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ON THE HOLDER CONTINUOUS SUBSOLUTION PROBLEM
FOR THE COMPLEX MONGE-AMPERE EQUATION, II

NGoc CUONG NGUYEN

We solve the Dirichlet problem for the complex Monge—Ampere equation on a strictly pseudoconvex
domain with the right-hand side being a positive Borel measure which is dominated by the Monge—Ampere
measure of a Holder continuous plurisubharmonic function. If the boundary data is continuous, then
the solution is continuous. If the boundary data is Holder continuous, then the solution is also Holder
continuous. In particular, the answer to a question of A. Zeriahi is always affirmative.

1. Introduction

The Holder regularity of plurisubharmonic solutions to the complex Monge—Ampere equation in a strictly
pseudoconvex domain has a long history. First, Bedford and Taylor [1976] obtained Holder continuous
solutions for the Dirichlet problem of the equation assuming the right-hand side is Holder continuous.
Later, this result was extended to a larger class of measures by Guedj, Kotodziej and Zeriahi [Guedj
et al. 2008]; namely, the measures have L? density with respect to the Lebesgue measure with some
extra assumptions on the density near the boundary and the boundary data. The extra assumptions are
removed in other subsequent works [Baracco et al. 2016; Charabati 2015]. On the other hand, the complex
Monge—Ampere operator of a Holder continuous plurisubharmonic function is not necessary absolutely
continuous with respect to the Lebesgue measure. Examples of such measures are Hausdorff measures
due to Charabati [2017], and the volume form of a smooth real hypersurface of codimension 1 by Pham
[2010]. (See also [Vu 2018] for a generalization to generic CR manifolds of arbitrary codimension.) So
far, these results give only sufficient conditions on the measures such that the solution to the equation is
Holder continuous. In [Nguyen 2018] we gave a necessary and sufficient condition for a measure whose
Monge—-Ampere potential is Holder continuous. This result is partly inspired by a global result due to
Dinh and Nguyén [2014]. However, to use the result in [Nguyen 2018] we require the Holder continuous
subsolution have zero value on the boundary and its total Monge—Ampere mass be finite, which cannot
be true for a general Holder continuous plurisubharmonic function (Remark 1.1). In this paper we will
remove these restrictions.

There are several motivations to study the Holder regularity of solutions. First, it is a basic question in
pluripotential theory to characterize measures for which the complex Monge—Ampere equation admits
bounded, continuous and Holder continuous solutions [Kotodziej 2013]. Next, Dinh, Nguyén and Sibony
[Dinh et al. 2010] showed that the Monge—Ampere measure of a Holder continuous plurisubharmonic
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function is locally moderate, which is a very useful generalization of Skoda’s theorem. We refer the
reader to [Dinh et al. 2010] for its application in complex dynamics. Their work leads to the interesting
open problem of whether the converse holds. The question in the toric setting has been studied recently
in [Coman et al. 2018, Theorem 4.4]. In this case the problem reduces to a real Monge—Ampere equation
on a convex polytope. Holder continuity is also studied with regard to the extremal functions arising in
(pluri-)potential theory. In fact the Holder continuity of the so-called relative extremal function u ¢ and
the Siciak—Zahariuta extremal function Vi [Siciak 1997; 2000] of a compact set K C C" is proven to
be equivalent to a Markov-type inequality in multivariate interpolation theory [Baran and Bialas-Ciez
2014; Pawlucki and Plesniak 1986] (see [Dinh et al. 2017; Vu 2018] for analogous results in the compact
Kéhler manifold setting). We believe that our work will be useful to study the Holder continuity of the
above extremal functions. For example we hope the techniques developed here can be used to simplify
the proof in [Vu 2018].

In this paper we continue our research, initiated in [Nguyen 2018], which focuses on the Dirichlet
problem for the complex Monge—Ampere equation in a bounded strictly pseudoconvex domain 2 C C”,
provided a Holder continuous subsolution exists. Let ¢ € PSH(Q2)NC 0.@(Q) for some 0 < o < 1. Assume
also that

=0 onodQ.

We consider the set
M(p, ) := {u is positive Borel measure : u < (dd¢p)" in Q}.

We also say that ¢ is a Holder continuous subsolution to measures in M(¢, Q). Given ¢ a Holder
continuous function on the boundary 92 and a measure p in M(p, Q) we look for a real-valued
function u satisfying

u € PSHNL*®(Q), dd‘w)"=un in Q, limu(z) =y ((x) forxedf2, (1I-1)
—>X
and
ueC™(Q) forsome0<a <1. (1-2)

The Dirichlet problem (1-1) was solved by Kotodziej [1995] provided that there exists a bounded
plurisubharmonic subsolution. In our setting, the Holder continuity of ¥ on 92 and of ¢ on Q are
necessary in order to solve the Dirichlet problem (1-1), (1-2). In [Nguyen 2018] this problem is solved
under the extra assumptions

Y =0 and /(ddcgo)” < 4o00.
Q

We will see now that these assumptions are not generic.

