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A BOOTSTRAPPING APPROACH TO JUMP INEQUALITIES
AND THEIR APPLICATIONS

MARIUSZ MIREK, ELIAS M. STEIN AND PAVEL ZORIN-KRANICH

The aim of this paper is to present an abstract and general approach to jump inequalities in harmonic
analysis. Our principal conclusion is the refinement of r-variational estimates, previously known for
r > 2, to endpoint results for the jump quasiseminorm corresponding to » = 2. This is applied to the
dimension-free results recently obtained by the first two authors in collaboration with Bourgain, and
Wrébel, and also to operators of Radon type treated by Jones, Seeger, and Wright.

1. Introduction

Variational and jump inequalities in harmonic analysis, probability, and ergodic theory have been studied
extensively since [Bourgain 1989], where a variational version of the Hardy—Littlewood maximal function
was introduced. The purpose of this paper is to formulate general sufficient conditions that allow us to
deal with variational and jump inequalities for a wide class of operators. Our approach will be based on
certain bootstrap arguments. As an application we extend the known L7 estimates for r-variations for
r > 2 (see definition (1.2)) to endpoint assertions for the jump quasiseminorm J. 2p (see definition (1.3)),
which corresponds to r = 2. In this way our results will extend previously recently obtained assertions in
[Bourgain et al. 2018; 2019] for dimension-free estimates given for r > 2, as well as a number of results
in [Jones et al. 2008] for operators of Radon type.

We recall the notation for jump quasiseminorms from [Mirek et al. 2018b]. For any A > 0 and | C R
the A-jump counting function of a function f :1 — C is defined by

NL(f) =Ny (f(0) 2 €D)

:=sup{J € N:there exists to <---<ty,tj €l, such that mino<;<s|f(#)—f(tj—1)|=A} (1.1)
and the r-variation seminorm by

SUp j e SUPro<--<ty (Z}]=1 | /() — f(tj_1)|’)%, 0<r<oo,
Vi(f):=V"(f@):tel):= 1€l (1.2)

suprg<t, | f(11) — f(10)], r =00,
tj€l
where the former supremum is taken over all finite increasing sequences in [.
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Throughout the article (X, B, m) denotes a o-finite measure space. For a function f : X x [ — C the
jump quasiseminorm on L?(X) for I < p < oo is defined by

JP() =0 ([ X x1=C):= I (S, 0))e) == JL (S (- ))ier: X — C)
SR AUGUEE D], (1.3)
>0

In this connection by [Mirek et al. 2018b, Lemma 2.12] we note that

V" (NLree Spr I3 () IV Ly (1.4)

for r > 2, and the first inequality fails for r = 2.
We now briefly list our main results:

(1) The extension to the jump quasiseminorm sz of dimension-free estimates for maximal averages
over convex sets, as given by Theorems 1.9, 1.11 and 1.14 below.

(2) The corresponding extension to J. 21) of the previous dimension-free estimates for cubes in the discrete
setting; see Theorem 1.18.

(3) The general J 21’ results for operators of Radon type (both averages and singular integrals) in Theorems
1.22 and 1.30, related to the previous results in [Jones et al. 2008].

Underlying the proofs of all these results will be the basic facts about the jump quantity sz obtained
in our recent paper [Mirek et al. 2018b], and the bootstrap arguments in Section 2 of the present paper.
The reader might compare the methods in Section 2 with related arguments in [Bourgain et al. 2018,
Section 2.2] as well as [Nagel et al. 1978; Duoandikoetxea and Rubio de Francia 1986; Carbery 1986],
and Christ’s observation included in [Carbery 1988]. The techniques in Section 2 will be carried out in the
following framework. We assume that we are given a measure space (X, B, m) which is endowed with a
sequence of linear operators (S;);jez acting on L' (X)) + L (X) that play the role of the Littlewood-Paley
operators. Namely, the following conditions are satisfied:

(1) The family (Sj);ez is a resolution of the identity on L2(X); i.e., the identity

Y osi=1Id (1.5)
jez
holds in the strong operator topology on L2 (X).

(2) For every 1 < p < oo we have

(Zlij|2)2 HL <1l feLP(X). (16)

jez

Suppose now we have a family of linear operators (7});¢; acting on L!(X) + L>®°(X), where the
index set [ is a countable subset of (0, o0). We assume that [ C (0, co) to make our exposition consistent
with the results in the literature. One of our aims is to understand what kind of conditions have to be
imposed on the family (77)¢j, in terms of its interactions with the Littlewood—Paley operators (S;);ez
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to obtain the inequality
J)(Tefar: X = C) < f v (1.7)

in some range of p’s. We accomplish this task in Section 2 by proving Theorems 2.14 and 2.39 for
positive operators! by certain bootstrap arguments, and Theorem 2.28 for general operators. Our approach
will be based on extension of ideas from [Duoandikoetxea and Rubio de Francia 1986; Bourgain et al.
2018] to a more abstract setting.

As mentioned above it has been very well known since [Bourgain 1989] that r-variational estimates
(and consequently maximal estimates, see (1.2)) can be deduced from jump inequalities. Namely, a priori
jump estimates (1.7) in an open range of p € (1, co) imply

V(T f 1 €Dliee Spor 1 fllLe

in the same range of p’s and for all » € (2, oo]. This follows from (1.4) and interpolation. Therefore, it is
natural to say that the jump inequality in (2.2) is an endpoint for r-variations at » = 2. On the other hand,
we also know that the range of r € (2, oo] in r-variational estimates, for many operators in harmonic
analysis, is sharp due to the sharp estimates in Lépingle’s inequality for martingales; see [Mirek et al.
2018b].

Here and later we write a < b if a < Cb, where the constant 0 < C < oo is allowed to depend on p,
but not on the underlying abstract measure space X or function f. If C is allowed to depend on some
additional parameters this will be indicated by adding a subscript to the symbol <.

1A. Applications to dimension-free estimates. An important application of the results from Section 2
will be bounds independent of the dimension in jump inequalities associated with the Hardy-Littlewood
averaging operators. Let G C R? be a symmetric convex body, that is, a nonempty symmetric convex
open bounded subset of R4, Define for 7 > 0 and x € R? the averaging operator

A f(x) = |G /G fee—t)dy, fe Ll ®). (1.8)

It follows from the spherical maximal theorem that, in the case that G is the Euclidean ball, the maximal
operator AY f := supt>0|A§; | corresponding to (1.8) is bounded on L?(R?) for all p > 1, uniformly in
d € N [Stein 1982]. This result was extended to arbitrary symmetric convex bodies G C R4 in [Bourgain
1986a] (for p = 2) and [Bourgain 1986b; Carbery 1986] (for p > 3). For unit balls G = B¢ induced by
29 norms in R¥ the full range p > 1 of dimension-free estimates was established in [Miiller 1990] (for
1 < g < o0) and [Bourgain 2014] (for cubes g = 0o) with constants depending on ¢q. In the latter case the
product structure of the cubes is important; this result was recently extended to products of Euclidean
balls of arbitrary dimensions [Sommer 2017].

Variational versions of most of the aforementioned dimension-free estimates were obtained in [Bourgain
et al. 2018] for » > 2. In this article we give a shorter and more self-contained proof of the main results
of that work and extend them to the endpoint » = 2 by appealing to Theorems 2.14 and 2.39. A notable

1A linear operator T is positive if Tf > 0 for every f > 0.
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simplification is that we do not use the maximal estimates as a black box. In particular, we reprove all
dimension-free estimates for the maximal function A .
In view of (1.4) and by real interpolation, Theorem 1.9 extends [Bourgain et al. 2018, Theorem 1.2].

Theorem 1.9. Let d € N and G C R? be a symmetric convex body. Then for every 1 < p < 0o and
f € LP(R?) we have
JL(AS Nkez :RT = ©) <1 f Lo (1.10)

where the implicit constant is independent of d and G.

As a consequence of Theorem 1.9 and the decomposition into long and short jumps, see (2.2),
Theorems 1.11 and 1.14 below extend Theorems 1.1 and 1.3 in [Bourgain et al. 2018], respectively.
Hence Theorem 1.9 can be thought of as the main result of this paper, since inequalities (1.12) and (1.15)
were obtained in [Bourgain et al. 2018]. However, we shall present a different approach to establish the
estimates in (1.12) and (1.15).

Theorem 1.11. Let G be as in Theorem 1.9. Then for every % < p<4and f € LP(R?) we have

‘ (Z(VZ(A,Gf ‘e [zk,zk“]))z)z

kez

S A ey (1.12)
Lr
In particular,
JY(AS [)i=0: R > ) || f|r, (1.13)
where the implicit constants in (1.12) and (1.13) are independent of d and G.

