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ENERGY CONSERVATION FOR THE COMPRESSIBLE EULER AND
NAVIER-STOKES EQUATIONS WITH VACUUM

IBROKHIMBEK AKRAMOV, TOMASZ DEBIEC, JACK SKIPPER AND EMIL WIEDEMANN

We consider the compressible isentropic Euler equations on [0, T'] x T¢ with a pressure law p € C'7 1,
where 1 <y < 2. This includes all physically relevant cases, e.g., the monoatomic gas. We investigate
under what conditions on its regularity a weak solution conserves the energy. Previous results have
crucially assumed that p € C? in the range of the density; however, for realistic pressure laws this
means that we must exclude the vacuum case. Here we improve these results by giving a number of
sufficient conditions for the conservation of energy, even for solutions that may exhibit vacuum: firstly, by
assuming the velocity to be a divergence-measure field; secondly, imposing extra integrability on 1/p near
a vacuum; thirdly, assuming p to be quasinearly subharmonic near a vacuum; and finally, by assuming
that # and p are Holder continuous. We then extend these results to show global energy conservation for
the domain [0, 7] x © where 2 is bounded with a C? boundary. We show that we can extend these results
to the compressible Navier—Stokes equations, even with degenerate viscosity.

1. Introduction

In recent years some substantial effort has been directed towards investigating the relation between energy
(or, more generally, entropy) conservation and regularity of weak solutions to a given physical system of
equations.

Onsager’s conjecture states that a weak solution of the (three-dimensional) incompressible Euler system
will conserve energy if it is Holder regular with exponent greater than % Otherwise it is possible for
solutions to exist where anomalous dissipation of energy occurs. First results towards energy conservation
for weak solutions are due to Eyink [1994] and Constantin, E, and Titi [Constantin et al. 1994]; see
also [Duchon and Robert 2000]. The sharpest results in optimal Besov spaces are due to Cheskidov
et al. [2008] and Fjordholm and Wiedemann [2018]. Further, Bardos and Titi [2018], Bardos, Titi, and
Wiedemann [Bardos et al. 2018], and Drivas and Nguyen [2018] have extended these results to consider
solutions on a bounded domain.

Investigating the possibility of analogous statements for other systems has become another lively direc-
tion of research. Sufficient regularity conditions for the energy to be conserved were studied for a number
of models: inhomogeneous incompressible Euler [Chen and Yu 2019] and Navier—Stokes [Leslie and Shvy-
dkoy 2016], compressible Euler [Feireisl et al. 2017], the full Euler system [Drivas and Eyink 2018], com-
pressible Navier—Stokes [Yu 2017], and Euler—Korteweg [Dgbiec et al. 2018]. A general class of first-order
conservation laws was considered in [Gwiazda et al. 2018], and in [Bardos et al. 2019] on bounded domains.
MSC2010: primary 35Q31; secondary 35Q30, 35L65, 76N10.
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Another direction of research was aimed towards the construction of (% —8)—H61der continuous solutions
to the incompressible Euler system that do not conserve energy. With the application, and further
refinements, of the method of convex integration this was achieved recently in [Isett 2018; Buckmaster
et al. 2019]. Thus the famous conjecture of Lars Onsager for the incompressible Euler equations is fully
resolved.

One of the major differences between incompressible and compressible fluid dynamics is the possible
formation of vacuum in the latter case. This means that the density of the fluid may become zero in some
region. More precisely, consider the isentropic compressible Euler system

0 (pu) +div(pu @u) +Vp(p) =0,

(1-1)
d;p +div(pu) =0,

where u denotes the velocity and p the density of the fluid. We will specify the constitutive pressure law
p = p(p) later. It is classically known that conservation laws like (1-1) may develop singularities (shocks)
in finite time, which prohibits the use of a smooth notion of solution. Rather, one works with solutions in
the sense of distributions, which may be very rough. Suppose now the density were initially bounded away
from zero, p° > ¢ > 0. If the solution were smooth, then from the continuity equation 9, p + div(pu) =0
it would easily follow (see equation (7) in [DiPerna and Lions 1989]) that p remains bounded away from
zero for all times. More precisely, this requires u# to have bounded divergence. However, there seems to be
no way to guarantee that the velocity component of a weak solution of (1-1) has bounded divergence, and
thus it cannot be excluded that the solution spontaneously develops vacuum in finite time. In fact, to our
knowledge it remains an outstanding open question whether this can actually occur for the compressible
Euler or even Navier—Stokes equations.

The formation of vacuum constitutes a degeneracy that, in many situations, vastly complicates the
mathematical analysis of compressible models. For instance, the compressible Euler equations cease to
be strictly hyperbolic in vacuum regions. In the context of the current contribution, densities close to zero
invalidate the methods and results from previous works like [Feireisl et al. 2017; Gwiazda et al. 2018;
Bardos et al. 2019]: There, it is a crucial assumption that the nonlinearities depend on the dependent
variables in a twice continuously differentiable fashion, in order to treat them like a quadratic expression
in the commutator estimates. For the system (1-1), a typical and physically reasonable pressure law would
be the polytropic one, i.e., p(p) = p¥ with y > 1. The second derivative, however, is of order ,OV_2
and thus blows up at zero, at least if y < 2. But the regime 1 < y < 2 is precisely the relevant one (for
instance, a monoatomic gas has y = %)

The starting point of our current work is the result of Feireisl, Gwiazda, Swierczewska-Gwiazda, and
Wiedemann [Feireisl et al. 2017] for the compressible Euler system, which we quote below. It gives
sufficient conditions, in terms of Besov regularity of a weak solution, for energy conservation, but only as
long as vacuum is excluded. In the presence of vacuum, the relevant commutator estimate involving the
pressure completely breaks down, and it turns out that substantially new techniques are required to fix
this. To our knowledge, the only other result on energy conservation for non-C? nonlinearities is the one
on active scalar equations [Akramov and Wiedemann 2019], using however different techniques.
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In the current article, we give a number of sufficient conditions to ensure energy conservation even
after possible formation of vacuum.

First (Section 3), we consider the condition that the velocity be a so-called divergence-measure field;
this notion is well known in geometric measure theory and hyperbolic conservation laws, but it may
seem a bit unmotivated to consider in the present situation. However, justification comes from the
compressible Navier—Stokes system, whose a priori estimates ensure this condition. We extensively
discuss the ramifications of our result with respect to the Navier—Stokes equations in Section 3A, where
we also compare it to recent work of Cheng Yu [2017].

