open neighborhood of ¢ (X). This implies the corollary. U

7. Regularity of residual cycles over finite closed points

Our goal in Section 7 is to study the regularity of the residual cycles using the technique of vertical
separation of residual fibers studied in Section 6. We continue to work with the Set-up+(fs) of Section 5B.
In particular, for each irreducible component Z; of Z, the projection Z; — B is nonconstant and the
projection Z; — X is fs over Xg.

7A. Admissible sets. Property () in Proposition 6.5 encourages the following definition, that encodes a
set of data needed to achieve the remaining properties of residual cycles.

Definition 7.1. Let k be an infinite perfect field. Let x € X¢ be a closed point. A finite subset D C X
of distinct closed points is called (Z, x)-admissible if (1) x € D, (2) Z is regular at all points lying over
D\ {x}, and (3) §(Z,,) N g(Z,) = @ for each distinct pair x| # x, in D.

The following application of Proposition 6.6 will be a basis for our proof of the regularity of the
residual cycles along . We study it for k = k case, but it will soon be generalized gradually.

Proposition 7.2. Let k be an algebraically closed field. We are under the Set-up+(fs) of Section 5B. Let
Y C X be a closed subset of dimension at most r—1. After replacing the embedding n : X — [P’,I{V by
a bigger one via a Veronese embedding if necessary, we have the following: for the given hyperplane
HC |]3’,1(V disjoint from X, there is a dense open subset Y C Gr(N —r — 1, H) such that for each L € U (k),
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we have L N X = & so that there is a finite and surjective linear projection ¢ : X — P). Furthermore, it

satisfies the following properties:

(1) The map ¢y, - ¢)L_1(U) — U is étale for some affine open U C P containing ¢ ().
(2) ¢r(x) # ¢r(x') for each pair x # x' € 2.

3) k(¢pr(x)) = k(x) for each x € X.

4) LT(x)NY =& for each x € X.

®)) ¢L_1(¢L (x)) is (Z, x)-admissible for each x € X.

Proof. As in the proof of Proposition 6.5, we can choose a reembedding 1 : X — IP’,](V and a dense
open subset U; C Grs(N —r + 1, [P’,I(V ) such that each L’ € U/, (k) satisfies the condition that L' N X
is a reduced curve none of whose components is contained in Y, is regular away from Xi,g, and
for each component of Z|, z, the projection to B is nonconstant. Since H N Y = &, we see that
Uy :=Grg(N —r+1, I]j’,?’) NGr"(H, N —r+1, IPII{V) # . It follows that this intersection is dense open in
Grs (N —r+1, PY). Letting U := Uy N, we see that U], is a dense open subset of Grs (N —r +1, PY)
such that each L’ € U (k) intersects H transversely and L’ N X is a curve of the above type.

Choose Lg € U (k). (N.B., When r = 1, there is a unique choice Lo = IP’,[CV automatically, and we have
C = X.) We now apply Proposition 6.6. It follows that there exists a dense open subset W C Gr(N —2, H)
such that each M € W(k) satisfies conditions (1)—(3) of Proposition 6.6.

On the other hand, the subset Gr'" (L, Sec(X, Y NC), N —2, H) C Gr(N — 2, H) is a dense open
subset by Lemmas 4.3 and 4.4. Hence V' := WNGr"(Lg, Sec(Z,YNC), N—-2, H)CGr(N—2,H) isa
dense open subset. Since L intersects H transversely, the map Gr(N —2, H) — Gr(N —r —1, H), given
by M — LyN M, is smooth and surjective (note that N > r). In particular, the image Uy :={LoNM €
Gr(N—r—1, H)| M €V} of Vis a dense open subset of Gr(N —r —1, H). LetZ/Ié cGr(X,N—r—1,H)
be the dense open set of Lemma 4.8 so that U/ := U, NU, C Gr(X, N —r — 1, H) is a dense open subset.

Claim. Each L € U(k) satisfies the properties (1)—(5) of the proposition.

We ignore L from the notation of ¢; for simplicity. Before we prove the claim, we note that
¢~ 1(@(2)) C Xy, as follows from condition (3) of Proposition 6.6 which includes condition (1) of
Lemma 5.10.

Now, condition (3) of Proposition 6.6 also implies that, by Corollary 6.8, there is an affine neighborhood
U of ¢(X) such that ¢~ (U) — U is finite étale. This proves (1).

Since our open set U/ is contained in the open set of Lemma 4.8, we can use the properties there, too.
Condition (2) of Lemma 4.8 is that the map ¢ is injective on X, proving (2). Condition (3) is obvious
because k is assumed to be algebraically closed. Condition (4) follows from our choice of M (thus of L)
that it avoids the cone involving Y.

