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A WELL-POSEDNESS RESULT FOR
VISCOUS COMPRESSIBLE FLUIDS WITH
ONLY BOUNDED DENSITY

RAPHAEL DANCHIN, FRANCESCO FANELLI AND MARIUS PAICU

We are concerned with the existence and uniqueness of solutions with only bounded density for the
barotropic compressible Navier—Stokes equations. Assuming that the initial velocity has slightly sub-
critical regularity and that the initial density is a small perturbation (in the L*> norm) of a positive
constant, we prove the existence of local-in-time solutions. In the case where the density takes two
constant values across a smooth interface (or, more generally, has striated regularity with respect to some
nondegenerate family of vector fields), we get uniqueness. This latter result supplements the work by
D. Hoff (Comm. Pure Appl. Math. 55:11 (2002), 1365-1407) with a uniqueness statement, and is valid in
any dimension d > 2 and for general pressure laws.
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Introduction

We are concerned with the multidimensional barotropic compressible Navier—Stokes system in the whole
space:

{8;,0 +diV(,0u) =0, (0_1)

0 (pu) +div(ipu  u) — uAu —AVdivu +VP(p) =0.

Here p = p(t, x) and u = u(t, x), with (¢, x) € Ry x R and d > 1, denote the density and velocity of the
fluid, respectively. The pressure P is a given function of p. We shall take that function locally in W!>
in all that follows, and assume (with no loss of generality) that it vanishes at some constant reference
density p > 0. The (constant) viscosity coefficients u and A satisfy

u>0 and v:i=A4pu >0, (0-2)
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which ensures ellipticity of the operator
L:=—pnA —AVdiv. (0-3)
We supplement system (0-1) with the initial conditions
pli=0o=p0 and ul—o = uo. (0-4)

A number of recent works have been dedicated to the study of solutions with discontinuous density
(so-called “shock data”) for models of viscous compressible fluids. Even though the situation is by
now quite well understood for d = 1 (see, e.g., [Hoff 1991]), the multidimensional case is far from
being completely elucidated. In this direction, we mention works of D. Hoff [1995; 2002], who greatly
contributed with the construction of “intermediate solutions” allowing for discontinuity of the density, in
between the weak solutions of P.-L.. Lions [1998] and the classical ones of, e.g., J. Nash [1962].

In the two-dimensional case, Hoff [2002] succeeded in getting very accurate information on the
propagation of density discontinuities across suitably smooth curves (as predicted by the Rankine—
Hugoniot condition), under the assumption that the pressure is a linear function of p (see Theorem 1.2
therein). In particular, he proved that those curves are convected by the flow and keep their initial
regularity even though the gradient of the velocity is not continuous. The result was strongly based on
the observation that, for such solutions, the “effective viscous flux” F := vdivu — P(p) is continuous,
although singularities persist in divu and P(p) separately.

The present paper aims at completing the aforementioned works in several directions.

First, we want to supplement them with a uniqueness result. Indeed, Hoff [2002] constructed solutions
(that are global in time under some smallness assumption) and pointed out very accurate qualitative
properties for the geometric structure of singularities, but did not address uniqueness. That latter issue has
been considered afterward in [Hoff 2006], but only for linear pressure laws. In fact, the main uniqueness
theorem therein requires either the pressure law to be linear (as opposed to the standard isentropic
assumption P(p) =ap? with y > 1) or some Lebesgue-type information on V p (thus precluding us from
considering jumps across interfaces). To the best of our knowledge, exhibiting an appropriate functional
framework for uniqueness without imposing a special structure for the solutions has remained an open
question for nonlinear pressure laws and discontinuous densities.

Our second goal is to extend Hoff’s works concerning discontinuity across interfaces and uniqueness
to any dimension and to more general pressure laws and density singularities.

Finding conditions on the initial data that ensure that Vu belongs to L' ([0, T']; L*°) for some T > 0
is the key to our two goals. That latter property will be achieved by combining parabolic maximal
regularity estimates with tangential (or striated) regularity techniques that are borrowed from the work by
J.-Y. Chemin [1991].

In order to introduce the reader to our use of maximal regularity, let us consider the slightly simpler
situation of a fluid fulfilling the inhomogeneous incompressible Navier—Stokes equations:

drp +div(pu) =0,
or(pu) +div(pu @ u) — uAu+ VII =0, (0-5)
divu =0.
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We have in mind the case where the initial density is given by
po=c1lp+calpe (0-6)

for some positive constants ¢y, c3, with D being a smooth bounded domain of R4 (above, 1,4 designates
the characteristic function of a set A).

Several recent works have been devoted to proposing conditions on u allowing for solving (0-5) either
locally or globally, and uniquely. The first result in that direction has been obtained by the first author
and P. B. Mucha [Danchin and Mucha 2012]. It is based on endpoint maximal regularity and requires the
jump c; — c» to be small enough. However, that approach requires the use of multiplier spaces to handle
the low regularity of the density, and is very unlikely to be extendable to the compressible setting, owing
to the pressure term that now depends on p.

Therefore, we shall rather take advantage of the approach that has been proposed recently in [Huang
et al. 2013] by the third author together with J. Huang and P. Zhang to investigate (0-5) with only bounded
density. Indeed, it is based on the standard parabolic maximal regularity and requires only very elementary
tools like Holder inequality and Sobolev embedding. In order to present the main steps, assume for
simplicity that the reference density p is 1. Then, setting o := p — 1, system (0-5) can be rewritten as

do+u-Vo =0,
oru — wAu + VI = —pdiu — (1+0)u - Vu,
divu =0.

From basic maximal regularity estimates (recalled in Section 2B below), we have! forall 1 < p, r < oo,

ol oo 22my + 11 Byt 1V )Ly < Cllluoll g2 + lledrull g wry + 1 (1+Q)u - Vull . rr)).-

It is obvious that the second term of the right-hand side may be absorbed by the left-hand side if the
nonhomogeneity o is small enough for the L* norm. As for the last term, it may be absorbed either
for a short time if the velocity is large, or for all times if the velocity is small, and the norm L"(L?) is
scaling-invariant for the incompressible Navier—Stokes equations, that is to say, satisfies

2 + d_ 3. 0-7)
rp
Those simple observations are the keys to the proof of global existence for (0-5) in [Huang et al. 2013].
As regards uniqueness, owing to the hyperbolic part of the system (viz. the first equation of (0-5)), we
need (at least) a LIT(Lip) control on the velocity. Note that if one combines the above control in L7.(L?)
for V2u with the corresponding critical Sobolev embedding, then we miss that information by a little
in the critical regularity setting, as having (0-7) and r > 1 implies that p < d; nonetheless, it turns out
that, if working in a slightly subcritical framework (that is, 2/r +d/p < 3), one can get existence and
uniqueness together for any initial density pp € L° that is close enough to some positive constant (see
[Danchin and Zhang 2014; Huang et al. 2013] for more details).

1Throughout the paper we agree that, if E is a Banach space, r € [1,00] and T > 0, then L%, (E) designates the space
L"([0,T]; E) and || - ”LVT(E) the corresponding norm; when T = oo, we use the notation L” (E).
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In the particular case where py is given by (0-6), once the Lipschitz control of the transport field is
available, it is possible to propagate the Lipschitz regularity of the domain D, as it is just advected by the
(Lipschitz continuous) flow of the velocity field. Based on that observation, further developments and
more accurate information on the evolution of the boundary of D have been obtained very recently by
X. Liao and P. Zhang [2016; 2019], and by the first author with X. Zhang [Danchin and Zhang 2017] and
with Mucha [Danchin and Mucha 2017]. In most of those works, a key ingredient is the propagation of
tangential regularity, in the spirit of the seminal work [Chemin 1991; 1993] dedicated to the vortex patch
problem for the incompressible Euler equations. We refer also to papers [Gamblin and Saint Raymond
1995; Danchin 1997; 1999; Hmidi 2005] for extensions of the results of [Chemin 1991; 1993] to higher
dimensions and to viscous homogeneous fluids, the case of nonhomogeneous inviscid flows being treated
in [Fanelli 2012].

The rest of the paper is devoted to obtaining similar results for the compressible Navier—Stokes
equations (0-1) and is structured as follows. In the next section, we present our main results and give some
insight to the proofs. Then, in Section 2, we recall the definition of Besov spaces and introduce the tools
for achieving our results: Littlewood—Paley decomposition, maximal regularity and estimates involving
striated regularity. Section 3 is devoted to the proof of our main existence theorem for general discontinuous
densities, while the next section concerns the propagation of striated regularity and uniqueness. Some
technical results that are based on harmonic analysis are postponed until the Appendix.

1. Main results

In order to evaluate our chances of getting the same results for (0-1) as for (0-5) after suitable adaptation
of the method described above, let us rewrite (0-1) in terms of (o, u). We get, just denoting by P (instead
of P(1+ o)) the pressure term, the system

ia;Q-i-u-VQ—i-(Q-i-l)diVu:O, (1-1)
o — puAu —AVdivu = —pou — (140)u - Vu — VP,

As the so-called Lamé system (that is, the left-hand side of the second equation) enjoys the same maximal
regularity properties as the heat equation, one can handle the terms 09d;u and (14-9)u - Vu in a suitable
L"(L?) framework exactly as in the incompressible situation. However, by this method, bounding V P
requires Vo to be in some Lebesgue space, a condition that we want to avoid. In fact, the coupling
between the density and the velocity equations is stronger than for (0-5) so that the two equations of (1-1)
should not be considered separately. For that reason, it is much more difficult to prove a well-posedness
result for rough densities here than in the incompressible case, and the presence of the “out-of-scaling”
term V P precludes us from achieving global existence (even for small data) by simple arguments. A
standard way to weaken the coupling between the two equations of (1-1) (that has been used by Hoff
[1995; 2002] and, more recently, by B. Haspot [2011] or by the first author with L. He [Danchin and
He 2016]) is to reformulate the system in terms of a “modified velocity field”, in the same spirit as the
effective viscous flux mentioned in the Introduction: we set

wi=1u-+ V(—vA)‘lP, with v := A + .
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The modified velocity w absorbs the main part of V P, as may be observed when writing out the equation
for w:
14+0)0w—puAw —AVdivw+ (1 +0)u-Vu+ (1+ 0)(—vA)~ 'V, P =0. (1-2)

As, by virtue of the mass equation, we have
9P =(P—pP')divu —div(Pu),

the last term of (1-2) is indeed of lower order and can be bounded in L’ (L?) whenever o is bounded and
belongs to some suitable Lebesgue space.

As we shall see in the present paper, working with w and o rather than with the original unknowns
u and p proves to be efficient if one is concerned with existence (and possibly uniqueness) results for
(0-1) with only bounded density. In fact, we shall implement the maximal regularity estimates on the
equation fulfilled by w, and bound o by means of the standard a priori estimates in Lebesgue spaces
for the transport equation. For technical reasons, however, it will be wise to replace (—vA)~! by its
nonhomogeneous version (Id — vA)~!, which is much less singular.

That strategy will enable us to prove the following local-in-time result of existence for (0-1) supple-
mented with a rough initial density.”

Theorem 1.1. Let d > 1. Let the pair (p, r) satisfy

2
d<p<oo and 1<r< P , (1-3)
p—d
and define the pair of indices (ro, r1) by the relations
1 1 d 1 1 1
—=—-—=14+— and —=-——. (1-4)
ro r 2p rn r 2
Let the initial density py and velocity ug satisfy
e:=po—1 in(LPNL=)RY),
Wo: =uUg—Uvy in 312,;2/’, with vy := —V(Id —vA) " (P (pp)).
There exist € > 0 and a time T > 0 such that, if
lloollL= <é, (1-5)

then there exists a solution (p, u) to system (0-1)—(0-4) on [0, T] x R? with o := p — 1 satisfying
lollL~qo,rixrey <46 and 0 €C(0,T]; LY) forall p <q < oo,
andu =v+w with v := —V(Id—vA)~'(P(p)) in C([0, T]; W4 (RY)) for all p < q < oo, and
weC(0,T]: B; ) NLP(L™), VweL}(LP) and dw,Vw e L (LP).
That solution is unique if d = 1.

