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Modular invariants for real quadratic fields
and Kloosterman sums

Nickolas Andersen and William D. Duke

We investigate the asymptotic distribution of integrals of the j-function that are associated to ideal classes
in a real quadratic field. To estimate the error term in our asymptotic formula, we prove a bound for sums
of Kloosterman sums of half-integral weight that is uniform in every parameter. To establish this estimate
we prove a variant of Kuznetsov’s formula where the spectral data is restricted to half-integral weight
forms in the Kohnen plus space, and we apply Young’s hybrid subconvexity estimates for twisted modular
L-functions.

1. Introduction

The relationship between modular forms and quadratic fields is exceedingly rich. For instance, the Hilbert
class field of an imaginary quadratic field may be generated by adjoining to the quadratic field a special
value of the modular j-function. The connection between class fields of real quadratic fields and invariants
of the modular group is much less understood, although there has been striking progress lately by Darmon
and Vonk [2017]. Our aim in this paper is to study the asymptotic behavior of certain integrals of the
modular j-function that are associated to ideal classes in a real quadratic field. Before turning to this, it is
useful to make some definitions and to recall the corresponding problem in the imaginary quadratic case.

Let K be the quadratic field of discriminant d and let Cl;iIr denote the narrow class group of [K. Let
h(d) = #Cl;r denote the class number. If d < O then each ideal class A € Cl;,r contains exactly one
fractional ideal of the form z4Z + Z, where

—b+i/|d|
A= —7T"
2a
for some relatively prime integers a, b, ¢ with a > 0 and b? —4ac =d, and where 74 is in the fundamental
domain
f::{ze’H:—%<Rez§%,|z|zl}

for the action of the modular group I'j = PSL,(Z). Such z4 are called reduced. A beautiful result
from the theory of complex multiplication states that the values ji(z4), as A runs over ideal classes of
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discriminant d, are conjugate algebraic integers. Here j; = j — 744 is the normalized modular j-invariant
Ji(2) =g~ +196 884 +21493760¢> + - - - ,

where g = e(z) = > It follows that the trace

. 1 .
Tra(j) = o= > ji(za), (1-1)
AeCIf

where w_3 = 3, w_4 = 2, and wy; = 1 otherwise, is a rational integer. For example,
Tr3(j1) = =248, Tr4(j1) =492, Tr7(ji) =—4119, Tr_g(j1) =7256.

It is natural to ask how these values are distributed as |d| — oo. As a first approximation, it is not too
hard to show that Try(j;) ~ (—1)¢ exp(r /]d]) for large d, but in fact much more is known. In [Bruinier
et al. 2006] it was observed, and in [Duke 2006] the second author proved, that

Tra(j1) — ), e(—z4) ~ —24h(d) (1-2)
Imzs>1

’

as d — —oo through fundamental discriminants. The value —24 is a suitably defined “average of j;’
over the fundamental domain F; see [Duke 2006].

Now suppose that [K is a real quadratic field, i.e., d > 0. Each ideal class A € Cl; contains a fractional
ideal of the form wZ 4 Z € A where w € K is such that

O<w’ <1l<w,

where o is the nontrivial Galois automorphism of K. Such w are called reduced (in the sense of [Zagier
1975]); unlike in the imaginary quadratic case, a given ideal class may have many reduced representatives.
Let S,, be the oriented hyperbolic geodesic in H from w to w?, and let C4 be the closed geodesic obtained
by projecting S, to I'1\H. The choice of reduced w does not affect C4. One can view C4 in H as the
geodesic from some point zp on S, to ¥y, (z0), Where y,, is the hyperbolic element which generates the
stabilizer of w in I'y. It is well-known that

length(C4) = 2log &g,

where ¢4 is the fundamental unit of K.
A real quadratic analogue of the trace (1-1) is the sum of integrals

Tra(j) = Y. / il (1-3)
AeCI} Ca Y

and one might ask how these invariants are distributed as the discriminant d varies. Numerically, we have

Trs(j1) &~ —11.5417, Trs(ji) &~ —19.1374, Tri3(ji) &~ —23.4094, Tr7(ji) &~ —43.9449.
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Note that these values are quite small even though j; grows exponentially in the cusp. It was conjectured
in [Duke et al. 2011] that

Try(j1) ~ —24-2logey h(d) (1-4)

as d — oo through fundamental discriminants. This was proved independently in [Duke et al. 2012] (for
odd fundamental discriminants, with a power-saving of d~!/3323) and in [Masri 2012] (for all fundamental
discriminants, with a power-saving of d~!/400),

The real quadratic invariants Tr;(j;) were first studied in [Duke et al. 2011] in the context of harmonic
Maass forms (nonholomorphic modular forms which are annihilated by the hyperbolic Laplacian). There
is a family of harmonic Maass forms { f,7} of weight %, indexed by positive discriminants d’, whose
Fourier coefficients can be written in terms of the sums (1-3) twisted by genus characters. For each
factorization D = dd’ of the fundamental discriminant D into fundamental discriminants d, d’, there is a

real character x4 = xa of Cl}] called a genus character. The d-th Fourier coefficient of f; is given by

. . d
TiaG= 3 x| 5@l
AeCl Ca

In particular, the d-th Fourier coefficient of f; is Trz(j;). The remaining non-square-indexed coefficients
can be described in terms of Try 4 (j,) for m > 1, where j, is the unique modular function in C[]
of the form j,, = ¢~ + O(g). Our first result concerns the asymptotic distribution of the values of
Try 4 (jm) as any of the parameters d, d’, m tends to infinity. We define §; = 1 and 8, = 0 otherwise, and
os(n) = Zan £ for any s € C.

Theorem 1.1. For each positive fundamental discriminant D, let d be any positive fundamental discrimi-
nant dividing D. Then for each m > 1 we have

3 xaa) / jm(z)ldy—zl = —24584010m) - 2h(D) logep + O(m** DY mDY). (1)
AeCl}, Ca

Remarks. In the case d = 1, the power-saving of D~!/34

in Theorem 1.1 improves on the results of
[Masri 2012; Duke et al. 2012]. The generalizations to d > 1 and m > 1 are new, and the latter confirms
the observation in [Duke et al. 2011] that Trp (j,;,) ~ —2401(m) - 2logeph(D) as m — o0.

When D = dd’ is a factorization of D into negative fundamental discriminants, the left-hand side
of (1-5) is identically zero. To see this, let J denote the class of the different (v/D) of K. The closed
geodesic associated to JA™! has the same image in I'|\'H{ as C4 but with the opposite orientation. Since

xa(J) = sgnd, the left-hand side of (1-5) is forced to vanish whenever d < 0.

In order to give a better geometric interpretation when D = dd’ where d and d’ are negative, Imamoglu,
Téth, and the second author [Duke et al. 2016] recently defined a new invariant 74, which is a finite area
hyperbolic surface with boundary C4. We briefly describe the construction of Fy4; see [Duke et al. 2016]
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for details. Let w be one of the reduced quadratic irrationalities associated to A, and let y,, € I'1 be the
hyperbolic element that fixes w and w°. Then y,, can be written as

Yo =TMISTMST™S ... TS (1-6)

for some integers n; > 2, where T = i((l) }) and S = i((l) _01) are generators of I'y. The cycle (ny, ...ny)
is the period of the minus continued fraction of w, and £ is the number of distinct reduced representatives
of A. Let S := T+ -+ g7 —(m++m) an(d define

Ca:=(S1,..., S, TmH+noy,

This group is an infinite-index (i.e., thin) subgroup of I';. Let N4 be the Nielsen region of I'4: the
smallest nonempty I" 4-invariant open convex subset of 4. Then the surface F is defined as '\ Na. A
different choice of reduced w representing A yields a subgroup of I'; conjugate to I'4 by a translation, so
the surface F, is uniquely defined by A; see Theorem 1 of [Duke et al. 2016]. In that theorem we also
find that the area of F4 is w £, with £ as in (1-6).

Our second result concerns the distribution of sums of the integrals of j,, over the surfaces F4 as the
discriminant varies. The functions j,, grow exponentially in the cusp, so we regularize the integrals as
follows. Foreach Y > 1, let F4 y = F4 N{z:Imz < Y}. We define

. dxdy . . dxdy
Jm(2) = lim Jm(2) .
/.FA y2 Y—o0 Fay yZ

(1-7)

These real quadratic invariants are asymptotically related to products of class numbers of imaginary
quadratic fields.

Theorem 1.2. For each positive fundamental discriminant D, let D = dd’ be any factorization into
negative fundamental discriminants. Then for each m > 1 we have

2 h(d)h(d'
1 > " xa(A) jm(z)dxfy — 240, (m)w +
4 AcCl; Fa Y waWg

D

o(m*° DB (mD)*).  (1-8)

Remark. When D = dd’ is a factorization into positive discriminants, the left-hand side of (1-8) is
identically zero because A — JA ™! reverses the orientation of the surface Fj.

An interesting special case occurs when D = 4p where p = 3 (mod 4) is a prime. In this case the
identity class I = I, is not equivalent to the class of the different J = J,. The Cohen-Lenstra heuristics
predict that approximately 75% of such fields have wide class number one, which would imply that the
classes containing / and J are the only ideal classes. If this is the case, then there is a sequence of primes
p =3 (mod 4) for which
[ h@® ~ amhpy and [ i@~ 2mhcp.

Fi y FJ y

r p

The method used in [Duke 2006] to prove (1-2) and in [Masri 2012] to prove (1-4) involves the
equidistribution of CM points and closed geodesics originally developed in [Duke 1988]. By contrast,
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here we employ a relation between the invariants in (1-5) and (1-8) and sums of Kloosterman sums; see
Section 2. We then estimate the sums of Kloosterman sums directly via a Kuznetsov-type formula.

The Kloosterman sums in question are those which appear in the Fourier coefficients of Poincaré
series of half-integral weight in the Kohnen plus space. In weight k = A + %, the plus space consists of
holomorphic or Maass cusp forms whose Fourier coefficients are supported on exponents n such that
(—=1)*n =0, 1 (mod 4). For integers m, n satisfying the plus space condition and ¢ a positive integer
divisible by 4 we define

stonno=e() T (L) [y L 0o

mod ¢

where dd =1 (mod ¢) and &5 = 1 or i according to d = 1 or 3 (mod 4), respectively. The Kloosterman
sums (1-9) are real-valued and satisfy the relation

SF(m,n,c)=S8"(-m, —n,c). (1-10)

We prove a strong uniform bound for these sums which is of independent interest. We remark that similar
(but weaker) estimates are hiding in the background of the methods of [Duke 2006; Masri 2012].