In Section 4, we identify as a sufficient condition for energy conservation an estimate for the quotient
between the density and its mollification; see (4-1). This, in itself, may seem rather artificial, and we
go on to identify more natural conditions that will ensure (4-1) holds. Arguably, our strongest result is
Corollary 4.4: under the slightly stronger assumption of Holder (instead of Besov) regularity, but with the
expected exponents, we can show energy conservation no matter how the density behaves near vacuum.
It is surprising that this result is completely agnostic to the way that o approaches zero. It crucially relies
on a new measure-theoretic observation (Lemma 4.3) that may be of independent interest.

If one does want to assume only Besov regularity, then one needs to make further assumptions on
the density near vacuum; we show that energy is conserved provided the density descends into vacuum
sufficiently fast (Corollary 4.7) or sufficiently slowly (Corollary 4.11).

Finally, in Section 5 we demonstrate how to extend our results, so far shown only under periodic
boundary conditions, to the case of a bounded domain.

1A. The result of Feireisl et al. To formulate the local or global energy equality for (1-1) it is useful to
define the so-called pressure potential by

0
rpr=p [ PP ar
1 r

The following theorem was proven in [Feireisl et al. 2017, Theorem 4.1].

Theorem 1.1. Let p, u be a solution of (1-1) in the sense of distributions. Assume
ue BE®(0,T)x T, p,pueBl™0,T)xT, 0< pP<p<p aein(0,T)xT
for some constants PP, and 0 <o, B < 1 such that
B > max{l —2a, (1 —a)}.
Assume further that p € CZ[B, pl, and in addition
p'(0)=0 assoonasp=0.
Then the energy is locally conserved, i.e.,
3 (3plul> + P(p)) +div[(3plul* + p(p) + P(p))u] =0 (1-2)

in the sense of distributions on (0, T) x T<
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Our aim in the current paper is to improve the above theorem by relaxing the C? assumption on the
pressure. This will allow one, for instance, to apply the theorem in the physically relevant case of the
isentropic pressure law p(p) = «p? with the adiabatic coefficient y € (1, 2), without excluding vacuum.

2. Preliminaries

2A. Function spaces. For Q := (0, T) x T¢ we recall the Besov space Bg’oo(SZ), which is the space of
tempered distributions w for which the norm

lw(- +&) —wllLr@ne-¢)
&~

is finite. The above norm provides a control over shifts of the distribution w, making Besov spaces a

lwll g () = llwllLr@ +Sug (2-1)

e

convenient environment for our analysis, as it relies on convolutions with a mollifying kernel.
Let n € C>°(R") be a positive, radial function of integral 1 with

1 for |x| <1,
0 for|x|>1,

-l
") =gl )

We define the notation w? :=n®*w. For any function w, w? is well-defined on Q° ={x € Q:d(x, IQ) > ¢&}.

n(X)={
and for N =1 +4d set

It is then easy to check that the definition of the Besov spaces implies

lw® —wllLr@s) < C8a||w||Bgv°°(sz)
and

—1
IVw® || pr@ey < Ce® ||w||3;§v°o(sz)-

By .#(£2) we denote the space of signed Radon measures equipped with the total variation norm

Iliry :=f diul.
Q

2B. Derivation of the local energy equality. The starting point in the proof of Theorem 1.1, as well as
all our results, is to mollify the Euler equations, then derive the local energy equality for the regularized
quantities, and finally estimate commutator errors generated by nonlinear terms. As this strategy is a
common part in the proofs of our theorems, we devote this section to the said derivation, omitting the
details of passing to the limit under the assumptions of Theorem 1.1.

We begin by mollifying the momentum equation in time and space to obtain

3 (pu)® +div(pu @ u)* + Vp*(p) =0, (2-2)
or, in terms of commutators
3 (p°u®) +div((pu)® ®@u®) + Vp(p°)
=0 (p*u’ — (pu)*) +div((pu)* @ u* — (pu ®u)*) + V(p(p*) — p*(p)). (2-3)
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Making use of the identity
div((pu)® @ u®) = u® div (pu)* + ((pu)* - V)u’,
we can see that multiplying (2-3) by u® yields
o0 (31U P) + ((p)* - V)3 |u® P+ pu® V(P! (p%) = r{ 4715 + 15,

where

ri =0 (p°u’ — (pu)®) - u’,

rs =div((pu)* @ u® — (pu @ u)°) - u’,

r; =V(p(p*) — p°(p))-u’.
Using the mollified continuity equation

9;p° +div(pu)* =0
multiplied by %|u8 |2, we can rewrite (2-4) as
3 (301Ut 17) + div((ou)® $|u®*) + p°u® V(P'(p%)) = r{ + 1§ +r5.

On the other hand writing (2-5) in the form

9, p° +div(pu®) =div(p°u® — (pu)?)
and multiplying by P’(p®) we get

3 (P(p*)) +div(p*u’) P'(p?) = div(p*u® — (pu)*) P'(p°).
Combining (2-6) and (2-7) we obtain
(‘),(%,{)‘”?lu‘gl2 + P(p%)) +div ((pu)* %|u€|2 + p°uP'(p)) =ri +r5 +r5 +5°,
where we set
s© = div(p*u® — (pu)®) P'(p%).

793

(2-4)

(2-5)

(2-6)

(2-7)

(2-8)

The proof of Theorem 4.1 in [Feireisl et al. 2017] shows that when p, u are Besov regular and p is
of class C?, the left-hand side of (2-8) converges to the left-hand side of (1-2) and each term on the

right-hand side of (2-8) converges to zero, where each convergence is in the sense of distributions.

3. Energy conservation assuming the divergence of velocity is a bounded measure

Our first result establishes local energy conservation for weak solutions of (1-1) under the additional

assumption that the velocity field u is a divergence-measure field.

Remark 3.1. See [Chen and Torres 2005] for details on the role of divergence-measure fields in the

theory of hyperbolic conservation laws.
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Theorem 3.2. Let p, u be a solution of (1-1) in the sense of distributions. Assume
we B0, T)x T, p,pue By (0, T)xTY), 0<p<p<p aein(0,T)xT
for some constants Ps P and 0 < o, B < 1 such that

B > max{l —2a, (1 —a)}.
Assume further that
divu e #((0,T)xT? and peClp,pl.