Remark 1.1. Let p be a defining function for a smoothly bounded pseudoconvex domain €2. Then, —|p|*
for 0 < @ < 1 is Holder continuous on € and its Monge—Ampére measure is

o"|p["7 D (dd  p)" +na" (1 —e)|p|" ™" dp AdCp A (dd° )"
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Therefore, for a neighborhood U, C C" of a strictly pseudoconvex point x € 9€2,
/ [dd(—|p|*)]" = +o0.
U,NQ

In particular, fQ [dd°(—|p|*)]* = +o00. Furthermore, let v be a plurisubharmonic function on 2 and
Holder continuous on Q satisfying

/(dd”v)" < +00.
Q

A typical way to modify the value of v on 9€2 is to add it to an envelope
h(z) = sup{w(z) : w € PSH(Q) N C*(Q) : w},, < —v)}. (1-3)

However, we cannot guarantee that the function v + & has finite Monge—Ampere mass on 2. Thus,
removing the above assumptions is desirable for applications.

The first main result of this paper is as follows.

Theorem A. Ler v € CO(3Q) and pu € M@, Q). Then, there exists a unique solution u € CY%Q) 1o the
Dirichlet problem (1-1).

This theorem is closely related to a question of S. Kotodziej [Dinew et al. 2016, Question 14], where
he asked if one could prove Theorem A when the subsolution ¢ is only continuous? The question is still
open in general. Very recently in [Kotodziej and Nguyen 2018b] we showed that Theorem A still holds
true for the subsolution ¢ satisfying a Dini-type continuity condition.

The next result gives a necessary and sufficient condition under which a positive Borel measure admits
a Holder continuous plurisubharmonic potential. In particular, the answer to a question of A. Zeriahi
[Dinew et al. 2016, Question 17] is affirmative.

Theorem B. Assume that v is Holder continuous and p € M(@, 2). Then, the Dirichlet problem (1-1),
(1-2) is solvable.

This theorem can be seen as the local version of [Demailly et al. 2014], where the compact Kéhler
manifold setting was considered (see also [Kotodziej and Nguyen 2018a] for the Hermitian manifold case
and the notion of subsolution in the compact manifold setting there). Now, we can say that the complex
Monge—Ampere equation on a compact Kihler (Hermitian) manifold admits a Holder continuous solution
if and only if it can be written locally as Monge—Ampere operators of Holder continuous plurisubharmonic
functions. The result has been also generalized to the complex Hessian equation [Kotodziej and Nguyen
2019]. Given Holder continuous plurisubharmonic functions uq, ..., u, in 2, it follows by the theorem
that there exists a Holder continuous plurisubharmonic function such that

ddw)" =dduy A - ANddCu,.

We also obtain the convexity of the set of Monge—Ampere measures of Holder continuous plurisubharmonic
functions in 2. Another important consequence is the so-called L? property given in Corollary C below.
In particular, our result covers the main findings in [Baracco et al. 2016, Charabati 2015; 2017], where
the L? property with respect to the Lebesgue measure was considered.



438 NGOC CUONG NGUYEN

Corollary C. Let u € M(p, Q) and f € LP(2,du), p > 1, a nonnegative function. Suppose that ¢ is
a Holder continuous plurisubharmonic function on a neighborhood of Q. Then, fu € M($, Q) for a
Hoélder continuous plurisubharmonic function ¢ in Q.

2. Preliminaries

In this section we will recall results that are needed in the proofs of Theorems A and B and Corollary C.
If there is no other indication, then the notation in this section will be used for the rest of the paper.

Let  be a bounded strictly pseudoconvex domain in C". Let p € C?(2) be a strictly plurisubharmonic
defining function for 2. Namely,

Q={p <0} and dp#0 onof. (2-1)
Let us denote by 8 = dd®|z|? the standard Kihler form in C". Without loss of generality we may assume
dd‘p>p on Q. (2-2)

Throughout the paper the Holder continuous subsolution ¢ and the associated set of measures M (g, €2)
are defined as in the Introduction.
The following estimate will be very useful for us. For simplicity we write

I-lloo :=sup| -] and ||-||p:=/|-|!’dvzn, 2-3)
Q Q

for the Lebesgue L”-norm for p > 1.