Theorem 1.14. Let d € N and G C R? be the unit ball induced by the £9 norm in R? for some 1 < ¢ < cc.
Then for every 1 < p < oo and [ € L?(R?) we have

‘ (Z(VZ(A,Gf ‘e [zk,zk“]))z)z

kez

Sq llf e (1.15)
Lp

In particular
I (AF =0 :RY > ©) g I fllr, (1.16)

where the implicit constants in (1.15) and (1.16) are independent of d.

The method of the present paper also allows us to provide estimates independent of the dimension in
jump inequalities associated with the discrete averaging operator along cubes in 7. For every x € 79
and N € N let

1
ANfx) = > f(x—p), [fel'@h, (1.17)
|ON NZ%] .
yeONnz
be the discrete Hardy—Littlewood averaging operator, where Q n = [-N, N ]d .

Theorem 1.18. For every % < p<4and [ €lP(Z% we have

JP((AN f)nen :Z% = C) < || fler- (1.19)
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Moreover, if we consider only lacunary parameters, then (1.19) remains true for all 1 < p < oo and we
have

I3 (A Niz0: 2 > ©) S f v, (1.20)
where the implicit constants in (1.19) and (1.20) are independent of d.

Theorem 1.18 provides the endpoint estimate at r = 2 for the recent dimension-free estimates [Bourgain
et al. 2019] for r-variations corresponding to operator (1.17).

The dimension-free results are proved in Section 3A by combining the results from Section 2 (Theo-
rems 2.14 and 2.39) with the jump estimates for the Poisson semigroup from [Mirek et al. 2018b] and
Fourier multiplier estimates from [Bourgain 1986a; 2014; Miiller 1990].

1B. Applications to operators of Radon type. Another important class of operators which was exten-
sively studied in [Jones et al. 2008] in the context of jump inequalities are operators of Radon type
modeled on polynomial mappings.

Let P=(P1,..., Py): R > R9 be a polynomial mapping, where each component P; : RF > Risa
polynomial with k variables and real coefficients. We fix Q C R a convex open bounded set containing the
origin (not necessarily symmetric), and for every x € R4 and 7 > 0 we define the Radon averaging operator

1
ME @)= o [ = POD (121
12| Je2,
where Q; = {x e R¥ : 1~ 'x e Q}. Using Theorems 2.14 and 2.39 we easily deduce Theorem 1.22; see

Section 3C.

Theorem 1.22. For every 1 < p < oo and f € L?(R?) we have
IZ(MS =0 :RT > C) Sap I /10, (1.23)

where the implicit constant is independent of the coefficients of P.

Before we formulate a corresponding result for truncated singular integrals we need to fix some
definitions and notation. A modulus of continuity is a function w : [0, c0) — [0, co) with w(0) = 0 that is
subadditive in the sense that

u<t+s = o) o)+ o).

Substituting s = 0 one sees that w(u) < w(¢) for all 0 < u < ¢. The basic example is w(t) = 19, with
6 € (0, 1). Note that the composition and sum of two moduli of continuity is again a modulus of continuity.
In particular, if (¢) is a modulus of continuity and 6 € (0, 1), then w(7)? and w(¢?) are also moduli of
continuity.

The Dini norm and the log-Dini norm of a modulus of continuity are defined respectively by setting

1 1
dr log¢|dt
folow = [ 00T and ol = [ o 1 (124
0 0
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For any ¢ > 0 the integral can be equivalently (up to a c-dependent multiplicative constant) replaced by
the sum over 27//¢ with j € N.
Finally, for every x € R¥ and r > 0 we will consider the truncated singular Radon transform

HEf= [ S PODKO) . (1.25)

defined for every Schwartz function f in R?, where K : RK \ {0} — C is a kernel satisfying the following
conditions:

(1) The size condition: there exists a constant Cg > 0 such that

|K(x)| < Cglx|™%  forall x € R¥. (1.26)
(2) The cancellation condition:
/ K(y)dy=0 for0<r < R < o0. (1.27)
Qr\Q,
(3) The smoothness condition:
sup  sup / |K(x)— K(x 4+ y)|dx < wg () (1.28)
R>0 Iy\S%Rt R=<|x|<2R

for every ¢ € (0, 1) with some modulus of continuity wg .

In many applications it is easy to verify the somewhat stronger pointwise version of the smoothness
estimate from (1.28). Namely,

|[K(x)— K(x + y)| £ wg (%)|x|_k, provided that |y| < %, (1.29)
X

for some modulus of continuity wg. One can immediately see that condition (1.29) implies condition
(1.28). Our next result establishes an analogue of the inequality (1.23) for the operators in (1.25).

Theorem 1.30. Suppose that ||w?(||10gDini + ||a)}0(/2||Dini < o0 for some 0 € (0,1]. Then for every p €
{14+6,(1+0)Yand f € L?(R?) we have

JL(HT Nis0 1R > ©) Zap I f 1o, (1.31)
where the implicit constant is independent of the coefficients of P. More precisely:
(D If”w?(lllogDini < 00, then

JZP((sz f)keZ : Rd - C) =< ||f||Lp (1.32)
@) If |0 * |pini < 00, then

‘ (Z VE(H. S e [2",2"“])2)2

kez

SIS o (1.33)
Lp
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The inequality (1.23) was proved in [Jones et al. 2008] for the averages Mf over Euclidean balls. The
inequality (1.31) was proved in that work for monomial curves, i.e., in the case

k=1, d=2, K()=y ' and P(x)=(x,x%, wherea> l.

General polynomials were considered in [Mirek et al. 2017] (although jump estimates are not explicitly
stated in that article they can also be obtained with minor modifications of the proofs). Multidimensional
variants of H ,P were also studied in that work under stronger regularity conditions imposed on the kernel K.
Inequalities (1.23) and (1.31) will be used to establish jump inequalities for the discrete analogues of
(1.21) and (1.25) in [Mirek et al. 2018a].

Finally we provide van der Corput integral estimates in Lemma B.1 and Proposition B.2, which have
the feature of permitting the handling of the oscillatory integrals with nonsmooth amplitudes. Their
broader scope will be needed in the proof of Theorem 1.30.

2. An abstract approach to jump inequalities

2A. Preliminaries. Let (X, 3, m) be a o-finite measure space endowed with a sequence of linear
Littlewood—Paley operators (S});jez satisfying (1.5), (1.6). Assume that (7;)¢; is a family of linear
operators acting on L1(X) + L% (X), where the index set [ is a subset of (0, 00). Under suitable
conditions imposed on the family (77);¢; in terms of its interactions with the Littlewood—Paley operators
(S}j)jez as in the Introduction, we will study strong uniform jump inequalities

(Tt frer: X = O S| fLe 2.1)

in various ranges of p’s; see Theorems 2.14, 2.28, and 2.39.

To avoid further problems with measurability we will always assume that [ is countable. Usually [ is
D := {2" : n € Z} the set of all dyadic numbers or [ is U:=|_J,c, 27"N the set of nonnegative rational
numbers whose denominators in reduced form are powers of 2. In practice, the countability assumption
may be removed if for every f € L'(X) + L% (X) the function | > ¢ — T} f(x) is continuous for
m-almost every x € X. In our applications this will always be the case.

We recall the decomposition into long and short jumps from [Jones et al. 2008, Lemma 1.3], which
tells that for every A > 0 we have

1
ANW(T: f(x):1€D)? < AN, (1 f(x) i1 € D)z + (Z(xNA(T,f(x) .1 e [k, 2k U)i)z)z. (2.2)
kez
In other words the A-jump counting function can be dominated by the long jumps (the first term in (2.2)
with ¢ € D) and the short jumps (the square function in (2.2)). Similar inequalities hold for the maximal
function and for r-variations.

We deal with L? bounds for the long jump counting function corresponding to 7; with ¢ €D in two ways,
similarly to [Duoandikoetxea and Rubio de Francia 1986]. The first approach is to find an approximating
family of operators (see the family ( Py )zez in Theorem 2.14) for which the bound in question is known
and control a square function that dominates the error term; see (2.15) in Theorem 2.14. In our case this
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method works for positive operators with martingales or related operators as the approximating family.
The second approach is to express T,« as a telescoping sum

Tuf=) Tif—Tunf=) Bif (2.3)
Jj=k Jj=k
and try to deduce bounds in question from the behavior of Bj = T,; — T, ;+1. This approach is needed
if Ty is a truncated singular integral-type operator; see Theorem 2.28. Similar strategies also yield L?
bounds for maximal functions supy ¢ |7« f(x)| or r-variations V" (T,« f(x) : k € Z).
In order to deal with short jumps we note that the square function on the right-hand side of (2.2) is
dominated by the square function associated with 2-variations, which in turn is controlled by a series of
square functions

(Z(VZ(th(X) ite [2k’ 2k+1) n ﬂ))z)z
kez L |

= ‘/EZ(Z Z |(Tok 2k~ mg1) — T2k+2k—lm)f(x)|2) . (24

>0 “keZm=0

The square function on the right-hand side of (2.4) gives rise to assumption (2.40). Inequality (2.4)
follows from the next lemma with g(t) = T« ., f(x) and r = 2.