Then the energy is locally conserved; i.e.,
3 (3plul® + P(p)) +div[(30lul® + p(p) + P(p))u] =0
in the sense of distributions on (0, T) X T

Proof. Take a sequence p® € CZ[B, p] that converges uniformly to p € C[p, p]; that is, for each § > 0,

Ip = p’li~ <.
Then using p? in (2-2) we have

3 (pu)® +div(pu @ u)® + V(p°(0))* = VI(p®(0))° — p* (p)]. (3-1)

Now the left-hand side of the last equality satisfies all the conditions of Theorem 1.1, so for each fixed
8 > 0 we have, in the limit as ¢ — 0,

3 ($olul® + P°(p)) +div[ (3plul® + p*(0) + P*(p))u]., (3-2)

1)
P’(p):=p /P P (Zr) dr.
1 r

We will now show that (3-2) converges as 6 — 0 in the sense of distributions on (0, 7) x T to

where

0 (30 1ul* + P(p) +div[(3p1ul* + p(p) + P(p)Ju].

Let ¢ € C°((0, T) x T¢). From the choice of p? we have

< Cllgligp® — pli=llull s < C(p, u)s.

T
fo fT Ve (P°(p) — p(p))u dx dt

For the terms containing P?%(p) notice that

/" |p°(r) — p(r)
r2

1

<(1+p)lIp° = plire.

1
|P%(p) — P(p)| < p drsnp‘*—pnw‘/ —dr
1

Hence we can estimate

T
/OA 80 (P*(0) — P(p)) dx dt| = Cligller (1 + Il 108 < C ()8,




ENERGY CONSERVATION FOR THE COMPRESSIBLE EULER AND NAVIER-STOKES EQUATIONS 795

and similarly for the divergence term. It follows that both terms of (3-2) containing P® converge as § — 0
to the corresponding terms for P.

The final step of the proof is to consider the term coming into (2-8) from the right-hand side of (3-1).
We need to show that

VI (p)F — pF(p)]-u®

converges to zero in the sense of distributions on (0, T') x T as first & and then 8 tend to zero. Multiplying
by ¢ € C2((0, T) x T%), integrating over time and space, and integrating by parts we obtain

T
/O /T ) VI(P  (p))f — p(p)]pu’ dx dt

T T
= —/ /d[(pa(p))a — pe(,o)](/? le ué‘ dx dt —/ /d[(pa(p))s _ pé‘(p)]v(p . ue dx dt (3_3)
0T 0JT
For the second term on the right-hand side of the last equality we see that

T
/ / [P’ (p) — p()I V- de dr
0 JTd

< Cliglle (P’ = p)llsellull s
<Cligliclp® = plipellull s < C8.

T
/0 /W[(pa(p))g —p%(p)Ve - u® dx dt

Finally, for the first term on the right-hand side of (3-3) we invoke the assumption that div « is a bounded
Radon measure to see that

T T
/O /w ol(p*(p))" — p* ()] divu® dx dr /0 /w ¢Lp’(p) — p(p)I° (divu)® dx d

<ll@llcoll(p® = p)Elloe I (div u)® |l .1
<ll@leollp® — plliz=<lldivulry < C8

and so we are done. O

3A. Application to the compressible Navier—Stokes equations. When studying the result of Theorem 3.2
we see that the condition divu € .#((0, T) x T¢) is quite a strong assumption for solutions to the
compressible Euler equations; however, it is given for the compressible Navier—Stokes equations where
one obtains a priori from the diffusion term that u € L?(0, T; H'). Therefore a natural question to ask is
what happens when we consider the solutions to the compressible Navier—Stokes equations with vacuum,
and how these results relate to the current results in [Yu 2017].

The compressible Navier—Stokes equations are given by

d; (pu) +div(pu @ u) +Vp(p) = divS(Vu),

9 p +div(pu) =0, (3-4)
S(Vu) := u(Vu + (Vu)" — 2 divul) 4+ v div ul,
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where we have the constants ¢ > 0 and v > 0. Here we will use the main properties that S(Vu) is
symmetric and positive definite. For degenerate viscosity, the momentum equation becomes, instead,

o (pu) +div(pu @ u) + Vp(p) =div(pS(Vu)). (3-5)
Corollary 3.3. Let p, u be a solution of (3-4) or (3-5) in the sense of distributions. Assume
ueBE®(0,T)x T, ueLl*0,T; H'(TY), p,puec Bl 0,T)xT,
0<p<p<p aein(T)xT
for some constants p, p,and 0 <, B < 1 such that
B > max{l —2a, (1 —a)}. (3-6)
Assume further that p € C[p, p]. Then the energy is locally conserved; i.e.,
¥ (plul*+ P(p)) +S(Vu) : Vu+div[(plul* + p(p) + P(p) + S(Vu))u] =0 (3-7)
for (3-4) and
3 (301ul® + P(p)) +pS(Vu) : Vi + div[ (3 0lul* + p(p) + P(p) + pS(Vit))u] = 0 (3-8)
for (3-5), in the sense of distributions on (0, T) x T<

Remark 3.4. The condition divu € .# is trivially satisfied if we assume that u € L>(0, T; H') and so
does not appear in the statement of Corollary 3.3.

Remark 3.5. For d <3 we can use Besov embedding theorems, see [Bahouri et al. 2011], to observe that
H' < le’oo (N 332/3’00 and so assuming that u € By"*°(0, T; B3>™) and p, pu € Bf"oo(O, T: sz’oo)
we have the same assumptions on the pairs (¢, B1) and (o2, B2) as (3-6) but can assume that oy > % and
remove the assumption that u € L%, T; HY.

Remark 3.6. We have assumed that the density p is bounded above to simplify the proof, though this is
not necessary. Indeed, we can assume that for some C > 0, p‘S (r) = p(r) for r > C and so still obtain
uniform convergence of p° to p for unbounded density.