Lemma 2.1 [Btocki 1993]. Let vy, ..., v,, v, h € PSHNL>*(Q) be such that v; <0 fori=1,...,n,and
v < h. Assume that lim,_, 30[h(z) —v(z)] = 0. Then, for an integer 1 <k <n,

/ (h—v)*ddvi A~ Add vy <K Villso -+ - 10kl oo / ddVF AddCvesr Ao AddCv,.  (2-4)
Q Q
Consider also the Cegrell class

& = {v € PSHNL™(Q)

lim v(x) =0 for all z € 92 and / dd‘v)" < +oo}. (2-5)
X—>Z Q

The Cegrell inequality in this class reads:

Lemma 2.2 [Cegrell 2004]. Let vy, ..., v, € &. Then,

1/n 1/n
/ddcvl/\---/\ddcvn < (/ (ddcvl)"> (/ (ddcvn)”> : (2-6)
Q Q Q

We need also to work with a subclass of the Cegrell class:
& = {v €& / ddv)" < 1}. 2-7)
Q

The decay of the volume of sublevel sets of functions in the class £ is equivalent to the volume-capacity
inequality. This inequality plays a crucial role in the capacity method due to Kotodziej to obtain the
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a priori and stability estimates for weak solutions of the complex Monge—Ampere equation. Here the
capacity is the Bedford—Taylor capacity and it is defined as follows. For a Borel set E C €2,

cap(E, Q) := sup{f (ddw)" :w e PSH(Q), 0 <w < 1}. (2-8)
E

In what follows we shall write cap(E) instead of cap(E, 2) for simplicity as the domain 2 is already
fixed.

3. Proof of Theorem A

In this section we shall prove the following result.

Proposition 3.1. Assume that @ € M(@, 2). Then, there exist uniform constants oy, C > 0 depending
only on ¢, Q such that, for every compact set K C €,

—ap
u(K) < C cap(K) eXP(w)- (3-1)

Notice that under the assumption fQ (dd )" < 400 a similar inequality, without the factor cap(K) on
the right-hand side, was proven in [Nguyen 2018].

Remark 3.2. Theorem A will follow immediately from the proposition and [Kotodziej 2005, Theorem 5.9]
as u belongs to the class (A, h) with h = ¢*0* and a uniform A > 0.

We will need the following two lemmas. The first one tells us how fast the Monge—Ampere mass of
(dd“p)" on large sublevel sets goes to infinity.

Lemma 3.3. Letv € 56. Then, there exists a uniform constant C such that, for s > 0,

/ (dd )" <
{v<—s}

This estimate should be compared with [Kotodziej 2005, Lemma 4.1]. If ¢ is a C2?-smooth function

C n
s}'l

on €, then exponential decay as s tends to 400 has been obtained there. Although in our case, we are
more interested in the situation when s tends to 0.

Proof. Set vy := max{v, —s}. Then, vy = v on a neighborhood of 9€2. Moreover,

vx/z—vzg on {v < —s} € Q. (3-3)
Therefore,
: 2\ . 2"n! i
| wdor < (—) [ o= vrador <= e, [ @, (3-4)
{v<—s} N Q N Q
where the second inequality follows from Lemma 2.1. 0

On the other hand the volume with respect to the measure (dd )" of small sublevel sets of functions
in &) decays exponentially fast to zero. The Holder continuity of ¢ is crucially important to prove such
an estimate.
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Lemma 3.4. There exist uniform constants T > 0 and C > 0 such that, for v € 5(’) and s > 2,

/{ }(dd%p)” <Ce ™. (3-5)

Proof. We follow ideas of Dinh, Nguyén and Sibony [Dinh et al. 2010]. With the same notation as in the
proof of Lemma 3.3 we have for s > 2

2
f (ddg)' <> f (052 — V)(dd Q)" < / (U2 — ) (dd )", (3-6)
{v<—s} s Ja Q
Let us define
S i= (dd @)k A Bk,

where 8 = dd€|z|> and 0 < k < n is an integer. Our first goal is to show that there exist & > 0 and C > 0
(independent of v and s) such that, for v € 56 and s > 1,

f (vs —V)Sk < C([ (vs — V) dVZn) , (3-7)
Q Q

where vy = max{v, —s}. Indeed, without loss of generality we may assume that

0 < flvs — vl < 155- (3-8)

Otherwise, if ||vs — v||; = 0, then the inequality trivially holds. If ||vy — v||1 >
s >1,v <0, and Lemma 2.1, that

f (v — 0)Si = / (—s— )8 < / (—)kSe < Cllollk.. (3-9)
Q {v<—s} Q

1 .
106° then we have, using

This implies the inequality.
Next, under the assumption (3-8) we prove the inequality by induction in k. The case k = 0 is obvious.
Assume that for every integer m < k we have

/(vs —v)Sy, < C(/ (vs — v)den) m. (3-10)
Q Q

Then, we need to show that there exists 0 < a4 < 1 such that

/ (v — V) Ses1 < c( f (v, —v)dvzn> (3-11)
Q Q

S = (dd)k A gF 1. (3-12)