We now prove (5). We need to verify the three conditions of the (Z, x)-admissibility of Definition 7.1
for each x € ¥. Condition (1) of Definition 7.1 that x € ¢~ (¢(x)) is obvious.
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We prove condition (2) of Definition 7.1. Condition (3) of Proposition 6.6 says that condition (4) of
Lemma 5.10 applied to C,(L) N X holds. Note that the cone C, (L) plays the role of the linear space
in the statement of Lemma 5.10. That is, each point of Z lying over a point of (C,(L) N X)\ {x}is a
regular point of Z. This means that each point of Z lying over a point of ¢~!(¢(x)) \ {x} is regular. This
proves condition (2) of Definition 7.1 for ¢~ (¢ (x)).

Condition (3) of Definition 7.1 for the (Z, x)-admissibility of ¢~ (¢ (x)) for x € T follows from
condition (1) of Proposition 6.5, which is part of condition (3) of Proposition 6.6. This proves (5). We
have thus proven the claim, and hence, the proposition. O

7B. Regularity of residual cycles: k = k case. We now prove regularity of residual cycles at points
lying over X using Proposition 7.2 when k is algebraically closed. Recall (Section 4D) that for a linear
projection ¢y, : X — [Py, the residual scheme L*(Z) is the closure of ¢A>Zl(¢3L(Z)) \Zin X X B with the
reduced induced closed subscheme structure.

We let T := qASL(Z) = $L(L+(Z)) C P, x B with the reduced subscheme structure and let Z :=
T X (@ x B) (X x I§) = &ZI(T) = dA)L_l(éL (Z)) as a scheme. We first have:

Lemma 7.3. We are under the Set-up+(fs) of Section 5B. Let x € X¢s be a closed point. Suppose in
addition that Z is irreducible.

Let ¢1 : X — A} be a finite surjective morphism obtained by a linear projection as before such that
¢L_l(¢L (x)) satisfies condition (3) of Definition 7.1 of (Z, x)-admissibility. Let o € Z be a point lying
over a point ofqu_1 (L (x)). Let S = @ZlqﬁL ().

Then Z N S = {a} and the natural map Oz zns — Oz 4 is an isomorphism of local rings.

Proof. Suppose « € Z lies over x| € qbzl(d)L (x)). Toward contradiction, suppose there is a point o’ € Z
lying over some x; € ¢L_1(¢L(x)) \ {x1}. Since b1 (a) = ¢1. (), we have g(a) = g(a’) in B, where
g:Xx B — B is the projection. Let by be this common closed point. This Z — B is nonconstant and
we have @ € Z,, and o’ € Z,, so that §(Z,,) N g(Zy,) 2 by, contradicting condition (3) of Definition 7.1
for the set ¢; ' (¢ (x)). O

Lemma 7.4. Let k be algebraically closed. Let L € U(k) C Gr(N —r — 1, H)(k) be as in Proposition 7.2.
Suppose Z is irreducible and let « = (a, b) € Z be a closed point such that a € ¢L_1 (P (X)). Assume that
Z is irreducible and o € Z. Then O3 , — Oz o is an isomorphism. In particular, Z is the only irreducible
component on which passes through o, with multiplicity 1, and the cycle [Z]—[Z] has no component
equal to Z.

Proof. We shall write ¢, simply as ¢. Let y=¢(a) and 8 = qAS(oz) =(¢(a),b)=(y,b). Weletx € X be
such that y = ¢(x) and let S = ¢~ (y) x {b} =" (B) C X x B.

Let U C P, be as in condition (1) of Proposition 7.2. Since qAS is finite and étale over U x B , it follows
that the map Z — T is finite and étale over T N (U x B). In particular, the map of rings Or g — Oy ¢ is
finite and étale. This in turn implies that the map Or g — Oz zns is finite and unramified.
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On the other hand, by condition (5) of Proposition 7.2 that ¢L_1 (¢ (x)) is (Z, x)-admissible, we
deduce that for each x € X, the map Oz zns — Oz is an isomorphism by Lemma 7.3. Hence, the
map Or g — Oz is an injective (since Z — T), finite and unramified map of local rings which induces
isomorphism between the residue fields (as k is algebraically closed). Lemma 4.10 therefore says that the
map Or g — Oz o must be an isomorphism.

We next observe that as Or g — OZ, ¢ 1s finite and étale, the map Or g — OZ, o 18 €tale. In particular,
the map (AQT, B —> @Z,a of completions is finite and étale. Since it induces an isomorphism between the
residue fields, it follows again from Lemma 4.10 that (AQT’ = é)Z, o 18 an isomorphism. Hence, there are
local homomorphisms of complete local rings

©T,ﬂ — éz,a - @Z,Olv (7-1)

where both the first map and the composite map are isomorphisms. Thus, the second map is an isomorphism
too. The second map in (7-1) being a priori a surjection, the Krull intersection theorem [Matsumura
1986, Theorem 8.10, page 60] says that this map is an isomorphism if and only if O; ,— Oz 4 (Without
completion) is an isomorphism. This in turn is equivalent to that Z is the only irreducible component of
Z passing through o, and Z has multiplicity 1 in Z. We have thus proven the lemma. U

Lemma 7.5. Let k be algebraically closed and L € U(k) C Gr(N —r — 1, H)(k) as in Proposition 7.2.
Suppose that Z is irreducible. Then L (Z) is regular at all points lying over X.