Lemma 2.5. Let r € [1,00), k € Z, and a function g : [0,2X]NU — C be given. Then

2l—1 1
Vi(g(t) 1 €[0.25]nL) <27 Z(Z 102 (m + 1)) - g(zk—’m)|’)' : (2.6)

[>0 "'m=0

The variation norm on the left-hand side of (2.6) can be extended to all z € [0, 2K]if g : [0,2%] — C
is continuous. Lemma 2.5 originates in [Lewko and Lewko 2012], where it was observed that the
2-variation norm of a sequence of length N can be controlled by the sum of log N square functions and
this observation was used to obtain a variational version of the Rademacher—-Menshov theorem. Inequality
(2.6), essentially in this form, was independently proved by the first author and Trojan [Mirek and Trojan
2016] and used to estimate r-variations for discrete Radon transforms. Lemma 2.5 has been used in
several recent articles on r-variations, including [Bourgain et al. 2018]. For completeness we include a
proof, which is shorter than the previous proofs.

Proof of Lemma 2.5. Due to monotonicity of 7-variations it suffices to prove (2.6) with Uy = {u/2" :
ueNand 0 <u < 25TNV in place of [0, 2X] N U. Observe that

Vigt):teUy)=V" (g(ziN) te [0,2k+N]mz).

The proof will be completed if we show that
n 21—
V(g e[0.2)nZ) <2 Z( S 1o m + 1) —g(zlm)v)

[=0 * m=0

7

2.7)
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Once (2.7) is established we apply it with g(z/2™V) in place of g(¢) and n = k + N and obtain (2.6). We
prove (2.7) by induction on n. The case n = 0 is easy to verify. Let n > 1 and suppose that the claim is
known forn —1. Let 0 < ¢y <--- <ty < 2" be an increasing sequence of integers. For j € {0,..., J} let
sj <1j <uj be the closest smaller and larger even integer, respectively. Then

—_

7

7 1y
(Zm(rj)—g(r,-_or) - (D(g(m—g(s,-))+<g(s,->—g(u,-_1))+(g(u,-_1)—g<z,~_1))|’)
j=1 j=1

J 1 J 1
< (Dg(sj)—g(uj_l)v) +(D(g(t,-)—g(sj))+(g(u,-_1)—g<zj_1)>|’) :
j=1 j=1
In the first term we notice that the sequence ug < s; < u; < --- is monotonically increasing and takes
values in 2N, so we can apply the induction hypothesis to the function g(2-). In the second term we use
the elementary inequality (¢ 4+ b)” <2"~!(a” + b") and observe lti —=sj| <1, |[ti-1 —uj—1| <1, and
$j = uj_y, so that this is bounded by the / = 0 summand in (2.7). O

2B. Preparatory estimates. We recall Lemma 2.8 that deduces a vector-valued inequality from a maximal
one. Then we apply it to obtain Lemma 2.9.

Lemma 2.8 [Duoandikoetxea and Rubio de Francia 1986, p. 544]. Suppose that (X, B, m) is a o-finite
measure space and (M )y is a sequence of linear operators on L' (X)+ L®(X) indexed by a countable
set J. The corresponding maximal operator is defined by

My f :=sup sup |Myg|,
ked |gl<|f|

where the supremum is taken in the lattice sense. Let qg,q1 € [1,00] and 0 <0 <1 with % =(1-6)/qo
and qo < q1. Let q¢ € [q0.q1] be given by

1 1-6 0 1 1— 2
_L 40/‘

qe qo g 2 q1
Then

1-6 0
< (sup| M llao—ra0) 1 Mxgllzar_par
L6 kel

(ngzf

kel

H (Z|ngk |2)é

kel

L6

Proof. Consider the operator M g = (Mygr)rey acting on sequences of functions g = (gx)xey In
L'(X) + L*®(X). By Fubini’s theorem

| M gl Lao g0y = || Mrgx Nl Lao [ ¢a0

= (]Scup||Mk||Lq0—>L‘10)|| &k Il Lao | ¢a0
el

= (supl| My || L9090 || g | .90 (¢20).-
kel
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By definition of the maximal operator
Mgl pa gy = H sup|ngk|”qu H My (SUP|gk|) Hqu
keJ keJ

< [ MsglLar—>ra H;fpl&le = [MxllLar>pa (gl La1 (eoo).-
el

The claim for gg €[q¢, g1] follows by complex interpolation between L0 (X ; £90(J)) and L1 (X ; £°°(J)).
O

Lemma 2.9. Suppose that (X, B, m) is a o-finite measure space with a sequence of operators (Si)rez
that satisfy the Littlewood—Paley inequality (1.6). Let 1 < gy < g1 <2 and L € N be a positive integer
and letVy ={(k,[)€Z7?>:0<[] <L —1}. Let (My.1)(k,1yev, be a sequence of operators bounded on
L9 (X)) such that

L—1 %
H (Z Z|Mk,lsk+,-f|2) HLZSajufuLz, feL(x), 2.10)

kez 1=0

for some positive numbers (aj)jez. Then for p = qy and for all f € L?(X) we have

‘ (Z LZ_1|Mk,lSk+jf| ) H

kez 1=0
12 1170;—111 2—q; 111 —40
33 —4 —d4
SL2? qo( sup | Mic i1l faoy pao I Mo I pdi _y par @ S0 e 211)

(k,hevy

If My ; are convolution operators on an abelian group G, then (2.11) also holds for g1 < p < q}. The
implicit constants in the conclusion do not depend on the qualitative bounds that we assume for the
operators My ; on L9 (X).

Proof. First we show (2.11). In the case g; = 2 this is identical to the hypothesis (2.10), so suppose
g1 < 2. Let 6 and g¢ € [q0. ¢1] be as in Lemma 2.8; then by that lemma and Littlewood-Paley inequality
(1.6) we obtain

‘(Z S Mt Ses s ] )

kez 1=0

a0

1-60 6
5( sup ||Mk,l||L40_>qu)||M*,\/L||L41_>Lq1
(k,hevy

1
<L2( sup [ Mpgliab s pao) My 190y panll £l oo (2.12)
(k,))evy,

£

kez 1=0

Since qg < ¢ < 2, there is a unique v € (0, 1] such that

1 v 1—v

91 4e 2
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Substituting the definition of gy we obtain

1 _v@ 1
a2
It follows that 5 5
l_gzq_o’ 9=—_(]0, VO = —QI’
2 2 2
2— 2— —
b= (]1’ v(1—0) = (]1(]_0’ l—p=01"9
2—qo 2—qo 2 2—qo

Interpolating (2.12) with the hypothesis (2.10) gives the claim (2.11) for p =¢q;.
If My ; are convolution operators, then by duality the first inequality in (2.12) also holds with gg
replaced by ¢j. Also,
1

v 1—v
@ 9 2

so the same argument as before also works for p = ¢}. The conclusion for ¢; < p < ¢ follows by
complex interpolation. O

2C. Long jumps for positive operators. Suppose now we have a sequence of positive linear operators
(Ax)xez and an approximating family of linear operators ( Py )xez both acting on L!(X) 4+ L (X) such
that for every 1 < p < oo the maximal lattice operator

Pyf :=sup sup |Pyg|
kez|g|<|f]

satisfies the maximal estimate
| PellLr—rr < 1. (2.13)

Theorem 2.14 will be based on a variant of the bootstrap argument discussed in the context of differen-
tiation in lacunary directions in [Nagel et al. 1978]. These ideas were also used to provide L? bounds for
maximal Radon transforms in [Duoandikoetxea and Rubio de Francia 1986]. It was observed by Christ
that the argument from [Nagel et al. 1978] can be formulated as an abstract principle, which was useful
in many situations [Carbery 1988] and also in the context of dimension-free estimates [Carbery 1986].

