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Motivic Gauss—Bonnet formulas

Marc Levine and Arpon Raksit

The apparatus of motivic stable homotopy theory provides a notion of Euler characteristic for smooth
projective varieties, valued in the Grothendieck—Witt ring of the base field. Previous work of the first
author and recent work of Déglise, Jin and Khan established a motivic Gauss—Bonnet formula relating
this Euler characteristic to pushforwards of Euler classes in motivic cohomology theories. We apply this
formula to SL-oriented motivic cohomology theories to obtain explicit characterizations of this Euler
characteristic. The main new input is a uniqueness result for pushforward maps in SL-oriented theories,
identifying these maps concretely in examples of interest.

1. Introduction 1801
2. Duality and Euler characteristics 1804
3. SL-oriented motivic spectra 1813
4. Projective pushforward in twisted cohomology 1821
5. Motivic Gauss—Bonnet 1826
6. SL-oriented cohomology theories 1827
7. Comparison isomorphisms 1831
8. Applications 1836
Acknowledgements 1850
References 1850

1. Introduction

Let & be a field and let X be a smooth projective k-scheme. Let SH(k) denote the motivic stable homotopy
category over k; recall that this comes equipped with the structure of a symmetric monoidal category,
whose tensor product we denote A; and whose unit object (the motivic sphere spectrum) we denote 1.

Our starting point in this paper is the following fact, which shall be reviewed in Section 2, and which
goes back to the categorical notion of Euler characteristic introduced by Dold and Puppe [1980].

Proposition 1.1. The infinite suspension spectrum L3°X . € SH(k) is dualizable. In particular, we can
associate to X a natural Euler characteristic x (X/k) € Endsy) (1), defined as the composition

2 X, A (BPX )Y D (BPXL)Y AcDPX, S 1y,
where the maps 6 and € are the coevaluation and evaluation that comprise the duality, and t is the
symmetry isomorphism.
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For k perfect, a theorem of Morel identifies Endsp k) (1x) with the Grothendieck—Witt group GW (k),
i.e., the Grothendieck group of k-vector spaces equipped with a nondegenerate symmetric bilinear form.
Hence, we may think of the Euler characteristic x (X/k) as a class in GW (k). It is then natural to wonder
whether there is an explicit interpretation of this Euler characteristic in terms of symmetric bilinear forms.
An intuitive speculation is that the Euler characteristic should be given by the value of some cohomology
theory on X, equipped with an intersection pairing.

One of the main results in this paper is to make precise and confirm this speculation. To state the
result, we recall that classes in GW (k) can be represented not just by nondegenerate symmetric bilinear
forms on k-vector spaces, but also by nondegenerate symmetric bilinear forms on perfect complexes
over k (see Section 8D for a review of what this means). With this in mind, we give the following explicit
interpretation of the Euler characteristic x (X/k).

Construction 1.2. Suppose that X is of pure dimension d. Then we have the Hodge cohomology groups
H (X Qg(/k) for 0 <i, j <d and the canonical trace map
Tr: HY(X; Q%) — k.

We define a perfect complex of k-vector spaces (with zero differential),

d

Hdg(X/k) := @D H'(X. %)L —il,
i,j=0

and the trace map defines a nondegenerate symmetric bilinear form on Hdg(X/ k) via the pairings
. : . dei
H (X, @) @ H (X, Q) = HAUX, Q) T k,

where the first map denotes the cup product (that this is indeed a nondegenerate symmetric bilinear form
will be shown in Section 8D). We thus obtain a Grothendieck—Witt class (Hdg(X/k), Tr) € GW (k). This
construction extends in an evident manner to the case that X is not necessarily of pure dimension.

The next formula for x (X/ k) was proposed by J-P. Serre (private communication to Levine, 28.07.2017).

Theorem 1.3. Assume that k is a perfect field of characteristic different from two. Then x(X/k) =
(Hdg(X/k), Tr) € GW (k).

We prove a more general result over a base-scheme B; see Theorem 8.6 and Corollary 8.7 for details.
If k=R, aclass in GW (k) is determined by two Z-valued invariants, rank and signature, and Theorem 1.3
reproves the following known result (see [Abelson 1976, Theorem 1; Kharlamov 1974, Theorem A]).

Corollary 1.4. Suppose that k =R and X is of even pure dimension 2n. Then the symmetric bilinear form
H" (X, Q% jp) x H'(X, Q% 5) > H" (X, Q) —> R

has signature equal to x"°P(X (R)), the classical Euler characteristic of the real points of X in the analytic
topology. In particular, we have

IX"P(X(R))| < dimg H" (X, Q% /).
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This is Corollary 8.8 in the text.

Besides giving an explicit formula for the rather abstractly defined x (X/k), Theorem 1.3 opens the way
to computing x (X/k) in the situation that X is a twisted form of another k-scheme Y, namely by twisting
the symmetric bilinear form (Hdg(Y / k), Tr) by the descent data for X. This cannot be done with the class
x(Y/k) e GW(k), as GW(—) does not satisfy Galois descent. This is discussed in detail in Section 8E.

Let us now explain our methods for proving Theorem 1.3. The idea is to use the theory of Euler classes
in motivic cohomology theories. More specifically, our focus is on cohomology theories represented
by SL-oriented motivic ring spectra; recall that this refers to a commutative monoid object £ in SH(k)
equipped with a compatible system of Thom classes for oriented vector bundles (where an orientation is a
specified trivialization of the determinant line bundle). The example of interest for proving Theorem 1.3 is
hermitian K-theory; other examples of interest include Chow—Witt theory, ordinary motivic cohomology,
and algebraic K-theory (the last two are actually GL-oriented, meaning they have Thom classes for all
vector bundles). The assumption that k£ has characteristic different from two in Theorem 1.3 arises from
this use of hermitian K-theory, which at present is only known to satisfy the properties we need when
char(k) £ 2; we do not know of any counter-examples to our formula for x (X/k) for k of characteristic two.

Given an SL-oriented motivic ring spectrum £ € SH(k), one may define certain pushforward maps in
twisted £-cohomology. Namely, if Y and Z are smooth quasiprojective k-schemes, f : Z — Y is a proper
morphism of relative dimension d € Z, and L is a line bundle on Y, then there is a pushforward map

fo i E9(Zs w7z ® fFL) — €720 (Y wy i ® L),

where w_/; denotes the canonical bundle. This is defined abstractly via the six-functor formalism for
motivic stable homotopy theory.

We note two key examples of these pushforwards, assuming our smooth projective variety X is of pure
dimension d for simplicity:

— The structural morphism 7 : X — Spec (k) gives a pushforward map
Ty EZd’d(X, wx/k) —> EO’O(SpeC k).
— Given a vector bundle p : V — X, the zero section s : X < V gives a pushforward map
sy EX0(X) — 24V, p*det™ (V).

The first should be thought of as a kind of integration map. The second allows us to define the Euler
class of a vector bundle V — X,

€ (V) := s*s.(1) € E244(X; det™ ' (V)),

where s again denotes the zero-section, and 1 € £%0(X) denotes the unit element.

Using the above notions, we may state the following motivic version of the classical Gauss—Bonnet
formula equating the Euler characteristic with the integral of the Euler class of the tangent bundle; this
result is a fairly immediate consequence of [Levine 2017b, Lemma 1.5]:
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Theorem 1.5 (motivic Gauss—Bonnet). Let £ be an SL-oriented motivic ring spectrum in SH(k). Let
u : 1y — & denote the unit map, inducing the map u, : GW (k) >~ lg’O(Spec k) — SO’O(Spec k). Then

(X (X/k)) = m.(e¥ (Tx 1)) € E*°(Spec k).

A general motivic Gauss—Bonnet formula is also proven in [Déglise et al. 2018, Theorem 4.6.1], which
implies the above formula by applying the unit map. Our method is somewhat different from [Déglise
et al. 2018] in that we replace their general theory of Euler classes with the more special version for
SL-oriented theories used here; see Theorem 5.3 below for our general statement of this result.

As stated above, we deduce Theorem 1.3 from Theorem 1.5 by considering the example of hermitian
K-theory, £ = BO. In this case, the map u, : GW (k) — BO%?(Spec k) is an isomorphism. The deduction
requires an explicit understanding of both the Euler class e (Tx /k) and the pushforward 7, in hermitian
K-theory; the former is fairly straightforward, but the latter requires new input.

What we do is identify the abstractly defined projective pushforward maps in hermitian K-theory with the
concrete ones defined in terms of pushforward of sheaves and Grothendieck—Serre duality. This comparison
follows from a uniqueness result we prove for pushforward maps in an SL-oriented theory &, characterizing
them, under certain further hypotheses on &, in terms of their behavior in the case of the inclusion of
the zero-section of a vector bundle (which is governed by Thom isomorphisms). We leave the detailed
statement of this result to the body of the paper (see Theorem 7.1), as it would take too long to spell out here.

Remark 1.6. Bachmann and Wickelgren [2020] discussed results closely related to those discussed here.
For example, they identified the abstract pushforward maps in hermitian K-theory with those defined by
Grothendieck—Serre duality in the case of a finite syntomic morphism (as opposed to the case of a smooth
and proper morphism between smooth schemes addressed here). Moreover, combining their identifications
of various Euler classes with our motivic Gauss—Bonnet formula, one may recover Theorem 1.3 above.

Outline. The paper is organized as follows. In Section 2, we review the basic framework of motivic
homotopy theory, as well as relevant aspects of the dualizability result Proposition 1.1. In Section 3, we
review basic facts about SL-oriented motivic ring spectra. In Section 4, we describe the abstractly defined
pushforwards in the twisted cohomology theory arising from an SL-oriented motivic ring spectrum. In
Section 5, we prove the general Gauss—Bonnet formula for SL-oriented motivic ring spectra. In Section 6,
we axiomatize the features of the twisted cohomology theory arising from an SL-oriented motivic ring
spectrum. In Section 7, we use these axioms to prove our unicity/comparison theorem characterizing the
pushforward maps in SL-oriented theories. Finally, in Section 8, we apply the previous results in specific ex-
amples of SL-oriented theories to obtain various concrete consequences, in particular proving Theorem 1.3.

2. Duality and Euler characteristics

In this section, we review the strong dualizability of smooth projective schemes as objects of the stable
motivic homotopy category, which supplies a notion of Euler characteristic for these schemes. We also
recall a result from [Levine 2017b] that gives an alternative characterization of this Euler characteristic.
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2A. Preliminaries. Let us first recall the basic framework of stable motivic homotopy theory, which
will be used throughout.

Notation 2.1. Throughout, we let B denote a noetherian separated base scheme of finite Krull dimension.
Let Schp denote the category of quasiprojective B-schemes, that is, B-schemes X — B that admit a
closed immersion i : X < U over B, with U an open subscheme of Pg’ for some N. Let Sch%r denote the
subcategory of Schp with the same objects as Schp but with morphisms the proper morphisms. Let Smp
denote the full subcategory of Schp with objects the smooth (quasiprojective) B-schemes. (The same
notation will be used when working over schemes other than B.) For X a B-scheme, we will usually
denote the structure morphism by 7y : X — B.

Notation 2.2. Given X € Schp, we let SH(X) denote the stable motivic homotopy category over X. We
will rely on the six-functor formalism for this construction, as established in [Ayoub 2007; Hoyois 2017].
In particular, for each morphism f : Y — X in Schp, one has the adjoint pairs of functors

fr Ji
SH(X) —— SH(Y) and SH(Y) _—" SH(X);
f 1!

natural isomorphisms

(g ~frg% (N '~f'g. @fHegfs, @H=gh

for composable morphisms, with the usual associativity; a natural transformation n!’; : fi = f«, which is
an isomorphism if f is proper. There are various base-change morphisms, which we will recall as needed.
In addition, for f smooth, there is a further adjoint pair

fz

SH(Y) — SH(X).

&
There is also the symmetric monoidal structure on SH(X); we denote the tensor product by Ay and
the unit by 1y € SH(X). For f a closed immersion, we have the adjoint pair f, - f' arising from a
corresponding adjoint pair in the unstable setting, so we will take f; = f, with ’7!]; =id. Similarly, if f is
an open immersion, we have a canonical isomorphism of adjoint pairs (fx - f*) = (fi - f'), so we take
fi=fyand f'= f*

We also have the unstable motivic homotopy category H,(X), which we recall is a localization of the
category Spc,(X) of presheaves of pointed simplicial sets on Smy. For Y — X in Smy, we write Y
for the presheaf represented by the X-scheme Y LI X — X, that is, the presheaf Z — Homgp,, (X, Y)+
(here (—)4+ denotes addition of a disjoint basepoint to a set and we regard a set as a constant simplicial
set). The category Spc,(X) has a canonical symmetric monoidal structure with unit object X, and
H,(X) inherits this structure via the localization functor. Finally, we have the infinite suspension functor
23 :H.(X) — SH(X), which is canonically symmetric monoidal, so that in particular we have a canonical
identification 1x >~ XL°X .
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For f : Y — X a smooth morphism in Schp, the adjoint pair f; - f* mentioned above for stable
motivic homotopy categories arises from an adjoint pair in the unstable setting,

f:
H.(Y) = H.(X),
f*

where the left adjoint is induced by the functor f4 : Spc,(Y) — Spc,(X) obtained as the left Kan extension
of the functor f4: Smy — Spc,(X) sending p: W — Y to (fop: W — X),.

We often write —/X for the functor X° : H.(X) — SH(X), and if 7x : X — B is smooth, then
we write —/B for the functor x4 o £¢° : H,(X) — SH(B). We use the same notation to denote the
precompositions of these functors with the functor (=) : Smy — H,(X).

Remark 2.3. For p : E — X an affine space bundle in Schp (that is, a torsor in the Zariski topology
for a vector bundle), the composition p; o p* is an autoequivalence of SH(X) (this is a formulation of
homotopy invariance).

Notation 2.4 (the localization triangle). Let j : U — X be an open immersion in Schp with (reduced)
complement i : Z — X. We have the localization distinguished triangle of endofunctors on SH(X)

Jijt = idsuoo — ixd* — iy, (2.4.1)

where the morphism ji j ' idsH(x) is the counit of the adjunction j; - j 'and the morphism idsy(x) — ixi*
is the unit of the adjunction i* - i,. Moreover iy, = i1, ji = jy and j' = j*.

We often write X7/ X for i,.(1z) € SH(X). With this notation (and that of Notation 2.2), applying
(2.4.1) to 1x gives us the distinguished triangle in SH(X),

U/X 225 X/X — Xz/X — U/X[1];

in other words, we have a canonical isomorphism X7/ X >~ X7°(X/U); accordingly, we often write X 7
for the quotient presheaf X /U in H,(X).

