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LOCAL MINIMALITY RESULTS FOR
THE MUMFORD-SHAH FUNCTIONAL VIA MONOTONICITY

DORIN BUCUR, ILARIA FRAGALA AND ALESSANDRO GIACOMINI

Let Q C R? be a bounded piecewise C L1 open set with convex corners, and let

MS (u) :=/ |Vu|2dx+aHl(Ju)+,3/ lu—g|*dx
Q Q

be the Mumford—Shah functional on the space SBV(£2), where g € L>(2) and «, 8 > 0. We prove that
the function u € H'(2) such that

—Au+Bu=pBg inQ,
ou/dv=20 on 92

is a local minimizer of MS with respect to the L'-topology. This is obtained as an application of interior
and boundary monotonicity formulas for a weak notion of quasiminimizers of the Mumford—Shah energy.
The local minimality result is then extended to more general free discontinuity problems taking into
account also boundary conditions.
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1. Introduction

The Mumford-Shah functional was introduced in [Mumford and Shah 1985; 1989] in the context of image

segmentation and has found important applications in several other fields, including variational theories in

fracture mechanics; see [Francfort and Marigo 1998; Bourdin et al. 2008]. It can be considered the typical

example of a free discontinuity functional, characterized by the coupling of bulk and surface energies.
The weak formulation of the functional due to De Giorgi and Ambrosio [1988] takes the form

MS(u) ::/ |Vu|2dx+aH1(Ju)+ﬁ/ lu—g|*dx, (1-1)
Q Q
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where © C R? is an open bounded set, o, 8 > 0 and g € L>°(2). Here ' denotes the one-dimensional
Hausdorff measure, u belongs to the class of special functions of bounded variation SBV(Q2) (see
Section 2), and J,, is the jump set of u. The last term involving g is usually called the fidelity term: in
image segmentation, g is the level of gray of the picture, which has to be approximated by choosing
conveniently the jump set J, (the edges) and the function u outside it (regularized image). When 8 =0,
we speak of the homogeneous version of MS.

Within this framework, and in general dimension N, existence of minimizers can be proved easily
through the direct method of the calculus of variations, as a direct application of Ambrosio’s compactness
and lower semicontinuity theorem. Moreover, thanks to the regularity result of De Giorgi, Carriero and
Leaci [De Giorgi et al. 1989], minimizers have a topologically closed jump set and are regular outside,
yielding an admissible configuration of the original formulation of [Mumford and Shah 1985; 1989], in
which the discontinuity set was considered as an independent variable. The regularity of the discontinuity
set was then improved by Ambrosio, Fusco and Pallara, who proved that up to an A" ~!-negligible set, J,,
is a manifold of class C'® for any § < 1 and of class C!'! if N = 2; see also [Bonnet 1996; David 1996].

The issue of detecting minimizers, or more generally local minimizers of the Mumford—Shah functional
is very delicate. Since MS is only lower semicontinuous (with respect to the natural L'-topology),
necessary conditions for minimality cannot be obtained by “standard” differentiation.

First-order necessary conditions are established for jump sets I' = J, sufficiently regular by considering
inner variations (see [Ambrosio et al. 2000, Chapter 7]): they yield that u satisfies an elliptic PDE
outside I', while its (mean) curvature Hr is involved in a transmission condition coupling the values of u
and Vu on both sides of I'.

For the homogeneous version of MS, a second-order necessary condition for minimality has been
proposed by Cagnetti, Mora and Morini [Cagnetti et al. 2008], involving the positive semidefiniteness of
a suitable quadratic form defined on Ho1 (I"). Under strict positivity, the authors prove that u is a “local”
minimizer among those functions v € SBV(2) such that J, € ®(I') and v = u on 92, where ® is any
diffeomorphism of RY which is sufficiently C?-close to the identity and such that Id — ® is compactly
supported in . This local minimality was then extended to a full local minimality in the L' topology
in dimension N = 2 by Bonacini and Morini [2015], employing a penalization/regularization technique
together with results from the regularity theory of the area and the Mumford—Shah functional.

The aim of this paper is to show that, in dimension N = 2 and under mild regularity assumptions on
the geometry of €2, the Mumford—Shah functional (1-1) admits a natural local minimizer with no jumps.
More precisely, the main result of the paper is the following.

