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In local relative p-adic Hodge theory, we show that the Galois cohomology of a finite-height crystalline
representation (up to a twist) is essentially computed via the (Fontaine—Messing) syntomic complex with
coefficients in the associated F'-isocrystal. In global applications, for smooth (p-adic formal) schemes, we
establish a comparison between the syntomic complex with coefficients in a locally free Fontaine—Laffaille
module and the p-adic nearby cycles of the associated étale local system on the (rigid) generic fibre.
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1. Introduction

Let p denote a fixed prime and « a perfect field of characteristic p. Let K be a mixed characteristic
complete discrete valuation field with ring of integers Ok and residue field «, and let F' := W (x)[1/p]
be the fraction field of the ring of p-typical Witt vectors with coefficients in x. Fontaine’s crystalline
conjecture for a proper and smooth Og-scheme relates the p-adic étale cohomology of its generic fibre
to the crystalline cohomology of its special fibre. Fontaine and Messing [1987] initiated a program for
proving the crystalline conjecture via syntomic methods. By subsequent works of Kato and Messing
[1992] and Kato [1994] and with the remarkable work of Tsuji [1999], the crystalline conjecture was
shown to be true. There have been several proofs and generalisations of the crystalline comparison
theorem: [Andreatta and Iovita 2013; Beilinson 2012; Bhatt et al. 2018; Colmez and Niziot 2017; Diao
et al. 2023; Faltings 1989; 2002; Guo and Reinecke 2024; Niziot 1998; Scholze 2013; Tsuji 1999;
Yamashita and Yasuda 2014].
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1.1. p-adic nearby cycles. Let X be a smooth (p-adic formal) Og-scheme with (rigid) generic fibre X
and special fibre X. Let j : X¢ — X4 and i : X, ¢ = X¢ denote natural morphisms of sites. For r > 0,
let ¥, (r)x denote the syntomic sheaf modulo p” on X, ¢ (see Sections 7 and 8 for the definition of the
syntomic complex). Fontaine and Messing [1987] constructed a period morphism from the syntomic
complex to the complex of p-adic nearby cycles,

™ S, (r)x = IREZ/ P (), (1-1)
where

Z,(r) = Z,(r)

a(r)! pa®
forr=(p—Da@r)+b(r) with0< b(r) < p—1. For X a smooth and proper Og-scheme and 0<r < p—1,
by truncating (1-1) in degree < r, the map a}f M is known to be a quasi-isomorphism by [Kato 1987; 1994;
Kurihara 1987; Tsuji 1999]. Tsuji [1996] generalised this result to proper and semistable schemes and
nontrivial étale local systems arising from (the pullback of) Fontaine—Laffaille modules over OF; see
[Fontaine and Laffaille 1982]. Moreover, Colmez and Niziot [2017] proved a similar result for semistable
(p-adic formal) schemes and constant coefficients, without any restrictions on r. In particular, for a
smooth (p-adic formal) scheme, we have the following.

Theorem 1.1 [Colmez and Niziot 2017, Theorem 1.1]. For 0 < k < r, the natural map
alt : HE(Fu(r)x) — *REGZ/p" ()

is a pN-isomorphism; i.e., its kernel and cokernel are killed by pN , where N = N (e, p, r) € N depends
on the absolute ramification index e of K, prime p and twist r, but not on X or n.

The proof of Theorem 1.1 in [Colmez and Niziot 2017] works by reducing the problem to the local
setting; i.e., one works over the p-adic completion of an étale algebra over Ok [X il, R X;H] for some
indeterminates X1, ..., X4. Locally, Colmez and Niziot also show that it is enough to work with p-adic
formal schemes and deduce the result for schemes by invoking Elkik’s approximation theorem and a form
of rigid GAGA; see [Colmez and Niziot 2017, §5.1].

For simplicity in the introduction, we will let R be the p-adic completion of Op[X5', ..., X+'] and
S := Ok o, R; see Assumption 2.1 for a more general setup. Let G := nlét(S[l/p], n) for a fixed
geometric generic point of Sp(S[1/p]). Denote by Syn(S, r) the r-th Tate twist of the (log-) syntomic
complex; see [Colmez and Niziot 2017, §3.3] for details.

Theorem 1.2 [Colmez and Niziot 2017, Theorem 1.6]. If K contains enough roots of unity, then the
maps

OlrEaZ T Syn(S,r) — TgrRFcont(GSv ZP (),
o T<p SYN(S. r)n = t<-RTeon(Gs, Z/p" (1)) = 1<, RT((Sp S[1/pew. Z/p" (1)

are pN"-quasi-isomorphisms for a universal constant N i.e., N does not depend on p, X, K, n orr.
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One of our main goals in this article is to generalise Theorem 1.2 by studying syntomic complexes
with coefficients. Subsequently, by “glueing” the local results for relative Fontaine—Laffaille modules,
we will obtain a global generalisation of Theorem 1.1. Note that, in the local setting, on the étale
side, by using a K (;r, 1)-lemma (see [Scholze 2013, Theorem 4.9]), we can reduce to the setting of
Z p-representations of G g. Then, due to the “crystalline” nature of our goal, we will consider G g-stable
Z p-lattices inside “finite-height™ crystalline representations of G g and certain natural invariants attached
to such representations as in [Abhinandan 2025, §4].

1.2. Finite-height representations. Fix p >3, m € N>, K = F(¢,n) and @ = {,» — 1 (see Remark 1.8
on the rationale behind our assumptions). Fix an algebraically closed field Fr(R) containing F an algebraic
closure of F, and set Foo := F (i px) C F. Let R denote the union of finite R-subalgebras R’ C Fr(R)
such that R’[1/p] is étale over R[1/p]. Set

1/p" 1/p"
ROO = U R[,U/pn,Xl/p ’ st/p ]a

neN
Gr := Gal(R[1/p]/R[1/p]),
T'g := Gal(R~o[1/pl/RI[1/p)),
HR = KCI'(GR - FR),

and note that ' = F;a x ', where we have the isomorphisms

Iy == Gal(Reo[1/pl/ FsoRI1/pl) = Z,,(1)%,
I'r:=Gal(Fy/F) = Z;.

Recall that [Fontaine 1990] showed a categorical equivalence between Z ,-representations of G r and
étale (¢, I'r)-modules over a certain period ring A r. These results were generalised to the relative setting
in [Andreatta 2006] to establish a categorical equivalence between Z ,-representations of G and étale
(¢, I'gr)-modules over a certain period ring Ag; see Section 2.4. Moreover, the work of Fontaine [1982;
1994a; 1994b] on crystalline representations of G p was generalised to the relative case in [Brinon 2008]
via the construction of a fully faithful functor O D, from the category of crystalline representations
of G to the category of filtered (¢, d)-modules over R[1/p]; see Section 2.3.

Let g = ¢(m)/m belong to Ar, where 7 is the usual element of Fontaine; see Section 2.2. In
[Abhinandan 2025], we studied finite g-height representations of G g, a notion parallel to the arithmetic
case, i.e., R = Op in [Berger 2004; Colmez 1999; Wach 1996; 1997]; see [Abhinandan 2025, Remark 1.4].
A representation T in Repz | . (G ) is of finite g-height if it admits a unique (¢, I'z)-module over a
certain subring AJIQ C Ay, satisfying certain conditions on the (¢, I'g)-action (see Definition 3.1); the
aforementioned A};—module is called the Wach module associated to T and denoted by N (7). Moreover,
we showed that finite ¢g-height representations are closely related to crystalline representations via a
certain period ring OA%J?W C OAgis(R), where the former is equipped with structures induced from the
latter; see [Abhinandan 2025, §4.3].
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Theorem 1.3 [Abhinandan 2025, Theorem 4.24 and Proposition 4.27]. Let T be a Z ,-representation
of Gg and assume that T is of positive finite q-height. Then V := T[1/p] is a positive crystalline
representation and we have an isomorphism of R[1/p]-modules

ODeis(V) <= (OAR,® 4+ N(T)*[1/p]
compatible with the respective Frobenii, filtrations and connections.

1.3. Syntomic coefficients and (¢, I')-modules. In this subsection, we will assume the following: Let T
be a Z,-representation of G of positive finite g-height s € N and set V := T'[1/p]; see Definition 3.1.
Assume that N(T) is free of rank rkzp T over A; and M C OD;s(V) is a finite free R-submodule
of rank rkz, 7' such that M[1/p] —> ODc;s(V) is an isomorphism and satisfies Assumption 5.1; see
Example 5.2 for obtaining M from N (T).

Our objective is to compute the continuous G g-cohomology of T (r) using the syntomic complex for R
with coefficients in M C OD.5(V). Set S = R[w ] and note that we have a divided power thickening
RFP — S (using an “arithmetic” variable X, see Section 2.5), and the ring RFP is equipped with a
Frobenius endomorphism ¢; let 2 11?1;13 denote the p-adic completion of the module of differentials of RFP
with respect to Z. Set

MEP = RI® @r M

and equip it with the induced supplementary structures to obtain a filtered de Rham complex (see
Section 5.1)

Fil" @Y 5y :=Fil" M} — Fil'™' M}P ®geo Qpep — Fil' > M}” @ pep Qgop =« - -

Definition 1.4. Define the syntomic complex of S with coefficients in M and its modulo p”-version as

Syn(S, M, r) := [Fil' @ ,, L4 ary ],
Syn(S, M, r), :=Syn(S, M, r)R7Z/p"

forn > 1.
Theorem 1.5 (Theorem 5.5). Let T be a positive finite q-height Z ,-representation of G of height s as
above, and take r € N such that r > s + 1. Then, there exist p" -quasi-isomorphisms

af*  Tep g1 Syn(S. M, r) =~ T, s 1RTeont(Gs, T (r)),

afzz PTr—s—1 Syn(S, M,r), =~ Tgr—s—lRFcont(GS, T/P" (r)),
where N = N(T, e, r) € N depends on the representation T, e = [K : F] and the twist r.

Similarly, we have a filtered de Rham complex with coefficients in M, and one can also define the

syntomic complex of R with coefficients in M. Using Theorem 1.5 for @ = {,» — 1 and Galois descent
(see Lemma 6.21), we obtain the following.
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Corollary 1.6 (Corollary 5.9). Let T be a positive finite q-height Z ,-representation of G g of height s as
above, and take r € N such that r > s + 1. Then, there exist p" -quasi-isomorphisms

arﬁaz PTr—s—1 SYH(R, M,r)>~ rgr—s—lRFcont(GRv T(r)),
aF¥% 1,1 Syn(R, M, 1)y = t<;—s_1RTeon(Gr, T/p"(r)),

ron
where N = N(p, r, s) € N depends on the prime p, twist r and height s of T.

The proof of Theorem 5.5 is broadly divided into two main steps. First, we modify the syntomic
complex with coefficients in M and relate it to a “differential” Koszul complex with coefficients in N (7T');
see Proposition 5.28. Next, we modify the Koszul complex from the first step to obtain a Koszul complex
computing the continuous G s-cohomology of T (r); see Theorem 5.5 and Proposition 6.1. The key idea
behind relating these two steps is the comparison isomorphism in [Abhinandan 2025, Theorem 4.24] and
a Poincaré lemma; see Section 5.6. Our proof of Theorem 5.5 is inspired by [Colmez and Niziot 2017],
however our setting demands several nontrivial generalisations of the ideas in [loc. cit.].

Remark 1.7. Setting T = Z,, in Theorem 1.5, we obtain a statement similar to Theorem 1.1 (note that
we truncate in degree < r — 1 as we are working with the syntomic complex instead of the log-syntomic
complex as in [Colmez and Niziot 2017]).

Remark 1.8. In Theorem 1.5 we restrict to a finite cyclotomic K /F because we are using the cyclotomic
Frobenius (Xg — (1 4+ Xo)? — 1) in Definition 1.4 instead of the Kummer Frobenius (X — X(I; ) as in
[Colmez and Niziot 2017]. For K /F finite, one should use Kummer Frobenius to define a log-syntomic
complex (log-structure with respect to X¢). Then it should be possible to obtain Theorem 1.5 for all finite
extensions K /F (with truncation in degree < r — s as in [Colmez and Niziot 2017]). Furthermore, to
obtain the statement over F, one could pass to the limit over all finite extensions K /F. Alternatively, one
could directly work over C,, = F as in [Gilles 2023] to avoid complications arising from Frobenius on Xj.
In the latter case, our proofs can be adapted to obtain Theorem 1.5 for S = R@OF Oc, (with truncation in
degrees <r—s—1).

Remark 1.9. The case p = 2 is different from p > 3 as, for p = 2, the constant N in Theorem 1.5 also
depends on the relative dimension of R/Op; see [Colmez and Niziot 2017, Lemma 3.11].

Next, using the fundamental exact sequence in p-adic Hodge theory (2-2), one can define a local
Fontaine—Messing period map for 7 as in Theorem 1.5; see Section 6.7. Then, we show the following.

Laz

Theorem 1.10 (Theorem 6.19). The period map &, ¢ is pN'"-“"-equal to %" from Theorem 1.5.

1.4. Fontaine—Laffaille modules and p-adic nearby cycles. In this subsection, we will specialise
Theorem 1.5 to the case of global relative Fontaine—Laffaille modules introduced by Faltings [1989,
§1I]. Let R denote the p-adic completion of an étale algebra over Of[X ftl, e, Xdil] with nonempty
geometrically integral special fibre; see Section 2.1 for details. Note that Theorem 1.5 and Corollary 1.6
are true in this setting as well. In [Abhinandan 2025, §5], we considered the category MF[o ] frec (R, ®, 9)
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of free relative Fontaine—Laffaille modules of level [0, s] (see Remark 3.26 (i)) as a full subcategory
of S)ﬁ&'[VO’ s](R) in [Faltings 1989, §II]. To any M in MFg ] free (R, ®, 0), one can functorially attach a
representation T¢is(M) in Repzp,free(G Rr), which admits a Wach module N (T') (see [Abhinandan 2025,
Theorem 5.4]) and satisfies Assumption 5.1 (see Example 5.2 (iii)). Next, let X be a smooth (p-adic formal)
scheme defined over Of and cover it by affine (p-adic formal) schemes {4;};c;, where, for all i € I, we
have 4{; = Spec A; (Ll; = Spf A;) such that its p-adic completion Ai is an étale algebra as above; we also
fix compatible Frobenius lifts ¢; : A,- — A,-. Take MFj s} frec (X, ®, 0) to be the category of finite locally
free filtered Ox-modules M equipped with a quasinilpotent integrable connection satisfying Griffiths
transversality such that there exists a covering {{l;};c; of X as above with My, € MFo, s]’free(AAi, d, 9)
for all i € I; see Section 8.1.

To state the main global result, let X be a smooth (p-adic formal) scheme defined over Of (for X a
scheme, assume that it is proper or an open subscheme of a proper semistable scheme defined over Op).
Let M be an object of MFjg 7 free (X, @, 9) with 0 < s < p — 2 (for X an open scheme, further assume
that M extends to the compactification of X, see Remark 8.4). Let L denote the associated Z,-local
system on the (rigid) generic fibre X of X. Then, we show the following:

Theorem 1.11 (Theorem 8.8). Forr > s+ 1and 0 < k <r —s — 1, the Fontaine-Messing period map
afty s HE (S (M, 1)) = PRE L p" ()
is a p"-isomorphism, where N = N (p, r, s) € N depends on p, r and s but not on X or n.

The proof of Theorem 1.11 proceeds by reducing to the local setting, whence we may directly apply
Theorem 1.5.

Remark 1.12. In personal communications with Takeshi Tsuji, I learned that, in some unpublished work,
he obtained similar results over F and large enough p. However, our respective approaches are different
and this article includes more general local results and the arithmetic case as well.

Remark 1.13. Note that, from [Bhatt et al. 2019, §10], we have a prismatic syntomic complex and it is
known to compute p-adic nearby cycles in the case of constant coefficients. Using the results of [Morrow
and Tsuji 2020] on coefficients in integral p-adic Hodge theory and prismatic cohomology, it should be
possible to obtain an integral version of our results (in the geometric case, i.e., over F). Moreover, using
the theory of analytic prismatic F-crystals on the absolute prismatic site from [Du et al. 2024; Guo and
Reinecke 2024], we should be able to generalise those results to the arithmetic case as well. We will
report on these ideas in the future.

1.5. Outline of the paper. Sections 2—-6 comprise the local part of the paper, while Sections 7 and 8
consist of global applications. In Section 2.1 we describe our local setup, notation and some conventions.
In Sections 2.2-2.4 we quickly recall basics of period rings, crystalline representations and relative étale
(¢, I')-modules. Section 2.5 introduces “good” crystalline coordinates, and we define certain rings of
analytic functions convergent on some annulus following [Colmez and Niziot 2017, §2]; these rings are
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denoted as R for x» € {+, PD, [u], [u, v], (0, v]+}, where we can take u = p/(p —1) andv=p — 1.
In Section 2.6, we equip these rings with a Frobenius endomorphism and, in Section 2.7, we consider
their Frobenius-equivariant “cyclotomic” embedding tcycl into period rings and define A%  as the image
of R}, under tcyc1. The latter enables us to relate differential operators on the ring Rg’”] to the infinitesimal
action of I'y := Gal(Rx[1/p]/S[1/p]) on its “cyclotomic” image, i.e., A%”’g. Finally, in Section 2.8, we
introduce certain big period rings, in particular E}  and E %, we study a natural filtration on the scalar
extension of M to these rings and we prove a version of the filtered Poincaré lemma. The latter, together
with the results of Section 3.3, are key ingredients in relating syntomic complexes with coefficients
in M to Koszul complexes with coefficients in N (7). The motivation for our approach comes from the
computations of [Colmez and Niziot 2017, §2.6].

In Sections 3.1 and 3.2, we recall the notion of finite-height representations and their relationship to
crystalline representations from [Abhinandan 2025], as well as prove some useful technical lemmas. In
Section 3.3, we study a filtration on scalar extensions of Wach modules and prove another filtered Poincaré
lemma. The local theory of relative Fontaine—Laffaille modules is recalled in Section 3.4. Section 4
recalls the definition of Koszul complexes computing continuous I"g-cohomology (see Section 4.2) and
Lie I's-cohomology (see Section 4.3).

In Section 5, we formulate our main local result, Theorem 1.5, and carry out the local syntomic
computations for its proof. The aim of Section 6 is to carry out the (¢, I')-module side computations for
the proof of Theorem 1.5. To explain the content of these two sections to the reader, we introduce the
following commutative diagram of complexes (see the discussion after Theorem 6.19 for a more complete
picture and explanations), where all isomorphisms are p-power quasi-isomorphisms; i.e., the kernel and
the cokernel of the induced map on cohomology are killed by a fixed bounded power of p.

Ky (F"MEP) —— Cg(Kyo(F7 ATP)) 22— Co (K, (F" APP?)) — Ci (K (F' T Acris))

e zAFEs
Ky o (F" MLVl Co(T(r))
| PL E/\AS
Ky g0, (F" AL Co(Ky(T Ag(r)))
T 1
Ky o, (F7 NLoY) Cr(Ky(Dg.. ()
ol 1
Kg.Lier (F" NJovT) Cr(Ky(Dw (1))
1, 1

Ko Lier (NIU(r) < Ko r(N2(r) 4 Kpr (NG () — Ky 1 (Der ().



24 Abhinandan
In the diagram, we set

My, =Ry, ®rM, Np =A%, @4 N(T), Ny()=Ag, ®u NT 1),
AP =ERP @r M, AP = (A0 A= ER @k M, TAdis = Aais(R) @2, T

Moreover, using the rings from the theory of (¢, I')-modules (see Section 2.4), we set
T Al = A%”v] ®z, T, TAR(r)=Az®z,T(r), Dg(r)=Ars®4:NT(r))

(see Section 2.7 for AR ), and Dg_ (r) = AR, ® 4y ,, Dw (r). Furthermore, we have G =Gs and I' =T,
with Cg and Cr denoting the complex of continuous cochains for G and I', respectively. The letter “K”
denotes the Koszul complex with subscripts; d denotes the operators ((1 4+ Xo)d/9Xo, ..., X40/0Xy);
the subscript I' denotes the operators (yp — 1, ..., ¥4 — 1) for our choice of topological generators
of I'; the subscript Lie I' denotes the operators (Vy, ..., Vq), with V; = log y;; and the subscript d4
denotes ((1+Xo)9/0Xo, X10/0X1, ..., X470/0Xy) as operators on AE,?’U] and E%””] via the isomorphism
Leyel : RUGVE =5 A[Ig’";]. The letter “A” denotes a certain subcomplex of the Koszul complex; see Sections
6.2-6.5.

Let us now describe the maps in the diagram. FES denotes a map coming from the fundamental exact
sequences in (2-2) and (2-5). AS denotes a map originating from the Artin—Schreier theory in (2-4).
PL denotes the maps coming from the filtered Poincaré lemma of Section 2.8. In the first column, the
map from the first to the second row is induced by the inclusion RFP c RU“YI (the p-power quasi-
isomorphism is shown by using the operator iy — the left inverse of ¢ — and p-power acyclicity of the
Y = 0 eigencomplexes similar to [Colmez and Niziot 2017, §3], see Sections 5.3 and 5.4); the maps from
the second to the third row and from the fourth to the third row are applications of the filtered Poincaré
lemma (see Sections 5.5 and 5.6, in particular Proposition 5.28); the map from the fourth to the fifth row is
given by multiplication by suitable powers of ¢, exploiting the relation d9; = (log y;)/t, and the map from
the sixth to the fifth row is multiplication by #” (see Section 6.2). In the fourth column, the map from the
fourth to the third row is the inflation map from I'y to G using the inclusion Ag C Az (one could use
almost étale descent to obtain the quasi-isomorphism); the map from the fifth to the fourth row uses the
inclusion Ag » C Ag,, (the quasi-isomorphism is obtained by decompletion techniques); the map from
the sixth to the fifth row is the comparison between the complex computing the continuous cohomology
of I's and the Koszul complex as in Section 4.2. The top two maps from the first to the second column are
induced by the respective inclusions REP E?D and RVl Eg“’v]. The bottom map Laz between the
first and the second column is the Lazard isomorphism discussed in Section 6.3. The bottom map from the
third to the second column is induced canonically from the inclusion Agg;;“ C A[Ig”;] (see Section 6.4).
From the third to the fourth column, the top horizontal map is induced similar to (6-11) and the bottom
horizontal map is induced by the inclusion AE?”;]JF C AR o (the p-power quasi-isomorphism is proven
by using the operator {» — the left inverse of ¢ —and p-power acyclicity of the {» = 0 eigencomplexes, a
standard technique in the theory of (¢, I')-modules, see Sections 6.5 and 6.6).
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Composition of the left vertical, bottom horizontal and right vertical arrows produces the p-power

quasi-isomorphism «*% of Theorem 1.5; composition of the top horizontal arrows gives the p-adic

FM

version of the map &, ¢

of Theorem 1.10. The proof of Theorem 1.5 follows from the discussion above,
and the proof of Theorem 1.10 is the content of Section 6.7.

In Section 7 we describe our global setup and define the syntomic complex with coefficients globally.
In Sections 8.1 and 8.2, we describe global relative Fontaine—Laffaille modules and the global Fontaine—
Messing period map as in [Tsuji 1996, §5; 1999, §3.1]. Finally, in Section 8.3, we state and prove
Theorem 1.11 by first reducing the problem to the local setting via cohomological descent [Tsuji 1996;
1999] and then to the computation of Galois cohomology by a K (7, 1)-lemma [Scholze 2013], whence

the claim follows from Corollary 1.6.

Notation. Let f: C; — C, be a morphism of complexes. The mapping cone of f is the complex Cone( f)
whose degree n part is given as C;’H @® C7 and the differential is given by

d(cy, ¢2) = (—=d(c1), d(c2) — f(c1)).
Furthermore, we denote the mapping fibre of f by
[C1 &> €3] := Cone(f)[—11.

‘We also set

C] —f> Cz
l l =[IC) L Ca] = [C3 % Cil.
Cs L Cy

In other words, this amounts to taking the total complex of the associated double complex.

2. Relative p-adic Hodge theory

In this section, we will recall some constructions and results in local relative p-adic Hodge theory from
[Andreatta 2006; Andreatta and Brinon 2008; Brinon 2008] and describe some properties of the objects
to be considered in Sections 3-6.

2.1. Setup and notation. Let p > 3 be a fixed prime and « a perfect field of characteristic p, and set
Or := W (k) the ring of p-typical Witt vectors with coefficients in k¥ and F := Op[1/p]. Let F be a fixed
algebraic closure of F, so that its residue field « is an algebraic closure of «, and set G := Gal(F /F).

Convention. We will work under the convention that O € N, the set of natural numbers.
Let Z = (Zy, ..., Z,) denote a set of indeterminates and, for k = (kq, ..., k;) € N* a multi-index, we

will write Z* := Z]fl e Zfs. For a topological algebra A, we set

AZ) = : > azk ‘ak € A and p-adically ax — O as |k| = Y ki — —l—oo}.
keNs
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Assumption 2.1. Fix d e N and X = (X1, X5, ..., X4) a set of indeterminates. Let R be the p-adic
completion of an étale algebra over Of{X, X!} with nonempty geometrically integral special fibre. In
particular, we assume that R = Op{X, XYz.,..., Zs}/(01, ..., Qy), where Q;(Zy, ..., Z;) is in
Or{X, X YZ,...,Z] for 1 <i <s are multivariate polynomials such that det(0Q;/3Z )<, j<s 18
invertible in R.

Fix an algebraic closure Fr(R) of Fr(R) containing F. Let R denote the union of finite R-subalgebras
S C Fr(R) such that S[1/p] is étale over R[1/p]. Let n denote a geometric point of the generic fibre
Sp(R[1/p]) (corresponding to Fr(R)), and let

Gr = (Sp(R[1/p]), 1) = Gal(R[1/p]/RI[1/p))

denote the étale fundamental group.
Forn e N, let F,, := F(u,n). Fix some m € N> and set K := F),, with ring of integers Ok. The
element @ = {,m — 1 in Ok is a uniformiser of K and its minimal polynomial

1+x)P" =1

Pr (X) ::m

is an Eisenstein polynomial in Or[X] of degree e :=[K : F] = p’"_1 (p —1). Moreover,
S = R[w] = Og ®0, R

is totally ramified over the prime (p) C R. Observe that we have Galois groups Gx <Gr and Gg<Gg
such that Ggr/Gs = Gr/Gg = Gal(K/F). Moreover, R and R[w ] are small algebras in the sense of
[Faltings 1988, §II 1(a)].

For k e N, let Q];e denote the p-adic completion of the module of k-differentials of R relative to Z. Then,
we have QL = @id:l Rdlog X; and QK = /\’fe QL. More explicitly, for 1 <i <d, letus set &; := X;d /dX;
as an operator on R. Then, for any f in R, its differential can be written as df = Zflzl 9;(f)dlog X;
in Q}Q. Furthermore, note that R/pR = S/w S is an isomorphism and, for any n € N, R/p"R is a
smooth Z/p"Z-algebra. Finally, we fix a lift ¢ : R — R of the absolute Frobenius x — x? over R/pR
such that ¢(X;) = Xip for 1 <i <d.

Note that, to carry out some computations in later sections, we will need to extend our base field (hence
the base ring) by adjoining a p-power root of unity (see K and S = R[w] above). As a consequence,
we will also require period rings defined for such rings. However, we will only recall the results by
fixing our base as R, because the period rings that we consider will only depend on R and we have
S = R C Fr(R) = Fr(S); see [Andreatta 2006; Andreatta and Brinon 2008; Brinon 2008] for general
constructions.

Convention. Let A be aring and / C A an ideal. An A-module M is said to be /-adically complete if
M = lim, M/I"M is an isomorphism.

Notation. Let A be a Z-algebra. A morphism f: M — N of two A-modules is called a p"-isomorphism
for some n € N if the kernel and cokernel of f are killed by p”".
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2.2. Period rings. Let C, denote the p-adic completion of F. We recall that R is the union of finite
R-subalgebras S C Fr(R) = Fr(R[w]) such that S[1/p] is étale over R[1/p]. Let Ct(R) denote the
p-adic completion of R, and let C(R) = C*(R)[1/p]. We define the tilt of CT(R) as

CH(R) := lim CY(R)/p = lim R/p

and equip it with the inverse limit topology (where we equip R/p with the discrete topology), and
let C(R)” := CT(R)’[1/p"] for p’ := (p, p!/P, p'/P*,...) € C*(R)" equipped with the coarsest ring
topology such that C*(R)" is an open subring. These rings admit a continuous action of G.

Let us fix ¢ := (1,8, {2, ...) in C?, and Xl.b = (X;, Xl.l/p, Xil/pz, ...)in CH(R)’ for 1 <i <d. Set
Aint(R) := W(Ct(R)"), the ring of p-typical Witt vectors with coefficients in C* (R)". The absolute
Frobenius on C*(R)” lifts to an endomorphism ¢ : Ainf(R) = Ainf(R), and the G g-action extends to
a continuous (for the weak topology, see [Andreatta and lovita 2008, §2.10]) action on Aine(R). For
X € C+(§)b, let [x] = (x,0,0,...) in Ainf(ﬁ) denote its Teichmiiller representative. So we have [¢]
in Ajr(R) with ¢([e]) = [€]” and g[e] = [¢]*® for gin Gg and x : Gr — Z3 the p-adic cyclotomic
character. Furthermore, let 7 :=[e] — 1, 7} := go_] (7) =[¢"/P]—1 and & :=m/m;. Clearly, we have
that g(r) = (1 +7)*® — 1 for g € Gg and () = (1 +7)? — 1.

We will use the de Rham period rings B (R) and Bar(R) defined in [Brinon 2008, Chapitre 5] and
[Abhinandan 2025, §2.1]. These are F-algebras equipped with a natural action of Gg and a G g-stable

filtration. We have that
k1

k+1

t :=logle] =log(1+m) = > (=1
keN

converges in B(E(I?) and the action on ¢ of any g in G can be described by the formula g(#) = x (g)t.
Moreover, we will use fat period rings OB;%(E) and OBgr(R) defined in [Brinon 2008, Chapitre 5] and
[Abhinandan 2025, §2.1]. These are R[1/p]-algebras equipped with a natural action of G, a G g-stable
filtration and a G r-equivariant connection satisfying Griffiths transversality with respect to the filtration.
Furthermore, we have

(OBL(R)*= =B (R), (OBR(R)"™=Bsr(R) and (OBaw(R))“* =R[1/p].

We will also use the crystalline period rings Acis(R), B (R) and Bgis(R), from [Brinon 2008,

cris
Chapitre 6] and [Abhinandan 2025, §2.2], as subrings of Bar(R). The ring Agis(R) is an O r-algebra and
B+

cris
filtration (induced from the filtration on Bgr(R)) and a G g-equivariant Frobenius endomorphism ¢.

