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On iterated product sets with shifts, |l

Brandon Hanson, Oliver Roche-Newton and Dmitrii Zhelezov

The main result of this paper is the following: for all b € Z there exists k = k() such that
max{|A©, [(A+uw)®1} = 1A%,

for any finite A C @ and any nonzero u € Q. Here, |A¥)| denotes the k-fold product set {a; - - - ay :
ar, ..., a EA}.

Furthermore, our method of proof also gives the following /, sum-product estimate. For all y > 0
there exists a constant C = C(y) such that for any A C Q with |AA| < K|A| and any c;, c; € Q )\ {0},
there are at most K€|A|” solutions to

cix+oy=1, (x,y)eAxA.

In particular, this result gives a strong bound when K = |A|¢, provided that € > 0 is sufficiently small,
and thus improves on previous bounds obtained via the Subspace Theorem.

In further applications we give a partial structure theorem for point sets which determine many
incidences and prove that sum sets grow arbitrarily large by taking sufficiently many products.

We utilize a query-complexity analogue of the polynomial Freiman—Ruzsa conjecture, due to Palvolgyi
and Zhelezov (2020). This new tool replaces the role of the complicated setup of Bourgain and Chang
(2004), which we had previously used. Furthermore, there is a better quantitative dependence between the
parameters.

1. Introduction

1.1. Background and statement of main results. Let A be a finite set of rational numbers and let u € Q
be nonzero. In this article we wish to investigate the sizes of the k-fold product sets

AL ={a1---ar:ay,...,ar € A} and (A+u)(k)={(a1+u)---(ak+u):al,...,akeA}.

This is an instance of a sum-product problem. Recall that the Erdés and Szemerédi [1983] sum-product
conjecture states that, for all € > 0 there exists a constant c(¢) > 0 such that

max{|A + A|, |[AA[} > c(e)|A]*¢

holds for any A C Z. Here A+ A:={a+b:a, b c A} is the sum set of A, and AA is another notation
for A®. Erd6s and Szemerédi also made the more general conjecture that for any finite A C Z,

max{[kAl, |A¥[} > c(e)|A|F,

MSC2010: primary 11B99; secondary 11D72.
Keywords: sum-product problem, S-units, weak Erd6s—Szemerédi, unbounded growth conjecture, subspace theorem.

2239


http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2020.14-8
http://https://doi.org/10.2140/ant.2020.14.2239

2240 Brandon Hanson, Oliver Roche-Newton and Dmitrii Zhelezov

where kA :={a+---+ar:ai,...,ar € A} is the k-fold sum set. Both of these conjectures are wide open,
and it is natural to also consider them for the case when A is a subset of R or indeed other fields. The
case when k = 2 has attracted the most interest. See, for example, [Konyagin and Shkredov 2015; 2016;
Solymosi 2009; Tao and Vu 2006] for more background on the original Erdés—Szemerédi sum-product
problem.

Most relevant to our problem is the case of general (large) k. Little is known about the Erd6s—Szemerédi
conjecture in this setting, with the exception of the remarkable series of work of Chang [2003] and
Bourgain and Chang [2004]. This culminated in the main theorem of [Bourgain and Chang 2004]: for all
b € R there exists k = k(b) € Z such that

max{|kAl, |A*|} > |A[? (1)

holds for any A C @. On the other hand, it appears that we are not close to proving such a strong result
for A CR.

In the same spirit as the Erd6s—Szemerédi conjecture, it is expected that an additive shift will destroy
multiplicative structure present in A. In particular, one expects that, for a nonzero u, at least one of |A®)|
or |(A 4+ u)®] is large. The k = 2 version of this problem was considered in [Garaev and Shen 2010]
and [Jones and Roche-Newton 2013]. The main result of this paper is the following analogue of the
Bourgain—Chang theorem.

Theorem 1.1. For all b € Z, there exists k = k(b) such that for any finite set A C Q and any nonzero
rational u,

max{|A“|, |(A + )|} = |AI".
This paper is a sequel to [Hanson et al. 2019], in which the main result was the following:

Theorem 1.2. For any finite set A C Q with |AA| < K|A|, any nonzero u € Q and any positive integer k,

A"

(k)
A+0®lz oo

The proof of this result was based on an argument that Chang [2003] introduced to give similar bounds
for the k-fold sum set of a set with small product set. Theorem 1.2 is essentially optimal when K is of
the order c log|A|, for a sufficiently small constant ¢ = c¢(k). However, the result becomes trivial when K
is larger, for example if K = |A|€ and ¢ > 0. The bulk of this paper is devoted to proving the following
theorem, which gives a near optimal bound for the size of (A + u)® when K = |A|°, for a sufficiently
small but positive €.

Theorem 1.3. Given 0 < y < %, there exists a positive constant C = C(y, k) such that for any finite
A C Qwith |AA| = K|A| and any nonzero rational u,
|A|k(1—y)—l

(k)
(A+w® = =g
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In fact, we prove a more general version of Theorem 1.3 in terms of certain weighted energies and so-
called A-constants (see Theorem 3.6 for the general statement that implies Theorem 1.3 —see Sections 2
and 3 for the relevant definitions of energy and A-constants). This more general result is what allows us
to deduce Theorem 1.1.

1.2. A subspace type theorem — an l, sum-product estimate. It appears that Theorem 1.1, as well as
the forthcoming generalized form of Theorem 1.3, lead to some interesting new applications. To illustrate
the strength of these sum-product results, we present three applications in this paper.