Proof. We only have to consider the extra term div S(Vu) in the derivation of the local energy equality
that we performed previously. We see that

T T T
— / / divS(Vu®) -u®pdx dr = / S(Vu®) : Vue dx dt +/ / (S(Vu®)u®) - Vo dx dt
0 JTd 0 JTd 0 JTd

and so obtain (3-7). For (3-8) we perform the same calculation as above; however, with an extra p in the
equation, the diffusion term is no longer linear and thus we pick up an extra commutator estimate

T
ry = /0 /W div(p*S(Vu®) — (0S(Vu))?) - pu® dx dr.
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We can perform an integration by parts to obtain

T
75 < ‘ fo fT SV~ (pS(Vi) - Vi e di

T
+ f f (P°S(Vu®) — (0S(Vu))®) : Vulp dx dt|. (3-9)
0 JTd

Note the pointwise identity where for any two functions f, g we have
[ =(fe' =" =g -
- / /w (@O —1,x =) — ft, )t —1,x—§) —g(r,x))ds dr. (3-10)

Applying this allows us to split the two terms on the right-hand side of (3-9) into four more terms which
we can estimate. We focus on the first of these terms only, as the other terms produce the same estimates,
after applying Fubini’s theorem, as seen in [Feireisl et al. 2017]. We see that

lrgl <

T T
/O /W[(ps—p)(S(Vue)—S(VM))MS]-prdXdl +‘/(; /W(ps—,o)(S(Vue)—S(Vu))iVugfﬂdxdt

=lellctllolellull2IS(Vu) =SVl 2+ llelicoll pll L I Vull 2 IS (Vi) =S(Vu) |l 2.

Using the a priori estimate that u € L?(0, T; H") we see that ||S(Vu®) — S(Vu)|;2 —> 0ase — 0and
thus r; — O as ¢ — 0. O

The work of Cheng Yu [2017] also studies energy conservation for the compressible Navier—Stokes
systems where a vacuum could occur. The result in [Yu 2017] treats the case where p(p) = p? for y > 1
and thus where p € C¥~!, with strong assumptions of spacial regularity where

v
VoV e LX0,T; L*(R2)) and 7ﬂ € L=, T; L2(RQ)),
0

among other assumptions. However, [Yu 2017] only assumes integrability in time. The condition
Vo/J/peL®0,T; L?()) restricts the allowable vacuum cases and will only allow vacuum on measure-
zero sets with a nice approach to this set. The result presented here complements the result in [Yu 2017]
as we show that by assuming some differential regularity in time for both p and u then we can weaken
the spacial regularity assumptions and only need continuity of the pressure p. Specifically, we can have
vacuum on measurable subsets of the domain where the approach to this set can be quite generic.

4. Energy conservation assuming Holder continuity of the pressure

For the next result we fix 1 < y < 2 and we will assume that the pressure p is of class C' =D thus
relaxing the regularity assumption of Theorem 1.1. The expense of this relaxation is that we require
o+ yB > 1 where before we only needed o +28 > 1.

Theorem 4.1. Let p, u be a solution of (1-1) in the sense of distributions. Assume

weBy=(0,T)xTY), p,pueBl*0,T)xT!), 0<p<p=<p aein(,T)xT
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for some constants PP and 0 < o, B <1 such that

1,2 2 1
—+=<1, =4+-<1, p,g=2, a+yB>1, and 2a+p>1.
P g P 49 1
Define Bp :={x : 0 < p°(x) < &P and p # 0} and assume that
p°—p
H _ < C(p). (4-1)
Y L9(Z,p)

where C does not depend on ¢. Assume further that p € Cl’(V_l)([B, o)1), and, in addition
p'(0)=0 assoonas p=0.
Then the energy is locally conserved, i.e., (1-2) holds in the sense of distributions on (0, T) x T¢.

A large part of the proof of this theorem is identical to the proof of Theorem 1.1. In particular we
regularize the balance equations to derive an energy balance for the smooth functions p® and u®. Then we
need to show that the corresponding commutator errors vanish in the limit &€ — 0. This is done in the
same way as in [Feireisl et al. 2017], the only difference being in the terms involving the pressure. In
particular, we will have to estimate an appropriate norm of the difference p(p)® — p(p?). This will be
done by means of the following lemma, which is an adaptation to our present case of the argument in
[Feireisl et al. 2017, p. 10]; see also [Gwiazda et al. 2018, Lemma 3.1].

Lemmad4.2. Lety € (1,2) and p € C7~([a, b]). Ifp € Bf;loo(Q; [a, b]), then

1p°(0) = p(P)llza < CePllpll] -
vq

Proof. First we note that by the fundamental theorem of calculus

p(s)—p(so)=/ P/(t)dt=/ p'(So)dtJr/ p'(t) — p'(so) dt

= p'(s0) (s — 50) +/ p'(t) — p'(s0) dt.

50
Since p’ € C%7~!, we have

/ p'(t) — p'(s0) dr

50

N N
sf IP/(I)—p/(So)ldISC/ dt sup |t —sol”~ < Cls —sol”.
50 ) t€[s0,5]

Thus,
|p(s) — p(s0) — p'(s0)(s — s0)| < Cls —s0l”.

As the constant C is independent of s, sop we see that
1p(p*) — p(p) = p'(P)(p° — )| < Clp —p°I", (4-2)
and similarly,
[P(e() — p(px) = p'(p())(p(y) — p(x)| < Clpx) — p(MI". (4-3)

Applying convolution against the function n® with respect to y in (4-3) and using Jensen’s inequality we
obtain

Ip°(p) — p(p) — p'(P)(p° = pP) < Clp — p()I" *yn°. (4-4)
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Combining (4-2) and (4-4) we get
1p*(0) = p(P) < Clp = p°1" +Clp = p ()" %y 1", (4-5)
Taking the L? norm of both sides of (4-5) for the first term on the right-hand side we see that
Clllo = o1l = Cllp = p° 1 e

Finally, for the L? norm of (4-5) for the second term on the right-hand side by Jensen’s inequality and
Fubini’s theorem we have

1/q
Clllo = p()I" *yn°llre < C</ lo(x) — p(x — W)[" dxne(y) dy)

1/q
_ C(/ 10() = p(- = DI me(y) dy)

1/q
< Csup|n:(y)|"/4 (/ lp(-)—p(- =Y, dy)
y supp ne

<C sup Jp(-)=pC =ML
YESupp 1

Finally, we use the definition of the Besov norm and (2-1) to write

1p*(0) = p(0)liLs < C(10° = Pl + sup o) = p(- =5)lI7)

sesupp n¢
14 14 Y
<Celpll s+ sup Is"Pllpl7 s < Ce™ ol e O
Y4 sEsupp n5 Y4 Y4

Proof of Theorem 4.1. As remarked above the only novelty needed to establish the desired result is to
estimate commutator errors due to nonlinearity of the pressure. Precisely, we need to show that the local
versions of 5 and s, which we will denote by R® and S°, of (2-8) converge to zero as ¢ — 0. For a test
function ¢ € C2°((0, T) x T) we define