Theorem 1.1. Ler Q € R? be an open, bounded, piecewise C L1_domain with convex corners. Then the
function u € H'(Q) such that

i—Au+,Bu =Bg inQ,

(1-2)
du/dv =0 on 092

is a local minimizer of MS with respect to the L'-topology.
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In other words, the minimizer of MS within the class of Sobolev functions (which satisfies (1-2)) turns
out to be a local minimizer for the natural L'-topology in the full class of SBV competitors.

A similar result has been obtained by Chambolle, Ponsiglione and the third author [Chambolle et al.
2008] for a generalization of the homogeneous version of the Mumford—Shah functional under boundary
conditions, motivated by the study of the issue of crack initiation in brittle materials within variational
theories of crack propagation; see [Francfort and Marigo 1998; Bourdin et al. 2008]. The technique of
[Chambolle et al. 2008] is based essentially on the maximum principle through a truncation argument,
and can be used to deal with nonlinear energies for the gradient (with p-growth for example) and more
general geometries for €2, but does not apply to the Mumford—Shah functional since it fails when the
fidelity term is present.

Our proof of Theorem 1.1 is based on the use of the monotonicity formula introduced by Luckhaus
and the first author [Bucur and Luckhaus 2014] for quasiminimizers of MS, which, in dimension 2, we
extend up to boundary points and establish for a quite weak notion of quasiminimizers.

Namely we consider functions u € SBV(£2) which are weak local almost-quasiminimizers of the
Mumford—Shah energy with respect to their own jump sets, i.e., such that

/ \Vu|*dx +H'(J, N B,y(x)) gf |Vul2dx + AH' (J,NB,(x)) +c, o't (1-3)
B, (x)NS2 B, (x)NL

for every v € SBV(L2) with {v # u} € B,(x) and J, C J,,, where x € Q, p < po are such that

/ IVul?dx +H' (J. N B, x)) < p,
B,(x)NQ

while A > 1 and y, ¢, > 0. We then prove that if x € €2, then the quantity
Ex(p)

E(p) = 1+ p 14
x(p) = /\+yp (1-4)

is nondecreasing on (0, po A dist(x, 9€2)), where
Ex(p) 1=/ IVu|*dx +H' (J, N B, (x)),
QNB,(x)
while if x € 9€2, monotonicity holds true for the modification

Ex(p)::@/\l—i—%py + ke /Oﬂ(sxr(r) /\1) dr (1-5)

on the interval (0, pg A rg Adist(x, S\ {x})), where S denotes the set of corners of 02 and rq, kg > 0.

The proof of these monotonicities follows that of [Bucur and Luckhaus 2014], which is based on a
precise harmonic extension estimate on a ball (see Proposition 3.1). The dimension N = 2 gives drastic
simplifications in the arguments, and this is the main reason for which we can deal with a weaker class of
quasiminimizers (with respect to their own jump set, see also Remark 4.2). The extension of the monotonic-
ity to the boundary requires a generalization of the key harmonic extension estimate to domains of the form
QN B,(x) (see Proposition 3.7): this motivates the piecewise C I-1_regularity assumption for 92 and the
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restriction to convex angles. We also refer the reader to [Chambolle et al. > 2020] by Chambolle, Séré and
Zanini, where a boundary monotonicity formula is proved on flat boundaries, under Neumann conditions.

The use of monotonicity in the proof of Theorem 1.1 is roughly as follows. Assuming by contradiction
that there exists u, — u strongly in L'(2) such that MS(u,) < MS(u), it is easily seen (through
Ambrosio’s theorem) that ! (Ju,) = €, — 0. We then consider the constrained minimization problem

min  MS(w)
weSBV(RQ)
H! (Juw)=Zén
whose minimizers w,, are such that

MS(wy,) < MS(u,) < MS(u). (1-6)

Writing w,, = u 4 v,, we can show that v, satisfy the weak minimality property (1-3), so that monotonicity
is available, and that

f |V, |?dx +H'(J,,) — 0. (1-7)
Q

Since J,, = Jy,, inequality (1-6) can hold only for J,, # @. If x,, € J,, is a point of density 1 with
X, — x € §2, monotonicity gives a strictly positive uniform lower bound for E, (o) defined in (1-4). But
(1-7) yields the existence of p, such that E, (p,) — 0, a contradiction. If x,, approaches 92, boundary
monotonicity for (1-5) can be employed to get the same conclusion.