Notation 2.5 (suspension and Thom spaces). Let p: V — X be a vector bundle over some X € Schp,
with zero-section s : X < V. We have the endofunctors

7V, 2V :SH(X) - SH(X)

defined by £~ :=s'p* and =V := p; os,. These are in fact inverse autoequivalences.
The endofunctor £V can also be written in terms of Thom spaces. Setting Oy := s(X) C V, the Thom
space of the vector bundle is defined as

Thy (V) :=V/(V\0Oy) € H.(X).

To lighten the notation, we often write Thx (V) for Thx(V)/X = X7°(Thx(V)) € SH(X), when the
context makes the meaning clear. For wx : X — B in Smpg, we set Th(V) := wx4(Thx(V)) in H,(B),
and we similarly write Th(V) for Th(V)/B >~ wx4(Thx(V)/X) € SH(B) when appropriate.
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To see the relation between the Thom space Thx (V) and the suspension functor XV, consider the
localization distinguished triangle

Jijt = idy = ses* = i,

where s still denotes the zero section and j denotes the open complement V \ Oy < V. Evaluating the se-
quence at 1y and noting that j, j' = j&j* and s, = s, we obtain an identification between Thy (V) € SH(X)
and pys,(1x) = =V (1x). Consequently, we have identifications my(s.(1x)) =~ mx#(Z"Y (1x)) =~ Th(V).

In parallel, we shall write Thy (—V) for & ~V(1x) and Th(—V) for x4 X ~" (1x). With these notational
conventions, there are canonical natural isomorphisms

2V (=)~ Thy (V) Ax (=), =7V(=)~Thx(=V)Ax (—). (2.5.1)

Remark 2.6. Let Dper(X)iso denote the subcategory of isomorphisms in the perfect derived category
Dperf(X) and let K£(X) denote the groupoid associated to the K-theory space of X. Then the assignment
V = XV extends to a functor

2 Dpert(X)iso — Aut(SH(X)),

and moreover factors through the canonical functor Dpe(X)iso — K(X), so that a distinguished triangle
E'— E — E" — E'[1] in Dpef(X) determines a natural isomorphism »E o nE ~ 2E See for example
[Riou 2010, Proposition 4.1.1] for a proof of this last statement in the special case concerning the functor
Thy(—) == (1x): Dperf(X)iso = SH(X) (which in fact implies the general statement by (2.5.1)).

In this context, for an integer n, we sometimes write n for the trivial bundle of virtual rank n; for
example, X"+ ~ hi o F for E in Dpert(X).

Remark 2.7 (Atiyah duality). For f :Y — X a smooth morphism in Schp with relative tangent bundle
Ty — Y, there are canonical natural isomorphisms

fix foox U, flasTrio X

see [Hoyois 2017, Theorem 6.18(2)]. In addition, for f as above and V — X a vector bundle, there are
canonical natural isomorphisms

fj o Ej:f*v ~ Eiv o fjjy f* o Ej:V ~ EiV Of*,

the latter valid for an arbitrary morphism f : ¥ — X in Smp. Moreover, for f : ¥ — X an arbitrary
morphism in Schg and V — X a vector bundle, there is a canonical natural isomorphism

f!OEiV ~ Eif*vof!;

see the beginning of [Hoyois 2017, §5.2]. Finally, for f : ¥ — X a regular embedding in Schp with
normal bundle Ny — Y, there is a canonical natural isomorphism

flas=Nofx,
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In fact, the isomorphism f' ~ %77 o f* for smooth f extends to the case of an Ici morphism, as
follows. For f : Y — X an Ici morphism in Schp, we factor f as f = poi withi : Y — Z a regular
embedding and p : Z — X a smooth morphism (both in Schg). This gives the relative virtual normal
bundle vy :=[N;] — [i*Tz,x] in K(Y), independent up to canonical isomorphism on the choice of the
factorization. Thus, we have the canonically defined suspension automorphism X"/ and a canonical
natural isomorphism

fl=itop' s Nigi*oxT2x o p* > T7V o f*.

One can then construct a left adjoint f; to f* by setting

fﬁ = f!OEUf.

The functoriality (gf)* = f* o g* gives rise to the functoriality on the adjoints (gf); = g: o f; for
composable Ici morphisms.

Notation 2.8. Let ¥ : Z — X be a morphism in Schp. For Y € H,(Z), we set
Y/XpMm. :=m(Z7°Y) € SH(X),

and for Y € Smz, we make the abbreviation Y/ Xg y. for Y,/ Xgm, = m (XY, ). In particular, we by
definition have Z/ Xgm. = m(1z) € SH(X).
Furthermore, for i : W — Z the inclusion of a reduced closed subscheme, we set

Zw/Xgm. :=m(ix(1w)).

We observe two facts about this object. Firstly, letting 7" denote the composite 7 oi : W — X, the isomor-
phism 7/ = m o i, determines an isomorphism Zyw / Xgm. >~ W/ Xgm.. Secondly, let j : U :=Z\W — Z
denote the open complement of W and consider the localization distinguished triangle

it = idsu(z) —> ixi*.
Then the identities j' = j* and i, = i, give a canonical distinguished triangle in SH(X),
U/Xgm. — Z/Xpm. — Zw/Xpm. — U/ Xpm[1].
Remark 2.9. The assignment Z — Z/ X\, extends to a functor
(=)/Xp.m. : (Sch})P — SH(X).

This is described in a number of places, for example [Levine 2017a, §1]; we recall the construction for
the reader’s convenience, referring to [loc. cit.] for details.

Let g : Z — Y be a proper morphism in Schy. Let 7y : ¥ — X and w7 : Z — X denote the structural
morphisms. As mentioned in Notation 2.2, we have a natural isomorphism n!g* 1 81 =~ g«. We may then
define a natural transformation g* : wy; — w21 g* as the composition

8&\—1
‘ %)
Ty 55 y1g.8" T yig18* ~ 218",
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where u : idsp(y) — g+g™ is the unit of the adjunction. Evaluating this natural transformation at 1y gives a
map g*=g/Xpm.: Y/ XM — Z/XB.M., and it follows directly from the definitions that this construction
satisfies (gh)* = h*g* for composable proper morphisms g, 4. This establishes the claimed functoriality.

2B. Duality for smooth projective schemes. Let (C,®, 1, u, ) be a symmetric monoidal category.
Recall that the dual of an object x of C is a triple (v, §, €) with§, : 1 > x ® y and €, : y ® x — 1 maps
such that the two compositions

x“—>1® —>8®ld x®y®x—>ld®éx 115 x

and

ex®d

VES y@ 108y gy S8 gy L,

are equal to the respective identity maps (this notion goes back to [Dold and Puppe 1980]; see [May
2001] for details). In this subsection, we recall from [Hoyois 2017] the construction of the dual of a
smooth projective scheme in the stable motivic homotopy category.

Remark 2.10. Let (C, ®, 1, i, ) be a symmetric monoidal category and let x € C. If a triple (y, 8, €)
satisfying the above definition of the dual exists, then it is unique up to unique isomorphism. We often
omit specific mention of § and € and denote the dual object y by xV.

When x admits a dual (xV, 8, €), then it is immediate that x is also dualizable, with dual (x, T o8, To€),
so that x is canonically isomorphic to (x")".

Sending x — x" extends to a contravariant functor (—)" on the full subcategory of C consisting
of those objects x that admit a dual with canonical isomorphism, and the above determines a natural
isomorphism ((—)")Y ~id. For f : x — z a morphism of dualizable objects in C, the dual morphism
fY :z¥ — xV is the composition

id Sy di d d
VAL Vel M, Vg gV MBIBI v g kY GBI | gV A Y,

Lemma 2.11. Let wx : X — B be an object of Smp. View X xp X as a X-scheme via the projection
P2 X X X — X onto the second factor. Then there are canonical isomorphisms

7% (X/Bam) = pr TP (1xx) = X xp X/ Xpm
in SH(X) and a canonical isomorphism
xy(X Xp X/ Xgm) = X/Bgm. Ap X/B
in SH(B).

Proof. Consider the commutative square

XxpX -4 x

X —
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This gives us the canonical isomorphism
Txxyzx/x = piTx/B.

We have the identities and canonical isomorphisms

_ (base change) _
mx(X/Bem) = mxmxi(ly) = axmx; B8 (1x) = pypi T (1)

~ py DTN (pFly) = poy D TP (1, x)
which gives us the first isomorphism in SH(X). The second follows from
P PIINE (1 x) = poy D70 (1, x) = par(lxspx) = X x5 X/ Xpw..
Finally, to give the isomorphism in SH(B), we have

Tx(X xp X/ XpMm.) == Txs(par(Z 0B (1x, 1 x)) 2 7y prg (2 08%% (1o, %))

~ xs 1 (BP0 (L x)) = xe 27 pry(lxwpx) = wxipie P (1x)

(base change) « "
>~  aximynxg(lx) 2 wxi(1x Ax my(X/B))

(projection formula)

~ mxi(1x) Ap(X/B)=X/Bsm. Ap X/B.

The base change isomorphisms follow from [Hoyois 2017, Theorem 6.18(3)] and the projection formula
is [Hoyois 2017, Theorem 6.18(7)]. Il

Construction 2.12. Let 7y : X — B be an object of Smp that is proper (i.e., a smooth projective scheme
over B). We recall (from [Hoyois 2017], but see also the constructions of [Riou 2005; Ayoub 2007]) the
construction of a duality between the objects X/B and X/Bg M. in SH(B).

We first construct the coevaluation map x5 : 13 — X/B Ap X/Bgm.. Applying the functoriality of
(—)/Bp.M. from Remark 2.9 to the proper map wx gives the map

n% i 1p=B/Bsm — X/Bm = mxi(1x) = mxs (S~ %% (1x))

in SH(B), and the diagonal Ay,p : X — X x p X induces via the functoriality of (—)/X : Smy — SH(X)
the map

AX/B* = Ax/B/Xil)(:X/X—)XXBX/X

in SH(X). We may put together these two maps to obtain the composition

anZ_TX/B (Ax/Bx)

15 25 mye (S T95(1y)) Txs DT (X xp X/ X),

Using the identification 7wy X ~7%/5(X x  X/X) >~ X/B Ap X/Bp . from Lemma 2.11, this gives the
desired map dx, .
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We now construct the evaluation map €y, g : X/Bg.m. Ap X/B — 1p (which does not require properness
of wx). Here we apply the functoriality of (—)/Xg m. to the proper map Ax,p to obtain the map

Ax/p: X xp X/Xpm. — X/Xpm = Ix
in SH(X), and the functoriality of (—)/B to the map wx to obtain the map
wx«:X/B— B/B=15.

Putting these together yields the composition

xs(X x5 X/ Xpa) 2222805 7 po(1x) = X/B 5 15

Now using the identification X/Bgm. Ap X/B >~ mxy(X xp X/Xpm.) from Lemma 2.11, we get the
desired map €y, .

It is shown in [Hoyois 2017, Corollary 6.13] that the triple (X/Bg.m., 8x/B, €x/8) is the dual of X/B
in SH(B). Using our notation for Thom spaces, we have

X/Bem = mxi(1x) =y o X5 (1x) = Thy(—Tx/p)/B,

the coevaluation map is
(SX/B 1lp — X/B AB Thx(—TX/B)/B

and the evaluation map is
€X/B : Thx(—TX/B)/B AB X/B — 1p

The dualizability of X /B as above allows one to define an Euler characteristic for smooth projective
schemes:

Definition 2.13. For X — B in Smp and proper, the Euler characteristic x (X/B) € Endsy(p)(1p) is the

composition
15 225 X/B Ap Thy(~Tx,5)/B <> Thx(—Tx,5)/B Ap X/B <25 14,
where 7 denotes the symmetry isomorphism, and §x,p and €x,p are as in Construction 2.12.

To finish this section, we give an alternative characterization of the Euler characteristic x (X/B) just
defined (Lemma 2.15 below). We proved this result in the case B = Spec k for k a field in [Levine 2017b];
the proof in this more general setting is exactly the same.

Construction 2.14. We consider X x g X as a smooth X-scheme via the projection p,. The diagonal
Ax:X — X xp X gives asectionto pp. Letg: X xp X — X xp X/(X xp X\ Ax(X)) be the quotient
map. We have the Morel-Voevodsky purity isomorphism [1999, Theorem 3.2.23], which gives the
isomorphism in H, (X)

mup : X xp X/(X xp X\ Ax(X)) = Thx(Na,).
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Composing the 0-section sy : X — Na, with the quotient map Na, — Th(Na, ) defines sy : X — Thx (Na,).
It follows from the proof of the purity isomorphism that we have the commutative diagram in H, (X)

X xp Xy —— X x5 X/(X x5 X\ Ax(X)) —2 Thy(Na,)

'/\MXT _ 2.14.1)
Ax SN

Xy
Finally, we have the isomorphism Na, >~ Tx,p of vector bundles over X furnished by the composition
Tx/p <> AxP3Tx/e > Ax(piTx/8 @ P3Tx/B) ~ AxTxxsx/8 —> Nay.

where 7 : A% Txx,x/B — Nay is the canonical projection. Putting these maps together gives us the
composition in H,(X)

Xy A X xp XL X xp X/(X xp X\ Ax(X)) 22> Thx(Nay) = Thx(Tx/p);

the commutativity of (2.14.1) shows that this composition is equal to the map 57, , : X+ — Thx(Tx/5),
induced as for sy, by the zero-section sy, : X — Tx/5.
Applying =~ Tx/8 251 (—) and the isomorphism

X BTh(Ty p) = X718 o RTX/8 (1) >~ 1x

gives the morphism

Bxsp T (1y) — 1x
in SH(X). Finally, applying mx# gives the morphism
Bx/ : Th(=Tx,p) — X/B

in SH(B).
Summarizing our construction, By, g is given by applying wx# to the composition in SH(X)

—T —T;
5T (1) ZLA0, 5T (X x5 X/ X) 2@y 57 Tx ([X x5 X /(X x5 X\ Ax)]/ X)

STX/B (mua )
- °x5

=T (Thy (Nay)) = 578 (Thy (Tx/p) = T8 o BB (1) = 1y (2.14.2)
or equivalently, to the composition

5108 (1) 2 ), 5 Tun (Thy (T ) ~ 75 0 ST (1) ~ 1 (2.14.3)
Lemma 2.15. For X smooth and proper over B, x(X/B) is equal to the composition

15 25 Th(—Ty,5) 225 X/B % 1,
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Proof. Let p; : X xp X — X, i =1, 2, be the projections. The map
evy : X/BY Ap X/B — 1p
is the composition

}(/Bv A X/B = Th(—TX/k) A X/B = Th(_PTTX/k) N Th(_pikTX/B)/Th(—j*PTTX/B)
~ Th(—Tx/s ® Nay) ~ Th(—Tx;s ® Tx;p) ~ X/B = 1.