Theorem 2.14. Assume that (X, B, m) is a o-finite measure space endowed with a sequence of linear
operators (Sj)jez satisfying (1.5) and (1.6). Given parameters 1 < qo < q1 =< 2, let (Ay)xez be a
sequence of positive linear operators such that supy <z || AxllLao—ra0 < 1. Suppose that the maximal
function Py satisfies (2.13) with p = g1 and

|

‘or some positive numbers (a;)jcy satisfyin
p j)j 8

(Zl(Ak _ Pk>sk+jf|2)2 HL <ajlflpan [ e LX), 2.15)

kez

4140

27
a:= E a; 0 < 0.

jez
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Then for all f € L?(X) with p = q1 we have

(St rose) HL < (U +a®)|flLs. 2.16)

kez

In particular

2
[AsllLr—Lr S1+adr. (2.17)
If in addition we have the jump inequality

I (Pifkez : X = C©) S| f e, (2.18)
then also
JP((Ak Nkez : X > C) S (A +am)| fLe. (2.19)

If Ay and Py are convolution operators on an abelian group G, all these implications also hold for
g1 <p= q/l, and we have the vector-valued estimate

‘ (Z|Akfk|f)i I H (kav);

kez kez
in the same range q1 < p < q’l foralll <r < oo.

(2.20)

Ly

A few remarks concerning the assumptions in Theorem 2.14 are in order. In applications it is usually
not difficult to verify the assumption (2.15). For general operators the most reasonable and efficient way
is to apply 7' T* methods. However, for convolution operators on G assumption (2.15) can be verified
using Fourier transform methods, which may be simpler than 7' 7* methods. Let us explain the second
approach more precisely when G = Re. We first have to fix some terminology.

Let A be a d x d real matrix whose eigenvalues have positive real part. We set

A

t” :=exp(Alogt) fort>0. (2.21)

Let g be a smooth A-homogeneous quasinorm on R4, that is, q: R? — [0, 00) is a continuous function,
smooth on R? \ {0}, and such that

(1) g(x) =0 x =0;
(2) there is C > 1 such that for all x, y € R? we have q(x + y) < C(q(x) + q(»));
(3) q(t4x) = tq(x) forall 7 > 0 and x € R4
Let also g« be a smooth (away from 0) A*-homogeneous quasinorm, where A* is the adjoint matrix

to A. We only have to find a sequence of Littlewood—Paley projections associated with the quasinorm qx.
For this purpose let ¢ : [0, 00) — [0, 00) be a smooth function such that 0 < ¢o < 1/, »] and its dilates

¢; (%) := ¢o(2/ x) satisfy
Y 97 = 10,00 (2.22)

jez
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For each j € Z we define the Littlewood—Paley operator S ; j such that S; i f Vi j corresponds to a smooth
function ¥/ (§) := ¢; (q«(£)) on R4. By (2.22) we see that (1.5) holds for S; = S > . Moreover, by [Riviére
1971, Theorem II.1.5] we obtain the Littlewood—Paley inequality (1.6) for the operators S and S; j-

If (O, :¢ > 0) is a family of Schwartz functions such that d (&)= &J(tq*(g )), where ® is a nonnegative
Schwartz function on R? with integral 1, then by [Jones et al. 2008, Theorem 1.1] we know that for every
1 < p < oo we have

TP (@ok % Nkez R = C) < | flLe, f€LP®RY). (2.23)

The maximal version of inequality (2.23) has been known for a long time and follows from the Hardy—
Littlewood maximal theorem [Stein 1993]. Hence taking Py f = ®,« * f for k € Z, we may assume that
(2.18) is verified.

Suppose now we have a family (Ag)xez of convolution operators Ay f = o« * f corresponding to a
family of probability measures (s : ¢ > 0) on R? such that

1:(E) — 21 (0)] < w(tqs(£)) if 1q«(€) <1, (2.24)
1A:(5)] < o((tg«(€)™") iftq«(§) = 1 (2.25)

for some modulus of continuity w.
Theorem 2.14, taking into account all the facts mentioned above, yields

IP((pak * Nkez 1R > O < | fllLe,  f € LP(RY), (2.26)

for p = ¢q; and g9 = 1 as long as

. a1—ag
a= Za)(Z_m) =40 < 00,

jez
since (2.15) can be easily verified with a; = (27171) using (2.24), (2.25) and the properties of S j and ©.

Proof of Theorem 2.14. We begin with the proof of (2.16). If g; = 2 then we use (1.5) and (2.15) and
we are done. We now assume that ¢; < 2. By the monotone convergence theorem it suffices to consider
only finitely many M}, := Ay — Py’s in (2.16), let us say those with |k| < K. Restrict all summations
and suprema to |k| < K and let B be the smallest implicit constant for which (2.16) holds with p = ¢;.
In view of the qualitative boundedness hypothesis we obtain B < co, but the bound may depend on K.
Our aim is to show that B < 1 +a2/91. There is nothing to do if B < 1. Therefore, we will assume that
B 2 1,s0 by (1.5), (2.13) and (2.11) with L =1 and M} o := M, we obtain

H( ) |Mkf|2) 23 ( S My /] )

lk|=K JEZ" “k|=K

2—qq

S+ Ml pr@)l SNz
Lr

By positivity we have [Ax /| < supjx|<g Ak|f| and consequently we obtain

1
A= s Al f1= s Pilf1+ (X 16l @27

lk|=K |k|=K lk|<K
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By (2.27) and (2.13) we get

IMsllLr—rr <[ PellLr—rr + | AsllLr e < 2| PellLr >0 + B <14 B.
Taking into account these inequalities we have

H( )3 |<Ak—Pk>f|2)é - H( ) |Mkf|2)é

|k|<K |k|I=K

2—qq
<(+a(l+B)>
Lp

IS L.

Taking the supremum over f gives

2—q
2

2_
B<l+a(l+B) 2  <(1+a)B 2",

since we have assumed B > 1, and the conclusion (2.16) follows.
Once (2.16) is proven, in view of (2.27) we immediately obtain (2.17). In a similar way, if (2.18) holds,
we deduce (2.19) from (2.16). Indeed,

JY (A Nkez) S IF(Pr fkez) + IF (Mg fkez)
SWfller + | VEMi f k€D,

<1/lee + H (Z|Mkf|2)é

kez

Lp

In the case of convolution operators we can run the above proof of (2.16) with p = ¢/, since in this case
Lemma 2.9 tells that (2.11) also holds with p = q/l. Once the estimate (2.16) is known for p = ¢1, q’l,
by interpolation we extend it to ¢; < p < q;, and all other inequalities follow as before. Finally, the
vector-valued estimate (2.20) with » = oo is equivalent to the maximal estimate by positivity, with r = 1
it follows by duality, and with 1 < r < oo by complex interpolation. O

2D. Long jumps for nonpositive operators. We now drop the positivity assumption and we will be
working with general operators (B )xez acting on L' (X) + L (X). This will require some knowledge
about the maximal lattice operator B, defined in (2.29) and about the sum of By’s over k € Z. No
bootstrap argument seems to be available for nonpositive operators and therefore additional assumptions
like (2.30) and (2.32) will be indispensable. The proof of Theorem 2.28 is based on the ideas from
[Duoandikoetxea and Rubio de Francia 1986].

Theorem 2.28. Assume that (X, B, m) is a o-finite measure space endowed with a sequence of linear
operators (Sj)jez satisfying (1.5) and (1.6). Let 1 < go < g1 <2 and let (By)rez be a sequence of linear
operators commuting with the sequence (Sj)jez such that supy <z || Bi||La0—ra0 < 1. Suppose that the
maximal lattice operator

By f :=sup sup |Bpg| (2.29)
kez|g|=|f]
satisfies

| BsllLa1 >pa1 < 1. (2.30)
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for some positive numbers (aj)jez:

We also assume

(E:LBkSk+LfP) HszcunfﬂLL fer(x). @31

kez

(1) Suppose that (By) ez additionally satisfies

> 5

kez

<1 (2.32)

L9 — L1

Let Py :=)_ j>k Sj and assume that the jump inequality (2.18) holds for the sequence (Pr) ez with
p =q1. Then forall f € LP(X) with p = g1 we have

#(Zn) o)

j>k ‘1705_']1 .
- 2-a1 B
s(}j& —Hwﬂmqubmwwﬁqmﬁﬂfhm 2.33)
keZ L91— L1 kez
where
q1—40
~ . 2—
a:= Z(|]| + Da; ™™ <oo.

jez
(2) Suppose that there is a sequence of self-adjoint linear operators (§ j)jez such that Sj = S jz for every
J € Z and satisfying (1.6) and (2.31) with Sy in place of Siy j. Then for every sequence (&x)kez
bounded by 1 and for all f € LP(X) with p = q1 we have
a0 2—4q3 2—q;
> exBif

2 2— -
< (supll Bicll fao 7 a0 | Bxll i s parall Sl e, (2.34)
kez L? kez

where a is as in Theorem 2.14.