(R) and Bgs(R) are F-algebras. These rings are equipped with a natural action of G, a G g-stable

Note that ¢ converges in Acris(R) and @(t) = pt. Moreover, we will use fat period rings OAgis(R),
OBY. (R) and OB;s(R), defined in [Brinon 2008, Chapitre 6] and [Abhinandan 2025, §2.2], as subrings

cris

of OB4r(R). The ring OAis(R) is an R-algebra and OB/, (R) and OB.s(R) are R[1/p]-algebras.

These rings are equipped with a natural action of G, a G g-stable induced filtration (from OB4r(R)), a
G g-equivariant Frobenius endomorphism ¢ and a G g-equivariant induced connection (from OB (R))
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satisfying Griffiths transversality with respect to the filtration and commuting with ¢. Taking the horizontal
sections for the connection, we get

(OAuis(R)?™0 = Auis(R),  (OBL (R)*=° =Bl (R) and (OBis(R))*=" = Beis(R),

cris cris
and by taking G g-invariants we get

(OAuis(RN* =R and (OBY (R)®* = (OBe:is(R))°* = R[1/p).

cris

2.2.1. Fundamental exact sequence. From the Artin—Schrier theory in [Andreatta and Iovita 2008, §8.1.1],
we have an exact sequence

0— Z, — Apni(R) =% Aini(R) — 0. Q-1

Let r € N, write r = (p — )a(r) + b(r), with 0 < b(r) < p— 1, and set Z,(r) = Zp(r)/p“(r). From
[Tsuji 1999, Theorem A3.26] and [Colmez and Niziot 2017, Lemma 2.23], we have a p”-exact sequence
called the fundamental exact sequence in p-adic Hodge theory:

0— Z,(r) — Fil” Agis(R) P05 A (R) = 0. (2-2)

2.3. p-adic Galois representations. For the ring B = OBg4r(R) and O Bis(R), we consider B-admissible
p-adic representations in the sense of [Brinon 2008, Chapitre 8] and [Abhinandan 2025, §2.3]. We
note that (’)BdR(R) is a Gg-regular R[1/p]-algebra. Let V be a p-adic representation of G, and
set ODgr(V) := (OBar(R) ®q, V)°*. We say that V is de Rham if it is O Bar (R)-admissible. The
R[1/p]-module ODgr(V) is equipped with a decreasing, separated and exhaustive filtration and an
integrable connection satisfying Griffiths transversality with respect to the filtration (all induced from
the corresponding structures on OBgr(R) ®q, V). Furthermore, ODgr(V) is projective over R[1/p]
and of rank < dim(V). If V is de Rham, then, for all r € Z, the R[1/p]-modules Fil" OD4r(V) and
gr" ODgr(V) are projective of finite type, and the collection of integers r; for 1 < i < dimg, (V) such
that gr™"" ODgr(V) # 0 are called the Hodge—Tate weights of V; see [Brinon 2008, §8.3]. Moreover, we
say that V is positive if and only if r; <0 for all 1 <i < dimg, (V).

Next, we note that OBs(R) is also a Gg-regular R[1/p]-algebra. Let V be a p-adic represen-
tation of Gg, and set ODis(V) := (OBesis(R) ®a, V)Gr. We will say that V is crystalline if it is
OB_is(R)-admissible. The R[1/p]-module OD.;s(V) is equipped with a Frobenius-semilinear op-
erator ¢ induced from the Frobenius on OBgis(R) ®a, V, where we consider the G g-equivariant
Frobenius on OBs(R). Moreover, the inclusion OBis(R) C OBgr(R) induces an R[1/p]-linear
inclusion OD¢s(V) C ODgr(V) (see [Brinon 2008, §8.2 and §8.3]), and we equip OD.s(V) with
(induced from ODgr(V)) filtration and connection satisfying Griffiths transversality with respect to
the filtration. Additionally, we have d¢ = @9 over OD.;s(V). The module OD;5(V) is finite pro-
jective over R[1/p] of rank < dim(V). If V is crystalline, then the R[1/p]-linear homomorphism
1®¢: R[1/p]l®g, r11/p] ODciis(V) — ODyis(V) is an isomorphism and O Di5(V) is called a filtered
(¢, 0)-module.
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24. (¢, I')-modules. In this subsection, we will briefly recall some results from the theory of relative
étale (¢, I')-modules; see [Andreatta 2006; Andreatta and Brinon 2008; Andreatta and Iovita 2008] for
details.

2.4.1. The Galois group T'g. Let F, = F(up) for n € N, and let Fo, =, F,. We take R, to be the
integral closure of R ® o, (x+1] OF, [X{fn, AU Xffn] inside ﬁ[l/p] and set Ry, := U@m R,,, noting that
Fso C Roo[1/p]. From Section 2.2 recall that C(R) = C+(E)[1/p] and C(R)" denotes its tilt. The ring
C(R)’ is perfect of characteristic p, and we set Ay := W(C(R)), the ring of p-typical Witt vectors
with coefficients in (E(R)b, and endow it with the weak topology; see [Andreatta and Iovita 2008, §2.10].
The absolute Frobenius over C(R)" lifts to an endomorphism ¢ : A g — Ag, which we again call the
Frobenius. The continuous action of G g on C(R)" extends to a continuous action on A 7 commuting with
Frobenius. The inclusion F C R [1/p] induces inclusions C?, C C(R)’ and A 7 C Ag, and the inclusion
Of C R induces inclusions Of:p C CT(R)" and Aipt(OF) C Aint(R).

The ring Rso[1/p] is Galois over R[1/p] with Galois group I'g := Gal(Rx[1/p]/R[1/p]). Consider
the Galois groups

I'r:=Gal(Fy/F) => Z;, Iy :=Gal(Rx[1/pl/FsoR[1/p]) = Zp(l)d
(see [Andreatta 2006, §2.4; Brinon 2008, p. 9]), and note that we have an exact sequence
1>Ty—>Tr—>TF— 1. (2-3)

The group I'r can be viewed as a subgroup of I'g; i.e., we can take a section of the projection map

I'= ¢x) So we can choose topological

in (2-3) such that, for y € I'r and g € I'),, we have ygy~
generators {y, i, ..., yq} of I'r such that yy = y¢, with x (yp) = exp(p™), is a topological generator
of 'y = Gal(K«/K), where Koo = F, and e = [K : F]. It follows that {y, ..., y4} are topological

generators of I' and y is a topological generator of I' . In particular, we have the isomorphism
x :Tgx =Gal(Fo/K) = 1+ p"7Z,,.

The action of these generators on the elements of C(R)", fixed in Section 2.2, is given as y(¢) = ex)
and y;(e) = e for 1 <i <d, and )/i(X?) = ngb and yi(X?) = X; fori #jand 1< j<d.

2.4.2. Etale (¢, I'r)-modules. Andreatta [2006] introduced the theory of étale (¢, I'g)-modules for
p-adic representations of Gg; see [Abhinandan 2025, §3.1] for a quick recollection. From [loc. cit.],
let us recall that we have characteristic p period rings E* ¢ E C C(R)". Let 7 denote the reduction
modulo p of m € Ajpr(OF, ). Then, the characteristic p period rings above are 7-adically complete and
equipped with a continuous G g-action. Furthermore, we have rings E; CERrC 1%20[1 /p"1, complete
for the 7-adic topology and equipped with a continuous G g-action. Moreover, we have

(CH(R)* = R, (CT(R)")H® =R,

(CR)* = R [1/p"], (ET)"* = E} and E"'* = E.

In mixed characteristic, we have period rings A* C A € W(C(R)") equipped with an induced weak
topology, an induced Frobenius endomorphism ¢ and a continuous G g-action. Furthermore, we have
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A; = AR C W(ﬁgo[l /p°1), complete for the induced weak topology and equipped with an induced
Frobenius and a continuous I"g-action. Additionally, from [Andreatta and lovita 2008], we have that
AR = Ap, (AT)Hr = A} and A/pA = E, and, from [Abhinandan 2025, Remark 3.7], we have that
At /pAT =ET.

Let D be a finitely generated A g-module equipped with a continuous (for the weak topology) and
semilinear action of I'g and a Frobenius-semilinear and I"g-equivariant endomorphism ¢.

Definition 2.2. The A g-module D is said to be étale if the linearisation of Frobenius, i.e., the natural
map 1® ¢ : Ag ®y 4, D — D, is an isomorphism.

Denote by (¢, I’ R)—Modi‘R the category of étale (¢, I'r)-modules over A with morphisms between
objects being continuous and (¢, I'g)-equivariant morphisms of A g-modules. Furthermore, denote by
Repzp (GR) the category of finitely generated Z,-modules equipped with a linear and continuous G g-
action and morphisms between objects being continuous and G g-equivariant morphisms of Z,-modules.
Let T denote a Z ,-representation of Gg; then D(T) := (A ®z, T)® is an étale (¢, I'g)-module over Ag.
Furthermore, if T is finite free over Z,, then D(T) is finite projective over Ag of rank rkz , T see
[Andreatta 2006, Theorem 7.11]. Finally, the functor

D :Repz (Gg) — (¢, T'r)-Mody,
induces an equivalence of categories; see [Andreatta 2006, Theorem 7.11].

2.4.3. Overconvergent étale (¢, I'g)-modules. In this subsection, we will quickly recall the theory of
overconvergent relative étale (¢, [')-modules from [Andreatta and Brinon 2008], which generalises the
classical results of [Cherbonnier and Colmez 1998]. Denote the natural valuation on O(bEp by v and
extend it to a map v’ : Ct(R)” — RU {400} by setting

v (x) = Ll max{n € Q| x € 7 "C*(R)’}.
p—
Letv>0,and leta € O(Ib:,, such that v°(a) = 1/v. Set

A(Ov] {ZP [x:] € Ag ‘vv (xx) +k —> +o0 whenk—>+oo}
keN

A(O ol {Zl’ L] eA(O o]

keN

VU (xk) +k > } = p-adic completion of Ainf(ﬁ)[p/[oz]].

Note that we have A(0 vl A(0 vl [1/] p"]] The G g-action on Aiy¢(R) extends to these rings and it
commutes with the 1nduced Frobemus @, where

P(AD) = A2V and A = A9

Moreover, we have that A(0 vt - B (R) and A(O vl - Bar(R) for v > 1; see [Colmez and Niziot 2017,
§2.4.2]. We use these embeddmgs to induce ﬁltratlons on A( VI and A(O vl
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Definition 2.3. Define the ring of overconvergent coefficients as AT = Uv€@>0 A@ ! Moreover, in-
side A, we set A(0 ol AR A(O "land A0V .= AN A(O vl Deﬁne

Ap=AgnAl= | AP and AT:=AnAl= ] aO".
veQ.o vel.o
The rings defined above are equipped with a topology described in [Andreatta and Brinon 2008,
§4]. We have an embedding ATR C A compatible with the weak topology on A . Furthermore, ATE is
stable under the induced Frobenius ¢ and the G g-action which commutes with ¢; see [Andreatta 2000,
Proposition 7.2]. Finally, all rings appearing above are equipped with a (¢, G g)-action (induced from A z)
and from [Andreatta and Iovita 2008, Lemma 2.11] we have

(A = ADY (AT = A, and  A}/pAl = Eg.

Define (¢, 'g)- Mod i to be the category of étale (¢, I'g)-modules over A’ similar to Definition 2.2.
LetT € Repz (GR); then DY (T):= (AT ®z, T)H® is an étale (¢, I'g)-module over AT Moreover, if T
is finite free over Z, then D(T) is finite projective over AT of rank rkz, T'. The functor

D" :Repz, (Gr) — (¢, I'r)-Mod$,
R

induces an equivalence of categories; see [Andreatta and Brinon 2008, Théoréeme 4.35]. Moreover,
extension of scalars along AJIre — Apg gives the following isomorphism of étale (¢, I'g)-modules over A g

AR®,: D' (T) = D(T).

Finally, we introduce the analytic rings to be used in Section 5. Let 0 <u <vand«, § € OC such that
v (a) =1/v and v"(B) = 1/u. We set A[”] to be the p-adic completion of Aj,s(R)[[B]/p] and A[” " to be
the p-adic completion of Ainf(R)[ p/ [a , [B1/p]. The G g-action on Aine(R) extends to these rings and
commutes with the extension of Frobenius to these rings, denoted again by ¢. For the homomorphism ¢,
we have
QD(A[E]) — A[i‘/]’] and (p(A[f'U]) — A[E/Pv”/l’].

Moreover, we have inclusions A[”] C B, (R) foru < 1 and A[” vl - B (R) for u < 1< v; see [Colmez
and Niziot 2017, §2.4.2]. We use these embeddings to mduce filtrations on A[”] and A[“ vl

2.4.4. Fundamental exact sequences. The Artin—Schreier exact sequence in (2-1) can be upgraded to the

following exact sequences (see [Andreatta and Iovita 2008, §8.1; Colmez and Niziot 2017, Lemma 2.23]):

0> 27, Az ~—% Az —0, oy
_ (2-4)
O—>Zp—>A%)’"]+1—w>Ag’v/p]+—>O for v > 0.

Furthermore, for 0 < u < 1 < v, the p”-exact sequence in (2-2) can be upgraded to a p* -exact sequence
(see [Colmez and Niziot 2017, Lemma 2.23]):

0 Z,,(r) — Fil AT 220, glev/vl 2-5)



32 Abhinandan

2.4.5. The operator . Let us define a left inverse ¥ of the Frobenius operator ¢ on the ring A. From
[Andreatta and Brinon 2008, Corollaire 4.10], note that the A-module ¢~!(A) is free with a basis
given as uy/p, = (1 + n)“O/p[X?]“l/p e [XZ]"‘d/p, where o = (ag, ..., ag) is a (d + 1)-tuple with
a;€{0,1,..., p—1} foreach 0 <i < d (to get this statement from [loc. cit.], one should replace (p‘l (A)
by A there and take the p-th root of the basis elements). Define an operator (a left inverse of ¢) denoted
by ¥ : A — A and given by the formula

1

X = W OTr(pfl(A)/A o<p71(x).

Proposition 2.4 [Andreatta and Brinon 2008, §4.8]. Let x € A, and write gofl (x) = Za XqlUg/p. Then we
have yr (x) = xg. Moreover, for the operator \r, we have o ¢ = id. Furthermore, y commutes with the
action of Gg, W (AT) C A and ¥ (AT) C AT,

2.5. Crystalline coordinates. Here we introduce good “crystalline” coordinates; see [Abhinandan 2025,
§3.2]. Let r;{, = Or[[Xoll and rpy = OF[[XO]]{XO_1 }. Sending X to @ = {,» — 1 induces a surjective ring
homomorphism > — O, whose kernel is generated by a degree e = [K : F]= p™~!(p — 1) Eisenstein
polynomial P, = P, (Xp). Let R;D denote the completion of Or[Xy, X, X! for the (p, Xp)-adic
topology. Sending X to z induces a surjective ring homomorphism R;D — Og{X, X~'}, whose kernel
is again generated by P, . Recall that R is étale over Or{X, X'} and we have multivariate polynomials
0i(Zy,...,Zy) € Op{X, X" Y[Z,, ..., Z] for 1 <i <s such that det(0Q;/0Z;) is invertible in R. Set
R} to be the quotient of the (p, Xo)-adic completion of R;_;’D[Z], ..., Zs] by the ideal (Q1, ..., Oy).
Again, we have that det(dQ;/9Z;) is invertible in R}, (since R < R). Hence R}, is étale over R;,D
and smooth over Of. Sending X to @ induces a surjective ring homomorphism R} — R[w], whose
kernel is again generated by P . Since P, = X{; mod p, we have

RI[PE /keen = REIXE/[k /el Tken

Set R;D to be the p-adic completion of R;;[Pzif,/k!]keN.
Recall that Q}e denotes the p-adic completion of the module of differentials of R relative to Z, and we

have
d k
Qr=EPRdlogX; and Q= /\ Q.
i=1 R

Moreover, since R is étale over R} -, for S = R} . or Rf, we have
d
dXy
@ Sdlog X; ).
1+ Xo (lej ¢ l)
aes ©O,v]+ _adi ; + 1 plvk/el / yk
Definition 2.5. For 0 < u < v, define R, to be the p-adic completion of R [p / Xplken and set

ROV .= ROUM[1/X,]. Furthermore, define R to be the p-adic completion of R [X§/plk/e}] e,
define Rg"”] to be the p-adic completion of R} [Xg/pL“k/eJ, pr”k/‘ﬂ/Xg]keN and set R, as the p-adic

Q=S
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completion of R;{,[I/Xo]. We will write R forxe{ ,+,PD, [u], (0, v+, [u, v]} and, for the arithmetic
case, i.e., R = Op, we will write r} instead. Going from R;l; to R only involves the arithmetic
variable Xy, so we have R; =r7 ®r;, R}, where ® denotes the p-adic completion of the usual tensor
product.

Remark 2.6. Unless otherwise stated, we will assume (p —1)/p <u <v/p <1 < v < p: for example,
wecantakeu =(p—1)/pandv=p—1.

Definition 2.7. Define a filtration on the rings in Definition 2.5 as follows:

(i) Let S = RO (v < 1), R2" (v < 1), R (1 & [u, v]) or Ryy. As P, is invertible in S[1/p],
we put the trivial filtration on S.

(i1) Let S be the placeholder for all the remaining rings in Definition 2.5; in particular, we have that Py,
is not invertible in S[1/p]. Then, there is a natural embedding

S — Rl[w, 1/pllPx»1 = Rlw, 1/pllXo— o 1,

obtained by completing S[1/p] for the P -adic topology and where we note that P, and Xo — @
generate the same ideal in R[w, 1/p][[P»]l. We use this embedding to endow S with a natural
filtration Fil* S := SN PX R[w, 1/p]l[ Pyl for all k € Z.

Remark 2.8. Let us describe the filtration on the rings of Definition 2.7 (ii) more concretely. Note
that Fil* § = § for k < 0. For any k € N, the ideal Fil* R®® ¢ RPP is topologically generated by the
elements P /n! forn > k; i.e., Filk RFD is the closure of the ideal generated by such elements. Similarly,
. 1k . . . .
the ideal Fil* RI“! ¢ RI“! is topologically generated by the elements P! /p'™! for n > k. Using this
description, an easy computation shows that Fil* R%] C (Py/p)k Rg”]. On the other hand, we have
that Fil® Ré—?’vH = PZ‘U RQ’UH. By definition, note that RE,”’”J = Rg] + Rz(z(,)’UH, so we get that the ideal
1k . . -1k 1k p0,v]+
Fil* RV ¢ Rlu-v] ig topologically generated by (Fil* R“! 4 Fil* R ") RL-v,

The following claim easily follows from Remark 2.8.

Lemma 2.9 [Colmez and Niziot 2017, Lemma 2.6]. For any k € N and f € RY), we can write f = fi+ f>
with fi € Fil* R and f, e (1/p* ) RF.

2.6. Cyclotomic Frobenius. In this subsection, we will define a (cyclotomic) Frobenius endomorphism
and its left inverse on the rings studied in the previous section; see [Abhinandan 2025, §3.3].

Definition 2.10. Over R;D, define the (cyclotomic) Frobenius as a lift of the absolute Frobenius modulo p,
denoted by ¢ : R;D — R;;D and sending Xg — (1+ X¢)” — 1 and X; > X{’ for 1 <i <d. Clearly, we
have that ¢(x) — x? is in pR;D for any x in R;D. Using [Colmez and Niziot 2017, Proposition 2.1],
the Frobenius extends to an endomorphism ¢ : R;> — R} . Finally, by continuity, the Frobenius admits
unique extensions

RFP — RPD Rl Rlul - ROV gOv/pI Rluwl _ RI/PL and Ry — Ry
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Recall that

rl[;‘] = {Zakpu‘”/eJXé ar € Op goesto 0 asi — +oo}.
keN

Denote by vy, : rz[z’;] — N U {400} the valuation relative to Xo; i.e., if f =) bi XK, then

vx,(f) = inf{k € N| by # 0}.
For N € N, we set
rily =A{f €l vk, (f) = N}

and define RZ?N to be the topological closure of rz[;’]N ®,+ Rf C R,
Lemma 2.11. Let s € Z and N € N3 | such that N > se/u(p — 1); then 1 — p~*¢ is bijective on RE'”’]N.

Proof. The claim follows from [Colmez and Niziot 2017, Lemma 3.1], where, by explicit computations,

—ks

one shows that p (pk(RZ?N) C p"(k)RE'”?N, where n (k) depends on k and goes to 400 as k — +00. So

it follows that the series of operators ), p~ ks ¢k converge as an inverse to 1 — p~*¢ on Rg” N (Il

2.6.1. The operator . Setuy :=(1+ XO)“OX‘IX' - -ng, where o« = (o, . . ., &g) is a (d + 1)-tuple with
a; €{0,..., p—1} for each 0 <i < d. Over the ring R,, we have Op-linear differential operators
do= (14 Xg)d/d Xy and 0; = X;d/d X; for 1 <i < d. Therefore, for 0 <i < d, we have that 0;u, = o;uy
and @ (ug) = ub.

Lemma 2.12 [Colmez and Niziot 2017, Proposition 2.15]. Any x in R, /p can be uniquely written as
X = Za ca(x), with 0; o cq (x) = atjcy (x) for 0 < i < d. Moreover, there exists a unique X, in Ry /p such
that co(x) = xkuy. Furthermore, if x is in R}/ p, then c,(x) belongs to R}, / p.

Proposition 2.13. Any x in Ry can be uniquely written as x = ), co(x), With c4(x) in ¢(Ry)g.
Moreover, if x is in R;_; with ¢, (x) = @(x4) Uy, then cy (x) belongs to R;f Sforall a, and 0;cy (x) —atjcy (x)
belongs to pR}, for 0 <i <d. Finally, if x is in RZ(I(,)’UH, then cy(x) is in RZ(Z(,)’U]+ for all a.

Proof. The first two claims follow from Lemma 2.12 and the last from [Colmez and Niziot 2017,
Proposition 2.15]. U

Definition 2.14. Define the left inverse v of the Frobenius ¢ on § = R or § = R, by the formula
V¥ (x) = ¢ (co(x)). Since R is an extension of degree derl of ¢(R4 ), with basis the u,, and since
¢(ug) = uk for all , we have that Trr, jo(Ry)(Ua) =0 if @ # 0, and we can define v intrinsically as

I _
YU(x):= W<,o 1 o0 TrR, /o(Ry) (X)-

The operator v defined above is closely related to the operator defined in Proposition 2.4 (also denoted
by ¥; the relation will become clear in Section 2.7). Note that ¢ is not a ring morphism; it is a left
inverse to ¢ and, more generally, we have {(p(x)y) = x¥(y). Also, we have 0; o ¢ = pp o 0; and
;o =p "od;fori=0,1,...,d. Indeed, the first equality can be obtained by checking on the basis
elements u, and the second equality is obtained by an easy computation using Proposition 2.13.
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For any k € N, we can write Xk = Zf;é p(aji)(l +X¢)/ for some ajiin R} . Therefore, by continuity,
we obtain the following.

Lemma 2.15. (i) The definition of  extends to surjective maps
0,v]+ 0, pvl+ . :
ROV 5 ROpolt  Rlul _ RIPUT g RULVI 5 RlPU-PVI

(ii) For the same reasons, the maps x +— cq (x) also extend and lead to decompositions S = @, Sa, where
Sa =SN@(Ry)ug for S =Ry, withxe{ ,+,[ul, (0, v]+, [u, v]}. Since ¥ (x) = o (co(x)), we
have that SV=° = @a#o A\

Lemma 2.16. Let S = R}, forxe{ ,+,[ul, (0, v]+, [u, v]}. Then, for 0 <i < d, the operator 9; on
Sa/pSy, is given by multiplication by a;, where «; is the i-th entry in o = (a, . .., Qg).

Proof. If x € { , +}, then the claim was already shown in Proposition 2.13. For x € {[u], (0, v]+, [u, v]},
the elements of S}, are those of the form ), ez P ngk, where x; € ST goes to 0 when k — +o00 and r¢

X = Z p’kXSxk.
keZ

is determined by “x”. Let

Then, note that, for 1 <i < d, we have that E)i(X’O‘ak) — ociXIO‘ak = X’(j(ai (ay) — a;ay) belongs to pS™ by
Proposition 2.13. Therefore, the claim follows forall 1 <i <d and xe{ , 4+, [u], (0, v]+, [u, v]}. Next,
we will look at the case of i = 0. We first assume that x is in S and write

p—1
X = Z P xy Z(p(aj,k)(l + Xo)/  for some aji € St.
keN j=0

Then,

Jj=0 keN

where ap — j denotes its value modulo p. Since 9o(C(uy—j,ay,....a0) (Xk)) — (@0 — J)Clag—j,ar,....aq) (Xk)
belongs to pS* and 8y o ¢ = pg o dy, we get the desired conclusion for i = 0 and x in S1*!. Next, assume
that x is in S+ and, using the result for S, we get that d(x) — apx belongs to pS NSO+ = pgOvI+,
Finally, by combining the results for S™! and S©V1*, we get the conclusion for any x in S™*l. This
allows us to conclude. O

Proposition 2.17. Assume that v < p.
(i) Let x € RY~", then Xk (x) = v (p(Xo)kx) forallk € Z.
(i) v (X, "N RSPy € XgN RSV forall N e N.
(iii) The natural map @, .o (RS "ug — (RGP7)V=0 is an isomorphism.

Proof. The claim in (i) follows from an elementary computation. Claims (ii) and (iii) follow from [Colmez
and Niziot 2017, Proposition 2.16]. ]
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2.7. Cyclotomic embedding. In this subsection, we will describe the relationships between period rings
discussed in Sections 2.2 and 2.4 as well as the ring R}, where x € { , +, PD}. Define a morphism
of rings eyl : R;D — Aint(R) by sending X¢ +— m,, = ¢ " () and X; — [X?] for 1 <i <d. The
map tcycl admits a unique extension to an embedding R;lfr — Ajn(R) such that 6 o Leyel 18 the projection
R:{, —» R[w]; see [Abhinandan 2025, Lemma 3.12]. This embedding commutes with the respective
Frobenii; i.€., teyel © ¢ = @ 0 Leyel. By continuity, the morphism (cyc; extends to embeddings

o 0,v]+ ,
RIP C Ai(R), R c Al ROV AD RU c A and R, C A

Denote by A% . the image of R under (cyc1. These rings are stable under the action of Gg and
the action factors through I'g; we equip these rings with the induced action of I'k. Moreover, for
* € {+, PD, [u], [u, v], (0, v]+}, we equip A;Q,w with a filtration using Definition 2.7 and tcycy. It is easy
to see that, for u < 1 < v, the filtration on A% - coincides with the filtration induced via the embedding
A}’w C B&(E), where we consider the natural filtration on Bg}(ﬁ); see Section 2.2. From [Colmez
and Niziot 2017, §2.4.2], note that we have (¢, I'g)-equivariant inclusions Ay | A% < A% for
uzl1l/(p—1andu <1/p.

Note that the preceding discussion works well for R[z ], where @ = {,m — 1 with m > 1. For R,
one can repeat the constructions above to obtain the period ring AJIE C A}F’m (see [Abhinandan 2025,
§3.3.2]) equipped with an induced filtration Fil* A} = A} NFil* A}, = %A}, (see [Abhinandan 2025,
Lemma 3.17]). We recall the following.

Lemma 2.18 [Abhinandan 2025, Lemma 3.14]. The element t /7 is a unit in
A, C ATD, C AL, C Al
Lemma 2.19. For k € Z and x € {+, PD, [u], [u, v]}, we have
Fil* A} , Nw A%, =7 Fil*"' A%
as submodules of A% .
Proof. Let
A=A%, and B=R[w,1/pllPs]=Rlw,1/pllXo—=]

(see Definition 2.7 for the latter ring), where @ = ¢,» — 1. Using the inverse of the isomorphism
leyel - Ry, —> A% = A, we may regard A as a subring of B. Now, we will prove the claim by induction
on k. Note that the claim is trivial for k < 0 and, for k = 1, we have that FilK AN7A = 7 A. So, let
k € N>, and assume that the claim is true for k — 1; i.e., Fil* "' ANz A = 7 Fil*=2 A. Now, note that

FiIK ANgA=FilFANFiIF'An7mA=Fil* ANnFilF2A.

In particular, to get the claim, it is enough to show that Fil* A N7 Fil*=2 A = 7 Fil*"! A. Let x be an
element of Fil* A N7 Fil*=2 A, and write x = 7y for some y in Fil*~? A. From the description of the
filtration on A in Definition 2.7, it follows that we can write x = £%x” and y = &2y for some x’ and y’
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in B (note that t¢ye| (P ) = &). Since B is §-torsion free and w = &y, we get that &x'=my’ in B. But
we have

m=0+m)" = 1=Gn—w+m)? 1= n—o)z+,—1

m—1
;,’m (note that 77, = tcyc1(Xo)). Moreover, from Definition 2.7, recall that &

and m, — @ generate the same ideal in B. Therefore, we obtain that ({, — 1)y’ = &x’ — (m,, — @)z’

for some zin B and ¢, =¢

is an element of £B. As ({, — 1) is a unit in B, it follows that we have y’ = £y” for some y” in B. So,
we can write y = £¥72y’ = £k-1” and see that it belongs to &¥"'B N A = Fil*"! A. Hence x =y
is an element of 7 Fil*"! A; in particular, Fil* ANz Fil*"2 A c 7 Fil*"' A. The other inclusion, i.e.,
7 FilF"' A C Fil* ANz Fil*=2 4, is obvious. O

Lemma 2.20 [Colmez and Niziot 2017, Lemma 2.35]. If v < p, then the following hold.:

m—

_ 1
(i) The element 7w,," 7 is a unit in Ag),’Z;]Jr'
_ m—1 _ m—2
(ii) In A" the element p is divisible by my """ /") and hence also by m,! ™
(iii) Let v=p—1. Then 7" 7 is a unit in A2/ and p/m € AL/,

Next, we prove some claims for the action of I'g.