For simplicity we write

Let us still write ¢ to be a Holder continuous extension of ¢ onto a neighborhood U of Q. Consider
the convolution of ¢ with the standard smoothing kernel x, i.e., x € C2°(C") a radial function such that
x(z) >0, supp x € B(0, 1) and fc:n x(z) dVo, = 1. Namely, for z € U and § > 0 small,

7—7

1
pia@=[ Gt dva) = w(z/)x( ) V@) G-13)
B(0,1) " Jp

(z,1)
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Observe that

lo* x:(2) —@(2)] < / lp(z —12') — ()| x () d V2 (2') < Ct* (3-14)
B(0,1)
and 5
% * X, Cllolloo
< . 3-15
9207k (Z)‘ - 12 (-15)

We first have

/ (v —V)dd°p A S <
Q

/(vs—v)ddc(p*x,/\S‘—i—
Q

fg(vs —v)dd(p*x; —@)AS

=11+ 1. (3-16)

It follows from (3-15) that

o) c
n= S [wousap =S5 [ o-os (3-17)
t Q t Q
Hence,
Cliell ,

= — 5=l =", (3-18)

We turn to the estimate of the second integral /,. By integration by parts
/ (vg —v)dd“(p* s =) NS = / (@ x: —@)dd (vs —V) NS
Q Q
=/ (¢ * x: —@)dd (vy —V) A S, (3-19)
{v<—s/2}
as vy, = v on {v > —s}. Hence,
1) 5/ lo* x; —@|(ddv+ddvi)) AS < Ct“/ (ddv+ddvs) AS. (3-20)
{v<—s/2} {v<—s/2}

For the first term of the integral on the right-hand side we have

' 4\ e
ddvanS<|- (vsa—v) ddONS
{v<—s/2} § {v<—s/4}

< Sgk /Q (V574 — V)* ddv A (dd @) A B F1. (3-21)
Applying Lemma 2.1 we conclude that
[ woa=otddonaol ap =t <cloll, [ @acoftapTl
Using ddp > B (see Section 2) and Cegrell’s inequality we get

/(ddcv)k+1/\/3n_k_1 f/(ddcv)k+l/\(ddcp)n_k_l
Q Q

(k+1)/n (n—k—1)/n
< < / (dd%)") ( / (ddc,o)"> : (3-23)
Q Q
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Combining (3-21), (3-22) and (3-23) we have, for s > 1,
f ddvA S < Cllgl|~,. (3-24)
{v<—s/2}

Notice that v, € £). The same arguments as above imply that for s > 1

/ ddvg A S < C||<p||’f>o. (3-25)
{v<—s/2}
Thus, altogether we have
Cliell
I+ b= — 7= oy = Il + Cllplist”. (3-26)
If we choose
3 (01074
t=los = vl e == (3-27)

then the proof of (3-7) is completed.
We now conclude the proof of the lemma. It follows from [Nguyen 2018, equation (2.26)] and
[Kotodziej 2005, Lemma 4.1] that

/ (v — v) dVay < Ce™™,
Q

where 1o > 0 and C > 0 are uniform constants independent of v and s. Combining this with (3-6) and the
inequality (3-7) for k = n the lemma follows. O

Remark. The referee has suggested that the exponent 2 in the denominator of (3-15) can be improved.
Thus, the inequality (3-26) can be improved too, so the final choice of «;,, will be better.

We are ready to prove the main result of this section.

Proof of Proposition 3.1. Let us define v := (dd“p)". First, we show that for v € &; there exist uniform
constants oy, C > 0 such that

—ays
v(v < —s) <

for all s > 0. (3-28)

Indeed, there are two possibilities: either s > 2 or s < 2. If s > 2, then the inequality follows from
Lemma 3.4 as
n,_ —ts/2 (21’! )n —n
s'e <|—)e".
T

(We can take o] = 7/2). Otherwise, if 0 < s < 2, we have e”*'® > C. Then, the desired inequality follows
from Lemma 3.3.

To complete the proof of the proposition we use an argument which is inspired by the proofs in [Ahag
et al. 2009]. Let K C €2 be compact. Since v is dominated by a Monge—Ampere measure of a bounded
plurisubharmonic function, it vanishes on pluripolar sets. Hence, we may assume that K is nonpluripolar.
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Let h be the relative extremal function of K with respect to €. Since K C £2 is compact, it is well
known that

lim hj =0.
g_lglg k(&)
By [Bedford and Taylor 1982, Proposition 5.3] we have
" :=cap(K, Q) = / (dd°hy)" > 0.
Q

Let 0 < x < 1. Since the function w := h% /7 satisfies assumptions of the inequality (3-28), we have

1 n 1—
v(h*K<—1+x):v(w< +x>§C ! exp(—u)
T

af (1—x)" T

Letting x — 0%, we obtain

s o <& I )
v(hy <—1) < o cap(K, 2) eXp([cap(K, Q)]l/n). (3-29)

Since hx = h outside a pluripolar set, we have
v(K) <v(hg =—1)=v(hx =—1) <v(hy <-1). (3-30)
We combine (3-29) and (3-30) to finish the proof. Il

4. Proof of Theorem B

In this section we will prove the Holder continuity of the solution obtained in Theorem A provided
furthermore that the boundary data i is Holder continuous. Notice that the zero boundary values of the
subsolution ¢ are not essential. We can modify them by adding an appropriate envelope, similar to (4-5),
because no condition has been imposed on the total mass of the subsolution.