Proof. We continue with the notations of the proof of Lemma 7.4. Let @ = (x, b) € X x B with x € = be
such that @ € LT(Z). Let B = @((x) = (¢(x), b) := (v, b). It follows from Lemma 7.4 that Z does not
pass through «. This implies that the canonical map O , — OL+(z),¢ 1s an isomorphism. Therefore, it
suffices therefore to show that O , is regular.

Since o € L*(Z), there must exist a closed point o’ = (x’, b) € Z with x’ € ¢~ (y). As a ¢ Z, we must
have x’ # x. It follows again from Lemma 7.4 that O; =5 Ogz.. We have also shown in the middle
of the proof of Lemma 7.4 that the map (AQT, g — (AOZ( a.by Of completions in (7-1) is an isomorphism for

every a € ¢ ' (y). We thus get the commutative diagram of local rings

~

+—— Orp O; Oz

T

where the vertical arrows are completion maps.

Since x’ # x, it follows from condition (2) in Definition 7.1 and condition (5) in Proposition 7.2 that
Oz o is regular. It follows from (7-2) that all rings of the bottom of the diagram are regular, using a basic
fact in commutative algebra that (x) a noetherian local ring is regular if and only if its completion is a
regular local ring [Matsumura 1986, proof of Theorem 19.5, page 157]. Equivalently, all rings of the top
of the diagram are regular by (x) again. In particular, O , is regular. This finishes the proof. O
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To extend Lemma 7.5 to reducible subschemes Z in Lemma 7.7, we first consider the following:

Lemma 7.6. Let k be algebraically closed. We are under the Set-up+(fs) of Section 5B. Here, Z is not
necessarily irreducible. Then after replacing the embedding X — [P’,I(V into a bigger space via a Veronese
embedding if necessary, there is a dense open subset Y C Gr(X, N —r —1, H) such that for each L € U (k),
the induced map b1 takes distinct components of Z to distinct components of b1(2).

Proof. As we did previously in Lemma 4.12, for each 1 <i < s, choose a closed point «; = (x;, b;) €
Zi\(Ujx Z}), so that x; := f(ai) € X¢m and b; :=g(a;) € B. We observe thatif j #i, then Z; ¢ X x {b;},
because Z; — B is nonconstant.

Let A; = Uj#l- f(Zj N (X x {b;})). This is a closed subset of dimension < r — 1. In particular,

dim(Sec(A;, {x;})) <r. Note that x; ¢ A;. Let

N
U:=Gr(X,N—r—1,H)N[|Gr(Sec(A;, {xi}), N —=r — 1, H).
i=1
This is dense open in Gr(N —r — 1, H) by Lemma 4.3.

Suppose now that ¢, : X — [Py is the projection obtained by any L € U/ (k). We fix an integer 1 <i <
and let B; := qSL (a;). It is clear that §; € ¢3L(Zi). We claim that §; ¢ qASL(ZJ-) for j #i. To see this, note
that 8; € <;3L(Zj) if and only if Z; N (L™ (x;) x {b;}) # @. Equivalently, there exists a closed point x;. £ X;
such that ¢y, (x}) = ¢ (x;) and x} € A;. But this implies that L N Sec(A;, {x;}) # &, which contradicts
the choice of L. This proves the claim and hence the lemma. (|

Lemma 7.7. Let k be algebraically closed. We are under the Set-up+(fs) of Section 5B. Here, Z is
not necessarily irreducible. LetUd C Gr(N —r — 1, H) be the intersection of the dense open subsets of
Proposition 7.2 and Lemma 7.6. Then for each L € U(k), the residual scheme LY (Z) is regular at all
points lying over X.

Proof. For a choice of L, for simplicity write ¢ := ¢;. For 1 <i <s,letT; = #(Z;) with the reduced
closed subscheme structure and let Zi =T X ;% B) (X x é) = q13_] ((,E(z,-)) as a scheme.

The first claim is that Z; and Z; share no common component if i # j. Indeed, if they do share a
common component, this would imply that 7; = T, which contradicts the choice of L as in Lemma 7.6.

Our second claim is that L (Z;) and L™ (Z;) do not meet at points lying over X if i # j. Suppose on
the contrary that there is a closed point & = (x, b) € L*(Z;) N L*(Z;) with x € . This implies that there
are closed points o; = (x;,b) € Z; and @; = (x, b) € Z; such that x;, x; € ¢~ 1(y), where y = ¢ (x). Tt
follows from Lemma 7.4 that x;, x; € 1)\ {x).