Theorem 1.3. Let k = :I:% =i+ % Suppose that m, n are positive integers such that (—1)*m = v>d’ and
(—D)*n = w?d, where d, d’ are fundamental discriminants not both equal to 1. Then

+
3 w < (x84 (dd")° (ww) ) (mnx)*. (1-11)
4lc<x

Friedlander, Iwaniec, and the second author [Duke et al. 2012] proved an analogous estimate for

—1/1330

smoothed sums of Kloosterman sums on I'g(4g) with a power saving of n when n is squarefree.

Individually, the Kloosterman sums satisfy the Weil-type bound
IS¢ (m. n. ©)] < 200(c) ged(m, n, ¢)' Ve, (1-12)

(see, e.g., Lemma 6.1 of [Duke et al. 2012]) so the sum in (1-11) is trivially bounded above by (mnx)®/x.
Theorem 1.3 should be compared with the bound of [Sarnak and Tsimerman 2009] for the ordinary integral
weight Kloosterman sums S(m, n, ¢) which improves on the pivotal result of [Kuznetsov 1980]. The main
result of [Sarnak and Tsimerman 2009] is unconditional and depends on progress toward the Ramanujan
conjecture for Maass cusp forms of weight 0. Assuming that conjecture, their theorem states that

30 2O (x5 () ) G

C
c<x

Our method also yields an exponent of % for dd’ in (1-11) if we assume the Lindelof hypothesis for
L(%, X) and L(%, fx X), where x is a quadratic Dirichlet character and f is an integral weight cusp
form (holomorphic or Maass). Via the correspondence of Waldspurger, the Lindel6f hypothesis for all
such L(% fx X) is equivalent to the Ramanujan conjecture for half-integral weight forms.
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Recently Ahlgren and the first author used a similar approach to study the half-integral weight
Kloosterman sums associated to the multiplier system for the Dedekind eta function. This was used in
[Ahlgren and Andersen 2018] to improve the error bounds of [Lehmer 1939; Folsom and Masri 2010] for
the classical formula of Hardy, Ramanujan, and Rademacher for the partition function p(n). In particular,
it was shown that the discrepancy between p(n) and the first O(y/n) terms in the formula is at most
O (n~(1/2-(1/168)+ey

The proof of Theorem 1.3 hinges on a version of Kuznetsov’s formula which relates the Kloosterman
sums (1-9) to the coefficients of holomorphic cusp forms, Maass cusp forms, and Eisenstein series of half-
integral weight in the plus space. One advantage of the plus space is that the Waldspurger correspondence
is completely explicit on that space via [Kohnen and Zagier 1981; Baruch and Mao 2010]; knowledge of
the exact proportionality constant in the Waldspurger correspondence is crucial for us. Here we briefly
define the relevant quantities and state a special case of our version of the Kuznetsov formula. Let H,‘:
(resp. V,j ) denote an orthonormal Hecke basis for the plus space of holomorphic (resp. Maass) cusp
forms of weight k for I'g(4). For each g € ’;’-[,"cIr (resp. u; € V,j ) let pg (n) (resp. p;(n)) denote the suitably
normalized n-th Fourier coefficient of g (resp. u;). For each j, let A; = % + rjz denote the Laplace
eigenvalue of u ;. The full statement with detailed definitions appears in Section 5 below.

Theorem 1.4. Let k = :I:% =i+ % Suppose that m, n are positive integers such that (—1)*m and (—1)"n
are fundamental discriminants. Suppose that ¢ : [0, 00) — R is a smooth test function which satisfies (5-1),
and let ¢ and @ denote the integral transforms in (5-2)—(5-3). Then

C

Z S,:r(m,n,c)w(mn/mn)
4lc>0 ¢
—oymm Y AW G 3 S (e —)FOT®) Y pgmipg(n)

coshrmr; 2
uj €V / =k mod 2 et

o0 ir  L(=2ir, x_1ypm)L(3 +2ir, x(_ 1y
+/ (g) (3 = 2ir xc1ym)L(3 +2” X(=1yn) S0 dr. (1-13)
2coshrr|D(3(k+ 1) +ir)|71¢(1 +4ir) |2

—oo NI

Remark. This version of the Kuznetsov formula for Maass forms in the plus space for ['g(4) with
weight :I:% is precisely analogous to the original version of Kuznetsov’s formula for the full modular
group. To prove it we apply Bird’s idea [2000] of taking a linear combination of Proskurin’s Kuznetsov-
type formula evaluated at various cusp-pairs in order to project the holomorphic and Maass cusp forms
into the plus space. The main technical complication arises from the sum of Eisenstein series terms from
Proskurin’s formula, which we show simplifies to the integral of Dirichlet L-functions in (1-13). The
simplicity of that integral is reminiscent of the corresponding term in Kuznetsov’s original formula [1980,
Theorem 2] for the ordinary weight 0 Kloosterman sums; in that formula, the Eisenstein term is

1 /O" (ﬁ)l‘r O'Zir(m)o'—.Zir(n) 50y dr.
b m [£(1+2ir)|?

—00
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Note that if k = 0 then coshrr|T'(L(k + 1) +ir)|* = 7.

The most crucial input in the proof of Theorem 1.3 is Young’s Weyl-type hybrid subconvexity esti-
mates [2017] for L(%, fx Xd) and L(%, Xd) which improve on the groundbreaking results of Conrey
and Iwaniec [2000]. Young proved that

S L f % xa) < k)t (1-14)
f

for odd fundamental discriminants d, where the sum is over all holomorphic newforms of weight k and
level dividing d. In the Appendix we sketch the details required to generalize Young’s result to twists
by x4 for even fundamental discriminants d, where the sum is over f of level dividing the squarefree
part of d. The uniformity of Young’s result in both the level and weight directly influences the quality
of the exponents in (1-11). There are corresponding results in [ Young 2017] for twisted L-functions of
Maass cusp forms and Dirichlet L-functions which we also use in the proof of Theorem 1.3.

Remark. The condition in (1-14) (and our extension in the Appendix) that f have level dividing the
squarefree part of d (which is odd unless d = 4qg with ¢ =2 (mod 4)) is why we require a Kuznetsov
formula that involves only coefficients of cusp forms in the plus space. Under the Shimura correspondence,
the plus spaces of half-integral weight forms on I'¢(4) are isomorphic as Hecke modules to spaces of
weight O cusp forms on I'g(1), whereas the full spaces on I'g(4) lift to I'(2).

The paper is organized as follows. In Section 2 we use the formulas of [Duke et al. 2016] to relate
the geometric invariants to sums of Kloosterman sums, and we apply Theorem 1.3 to prove Theorems 1.1
and 1.2. The remainder of the paper is dedicated to the proof of Theorem 1.3. In Section 3 we give some
background on the spectrum of the hyperbolic Laplacian in half-integral weight. In Section 4 we prove
general estimates for the mean square of Fourier coefficients of Maass cusp forms of half-integral weight
with arbitrary multiplier system. We prove Theorem 1.4 in Section 5 and Theorem 1.3 in Section 6. Finally,
the Appendix contains a sketch of the proof of Young’s subconvexity result extended to even discriminants.

2. Geometric invariants and Kloosterman sums

In this section we relate the real quadratic invariants to Kloosterman sums and show how Theorems 1.1
and 1.2 follow from Theorem 1.3. Actually, we will prove more general forms of the main theorems
which allow for nonfundamental discriminants. It is convenient to use binary quadratic forms

O(x,y) =la, b, c] = ax* + bxy +cy?

in place of ideal classes, as this point of view makes the generalization to arbitrary discriminants
straightforward. A discriminant is any integer D =0, 1 (mod 4). A discriminant D is fundamental if it
is either odd and squarefree or if D /4 is squarefree and congruent to 2, 3 (mod 4). Fix a discriminant
D > 1 and a factorization D = dd’ into positive or negative discriminants d, d’ such that d is fundamental.
Let Qp be the set of all integral binary quadratic forms [a, b, c] with discriminant b> — 4ac = D. The
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modular group I'; acts on Qp in the usual way. When D is fundamental all forms in Qp are primitive
(i.e., gcd(a, b, c) = 1) and there is a simple correspondence between I'{\Qp and CIJ[, via
—b++/D

2a

assuming [a, b, c] is chosen in its class to have a > 0. If D is fundamental and if Q corresponds to A

[a,b,c]— wZ+ 7, where w= 2-1)

via (2-1) then we define Cgp :=C4 and Fp := F4. We extend this to arbitrary discriminants via Csg :=Cp
and Fsp := Fp. There is a generalized genus character x; on I'1\Qp (see [Gross et al. 1987, 1.2])
associated to the factorization D = dd’ defined by

‘—’) if (a, b, c,d) =1 and Q represents 1 and (d, n) = 1,

%a(Q) = (;
0 if (a,b,c,d) > 1.
If D is fundamental then x; = . is the usual genus character, and there is exactly one such character
for each such factorization.
Recall the integral (1-7). There is an equivalent, and often useful, regularization which does not involve
a limit, which we describe here. Following [Duke et al. 2018], for z, T € H we define

./
T
K(oy= — 0
J (@)= j(7)
where ;' := (1/(2mi))(dj/dz). This function transforms on I'; with weight 0 in z and weight 2 in 7. For
each indefinite quadratic form Q define

vo(z) = K(z,t)dr.
Co
As explained in [Duke et al. 2018], for z ¢ C the value of vp(z) is an integer which counts with signs

the number of crossings that a path from i oo to z in F makes with Cp. Furthermore, vo(z) is I'j-invariant
and is identically zero for Im z sufficiently large. It follows that the integral

/ Jn(@o(e) L
F y

converges, and it is not difficult to show that this regularization agrees with (1-7).

The following theorem generalizes Theorems 1.1 and 1.2 to more general discriminants.

Theorem 2.1. For each positive nonsquare discriminant D, let D = dd’' be any factorization into

discriminants such that d is fundamental. Let m be any positive integer. If d is positive, we have
. d
Y @ | i@ = 245, 610m) - 20(D) logep + O (m¥° D' m D)),
Qer\Qp Co Y
while if d is negative, we have

h(d)h(d’)
wqawq’

dxfy = —240,(m)

1 .
= X 0@ [ horee®

Qel''\@p

+ 0(m8/9D13/27(mD)£).
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To deduce Theorem 2.1 from Theorem 1.3 we require several results from [Duke et al. 2016, §8-9],
which we borrow from freely here. For m > 0, let F_,,(z, s) denote the index —m nonholomorphic
Poincaré series and let
2rm! = op5_1 (m)

Jm(z,8) = 271m1/2F_m(z, s) — -
Jr_(‘“ri)r‘(s + %)C(ZS -1

Fo(z,s).