T
R = /0 /T V() = (o)) gt drd, (4-6)

T
St :=/ / @ div[p®u® — (pu)?] P'(p°%) dx dt.
0 JTd

Integrating (4-6) by parts and using Lemma 4.2 we obtain the estimate

T
R=lollo [ [ 1960 = pe 1070+ D dxar
0 JT
< Clgler1(0") = P a2 (19 o+ 1 1)
< C(EPH D 4 PNl ol g
Byan g

< CeMPHe D 4 e ) p)7, lull gy~
q

where for the last inequality we used that %yq < g, so we can embed Bf " into Bf’qo/oz.
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We now investigate the term S° and see that we can integrate by parts to obtain

T
|58|:V/ @ div[p®u® — (pu)?] P'(p%) dx dt
0JTd

T T
S/ Vo - [pu® — (pu)] P'(p)| dx dl+// lplpu’ — (pu)*]- VP (p*)|dx dr.  (4-7)
0 JT4 0 JTd
We make note of the pointwise identity (3-10) but with f and g replaced by p and u respectively, that is,

pu® — (pu)® = (p° — p)(u* —u)
—/ /w " (t, ) (pt —1,x —=&) — p(t, x))(u(t —7,x — &) —u(t, x)) d& dr,

and using (3-10) allows us to split first term on the right-hand side of (4-7) into two terms. Here again
we focus on the first of these terms only, as the other one produces the same estimates, after applying
Fubini’s theorem, as seen in [Feireisl et al. 2017]. We see that

T
/ /d Vo - (p° — p) (W —u)P'(p*)| dx dr < ||<p||c18’3||p||35,oc€°‘IIMIIB;WIIP’(/JS)IILOO-
0 JT

We will now focus on the second term on the right-hand side of (4-7), namely,

T
/ lplp®u® — (pu)*]- VP'(p®)| dx dr,
0 JTd

and by letting y = (¢, x) we split (0, T) x T¢ into two disjoint domains .« := {y : p®(y) = 0} and .&7¢
and see that trivially on «# we have p(y) = 0 a.e. For the integral over &/ we note that VP’(p°) is a
distribution that may have a singular part but we see that ¢[p°u® — (pu)?] is smooth and equals zero
on & and so any singular part vanishes. Thus we are left with

/Q{‘ lplp®u® — (pu)*1VP'(p*)| dx dt,
and using again the identity (3-10; we obtain
/Qﬂ lpl(p® — p)(u® —u)]VP'(p°)| dx dr.
For the integral over &7 we see that
| ot = prw =P iasdr = [ ot =t =P 0" Vo d

and we observe that by the definition of P we have p° P”(p¢) = p’(p?), and by assumption p’ is bounded.
Therefore we have the bound

dx dr.

Vp
pf

fm lp(p® — p)(u® —u)P"(p*)Vp®ldxdr < fm e(p® — )W —uw)p'(p°)
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We have assumed that p’(0) = 0 and p’ € C%”~! and so take any p;, p, such that p’(p;) = 0 and we
obtain

1P’ (o) = 1p'(p1) — P (p2)| < Clor — p2|" "L < Clpy |7 7!

using the definition of Holder continuity. Thus letting p; = p®(x) for each x we see that | p/(p?)(x)| <
C|p?|”~(x) and so we obtain

/ dxdr <C /
o€ o€

We will split the integral over 7 further into different disjoint domains, s := {y : 0 < p*(y) < &}
and %,s := {y : p°(y) > &P}. For the integral over %,s we see that

dx dr.

& & / & Vps
p(p" —p)u” —uw)p' (p°)—

0

V &€
00" = )t —u)(p) =

V &
/ P(pf — p)(uf —u)(p)r ! 2P dxdr
BB 108

“e
&

-1 -1 p—p
< Clgllcos” +O‘IIPIIBL/;,OO||M||13;~°<>||(p8)” oo (2.4) -
L9(B,p)
&
-1 pF—p
=< C”(P“coé‘yﬂ +O[”,OHB/S,OO”I/l”Bg,oo - ,
! L9(B,5)

where for the last line, as p®(y) < &, we have (p®())" ! < &f=D as y —1 > 0. We also have the
assumption that [[(0® — p)/p°|lLa(z,4) < C and so we have the bound C eVP~1+ 35 wanted. We are left
with the integral over s and see that

p°—p
(p®)>Y

_ Vpf _
/ 9(p° — p)(u® —u)(p°)’ "' —— dx dt| < Cllg]| cos” 1+a||p||3ﬁ‘°°”””B;’°°H :
o p ! L9(%,p)

As p® > &P, we have (p?)~! <& and so (p°)" 2 < e#¥=2), and we obtain

p°—=p
(p*)>7
We are thus done as we have obtained convergence to zero as long as y +« > 1.

We have thus shown that, under the assumptions of the theorem, we have R?, ¢ — 0. The result
follows. O

-2 -2 -1
< 10° = pliLace e’ 7™ < CeP|lpll ppoce? ™ < CeP D,
L9(%,p) !

We have written Theorem 4.1 in the most general from but observe that the condition

<C
Lq(ﬂsﬂ)

p°—p
o

feels rather artificial and is not in the p € C 2 result from [Feireisl et al. 2017]. We will now focus on
finding conditions on p for different L9 norms that will control this term.

Our first result will show that when we assume that ¢ = 1 and so u, p are Holder continuous, not just
Besov functions, we can control this term directly as expected and do not have to ask for any special
extra conditions.
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Lemma 4.3. Ler w € L' (Q) be nonnegative, where Q@ C (0, T) x T¢ satisfies || # 0 and w|q > 0.
Then ||(w® —w)/w®|[ 1) < C, where C does not depend on & but may depend on w and Q.