2The reader is referred to Section 2 below for the definition of the homogeneous Besov spaces B;, e
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If, in addition, uy and o are in L?% and inf P’ > 0 on [1 — 4e, 1 + 4¢], then the energy balance

IV o@uI72 + I @) 1L+ IVl T o) + A divallZa o) = 3lv/Bouollz + 1T (00) 1 (1-6)

holds true for all t € [0, T], where the function I1 = I1(z) is defined by the conditions T1(1) =T1'(1) =0
and 11" (z) = P'(2)/z.

Combining the above statement with Sobolev embeddings ensures that Vw and div u are in LIT(LOO).
However, because the operator VZ(Id — vA)~! does not quite map L* into itself (except if d = 1 of
course), there is no guarantee that the constructed velocity field # has gradient in LIT(LO"). This seems
to be the minimal requirement in order to get uniqueness of solutions (see, e.g., [Hoff 2002; Danchin
2014]). Keeping the model case (0-6) in mind, the question is whether adding up geometric hypotheses,
like interfaces or tangential regularity, ensures that property and, hopefully, uniqueness.

Motivated by the pioneering work [Chemin 1991; 1993], we shall assume that the initial density has
some ‘“‘striated regularity”” along a nondegenerate family of vector fields. To be more specific, we have to
introduce more notation and give some definitions. Before doing that, let us underline that propagating
tangential regularity for compressible flows means facing new difficulties compared to the incompressible
case, due to the fact that div # does not vanish anymore.

First of all, for any p in ]d, oc], we denote by L°” the space of all continuous and bounded functions
with gradient in L? (R?). Now, for a given vector field Y in L°”, we are interested in the regularity of a
function f along Y, i.e., in the quantity

d
dyf:=) Yiof.
j=1
This expression is well-defined if f is smooth enough, in which case we have the identity

dy f =div(fY) — fdivY. (1-7)

If f is only bounded (which, typically, will be the case if f is the density given by (0-6)), the above
right-hand side makes sense for any vector field ¥ in L°>?, while dy f has no meaning. Then we take the
right-hand side of (1-7) as a definition of dy f.

In order to define striated regularity, fix a family X = (X,)1<x<m of m vector fields with components
in L°>? and suppose that it is nondegenerate, in the sense that

I(X):= inf sup |d/_\1 XA(x)|1/(d_1) > 0.
XeR! AeA

Here A € A} | means that A = (Ay,...,Aq—1), with A; € {1,...,m} forall i and A; < A; fori < j,
while the symbol df\l X s stands for the unique element of R4 such that

forall Y eRY, (“'X,) Y =det(X;,,... X5, ,, ¥).

Then we set

1 X5 Mlweer := 1 XallLe + IVXallr  and || X][[poer := sup || Xy [lpee.r.
rEA

More generally, whenever E is a normed space, we use the notation ||| X||| g := sup,cp | XallE.
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Definition 1.2. Take a vector field Y € L°>? for some p € ]d, co]. Given a function f € L°°, we say that
f belongs to LY if div(fY) € LP(RY).

If X = (X)1<1<m is a nondegenerate family of vector fields in L°>” then we set
1

p . p R
5= () Ly, and [fly, =T

1<A<m

(LS Tzoe M Mloer + 1div(f X))

The main motivation for Definition 1.2 is Proposition 2.12 below, which states that, if ¢ is bounded and
if, in addition, o € L% for some nondegenerate family & of vector fields in L7 with d < p < oo, then
(nId — A)~'V2 £ () is in L> for all n > 0 and smooth enough function f. That fundamental property
will enable us to consider data like (0-6) in a functional framework that ensures persistence of interface
regularity and uniqueness together, as stated just below.

Theorem 1.3. Let d > 1 and the pair (p, r) fulfill conditions (1-3). Consider initial data (pg, ug) satisfying
the same assumptions as in Theorem 1.1. Assume in addition that there exists a nondegenerate family
Xo = (Xo0.2)1<r<m Of vector fields in L°>P such that py belongs to I]_QO.

Then, there exists a time T > 0 and a unique solution (p, u) to system (0-1)-(0-4) on [0, T] x R4 such
thato:=p—1, v:=—V{Id— vA)Y(P(p)) and w:=u—v satisfy the same properties as in Theorem 1.1.
Furthermore, Vu belongs to L([0, T]; L™®(R%)) and u has a flow ¥, with bounded gradient that is the
unique solution of

t
Y, (t,x)=x +/ u(t, ¥, (r,x))dt forall (t,x) €0, T] x R?. (1-8)
0

Finally, if we define X; ; by the formula X; ;(x) := dx,, ¥ (¢, wu_l(t, x)) then, for all times t € [0, T,
the family X; := (X, ) 1<r<m remains nondegenerate and in the space L.°°P, and the density p(t) belongs
to L.

Let us make some comments on the proof of that second main result. As pointed out above, the striated
regularity hypothesis ensures that (Id — vA)~!V? P is bounded. Since we know from Theorem 1.1 that
Vw is in LlT(LOO), one can conclude that also Vu belongs to LlT (L°°). From this property and the remark
that, for all A € A, one has

X, +u-VX, =0dx,u and 0,div(pX,)+div(div(pX,)u) =0,

standard estimates for the transport equation will enable us to propagate the tangential regularity.

As regards the proof of uniqueness, we adopt the viewpoint in [Hoff 2006]: solutions with minimal
regularity are best if compared in a Lagrangian framework; that is, we compare the instantaneous states
of corresponding fluid particles in two different solutions rather than the states of different fluid particles
instantaneously occupying the same point of space-time. However, the proof that is proposed therein relies
on stability estimates in the negative Sobolev space H~! for the density; at some point, it is crucial that
p € H™! implies P(p) is in H ", too, a property that obviously fails when the pressure law is nonlinear.

In the present paper, adopting the Lagrangian viewpoint will enable us to avoid (for general pressure
laws) the loss of one derivative due to the hyperbolic part of system (0-1). As a matter of fact, we
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shall establish stability estimates for the (Lagrangian) velocity field directly in the energy space, and
the presence of variable coefficients owing to the initial density variations, either in front of the time
derivative or in the elliptic part of the evolution operator, will be harmless.

Let us finally state an important application of Theorem 1.3.

Corollary 1.4. Assume that py is given by (0-6) for some bounded domain D of class WP with
d < p < oo

Then, there exists € > 0 such that, if |c; — c2| < &, then for any initial velocity field uq satisfying the
conditions of Theorem 1.1, there exists T > 0 such that system (0-1)—(0-4) admits a unique solution (p, u).
Furthermore, the density at time t has a jump discontinuity along the interface of the domain D, transported
by the flow of u, and 3D, keeps its W>P regularity.

We end this section with a list of possible extensions/improvements of our paper.

(1) All our results may be readily adapted to the case of periodic boundary conditions; indeed, our
techniques rely on Fourier analysis and thus hold true for functions defined on the torus.

(2) We expect a similar existence statement if the fluid domain is a bounded open set 2 with (say)
C? boundary, and the system is supplemented with homogeneous Dirichlet boundary conditions for the
velocity. Indeed, in that setting, the Besov spaces may be defined by real interpolation from the domain
of the Lamé (or, equivalently the heat) operator and the maximal regularity estimates remain the same.
The reader may refer to [Danchin 2010] for an example of solving (0-1) in that setting, in the case of
density in W' for some p > d.

Concerning the propagation of tangential regularity, the situation where the reference family of vector
fields does not degenerate at the boundary should be tractable with few changes (this is a matter of
adapting the work of N. Depauw [1999] to our system). This means that one can consider initial densities
like (0-6) provided the boundary of D does not meet that of 2.

(3) To keep the paper a reasonable size, we refrained from considering the global existence issue for
rough densities. We plan to address that interesting question in the near future.

2. Tools

Here we introduce the main tools for our analysis. First of all, we recall basic facts about Littlewood—
Paley theory and Besov spaces. The next subsection is devoted to maximal regularity results. Finally, in
Section 2C we present key inequalities involving striated regularity.

2A. Littlewood—Paley theory and Besov spaces. We here briefly present Littlewood—Paley theory, as it
will come into play for proving our main result. We refer, e.g., to Chapter 2 of [Bahouri et al. 2011] for
more details. For simplicity of exposition, we focus on the R? case; however, the whole construction can
be adapted to the d-dimensional torus T<.

First of all, let us introduce the so-called “Littlewood—Paley decomposition”. It is based on a nonho-
mogeneous dyadic partition of unity with respect to the Fourier variable: fix a smooth radial function y
supported in the ball B(0, 2), equal to 1 in a neighborhood of B(0, 1) and such that r — x(re) is
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nonincreasing over R, for all unitary vectors e € RY. Set

9(E) = x(§) — x(25) and ¢;(§):=¢(27/¢) forall j=0.
The nonhomogeneous dyadic blocks (A ;) jez are defined by3
Aj:=0 if j <-2, A_1:=x(D) and Aj = ¢(27'D) if j>0.
We also introduce the following low-frequency cut-off operator:
Sj=xQ7 D)= 3" A¢ forj=0, and S;=0 forj<0. 2-1)
k<j—1
It is well known that for any u € &', one has the equality
U= Z Aju inS.
j==1
Sometimes, we shall alternatively use the spectral cut-offs A ; and S ; that are defined by

Aj:=¢Q27'D) and S;=x(Q27/D) foralljeZ.
Note that we have
u=Yy Aju (2-2)
JEZ
up to polynomials only, which makes decomposition (2-2) unwieldy. A way to have equality in (2-2) in the
sense of tempered distributions is to restrict oneself to elements u of the set S, of tempered distributions

such that
dim [|Sjullz~ =0.
Jj—>—00

It is now time to introduce Besov spaces.

Definition 2.1. Lets e Rand 1 < p,r < oc:

(i) The nonhomogeneous Besov space B, , is the set of tempered distributions « for which
llullgy, = 17 NAjullr) j=—1ller < 0o

(i) The homogeneous Besov space B;ﬁ . is the subset of distributions « in S such that
lull g, = 1@ IA jullo) jezller < oe.

It is well known that B; , coincides with H* (with equivalent norms) and that nonhomogeneous
(resp. homogeneous) Besov spaces are interpolation spaces between Sobolev spaces W57 (resp. WX-P).
Furthermore, for all p € ]1, oo[, one has the following continuous embeddings (see the proof in [Bahouri
et al. 2011, Chapter 2]):

and B° «s LP s B

P 0
—~> L= B p.min(p,2) p.max(p,2)*

0
B p,max(p,2)

p.min(p,2)

We shall also often use the embeddings that are stated in the following proposition.

3Throughout f (D) stands for the pseudodifterential operator u — F —I¢ fFu).
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Proposition 2.2. Let 1 < p; < p, < 0o. The space B’ . (R?) is continuously embedded in the space

p P11
B, (RY) if
sz<s1—d(L—L> or sz=s1—d(i—L> and r; <r.
P1 p2 D1 P2
The space st7|1,r1 (R?) is continuously embedded in the space B;}z rz([F\Rd) if
Sy =8 —d<L — i) and r; <r.
p1 D2

Finally, we shall need the following continuity result.
Lemma 2.3. There exists a constant C, depending only on d, such that for all p € [1, oo] we have
IAdd = 2)7 flle < Cll iz
Proof. Tt suffices to notice that
AMd—A)'f=@d-D)"f—f
and that (Id — A)~! maps L? to Bf,’oo (see Proposition 2.78 of [Bahouri et al. 2011]) and hence to L?,
with a constant independent of p. U
Corollary 2.4. Let u solve the elliptic equation (Id — A)u = f in RY, with f € L? for some p € [1, 00].
Then u € Wl’p([Rd), with Au € L?, and one has the estimate

lullwrr + 1 AullLr < CILfllLe

for some positive constant C depending just on d.
If 1 < p < oo, then u € W*P and we have

lullwzr < Cllflle.