Lemma 2.21. Let k € N, and note that, for x € {4+, PD, [u]} andi € {0, 1, ..., d}, we have
(i = D" 7l VAR, C (" 7)) A

Proof. Let i =0, and note that we have (yy — 1), = wx for some x € A}F’w. Since 7 = (1 +m,,)"" —1,
we get that (yy — 1), belongs to (p™m,,,, n,f;m)A;w. Moreover, (yo — D7l = (rx +mm)?" — 7l
belongs to (p™my,, n,ﬁm)zA;g’w. Proceeding by induction on k£ > 1 and using the fact that yy — 1 acts as a
twisted derivation (i.e., for all x, y in A;’w, we have (yp— Dxy = — Dx -y + 1)y —1)y), we

conclude that

o= D(p"mm. VAR, C(p" w7l T AL

Furthermore, any f in AR can be written as f = Y, . fu7t;/(Ln/e]!) such that f, is in A} and
goes to 0 p-adically as n — +o00. For notational convenience, we take n = je for some j in N, and see
that (yo — D¢ /jlisin (p™, b )Al;l?w. Proceeding by induction on k£ > 1 and using that yp — 1 acts as
a twisted derivation, we conclude that

(vo— D(p™, w2 AR (p", w1 ARD

Next, for 1 < i < d, note that we have that (y; — 1)[Xl.b] = JT[Xib] belongs to (p™, nn’fn)A;w and
(yi — 1)([X|;]_1) =—a(l4+7)"! [X?]_1 belongs to (p" 7y, n,ﬁm)AJIg’w. Proceeding by induction on k > 0
and using the fact that y; — 1 also acts as a twisted derivation, we conclude that

(vi = D(p" 7, ”nlzm)kA;,w C(p"7m, ”nl;m)kHA;,W'
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Again, by the description of elements of A" | using the discussion for A;w and the fact that y; — 1

R, m>

acts as a twisted derivation, we conclude that
i = D", 7 AR, < (p™ wl T AR
Finally, the claim for A%']w follows in a similar manner. ]

Lemma 2.22. We have
(o— DARIY € (p" 7, alHAR T and (v — DA cmAQ U
forie{l,...,d}. Moreover, fori € {0, 1,...,d}and k € N, we have
i = D" ) AR C ("l AR

Proof. Let i = 0. From the proof of Lemma 2.21, we have that (yp — 1)7,, is in (p™m,, rr,ﬁm)A}f’w. So
we conclude that (yg — l)A;w belongs to (p"'my,, n,ﬁm)A;w. Observe that vy () = x (Yo)Tma, where
x (Vo) = exp(p™) is in Z; and ¢ is a unit in A;w. So, we can write

(vo— Dyt = p"z/(x (vo)amm),
and, therefore, (yo — 1)(p/m,) belongs to (p" m,, n,ﬁm)Ag)”;H. Proceeding by induction on k > 1 and
using the fact that 39 — 1 acts as a twisted derivation, we conclude that
0 = (P 7, 72 VAR C (p" s, 7l AT

Next, for 1 <i < d, from the analysis for A;w in Lemma 2.21, we already have (y; — l)AJ,g’w C nA;’w.
Since passing from AJr to A(O’”]Jr involves only the arithmetic variable r,,, on which y; acts trivially,
we therefore conclude that i — l)A(o e nAﬁ?’;H. Proceeding by induction on k > 1 and using that
y; — 1 acts as a twisted derivation, we get that

( _ 1)(]7"17Tm, ﬂp )kA(O W]+ C (pmnm’ ﬂnlzl’l)k—i_]Ag):g-i_

This shows the first claim. Finally, the claim for A%’”g follows by combining the discussion above with
Lemma 2.21 for A[I?’]w. ]

2.8. Filtered Poincaré lemma. Here we state and prove a filtered version of the PD-Poincaré lemma
which will be useful for Section 5.

2.8.1. Fat period rings. We recall the definition from [Colmez and Niziot 2017, §2.6] and [Abhinandan
2025, §3.4]. Let A and B be two p-adically complete filtered Op-algebras. Let ¢ : B — A be a continuous
injective homomorphism of filtered Of-algebras, and let f : B®p,. A — A denote the ring homomorphism
sending x ® y > ¢(x)y.

Definition 2.23. Define E to be the p-adic completion of the divided power envelope of B ® 9, A with
respect to Ker f.

For consistency in notation, in the following definition, we write Agis(R) as A%D.
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Definition 2.24. In the notation of Definition 2.23, we record the following:

(1) Let x € {PD, [u], [u, v]} and define E;e,w =EforB=R}, A= A;e,w and ¢ = t¢yq) (see Section 2.7).
(i) Let x € {PD, [u], [u, v]} and define E% =EforB=R;, A= A*k and ¢ = tcycl (see Section 2.7).
Remark 2.25. Let us note some properties of the ring E in Definition 2.24:

(1) The ring E is the p-adic completion of B ®¢, A adjoin (x®1—1 ®t(x) forall x in Bandn e N,
and (V; — D" for 0 <i < d and k € N, where

X;®1 1+ (Xo®1
:i for1 <i<d and V0=+(—0®).
1®u(X;) 1+ (1 ®u(X0))

The morphism f : B ®o, A — A extends uniquely to a continuous morphism f : £ — A.

i

(i1) The ring E is equipped with a Z-indexed decreasing filtration, which we define to be Fil" E := E for
r <0, and, for » > 0, define Fil" E to be the topological closure of the ideal generated by elements
of the form x;x, []_o(Vi — D™, with x; in Fil"" B, x, in Fil> A and ry + 1y + Y9 ki > r.

(iii)) From [Colmez and Niziot 2017, Lemma 2.36], we have that any element x in E can be uniquely
written as
x= ) =Vl — v,
keNd+1
with xg in A for all k = (ko, ki, ..., kg) € N“t1 and x; — 0 as |k| = Z,[-l:o ki — +00. Moreover,
x is in Fil” E if and only if x is in Fil"~%l A for all k € N¢+1,
(iv) Thering E is equipped with a natural A-linear continuous de Rham differential operatord : E — Q}E /A"

Moreover, by the description of the filtration on E in (iii), it is easy to see that the differential operator
satisfies Griffiths transversality with respect to the filtration; i.e., we have

d:Fil' E— Fil' ' EQE Qp /4.

In the special case that ¢ : B —— A is an isomorphism, we see that E is further equipped with a natural
B-linear continuous de Rham differential operator d : E — Q}E /B satisfying Griffiths transversality

with respect to the filtration.
Lemma 2.26. Rings in Definition 2.24 have desirable properties:

(1) In Definition 2.24 (i), the tensor product Frobenii ¢ @ ¢ on R}, @0, A}(e,w for x € {PD, [u], [u, v]}
extend uniquely to the respective continuous morphisms

PD PD [u] [u] [u,v] [u,v/p]
Ep oy — Ep oy, ER”JU — ERL”ZU and E;’w — Ep /"

Moreover, the actions of Gg on A% . extend uniquely to the respective continuous actions of Gg

on E;;Dw, E%’]w and E%’avj] which commute with the respective Frobenii. Furthermore, we have
[u]

(¢, G g)-equivariant inclusions Egl?w CEp,C EI[:;T]
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(i1) In Definition 2.24 (i1), the tensor product Frobenii ¢ ® ¢ on R; Qo A}% for x € {PD, [u], [u, v]}
extend uniquely to the respective continuous morphisms

PD PD [u] [u] [u,v] [u,v/p]
ER —>E§, ER—>ER and Eﬁ _)ER .

Moreover, the actions of Gg on A}% extend uniquely to the respective continuous actions of G g
on EIP%D, E%“J and E%“’UJ, which commute with the respective Frobenii. Furthermore, we have the
(¢, G g)-equivariant inclusions E%D C E%] C E%”’U].

(iii) The natural (¢, I'r)-equivariant inclusion of rings Ay, C A;? induces a natural (¢, I'g)-equivariant
injective homomorphism of rings Ey . C E%. Moreover, the filtration and the A% _ -linear con-
nection on E - are induced from the filtration and A%-linear connection on E%, respectively; in
particular,

Fil" E} ,, = E} , NFil" E% C E%
forallr € 7.

Proof. The first two claims follow from [Colmez and Niziot 2017, Lemma 2.38]. The last claim follows
from the description of E} . and E *1? in Remark 2.25 and the fact that

%o NFil" A% = A%, NFil' Br(R) = Fil” A% ,,. O

Remark 2.27. From Definition 2.24 and Lemma 2.26, we have a natural embedding O Ais(R) C E %D
compatible with the respective Frobenii, As(R)-linear connections and actions of G g, and the natural
filtration on the former is induced from the filtration on the latter. Furthermore, from Section 3.2, recall
that we have the ring OA%]?W C OAgis(R) and from [Abhinandan 2025, Remark 4.20] we have an
alternative construction of OA};I’)W using the embedding R C RI;D = All)el?w (the last morphism is tcycy
in Section 2.7). This induces an embedding (’)A};J?w C E?w compatible with the respective Frobenii and
actions of I'g, and the natural filtration on the former is induced from the filtration on the latter. Denote
the Op-linear differential operator over Al;l?w
(as well as over R) by dg. Then, the induced differential operators dg ® 1 + 1 ® 94 over OA%]?W and

E ng are compatible.

by 94 and the Of-linear differential operator over REP

Lemma 2.28. Forr € Z and x € {+, PD, [u], [u, v]}, we have

Fil' E} , N7Ey , =7 Fil' " E}
as submodules of E} .
Proof. Let E := E;Q,w' and A := A‘I},w for x € {+, PD, [u], [u, v]}. The claim is trivial for » < 0, so
assume that r > 1. Note that we have 7 Fil'"! E C Fil" EN7 E, so we need to show the reverse inclusion.

Let x be any element of Fil" E N E, and write x = 'y for some y in E. From the description of the
filtration on E in Remark 2.25 (iii), we have a unique presentation of x as

D (= Vool (1 = vpltl,
kENd'H
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with xj in Fil" =¥l A for all k € N“*!. Moreover, we have a unique presentation of y as

> = vl (1 — vk,
keNd+1
with yy in A for all k € N?*!. Then, using the equality x = 7y, we get that x; = 7y for all k € N“*!, Now,
from Lemma 2.19 and the fact that A is 7 -torsion free, it follows that xj is an element of Fil’~ k=1 4

and hence x is an element of 7 Fil" ! E. |

Finally, to work with various filtered modules later, we define a filtered ring (analogous to @ Bgg(R))
containing all the rings described so far and inducing the same filtrations as described above. From
[Brinon 2008, Proposition 5.2.2], recall that the natural inclusion B;% C OBQIQ(I?) extends to a B;i—linear
isomorphism of rings B[ 71, ..., Tyl => OBar(R) by sending the indeterminate 7; to X; — [X lb ] for
each 1 <i < d. We enlarge OBgr(R) by setting

Bt =BT, Th,...,T;,] and B:=B"[1/t];

in particular, we have natural inclusions of rings OBC'&(E) c Bt and OB4(R) C B. We equip the latter
rings with filtrations similar to [Brinon 2008, p. 52]. Set Fil" B := (¢, Ty, ..., T;)"B* for all r € N, and
Fil' Bt = B* for r < 0. Moreover, set Fil’ B:=Y", ¢ " Fil" B and Fil’ B:= " Fil’ B for all r € Z.
Similar rings were studied in [Andreatta and Iovita 2012, §3.2.1] in the more general setting of semistable
schemes. Now, employing arguments similar to [Brinon 2008, Propositions 5.2.5, 5.2.6 & 5.2.8], the
following is clear.

Lemma 2.29. Let x; denote the image of T; in gr' BY and y; denote the image of T;/t in g B for

0 <i <d. Then, we have the isomorphisms gr* Bt == C(R)[t, X, . . ., X4, where the grading is given by
the degree of the polynomial in t, xq, . .., x4, and gr* B — C(E) [r,t7 1, Y0, - - - » Yal, where the grading is
given by the degree of t; in particular, we have the isomorphism gi° BY = C(R)[yo, . . ., ya]. Moreover,

the filtration on B is the same as the induced filtration from B, i.e., Fil" BT =Fil" BNBT C B forallr € Z.

Remark 2.30. From Lemma 2.29 and the description of the filtration on (’)B;k(l?) in [Brinon 2008,
p. 52], we see that the filtration on (’)B(;%(E) is induced from the filtration on B™; i.e.,

Fil' OB (R) = OBRL(R)NFil' Bt c Bt forr e Z
Then it also follows that
Fil" OB4r(R) = OB4gr(R)NFil' BC B forr e Z.

Now, recall that we have an inclusion of rings A[Ii;’”] - Bgﬁ(k) (since u < 1 < v) and the former is
equipped with a filtration induced from the latter; see Section 2.4.3. Then, upon using the description of
E%’,’;fj from Remark 2.25 (i), we see that the preceding embedding naturally extends to an injective ring
homomorphism E%””] —BTviaVi— 1 T,-/[Xl.b] for 1 <i<d,and Vo —1+> Ty/(1+m,). Using the
description of the filtration on E EQ”;;] from Remark 2.25 and the filtration on B from above, we have the
following.
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Lemma 2.31. The filtration on E %”U] is induced from the filtration on BT i.e.,
Filr EX = EYInFir BY ¢ BY forallr e 7.
Remark 2.32. Let S be any ring out of
Auis(R),  OAis(R),  OAR

R,

Ry, Ekn Ef

for x € {PD, [u], [u, v]}. Then, by Remarks 2.27 and 2.30 and Lemma 2.31, it is easy to see that
Fil" S = S[1/p]lNFil" BC B and Fil"(S[1/p]) := S[1/p]lNFil" B= (Fil" S)[1/p] C B

forall r € Z.

2.8.2. Filtered modules. Let V be a de Rham representation of Gg, and set D := ODgr(V) as a finite
projective R[1/p]-module. From Section 2.3, recall that D is equipped with a decreasing, separated and
exhaustive filtration by R[1/p]-submodules {Fil" D},<7 such that Fil* D = D and Fil” D = 0 for some
a, b € 7 and, for each r € Z, the R[1/p]-modules Fil" D and gr" D are finite projective. Recall that, by
the definition of de Rham representations, we have a natural OBgr(R)-linear isomorphism

oar : OBar(R) Qri1/p D — OBgr(R) ®a, V.

Extending scalars of the isomorphism «gr along the natural map OBg4r(R) — B from Section 2.8.1, we
obtain the B-linear isomorphism

ap:BQriip D — B@@p V. (2-6)

Next, let S C B be an R-subalgebra equipped with a filtration induced from the filtration on B (see after

Lemma 2.29), such that the natural map R — S is injective and p is not invertible in S. Now, consider
the S[1/p]-module Ds := S ®g D. We equip Ds with the induced filtration, for each r € Z,

Fil" Dg := DsNag' (Fil' BRg, V). (2-7)

Proposition 2.33. The filtration on Dg in (2-7) coincides with the tensor product filtration; i.e., for each

r € Z, we have the isomorphism
,
F'Dg := Z Fil' S @ Fil/ D = Fil" Ds. (2-8)
i+j=r
Proof. From Lemma 2.38, we have the isomorphism
F"(B QR[1/p] D) = Fil"(B QR[1/p] D) foreachr eZ.
Then, by using Lemmas 2.35 and 2.37 below with §" = B, we obtain the isomorphism in (2-8). U
Remark 2.34. If p is invertible in S, then, by using R[1/p] in place of R in Proposition 2.33, we get the
isomorphism
> Fil' S@g1/p) Fil/ D => Fil' D

i+j:r
foreach r € Z.
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The following observations were used above.

Lemma 2.35. For each i, j,r € Z such that i + j = r, the natural map Fil' S @ Fil/ D — Dy is
injective. In particular, the filtration {F" Ds},cz is a well-defined Z-indexed decreasing filtration on Dg
by S[1/pl-submodules. Moreover, we have that
gty Dg = @ gr' SQprar! D.
i+j=r
Proof. For each j € Z, let us consider the following exact sequence of finite projective R[1/p]-modules,

in particular flat R-modules:
0— Fi'*' D — FilV D — g/ D — 0. (2-9)

Extending scalars in (2-9) along the natural map R — S and by decreasing induction on j > a, it is easy
to see that the natural map
S®rFil! D — S@gFil*D=S®g D

is injective. Therefore, for any i 4+ j = r, it follows that the natural map
Fil' S®g Fil! D < S®gFil/ D — D

is injective, where the first arrow is obtained by tensoring the R-linear inclusion Fil' § C S with the flat
R-module Fil’ D and the second arrow is as above. Hence, for each r € Z, we get that

F'Dg := Z Fil' S ®g Fil/ D
i+j=r
is an S[1/p]-submodule of Dg. It is clear that the filtration is decreasing. Next, let us note that, upon
tensoring (2-9) with Fil' § and gr’ S, we obtain the following R-linear commutative diagram:

0 0 0

¢ ’ y

0 — Fil''!' S@zFilVT' D — Fil't! S@zFilV D — Fil'T' S@ggr/ D — 0

1 ! !

0 — Fil' S®@gFilV' ™' D — Fil' S®g Fil/ D — Fil' S@grgt/ D — 0 (2-10)

! ! !

0 — g SrFiIVT!'D —— orf S@gFilV D —— grf S@ggr/ D — 0
! ! !
0 0 0

Since Fil’ D and gr/ D are finite projective modules over R[1/p], in particular flat modules over R, we
get that all rows and columns of (2-10) are exact. From the diagram, it easily follows that

grz Dg = @ gr' SQrgr/ D foreachr € Z. O
i+j=r
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Remark 2.36. If p is invertible in S, then, by employing arguments similar to the proof of Lemma 2.35
(using R[1/p]in place of R), we see that the S-module Dg := S ®pg[1/p) D is equipped with a well-defined
Z-indexed decreasing tensor product filtration by S-submodules given as

F'Dg:= Y Fil' S®gp Fil/ D.

i+j=r
Moreover, for each r € Z, we have that

ety Ds = EP e S®ruyp e DI1/p).
i+j=r
Next, let S C S’ C B be two R-subalgebras equipped with the respective induced filtrations such that
the natural map R — S is injective. Set Dg := S ®z D and Dg := S’ ®g D, equipped with the tensor
product filtration as in Lemma 2.35. Then, we claim the following.

Lemma 2.37. Foreachr € Z, we have that F" Dg N\ Dsg = F" Dg as submodules of Dy .

Proof. We will prove the claim by assuming that p is not invertible in §’; in the case that p is invertible
in either S or §’, the same argument works by using Remark 2.36 and replacing R with R[1/p]. Now,
let us first note that an easy induction on r shows that proving the equality F"*!Dg N Dg = F"*! Dy is
equivalent to proving the equality F"*'Dg N F"Dg = F"+! Dg. Next, consider the following diagram
with R-linear exact rows:

0 —— F'*'Dg —— F'Ds — gr, Ds —— 0
1 ! 1 (2-11)

0 — F'*''Dy —— F'Dy —— gr, Dy —— 0

Note that proving the equality F"*!Dg N F"D = F"+! Dy is equivalent to showing that the right vertical
arrow in diagram (2-11) is injective. Now, by Lemma 2.35, we have that
gy Ds = @ gr' S@rgr/ D
i+j=r
for each r € Z. Similarly, we also have that grl, Dy = ), tj=r gr' S’ ®g gr/ D for each r € Z. Since
Fil' S N S = Fil' S, by using a diagram similar to (2-11), it follows that the natural R-linear map
gr' § — gr' 8 is injective for all i € Z. Furthermore, as gr' D is flat over R, it follows that the natural
map gr' S ®g gr/ D — gr' S’ ®g gt/ D is also injective. Hence we get that the right vertical arrow in
(2-11) is injective, allowing us to conclude. U

Now, by using [Brinon 2008, Proposition 8.4.3], note that the isomorphism ag4g is compatible with the
tensor product filtration of Remark 2.36 on the source and the filtration on the target is induced by the
natural filtration on OBgr(R). As the natural filtration on O Bgr(R) coincides with the induced filtration
via the inclusion OBgr(R) C B (see Remark 2.30), it follows that we have the isomorphism

F"(OB4r(R) ®g[1/p) D) = Fil' (OB4(R) ®gr[1/p) D) forallr e Z.

Using Lemma 2.29 and an argument similar to the proof of [Brinon 2008, Proposition 8.3.2], we obtain
the following.
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Lemma 2.38. The isomorphism in (2-6) induces an isomorphism
ap(F"(B®g(1/p) D)) = Fil' B&q, V forallr € Z.
In particular, we get the isomorphism F" (B ®gy1/p) D) = Fil' (B ®g[1/p) D).

Proof. Note that (2-6) is an isomorphism and the filtration on D is exhaustive, so it is enough to show
that the maps on the associated graded pieces, induced by (2-6), are bijective. For each r € Z, consider
the diagram

Ditj-r gl OBgr(R) ®rp1/p1 gt/ M[1/p] —— gi” OB&R(R) ®a, V

l l

D,y &' BOri1/p et! M[1/p] ———— g’ B®q, V

where the top horizontal arrow is the isomorphism induced by the filtration-compatible O By (R)-linear
isomorphism «ggr, the left vertical arrow is induced by the compatibility of filtrations on the source of
agr and ap (see Lemma 2.37) and the right vertical arrow is induced by the compatibility of filtrations
on the target of agr and op (see Lemma 2.29 and Remark 2.30). Now, recall that from Lemma 2.29
we have the isomorphism gr' B <> t!C(R)[yo, ..., y4] and from [Brinon 2008, Proposition 5.2.6]
we have the isomorphism gri OBgr(R) => ¢! C(E)[yl, ..., Yql. In particular, we see that gri B =
Z[yol ®z gr' OBg4r(R) is an isomorphism. Therefore, it follows that the bottom horizontal arrow of the
diagram above is given as the extension of scalars along Z — Z[yy] of the top horizontal arrow, and hence
it is also an isomorphism. O

Next, let us note some applications of Proposition 2.33, which will be used in Section 5.

Lemma 2.39. Let S=FE %‘;;] and set Dg := E %‘;;] Qg D, equipped with the tensor product filtration as in
Lemma 2.35. Assume that Fil° D = D. Then, for any r € N, we have that Fil" Dg N7 Dg = 7 Fil' ™! Dg

as submodules of Dg.

Proof. The claim is trivial for r = 0, so assume that » > 1. We will prove the claim by induction on r.
Note that, for » = 1, we have Fil" Dg N7 Dg = 7 Dg. So, let r € N>, and assume the claim is true for
r—1;ie., Fil' "' D¢Nx Dy =7 Fil' "2 Dg. Then, we see that

Fil' Ds N7 Dg =Fil" DgNFil"~! D¢ N7 Dg = Fil"’ DgN 7 Fil' 2 Dg.

In particular, to get the claim, it is enough to show that Fil” Dg N 7 Fil'~2 Dg = n Fil'~! Dg. Now,
consider the following diagram with exact rows

0 —— Fil''! Dy —— Fil' 2Dy —— gr' 2Dy —— 0

J/n l” I (2-12)

0 —— Fil' Dy —— Fil' ' Dy —— g ' Dy —— 0

where the left and middle vertical arrows are multiplication-by- and the right vertical arrow is the induced
map, which we again denote as multiplication-by-m. Note that all the vertical arrows in (2-12) are R-linear.
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Moreover, from diagram (2-12), we see that showing the equality Fil” Dg N Fil” 2 Dg=nFil' ! Dy is
equivalent to showing that the right vertical arrow in (2-12) is injective. Note that, by using Lemma 2.35 and
Remark 2.36, we have that g’ > Ds =@, , ;_,_, gr' S®ggr/ D and similarly for g’ =" Dy. Therefore, the
right vertical arrow in (2-12) induces R-linear maps gr' S®ggr/ D %> gri ! S@g gr/ D fori+j=r—2.
As gr/ D is a flat R-module and the preceding map is R-linear, it is enough to show that the map
gr' § % gr't! S, induced from the multiplication-by- map Fil' § &> Fil'*! §, is injective. This follows
from Lemma 2.28. Hence we obtain that the right vertical arrow in (2-12) is injective; in particular,
Fil' DsNn Dg = Fil""! Dy for each r € N. O
Now, let us assume that D is finite free over R[1/p], we have Fil° D = D and there exists a finite free
R-submodule M C D such that M[1/p] = D. Let S and S’ be as in Lemma 2.37 and equip Mg and Mg
with induced filtrations; i.e., Fil" Mg := Mg NFil" Dg C Dg and Fil" Mg := Mg NFil" Dy C Dy. As M
is free over R, the natural map Mg — Mg is injective and we note the following.
Lemma 2.40. For each r € N, we have Fil" Mg = Fil" Mg N Mg as submodules of Mg. Moreover, if
S = EM"Y then we have Fil’ MsNr Mg = Fil'™! Mg as submodules of Ms.

R
Proof. The first claim follows from the definition of filtration on Mg and Mg and Lemma 2.37. For the
second claim, by Lemma 2.39, we have Fil" MsNnw Mg =n Fil' ™! DgNn Mg = Fil'~! M. O

2.8.3. Poincaré lemma. In the notation of Definition 2.23, let us set A = A;?,w’ B=R; and E=E kw
for x € {PD, [u], [u, v]}. Let

d[X] d[X
wo 1= [—O]b and - LX;]
1+[X,]

Set

d k

Q=P Zw and Q“:=/\ Q' forallkeN.

i=1
Then, we have Q% /B = E ®7 QF and, from Remark 2.25 (iv), note that, for r € Z, we have the filtered de
Rham complex of E relative to B:

Fil'Q} 5 :=Fil' E>Fil''EQ; Q' > Fil PE@; Q" — -+ .

From the discussion before Lemma 2.40, let M be a finite free R-module such that M[1/p]=0ODs(V),
where V is a positive crystalline representation of G g. Moreover, we set Mp := B Q@ g M, equipped with
a filtration induced from the tensor product filtration on Mg[1/p], and we similarly set Mg := E Qg M,
equipped with a filtration induced from the tensor product filtration on Mg[1/p]. Furthermore, the
B-linear differential operator on E induces a quasinilpotent integrable connection 0 : Mg — Mg QE SZ}E /B
satisfying Griffiths transversality with respect to the filtration (since d(Fil” E) C Fil’~' E). In particular,
for each r € Z, we have the following filtered de Rham complex:

Fil' Mg ® Q}p := Fil' Mg — Fil'™' Mg ®p Qp 5 — Fil' > Mg ®p Q35 — -
=Fil' Mg - Fil' ' Mp @7, Q' > Fil' 2 Mp®;, Q% — - - .
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Using the equality Mp = M 220 and Lemma 2.40, let us note that
Fil" Mg = Fil' M N M3 = (Fil" Mg)*=",
and we obtain the following filtered Poincaré lemma.
Lemma 2.41. The natural map Fil" Mp — Fil" Mg ® Q% / IS a quasi-isomorphism.

Proof. We have a natural injection € : Fil" Mg — Fil” Mg, so we give a contracting (B-linear) homotopy.
Note that M is a finite free R-module, so we may choose {f1, ..., fi} as an R-basis of M. Now define a
B-linear map h°: Mg — Mp by Z?zl ajfj— Z?:l ajofj,where ajisin E and a; ¢ is the projection
to the O-th coordinate (see Remark 2.25 (iii), where O corresponds to the coordinate (0, ..., 0)). Moreover,
note that, after inverting p and using the tensor product filtration on Mg[1/p], we get that 4° induces a
B[1/p]-linear map

h° Fil" Mg[1/p] — Fil' Mg[1/p].

In particular, we obtain an induced B-linear map
h° :Fil' Mg — M NFil" Mg[1/p] = Fil" M.

It is clear that we have h% = id.
Next, for g > 0, define a B-linear map

h Mg ®; Q7 — Mg Q7 Q47!

given by the formula

d d

h4 (fja, [Tvi= D% V0, A A V,-qa)l-q> = fia; [ [(Vi = DIV, A AV, o, ik =0
i=0 i=0

and 0 otherwise (here § denotes the Kronecker delta function). Moreover, note that, after inverting p and

using the tensor product filtration on Mg[1/p], we get that 49 induces a B[1/p]-linear map

he Fil' ™4 Mg[1/pl Q@7 Q4 — Fil' 9 Mp[1/pl @7 Q471
In particular, we obtain an induced B-linear map
R Rl Mg @7 Q7 — Fil’ 97 My @7 Q471

It is easy to see €h® + h'd =id and dh? + h?*'d = id. Hence we obtain the desired B-linear homotopy,
proving the claim. U

3. Finite-height p-adic representations

In this section, we will recall the notion of relative Wach modules from [Abhinandan 2025] and prove
some lemmas that will be used later. We will use the setup and notation of Section 2.1; in particular, we
fix some m € N3 .
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Notation. For an algebra S admitting a Frobenius endomorphism ¢ and an S-module M admitting a
Frobenius-semilinear endomorphism ¢ : M — M, we will denote by ¢*(M) C M the S-submodule
generated by the image of ¢.

3.1. Relative Wach modules. Set q := ¢(r)/m in A}, and let T be a free Z p-representation of Gpg.
Then, note that we have an A;—submodule DY (T):=(A" ®a, T)H® C D(T), equipped with induced
commuting actions of (¢, ['g).

Definition 3.1 [Abhinandan 2025, Definition 4.8]. A Z,-representation T is said to be positive and of
finite q-height if there exists a finite projective A;-submodule N(T) C D™(T) of rank rkz , T, stable
under the action of ¢ and 'k and satisfying the following conditions:

(i) The natural A g-linear map Ag ® A% N(T) = D(T) is a (¢, I'g)-equivariant isomorphism, where
N(T) is equipped with the induced action of (¢, I'r).

(ii) The Aj-module N(T)/@*(N(T)) is killed by ¢* for some s € N.
(iii) The induced action of ' on N(T)/mw N(T) is trivial.
(iv) There exists R’ C R finite étale over R such that A; ®Oqt N(T) is free over A%,.

The height of T is defined to be the smallest s € N satisfying (ii) above. Furthermore, a positive finite
g-height p-adic representation V of G is a representation admitting a positive finite g-height Z ,-lattice
T CV,and we set N(V) := N(T)[1/p], satistfying properties analogous to (i)—(iv) above. The height
of V is defined to be the height of T'. For k € Z, let

T(k):=T®z,Zp(k) and V(k):=TKI[1l/p],
define | |
N(T (k)) := FN(T)(k) and N(V(k)) := ﬁN(V)(k)
and define the height of T (k) to be (height of T) — k. We call T (k) and V (k) representations of finite
q-height.

For general properties of Wach modules, we refer the reader to [Abhinandan 2025, §4.2]. Let us note
that there is a natural filtration on Wach modules attached to finite g-height representations.

Definition 3.2. Let V be a finite g-height representation of G . For each r € Z, set
Fi' N(V):={xe N(V)|¢(x)eq"N(V)} and Fil" N(T):=Fil' N(V)NN(T)C N(V).
Lemma 3.3. We have Fil' N(T) ={x e N(T) | ¢(x) € ¢" N(T)}. Moreover, we have
Fil' N(T (k)) = x *Fil'™* N(T)(k) and Fil' N(V (k)) = 7 *Fil' ™ N(V) (k).

Proof. The first claim is true because ¢" N (V) N N(T) = (¢" B N A}) ® 41 N(T) = ¢"N(T). To show
the second claim, let 7 ~*x ® €®* be an element of Fil” 7 %N (T)(k), with x € N(T) and €®* a 7 p-basis
of Z, (k). By assumption, (7 *x ® €®*) = (g7) *p(x) ® €®* belongs to "7 "*N(T) (k). Therefore,
we see that ¢(x) belongs to q¢"T*N(T);ie., x is in Fil'+* N(T). The converse is obvious. [l
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Remark 3.4. Set Fil” Aj;s(R) := &" Ajps(R) and Fil” A := A NFil” Ajnr(R) C Ains(R) for each r € N.
If T is a positive finite g-height Z ,-representation of G, then, from [Abhinandan 2025, Lemma 4.53],
for the filtration on Wach modules as in Definition 3.2, we have

Fil' N(T) = N(T) NFil" Aiy(R) ®z, T = N(T)NFil" AQz, T C Aine(R) ®z, T for each r € N.