Proof. 1t suffices to show that ||w/w®|| 1) < C. Indeed, since || < C,

wéf —w
wé’

T

w
< Mtp e + o

L) L) LY(Q)

Fixe >0, N=d+1, and let {Q; ’}:1 be a partition of (0, T) x T¢ into disjoint cubes with side
length ¢/Cp, where Cy is a constant depending only on the dimension, and select the cubes such that
2N Q| # 0. Decomposing w as w = >

j=

We now want to bound (w XQ,-)S from below. Recalling from Section 2 that n = 1 for |x| < %, we have,
for x € Q;, that

| WX, We see that

n

J 1 WXQ;

Ll(sz) Zk 1 (wxo)*

e

L)

LY(Q) B —

1 xX—y 1
(W0 () = —f n( )(wa.xy) dy=— [ (wxo)()dy
’ eV J(ie—y)/e1<1/3) € ! eV JB. 500 !
WN
= (wxo;)(y)dy > w(y)dy,
1Bel Jp. o % 1B:] Jo,

where we obtain the last inequality provided Cy is large enough so that B.;3(x) D Q; forall x € Q;.
Thus we obtain

w
wé

where we have used a dimensional constant to relate the measure of the balls to the associated cubes. [J

n

|B|fijdx
LI(Q)_j: wN -/Q wdx

u)XQj
)€

CZ|QJ|<C (4-8)

L1(Q) B —

As a consequence we obtain the following corollary, where by assuming Holder continuity of u and p
we obtain a natural extension of Theorem 1.1 to the case where p € C1-7~1,

Corollary 4.4. Let p, u be a solution of (1-1) in the sense of distributions. Assume
ueC((0,T)xTY, p,puecClO,T)xTY), 0<p=<p<p aein(©0,T)xT?
for some constants P pand 0 < «a, B <1 such that
a+yB>1 and 2a+p8 > 1.
Assume further that p € Cl’(”_l)([g, p1), and, in addition
p'(0)=0 assoonasp=0.

Then the energy is locally conserved; i.e., (1-2) holds in the sense of distributions on (0, T) x T%
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Proof. For the integral over %,s, in the proof of Theorem 4.1, we see that

V £
/ 0(p° — p)(u® —u)(p*) 'L dx dt
332/3 108

&

p°—p

p¢

-1 -1
< Cllgllcos” Il pllgs lullz=ll () oo (24)
LY (Z,p)

—1
< Cllgllcog” | pllgs llullze.

For the other bounds, as we are on a domain with finite measure, we can bound the Besov norms by the
Holder norms. O

Remark 4.5. Notice that the conditions u € C*((0, T) x T¢) and peCPUO,T)xTY imply that pu €
Cc™in@h (0, T) x T?). Therefore, if one has a > S, then the requirement that pu be in C#((0, T) x T%)
can be dropped. See also Remark 3.2(2) in [Feireisl et al. 2017].

When we still want to consider Besov spaces for p and u# we have to consider extra conditions on p
in order to control the term [|(p® — p)/p*|lL4(#,4)- Our first method will be to ask for an integrability

condition on 1/p.

Lemma 4.6. Assume that 1/w € LP and w € L4. Then

Hu}g—w 11 1
<C for—+—-=<-,
wé | 1 p q r
and in fact if r < 00,
& _
e—0 wé L p q r

Proof. Using Holder’s inequality and then Jensen’s inequality, as the integral of the mollifier is 1 and 1/x
is a convex function, we get that || 1/w®|| < ||(1/w)?| < ||1/w] and so

w’ —w e P
p slw” —wle| —| =lw —wl|—| =C.
w L Lp w LP
As long as ¢ < oo we see that this, in fact, converges to zero. O

We now obtain the following corollary adding this condition into Theorem 4.1. We note that when
p = g = 3, we obtain the best result with the weakest integrability assumption in the Besov norms.

Corollary 4.7. Let p, u be a solution of (1-1) in the sense of distributions. Assume
u€BY®(0,T)xTY, p.pueBl>(0.T)xTY), 0<p=<p=<p aein©0T)xT

for some constants p, p and 0 < «, B < 1 such that

+2§l, %+$§1, p,q=>2, a+yB=>1, and 2a+p>1.

Define & := {x : p # 0} and assume that

SR
Q

1 € L1(&).
Jo
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Assume further that p € Cl’(”_l)([g, p1), and, in addition
p'(0)=0 assoonasp=0.
Then the energy is locally conserved, i.e., (1-2) holds in the sense of distributions on (0, T') x T

Proof. For the integral over %,s, in the proof of Theorem 4.1, we see that as p € L™ and &? > p° then

r &
\Y%
_/ _/ p(p® = p)(u* — M)(/Og)y*l—'i dx dt
0 "%gﬁ 0
— _ pf—p
= Cllpllcos™™ ol g lutll <1107 i) | =
L9(Z.p)
< Cllgllcoe”” | pll gpoe lull groe || = ,
! L4(&)
and so we are done, using Lemma 4.6 for the final step. 0

Remark 4.8. Even though we have written 1/p € L9(&), we can fix some 6 > 0 and only need this
condition on some %s, as for ¢! > £2 we have B2 C PB,1, and so when ef < § we have Bes C Bs.

One can see that the condition 1/p € L9(%;) is quite a strong assumption and requires a quick approach
of the function to the null set. Above we used conventional bounds to obtain a general integral result but
do not consider the local structure of the function. We notice that a pointwise estimate p < Cp® would
allow us to control the LY norm of (p® — p)/p® and, though convexity of p would do, we will now show
a nice link between this and quasinearly subharmonic functions which are much more general functions
than subharmonic, quasisubharmonic and nearly subharmonic functions [Pavlovi¢ and Riihentaus 2011].
The main motivation for the study of this notion in this paper is that it happens, as will be shown below,
to be equivalent to the L°°-boundedness of our problem term (p° — p)/p°.

Definition 4.9. Let X C R be a set and u : X — [0, +00) be Borel measurable. Then u is quasinearly
subharmonic on X, that is u € QNS(X), if there is a constant &g = go(1), 0 < g9 < 1, such that for each
openset O C X, O # X,foreachx € O andeachr, 0 <r < £089 (x), one has u € L'(B,(x)) and

u(x) < u(y)dy for some constant C > 1, (4-9)

|B-(x)| JB,x)

where C is independent of r, |B,(x)| = wgr? is the volume of the ball and
89 (x) = dist(x, O°) for the complement O° of O in X.

Lemma 4.10. Let u : X — [0, +00) be a Borel measurable function. Then u is quasinearly subharmonic
if and only if for every O € X there exist M, g such that for any 0 < ¢ < g9

u(x) < Mu®(x) foranyxe€ O.