By Theorem A there exists a unique continuous solution to the Dirichlet problem (1-1), namely,
u € PSH(Q) N C%(Q) solving

(ddu)" = u, u(z) =y (z) forall z€0. (4-1)

We are going to show that u € C%' () for some exponent 0 < o’ < 1.

Outline of the proof. Let us sketch the proof of Theorem B. Overall we follow the steps in the proof of
[Nguyen 2018], which in turns followed [Guedj et al. 2008]. Though, we need to consider the problem
on an increasing exhaustive sequence of relatively compact domains in €2. Define for § > 0 small

Qs :={z € Q:dist(z, 0Q) > 6}, 4-2)

and for z € Qs we define

us(z) ;== sup u(z+¢), usz):= >
l]<6 0208

/ U(z+8) dVan(©), 4-3)
[g]<$

where o7, is the volume of the unit ball.
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Then, we wish to show that

sup(is —u) < 8%
Qs

for some 0 < @ < 1, where < means that the inequality holds up to an absolute constant. Thanks to the
Holder continuity of the boundary data we can extend it5 to & by a gluing process such that the new function
is plurisubharmonic on €2 and equal to u outside €2, for some (small) € > §. Moreover, we shall still have

sup(us — u) < sup(it —u) + Ce%,
ol Q

where « is the Holder exponent of the boundary data yr. Next, we shall show that

, 1
ddp)" 5 —.
Q. e

This estimate enables us to invoke the results of [Nguyen 2018]. It gives a precise quantitative estimate
supq (&2 — u) in terms of § and ¢. Finally, we can choose ¢ = 87" with @’ > 0 so small that our desired
inequality holds.

We now proceed to give details of the argument. For the remaining part of the proof we fix a small
8o > 0 and consider two parameters &, € such that

0<8<e<3dy. (4-4)

We may assume that 1 € C%2*(3Q2), where 0 < o < % (decreasing « if necessary) is the Holder exponent
of the subsolution ¢. Then, we define

h(z) = sup{v(z) € PSH(Q) N CO(Q) : hy,, < ). (4-5)

It is well known [Bedford and Taylor 1976, Theorem 6.2] that 7 € PSH(€2) N Co*(Q) and h = Y on 0€2,
which is also the solution of the homogeneous Monge—Ampere equation in 2. Hence, we may assume

¥ e PSH(Q)NC™(Q) and (ddy)" =0. (4-6)
Thanks to the comparison principle [Bedford and Taylor 1982] we get
Yv+e<u<y onQ. (4-7)
Lemma 4.1. We have, for z € Qs \ Q,

us(z) <u(z) + Ce”. (4-8)
In particular,
sup(its — u) < sup(iis —u) + Ce®. (4-9)
Qé Qs

Remark 4.2. It is important to keep in mind that the uniform constants C > 0 which appear in the lemma,
and many times below, are independent of § and €.

Proof. Fix a point z € Qs \ Q. Since u is continuous, there is £; € C" with |¢;| < 8 such that

us(z) =u(z+1). (4-10)
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Moreover, there exists ¢, € C" with |¢3| < ¢ such that z 4+ ¢ € 9. Using this and (4-7) we get
us(z) —u(@) =Y (z+86) — Y@ + @]
=Y (@+8) - v @] +1ek) — e+ )]
< Gilal* + Col &, (4-11)

where C1 = ||{/||cow, C2 = ||@]|lco«. Since § < g, we conclude the proof of the first part.
To prove the second part, we observe that u < 15 < us. Therefore,

sup(iis — u) < sup(its —u)+ sup (us —u). (4-12)
Qs Qe Q5\ 2
Combining this with the first part we get the second part. O

The lemma above tells us that to obtain the Holder continuity of the solution u it is enough to get the
estimate on the domain €2, for € a small constant, which is comparable to a small positive power of §. To
achieve our goal we will work on the domain €2, and keep track of the (negative) exponent of ¢.

Recall that

Q. ={z € Q:dist(z, 0Q) > ¢}. (4-13)
We define
D, :={p(2) < —¢}, (4-14)
where p is the defining function of 2 as in (2-1). The following lemma is very similar to Lemma 3.3.
The main observation is that the domains D, and €2, are comparable.