Proof. From Lemma 2.3, we gather that Au € L?; hence u = Au + f belongs to L? too. This relation
in particular implies the control ||u]|z» < C|| f| Lr. At this point, the control of the gradient of u in L?
follows, e.g., from Gagliardo—Nirenberg inequalities (or a decomposition into low and high frequencies).
Finally, in the case 1 < p < oo, having Au € L? implies V>u € L? by Calderén-Zygmund theory. [

2B. Maximal regularity and propagation of L? norms. In this subsection we recall some results about
maximal regularity for the heat equation, and then extend them to the elliptic operator £ defined in (0-3).
Those results will be essentially the key to Theorem 1.1, namely existence of solutions in an L? setting.

2B1. The case of the heat kernel. Here we focus on maximal regularity results for the heat semigroup,
as they will lead to similar ones for the Lamé semigroup generated by —L (see Section 2B2 below). We
first look at the propagation of regularity for the initial datum. Our starting point is the proposition below,
which corresponds to Theorem 2.34 of [Bahouri et al. 2011].

Proposition 2.5. Let s > 0 and (p, r) € [1, 00]> A constant C exists such that

S/ZetA

—1
CMall 5z < 162 22l Lo

r®dyn = Clzlags
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Thus we deduce that, for all r € [1, oo[, having z in B;,%/ "(RY) is equivalent to the condition e’ Az e
L"(Ry; LP(R%)). In particular, taking z = Aug and assuming that u has critical regularity B;}er/ P(R?)

for some p € ]1, oo[ and r fulfilling

2 d i
2——=——1 withl <r < o0, (2-3)
rp
Proposition 2.5 combined with the classical L” theory for the Laplace operator implies that VZe/%ug is
in L™ (Ry; LP(R?)).

Note however that (2-3) gives the constraint d /3 < p < d, which is too restrictive for our scope: we
will need p > d in order to guarantee that Vu is in L'([0, T]; L™®(R%)) for some T > 0 (see Section 3
for more details). This fact will preclude us from working in the critical regularity setting.

Before going on, let us introduce more notation: throughout this section, we will use an index j to
designate the regularity of Lebesgue exponents (p;,r;) € [1, oo]? pertaining to the term V/h.

. .. . . . hd K3 . _ _
According to Proposition 2.5, if ug is in szm with s =2 —2/ry and 1 < pj, rp < 00, then

V2e'®ug € L (Ry; LP*(RY)). (2-4)
Furthermore, we have

e"®ug e Cy(Ry; B (2-5)

8
prrs)
since
1/rs
lle" ol o2 ~ V7€ ol y21m, ~ le™ (e uo) |7, dT
p2.r2 p2.ry R,
and, using the fact that the heat semigroup is contractive on L2,

/ le™® (Ae"uo) |7y, dT < / le™ Auol 7y, dT < CllAugll’ o, -
Ry R

P22

Time continuity in (2-5) just follows from the fact that S is densely embedded in L72.
Next, by the embedding properties of Proposition 2.2, we have, if p; > p; and r| > ry,

Vug € B withslzl—i_d<i_i).
e ) P2 pi

In order to be in the position to apply Proposition 2.5 so as to get that Ve'®ug € L (R ; LP' (RY)), we
need to have in addition s; < 0, that is to say,

2,4 _d (2-6)
r2 p2 pi1
Then, defining r; by
24 4244 (2-7)
no p2 . pi

we get
Ve'luy e L' (Ry; LPY(RY)). (2-8)
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Finally, let us consider ¢’ Auo. By critical embedding, we have, if pg > p> and ro > ry,

o € BY withsozz—z—d<i—i).

po.ro? r P2 Do
If we want to resort again to Proposition 2.5, we need to have in addition that
so=2-2-2 9 (2-9)
. pi
Under that condition, choosing ry so that so = —2/rg, that is to say, such that
2,d _,,2.4 (2-10)
r2  p2 o  Po

we end up with
e®ug e L™(Ry; L7 (RY)). (2-11)

Let us next consider the propagation of regularity for the forcing term in the heat equation. We start by
presenting the standard maximal L" (L?) regularity for the heat semigroup (see the proof in [Lemarié-
Rieusset 2002, Lemma 7.3] for instance).

Lemma 2.6. Let us define the operator A, by the formula

t
A f|—>/ V298 £(s, ) ds.
0

Then A is bounded from L™(10, T[; LP2(R%)) to L]0, T[; LP2(RY)) for every T € 10, 00] and
1 < pa, rp < 00. Moreover, there holds
“-AZf”L’TZ(Lpz) = C“f”L’TZ(Lpz)-
As for the propagation of regularity for the first derivatives, we have the following statement.

Lemma 2.7. Assume that the Lebesgue exponents py and p> fulfill 0 < 1/p, — 1/p1 < 1/d and that
1 <ry < ry < oo are related by (2-7). Let us define the operator Ay by

'
Al f > f Vel =92 f(s,-) ds.
0
Then A is bounded from L™(]0, T[; LP2(R%)) to L]0, T[; LP' (R?)) for every T € 10, oo[, and
there holds
||~A1f||L’T1 (LP1) = C”fllL"T?(Lpz)
for a suitable constant C > 0 depending only on the space dimension d > 1 and on py, ry, p2, 1.
Proof. We use the fact that forall 0 <s <¢ <T
e / =9 o =y
(@ (1 —5) D2 Jga 2/t =5) 4t —s)

_ VT K :
T (@n(t—s)dth2 1<¢4(r —)

Ve =98 f(s,x) =

)f(s, y)dy

)*xf(ss')-
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Applying Young’s inequality in the space variables yields

IVe"92 (L1071 £)(s, im < C(t —s)~ T2 g, (—) I L0.71.f I 2
o A=) lgm "
<Ct—9)"P Lo fllLe,
where we have defined m; and 8 by
1 1 1 d+1 d 1 d d
—+l=—+— and B=—FF -5 —=5+7—"—5—.
p1 mi p2 'B 2 2m1 2 2p2 2p1

Note that the conditions in the lemma ensure that 8 € [%, 1[. At this point, we apply the Hardy—Littlewood—
Sobolev inequality (see, e.g., Theorem 1.7 of [Bahouri et al. 2011]) with respect to time: since r; and r
satisfy 1/r; + 1 =1/r, + B by hypothesis (2-7), we immediately get the claimed inequality. The lemma
is thus proved. (Il

We now state integrability properties concerning f itself, without taking any derivative.

Lemma 2.8. Assume that the Lebesgue exponents po and p; fulfill 0 < 1/p; — 1/po < 2/d and that
1 < ry < rg < oo are related by (2-10). Define the operator Ag by the formula

t
Ao:f|—>/ I8 £ (s, ) ds.
0

Let sp :=2—2/ry. Then Ay is bounded from L™ (]0, T[; L??) to L™ (0, T[; LP°) NC([0, T]; B;;zz,rz)
for every T € ]0, oo], and there holds
||A0f||L;0(B;22J2) + “-AOf”L’TO(Lpo) = C“f”L’TZ(LI'z)
for a suitable constant C > 0 depending on the space dimension d > 1 and on py, ro, p2, 2.
Proof. The proof of the continuity in L (]0, T[; LP°) goes as in Lemma 2.7: We start by writing
lx —y|?

1
(t—s)A _ _
N CE T fw exP( 4(t—s))f(s’y) “

1 .
T @t — )P KO(W: —s)) * 6D

Then, we apply Young’s inequality in the space variables and get, for every s > 0 fixed,

le"=2L10.710) (s, e < Ct — )2 I L0.71.f |2

L"mo

Kol ———

0(«/47‘[0 — s))
<C@ =)o, flILe,

where, exactly as before, we have defined mg and y by the relations

1 1 1 d d
l+—=—+— and y=———.
po  mo  p2 2p> 2po
Our assumptions ensure that y € ]0, 1[ and one may apply the Hardy-Littlewood—Sobolev inequality
with respect to time. Since ry and r; satisfy 1/rg+ 1 =1/r + y by hypothesis (2-10), we immediately

get that Ay is bounded from L7 (L??) to L7 (L™).
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The second part of the statement is classical. Arguing by density, it suffices to establish that

o f (Ml = Cllfll o)

To this end, we write, using Proposition 2.5 and an obvious change of variable, that

[ee) 1/r2
Ao f ()l ~ ( /0 A€ Ao f (DI dr)
00 r 1/r
([ “
0 L2
oo r 1/ra
5C< [ ‘ dt) .
T LP2

Then using Lemma 2.6 to bound the right-hand side yields the claimed inequality. O

T
f Ae(t+T—T)Af(T) dt

0

t/
f Ae" "IN (fl.) (1) dT
0

2B2. Maximal regularity results for the operator L. Here we want to extend the results of the previous
subsection to the elliptic operator £ = —u A — AV div, under condition (0-2): for suitable initial datum
ho and external force f, let us consider the equation
{B,h + Lh = f,
h‘ 1—0 = hy.

The following statement will be a key ingredient in the proof of our existence result.

(2-12)

Proposition 2.9. Let ((pj, r;))j=o0,1,2 satisfy

l<pyrm<oo, rp<rg, ry<ri, Ppo>p2 Pl1>Pp2

and the relations (2-7) and (2-10). Let hg be in B;}m with sy :=2—2/r>,and let f bein Llréc([Rq; LP2(RY)).
Let (i, A) € R? satisfy condition (0-2).
Then, for all T > 0, system (2-12) has a unique solution h in C([0, T]; B;}Nz) N L0, T; LPo),

with Vh € L™ ([0, T1; LP") and 8;,h, V*h € L™>([0, T1; LP?). Moreover, there exists a constant Coy > 0
(depending just on i, A, d, po, p1, p2 and ry) such that the following estimate holds true:

”h”L%c(B,S;ZZ.rZ)—i_ ”h”LrTO(L/’O)+ ||Vh||LrTl (LP|)+ ||(3,h, Vzh) ”L'TZ(LPQ) = CO(”hO||)_!};22J2 + ”f”L’TZ (Lpz))- (2-13)

Proof. Let us write down the Helmholtz decomposition of the vector field 4: denoting by PP the Leray
projector onto the space of divergence-free vector fields and by @ the projector onto the space of irrotational
vector fields, we have h = Ph + Qh. Recall that we have in Fourier variables

1
€12

Hence P and Q are linear combinations of composition of Riesz transforms and thus act continuously on

F@h)(E) = — (& - h(£))E.

L? forall 1 < p < o0.
Now, applying those two operators to system (2-12), we discover that Pi and Q#h satisfy the heat
equations
0 —uMNPh=Pf and O, —vA)Qrh=Qf, withv:=u+A,
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with initial data Pho and Q#hy, respectively. Therefore, denoting by A the operator [° or Q, and by «
either u or v, Duhamel’s formula gives us

t
Ah(t) = e 2 Ahg + / e U=IBN £ (s5) ds. (2-14)
0

For the term containing the initial datum, we apply (2-4), (2-5), (2-8) and (2-11), while for the source
term we apply Lemmas 2.6, 2.7 and 2.8. Therefore, we conclude by continuity of the operators [P and
over L? for 1 < p < 00, and over B;’r for all s € R and all (¢, r) € ]1, oo[2. O

2C. Tangential regularity. We establish here fundamental stationary estimates about propagation of
striated (or tangential) regularity in the L? setting.

Before starting the presentation, let us recall that the classical result on pseudodifferential operators
of order zero ensures that, if g € L™, then A™'9; djg € BMO. The main result of this subsection states
that, if g has suitable tangential regularity properties (similar to those exhibited in [Chemin 1991] for the
vortex patches problem), then A~1;d ;g is in L°°. Our starting point is an adaptation of Lemma 5.1 in
[Paicu and Zhang 2017] enabling us to handle the operator V(nId — A)~!, valid in any dimension and for
nonzero divergence vector fields.

Before stating that lemma, the proof of which is postponed in the Appendix, let us introduce, for m € R,
the class $™ of symbols of order m, that is, the space of C>(R¢) functions ¢ such that for all @ € N¢
there exists C, > 0 satisfying, for all £ € R?,

[Y%o (&)] < Co(1+[E])™ 1.

Lemma 2.10. Let 1 < p < oo. Consider a vector field X in L°*? and a function g € L™ such that
dxg € LP. Let o be a smooth Fourier multiplier in the class S™\. Then, for any fixed 0 < s < 1, the
following estimate holds true:

lVxo(D)gllsy ., < CUIYxglr +IVXILrllglize).

p,o0 T

Since the nonhomogeneous Besov space B), , is embedded in L whenever s > d/p, Lemma 2.10
implies the following fundamental result.