Our main application concerns a variant of the celebrated subspace theorem by Evertse, Schmidt and
Schlikewei [Evertse et al. 2002] which, after quantitative improvements by Amoroso and Viada [2009],
reads as follows: Suppose ay, ..., ar € C*, ay, ..., a, € C* and define

F={a" o, zi €7},

so I' is a free multiplicative group of rank r.! Consider the equation

aix1+axxo+ - Farxi =1 2)
with a; € C* viewed as fixed coefficients and x; € I' as variables. A solution (x, ..., xz) to (2) is called
nondegenerate if for any nonempty J C {1, ..., k}

Z a; X 75 0.
ieJ

Theorem 1.4 (the subspace theorem [Evertse et al. 2002; Amoroso and Viada 2009]). The number A(k, r)
of nondegenerate solutions to (2) satisfies the bound

Alk, r) < (8k) ¥ dHrD (3)
The subspace theorem dovetails nicely to the following version of the Freiman lemma.

Theorem 1.5. Let (G, -) be a torsion-free abelian group and A C G with |AA| < K|A|. Then A is

contained in a subgroup G’ < G of rank at most K.

Now assume for simplicity that A C @ and |[AA| < K|A|. Let us call such sets (this definition
generalizes of course to an arbitrary ambient group) K -almost subgroups.”

We now show that it is natural to expect that the subspace theorem generalizes to K -almost subgroups
with K taken as a proxy for the group rank. A straightforward corollary of Theorems 1.5 and 1.4 is as
follows.

I The original theorem is formulated in a more general setting, namely for the division group of I', but we will stick to the
current formulation for simplicity.

20ne could have used a more general framework of K -approximate subgroups introduced by Tao. We decided to introduce a
simpler definition in order to avoid technicalities. However, in the abelian setting the definitions are essentially equivalent.
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Corollary 1.6 (subspace theorem for K-almost subgroups). Let A be a K-almost subgroup. Then the
number A(k, K) of nondegenerate solutions (x1, x3, ..., Xg) € A¥ 1o

cixi+exo+ - Foxg =1
with fixed coefficients c; € C* is bounded by
Ak, K) < (Sk)4k4(k+kl(+l)'

Similarly to (1), the bound of Corollary 1.6 becomes trivial when A is large and K is larger than
clog|A| for some small ¢ > 0.
We conjecture that a much stronger polynomial bound holds.

Conjecture 1. There is a constant c(k) such that Corollary 1.6 holds with the bound
Ak, K) < K°®,

We can support Conjecture 1 with a special case k =2 and A C Q, ¢; € Q@ and a somewhat weaker
estimate, which we see as a proxy for the Beukers—Schlikewei theorem [Beukers and Schlickewei 1996].

Theorem 1.7 (weak Beukers—Schlikewei for K -almost subgroups). For any y > 0 there is C(y) > 0 such
that for any K -almost subgroup A C Q and fixed nonzero cy, ¢; € Q the number A(2, K) of solutions
(x1,x) € A2 to

cix1+coxy =1

is bounded by
A2, K) <|A|"KC.

One can view Theorem 1.7 as an [, version of the weak Erdés—Szemerédi sum-product conjecture.
The weak Erdds—Szemerédi conjecture is the statement that, if |AA| < K|A| then |A + A| > K~C|A|? for
some positive absolute constant C. For A C Z, this result was proved in [Bourgain and Chang 2004], but
the conjecture remains open over the reals.

A common approach to proving sum-product estimates is to attempt to show that, for a set A with
small product set, the additive energy of A, which is defined as the quantity

E.(A):=|{(a,b,c,d) e A* :a+b=c+d)|,

is small. Indeed, this was the strategy implemented in [Chang 2003] and [Bourgain and Chang 2004], the
latter of which showed that,? for all y > 0, there is a constant C = C(y) such that for any A C Q with
|AA| = KAl

E.(A) <KC|A*Y, 4)

3This is something of an over-simplification, as [Bourgain and Chang 2004] in fact proved a much more general result which
bounded the multifold additive energy with weights attached.
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Since there are at least |A|? trivial solutions when {a, b} = {c, d}, this bound is close to best possible. It

then follows from a standard application of the Cauchy—Schwarz inequality that

AP

[A+ Al >
Defining the representation function r444(c) = |{(a1,a2) € A x A :a; +ax = c}|, it follows that

E¢(A) =) rasa®)’,
X
and so bounds for the additive energy can be viewed as [, estimates for this representation function.
Theorem 1.7 gives the stronger [, estimate: it says that, if |AA| < K|A| then r44(c) < KC€|A|” for
all ¢ # 0. This implies (4), and thus in turn the weak Erd6s—Szemerédi sum-product conjecture. We prove

Theorem 1.7 in Section 4.

Remark. It is highly probable that our method can be combined with the ideas of [Bourgain and Chang
2009] which would generalize Theorem 1.7 to K -almost subgroups consisting of algebraic numbers of
degree at most d (though not necessarily contained in the same field extension). The upper power C is
going to depend on d then, so the putative bound (using the notation of Theorem 1.7) is

AQ2,K) <C'(d)|AYK TP

with some C, C’ > 0. We are going to consider this matter in detail elsewhere. Note, however, that
proving a similar statement with no dependence on d seems to be a significantly harder problem.