Lemma 4.3. Let 1 <k <n be an integer. Let v € PSHNL>®(R2). Then,

C k
/ ddv)* Ap T < % (4-15)
Q. €
where C is independent of ¢.
Proof. Observe that, from Hopf’s lemma,
lp(2)] = co dist(z, I€2) (4-16)
for a uniform constant 0 < ¢g < 1. Therefore,
Q. C{p(z) < —coe}. 4-17)
Since max{p, —&'/2} — p > &’/2 with ¢’ = ¢cpe on the latter set, it follows that
2 k 8/ k
ddv)faprr< (= / max{p, —— t — p| (ddv)* A g"*
Q e') Ja 2
C k
< ”vk”OO /(ddcp)k/\ﬂn—k’ (4-18)
& Q

where we used Lemma 2.1 for the second inequality. The last integral is bounded by the C2-smoothness
of p on Q. O
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We will now approximate the subsolution ¢. Let us define

Ap
(Ps ‘= max ¢ —& — (4—19)
&
where A := 14 [|¢]| -

Lemma 4.4. We have

CA"
/ (dde)" < . (4-20)
Q e
Moreover,
1p, - < (ddgs)" (4-21)

as two measures, where D, is defined in (4-14).

Proof. To estimate the Monge—Ampere mass of ¢, we use [Bedford and Taylor 1982, Corollary 4.3],
which is a consequence of the comparison principle. Since Ap/e < ¢, < 0 and the functions have zero
values on the boundary,

[ @acgor <= [ @apr. (422)
Q e Ja

The last integral is finite as p is C Zona neighborhood of the closure of 2. Furthermore, since ¢.(z) =
p(z)—eon D, ={p < —¢e} when 0 < ¢ < 1, it is clear that

1p, - p < (ddpe)". O

Remark 4.5. Using the same argument, we also get that for an integer 1 <k <n

. C A
| @ nprt < S5 (4-23)
Q &

We obtain now the volume-capacity inequality for the approximation sequence.

Corollary 4.6. There exist uniform constants oy > 0 and C > O which are independent of ¢ such that, for
every compact set K C €2,

/ ddp )" < E-Ca (K) -ex . S (4-24)
= SR feap 1 )
In particular, for a fixed t > 0, there is a constant C(t) > 0 such that, for every compact set K C €2,
C
/ @degey < 2 fcap(y) . (4-25)
K &

Proof. This is the analogue of Proposition 3.1 with ¢ replaced by ¢,, and thus the proof is the same as
that of the proposition. Here we need to take into account three facts:

C C
l@elloo < e and ”(Ps”CO,a(Q) = 2’ (4-26)
and, for an integer 1 < k < n (Remark 4.5),
C
/ (dd ) A B F < e (4-27)
Q

This explains why we need an extra factor C/&" on the right-hand side of the inequality. O
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Next, we have the following stability estimate for the Monge—Ampere equation similar to [Gued;j
et al. 2008, Theorem 1.1]. However, it also takes into account the possibility of infinite total mass of the
measure on the right-hand side.

Proposition 4.7. Let u be the solution of (4-1) and Q2 be defined by (4-13). Let v € PSHNL>®(Q2) be
such that v =u on Q\ Q. Then, there is 0 < ap < 1 such that

C @2
sup(v —u) < —(/ max{v — u, 0} du) . (4-28)
Q e" \Ja
Proof. Without loss of generality we may assume that supg (v —u) > 0. Set

50 1= irglzf(u —v). (4-29)

We know that for 0 < s < [sp]
U(s) :={u <v+so+s} € Q. (4-30)

Lemma 4.8. Fix v > 0. Suppose 0 < s,t < |so|/2. Then,
C(7)

o leap(U (s + NI (4-31)

1" cap(U (s)) <

Proof of Lemma 4.8. Let 0 < w < 1 be a plurisubharmonic function in 2. We have the chain of inequalities

o / (dd“w)" = f [dd* (rw)]"
Uls) {u<v+sp+s}

S/ [dd® (v +tw)]" Sf (ddu)",
{u<v+so+s+tw} {u<v+so+s+tw}

where we used the comparison principle [Bedford and Taylor 1982, Theorem 4.1] for the last inequality.