The operator 1 defined in Section 2.4 commutes with the action of Gg, so, by linearity, it extends to a
map v : D(T) — D(T) and from Proposition 2.4 we get that (D" (T)) C D (T).

Lemma 3.5. Let T be positive finite q-height Z ,-representation of G of height s. Then, fork > s, we
have ¥ (N(T (k))) C N(T (k)).

Proof. Note that we have g* N(T) C ¢*(N(T)). So, for k > s and x in N(T (k)), we must have that
o(*)x = (gm)*x is in ¢*(N(T)(k)). Therefore, ¥ (x) belongs to (1/7*)N(T)(k) = N(T (k)). O

3.2. Wach modules and crystalline representations. From [Abhinandan 2025, §4.3.1], we have an
R-algebra OAI;e],)w C OAqis(R) equipped with a Frobenius endomorphism ¢, a continuous action of I'g,
a ['g-stable filtration and an A%l?w -linear integrable connection satisfying Griffiths transversality with
respect to the filtration and commuting with the action of ¢ and I'g.

Theorem 3.6 [Abhinandan 2025, Theorem 4.24, Proposition 4.27, and Corollary 4.26]. Let V be a
finite q-height representation of Gg; then V is crystalline. Moreover, if V is positive, then we have an
isomorphism of R[1/p]l-modules

MI1/p]:= (OARD, ® 45 N(V)'™ => ODurig(V),

compatible with respective Frobenii, filtrations and connections. Furthermore, we have the natural
OA??w -linear isomorphisms

OAR, @41 N(V) < OAP, @k M[1/p] => OAR’, @ ODeis(V), (3-1)
compatible with the respective Frobenii, filtrations, connections and the actions of T'g.

Remark 3.7. In Theorem 3.6, the (’)All?’)w -module OAII??W ®Oqt N (V) is equipped with the following
structures: a Frobenius endomorphism, given as ¢ ® ¢; an A%‘?w—linear connection, given by the natural
AI;e],)w -linear differential operator dg ® 1 (see Remark 2.27 for notation); an action of I'g, where any g
in I'g acts as g ® g; and an N-indexed decreasing filtration given as the tensor product filtration, i.e.,

Fil' (OAR>, ®4: N(V)) = ) Fil' OARD, @, Fill N(V),
i+j=r
which is well defined because each term of the summation is an OAZ]?w—submodule of OAII??ZD ®4: N(V)
(using that, as A;g—modules, N (V) and Fil/ N (V) are finite projective, see [Abhinandan 2023, Section 5.2]).

The module M[1/p] is equipped with induced structures; in particular, the filtration on M[1/p] is given as
Fil" M[1/p] = (Fil" (OAZ]?W ® A% N(V)))''* and its compatibility with the Hodge filtration on O D¢;s(V)
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follows from [Abhinandan 2025, §4.5.1]. Then, in (3-1), the middle and right-hand terms are equipped
with the following structures: a Frobenius endomorphism, given as ¢ ® ¢; an Alie]?w—linear connection,
given as dg ® 1 + 1 ® dp, where dp is the connection on O D.5(V) (see Section 2.3); an action of ['g,
where any g in I'g acts as g ® 1; and an N-indexed decreasing filtration given as the tensor product
filtration (see Lemma 2.35), where we use the filtration on M[1/p] as above and the Hodge filtration on
OD¢is(V). As the respective connections on OA%?W and O D.is(V) satisfy Griffiths transversality with
respect to their respective filtrations, therefore, it follows that the connection on OAR®  ®g ODeris(V)
also satisfies Griffiths transversality with respect to the tensor product filtration. Then, by the compatibility
of the isomorphisms in (3-1) with connections and filtrations, we see that the respective connection on
each term of (3-1) satisfies Griffiths transversality with respect to the filtration. Finally, note that the
left-hand isomorphism in (3-1) is given as ab @ x <1a @b ® x.

The proof of Theorem 3.6 depends on the following important observation.

Lemma 3.8 [Abhinandan 2025, Proposition 4.27]. Let V be a positive finite q-height representation of
G R such that the A;-module N(T) is finite free of rank dimg, V. Then there exists a finite free R-module

Mo C M = (OAR, ®,: N(T))'™,

stable under the Frobenius and such that My[1/p] = M[1/p] = OD.s(V) are free R[1/p]-modules
of rank dimg, V.

Proposition 3.9. Let V be a positive finite q-height representation of G of height s such that N(T) is
free over A;. Let

Mo C M := (OAR, @, N(T)'*
be the free R-module obtained in Lemma 3.8. Then the R-module My/¢*(My) is killed by p™°.

Proof. In order to prove the claim, we will use — without recalling constructions and notation — the proof
of [Abhinandan 2025, Proposition 4.28]. Let f = {f1,..., fn} be an A;ﬁ—basis of N(T). Then, from
Lemma 3.8 and the proof of [Abhinandan 2025, Proposition 4.28], we have that My is a free R-module
with basis g ={g1, ..., gn}, where g =" (f)¢" (A) for some A in GL(%, (’)S‘};D). It is easy to see that My
is independent of the choice of the A;-basis of N(T). Note that we have g = ¢ (1) /m = po(/t)(t/7),
and since 7/t is a unit in (’)AII?’)W (see Lemma 2.18), we therefore obtain that ¢ and p are associates
in OAl;e],Dm- Furthermore, N(T)/¢*(N(T)) is killed by ¢°, where s is the height of V. So
(OAR, ® 42 N(T)/¢"*(OAR, ® 4+ N(T)

w

is killed by p™*, where we write

h
9" HOAR, ® 41 N(T)) =D 0, o™ ().
i=1
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Now, recall that det A is a unit in OS};D [Abhinandan 2025, Lemma 4.43]; therefore, ¢ (det A) is a unit
in OAI;QI,)W and ¢ (A) is invertible over (’)All??w; in particular, we have the isomorphism

OAR, ®r Mo == ¢"*(OARD, ® 4+ N(T)).

So, we get that the cokernel of the natural inclusion OA?HT ®r My C OA%?ZU Oyt N (T) is killed by p™*.
Moreover, the observation above also implies that the cokernel of the composition

9" (OAR, ®r Mo) C OARY, ®r Mo —> ¢ *(OAR, ®,: N(T))
is killed by p™?. In other words, we get that
P (OARY, ®r Mo) C "™ *(OAR’,, ®r Mo) C 9*(OAR, ®r Mo).

Finally, as the action of the Frobenius is I"g-equivariant, by taking I"g-invariants, we therefore get that
P My C o*(My); i.e., My/¢*(Mp) is killed by p™*. U

Remark 3.10. From the proof of Proposition 3.9, note that we have an inclusion

P (OAR, ® 41 N(T)) C ¢*(OAR, ® 42 N(T)).

, 0

Since the action of Frobenius is I"g-equivariant, by taking I"g-invariants of the preceding inclusion, we
therefore get that p* M C ¢*(M). Moreover, from Lemma 3.8 and Proposition 3.9, as My C M, it also
follows that the cokernel of the composition

OAR, ®r M — OAR, @4+ N(T)
is killed by p™?® (in fact, the cokernel is killed by p®, see Remark 3.12).

Remark 3.11. Using Theorem 3.6, we equip M C M[1/p] with a p-adically quasinilpotent integrable
connection 0 : M — M ®g Q}e and an induced filtration compatible with the tensor product filtration
on (’)Alg?w ® A% N (V) (see [Abhinandan 2025, §4.5.1]); the connection satisfies Griffiths transversality
with respect to the filtration. Furthermore, using the explicit description of My in Proposition 3.9,
we obtain an induced filtration on My and an induced p-adically quasinilpotent integrable connection
0:My— My®RprQ }Q satisfying Griffiths transversality with respect to the filtration.

Remark 3.12. Note that we fixed m € N3 in the beginning and the R-modules obtained above depend
on this choice. In particular, let 1 <m < m’, with @ = ¢pm — 1 and o = {Fm/ — 1. Then, we have an
inclusion (’)Al;]?w C OA%DZU,, and we obtain

M = (OARD, @4 N(T)'™ C (AR, @, N(T)'™* =M
As the cokernel of OAR® @r M — OARD ® 4+ N(T) is killed by p™ (see Remark 3.10) and

OAR  ®r M C OAR° @ M/,

, , 0
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the cokernel of OAI;I’)W, QrM — OAI;J?W, ®Oat N(T) is also killed by p™*. In particular, taking m = 1,
we see that the cokernel of
OAR @R M’ — OARD, ® 4+ N(T)

is always killed by p*. Finally, let Mo and M|, be R-modules obtained for m and m’, respectively, in
Lemma 3.8. Then we have that (pm/_m (M) C M.

3.3. Filtrations and a Poincaré lemma. Let T be a positive finite g-height Z ,-representation of G g, and
set V.=T[1/p]. Let N(T) denote the associated Wach module over Al and set

M := (OAR, ® 4+ N(T)'*
as a finitely generated p-torsion free R-module. Now consider the diagram

B®gpi/p M[1/p] —— B®@p: N(V)

l zlﬂ (3-2)

B®g(1/p] ODeris(V) —=— B®a, V

where B,J{ = A;[l /p] and the maps are as follows: the right vertical arrow is the B-linear extension of
the natural inclusion

N(V) C Aipt(R) ®q, V C B®a, V:
the top horizontal arrow is the extension along OAI;I’)LU — B of the (’)Al;l?w—linear isomorphism
OAR, ®k MI1/p] => OAL, @,: N(V)

(see the first isomorphism in (3-1) of Theorem 3.6); the left vertical arrow is the extension along
R[1/p] — B of the R[1/p]-linear isomorphism

M[l/p] — ODcris(V)

(see the second isomorphism in (3-1) of Theorem 3.6), and it is compatible with the respective filtrations;
and the bottom horizontal arrow is the filtration-compatible B-linear isomorphism from (2-6) (see
Lemma 2.38). The diagram commutes by definition, and the right vertical arrow is an isomorphism
because the other three arrows are isomorphisms; see [Abhinandan 2025, §4.5] for a similar diagram over
OBgis(R). Using the right vertical arrow of diagram (3-2), for each r € Z, we set

Fil" (B Opi N(V)):=p~\(Fil' B ®a, V). (3-3)

In (3-2), by the compatibility of the left vertical arrow and the bottom horizontal arrow with the respective
filtrations, an easy diagram chase shows that, for each r € Z, the top horizontal arrow induces the
isomorphism

o :Fil"(B®g(1/p, M[1/p]) = Fil' (B ®p N(V)). (3-4)
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3.3.1. Filtration on scalar extensions of Wach modules. Let S be a ring such that A; CSCBand pis
not invertible in S. Set Ng := S®Ajg N (T) and note that we have a natural embedding Ng — B@B; N(V).
We equip Ng with the induced filtration; i.e., for each r € Z, using (3-3), set

Fil" Ng := NgNFil" (B ®p: N(V) CB ®p: N(V). (3-5)
Similarly, we set

Fil" Ns[1/p]:= Ns[1/p]NFil'(B®g+ N(V))

for each r € Z, and it is clear that
Fil" Ng = NgNFil" Ng[1/p].

Remark 3.13. Let S and S’ be such that S C §” C B and p is not invertible in S’. Then, from the definition
of the respective filtrations on Ng and Ny in (3-5), it is clear that

Fil" Ng = NgNFil" Ny C Ng.

Lemma 3.14. Let S C E%’v] be a G g-stable A;-subalgebra. Then, the filtration on Ng in (3-5) is stable
under the natural action of Gg on Nj.

Proof. Let us consider the commutative diagram

E¥@p M[1/p] —%— EX"'®,: N(V)

! ! +

B®grii/p M(1/p] —— BQp: N(V)

where the bottom horizontal arrow is the top horizontal isomorphism of (3-2); the top horizontal arrow is
the extension of the OAPP _-linear isomorphism

OAR’, @k M[1/p] => OARD, &4 N(V)

D

(see the first isomorphism in (3-1) of Theorem 3.6) along the G g-equivariant map OAI;’ZU — E%"”] (see

Remark 2.27) and compatible with the respective Frobenii, A%”U]—linear connections and the actions
[u,v]
R

by using the definition of filtrations on each term (see (2-7) and (3-5)) and the isomorphism in (3-4), the

of Gg; and the vertical maps are extensions of scalars along the map E — B (see Lemma 2.31). Now,

top horizontal arrow induces the following E %”v]—linear isomorphism for each r € Z:
o s Fil' (EX" @ M[1/p]) <> Fil'(EX" @ 4« N(V). (3-7)

As the source of (3-7) is stable under the natural action of G g on E%”’U] ®pg M[1/p] and the top horizontal
arrow of (3-6) is G g-equivariant, it therefore follows that the target of (3-7) is stable under the natural
action of Gg on E%”’v] ® A% N (V). Finally, note that we have the G g-equivariant inclusion S C E%”’v],
so, by using Remark 3.13, we obtain that Fil” Ny is stable under the natural action of G on Nj. U
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Remark 3.15. Let S be any ring out of
OAeis(R), E}  forx € {PD, [u], [u,v]}, or E% for » € {PD, [u], [u, v]}.

Then, by Lemma 3.14, we get that, for each r € Z, the isomorphism in (3-7) induces a G g-equivariant
S-linear isomorphism
a:Fil'(S®g M[1/p]) = Fil’(S®A; N(V)). (3-8)

In particular, as the connection on S ® M[1/p] satisfies Griffiths transversality with respect to the
filtration, similar to Remark 3.7, it therefore follows that the connection on S ® A% N (V) satisfies Griffiths
transversality with respect to the filtration in (3-5).

Remark 3.16. Let £ = E;e,w or E% for x € {PD, [u], [u, v]}. We claim that

-1r _ 1 R
Fil' (E®4: N(V)) = Z Fil' E -Fil/ N(V),
i+j=r
where Fil' E - Fil/ N(V) denotes the image of Fil' E ® 4+ Fil! N(V) — E ® 4+ N(V). Indeed, using
Lemma 2.31, Remark 3.4 and (3-4), it easily follows that

Fil' E-Fil/ N(V) CFl'(B® 4+ N(V));
in particular, from (3-5), we deduce that

Z Fil' E -Fil/ N(V) C Fil'(E ® 41 N(V)).
i+j=r
To show the reverse inclusion, recall that the isomorphism Fil” M[1/p] = Fil" ODs(V) is a finite
projective R[1/p]-module (see Theorem 3.6 and [Brinon 2008, Proposition 8.3.2]), in particular flat as
an R-module, and the natural map Fil' E ® Fil’ M[1 /pl — E ®g M[1/p] is injective by Lemma 2.35
for each i, j € N; we denote the image as Fil' E - Fil/ M[1/p] and note that

Fil'(E®g M[1/p])= > Fill EQgFil/ M[1/p]= ) Fil' E-Fil/ M[1/p].

i+j=r i+j=k
Now, since the isomorphism E Qg M[1/p] = E® A% N (V) is given by the natural multiplication map
and the filtration on M[1/p] is given as the tensor product filtration (see Remark 3.7), we therefore obtain
that the natural map

Z Fil' E -Fil M[1/p] — Z Fil' E -Fil/ N(V)
i+j=k i+j=r

is injective. But, from (3-8), we have the isomorphism Fil"(E ®g M[1/p]) = Fil'(E ® 4t N(V)).
Hence it follows that Fil" (E ®4: N(V)) = > Fil' E -Fil/ N(V).

Next, let § = A’;{w for x € {+, PD, [u], [u, v], (O, v]+} or E}’w for x € {PD, [u], [u, v]}, and set
Ng:=S§ ®A; N(T). Then, we have the following.

i+j=r

Lemma 3.17. For each r € Z, we have that FiI” Ng N7 Ng = 7 Fil'~! Ng.
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Proof. Note that the claim is clear for r <0,soletr > 1. Let S’ = E%"v] and, using the definition of the

,

filtration on Ng/[1/p] in (3-5), the S’-linear isomorphism in (3-7) and Lemma 2.39, note that

Fil" Ny[1/p]Na Ng[1/p] = a(Fil" (S' @& M[1/p])) Na(rS' @ M[1/p])
= a(Fil' (S’ ®g M[1/p]) N7 (S’ ®r M[1/p]))
=a(z Fil'" (S’ ®@& M[1/p])) = x Fil' "' Ng[1/p].

In particular, we get that
Fil' Ny NNy =7 Fil' "' Ng[1/p]lNw Ny = 7 Fil' ™! Ng.
Now, by using the definition of the filtration on Ny in (3-5), Remark 3.13 and the equality above, we get
Fil' NsNwNs C w Fil'" ! Ny N Ns = 7 Fil'~' N.
The other inclusion, i.e., 7 Fil'~! Ny c Fil" Ny N7 Ng, is obvious. O
Lemma 3.18. For eachr € Z, we have
Fil' Ns[1/p]= Y Fil' S-Fil/ N(V),
i+j=r
where Fil' S - Fil/ N (V) denotes the image of Fil' § ®A; FilV N(V) — Ns[1/p].

Proof. The claim for E;?,w was shown in Remark 3.16. For A}.’w, the claim for x € {PD, [u], [u, v]}

+

Row> the claim follows from

follows from the proof of Lemma 3.21 (see Remark 3.22), and, for A
Lemma 3.19. So, it remains to show the claim for AS,?”LUUH. Let

§S=A0vF 4 A B =AM

Rwo ° R,w’ R,w’

C=A%Yd and N[1/p]=N(V).

By definition, we have C = S + B, and the ideal Fil’ C is topologically generated by (Fil’ S + Fil' B)C
for all i € N (see Remark 2.8). Moreover, from Remark 3.22, we have

Fil' Ng[1/pl= ) Fil B-Fil/ N[1/p] and Fil' Nc[1/p]= ) Fil' C-Fil/ N[1/p].
i+j=r i+j=r

So, by setting M := ) Fil' §-Fil/ N[1/p], we see that

i+j=r
Fil" Nc[1/p] = Z Fil' C -Fil/ N[1/p] = M +Fil" Ng[1/p] =Fil" Ng[1/p]+Fil" Ng[1/p].
i+j=r

Now, consider the following diagram with exact rows:

0 s M s M +Fil" Ng[1/p] — (Fil" Ng[1/p])/(M NFil" Ng[1/p]) — 0

l H l

0 — Fil" Ng[1/p] ——— Fil" Nc[1/p] ————— (Fil" Nc[1/p])/(Fil" Ns[1/p]) —— 0



56 Abhinandan

where the left vertical arrow is injective (by an argument similar to the first part of Remark 3.16). To get
the claim, it is enough to show that the right vertical arrow is bijective. Note that

(Fil" Nc[1/p])/(Fil" Ng[1/p]) = (Fil" Ng[1/p]+Fil" Ng[1/p])/(Fil" Ns[1/p])
= (Fil" Ng[1/p])/(Fil" Ns[1/p] NFil" Np[1/p]).
It is clear that M NFil” Ng[1/p] C Fil" Ng[1/p]NFil" Ng[1/p], and we claim that the reverse inclusion

also holds. Indeed, as N[1/p] is a finite projective A};[l /pl-module and A = SN B C C, we therefore
get that No[1/p] = Ns[1/plN Np[l/p] C Nc[1/p]. Then, it follows that

Fil" Ns[1/p]NFil" Ng[1/p] C Ns[1/plN Np[1/p] = Nall/pl;
in particular, we see that
Fil" Ns[1/p]1NFil" Ng[1/p] =Fil" Na[1/p]INFil" Ng[1/p] C M NFil" Ng[1/p],

where the equality follows from Remark 3.13 and the inclusion follows by using the description of
Fil” N4[1/p] from Lemma 3.19. So, we obtain that the right vertical arrow in the diagram is bijective,
and hence the left vertical arrow is bijective as well; i.e.,

Fil' Ns[1/p]l= ) _ Fil' S-Fil/ N(V). O

i+j=r
Set

Fili Ainf(k) = Ainf(k) ﬂFi]i Acris(E) = giAinf(E) C Acris(ﬁ) fori e Z.
Lemma 3.19. For S = A—Ii'(’_,w and anyr € Z, we have
Fil” Ns[1/p] = (Fil" Aing(R) ®2z, V) N Ns[1/p] = Z Fil' A% -Fil/ N(V).
i+j=r
Proof. The first equality is obvious from the definition of the filtration on Ng[1/p]in (3-5) and Remark 3.13.
Fil' A} - Fil/ N(T). From

For the second equality, we will show a stronger claim: Fil" Ng =}, j=r

the first equality, note that
Fil" Ng = (Fil" Aint(R) ®2, V) N Ng = (Fil” Ains(R) ®7, T) N N.

Let us set F"Ng := Ziﬂ.:r Fil’ A;’w -Fil/ N(T) for each r € N; note that the inclusion F” Ng C Fil” Ng
is obvious. To prove the reverse inclusion, we will simplify the claim a bit. Note that the natural map
A};’w ®A; Fil" N(T) — Ny is injective because the morphism A;ﬁ — A;’w is flat. It follows that

F'Ng= Y Fil A} @, Fill N(T)=¢F ~'Ns+ A}, ®,: Fil' N(T).
i+j=r
Now, to show the inclusion Fil" Ny C F" Ng, we will proceed by induction on r € N. The case r =0 is

trivial, so assume that » > 1 and the claim holds for all k¥ < r — 1. Let us note that, inside Ai¢(R) ®z, T,
we have

Fil” Ng N & Fil’ 7 Ng = (§" Aint(R) ®z, T) N Ns N (8" Ain(R) ®z, T) NENs = E Fil' ™! N,
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Therefore, it follows that the natural inclusion Fil” Ng C Fil'~! Ng induces an injective map

(Fil’ Ng)/(& Fil'"! Ng) — (Fil"~! Ng)/(& Fil'* Ny),

where we have
(FilI'”"' Ng)/(E Fil' > Ng) = (A} , ® A Fil' ' N(T))/((A} ,, ® A Fil'"! N(T)) N (¢ Fil' 2 Ny)).
In particular, given any element x in Fil” Ng, we can write
x=&y+z forsomeyeFil"! Ng=F"'Ns and z € Ay, ® 4+ Fil'™' N(T).

To obtain the claim, it is enough to show that z is an element of F” N.
Note that we have
Fil' Ng = (§" Aint(R) ®z, T) N N,

so we see that z =x — &y = £"7/, for some 7' € Ajpe(R) ®z, T. Recall that we have A;w = Aj[mn],

where 7, = ¢ " (). It follows that any element a A; - has a unique presentation as

e
a=Y_ai(l+m,)"?,
i=0
with a; € A; and e = p™ ! (p—1). Let us write z = Zj fin; for some f; € A;ﬁ’w andn; € Fil'~' N(T).
Then, expressing each f; as above, i.e., in terms of the powers of 1 + 7, and rearranging the sum
for z in terms of the powers of 1 + m,,,, we get that 7z = Zf:o zi(1 4+ 1,,)!/P for some z; € Fil" ! N(T)
(obtained from elements n; above). Now, by using Remark 3.4, we can write each z; as g™ 1w, for
some w; € Ainr(R) ®z, T. Plugging the values of z and z; into the equality z = Zf:o zi(1 4 7,)1/P
and noting that Aint(R) ®z, T is &-torsion free, we get that £7 = Zfzo w; (1 4 1,,)!/?. Reducing the
latter equality modulo EAinf(ﬁ) ®z, T, we obtain the equality Zf:o w,-g“%f’ =0modé& in C"™ (R) ®z, T,
which is possible only if wg =w; =--- = w, mod & Ajps(R) ®z,T. So we write

£ =kwo+ Y (wi —wo)(1+m,)"'7,

i=1

with w; — wq € "g‘Amf(R) ®z, T for each 1 <i < e. In particular, we get that

e=87 =Ewo+ Y & (wi—wo) +7m)"" =20+ Y (zi —20) (1 + 7).

i=1 i=1

Note that zo € Fil'™' N(T') and
zi —20=&"""(w; — wo) € (" Aint(R) ®z, T) NFil'"' N(T) =Fil' N(T)
(see Remark 3.4) for each 1 <i < e. Therefore, it follows that

z€§Fil™ Ng+ A}, ® 4+ Fil' N(T) = F'Nss.

This allows us to conclude. |
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Next, let k € Z and consider the p-adic representation V (k) of Gg. Using (3-5) and Lemma 3.14, we
define a T'g-stable filtration on Ej [” vl » ®at N(V (k) as follows:

Fil" (B} ! @ 41 N(V(K))) := 7 * Fil' ™ (ER 2 @ 44 N(V)) (k). (3-9)
From the explicit description of the filtration in Remark 3.16 and by using Lemma 3.3, it follows that

Fil' (E}"") ®4: N(V(K) = ) Fil ER Y Fil) N(V (k).
i+j=r
Furthermore, let S C Ej [”’”] be as above (see before Lemma 3.17). Then, we note that we have a natural
embedding S ® A% N (T(k)) — Ep Lu.v] ' @ A% N(V (k)), and we equip the former with an induced I"g-stable
filtration; i.e., for eachr € Z, set

Fil" (S @4t N(T k))):=(S 4t N(T (k))) ﬂFﬂ’(E[“ ] 4t N(V(k))) C E[“ U] o QA NV (k). (3-10)
Using (3-9) and Remark 3.13, it is easy to see the following.
Lemma 3.20. For eachr € Z, we have
Fil' (S ® 41 N(T (k) = FFil' ™ (S @ 4+ N(T)) (k).
3.3.2. Filtered Poincaré lemma. 1In the notation of Section 2.8.3, letus set A = A% (resp. A*R), B=R},
and E = E} _ (resp. E*E) for x € {PD, [u], [u, v]}. Let

dX dX;
0 and w;:=— forl <i <d.
1+ Xo Xi

d k
=P zo; and @ := Q"

i=1
Then, we have Q’fg /A= E ®7 QF and, from Remark 2.25 (iv), for r € Z, we have the filtered de Rham

complex of E relative to A:

wo =

Set

Fil' Qy , :=Fil' E - Fil' ' E®; Q' > Fil' P E®; Q> —

Let T be a positive finite g-height Z ,-representation of G as above and assume that N (7') is finite
free over A;. Letusset Ng:=AQ At N (T), equipped with a filtration as in (3-5), and similarly set
N =E® A% N(T), equipped with a filtration as in (3-5). Note that the A-linear differential operator on £
induces a quasinilpotent integrable connection 0 : N — Ng Qf Q}E /A satisfying Griffiths transversality
with respect to the filtration (since the same is true after inverting p, see Remark 3.15). In particular, for
each r € Z, we have the filtered de Rham complex

Fil' Np ® Q34 == Fil' Np — Fil'™' Np ® Qi 4 — Fil > Ne @ Q4 — -+
= Fil' Np — Fil' ' Np @7 Q' - Fil' * Np @7 Q% — - - .

Using the equality Ny = N2~ and (3-5), we note that Fil” N4 = Fil" Ny N N2=0 = (Fil” Ng)?=°. Then
we have the following filtered Poincaré lemma.
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Lemma 3.21. The natural map Fil" Ny — Fil" Np @ Q% /A IS a quasi-isomorphism.

Proof. The claim follows by employing an argument similar to the proof of Lemma 2.41, where we use
the description of filtration on Ng[1/p] from Remark 3.16. We omit the details. |

Remark 3.22. From the proof of Lemma 3.21, using the map 1° : Fil” Ng[1/p] — Fil" N4[1/p], it
follows that, for any r € Z, we have
Fil" Ns[1/p] = Z Fil' A-Fil/ N(V),
i+j=r

where Fil' A -Fil/ N(V) denotes the image of Fil' A ® Ak Fil N(V) > A® A NOV).

3.4. Relative Fontaine—Laffaille modules. In this subsection we will consider the category of relative
Fontaine—Laffaille modules MFjg ;1 free (R, ®, ) defined in [Tsuji 2020, §4] as a full subcategory of the
abelian category ‘,m%'[vo’ S](R) introduced in [Faltings 1989, §1I]. Let s € N such that s < p — 2.

Definition 3.23. Define the category of free relative Fontaine—Laffaille modules of level [0, s], denoted
by MFjo s} free (R, @, 9), as follows:

An object with weights/level in the interval [0, s] is a quadruple (M, Fil* M, 9, ®) such that:

(i) M is a free R-module of finite rank. It is equipped with a decreasing filtration {Fil* M}zcz by finite
R-submodules, with Fil° M = M and Fil**! M = 0 and such that gr’li—il M is a finite free R-module
forall k € Z.

(i) The connection d: M — M Qg Q}Q is quasinilpotent and integrable and satisfies Griffiths transversality
with respect to the filtration; i.e., 8(Filk M) C Fil*"' M @z Q}e forallk € Z.
(iii) Let (¢*(M), ¢*(d)) denote the pullback of (M, d) by ¢ : R — R and equip it with a decreasing
filtration
Fill (p* (M) = Y "(p'/iV)g*(Fil* ' M) fork € Z.
ieN
Suppose that there is an R-linear morphism @ : ¢*(M) — M such that ® is compatible with
connections, @ (Filf (¢*(M))) C p*M for 0 <k < s and

> p e Fl (@ (M) =M.
k=0

Denote the composition M — ¢*(M) M by ¢.

A morphism between two objects of the category MFq ] free (R, ®, 0) is a continuous R-linear map
compatible with the homomorphism @ and the connection 9 on each side.

Remark 3.24. In Definition 3.23 (iii), note that ¢*(M) denotes the R-module R ®, g M on which the
Or-linear connection is given by the formula ¢p*(9)(a ® x) =da @ x + a ® d(x) for any a in R and x
in M. Furthermore, compatibility of the R-linear morphism & : ¢*(M) — M with connections means
that, for any a in R and x in M, we must have d o ®(a ® x) = ® 0 ¢*(3)(a ® x).
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To an object M in MFq ) free (R, ¢, Fil), we can functorially associate a Z,-module as
TCtlS(M) = HomR,Fil,(p,a (M7 OACI‘iS(E))y

i.e., R-linear maps from M to OAcris(E), compatible with the respective Frobenii, filtrations and connec-

tions. Set
Teris(M) :=Homgz (T (M), Z,),

cris

and note that it is a finite free Z,-module of rank rkzr M, admitting a continuous action of Gg. By
[Faltings 1989; Tsuji 2020], the p-adic representation Veris(M) := Q) ®z, Teris(M) is crystalline with
Hodge-Tate weights in the interval [—s, O].