For m > 1 the Fourier expansion of F_,,(z, s) shows that it has an analytic continuation to Re(s) > %.
In particular, F_,,(z, 1) is holomorphic as a function of z. Furthermore, Fy(z, s) is the nonholomorphic
Eisenstein series of weight %, and we have

1—
lim — 2 o1 m) e 4oy (),
=1 =6 (s 4+ De@s — 1)

A computation then shows that j, (z) = j,(z, 1) for m > 1; see [Duke et al. 2011, (4.11)].
Since the length of Cy is 2log ¢p for every O € Qp, we have

Xa(Q) / =2logep Y xa(Q)=284h(D)logep.
Q€F1\QD Qel1\Qp

By Corollary 4 of [Duke et al. 2018], we have (note that w; = 2w, in that paper)
1 dxd h(d)h(d'
—Zxd(@/v()” (D)

4 ocvon W)
So to prove Theorem 2.1 it suffices to show that
NZED SRR Ae) / Fone DML ¥ D (2-2)
Qel'\@p
and
S Z xd(Q)/ Fom(z, Dug(e) 24y xdy < m¥? D27 (4 DE (2-3)
Qell\Qp

We will prove (2-2)—(2-3) by relating the integrals of F_,,(z, 1) to the quadratic Weyl sums

no= (5 2])),

b mod ¢
b*=D mod ¢

Here we are still assuming that D = dd’ with d fundamental. Note that 7, (d’, d; ¢) = S,,(d’, d; ¢) in the
notation of [Duke et al. 2016]; we have changed the notation here to avoid confusion with the Kloosterman

sums. The Weyl sums are related to the plus space Kloosterman sums via Kohnen’s identity

Tud.dic)= Y (%)\/2»?”5;2(1, "%zd; %) (2-4)

n|(m,c/4)
see Lemma 8 of [Duke et al. 2016]. The Weil bound (1-12) for Kloosterman sums shows that

Tn(d.d'; ) < ged(d', m*d, ¢)'/*c".
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A direct corollary of Theorem 1.3 is the following bound for the Weyl sums.

Theorem 2.2. Suppose that D = dd' is a positive nonsquare discriminant and that d is a fundamental
discriminant. Then for any m > 1 we have

T,d,d;
> % < (x"+ D¥Om' ) (mDx)*. (2-5)
C

4le<x

Proof. When d,d’ are positive this is immediate from (2-4) and the k = % case of Theorem 1.3.

When d, d’ are negative we apply (1-10) after (2-4). Then the estimate (2-5) follows from the k = —%

case of Theorem 1.3. O
We are now ready to prove (2-2)—(2-3).

Proof of (2-2). Let J,(x) denote the J-Bessel function

x2k+v

_ _ 1k _
h(h)—é( D o D" (2-6)

By Lemma 4 of [Duke et al. 2016] we have

Y (@) Foesyldal — 2s_ll“( 5)° Pl Y T, d:c) | 5 <4nmf) 2-7)
QelM\Qp Co Y I'(s) 0<c=0(4) Ve :

for Re(s) > 1. By (2-6) we find that J,(1/x) < x~" and [J,(1/x)] < x~"~ las x — oo uniformly for
€ [3.1]. Leta =47m+/D and let N > a. Suppose that s € [1, 3]. Then by partial summation and
Theorem 2.2 we have

Z Tn(d', d; C)J <4nm\/5>
4|c>=N JE o ¢

D=

= im S04 (£) =503y () = [ 502y (§) ar o=t

where S(x) denotes the partial sum on the left-hand side of (2-5). It follows that the sum on the right-hand
side of (2-7) converges uniformly for s € [ ] Since J 1 (x) = /2/mx sinx we conclude that

VI3 @ | P n= 3 T dseysin( D). o

Qel'\Qp 0<c=0(4)

We split the sum at ¢ = A with A <« m+/D. Estimating the initial segment ¢ < A trivially, we obtain

()<

Z T,.(d', d; c)sin < A(mDA). (2-9)

c<A
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Then by partial summation we have

> Tn(d ds ) S%@) =—S(A)VA sin<—4”n2‘/5) _ f“ S(Z)(\/; Sin<4nn;ﬁ>)/dt,
A

c>A

where S(x) denotes the partial sum on the left-hand side of (2-5). Since

(«/; sin<4ﬂn;\/5>>/ < mt;{zﬁ,

we conclude that

Z T (d', d; c) sin(@) & (mD'?ATP 4 m* DB AT D A)®. (2-10)

c>A

Letting A = m“D”, we choose a = g and b = % to balance the exponents in (2-9) and (2-10). This,
together with (2-8), yields (2-2). O

Proof of (2-3). Define Fy := FN{z:Imz < Y}. Let Q € Qp, and let Y be sufficiently large so that
vo(z) =0 for Imz > Y and so that the image of C¢ in F is contained in Fy. Then for Res > 1 we have

/F_m(z $)vo(2) xdy ./c / F_,(z,8)K(7, z)dXdy dt.
o Y Fy

The function F_,,(z, s) satisfies the relation
NoF_(z,8) = —4y*0:0. F_p(2,8) = s(1 =) F_ (2, );

see Section 8 of [Duke et al. 2016]. So by the proof of Lemma 1 of [Duke et al. 2018] (essentially an
application of Stokes’ theorem), we find that

s(l=s) F_,(z,8)K (T, z)dxd

3 . =00 F_,,(7,s).

It follows that
s(l s)

/F_m(z $)vo(2) xdy /(; i0, F_,(z,s)dz.
0

Differentiating with respect to s and setting s = 1 we conclude that

xdy

/ F_im(z, Dvo(2)

= 20, / i0. F_pn(z, ) dz
Co §=

By Lemma 5 of [Duke et al. 2016] we have

=

T(As+1)° ', d;
Z Xd(Q)/ iBZF_m(Z,s)dzzzs—z—(ZS-'_ ) D Z Tn(d’, d; C)Js_2<4”’"‘/_).
0el\Qp Co (5) 0<c=0(4) Ve
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A straightforward computation involving (2-6) shows that, uniformly for s € [1, %], we have

1 2
o[ Do)

o) Js_é(x)] < x"2|logx| as x— 0.

Thus, an argument involving partial summation, as in the proof of (2-2), shows that we are justified in
setting s = 1, and we obtain

VI Y @ [ Pt tnor P =2 3 o ds o) (22D,

QelM@p Y 0<c=0(4)

where
f(x) :=Ci(2x) sin(x) — Si(2x) cos(x) + log(2) sin(x)

and Ci, Si are the cosine and sine integrals, respectively. The remainder of the proof is quite similar to

the proof of (2-2) because we have

f(x) < min{l, x[logx|} and (ﬂf(@)) < mtSD(sz)S.

We omit the details. O

3. Background

In this section we recall several facts about automorphic functions which transform according to multiplier
systems of half-integral weight &, and the spectrum of the hyperbolic Laplacian Ay in this setting. For
more details see [Duke et al. 2002; Sarnak 1984; Proskurin 2003; Ahlgren and Andersen 2018] along
with the original papers of Maass [1949; 1952], Roelcke [1966], and Selberg [1956; 1965].

Let I' =T'g(N) for some N > 1, and let k be a real number. We say that v: ' — C* is a multiplier
system of weight k if

@ vl=1,
(i) v(—I)=e"* and
(iii) v(y1y2) = wyt, y2)v(y)v(y2) forall yy, y» € I', where

wyi, v2) = j (2, 05 (n, o iy, 275,
and j (y, z) is the automorphy factor

i(y,2) = |z§izl — ¢ arg(cz-i—d).
If v is a multiplier system of weight k, then v is a multiplier system of weight —k.

The group SL;(R) acts on H via (Z Z)z = (az +b)/(cz+ d). The cusps of I' are those points in
the extended upper half-plane H* which are fixed by parabolic elements of I". Given a cusp a of I let
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[y :={y €' : ya = a} denote its stabilizer in I', and let o, denote any element of SL,(R) satisfying
o000 =aand o, 1404 = I'so. Define ko = ky.q by the conditions

v<oa((1) i)oa_]):e(—/ca) and 0<k, <.

We say that a is singular with respect to v if v is trivial on Iy, that is, if «,, = 0. Note that if «,, 4 > 0 then
Kia=1—Kyaq.

We are primarily interested in the multiplier system vy of weight % (and its conjugate vy = v, Uof
weight —1) on ['g(4) defined by

0(yz) =vg(y)vez+d0(2),

where

0(z) := Ze(nzz).

neZ

()G

where () is the extension of the Kronecker symbol given in [Shimura 1973], for example, and

Explicitly, we have

. _<_1)%_ 1 ifd=1 (mod4),
4= “li ifd=3 (mod4).

d
For y € SL,(R) we define the weight k slash operator by
fly =ir.27"f(ra).

The weight k& hyperbolic Laplacian

A 5 9? N 32 _—
= —_— — | —1 J—
=Y G2 dy? rr

commutes with the weight k slash operator for every y € SL,(R). A real analytic function f : H — C s
an eigenfunction of Ay with eigenvalue A if

Acf+Arf=0. (3-1)
If f satisfies (3-1) then for notational convenience we write
A=1+r7

and we refer to r as the spectral parameter of f.
A function f : H — C is automorphic of weight k and multiplier v for I' if

fly=vs forall y eT.
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Let Ax (N, v) denote the space of all such functions. A smooth automorphic function which is also
an eigenfunction of Ay and which has at most polynomial growth at the cusps of I" is called a Maass
form. We let Ax (N, v, r) denote the vector space of Maass forms with spectral parameter r. Complex

conjugation f — f gives a bijection Ay (N, v, r) <— A_(N,v,r).
If f e Ai(n,v,r), then f|k0a satisfies

(f],00) @+ 1D = e(—ka) (f|,0) ).