(4-32)

Since {u <v+s9p+s+tw} C U(s+1t) and w is arbitrary, we get

t" cap(U(s)) < / du. (4-33)
U(s+t)

If we define ¢’ := cpe, where cg is the constant in (4-16), then
1p, -dp < (dd )"

as two measures. Since U (s +1t) C Q2. C Dy, it follows that

C
/ dp 5/ dd )" < 52 [cap(U (s +1)]'*7, (4-34)
U(s+1) U (s+1) (coe)"
where the last inequality follows from Corollary 4.6. The proof of the lemma is complete. 0

Now together with Lemma 4.8, the rest of the proof of the proposition is the same as in [Gued; et al.
2008, Theorem 1.1] (see also [Kotodziej and Nguyen 2016, Theorem 3.11]). (|

The following result is a variation of Lemma 2.7 in [Nguyen 2018], where we considered the Holder
continuity of a measure v on &), though the situation now is different as v(£2) is no longer finite.
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Theorem 4.9. Let u be the solution of (4-1) and Q2. be defined by (4-13). Let v € PSHNL*(2) be such
that v =u on Q\ Q.. Then, there exists 0 < a3 < 1 such that

a3
/ lv—uldu < (f |v—u|dV2n> ) (4-35)
Q Q

Proof. This is a variation of the inequality (3-7) with

C
8"+1

ke i= (dd )" A B, (4-36)

where ¢, = max{gp — ¢, Ap/e} and 0 < k <n is an integer. Since u < §, ; on €2, it is enough to show
that there is 0 < t < 1 satisfying

c
[ =8, < gl (437)
for v > u on Q. (In the general case we use the identity
|v —u| = (max{v, u} —u) + (max{v, u} — v)

and apply twice the inequality (4-37) to get the theorem.)

Now we can repeat the inductive arguments of the proof of (3-7) with v, u and ¢, in the places of
vy, v and ¢, respectively. However, there are differences as follows. First, v, u are no longer in &).
Second, if ¢ is extended as in the proof of Lemma 3.4, then ¢, = max{p — &, Ap/e} is also defined on

the neighborhood U of Q, and

C

ay < —.
@ ll co vy < -

Taking into account above differences, to pass from the k-th step to the (k+1)-th step we need the
following inequality, corresponding to (3-16) (with S, := (dd"(pg)k A ,B”_k_l):

/Q(v—u)ddcgog/\Sg < /S;(v—u)ddcgog*xt/\Sg + /Q(v—u)dd”(gog*x, — @) A Se
= 11e+ . (4-38)
e e * 1 Cliglloo
‘ 82,07 ‘ =T (439)
and by the induction hypothesis at the k-th step, there exists 0 < t; < 1 such that
|y = I
Q &
we conclude that
hes e fQ W08 AP < TOZ - ul. (4-40)

Similarly to (3-19), by integration by parts, u = v on @\ €2, and
o

Ct
lpe * x1(2) — @e(2)] < put
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it follows that

o
(dd“v +dd“u) A S,. (4-41)
Q

12,8 =<

At this point as u, v do not belong to £, we need to use a different argument to bound I, .. Namely,
similarly to Lemma 4.3, we have

Cllu+vlloo(1+ @)

(dd‘u+ddv) NS, < v

Q;

(4-42)

Indeed, we first have

/

c c k n—k—1 2 € c c k n—k—1
dd(u+v) A(dde)" N B 5; max p,—a —p ) Add (u+v) Adde)" N B
Q

£

C . . L
< ;||u+v||oof(dd‘p)A(ddwg)"Aﬂ" el
Q

where &’ = cpe with ¢y defined by (4-16). The desired inequality (4-42) follows from Remark 4.5. Now,
combining (4-41) and (4-42) we get

Cr
he =77 (4-43)

Next, it is easy to see (from Lemma 4.4) that

1 n
/(U_M)S’ZSCHMHOO( + llelloo) '
Q et

Therefore, we can assume 0 < ||lv — u||; < 0.01. Thanks to (4-40) and (4-43) we have

o

C Ct
c Tk
/Qw—u)dd 0e NS < v —ullf + o5
If we choose 1 = ||jv — ullfkﬁ, Ter1 = aTi /3, then

.o C
/Q(v—u)Ss/\dd 0 = sl —ull}.

Thus, the induction argument is completed, and the theorem follows. U

The last ingredient to prove Theorem B was proved first in [Baracco et al. 2016] (see also [Nguyen
2018, Lemma 2.12]). Here, the estimate is sharper and the proof is simpler too.

Lemma 4.10. For § > 0 small we have

lits —u| d Vs, < C8. (4-44)
Qs
Proof. First, we know from the classical Jensen formula (see, e.g., [Guedj et al. 2008, Lemma 4.3]) that

f lits —u| < C82/ Au(z). (4-45)
Q5

Qs
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Again, it follows from Lemma 4.3 applied for k =1 and § = ¢, that

C
f Au(z) < —. (4-46)
Q 8
Therefore,
/ Iﬁs—uldenS/ Iﬁa—uldenHlulloo/ dVy, < C8. (4-47)
Qs Qo5 Q25\ Q25
This is the required inequality. U

We are ready to prove the Holder continuity of the solution.