Theorem 3.25 [Abhinandan 2025, Theorem 5.4]. For a free relative Fontaine—Laffaille module M over R
of level [0, s], the associated p-adic representation

Veris(M) := Qp ®Zp Teris(M)
of Gp is a positive finite q-height representation (in the sense of Definition 3.1).

Remark 3.26. (i) The results of [Abhinandan 2025] are shown for s = p —2. However, all the arguments
can be adapted almost verbatim (by replacing p — 2 everywhere by any 0 < s < p —2).

(i1) Let M be a free relative Fontaine—Laffaille module over R of level [0, s], and let T = T;is(M) be its
associated Z ,-representation of G g. Then, from Theorem 3.25, we have a free relative Wach module
N(T) over A;ﬁ associated to 7. Moreover, by combining [Abhinandan 2025, Propositions 5.23 &
5.27] and the proof of [Abhinandan 2025, Theorem 5.4], we have a natural isomorphism

OARL, ®@r M => OAR ® 4 N(D),

compatible with the respective Frobenii, filtrations, connections and the actions of I'g.

(iii) From the proof of [Abhinandan 2025, Theorem 5.4], one can observe that M/ ® (¢*(M)) is p*-torsion
and s equals the maximum among the absolute values of Hodge—Tate weights of Vjs(M).

Remark 3.27. In Definition 3.23, we considered finite free R-modules. For the R/ p"-module M/ p", the
associated Z/ p"-representation of G is given as

Tcris(M/Pn) = Tcris(M)/pn-

Moreover, we associate a Wach module to T/ p" = Ti.is(M)/p" as N(T/p™) := N(T)/p" and we have

a natural isomorphism
OAR /D" ® gt/ N(T/p") <> OAR, [ p" @rypr M/ p"

compatible with the respective Frobenii, filtrations, connections and the actions of I'g; see [Abhinandan
2025, §5.3].
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4. Galois cohomology complexes

In this section, we will describe Koszul complexes computing the cohomology for the action of I'g and
Lie I'g on certain modules.

4.1. Relative Fontaine—Herr complex. From Section 2.4, recall that we have an equivalence between
Z p-representations of G g and étale (¢, I'g)-modules over A, so it is natural to expect that the continuous
G r-cohomology groups of a Z ,-representation 7' could be computed using its associated étale (¢, I'g)-
module D(T). Below, we will consider the continuous cohomology (for the weak topology) of étale
(¢, I'g)-modules over Ag and A; (see Section 2.4).

Definition 4.1. Let D be an étale (¢, I'g)-module over Ag or ATR. In the derived category of abelian
groups, let R con¢(I'g, D) denote the complex of continuous cochains with values in D.

Theorem 4.2 [Andreatta and Iovita 2008, Theorems 3.3 and 7.10.6; Herr 1998]. Let T € Repzp (GRr),
and let D(T) and D' (T) be the associated étale (¢, T g)-module over Ag and Aje’ respectively. Then we
have natural quasi-isomorphisms

[RFCOI’lt(FRa D(T)) 1—_(/)) Rl cont(I'g, D(T))] ~Rlcont(Gr, T),
[RCcon(Tr, DF(T)) =% RTcon(Tx, DT(T))] = RTeom (G, T).

Remark 4.3. Theorem 4.2 is also valid for § = R[w ], where @ = {,» — 1, and we replace G by
Gs<Gpg, T'rby I's = F;e x I'g <« T'g and consider complexes in terms of étale (¢, I's)-modules over
respective period rings Ag > and A;{w (defined in an obvious way).

4.2. Koszul complexes. Recall that K = F({,n) form € Nj. Let S = R[w ] for @ = ¢{,» — 1. From
Section 2.4, recall that So[1/p] = R[1/p] is a Galois extension of S[1/p], with Galois group

FS=F% X g <p.

Also recall that we fixed topological generators {yy, y1, ..., Y4} of I's such that {yy, ..., y4} are topo-
logical generators of I'y :=I'j, and yp is a lift (to I'g) of a topological generator of I'x. Furthermore,
x denotes the p-adic cyclotomic character, and recall that ¢ = x (yp) = exp(p™).

In this subsection, we will recall the definition of Koszul complexes from [Colmez and Niziot 2017,
§4.2] computing continuous I"g-cohomology of topological modules admitting a continuous action of I's,
in particular, étale (¢, I's)-modules (see Remark 4.3). Let t; = 3; — 1 for 1 <i < d, and set

K(7):0— Z,[w] LN Z,l7i]l — 0,
where the middle map is multiplication by 7; and the right-hand term is placed in degree O.
Definition 4.4. Define
K(ti, ..., 1) = K(1)®2,K(0)®z, - ®z,K (t4)

to be the Koszul complex associated to (ty, ..., T4).
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Remark 4.5. The degree g term in the complex K (71, ..., tz) (Definition 4.4) equals the exterior power
/\Z\ A4, where A = Zpllty, ..., tall = Z,[T'§] is an isomorphism; the last term denotes the Iwasawa
algebra of ['y. The differential 4!, : A% A7 > A%~ A is given as

k=1
in the standard basis {e,-l...iq [1<ip<---<ig<d}of /\Z A% Tn the category of topological A-modules,
the augmentation map A — Z, makes K(ty, ..., 7g) into a resolution of Z,. Explicitly, we have that
I diy di r 4y
K(t,...,79)=0—> A'd — ... — A"l — A — 0,
where Al = EBI‘} A for I[; ={(@1,...,ig) |1 <ij <--- <iy < d} and the differentials are as described
above. Similarly, for ¢ = x (yp), we can define the Koszul complex K (77, ..., t5), where 7/ 1=y — 1.

Definition 4.6. Let A :=Z,[[I's], and define the complex
rd) d! rodl
K(A):=0— Ala 2=l 000 S Ala 205 A 50,

where we have A% = @,, A and the indexing sets I , were described in Remark 4.5. From [Morita 2008,
q
Lemma 4.3], we have an isomorphism of complexes

1i’111nzp[rK/(r,<)P’"] ®z, K(11,...,70) => K(A).
Similarly, one can obtain K“(A) from K (zy, ..., ;). Both K(A) and K“(A) are resolutions of Z,[[I'x ]|
in the category of topological left A-modules.

Example 4.7. For d = 2, the complex K (A) in Definition 4.6 is given as
d| d
0> A5 ABDA S A—0,

where dll (x) =(—x1, x11) and dé (v,2) =y11+270.
Definition 4.8. Define a map 7y : K°(A) — K(A) by setting, in each degree,

rg =y —1 and rg @iy iy) B (@i, (Yo — Biyiy )

for 1 < q < d, 1 < i1 << iq < d and 8i1---iq = 81}, e ~5,‘1, with 5,“,. = ()/l-i — 1)(Vij — 1)71.
Let M be a topological Z,-module admitting a continuous action of I's.

Definition 4.9. Define the I'-Koszul complexes of M by setting Kos(I'§, M) := Homy cont(K (A), M)
and Kos“(I'y, M) := Homp cont(K“(A), M). Moreover, define the I"g-Koszul complex of M as

Kos(T's, M) := [Kos(T's, M) = Kos“(T"y, M)].

Proposition 4.10 [Colmez and Niziot 2017, §4.2; Lazard 1965]. There exists a natural quasi-isomorphism
of complexes Kos(I's, M) >~ R ¢one(I's, M).
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Definition 4.11. Let D be an étale (¢, I's)-module over Ag 5, and set

Kos(T'., D) ——Y— Kos("s, D)
Kos(p, I's, D) := lro lzo
Kos (I, D) —2 Kos® (s, D)
Note that, from Proposition 4.10 and Definition 4.11, we have a natural quasi-isomorphism of complexes
Kos(p, I's, D) =~ [RFCOm(FS, D) N RIcont(Ts, D)], so we conclude the following.

Proposition 4.12. Let T be in Repzp (Gs) and D (T) be the associated étale (¢, I's)-module over AR 4.
Then we have a natural quasi-isomorphism of complexes Kos(¢, I's, D (T)) =~ Rl cont(Gs, T).

4.3. Lie algebra cohomology. In this subsection we will fix constants u, v € R such that
—1
L <u< v <1<
4 P

for example, one can take u = (p — 1)/pand v=p — 1.

4.3.1. Convergence of operators. From Section 2.7, recall that we have rings AR R A%‘,]w and A[I?,’;]
equipped with a continuous action of I'g < 'g.

Lemma 4.13. Fori €{0, 1, ..., d}, the operators
(=D*(yi — D!
Vi = log Yi = Z
Py k+1
converge as a series of operators on ARP R A[u] and A[“ o]

Proof. From Lemma 2.21, note that

(vo— D™, 7wl AR, C(p" nk )k“A

m

for all k > 0. Using the fact that y — 1 acts as a twisted derivation, we see that, for any x in A" | the

R,

expression (yo — 1)*x belongs to (p”, 7} )"APD Therefore, to check that the series

(vo— D' (x)
Vox) =) (=D
,%\,: k+1

converges in APD it is enough to show that, for a fixed 0 < j < k, the p-adic valuation of

pmj|, pmEd
e I
"

goes to 400 as k — +o00, which follows from an elementary computation. In particular, we have that
Vo(x) converges in AR°
Now, let us consider y; fori € {1, ..., d}. Again, from Lemma 2.21, note that

i = D" 7 AR, < (" AR,
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for all £ > 0. Using the fact that y; — 1 acts as a twisted derivation, we conclude that, for any x in AY" R
the expression (y; — ¥x belongs to (p™, b )kAI,;]?w. Therefore, using an estimate similar the case
of yy, we conclude that the series

Ykl
Vi (x) = Z( 1)k(7/z D (x)

oy k+1
converges in A . The case of A[ ] and A%,’:U] follow from similar arguments (using Lemma 2.22
for AE'{’;J). This allows us to conclude. O
Next, note that formally we can write
log(1+ X) 5 3 X 2 3
— =1 X X X+, ———— =140 X+ X" +b3X°+---,
X +ar X +a X" +az3X” + log(1 £ X) + 01X +02X" +03X7 +
where v, (ax) > —k/(p — 1) for all k > 1, and therefore v,(by) > —k/(p — 1) for all k > 1. Setting
X=y—1forie{0,1,...,d}, we make the following claim.
Lemma 4.14. Fori €{0, 1, ..., d}, the operators
Vi log y; vi—1 _ yi—1
— = and —— =
vi—1 yi—1 Vi log y;

converge as series of operators on APD A[”] and AE';’;].

[u]

Proof. We will only show that these series converge on APD ; the case of A" and A%’”;] follow similarly

(using Lemma 2.22 for A[”’;Z’T]). Note that we have

vp(ay) >

—k
> — >
I and v,(by) = P forall k > 1,
so it is enough to show the convergence of (y; — 1)/ log y;. Now, from Lemma 2.21, we have, for k > 1,
i = D" 7wl AR, < (" AR,

Since y; — 1 acts as a twisted derivation, for any x in APD from the proof of Lemma 4.13, we have that
(yi — Dkx belongs to (p™, 7} )"AP D Therefore, to Check that the series

> (=D by — DEx

keN

it is enough to show that, for a fixed 0 < j < k, the p-adic valuation of

by p" &) Lﬂj |
e

goes to +00 as k — 400, which follows from an elementary computation. So, we get that the series

converges in AR R

(yi — 1)/ log y; converges on A . This concludes our proof. U
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4.3.2. Koszul Complexes for Lie I's. For 0 <i < d, let V; denote the operators defined as above. The Lie
algebra Lie I' of the p-adic Lie group I} is a finite free Z,-module of rank d; i.e., Lie 'y = Z,[V;]i<i<a
and the Lie algebra Lie I'g of the p-adic Lie group I'g is a finite free Z,-module of rank d + 1; i.e.,
LieI's = Z,[Vilo<i<a- Moreover, we have

[Vi,Vi]=V;oV;=V;0V; =0 for 1 <1, j

[Vo,vi]=VQOVi—ViOV0=pmvi f0r1<l<
In particular, Lie I' is commutative as a Z ,-algebra, however Lie I'y is noncommutative. Let M be a
topological Z,-module admitting a continuous action of Lie I's.

Definition 4.15. Define the complex Kos(LieI'y, M) := M — M Il ... — M with differentials dual
to those in Remark 4.5 (with t; replaced by V;).

Consider a morphism of complexes Vj : Kos(Lie I'';, M) — Kos(Lie I'';, M) defined on the g-th term
as Vo —gp™: Ml — M.

Definition 4.16. Define the Lie I"s-Koszul complex with values in M as
Kos(Lie I's, M) := [Kos(Lie I'y, M) Y0, Kos(Lie T, M)).

Proposition 4.17 [Colmez and Niziot 2017, §4.3; Lazard 1965]. There exist natural quasi-isomorphisms
of complexes
Rl cont(Lie T, M) ~ Kos(Lie I'y, M),

Rl cont(Lie I's, M) >~ Kos(Lie I's, M).
5. Syntomic complexes and finite-height representations

We will assume the setup of Section 2. Recall that we fixed some m € N> and, from Section 2.5, we have
rings R} forxe{ ,+4,PD, [u], (0, v]+, [u, v]}. Unless otherwise stated, we will assume u = (p—1)/p
and v = p — 1. Note that the p-adic completion of the module of differentials of R relative to Z is given
as Q}e = @flzl Rdlog X;. Also, for x € {+, PD, [u], [u, v]}, we have

d
dXo
R dlog X; ).
1+xo@(§?  dlog )

5.1. Formulation of the main result. In Sections 5 and 6 we will work with the following class of

1 _ px

representations.

Assumption 5.1. Let T be a positive finite g-height Z,-representation of G of height s, and set
V =T[1/p] (see Definition 3.1). Assume that the Wach module N(T') is free of rank rkzp T over A; and
M C ODgis(V) is a free R-submodule of rank rkz, T such that M is stable under the induced Frobenius,
M[1/p] = ODis(V) and the induced connection over M is p-adically quasinilpotent, integrable and
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satisfies Griffiths transversality with respect to the induced filtration. Furthermore, assume that p* M C
@*(M) and there is a natural map

OAR, ®r M — OAR’, ® 4+ N(T)

compatible with the respective Frobenii, filtrations, connections and actions of ['g, and such that it is a
pN—isomorphism with N =n(T,e) e Nfore=[K : F]= pm_l(p —1).

Example 5.2. Following are some cases in which Assumption 5.1 is satisfied:

(i) Assuming that N(T) is a free A}F—module, from Proposition 3.9 and Remark 3.11, we have that the
R-module M := My (in the notation of the proposition) satisfies Assumption 5.1 with m = 1 and
n(T,e)=s.

(i) Let M = (OAl;el?w ® A% N(T))'® with an additional assumption that it is free over R of rank rkzp T.
Then, the module M depends on T and m € N3 (see Remark 3.12), and it satisfies Assumption 5.1
with n(T, e) = s (see Remarks 3.10-3.12).

(iii)) For our intended global applications to relative Fontaine-Laffaille modules, we note that, for
representations arising from finite free relative Fontaine—Laffaille modules of level [0, s] with
s < p —2 as in Section 3.4, the conditions of Assumption 5.1 are automatically satisfied, with M
being the relative Fontaine—Laffaille module and n (7T, ¢) = 0 (see Remark 3.26).

Let us first consider the case of S = R[w]. From Section 2.5 we have the divided power ring
RPP — S, and we have a finite free REP-module MEP := RFP @ M equipped with a Frobenius-
semilinear endomorphism ¢ given by the diagonal action on each component of the tensor product, and a
filtration {Fil* MPP};cn induced from the tensor product filtration on MFP[1/p] (see the discussion before
Lemma 2.40). Moreover, the Ofg-linear integrable connection on M and the continuous Op-linear de
Rham differential operator on RFP induce an O r-linear integrable connection d : MEP — MP ® rep §2 }eg’)
defined by sending a ® x - a ® 9y (x) + xda. It is easy to see that the connection d on MEP satisfies
Griffiths transversality with respect to the filtration since the same is true for the connection on M and
the differential operator on RFP. In particular, we have the filtered de Rham complex

Fil" &% ,, :=Fil" M;? — Fil' ™' M}? @ gep Qpen — «+ - - (5-1)
Fix a basis of Qe as {dXo/(1 4+ Xo),dX1/X1,...,dXa/Xs}. We will next equip Qjp, with an
action of Frobenius. Let j e Nand I; ={0<i; <--- <i; <d}. Fori =(iy,...,ij) € I}, set
dXo dXi, dXij o dX;, dXij )
w; = AN—=A---A— 1ifi; =0 and w; :=——A---A—— otherwise.
14+ Xo Xi, i X Xl'/.

Define the operators ¢ and ¥ on Q{QPD by the formulas

so(Zx,-w,-):Zw(x,-)wi and w(inw,-)=Zw<xi>wi. (5-2)

lEIj lEIj lEIj lEIj
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Remark 5.3. Note that (5-2) is not the natural definition of Frobenius, since we have d(¢(x)) = pp(dx)
in (5-2). But in order to define i integrally, we need to divide the usual Frobenius on Q}e* by powers
of p. Recall that, with the usual definition of Frobenius, we have ¢d = d¢ over M C Ogcris(V); see
Section 2.3. However, using (5-2) for Q}e as well, we see that, for any f € M, we now have

d
du(o(f) =Y _dip(MNwi =Y pp@i(fNwi = pe@u(f)).
i=1

Definition 5.4. Let r € N, and consider the complex Fil” &% ,, as above. Forn e N, let S, = S® Z/p"
and M,, = M ® Z/p". Define the syntomic complex and the syntomic cohomology of S with coefficients
in M as
Syn(S, M, r) := [Fil' @y LY a0 HEo(S, M. r) = H*Syn(S, M, r)),
Syn(S, M, r), :==Syn(S, M, r)®7Z/p", H (Sy, My, r):= H*(Syn(S, M, r),).

syn

Our main local result is as follows.

Theorem 5.5. Consider the setting of Assumption 5.1, and let v € Z such that r > s + 1. Then there exist
p"N -quasi-isomorphisms

arﬁaz (T<r—s—1Syn(S, M, r) ~ 7,5 1RTcon (G5, T(r)),

afzz LTr—s—1 Syn(S, M,r), =~ Tgr—s—lRFcont(GS, T/p" (r)),
where N = N(T, e, r) € N depends on the representation T, e = [K : F] and the twist r.

Remark 5.6. For M as in Example 5.2 (ii), note that, in Theorem 5.5, the constant N can precisely be
given as N = 14r 4+ 9s 4 2; see Section 6.1.

Remark 5.7. Almost all statements and proofs in Sections 5 and 6 are true for m > 1. However, for some
lemmas in Sections 6.5 and 6.6, we need to assume that m > 2. So from now on, the reader may safely
assume that m > 2 in Sections 5 and 6 and obtain Theorem 5.5 for m = 1 using the Galois descent of
Lemma 6.21.

Using Theorem 5.5, we can obtain a similar statement over R. Recall that R is smooth over O and,
for r € Z, we have the filtered de Rham complex

Fil' @y y :=Fil' M > Fil' ' M@ Qp —> Fil' M @ Q —> - - . (5-3)

Remark 5.8. One can also consider the formulation of a filtered de Rham complex for M as in (5-1). In
that case one considers a surjection R}, — R via the map X — 0. By writing down the corresponding
de Rham complex one readily sees that it is quasi-isomorphic to @% .

Using (5-3), similar to Definition 5.4, one can define the syntomic complex of R with coefficients
in M. Then using Theorem 5.5 for @ = ¢,,» — 1 (in particular, Example 5.2 (ii) for m = 2), Corollary 6.20
and Galois descent in Lemma 6.21 for e = p(p — 1)), we obtain the following.
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Corollary 5.9. Consider the setting of Assumption 5.1, and let r € Z such that r > s 4 1. Then there exist
pN-quasi-isomorphisms
T<r—s—1 SYN(R, M, r) = 1<y s 1R coni(Gr, T (r)),
T<r—s—1 SYyn(R, M, 1) > 1<, —s—1RTcont (G g, T/ p" (r)),
where N = N(p, r,s) € N depends on the prime p, twist r and height s of T.

Remark 5.10. For M as in Example 5.2 (ii), note that, in Corollary 5.9, the constant N can precisely be
given as N = 18r +9s +3p(p — 1) 4 2; see Section 6.1.

In Theorem 5.5 we only prove the p-adic case. The modulo p" case follows in a similar manner. The
complete proof is divided in two main steps: First, we will modify the syntomic complexes with coefficients
in M to relate it to a “differential” Koszul complex with coefficients in N(7'); see Proposition 5.28.
Next, we will modify the Koszul complex from the first step to obtain a Koszul complex computing the
continuous G g-cohomology of T (r); see Theorem 5.5 and Proposition 6.1. The key to the connection
between these two steps will be provided by the comparison isomorphism in Theorem 3.6 and a filtered
Poincaré lemma. In the rest of Section 5, we will show the first step. The second step will be worked out
in Section 6.

5.2. Syntomic complexes with coefficients. For x € {[u], [u, v], [u, v/p]}, define a finite free R -module
M} := R} ®p M. Via the diagonal action of Frobenius on each component, define Frobenius-semilinear
operators ¢ : M — M and ¢ : MLu-0) — MEUIPL Bquip M with a filtration {Fil* M }icn induced
from the tensor product filtration on M [1/p]; see the discussion before Lemma 2.40. Furthermore,
the Op-linear integrable connection on M and the continuous Op-linear de Rham differential operator
on R} induce an Of-linear integrable connection on M, which satisfies Griffiths transversality with
respect to the filtration since the same is true for the connection on M and the differential operator on R} .
In particular, we have the filtered de Rham complex

Fil' %, :=Fil"' M, — Fil'™' M}, @ Qi — Fil' > M}, @ Q3. — - . (5-4)

Moreover, for x € {[u], [u, v], [u, v/ p]}, we define operators ¢ and ¢ on Q;e as in (5-2). From (5-4),
for x € {[u], [u, v]}, denote by D,. M the source de Rham complex and, for x € {[u], [u, v/ p]}, denote
by €%. j, the target de Rham complex.

Definition 5.11. Define Syn(M,, r) := [Fil’ @%. ,, 2% €5 ]

5.3. Change of the disk of convergence. In this section, we denote the syntomic complex Syn(S, M, r)
in Definition 5.4 by Syn(MEP, r).

Proposition 5.12. For 1/(p — 1) < u < 1, the natural morphism between syntomic complexes
Syn(Mg., r) = Syn(My, r),

induced by the inclusion MZI;D - MZ[U”], is a p* -isomorphism.
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The proposition follows from the next lemma by setting k =r.
Lemma 5.13. Let j, ke N. If 1/(p — 1) < u < 1, the following map is a p**"-isomorphism:
P =l Fil' MY @ Q) / Rl My ® Qs — MU' @ /My ® Q.
Proof. The proof is motivated by [Colmez and Niziot 2017, Lemma 3.2]. Note that we can decompose

everything in the basis of the w;, where i € I; = {0 <i; <--- <i; < d}. Then by the definition of
Frobenius on w;, we are reduced to showing that

P — plo Fil" MM/ Fil" MPP — m11) pPP
is a p**’-isomorphism. Since ¢(R!) C RI/PI RFP for 1/(p — 1) < u < 1, we therefore have
MPP ¢ M1 and p(M[“1y ¢ MFP.

For pk-injectivity, recall that Fil" M = M NFil" MEP (see Lemma 2.40), so, for any x in Fil” M1,
it suffices to show that if (p¥ — p/g)x e M;D then pfx € M;D. Since we can write

pkx = (pk — pjgo)x + pj(p(x) and go(MzE_ﬂf]) C MZI;D,

we therefore get pFx e MPFP. Next, let us show the p** -surjectivity. Let {fi, ..., f»} be an R-basis
of M and take x = Zflzl a; ® fi € MZ[_UL,‘]. Let N =ke/(u(p — 1)); then from the definition of Rg‘] we can
write

a; = aj1 +a;n, withajp e Rg’]N and a;| € p_LN”/eJR;”r - p_kRgD,

where we write Rg]  as in the notation of Lemma 2.11 (it consists of power series in X involving terms
Xp for s > N). Now let

h h
X1=Zai1®fz‘ and x2=Zai2®fi,
i=1 i=1

so that x = x| + x,. By Lemma 2.11 and the fact that M is stable under g, it follows that (1 — p/~*¢) is
bijective on Rg’] v ®r M (note that the series of operators Y ;. X ¢ converge as an inverse to 1 —
p/ %@ on Rg,]zv ®g M). In particular, we can write x> = (1 — p/ % ¢)z for some z = Zf.’:l bi® fi € MZ[E”,‘].
Also, by Lemma 2.9 we can write

b; = b1 +bin, with b € Fil' R™! and by € p~U"IRY.

By setting
h h

a=) b1®fieFlr MW and =) bp®fi € p My,

i=1 i=1
we obtain (1 — p/*@)zy = p~™*(p* — plp)zs € p_k_’Mg,D. Using the preceding observation in the

expression for x, we get
x—(A=p/ o)z =x1+ (U —p' )z e p "M+ p7FTMEP Cc pTHT MR,

Therefore, we obtain x € p_k_’MgD + p~K(p* = pip) Fil" MZ[Z‘,‘], allowing us to conclude. [l
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5.4. Change of the annulus of convergence. We will consider the base change of the syntomic complex
from RFP to RI4-V1,

2r+4s

Proposition 5.14. For pu < v, there exists a p -quasi-isomorphism

Ter—s—1 SYn(M r) 2 T,y Syn(My r);
i.e., we have p* % _isomorphisms Hskyn(Mz[g], r)~ Hskyn(Ml[z’r"”], r) forO<k<r—s—1
Proof. The claim follows by combining the results from Lemmas 5.15, 5.16 and 5.18. ]

To prove the claim in Proposition 5.14, we will pass to the corresponding (quasi-isomorphic) V-
complex. Recall that we have the isomorphism ¢*(ODis(V)) —=> ODis(V). Let f ={f1,..., fn}
denote an R-basis of M. Then f and ¢(f) form two different basis of OD.s(V) over R[1/p]. So, we
can write f = ¢(f)X, where X = (x;;) € (h, R[1/p]). For our choice of M (see Assumption 5.1) and
using Theorem 3.6 and Proposition 3.9, we have x;; € p™° R, where 1 <1i, j < h and s is the height of V.
Define

VMM =R @r M — pT R @r M, fyT > fY(XyD),

where we consider the operator ¥ on R!“! defined in Section 2.6. It is easy to show that this map is well
defined, i.e., independent of the choice of a basis for M. Using the operator ¥ on M“! as above and

on 2° |, as in (5-2), define the complex
R

[u
w

r+sa._ ets
syn? (M, r) = [Fil MY @ PV yled g @i

Lemma 5.15. The commutative diagram

. . r__ .90 .
Fil' MU @ Q1 PR pm ® U

lid lpfw

Fllr M[u] ® Q. pr#vw_pofr M[pu] ® Q.
w R[wul 1 w Rggul

defines a p*-quasi-isomorphism from Syn(MU r) to Syn? (MU, p).

Proof. First, we will look at the cokernel complex which is the cokernel of the right vertical arrow. By
definition, we have that ¥ (M“1) ¢ p=> MP"); in particular, p*y (M) ¢ M Moreover, note that
the operator V¥ : RE,”] — RZ[Z’,’”] is surjective and p*M C ¢*(M); see Assumption 5.1. Therefore,

M = RIP @ g My (RU @ o* (M) C (M),

Hence p*v (M) is p*-isomorphic to M¥*! and the cokernel complex is killed by p°.
Next, for the kernel complex, we proceed as follows: let M = @5’: | Rfj; therefore M Z[U”] = @?:1 R[H’;] fi-
Recall that M /¢p*(M) is killed by p®, so we have a p*-isomorphism

h
P rWo(f) => M.
j=1
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Note that an element y = Z?:l yje(fj)isin (@?:1 RZ[ZL,‘](p(fj))wZO if and only if y; is in (RL’;])‘/’ZO.
Indeed, ¥ (y) =0 if and only if Zl}zl V¥ (y;) fj =0, and since the f; are linearly independent over R[1/p],
we see that ¥ (y) =0 if and only if ¥ (y;) =0 for all 1 < j < h. In particular, we obtain a p*-isomorphism

h

h =0
(MU= = (@ RE.“%o(fﬂ) =D& 0.
j=1

j=1
Using the definition of i on Q* 1 10 the chosen basis of (5-2), it easily follows that
Ry
(M @ 2,) V=" = (M= @, Q.

Recall that, from Lemma 2.15 (ii), we have a decomposition

(RN =P Ryl = D R e
a#0 a#0

where uy = (1 + X0)*X{' - X3, where o = (ap, . .., ) is a (d+1)-tuple with &; € {0, ..., p — 1}
for each 0 < i < d. Moreover, we have 9; (uy) = oju, for each 0 < i < d. In particular, 0; (Rg]a) C Rg]a.
Now, using the decomposition of (Rg])¢:0, we set M, = EBI}:I Rg‘}aw(fj) and obtain that (Mg;])wzo
is p*-isomorphic to P, .y My. From the O-linear continuous de Rham differential operator on RE,”]a
and the O-linear integrable connection on M“!, we obtain an induced O r-linear integrable connection

9: M, — Ma®Q;g,]a =M, ®; Q"

Then the decomposition of (M!1)¥=0 shows that the kernel complex in the claim is p*-isomorphic to the
direct sum of the complexes

0> M, > M,RQ > M,Q>—> .., (5-3)

where o # 0. We will show that (5-5) is exact for each «; the idea of the proof is based on [Colmez and
Niziot 2017, Lemma 3.4]. Since everything is p-adically complete and p-torsion free, we only need to
show the exactness of (5-5) modulo p. Note that, for y = Zi’: 1 yje(fj) € My, we have

h h
a(Z y,;w(f;)) = o) +o(f)3 (),
j=1 j=1

where dy; denotes the connection on M. Recall that from Remark 5.3 we have ¢dy = pdye. So
a(y) — Z?:l o(fj)a(y;) € pM,. Moreover, using Lemma 2.16, we have 9;(y;) —a;y; € pRE,”}a. So we
get that the complex (5-5) has a very simple shape modulo p: if d =0, it is just My 2> M,; if d =1,
it is the complex M,, ACILIIN M, DM, RN M,; for general d, it is the total complex attached to a
(d+1)-dimensional cube with all vertices equal to M, and arrows in the i-th direction equal to «;. As
one of the «; is invertible by assumption, this implies that the cohomology of the total complex is 0 and

(5-5) is exact for each «. This allows us to conclude. |
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Following the definition of i over M [4] (see the discussion before Lemma 5.15), one can define an

operator
Y RYUYT @r M — pTRIPIQp M
as a left inverse to ¢ and set
TS, ets
Synlﬁ (Mz[;,v]’ r) = [Filr MZ[;,U] ® ng,v] % Ml[ém,v] R Q}ez[gp”’”]]'
Lemma 5.16. For u < 1 < v, the natural morphism of complexes Syn" (MM ry — Syn? MYy isa
"-quasi-isomorphism in degrees k <r —s — 1.