From our description of Bx,p as mwx# applied to the composition (2.14.2), we see that wx, o Bx/p =
evy/p o Th(Ay). Also, 7% =y and 7y is given by

1p 77N X2 X/BApX/BY = Th(—p5Tx/B) RN Th(—-Tx,p)
It follows from the construction of the map éx,p described above that
8}(/3 = Th(Ax) Oﬂ;.

This gives us the commutative diagram

T 2
X/BAgX/BY —> X/BY Ap X/B

rXXV
1p Th(—p5Tx/p) ——— Th(—piTx,p)
\ Th(A,/ /
P Th(Ax)
Th(— TX/B)—>X/B o

3. SL-oriented motivic spectra

In this section, we discuss the definition and basic features of SL-oriented motivic spectra. This is treated
in [Ananyevskiy 2016a] in the context of the motivic stable homotopy category SH(k) for k a field.
Essentially all of the constructions in [op. cit.] go through without change in the setting of a separated
noetherian base-scheme B of finite Krull dimension; the most one needs to do is replace a few arguments
that rely on Jouanolou covers with some properties coming out of the six-functor formalism. We will
recall and suitably extend Ananyevskiy’s treatment here without any claim of originality.

Definition 3.1. A motivic commutative ring spectrum in SH(B) is a triple (£, u, u) with £ in SH(B),
and u: EApE — &, u:1p — &£ morphisms in SH(B), defining a commutative monoid object in the
symmetric monoidal category SH(B). We usually drop the explicit mention of the multiplication w and
unit # unless these are needed.
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Notation 3.2. Recall that, given a motivic spectrum £ € SH(B), we have a notion of £-cohomology
E*(X) for X € H(B): this is the bigraded abelian group defined by

£%Y(X) := Homggp) (Z°X 4, S0 A )

for a, b € Z, where S*? € SH(B) denotes the usual bigraded stable motivic sphere. This of course
specializes to give the £-cohomology of objects X € Smp. It also specializes to give £-cohomology with
supports £5*(X) for X € Smp and Z C X a closed subset: namely, we define

£ (X) = E“P(X/(X\ 2)).

For instance, if V — X is a vector bundle, then Eg;b(V) = E%Y(Th(V)), where Oy C V is the image of
the zero-section. We further define

7" (Th(V)) := 57 17 (V)

for Z C X aclosed subset and g : V — X a vector bundle.
A commutative ring spectrum structure on £ determines a natural cup product structure on £-cohomology
and £-cohomology with supports in the usual manner; we refrain from spelling it out in detail here.

Notation 3.3. For a scheme X and a rank r vector bundle V — X, we let detV — X denote the
determinant line bundle, defined by det V := A" V. Given two vector bundles V; — X and V, — X, we
have a canonical isomorphism

ay, v, - det(V @ Vo) — (det V) ®o, (det V2),

characterized by requiring that, for a local basis of sections sl1 ,...,s) of V| and slz, ..., 52 of V5, we have

ay, v, (LA AGLOAO, YA AQO, 2 =(I A AsH® (TA---As2).

m

This extends to a canonical natural isomorphism
ap :detV — (det V) ®p, (det V2)
for each exact sequence E of vector bundles on X,
0—->Vi—>V-—>V,—->0
one can define o by choosing local splittings and noting that the resulting isomorphism is independent

of the choice of splitting.

Definition 3.4. An SL-orientation of a motivic commutative ring spectrum £ in SH(B) is an assignment
of elements thy ¢ € E¥r(Th(V)) for each pair (V, ) consisting of a rank » vector bundle V — X (for any
r > 0) with X € Smp and an isomorphism 6 : det V — Oy of line bundles, satisfying the following axioms:

(1) Naturality: Let (V — X, 0 :detV — Oyx) be as above and let f : Y — X be a morphism in Smpg.
Consider the vector bundle f*V — Y and isomorphism f*0 : det f*V ~ f*detV — Oy. Then we
have f*(‘[hv,g) = thf*v,f*g.
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(i1) Products: Let (V] — X, 6 :detV; — Ox) and (V, — X, 6, : det V, — Ox) be two pairs as above.
Consider the vector bundle V| &V, — X and the isomorphism 6 A8, : det(V| @ V,>) — Oy defined by

01 NGy := (01 ®6y) oAy, V-

Then thy,gv, 6,40, = thy, g, Uthy, 6,.

(iii)) Normalization: For X € Smp, consider the trivial vector bundle V = Ox and the identity iso-
morphism 6 : V — Oyx. Then, under the canonical identification Th(V) >~ X1X,, the element
thyg e & Z1(Th(V)) is the image of the unit 1 € £%9(B) under the composition

* suspension
EM0By Iy 90(x) T g2 (2rXy).
An SL-oriented motivic spectrum is a pair (£, th(_y) with £ a motivic commutative ring spectrum and

th(_) an SL-orientation on &.

Variant 3.5. A GL-orientation, or simply orientation, on a motivic commutative ring spectrum & is an
assignment (V — X) — thy € EXr(Th(V)), where V — X is a rank r vector bundle (for any » > 0) on
X € Smp, satisfying the evident modifications of the axioms (i)—(iii) in Definition 3.4, i.e., omitting the
conditions on the determinant line bundle. The pair (£, th(_)) is called a GL-oriented motivic spectrum,

or more simply, an oriented motivic spectrum.

For the remainder of the section, we fix an SL-oriented motivic spectrum £. Let us first observe that
the SL-orientation determines Thom isomorphisms in £-cohomology for oriented vector bundles:

Lemma 3.6. Let (£, th(_)) be an SL-oriented motivic spectrum and let g : V — X be a rank r vector
bundle on X € Smpg with an isomorphism 6 : detV — Ox. Then sending x € Sé’b(X) to q¢*(x) Uthy g

defines an isomorphism
Oyg: ELP(X) — 4P (Th(V))

natural in (X, V, 0).

Proof. The naturality of the maps vy g follows from the naturality of the Thom classes, i.e., property (i)
in their definition.

It follows from properties (i)—(iii) of the Thom class that for V = Q}Ll Oxe; and 6 : det V — Oy the
canonical isomorphism given by 6(e; A --- Ae,) = 1, the map ¥y ¢ is the suspension isomorphism

ELP(X) = ERIIII(SE X | JSI(X\ Z)4) = ESTHPTT (Th(V)).

The naturality of the maps ¥y ¢ allow one to use a Mayer—Vietoris sequence for a trivializing open cover
of X for V to show that ¢}y ¢ is an isomorphism in general. O

The above Thom isomorphism may be extended to vector bundles without orientation by introducing
twists to £-cohomology, as follows.
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Definition 3.7. For X eSmp and ¢ : L — X aline bundle, we define the twisted £-cohomology £**(X; L) by
ga,b(X; L) = ((:a+2,b+1 (Th(L)) — ggL-‘r-Z,b"rl (L)
We also have a version with supports: given in addition a closed subset Z C X, we define

b 2,b+1
€77 (X: L) =& 71, (L).

Finally, when we also have a vector bundle V — X, we similarly define

EP(Th(V); L) = £ (Vig*L), €5 (Th(V); L) := &L L\, (Viq*L);

these definitions may be rewritten a bit, e.g., for the former we have
EYP(Th(V); L) = £5P (Vi q*L) = £ 2" (V @ L) = £V (Th(V @ L)).

Remark 3.8. The product structure on £-cohomology extends to a product structure on twisted &-
cohomology: namely, for X € Smp and L, M two line bundles on X, combining the cup product

U: ggl:i-l,b-i-l(L) ® 56;—2,d+1(M) N 5a+0+4,b+d+2(L ® M),

OLom

the canonical isomorphism oy s : det(L@ M) — L ® M, and the Thom isomorphism 7 ¢57, we get a map
U: EY’(X: L)@ £V (X: M) — TP (X Lo M),
as well as a version with supports.

Remark 3.9. The definitions of twisted £-cohomology given in Definition 3.7 are instances of a more
general definition. Namely, for X € Smp, L — X a line bundle, and any 7" € SH(B) equipped with an
identification T >~ 7x4(T") for some 7' € SH(X), we may define the twisted £-cohomology £**(T'; L) by

E4(T; L) := Homgyx) (ST, S“H20H A k8.

Of course, this notation is abusive since £**(T; L) really depends on T’ € SH(X). This construction

recovers the notions introduced in Definition 3.7 as follows:
— We have £ (X; L) = E(T; L) for T = L X | ~mxp(1y).
— We have £5*(X; L) ~ E*(T; L) for T = Xz/B ~ mx;(X 7/ X).
— We have E**(Th(V); L) ~ &**(T; L) for T = Th(V) >~ wx;(Thx (V)).
The extra generality will be invoked later on (see Lemma 4.3) for the case
T =Xz/Bsm =7x1(Xz/Xpm) = 7xs (5 X7/ Xpm),
where the last identification is by Atiyah duality (Remark 2.7).

The following construction is due to Ananyevskiy [2016a, Corollary 1].
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Construction 3.10. Let X € Smp, let g : V — X be a rank r vector bundle, and let p : L — X denote the
determinant bundle det V; let p’: L~! — X denote the inverse of L. Then we have canonical isomorphisms

ay -1 :det(V @ L™ - Oy, o -1gL - det(L~'® L) — Ox.
Consider now the two pullback bundles
pvig" LT ®L) =V, q@®pp:p"(VOL) L,

which inherit trivializations of their determinants. For (€, th_)) an SL-oriented motivic spectrum,
Lemma 3.6 gives us isomorphisms

. ca+2r,b+r a+2r+2,b+r+1 * -1
Vg (L10L).q%0, 14, * €0y V) — 5q_1(0L71@0L)mp;1(0V)(61 (L @®L))

and

. ca+2,b+1 a+2r+2,b+r+1 * -1
ﬁp*(VEBL’l),P*OlV@L—l * gOL (L) - gp71(0V$OL—1)mP2_I(OV)(p (V @ L ))

However, as X-schemes ¢*(L~! @ L) and p*(V @ L™") are both canonically isomorphic to
Vel 'L X,

and via this isomorphism, the closed subsets ¢! (0,1 ®0.) N py,' (Oy) and p~' Oy ®0,-1) N p ' (Oy)
are both equal to Oy g, 14, . We thus have a canonical isomorphism

. ca+2r+2,b+r+1 * —1 a+2r+2,b+r+1 * —1
¢ gqfl(OL—l@OL)ﬁP;l(OV)(q (L)~ gp’l(OVGBOL—l)ﬂP/L_](OV)(p VoL )

Combining all of the above the, we obtain the Thom isomorphism
Oy 1 EYP(X; L) — 4P (Th(V)), (3.10.1)
defined by
Dy = 19;“_,@”4*%1% 0h 0D e vaL ). prayy, -

This construction extends to cohomology with supports in an evident manner.

We next discuss the Thom classes in twisted £-cohomology governing this more general Thom
isomorphism.

Definition 3.11. Let X € Smp and let ¢ : V — X be a rank r vector bundle. The canonical Thom class
thy € £2°"(Th(V); det™! V) is defined as follows. As noted in Definition 3.7, we have

EX(Th(V); det™' V) = ¥ P2+ (Th(V @ det™' V).

The isomorphism
o=y go-1y - det(V ®det™! V) > Oy

gives us the Thom class thy, g .1 Vi € E2r+2r+1(Th(V @ det™! V)), and we define thy to be the corre-
sponding element of E21(Th(V); det™! V) under the above identification.
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Remark 3.12. Let X and V be as in Definition 3.11. Let wrx : X — B denote the structure morphism.
Then the Thom class thy is an element of

ng,r(Th(V); det™! V)= 52r+2,r+1(nxﬁ(ZVEBdet’l(V)(lx))
_ HOIIISH(B)(ﬂx;r(EV@dCFI(V)(IX), S+l A g)
~ HomSH(x)(EV®det71(v)(1x), Q2+l 71;’}8)
~ Homgpx)(1x, ST T2 A R (Ve (V)7 o
Thus, via the multiplication on &, the class thy induces a map
xthy : t%E — §rt2rtl A Z*(VEBderl(V))n;S
in SH(X).
Lemma 3.13. The map xthy defined above is an isomorphism in SH(X).

Proof. For each object x € SH(X), xthy induces a map
l?v,x . Homs]_[(x) (x, 7'[?25) — HomSH(X)(x, SZr+2,r+1 AN Ef(Veadet’l(V))n;g)

By the Yoneda lemma, it suffices to show that Py , is an isomorphism for all x € SH(X).

The collection of objects x for which ?y , is an isomorphism is closed under arbitrary direct sums,
hence is a localizing subcategory of SH(X). The objects x = S*? A 1y are contained in this subcategory,
since for these objects the map ¥y . identifies with the Thom isomorphism 6y, g e-1(y) , (Where « is
as in Definition 3.11). For p : ¥ — X in Smy, applying p* and using the adjunction with p; shows
that furthermore v, is an isomorphism for x = S“* A Y/ X. As SH(X) is generated as a localizing
subcategory by the objects S*? A Y/ X, this proves the lemma. O

Definition 3.14. For X € Smp and V — X a rank r vector bundle, we define
05 otV gre  wrVate
to be the composition of isomorphisms

EdelVfl (Xth

-1 -1
— det Vader—1 v) -ly_ » 14t Vi thy) _
El detV © © Zdet 14 ln;;g Zr Vn;g

*
&

Remark 3.15. Let X € Smp and let V — X be a rank r vector bundle. Under the identification
Th(V) = nxsX" (1x) and the isomorphisms

E%P(X, det V) ~ Homgpx)(1x, S“T20TT A BtV rr oy

and
82r+a,r+b(Th(V)) ~ HOInSH(X)(IX, SZr+a,r+b A E—Vn;g)’

the Thom isomorphism 9y : £42(X, det V) — £ +@r+0(Th(V)) is the map induced by 9¢.
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Remark 3.16. Let X € Smp and let V — X and W — X be vector bundles of respective ranks ry and ryy.
We have the multiplication map

EYP(Th(V), det™! V) @ ES4(Th(W), det™' W) — £+ (Th(V @ W), det™ ' (V & W))
induced by the isomorphism
V/(V\{OyD) Ax W/ (W\{Ow}) = (Ve W)/(VE W\ {Ovew))

in H,(X) and our canonical isomorphism det(V) ® det(W) >~ det(V & W). The multiplicative property
of the Thom classes (Definition 3.4(ii)) implies a similar multiplicativity for the canonical Thom classes:

thygw = thy Uthy.
This then implies, roughly speaking, that
(3 g g 2

More precisely, after using properties of X (7 to make the necessary identifications, the following diagram
commutes:

ﬁ(ftWéBdtV ~
Elfdet(WEBV)n.;g c © 227(detW€Bdet V)T[;S ElfdethlfdetVn;g

ﬁ‘fV@VJ J{Eldelwl%‘g

Erw-i-rv—(W@V)n;}g EFV_VEI_dCth;S El—dethrv—vn;g
=vVeg ~

Remark 3.17. Using Remark 3.16, the definition of ¢ extends to virtual bundles by setting ﬁ§7W =
195 o (195‘,)_1 = (195,)_1 o 196 (with these identities understood as in Remark 3.16), giving the isomorphism

— -1 ~ — _
19\6/‘_W . E] det V®det WT[;;'S N Erv rw V+W7T;g.