In Section 6 we extend the minimality result to a free discontinuity functional of the type

F(u) :=/ A(x)Vu-Vudx+/ b(x,u+,u_,vu)d7-l1+,3/ |u—g|2dx (1-8)
Q Q

u

under suitable assumptions on the coefficient A and b (here v, denotes the normal vector to J,,, u™ are the
two traces of u on the jump set, see Section 2) and considering also boundary condition of Dirichlet type
on a part ['p of the boundary (here 8 = 0 is allowed). Again, provided that €2 satisfies some geometric
assumptions (see Theorem 6.7), the minimizer of F within the class H!(£2) under boundary conditions is
a local minimizer with respect to the L' topology in SBV(£2). We thus recover for 8 = 0 a particular
case of the local minimality result of [Chambolle et al. 2008], and extend it to the case 8 > 0, i.e., in the
presence of a fidelity term: by employing monotonicity instead of a maximum principle argument, we
need to restrict to quadratic gradient energies and require additional geometric assumptions on ['p (see
also Remark 6.6). Finally, as a numerical consequence of our result, it is worth observing that for any
iterative local descent method the regularized image given by (1-2) cannot be used as initial point. In
particular, the topological derivative of the Mumford—Shah functional will be nonnegative at any point;
hence no jump can be naturally detected in this way.

The paper is organized as follows. In Section 2 we fix the notation and recall some basic facts of the
space SBV used in the main proofs. In Section 3 we prove some preliminary results concerning harmonic
extensions in corner domains which are pivotal to extend the monotonicity formula up to boundary points
in Section 4. Section 5 is devoted to the proof of the main local minimality result, while the extension to
the case with boundary conditions with the general form (1-8) is contained in Section 6.
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2. Notation and preliminaries

In this section we fix the notation and recall some basic facts concerning the space SBV.

General notation. Throughout the paper B, (x) will denote the open ball of center x € R? and radius
p > 0. We will write B; for the ball of center O and radius 1, and set S'.:=9B,. If ECR? and x € R?,
dist(x, E) will stand for the distance between x and E. By %! we will denote the one-dimensional
Hausdorff measure, which coincides with the usual length measure on sufficiently regular curves.

If Q@ € R? is open, L”(£2) will denote the usual Lebesgue space of measurable functions which are
p-summable, while H'(2) will stand for the Sobolev space of functions in L?(2) with square integrable
gradient.

A function f : R — R is of class C!! if it belongs to C!(R) and f’ is Lipschitz continuous. We say
that f is piecewise C L1 if it is continuous and there exists a (locally finite) subdivision of R such that on
every associated open subinterval f is of class C'"!. An open bounded domain 2 C R? has a piecewise
C"!-boundary if for every x € 32 there exists a neighborhood U and a piecewise C'-! function f on R
such that, up to a rotation, QN U = {(x, x2) € R>: x> f(x)}NU.

Finally, for a, b € R we set

a Ab:=min{a,b} and aVb:=max{a,b}.

Special functions of bounded variation. Let @ C R" be an open set. The space SBV(2) of special
functions of bounded variation is given by all functions u € L' (2) such that the distributional derivative Du
of u can be represented as a vector-valued bounded Radon measure of the form

Du=vVul +ut —u v, HVN L J,.

Here £V is the Lebesgue measure, Vu € L'(Q2; RV) is the approximate gradient of u, and J, is the
jump set of u. The set J, turns out to be countably H"~!-rectifiable; i.e., it is contained up to a set of
#N~!-measure zero in the union of C'-submanifolds of R". It is possible to define " ~!-a.e. on J, an
approximate normal denoted by v,, as well as traces u™. We refer to [Ambrosio et al. 2000] for a detailed
account of this topic.

The following result is fundamental when dealing with the analysis of the Mumford—Shah functional.