Proof. The map between the complexes is induced by the diagram

. r+sw_ o+s
Fil MY ® Q) ————— M @ 2

l !

r+S
Fil’ M1 @ Q¢ PV gl ”]®Q° (s

R[u v]

where the vertical arrows are natural maps induced by the inclusion RI“! c RI“-?1. Therefore, it suffices
to show that the mapping fibre

r+s
[Fil" MY @ Qi / Fil MU @ 23 PV ] g @ gt/ M © ]

is p? -acyclic. By Lemma 5.17, we can ignore the filtration, and by working in the basis {w;, i € I;}
of Q*, it is enough to show that

pr—Hw _ pk+s . MI[UM,U]/MI[;] — MZ[ZITW,U]/MZ[UPM]

is a p"-isomorphism for k < r —s — 1. But note that MZ[Z”,"”]/ME;] = Mz[zﬁm'”]/Mz[zfm] is an isomorphism;
therefore, we see that 1 — p’/ is an endomorphism of this quotient for i =r —k. Moreover, fori >s+1, we
get that 1 — p’ is invertible on M 4?1/ M1 with the inverse given as 1+ p' = (p* )+ p?¢ =9 (p )2+

Therefore, it follows that p’ 5y — p**s = pk+s(p" %4y — 1) is a p**S-isomorphism. Since k +s <r —1,
we obtain that the complex in the claim is p*"-acyclic. (I

Lemma 5.17. The natural map
Fil" M)/ Filr Ml — pglevlypglal
is a p"-isomorphism for u <1 < v.

Proof. The map in the claim is injective by Lemma 2.40. For p”-surjectivity, let {f1, ..., fi} be an
R-basis of M, and let x = 2?21 b;® f; € RE,“’”J ®g M. By [Colmez and Niziot 2017, Lemma 3.5], we
have a p"-isomorphism

Fil" R/ Fil” R =~ Rluvl/Rlul

so we can write p”b; = b;j + b2, with b;; € Fil” R1*! and b;, € RI“!. Since Zf’zl bi1 ® f; € Fil" MLu-v1,
we get the desired conclusion. U
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Lemma 5.18. The commutative diagram

Fil' MU @ Qe _rTPe Lyl g Qe

Rz[;vu/P]

lid lp-vw

r+S
Fil” M[u v] ® Q' u . L) M[Pu vl ® Q' pu "

defines a p**-quasi-isomorphism from Syn(Mz[U”’”], r) to Syn¥ (MZ[Z’,"”], r).

Proof. The claim follows in manner similar to the proof of Lemma 5.15 by replacing M“! with p7l-]
and R with R“!. One only needs to note that Lemmas 2.15 (ii) and 2.16 are true for the ring R ") as
well. We omit the proof. U

5.5. Differential Koszul Complex. Our next goal is to relate the syntomic complex Syn(M1?1 r)
in Section 5.4 to a complex with coefficients in the Wach module N(T) from Assumption 5.1; see
Proposition 5.28. Before stating the result we will verify some results in order to define the latter complex.

Let Q! Al denote the p-adic completion of the module of differentials of A%’ ;] relative to Z. Via
the 1s0m0rph1sm leyel R[” vl > A[” vl , we choose a basis {wg, wi, ..., wg} of QA «v] obtained as the
image of {dXo/(1+ Xo),dX /X1, .. a’Xd/Xd} under tcyc (see Section 2.5); in partlcular we have the
differential operators 0; over A[I?,’;] for 0 <i < d. Moreover, from Definition 2.7, AE?’;] is endowed with

a filtration and we have the filtered de Rham complex Fil” Q;‘[u v1. The differential operators 0; are related

to the infinitesimal action of ['g by the relation V; :=logy; = ta for 0 <i <d, where
(=D*(y — DA
1 ;= .
keN
Let us set

NEU(T) = AR @ 44 N(T)

and equip it with a ["g-stable filtration as in (3-5). Recall that for an indeterminate X we have formal

expressions
log(1 + X) X
——— and ——
X log(1+ X)
(see before Lemma 4.14).
Lemma 5.19. Fori € {0, 1, ..., d}, the operators
V,‘ lo i (i 1 (i 1
Vi=logy,, ——= £V and L
vi—1 yi—1 Vi log i

converge as a series of operators on N[” V(T). The same is true for A[” v] ®A+ N(T (r)) foranyr e Z,
and Fil* N“YN(T (r)) for any k € Z.

Proof. We will only show the claim for the operator V;; the claim for the convergence of operators
Vi/(yi —1) and (y; — 1)/V; follows in a manner similar to Lemma 4.14. For 0 < i < d, we have that
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y; — 1 acts as a twisted derivation; i.e., for any a € A[ v] and x € N(T), we have

(vi = Dlax) = (yi — Da-x +yi(a)(yi — Dx.

Note that the action of I'g is trivial on N(T")/r N(T'). So, using Lemma 2.22 and the preceding discussion,
we have

(i = D™l ENENT) € (p", m ) NEN(T.
Now, similar to the proof of Lemma 4.13, for k > 0, it follows that
(i = DENG T € (" 7l NN ().

The same estimation of the p-adic valuation of the coefficients as in the proof Lemma 4.13 helps us
conclude that log y; converges as a series of operators on N“-vI(T).
Next, from Lemma 3.20, recall that

-1k , e k ,
Fil* NN (T (7)) = =" Fil" Y NIN (T ().

As t/m is a unit in A%’”g] (see Lemma 2.18) and the action of I'g is trivial on t " ® €®”, where €®” denotes
a Z,-basis of Z,,(r), it is therefore enough to show that V; converges on Fil* N1“*1(T) for all k € N.
Now, recall that from Remark 3.15 we have a I'g-equivariant isomorphism of E%’z;] -modules

o Fil'(ER 2l @ M[1/pl) = Fil*(ER 2 ® 42 N(V))

(see (3-8)). Moreover, note that V; converges on E I since it converges on A (see Lemma 4.13) and
I'g acts trivially on RI“V1. So, using that the ﬁltratlon on Ep [u.v] > Qr M[1/p]is glven as the tensor product
filtration (see Lemma 2.35), the action of 'y is trivial on M [1 /p] and the ideal Fil/ Ep Lu, U] is closed in

[“ v] for all j € N (see Remark 2.25 (ii)), it follows that V; converges on Fllr(E[” vl ®R M[l/p ) and,
since « is I'g-equivariant, V; also converges on Fllk(E [u.v] & A% N(V)). Combining the two discussions
above, it follows that

Vi (Fil* N2UI(T)) C Fil* (B 2 @ 41 N(V)) N NE-UI(T) = Filk NEevI(T)

(see Remark 3.13). A similar argument shows that the operators V;/(y; — 1) and (y; —1)/V; also converge
on Fil¥ NZ[;,””](T). This allows us to conclude. O

Lemma 5.20. For the filtered modules and operators V; defined above and 0 < i < d, we have
Vi Fil* NYUN(T)) € o Bl NRYN(T) = e Rl NESUI(T).

Proof. Note that the action of T'g is trivial on N-?}(T) /7w Nl“I(T). So, using Lemma 5.19, we infer
that

V; (Fil* N“vN(Ty) ¢ Filk N“Y(T) N N9Y(T) = 2 Rl NYI(T),

where the last equality follows from Lemma 3.17. As ¢/m is a unit in E EQ“;;] (see Lemma 2.18), we can
also write V; (Fil* N“I(T)) ¢ ¢ Fil*=! Nlu-vI(T). O
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For 0 <i <d, it is easy to see that we have V; = log y; = lim,_ 100 (y} - 1)/p", from which one
can easﬂy show that V; satisfies a Leibniz rule (see the proof of [Morrow and Tsuji 2020, Theorem 4.2]
for a similar argument). Now using Lemma 5.19 we define differential operators 0; over Ng"”](T)
as 0; := V;/t = (logy;)/t. In the basis {wy, ..., ws} of QA[u v, we set d = (dg, ..., dg) and obtain a
connection 9 : N[” Ty > N[” WY@ QA ) by sending ax — ad(x) +x ®da.

Lemma 5.21. The connection 3 on N v](T) is integrable, and satisfies a Leibniz rule and Griﬁﬁths
transversality with respect to the filtration;, i.e., 3; (Fil* N [” 2I(TY)) ¢ Filk~! Ny vl(TY for0<i <

Proof. From Section 4.3.2, recall that [V;, V;] =0 for 1 <i, j <d and [Vy, V;] = p"V, for I <i <d.
It follows that, over NL“I(T'), we have a composition of operators
129 0d; —0d;00;) =10;(td;) —1d;j(td;) =V;0V; =V;oV; =0 forl<i,j<d.
Next, for 1 <i < d, we have
VooV; — VioVy=1tdyo (td;) —1; o (tdg) = tp™; + 1299 0 8; — 120; 0
= p" Vi +1% (39 0 8 — 9 0 d).
In particular, 30 d; — 9; 039 = 0. Since d 09 = (3; 09;); ; for 0 <i < j < d and NI“VI(T) is t-torsion

free, we conclude that the connection 9 is integrable. Moreover, it is clear that 9 satisfies a Leibniz rule,
and it satisfies Griffiths transversality because we have

3; (Fil* NI*N(T)) = ¢~ Vi (Fil* N2YN(T))  Fil' ! NL-YI(T)

using Lemma 5.20. |

Let S = AE?”;]. Then, from Lemma 5.21, we have the filtered de Rham complex Fil” NZE_?*“](T) ® Q5.
In the chosen basis {wq, ..., wg} of Qg an element of Q‘é = /\q SZ]9 can be expressed as ) ; xjw; in a
unique manner, where x; € S and w; = w;, N Ao, fori =(iy,...,ig) €l ={0<i; <---<iy <d}.

In this case, the map involving differential operators becomes
(8;) : (Fil"=7 NvI(ry)le — (Fitk—a=! Nlevl(ry)lost for 0 <i <d.

Definition 5.22. Define the -Koszul complex for Fil* N“-V1(T) as

()

Kos(d4, Filk Nl-vl(ry) : Filk Ny 225 (Filk ! Nlevi(Ty) i

Remark 5.23. (i) By definition, it follows that we have a natural isomorphism between complexes
Fil* NI“YN(T) ® QA[RW] — Kos(d4, Fil* N“YI(T)).

(ii) Let I[’I ={(i1,...,ig)such that 1 <i; <--- <iy <d}yand ' = (91, ..., dg). Set

(3,

Kos(d',, Filk N“v)(T)) : Filk Nl (1) &2 Rkt Nevl ()i — .|

and note that Kos(d4, Fil* N“)(T)) = [Kos(d),, Fil* NI“*I(T)) D, Kos(d,, Fil*~! NI(T))].

]

ii1) Computations carried out in this section are true over the rin A[”’v/ Pl as well.
p g R, @
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5.6. Poincaré lemma. For x € {PD, [u], [u, v]}, from Definition 2.24, Remark 2.25 and Lemma 2.26,
recall that we have rings E% - equipped with a filtration, Frobenius ¢ sending

PD PD
E = Eg o

EW B ang gl gl

and an action of G g which commutes with the Frobenius. Moreover, from Remark 2.27, we have a subring
OAI;Dw C OAgis(R) equipped with induced structures, and we have a natural embedding (’)A o C E
compatible with the respective Frobenii, filtrations, A%Dw -linear connections and actions of F R

From Assumption 5.1, we have a natural map

OA S Qr M — OA - Qr N(T),

which is a p"T¢)-isomorphism compatible with the respective Frobenii, filtrations, connections and the
actions of I'g. Recall that M[4-?1 = RV @p M and N“vI(T) = A[“ vl w» ® 4% N(T), and after extension
of scalars we have a map

[u,v] [u,v] [u,v] [u,v]
E ®Ruv MMU ER,ZU ®A[Ru’zl;] NZZI:U(T)’

which is a p"7¢)-isomorphism compatible with the respective Frobenii, connections and the actions
of I'. Moreover, in the p"7>¢-isomorphism above, the left-hand term is equipped with a filtration as
described in the discussion before Lemma 2.40, and the right-hand term is equipped with a filtration as
in (3-5), which is compatible with the filtration on the left-hand term by definition.

Let R; := AI?Z';], := R and Ry := E[”’"]. Set X, := m,, and X := Xy, and set X; | := [Xl.b]
and X;,:=X; for 1 <i <d. For j =1, 2, set
dXo,; N _dX:;
Q=720 (N7ECM and Qli=Qleql.

J 1+ Xo,; P Xij

For j =1, 2,3, let Qk /\ 2. Therefore, we see that Qk R, = =R;® Qk Recall that from (5-4) we have
the filtered de Rham complex Fil" M1 ® Q3. Set A := E [ v] > ® gl M [.v] equipped with a filtration
as described in the discussion before Lemma 2.40. Using the 0 r-linear de Rham differential operator

dr, 1 Fil' Efy Y — Fir ' EY - @, Q]
and the OFf-linear integrable connection
dr, : Fil' MUV Fir—! Ml @, QL
we obtain an Op-linear integrable connection on A; as
Ory 1 Mg — Ay ®z Q) ax +> adg,(x) + g, (a)x.

Moreover, the connection dg, on A, satisfies Griffiths transversality with respect to the filtration, i.e.,
dr, : Fil' Ay — Fil'™! Ay ®7 Q1, since the same is true for the differential operator on E%‘Z”U] and the
connection on MZ[Z’,””]. In particular, we have the filtered de Rham complex Fil" A, ® Q5.
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Lemma 5.24. The natural map Fil” M1 ® Q5 — Fil" Ay ® Q3 is a quasi-isomorphism.

Proof. In the notation of Section 2.8.3, note that A = R|, B = R, and E = R3. Moreover, by definition,
it is clear that Fil" MUV = (Fil” A,)?0 =0 Therefore, using Lemma 2.41, we obtain the claim. [l

Similar to above and using the discussion of Section 5.5, it is easy to see that, for R| = A[I';’;], we

have a filtered de Rham complex Fil” N“*/(T) ® Q]. Let Ay := E%‘;f] ® 4lul N-2I(T) be equipped
’ R,w

with the filtration described in (3-5). Then, similar to the case of A,, we have a filtered de Rham complex

FiI"' A1 ® €25 and, similar to Lemma 5.24, we obtain the following.

Lemma 5.25. The natural map Fil" N“N(T) ® Q) — Fil" Ay ® Q3 is a quasi-isomorphism.

Proof. In the notation of Section 3.3.2, note that A = R;, B = R, and E = R3. Using the equality
NZ[;"”](T) = A?:O and (3-5), we note that

Fil" N7y = Fil" A1 N A=0 = (Fil"” NIv1(1))=0,
Therefore, using Lemma 3.21, we obtain the claim. O

Remark 5.26. Statements analogous to Lemmas 5.24 and 5.25 for R%"/"! and A%’Z/ P! (instead of R
and A[I'e‘”g), respectively, are also true.

Definition 5.27. Consider NI“*I(T) as above, and note that it is equipped with a Frobenius-semilinear
morphism
@ NIYI(T) — NIv/P(T),

Using Definition 5.22 and Remark 5.23, set

Kos(d',, Fil' Nlu1(Ty) —2—2%, Kos(d),, N2V/P)(Ty)
Kos(g, da, Fil” N“(T)) := lao lao

r_ e+l
Kos(d, Fi'~! Nlv(T)) 22 Kos(d)y, N&-/7'T)

Proposition 5.28. There exists a natural p*" 79 -quasi-isomorphism between complexes Syn(MZ[;“’], r)
and Kos(g, 94, Fil” NL[I‘,""](T)), where n(T, e) € N as in Assumption 5.1.

Proof. Note that, using Lemma 5.24 with

Ri=REY, Ry=EYY  Ay=EY Y @pn MUY and  A) = ER 2 @ um MU/,
we have natural quasi-isomorphisms of complexes

Syn(M“Y )y ~ [Fil” M- @ Q3 L220, plevirl @ s ~ [Fil” A @ Q3 224 AL 93],
Next, using Lemma 5.24 with

Ry = A[u,v] Ry = E[u,v] Ay = E%A,v] ®A[,§";,] Nl[;;’v](T) and A/z — E%’,;/P] ®A[1';’;/”] Nz[zz:,v/ﬂ]’

Rw’ Rw’ Noa
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together with Remark 5.23, note that we have natural quasi-isomorphisms of complexes
Kos(g, 94, Fil” N1“W(T)) ~ [Fil" NI“(T) @ @5 222 Fil' NI“v/P) @ 03]
~ [Fil” A, ® Q3 2245 A, @ 03).
Finally, using the p"("*¢)-isomorphism
g ® gt MU 2 B0l @ e NYUT)
from Assumption 5.1, we have p""-¢)-isomorphisms Fil” A ~ Fil” A, and Al ~ A}, Hence, from the
discussion above, we obtain a natural p>*(7-¢)_quasi-isomorphism of complexes

Syn(M“V1 1) ~ Kos(g, 34, Fil” N“VI(T)). 0

6. Syntomic complexes and (¢, I')-modules

In this section, we will work under the setup of Assumption 5.1 and carry out the second step of the proof
of Theorem 5.5. Recall that we have a finite free A ”] -module

N1y = Aﬁg‘;gj ® 41 N(T)
equipped with a I"g-stable filtration as in (3-5) and, from Definition 5.27, we have the complex
Kos(g, 34, Fil” N“VI(T)).
Let S = R[w]. From the theory of étale (¢, I's)-modules in Section 2.4, we have
Dy (T(r)) = AR.w @a, D(T (1)),

and from Definition 4.11 we have the complex Kos(¢, I's, D4 (T (r))). In this section, our goal is to
show the following.

Proposition 6.1. There exist natural p" -quasi-isomorphisms of complexes
<, Kos(¢, 04, Fil' NI“UI(T)) ~ 1<, Kos(g, T's, Doy (T (1)),

where N = N(r, s) € N depends only on the height s of the representation T and twist r.

6.1. Proof of Theorem 5.5. Note that, by combining Propositions 5.12 and 5.14, we have a natural

p¥ 4 _quasi-isomorphism of complexes

T<ros—1 Syn(le;D, F) X Tgros—] Syn(MZ[Z',"”], r).
Next, from Proposition 5.28, we have a natural p>*7-¢)_quasi-isomorphism of complexes

Syn(M!1 1)y ~ Kos(¢, 34, Fil" N“1(T)).

10r+3s+42

Furthermore, by Proposition 6.1, we have a natural p -quasi-isomorphism of complexes

<, Kos(¢, 04, Fil' NI“UI(T)) ~ 1<, Kos(g, T's, Doy (T (1)),
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where 1< denotes the canonical truncation (for the explicit constant, see the proof of Proposition 6.1 at the
end of Section 6.6). Finally, by Proposition 4.10 and Theorem 4.2, we have a natural quasi-isomorphism
of complexes

Kos(¢, I's, Dy (T (r))) = Rl coni(G g, T (r)).

Combining all these statements gives us the desired conclusion with N =2n(T,e) +14r +7s +2. [J
In the rest of this section, we will prove Proposition 6.1.

6.2. From differential forms to the infinitesimal action of T's. Note that Lemma 5.19 describes the
action of Lie I'g on Fil” Nl[g"”](T). Then, for the Lie subgroup I'g C I's (see Section 2.4 for notation),
using Definition 4.15, we have the complex Kos(Lie I'’;, Fil” NL[U”’”](T)) and we consider its subcomplex,
i.e., a complex made of submodules in each degree stable under the differentials of the complex, as
follows:

K(Lie Ty, Fil" N“vI(T))
=Fil" N1y S ¢ R NI @RI NI (T

Using the same differentials, we can define a complex KC(Lie I', ¢ Fil' ! NL[;"“](T)) as a subcomplex of
Kos(Lie I'y, Fil” N“v1(T)). Now consider a morphism of complexes

Vo : K(Lie T, Fil” N“vN(T)) — K(Lie Tk, ¢ Fil'~' Nl“vl(Ty)
given as Vo =log yp in degree O and as
Vo — kp™ : (FFil'F NY(T () e — (5 Rl R NESYT ()

on the k-th term of the definition above for 1 < k < d. The morphism of complexes is well defined because
we have VoV; — V; Vo = p™V; for 1 <i < d (see Section 4.3.2 and the discussion after Definition 4.15).
Write the total complex of the diagram thus obtained as C(Lie I's, Fil” N, g"v] (T)), which is a subcomplex
of Kos(Lie I'g, Fil” Nz[;’“](T)) by definition. Similarly, we can define complexes K (Lie ', Ng’ v/p ](T))
and K (Lie ', tN,E—',‘ o/p ](T)) and a map Vj from the former to the latter complex.

Recall that, from Definition 5.27, we have the Koszul complex Kos(g, 94, Fil” NZ[;"“](T)). Note that
Vi =1t0; for all 0 < i < d (see Section 5.5). So we consider a morphism of complexes

Kos(d'y, Fil” N“?)(T)) — K(Lie 'y, Fil” N“(T))

given by the identity map in degree 0 and multiplication by #* on the k-th term of the definition above;
ie.,
’ k ’
(Fil" % N (e 25 (FFir =% NI T ) for 1 <k <d.

It is clear that the map thus defined is bijective, i.e., we obtain an isomorphism of complexes. Similarly,
multiplying by powers of ¢ as above, we obtain an isomorphism of complexes

Kos(d'y, Fil' ! Nl“v(T)) = K(Lie [k, ¢t Fil'™' NI“vI(T)).
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Furthermore, one can do a similar construction for Ng’ /P (T) to obtain isomorphism of complexes

Kos(dy, N“V/PN(T))y = K(Lie [, NI“v/PI(T)),
Kos(d)y, NI“v/P(T)) = K(Lie Ty, tNIV/PI(T)).

w

As each term of these complexes admits a Frobenius-semilinear morphism
@t/ Fil'™/ NEU(T) — ¢ NLviPh (T,
we obtain the following morphism of complexes (see Definition 5.27 for the source complex):

K(Lie I';, Fil” Nl«-vl(T)) P K(Lie T, NMY/P) (T
Kos(¢, da, Fil” N1“(T)) — lvo lvo
K (Lie Ty, ¢ Fil™™ NIy 224 k(Lie T, e N&Y/P)(T))
From the discussion above, we have the following.
Lemma 6.2. The morphism of complexes described above is an isomorphism.

Recall that s is the height of T and we fixed some r > s + 1. Set NI“V(T (r)) := A%',’;] ® 4+ N(T(r))
and equip it with the natural action of I'g and a I'g-stable filtration as in (3-10). Then, from Lemma 5.19,
recall that the operators V; are well defined over Fil® NI[Z?’“](T(r)) for 0 <i < d. Using these operators,
we consider a subcomplex of the Koszul complex Kos(Lie I'y, Fil° NI“*I(T (r))) (Definition 4.15) as

follows:

K(Lie T, Fil® N“Y(T (r)))
=Fil' N7 (o)) Y ¢ Rl NEY(T ) > - GREIE NS T )

Similarly, we can define a complex C(Lie I'%, ¢ Fil ™! Ng’”] (T (r))) as a subcomplex of the Koszul complex
Kos(Lie I';, Fil° NI[H‘"”](T(r))). Moreover, similar to the discussion before Lemma 6.2, we can define a
morphism of complexes

Vo : K(Lie T, Fil® N“Y(T (r))) — K(Lie Ty, ¢ Fil™! NI“Pl(T (r))).

The associated total complex, written as KC(Lie I'g, Fil” NZ[U”’”] (T)), is a subcomplex of the Koszul complex
Kos(Lie I'y, Fil° NL[U‘"”](T(r))). Furthermore, by a similar construction, we can define the complexes
K(Lie I, NYU/PX(T (r))) and K(Lie I';, tN2"/PX(T (r))) and a morphism V from the former to the
latter.

Next, from Lemma 3.20, recall that Fil* Nz[z’,"”](T(r)) = 7" Filk*+" Nz[z’,"”](T)(r) foreach k € Z. Let
€~ denote a Z,-basis of Z,(—r); then we see that

(t" @€ ) Fil* N“YN(T (r)) = (t/m)" Fil" ™ NIvl(T) = Filr % NI,
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where the last equality follows since 7/ is a unit in A[,?”;] (see Lemma 2.18). Now, consider a morphism
of complexes
K(Lie I'y, Fil® N“YI(T (r))) — K(Lie I'y, Fil" NI“*}(T))

given as multiplication by " ® € " in each degree; in particular, it is given as
(tF il NV T )y e 22D gk gk Nlevl (7)) K

on the k-th term of the definition above for 1 < k < d. Note that the map thus defined is bijective on each
term by the preceding discussion. Similarly, we have

(" @ NG IPNT (1) = (t/m)" Ny 1P (T) = Ny 1T,
which yields an isomorphism of complexes
K(Lie T, NU“v/PY(T (r))) = K(Lie Ty, tNYY/PI(T (r))).

Putting these together, we obtain the following.

Lemma 6.3. The morphism of complexes below, given as multiplication by t" @ € =" on each term, is an

isomorphism:
K(Lie T'y, Fil® N“vI(T (r))) PO ke(Lie T, NPT (1))

[ J»

K(Lie T, t Fil~! Nltvi(T (r))) PO ke ie T, tN™Y PN T (1))

K (Lie Ty, Fil" N=(TY) —2 =Y K(Lie Ty, NPTy
L) lVO J{VO
K(Lie Iy, ¢ Fil'™™' Nlevl(7y) 2225 ko(Lie T, eN2-V/P(T))

In order to change from “Lie I"g-Koszul complexes” to “I's-Koszul complexes”, we modify the source
complex in Lemma 6.3 to define K (¢, Lie I's, Ni“VI(T (r))) as follows:

K (Lie Ty, Fil N7 (1)) —2— K(Lie I, NPV (r))
lvo JVO
K(Lie I, t Fil™' NI“YW(T (r))) —% K(Lie Ty, tN&P (T (r)))

By definition, the complex K(g, Lie 's, Ni“VI(T (r))) is p*-isomorphic to the source complex in
Lemma 6.3. Combining this with Lemmas 6.2 and 6.3, we get the following.

Proposition 6.4. There exists a natural p*" -quasi-isomorphism of complexes

Kos(¢, da, Fil” N“VI(T)) ~ K(p, Lie ['s, NI“I(T (r))).
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6.3. From the infinitesimal action of T's to the continuous action of T's. In this subsection, we will
study Koszul complexes involving operators y; — 1 over NZ[T’,””](T(r)). Note that

(vi — D) Fil* NN (7))  Filk N“Y (T (r)) N e N“Y(T (r)) = o FilF! NEOK(T (),

where the last equality follows from Lemmas 3.17 and 3.20. Define a subcomplex of the Koszul complex
Kos(T';, Fil N“I(T (r))) (see Definition 4.9) as follows:
K (I, Fil® N“Y(T (r)))

=Rl NE(T () S (Rl NS ) > 2 FIL NET ) -
Similarly, we can define a complex K¢ (I';, 7 Fil~! N“2I(T (r))) as a subcomplex of the Koszul complex
Kos® (I, Fil® Ni“vI(T (r))) (see Definition 4.9), where ¢ = x (yo) = exp(p™). Consider a morphism of

complexes
70 : KT, Fil° NYY(T () — K6, w Fil™! NE9YN(T (),

which is given as yp — 1 in degree 0 and as
& (@R FIF NS T )= @R NI )

on the k-th term of the definition above for 1 <k < d (see Definitions 4.8 and 4.9). Denote the total complex
of the diagram thus obtained by (I, Fil° NZ[Z?’“](T(r))), which is a subcomplex of the Koszul complex
Kos(Is, Fil’ Ng"”](T(r))). In a similar manner, we can define complexes K(I'%, Ng’v/p](T(r))) and
Keay, nNg’ /P ](T(r))) and a map 1o from the former to the latter complex.

Recall that ¢ /7 is a unit in A%’”g (see Lemma 2.18); therefore, we see that

t*Fil* NIl (T (r)) = X Fil™F N“YN(T(r))  forall k € Z.
Now, define a morphism of complexes
B : K(T's, Fil° NI“VN(T (r))) — K(Lie Ty, Fil° NI“U(T (r))),
which is the identity in degree 0 and given as
Br : (tFFil™* NIYN(T (r))) e — (t* Fil™% NIV (r)))
@iyei) > (Vi - Vit @)

on the k-th term of the definition above for 1 < k < d. Similarly, define a morphism of complexes
B¢ K€(T, t Fil™! NUY(T (1)) — K¢ (Lie T, t Fil™! N“Y(T (r))),
which is given as B; = Vo1, !in degree 0 and as
B (FHVFITF NIVL(T () e — (¢RI NIULT (ry))

1 _e—1 1
(@i-ip) = (Vi - Vi, Vot 07 -1 (@i i)
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on the k-th term of the definition above for 1 < k < d. Similarly, one can define the maps 8 and ¢ for
the A[,';”;/ "1 module Nz[; /P ], giving morphisms of complexes

B KT, Ny */PA(T (1)) — K(Lie T's. No*/PN(T ().
B KE(D, t NIMY/PY(T (r))) — K€ (Lie [, t NI“V/PI(T (r))).
For each j € N, we have that ¢/ Fil~/ NZ[Z?’”](T(r)) C NZ[Z’,"“](T(r)), and the induced Frobenius gives
@t/ Fil™/ NUY(T (1)) = (/" Fil' =/ NMYN(T) (r)) € t/ NIYIPY(T (r)),

where we have used Lemma 3.20 and the fact that 7/ is a unit in Al see Lemma 2.18. Using the

Rw’

Frobenius morphism and the morphism of complexes described above, we obtain an induced morphism
of complexes
K (T, Fild NIY(T (1)) ——2— (T, NeYPX (T (r)))
lm lm B k(. LieTs, N“UN(T (r))).
1—
K (T, 1 Fil™! NIEYU(T (r)) — 2 K (T, tNG PN (T ()
We denote the complex on the left by (¢, I, NL[T‘,"”](T(r))) and write the map as
= (B, ) : K¢, T's, Ny"* /(T (r))) — K(g, Lie T's, Ny *\(T (r)).
Proposition 6.5. The morphism of complexes & described above is an isomorphism.