For n € Z define

Hq =N — Kq.
Then f has a Fourier expansion at the cusp a of the form

1 . 1 .
(f1,00@ = p1a@y*" + 0 @2+ Y pralWIWig iy iy @ Inal)enax),
nqa#0

where W, ,(y) is the W-Whittaker function. When the weight is 0, many authors normalize the Fourier
coefficients so that p,q(n) is the coefficient of ,/y K;, (27 |nq|y), where K, (y) is the K-Bessel function.
Using the relation

Wo,u(y) = Al Ku(y/2),

N

we see that this has the effect of multiplying o q(n) by 2|n,| 172,

Let £, (v) denote the L2-space of automorphic functions with respect to the Petersson inner product

_dxdy

(fig)=| [f@e@dun,  dp:=""35>,

M\H y

and let £ (v, A) denote the A-eigenspace. The spectrum of Ay is real and contained in [Lo(k), 00), where
ro(k) = %lkl(l — %|k| ) The minimal eigenvalue Ag(k) occurs if and only if there is a holomorphic
modular form F of weight |k| and multiplier v, in which case

yI2F@)  ifk>0,

Jo(z) = {y—k/Z F(Z) if k <0,

is the corresponding eigenfunction. When k = :I:% and v = vezk, the eigenspace L',k(v, %) is one-
dimensional, spanned by y#6/(z) if k =  and y~#0(2) if k = —1.

The spectrum of Ay on L (v) consists of an absolutely continuous spectrum of multiplicity equal to
the number of singular cusps, and a discrete spectrum of finite multiplicity. The Eisenstein series, of
which there is one for each singular cusp a, give rise to the continuous spectrum, which is bounded below
by le' Let a be a singular cusp. The Eisenstein series for the cusp a is defined by

Eq(z.5):= Y (p)w(oy " y)jloyy. 2 Im(o, y2)".
v€la\l'so
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If b is any cusp, the Fourier expansion for E, at the cusp b is given by

J (@6, ) Ea(z,8) = 8az6Y" +8¢,=00a0 (0. )y + D bap (1, Wiy gu 51 (4 |6]y)e(np),
np#0

where
e(_%k)ns|n|s_l Z Sab(Ov n,c, U)
I(s+ %k sgn(n)) cecmn) c2s

Gap(n, 5) = (3-2)
e(—3k)m4! =T @2s — 1) Z Sa6(0,0, ¢, v) G0
PabV, Y, ¢, V) b =0.

F(s + %k)f'(s — %k) %

if ny £ 0,

ceC(a,b)

Here C(a, b) = {c >0: (j :) € aa_l Fab} is the set of allowed moduli and S, (2, 1, ¢, v) is the Kloosterman
sum (defined for any cusp pair ab)

= ; Mad + nod :
Sap(m, n, ¢, v) := > vab<y)e( ; ) (3-3)

ab _
y=(% 7)€Tsc\0a ' Tou/ Too

where

—1
w(0ay oy, 0b)

vap (¥) = v(oayoy ") Y

The coefficients ¢qp(n, s) can be meromorphically continued to the entire s-plane and, in particular, are
well-defined on the line Re(s) = % In Section 5 we will evaluate certain linear combinations of the
coefficients ¢qp (n, % +i r) in terms of Dirichlet L-functions in the cases k = j:% and v = vgk.

Let Vi (v) denote the orthogonal complement in £;(v) of the space generated by Eisenstein series.
The spectrum of Ay on Vi (v) is countable and of finite multiplicity. The exceptional eigenvalues are
those which lie in (ko k), i) (conjecturally, the set of exceptional eigenvalues is empty). The subspace
Vi (v) consists of functions f which decay exponentially at every cusp; equivalently, the zeroth Fourier
coefficient of f at each singular cusp vanishes. Eigenfunctions of Ay in Vi (v) are called Maass cusp forms.

Let { f;} be an orthonormal basis of Vi (v), and for each j let A ; = %—l—rjz. denote the Laplace eigenvalue
and {p; «(n)} the Fourier coefficients. Weyl’s law describes the distribution of the spectral parameters r;.

Theorem 2.28 of [Hejhal 1983] shows that

/

T
Z 1—L gi(14—z‘t)dt=sz—ﬁTlogT—FO(T),
A |, o \2 4 T

OfrjfT
where ¢(s) and K¢ are the determinant (see [Hejhal 1983, p. 298]) and dimension (see [Hejhal 1983,
p. 281]), respectively, of the scattering matrix @ (s) whose entries are given in terms of constant terms of
Eisenstein series.
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4. An estimate for coefficients of Maass cusp forms

In this section we prove a general theorem which applies to the Fourier coefficients at the cusp a of
weight j:% Maass cusp forms with multiplier v for I' = I'g(N). We assume that the bound

Saa(n,n,c,v
Z|aa(61—+ﬂ)|<<u n® 4-1)

c>0

holds for some B = 8,4 € (%, 1). A similar estimate was proved in [Ahlgren and Andersen 2018,
Theorem 3.1], but the following theorem improves the bound in the x-aspect when k = % The proof
given here is also considerably shorter.

Theorem 4.1. Suppose that k = :I:% and that v is a multiplier system of weight k which satisfies (4-1).
Fix an orthonormal basis of cusp forms {u;} for Vi (v). For each j, let p; o(n) denote the n-th Fourier

coefficient of uj at a and let r; denote the spectral parameter. Then for all n > 1 we have
na Y 1pjamPe™ < x K (x4 nfrex 1P logh x).
X<r;j<2x

We begin with an auxiliary version of Kuznetsov’s formula [1980, §5] which is Lemma 3 of [Proskurin
2003] with m = n, t — 2t, and 0 = 1; see [Ahlgren and Andersen 2018, Section 3] for justification of
the latter. While Proskurin assumed that £ > 0, this lemma is still valid for £ < O by the same proof, and
straightforward modifications give the result for an arbitrary cusp a.

Lemma 4.2. With the assumptions of Theorem 4.1, and for any t € R we have

27%ng Z 1pj.a(m)|?
|F(1—%k+it)|2 cosh27rrj 4 cosh 27t

T

oyl it ____ o]

oo (cosh 27 r + cosh 2nt)|F(%(k +1)+ir

1 2nq Saa(n, n, ¢, v) drng k—1
REAN D Ve i Ko (0 ) dg, 4-2)
c>

where ) is a sum over singular cusps, and L is the semicircular contour |q| = 1 with Re(q) > 0,

from —i to i.

To prove Theorem 4.1 we follow the method of Motohashi [2003, Section 2]. We begin by evaluating

the integral on the right-hand side of (4-2) via the following lemma. For the remainder of this section we
frequently use the notation f@) to denote ;_Jril;o .

Lemma 4.3. Letk = :I:%. Suppose thata > 0, £ > %k. Then

1 sin(rrs — Lnk
2[ Kz,'t(zaq)qk—l dq — _/ MF(S +il‘)F(S _ l-t)a—z.v ds.
L ey sk
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Proof. For any & > 0 we have the Mellin—Barnes integral representation [DLMF 2010, (10.32.13)]

) _ 1 . 2it—2s

2K (2z) = — / C'(s)I'(s —2it)z ds,
2mi (&)

which is valid for |arg z| < %n. It follows that

1 . .
2 / Krii(2aq)¢g*'dg=— [ T(s)T'(s —2it)a®" =% / P2 g ds
L 27Tl (&) L
1 . sin(mr (s —it — ik
_ F(S)F(s_zil,)azn—zs ( ( l 2 ))

= — ds.
21 J e s—it— 3k

The lemma follows after replacing s by s + it. O
Let K be a large positive real number. In (4-2) we multiply by the positive weight

2 2
o W/KP _ —C1/K)

and integrate on ¢ over R. Applying Lemma 4.3 to the result (and noting that all terms on the left-hand

side are positive), we obtain

S(n,n,c,v 2
na Y laj(m)Phi(r)) < K+ZM ‘Mk(K, %) (4-3)
rj c>0 ¢
where
00 e~ (/K _ p,—(1/K)?
hg(r) ::f 5 dt (4-4)
—00 |F( — %k+it)| (cosh2mr + cosh2rt)
and

o sin(ms — 17k
(e—(t/K)2 _ e—(zt/K)Z) / ( :7k) C(s+in)[(s —it)a' "> ds dt.

M(K,a =/
) ©  s—ik

—0o0

We will make use of the following well-known estimate for oscillatory integrals; see, for instance,
[Titchmarsh 1951, Chapter IV].

Lemma 4.4. Suppose that F and G are real-valued functions on [a, b] with F differentiable, such that
G(x)/F'(x) is monotonic. If |F'(x)/G(x)| > m > 0 then

b 1
/ G(x)e(F(x))dx <« e

Proposition 4.5. Let K be a large positive real number. Suppose that k = :I:% and let M(K, a) be as
above. For a > 0 we have

. alogK
M(K,a) < min|{ 1, ) (4-5)
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Proof. Starting with the integral representation [DLMF 2010, (5.12.1)]

1
C(s+in)['(s —it) = r(zs)/ ys+it71(1 o y)sfitfl dy,
0

we interchange the order of integration, putting the integral on ¢ inside, and find that the integral on ¢ equals

> y i 2 )
T(K,y) =/ <1—> (e—(t/K) _o—Ct/K) ) di
—00 -y

—(1/4)K210g2(%) —(1/16)K210g2(%).

=Ke - %Ke
Hence
"'T(K,y) sin(rrs — k) -
M(K,a) = / ; F2s)ly(1—y)lFa “dsdy. (4-6)
o Y=y) Je s — 5k
To evaluate the inner integral, we use that
k—2s 00
= _ 2/ 2kl gy
s — %k u

—-1/2

Setting u = a [y(1 — y)] , the integral on s in (4-6) equals

oo
2au_k/ ! f sin(ms — 3k)(2s)t™> ds dt = afi(u),
u )

where

fi(u) = cos(%rrk)u_k/ *sinrdt — sin(%nk)u_k/ *cosrdr.

Finally, we set z = K log(y/(1 — y)) to obtain

IR R YR R YT Z
M(K,a)—a/oo<e 2e )fk<2acosh<2K)> dz.

We claim that fi(#) < min(1, 1/u). For u > 1 this follows from Lemma 4.4. Suppose that u < 1. In the
case k=— %, we have fi (1) < 1 by estimating the integrals trivially. When k = % a computation shows that

VT C(V2ujm) — 7 S(V2u/m)
NG ’
where C(x) and S(x) are the Fresnel integrals [DLMF 2010, §7.2]. It follows that f 1 u) < 1.
From the estimate f; (1) < min(1, 1/u) it follows that

Jiw) =

M(K,a) < 1.