Corollary 2.11. Assume that d < p < 00, and consider a vector field X in 1.°°? and a function g € L™
such that dxg € LP. Then, for any Fourier multiplier o in the class S™\, there exists a constant C > 0
such that

[¥xo(D)gllLe < C[¥xgller + IVXIiLrligliLe).
From the previous results, we immediately obtain the following fundamental stationary estimate.

Proposition 2.12. Fix p € |d, oo[ and an integer m > d — 1, and take a nondegenerate family X =
(X2)1<r<m Of vector fields belonging to L°>P. Let g € L% (RY) be such that g € I]_Q.
Then for all n > 0, one has the property

(nld — A)~'V2g € L®(RY).
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Moreover, there exists a positive constant C such that the following estimates hold true:

XNV X e
(1 (X))4d—4

1174
(I (Xx))4d—4

IV2(nld — A) ™ gl 1 EC((I—F )||g||Leo+ |||axg|||u).

Proof. Fix some A := (A1,...,Aq—1) € A}j_,, and consider the set U, of those x € R4 such that one
has (d/_\1 X A)(x) > (I(X))* L, By Lemma 3.2 of [Danchin 1999], there exists a family of functions bf.‘f,
where (i, j,k) € {1,...,d}> and £ € {1,...,d — 1}, which are homogeneous of degree 4d — 5 with
respect to the coefficients of (X, ..., X,,_,) and such that the following identity holds true on U, for

all £ € R%:
(R X ) (R Xa @) o

[ XA 0] 3 XA )]

&g = 7 Y b E(G, () - £).
k.l

Then, we multiply both sides by (n + | |)~12(&) and take the inverse Fourier transform at x:

dflx i d*lX J 1
Ca A_) ( as 1) AGId—8) " g+ ———— 3 by, @Grld— ) g).
|d/\1XA| |d/\1XA| k,¢

(ld— A)~'0;0,¢ =

Hence, thanks also to Lemma 2.3, for all A € A?~!, we deduce the following bound on the set Uy :
C
-1 4d—5 —1
||(ﬂId—A) alangLoo(UA) < ||g||LOO+W2€:”XA”LOO ”aX)Le(V(r]Id—A) g)HLoo (2-15)

In order to bound the last term in the right-hand side, we apply Corollary 2.11: we get, for some
constant C > 0 also depending on d and on p, the estimate

18x,, (VId — A) "' @)l e < C(lldx,, gllr + gl L=V X0, [l ).
Inserting this bound into (2-15) immediately gives us the result. O

We conclude this part by presenting a new estimate concerning tangential regularity. This statement,
which will be proved in the Appendix, turns out to be of tremendous importance to exhibiting the Lipschitz
regularity of the velocity field u; see Section 4A below.

Proposition 2.13. Let the hypotheses of Proposition 2.12 be in force. Then there exists a constant C > 0
such that, for all n > 0, the following estimate holds true:

XNV X e
llgll o

182 V2 (ld—A) gl 1r < C(nwxmu (1+

(I1(X))%d—4
XN NV &I e 14
+(1+ (;(X))4d_4 |||axg|||m+W|nvxnm||g||Loc.

3. An existence statement for almost critical data and only bounded density

The goal of the present section is to prove Theorem 1.1. After reformulating the original system (0-1),
we establish a priori estimates on smooth solutions, and then provide the reader with the construction of a
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family of approximate smooth solutions to our (new) system. As a last step, we show the convergence of
the sequence to a true solution.

3A. Reformulation of the system. In all that follows, we assume for notational simplicity that v = 1.
This is of course not restrictive, owing to the change of unknowns

(57 I,?)([,x):: (p,M)(Vt,U)C). (3'1)

First of all, we want to reformulate our system in terms of new unknowns, to which maximal regularity
results of Section 2B apply. As already explained at the beginning of the paper, in order to handle the
pressure term, it is convenient to introduce the auxiliary vector field

v:i=—V(Ad—A)"'P (3-2)
and the modified velocity field
wi=u—v=u+V{Id—A)"'P. (3-3)
For future use, we observe that
divu =divw — A(Id— A)"'P. (3-4)

We want to reformulate system (0-1) in terms of the new unknowns (o, w), keeping in mind that
estimates for v may be deduced from those for g, and that combining with information on w enables us
to bound the original velocity field u. From the first equation of (1-1) and relation (3-4), we immediately
deduce that

do+u-Vo=—pdivw+pAdd—A)~'P, (3-5)

with p:=1+4+pandu :=w—V({Id— A)~'P.
Regarding w, we see from the second equation of (1-1) and (3-3) that

pdw — uAw —AVdivw = —(Id— A)"'VP — pu-Vu — p(Id — A) "'V, P.
Using once again the mass equation in (0-1), we find
0, P +div(Pu) = g(p)divu, with g(p):= P(p)—pP'(p),
so that the equation for w can be recast as
pow—+ Lw=—pF, (3-6)
with
F= %(Id—A)_IVP-l—w'Vw—i—w-Vv+v-Vw+v-Vv+(Id—A)_1V(g(p) divu —div(Pu)). (3-7)

The existence part of Theorem 1.1 will be a consequence of the following statement.

52—2/r

Proposition 3.1. Let oo € L? N L®(R?) and wy € B, ", with

d<p<oo and 1<r<

T d (3-8)
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Define ry and ry by

11
— ==+
p

d
ro 2

(3-9)

| —

—1 and 1 = T

r r
There exists some small enough constant € > 0 depending only on d, p and r, such that, if in addition o
fulfills (1-5), then there exist a time T > 0 and a weak solution (o, w) to system (3-5)—(3-6) on [0, T x R¢
such that o € C([0, T]; L?) and

lollLewe) < 4e, (3-10)

and w € C([0,T]; By,>"

L7 ([0, T]; L? (R%)).

If in addition to the above hypotheses, we have inf P’ > 0 on [1 — 4e, 1 4 4¢] and 09, ug € L*(R%),
where ug := wo + vo and vy is defined as in the statement of Theorem 1.1, then u := w — V(Id — AP
Sulfills u € L%O(LZ) N LZT(HI) and the energy equality (1-6) holds true.

Yy N L([0, T]; L®(RY)), with Vw € L' ([0, T1; L?(RY)) and 3,w, V?w €

3B. A priori bounds for smooth solutions. We start by establishing a priori estimates for smooth solu-
tions to the new system (3-5)—(3-6). Our goal is to “close the estimates” in the space

Er:={(0.w) € LF(L? NLY®) x (C([0.T]; B, 7" )N LY (L™)) | Vw € L} (L), V?w € LF (L")}

for some small enough 7 > 0.
We define

N(T) = ”Q”L%O(LPQLOO) + ”w”L%O(Bﬁ;Z/r)ﬂL;()(LOO) + ||Vw”L’Tl (LP) + ”(alwa vzw)”L;(Lp)' (3_1 1)

As it fulfills a transport equation, it is easy to propagate any Lebesgue norm L7 for o once we know
that div u is in LIT(LOO) and that the right-hand side of (3-5) is in LIT(Lq). Given the expected properties
on w, this will give us the constraint ¢ > p. As for (3-6), we want to apply the maximal regularity
estimates given by Proposition 2.9.

3B1. Bounds for the density. Throughout, we fix some & > 0 and constant C > 0 so that (recall that
P(1)=0)

|P(z)| <Clz—1| forallze[l—de, 1+4e]. (3-12)

As a first step, let us establish estimates for the density term. Let us take some g € [p, co[. By
multiplying (3-5) by |0|? ¢ and integrating in space, we easily get

1d 1 . . 2 . - -
Mngu‘{q—gf|Q|qdwu+/|g|qdww+/g|g|q 2dww=/(g+1)g|mq PA(d—A)TP.

By (3-4), one can rewrite the previous relation as

1d 1 . - - — .
C—IEIIQII%qu(l—C—I)/Iqu(dlvw—A(Id—A) ‘P)zfQIQI" 2(AQd— )~ P —divw),
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which immediately implies

WA - .
le@llzs = ||Qo||m+(1—5)/ lellsllAdd = A) ™ P — div ]|~ d
0

t
+/ [AId— A)~"'P —divw| . dx.
0

Of course, passing to the limit ¢ — oo, we see that the same inequality holds true for ¢ = co. Then,
using Lemma 2.3 and the fact that, under (3-12), we have

IPllr <Cllollr forall r €[l1, oo], (3-13)

an application of Gronwall’s lemma implies that, for all g € [p, oo], there holds

1 . t
lo(®) e < €t Idvwlicd (||.Qo||Lf1 + / || div w/l Lo dr). (3-14)
0

Define now the time 7 > 0 as
T := sup{t >0 ‘ Ct—i—/ot || divw]|| Lo dt <log?2 and /Ot | divw]| e < 8}; (3-15)
then, on [0, 7] one has, owing to (3-14),
lo@ e < 2lloollL> + 2e.

Hence, if we take the initial density satisfying (1-5), for ¢ fixed in (3-12) above, then we get (3-10).

3B2. Bounds for w. Throughout we fix the time 7 > 0 as defined in (3-15) and assume that (3-10) is
fulfilled. Then, applying Proposition 2.9 to (3-6) with (pg, p1, p2) = (00, p, p), r» = r and (rg, 1)
according to (3-9), we get, treating the term pd;w as a perturbation,

“w ||L7°9(Bﬁ;2/r)ﬂL¥)(L°°) + ||VLU||LrT1 (LP) + ” (alwa vzw) ”L;-(Lp)
= Colllwoll g2 +lleligr o) 19 wliLy wry + I1F Nl Ly r))
for a suitable constant Cy > 0. Now, assuming that ¢ in (1-5) has been fixed so small that
8Coe <1, (3-16)
thanks to (3-10) we gather the estimate
10l e 220 ey + 1V 12 oy + 1w, V202 ) = 2C0 (w0l g2 + I llgery). (3-17)

Our next goal is to bound F, defined by (3-7). First of all, as the operator V(Id—A)~! maps continuously
L7 into W for any 1 < g < 0o, one deduces that

lvllwie = Cllellzs, (3-18)

where v is the vector field defined in (3-2). Hence, the first term in (3-7) can be bounded, thanks to (3-13),
in the following way:
IAd = A) 'V P sy < CTV lollLsewr). (3-19)
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Next, we estimate the transport terms of F' by means of Holder inequality, using that

1 1 1.3 1 4 _1 1

> 0.

roro o 2 r 2p 2 r
We get the inequality
lw-Vw+w-Vv+v-Vw+v- Vol
= CTY27V0 (ol o ey + 10120 DUV OH 21 oy + IV 1) (3-20)
Hence, using the definition of A/(T) and (3-18), inequality (3-20) becomes
lw-Vw+w - Votv:-Vw+v- Vol e < CTZV0A+TVO)A+ TMNHT). (321

Let us now consider the term V(Id— A)~! div(Pu) occurring in the definition of F. From Corollary 2.4
and (3-10), combined with the continuity of the function P, we deduce that

IV(Ad— A)~"div(Pu) Lz ey < CllPullprwr)
< TV TP o (10 o ey + 00 )
< TV ol g (T llel gy + 1wl o o)-
Hence, using the definition of V' (T), we get
IVAd— A div(Pu) || r wry < CTV7 7101+ TVON(T). (3-22)
To handle the last term of F, we write
V(Id—A) "' (g(p)divu) = g(DHVId— A) "' divu + VAd — A) " ((g(p) — g(1)) divu).
To bound the first term, we use that, thanks to (3-4),
VAd—A) 'divu =V(Id— A) "' divw + V(Id — A)2AP.
Because both V(Id — A)~! and V(Id — A)2A map L7 to itself, we get
IVAd =AY divullzg ey < CT VIV oy + TPl g ) < CT2 + TYDNT).
Similarly, we have

IVAd—A)~'((g(p) — g(1)) divar) || 1ry < ClI(g(p) — (1)) div ul| s, (L)

< TV g g ooy div el s
s0, keeping in mind (3-4), one can conclude that
[vad—2)""((s(p) — g(1)) divu)

In the end, plugging the inequalities (3-14) and (3-19)—(3-23) into (3-17), whenever relation (3-10) is
fulfilled, we get

an < CT'?(1+TYV"YN(T). (3-23)

N(T) = C(leollrnr + llwoll go-zrr + (T2 + TYN(T) + (T2 + TUHNAT))
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for some constant C depending only on the pressure function and on the regularity parameters. From that
inequality and a standard bootstrap argument, one may conclude that there exists a time 7' > 0, depending
only on the norm of the initial data, such that

N(T) =2CleollLrnze +llwoll g2-2rr)- (3-24)

3B3. Classical energy estimates. We establish here energy estimates for solutions to system (0-1), under
the additional assumption that uy € L% The computations being quite standard, we only sketch the
arguments, and refer the reader to, e.g., Chapter 5 of [Lions 1998] for the details: we take the L? scalar
product of the momentum equation in (0-1) with u, integrate by parts and make use of the mass equation.
Defining IT as in the statement of Theorem 1.1, we end up with the relation

1d 2 d 2 L2 g
> plul”dx + a7 / IT(p)dx +,u/ [Vul dx—i—)»/ |divul|“dx = 0.
The previous relation, after integration in time, leads to the classical energy balance (1-6).
Now, keeping in mind the smallness assumption (1-5), we gather that if inf P’ > 0 on [1 —4e, 1 + 4¢]

then it holds on [0, 7'] that

CHle®II7> < IM(p@)llL < Clle®) 7.