In the case of convolution operators on an abelian group G all these implications also hold for
q1 = p =q;.

In applications in harmonic analysis we will take By = T,x — Tox+1 for k € Z, where T is a truncated
singular integral operator of convolution type; see (2.3). This class of operators motivates, to a large extent,
the assumptions in Theorem 2.28. In many cases they can be verified if we manage to find positive operators
Ay such that | By f| < Ay | f| forevery k € Z and f € L'(X)+ L*(X). In practice, Ay is an averaging
operator. We shall illustrate this more precisely by appealing to the discussion after Theorem 2.14.

Suppose that (B )xez is a family of convolution operators By f = 05« * f corresponding to a family of
finite measures (o, : 7 > 0) on R such that SUp;ollo¢|| <ooandforevery k € Zandt € [2K, 2k*+1] we have

161(5)] < 0(2%q4()) if 2%q.(8) < 1, (2.35)
16:(8)] < o(Fqx(E)™Y) i 2Kqu(8) = 1 (2.36)
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for some modulus of continuity @. Additionally, we assume that |0,k | < (o« for some family of finite
positive measures (1 : ¢ > 0) on R? such that sup;sollps|| < oo and satisfying (2.24) and (2.25). In
view of these assumptions and Theorem 2.14 we see that condition (2.30) holds, since | By | < Ax| f],
where Ay f = ok * f. Therefore,

> Bif

kez

Salflce
Lr

implies (2.32) with p = ¢; and g¢ = 1, provided that
.| 41=40
a= Za)(Z_m) a0 < 00,
jez
since (2.31) can be verified with a; = w(2_|j |) using (2.35), (2.36), and the properties of S ;j associated

with (2.22). Having proven (2.30) and (2.32) we see that (2.33) holds for the operators By f = 05k * f
with p = ¢, and g9 = 1 as long as

. d1=dg
a=> (ljl+ Do )0 <o,
jez
Proof of Theorem 2.28. In order to prove inequality (2.33) we employ the decomposition

S Bi=PcY Bi—> > SkwiBisj+ > > SkiBrsj: (2.37)

j=>k jez [>0j<0 1<0j=0
see [Duoandikoetxea and Rubio de Francia 1986, p. 548]. The sz quasiseminorm of the first term on the
right-hand side in (2.37) with p = ¢ is bounded, due to (2.18), and (2.32), which ensures boundedness
of the operator ) ;¢7 Bj.
The estimates for the second and the third terms are similar and we only consider the last term. We
take the £2 norm with respect to the parameter k and estimate

Jf((ZZBH,-Ska) X @)

1<0j20 ke

23
< |(ZIE X ssear] )
kez'1<0j>0 Lr
k 2\1
=](zz > Bunsif| )
keZ'm>0 n=k—m Lr
k 2\1
< B S by the triangle inequalit
_Z(ZZ n+mnf)Lp (by gle inequality)
m=>0" “kezZ'n=k—m
i 4
1
< m+1)2 ( B S 2) H by Holder’s inequalit
S+ D ButmSuf| L, quality)

m=0 keZ n=k—m

1

— Y m+ 1)” (Z1Bremsn 1)

m=0 nez

Ly
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By (2.11), with L = 1 and M o := By, we obtain

S+ 1)‘ (Z18eks1 )

jez kez

q9 2—4] 2—qq

2 2— -3 ~
< (lscup”Bk”Ltl()_fgcl())”B*||L6121_)L611a”f”L1’-
Lr €Z

To prove the second part observe that for a sequence of functions (f;)jez in L?(X;£*(Z)) we have
the inequality

; (2.38)

2.5il

Jj€Z

(Zm)

jE€Z

Lp ‘

which is the dual version of inequality (1.6) for the sequence (§ j)jez. To prove (2.34) we will use (1.5)
and (2.38). Indeed,

ZEkkaH <> Z8k3k5k+ij (by (1.5))
kez JE€EZ kez Lr
o S . ~2
= ZSk+j(8kBkSk+jf)H (since Sj = S)
jez"kez Lr
1
~ 2
< (Z|Bksk+ ; f|2) H (by 2.38))
jez" “kez Ly

— =4
< (]SCUPHBk ||qu_>104qo) || Bx ||L‘121 14 I/,
€Z

where in the last step we have used Lemma 2.9, with L = 1 and My o := By. O

2E. Shortvariations. We will work with a sequence of linear operators (A4;);cy (not necessarily positive)
acting on L1 (X) + L% (X). However, positive operators will be distinguished in our proof and in this
case we can also proceed as before using some bootstrap arguments.

For every k € Z and t € [2%, 2k+1] we will use the notation

A((As)se)e [ = A(A) f = Ar f — Ai f.

Theorem 2.39. Assume that (X, B, m) is a o-finite measure space endowed with a sequence of linear
operators (Sj)jez satisfying (1.5) and (1.6). Let (A)seu be a family of linear operators such that the
square function estimate

_L
H (Z Z|(A2k+2k ot 1) — Ag 42k zm)S,+kf|) H =rRalfle @4
L

keZ m=0
holds for all j € Z and | € N with some numbers a; ; > 0 such that for every 0 < & < p we have

Yy o af | < oo, (2.41)

1>0jez
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(1) Letl <qg<2and4 < goo < 00, and suppose that for each qy < p < oo the vector-valued estimate

1 1
2 2
‘ (Z|A2k<1+,)fk|2) S (Z|fk|2) (2.42)
kez Lr kez Lr
holds uniformly int € UNJ0, 1]. Then for each
3 P 4
+1/90 P S 142/4m
we have :
2
‘ (Z V(A f 1 e2F 2N W) SIS e (2.43)
kez Lr
and for each 4 < p < goo and
o P02
24oo—1p
we have 1
' (Z V(A f e 2K 25N W) SIS lee (2.44)
Lp

kez
forall f e LP(X).

(2) Let gy € [1,2) and o € [0, 1] be such that aqy < 1. Suppose that we have the operator norm
Holder-type condition

h o
|A¢+n— AtllLao—rao < (?) , t,t+heUandhe (0,1]. (2.45)
Then for every exponent g1 satisfying
2
Go<2— 1 <y <2 (2.46)
2—aqq
and such that
||A((As)seU.J)*,U_J||L“1—>L‘41 § 1 (2-47)

we have for all | € LP(X) with p = q; that the estimate (2.43) holds with the implicit constant which is
a constant multiple of

a1=a9 _2-a; 1y; 420

- 1
a = Z Z 2_(0‘ =gy 2 T272=q9 2—ap i)lajzl—qo < 00.

(3) Moreover, if (A¢)rey is a family of positive linear operators, then the condition (2.47) may be
replaced by a weaker condition
|4%,pllLar —pa <1 (2.48)

and the estimate (2.43) holds as well with the implicit constant which is a constant multiple of 1 + a*/91.

In the case of convolution operators on an abelian group G the implication from (2.48) to (2.43) also
holds with p replaced by p'.
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Theorem 2.39 combined with the results formulated in the previous two paragraphs for dyadic scales
will allow us to control, in view of (2.2), the cases for general scales. The first part of Theorem 2.39 gives
(2.43) in a restricted range of p’s. If one asks for a larger range, a smoothness condition like in (2.45)
must be assumed. Inequality (2.45) combined with maximal estimate (2.47) gives larger range of p’s in
(2.43). If we work with a family of positive operators the condition (2.47) may be relaxed to (2.48) by
some bootstrap argument. In the context of discussion after Theorem 2.14 and Theorem 2.28 let us look
at a particular situation of (2) and prove (2.43).