Now suppose that ¢ < K2 In this case we add and subtract f;(2a) from the integrand and notice that

© 2 2
/ (e_Z 4 _ %e_z /16) dz =0,

o0
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SO

M(K,a) <a /OO e_zz/lf”fk(Za) — fx (Za COSh<L>) ) dz.
0 2K

Let T =c¢,/log K with ¢ a large constant, and let F(z) = fx(2a) — fi(2a cosh z). Then F(0) = F'(0) =0,
so for |z| < T/K we have

F(z) < z* max |F"(w)|. (4-7)
|lw|<T/K

Since
F"(w) < acoshw| f{(2a cosh w)| 4+ a* sinh® w| f{'(2a cosh w)|

and, by Lemma 4.4,
fi@), ;) <u™",

we conclude that
2

T
F"(w) < asinh(T/K) tanh(T/K) < aK—2 < T2 (4-8)

By (4-7) and (4-8) we have

r 2
a/ e ¢ /16
0

and by fr(u#) < 1 we have

o 2
a/ et /16
T

With our choice of T this yields (4-5). O

aT o0 aT
F(2i> ‘ dz < | e /04, «
0

oo
S 2a) — fk(2a cosh(%))‘dz <<a/ N6 gr & g o6,
T

Proof of Theorem 4.1. First note that when r ~ x we have &, (r) > e 7" x*~1, where h,(r) is defined in

(4-4), so by (4-3) and positivity we have

—TTr; |S (n,n,C,V)l 27n
nadk Y Ipjamle ™ a4 Y0 DL g (2

X=<r;j<2x c>0
Let 8 be as in (4-1). By Proposition 4.5 we have

aP logh x
x28

. alogx
Mk(x,a)<<mm<1, 2 ><<

from which it follows that

|Sau(n, nv Ca V)l 27Tnu
xZ c ‘Mk<x’ c )

c>0

B.1-28 B [Saa(n, n, c, V)]
L ngx log x;—CHﬂ

< nbrex=2 1ogf x.

The theorem follows. O
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5. The Kuznetsov formula for Kohnen’s plus space

In this section we define the plus spaces of holomorphic and Maass cusp forms, and we prove an analogue
of Kuznetsov’s formula relating the Kloosterman sums S,j (m, n, c¢) to the Fourier coefficients of such
forms. For the remainder of the paper we specialize to the case I' = I'g(4) with (k,v) = (% 1)9) or
(—%, D@). We will often write k = A + %, and to simplify notation, we write V; = Vi (v) and S; = Sp(v),
where S, (v) is the space of holomorphic cusp forms of weight £ and multiplier v. We fix once and for all a
set of inequivalent representatives for the cusps of I', namely oo, 0, and %, with associated scaling matrices

o (1o 0_0—% o —1
©*=\o1)" °=\2 0o )¢ = \2 0 )

LY
Koo =ko=0 and Klzw.
2 4

Following Kohnen [1980; 1982] we define an operator L on automorphic functions as follows. If f

Then

satisfies f|ky =v(y)f for all y € Ty(4) then we define

3
1 - l+w &
Lf = ——— 4.
! 2(1+i2k)zf‘k< 4w 1)
w=0
It is not difficult to show that L maps Maass cusp forms to Maass cusp forms. It follows from [Kohnen

1980] (see also [Katok and Sarnak 1993]) that L is self-adjoint, that it commutes with the Hecke
operators T2, and that it satisfies the equation

(L-1D(L+3)=0

(Kohnen proves this in the holomorphic case, but the necessary modifications are simple). The space Vg
decomposes as Vi = V,:r ®V, where V,:r is the eigenspace with eigenvalue 1, and V;” is the eigenspace with
eigenvalue —%. For each f € Vy, we have f € V,j if and only if p 7, (n) =0 for (—D*n=2,3 (mod 4).
The following lemma describes the action of L on Fourier expansions.

Lemma 5.1. Let k = :I:% =i+ % and v = vgk. Suppose that f\ky =v(y)f forall y € I". For each
cusp a of I" write the Fourier expansion of f as

(fl,00)@ =Y craln. yenax).
neZ

Then

1 1 .
3o M+ 50— cra( %40 dy) i (=1'n=0,1 (modd),
CLfoo(n, y) = 1
—5 o0, y) if (—1)*n=2,3 (mod 4),

where a =0ifn =0 (mod 4) and a = % ifn=(—=1)" (mod 4).
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Proof. Let A, = (Tww 1{4). Since A; = (g :g)(gﬁ{“) and v((g :?)) =% we have

f|kA0+f|kA2=f(z"'%,)"'ﬂkf(z"'%)
=1+ iZk) Z Croo(n, y)e(nx) — (14 izk) Z Cfoo(n, y)e(nx).

(—=1)*n=0,1(4) (-1 n=2,3(4)

For w =1, 3 we have A| = (:}1;)0%((2) 1(/)2) and Az = (;1l ;)00(3 1(/)2). Since ”((:411;)) = i%* we have

FleAr+ fl Az = (f | o0 42) +i%(f] 01 (42)

=% 3 cpolbm e+ Y ey (b ey d)etno.
n=0(4) n=(—1*(4)

The lemma follows. O

The analogue of L for holomorphic cusp forms is defined as follows. If for some £ we have F(yz) =
v(y)(cz+d) F(z) for all y € To(4) then f(z) = y*/2F(z) satisfies f|,y = v(y)f, and we define

L*F =y 2Ly

The plus space SZ’ of holomorphic cusp forms is defined as the subspace of Sy consisting of forms F
satisfying L*F = F. If pp q(n) is the n-th coefficient of F at the cusp a then, in the notation of the
previous lemma, we have pp,a(%n + Kq, 4y) = %c.f’a(}—tn + Kq, 4y). Therefore we have the following
analogue of Lemma 5.1.

Lemma 5.2. Letk = +£1 =1+ 1 and v = v3X. Suppose that ¢ = k (mod 2) and that F € Sy(v). Then

1 1 .

SPF,00(N, ¥) + ——1= ,OF,a(Q + Kq, 4y> if (—1)*n=0,1 (mod 4),

2 (1—i2k) 4

PLF,00(n, y) = |
_zpF,oo(n, y) if (—1)*n=2,3 (mod 4),

where a =0ifn =0 (mod 4) and a = % ifn=(—=1)" (mod 4).

To state the plus space version of the Kuznetsov trace formula, we first fix some notation. Recall that
S,j (m, n, c) is the plus space Kloosterman sum

N - _li c\ x md -+ nd 1 if8]c,
Sk (m,n,c)—€< 4) Z (d)gd 6(—C X 2 if4]lc.

d mod ¢

Let ¢ : [0, o0) — R be a smooth test function which satisfies

e0)=¢'(0)=0 and ¢V(x)<«x** forj=0,1,2,3. (5-1)
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Define the integral transforms

- 1 [
5O =L f Jeo1 () 42X (5-2)
T 0 X
o) = % oo(cos(%nk+7tir)12,~,(x) —cos(%nk—Jtir)J_gir(x)>¢(x)d7x, (5-3)
where 2
E(r) = ~ %nrk as r — o0.

sinh7rr T (3(1—k) +ir)T(3(1 —k) —ir)
Note that ¢(r) is real-valued when r > 0 and when ir € (_}T’ le) If d is a fundamental discriminant, let
Xd = (”—’) and let L(s, x4) denote the Dirichlet L-function with Dirichlet series

L(s, xg) = Z Xd(”).

nS

n=1

Finally, we define

g V4
Ga(w, s) = %u(ﬁ)xm’ (wﬁf )

where 7, is the normalized sum of divisors function

s (1
wo=Y(5) ==

ab=¢

Theorem 5.3. Let ¢ : [0, 00) — R be a smooth test function satisfying (5-1). Let k = :l:% =A+ % and
V= Ve Suppose that m,n > 1 with (—1)*m, (=1)*n =0, 1 (mod 4), and write

(=D*m=v?d’, (=D*n=w?d, withd,d fundamental discriminants.

Fix an orthonormal basis of Maass cusp forms {u;} C V,:r with associated spectral parameters r; and
coefficients pj(n). For each £ =k (mod 2) with £ > 2, fix an orthonormal basis of holomorphic cusp
forms ’HZ C S; with normalized coefficients given by

o0
gy =Y (e p,(nye(nz)  forg e M. (5-4)
n=1
Then
Z S,j(m,n,c) <471«/mn)
@
0<c=0(4) ¢ ¢

p;(m)pj(n) - - o
— 6v/m Z ’Coshnjr (])+ > ;dze(%(ﬁ_k))w(ar(ﬁ) prg(m)pg(n)
mot ge

1/00(61)"%(%—2”, xa')L (% +2ir, xa)Sa (v, 2ir)&4(w, 2ir)
a’ 121 +4ir) 2 coshr|T (Lt + 1) +ir)|?

) o(r)dr.

—0o0
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Biré [2000, Theorem B] stated a version of Theorem 5.3 for I'g(4N) in the case k = % under the added
assumption that ¢(¢) = 0 for all £. His theorem involves coefficients of half-integral weight Eisenstein
series at cusps instead of Dirichlet L-functions.

To prove Theorem 5.3, we start with Proskurin’s version [2003] of the Kuznetsov formula which is
valid for arbitrary weight k and for the cusp-pair cooco. The necessary modifications for an arbitrary
cusp-pair are straightforward; see [Deshouillers and Iwaniec 1982] for details in the £ = 0 case. Recall
the definitions of the generalized Kloosterman sum Sqp(m, 1, ¢, v) in (3-3) and the Eisenstein series
coefficients ¢qp(m, s) in (3-2).

Proposition 5.4. Suppose that ¢ satisfies (5-1). Suppose that m,n > 1 and that k = :I:%. Letv = vgk

and T' =T'¢(4) and let a, b be cusps of I'. Let {u ;} denote an orthonormal basis of Maass cusp forms of
weight k with spectral parameters r . For each2 < { =k (mod 2), let H, denote an orthonormal basis of
holomorphic cusp forms of weight £ with coefficients normalized as in (5-4). Then

(-1 3 Sab(m’”’c’wg[,(‘lﬂ\/m)

4 c c
ceC(a,b)

a4y Y LRI GSY (Le—)FOTO) Y pealm o)
j=0

coshmr;
J f=k mod 2 g€H,

00 irf 1 j
N Z / <ﬂ) ¢ca(m, 3 +lr) ¢cb(n, 2 +1r2) a(r) dr. (5-5)
co\Ma/ coshmr|[(3(k+1)+ir)|

ce{0,00} ¥

We will apply (5-5) for the cusp-pairs cooco, 000, and oo%, and take a certain linear combination which
annihilates all but the plus space coefficients. The following lemma is essential to make this work.