Hence, by the hypotheses on the initial data, we get that the right-hand side of (1-6) is finite, and then,
for all 7 € [0, T'], one has that ,/pu belongs to L(L?), o € L®(L?) and Vu € L?(L?).
To make a long story short, one can eventually assert that for all ¢ € [0, T'], we have

t
@17 + / IVu()l7dz + le®Il7> < € (3-25)
0
for some C > 0 just depending on the initial energy, on P and on &.

3C. The proof of existence. In this subsection, we derive, from the estimates of the previous part, the
existence of a weak solution to system (3-5)—(3-6).
We start by smoothing out the initial data (og, #g) by convolution with a family of nonnegative
mollifiers:
00 :=x"*00 and ug:= x" *uo.

Then gy still satisfies (1-5), and both g;; and ug belong to all Sobolev spaces Wk, with k € N. Note that
one can in addition multiply the regularized data by a family of cut-off functions, to have o; and u; in L?
which enables us to apply Theorem A of [Mucha 2001].* We get a sequence of solutions (0", ") on
[0, T"] (with T" > 0) to (0-1), supplemented with initial data (1 + g, ug), fulfilling (1-5), the energy
balance (1-6), and the properties

0" €C([0,T"]; WP), u"ecC([0,T"); L%, dw", Vw" e L' ([0, T"]; LP).

4Actually, [Mucha 2001] concentrates on the R3 case but very small changes allow one to get a similar result in RY provided
p > d. One can alternatively use [Danchin 2001], which proves local-in-time existence in Besov spaces with subcritical regularity.
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Furthermore, by taking advantage of (3-24), one can exhibit some 7" > 0, depending only on norms of
(00, up), such that 7" > T for all n € N, and eventually get, for some constant C depending only on p, r,
d and ¢, the bound

2
o™ Nz rnrey + MW"l oo g2-2my 10 ooy T HVW Lt 1y N @™, VWD Iz )
= Cllleollrnze + llwoll g2-2/r).

The previous inequality ensures the weak-+ convergence (up to an extraction of a subsequence) of
(0", w") to some (o, w) in the space Er.

Strong convergence properties are still needed, in order to pass to the limit in the weak formulation
of the equations, and show that (g, w) is indeed a solution of system (3-5)—(3-6). In order to glean strong
compactness, it suffices to use the fact that the above uniform bound also provides a control on the first-
order time derivatives in sufficiently negative Sobolev spaces, through the equation fulfilled by (0", w").
Then one can combine with the Ascoli theorem and interpolation, to get strong convergence, which turns
out to be enough to pass to the limit in the equation satisfied by w. In order to justify that o satisfies the mass
equation, one can repeat the arguments of [Huang et al. 2013] (see also [Lions 1998]) which in particular
imply that 0" — o (up to subsequence) in C([0, T']; L?) for all p < g < 0o. The details are left to the reader.

Finally, once it is known that (o, w) satisfy the desired equation, one can recover time continuity for
w by taking advantage of Proposition 2.9.

To prove that the energy balance is fulfilled in the case where inf P’ > 0 on [1 — 4¢, 1 + 4¢] and
00, up € L, we just have to observe that it is satisfied by (p”, u"*) (with the regularized data) for all
n € N and that having oy € L? guarantees that " — ¢ in C([0, T]; L?). This implies that v — v in
C([0, T1; H'). Furthermore, the compactness properties of (w") that have been pointed out just above
ensure that w" — w in L2([0, T]; Hl1 YN L0, TT; leoc). Finally, since

ocC

IV o @uI72 + I @) 1+ plIVul D o) + Al divael 7o)
t
— lim (1f (:O(t,x)|u(t,x)|2+H(p(t,x)))dx—i—/f (M|Vu|2+k(divu)2)dxdr),
R—oo\ 2 B(0,R) 0 JB(,R)

and because the aforementioned properties of convergence enable us to pass to the limit in the right-hand
side for any R > 0, we get the desired energy balance.

Proposition 3.1 is thus completely proven, and so is Theorem 1.1 (apart from uniqueness if d = 1,
which will be discussed at the beginning of the next section).

4. Tangential regularity and uniqueness

The main goal of this section is to prove uniqueness of solutions to (0-1) in the previous functional
framework. According to the pioneering work [Hoff 2006] or to the recent paper [Danchin 2014] by the
first author, the condition Vu € LIT(LOO) seems to be the minimal requirement in order to get uniqueness.
Recall that (still assuming v = 1 for notational simplicity)

Vu=Vw+V2Id—A)"'P(p). 4-1)
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By Proposition 3.1 and Sobolev embeddings, we immediately get that Vw is in LIT(LOO). So is the
last term of (4-1) if the space dimension is 1 since P(p) is bounded and 92 (Id — 92,)~! maps L™
to L. If d > 2, however, then the property that P is bounded ensures only (by Calderén—Zygmund
theory) that V>(Id — A)~!' P is in BMO. Having Proposition 2.12 in mind, this prompts us to make an
additional tangential regularity type assumption so as to guarantee that, indeed, VZ(Id — A)~! P belongs
to L™,

In the rest of this section, we thus assume the following tangential regularity hypothesis: for p € ]d, oo,
there exists a nondegenerate family Xp = (X¢,)1<a<m Of vector fields in L°? such that the initial density pg
belongs to the space I]_f’YO (see Definition 1.2 above).

4A. Propagation of tangential regularity. In this subsection we establish a priori estimates for striated
regularity of the density of a smooth enough solution (g, ©) to system (3-5)—(3-6). From those bounds,
we will infer a control on the Lipschitz norm of u. Throughout this section, we shall use the notation

U(t) := / Vu()| 1~ dt.
0

4A1. Bounds for the tangential vector fields. Let us generically denote by X, one of the vector fields

of the family Aj. It is well known that the evolution of X along the velocity flow is the solution to the
transport equation

0 -V)X = 0xu,

{ 0 +u-V) xu (4-2)

X|1=0 = Xo,
where the notation dxu was introduced in (1-7).
For all > 0, we then define the family X' (¢) := (X, (¢))1<a<m, Where X, stands for the solution to
system (4-2), supplemented with initial datum Xy ;.
Our goal, now, is to establish some bounds on each vector field X (¢) of the family X'(¢). They are
based on classical estimates for transport equations in the spirit of those of Section 3B1.
First of all, the standard L°° estimate for (4-2) leads us to the inequality

X ()| < || Xoll eV ®. (4-3)

Next, arguing exactly as in Proposition 4.1 of [Danchin 1999] (one needs to pass through the flow
associated to u) yields
1(X(0) = 1 (X)e V), (4-4)

which ensures that the family X' (#) remains nondegenerate whenever U (¢) stays bounded.
Finally, differentiating (4-2) with respect to the space variable x;, we get

3t3jX+l/t 'Van = —3J'I/t . VX+8j8Xu,

which leads to

t
IVX®OllLr < IVXO)lLr +/ (ClIVullL=IVX|ILr + [IVOxullLr) dz. (4-5)
0
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Observe that, for all 1 < j < d, we have the relation
8jaxu = an -Vu + 8X8ju,
where the former term is easily bounded in L? by the quantity ||V X||»||Vu| L. Then, taking advantage

of Gronwall’s inequality, we get

t
IVX(#)llLr <eV® (nvxonu + / e Uy Vul| e dr). (4-6)
0

4A2. Propagation of striated regularity for the density. We now show propagation of tangential regularity
for the density function. To begin, we recast the first equation of (0-1) in the form

op+u-Vp=—pdivu. 4-7)

Next, we multiply the previous relation by X: by virtue of (4-2), we find

(X)) +u-V(pX)+pXdivu — poxu =0.
Taking the divergence of the obtained relation, straightforward computations lead to the equation

o div(pX)4+u-Vdiv(pX) = —divu div(p X).

From it, repeating the computations of Section 3B1, we deduce that

I div(p ()X )llr < e divipoXo)lLr- (4-8)

Thanks to the previous estimate and to the relation
div(P(p)X) = (P(p) — pP'(p)) div X + P'(p) div(pX),

one easily gathers the propagation of tangential regularity also for the pressure term:

I div(P () X)llLr < 1P (p) = pP (P) Izl div X [|o + I P"(p) [l Lol div (0 X) I e
=CUIVXIizr + 11 div(pX)lLr),

where, in writing the last inequality, we have used (3-12) and (3-10). For future use, we also notice that,
by the previous estimate and (1-7), we have

[ax P(p)llLr = CUIVXIlLr + [[div(p X)) Lr). (4-9)

4A3. Final estimates for the gradient of the velocity. In this subsection, we complete the proof of
propagation of striated regularity, and exhibit a bound for Vu in LITO(LOO), for some time Ty > 0
depending only on suitable norms of the data.

First, we want to control the L? norm of VX which, in light of inequality (4-6), requires bounding
the quantity ||dx Vu/| L». Here lies the main difficulty, compared to the standard result of propagation of
striated regularity for incompressible flows. On the one hand, the part of this term corresponding to Pu
may be bounded quite easily since Pu = Pw (note that u — w is a gradient) and estimates on the second
derivatives are thus available through the maximal regularity results that have been proved before. On
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the other hand, Qu has a part involving w (which is fine, exactly as before) and another one depending
on P(p). Here Proposition 2.13 will come into play. More precisely, we use relation (4-1) to write
dxVu = 9xVw + dx V>Id — A) "' P(p). (4-10)
Bounding the first term is easy: thanks to Section 3B2 and (4-3), we have
19xVwlLr < X ll=Vwllze < €[ Xollz= | V2wl L. (4-11)

Recall that, thanks to Theorem 1.1 and especially estimate (3-24), the quantity ||V2w]z» is in L%, and
thus in LlT.
For the last term in (4-10), Proposition 2.13, guarantees that

) 4 XNV X e
[9xV2(Ad— A) ' P(o) e < CLINIVA Lo 1+ 0 1P (p)ll
XNV X Lp
+<1 M |(||IL(X)|)||M_4|||L )max POl
1134 Tl P
WIII Wzl P (o) llLes ).

In view of estimates (3-24) and (4-9), this implies that (taking C larger if need be)
19x V2(Ad = 2)~ P ()| r

AN UMYX | X
(I (X))4d=4 (1 (X))4d—4
At this point, we use the bounds (4-3), (4-4) and (4-8). Including a dependence on ||| Xp||| Lo, I (Xp)
and [||div(poXp)|llzr in C, we deduce for some constant ¢; depending only on d

< C((IIIVXIIILP + |IIdiV(pX)|||Lp)(1 + |||VX|”LP)-

9x V2(1d — A) ' P (o)L
<C(NIVXNILr (L4 e“YIVA[ILr) + (14 <Y VA Lr)e? + etV VA L0).