Remark 3.16 then extends directly to virtual bundles.
If we have an exact sequence 0 — V' — V — V” — 0, then the corresponding isomorphisms

Y = 5V and det V = det(V' @ V") transform 9 to LT

Remark 3.18. If the SL-orientation on £ extends to a GL-orientation, then all the results of this section for
SL-oriented theories hold for £ in simplified form: we can omit all the twisting by line bundles and replace
El_detvn;f with 73 € using the Thom class thye v to define an isomorphism X j& >~ Edetvn;g.

We close this section with one last result about twisted £-cohomology in the SL-oriented setting.

Proposition 3.19. Let X € Smp, let L, M be two line bundles on X, and let Z C X a closed subset. Then
there is a natural isomorphism

Yo Ey (X L) — E5%(X; L@ M®?).
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Proof. Lets : X — L @& M be the zero-section. We have the Thom isomorphisms
EFX L =ELTPL oM MY, E5NXLeME) ~ VT (Le M; M),
Replacing L & M by X and M by L, this reduces us to showing that there is a natural isomorphism
VL€ (X L) = €57 (X LT
For this, we follow the proof of [Ananyevskiy 2016a, Lemma 2]. We have the morphism of X-schemes

LOL '=LxyL "5 X xzAl

defined by u(x, y) =x-y;let Y := u~'(X x 1). Setting Lo := L\ 07 and Lal := L7\ 0y, we see that ¥
is a closed subscheme of L x x L™! projecting isomorphically to L via p; and isomorphically to Ly !
via p;.

Consider the commutative diagram

Y —— LxyL'——=LxxL )Y

Lo L L/Lo

whose rows are cofiber sequences. As the first two vertical maps are isomorphisms in H(B), the map p;
induces an isomorphism

p1/B:(LxgL™'/Y)/B — Th(L)/B
in SH(B). Similarly, we have the isomorphism
p2/B:(LxgL™'/Y)/B— Th(L™")/B
in SH(B). Replacing X with U := X \ Z, we have the isomorphisms
piu/B:(Lxg L™ xxU/Y xxU)/B — Th(L xx U)/B.

and
pw/B:(LxgL ' xxU/Y xxU)/B— Th(L™! xx U)/B

It follows that the arrows in following diagram are isomorphisms in SH(B) after applying —/B:

Th(L)/Th(L xx U)

P

(LxxL7YY)/(Lxx L' xxU/Y xx U)

) %)
Th(L™")/Th(L~! xx U)
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Finally, applying Homgp gy (—, Z*T2*+1£) gives the desired isomorphism

YL ESN(X; L) — 55 (X; LY. O

4. Projective pushforward in twisted cohomology

In this section, we describe how one gets projective pushforward maps in twisted £-cohomology for £
an SL-oriented motivic spectrum. We rely on the six-functor formalism. This is a bit different from the
treatment of projective pushforward given by Ananyevskiy [2016a]: in that treatment, one relies on the
factorization of an arbitrary projective morphism ¥ — X into a closed immersion ¥ — X x PV followed
by a projection X x PV — X. This factorization property will however reappear in our treatment when
we discuss the uniqueness of the pushforward maps in Section 6.

We continue to work over a noetherian separated base scheme B of finite Krull dimension.

Lemma 4.1. Let s : Y — X be a section of a smooth morphism p : X — Y and let n : id — s,5%,

€ : s*s, — id be unit and counit of adjunction. Then the composition
. ~ s* * € -
ldSH(Y) —> PI1OoSI = PpP1OoSy —>§ OSy —> ldSH(Y)
is the identity. Here the morphism s* : py — s* is the one constructed in Remark 2.9.

Proof. The functor s*s, is an equivalence [Hoyois 2017, Corollary 4.19]. As a general property of adjoint
functors, sx€5* o ns,s* = id,+ (see, e.g., [Mac Lane 1971, p. 134]), hence s.€5" s, 0 n845™ 55 = 1d;, g+5,
and thus s.€ o ns, =1id,,. The result follows from the commutative diagram

id
ld

PX108x =———— PX!10S!

PX1MSx
PX15x€

PX10S8x8¥ Sy —— Px108,4

Px1si€
px1osios*os, — pxi1o8

s* o5, ———id 0

Remark 4.2. Let s : Y — V be the zero-section of a vector bundle p : V — Y. Then the canonical

isomorphism idgz vy > pis, is equal to the composition

idaSH(Y) ~xVeV = Z_VP#S* = p#E_p*VS* = D18k
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Indeed V=Y — idgp(y) is the counit of the adjunction ¥~V < £V, corresponding to id: ¥ — XV,
>V puSs — 1dsH(y) is the counit of the adjunction >V =y p* = pas,. The functors >~V and p# are
both left adjoints, so £~V py is left adjoint to s, and the counit of the adjunction

S VA p Y 2PV pt o~ pl g,

is the same as that of £~V - pys,. Composing with the isomorphism py ~ psE PV ~ =V pu. we see
that the counit of the adjunction p; - s, is induced from that of >V p# 154, and thus agrees with the
canonical isomorphism pis, 2 idsH(y).

Lemma 4.3. Let (£, th(_)) be an SL-oriented motivic spectrum in SH(B). Suppose given X € Smp of
dimension dx over B,i : Z — X a closed subset, and p : L — X a line bundle. Then the isomorphism

& .y 1—det(L—Tx/p) . * L1y, 3 —L+Tx/B __*
UL 1yt 2 By — X xE ny&

induces an isomorphism
px.z.1: €7 (X; wxp @ L) = P (X, /By s L),
where the right-hand side is as defined in Remark 3.9.
Proof. We have det(L — Tx,p) = det_l(TX/B) ® L = wx/p ® L and rL-ry; = 1 — dx. Moreover, we
have canonical isomorphisms
£7"(X; wx/p ® L) = Homspx (i (12), S*" A Z! L)
and
g7 =dx (X 7 /Bg.; L) ~ Homgpx) (ix(12), SV A 20+ Don=Lyx ey,
Finally, ﬂf*TX/B induces the isomorphism
8§40 A ﬂf*TX/B L §4b A plrex®lgre S40 A 2(1"’X)+TX/B’LJT§}€,
which completes the proof. U
Using the isomorphisms px 7.1, we make the following definition.

Definition 4.4. Let (£, th(_)) be an SL-oriented motivic spectrum in SH(B), let f : Y — X be a proper mor-
phism of relative dimension d in Smp, let L — X be a line bundle, and let Z C X be a closed subset. Define

fei €4 o oy ® [L) = €57 (X, ox/p @ L)

to be the unique map making the diagram

ga-2rb=dv (¥, By [FL) ~ oy 9 2rb=dv (X 4 /By L)

pY,fIZ,f*LT T/)X,Z,L

EX )Yy ® L) ———— £ (X, ox/5 ® L)

commute.
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Let p: V — Y be a rank r vector bundle on some Y € Smp, with O-section s : ¥ — V. Letting
L =det V, the exact sequence

0— p*V — TV/B d_p) p*Ty/B -0

gives the canonical isomorphism wy /g >~ prdet ' V® wy,p), or p* det™' vV ~ wy/p® a);/lB. Letting
(&, th) be an SL-oriented motivic spectrum, we have the pushforward map

Sy Sa,b(Y) N (c/’d-‘rzr,b-i-l’(v’ p* det_l V),
and the version with supports,
52 1 EYP () = EPP(Y) > 5T (V, pdet”! V).
Lemma 4.5. Let 1‘,9, € £%0(Y) be the unit rr;’;/B(u). Then
EN 2r,r * -1
s«(ly) =thy € & " (V, p*det™" V).
As a consequence, s*(lf,) in E¥1(V, p*det™' V) is the image of thy under the “forget supports” map
& (V. prdet™ V) — £27(V, p*det™! V).

Proof. The exact sequence

0— p*V —> TV/B d_p) p*TY/B —0

gives us the isomorphism

“)\7}3 Qdet !V ~ p*a);/]B.

Keeping this in mind, we have the following commutative diagram defining s.:

o IR -
£, dY(Y/BB.M.;wY/lB)—>€0v2dY’ dY(V/BBM-’p*wY/lB)

’OY, Y,s*p*w;/lB A‘\ TPV’OV'IJ*M}_’/]B

£°(Y) £ (V. det™! V) @3.1)

Sx

lforget supports
EXr(V, det™' V)

Here the lower s, is the one we are considering and the upper s, is the map with supports. Thus, we need
to show that the upper s, satisfies s*(li) = thy.
We will be using the isomorphisms

—1
£ =4 (Y| Bg m.; wy ) 5) ~ Homsny) (1, DRSS L S75)
% —1
g(;vzdy’_dy(v/BB-M-v P*w;/lB) ~ Homgpy) (s«(1y), 'OV @i o), (4.5.2)

5§;*r(v, det™" V) ~ Homgpy) (s (1), =179 Vg,
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By Lemma 4.1, the composition
~ Ty 5%
TTy) —> Ty108) —> TTy1 08y — TTy|

is the identity. Evaluating at 1y gives the commutative diagram

¢
Yem. —— mvi(s«(ly)) == Vo, /Bp.m.

‘ / (4.53)

Yem.

and the isomorphism ¢ induces the isomorphism
¢* & TN (V B, proyp) = £ TN (Yp ., 0y ).
The isomorphism py, Oy, proyly is the map induced on Homspv) (s« (1y), —) by the isomorphism

ﬁp*w;/lB*TV/B : zl_detil V;-[;’;g - El_dv—i_Tv/B_p*w;l/Bn;g'
We have the isomorphisms
Er_vﬁ_v . 2r+l—V—det’1 VTL’{ES — 7'[;5,
Er_vﬂw;}B—Ty/B—V : z:r+1—V—der1 Vn_;;g N Er—s—l—dy—i-Ty/g—a)y/Bn,;g’
ﬁa)Y/B*TT/B : JT;E - Zl_dY+TY/B_wY/BJT;E~
The first induces an isomorphism
py : Homgpy) (1y, D7H-V =00 Ve 00(yy,
the second an isomorphism
Py v—ary  HOmsir) (Ly, BV 74V argg) o 720070 (v By i,y ).
while the third induces the isomorphism

Py yyty 1€ = ETXT T (Y By oy ).

Altogether these maps and isomorphisms gives the diagram of isomorphisms

- - B o _ _ _
SOVZdy, dy(V/BB.M.’ p*a)Y/]B) — & 2dy ., —dy (Y/BBM, wY/IB)

Pv.0y det=1 v PTy p+V-wy/p 50’0(Y) “4.54)

pP-v

€6, (V. det™! V) — — Homsuy, (1y, £V~ Ve
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The triangle commutes by the functoriality of ¢, as expressed by Remark 3.16.
To see that square commutes, we have the diagram

—1 ~ —1 ~ —1
El_d+TV_p*wY/B7T;E -~ 2:1_d.4_p*(Ty-&-V—wy/B)n,{;g = p*zl—d-i-Ty-i-V—wy/B]T;tg

r

TZT%*&,Y}BT‘,/B TETﬁp*(mY}BTy/BV) T” ETﬁm;/lB—Ty/va
Erqtlfp*det*1 VJT;I;((: ___ ErJrlfp*det’l Vn"’jg - p*2r+17det*1 Vﬂ;f
The first square commutes using the exact sequence 0 — p*V — Ty,p — p*Ty,p — 0 and the second
by the naturality of ©¥_. Applying the adjunction pg - p*, the identity pss* = =V and applying £~V to

yield the isomorphism [=Vx, yIsuw) = [x, EVy]SH(y), applying Homgn(v)(s«(1y), —) to the last map
gives the commutative square

l—d+Ty+V -0y, _«
Y/Bn—yg)

\

*xr l—d+Ty —wy]
L R Homgpy)(ly, &' @vingie)

Homgp(vy (s«(1y), p*X

l—det™' vV =Vy _
Homgp vy (s4(ly), p*ErT170e Vrse) B Ty gV

\

HomSH(Y)(lY, Zr—t-l—V—det’l Vn.;;g)

Applying Homgg(v) (s« (1y), —) to the first diagram, putting these two diagrams together and using the
isomorphisms (4.5.2) and Remark 4.2 gives the commutativity of the square in (4.5.4).

It follows from the commutativity of (4.5.3) that ¢™ o (s*)* o Py Ywrly = Pyl The commutativity
of (4.5.1) and (4.5.4) then shows that p_y o ¥ o5, = id. By Remarks 3.15 and 3.16 the map p_y o ¥
is the inverse of the canonical Thom isomorphism @y : £%0(Y) — ggc’r(V, det™" V). Thus s, = ¥y so
5.(15) = thy. O

Remark 4.6. If we have a GL-orientation on £, we have functorial pushforward maps
fe: ELP(Y) — £47207 (x)

for f: Y — X aprojective morphism in Smp, of relative dimension d, with W C Y, Z C X closed subsets
with f(W) C Z. All the results of this section hold in the oriented context after deleting the twist by line
bundles. This follows from Remark 3.18.
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5. Motivic Gauss—Bonnet

Definition 5.1. Let p : V — X be a rank r vector bundle on some X € Smp, and let £ € SH(B) be an
SL-oriented motivic ring spectrum. The Euler class ¢ (V) 2 (X, det™" V) is defined as

(V) i=5%5,(15); 15 € £%%(X) the unit.
Remark 5.2. By Lemma 4.5, (V)= s*s*(li) =5*thy, where 5 : X — Thy (V) is the map induced by s.

Theorem 5.3 (motivic Gauss—Bonnet). Let £ € SH(B) be an SL-oriented motivic ring spectrum, wx :
X — B a smooth and projective B-scheme, let ug : 1g — £ be the unit map. Then

7x/px(e5 (Tx/p)) = ug(x (X/B)) € E°(B).
Proof. We have the canonical Thom isomorphism

ﬁf :gu,b(X; wX/B) s 5a_2dimX’b_dimX(Th(—TX/B)).

Tx/B

By Lemma 2.15, it suffices to show that the map
By : EX°(X) — £20(Th(—Tx/p))
sends lf( to ﬁfTX/B (eg(TX/B)); by Remark 5.2, this is the same as ¥_7y , (§*thTX/B), where
5: X4 — Th(Tx/p)

is the map induced by the zero-section s : X — Tx/p.