Lemma 5.5. Suppose that 4 || c. Let k = :l:% = A+ % and v = vgk. Let a =0 or % according to
(—1)*n =0, 1 (mod 4), respectively. Then

Socoo(m, 1, ¢, v) = (14i*)Saea(m, g1+ ka, 3¢, v).
Proof. Since Sqp(m, n, c, v) = Sqp(—m, —n, ¢, V), it is enough to show that

( —a Soco(m, §n, 3¢, vg) if n =0 (mod 4),
S m,n,c,vg)=(1-41i)x )
= Soot (M, 5 +3), 5, v9) ifn=1 (mod4).

This is proved in [Bir6 2000, Lemma A.7]. Note that Biro chooses different representatives and scaling
matrices for the cusps 0 and 2, which has the effect of changing the factor (1 —i) to (1 41). O

Proof of Theorem 5.3. Let k, v, and a be as in Lemma 5.5. From that lemma and the definition (1-9) it
follows that

S]j_(m’ n, C) = e(_%k)SOOOO(m’ n,c, U) +84HC\/§SOOCL(m9 %n +KU, %Cv v)’
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Therefore
SiF(m,n,c) 4 /mn Socco(Mm, n,c,v) (4w /mn
X (T ) et X e ()
c c c c
4]c>0 4|c>0

NG c c

2)le>0

1
Soca(m, In+kq, c, v 471\/m(—n+/<a)
1 Z ooa( 1 a ) (,0( 4 a . (5—6)
Note that C(00,a) = {c € Z+ : c =2 (mod 4)} for a =0, % We apply Proposition 5.4 for each of the
cusp-pairs cooco and ocoa on the right-hand side of (5-6). We fix an orthonormal basis {u;.r} for V,j and

we choose an orthonormal basis {u ;} for Vj such that {u;r} C {u;}. Then we do the same for H,j C Hy.
The Maass form contribution is

4./m Z pj(m) Pt o j)(ploo(”)++i2k)p-/’a(ﬁl1n+lcu))'

coshrmr; 2(1

Let ,o;.L) denote the coefficients of Lu ;. Then by Lemma 5.1 we have

N S w . 2 ifuj eV,
2(1_i2k)/0j,a(4n+/(a) 2,0] 0o(n) +,0 o) = pj(n) x {0 ifu; e V.

We compute the contribution from the holomorphic forms similarly. For the Eisenstein series contribution

/Oj,oo(n) +

we apply the following proposition, together with the relation Sqp(m, 1, ¢, v) = Sqp(—m, —n, c,v). U

Proposition 5.6. Let k = % and v = vy and suppose that m,n = 0, 1 (mod 4). Write m = v*d' and
n = wid, where d', d are fundamental discriminants. Let a = 0 or % according ton =0, 1 (mod 4),

respectively. Then

S Gl 1) (Gl +7) + 3 bl 4 )
ce{00,0}
L(% —2ir, Xd’)L(% +2ir, x4

2ir
- 21¢(1 +4ir)|2 )(%> Sa (v, 2ir)Gq(w, 2ir). (5-7)

The proof of this proposition is quite technical, and we will proceed in several steps. In order to work

in the region of absolute convergence, we will evaluate the sum

Z acoo(ma s)<¢coo(n, s)+ 1+l

ce{o0,0}

¢ca( 31+ Ka, S))a

for Re(s) sufficiently large. Then, by analytic continuation, we can set s = % +ir to obtain (5-7). First,
for the term ¢ = oo, by Lemma 5.5 we have

(In+kas) =e() o (. s), (5-8)

where

+
ACOED PR (5-9)

2s
C
4|c>0
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Here we have written S*(m, n, ¢) = Sfr/z(m, n, ¢) for convenience. The following proposition evaluates
¢T(n,s). Itis proved in [Ibukiyama and Saito 2012] and applied in [Duke et al. 2011, Lemma 4]; here
we give an alternative proof which uses Kohnen’s identity (2-4).

Proposition 5.7. Let w € Z, and let d be a fundamental discriminant. Then

172sL(2S - % Xd)

+ (0,2 _ ni—4s
¢ (wd,s)=2 w Cas—1)

Sy(w,2s —1).

Proof. By Mobius inversion, it suffices to prove that

L(2s =3, xa)

1o (W _3—ds, 1-2s
ZXd(E)EZ ¢ <£2d’s>_22 w1 (w) t(ds — 1)

£lw

Writing ¢ as the Dirichlet series (5-9), reversing the order of summation, and applying the identity (2-4),
we find that

l—2s-‘rw_2 _L —1 2—6 + w_zg
PP ACLd (zzd,s)—ﬁMZOCZS_I > xa0y T SH(0.5d: g

Lw 2 £l(w,§)
00
_ 2%_45 Z Ty (0,4, 40)'
CZS—%

c=1

To evaluate T, (0, d; 4c) for a given ¢, we write 4c = tu, where

u=T] p™* and ¢= [ p"?.

p°ll4c pe|l4c

Then b = 0 (mod 4c) if and only if b = xu for some x modulo ¢. For each such b, let g = (x, %t) and

choose A € Z such that

1/2¢ x/g
y = ( 14+Ax /g € SLy(Z).
A t/2g
Then y[c, b, b*/4c] = [ug?/t,0, 0] and xq([c, b, b*/4c]) = xa(ug?/t). It follows that
A — mxy _.
Ty(0.d; 4c) = 2xa/t) > e<t/2> 27 (c).
x mod /2
(x,/2,d)=1

It is straightforward to verify that f(c) is a multiplicative function and that for each prime p

(1) if p|d then
Cpam(w) if a is even,

f(p):{ 0 if a is odd,

(ii) if ptd then
pLa/ZJ ifpta/ZJ | w,
0 otherwise.

(") = xa(p)* x {



1562 Nickolas Andersen and William D. Duke

Here ¢, (w) is the Ramanujan sum which satisfies

wl_so's—l(w) Cq(w) Cp (w)
e " Z Sib

P a=0

It follows that

— fO) 5y L(2s — 3, xa)
Zczs—% U4s—2(w)—§(4s_1) :

The proposition follows. (|
Next we evaluate the term in (5-7) corresponding to the cusp ¢ = 0. The following lemma will be useful.

Lemma 5.8. Let k = % and v = vg and suppose thatn =0, 1 (mod 4). Suppose that 4 | ¢ and a =0 or
2|lcand a= % according to whether n =0 or 1 (mod 4), respectively. Then

S0a(0, 571 + Ka, €, Vg) = 1 Socec(0, 1, 4c, vp). (5-10)

Proof. For each cusp a we have (%n + Ka)a = %n. Suppose first that n =0 (mod 4) and a = 0. A straight-
forward computation shows that Sog(m, n, ¢, V) = Secco(m, 1, ¢, v) for all m, n € Z. From the definition
of Sacoo(m, 11, ¢, v) it follows that, for ¢ = 0 (mod 4), we have Sy (0, %n, c,v) = A—ILSOOOO(O, n,4c, v).
Now suppose that n = 1 (mod 4) and a = % We will prove (5-10) directly from the definition of
So(m.n, c,v). Let (¢ b) = o(;l(é g)m where (c D) € I'y(4). Then 2 || ¢ and a, d are odd, so (after
shlftlng by ( ) on the right) we can assume that 4 | b. Then ep = 4,405 = &, = €4 since ad =1 (mod 4).

(5) = (a28) = (&3) =0 (0)(2) = (5) = (7)

since bc = —1 (mod a) and ad =1 (mod 4c). It follows that

n 4c nd
SOa(O, Z +Ka, C, 1)9) = Z <7>8d6(z)

d mod ¢

We also have

Note that replacing d by d + ¢ has no net effect since ¢44. = ¢_4 and ( pan ) =— <_71) (2) SO

(o (42 = (5 0] ()2

since n = 1 (mod 4). The relation (5-10) follows. O

Proposition 5.9. Let k = % and v = vg and suppose that n = 0, 1 (mod 4). Write n = w?d with d a
Sfundamental discriminant. Let a =0 or % according ton =0, 1 (mod 4), respectively. Then
L(2s — 3, xa)

1—|—z [ 1-2s
¢()oo(l’l,3)+ ¢0a( +Kq, S ) —4711) m@d(ﬂ),zs—l) (5-11)
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Proof. We will prove that

1+i a3
;l ¢Oa(% + kg, S) =i 257 2¢t(n, s);

then (5-11) will follow from Proposition 5.7. A straightforward computation gives the relation

Poco (1, 5) +

SOOO(m7 n,c, 1)9) = iSOOO(mv n,c, v€)~

This, together with Lemma 5.5, shows that

2% Sooco(0, 71, €, vp)
oo, 9) =17 >, = . (5-12)
4||c>0

Next, by Lemma 5.8 we find that

1+l n _ 22S SOOOO(Ov n,c, V&)
2 boa(G + ke s) = 0= S (5-13)

where the sum is over c =0 (mod 16) if a =0, or c =8 (mod 16) if a = % We claim that we can let the
sum run over all ¢ =0 (mod 8) in either case. Equivalently,

c=8 (mod 16) if n =0 (mod 4),

. (5-14)
c=0 (mod16) ifn=1 (mod4).

Sooxc(0,7,¢,v9) =0  when {

To see this, we decompose the Kloosterman sum as follows (see Lemma 1 of [Sturm 1980]): if ¢ =2'¢’

with ¢’ odd, then
-1 2! nr
Soone (0,1, ¢, v0) =251 G(n, ) ) <7>8re(7)’

r mod 2!
where G (n, ¢’) is a Gauss sum. In the case n =0 (mod 4) and ¢ = 8 (mod 16) it is easy to see that

5 (e(5)-

r mod 8
If n =1 (mod 4) then, by replacing r by r +2/~2, we see that
2! nr n 2! nr
> (F)ee(5)=e(3) X (F)ee(5)
r mod 2! r mod 2!

as long as r > 4, from which it follows that the sum modulo 2’ is zero.
By (5-12), (5-13), and (5-14), we conclude that

2s—1

14 2 S 0, n,c,vg) S 0, n,c,vg)
e g g g s

l_l CZS CZS
4]|c>0 8lc>0

=i 2573¢%(n, s),

which completes the proof of the proposition. O
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Proof of Proposition 5.6. By (5-8) and Propositions 5.7 and 5.9 we have

D" benolm, S)(¢coo(n, s)+ %qﬁm(% + Ka, s))

ce{00,0}

5 g _ 25 — 1,
= (e(%)27_4s¢oooo(m, $) 4127 Pooo (m, s))wl_stG(wzd, 25 — 1).