If x; = x;, then two components Z; and Z; of Z meet at o; = «; that lies over x; = x; in d)‘l(y) \ {x}.
In particular, Z is singular at a point lying over x; = x; in #~'(y)\ {x}, which contradicts condition (2) of
Definition 7.1, which is part of condition (5) of Proposition 7.2. Hence we must have x; # x;. In this case,
we get b € g(Z,,) Ng(Z,,) # @ for two distinct points x;, x; € ¢~ '(y)\ {x}. This time, it contradicts
condition (3) of Definition 7.1, which is part of condition (5) of Proposition 7.2. Hence, we proved the
second claim.
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It follows from the two claims that L+ (Z) is regular at all points lying over ¥ if and only if L™ (Z;) is so
for every 1 <i <s. Since we proved the latter holds in Lemma 7.5, we finished the proof of the lemma. [J

7C. Regularity of residual cycles: general case. We can now generalize Proposition 7.2 to all infinite
perfect field as follows. This includes the regularity of the residual cycle along X.

Proposition 7.8. Let k be any infinite perfect field. We are under the Set-up—+(fs) of Section 5B. Let
Y C X be a closed subset of dimension at most r — 1. Then after replacing the embedding n : X — P/iv
by a bigger one via a Veronese embedding if necessary, we have the following: for the given hyperplane
HC I]j’,iv disjoint from X, there is a dense open subset Y C Gr(N —r — 1, H) such that for each L € U(k),
we have L N X = & so that there is a finite and surjective linear projection ¢ : X — P. Moreover, it
satisfies the following properties:

(1) $L(Zi) #¢L(Z)) ifi # j.

(2) The map ¢y : ¢L_1 (U) — U is étale for some affine open U C P}, containing ¢1,(Z).

(3) ¢r(x) # ¢ (x") for each pair of distinct points x # x’ € .

4) k(¢r(x)) = k(x) for each x € X.

(5) LT(x)NY =& for each x € X.

(6) L*(Z) is regular at all points lying over X.

(7) The map (jA)L 1 Z — @L (Z) is birational.
Proof. If k is algebraically closed, the proposition follows from Proposition 7.2 and Lemmas 7.6 and 7.7.
In general, let k be an algebraic closure of k and let wx : X; — X be the projection map from the base

change to k. We have &; =, .x
so that for the induced embedding X; — IPI{{V , there exists a dense open subset i/ C Gr(N —r — 1, Hp)

Ty I(x). Choose a sufficiently large closed embedding 1 : X — P,iv

for which all assertions of Proposition 7.2 as well as Lemmas 7.6 and 7.7 applied to X, Z; and the set
X; C X hold. (N.B., Under the base change to k, the irreducible components Z; of Z may decompose
further into irreducible components Z;; of Z; ;. Atleast Z; and Z, ; for all i stay reduced because the
extension k over k is separable.)

Then we can argue via a Galois descent as in the Step 2 of the proof of Lemma 4.8 to find a dense
open U; C Gr(N —r — 1, H) defined over k such that (¢/;); C U. We take U := Uy NU,, where U, is the
open set in Lemma 4.8 so that we can also use the assertions of Lemma 4.8 as well.

Now, for each L € U/(k), we have X N L = & by our choice of the open set. So, we get a finite
linear projection map ¢, : X — P} over k. We write this map as ¢. Condition (1) is clear now by
construction together with Lemma 7.6. Conditions (2), (3), (4) hold by conditions (2), (1), (3) of
Lemma 4.8, respectively. Condition (5) follows immediately from condition (4) of Proposition 7.2.

To prove (6), as we did at the beginning of Section 7B, let T := ¢A>(Z) = &(L*(Z)) C P x B with the
reduced subscheme structure, and let Z := T x P xB) (X x E) = $_1$(Z) as a scheme. Then we have
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the commutative diagram

l f ¢; f (7-3)

where the vertical arrows are the base changes to k. Note that the map $:Z—>Tis surjective by definition.
As both squares are Cartesian and the vertical maps are smooth, it follows that L*(Z;) = LT (2) @ By
the choice of our open set ¢/, Lemma 7.5 shows that L™ (Z;) is regular at all points lying over Zj, i.e.,
LT (Z); is regular at all points lying over ;.

We replace Z by Z|y and consider the induced Cartesian squares

L*(Z); — Vi — Spec(k)

N

LY (Z) —— V —— Spec(k),

where the vertical arrows are the base changes to k. Since L*(Z); is regular and k is perfect, the
top horizontal composite map is smooth. Hence, by the faithfully flat descent [EGA IV, 1965, Corol-
laire (17.7.3)(ii), page 72], the bottom horizontal composite map is smooth. In particular, L™ (Z) is
regular. This proves (6). Property (7) is a direct consequence of Lemma 4.14. O

Remark 7.9. Condition (4) of Proposition 7.2 or condition (5) of Proposition 7.8 that LT (x) Y = &
for each x € ¥ is no longer needed in this version of the article toward the proof of the main theorems.
However, we decided to keep them in this article because the property that the residual points of a
projection can be made to avoid the given proper closed subscheme Y is nontrivial, and may be useful in
an analysis of algebraic cycles in the future.