We use our description of Bx,p as my# applied to (2.14.3). Applying Homspx)(—, nj}é’) to Bx,p and
using the adjunction Homgsyp) (mx#(—), £) >~ Homgnx)(—, 7%&), we have that 85 /B is given by the
composition

£%9(X) =5 Homgpuex) (1x, T5E) % Homgyx) (2778 0 £TX/8 (1x), 75E)
—— Homspx)(Thx (Tx/5)), 25 1%£) * Homsux) (1x, 25 n5E)
~ Homgpx) (™75 (Thx (Tx/5)), T%E)

where the isomorphisms a, b, ¢ are the canonical ones.
The functoriality of the canonical Thom isomorphisms gives us the commutative diagram

v
£00(x) o £24x.dx (Th(Tx, ), wx,5)
Homsy(x)(1x, 7%E) 1/

s

Homgspx)(Z~ e T0e (1y), m4E) % Homgp(x)(Thyx (Tx/p), ZT¥/E73E)
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Thus
(coboa)(15) =0%s, , (thry,).

Applying € Ty/s 8 above gives us the commutative diagram

§*

£2x-dx (Th(Tx ), wx,B) EX% (X, wx/p)

£ £
v TX/Bl lﬂ Tx/B

Homgn(x)(Thx (Tx,p), Z1¥/5n}E) ——— Homspx)(1x, Z¥Ex%E)
S
Homgp(x)(E "/ Thy (Tx/g), T5E) T} Homgpx) (E~ /5 (1x), m5E)
X B(

and thus
B 5(15%) = 01y, (5 (thyy ;) = 01y, (¢° (Tx /).

as desired. O

6. SL-oriented cohomology theories

Our ultimate goal is to apply the Gauss—Bonnet theorem of Section 5 when projective pushforwards are
defined on a representable cohomology theory in some concrete manner, not necessarily relying on the
six-functor formalism. For this, we need a suitable axiomatization for such theories; we use a modification
of the axioms of Panin and Smirnov [Panin 2003; 2009]. As before, our base-scheme B is a noetherian,
separated scheme of finite Krull dimension.

Definition 6.1. We let Sm-Lp denote the category of triples (X, Z, L) with X in Smp, Z C X a closed
subset and L — X a line bundle. A morphism ( f, f) (X,Z,L)— (Y,W, M) isamorphism f: X — Y
with Z > f~1(W), together with an isomorphism of line bundles f : L — f*M. We let Sm—LlEI;r denote
the category with the same objects as Sm-Lp, but with morphisms (f; f) (X,Z,L) > (Y,W,M) a
proper morphism f : X — Y in Smp, with f(Z) C W, and f : L — f*M an isomorphism of line bundles.

Definition 6.2. An SL-oriented cohomology theory on Smp consists of the following data:
(D1) A functor H** : Sm-Ly — BiGrAb, (X, Z, L) — H,*(X; L); we often write f* for H**(f, f).
(D2) A functor H, , : Sm—L%r — GrAb, (X, Z,L) — Hf*(X, L); we often write f, for H .(f, f).
(D3) Natural isomorphisms, for X of dimension dx

H XX wxp @ L) 2221 HZ (X, L).
(D4) An element 1 € Hg’O(B; Op). For x :=(X,Z,L),y := (Y, W, M) in Sm-Lp, a bigraded cup

product map

Uy : ;*(X L)®H;‘V*(Y M)—)HZXW(X xgY, pfL® p>M)
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(DS) For Z C W closed subsets of an X € Smp a bigraded boundary map
85wz Hyly (X \W: ji, L) — Hy "™ (X, L)

We write H**(X, L) for Hy* (X, L) and H,*(X) for H,* (X, Ox); we use the analogous notation
for H, .. We write U for Uy , and 6 for §x 7 ; when the context makes the meaning clear.

For f :Y — X a proper map of relative dimension d in Smp, with Z C X, W C Y closed subsets with
f(W)C Z and L — X aline bundle, combining (D2) and (D3) gives us pushforward maps

e H;;,’*(Y, wy/B ® frL) — H;im’*id(X, wx/p QL)

defined as the composition

—1
o -

Hy" (Y, 0y/p ® f*L) =15 Hy g (Y. f*L)

Lo HE g (X L) 2L (X oy @ L).

These data are required to satisfy the following axioms:
(A1) H** and H, , are additive: H** transforms disjoint unions to products and H, , transforms disjoint
unions to coproducts; in particular, H,*(&, L) = 0 and HE* (@, L)=0.

(A2) Let

/

y .y

it

X/T)X

be a cartesian diagram in Schg, with X, ¥, X', Y in Smp (sometimes called a transverse cartesian
diagram in Smp) and with f, f’ proper of relative dimension d. This gives us the isomorphism

/% ~
i wx' )X =Wy'/y-

Let Z C X be a closed subset, let W C Y be a closed subset with f(W) C Z, let Z' = g~ 1(2),
W' =g ~!'(W). Let L — X be a line bundle on X and let L’ = g’*(L). Then the diagram

I

Hy (Y, wyyp ®‘0;/1/Y ® L) +——— Hy" (Y. 0y/5® f*L)

I |
H*—Zd,*—d

5 (X', x5 @wylyx ® L) +—— Hy (X, wxp ® L)

commutes.
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(A3) For Z C W closed subsets of an X € Smp, let U = X \ Z with inclusion j : U — X. For L — X a
line bundle, this gives us the morphisms

(id,id) : (X, W,L) > (X, Z,L) and (j,id): (U,W\Z, j*L) — (X, W, L).
Then the sequence
o dzwx H}*(X,L) — Hy;*(X, L) N Hy ', (U, j*L) dzwx, HPY™ (X, L) — - -

is exact. Moreover, the maps §z w x are natural with respect to the pullback maps g* and the
proper pushforward maps f.
(A4) Leti:Y — X be a closed immersion in Smp, let W C Y be a closed subset, L — X a line bundle.
Let Z =i(W), giving the morphism (i, id) : (Y, W,i*L) — (X, Z, L) in Sm—L%r. Then
i HY (Y,i*L) > Hf (X, L)

is an isomorphism.

(AS) The cup products U of (D4) are associative with unit 1. The maps f* and f, are compatible with
cup products: (f x g)*(a Uy y B) = f*(a) Uy y g"(B). Moreover, using the isomorphisms of (D3),
the cup products induce products U*Y on H, , and one has (f x g).(a¢ U%Y B) = fi(a) U*Y g, (B).
Finally, the boundary maps 8z w x are module morphism: retaining the notation of (D4), for
o€ H;’\*W(X \ W; j; L) and B € Hy*(Y, M), we have

Oxxy,zxT,wxT(@UB) =8x 7z w(a)UPB.

(A6) Leti:Y — X be a closed immersion in Smp of codimension ¢, 7wy : ¥ — B the structure map.
Let 17 € H*O(Y) be the element 7 (1). Then 9 (i) := ax y(i.(1i)) € Hy“(X,det™' N;) is
central, that is, for each (U, T, M) € Sm-Lp, and each B € H;"*(U, M), we have

THBUBE) =00E)UB
where 7 : X xg U — U xp X is the symmetry isomorphism.

(A7) Let (f,id) : (Y, W, f*L) — (X, Z, L) be a morphism in Sm-Lg. Suppose that the induced map
f:Yw/B — Xz/B is an isomorphism in SH(B). Then

friH7" (X, L) — Hy" (Y, f*L)
is an isomorphism.

Remark 6.3. It may seem strange that the proper pushforward maps respect products in the sense of (AS);
one might rather expect a projection formula. However, (A5) asks that the proper pushforward maps
respect external products, not cup products, and in fact, having the pushforward and pullback maps
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respect products as in (AS) implies the projection formula, as one sees by considering the commutative
pentagon associated to a proper morphism f : Y — X in Smp of relative dimension d:

]/f:=(f Xidx)OAy

Note that the square

Y X xpY

fl lidfo

X— X xpX
Ax

is transverse cartesian. If we have closed subsets Z C X, W C Y with f(W) C Z, and line bundle L — X,
the pentagon diagram induces the diagram in cohomology

vy

Hy* (Y, 0y, Q f*L)Y T Hy'ow(Y xgY, 0y/3Q f*L)

S H;;:W(X xgY, a)y/B@L)

m
H*72d,*7d

—2d,%—d
7 (X,wX/B®L)<A—*H§Xz’* (X xp X, wx/p®L)
X

Take a € HY"(X, M), B € H3 (Y, oy ® f*(L ® M~")). By functoriality of (—)* and (A5) for (—)*
we have y’fk(oz Uxy B) = f*(a) Uy B and by (A2) and (AS) for (—). we have

L (f (@) Uy B) = Ax(idx x f)i(a Uxy B) =a Ux fi(B).

Similarly, in the presence of (A2) and (A5) for (—)*, functoriality for (—)* and (—), and the projection
formula implies (AS) for (—).
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Definition 6.4. A twisted cohomology theory on Smp is given by the data (D1), (D4), (D5) above,
satisfying the parts of the axioms (A1), (A3)-(A7) that only involve H**. Given an SL-oriented coho-
mology theory (H**, H, 4, ...) on Smp, one has the underlying twisted cohomology theory (H**, ...)
by forgetting the proper pushforward maps.

Example 6.5. The primary example of an SL-oriented cohomology theory on Smp is the one induced by
an SL-oriented motivic spectrum £ € SH(B):

(X,Z, L)+ E5(X; L).
One defines, for X € Smp of dimension dx over B,
EE (X1 L) =N (X wxyp ® L),

we extend the definition to arbitrary X € Smp by taking the sum over the connected components of X
and write this also as Eédx_m'dx X wx /B ® L) by considering dx as a locally constant functor on X.
The pushforward maps for a proper morphism of relative dimension d, f : Y — X, closed subsets

W CY,ZC X with f(W) C Z and line bundle L — X are given by the pushforward

for & T Yoy ® fL) = £ (X oxyp @ L).

7. Comparison isomorphisms

We recall the element n € Homsg gy (135, S~L=1A1p) induced by the map of B-schemes 7 : A2 \ {0} —> P,
n(a,b) = (a : b). As every £ € SH(B) is a module for 15, we have the map xn: & — S™L=IAE for
each x € SH(B). We say that n acts invertibly on £ if xn is an isomorphism in SH(B).

We consider the following situation: fix an SL-oriented motivic spectrum £ € SH(B). This gives us the
twisted cohomology theory £** underlying the oriented cohomology defined by £. Let (£%*, &, ) be an ex-
tension of £** to an oriented cohomology theory on Smp, in other words, we define new pushforward maps

fe €5 (Y, 0y/8® f*L) = €72 (X, wx/p O L)

The main result of this section is a comparison theorem. Before stating the result we recall the decom-
position of SH(B)[1/2] into plus and minus parts.

We have the involution 7 : 13 — 1 induced by the symmetry isomorphism 7 : P! AP! — P! AP In
SH(B)[1/2], this gives us the idempotents (id + t)/2, (id — t)/2, and so decomposes SH(B)[1/2] into
+1 and -1 “eigenspaces” for t:

SH(B)[1/2] =SH(B)" x SH(B)~
We decompose £ € SH(B)[1/2]asE=E, B E_.

Theorem 7.1. Suppose the pushforward maps

for fo 1 E5F (Y, 0y/8® f*L) = €5 (X, wx/3® L)
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agree for W, Z, L, X =V a vector bundle over Y and f : Y — V the zero-section. Suppose in addition
that one of the following conditions holds:

(1) The SL-orientation of £ extends to a GL-orientation.
(ii) n acts invertibly on E.

(iii) 2 acts invertibly on € and EJ:]’O(U) = 0 for affine U in Smp.
Then f, = f* forall X, Y, Z, W, L, f for which the pushforward is defined.

Proof. By the standard argument of deformation to the normal cone, it follows that f, = f; for all
f Y — X aclosed immersion, Z, W, L. As every proper map in Smp is projective, f admits a
factorization f = poi, withi:Y — X x 3 P" a closed immersion and p : X x 3 P’ — X the projection.
By functoriality of the pushforward maps, it suffices to check that p, = p,.

In case (i), this follows from the uniqueness assertion in [Panin 2009, Theorem 2.5(i)]. Indeed, the
cohomology theory associated to a GL-oriented motivic spectrum & satisfies the axioms of Panin and
Smirnov and the associated Thom isomorphisms give rise to an “orientation” in the sense of [Panin 2009,
Definition 1.9], so we may apply the results cited. We note that in [Panin 2009] the base-scheme is Spec &,
with k a field, so [loc. cit.] does not immediately apply to our setting of a more general base-scheme; we
say a few words about the extension of this result to our base-scheme B. As a propermap f: Y — X
in Smp is projective, one factors f as f = poi, withi : Y — P’ a closed immersion and p : P, — X
the projection. The uniqueness for a closed immersion in Smp reduces to the case of the zero-section of
a vector bundle by the usual method of deformation to the normal bundle, and as the pushforward by
the zero-section of our two theories are the same by assumption, we have agreement in the case of a
closed immersion. For the projection p, the proof of [Panin 2009, Theorem 2.5(i)] relies on [Panin 2004,
Theorem 1.1.9], where for p, using the projective bundle formula, the key point is to show that both
pushforwards have the same value on the unit lpz € £ 0’°([P”§). The proof of this relies on the formula for
the pushforward of lpr, under the diagonal Apr, : P — P% xx P given by [Panin 2004, Lemma 1.9.4].
As Apn is a closed immersion, the two pushforwards under Ap» agree, and the proof of the formula in
[Panin 2004, Lemma 1.9.4] uses only formal properties of pushforward and pullback as expressed in our
axioms, plus the projective bundle formula. This latter in turn relies only on properties of the Thom class
of O(—1) and localization with respect to A} C Py, and thus we may use [Panin 2004, Lemma 1.9.4] in
our more general setting. The argument that the pushforward of 1p: under p can be recovered from the
formula for the pushforward of 1p: under Apr is elementary and formal, and only uses the restriction of
the two theories to Sm-Lyx, and not the fact that these restrictions come from theories over k. Thus, the
argument used in the proof of [Panin 2004, Lemma 1.9.4] may be used to prove our result in case (i).

In case (ii), we use Lemma 7.2 below. Indeed, if N is odd, we may apply the closed immersion
X xg PN — X x g PN*! as a hyperplane, so we reduce to the case N even, in which case both p, and p,
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In case (iii) we may work in the category SH(B)[1/2]. We decompose € € SH(B)[1/2]asE =&, DE-
and similarly decompose the pushforward maps f, and f; By Lemma 7.5, n acts invertibly on SH(B)™
and the projection of n to SH(B)* is zero. By Lemma 7.3 below, the SL-orientation of £ induces an
SL-orientation on the projection £ that extends to a GL-orientation. By (i), this implies that f,F = fj.