End of proof of Theorem B. Let us fix § such that 0 < § < §p small and let ¢ be such that § < e < &g, which
is to be determined later. Thanks to Lemma 4.1 and 15 < us we have g — Cs® < u on 9S2,. Therefore,

the function R
max{is — Ce% u} on 2,

"= {u on 2\ 2 (4-48)

belongs to PSH(2) N CY%(). Notice that & > u in 2, and
u=u on\ Q. (4-49)
Again, by the second part of Lemma 4.1 we have

sup(its — u) < sup(ius —u) + Ce®
o) Q

<sup(ét —u) + Ce* 4+ Ce“. (4-50)
Q
By the stability estimate (Proposition 4.7) there exists 0 < oz < 1 such that

C 2
sup(u —u) < —(/ max{u — u, O}du)
Q " \Ja

C o2
5—(/ Iﬁ—uldu) , 4-51)
en Q

where we used the fact that # = u outside €2.. Using Theorem 4.9, there is 0 < a3 < 1 such that
3 C ~ a3
SgP(U—M)Sm Qlu—ulden

C a3
SW(/QEW‘S_MMVZ") , (4-52)

where we used 0 <t —u < 1g, - (15 —u) and Q. C Qs for the second inequality. It follows from (4-50),
(4-52), and Lemma 4.10 that

5203

sup(ils —u) < Ce* + ——. (4-53)
Qs €

Now, we choose a4 = aara3/(2n + 1+ «a) and

&= 8a2a3/(2n+1+o{).
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Then, supg, (t1i5—u) < C§*. Finally, thanks to [Gued; et al. 2008, Lemma 4.2] we infer that sup, ,(us—u) <
C5%. The proof of the theorem is finished. (|

Remark 4.11. In the above proof the Holder exponent of the solution u is &’ = oy = @z /(2n+ 1+ ),
where we can take 0 <ap < 1/(n+1) and a3 =" /3" by [Gued;j et al. 2008] and Theorem 4.9 respectively.
In our opinion it is far from being optimal. If we assume that the subsolution ¢ is merely continuous,
then we do not know if the inequality (4-51) holds true. Therefore, it seems to be hard to improve the
proof above to get the answer for the subsolution problem in the continuous category.

5. Proof of Corollary C

Let u e M(p, Q) and 0 < f € LP(Q2, du) with p > 1. We wish to show that there exists ¢ € PSH(2) N
C%%(Q), with 0 < & < 1, such that

fdp e M(g, ). (5-1)
The proof of the corollary is similar to that of Theorem B with the aid of the following two lemmas.

Lemma 5.1. Fix a constant T > 0. Then, there exists a uniform constant C (t) such that, for every compact
set K C Q,

/ fdp < C(t)lcap(K)]'. (5-2)
K

Proof. Holder’s inequality and Proposition 3.1 give us

d (P=1)/p —% b
/Kf w = fllzr@,dwln(K)] < C|:CaP(K)'€XP<W>] . (5-3)

Let 0 <a, b, c < 1 be fixed. The following elementary inequality holds for x > 0:
a ¢ 1+7
xtexp|—— | =C(ox 7,
X
where C(t) = C(7, a, b, ¢) depends only on 7, a, b, c. Thus, the desired inequality follows. O
Thanks to the lemma and [Kotodziej 2005, Theorem 5.9] we can solve the Monge—Ampere equation
u e PSH(Q)NCYRQ), (ddw)" = fdu, u),,=0. (5-4)

Moreover, the above lemma will enable us to have the stability estimate (Proposition 4.7). The next
lemma is also a consequence of the generalized Holder inequality which was proved in [Nguyen 2018,
Corollary 2.14].

Lemma 5.2. Let v € PSH(Q2) N CO%Q) be such that v > u in Q and v = u near 3S2. Then, there exist
uniform constants C > 0 and 0 < a3 < 1 such that

fg(u—u)fdufcnv—uniiw). (5-5)
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Next, we use the extendability assumption of ¢ to get a result similar to Lemma 4.1 in the current
setting. Namely, let Q be a strictly pseudoconvex neighborhood of Q such that ¢ € PSH(S) and Holder
continuous on the closure of 2. Thanks to the results in [Nguyen 2018] there exists v € PSH(SNZ) and
Hoélder continuous in satisfying

(ddv)"=1qfdp in S, v=0 on dS.

Consider A to be the maximal pluriharmonic extension into €2 of (—v),, which is Holder continuous on
3% (see (1-3)). So h is also Holder continuous on 2. Then, by the comparison principle,

v+h<u<0 onQ.

From this we easily deduce the desired estimate near the boundary for u.

Now the rest of the proof goes exactly as in the proof of Theorem B. Namely, the inequality (4-51)
holds for the measure f du, next use Lemma 5.2 and Theorem 4.9 to get the inequality (4-52). Then
we get the Holder continuity of u. Notice that the Holder exponent is worse by a factor of &3. Thus,
fdue M(u, Q).
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