1.3. Further applications.

1.3.1. An inverse Szemerédi-Trotter theorem. Theorem 1.7 can be interpreted as a partial inverse to the
Szemerédi—Trotter theorem. The Szemerédi—Trotter theorem states that, if P is a finite set of points and L
is a finite set of lines in R2, then the number of incidences I (P, L) between P and L satisfies the bound

I(P,L):=|{(p,])e Px L:pel}l=0(PI**ILI**+|P|+|L)). )

The term |P|*/3|L|*/? above is dominant unless the sizes of P and L are rather imbalanced. The
Szemerédi—Trotter theorem is tight, up to the multiplicative constant.

It is natural to consider the inverse question: for what sets P and L is it possible that / (P, L) =
Q(|P|*3|L|*/?)? The known constructions of point sets which attain many incidences appear to all have
some kind of lattice like structure. This perhaps suggests the loose conjecture that point sets attaining
many incidences must always have some kind of additive structure, although such a conjecture seems to
be far out of reach to the known methods.

However, with an additional restriction that P = A x A with A C Q, Theorem 1.1 leads to the following
partial inverse theorem, which states that if A has small product set then / (P, L) cannot be maximal.
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Theorem 1.8. For all y > 0 there exists a constant C = C(y) such that the following holds. Let A be a
finite set of rationals such that |AA| < K|A| and let P = A x A. Then, for any finite set L of lines in the
plane, (P, L) <3|P|+|A]"K€|L|.

In fact, not only does this show that / (A x A, L) cannot be maximal when |A A| is small, but better still
the number of incidences is almost bounded by the trivial linear terms in (5). The insistence that the point
set is a direct product is rather restrictive. However, since many applications of the Szemerédi—Trotter
Theorem make use of direct products, it seems likely that Theorem 1.8 could be useful. The proof is
given in Section 5.

1.3.2. Improved bound for the size of an additive basis of a set with small product set. Theorem 1.7
also yields the following application concerning the problem of bounding the size of an additive basis
considered in [Shkredov and Zhelezov 2018]. We can significantly improve the bound in the rational
setting, pushing the exponent in (6) from % + ﬁ —o0(1) to % — 0¢(1) in the limiting case K = |A|€.

Theorem 1.9. For any y > 0 there exists C(y) such that for an arbitrary A C Q with |AA| = K|A| and
B, B’ C Q,

S:=|{(b,b') e Bx B :b+b" e A}| <2|A]” K  min{|B|"*|B| +|B|, |B'|'*|B| +|B'|}.
In particular, for any y > 0 there exists C(y) such that if A C B + B then
Bl = |APFVKTC. 6)
The proof of Theorem 1.9 is given in Section 5.

Remark. During the preparation of the manuscript we became aware that Cosmin Pohoata has indepen-
dently proved Theorem 1.9 using an earlier result of Chang and by a somewhat different method.

1.3.3. Unlimited growth for products of difference sets. It was conjectured in [Balog et al. 2017] that for
any b € R there exists k = k(b) € N such that for all A C R

(A — A=A

In another application of Theorem 1.1, we give a positive answer to this question under the additional
restriction that A C Q. In fact, we prove the following stronger statement.

Theorem 1.10. For any b € R there exists k = k(b) € N such that for all A C Q and B C Q with |B| > 2,
A+ B = A",
The proof is given in Section 5.

1.4. Asymptotic notation. Throughout the paper, the standard notation <, > is applied to positive
quantities in the usual way. Saying X > Y or ¥ <« X means that X > cY, for some absolute constant
¢ > 0. The expression X ~ Y means that both X > Y and X < Y hold.
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1.5. The structure of the rest of this paper. In Section 2, we introduce a new kind of mixed energy, and
establish some initial bounds on this energy which are strong when the set A is defined by relatively few
primes (c log|A| for a sufficiently small constant c¢). The structure of these arguments are similar to those
introduced by Chang [2003], and also used by the authors in [Hanson et al. 2019].

The goal of Section 3 is to prove the main technical result of the paper, Theorem 3.6. The statement
uses the language of A-constants, which is a robust generalization of additive energy, and so we must
first define what these constants are and identify some of their crucial properties. We also introduce the
notion of query complexity, which is nicely tuned in to the techniques used and results established in
Section 2. An essential tool in converting the bounds from Section 2 into strong bounds for A-constants
is a deep new result of Zhelezov and Palvolgyi [2020].

In Section 4, we use Theorem 3.6 to conclude the proofs of the main results of this paper, Theorems 1.1,
1.3 and 1.7. Finally, in Section 5, we give proofs of further applications of our main results.

2. A Chang-type bound for the mixed energy

Different kinds of energies play a pivotal role in the work of Chang [2003] and Bourgain and Chang
[2004], as well as [Hanson et al. 2019]. In [Chang 2003], it was proved that, for any finite set of rationals
A with |AA| < K|A|, the k-fold additive energy, which is defined as the number of solutions to

a4 Aa=ap +-an, (... ax) € A%, @)

is at most (2k? — k)*8| A|*. A simple application of the Cauchy—Schwarz inequality then implies that the
k-fold sum set satisfies the bound
Al*

kAl > ————.
WAL= G2 —ipx

Bound (7) is close to optimal when K = clog|A|, but becomes trivial when K = |A|®. In [Bourgain and
Chang 2004], (a weighted version of) this bound was used as a foundation, and developed considerably
courtesy of some intricate decoupling arguments, in order to prove a bound for the k-fold additive energy
which remains very strong when K is of the order |A|°.