Proof. Let u : X — [0, 400) be a quasinearly subharmonic function. Then for any ¢ < dist(O, dX), u® is
a well-defined smooth function on O. Suppose that O € X is a precompact set. Then &g = dist(O, dX)
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is a positive number and for ¢ < §y
O C {x :dist(x, 0X) > ¢}
and u°® is well-defined on O. We prove that there exist M and &g such that

u(x) < Mu®(x) forany x € O, 0 <¢ < g.

1 —
us(X)Z—d/ n(x y)u(y)dy-
& X &

Note that y € X for x € O and |x — y| < . Since u > 0 and recalling that from the definition of n we

Indeed, we have

know that n =1 for |x| < %, we have

1 xX—=Yy
ut(x) = 7/ n( )u(y)dy
€7 Hx—y)/el<1/3) €

1 w4 wqu(x)
=— u(y)dy=—f u(y)dy =
e Jix—yy/el<1/3) 39 B3| B, a0 3iC
for sufficiently small e. Therefore, we obtain
34Cut
u(x) < ﬂ for sufficiently small & < 8080(x).
wq

On the other hand, if u(x) < Mu?(x), then we have

M X —
u(x)f—d/n(
&" Jx

Hence we deduce

Mw,
| B (x)| JB,(x)

M _
y)u(y)dy= @ - n(’%)u(y)dyf u(y)dy. (4-10)
xX—y|<¢

u(x) <

u(y)dy. Il
| B (x)] JB.(x) Y

From this pointwise control showing that p(x) < Mp®(x) we obtain another corollary to our main
result.

Corollary 4.11. Let p, u be a solution of (1-1) in the sense of distributions. Assume
u e B2((0, T) x T9), p, puc 35700((0, T)x T, 0 <p<p<p aein(©T)x T4

for some constants p, p and 0 < «, B < 1 such that

1 2 2 1

—+=<1, =4-<1, ,qg=>2, o+ >1, and 20+ 8 >1.

» T g g P4 vB B
Assume that p € QNS(%s) for some § > 0 and p € ‘51’(7’_1)([8, p]) with

p'(0) =0 as soon as p= 0.

Then the energy is locally conserved; i.e., (1-2) holds in the sense of distributions on (0, T) x T%
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Proof. For the integral over %,s, in the proof of Theorem 4.1, we see that

|

and so we are done. O

p°—p
o

IOS + Cpé‘
p8

<C for f <5
L1(%.p)

5 ‘
Li(%.)

Remark 4.12. (1) The condition p € QNS(B;s) deals with p, p, = 0 without splitting into cases and so
using this condition the proof is simplified.

(2) We note that this condition is weaker than local convexity of p on %5, which would also give the
same result.

(3) In view of Lemma 4.10, it is essentially a matter of taste if one prefers to formulate Corollary 4.11
in terms of quasinearly subharmonicity or directly under the assumption p < Cp°®.

4A. Counterexample for the LP case. We indicate in this subsection why Lemma 4.3 is no longer true
when the L'-norm is replaced with the L”-norm for p > 1. This shows that the Holder assumption of
Corollary 4.4 cannot easily be relaxed.

We can see p®(x) is like a weighted average of p over the ball B,(x) and so heuristically we can see

p—p° P = (/IBeD) f5 ) () dy
pf (1/IBel) [5 o P(3) dy

(whichisrigorous for n, = (1/|B¢l|) xB,0)(x)), and assuming the right-hand side is bounded and rearranging
gives the condition (4-9). We see that a condition of the form

“m-) — (1/1Bel) [, P dy
(/1B [, (., P dy
in a sense a “relatively weighted L” mean oscillation condition”, could potentially be the weakest condition

to control (4-1).
We notice that for the L' norm we obtain perfect cancellation in the fraction when calculating (4-8),

Lr

as a mollifier acts like a local weighted average. However, when we perform the calculation in (4-8), but
in L?, then instead we obtain

- . |B€|(fQj wpdx)l/p

Z |Bg| ”wXQJ ”L” _Z
wN fijdx

w wdx
j=1 “N fQj j=1

and if we assume that w = 1 then we get Z?zl(lBgl/a)NﬂQj |/P=1 As 1/p—1 <0, for certain functions
this term could blow up.

In fact if one chooses a function made of separated spikes where the supports get smaller and smaller
then we can show this blow-up. We will formulate a simple counterexample so that it is in one dimension,
discontinuous and nonnegative, though more regular counterexamples can be constructed in higher
dimensions that are, for instance, even smooth and strictly positive.
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Firstly, note that if we show that || f/ f¢||L» blows up as ¢ — O then || f/ f¢ — f¢/ f¢||Lr will also blow
up. We can take x € T and define our counterexample

o
fx) = Z Xi1/i,17i41/2i1(X).
i=1

Itis easy to see that f € BJ->°(T) for p > 1 and any 0 <o < 1—1/p by regularizing and using Lemma 2.49
from [Bahouri et al. 2011]. Thus we have the sum of separated spikes so they are further than 1/i apart
yet have supports of size 1/2. Let ¢ = 1/(2i%) and see that as f is nonnegative we can bound the sum
below by just the i-th spike and see that as mollification only acts locally, the value on the denominator is
only dependent on the i-th spike; thus we obtain

S S

re fe

We can then the bound mollification of xj; 1/i41/2] in a similar method to (4-10) but in one dimension

2
> DA

Lp(T)

= 1((X1yi, 17i41/2 Mrayio1jiviya- (4-11)

Lr(1/i, 1/i+1/27)

and so we can bound (4-11) below by

|7
fé‘

As f is the sum of infinitely many spikes there will exist an appropriate spike for any ¢; and thus we can

21 9i 9i(1—1/p)

—_— : 7 i - N _/ =
= C2i2 I zrqyi,1yi1/20) = C2i22 r=c 2i?