Then by (5-12) we have (writing s = o +ir)
3 po— =
'e(%)z7 4S¢oooo(m,s)+l -2 2S¢ooo(m,s)
= (1_|_l')21—4s Z Soccc (0, m, ¢, vg) +4‘§_S Z Soo0o (0, m, ¢, vy)

o2

c® 1—i
4]c>0 4{|c>0

274ir
~ 1=

(7 (m, 5) + (4177 — Dpocoo(m, 3)).

The proposition follows after applying Proposition 5.7 and setting s = % + ir, noting that the factor

41720 _ 1 in the second term vanishes. -

6. Proof of Theorem 1.3

Leta =4n./mn and x > 0 and let x% < T K x% be a free parameter to be chosen later. We choose a
test function ¢ = ¢, .1 : [0, 00) — [0, 1] satisfying
i) () =1for -~ <r <<
1) o) or 5o =1 =
a a
>
2x+2T and 7 > x=T
-1 2
cen a a X
(i) ¢'(1) < (x—T x) < aT’ and
(iv) ¢ and ¢’ are piecewise monotonic on a fixed number of intervals (whose number is independent of

a,x,T).

(i) ¢(t) =0fort <

We apply the plus space Kuznetsov formula in Theorem 5.3 with this test function and we estimate each
of the terms on the right-hand side.
We begin by estimating the contribution from the holomorphic cusp forms

K= 3 e(Je—0)FOr© Y. pampym). (6-1)

£=k mod 2 geHZ'

Since the operator L commutes with the Hecke operators we may assume that the orthonormal basis ’HZ
is also a basis consisting of Hecke eigenforms. We will estimate K" by applying the Kohnen—Zagier
formula [1981] and Young’s hybrid subconvexity bound [2017]. Let g € ’HZ and recall that the coefficients
of g are normalized so that

g@ =Y @) p(me(nz).

n=1



Modular invariants for real quadratic fields and Kloosterman sums 1565

Since we are working in the plus space, the Shimura correspondence is an isomorphism between SZ v)
and the space Sy¢—1 of (even) weight 2¢ — 1 cusp forms on I'|. So g lifts to a unique normalized f € Sy
with Fourier expansion

f@= an_laf(n)e(nz), where as(1) = 1.

n=1
The coefficients p, and a s are related via

P 1dD) = py(ldD) Y 1) (L) /),

ulv
where d is a fundamental discriminant with (—1)*d > 0. Using Deligne’s bound |ar(n)| < op(n), it
follows that
|0g W1dD] < 1pg(IdD)]og (v). (6-2)
Suppose that g is normalized so that (g, g) = 1. If d is a fundamental discriminant satisfying (—1)*d >0
then the Kohnen—Zagier formula [1981, Theorem 1] can be written as
ree-1)
(4m)2 =1, f)

where L(s, f X xq) is the twisted L-function with Dirichlet series

L) pg(|d])|* = 4x L(3. f X xa),

o0

L(s, fx xa) =)

m=1

ayg(m)xq(m)
ms '

(6-3)

By a result of Hoffstein and Lockhart (see [Hoffstein and Lockhart 1994, Corollary 0.3] and the second
remark that follows it, and note that their normalization differs from ours) we have the bound

ree—1

= 7«
TESEETTTIN

so we conclude that
T(@©)]pg(ldDI* < L(%, f x xa)€*.

Let Hy¢—1 be the image in Sy, of the Shimura lift of H} (v). Young’s hybrid subconvexity bound [2017,
Theorem 1.1] yields
3
Yo LG fxxa) < @)t
feHa
for odd fundamental d. See the Appendix for the case of even fundamental discriminants d. Applying

Holder’s inequality in the case é + % + % = 1, together with the fact that #H,,_; < £, we obtain the
following theorem for d, d’ fundamental discriminants. It is extended to all m, n using (6-2).
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Theorem 6.1. Let £ =k (mod 2) with k = i% =\+ % and suppose that HZ is an orthonormal basis
for SZ“ consisting of Hecke eigenforms. Suppose that m, n are integers with (—1)*m, (—=1)*n > 0, and
write (—1)*m = v3d' and (—1)*n = w3d withd, d’ fundamental discriminants. Then

T Y |pe(mDpg(nD] < eldd'|* (vw)®.

ge?—l?’

Applying Theorem 6.1 to the sum (6-1) we find that

K < ldd' |54 w)* Y (o).
0=k(2)
The latter sum was estimated in [Sarnak and Tsimerman 2009] (see the discussion following (50); see
also Lemma 5.1 of [Dunn 2018]) where the authors found that ), £ ¢(€) < «/mn/x. We conclude that

dd'|3
K « —vw| R (mn)®. (6-4)
X

Next, we estimate the contribution from the Maass cusp forms

m . pjm)p;(n)
K= W% coshrr; ).

We follow the same general idea as in the holomorphic case, but instead of the Kohnen—Zagier formula
we apply a formula of Baruch and Mao [2010]. As in the holomorphic case, we may assume that the
orthonormal basis {u;} of V,j consists of eigenforms for the Hecke operators. Suppose that u; € V,:r
has spectral parameter r;. The lowest eigenvalue is ¢ = 13—6 which corresponds to ug = y'/40(z) or its
conjugate. Since the coefficients pg(n) are supported on squares and since m, n are not both squares, we
find that the term in K™ corresponding to j = 0 does not appear. In what follows we assume that j > 1.

Theorem 1.2 of [Baruch and Mao 2010] shows that there is a unique normalized Maass cusp form v;
of weight O with spectral parameter 2r; which is even if k = % and odd if k = —%, and such that the
Hecke eigenvalues of u; and v; agree. Since there are no exceptional eigenvalues for weight 0 on SL;(Z)
this lift implies that there are no exceptional eigenvalues in weights j:% in the plus space. It follows that
rj > 0 for each j > 1 (in fact r; ~ 1.5). If a;(n) is the n-th coefficient of v; (with respect to the Whittaker
function, not the K-Bessel function) then for d a fundamental discriminant we have

wp;(dw?) = p;(d) Y €7 (0 xa(O)a; (w/0).

£lw

Let 6 denote an admissible exponent toward the Ramanujan conjecture in weight 0; we have 6 < é by
work of Kim and Sarnak [2003]. Then a;(w) < w?*¢ since v ; 1s normalized so that a;(1) = 1. Hence

wlp; (dw?)| < w'|p;(d)].
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Suppose that d is a fundamental discriminant and that (u;, u ;) = 1. Then Theorem 1.4 of [Baruch and
Mao 2010] implies that

2

lpj(d)]

El

1
2_ L(5,vj X Xa) ‘F<1—ksgnd —irj)

wld{v;, v;) 2

where L (3, v; X xq) is defined in a similar way as (6-3). Hoffstein and Lockhart [1994, Corollary 0.3]
proved that (v;, v;) T« +r j)sez” "/ (again, note that the Fourier coefficients are normalized differently
in that paper). It follows that

lpj ()| —ksgn(d)+e 1 (1
1Yy < Y () L(3.vj X Xa)-

coshmr;
rj<x 2r;j<2x
Young’s subconvexity result [2017, Theorem 1.1] in this case shows that

3
d  L(3.vj x xa)” K (dI(1+T))'.
T<rj<T+1

After applying Holder’s inequality as above, we obtain the following.

Theorem 6.2. Let k = :I:% =A+ % Suppose that {u} is an orthonormal basis for V,:r consisting of
Hecke eigenforms with spectral parameters r; and coefficients pj. Suppose that m, n are integers with
(—D)*m, (—=1)*n > 0, and write (—1)*m = v?d’ and (—1)*n = w?d with d, d’ fundamental discriminants
not both equal to 1. Then

\/72 |pj(m)pj(n)| & |dd'|s (vw)?x 2~ 2KCEmEsE (1 1yE

cosh

To estimate " we consider the dyadic sums

K™ (A) := /mn Z M@(U)

coshrmr;
A<rj<2A

for A > 1. Theorem 6.2 gives one estimate for the coefficients |p;(m)p;(n)|. Applying Cauchy—Schwarz
and Theorem 4.1 with 8 = % + & we obtain a second estimate:

Jmn Z M < A*k(A2 +(m +n)%A + (mn)%)(mnA)s.
= coshrmr;

These theorems together imply that

vmn Z % LA™ mm((dd) s(vw)? A%, A% + (m-l-l’l)%A—i-(mn)%)(mnA)s,
A<rj<2A J

The following lemma gives an estimate for ¢(r).
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Lemma 6.3. Ifr > 1 then with ¢ = ¢, .7 as above we have

() <rk min(r’%, ro2 %)
IfIr] < 1then @(r) < |r| ™2

Proof. Recall that

sy = SO [

~ cosh2mr (COS(%nk +nir)]2”(x) - COS(%nk - JTii”)J_zir(X))go(x) Ci_x,

where & (r) < r* as r — 0o. Sarnak and Tsimerman [2009, (47)—(48)] proved that

—7|r| o dx . _3 _3X
e Dir () (x)— K rmn(lrl 2, |r] 2—>
0 X T

for |r| > 1. The first statement of the lemma follows. The second is similar, using [Sarnak and Tsimerman
2009, (43)]. O

Since min(x, y) < x”yI*“ for any a € [0, 1], we have
7 (A) < min(1, <) (VA + (@dd) B 0w)5 0n + 1)} -+ (dd) s (0w) ¥+ mnA)”,

where we used a = % in the second term and a = % in the third term. Summing over A we conclude that

m x "3 5 § N 1430 e
K" < ?—F(dd)lz (vw)z2(m +n)8 + (dd") 16 (vw)8" 4" |(mnx)°®. (6-5)
We turn to the estimate of the integral

d/

o / (d ) L(% —2ir, xa)L(% +2ir, x4)Sa (v, 2ir)6d(12u, 2ir)a(r) "
R |£(1+4ir)[2coshmr|T(3(k+ 1) +ir)|

By symmetry it suffices to estimate the integrals Kf = fol and K = || loo. Estimating the divisor sums
trivially we find that

1Ga(w, 5)| < op(w)?.