8. The main results

In this final section, we use various results of the previous sections to prove our main theorems: the
presentation lemma and the sfs-moving lemma. The Set-up for the main results is as in Section 8A. This
differs a bit from the Set-up of Section 4D and the Set-up+(fs) of Section 5B.

8A. The Set-up(x). Let k be an infinite perfect field and » > 1 an integer. We work under the following
setting:

(1) The box coordinates: For 0 <i <n—1, let A; be a smooth projective geometrically integral k-scheme
of positive dimension and let A CA;bea nonempty affine open subset. Let Cy = Spec(k) = Co. For
1 <j<n,wewrite C; = ]_[ A and C = ]_[] 1A Letm; : C — C be the projection map. We
write B = C, and B = C,,. Let F := B\ B.
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(2) The base scheme and the cycles: Let X C A" be an integral smooth affine closed subscheme of
dimension r > 1 and let X <> P}’ be its closure with the reduced subscheme structure. Let ¥ C X be a
finite set of closed points.

Let Z C X x B be a reduced closed subscheme of pure dimension r, and let {Z1, ..., Z;} be all of
its irreducible components. Suppose Z — X is an fs-morphism, i.e., finite and surjective because X is
integral. Let E C B be a closed subset containing F such that no irreducible component of Z is contained
X x E.

Let Z C X x B denote the closure of Z in X x B with the reduced structure. Similarly, 2,- denotes the
closure of Z; in X x B. We let f :Z — X and §:7Z— B denote the projection maps.

For each 0 < j <n, we define Z") = 7;(Z) := (idy x 7;)(Z). Because Z — X is fs, this definition
makes sense. Similarly we define 7D for 0 <j<n.

(3) The linear projections: Suppose we are given a Veronese embedding P}' — [P’,’(V with N > m. For
L eGr(X,N—r—1, H)k), where H = [P’,I{V \A}{V as in Lemma 4.7, let ¢ : X — [P, be the linear
projection away from L which restricts to a finite map ¢z : X — Ay. If L is fixed in a given context, we
often drop it from ¢; and write ¢.

A Forijfn,}etqu:qSAxidcj:Xij—>A,r<ij,q§j =¢xidéj:XxCA'j—>A,’€xCA'j and
¢j =@ xid¢ : X xC;— P xC; be the induced maps.AWe let LT (Z) denote the closure of ¢, (¢, (Z))\ Z
in X x B with the reduced structure. We define L™ (Z) similarly.

8B. The residual cycle. For L € Gr(X, N —r—1, H)(k) as in the Set-up () of Section 8A, the morphism
¢ = ¢ : X — Ay is a finite surjective morphism of affine k-schemes so that it is automatically flat
by [Hartshorne 1977, Exercise 11I-10.9, page 276] (or [EGA IV, 1965, Proposition (6.1.5), page 136]).
Hence, for algebraic cycles on X x C;, we have the proper push-forward ¢ ;. and the flat pull-back ¢j
operations. (See [Fulton 1984, Sections 1.4 and 1.7].) For X x C;, we have similar operations ¢, and ¢;‘.

Definition 8.1. If Z C X x C; is an integral closed subscheme, the residual cycle by ¢ = ¢ is defined
to be

L*([Z]) := ¢} ((Z]) — [Z].

We extend it Z-linearly to all cycles on X x C;. Similarly, for cycles on X x C ;» we define the residual
cycle by

L*(12]) := ¢3¢ (1Z]) — [ Z].
Note that by definition, LT ([Z]) = |L*([Z])].

Lemma 8.2. We are under the Set-up(x) of Section 8A. In particular, Z — X is an fs-morphism. Suppose
that Z is integral. Then for each L in the Set-up(x), the morphism L™ (Z) — X is also fs.
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Proof. Let T = ¢,(Z) C A} x C,,. Let Z:=T X (A7 xC,) (X xCy) = ¢n_l (T) as a scheme. It suffices to
show that the map Z — X is fs. Consider the commutative diagram

N

where the vertical arrows are the projection maps and the right square is Cartesian, and ¢ is the closed

Z n

T
J{f/ (8-1)
¢

— Ay,

N(—Nz

immersion.

Since Z — X is an fs-morphism and ¢ is an fs-morphism, the composite (¢ o f)|z =¢o f ot is
an fs-morphism. By the commutativity, this means f "o ¢y ot is an fs-morphism. But since Z — T is
surjective (as T being the image of Z under ¢, by definition), it follows that f " is finite (e.g., see [Liu
2002, Proposition 3.16(f), page 104]). Hence f " is an fs-morphism. Now, ¢ is flat, so by Lemma 2.7, the
morphism f is an fs-morphism. |

Lemma 8.3. We are under the Set-up(x) of Section 8A. In particular, Z — X is an fs-morphism. Suppose
that Z is integral. Suppose that there is an integer 1 < j <n such that the projection map ZV) — C ;1S
nonconstant.