Theorem 2.1 (Ambrosio’s theorem). Let Q@ € RN be open and bounded, and let (u,),en be a sequence
in SBV(L2) such that

IVl +HY () + lnlloo < C,

where p > 1 and C > 0. Then, there exist a subsequence (uy,)xeNn and a function u € SBV(Q2) such that
Vu,, — Vu weakly in L7 ($; RM),
HY1(J,) < liminfHY (U, ),
k—+o00 K

Up, — u strongly in LY().
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3. Harmonic extension results

In this section we collect some harmonic extension estimates on different kinds of domains.

We start by recalling the interior harmonic extension estimate for a disk, which was already exploited
in [Bucur and Luckhaus 2014] to obtain the monotonicity formula. As a straightforward extension, we
generalize the estimate to the case of circular sectors. Then, through a careful deformation procedure, we
handle the case of what we call “corner domains”, namely the epigraphs of functions with a corner-type
singularity which obey suitable estimates. Finally, via a localization argument, we cover the case of
admissible C'-! domains, which will be a crucial tool to extend the monotonicity formula up to the
boundary. Below and throughout this section, we denote by V; the tangential gradient.

Let us start with the simple case of the unit disk Bj.

Proposition 3.1 (harmonic extension estimate in a disk). Let w € H'(3By), and let h,, € H'(B) be its
harmonic extension. Then

IVhw|2dx§/ \V.w|>dH'. (3-1)

By dB;

Proof. Several proofs of this inequality are available in the literature; see for instance [Bucur and Luckhaus
2014] for a proof in N dimensions. For further needs, we give below a short two-dimensional proof
employing Fourier expansions. Let us write

w() = Z[an cos(n) + by sin(nd)].

n

The harmonic extension on Bj is given in polar coordinates by

hy(r, 9) = Z " [a, cos(n®) + b, sin(n)].

n

A direct computation shows that
/ |Vhy|*dx =m ) n(ay+b}) and / IVew*dH' =7 > n’(a;+ b)),
B n 331 n

so that the estimate easily follows. (Il

Let us generalize the estimate (3-1) to the case of circular sectors. Given ¥y € [0, 27r], we consider the
circular unit sector and associated arc given in polar coordinates by

19() 190 190 190
Slyo:={(r,19):re[0,1],z9€[—7,7:“ and Flgo:={(r,19):r=1,z9€[—?,?:“.

The following extension of Proposition 3.1 holds true.

Proposition 3.2 (harmonic extension estimate in a sector). Let w € H I(Fﬁo), and let h,, € H 1(5190)

denote a harmonic extension of w. Then the inequality

/|Vhw|2dx§/ |Vew|? dH!
Sﬂo Fﬁo

holds true provided that one of the following assumptions is fulfilled:
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(a) Yo €10, ] and h., satisfies Neumann conditions or Dirichlet homogeneous conditions on 9S8y, \ I's,.

(b) ¥9 € 10, w/2] and h,, satisfies homogeneous Dirichlet conditions for ¥ = —vy/2 and Neumann
conditions for ¥ = Uy/2.

Above, a harmonic function h € H'! (Syp,) is said to satisfy Neumann conditions on a portion of the
boundary I'y C 9.5y, and Dirichlet conditions g on the complement I'p = 9.y, \ I'y for some function
g€ HI(S,gO) if 4 is a minimizer of

min{/S

Proof. Let us consider the case of homogeneous Dirichlet conditions. We may develop w as

> T 19()

Jj=1

|Vu>dx :ve H'(Sy,), v=_gon FD}.

20

so that the associated harmonic extension takes the form
o0
: b3 290
hy = cir?™Poginl i— (9 +=]]|.
" ,Zl j ey 5

A straightforward computation for the energies of the gradients in polar coordinates shows that

2 \VhlPdx < / Vewl? dH,
Do Jsy, Ty
so that the result follows.

Let us come to the case of Neumann conditions. The case of the semicircle, i.e., ¥y = 7, is easily
obtained through an even extension of w to d B; and employing Proposition 3.1. If ¢ € ]0, [, we pass
from w to a function w by prolonging the constant values of the extremes. Applying the inequality on the
semicircle we may write

/ |Vhw|2dx§/ Vh2dx < IVhwldeE/
Sﬂo

|V, 0% dH! :/ IV,w|? dH!,
Sﬂo Sx Iy

Lo,
so that the result follows, and point (a) is proved.