By (ii), £, = fi, 50 fu = f. 0

Lemma 7.2 [Ananyevskiy 2016a, Theorem 1]. Let £ € SH(B) be an SL-oriented motivic spectrum on
which 1 acts invertibly. Let 0 € PN (Z) be the point (1:0...:0). For X € Smg, L — X a line bundle and
Z C X a closed subset, the pushforward map

i &N V(X wxp@ L) — 5;’_*1 )X XB PN, wpy 5 ® p*L)
is an isomorphism.

Proof. Using a Mayer—Vietoris sequence, we see that the statement is local on X for the Zariski topology,
so we may assume that L = Oy. If we prove the statement for the pair (X, X) and (X \ Z, X \ Z) the
local cohomology sequence gives the result for (X, Z), thus we may assume that Z = X, and we reduce
to showing that

i EXNEN(X wxyp) > E5F(X x5 PV, wpn ) p)

is an isomorphism.

This is [Ananyevskiy 2016a, Theorem 4.6] in case B = Speck, k a field. The proof over a general
base-scheme is essentially the same, we say a few words about this generalization. Most of the results
that are used in the proof of [loc. cit.] are already proved in the required generality here, for example,
the Thom isomorphism (3.10.1) of Construction 3.10 generalizes Ananyevskiy’s construction [2016a,
Corollary 1] from B = Speck to general B. The proof of [Ananyevskiy 2016a, Theorem 4.6] relies
also on [Ananyevskiy 2016a, Lemma 4.1], which in our setting reduces to the fact that for X € Schg,
and u e I'(X, O;) a unit, the automorphism of X x P! sending (x, (tp : t1)) to (x, (uto, u~'#)) induces
the identity on X+ AP!/X in H,(X). This follows by identifying P} with P(A%) and noting that the

1

diagonal matrix with entries u, =" is an elementary matrix in GL,(I" (X, Oy)). O

Lemma 7.3. Suppose that £ € SH(B) is SL oriented and that £~°(U) =0 for all affine U in Smp. Then
the induced SL orientation on £, € SH(B). extends to a GL orientation.

Proof. Letu e I'(X, O)X() be a unit on some X € Smp. Then the map
xu:X xgPl' = X xgPly  (x,[t0:1,]) = (x, [uto : 11])

induces the identity on SZIA X /B in SH(B)+. Indeed, let [u] : X/B — X/B A Gy, be the map induced
by u : X — G,,. The argument given by Morel [2004, 6.3.4], that

xu/B =id + nlu]
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in case B = Speck, k a field, is perfectly valid over a general base-scheme: this only uses the fact that

for X and Y pointed spaces over B, one has
TGX XY = EGXD ISV DI (X AY)

and that the map xu : S' AG,, A X, — S AG,, A X, is the S!-suspension of the composition

idAu idApnid
— —

S'AG, A X4 S'A (G x Gp) A X4 S'AG, A Xy,

where u : G, X G, — Gy, is the multiplication. As 1 goes to zero in SH(B) ., it follows that xu/B =id
in SH(B) .

Now take g € I'(X, GL,(Ox)), let u =det g, let m,, € I'(X, GL,(Ox)) be the diagonal matrix with
entriesu, 1,...,1 and let h = mu_1 -g €eI'(X, SL,(Ox)). We have

Thy (0%) = (PHM A X,
Since £ is SL-oriented, the map Th(h) : Thy (O%) — Thx (O%) induces the identity on £** and thus
Th(g)* = Th(m,)* : £ (Thx (O%)) = £ (Thx (O%)).

But as Th(m,) = (xu) Aid, our previous computation shows that Th(m,)* = id.
Now let V — X be a rank r vector bundle on some X € Smp, choose a trivializing affine open cover
U ={U;} of X and let ¢; : V|y, — U; x A" be a local framing. We have the suspension isomorphism

Th(Vy,) ~ Th(U; x A") = Z1U;+

giving the isomorphism
9 gib(U) 2r+a r+b(V| 1)

Since GL, (Oy;) acts trivially on £7*(Th(U; x A")), the isomorphism 6; is independent of the choice of
framing ¢;. In addition, the assumption E~10(U; NU ;) =0 implies

2r—1,r
F0vy (V|U,mU )=

for all i, j. By Mayer—Vietoris, the sections
6:(lu) € £ Viw,)
uniquely extend to an element
Oy € E75 (V).

The independence of the 6; on the choice of framing and the uniqueness of the extension readily
implies the functoriality of 6y and similarly implies the product formula Oygw = pj6y U p50w. By
construction, 6y is the suspension of the unit over U;, another application of independence of the choice
of framing and the uniqueness of the extension shows that this is the case over every open subset U C X
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for which V|y is the trivial bundle. Finally, the independence and uniqueness shows that V > 6y is an
extension of the SL orientation on &£ induced by that of £. g

Lemma 7.4. Foru € I'(X, O%) we have
[uln =nlu]: E°XL — EX,.
Proof. We use the decomposition
SPXiAGy XGy =7 X AGr B ETXLAG, XX AGy AGy,.
Via this, 1 is the map
[sIA[t] = [st]—[s]—[z],

so nlu] sends [¢] to [ut] — [u] — [¢] and idg,, A nlu] sends [s] A [t] to [s] A [ut] — [s]1A [u] — [s] A 2], so
[u]n is given by

[sIA[t] = [st] = [s] = [t] = [u] Alst] = [u] A [s] = [u] A [2].

We have the automorphism & of Grﬁf sending [u] A[s] A [#] to [s]A[¢] A [u]. We have the isomorphism in
H.(B), 221 G)} =~ A3/A3\ {0}, via which 2215 is induced by the linear map (u, s, t) — (s, ¢, u). As this
latter linear map has matrix in the standard basis a product of elementary matrices, 25615 is A!-homotopic
to the identity, so after stabilizing, idg, A n[u] is the map

[sIA[) = [SIATEI A [u]l = [l ALsTA ] = [ul ALst] = [u] Als] = [ul Ale] = [uln(IsIA 2D, O

Lemma 7.5. The projection n— of n to SH(B) _ is an isomorphism and the projection ny of n to SH(B) +

is zero.

Proof. Morel [2004, §6] proves this in the case of a field, but the proof works in general. In some detail,
the map 7 is the map on A2/(A2\ {0}) induced by the linear map (x, y) — (v, x). The matrix identity

01y (11 1 0 11 -10

10/ \01 —11 01 01
shows that the maps (x, y) — (y,x) and (x, y) — (—x,y) are Al—homotopic. By the arguments in
Lemma 7.3, this latter map induces the map 14 n[—1] =14 [—1]n in SH(B), giving the identity

A +n[=1D- =A+[-1ln- =—-id=n-(=[-1]/2) = (=[-11/2) - n = idsn(s)_

For n., the projector to SH(B) is given by the idempotent (1/2)(t + 1) = (1/2)(2 4+ n[—1]), so
ny = (1/2)n- 2+ n[—1]). Since the map 7 : P! AP - P! AP is 1 +y[—1] and P! =S! A G,,, the
symmetry € : G, A G,, > Gy, A G, is —(1 4+ n[—1]). From our formula for n([s] A [¢]) we see that
ne = n which gives - (2+n[—1]) = 0. O
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8. Applications

In this section, we apply the motivic Gauss—Bonnet formula of Section 5 and the comparison results of
Section 7 to various specific SL-oriented cohomology theories, and thereby make computations of the
motivic Euler characteristic x (X/B) in different contexts.

8A. Motivic cohomology and cohomology of the Milnor K-theory sheaves. We work over the base-
scheme B = Spec k, with k a perfect field. In SH(k) we have the motivic cohomology spectrum HZ
representing Voevodsky’s motivic cohomology (see, e.g., [Levine 2008, §6.2] for a construction valid in
arbitrary characteristic). By [Voevodsky 2002], there is a natural isomorphism

HZ%"(X) ~ CH”(X, 2b —a)

for X € Smp, where CH? (X, 2b — a) is Bloch’s higher Chow group [1986].
HZ admits a localization sequence: for i : Z — X a closed immersion of codimension d in Smy, there
is a canonical isomorphism
HZ%"(X) ~ Hz~=4(Z).

See for example [Bloch 1994]. In particular, for p : V — X a rank r vector bundle over X € Smy, we
have the isomorphism
HZy" (V) ~ HZ"0(X)

which gives us Thom classes ﬁgz € HZ(Z)”(V) corresponding to the unit l?l e HZ*%(X). Thus HZ is a
\4
GL-oriented motivic spectrum.

Let X be a smooth projective k-scheme of dimension n over k. For a class x € HZ**"(X), the
isomorphism HZ?*"(X) ~ CH"(X, 0) = CH"(X) allows one to represent x as the class of a O-cycle
X =), n;p;, with the p; closed points of X. One has the degree deg; (p;) := [k(p;) : k] and extending by
linearity gives the degree deg; (X), which one shows passes to rational equivalence to define a degree map

deg, : HZ*""(X) — CH"(Speck) = Z.

As a GL-oriented theory, HZ has Chern classes for vector bundles: ¢, (V) € HZ?"(X) forV — X a
vector bundle over some X € Smy and r > 0.

Theorem 8.1. Let X € Smy, be projective of dimension dx. Then

uPZ (x (X /k)) = deg (cay (Tx/x))-

Proof. One has well-defined pushforward maps on CH*(—, ) for projective morphisms (see, e.g., [Bloch
1986, Proposition 1.3]). Via the isomorphism Hz%b(X) ~ CH’ (X, 2b — a) [Voevodsky 2002], this
gives pushforward maps f* on HZ** for f : Y — X a projective morphism in Smp (see [Bloch 1986]
for details), making (X, Z) — HZ7*(X) a GL-oriented cohomology theory on Smy. In addition, for
mx : X — Speck in Smy, projective of dimension 7, the map 7y, : HZ**"(X) — CH®(Speck) = Z is
deg;, and for i : ¥ — X a closed immersion, the map Iy is given by the localization theorem, which
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readily implies that Iy =i By our comparison Theorem 7.1, which here really reduces to the theorem of
Panin and Smirnov, it follows that f* = f, for all projective f.

Finally, one has c;, = s*s.(1}%) = ¢HZ(V) [Fulton 1984, Corollary 6.3], so applying the motivic
Gauss—Bonnet Theorem 5.3 gives the statement. U

One can obtain the same result by using the cohomology of the Milnor K-theory sheaves as a bigraded
cohomology theory. The homotopy t-structure on SH(k) has heart the abelian category of homotopy
modules IT«(k) (see [Morel 2004, §5.2; 2012] for details); we let Hy : SH(k) — IT«(k) be the associated
functor. The fact that HZ"" (Spec F) ~ K}:/'(F ) for F a field [Nesterenko and Suslin 1989; Totaro 1992]
says that HyHZ is canonically isomorphic to the homotopy module (KM),,, which is in fact a cycle module
in the sense of Rost [1996]. This gives us the isomorphism

HoHZ“?(X) ~ H* (X, KM).

The isomorphism H" (X, ICnM) ~ CH"(X) (a special case of Rost’s formula [1996, Corollary 6.5] for the
Chow groups of a cycle module) gives us as above Thom classes 9K (V) e HOHZSCJ(V), giving HyHZ
a GL-orientation. As for HZ**, one has explicitly defined pushforward maps on H*(—, K) which give
HoHZ** the structure of a GL-oriented cohomology theory on Smy and for which the pushforward map
for the zero-section of a vector bundle is given by the Thom isomorphism. Since the pushforward on
H"(X, KM) agrees with the classical pushforward on CH", we deduce the following using the same proof
as for Theorem 8.1.

Theorem 8.2. Let X € Smy, be projective of dimension dx. Then
HoHZ _ ; 0 _
u (x(X/k)) =degy(cay(Txx)) in CH" (Speck) = Z.

8B. Algebraic K-theory. We now let B be any regular separated base-scheme of finite Krull dimension.
Algebraic K-theory on Smp is represented by the motivic commutative ring spectrum KGL € SH(B); see
[Voevodsky 1998, §6.2]. Just as for HZ, the purity theorem

KGL%"(X) ~ KGL*~2P=¢(Z)

fori : Z — X a closed immersion of codimension d in Smp (a consequence of Quillen’s localization
sequence for algebraic K-theory [1973, §7, Proposition 3.2]) gives Thom class #X0-(V) € KGLS;”(V)
for V. — X arank r vector bundle over X € Smp, and makes KGL a GL-oriented motivic spectrum.

Explicitly, KGL represents Quillen K-theory on Smp via KGL*? ~ K5,—_, and the Thom class for a
rank r vector bundle p : V — X is represented by the Koszul complex Kosy (p*V", can). Here

can: p*VY — Oy

is the dual of the tautological section Oy — p*V and Kosy (p*V", can) is the complex whose terms are
given by
Kosy (p*V"Y,can)™ = A"p*V"



1838 Marc Levine and Arpon Raksit

and whose differential A" p*VY — A"~ p*V" is given with respect to a local framing of V" by

-
dieq A~ Aei) =Y (1)) 'can(e;) e, A= NG A A,
j=1

This complex is a locally free resolution of s, (Ox), where s : X — V is the zero-section. Thus, by the identi-
fication of KGL%;J (V) with the Grothendieck group of the triangulated category of perfect complexes on V
with support contained in Oy, Kosy (p* V", can) gives rise to a class [Kosy (p*V"V, can)] € KGL%:/J(V)
which maps to 1x under the purity isomorphism KGLSrV’r(V) ~ KGL%%(X), so that we indeed have
[Kosy (p*V"V, can)] = 9KCL(V),

Just as for motivic cohomology, one has explicit pushforward maps in K-theory given by Quillen’s
localization and devissage theorems identifying, for X € Smp and Z C X a closed subscheme, the K-theory
with support K (X) with the K-theory of the abelian category of coherent sheaves Cohz on Z, denoted
G(Z). For a projective morphism f : ¥ — X, one has the pushforward map f* :G(Y) — G(X) defined
by using a suitable subcategory of Cohy on which f, is exact. On K, this recovers the usual formula

dim Y
FAFD =) (DRI £(F)]
j=0
for 7 € Cohy. Via the isomorphisms KGL%’I’(X) ~ Gpp—a(Z), this gives pushforward maps f; for
KGL**, defining a GL-oriented cohomology theory on Smp.

For s : X — V the zero-section of a vector bundle, §, agrees with the pushforward s, using the Thom
isomorphism/localization theorem, hence by our comparison theorem (again really the theorem of Panin
and Smirnov), we have f; = f, for all projective f.