For |r| < 1 we have |¢(1+4ir)|* > r~% and coshr|[' (5 (k + 1) +ir) |2 > 1, so by Lemma 6.3 we have
the estimate

1
Ko < (vw)E/ |L(% —2ir, Xd’)L(% +2ir, Xd)| dr.
0

Since cosh nr‘F(%(k +1)+ ir)‘2 ~ qrk for large r and since |¢ (1 +4ir)|~! « r¢ for all r we have by

Lemma 6.3 that

o
K{ < (vw)® /1 |L(% —2ir, xa')L(% +2ir, xd4)| r37;—s'
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-3/8 3/4

We multiply each Dirichlet L-function by r
in the case % + % + % = 1. We obtain

and the last factor by r/%, then apply Holder’s inequality

( /1 r;f%) (6-6)

1
00 i o
i< (Uw)g(/l LG +ir )l rcé;“) (/1 L3 +ir xa)|° ;34)

Young [2017] proved that

A=
W

T+1
/ IL( +ir xa)|* dr < (111 + )1,
T

from which it follows that K¢ < (vw)¢|dd'|s** and

ooLl . 6dr<oo 1 T+1L1 . 6d dH_g
1 LG +irxa)l 55 <D 7om . |L(3 +ir xa)|" dr <1dI™**.
This, together with (6-6) proves that
K¢ < (uw)*|dd'[++°. (6-7)

Putting (6-4), (6-5), and (6-7) together, we find that

Z S,:r(m, n, c)¢(4rr«/mn>
c

c
4|c>0

2
< <,/% + —vw|id B 4 @adytow)dm+n)t + (dd/)&(vw)é+29>(mnx)£.

To unsmooth the sum of Kloosterman sums, we argue as in [Sarnak and Tsimerman 2009; Ahlgren and
Andersen 2018] to obtain

(mn)®.

St(m,n,c 4 /mn Stm,n,c T log x
Z i ( )(,0( )_ Z e ( )<< g
c c c Jx

4|c>0

x<c<2x

. 2 . .
Choosing T = x3 and using that m +n < mn we obtain

S+ N, /% b

3 Sgmn.e) o (xé + —”“";’d S (dd’)i(vw)“g)(mnx)s. (6-8)
C

x<c<2x

To prove (1-11) we sum the initial segment ¢ < (dd)*(vw)? and apply the Weil bound (1-12), then sum

the dyadic pieces for ¢ > (dd’ ) (vw)? using (6-8). To balance the resulting terms we take a = g and

b= %, which gives the bound

L N, 1 2 1
> M < (x8 +(dd')> (vw)3 ) (mnx)®.

This completes the proof. O
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Appendix: Young’s theorem for even discriminants

Let D be a fundamental discriminant. Then |D| = g or 4¢q, where ¢ is squarefree (but not necessarily
odd). For a positive even integer k, let By (g) denote the set of weight k& holomorphic Hecke newforms of
level dividing g. Our goal in this appendix is to prove the following generalization of Young’s hybrid

subconvexity result [2017].

Theorem A.1. Notation as above, we have

S L fxxp)’ < kDD
f€Bk(q)
A corresponding generalization also holds for Maass cusp forms and Eisenstein series; for simplicity
we only deal with the holomorphic case here.
For ease of comparison with [Young 2017], we have adopted the notation of that paper for this section
only. We will indicate the changes that need to be made and refer the reader to [Conrey and Iwaniec 2000;
Young 2017] for the remaining details. Starting in Section 4 of [ Young 2017], our goal is to show that

k—1-2T 3
> w(“5) T et rxa) <adiph
k=a(4) feBi(q)

where w is a smooth nonnegative function with support in [%, 3] which equals 1 on the interval [1, 2],
and a is determined by i* = xp(—1). Here w”} is a Petersson weight satisfying a)"} > (kq)~¢. Applying
the approximate functional equation and the Petersson formula as in Section 5 of [Young 2017], we find
that it suffices to show the following.

Proposition A.2. Fori = 1,2, 3, let w; be a smooth weight function supported on x < N;, with 1 K
N; < (gT)'*¢ and with wi(k) < Ni_k. Then

S(nino,n3;c) 4 /ninon 1 R
Z wi(n)wa(n2)ws(n3) xp(ninans) Z 1 2C 2 B( Cl 2 3)<< (N1N2N3): AT (gT)*,

ni,no,n3 c=0(q)

where S(m, n; c) is the ordinary Kloosterman sum,

k—1-=2T
B = Bho,o = k - 1 — J -
(x) (x) E ( )w( A ) k—1(x)

k=a(4)

and Jy_1(x) is the J-Bessel function.
With wy, wy, and w3 as in Proposition A.2, let
S(N1, N2, N3; C; B)= ) S(Ni, N, N; o),

c=C
c=0(q)
where

S(N1, Nz, N3; o)=Y xp(ninan3)S(ning, n3; cywi (ny)wa(n2)ws(n3) B

ni,n2,n3

(47r./n1n2n3>
. .



Modular invariants for real quadratic fields and Kloosterman sums 1571

We now follow Section 8 of [Young 2017], where the main difference is that we must keep track of the
dependence on lcm(c, | D|), which we write as c¢s, with s € {1, 2, 4, 8}. Applying Poisson summation
modulo ¢ to the sum over the lattice Z> we find that

S(N1, Ny, N3;c)= > G(my,my, m3; ¢) K (my, my, m3; c),

mip,ma,ms3

where

G(my1,ma, m3;c) =

Z xp(arazxas) S(araz, as; C)€<

aymi + axmy +a3m3)
ay,az,az mod ¢

(cs)3 cs

and

4/ttt —mit; — motr) — msit3
K(my,my, m3; c) = /3 wl(fl)wz(tz)w3(t3)3( . e
R

) dty dt dts.
CcSs

The analysis of the analytic piece K (m, my, m3; c¢) is almost exactly the same as in [loc. cit., Section 8];
simply replace #; by #;/s*/3 and apply [loc. cit., Lemma 8.1]. The only difference is that the phase

—mipmams3
e —_—
c

e<m> (A-1)

§-C

in [loc. cit., (8.4)] is replaced by

For the remainder of this section we will focus on the arithmetic piece G (1, my, ms; c). We begin by
fixing notation. Let D = tq’, where ¢ and ¢’ are fundamental discriminants with 7 | 2°° and ¢’ odd, so
that xp = x: x4- With g | ¢ and ¢s = lcm(c, D) as before, we have s =t /(c, t). Finally, write ¢ = c,c.,
with ¢, | 2°° and ¢, odd. Then cs factors as ¢s = ¢g - sc, into odd and even parts. From the twisted
multiplicativity of the Kloosterman sums, a straightforward computation gives the factorization

. = . = 3, .
G(my, my, m3; ¢) = G(my, my, com3; co)G(my, my, CoS”m3; Co), (A-2)
where we choose the inverse ¢, such that
= 3
CoCo =1 (mod s”c,).

The second term on the right-hand side of (A-2) was evaluated in Lemma 10.2 of [Conrey and Iwaniec
2000], which we record here in the following lemma (see also (9.2) of [ Young 2017]). Note that Young’s
definition of G (m, my, ms; c), which we are using here, is slightly different from Conrey and Iwaniec’s
definition. Let Ry (m) = S(0, m; k) denote the Ramanujan sum and let

H(w; q) = Z Xqwv(u+1)(v+ 1))e<w>.

u,v(q)
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Lemma A.3. Let c, = qr with ¢, odd and q squarefree. Suppose my, my, msz are integers with

(m3,r)=1 and (mimz,q,r)=1. (A-3)
Then we have
Xre(—1)h
rq*e (k)
where h = (r, q), k = (mymams, q), and £ = q/ hk. If the coprimality conditions above are not satisfied,

e(—m1m2m3 Ri(m1) Ry (m2) R (m3) H (rhkmymyms; £),

Co

)G(m1, my, m3; ¢,) =

then G(my, my, ms; c,) vanishes.
Petrow and Young [2019, Lemma 9.4] evaluated G (m, m, m3; c.) when c, is a power of 2.

Lemma A.4. Suppose that c, | 2°° and factor m; into even and odd parts as m; = m{m{. Then

3.2
s7c; 1

! Al64 QD(A)

> gy x(mimsms),

—mipmoms
e —
x mod A

3 )G(ml,mz,ms;ce)z
$°Ce

where g, depends on m{, m§, m$, t, c., x and is bounded by an absolute constant.

Note that the phase terms in Lemmas A.3 and A.4 combine to give

(m 1moms )
e\ ——=—)»
s3c
which exactly matches the phase term (A-1) coming from K (m, m», m3; c).

The last result we require is the following analogue of Lemma 9.3 of [Young 2017]. The remainder of
the proof of A.2 follows the proof of Proposition 7.3 of [Young 2017].

Lemma A.5. Let ¢ = q'r with q’ odd and squarefree. Let o, Bm,, and ym, be sequences of complex

numbers satisfying m, = om0, Bmy = BmsPmg> Ymy = Vm¢Vmg» and |eme| = |Bmg| = [ymg| = 1, and

let 8, be an arbitrary sequence of complex numbers. Then for U > 1 we have

—mymamsz\ [ mymomsz\'"
ZamlﬁmzymgarG(mlvm%mS;C)e 3
lul<U

mip,m,m3 <R §tc ¢
m,'xM,-

du

1 1

ate i 1 2
(qU+M1M2>z<qU+M3R>z( > d“ﬂamlﬂmzydm;amﬂ). (A-4)

d,my,my,m3,r

q
<R

Remark. As in [Young 2017, Lemma 9.3], when y,,,, §, < 1 the sum over d does not change the bound
which arises from d = 1.

Proof. Using Lemmas A.3 and A.4, the left-hand side of (A-4) is

h
<2 Rq?¢(k) 2

hkt=q' Al64

1
©(A) Jju<v

* *
Z Z a;nlﬂmzym38rgXX(me(2)mg)

my,mz,m3 r=<R

x Ri(m1) Ri(m2) Ry (m3) H (rhkmymams; €) (

0,0, 0\1U
mym-,m
12 3) du,

/
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where the star indicates that the sum is restricted by the coprimality conditions (A-3). Using that
Ri(m;) = R (m{)Ry(m?) and |Ry(m)| < (k, m) we bound the above by

h 1
< Z Rq?p(k) Z (A) Z /IMISU Z* Z* g Bng Vi Sr X (M{m3m3)

hkt=q Al64 L m{,m3,m3 r=R
Jiklog, (M;) m¢=<M; /20t ,m¢=2Ji

du,

/

0,0, 0\IiU
% Ri(m?) R (mS) R (mS) H (rikbmm3m3; £) (%>

where b = m{m5m¢. Now following the proof of Lemma 9.3 of [Young 2017] almost exactly, we obtain
the desired bound. 4
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