Let us come finally to point (b) which follows by combing the idea used above. If ¥y = /2, we can
perform an even extension to a semicircle and employ the harmonic estimate with Dirichlet conditions of
point (a), and then restrict to I'; /2 to get the result. If ¥ € ]0, w /2[, we can proceed by extension to 'y 2
and using the associated inequality. (I

We are now going to consider the case of corner domains. By corner domain, we mean the epigraph
(see Figure 1)
Q= (1, x2) €R? 121 > f(x2) (3-2)

of a given function f of the form
filx) ifx <O,

f(x) ifx>0, (3-3)

fx):= {
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X2
x1 = fa(x2)
Qy
/Yo *
x1 = fi(x2)

Figure 1. The domain Q.

with f; € C'(]—o0, 0]) and f> € C' ([0, +o0[) nonnegative functions satisfying

J1(0) = £2(00=0, f5(0) =—£(0). (3-4)
We define
0(S27) := angle of Q2 at the origin, (3-5)

meant as the angle at the origin of the sector {x; > f{(0)x2} N {x; > f7(0)x2}. In particular, Jo(27) =7
in the case Qs is smooth (f{(0) = f;(0) = 0). We also set
N Qs ={(fi(x),x):x <0}NB1(0) and 0,2 :={(f2(x),x) :x >0}NB(0). (3-6)
The following result holds true.

Proposition 3.3 (harmonic extension estimate in corner domains). For p > 0, let Q2y, be a family of
corner domains as in (3-2), where each function f, is of the kind (3-3)—(3-4). Assume further that:

o The left and right derivatives of f, at the origin are independent of p; i.e.,
[p20)=—f,(0)=:21>0. (3-7)
o f ;’1, f /;’2 satisfy the following Lipschitz-type estimates for some constant ¢ > 0:

forall x € [—1, 0], |f/§’1(x)+)»| <cplx|,

(3-8)
forall x €0, 1], | fp2(x) = Al < cox.

Then there exist py > 0 and cy > 0 such that, for every p € (0, po]l and w € HI(SZJ;) N dB1(0)), denoting
by hy, a harmonic extension of w to Qy, N B1(0), it holds that

(1= cop) Vho 2 dx < / VewPd!, (3-9)
prﬂBl(O) prﬂaBl(o)

provided that ¥y := 00(S2y,) (the inner angle at the origin of Q2¢,) and hy, fulfill one of the following
assumptions:
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(@) Y0€]0, ] and hy, satisfies Neumann conditions or Dirichlet homogeneous conditions on 91€2,Ud,S2 .

(b) Do €10, /2] and hy, satisfies homogeneous Dirichlet conditions on 9,2, and Neumann conditions
on 82 Q fo

In order to prove the previous proposition, we need some preliminary work. Let us consider the planar
domain given in polar coordinates (r, ©) by

Cyp.g = {(r, ) :rel0,1], ¥ € [0, % +g(r)i|}, (3-10)
where
1 l?() 190 T
Yo€]0, 7] and geC'([0,1]), g(0)=0, g(r) € [—? ey + §i| (3-11)

The domain Cy, , can be mapped to the unit sector

Sy, = {(r, 9):rel0,1], v e [0, %“

by means of the transformation defined by

) 9
T:Copg— St Tro):=(rn——-), (3-12)
’ 0 2 90/24g(r)

T—l(r/ 19/) . (r/ 3(@4_ ( /)>19/>
y = s 190 ) g\r .

Notice that 7" maps Cy,,, N d B (0) onto FZ;FO ={(r,0):r=1,9 €0, ¥9/2]}. Accordingly, with a given
function v defined on Cy, , (resp. on Cy, , N 3dB;1(0)), we can associate the function vt defined on SZ;LO

with inverse

(resp. Ff{o) by
v i=voT . (3-13)