Then for each L € Gr(N —r — 1, H)(k) satisfying Lemma 4.14 and Proposition 7.8 for all Z") over
Jj <i <n, we have the equalities

[L¥ @] =L"12D) and 7 (L*(1Z]) = m; L*(1Z]),
where mj = [k(Z) : k(ZD)].

Proof. First of all, note that by Lemma 8.2, every component of L*(Z) is fs over X. In particular, by
the finiteness criterion Lemma 2.9, each irreducible component of L™ (Z) is closed in X x C The
push-forward 7, ([L*(Z)]) is given by the projective map 7; : X x Cp— X x C is projective.

To prove the first equality, replacing Z by Z/), we may assume n = j and ZU) = Z. Let T = ¢, (Z) C
Ay x én.

Note that the map Z — T is birational by Lemma 4.14. Hence, by the definition of the proper
push-forward and flat pull-back of cycles, the first equality is equivalent to showing that 7Z:=T x @
(X x C, )= ¢ I(T) is a reduced scheme.

To show that Z is reduced, let U C A, be an affine open neighborhood of X as in condition (3) of

xCy)

Proposition 7.8. Since Z — X is finite and surjective, the open subset 7 N (U X C,) is dense in T. The
map ¢, is étale over this dense open subset of 7. Hence, 7= ‘5;1_ 1(T) is reduced over this dense open
subset of T. However, an_ Y(T) — T is finite and flat everywhere, it means 7= qNSn_ 1(T) is reduced. This
proves the first equality.
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For the second equality, consider the commutative diagram

XxCA’nLA,’(xCA‘,,

l l (8-2)

A b o
XxCj—— AL xC;.

This is a Cartesian square in which the vertical arrows are projective and the horizontal arrows are
finite and flat. Hence, by [Fulton 1984, Proposition 1.7], we have

7 (L*([Z]) = 70ju (@5 0 s ([ Z]) = [Z])

=7jx0 ¢y 0 Puu([Z]) — 7 (I Z])
= ¢ 07w 0 b ([Z]) — 7 ([ Z])
= ¢ 0Pjuomn((Z]) — 7 ((Z])
=} 0 ¢jum;[Z0]) —m;[ 2]
=mj (@} 0 ¢ ((ZV]) —[Z])

=m;L*((Z7)),

which proves the second equality. 0

The following complements Lemma 8.3:

Lemma 8.4. We are under the Set-up(x) of Section 8A. In particular, Z — X is an fs-morphism. Suppose
that Z is integral such that Z — C,, is nonconstant. Suppose that for an integer 0 < j <n — 1, the
projection ZY) — C j is constant. Then for each L € Gr(N —r — 1, H)(k) satisfying the conditions of
Proposition 7.8 for Z, we have the equality 7w;(Z') = 7 ;(Z) for each irreducible component Z' of L™ (Z).

Proof. Toward contradiction, suppose that there is an irreducible component Z’ of L*(Z) such that
7j(Z') # wj(Z). In particular, this implies that LH(ZW) # . On the other hand, we are given that
%(J')~: rrj.(Z) = X x {c;} for.some closed poipt c; € C;. In this case, ¢;(Z)) = Al x {c;} so that
(/5]7](/51- (ZWy =X x {cj}= ZU) . Hence, L*t(ZY)) = @. This is a contradiction. U

8C. The presentation lemma. We now prove the presentation lemma for residual cycles under linear
projections. We are under the Set-up(x) in Section 8A.

Theorem 8.5. Let k be an infinite perfect field. Let Z C X x C,, be an integral closed subscheme such
that Z — X is finite surjective, and the projection Z — C, is nonconstant.

Then there exist an embedding n: X — [P’,ICV and a dense open subsetUd C Gr(N —r — 1, H), where
H = P,ICV \ AN such that for each L € U(k), the linear projection ¢y : IP’IICV \ L — P} away from L defines
a finite surjective morphism ¢ : X — P, satisfying the following properties:
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(1) There exists a Cartesian square

AT P

(2) ¢ is étale over an affine open neighborhood of ¢ (X).

(3) ¢ (x) #£ d(x') for every pair x # x' in X.

(4) The map k(¢ (x)) = k(x) is an isomorphism for each x € X.
(5) The induced map Z — ¢,(Z) is birational.

(6) The map L*(Z) — X is finite surjective.

(7) Foreach 0 < j < n, the scheme 7w;(L*(Z)) is regular at all points lying over X.

Proof. Since Z — X is finite surjective, for each 0 < j <n the morphism Z) — X is also finite surjective.
Letig € {0, ..., n} be the largest integer i such that Z @) X x {b} for some closed point b € C;. Note
that Z@ = X = X x; C, so such iy exists. Note also that iy < n — 1 by our assumption.

Choose a large enough Veronese embedding P}’ — I]:DIICV such that for the composite embedding
n: X < PY, and the hyperplane H = Hy o as in Lemma 4.7, there are open dense subsets U; C
Gr(N —r —1, H) such that each L € U; (k) satisfies Lemma 4.14 and conditions (1)—(6) of Proposition 7.8
for ZU) overall ig+ 1< j <n. Weletd = m?:ioﬂ U.