In [Hanson et al. 2019], we followed a similarly strategy to that of [Chang 2003], proving that for any
finite set of rationals A with [AA| < K|A| and any nonzero rational u, the k-fold multiplicative energy of
A + u, which is defined as the number of solutions to

(a1 +u) - (g +u) = (ar1 +u) - (ay +u), (a,...,ay) e A%, ®)

is at most (Ck?)*X|A|¥. Unfortunately, in adapting the approach of [Chang 2003] in order to bound
the number of solutions to (8) in [Hanson et al. 2019], we encountered some difficulties with dilation
invariance which made the argument rather more complicated, and we were unable to marry our methods
with those of [Bourgain and Chang 2004] to obtain a strong bound when K is of order |A|®.
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In this paper, we modify the approach of [Hanson et al. 2019] by working with a different form of
energy. Consider the following representation function:

re, ) =1, ...,a) € A¥ iy cap =x, (a1 4+u) - (@ +u) =y}

Then, because r is supported on A® x (A +u)®, it follows from the Cauchy—Schwarz inequality that

2
|A|2k:( > rk(x,y)) <1A9)|(A +u)®] > ne@ i)

(x.7)€A® x (A1) ® (6, 1)EAD x (A+u)®

The latter sum is the quantity

k k k k
Ev(A;u) = H(al,...,ak,bl,...,bk) e A% . l_[ai :Hbi, H(ai—l—u):l_[(b,-—i-u)”.
i=1 i=1 i=1 i=1

We summarize this in the following lemma.

Lemma 2.1. For any finite set A C R, any u € R\ {0} and any integer k > 2, we have
AP < JADNA + )P Ex(A; w).

In particular,

Al* ® ®
< max{[A™], [(A+u)"|}.
Ex(A; u)l/2

Our goal is to estimate this energy and to show that, at least for sets of rationals, it cannot ever be too
big.

In this section we seek to give an initial upper bound for Ei(A; u). The strategy is close to that of
Chang [2003]. There are also clear similarities with the prequel to this paper [Hanson et al. 2019].

To do this, as in [Hanson et al. 2019], we will write Ek (A; u) in terms of Dirichlet polynomials. In
this case, our Dirichlet polynomials will be functions of the form

b
Fonsy= Y 12D

a’! sz
(a,b)eQ?

where f : Q> — C is some function of finite support. It will also be more convenient to count weighted
energy. For w, a sequence of nonnegative weights on A, let

Epw(Asu) = Z Way * = Wa Wy~ * * W

ay---ax=b;---by
(ar+u)-(ag+u)=(br+u)--(bg+u)

Lemma 2.2. Let A be a finite set of rational numbers and let u be a nonzero rational number. Then, for
any integer k > 2, we have

E~k,w(A; u) = hm — dlldtz

T—00 T2

Z wya ll‘l (a + u)ltz
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Proof. Expanding, the double integral on the right hand side is equal to

E E wal...wakwbl...wbk

al,..., akEAbl ..... bkEA

T T
(ar---agby - b dr / (a1 +u) - (g +uw) by +u) o (b +u) D2 di.
0 0
Now
=
—/ (u/v)" dt = Lo
uv(T ) ifu#v.
From this, the lemma follows. O

Let ||-|l2x be the standard norm in L%([0, T]?), normalized such that ||1]x = 1. So,

1 (T T N
||f||zk:=(ﬁ/0 /0 T dt) .

Lemma 2.3. Let J be a set of integers and decompose it as J = 1 U---U Jy. Foreach j € J let
fi :RxR— C be a function belonging to L**(R?) for every integer k > 2. Then, for every integer k > 2,

2% 1/k
i(t1, 1) dfldt2>

1
lim (—
T—oo\ T2

1/k
(tl,l‘z) dtldtz) . (10)

Proof. 1t suffices to prove the inequality for all sufficiently large 7', which we assume fixed for now. Then

(%/OT/OT 2kd;1dz2)l/k ( >2§<Z Zf/ >2, an

n=1"jed,
by the triangle inequality. By the Cauchy—Schwarz inequality, (11) is bounded by

D’:E: > f3

n=1"jeJ,

'(tlv t2)

n=1 jeJ,

(12)

Letting T — oo we get the claim of the lemma. U

Corollary 2.4. Let A be a finite set of rational numbers, partitioned as A = A1 U---U Ay, let w be a set

of nonnegative weights, and let u be a nonzero rational number. Then for any integer k > 2

N
Eiw(A; ) F <N Eru(Ajs )/,
j=1
Now let p be a fixed prime. For a € Q, let v,(a) denote the p-adic valuation of a. For a set A of
rational numbers and an integer 7, we let A; ={a € A :v,(a) =t}.
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Lemma 2.5. Let p be a prime number. Suppose A is a finite set of rational numbers and let u be a
nonzero rational number. Then for any w, a set of nonnegative weights on A, and any integer k > 2,

B0 <2(5 ) Y EeuAs -
deZ

Proof. First,let A=A, UA_where Ay ={a€A:v,(a) >v,(w)}and A_={a € A:v,(a) <v,(u)}.
By Corollary 2.4, we have

Erw(A; )% < 2E1 (A w)* 4+ 2B, (A_; w)'/E, (13)

These two terms will be dealt with in turn, starting with Ey ,, (Ay; u)Y/* . To do this, we first set up some

more notation. For an integer d, define the function

fa(h,0) =Y wea™ (a4 u)™,

aEAd

Epw(Ag;u) = hngoﬁ/ f

Expanding this expression, as in the proof of Lemma 2.2, we obtain that Ek w(AL; u) is equal to

Then, by Lemma 2.2

dl]dl‘z

> faln, tz)

d>vp(u)

Z lim —/ / Ja (1, 02) -+ fa, (01, ) fap,, (81, 02) - - fan (f1, B2) diidt,. (14)

For fixed dy, . . ., d, the quantity

lim —/ / fd1 (1, ) - fdk(tl, t2)fdk+1(tl9 f) - fdzk(tlv ) dtidt.