Suppose that (A;);>¢ is a family of convolution operators A; f = g * f corresponding to a family of
finite measures (o : ¢ > 0) on R? such that Sup;¢llo¢|| < oo and satisfying (2.35) and (2.36). We assume
that |o;| < 1, for some family of finite positive measures (1; : 7 > 0) on R? such that SuUp;sollpsl < oo
and satisfying (2.24) and (2.25) to make sure that condition (2.47) holds. Additionally, let us assume that
(2.45) holds with @ = 1 and g¢y = 1, 2. By Plancherel’s theorem, (2.35) and (2.36) we obtain

(A 4 25—t mag 1) = Aok g2kt ) Sjke fll L2 S @@V S 4k f N L2 (2.49)

Thus (2.45) with go = 2, t = 2% +25~Im, h = 2%~ combined with (2.49) imply

(A st o1 1y = At k1) S 4k SN2 S minQ@ ™ 0 @718 44 Sl 2 (2.50)

Consequently (2.40) holds with a; ; = min{1, 2wV |)} and Theorem 2.39 gives the desired conclusion

as long as
(a1-D!

a= ZZZ_ 7 (min{1, 2’027 hH"1 71 < 0o,

>0 j€ez

Proof of Theorem 2.39(1). By Minkowski’s inequality for 2 < s < goc < 00 we have

2l—1 Los
‘ (Z Z |(A2k+2k—l(m+1) - A2k+2k—lm)fk|s)
keZ m=0 Lieo
2l—1
= Z Z|(A2k+2k—l(m+1) —A2k+2k—1m)fk|s
m=0 kez Laco/s
201
f Z Zl(AZI"—f-Zk_’(m—i-l) —Azk_i_zk—lm)f}cls
m=0"kez Laoo/s
1
/ sY *
<2 sup Z|(A2k+2k—l(m+1) — A2k+2k—lm)fk|
0<m<2/ll \f o7 Ldoco
Lys
/ 2
<2 sup (Z|A2k+2k_’mfk| )
0=m=2l \} 7 Ldoo
1
I+s 2 2|
2D 1A :
Ldoco

kez
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where we have applied (2.42) in the last step. Using this with f; = S« f and applying (1.6) we obtain

2l—1 1
s L
|(A gk ok~ (my1) — Aok yok—1)Sjri [ 1* <25 fllLacss
L
keZ m=0 o0
for all 2 < s < goo < 00. By interpolation with (2.40) we obtain
2l—1 1
r _ 61, d-=6)
‘(Z Z |(Agk 4 ok~1 (1) —A2k+2k—lm)Sj+kf|r) <272t a?J”f”Ll” (2.51)
keZ m=0 Ly
where 0 <0 <1 and
1 6 1-6 1 6 1-6
-==<+ and —=—-+4+——,
r 2 ) D 2 Goo
o)
9 — EQOO - P‘
D Goo—?2

By Lemma 2.5, or more precisely by an analogue of inequality (2.4) with £” norm in place of £? norm,
and by (2.51) we obtain

H (Z V(A f 1 €25, 25N [U)’)r

kez

_61 =60l
Y >t sdd e (2.52)

L? >0 jez

In view of (2.41) withe =0/2— (1 —60)/s and p = 0 this estimate is summable in / and j, provided that
—0/2+ (1—6)/s < 0. In particular, for

4
25 p<——m—
= S T 2/40
we use s = 2. For 4 < p < goo We use
-2
oo Q0P —2)
oo — P
and then
-2
p> L2
2qoo—p
For ¢y € (1, 2) by Minkowski’s inequality and (2.42) we have
2! 1 L
‘ (Z Z |(A2k+2k—l(m+1) - A2k+2k—lm)ﬁc|2)
keZ m=0 Lo
2l—1 1
< Z (Zl(A2k+2k—l(m+1) — A2k+2k—lm)fk|2)
m=0" ‘kez Lo
! }
=2 s |(Ylassom i) | 52 (Z|fk|2)
o=m=2!1\} =, L0 kez Lo
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Substituting fx = S« f, applying (1.6), and interpolating with (2.40) we obtain

2l—1

1
ol
(Z D (Aot ot gty = Aok gk zm>S,+kf|) 272t i f e, (253)

keZ m=0 Lp
with
1_9 1-6
p 2 q0
for 0 < 6 < 1. Hence
2 p—
9=_P do
P 2—qo

and in view of (2.41) with e = /2 — (1 — 6) and p = 0 this estimate is summable in / and j, provided
that —8/2 + (1 — 6) < 0. The conclusion again follows from Lemma 2.5 and (2.53) like in (2.52) with

3 <
1—|—1/q0

Proof of Theorem 2.39(2)—(3). By the monotone convergence theorem we may restrict k£ in (2.43) to

<2. a

|k| < K¢ and parameters ¢ to the set
U, == {u/2%0 :u e Nand 210 <y < 2k +Lotly

for some Ky € N and L € Z as long as we obtain estimates independent of Ky and L¢. Fix Ky, Lo and
let 1 U| k<Ko [U Let q1 satisfy (2.46); then invoking (1.5) and (2.11), with L = 2! we obtain

2l-1

1

2

H( Z |(A2k+2k—l(m+1) —A2k+2k—/m)f|2)
|k|<Ko m=0

Lpr
2—qy | i_ql o Eai}
—aq 2 —q
<2700 2 ( |kS|uI1)( Aok okt g1y = Aok pok—tmll agos £a0) | AW A)sew)sill L6 pan
=Ko _
0sm<2f - (Z(z‘ﬁa,- 1)—) 1/ llzo
jez
2 11 ! 2— 2—q1 1 4q a1 qu
<25 b (e i D) | AU seweill s g2 E 0 0 3 a0 | .
jez

In order for the right-hand side to be summable in / we need

12—q; 2—q190 lq1—qo
— — — ——— <0 <~ 2— —a2— — - < 0.
230 a2—q0 2 22 (2—q1) —a(2—q1)q0 — (91 — q0)

It suffices to ensure

2(1 —aqo) +qo 2—qo
2—q)(1—ago) —(q1—q0) <0 = g1 > —2_ ’
2—aqo 2—aqo
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and this is our hypothesis (2.46). Hence under this condition by Lemma 2.5 we conclude for general
operators that

1 Ko+Lo 201 %
. k
H( Z Vz(Atf.tG[ULO)Z) < Z ( Z Z |(A2k+2k—l(m+1)—A2k+21c—lm)f|2)
|k|<Ko Ly =0 " Mk|<kom=0 Lr
2-aq; ,
< ”A((As)sefu)*,U”qul _)quaH]/ ”LP» (2.54)

as desired. For positive operators crude estimates and interpolation show that
B = || AspllLr—Lr < 00,

with p = ¢y, since [ is finite. Note that

1
2
sup|Atf<x>|Ssup|Atf(x>|+(§; sup |<At—A2k>f<x)|2). 2.55)
tel teD kez tel2k 2k+1H)n1

Therefore, appealing to (2.55), (2.48) and (2.54) we obtain by a bootstrap argument that B < 1 +

B2=41/24 gince
2—qy 2—q;

IA(As)sev)will i pay < B 2

Hence, B <1 +a?/91 In particular, the estimate (2.54) becomes uniform in | C U, and this simultaneously
implies (2.43).

In the case of convolution operators we may replace p = ¢ by p = ¢} in Lemma 2.9 and all subsequent
arguments. O

3. Applications

3A. Dimension-free estimates for jumps in the continuous setting. We begin by providing dimension-
free endpoint estimates, for »r = 2, in the main results of [Bourgain et al. 2018]. Let G C RY be a
symmetric convex body. By the definition of the averaging operator (1.8) we have A?ﬁ = ﬁA?(G),
where U f = f oU is the composition operator with an invertible linear map U : R? — R4, It follows
that all estimates in Section 1 are not affected if G is replaced by U(G).

By [Bourgain 1986a], after replacing G by its image under a suitable invertible linear transformation,

we may assume that the normalized characteristic function y := |G|~ '1¢ satisfies
@l =Cclg™, 3.1)
) —1] = CIEl, (3.2)
(6. V@) = C, (3.3)

with the constant C independent of the dimension. In [Bourgain 1986a] these estimates were proved with
|L(G)&| in place of |&| on the right-hand side, where L(G) is the isotropic constant corresponding to G.
The above form is obtained by rescaling.
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Then A; := AtG is the convolution operator with 1, and fi;(§) = [i(¢£). The Poisson semigroup is
defined by

Pf (€)= p(§) /(). where p;(£) := e 718,

The associated Littlewood—Paley operators are given by S := Pox — Pyk+1. Their Fourier symbols
satisfy

Sk ()] < min{2¥|g|, 27% &7}, (3.4)

where §k (&) is the multiplier associated with the operator Sy, i.e., S/k\f &) = §k €3] f (§). From now
on, for simplicity of notation, we will use this convention. The symbols associated with the Poisson
semigroup Py := P,k satisfy

|Pe()—1] < 12| and | Pp(8) <27 (g7". (3.5)

Proof of Theorem 1.9. We verify that the sequence (Ay)xez, Where Ay := A,«, satisfies the hypotheses
of Theorem 2.14 for every 1 = g9 < ¢1 < 2.

The maximal inequality (2.13) and the Littlewood—Paley inequality (1.6) for the Poisson semigroup
with constants independent of the dimension are well known [Stein 1970]. The jump estimate (2.18) was
recently established in [Mirek et al. 2018b, Theorem 1.5].