Theorem 8.3. Let wx : X — B be a smooth projective morphism with B a regular separated scheme of
finite Krull dimension. Then

dimB X dimB X
WO By = ) Y (=D R/ my. Q5] € Ko(B) = KGL*(B).
j=0 =0
Proof. Let p : Tx,p — X denote the relative tangent bundle and let s : X — Tx,p denote the zero-section.
We have
KGL ok ok * Vv
e (Tx/p) = s (th(Tx/p)) = 5" (Kosry , (p" Ty, can)).

Since T; /B = Qx/p, and s*(can) is the zero-map, it follows that, in Ko (X),

dimB X
s*(Kosry,, (p* Ty p. cam)) = Y (=1 [Q 4],
i=0

and thus
dimB X dimB X

T[X*(eKGL(TX/B))= Z Z (—1)1+J[RJJTX*QlX/B]
j=0 =0
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We conclude by applying the motivic Gauss—Bonnet theorem. U

8C. Milnor-Witt cohomology and Chow—-Witt groups. In this case, we again work over a perfect base-
field k. The Milnor—Witt sheaves ICE’[W constructed by Morel [2004, §6; 2012, Chapter 3] give rise to an
SL-oriented theory as follows. Morel describes an isomorphism of ICOMW with the sheafification GW of
the Grothendieck—Witt rings;! the map of sheaves of abelian groups G,, — GW> sending a unit u to the
one-dimensional form (u) allows one to define, for L — X a line bundle, a twisted version

KMV (L) := kMY xg, L™

as a Nisnevich sheaf on X € Smy (see [Morel 2012, p. 118] or [Calmes and Fasel 2014, §1.2]). One may
use the Rost—Schmid complex for ICI,:/[W(L) [Morel 2012, Chapter 5] to compute H? (X, IC*MW(L)) for
Z C X aclosed subset, which gives a purity theorem: for i : Z — X a codimension d closed immersion
in Smy and L — X a line bundle, there is a canonical isomorphism

HE (X, KMY(L)) ~ 4 (Z, KMV (* L @ det N})), (8.3.1)

where N; — Z is the normal bundle of i. Applying this to the zero-section of a rank r vector bundle
p:V — X gives the isomorphism

HO(X, gW) ~Hy (V, K™Y (p* det™' V)); (8.3.2)
in particular, given an isomorphism ¢ : det V — Oy, we obtain a Thom class
Ov. € Hy, (V. K'™Y)

corresponding to the unit section 1x € HY(X, GW).
On the other hand, Morel’s computation [2004, Theorem 6.4.1, Remark 6.4.2; 2012, Theorem 6.40] of
the zeroth graded homotopy sheaf of the sphere spectrum gives an identification

Ho(11) 2= (K3 ez
in I« (k), which then gives the natural isomorphism
Ho(10%5™" (X) = Hy (X, K™,

This is moreover compatible with twisting by a line bundle p : L — X, on the Hy(1;) side using the
Thom space construction

Ho(10)%*(X; L) :=Ho(10)5>* (L)

'Morel [2012, Lemma 3.10] defined an isomorphism GW (F) — KMW (F), F a field. Morel [2012, §3.2] defined KMW as
an unramified sheaf and it follows from [Ojanguren and Panin 1999, Theorem A] that GW is an unramified sheaf. From this it is
not difficult to show that the isomorphism GW(F) — KMW(F ) for fields extends to an isomorphism of sheaves.
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and on the Milnor—Witt cohomology side using the twisted Milnor—Witt sheaves. To see this, note that
the “untwisted” isomorphism gives us an isomorphism

b+2,b+1 b+2,b+1
Ho(10)%" """ (Th(L)) = Ho(Lo)g 3 i () (L) = H Y L o (XKD,

so it suffices to identify the right-hand side with HY (X, ICE/[W(L)). For Y € Sm;, and line bundle M — Y, the
Rost-Schmid complex for XMW (M) consists in degree a of sums of terms of twisted Milnor-Witt groups
of the form KMW (k(y); A%(my/ mf,)v ® M), for y a codimension a point of ¥ and m, C Oy, the maximal
ideal. To compute cohomology with supports in W C Y, one restricts to those y € W. If we now take Y =L
and M the trivial bundle, with supports in p~!(Z) N0, and m = b + 1, and compare with ¥ = X, with
supports in Z with m = b, the term for y € Z, of codimension a+1 on L is Kg{‘g(k(y); A? (my/mg)v QL)
while the term for y € Z, of codimension a on X is KZ/I_VZ (k(y); A%(m,/ mﬁ)v), where m, is the maximal
ideal in Oy, in both cases. This gives the desired identification

ngmlp,l X, KM ~ HE (X, KW (L)).

The purity isomorphism (8.3.1) is a special case of this construction.
The Thom class 6y, € Hy (V, KMV) gives the Thom class

Ov. € Ho(Le)y (V).
making Ho(1;) an SL-oriented theory; see, e.g, [Levine 2017b, §3.2]. The resulting canonical Thom class
thy € HO(1,<)§’V”(V; det™ V) =Hj (V, KMV (det™" V)

agrees with the image of 1x € H%(X, W) under the Rost—-Schmid isomorphism (8.3.2).

Let mx : X — Speck be smooth and projective over k of dimension d. Using the Rost—Schmid
complex for the twisted homotopy module one has generators for HY (X, IC?J/IW (wx/k)) as formal sums
X = Zi a; - pi, with o; € GW(k(p;)) and p; € X closed points. Since & is perfect, the finite extension
k(pi)/k is separable and one can define

&é:%k(f) = ZTrk(pi)/kOli e GW(k)
i

where Tri(p,)/k : GW (k(p;)) — GW (k) is the transfer induced by the usual trace map Try(p,)/« : k(pi) — k;
see, for example, [Calmes and Fasel 2014, Lemma 2.3]. It is shown in [Calmes and Fasel 2014, §3] that
this descends to a map

deg; : HI(X; wx /) = HU(X, YW (wx/0)) — HY(Spec k) = GW (k).
See also [Hoyois 2014, Lemma 5.10], which identifies this map with one induced by the Scharlau trace.
The methods of this paper give a new proof of the result given in [Levine 2017b, Lemma 1.5]:

Theorem 8.4. Let k be a perfect field of characteristic different from two. For wx : X — Spec k smooth
and projective over k, we have

X (X/k) = deg; (™09 (Tx 1)),
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Proof. Under Morel’s isomorphism Endsy) (1x) >~ GW (k) [2004, Theorem 6.4.1, Remark 6.4.2; 2012,
Theorem 6.40] and the isomorphism H(Spec k, K)™") ~ GW(k), the unit map u™0U0 : 1, — Hy(1)
induces the identity map on mg ¢. Using this, the proof of the claim is essentially the same as the other
Gauss—Bonnet theorems we have discussed, but with a bit of extra work since we are no longer in the
GL-oriented case.

Fasel [2008] has defined pushforward maps

fo t H (X, KYY (wx)x ® f¥L)) — HE (Y, KM (L))

for each projective morphism f : X — Y in Smy of relative dimension d, line bundle L — Y, and closed
subsets Z C Y, W C X with f(W) C Z. In the case of the structure map wx : X — Spec k, the pushforward
Fxw s HUX, KN (wx/5)) — HO(Speck, KY™) = GW (k) is the map deg, .

For s : X — V the zero-section of a vector bundle, §, is the Thom isomorphism s,. Thus, if we pass
to the n-inverted theory, Ho(1x), := Hp(1 k)[n_l], our comparison Theorem 7.1 says that fn* = fy« for
all projective morphisms f in Sm;. We have KMW[n~!] ~ W, the sheaf of Witt rings, and the map
ICg/[W =GgWw — IC}:’IW[n_l] ~ W is the canonical map g : GWW — W realizing W as the quotient of GW
by the subgroup generated by the hyperbolic form. Thus, applying our motivic Gauss—Bonnet theorem
gives the identity

9(x (X/K)) = q(degy ("9 (Tx 1)) in W(K).
To lift this to an equality in GW (k) and thereby complete the proof, we use that the map
(rnk, q) : GW — Z x W

is injective, together with the fact that we can recover the rank by applying Hy to the unit map 1, — HZ
and using Theorem 8.2. U

8D. Hermitian K-theory and Witt theory. We again let our base-scheme B be a regular noetherian
separated base-scheme of finite Krull dimension, but now assume that 2 invertible on B. Our goal in
this subsection is to explain how the description of the “rank™ of y (X/B) given by Theorem 8.3 can be
refined to give a formula for x (X/k) itself in terms of Hodge cohomology by using hermitian K-theory.
By work of Panin and Walter [2018], Schlichting [2010], and Schlichting and Tripathi [2015], hermitian
K-theory KOl (—) is represented by a motivic commutative ring spectrum BO € SH(B) (we use the
notation of [Ananyevskiy 2016b]). Panin and Walter gave BO an SL-orientation. BO-theory also represents
particular cases of Schlichting’s Grothendieck—Witt groups [2010], via functorial isomorphisms

BO™ (X; L) ~ KOy (X, L) := GW(Dpert(X), L[r], can),

where L — X is aline bundle and GW (Dpe(X), L[r], can) is the Grothendieck-Witt group of L[r]-valued
symmetric bilinear forms on Dpe(X); we recall a version of the definition here.
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Definition 8.5. Let L — X be a line bundle and let r € Z. An L[r]-valued symmetric bilinear form on
C € Dper(X) is a map
¢:CQ"C — LIr]

in Dperr(X) which satisfies the following conditions.
(i) ¢ is nondegenerate: the induced map C — RHom(C, L[n]) is an isomorphism in Dpe(X).
(ii) ¢ is symmetric: ¢ ot = ¢, where 7 : C @ C — C ®" C is the commutativity isomorphism.

(Note that we are assuming nondegeneracy in the definition but leaving this out of the terminology for the
sake of brevity.)

Similar to the case of algebraic K-theory discussed in Section 8B, for a rank r vector bundle p: V — X,
the Thom class 950 € BOzr”(V; p* det™' V) is given by the Koszul complex Kos(p*V", s, ), where

? Pcan
the symmetric bilinear form

oy : Kos(p*VV, sy )@ Kos(p*VV,sY ) — p*det™ V[r]= A" VV[r]

» Scan » Scan
is given by the usual exterior product
—A—AVYRATVY - ATV,
Moreover, there are isomorphisms for i < 0
BO¥ " (X; L) =~ W™ (Dpert(X), L[r], can)

where W'~ (Dperf(X), L[r], can) is Balmer’s triangulated Witt group. In the case B = Spec k for k a field
of characteristic different from two, Ananyevskiy [2016b, Theorem 6.5] showed that this isomorphism
induces an isomorphism of n-inverted hermitian K-theory with Witt-theory,

BO[n~'1%* ~ W*[n, 7],

where one gives 1 bidegree (—1, —1) and an element an” with « € W™ has bidegree (m —n, —n); the
same proof works over out general base B (with assumptions as at the beginning of this subsection).

For f:Y — X a proper map of relative dimension dy in Smp and L a line bundle on X, we follow
[Calmes and Hornbostel 2011] in defining a pushforward map

fx :BO¥" (Y, wy/p ® f*L) — BO¥ 241"~ (X, wy/p ® L)

by Grothendieck—Serre duality. In [op. cit.], this is worked out for the n-inverted theory BO, when the
base is a field; however, the same construction works for BO over the general base-scheme B and goes
as follows. For r > 0, given an L[r]-valued symmetric bilinear form ¢ : C L C - wy /B® f*L[r], we
have the corresponding isomorphism

¢ :C — RHom(C, wy/p ® f*L[r]) = RHom(C, wy,x ® f*(wx,p ® LIr])).
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Grothendieck—Serre duality gives the isomorphism
Rf.RHom(C, wy;x ® f*(wx/p ® L[r])) %) RHom R fC, wx/p @ L[r —dy]).
Composing these, we obtain the isomorphism
¥ o¢ :Rf.C — RHom(R f.C, wx/p ® L[r —dy]),
corresponding to the (nondegenerate) bilinear form
Rfi(¢) :RA.CQ“Rf.C — wy/p ® L[r —dy],

which one can show is symmetric. We explicitly define the above pushforward map by setting f*(C ,P) =
(Rf:C, R fi(9)).

Applying this in the situation that f = mx : X — B is a smooth and proper B-scheme of relative
dimension dx, we may obtain the formula

dimp X '
7xe@®O(Tyyp) = (€D Rimxa@ pli i Tr ),
ij=0
where
dika . dika ] .
Tr: (P R sl —i1) @ (@D Riaxa®huli —i1) > Op
i,j=0 i,j=0

is the symmetric bilinear form in Dpe(B) determined by the pairings

i j —i dx—j. U T
(Ri7x,Qy /) ® (R "y ) — RdXﬂX*QSI(X/B —> Op.

Indeed, if s : X — Tx,p denotes the zero-section, we have

dx .
%O (Ty/m) = 5* (Kos(Tx/n). ) = (D 2511, 570)

j=0
with s*¢ determined by the product maps
i dx—j .
Qﬁg/g[]] ® QXX/Bj[dX — Jj1 = wx/pldx],
and therefore ﬁ’X*(eBO(Tx/B)) is EB?ljm:AOX R nX*Qg( / gl — i] with the symmetric bilinear form Tr as
described above.
Passing to the n-inverted theory BO,,, our comparison Theorem 7.1 gives

qOTlxxy =(qOTxXx

as maps BO%"X wdx (X, wx/p) — BO,(B). We check that the conditions of the comparison theorem
hold just as we did for algebraic K-theory. Firstly, as mentioned above, the SL-orientation for BO
defined by Panin-Walter can be described as follows: the Thom class for an oriented vector bundle
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\
can

(p:V —> X, p:Ox = detV) is given by the Koszul complex Kos(p*V", sy,) equipped with the

symmetric bilinear form ¢y defined by the product in the exterior algebra followed by the isomorphism
p*pY : p*det™! V. — Oy. On the other hand, the Calmes-Hornbostel pushforward for the zero-section
s : X — V of arank r vector bundle p : V — X with isomorphism p : Ox = detV is as described
above, sending a symmetric bilinear form ¥ : C " C — wx /B ® s*L[n] to the symmetric bilinear form

Rs. () : Rs,.C ®"Rs,.C — wy/p ® Lln+r].

Since s is finite, Rs,C 2 C, which in Dpe(V) is canonically isomorphic to p*C ®o, Kos(p*V", sy,
We may thus view Rs, () instead as a map

[p*C ®o, Kos(p*V", s2)1®" [p*C ®0, Kos(p*V", si)] — oy p @ Lln +r];

tracing through its definition, one finds that this map is given by the composition

[p*C ®o, Kos(p*V", 521 ®" [p*C ®0, Kos(p* V", s3]
=5 [p*C ®" p*C1® [Kos(p* VY, sy,) @ Kos(p* VY, 5]

can can
P Y@y wx/p ® LIn]® p* det™ ' v[r] = wy/p @ L[n+r].