Changing ¢, to ¢4 + 1, the previous relation finally leads us to the bound
19x V2 = A) T P(p) e < CeY (L + [V XII7). (4-12)
Putting estimates (4-11) and (4-12) together, we finally gather
10x Vaull Lo < CeV (L4 IVXNT, + [Vl ). (4-13)
At this point, define the time 7 to satisfy
Ty :=sup{t €10, T]| U(t) <log2}, (4-14)

where T > 0 is the time given by Proposition 3.1.
Then, changing C if need be, estimate (4-13) implies that, on [0, T7], one has

l9x VulLr < CA+NVXNZ, + V2wl Lr).
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Inserting now this bound in (4-6) and using also (3-24), we find that, for all A € {1, ..., m},

t
IVXa@llLr < 2<“VX0,A”LP +/ 19x, Vullr dr)
0

t
52(||VX0,A||LP+C / <1+|||Wc|||%p+||v2w||u>dr).
0

Taking the supremum on X, we find that for some Cy depending only on the norms of the data, and for
some “absolute” constant C, we have for all ¢ € [0, T;]

t
|||VX(I)I||LPEC<C0+C/O |I|VX(T)III%pdT>.

Then, using a Gronwall-type argument, we conclude that
C
NIVX@)Lr < 1—(,(‘)Ct for all ¢ € [0, T] satisfying CCypt < 1. (4-15)
—CCo

This having been established, let us turn our attention to finding a bound for the quantity U (¢), as it
is needed to close the estimates. Resorting to relation (4-1) again, we see that we have to control the
L!(L*®) norm of each term appearing on its right-hand side. For the term in w, this is an easy task: thanks
to Proposition 3.1 and Sobolev embeddings, a decomposition into low and high frequencies implies

VWl gy < C@ VIV 7 oy + 27TV L 0r) (4-16)

for all ¢ € [0, T], where we also used relation (1-4).
Bounding the latter term in (4-1) is based on Proposition 2.12, which gives

XISV XL X443
IV2(d - A P(p) 1~ < c((l . '(”;( X)')”M_J”L >||P(/0)||L°° n %maﬁ(p)nm).

In view of (3-24), (4-3), (4-4), (4-8) and (4-9), omitting once again the explicit dependence of the
multiplicative constants on the norms of the initial data, the previous inequality allows us to get

[VZId — A) ' P(p) || < C(A 4 e“Y|| VXL + eV (VX Ly +eY))
<Ce“Y A+ |IVX|lILr). (4-17)

Recalling definition (4-14) of 77 and (4-15) and taking O < Ty < T so that 2CCyTp < 1, we gather
IV2d = 2)7" P(p)llng 1) < €1 +Co), (4-18)
which implies, together with (4-16), the following control, for all fixed ¢ € [0, Tp]:
IVull gy < CA VW oy + 171V w ey +1(1+ Co)). (4-19)

Up to taking a smaller Ty, we then see that the requirement ||Vu||, Loy S log 2 can be fulfilled. Then, a
classical bootstrap argument, which we do not detail here, finally allows us to deduce the boundedness
of Vu in Ly, (L*).
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In order to prove rigorously the existence part of Theorem 1.3, one may proceed as in Section 3C.
There, we constructed a sequence (0", u") of smooth solutions that is uniformly bounded in the space E7.
Therefore, it is only a matter of checking that one can get uniform bounds, too, for the striated regularity.
To do this, we smooth out the reference family of vector fields Xy into & (paying attention to keep the
nondegeneracy condition), and then define the family X" := (X})<j<; transported by the flow of u"
according to (4-2), taking u" instead of u and starting from the initial vector field X , . Then, repeating the
computations that have been carried out just above, we get uniform bounds for all the quantities involving
the striated regularity, and thus also for Vu" in LlTO (L®°). That (0", u") tends to some solution (o, u) of
(1-1) belonging to E7, has already been justified before. Furthermore, combining our new bounds with
compactness arguments allows us to pass to the limit in (4-2) as well, and to get the crucial information
that Vu is in Ly, (L*).

4B. The proof of uniqueness. With (4-19) established, one can now tackle the proof of uniqueness of
solutions. The basic idea is to perform a Lagrangian change of coordinates in system (0-1), in order to by-
pass the hyperbolic nature of the mass equation, which otherwise would cause the loss of one derivative in
the stability estimates. In fact, we will perform stability estimates for the Lagrangian formulation of (0-1).

4B1. Lagrangian formulation. The goal of this subsection is to recast system (0-1) in Lagrangian variables.
Recall that in light of the estimates of Section 4A, we know that for all ky > O there exists a time Ty > 0
such that

To
/ [Vu)l|| L dt < k. (4-20)
0

The value of ko will be determined in the course of the computations below.
First of all, we define the flow v, associated to the velocity field u to be the solution of

alt, y) =y + /0 u(z, Yz, ) d. (4-21)

Thanks to that, any function f = f (¢, x) may be rewritten in Lagrangian coordinates (¢, y) according to
the relation

[, y) = [y, y). (4-22)

A key observation is that, once passing to Lagrangian coordinates, one can forget about the reference
Eulerian velocity u by rewriting definition (4-21) in terms of the Lagrangian velocity u, defining
directly i, by

t
Yu(t,y) =y+/0 u(r,y)dr.

In what follows, we set J,, := det(Dv,) and A, := (D). Observe that, by the standard chain rule,

D.f=D,f-A,. (4-23)

Lemma A.2 of [Danchin 2014] provides us with the following alternative expressions.’

SFrom now on we agree that adj(M) designates the adjugate matrix of M. Of course, if M is invertible, then adj(M) =
(det M)M™ L.
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Lemma 4.1. For any C' function K and any C' vector field H defined over R?, one has
V.K = J; " divy(adj Dy, K),
div, H = J; ' div,(adj Dy, H).
Moreover, since our diffeomorphism v, is the flow of the time-dependent vector field u, we also get,

for any function f,
& f +div(fu) = J 18,(J. f). (4-24)

The next statement is in the spirit of Lemma A.3 of [Danchin 2014]; also its proof follows the same
steps, up to a straightforward adaptation to our functional framework.

Lemma 4.2. Let u be a velocity field with Vu € L' ([0, Ty]; L% (RY)), and let r, be its flow, defined by
(4-21). Suppose that condition (4-20) is fulfilled with ky < 1.
Then there exists a constant C > 0, just depending on kg, such that the following estimates hold true,

for all times t € [0, Ty):
I1d = adj Dy (Dl < ClI Dullyy (1)

Id — A, (t) ||z~ < CIIDullLITO(m,
IE (1) — 1| < CliDully, )-
We also state the following lemma, the proof of which is straightforward.

Lemma 4.3. For any function f = f(x), define f according to (4-22). Then for any p € [1, oo one has

— 1 — 1 r
A e < W20 F e and N flle < 17 120 e

After these preliminaries, we can recast our system in Lagrangian coordinates. First of all, from the
mass equation in (0-1) and (4-24), we discover that

0;(J,p) =0, whence J,p0=pp. (4-25)
Second, we notice that, in Lagrangian coordinates, the operator £ can be written as
Lf:=—J; " (ndiv@adj(Dy,)'A,V f) — X div(adj(DY,) (A, : V £))), (4-26)

where we have used the notation M : N :=tr(MN) = Zij M;;Nj;.
Hence, thanks to (4-24) and (4-25), the momentum equation in (0-1) can be rewritten as

povit + Lit = — div(adj Dy, P(J "' po)). (4-27)

4B2. Stability estimates in Lagrangian coordinates. In this section, we tackle the proof of uniqueness,
by showing stability estimates for the Lagrangian formulation of our system.

More precisely, we consider initial data (pé, ué), for j =1, 2, satisfying the hypotheses of Theorem 1.3.
For the sake of simplicity and clarity, we focus on the case ,001 = ,og = po, and suppose that pg satisfies
the striated regularity assumption with respect to some fixed nondegenerate family of vector fields Ajp.
The initial velocities do not need to be equal.
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Let (p!, u') and (p?, u?) be two solutions to system (0-1) on the time interval [0, T'], fulfilling the
properties given by Theorem 1.3 and corresponding to the data (pp, u(l)) and (po, u(z)), respectively. Setting
o/ =p/ —1for j =1, 2, and defining w/ according to (3-3), the pairs (¢/, w’) solve (3-5)—(3-6) and
also enjoy the regularity properties stated in Theorem 1.1. Moreover, as shown in Section 4A, for all
j tangential regularity is propagated with respect to the nondegenerate family X'/, which corresponds
to the family X transported by the flow of u/. Hence, for all ko > 0, there exists Ty > 0 such that both
Vu'! and Vu? fulfill (4-20), which allows us to pass to Lagrangian coordinates, as shown in Section 4B1.
Denoting, for j = 1, 2, the flow of u’ by v}, setting J; := J,; and A, := A,;, and taking advantage of
the previous computations, we discover that (o7, it/) j—1 » satisfy the relations J;p/ = p and

povit) + L i) = — div(adj Dy; P(J;' po)),

where £ j 1s the operator corresponding to u/ that has been defined by formula (4-26).
Let 8it := it! — i2?> and use similar notation for the other quantities. Taking the difference of the
equations respectively for iz! and i% we find that 8i satisfies

PV it + L1 = (L — L£1)8i1 + 8Li* — div(§ adj P(J; " po))
— div(adj DY2(P(J; ' po) — P(Jy 'p0))),  (4-28)

where we have set § adj := adj Dyr; — adj Dy,. A slight adaptation of Lemma A.4 of [Danchin 2014]
allows us to get the following bounds.

Lemma 4.4. If (4-20) is fulfilled by u' and u® for some ko € 10, 11, then there exists a constant C > 0 just
depending on kg such that the following estimates hold true for all times t € [0, Tp] and all p € [1, oo]:

t
I adj Dy 1 () — adj Dy (1)l < C / IVSu(e) e dr,
0
t
1AL = AxD)lr < C / IVsu()lr d,
0

t
1 @) = I @l < C/ IV8u(t)| Lr dr.
0
We now perform energy estimates for (4-28): take the L? scalar product of both sides with §ii and

integrate by parts. In view of Lemmas 4.2 and 4.4, we deduce the following controls for the terms coming
from the right-hand side:

’/(ﬁ—zl)éﬁ-&idx < Ckol|V8it|%,
t
‘/éﬁﬁz-&?dx 5c</ ||V8ﬁ||det>||Vﬁ2||Loo||V8ﬁ||Lz,
0

t
‘ f div(s adj P(J]”" py)) - 87t dx sc( f ||vaﬁ||det)||po||Loo||vazz||Lz,
0

t
‘/ div(adj Dy (P(J; ' po) — P(J; ' po))) - S dx | < C<f IVéull 2 dT) lleoll L=l Véull L2
0
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Now, if kg in (4-20) has been taken small enough, then a repeated use of the Young and Cauchy—Schwarz
inequalities leads us to the estimate

t
% ,00|812|2dx+/|V8ﬁ|2dx§Ct(1+||V122||%30)/0 V8|2, dv (4-29)

for a new constant C > 0 that depends only on ko, || pollz~, P, A and u.
In order to conclude uniqueness on [0, Tp] by applying Gronwall’s lemma, we need that

To
/ 11 + Vi [2) di < oo, (4-30)
0

In view of (4-23) and Lemma 4.3, it suffices to show that #'/2Vu? is in LZTO(LOO). Now, recall
Vu? =Vw? —VZ1d— A)~'P(p?),

and, thanks to the estimates of Section 4A, one has that VZ(Id — A)~! P(p?) belongs to L°([0, Tp] x RY).
Therefore, our next (and final) goal is to show that there exists 7y > 0 such that

To
/ t|Vw?||? « dt < o0. (4-31)
0
This will be achieved thanks to the following proposition, the proof of which is postponed to the next
subsection.

Proposition 4.5. Under the hypotheses of Theorem 1.3, let us fix some

ro 11 1 3 1 d .
R; > maxq —, —,2 such that — < ———+—, withr, =,
2 2 2R, 2 ry 2p

and set Ry = Ry =2R;. For j € {0, 1, 2}, define moreover the indices

1 1 1 1
aji=— and y;:=—

- 4-32
}"j j rj 2Rj ( )

Then, there exists a positive time T, such that one has the properties
o172 Rycrp % Ricrp Yo Ry y oo
1?Viw e Ly (LP), t"Vwe Ly (LP), t"we Ly (L™).
From the previous proposition, we immediately deduce the following corollary.