Proof. The proof follows in essentially the same manner as [Colmez and Niziot 2017, Lemma 4.6]. One
needs to use Lemmas 2.22, 4.14 and 5.19 instead of [Colmez and Niziot 2017, Lemma 2.34] in the proof.
We omit the details. ]

6.4. Change of the annulus of convergence: Part I. In this subsection, we will pass from the analytic
ring A[” 2l o the overconvergent ring A(0 "It and also twist our module by Z,(r). Let us start by setting
N ”H(T( ) 1= A(0 oI+ ®41 N(T () and equipping it with the natural action of I'; and a I'g-stable
filtration as in (3- 10) Define a subcomplex of the Koszul complex Kos(I', Fil’ N . UH(T(r))) (see
Definition 4.9) as follows:

KT, Fil° N§ V(T ()
—Fil' NOH (T () s (xRl NG (T () - PRI N T )t

O,v]+

Similarly, we can define a complex K¢ (I'%, 7 Fil ™~ NS (T () asa subcomplex of the Koszul complex

Kos‘(I'%, Fil° NZ(I? UH(T(r))), see Definition 4.9. Now, consider a morphism of complexes
10 : K(I'g, Fil® NOYH (T (r))) — KT, 7 Fil™! NOYH (T (r))),
which is given as yp — 1 in degree 0 and as

o (T B NOYH(T ()2 - (@* FiE NOYT (T ()
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on the k-th term of the definition above for 1 < k < d (see Definitions 4.8 and 4.9). Write the total

complex of the diagram thus obtained as C(I'g, Fil® NL(T? ’"H(T(r))), a subcomplex of the Koszul complex

Kos(T's, Fil° NL(UO’UH(T(r))). In a similar manner, we can define the complexes K(I', Né?’v/pH(T(r)))
and K°(I',, nNg) o/p H(T(r))) and a map 7o from the former to the latter complex.
For each j € N, we have that 7/ Fil™/ N> (T (r)) ¢ NV (T (r)), and the induced Frobenius
gives
@@/ Fil™/ N9 (T () = (@~ Fil =/ NOYH(T)Y(r)) € od NOVPH (T (1)),

where the equality follows from Lemma 3.20. So we define the complex
K (I, Fil NOVH(T (1)) — =4 K (T, NOYPH(T (1))
K(g, s, NG (T () = l l
KE (T, 7 Fil~! NOUYH (T (ry)) =25 ke, w NP (T ()
Proposition 6.6. The natural morphism of complexes
K(g, Ts, N (T (1)) > K(g, s, N\"'(T (r))),

induced by the inclusion NZ(UO’UH(T(r)) C NZ[I?’”](T(r)), is a p -quasi-isomorphism.

Proof. The map in the claim is injective on each term, so we need to show that the cokernel complex is
killed by p* . In the cokernel complex, for k € N, we have maps

1 — g : g Fil ™ NE(T () /b FilF NOH (T () — g NEYPYT () f NOYPH (T (1), (6-1)
and it is enough to show that these are p>’-bijective. Let us set
NGUHT) = ARy @4 N(T,
NOYH (T () := NOVIH(T) ®z, Lp(r),
Neg (T (r) = Ny (T) @2, Z (1),

equipped with the filtration as in (3-5) (up to twisting the filtered pieces by Z,(r) in the latter cases).
Moreover, for any k € N, by Lemma 3.20, we have that

7k Fil™* NOYHY (T (r)) = 2% Filr T NOVIT (T (),
k i1—k 1, k— qr—k s
* Fil7F N (T (r)) = 257 FirF N ().
So, for n =r — k, we can rewrite (6-1) as
1 — ¢ :w "Fil" N“N(T) /n =" Fil" NOO(T) — g NUev/P(y je = NOV/PIF (), (6-2)

Note that the twist has disappeared since ¢ acts trivially on it. For n < 0, the claim follows from
Lemma 6.7. For n > 0, we first claim that the following natural map is p”-bijective:

7 " NEON T o 7P NOYI(TY — g Fil NEY(T) fr o Fil NSOV (T, (6-3)
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Indeed, recall that § = /7 and, from (3-5) and Lemma 3.18, it is clear that
E'"NIVIH(T) CFil" NOH(T);

in particular, we have

NQUH(T) € NEP(T) Mg Fil' N VH(T) = (AR n e AR ) @42 N(T) = NV (D),
where the first equality follows because N (T') is free over A; and the second equality follows because

AN AQ T C R AQU =g ARU
(see Definition 2.7 and Remark 2.8). In particular, we see that
m "N Ty A Rl NOY(T) = 77 " NOYIT(T);
i.e., (6-3) is injective. Next, to show the p”-surjectivity of (6-3), write A" ' = + Ay, " and set
ie., (6-3) is injective. Next, to show the p"-surjectivity of (6-3), write Aly ) = Al + AL and
NM(T) = A%,]w ®+ N(T) and NE(T) =A%, ® 41 N(T)

equipped with the induced filtration as in (3-5). Then, to obtain the p”-surjectivity of (6-3), it is enough
to show that the natural map

m"NE(T) + 7" Fil' NI (T) — =" Fil" N“(T)
is p"-surjective, or equivalently, that the natural map
E"NM(T) +Fil" N} (T) — Fil" N“\(T)

is p"-surjective. To show the latter claim, let {ey, ..., ey} be an A;—basis of N(T), take x € Fil” NZ[U”](T)
and write x = Z?:l aje;, with a; € A%‘Jw. Note that from Lemma 2.9 we can write a; = a;1 + a;», with

a;1 € Fil" A[Ilfl,]w C p‘”é”A%‘ﬁ]w (see Remark 2.8) and a;7 € p_L””JA;w. So we see that
h

x1=) ane; € p "E"NENT),
i=1

h
X2=Y ape;=x—x € p”"NS(T)NFiI" N¥(T) ¢ NY¥(T)[1/pl.
i=1
Now, as we have u = (p — 1)/p < 1, it follows that p"x; is in N} (T) NFil" NM“W(T) = Fil" N (T) (see
Lemma 3.17); i.e., p"x = p"x; + p"xp is in §”NZ[H”](T) + Fil" N;(T). In particular, we get that (6-3) is
p"-bijective, and therefore (6-2) is p”-isomorphic to

1= :m"NENT) fa " NOH(TY — o " NEvIPNT) fe =" NP (T,

Recall that we have v = p — 1, so by Lemma 2.20 (iii) it follows that 7 divides p in AE?”ZUU/ "M and
A(O,UH‘.

Rw °

divides p in therefore, (6-2) is p?'-isomorphic to the map

1—@: N&NT)/NOVH(T) — NEVIP(T) NS PH (T,
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Now, from Lemma 6.7, the map above is bijective (note that Frobenius has no effect on twist). Therefore,

3n

we conclude that (6-1) is p”"-bijective. As n =r — k < r, it follows that the cokernel complex of the map

in the claim of the lemma is killed by p". This allows us to conclude. U

Lemma 6.7. For each k € N, the following natural map is bijective:
1 — ¢ AN yrk NOVH (T) =5 gk N/PY Ty f ek N OV P (),
Proof. For k = 0, using a basis of N(T), one first shows that the natural map
Nig ' N(T) [N (T) = Ny P NP (T

is bijective; in particular, 1 — ¢ is an endomorphism of NZ[;"”] (T)/ Ng) v (T). Then, following the strategy
of [Colmez and Niziot 2017, Lemma 4.8], one shows that, on the preceding quotient, 1 + ¢ + ¢> + - - -
converges as an inverse to 1 — ¢. We omit the details. For k > 0, note that ¢ preserves the quotient
nkNZ[U”’”](T)/nkNg)’UH(T). So, from the case k = 0, it follows that 1 + ¢ + @2 + - - - converges on the
preceding quotient as well. (I

6.5. Change of the annulus of convergence: Part I1. In this subsection, we will change the ring of
coefficients from A%)”ZUU]Jr to Ag”;f/ 2y by replacing ¢ with its left inverse ¥ (under the assumption that
m > 2).

6.5.1. From (¢, I's)-complexes to ({, I's)-complexes. From Proposition 2.4, recall that we have the left
inverse ¥ of the Frobenius endomorphism on A, satisfying 1 (A) C A. This induces an operator

. A Ov/pl+ ©O,v]+
v AR’w — AR’w ,

which commutes with the action of ['g; in particular, we have w(AS?’;H) C Ag?‘g+. Equivalently, one

can also define the operator ¥ by first identifying

~ 0, +
leyel - Rg),v/P]-F A%’;/P]

and then considering the left inverse of the cyclotomic Frobenius over Rg,)’"/ P ]+; see Sections 2.6 and 2.7.
Next, from Lemma 3.5, recall that the operator i extends to N(7'(r)) and we have (N (T (r))) C

N(T (r)). By extending scalars to AE?”;H and from the discussion above, we see that
YNS (T (r) C Y (NPT (r)) € NPT ().

Moreover, using the description of the filtration on NE PI(T) from Lemma 3.18, it follows that, for
0 <k <r, wehave
@Fil* NV (T)) € " FNOVIPH(T).

Upon multiplying the terms of the preceding inclusion by ¢(*~") and twisting by Z p(r), we get

(p(JTk_r Fil" % NZ(Z?’UH(T)(V)) C n-k_er(UO’v/pH(T)(’")-
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In particular, by using Lemma 3.20, we note that X Fil % Nz(z?’UH(T(r)) C W(nkNg)’v/pH(T(r))), and
since Fil * NOU (T (r)) € NP (T (r)), it follows that
¥ — DE R NDH(T () €y @ NPT r))).

Set
K(Ts, Ny) := ¢ (K (g, NPT (r)))),

KE (T, Ny) = (K (T, NPT (r))).
From Section 6.4, recall that we defined maps
70 : KTy, Fil’ NV (T (1)) — KT, 7 Fil ™! N7 (r))),
w1 Y (KI5, NS VPH(T () = (K (T, NOVPH(T ().
As Y commutes with the action of I'g, from the latter map, we therefore obtain an induced morphism
T0: K (Fg, Ny) — K¢(I's, Ny). Now, using the discussion above, note that we have a well-defined map
between source complexes of the maps 7 above, given as  —1: K(T'%, Fil° NZ(I?’UH(T(r))) — K(I', Ny),
and similarly for the target complexes of 7. Therefore, similar to the complex K (g, I's, N OV (T (r)))
in Section 6.4, we define the following complex:
-1
K, B NOH (T () — s k(T Ny)
Ky Ts, NOH(T () 1= E l
—1
K (T, w il NO (7)) L2 ke, Ny))
Proposition 6.8. The morphism
1< K(p, Ts, NO'W (T () = 1, KW, Ts, NOH(T (),
induced by the identity in the first column and \ in the second column, is a p’+t2-quasi-isomorphism.

Proof. By definition, note that the map is surjective on each term, so we need to show that the kernel
complex is p"t2-acyclic. Since the map in the claim is the identity on the first column, the kernel complex
can be written as

o, [K(Tg, (NOVPIE(T (1) V=0) 25 K5, (x N&VIP(T ()Y =0)].

Clearly the terms of the complex above are w(Agg”;H)—modules. We recall that p/m € (p(Agg’;]Jr) (since 1y
divides p in Ag?:;”, see also Lemma 2.20 (i) for v = p — 1), so we obtain that (T* N/ P (T (r))) ¥ =0
is p’_k—isomorphic to (Nz(z?’v/ b ]+(T)(r))w:0 for k < r. In particular, the complex above is p"-quasi-

isomorphic to the complex
< [Kos(Tg, (NS /P (T) () V=) = Kos® (T, (NPT (r) V=) (6-4)

We will show that the complex in (6-4) is p2-acyclic, but to prove our claim we will need a simpler
description of the (p(Ag)”;H)—module (Ng)’”/pH(T))‘”:O.
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Let {ey, ..., ey} denote an A}g—basis of N(T). Since the attached (¢, I'g)-module
Dy (T) = Ar.v ®4, D(T)

over A - is étale, we see that {¢(e), ..., ¢(ep)} is an AR 4-basis of D4 (T). Now, let us note that
z=3"_,2jp(e;) isin Doy (T)¥=Cif and only if z; € (Ag )" =" for each 1 < j < h. Indeed, ¥ (z) =0 if
and only if Z?:l Y (z;)e; =0, and since the e; are linearly independent over Ag ., we see that ¥ (z) =
if and only if ¥ (z;) =0 for all 1 < j <h. Next, using Lemma 2.15 (ii), note that we have a decomposition
AR = Byso #(Ar.o) X1, where [X°1% = (1 + m,)[X]]% - - [X,]% and & = (ap, ..., o) is a
(d+1)-tuple with ; € {0, ..., p — 1}. Therefore, we see that

Y=0 h
Dy (T)V = = (ZAwa(e,)> =P ¢(Arne)IX1* =P ¢(De (THIX'1

a#0 j=1 a#0

Note that inside D, (T) we have (N(0 U/pH(T))'/’ =0 = p_ (V=N N(0 U/pH(T) Using the decom-
position above, we set N[X°]% := ¢(Dy (T)[X"1* N N VP (T) for a # 0, where the intersection
is taken inside D, (T)¥=Y. Note that <,0(A(O UH) C (AR )N A(0 v/pH. Therefore, it follows that
N :=N[X"]*[X"] ¥ isa w(Age’;yH)—module contained in NZ(Z? U/pH(T), stable under the action of I'g and
independent of «. Indeed, for the last part note that, for  # ', we have Zfl: o (xie)[X "1“ e N[ X ]®
and only if Zle pxie)[X b]"" e N[ X b]"‘/. In conclusion, we get the equalities

(NS T)'=" = P NIX"1* = P o (NFHIX°,
a#0 a#0
where the last equality is a result of the following.

Lemma 6.9. For v = p — 1, let x € Dy (T) such that ¢(x) € NP (T). Then x € NOYH(T). In
particular, we have N = (p(Né?’vH(T)).

Proof. Let N} (T) = A}, , ® 4% N(T), and note that
D (T)/p= (N (TD)/p)[1/m] and NOWH(T) =" p'm, "IN (T)
neN

(since N (T) is finite free over A;). Then the proof of [Colmez and Niziot 2017, Lemma 2.14] can easily
be adapted to obtain the claim. We omit the details. (I

Remark 6.10. From Lemma 6.9, we have N = <p(N,E—9’”H(T)). Then, for any i € {0, ..., d}, using
Lemma 2.22 (i), note that (y; — l)A(0 U - nAg)”;H and, from Definition 3.1, note that (y; — 1) N(T) C
wN(T). Since ¢ commutes with the action of I'g, we conclude that (y; — 1) N C ¢()N.

From the discussion above, it follows that the complex in (6-4) is isomorphic to the complex

t<r @ [Kos(I's, N(r)[X’1%) > Kos (s, N(r)[X°19)]. (6-5)
a#0

Lemma 6.11. The complex described in (6-5) is p*-acyclic.
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Proof. Our proof is motivated by the proof of [Colmez and Niziot 2017, Lemma 4.10]. One can treat
the terms of (6-5) corresponding to each « separately. The case of oy 7~ 0, for some k #~ 0, follows
similar to the proof of [Colmez and Niziot 2017, Lemma 4.10], where one shows that both the complexes
Kos(I';, N(r)[X"]%) and Kos®(I';, N (r)[X"]%) are p-acyclic by using the facts that (yy —1)N C ¢ ()N

O,v]+
Rwo

(see Remark 6.10) and & divides p in go(Aﬁ?”é}ﬂ (since mry divides p in A see Lemma 2.20 (i1) for
v = p — 1). We omit the details.

Now, let oy = 0 for all k # 0 and oy 7~ 0. To prove that the complex in (6-5) is p-acyclic, we will show
that 7o : Kos — Kos® is injective and the cokernel complex is killed by p. This amounts to showing the
same statement for the map

Vic;- —1
= — . (6-6)

yij - 1

Letn=p™(c—NDapeZ;, F=c"(1+m)"y—46, - -8;, and €® bea Z ,-basis of Z,(r). Then

Yo —8i, -+ 8, : NIX"1°(r) > N[X"1“(r), &

Ly

(o—38i, -+ 8, )X [X" 1" ®€®) = F(x) - [X"]" ® €®"

for any x € N. Moreover, we have that ¢’ — 1 is divisible by p™, (1 + )" = 1 4 nw mod 7> and

8i; — 1 € (yi; — DZ,llyi; — 11. Therefore, we can write 77 'F in the form 7~ 'F = n 4+ 7' F’, with

F' e (p™, 72, vo—1,...,va—1DZyllm, Tsll. Now, let f = p/m € go(Agg’UH) and note that ﬂ_lp’"x =

J'rmflf’"x is in 7~ ! N. Moreover, we have (yj — DN C ()N for 0 < j < d (see Remark 6.10) and

o)/’ e w(Ag)”;H) (since m; divides p in Agg:;”,
o

T, divides 7 and p in go(Aggy’;H) (see Lemma 2.20 (ii) for v = p —1). So we get that 7~ F'(x) e n,ﬁmN

see Lemma 2.20 (ii) for v = p — 1). Furthermore,

(since we assumed m > 2). In particular, we see that 7~!F’ = 0 on 7¢ N/n*’N for all @ € N and
b= p™. Hence 7 ~!' F induces multiplication by n on 7% N /74" N for all a € N, which implies that it is
an isomorphism on N. From the preceding discussion, we conclude that the map in (6-6) is injective
and its image is contained in 7 N[X °1%(r). But, as 7 divides p in (p(Ag)”;r]Jr), we therefore get that the
cokernel of (6-6) is killed by p, as claimed. (I

Using Lemma 6.11, we conclude that the natural morphism of complexes in the claim of Proposition 6.8
is a p"t?-quasi-isomorphism. U
6.5.2. Changing the overconvergence radius. Recall that m > 2, and let £ = p™~!. Then, we have the
inclusions
—2 4 (0, —¢ 4 (0,v/pl+ —p"2 (0, —¢ 4 0,v/p1+
w(ﬂmZAge U]+) C w(nmeAge’;/P] ) C nmp A%’g'i‘ C n_m[A(R’;/P]

N

from Proposition 2.17 (i). In other words, m,, EAE?’Z”UH is stable under . Set
0,
DOYH(T () = AR ® 41 DT(T(r)),

and note that it is stable under the action of I'g. Next, from Lemma 2.15, we have (AE?’;/ P H) — AQuF

s R,wo >
©O,v/pl+

and, for v = p — 1, using Lemma 2.20 (iii), we have that 7, Pl is a unit in A R - Hence, utilising

Proposition 2.17, it follows that v (7 =" AS?”ZUD/ P ]+) =" Ag’;fH, and therefore

Y DOV (T (r))) € 7" DO (T ().
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Moreover, since ¥ (N (T)) C DT (T), from the discussion above, we see that
YNGYPHT () C (" DY YPI(T () C " DYYH(T ().
Furthermore, for k € N and k < r, it follows that we have 7 NV/P7 (T (1)) € ok DY/ (T () and
Y@EENGHPHT () C 1T DT () € AT DRI (T ().
By replacing v by v/p in Section 6.4, we define a complex K(I', NZ(UO’U/PH(T(r))) as follows:

NSVPT () S NPT ) — NSV )R

Similarly, we define a complex K¢(I'%, NZE-? v/p H(T(r))) and a map tp from the former to the latter

complex. Note that, from the discussion above and the inclusion NZ(Z? v/p H(T(r)) cn" Dg,)’”/ P H(T(r)),
we have (Y — 1)(nkN,E-9’U/p]+(T(r))) C n_’Dg)’v/pH(T(r)). So we define the complex

—1
KT NPT () — = Kos(Dy, w=r DS/ (T (1)
K. Ts, NOVPH(T (1)) = lro lm
KT NS P (T () L Kose (D, 0~ DS/ (1))

Lemma 6.12. The morphism of complexes
T KW, Ts, NPT () = 1<, KW, Ts, NOVPH(T (),
induced by the inclusions

NIPHT () CNGPPH(T ) and -y (NSVPH(T () C ™" DY VP (T (r)),

is a p" T -quasi-isomorphism.

Proof. As the map in the claim is injective on each term, we need to show that the cokernel complex is
killed by p"*2*. For k € N and k < r, in the cokernel complex, we have maps

o k— 0, k— sqr—k 0, - 0, k— 0,
W — 1 gk NOVPI () k= R =k NOVIY (T > 7 DOV (T (rF T NOVIPIE (T, (6-7)

r+2s

and to prove the claim it is enough to show that (6-7) is p -bijective (the twist (r) has disap-

peared because v acts trivially on it). First, we will show the p"*S-surjectivity. Recall that we have

aSDY(T) C N(T) C D' (T) (see [Abhinandan 2025, Corollary 4.11]), and, by extending scalars to
A(O ;/pH and dividing out by ", we see that 7°~ ’D(O v/pH(T) C n_’N(O v/pH(T) So, it follows
that n_’D(O U/p]+(T)/JTk ’N(O 1)/‘"H(T) is killed by 7%+ and, since 7 divides p in A(O /Pl (see
Lemma 2.20 for v = p — 1), we get that the preceding quotient is killed by p***. Note that the quotient

_’D(O’U/pH(T)/nk_’N(O’v/pH(T) surjects onto the cokernel of (6-7). Hence, for k < r, we see that
the cokernel of (6-7) is killed by p"** (this also shows that the truncation in degree < r is necessary in

order to bound the power of p).
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Next, to show the p*-injectivity of (6-7), let x € Ng*"/"'*(T') such that there is a y € Ni""/*7*(T)
satisfying (¥ — 1)(¥~"x) = ¥ (¥~"y) or, equivalently, we have that x = &" %y (x — y) belongs to
fr_k‘/f(Nz(z?’v/pH(T)). Note that

YNSVPHE(TY) Cy (DT € DY,

Dg)s v/pl+

so we see that ¢(x) € . Moreover, from the discussion above, we know that the natural

inclusion Né?’”“’”(T) C Dg’v/pH(T) is p*-surjective. Therefore, it follows that ¢ (p*x) = p*e(x) is in

NP (TY: in particular, we see that

Y (p(p*x) =¥ (p'q" ™ (x — y));

ie., o(p*x) —q" ¥ p*(x —y) is in (NSY/PH(T))¥=0. From the description of (NY"/P1* (T))¥=0 before
Lemma 6.9, we can write

e(p'x)=p'q" @ =)+ pa)[X"]*  for some x, € NV (T).
a#0

In particular, we see that p(p®x) is in Né?’”/””(T) and, from Lemma 6.9, we get that p*x is in Ng)’"H(T).
Furthermore, as we have w(NZ(Z?’U/pH(T)) C Dz(z(,)’vH(T), we see that px is in

NOUH(T) NE* DT (T) € N9V N (Fir ™ AR @7, V) C Rl N (T),

where the last inclusion follows from the definition of the filtration on Ng) ’UH(T) in (3-5). In particular,
we have shown that p*7*~"x belongs to Tk Rk NL(T?’UH(T), and hence (6-7) is p®-injective. This
allows us to conclude. [l

From the discussion before Lemma 6.12, recall that we have inclusions
Y (@ DLVPIN(T (r))) C 7" DEYI(T (r)) € 7T DO VPI(T (1)),
Using the constructions in Section 4, we define the complex
Kos(Ty, 7" D/ (T (r))) L=5 Kos(I, =" DOYPIH (T (1))
Kos(y. I's, DOY/PH(T (1)) 1= [ [
Kos® (I}, 7" DOPY (7 (r))) L= Kost (T, 7 DLV (T (1))
Lemma 6.13. The morphism of complexes
t< K, Ts, NPT () — <, Kos(y, T's, DRV/PH(T (1)),

induced by the inclusion
NPT () ™" DT (),

is a p" TS -quasi-isomorphism.
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Proof. Note that, for the map of truncated complexes, the cokernel complex consists of Ag’:;/ P _modules,
given as
7" DWVIPI(T () [ NSV (T () fork <7

Recall that 75 D1 (T) C N(T) Cc D*(T) (see [Abhinandan 2025, Corollary 4.11]), and, by extending
scalars to Agg”;/ PI* | dividing out by 7" and twisting by Z,,(r), we see that

T DOVIP(T () € NOVIPR(T ().

It follows that the quotient 7" D&Y/ P (T (7)) ek N V/PH (T (1)) is killed by 7%+, and, since 7

divides p in AV

by pk-H

(see Lemma 2.20 for v = p — 1), we get that the preceding quotient is killed

r—+s

Since k r, we hence conclude that the cokernel complex is p”™*-acyclic. ([l

6.6. Change of the disk of convergence. In this subsection, we will relate complexes in previous
subsections to the Koszul complex computing continuous G g-cohomology of 7' (r). Recall that, in
Section 2.4.5, we defined an operator  : Dy (T (r)) — D4 (T (r)) as a left inverse of ¢. Using this
operator, we define the complex

Kos(Is, Dy (T(1))) /1 Kos(I'y, Dey (T(r)))
Kos(y, s, Doy (T (r))) := lm lm
Kos“(I', D (T (1r))) H Kos“(I'y, D& (T (1))
Lemma 6.14. The natural morphism of complexes
Kos(, s, D "/PH(T (1)) = Kos(¥, T's, Doy (T (1)),
induced by the inclusion w =" D,(I(,)’v/pH(T(r)) C D4 (T (1)), is a quasi-isomorphism.
Proof. The map in the claim is injective on each term, so we examine the cokernel complex. Write
Doy (T (r)) = D !PT (r)[1 /7],

where * denotes the p-adic completion. By Lemma 2.15, we have

w(A(O U/P]"') — A(O ]+ C A(O 2/ pl+

’

and, for £ = p™~!, by Lemma 2.20 (iii), we have that 7r,, 7 is a unit in Ag”;/pH. So, for k > 1, we get

that
v/( 4 ZI’A(O U/p]+) cr Pk lérA(O v/pl+

(see Proposition 2.17). Moreover, recall that
V(DR PH(T () € DT ().
Coupling this with the observation above, we get that

1p(n—nzpkhDz(z(r),v/17]+(T(’,))) C ﬂn;pk‘IZrDz(z(r),v/p]-i-(T(r))'
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Therefore, it follows that the natural map
¥ : Doy (T (1) /™ DG /PH(T (1) = Do (T (1)) /m ™" DGV (T (1))

is (pointwise) topologically nilpotent and 1 — i is bijective over this quotient. Therefore, we obtain that
the following complexes are acyclic:

[Kos(Ts, Doy (T (r)) /7" DOV/PH(T (1)) L=5 Kos(Ty, Doy (T () /e~ DOV/PH (T (1)),
[Kos“ (T, Doy (T (1)) /" DOVPH(T (1)) L5 Kos® (T, Doy (T (1)) /" DOV/PH(T (1))].
Hence we conclude that the cokernel complex of the map in the claim is acyclic. (I

Recall that we have the complex Kos(¢, I's, Dy (T (r))) from Definition 4.11, and we make the
following claim.

Proposition 6.15. The natural morphism of complexes
Kos(¢, I's, D> (T (r))) — Kos(¥, I's, Dy (T (1)),
induced by the identity on the first column and \ on the second column, is a quasi-isomorphism.

Proof. Notice that the map i is surjective on D, (T (r)), so the cokernel complex is 0. To obtain the
acyclicity of the kernel complex, we need to show that the complex

[Kos(I's, Doy (T (1))¥=0) = Kos(I's, Doy (T ()Y =0)]

is acyclic. To show our claim, we will analyse the module Do (T (r)?Y=0. Let {ey, ..., e,)} denote an
A};—basis N(T) and set f; =e; ® €® for each 1 <i < h, where €®" is a Z p-basis of Z,(r). Since we
have the isomorphism

AR ® 4+ N(T)(r) — D(T)(r) = D(T (1)),

it therefore follows that { f1, ..., fi} is an Ag-basis of D(T (r)). Furthermore, as
Dy (T(r)) = AR.o ®a, D(T'(r))

is an étale (¢, I'r)-module over Ag ., we see that {@(f1), ..., @(fr)} is an AR 4-basis of D4 (T (r)).
In this basis, we have that z = Z?:l Zjp(f;) isin Do (T (r))¥=Y if and only if z; is in A%:u_? for each
1 < j < h. Indeed, ¥ (z) =0 if and only if

h h
Y Vo)=Y ¥z)f =0,
Jj=1 Jj=1
and, since the f; are linearly independent over Ag 5, we see that ¥ (z) = 0 if and only if v/ (z;) = 0 for
all1 < j<h.
Next, from Proposition 2.17, we have a decomposition

Ay =P e(Ar)X1,
o
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where [X"]% = (14-7,)%[X]1% - - - [X,]% and & = (), . . . , &g) is a (d+1)-tuple with &; € {0, ..., p—1}.
Therefore, we get

h ¥=0 h
(D (T (1)) = = (Z AR,ZHfj) =@ vAra NN
i=1 a#0 i=1
Note that the last term identifies with

h
P eDs )X

a#0 i=1

So, we obtain that the kernel complex of the map in the claim is isomorphic to the complex

P [Kos(Ty, 9(Dey (T)) (M [X"1%) = Kos* (I, ¢(Dey (T) (1) [X°19)]. (6-8)
a#0

Lemma 6.16. The complex described in (6-8) is acyclic.