Lr(T)

send i — 0o and, as 1 — 1/p > 0, we have C2/0=1/P) /(2i%2) — oo, which implies || £/ £l LrcT) — 00

5. Energy conservation on domains with boundary

We have derived the local energy conservation equations on (0, 7°) x T4 and so for an peCX0,T)x TY)
we have

T
[ [ b Gt + @) + Vo [(Golul+ o)+ P(o))u] dr ds 0. (5-1)

The local energy equation is derived by taking momentum balance equations and testing with (¢u®)® and
using that mollification is symmetric to regularize the equation. For the continuity equation we just use
¢° to test the equation and again move the mollification onto the equation. Once this is done, all the
calculations are done locally on supp(g).
When studying the isentropic Euler equations on a bounded domain with Lipschitz boundary 2 we
have
0 (pu) +div(ipu ®u)+Vp(p) =0 in[0, T] x 2,
o;p+div(pu) =0 in [0, T] x €, (5-2)
u-n=0 onl0,7T]x 0%,

where n denotes the outward normal vector field for 0. For any ¢ € C2°((0, T') x ) we can find an
g0 > 0 such that for all 0 < & < g9 we have ¢°, (pu®)® € C°((0, T') x 2), and so we can apply the same
method as above to obtain a local energy equation on (0, 7)) x €2 of the form (5-1). Here we are assuming
the same conditions on u, p and p as in the previous theorems and in the corollaries in Sections 3 and 4,



808 IBROKHIMBEK AKRAMOV, TOMASZ DEBIEC, JACK SKIPPER AND EMIL WIEDEMANN

yet making the appropriate changes so that # and p are defined on the domain (0, 7)) x €2 rather than
(0, T) x T%
The following theorem and its proof follow ideas from [Bardos et al. 2018]:

Theorem 5.1. Let p, u be a solution of (5-2) in the sense of distributions. Assume that p, u, and p
satisfy the conditions necessary to derive the local energy equality (5-1). Assume further that p €
L®((0,T) x 982), 92 is C?, and u - n is continuous at the boundary. Then we have energy conservation
on 2; that is, for ©(t) € C°(0,T)

T
//8,®(t)-(%plulz-i-P(,o))dtdx:O (5-3)
0JQ

and further if u, p are weakly continuous in time then

fﬂ%p|u|2<n,x>+P(p>(t1,x)dx=/Q§p|u|2<r2,x>+P(p><rz,x>dx (5-4)

foranyt, t, €0, T].

Proof. For any ¢ € C°((0,T) x ) we can find an gy > 0 such that for all 0 < ¢ < g9 we have
¢°, (pu®)® € C°((0, T) x Q) and so assuming sufficient regularity of p, u and p we obtain

T
fofga,go-(%p|u|2+P(p>)+w-[(%p|u|2+p<p>+P<p>)u]drdx=o. (5-5)

Let x : Rt — R be a nonnegative, smooth function such that

0 ifs <1,

x(s) = {1 if s > 2,

and define for x € Q the function djq(x) as the euclidean distance from x to the closest point on the
boundary. We can then define for any § > O the composition y (dyq(x)/§) and see that as § — 0 so does
x (dyq(x)/8) — lgq. Further, let ®(¢) € C°(0, T).

We can for any § > 0 let ¢(x, t) = x(dyq(x)/8)O(¢) in (5-5) and we obtain

d T
/g X( 398(x)> /o %O(1)- (3plul* + P(p)) dx di

T A
+/0 @(r)vaX(d“g(x))-[(%p|u|2+p<p>+P<p))u] dr dx =0,

and by the chain rule we see that

Vx (daQ(X)> = lX'(dm(x))Vdasz(x),

) 5 5
and so

T
ozfgx(d“g(x)>/o 30(t) - (Lplul® + P(p)) dx dt

r 1 ,(dya(x) 1 2
+ ; ®(t)Q§X 5 Vdya(x) - [(501ul” + p(p) + P(p))u]drdx. (5-6)
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As x(dyq(x)/8) — lg strongly, the first integral on the right-hand side of (5-6) will converge to

T
| [ 0w ok + ) axar

as we wanted. All that is left is to show that the other term on the right-hand side of (5-6) vanishes in the
limit.

As 8Q is C? we can use [Gilbarg and Trudinger 1977], specifically Lemma 14.16, to see that there
exists an a > 0 such that dyq(x) € C*(I'y), where ', := {x € Q : dyq(x) < a}. Further, in a similar
argument to [Bardos et al. 2014, Section 7], when x € 2 is sufficiently close to 92, there exists a unique
point X € 32 such that x = X + n(X) dyq(x), where n(x) is the unit outward normal to the boundary at x.
We see that we can bound the modulus for the second term on the right-hand side of (5-6) by

/(o
X\ s

as we know that | x'(dyq/8)ll~ < C and by our assumptions | (3plul* + p(p) + P(p)],~ =C
as well. For 28 < a we know that dyq € C? and furthermore as Vdyg € C!, in the region [y,

T 1
/0 o0y | |Vdag(x) - ul|(3p1ul* + p(p) + P(p))| dr dx
L 28

T
SC/ @(Z)E/ |Vdya(x) -u|dedx (5-7)
0 8 [as

|Vdyq(x) - u| — Cln(x) - u(x)| as long as u(x) — u(x) as x — X, and for this the assumption that
u -n is continuous at the boundary will suffice. Thus as d€2 is at least Lipschitz so |I"ys| < C5§|0€2| and so
we can apply the Lebesgue differentiation theorem to (5-7) and see that as 6 — 0,

T 1 T
C/ O~ | |Vdyo(x) - u|di dx — c/ O | 1n@)-u@)|drdi =0
0 8 Jrys 0 90

as n(x) - u(x) =0 and so we have shown (5-3).

We now want to show (5-4) with the extra assumptions of weak continuity in time of both u# and p. To
do this we define the sequence of functions ®,, : [0, T] — R which are nonnegative and smooth, where
for any point #1, t, € [0, T] with #; < t, we have

0 if t H—v,
®u(f)l={ ift<fyy+vort>tH—v

1 ift>n+2vort <t —2v,

and see similarly that as v — 0 we have ®,(t) — [, ;,). We see that ®, € C2°(0, T') for every v > 0 and
so substituting this function into (5-6) we obtain

T
| [ 300 (3otup + Poy)drax =0
0JQ

for every v. From our choice of ®, we see that
T t1+2v
[ [ a0u0- ot + Po)arar= [* a0, [ (ol + Pio))aras
0 JT n Q

5]
+/ 3,®U(t)-/(%p|u|2+P(p)) dr dx.
tHh—2v Q
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We know that [ 9,@,(r)dr =1 and [, 8®,(t)dr = —1 by the fundamental theorem of calculus
and as v — 0 these terms approximate the identity at #; and #,, and thus these terms converge to

/Q%p|u|2m,x>+P(p)m,x)dx and —/Q%p|u|2(t2,x)+P<p>(tz,x>dx

respectively, assuming weak continuity of p and u in time. Thus we are done. U
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