It remains to verify condition (2.15) for the operators My := Ay — Py. In view of (3.1), (3.2) and
(3.5), we have

| Mi(§)] < min{|2°E| 7" 1263,
For £ € R? \ {0} let ko € Z be such that § = 2kog satisfies |§| =~ 1. By (3.5) it follows that

D 1My () Skt (E)F <Y min{[25[71, 125} min{| 2 g ! 2k g )2

kez kez
= > min{|2%|71, [2%E ]} min{|2* T/ E| 7! 2K HTE
kez
<Y min{27* 2K} min{ (2% /)71 2k H/y2 < 070V (3.6)
kez

for § € (0, 2) with the implicit constant independent of the dimension. By Plancherel’s theorem this shows
that (2.15) holds with a; < 271/1/2, O

Proof of Theorem 1.11. We will apply Theorem 2.39 with A; := A; := A,G. By a simple scaling we have
S{H)G. Hence Theorem 2.14, with Ay = AS\,H)G, applies and we obtain the vector-valued
inequality (2.20) for all 1 < p < oo and r = 2, which consequently guarantees (2.42). It remains to verify
the hypothesis (2.40) of Theorem 2.39. We repeat the estimate [Bourgain et al. 2018, (4.23)]. By (3.3)

for ¢t > 0 and /2 > 0 we have

AZI‘(I-H‘) = ./4

t+h du

t+h h
e+ no—peo| = [ e awoyas [T ST 6
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By the Plancherel theorem this implies

h
[Aspn —Atllp2—p2 < T (3.8)
This allows us to estimate the square of the left-hand side of (2.40) by
2/—1
LHS (240> = D 3 [ (Agk okt g 1) — Aok k1) Sy S 17 2
kez m=0
2!—1
<202 27k SN
keZ m=0
=271 US4 172 <271 S 17
kez
Secondly, by (3.1) and (3.2) for every 0 <m < 2! we have
AQE + 257 (m + 1)8) — A2 + 257 m)8)| < minf|2¥E ) 12%¢1 7).
Arguing similarly to (3.6) we obtain
LHS (2.40)% < 21273171 1|12,
Hence (2.40) holds with a; ; = min{1,2/278171/2}, O

Proof of Theorem 1.14. By Theorem 1.9 we have the hypothesis (2.48) of Theorem 2.39. The hypothesis
(2.40) was verified in the proof of Theorem 1.11. The remaining hypothesis (2.45) is given by [Bourgain
et al. 2018, Lemma 4.2], but we give a more direct proof.

Recall that BY is the unit ball induced by £¢ norm in R4, From [Miiller 1990] (for 1 < g < 00), and
[Bourgain 2014] (for ¢ = co) we use the multiplier norm estimate

”ﬁluMl’ ip,q,oe I, m= (E-V)WA,

for @ € (0,1) and p € (1, 00) with implicit constant independent of the dimension. For a Lipschitz
function 4 : (1, 00) — R such that |(¢)| < |¢|7! and |h'(¢)| < |¢|7" fractional differentiation can be
inverted by fractional integration:

1 +oo
h(t) = Ta)/t w—0)*""D%(u)du, t>1;
see [Deleaval et al. 2018, Lemma 6.11]. In particular, for # > 1 we obtain
1 +o0
BO=h() = o [ =05 = =" D) d,

where v+ := max(u, 0) denotes the positive part. In view of (3.1) and (3.3) this result can be applied to
the function A(r) = f(t£) for any & € R? \ {0}. Observing D*h(u) = u~%m(u&) we obtain

~ ~ 1 oo a—1 oa—1y, —o ~
u(té)—u(é‘)=mfl (=% = @—=D3 u "m(ut)du.
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On the other hand we have
+o00
/1 = 0% = (= 1D ™ du S (1 — D,

and for a Schwartz function f € S(R?) this implies

. +o00 ~
17 (€)= S E)Lr Sfl =) = =D ™ F (@EV)* ) E) S E)le du
Se (t=1)% sul(a)llJfg1 (WEV)* 1) (uE) £ ()| Lo

Sa (=D*I(EV)*WE) I nee |l fllr.

where we have used the Fourier inversion formula and Fubini’s theorem in the first step and scale invariance
of the multiplier norm in the last step. Since the multiplier i (z€) — (§) is (qualitatively) bounded on
L? with norm < 2, by density of Schwartz functions this implies

() = Allmr Sa =1,
which by scaling implies the hypothesis (2.45). O
Finally we emphasize that once Theorem 1.9 is proved, alternative proofs of Theorems 1.11 and 1.14

follow by appealing to the short variational estimates given in [Bourgain et al. 2018].

3B. Dimension-free estimates for jumps in the discrete setting. We outline the proof of Theorem 1.18.
The strategy is much the same as for the proofs of Theorems 1.9 and 1.11. Let

1 .
my(§) = N1 Z e2mimE  forg e T4
€0

d
+ D

be the multiplier corresponding to the operators A defined in (1.17). Here we remind the reader
of the following estimates for my established recently in [Bourgain et al. 2019]. Namely there is a
constant 0 < C < oo independent of the dimension such that for every N, Ni, N, € N and for every
feTd=[-1, %)d we have
lmy (&) < C(NIED™",
imn(§) — 1] = CNIE], (3.9)
[m, (§) —ma, ()] < CINy — Ny max{N', Ny 13,
where | - | denotes the Euclidean norm restricted to <.
The discrete Poisson semigroup is defined by

Pof(E) = pi(€) [ (§), where p;(§) := e~ 27! Ekin,

for every & € T4 and

d 3
€ sin := (Z(Sin(néj))z) .

Jj=1
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We set Py := P,« and the associated Littlewood—Paley operators are given by Sy := Pyk — Pak+1. The
maximal inequality (2.13) and the Littlewood—Paley inequality (1.6) for the discrete Poisson semigroup
with constants independent of the dimension follow from [Stein 1970]. The jump estimate (2.18) for
discrete Poisson semigroup was recently proved in [Mirek et al. 2018b, Theorem 1.5]. Moreover, using
€] < |€|sin < 7|€] for & € T4, we see that the corresponding Fourier symbols Sy (£) and Py (£) satisfy
estimates (3.4) and (3.5) as well.

In order to prove (1.20) we have to verify that the sequence (Ag)xen, Where Ag := A,k satisfies
the hypotheses of Theorem 2.14 for every 1 = g9 < g¢; < 2. Taking into account (3.9), (3.4) and (3.5)
(associated with the discrete Poisson semigroup) it suffices to proceed as in the proof of Theorem 1.9. To
prove (1.19) we argue as in the proof of Theorem 1.11.

3C. Jump inequalities for the operators of Radon type. In this section we prove Theorems 1.22 and 1.30.
By the lifting procedure for the Radon transforms described in [Stein 1993, Chapter 11, Section 2.4]
we can assume without loss of generality that our polynomial mapping P (x) := (x)!' is the canonical
polynomial mapping for some I" C N’g \ {0} with lexicographical order, given by

RS x = (x1.....x¢) > () := (E36 ---x}{”‘:yeF)e[R{F,

where R! := RIT! is identified with the space of all vectors whose coordinates are labeled by multi-indices
Y= ) €L

Throughout what follows A is the diagonal |I"| x |I"| matrix such that (4x), = |y|x, forevery x € RT
and let g, be the quasinorm associated with A* = A, given by

G () = max(|&,|#1) for £ € RT.
yel

We shall later freely appeal, without explicit mention, to the discussions after Theorems 2.14, 2.28
and 2.39 with d = |T"|, A and g+« as above.

Proof of Theorem 1.22. Let M; := /\/l}D , where P(x) = (x). Observe that M; is a convolution operator
with a probability measure (., whose Fourier transform is defined by
(€)= 1 em2miE()T dy for&eRl.
12| Je,
Condition (2.25) with w(t) = 11/ follows from Proposition B.2 and Lemma A.1. It is not difficult to see
that (2.24) also holds.