Corollary 4.6. Under the assumptions of Theorem 1.3, one has

T
/ HIVw()||3~ dt < co.
0

Proof. By Sobolev embedding, the stated inequality is a consequence of the following computation:

Ty Ty
/ Vw7, dt = f N Vw17, di
0 0

T, 5 1/q T, ) 1/q'
< (/ V2w () |7 dt) (/ r(1=mq dt) ,
0 0
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where ¢’ is the conjugate exponent of g. Take ¢ = R»/2, so that 1/¢" =1 —2/R; and impose the relation
gn = Ryay, getting in this way n = 2a;. With these choices and because r, = r € ]1, 2[, the condition
(1—1n)q’ > —1 is satisfied, which completes the proof of the corollary. (I

At this point, one can finish the proof of Theorem 1.3 by establishing the uniqueness of solutions. Let
us define the function

t
E() = |1 /Asi(t) %, + /O IVa(0)|. dr.

Up to choosing a smaller 7y, we can suppose that Ty = T,. Then, applying Gronwall’s inequality to
(4-29), we get, for all ¢ € [0, T,], the bound

t
E(t) < E(0) exp(C/ f(1) dr), where f(1) :=t(14 | Vi’ (1)1 ).
0
Since E(0) =0 and, by Corollary 4.6, f € L'([0, T..]), we get uniqueness on [0, 7, ]. Combining with a
standard continuation argument, we then conclude uniqueness on the whole interval [0, T].

4B3. Maximal regularity with time weights. For completeness, we still have to prove Proposition 4.5.
First, we need the following lemma, which concerns the maximal regularity issue with time weights for
the heat semigroup, and is strongly inspired by Lemma 3.2 of [Huang et al. 2013].

Lemma 4.7. Let the exponents (R, aj, v;) je0,1,2) be chosen as in Proposition 4.5. Let the operators A;
and Ag be defined as in Lemmas 2.7 and 2.8. Fix some T > 0, and assume that t*2 f belongs to L?Z(Ll’).
Then one has t'/" A, f € LP(L?) and t1ro Ao f e L (L), together with the estimates

1 1
17 A f g + 170 Ao f sy < CH £l ooy -

Moreover, we have t*' A f(t) € L?'/(IM)(L”) and t“ Ay f (1) € L?O/(IM)(LOO)for all 5 > 0, with the
bounds

£V AL risass g )+ 1890 Ao fI rosass < C(T* 4 T‘S/RO)IItOQfIILRz(L,,)-
T T T

(LP) (L)

In particular, defining vy and y| according to (4-32), we have t" A f € LI;‘ (LP)and t" Ay f € L§° (L),
and the following estimate is satisfied:

1AL U 1y 1870 A0S Nl 0 oy < CTHERD L THEED 2 )]y
Proof. Regarding the operator .4;, going along the lines of the proof of Lemma 2.7, one gets
IVer™2 f(s, Ilr < Ct =)™ 2N f®)llzr forall0<s<r<T,

which implies, after setting 1/R} = 1 — 1/R», the inequality

AL fO)llr <C /0 (t — )27 |52 f(s) || Lo ds

! / / I/Ré
< C(/ (t —s) Re/2gRs dS> 1“2 11 22 -
0 T
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Since R, > 2, we have Ré /2 < 1, while, by our definition of a, in (4-32), we have azRé < 1. Therefore,
performing the change of variable s = ¢7 inside the integral yields

1/2—ay—1/R
JALf Ol = Co TR Ly
On the one hand, since 1/2 —ap —1/Ry =1/2—1/r, = —1/r|, we have
[ AL Ollee] e < CU™ Fll 22 (4-33)

On the other hand, since 1/2 —ay — 1/Ry = —a; — 1/R;, we also get that t*'||.A; f(¢)| L» belongs to
L?‘/(H‘S) for all § > 0, and satisfies

[ 1AL Ol | s < Colls® £l T (4-34)

Taking § = 1 and interpolating between estimates (4-33) and (4-34), we get that 1" || A; f(¢)||Lr € L;l,
with the estimate
1/2R
[ NALF Ollee | 1 < CUs™ fll gy THER. (4-35)

Proving the claimed bound for the term A follows along the same lines. First of all, setting p’ to be
the conjugate exponent of p, we can write

e f s, )le < Ct =)™ NF@Lr

Lr

KO(«/47T(I = s))
< C(t —s)" P g2 || 5% £ (5)| 1o

Integrating this expression in time and applying the Holder inequality once give us, much as above,

t / / I/Ré
1o f (1)L < C( f (1 =)~ CPRgmaks ds) 152 F1l k2 -
0 T

Once again, thanks to our choice of R, we have that d/(2p)R} < 1 (recall that p > d); hence, repeating
the change of variable s = tt we find

1-d/(2p)—az—1/R
I Aof D)l < ColmEPR R f] kg .
Now, first we remark that 1 —d/(2p) —as — 1/R> = —1/rg, and hence ¢'/70|| Ay f (¢)|| L~ € LS, with
[ 1A f Ol | e < CUsF s (4-36)

Then, we also notice that 1 —d/(2p) —ar — 1/Ry = —ag — 1/ Ry, so that t*°|| Ay f (¢)]| L~ belongs to
LITQO/ (19 for all § > 0, and satisfies the estimate

[0 1 A0 f @l s < Colls™ £l T, (4-37)

As above, taking § = 1 and interpolating between estimates (4-36) and (4-37), we finally deduce the
property 7 || Ao f(¢) || € L;O, together with the estimate

[ 1 Ao f Ol ro < Clls® £l 52 TR (4-38)

The lemma is now proved. U
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Finally, we need the following lemma, which was established in [Huang et al. 2013]:

Lemma 4.8. Let 1 < R, p < 00, and let o > 0 be such that o + 1/R < 1. Suppose that t* f belongs to
L?(Lp)for some T € 10, oo].
Then also t* Ay f belongs to L?(L/’ ), and one has the estimate

||taA2f||L1T?(Lp) = C||taf||L§(Lp)'
Now, we are in the position of proving Proposition 4.5.

Proof of Proposition 4.5. Recall that w satisfies (3-6), and thus

t
w(t) = e Fwy— / e“DE(pF)(s)ds with F given by (3-7). (4-39)
0

2/r =2/r

PRy
Ry > 2 > r by our definitions. Thanks to Proposition 2.9, this implies that %2 V2 £wq belongs to

LR (Ry; LP(R)).
In the same way, we have Vwg € B P 31/ ey B "and wg € BOo o Boozgo, because we have taken
Ry = Ry = 2R, > max({rg, r1}. From these propertles we deduce that t"‘IVe_’cwo e LR (R,; LP(R%))
and that t%e~"“wy e LR (R,; L (R?)). Since now both y1 and yy are greater than o and o respectively,
we get that, for all T > 0 fixed, "' Ve “ wg € L?l (L?) and t"e Lwq € L§° (L®).
As for the forcing term of (4-39), we apply Lemma 4.8 with R = R and o = a» (note that p + 1/ Ry =
1/r < 1). We also apply Lemma 4.7. Therefore, if we set

Let us first study the term containing the initial data. By hypothesis, V2w € B < B since

2/ 2/ro

RT) = llglugwonim) + 17w o o) + 1 VWl 1+ 1V201 1
arguing exactly as in Section 3B2, we get for some constant Cr bounded by a positive power of T,
N(T) = CrleollLenr= + lwoll g2 + 112 pFll 25 ;1)) (4-40)
or L2 (LP)

where F is defined in (3-7). At this point, we bound the term [|[t*2p(¢) F(¢)|| LR (L) by following the
computations of Section 3B2: first of all, (3-19) is now replaced by the control i

I (0d = M) 7'V Pl g < CT VR o) o rry < CLAT).
Next, we have, noting that our conditions on the exponents imply oy > Yo + v1,

o2 . . . .
11 (w - Vw +w - Vo+v-Vuw +v- Vo)l x

ar—(o+y1) (|+Y0 %0 Vi Vi
<cr Uy gy + 0] AV 5+ 1T )
< CTOlz—()/o-i-)/l)(l +T7)(1+ Tyl)./\7'2(T),
and estimate (3-22) becomes
129 Ad = A) v (P o ) = CT PPy I 0 ) + 10w )

< cre /R4 o) P(T).
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Finally, we have
112V Ad = A divul ) < T V0l 5 g+ 1Pl )
< CTaz—)/l-i-]/(ZRz)(l 4+ TV RN )./\7(T),
and, arguing in a pretty similar way, we also get
1 .

72V (1d — A) 7' ((g(p) — g (1)) divu) Iy 22 10

< CT ol am (1" AUd = 8)~ PPl )+ 17 diveol 5, ;)

< Totz—)/l-i-]/(ZRz)(l + TV@R)+n )/\72(7")

Putting all these bounds together, we end up with
~ ~2
1t pFl 7y < CTN(T) +N(T)).
Ly~ (LP)

Therefore, we can insert the previous inequality into (4-40): the application of a standard bootstrap
argument allows us to find a time 7, > O such that, for all ¢ € [0, 7], one has

N@ = ClgollLrozs + lwoll g2-21r)

for a suitable positive constant C, which completes the proof of Proposition 4.5. U

Appendix: Harmonic analysis estimates
This appendix is devoted to the proofs of Lemma 2.10 and Proposition 2.13.

Proof of Lemma 2.10. 1t is based on the following Bony’s paraproduct decomposition (first introduced
in [Bony 1981]) for the (formal) product of two tempered distributions « and v:

uv=T,v+ Tyu+ R(u, v), (A-1)
where we have defined
T,v:= Z Si—1ulAjv and R(u,v) = Z AjuA.,-v, with Aj = Z Aj.
J J lJ'—Jjl=1
The above operator T is called paraproduct, whereas R is called remainder. We refer to Chapter 2 of
[Bahouri et al. 2011] for a presentation of continuity properties of the previous operators in the class of
Besov spaces. For the time being, we limit ourselves to pointing out that the generic term S;_juA jv of
T, v is spectrally supported on dyadic annuli with radius of size about 2/, while the generic term A jUAjv
of R(u, v) is supported on dyadic balls of size about 2/.
One can now start the proof of Lemma 2.10. By using Bony’s decomposition (A-1) and a commutator’s
process, we get, setting X = (Id - So)X,
¥x0 (D)g =0 (D) div(Xg) + [Txe; o (D)Yilg — o (D)W T X* — o (D)YuR(X, g)
+ To(Dypg X* + R(X*, 0 (D)Yg) + (R(So XX, 0 (D)Yig) — o (D)Yk R(SoX*, 8)).  (A-2)
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Bounding the first term relies on the fact that multiplier operators in S~! map Bg’ - 0 B }) - (see
[Bahouri et al. 2011, Proposition 2.78]) and that L? is embedded in Bg’ - We thus have

lo (D) div(Xg)llpy < Clldiv(Xg)lipg
< Clldiv(Xg)llr = CU1¥xgllr +IVXIILrliglize).

Next, to handle the third term of (A-2), we use the fact that, being in S°, the operator o (D)d; maps
B Il, o~ toitself (again, see [Bahouri et al. 2011, Proposition 2.78]), that the paraproduct operator 7' maps
L*® x B, to B ., and [Bahouri et al. 2011, Remark 2.83], and that L” is embedded in BY) ... We
eventually get

llo (DY T X gy < ClITeXllg)

< Cliglz=lVXllp = Cligllz=llVXIlLr

1

Similarly, since the remainder operator R maps L™ x Bll,’ o 0 B,

and because, owing to the
low-frequency cut-off, we have

IXllgy . < CIVXligy < CIVX Lo, (A-3)
we readily get
lo (DY R(X*, @)llgy . < Cligh=lIVXIlLe.

Regarding the term R(ik, o (D)yrg), we just have to use (A-3) and that R maps also Bgo’oo X Bll,’oo to
B! __, to get

p,o0°

IREE, 6 (DY)l < Cllo(D)aglp, IVXILr.