T—oc0 T2
gives a weighted count of the number of solutions to the system of simultaneous equations
ap - Qg =agq1 - Aok (15)
(a1 +u)- - (ax +u) = (a1 +u) - - - (a2 +u), (16)

such that a; € Ay,
We claim that there are no solutions to (16), and thus also no solutions to the above system, if all of
the d; are distinct. Indeed, suppose we have a solution

(ar+u)---(ax+u) = (agy1 +u)--- (ax +u)
and so
@u™' + 1) (@u™ +1) = epu 1) - byu™" 4 1). (17)

Since v), (a;u~") > 0, expanding out both sides of (17) and simplifying gives

u~'(ay + - - -+ a) + higher terms = u ! (bg41 + - - - + box) + higher terms. (18)
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If all of the d; are distinct, then there is some unique smallest d;, and thus a unique smallest value of v, (a;).
But then the left hand side and the right hand side are divisible by distinct powers of p, a contradiction.
So returning to (14), we need only consider the cases in which one or more of the d; are repeated.

There are three kinds of ways in which this can happen:
(1) di=d; with 1 <i <k and k41 < i’ < 2k. There are k? possible positions for such a pair (i, i’).
(2) d; =d; with 1 <i,i’ < k. There are (g) possible positions for such a pair (i, i’).
(3) di =d; with k+1 <i,i’ <2k. There are (];) possible positions for such a pair (i, i’).

dyi. The other k% — 1 cases can

Suppose we are in situation (1) above. Specifically, suppose that d| =
be dealt with by the same argument. Then these terms in (14) can be rewritten as

Z Tll)mooﬁ/ f fdl(t19t2)fd| (II’ZZ)

di=vp(u)
Z Ja(t1, ) - fa (1, 02) fa (B, 1) -+ - fan, (11, 02) dtidity

da,....dy—1>vp (1)
— li R f,t E fa(t1, 1
Tlm:a lZf / |fd(l 2)| d(l )

d>vp(u) d>vp(u)

2(k—1)
dtidt.  (19)

Suppose we are in situation (2). Specifically, suppose that d; = d,. The other (]5) — 1 cases can be

dealt with by the same argument. Then these terms in (14) can be rewritten as

> gim / / e Y futnn) e fal ) fan (B - fan, ) did

d3,....doy=vp (1)

dlzvp(u)
< i —
< Jim / / |falt, )P Y fd(n,rz) 1 1) dfldtz
d>vp(u) d=v,u)
2(k—1)
= li .
Jm T2/ / [far, )P Y falh, 1) dndn
d>v () d>v, ()
The same argument also works in case (3). Returning to (14), we then have
3 2k 2(k—1)
Ewavw=(5) Y lim = / / fat )P Y fatrm)|  dndn

d>vp(u) d>vp(u)

2k - .
: < 2 ) Y ErwAs ) Epu(Ars w1

d>vp(u)

the last inequality being Holder’s. It therefore follows that

EowArin' < (5) 2 EeulAs ', 0)

d=vp(u)
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Now we proceed to Ej ,(A_; u)'/*. For any solution to the pair of equations
ap---ag =agqr1---az and  (ay+u) - (ap +u) = Qg1 +u) -+ - (ax +u)
we have a solution to the equation
(1 —I—ual_l) ¢! —I—uak_l) =(1 +ua,:1) ¢! —i—uaz_k]).
Again, we expand and simplify, using this time that v, (ua;” 1 is positive, and get
u(al_] + - -ak_l) + higher terms = u(akjll + - -az_k]) + higher terms.

4

As in the previous case,” we cannot have a unique smallest v, (ua;” 1. We can therefore repeat the

arguments that gave us (20) in order to deduce that

~ 2k ~
EewAs < (5) 3 Ewlagn'/*, 1)

d<v,(u)

Inserting (20) and (21) into (13) completes the proof. O
Next, this is used as a base case to give an analogous result with more primes.

Lemma 2.6. Let p1, ..., px be a prime numbers. Suppose A is a finite set of rational numbers and let u
be a nonzero rational number. For a vectord = (dy, ..., dg), define

Ag={acA:vy(a)=d,... v, (a)=dx}.

Then for any w, a set of nonnegative weights on A, and for any integer k > 2,

Ek,w(A;u)”ks(z(zk)) S ErwAas )%,

dezK
Proof. The aim is to prove that

1/k
Tli_)rr;o<T2/ / > wed(a+uw)® dtldt2>

de7K acAq
2k
(o)) Zam(nf

4Note that here we have used the information that ap ---ag = agy1 - - - az, whereas we did not use this when bounding
Ek,w (A4 u).