Condition (1) of the theorem automatically follows from our choice of H and Lemma 4.7. Condi-
tions (2)—(4) follow directly from conditions (2)—(4) of Proposition 7.8. Condition (5) follows from
Lemma 4.14. Condition (6) follows from Lemma 8.2.

We prove (7). We have to show that every irreducible component of 7 (L™ (Z)) is regular at all points
lying over X and no two components of 77; (L™ (Z)) meet at points lying over . We first assume that
iot+1=<j=n

Let Z’ be an irreducible component of L+ (Z). Since j > ip, Lemma 8.3 says that 7;(Z") is a component
of the effective cycle 7, (L*([Z])) =m;L*([Z]) =m;[LT(Z))] with m; > 1. Since Z' was arbitrary,
it follows that the irreducible components of 7 ; (L*(Z)) are the same as those of L1(Z)). On the other
hand, condition (6) of Proposition 7.8 (with our choice of L) says that LT (Z)) is regular at all points
lying over X. It follows that each irreducible component of 7 ;(L " (Z)) is regular at all points lying over
%, and in particular no two components meet at points lying over X.

If 0 < j <ip, then Lemma 8.4 says that nj(L+(Z)) coincides with ;(Z), which in turn is of the
form X x {b} for some closed point b € C;. In particular, 7; (L*(Z)) is irreducible. As X is regular
everywhere, in particular at all points lying over X, it follows that 77 ; (L™ (Z)) is regular at all points lying
over X. This completes the proof of the theorem. O
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8D. The sfs-moving lemma. We now prove the sfs-moving lemma for additive higher Chow groups of
relative O-cycles over semilocal k-schemes. A similar argument also proves the sfs-moving lemma for
Bloch’s higher Chow groups of relative O-cycles over semilocal k-schemes.

Let k£ be an infinite perfect field. We apply Theorem 8.5 with A; = [P’,lc for 0 <i <n—1, while
Apg = A,ﬁ and Aj=---=A,_1 = D}( sothat C; = B; = A,i X Di_l for j > 1. The sfs-moving lemma
for additive higher Chow groups of relative O-cycles is the following:

Theorem 8.6. Let R be a regular semilocal k-scheme essentially of finite type of dimension r > 0 over
an infinite perfect field k. Let V = Spec(R) and let m,n > 1 be integers. Then the canonical map
TCH”

s (V,n;m) — TCH"(V, n; m) is an isomorphism.

This theorem is proven in steps. Since R is regular, it is a product of regular semilocal k-domains, and
each k-domain corresponds to a connected component of Spec(R). Thus we may reduce to the case when
R is integral. We also remark that by Proposition 2.19, we may assume that R is obtained by localizing
an integral smooth affine k-scheme at a finite set of closed points. Note that Theorem 8.6 is obvious for
r =0, so we may assume r > 1. We have injective maps (using Lemma 2.18),

TCH(V, n; m) — TCHE(V, n; m) — TCHY,(V, n; m) — TCH"(V, n; m).

sfs

The last arrow is an isomorphism by [Krishna and Park 2016, Theorem 4.10]. We show that the middle
arrow is an isomorphism, which we call the fs-moving lemma:

Lemma 8.7. The map TCH?S(V, n; m) — TCHY, (V, n; m) is an isomorphism.

Proof. By the above discussion, we assume V is integral. Since this map is injective, we only have to
show that it is surjective. Let y € Tz (V, n; m) be a cycle with 9(y) = 0.

First suppose that there is an atlas (A}, X) so that y lifts to a cycle y € Tzy, (A}, n; m). In this case,
we can apply Theorem 3.14 and write y = y; + d(y2), where y; € Tz (V, n; m) C Tzg (V, n; m) and
y2 € TZ"(V, n+ 1; m). One immediately has d(y;) = 0, proving the desired surjectivity in this case.

In general, we write Yy = o+ 8, where no component of « is an fs-cycle and g is an fs-cycle. Lemma 2.5
says that there is a connected smooth affine atlas (X, X) for V, and cycles &, E , ¥ € TZ5. (X, n; m) such
thatay =a, By =B, Vv =y, ¥y =a+p and 3(¥) =0.

Since no component of « is fs over V, it follows that the projection of every component of & to B,
must be nonconstant. We can therefore apply Theorem 4.15 to obtain a finite flat map ¢ : X — A such
that « satisfies all the properties there. Let ¥’ = ¢(X), which consists of finitely many closed points of
Ay Let V' = Spec(Oay,5) and W := X xar V'. We have inclusions £ C V. C W C X, and a finite flat
morphism ¢ : W — V',

Write @ = @ + &2, where each component of &; is dominant over X and no component of &> is
dominant over X. As S is an fs-cycle over V, after shrinking X if needed, 8 is an fs-cycle over X along
% by Corollary 2.12.
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We now have

y=a1+ar+B = (@1 — ¢ bns(@1)) + (@2 — $ns(@2) + (B — i pns(B)) + @i bus(¥).