0

00,007

Since o (D)y, maps Bgo,oo to itself, and because L* — B
inequality.

that term also satisfies the required

The term Ty (p)a, X* turns out to be the only one that cannot be bounded in B 11],00 under our assumptions.
In fact, for that term, we use that the paraproduct maps B3 ! xB 1},, w0 B ., (ass —1 < 0) to write
(still using [Bahouri et al. 2011, Remark 2.83]),

1T 0yas X 1B, < Cllo(D)3hgll gt IVX Lo

Because o (D)d; maps Bgo_(l)o to itself, and L — Bg;éo, we get

1o pyag X 13y . < CliglLlIVX Lo
To conclude the proof, it is only a matter of bounding suitably the two commutator terms in (A-2). First

of all, notice that since the general term of the paraproduct is spectrally supported in dyadic annuli, one
may find a smooth function ¥ supported in some annulus centered at the origin, and such that

[Txe; o (D)ynlg = Y [S;1 X5, (277 D)o (D)YxlA . (A-4)
Jjez
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For each fixed j e Zand k € {1, ..., d}, let us define hlj‘. =i F~ 1 (&w (277 -)o). Then we have, thanks
to the definition of h’; (D) and the mean value formula,

[S;-1 X", (27 D)o (D)Yi]A jg(x) = /R SO X ) = S X (= y)A g = ) dy

1
== [ Hy VX e — o8-y dyde
0 JR

1
d
:—f/ h§<£><£)-VSJ-1Xk(x—z)Ajg(x—£>—§d‘c.
0 JRd T T T)T

From the last line and convolution inequalities, we get
ILS;—1 X5, ¥ 27 D)o (DYl Ajgller < Il IRA I L1128l VS -1 X ¥l o,
which, admitting for a while that
I -1R5 ) < €27 (A-5)
and using the definition of the norm in B 117,00 implies

ITxe; o (D)Yrlgllp: < Cligle=IVX]Lr.

In order to prove (A-5), we use the fact that, performing integration by parts,
(1 + 1z (=) = @)™ f e (1d— M)V (&Y (27 o) (§) dE.

As integration may be restricted to those £ € R? such that |£] ~ 2/ and since o is in S~!, routine
computations lead to
(1+ 1z |zhb () = €27/ forall z € RY,

whence (A-5) follows.

In order to bound the last term of (A-2), we use the fact that, owing to the properties of the localization
of the Littlewood—Paley decomposition, we have for some suitable smooth function i with compact
support and value 1 on some neighborhood of the origin,

0

R(SoX*, 0(D)yrg) — o (D) R(SoX*, 8) = Y [A;SoX*, o (D)Y (D) A .
j=—1

Then, arguing as above and setting #* := F~1(i&¥yo), we find that

1
(A, SoX¥, o (D) (D)IIA g (x) = /0 /R )y VA S0X - ) A g~ ) dydr.

Hence convolution inequalities and the fact that the only nonzero terms above correspond to j =0, 1,
lead us to

IR(SoX*, o (D)Yeg) — o (DY R(So X , &)llLr < C27|[VA;_1S0 X" Lo | A gl 1o
<C27IVX|Lrllgl Lo
This completes the proof of Lemma 2.10. ]
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Proof of Proposition 2.13. For all 1 < j <d and 5 > 0, let us introduce the modified Riesz transform
R = d;(nld — A) 772, (A-6)

so that R{" R = 3;0; (nld — A)~".
Proposition 2.13 follows from Proposition 2.12 and the following lemma involving the tangential
regularity with respect to only one vector field.

Lemma A.1. Let p € |1, oo[ and take a vector field X € L>P. Let g € L™ be such that g € L and
REW)R@ g € L for some n > 0. There exists a constant C > 0 such that

loxR{" R gllLr < C(UR R gl e + gl L) IVXIILr + 19x ] Lr).

For proving that lemma, a few reminders concerning the Hardy—Littlewood maximal function M| f] of
a function f in Llloc(Rd) are in order. Recall that it is defined by

1
M = B — dy,
[f1(x) ﬁggw(x’r)l B(X’r)lf(y)l y

where B(x, r) denotes the ball in R? of center x and radius r, and |B(x, r)] its Lebesgue measure.
The following statement is classical (for the proof, see, e.g., Chapter 1 of [Stein 1993]).

Lemma A.2. The following properties hold true:

(a) Forany 1 < p < o0, there exist constants 0 < ¢ < C such that for any function g in L? (R?)

clighcr < IMIglliLr = CligllLr.
(b) Let p,q € 11,00[ or p = q = 00. Let {f}};jcz be a sequence of functions in LP(RY) such that
(fe@ € L?(R?). Then there holds
IMLfiDeallLr < CIHCfjeallLr.

(c) For any fixed ® € L'(RY) such that W (x) = sup, >, | ()| € L'RY) with [, ¥ (x)dx = A, and
any function g, we have for all x € R?

sup |g * @, (x)| < CM[gl(x), with ®,(x) := t_ch()?C),

t>0

We shall also need the following definition.

Definition A.3. Let s € R and p € |1, oo[. The homogeneous Sobolev space W* P is defined as the set of
u € S, such that
el s = I1(=2)"ullr < 00

The spaces L? and WP may be characterized in terms of Littlewood—Paley decomposition as they
come up as special Triebel-Lizorkin spaces (see, e.g., [Runst and Sickel 1996, Chapter 2]).

Proposition A.4. Let s € R and p € 11, oo[. Then one has the following equivalences of norms:

lullyisr ~ (17 A jlle |, and Nulize ~ 1A ju)jlle2 -1y -
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Proof of Lemma A.1. We start the proof by remarking that

YxR{PRY g = div(XR{"R"g) — R{" RV g div X.
Since
My, g \V/ ()5 (m)
IRPRW g div X[l 2r < CIVXIILoAIRPR Vgl 10,

we just need to bound the term div(X Rgn)REU) g)in LP.
To this end, we resort again to Bony’s decomposition (A-1) and get

div(XR{" R g) = RV R div(Xg) + Yl Te; R{VR" 1g + Y T oo X
i J
~RPRP T X+ YRS RVRY ) = RPR U R(XE, 8). (A7)

The first term in the right-hand side of the previous relation may be bounded by means of Corollary 2.4
and identity (1-7):

IRIVR div(Xg)llzr < Clldiv(Xg) Ly < ClIdxgllr + IVXLoligllL)-

Next, since we have
1Sn_1R{" RV gl < CIRMR gl 1,

we get for all £ > —1, thanks to Lemma A.2(c), and using the fact that S,,_; =0 for m <0,

(AT X< €2 37 MISuRPRT ¢4, X410x)
|m—L]|<4

<C Y USmatRR gl MI2" A X 1(x)

m—)<4
<CIR"RY g~ Y M2"AuX*1(x).
im—£|<4
m>1

As a result, thanks to Proposition A.4 (where we take s = 0) and point (b) of Lemma A.2, we get

1/2
19T X llLr < CIRMR Vgl 1o~ H (Z(M[zeAeXk])z)
>1

< CIR{"R gl L~ VX | Lo

Lr

Using the same strategy for handling ¥ T, X k we also obtain
IRPR YT X 1o < ClYRT X 1o < Cligll= VXl Lo-

For the third term of the second line in (A-7), we remove the low frequencies of X and consider the
modified remainder defined by

R RI"RWg) =" AuX*AuR{"RVg.

m=>0
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Then we write that for all £ > —1, taking advantage of Lemma A.2,
A R RPRP ) < €28 Y MIARX AL RPRI g1(x)
m>max(0,£—5)
<CIRPRY g~ > 2M2" A XK ().
m>max(0,£—5)

Hence, from Proposition A.4 and Young’s inequality for convolutions, we infer that

I R(X*, RPR )| 1o < cnguLw( 3> 2—f) IIM127 A X1 jenllz |,
L>-5

=Cligllz=lVXIlLr.
Obviously, the same estimate holds true for the term Rf")RE.")wk R(Xk o).
The low-frequency terms that have been discarded have to be treated together; that is, we have to bound

YA X k Rf”)RE")]A_l g in L?, and this may be done in the same way as at the end of the proof of
Lemma 2.10. We end up with

Il A 1 X5 RIPRIIA iglle < CIA VX oA gl < CUVX|Lr gl

Finally, it remains to handle the commutator term on the right-hand side of (A-7). We start by
decomposing R\"” 725.'7) into

RIRY = RiR; —nnld— ) RiR,;, (A9

where R ; stands for the classical Riesz transform (which corresponds to taking n = 0 in (A-6)). Let us
first consider the part of the commutator corresponding to R; R j. We have

[Ty RiIRDX) =Y [Sn1 X5, RiR 1A

m>1

Let0(§) =—§§;1§ | 2@ (&), with ¢ being the function used in the Littlewood—Paley decomposition. Since
the generic term [S,,_; X%, R;R 1A, g is supported on dyadic annuli of size 2", one can write

[Su_1 X5, RiRj1Amg

= Y Sua X ANRIR A — RiR;A(Sn- 1 X  Ang))
Im—L|<4

= Y (Sn 1 X (Snt10Q D)g — 02 D)g) =02 D)(Sp-1 X (Smi18 — Sng)))-
|m—t|<4

Therefore, by applying Abel’s rearrangement technique and using that A ; = A j for j € N, we get

[Txe; RiRjlg ==Y Y [An2X,0027"D)ISug.

m>2 |m—L{|<4
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The general term of the above series is spectrally supported in dyadic annuli of size about 2. Therefore,
there exists some universal integer Ny so that for all g € Z,

ATy RiRjlg =D > A%l0Q ‘D), Ay 2X1Sng. (A-9)

|m—q|<No |[t—m|<4
Now, part (c) of Lemma A.2 ensures that for all x € R4
|Ag0[0(27" D), Ay —2X1S,g(x)| < C2IMI[027 D), Apy_2X1Sg](x) (A-10)

and the mean value formula gives us, setting 6:=F o,
1
(6@ D), A2 X 1S,8) (x) = —24¢ / / 0220z VA2 X (x — 12)Sg(x — 2) dz dr,
0 JRe

whence, performing a change of variables and setting W (z) := 20(2),

1 eNd I4
([627¢D), Ayp_2X*1S,8)(x) = —27* / / (2?) w(z—z) VAp_ 2 XF(x — z)Smg<x — 5) dzdr.
0 JRd

T T

From that latter relation, we deduce that

X 1 2Z d 2[ .
MI[027 D), Ap_2X1Sgl(x) < C27 gl L [ f (?> w({)‘M[VAm_zxk(x—zﬂdzdr
0 d

< C27YgllLeM[A 2V X](x).

We now plug that inequality into (A-10) and (A-9), then take the norm in £2(Z) with respect to g and
eventually compute the norm in L”(R¢). We end up with

18k Ag[ T RiR 18N o2 zyy < CIM(AGVX) | Lo 22y
Therefore, by applying Proposition A.4 with s =0 and part (b) of Lemma A.2, we finally get
V[ Txr; RiRj1gllLr < CliglliLellVXILe. (A-11)

To complete the proof, we have to bound the commutator term corresponding to the last part of (A-8). To
do this, we use the fact that

N[ Tye; (n1d — A)7'RiRj1g = nlTye; (nld— A) T RiR g+ n(nld — A) ' [Tye; RiRlg.

To handle the last term, we just have to use (A-11) and the fact that n(nld — A)~! maps L? to itself
(uniformly with respect to n). For the other term, we use that, by embedding,

|03k [Tx; (n1d — A) IR R g |, < Cn||[Tx; (nld — A) IR R g 5,

Then, using the fact that the multiplier n(nId — A)~! is in S~2 (uniformly with respect to n < 1) and
arguing as for bounding (A-4), one ends up with

[0k Txis (n1d = A)TIRR g |, < CUVXIILe IRiR gl g1, < CIVX Lo IRiR gl g, -
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Clearly, in the above computations, the low frequencies of g are not involved. Hence, we actually have,
using that R; maps Bgo’oo to itself and that Bgo, o — L,

|no[Txe: (ld — AR R;g |, < CIVXILrllglLos

Summing up all the above estimates concludes the proof of the lemma. U
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