1/k
dl‘]dlz) . (22)

Z waa l[](a+u)ll‘2

acAq
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We proceed by induction on K, the base case K =1 being given by Lemma 2.5. Then

1/k
: § E it it
Tlgnoo<T2 / f Had l(a * u) 2 dlldtz)

de7K acAy
dg EZ<

~m (s [

2% 1/k
dt1dl2)

Z wqa'" (a+ u)”Z)

d'c7K~ laEA 4 .d
2k . ) 2k 1/k
251 i
§2<2> Tli)rlgo(TZ/ / Z wea' (a +u) dl‘ldl‘z)
d'e7K-1acAy g4
- 1/k

2 2

< 2( ;) Z (2( 2]()) Tll_)m (TZ/ / Z Waa aih (a+u)”2 dl]d[z)
dxeZ d'e7K-1 o0 aEA 7.
1/k
= 2<2k> lim Zw a”'(a-l—u)”2 dtldtz /,
2 T—>oo T2

The first inequality above follows from an application of Lemma 2.5. The second inequality follows from
the induction hypothesis. U

3. Lambda-constants and query complexity

3.1. Lambda constants. In order to extract as much as possible from the Lemma 2.6, it will be convenient
to use the language of A-constants. The main motivation behind A-constants is the stability property
given by the forthcoming Corollary 3.2, which is absent in the nonweighted version of the energy.

We also encourage the interested reader to consult our preceding paper [Hanson et al. 2019] for a
slightly more gentle introduction to A-constants in the setting of Dirichlet polynomials and more in-depth
motivation behind this concept.

Let A C Q be a finite set and let # be a nonzero rational. Define

Ay (A; u) := max Ek,w(A; u)V/k,
where the maximum is taken over all weights w on A such that

Z w(a)> =1. (23)

acA

An equivalent definition is

2

Ar(A; u) :=max lim
T—o00

Z waa' (a + u)'™

acA 2k

where the maximum is taken over the same range of weights.
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Lemma 3.1. Let A C Q be a finite set with some nonnegative real weights w, assigned to each element

a € A and let u be a nonzero rational. Then
2

Z wea' (a + u)'™

acA

< Ai(A; u)(zuﬁ) + 07200 (1). (24)
2k acA
Proof. If y_ . 4 w2 = 0 the claim of the lemma is trivial. Otherwise, define new weights

Wq

(Caeawd)”

w, =
which satisfy (23). It thus suffices to show that

2
< Ak(A; u) + or—00(1),

Z u);a”1 (a+u)"

acA

2%k
which is a straightforward consequence of our definition of Ay (A; u). O
We will use the following stability property of A-constants which helps us to work with subsets.
Corollary 3.2. Suppose that A C Q, that u is a nonzero rational and A" C A. Then
Ar(A'su) < A(Asu).
In particular,

E/ A u) < A(Asw)| Al and  Ex(A; w) < AK(A; w)] AR,

Proof. The first claim follows from the observation that any set of weights {w,},ea With > wﬁ =1 can
be trivially extended to a set of weights {w,},ca by assigning zero weight to the elements in A\ A". Next
observe that Ej is just Ej ., with all the weights being one and apply Lemma 3.1. (I

3.2. Query complexity. The ideas of Section 2 dovetail perfectly with the notion of the query-complexity
of a set of rationals. Given a set A C (), we define its query complexity g(A) to be the smallest integer ¢
such that there are functions f; : Z — P,i =1, ...,t—1 and a fixed prime pg such that the vectors

(vpo(@), vp (@), ..., vp_ (@), a€A

are pairwise distinct, with the primes p; defined recursively as

pi = fi(vp,_,(a)). (25)

In the language of computational complexity, suppose that Alice and Bob agree on a set A C @, and
then Alice secretly chooses an element a € A. Bob can recover the value a € A by querying Alice
iteratively at most 7 times, at step i evaluating p; using (25) and asking Alice for v, (a).

The following result was recently proven by Zhelezov and Palvolgyi [2020], building on work of
Matolsci, Ruzsa, Shakan and Zhelezov [Matolcsi et al. 2020].3

SWe state a version of the result which is geared towards the particular considerations of our problem; see [Zhelezov and
Palvolgyi 2020, Theorem 1.1] for a more general statement.
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Theorem 3.3. For any € > 0, and any set A C Q with |AA| < K|A|, there exists a subset A C A with
|A'| > K=%€|A| and q(A) < €log,|A|.

The next lemma records that any set with small query complexity also has a small A-constant.

Lemma 3.4. Let A C Q with q(A) <t. Then for any u € Q\ {0}

Ar(A; ) < (2(22k>)t.

Proof. Write t = g(A). Let w be any set of weights on A that satisfy (23). Let a € A be arbitrary. In the
notation of Lemma 2.6, we have a list of primes pi, pa, ..., p; defined by (25) such that the set

Ag={d' € A:v, (d)=vp(a),...,vpa)=v,(a)}

has cardinality exactly 1. For any singleton {a} € A, Ek,w({a}; u) = wgk . Therefore, by Lemma 2.6,

- 2k\\' 2k\\'
.1k 2
Exu(A ) 5(2<2>) Zwa=(2(2>)- -
acA’
The following result is important generalization of the previous one; it shows that if A contains a large

subset with small query complexity then A itself has small A-constant.