In order to prove (1.23) it suffices, in view of (2.2), to show inequality (2.19) with A := M« and
inequality (2.43) with A; := M, for every 1 = g9 < q; < 2. We have already seen that (2.26) holds;
hence (2.19) holds and we are done. We now show (2.43). For this purpose note that (2.45) holds for all
1 < go < 0o. This combined with (2.24) and (2.25) permits us to prove (2.49) and (2.50), which imply
(2.40) and Theorem 2.39 yields the conclusion. O
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Proof of Theorem 1.30. Let H; := ’Hf , where P(x) = (x)T. Denote the Fourier multiplier corresponding
to the truncated singular Radon transform by

W, (§) ;:/ e 2mEMT K(y)dy  for £ e RY. (3.10)
RK\Q
For a fixed « € (0, 1) we claim

W1 (&) — Wy ()] <o 1€ 12T + o (114
S (0 (&) + g (9= (E))4)  if 1qu(®) = 1, (3.11)

for all s,¢ € (0, 00) such that k¢ < s < ¢. Indeed, by Proposition B.2 we obtain

W (§) —Ws(6) =

/ e 2miEMT gy dy'
Q\Q;

< o [10e10.00)- Uane K0 =)l
veRk:|v|§tA_%
with
A=) Mgl
yel
The claim (3.11) clearly holds for A < 1. If A > 1, then for a fixed v we use (1.28) and the fact that
Q:\ Qs € B(0,1)\ B(0, cqrt) to estimate the contribution of y such that y, y —v € Q; \ Q5. On the
set of y such that exactly one of y, y — v is contained in 2, \ 25 we use (1.26); the measure of this set
is bounded by a multiple of t*=1|v| due to Lemma A.1. This finishes the proof of (3.11).
Additionally, we have

W (§) —Ws(6)| < ItAéléo S (1907 + 0k (19 ()T)  if 1qu(E) < 1 (3.12)

due to the cancellation condition (1.27) and (1.26).

To prove (1.31) we fix 6 € (0,1] and p € {1 + 6, (1 + 6)'} and invoking (2.2) it suffices to prove
inequalities (1.32) and (1.33). Inequality (1.32) will follow from (2.33) withgg =1, ¢; =146, and Bj :=
H,i —H,i+1 upon expressing H,« as a telescoping series like in (2.3). Inequality (1.33) will be a conse-
quence of (2.43) withqo =1, g1 =1+6, and A; :=H;. Let (0 :t > 0) be a family of measures defined by

or * f(x) =/ f(x=)DHK(y)dy forevery ¢ e[2k,2k+1], ke?. (3.13)
Q\Q2,k

Estimates (3.11) and (3.12) allow us to verify (2.35) and (2.36) respectively with w(¢) := (a4

wi (1Y), Moreover |ook | < ok, Where pu; is the measure associated with the averaging operator M.

Hence the discussion after Theorem 2.28 guarantees that inequality (2.33) holds, since By f = 05k+1 * f.

To prove (2.43) it suffices to note that (2.45) holds for all 1 < gy < co. Moreover inequalities (2.49) and

(2.50) remain true for A; = H;. Then Theorem 2.39 completes the proof. O
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Appendix A: Neighborhoods of boundaries of convex sets

We will show how to control the measure of neighborhoods of the boundaries of convex sets. The proof
of the lemma below is based on a simple Vitali covering argument.

Lemma A.1. Ler Q C R¥ be a bounded and convex set and let 0 < s < diam(2). Then
[{x € R : dist(x, 0Q2) < s}| <g sdiam(Q)k_l.
The implicit constant depends only on the dimension k, but not on the convex set .

Proof. Let r = diam Q. By translation we may assume 2 € B(0, r), where B(y, s) denotes an open ball
centered at y € R¥ with radius s > 0. Notice

{x e R¥ dist(x,0Q2) < s} C U B(y,s).
yei

By the Vitali covering lemma there exists a finite subset ¥ C 92 such that the balls B(y, s), with y € Y,

are pairwise disjoint and
U BG.9)| | B(.s)
yeiI yeyYy

S

Consider the nearest-point projection P : R¥ — 1 Q, thatis, P(x) =x', where x” € cl Q is the unique point
such that |x — x’| = dist(x, c1 Q). It is well known that P is well-defined and contractive with respect to
the Euclidean metric. The restriction of P to the sphere dB(0, ) defines a surjection Py : dB(0,r) — 0.
This follows from the fact that for every point x € d2 there exists a linear functional ¢ : R* — R such
that ¢ (y) < ¢(x) for every y € cl Q; see, e.g., [Rockafellar 1970, Corollary 11.6.1]. For each y € Y we
choose z(y) € dB(0, r) such that Py(z(y)) = y. Then the balls B(z(y), s) are pairwise disjoint in view
of the contractivity of P and contained in the set

{xeRk:r—s<|x|<r+s},
which has measure < s(r + s)*~1. But the union of the balls B(z (»), s) has the same measure as
Uyey B(».s), and the conclusion follows. O
Appendix B: Estimates for oscillatory integrals

We present the following variant of van der Corput’s oscillatory integral lemma with a rough amplitude
function.

Lemma B.1. Given an interval (a,b) C R suppose that ¢ : (a,b) — R is a smooth function such that
| ®) (x)| = A for every x € (a, b) with some A > 0. Assume additionally that

e cither k > 2,

e ork =1 and ¢’ is monotonic.
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Then for every locally integrable function ¥ : R — C we have

b
/ ey () dx

Proof. Let 1) be a smooth positive function with suppn € [—1,1] and [ n(x)dx = 1. Let p(x) :=
¥« A k(A1 kx), and note that

x+A"VEk A/ k

b
. 1
< inf / |w(y)|dy+xk/ /|w<x)—w(x—y)|dxdy.
as<x=<b Jx_)\—1/k AUk Jq

¥ (x) — p(x)| swf»A|w(x)—w<x—y)||n(w1y)|dy.

Then we may replace ¥ by p on the left-hand side of the conclusion. For every x( € (a, b) by partial
integration and the van der Corput lemma, see for example [Stein 1993, Section VIII.1.2], we have

b b b x
[ e pax ='/0(x0) [ e as [Ceo [ iaax
a a a X0
b X0 Yo
S‘P(Xo)/ 1) gy / p’(y)/ e"”(x)dxdy‘Jr
a a a

. b
srk(|p<xo>|+ | |p/<x>|dx).

+

b b
/p’(y)/ e"”(")dxdy‘
X0 y

The latter term is estimated using

10/ ()] = (W (x) — ) % Ak gk ) (x)] S AR fRIW(x)—I/f(x — IO p)|dy,
and the conclusion follows. O

We will also need a multidimensional version of Lemma B.1. As before B(y, s) denotes an open ball
centered at y € R¥ with radius s > 0.

Proposition B.2 [Zorin-Kranich 2017]. Given d,k € N, let P(x) = lelalﬁ 4 Aax® be a polynomial in
k variables of degree at most d with real coefficients. Let R > 0 and let r : R — C be an integrable
function supported in B(0, R/2). Then

/Rk POy (x) dx

Sac s [ e —pe—olar

VERK:|v|<RA™ d

A= Y R,

1<|x|<d

where

We include the proof for completeness.

Proof. Changing the variables we have

— Rk

/ eiP(x)W(x) dx
Rk

/Rk e PRy p (x) dx|,
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where
PR(x)= Y Riux®  yr(x)=y(Rx) and suppyg S B(0.1).

1<|a|=<d
Let us define

= s [ () - velr-vldx

! 1
vERK:|v|<A™d

and observe that || ¥ g 1 < BA'/9. So there is nothing to prove if A < 1. We assume that A > 1. Let
be a nonnegative smooth bump function with integral 1, which is supported in the ball B (O, %) Then we
define p(x) = AK/4y(AY4x) and ¢(x) = Y * p(x) and we note

/|wR<x)—¢<x>|dst5/ f W R() — VRGr— )| dxn(A¥ y)dy < B.
R¥ Rk JRE

The proof will be completed if we show that

‘/Rk eiPR(x)qS(x) dx

Sak B (B.3)

Since ¢ is a smooth function supported in B(0, 1) we invoke [Stein and Wainger 2001, Lemma 2.2] to
get the conclusion. Indeed, that result ensures that there exists a unit vector £ € R* and an integer m € N
such that |(§ - V)" PR| > ¢k 4 /A on the unit ball B(0, 1) for some ci 4 > 0. We may assume, without
loss of generality, that £ = ¢y = (1,0,...,0) € RX. Then by the van der Corput lemma, see for example
[Stein 1993, Corollary, p. 334], we obtain

1
‘/ PR () dx / (|¢(1,x’)|+/ |81¢(x1,x')|dx1) dx’
RK R—1NB(0,1) -1
SATEVRlL.

QU=

SAT

since supp ¢ € B(0, 1) and ¢(1, x’) = 0 for every x” € R~1 n B(0, 1).
We now show that ||V |1 < A4 B Indeed, for every j € {1,..., k} we have

0,91 = [
:\[;Qk

sabtd [ e -yt pll@ma il ardy < A,
RI‘ RI‘

dx

ka YR(x —y)djip(y)dy

dx

| ) = valr = () dy

This proves (B.3) and completes the proof of Proposition B.2. O
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