Let @) :=a&; — ¢ pns(@;) fori =1, 2, and B’ := B — ¢} $ns(B). Since B is an fs-cycle on X along = and
¢ is finite, ¢, (B) is an fs-cycle over A} by Lemma 2.8. Since X — Ay is flat, by Lemma 2.7 ¢; ¢, (B)
is an fs-cycle over X along X. In particular, 8’ € TZ%’fS(X , n; m). On the other hand, by Theorem 4.15,
we have (@3)v =0 and (@))y € Tz, ( (V, n; m).

Since y € Tz (X, n; m) with d(y) =0, it follows that ¢, (¥) € Tz, (A}, n; m) with 9(¢,+(¥)) =0. By
the previous case, there are cycles 7y € Tz{(V’, n; m), and 1y € Tz"(V', n41; m) such that j*(¢,«(¥)) =

n1+03n2. Equivalently, ¢, (¥ w) =n1+09n2. Hence, ¢, ¢n. (¥ w) =™ (n1)+¢,(3n2) = ¢, (n1)+0(¢;,(m2)).
Moreover, ¢ (1) is an fs-cycle by Lemma 2.7. Combining these, we have

y =@ =@)v+ By +(@rm))v + (g m))v) =1 + 3D, (12)v),

where y; 1= (@))v +B’V + (¢, (m))v € TzE(V, n; m). Since dy = 0, we also deduce that dy; = 0. This
completes the proof of the lemma. (|

Proof of Theorem 8.6. We may assume that V is integral. Using Lemma 8.7, it suffices to show that the
map TCHg, (V, n; m) — TCHg (V, n; m) is surjective. Let o € Tz (V, n; m) be an fs-cycle, which always

s (Vo nym), while oy € Tz (V, n; m)
but no component of o lies in Tz (V, n; m). Note that d(;) =0 for i =1, 2 by Lemma 2.21 again. It

has d(«) = 0 by Lemma 2.21. Write « = o + ap, where ap € Tz

n

is enough to prove that «y is equivalent to a cycle in Tzg

(V, n; m). Replacing o by o1, we may therefore
assume that no component of « lies in Tz (V, n; m).

Apply Lemma 2.5 to choose a connected smooth affine atlas (X, X) for V and a cycle @ € Tz (X, n; m)
such that d(@) = 0. If X ~ A}, we can apply Theorem 3.14 to write « = 8 + d(y), where 8 €
Tzl (V,n;m) C Tzg(V,n;m) and y € Tz"(V, n+ 1; m). This solves the problem in this case.

Suppose that X is not an affine space. If Z is a component of @ whose projection to B, is constant,
then Z is already an sfs-cycle. But, we supposed no component of « is an sfs-cycle. Hence, Z — B,
is nonconstant for each irreducible component Z. It follows that Lemma 8.3 and Theorem 8.5 apply to
every component of . Let ¢ : X — A/ be the finite and flat map as in Theorem 8.5 and let " = ¢ (%).
By shrinking &/ C Gr(N —r — 1, H) if necessary, we can assume that conditions (1)—(7) of Theorem 8.5
hold for each L € U(k) and for each component of «.

Let V' = Spec(Oay 5) and let W = X xar V’. We have inclusions ¥ C V C W C X and a finite and
flat morphism ¢y : W — V' of smooth semilocal k-schemes. Let j : V — W be the localization map.

We can write aw = (&w — ¢, ns(@w)) + ¢ ni(@w). We have d(dns(aw)) = ¢ni(d(@w)) = 0. By
the previous case of affine space atlas, we can write ¢,.(&w) = 11 + 9(n2), where 1| € Tz;’fs(V’ , ;)
and 1, € Tz"(V', n + 1; m). This yields ¢ ¢n.(w) = @5 (n1) + 3(¢;i (12)). Since ¢ : W — V' is finite
and étale, it follows by Lemmas 2.7 and 2.16 that ¢; (1) € Tz}, (W, n; m).

It follows from Lemma 8.3 and Theorem 8.5 that j*(@w — ¢, ¢n«(aw)) € Tzl (V, n;m). Let B =
JH@w — @ppns(@w)) + j* (@, (1)) € Tz (V, n;m) and y = j*(¢,(12)) € Tz"(V,n+1; m). Then, we
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et
: a=j @w) = j @w — Gpbns@w)) + j ¢, (1) + j* (3 (¢, (12)))
= jH@w — Qpdux(@w)) + j ¢, () +3(j "¢, (1n2))
=p+9(y).
Since d(«) = 0, we must have d(8) = 0 as well. This proves the theorem. U
Proof of Theorem 1.2. We take n > 2, Ag = Ag = Spec(k), A; =y and A; :=P} for | <i <n—1in
Theorem 8.5. We now repeat the proof of Theorem 8.6 verbatim using Remark 3.15. (|
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