Lemma 3.5. Let A C Q* be a finite set with |AA| < K|A| and let u be a nonzero rational number.
Suppose that A’ C A and q(A’) =t. Then

. A 1A (4 2k\ )
= () ()

Proof. Let w be an arbitrary set of weights on A such that >

acA w(a)? = 1. We seek a suitable upper

bound for
2

Z waail‘l (a + u)itg

acA

2k

For a fixed z € A/A’, define a set of weights w® on zA’ by taking w® (za’) = w(za’) if za’ € A and
w® (za") = 0 otherwise. Define

Rasan.ar(x) := |{(s,a) € (A/A) x A" sa = x}|

and note that R4 a7 a'(x) > |A’| for all x € A. This is because, for all a’ € A’, x = (x/a’)a’. Therefore,

2k

Z Z w® (za")(za)" (za' + )"

ZEAJA a' A

Z Rayan o (@w(a)a™ (a+u)'™

acA

2k

> |A|

Z waai” (a+ u)"t2

acA

2k
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On the other hand, by the triangle inequality and Lemma 3.1
Z Z w®(za)(za") " (za' +u)| < Z
Z€A/A €A/ 2k zeA/n

< Y MGAT W' P+ oroo(l).
ZEAJA’

Z w(z) (Za/)(za/)itl (Za/ + u)ilz

a'eA’ 2k

Since g (A’) =t, it follows from Lemma 3.4 that A (zA'; u) = Ap(A'; u/7) < (2(221‘))t. We also have

2
ALY _ k214,

|A/A'| < |A/A| < <
|A|

by the Ruzsa triangle inequality (see [Tao and Vu 2006]). It therefore follows that

N 2ky\ /2
R EGE)) v

and the result follows. U

Z waaitl (a + u)itz

acA

Combining this with Theorem 3.3 gives the following, which is our main result concerning A-constants.

Theorem 3.6. Given 0 < y < %, there exists a positive constants C = C(y, k) such that for any finite
A C Q* with |AA| = K|A| and any nonzero rational u,

Ar(A;u) < KC|A".

Proof. Apply Theorem 3.3 with € = y/log,(4k). There exists A’ C A with |A’| > K~?/¢|A| and
q(A) <elog,|A|. Then by Lemma 3.5

|A| 2 2k elog,|A|
Ar(A: u) < K4<|A/|> (2( 5 )) < K4H/e| pjeloma@h) O

Observe that we can in fact take C(y, k) in Theorem 3.6 to be 4 44 log,(4k)/y .

4. Concluding the proofs

In this section we conclude the proof of Theorem 1.1, which is the main theorem of this paper, and
Theorem 1.7 announced in the introduction.

We will use the Pliinnecke—Ruzsa theorem. See [Petridis 2012] for a simple inductive proof. Following
convention, we state it using additive notation, although it will be used in the multiplicative setting.

Theorem 4.1. Let A be a subset of a commutative additive group G with |A + A| < K|A|. Then for any
heN,
lhA| < KA.

For the convenience of the reader, we restate Theorem 1.1.
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Theorem 4.2. For all b € Z, there exists k = k(b) such that for any finite set A C Q* and any nonzero

rational u,
max{|A®|, (A +u)P|} > |A[P

Proof. Fix b and assume that
A9 <1A)°

for some sufficiently large k = 2!. The value of / (and thus also that of k) will be specified at the end of
the proof. Since |A(21>| < |A|?, it follows that

|A(2’)| |A(2H)| |A@|

. ALl
[AQD]1A@™) |A| <14l
and thus there is some integer /o </ such that
A(leJrl)
Az , | |A| =D/,
4@

Therefore, writing ko = 2l and B = A% we have
|BB| < |B|| A7V,
Also, for any nonzero A € @, |(AB)(AB)| < |B||A|®~D/!, Therefore, by Theorem 3.6,
An(hB: u) < |A|CO=D/ B < |A|CG-D/1+rD

where C = C(h, y) and h, y will be specified later.
Now, for some A € @, we have A C A B, and thus by Corollary 3.2 and Lemma 2.1

|AI? ~1/h, ) 14+C(b—1)/I+yb
max{|AM|, [(A+ u)W |}/ " = B (A < 1AIAGB ) < 1A .

This rearranges to

max{|A™], [(A +uw) P} = |AOZCCDITYD),
Choose y = 1/100b and h = 4b. Then C = C(h, y) = C(b) and we have
max{lA(h)|, |(A +u)(h)|} > |A|h/2(99/100—C(b)(b—1)/l).
Then choose [ = (b — 1)4C to get
max{|AP[, [(A+u)P} > |AM* = AP

Note that the choice of / depends only on b and thus k = 2*¢®=D = k(b). In particular, since k > h, we

conclude that
max{|A®[, (A +uw) P} > A,

as required. U
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If we use the value of C(y, k) indicated at the end of the proof of Theorem 3.6 to keep track of the
constants in this argument, it follows that we can take k = 20(®?10gb) T be even more precise, it gives

k = (16b)1616°

This compares favorably with the dependency in the corresponding sum-product bound of Bourgain and
Chang [2004], where they commented that it was possible to take k = 2°®¢"). A similar quantitative
improvement for the classical iterated sum-product problem is possible by studying the recent paper of
Zhelezov and Pélvolgyi [2020] and filling in some extra details.

Theorem 3.6 also implies Theorem 1.3. The statement is repeated below for the convenience of the
reader.