As this is exactly p*(C, ¢) ® thy ,, we see that the Calmeés-Hornbostel pushforward for s is the same as
that defined by the Panin-Walter SL-orientation on BO,, which verifies the hypothesis in our Theorem 7.1.
Having verified this, we can prove our main result.

Theorem 8.6. Let B be a regular noetherian separated scheme of finite Krull dimension with 2 invertible
in I'(B, Op). Let X be a smooth projective B-scheme. Then:

(1) We have
dimy X

WP (X/B) = ( P Rimx@ 5l = i1, Tr )
i,j=0
in BO)*(B) ~ W(Dpert(B)) >~ W(B).
(2) Let f : GW(B) — Ko (B) denote the forgetful map discarding the symmetric bilinear form. Suppose
that the map
(f,q) : GW(B) — Ko(B) x W(B)

is injective (this is the case if for example B is the spectrum of a local ring). Then

dimg X

PO x/B) = (@D WX, QY pl) —il.Tr)
i,j=0

in GW(Dperf(B)) >~ GW(B).
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(3) Suppose B is in Smy, for k a perfect field. Then the image Xm) of x(X/B) in my,0(15)(B) =
HO(B, GW) is given by
dimg X

X(X/B) = ( D Rimx.Q 4l —i],Tr) c HO(B, GW).
i,j=0

In particular, if B = Speck, then

dimB X

X(X/k)=< P H(x, Qg'(/k)[j—i],Tr) e GW(k).
i, j=0

Proof. The first statement follows from our comparison Theorem 7.1, as detailed above, together with the
motivic Gauss—Bonnet Theorem 5.3. Statement (2) follows from (1) and our result for algebraic K-theory,
Theorem 8.3. Finally, (3) follows from (2), after we check that the unit map #2© induces the identity map
on GW (k) via

(Morel)

GW 0,0 uB0 0,0 ~ w0y
(k) — 1,7 (Speck) — BO™"(Spec k) >~ KO, " (k) = GW(k),

where the first isomorphism arises from Morel’s theorem [2004, Theorem 6.4.1, Remark 6.4.2; 2012,
Theorem 6.40] identifying 12’0(Spec k) with GW (k). The one-dimensional forms (1) € GW(k), A € k*,
generate GW (k), and via Morel’s isomorphism (1) maps to the automorphism of 1; induced by the
automorphism ¢;, : I]j’,lc — I]j’,i, ¢, ((xp : x1)) = (x0 : - x1). By [Ananyevskiy 2016b, Corollary 6.2],
the image of ¢, under the unit map uB° is also (1), after the canonical identification BOO’O(Spec k) ~
KO (k) ~ GW (k). O

Corollary 8.7. Let k be a perfect field of characteristic different from two. Let H € GW (k) denote the
class of the hyperbolic form x> — y% Let X be a smooth and projective k-scheme.

(1) Suppose X has odd dimension 2n — 1. Let

mi= Y (=D dimH (X, Q00— Y dim HI(X, Q%)

i+j<2n—1 O<i<j

i+j=2n—1

Then x(X/k) =m-H € GW (k).
(2) Assume X has even dimension 2n. Let
mi= Y (=D dim H (X, Q%0+ > dim H (X, 2% )

i+j<2n O<i<j
i+j=2n

and let Q be the symmetric bilinear form
H* (X, Q) x H'(X, Q) > H*"(X, QF)p) = k.

Then x(X/k)=m-H+ Q € GW (k).
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Proof. For V afinite-dimensional k-vector space and n € Z, we have the symmetric bilinear form in Dyer£(k)
By : (VIn] @V [-n]) @ (VIn]® V[-n]) — k

whose restriction to V[n] ® VV[—n] is the canonical pairing of V[n] with VY[—n] >~ V[n]", and (—1)"
times this pairing on VY[—n] ® V[nr]. The corresponding class of &, in GW(k) is (—1)" times the
class of hg, as (V[n] ® VV[—n], h,) is the image of the class of V[n] in Ko(k) under the hyperbolic
map H : Ko(—) — KO([)O](—) (see, e.g., [Walter 2003, Theorem 2.6]), and [V[n]] = (—1)"[V[0]] in
Ko(Dperf(k)) =~ Ko (k).

With this in mind, we may deduce the claim from the formula

dimB X

xX/k) = ( €D WX, @l —ilTr)

i,j=0

of Theorem 8.6. Indeed, in the case dim X = 2n — 1, the symmetric bilinear form Tr is the sum of the
“hyperbolic” forms as above on

H (X, Q% 0l —il@H" 7 (X, @y )i — ]

fori+j<2n—1,0or0<i < jandi+ j=2n—1; and the argument in the even-dimensional case is the
same, except that one has the remaining factor coming from the symmetric pairing on H" (X, ' /K- O

The next result was obtained independently by Abelson [1976, Theorem 1] and Kharlamov [1974,
Theorem A] using an argument of Milnor’s relying on the Lefschetz fixed point theorem.

Corollary 8.8. Let k be a field equipped with an embedding o : k — R. Let X be a smooth projective

k-scheme of even dimension 2n. Then
Ix"P(X (R))| < dimg H' (X, Q% ;).

Proof. We know that x'P(X(R)) is the signature of o,(x(X/k)) € GW(R); see [Levine 2017b,
Remarks 1.11]. The description of x (X/k) given by Corollary 8.7 gives the desired inequality

Isig o (x (X/ k)| < dimy H* (X, Q2x/4). O

Remark 8.9. Let k be a perfect field of characteristic different from two. The formula for the Euler
characteristic given in Theorem 8.6 shows that the invariant x (X/k) is “motivic” in the following sense.
Let X and Y be smooth projective k-schemes of respective even dimensions 27 and 2m and leta : X --» Y
be a correspondence with k-coefficients of degree n, that is, an element « € CH" (X x Y);. The
correspondence « induces the map of k-vector spaces a* : H” (¥, QY 10— H"(X, Q% /&)~ Suppose that a*
is an isomorphism and is compatible with the trace pairings on H" (Y, QY /i) and H"(X, Q% ) appearing
in Corollary 8.7. Then x (X/k) = x (Y /k) in the Witt ring W (k).
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For instance, supposing k has characteristic zero, if the motives of X and Y (for homological equivalence
with respect to de Rham cohomology) have a Kiinneth decomposition

2n 2m
hX) =~ @R X)), k() =EPH X))

i=0 i=0
and « induces an isomorphism «* : A" (Y)(m) — h"(X)(n), compatible with the respective intersection
products

W™ (Y)(m) @ K" (Y)(m) — h¥™(Y)(2m) 2 h0k) ~ Q,
W (X)(n) @ h"(X)(n) = K" (X)(2n) 25 1%k ~ Q,
then x (Y/k) = x(X/k) in W(k).

Presumably, merely having an isomorphism of motives A" (X)(n) >~ h" (Y)(m) would not suffice to
yield x (Y/k) = x(X/k) in W(k), but we do not have an example.

8E. Descent for the motivic Euler characteristic. Let k be a perfect field of characteristic different from
two. With the explicit formula for x (X/k) given by Theorem 8.6, we may find x (X/k) for forms X
of some k-scheme X by the usual twisting construction; this works for all manners of descent but we
confine ourselves to the case of Galois descent here.

Let X, X be smooth projective k-schemes of even dimension 2n. Let K be a finite Galois extension
field of k with Galois group G. Let Xg := X X K, Xox := X X K, and suppose we have an isomorphism
¢: X xx K — Xoxi K. This gives us the cocycle {, € Autg (Xo X K)}sei, Where ¥, :=¢° o¢_1. Letting

bo : H" (Xo, 2%, /) x H" (Xo, @, /1) = k.
b:H"(X, Q%) x H'(X, Q% ;) — k

denote the respective symmetric bilinear forms Tr(x U y), the isomorphism ¢ induces an isometry
¢* : (Hn(XOKa Qr)l(OK/K)7 bOK) - (Hn(XKv Q')Z(K/K)a bK)a

and the cocycle {{,},cc determines a cocycle {(1//:)_1 € O(bo)(K)}sei. Twisting by the latter cocycle
allows one to recovers b from by; explicitly, this works as follows.

Firstly, as usual, one recovers the k-vector space H"(X, €y ;) from the K -vector space H*(Xox, %, /x)
as the G-invariants for the map x — w:_l(x"). Secondly, letting A € GL(H"(Xox, Q’;(OK / x)) be a
change of basis matrix comparing the k-forms H" (X, Q’;O/k) c H"(Xok, Q}OK/K) and H' (X, Q’;‘(/k) -
H"( Xk, Q')’(OK / x)» we recover b (up to k-isometry) as

b(x,y) = bo(Ax, Ay) =: b{ (x, y).

Having performed this twist at the level of symmetric bilinear forms, we may now pass Grothendieck—
Witt classes to describe the Euler characteristic of X: namely, Corollary 8.7(2) gives

x(Xo/k)=[bo+m-H], x(X/k)=1[by+m-H]
in GW(k).
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Remark 8.10. In the case of a smooth projective surface S with p,(S) = 0, over a characteristic zero
field &, the twisting construction reduces to a computation involving CH' (Sg)/~num as a Gal(k)-module;
here k is the algebraic closure of k and ~um is numerical equivalence. Indeed, the assumption p,(S) =0
implies that the cycle class map in Hodge cohomology

cycde: cH! (Sp) — H'(S;, sz]g/,;)
induces an isomorphism

CH'(Sp) /~num ®7 k = H' (S, Qg p) =~ H' (S, Q) @k

and the cycle class map cycH transforms the intersection product on CH! (8%)/~num to the quadratic
form by on Hl(S,;, Q; /12)’ induced by cup product and the trace map. Thus, our quadratic form b on
H!(S, Q}Q / ) 18 equivalent to the one gotten by twisting the k-linear extension of the intersection product
on CH! (Sg)/~num by the natural Galois action.

Analogous comments hold for a “geometrically singular” variety, by which we mean a smooth projective
k-scheme X of dimension 2n such that H" (X, Q’;E /];) is spanned by cycle classes, where we replace
CH' /~num With CH" /~,.m. For example, one could take a K3 surface with Picard rank 20 over kora

cubic fourfold X with H?(X o Q§(/2 / ) = k*! spanned by algebraic cycles.

Examples 8.11. (1) As a simple example, take S to be a quadric surface in [P),% defined by a degree two
homogeneous form g(Xo, ..., X3); we may assume that ¢ is a diagonal form,

3
q(Xo, ..., X3) =GOX3+ZCUX,-2

i=1

= aop(Xo ++/—a1/aoX1)(Xo — v/—a1 X1) + ax(X2 — v/ —az/ax X3)(Xo + /—a3/a X3).
This trivializes CH'(S) over K := k(/—apai, /—araz), namely CHl(S) = 74 & ZE, with £
defined by (X¢ — «/—a1X1) = (X2 — /—a3/a; X3) = 0 and with ¢, defined by (X — /—a; X;) =
(X2 + «/—a3/az X3) = 0. Embedding Gal(K /k) C Gal(k(y/—apa1)/k) x Gal(k(y/—azaz)/k) =
(o1) x {(02), the Galois action is given by o1 (£1, £2) = 02(£1, £2) = (€2, £1). A Galois-invariant basis
is thus given by ((£1 + £2), \/aoaiazaz(£1 — £2)), and the intersection form in this basis has matrix

2 0
0 —2610611 aras )

In other words, x (S/k) = (2) + (—2apaaza3).

(2) Suppose S is the blowup of IP% along a 0-dimensional closed subscheme Z C P2, with Z étale over
k. Let £ denote the class of a line in CHI(I]:"Z). Writing Z; = {p1, ..., pr}, we have CHI(S,;) ~
7LD (@le Z - pr), with the evident Galois action and with intersection form the diagonal matrix
(I, =1,..., =1). It is then easy to show that the twisted quadratic form x (S/k) is (1) — Trz,¢((1)).
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These last two examples have been computed by different methods before: (1) is a special case of
[Levine 2017b, Corollary 13.2] and (2) is a special case of [Levine 2017b, Proposition 1.10]. Here is a
more interesting example.

Example 8.12. Let 7 : S — C be a conic bundle over a smooth projective curve C, all defined over k;
we assume for simplicity that k C C. Let Z C C be the degeneracy locus of 7: that is, Z is the reduced
proper closed subscheme of C over which 7 is not smooth. For each geometric point z of Z, the fiber
77 1(2) is isomorphic to two distinct lines in P2 7)) = ¢, U Ké. There is a “double section” D C §
with D — C a finite degree two morphism, and with D - ¢, =1=D-{, forallze Z (k).

Over k, the bundle S is isomorphic to the blow-up of a P!-bundle §; — Cj along a finite set Z' C §;
with Z" = Z; via .

Suppose Z; = {z1, ... z,}. If we fix a closed point co € C\ Z of degree d over k, we have the following
basis for CH' (S;)@/~num:

by =, by —E, D (o).

21’

We have the finite degree two extension p : Z — Z, where for each z € Z, p~'(z) corresponds to the pair
of lines €., ¢/. Let L :=k({z1, ..., z,}) Dk and let G := Aut(L/k). Writing k(Z) = k(Z)(+/$) for some

YA IS4

8 € O, we have a basis of CH'(S1)g/~num given by

Vlyuuy Uy, D, Jr_l(co),
with v; 1= Jd £, — Z;i). The intersection form on (vy, ..., v,) is the diagonal matrix

(—48(z1), ..., —45(zr)),
the subspaces (vy, ..., v;) and (D, 71 (co)) are perpendicular and (D, 71 (co)) is hyperbolic. Moreover,
the automorphism group Aut(L/k) actson (v, ..., v,) justasitdoes on (zy, ..., z,). From this it follows

that the twisted intersection form b is given by

b=H —Triz/k((5)),
and hence
x(S/k)y=m-H —Tryz)/k({3))
with
m =2 —dimy H(S, Q§ ;) — dim H' (S, Ox) = dimg H'($*, @) — dimg H' (§**, @) + 1,
where $?" is the complex manifold associated to Sc.
As a particular example, we may take S to be a cubic surface V C [P’,f with a line £. Projection from ¢

realizes V as a conic bundle 7 : V — I]j’,i, with degeneracy locus Z C IP’}( a reduced closed subscheme of
degree 5 over k. The above implies that the symmetric bilinear form by is given by

by = H —Trz,({8))

and computes x (S/k) =2H —Trz;((3)).
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Remark 8.13. Bayer-Fluckiger and Serre [2019] considered the finite k-scheme W representing the 27
lines on a cubic surface V' and computed the trace form Try ,((1)) in [Bayer-Fluckiger and Serre 2019,
Theorem 5, Interpretation 7.3]. They identified their form gg v with the trace form on H'(V, Qv /k) and
showed that

Trw/x (1)) = A2by + (=1) = (2)by +7 = (=2).
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