Lemma 3.4. For p > 0, let Cy, ¢, be a family of domains as in (3-10), with 9 (independent of p) and g,
as in (3-11). Assume further that g; satisfy the following L™ estimate for some constant ¢ > 0:

|g;)(r)| <cp foreveryrel0,1]. (3-14)
Let T : Cy, g, > S;}: be defined as in (3-12). There exist pg > 0 and co > 0 such that for every p € (0, po]
the following items hold true:
(@) Ifv* e Hl(S;:)) is associated with v € Hl(CﬁO’gp) as in (3-13), then
f Vvt 12 dx’ > (1= cop) |Vv|?dx.
S50 Cip.p
(b) If w* € H'(T'}) is associated with w € H'(Cy, ¢ N 9B (0)) as in (3-13), then

f Vw2 dH! < (1 +cop) VewP an'.
F;—O Cﬁo,gp NaB1(0)
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Proof. Let us prove item (a). We write for simplicity g in place of g,. By (3-13), we have

% L%
— ot = r, >
v(r, ) = v (T(r,9)) =v (r’ 2 190/2+g(r)>'

Computing the partial derivatives of the function v, we obtain

—vg'(r)

B(r, ) = 0,0 (T (7, 0)) + By (T, )22 5 m

8191)(1” 0)—81}/ I:I(T(}" 19)) ) m

so that

90" . 0g'(r)
p 0 (T (r, 9)) = 0 v(r, ¥) + —————dsv(r, V),
Do/2+g(r) (3-15)

3y v (T (r, ) = ﬁ%(@

> +g(r)) dpv(r, V).

Since the jacobian of T is given by

) 1
2 90/2+8(r)’

the change of variable formula together with (3-15) yields

N2
/ [(ar,vﬁ)2+<%—v)]r’dr’dﬁ/=/ [(a )24 (8 U) —I—e(p):| Yo L as 3-16)
s r’ Cipe r 2 ¥9/24+g()

where

=g i (0 Y e (G (e )] -1 )(2).
e(")'_260/2+g<r>a’”al’”+<ﬂ0/2+g<r>)( 07| (55 e F ) G

It is easy to check that there exist pg, ¢ > 0 (depending only on the constant ¢ in (3-14) and on () such

JT(V, l?) =

that for every p € (0, po]

o 2 8191) 2 - 2 8191) 2
—w[(firv) + <7> } =e(p)=cp [(arv) + (7) ] (3-18)

Indeed, let us show for instance how the first term on the right-hand side of (3-17) can be handled
(the other terms being similar). Notice first that the assumption (3-14) gives also |g(r)| < cp for every
r € [0, 1]. Then, taking p sufficiently small we obtain, for a suitable constant ¢ > 0,

0g'(r)

| e ()]
Po/2 1 51 [’ () +< r

2
< OB ) +(8ﬁ”)]sép((arv)2+(al’—”)).
Bo/2 —cp r r

0g'(r)

———— 0,00y V| <
Bo/2+ g(r)
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In view of (3-18), coming back to (3-16) we get

/ [(a ﬁ)2+<8’9’”ﬁ)2] dr'dy' > (1 —¢ )/ [(a )%(aﬂv)z] % ! dr do
1V r'dr >(1—-cp U —_ — 7 dr
S5 r’ Coy r 2 99/2+g(r)

1—¢ 3y v\
> i/ [(a,v)2 + <ﬂ) } rdr do,
1= /o0 Je, r

from which part (a) of the statement follows.

The proof of part (b) is analogous, by using the lower bound inequality in (3-18) in place of the upper
bound one. O

We are now in a position to prove Proposition 3.3.

Proof of Proposition 3.3.. Throughout the proof we write for simplicity f in place of f, and g in place
of g,. We claim that
Qj: := Q¢ N B1(0) N {x2 > 0}

corresponds to the domain Cy, , defined in (3-10), with ¥y and g satisfying (3-11) and (3-14), if we take

f2(x2) ) Yo
Do =00(p)  g(r) = N ISe R D) 319
0="00(Ry), g(r) arCCOS( T ) > (3-19)

where 99(£27) is the angle of 2 at the origin defined according to (3-5), and x, = x»(r) is obtained by

= VT 320

To prove the claim notice firstly that x,(r) is well-defined because (3-20) defines a bijection if p
is sufficiently small: if f;(0) # 0, this follows immediately from (3-8); if f;(0) = 0, setting h(x7) :=
x% + f>(x2)? and using again (3-8), we get

inverting the relation

B (x2) = 2x2 + 2 f2(x1) f5(x2) = 2x2(1 —c3p%) >0 for x; > 0 and p < 1.