Theorem 4.3. Given 0 < y < % and any integer k > 2, there exists a positive constant C = C(y, k) such
that for any finite A C Q* with |AA| = K|A| and any nonzero rational u,

|A|k(l—y)—l

(A+w® 2 —

Proof. Define w(a) = 1/|A|'/? for all a € A and note that (23) is satisfied. Furthermore, for this set of
weights w,
Ex(Aru) _ Al*

|AlE T JAB(A+u)®|

Eyw(A;u) = (26)

where the inequality comes from Lemma 2.1. It follows from Theorem 3.6 that there exists a constant
C = C(y, k) such that for any u € @\ {0}, Ax(A; u) < K€|A|”. Consequently, by the definition of
Ar(A; u),

Eru(Asu) < KH|APE,

Combining this with (26), it follows that
|A|F(=7)

ACNA+ 0O 2 —m

(27)

Finally, since |AA| < K |A]|, it follows from the Pliinnecke—Ruzsa Theorem that |[A®)| < K*|A|. Inserting

this into (27) completes the proof. (I
We now turn to the proof of Theorem 1.7. Recall its statement.

Theorem 4.4. For any y > 0 there is C(y) > 0 such that for any K -almost subgroup A C Q* and fixed
nonzero cy, ¢y € Q) the number A(2, K) of solutions (x1, x3) € A% to

cix1+coxy =1
is bounded by
A2, K) <|A|"KC.
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Proof. Let S C A be the set of x| € A such that c;x; 4 cpx2 = 1 for some x, € A. Since the projection
(x1, x2) — x is injective, it suffices to bound the size of S.
Since S C A, by Theorem 3.6 and Corollary 3.2 for any nonzero u

Ex(S; u) < KXCO 0 A1 5k

with the parameters 0 < ' < %, k > 2 to be taken in due course.
In particular, by Lemma 2.1

1SIF < (KFCO R AR |2 max{|S¥], [(S — 1/c1)k]).
On the other hand, S € A and (S — 1/¢1) € —(c2/c1)A, so by the Plinnecke—Ruzsa inequality
max{|S*|, |(S — 1/e)!]} < 1A®| < K¥| Al

‘We then have

IS| < |A|y'+2/kKC+2’
and taking k = [2/y’] 4+ 1 and y’ = y /2, the claim follows. O

5. Further applications

Proof of Theorem 1.8. Recall that Theorem 1.8 is the following statement. For all y > 0 there exists a
constant C = C(y) such that for any finite A C Q with |[AA| < K|A| and any finite set L of lines in the
plane, I (P, L) <3|P|+ |A|” K€|L|, where P = A x A.

First of all, observe that horizontal and vertical lines contribute a total of at most 2| P|. This is because
each point p € P can belong to at most one horizontal and one vertical line. Similarly, lines through the
origin contribute at most | P| 4 |L| incidences, since each point aside from the origin belongs to at most
one such line, and the origin itself may contribute |L| incidences.

It remains to bound incidences with lines of the form y = mx + ¢, with m, ¢ # 0. Let /,, . denote
the line with equation y = mx + c. Note that, if m ¢ Q then /,, . contains at most one point from P.
Indeed, suppose /,, . contains two distinct points (x, y) and (x’, y') from P. In particular, since A C Q,
x,y,x',y" € Q. Then [,, . has direction m = (y — y")/(x — x’). Therefore, lines ,, . with irrational slope
m contribute at most |L| incidences.

Next, suppose that m € Q and ¢ ¢ Q. Then /,, . does not contain any points from P, since if it did
then we would have a solution to y = mx + ¢, but the left hand side is rational and the right hand side is
irrational.

It remains to consider the case when m, ¢ € Q*. An application of Theorem 1.7 implies that |/,, .N P| <
KC|A|”. Therefore, these lines contribute a total of at most |L|K¢|A|” incidences.

Adding together the contributions from these different types of lines completes the proof. U
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Proof of Theorem 1.9. Recall that Theorem 1.9 states that, for any y > 0 there exists C(y) such that for
an arbitrary A C Q with |[AA| = K|A| and B, B’ C Q,

S:=|{(b,b)e Bx B :b+b' € A} <2|A|” K¢ min{|B|'?|B’| +|B|, |B'|"/*|B| + |B'|}.

We will prove that
S <2|A”KC(|B'|'/*|B| +|B'}). (28)

Since the roles of B and B’ are interchangeable, (28) also implies that S < 2|A|” K€ (|B|'/?|B’| +|B]),
and thus completes the proof.

Let y > 0 and C(y), given by Theorem 1.7, be fixed. Without loss of generality assume that S > 2|B’|
as otherwise the claimed bound is trivial.

For each b € B define

Sp:={b'eB :b+b €A},
and similarly for b’ € B’
Ty :={beB:b'+bc A}
It follows from Theorem 1.7 that for by, by € B with by # b;
1S5, N Spa| < |A] K€
since each x € Sp, N S, gives a solution (a, a’) := (b; +x, by + x) to
a—a =b;—by

with a, a’ € A.
On the other hand, by double-counting and the Cauchy—Schwarz inequality,

DUSsl+ Y 1Sy NSpl= Y ITy* = BT () _1Ty)* =B 'S
beB by,breB:b1#by b'eB’ b'eB’
Therefore,
D Sy NSkl = BT'S* = IS| =B 7'S* =5 = 4B 7'
by,b2eB:b1#by beB

by our assumption.
The left-hand side is at most |B|?|A|Y K€, and so

S < QIAI" K9 |CIV B,
which completes the proof. (I

Proof of Theorem 1.10. Recall that Theorem 1.10 states that for all b there exists k£ such that for all
A, B C Q with |B| > 2, |(A+ B)X| > |A|".
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Since | B| > 2, there exist two distinct elements by, b, € B. Apply Theorem 1.1 to conclude that for all
b there exists k = k(b) with

[(A+ B)Y| > max{|(A +b)*|, |((A+b1) + (b2 — b)) [} > |A]". O
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