Proof. The proof follows in a manner similar to Lemma 6.11, where one notes that it is enough to
show the claim modulo p, and, for the latter, one uses the fact that Do, (T)/p = (N1 (T)/p)[1/7m] for
NI(T) = A;w ®Ouz N(T). We omit the details to avoid repetition. Il

Using Lemma 6.16, we conclude that the natural morphism of complexes in the claim of Proposition 6.15
is a quasi-isomorphism. [l

Proof of Proposition 6.1. Recall that s is the height of the representation 7" and r is the twist (see
Assumption 5.1). Note that, from Proposition 6.4, we have a natural p* -quasi-isomorphism of complexes
Kos(gp, 94, Fil" NZ[U”’”](T)) ~ K(p, Liel'g, Nz[;"”](T(r))). Then, in Proposition 6.5, we replace the infini-
tesimal action of I'g with the continuous action of I'g and obtain a natural isomorphism of complexes
K(g, Lie T's, Ni“YN(T (r))) >~ K(p, T's, N“YI(T (r))). Furthermore, in Proposition 6.6, we switch from
analytic coefficient rings to overconvergent coefficient rings to obtain a natural p>"-quasi-isomorphism of
complexes K(g, ['s, NI“YI(T (r))) ~K(g, Ts, NEOYH (T (r))). Next, in Proposition 6.8 and Lemmas 6.12
and 6.13, we change the overconvergence radius to obtain a p**+3*2_quasi-isomorphism of complexes
1<.K(p, Ts, NOYH (T (1)) ~ t< Kos(y, T, DOVIPI (T (1)), where < denotes the canonical trunca-
tion. Finally, in Lemma 6.14 and Proposition 6.15, we change the disk of convergence to obtain natural
quasi-isomorphisms of complexes

Kos(y, ['s, DY V/PH(T (1)) = Kos(y, T's, Doy (T (r))) = Kos(, T's, Doy (T (1))).
Combining these statements, we get the claim of Proposition 6.1 with N = 10r + 3s + 2. (Il

6.7. Comparison with the Fontaine—Messing period map. The aim of this subsection is to show that the
comparison map from Syn(S, M, r) to R[cone(Gs, (T'(r))) in Theorem 5.5 coincides with the Fontaine—
Messing period map. We will follow the strategy in [Colmez and Niziot 2017, §4.7]. Recall that we
have S = R[], S = R C Fr(R) and S, = Ro, C Fr(R). Note that, by Definition 2.24, we have rings
E% = E% for x € {PD, [u], [u, v]} equipped with a Frobenius, a filtration and an action of G < Gg.
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Let us recall that 7' is a positive finite g-height Z ,-representation of Gg as in Assumption 5.1 and
V =T[1/p]. Note that, by tensoring the fundamental exact sequence in (2-2) with 7', we get the following
p’-exact sequence:

0— T(I’)/ — Fil" Acris(g) ®Zp T Mi} Acris(g) ®Zp T —0. (6'9)

Next, from Assumption 5.1, we have a finite free R-module M C OD;s(V) such that M[1/p] =
ODis(V). Moreover, we have a natural injective map

OAR, ®r M — OAR’, ® 4+ N(T)

compatible with the respective Frobenii, filtrations, Alie]?w—linear connections and actions of I'g. Ad-
ditionally, by definition, we have a natural inclusion AT ® A% N(T)cC A* ®z, T compatible with the
respective Frobenii and actions of G g. Extending scalars to OAs(S) in both the maps and composing
them, we obtain the top horizontal arrow in the following diagram:

OAuis(S) @p M ———— OAuis(S) ®z, T

l l (6-10)

OBcris(g) QR ODcris(V) ;) OBcris(S) ®@p Vv

where the vertical arrows are natural inclusions and the lower horizontal arrow is a natural isomorphism
(since V is crystalline) compatible with the respective Frobenii, filtrations, actions of G gz and Bcris(f )-
linear connections satisfying Griffiths transversality with respect to the filtrations; see [Brinon 2008,
Proposition 8.4.3]. The diagram commutes by definition (see [Abhinandan 2025, §4.5] for a similar
diagram), and it follows that the top horizontal arrow is injective. Now, recall that the filtration on the
bottom left object is given by the tensor product filtration (see Lemma 2.35 and Remark 2.36) and the
filtration on the bottom right object is induced by the natural filtration on (’)Bcris(g). As the filtration
on the objects in the top row are induced from the filtration on the objects in the bottom row of their
respective columns (see the discussion before Lemma 2.40 for the top left corner), it therefore follows
that the filtration on O Ais(S) ® k M matches with the induced filtration from O A is(S) ®7 ,T.
Now, we consider the commutative diagram

£l

Acris(g)n ®0F_n R;rr,n |

| L

+
Rw,n 4

o

where the subscript n denotes the reduction modulo p”, the bottom horizontal arrow is induced by
Xo — @ and the top horizontal arrow is the extension of the 8-map by the bottom horizontal arrow.
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Using the rings discussed above, we will define the local Fontaine—-Messing period map. Set

w,n Rw.n

. PD PD . PD PD PD
QESE,[:, ':E§,n®R+ to ATI=ESTQrM and A" =A""/p",

and equip them with the induced filtration, Frobenius, G g-action and Agis(S),,-linear integrable connec-
tion 0 satisfying Griffiths transversality with respect to the filtration. In particular, for r € Z, we have the
filtered de Rham complex

Fil' @y Fil" AP — Fil'™ ATP @ Q}R;n — Fil' 2 AP RS, Q%e,t,, N

Let us note that, by extending the diagram (6-10) along the natural inclusion OAis(S) C EgD (see
Remark 2.27), we obtain an EED—linear injective map EED RQr M — EED ®z, T compatible with the
respective Frobenii, filtrations, A;s(S)-linear connections and actions of Gg. Then, for each r € Z,
by reducing the induced map on the r-th filtered part modulo p" and taking horizontal sections for the
Agsis(S),-linear connections, we obtain a natural map

(Fil" A,°)"=" = (Fil'(EZD @& M))*=0 — (Fil' E ©7, T)'=" = Fil” Aciis($), ®2, T. (6-11)
In particular, from the discussion above and the filtered Poincaré Lemma 3.21, we get a natural map
Fil' @5, <= (Fil' A;P)’=" — Fil” Acis(S), ®2z, T (6-12)

Notation. For a Gg-module D, let C(Gg, D) denote the complex of continuous cochains of G g with
values in D.

Definition 6.17. Define the syntomic complex with coefficients in M as

Syn(S, M, r), .= [Fil' a5, 9t ] (6-13)

Define the Fontaine—Messing period map

@™ Syn(S, M, r), - C(Gs, T/p"(r)) (6-14)

r,n,S
as the composition

Syn(S, M, r), = [Fil' @ , , =45 a5, . ]— C(Gs, [Fir . _Pore )

— C(Gs, [Fil' Aeris($)n ® T L% Aeis ()2 ® T]) <= C(Gs, T/p" (1)),

where the second right arrow is induced by (6-12) and the only left arrow is a p”-quasi-isomorphism as
noted in (6-9).

Remark 6.18. The definition of the Fontaine—Messing period map in (6-14) can also be given for R:
we use the ring O Ais(R) instead of EED and set APP = OA;(R) ®g M. Then the map in (6-12) gets
replaced by the map

Fil'@% = Fil' Agis(R), ® T
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(where the filtered de Rham complex is obtained similar to the modulo p” version of the complex
Fil" QD}Q’ » 10 (5-3)). The definition of Syn(E , M, r), follows naturally, and, since the fundamental exact
sequence is G g-equivariant, we obtain the Fontaine—Messing period map

@™ i Syn(R, M, ), — C(Gg, T/p"(r)").

Theorem 6.19. The map a S in (6-14) is pNTe") _equal to ozﬁaz from Theorem 5.5.

Proof. The p-power equality of the two maps follows from the diagram below (where we only show the
p-adic version to simplify notation). The objects and morphisms are described after the diagram. Note
that we have K ,(F" M PD) = Syn(S, M, r), and the map &FM
the top row (note that C (7 (r)) is p”-isomorphic to C G(T(r) )). Furthermore, the map aﬁaz is obtained

is obtained by composing the arrows in

by composing the maps in the outer left vertical, bottom horizontal and right vertical boundary. The
isomorphisms in the diagram indicate a p-power quasi-isomorphism between complexes. Finally, a simple
diagram chase gives us the claim. (Il

Koo (F" MpP) ——— C6(Ky o (F APP)) —=— Co(Ky(F APP?)) —— Co(Ky (F T Aciis))

| T l J/ Z/\FES

Koo (F" MUy —— Cg(Ky o (F Al <2 Cg (K, (F7 AlU10)) Co(T(r))

Ko g0, (F" AloV]) Co (K, (F T Al Co (Ko (T A5(r)))
T

Ky,5, (F/ N3 Cr(Ky(Dg, (1))

Ky Lier (F" NIl = — [, p(F Nl]) Cr (Ky(Dg (1))
1N t" b4

[

Ky Lier (NEN(r) <= Kor (NBN(r) < Kor

(N () —=— Ky.r(Dy (7).

In the diagram, we take

AP =EP @M, APP?= (A= TAuis= Acis(S) ®2, T
Aluv] — E%u,v] Qr M, Al — (Alvlyd=0  ppluvl _ A[g,v] ®z, T, Alev) = [u v] @ M
(see Definition 2.24) and also
TAg(r)=A5Qz,T(r), Dy(r)=Dy(T(r)),
Ny (r) =N (T(r)),  Dg,(r) =As, @4z, D (r).
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Moreover, G = G5 and I' = 'y with Cg and Cr denoting the complex of continuous cochains for G
and I', respectively. The letter “K” denotes the Koszul complex with subscripts: 0 denotes the operators
((14+Xg)a/0Xg, ..., X40/0Xy); the subscript I" denotes the operators (yo—1, ..., ygs—1) for our choice
of topological generators of I'; the subscript Lie I' denotes the operators (Vo, ..., V;), with V; =log y;;
and the subscript 04 denotes ((1+ X¢)9/0Xo, X190/0X1, ..., X40/0X4) as operators on A%"”] and E%"”]
via the isomorphism (cyc] : R%’;’”] = A%’”;]. The letter “k” denotes a certain subcomplex of the Koszul
complex (see Sections 6.2-6.5).

Next, let us describe the maps between the rows. FES denotes a map coming from the fundamental
exact sequences in (2-2) and (2-5). AS denotes a map originating from the Artin—Schreier theory in (2-4).
PL denotes maps coming from the filtered Poincaré lemma of Section 2.8. In the first column, going from
the first row to the second row is induced by the inclusion RF? C RI“V). The leftmost slanted vertical map
from the third to the second row is induced by the inclusion £ %‘;’,] CE [5”’”]. From the second to the third
row, the map in the third column is induced similar to (6-11). The leftmost vertical map from the second
to the third row is the content of Lemma 5.24, and the leftmost vertical map from the fourth to the third
row is the content of Lemma 5.25; the composition being the content of Proposition 5.28. The rightmost
vertical map from the fourth to the third row is the inflation map from I's to G using the inclusion
Ags, C Ag (one could use almost étale descent to obtain the quasi-isomorphism), and the rightmost
vertical map from the fifth to the fourth row uses the inclusion Ag  C Ag, (the quasi-isomorphism is
obtained by decompletion techniques). The leftmost vertical arrow from the fourth to the fifth row is
given by multiplication by suitable powers of ¢ as in Lemma 6.2, and the rightmost vertical arrow from
the sixth to the fifth row is the comparison between the complex computing the continuous cohomology
of I's and the Koszul complex as in Section 4.2. The inclusions

A% CAn(S) C ALY and  Aini(S) ® 41 N(T) C Aini(S) ®2z, T

induce the slanted vertical arrow from the fifth to the third row.
Finally, let us describe the maps between the columns. The top two maps from the first to the second
column are induced by the respective inclusions RHP,D C ESED and RL_’;’”] CE %”’”]. The bottom two maps

Laz between the first and the second column are Lazard isomorphisms discussed in Section 6.2. The

bottom map from the third to the second column is induced canonically from the inclusion Ag?:;,” - A[I?’ZUU].

From the third to the fourth column, the top horizontal map is induced similar to (6-11) and the bottom
horizontal map is induced by the inclusion AE?,’;H C AR.» (see Sections 6.5 and 6.6).

Corollary 6.20. The morphism of complexes &E 1,\14 g in Remark 6.18 is a pN @)

-quasi-isomorphism.
Proof. Letm =2, 1e., K = F(§,» — 1) and e = p(p — 1). Then, over § = Ok ®o, R, we know that the

local Fontaine—Messing period map &rpll\f g1 pN-isomorphic to the Lazard map ozfzz from Theorem 6.19.

Laz

rnisa p" -quasi-isomorphism by Theorem 5.5. Since we fixed m, it follows

Moreover, the Lazard map o
that N = 2n(T, e) + 14r 4+ 7s + 2 only depends on p, r and s (see Section 6.1 for the explicit constant).

Next, to descend to R, we note that the Fontaine-Messing period map is G = Gal(F (¢ ,2)/ F)-equivariant;
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i.e., the following diagram commutes:

~FM
ar,n.R

Syn(R, M,r), —=— C(Gg,T/p"(r))

! |

rn,S

RI(G, Syn(S, M, r),) —25 RI(G, C(Gs, T/p"(r)'))

where the right vertical map is a quasi-isomorphism. So, from the Galois descent argument in Lemma 6.21
(for e = p(p — 1)), it follows that the left vertical arrow is a p4’+3p(”_”—quasi—isomorphism. Hence
we obtain that the morphism of complexes &flr\f z in Remark 6.18 is a pN P78 _quasi-isomorphism for

N(p,r,s)=2N+4r+3p(p—1). O

6.8. Galois descent. Lete=[K:F]=p" '(p—1), G=Gal(K/F) and S = O ®¢, R. For notational
convenience, we will use crystalline and syntomic complexes as in Section 7.2. We view the R-module M
in Assumption 5.1 as an object in CR(R/Op, Fil, ¢), i.e., a filtered crystal equipped with Frobenius (see
Remark 7.3 and Definition 7.4).

Lemma 6.21. The following natural map is a p* 3¢

-quasi-isomorphism:

RFsyn(R7 M,r)— RI(G, RFsyn(S7 M,r)).
Proof. The claim may be shown by adapting the arguments provided in the proof of [Colmez and Niziot
2017, Lemma 5.9] to the current setting. O

7. Crystals and syntomic cohomology

7.1. Filtered Frobenius crystals. Let k be a perfect field of characteristic p, and set O = W («x) and
F = Fr Of. Furthermore, let K be a finite extension of F such that K N F' = F', and let Ok denote its
ring of integers.

Notation. Hereafter, we use letters X, 2), 3, etc. to denote schemes as well as p-adic formal schemes.

Let X be a (p-adic formal) scheme over Og with X its (rigid) generic fibre and X, its special fibre. Set
Y =Spec Of (£ =Spf Of), and, forn e N, let X, = X®z,Z/p" and X, = Spec(OF/p"). Consider the
big (étale) crystalline site CRIS(X,/ X,) with the PD-ideal (p(OFr/p™),[ 1) and the category of crystals
of Ox,/s,-modules; see [Bauer 1992, Corollary 1.15 and Proposition 1.17; Berthelot 1974, §111.4.2;
Berthelot et al. 1982, §1.1.18, §1.1.19]. Set CR(X,,/ X,) to be the full subcategory of finite locally free
crystals. The homomorphisms X,, — X, +; and ¥, — X,4; induce a pullback functor

iy pe1 i CR(Xng1/ Zng1) = CR(X,/ Zp).

Similarly, define the big crystalline site CRIS(X;/X,) and the category of finite locally free crystals
CR(X1/Z,). Note that the natural pullback functor

ir:CR(X,/%Z,) - CR(X1/Z,)

induces an equivalence of categories by [Berthelot 1974, Chapitre IV, Théorem 1.4.1].
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Definition 7.1. A finite locally free crystal on CRIS(X/ X) is the data F = (F,),>1, Where F,, is an object
of CR(X,/X,) and we have isomorphisms i:’ w1 Fnt1) = Fp A morphism between two crystals
F and G on CRIS(X/X) is a collection of morphisms F,, — G, for each n > 1 compatible with the
pullback isomorphisms. Denote the category of such objects by CR(X/X). A finite locally free crystal

on CRIS(X/X) is defined similarly and the pullback functor
i*:CR(X/Z) - CR(X/%)

induces an equivalence of categories.

Consider the category of filtered crystals on CRIS(X/X) in the sense of [Tsuji 2020, Definition 16]
(for the relation between this category and Ogus’ book [1994], see [Tsuji 2020, Remark 19]). Take
CR(X,,/ %, Fil) to be the full subcategory of finite locally free filtered crystals on CRIS(X,,/%,). We
have the natural pullback functor

ix it CR(Xuq1/ Zpt1, Fil) > CR(X,/ Zy, Fil).

Definition 7.2. A finite locally free filtered crystal on CRIS(X/X) is the data (F;,),>1 in CR(X/ X, Fil)

such that the isomorphisms i *

n,n+1 (
two filtered crystals is defined in an obvious way, and we denote this category by CR(X/ X, Fil).

Fnt+1) —> F, are compatible with filtration. A morphism between

Remark 7.3. Let R denote the p-adic completion of an étale algebra over OF[XI—LI, R X;,H], let
MIC(R) be the category of finite projective R-modules equipped with an integrable connection and let

MICony(R) C MIC(R)

denote the full subcategory of modules whose connection is p-adically quasinilpotent. Let X = Spf R.
Then from [Berthelot 1974, Chapitre IV, Théorém 1.6.5] and [Morrow and Tsuji 2020, Lemma 1.9]
we obtain an equivalence of categories CR(X/X) — MIC¢ony(R). This equivalence restricts to an
equivalence CR(X/ X, Fil) = MICony (R, Fil).

Finally, we will consider crystals equipped with a Frobenius structure. The Frobenius endomorphism
of O and the absolute Frobenius on X induce Frobenius pullbacks

Fy, : CR(X1/Z,) — CR(X1/Zn),

Fg, :CR(X1/Z) — CR(X/Z).
Recall that we have the natural pullback functor i* : CR(X/X) — CR(X{/X).
Definition 7.4. A Frobenius structure on a finite locally free crystal 7 on CRIS(X/X) is a morphism
@F: Fy i*F — i*F such that it becomes an isomorphism in the isogeny category CR(X/X)g. A morphism
between two crystals with Frobenius structure is taken to be a morphism in CR(X/ %) compatible with

respective Frobenius structures. Denote the category of finite locally free crystals (resp. filtered crystals)
equipped with a Frobenius structure by CR(X/ X, ¢) (resp. CR(X/ X, Fil, ¢)).
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7.2. Syntomic complex. We will let X be a smooth (p-adic formal) scheme over Ok, let ¥ = Spec O
(X = Spf OF), and let F be an object of CR(X/ X, Fil, ), i.e., a finite locally free filtered crystal
on CRIS(X/X) equipped with a Frobenius structure. In this subsection, we will define the syntomic
cohomology of X with coefficients in F.

Letux, /s, : (X4/2n)cis — Xa,e denote the projection from the crystalline topos to the étale topos.
In the following, we regard sheaves on X, ¢ as sheaves on X, . For r > 0, we have filtered crystalline
cohomology complexes of F

Rl s (X, Fil" F),, := RI' (X, ¢, Rux,/5,« Fil" F,),
RT 45 (X, Fil” F) := holim,, R[5 (X, Fil" F),,.
Definition 7.5. Define the modulo p" and the completed syntomic complex with coefficients as
RTqyn(X, F, 1)y = [RTerio (X, Fil" F), =% Rl is (X, F)a],
Rl gyn (X, F, r) :=holim, RTsy, (X, F, 7),.

The mapping fibres are taken in the derived co-category of abelian groups.
Remark 7.6. In the derived category DV (X, &, Z/p"), we have quasi-isomorphisms

RTqyn(X, F, 1)y = RUGn(X, F, 1) ®F 7/ p",

RTqyn (X, F, 1)y 2 [RTeris (X, F)y L2 RT o (X, F)y ® R eris (X, F/ Fil' F), .

Definition 7.7. Define &, ¢ x to be the étale sheafification of (Ul — X) = RIqis (M, F),, and Fil" &, & x
to be the étale sheafification of (U — X) > RT .5 (4, Fil” F), for 4 — X any étale map. Similarly, define
Fna(F, r)x to be the étale sheafification of (U — X) — RIsyn (U, F, 7).

Lemma 7.8. In the setting above, we have
Fna(F, D)z = [Fl' Fpax =—> Fpax] and RUyn(X, F,r)p =R et SnalF,r)2).

Remark 7.9. The syntomic cohomology with coefficients can also be described using hypercoverings;
for example, see [Tsuji 1996, §2.6; 1999, §2.1].

Notation. In the rest of this article, we will denote the modulo p” (resp. completed) syntomic complex
with coefficients in F by &, (F, r)x (resp. (F, r)x).

8. p-adic nearby cycles
In this section, we give some global applications of the computations done in previous sections.
8.1. Fontaine—Laffaille modules. 1et R denote the p-adic completion of an étale algebra over
Or[XT', ..., X31]

for some d € N satisfying Assumption 2.1, and let s € N such that s < p — 2. In Section 3.4, we defined
the category MFo s].free (R, @, 0) of free relative Fontaine—Laffaille modules of level [0, s].
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Let us now globalise the definition above. Let X be a smooth (p-adic formal) scheme defined over Op.
Consider a covering {il;};<; of X with 4{; = Spec A; (4I; = Spf A;) such that the p-adic completions A,-
satisfy Assumption 2.1 for each i € I. We fix lifts of Frobenius modulo p as ¢; : Ai — A,-.

Remark 8.1. In Section 3.4, we fixed a lifting ¢ of the absolute Frobenius on R/p. However, for another
lift ¢’, the categories
MF[O,S],free(Rv q)a 8) and MF[O,S],free(R, CD/’ 8)

are naturally equivalent; see [Faltings 1989, Theorem 2.3; Tsuji 2020, Remark 33]. In particular, there is
a well-defined isomorphism oy, o : ¢*M — ¢™*M compatible with connections.

Definition 8.2. Define MFj (] free (X, ®, 0) to be the category of finite locally free filtered Ox-modules
M equipped with a p-adically quasinilpotent integrable connection satisfying Griffiths transversality
with respect to filtration, and such that there exists a covering {{l;};c; of X as above with My €
MF[()’SLfree(AAl‘, ®, 0) forall i € I, and on 4I;; the two structures glue well under Ay ;-

Remark 8.3. Let ¥ =Spec O or £ =Spf Op; then the category MF|o ). free (X, @, 0) is a full subcategory
of CR(X/ %, Fil, ¢) described in Definition 7.4.

Remark 8.4. To any object of MFg 7 free (X, ®, 9), [Faltings 1989, Theorem 2.6*] associated a compatible
system of étale sheaves on Sp(Ai[l/ p]) (see the functor T in Section 3.4). These sheaves can be
expressed in terms of certain finite étale coverings of Sp(Ai [1/p]D). Extending these by normalisation to
Spec(A,-), the resulting coverings glue to give a covering of the smooth formal Og-scheme X’ associated
to X. For X a smooth p-adic formal scheme, note that X = X’, and this gives us an étale Z ,-local system
on the rigid generic fibre X of X, which we denote by L. On the other hand, for X a smooth scheme,
if X is proper then, this covering is finite and algebraic and we obtain an étale Z,-local system L on
X =X ®o, F, orif X is an open subscheme of a proper semistable scheme ) over Of to which M
extends, i.e., there exists a (log) Fontaine—Laffaille module A/ over ) (in the sense of [Tsuji 1996,
Definition 2.3.6 & Remark 2.3.13]) such that M = N|x, then the étale local system L on X = X ®q, F
is again well defined; see [Tsuji 1996, p. 63 & Appendix]. By [loc. cit.], note that, in the case of schemes,
the preceding assumptions are necessary to obtain the étale local system [ on X.

8.2. Fontaine—Messing period map. Let ¥ = Spec O or ¥ = Spf O, and let K be a finite extension
of Fsuchthat KNF"=F. Take0<s<p—2andr >s+1.

8.2.1. The case of schemes. Let X be a smooth scheme over O with i : X, ¢ = Xg and j : Xg — Xg
the natural morphism of sites. Take M in MFg y) free (X, ®, 9), and let L denote the associated Z ,-local
system on the generic fibre X (note that, from Remark 8.4, we need to additionally assume that X is a
proper scheme or an open subscheme of a proper scheme to which M extends, however, constructions in
this subsection are independent of these assumptions). From [Abhinandan 2025, §5.3], the Ox-module
M corresponds to a finite locally free filtered crystal in CR(X/ X, Fil, ¢) equipped with a Frobenius
structure, and (by abuse of notation) we denote this crystal again by M.
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To describe the Fontaine—Messing period map one can almost verbatim adapt the methods from [Tsuji
1996, §5; 1999, §3.1]. One first constructs a local version of the map and then uses hypercoverings to
globalise. Below we will describe the technical inputs needed for the construction of the Fontaine—Messing
map; for the actual construction the reader should refer to [loc. cit.]. We focus on the local setup first;
i.e., let X be an affine smooth scheme over Of. Let 9) = X ® o, Ok, and choose an embedding ) — 3
such that 3 is an affine smooth scheme over Or. Then ) can be covered by affine étale %)-schemes
= Spec A, with A = Ok ®o, B and B an étale algebra over OF[Xil, R le] such that its p-adic
completion B satisfies Assumption 2.1. Let Y (resp. U) denote the generic fibre of %) (resp. ), i.e.,
Y= ®o, K (resp. U =URp, K).

Remark 8.5. Take A as above, let A" denote the p-adic henselisation of A, let A" denote the union of
finite A”-subalgebras S C Fr A" such that S[1/p] is étale over A"[1/p] and set

G an = Gal(A"[1/p]/A"[1/p)).

Then, by Elkik’s approximation theorem [1973, Corollary p. 579], we have a natural isomorphism of
Galois groups G 41 > G ;. Therefore, any discrete G ;-module can be regarded as a locally constant sheaf
on the étale site of the generic fibre U = 4" ® o, K, where 4" = Spec A"

Remark 8.6. Note that we have henselian versions of the fundamental exact sequences in (2-2) and (6-9),
where one replaces A by A" and G 4 with G 4. In particular, similar to (6-13), one obtains a syntomic
complex Syn(ﬂ’, My, r), of discrete G 4»-modules which we denote by %, (M, r)y. Note that from
Remark 8.5 the complex of G 4n-modules ¥, (M, r)g can be regarded as a complex of locally constant
sheaves on U {flt, and we obtain a morphism

T 1P (M, 1)) — TU", F,(M, r)y)
and a natural map
RT(G 4, Teris(My)/ p" (r)) — RLe(U", L/ p"(r)v). (8-1)

Using Remarks 8.5 and 8.6 together with the Poincaré Lemma 3.21, the fundamental exact sequence
(see (2-2), (6-9) and (6-12)) and (8-1), note that, from the construction in [Tsuji 1996, §5; 1999, §3.1],
one obtains a natural morphism in D (g, Z/p™):

Fn(M, )y = i"RjL/p" (). (8-2)

Next, let X be a smooth scheme over Op, set ) = X ®¢, Ok and let Y denote its generic fibre. To
globalise the construction above, one considers an étale hypercovering ${* of X and chooses a morphism
of simplicial schemes i* : 1* — 3° such that, for each s € N, the morphism i* is an immersion of schemes,
3 is smooth over O and there exist compatible liftings of Frobenius F3. := { Fs 3: — 3;). Then,
using the local description above and the theory of hypercoverings, from the construction in [Tsuji 1996,
§5; 1999, §3.1], we obtain a natural morphism in D" ()¢, Z/ p"Z) (independent of choices by [loc. cit.]):

afy : Fu(M, r)g = PR/ p" ().
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8.2.2. The case of formal schemes. The definition of the Fontaine-Messing period map for p-adic formal
schemes follows in a manner similar to that of schemes, with certain key differences which we point out
below. Let X be a smooth p-adic formal scheme over OF, and set ) = X ® o, Ok . In this case, an affine
étale formal scheme over ) can be covered by affine formal schemes 4l = Spf S, with § = Ok ®o, R
and R as in Assumption 2.1. For such local models, we consider the p-adically completed version of the
Fontaine—Messing period map described in (8-2). Finally, to obtain the global version, one proceeds in
exactly the same manner as in the case of schemes (with a hypercovering (LI, 3°, F3+), where each I is
of the form described above).

Remark 8.7. Note that, in the cyclotomic case, i.e., K = F(¢,n) for m € N, the map described in (8-2)

coincides with the composition of the map @™ . described in Section 6.7 with the quasi-isomorphism

rn S
C(Gs, T/p"(r)) = RT&(U, L/p"(r))

obtained by applying the K (;r, 1)-lemma for p-coefficients; see [Colmez and Niziot 2017, §5.4.1; Scholze
2013, Theorem 4.9].

8.3. A global result. To state the main global result, let X be a smooth (p-adic formal) scheme defined
over Op (for X a scheme, assume that it is proper or an open subscheme of a proper semistable scheme
defined over OF). Let M be an object of the category MF[o s1 frec (X, @, 0), i.€., a relative Fontaine—
Laffaille module of level [0, s] for 0 < s < p — 2 (for X an open scheme, further assume that M extends
to the compactification of X, see Remark 8.4). Let L denote the associated Z,-local system on the (rigid)
generic fibre X of X. Then, we show the following.

Theorem 8.8. Forr > s+ 1and 0 < k <r —s — 1, the Fontaine-Messing period map
afty t H (S (M, 1)x) — PREjL/ P () (8-3)
is a p"-isomorphism, where N = N (p, r, s) € N depends on p, r and s but not on X or n.

Proof for schemes. By the definition of the Fontaine—-Messing period map in Section 8.2, we see that it is
enough to show the p-power quasi-isomorphism locally (provided the power of p does not depend on
the local model). Let A be an Of-algebra such that its p-adic completion A satisfies Assumption 2.1,
L = Spec A and M := My. Note that we have

RTgyn (8, My, 1), = Syn(A, M, r), and RUgn(8l, My, r) = Syn(A, M, r).
The Fontaine—Messing period map
oy - REyn (8, My, ) = RTa(U", L/ p" () )
is the same as the composition of the henselian version of the map a w1th the natural map in (8-1),

C(Gun, T/P" (1)) = RT&(U", L/ p" (r) )
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(see Remarks 6.18 and 8.7 for the p- adlcally completed version). Note that the henselian version of
the map a,, is obtained by replacing A by A" and G ; with G 4n. We set

Syn(A, M, r) := Rl gy (U, My, 7).
Let k <r —s — 1. Our claim is that the map
oM | HYSyn(A, M. r)) 2 HY(G o T/ p" (7)) — HE UL L/ p" () )

is an isomorphism (up to some power of p). To show the claim, we will pass to the p-adic completion
of A. Let U := Sp(A[l /p)), and consider the following commutative diagram:

~FM
@0 A

HY(Syn(A, M, r),) === HNG an, T/p"(r))) —— H UL L/p"(r)p)

. L |

H*Syn(A, M, r),) —2%% HYG 1, T/p"(r)) —=— H*Qlg, L/p"(r)))

The middle vertical arrow is an isomorphism because the two Galois groups are equal by Elkik’s
approximation theorem [1973, Corollary p. 579] (see Remark 8.5). The right vertical arrow is an
isomorphism due to Gabber [1994, Theorem 1]. The bottom left horizontal arrow is a p" -isomorphism
for N = N(p, r,s) € N as shown in the case of formal schemes below (for R = A); in particular, the top
left horizontal arrow is also a p” -isomorphism. The bottom right horizontal arrow is an isomorphism by
a K (m, 1)-lemma due to Scholze [2013, Theorem 4.9], and therefore the top right horizontal arrow is
also an isomorphism. Hence it follows that the composition of the top two horizontal arrows, i.e., af 1,\1’[ A

is a p"-isomorphism. U

Proof for formal schemes. By the definition of the Fontaine—Messing period map in Section 8.2, we
see that it is enough to show the p-power quasi-isomorphism locally (provided the power of p does
not depend on the local model). Let R be an Op-algebra satisfying Assumption 2.1, { = Spf R and
M := My. We have that the Fontaine-Messing period map

ot HSyn(R, M, r),) — H (G, T/p" (1)) = H*(Ua, L/ p" ("))
is the same as the composition of the map a R (see Remarks 6.18 and 8.7) with the natural isomorphism
H (GR, T/p"(r)) => H"Ua. L/ p"(r)):

see the K (;r, 1)-lemma of [Scholze 2013, Theorem 4.9].

Finally, to show the isomorphism in degrees 0 < k < r —s — 1, we use Corollary 6.20 with
Example 5.2 (iii) for Fontaine—Laffaille modules. To compute N = N(p, r,s) € N, we combine the
constants obtained in the proof of Theorem 5.5, Corollary 6.20 (i.e., Lemma 6.21 for e = p(p — 1)) and
Example 5.2 (iii) to obtain that N = 32r + 14s +3p(p — 1) + 4. In particular, N does not depend on n or
the local model 4. This allows us to conclude. [l
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