Next observe that, since by assumption f> is nonnegative, the domain ij can be written in polar
coordinates (r, ¢) as

(3-21)

O0<r<l, 0<v<¢(r):= arccos( falx2) )

Vi3 + fr(x2)?

(with xp = x2(r) as above). In view of (3-21), and noticing that the function ¢ satisfies

£5(0) ) _ Do(2y)
Y1+ £30) 2

we see that Q}r corresponds to Cy, , with ¥y and g as in (3-19). To achieve the proof of the claim,
it remains to check that 9 and g satisfy (3-11) and (3-14). Since ¥ is the angle of Q2 at the origin,
recalling that f| and f, are nonnegative by assumption, it is clear that ¢ € [0, 7 [. It is also immediate
from the above definition of g that g € C'([0, 1]) and that g(0) = ¢(0) — ¥%9/2 = 0. Moreover, since

p(0h) = arccos(
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the function ¢ in (3-21) takes values into [0, 7 /2], g satisfies the bounds in (3-11). Finally, taking into
account (3-8), a straightforward computation shows that there exists ¢ > 0 such that (3-14) is fulfilled.

A similar change of variable can be operated on the set Q} =QrNB1(0)N{x2 < 0}. We conclude that
we can map 2 N By (0) onto the sector Sy, with an estimate on the L?-norm of the gradients according
to Lemma 3.4.

We are now ready to prove the estimate (3-9). Let us consider firstly the case of Neumann conditions.
Given w € Hl(Qf N3 B;(0)), let w* € Hl(FlgO) be associated with w according to (3-13). If &, is the
harmonic extension of w* to Sy, with Neumann conditions on Sy, \ I's,, thanks to Proposition 3.2(a) we

J

Coming back to the original domain, if we consider the function h € H'(Q N B1(0)) defined by
h:=h,:oT (so that h* = h,:), by using in the order Lemma 3.4(a), (3-22), and Lemma 3.4(b), we infer

have

|Vhwn|2dx§/ IVew? | dH. (3-22)

r

20 R0

(1= cop) |Vh|2dx§/ |Vh:|? dx
Qf NB;1(0) Sz‘)o
5/ Vw2 dH' < (14 cop) |Vew]?dH!.
Ty, Q7N3B1(0)

Since the harmonic extension A, of w which satisfies Neumann conditions on 01£2 s U 0,€2 ¢ satisfies the

/ |Vhy|*dx < / |Vh|*dx,
QfﬂB](O) QfﬂBl(O)

inequality

the result follows.
The case of Dirichlet homogeneous conditions or mixed Dirichlet/Neumann conditions can be handled
in a similar way, by employing the corresponding inequalities on sectors established in Proposition 3.2. [J

In order to handle more general geometries and also boundary conditions, the following definition will
be useful.

Definition 3.5 (admissible domains). Let & C R? be an open bounded set with a piecewise C-!-boundary.
Let S denote the set of corners of 92, and let y1, ..., yx be the open arcs (connected components) of
a2\ S. We will say that Q2 is admissible if 02 can be decomposed as

R=TpUl'yuUS, (3-23)
where I'p U 'y is a partition of {yy, ..., yx} and satisfies the following conditions:

(i) The angle formed (on the side of €2) by any pair of consecutive arcs in I'p or in I'y is less than or
equal to 7.

(i1) The angle formed (on the side of £2) by any arc of I'p adjacent to an arc of Iy is less than or equal
to /2.
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Remark 3.6. In our further considerations I'p and I'y stand for the arcs with Dirichlet and Neumann
boundary conditions respectively For I'p = 02 or I'y = 0€2, admissibility according to the above definition
reduces to the assumption that Q has convex corners. In particular, smooth C'*! domains are admissible.

Proposition 3.7 (harmonic extension estimate in admissible domains). Let Q C R? be an open bounded set
with a piecewise C''-boundary, which is admissible according to Definition 3.5. Let 3Q be decomposed
as in (3-23). There exist pq > 0 and cq > 0 such that, for every x € 02 and every p < pq Adist(x, S\ {x}),
ifwe H'Y(QN 0B,(x)) and h,, denotes a harmonic extension of w to N B,(x), it holds that

1—c
{=cap) |Vhwﬁdxfa/ IV, w2 d?, (3-24)
1Y QNB,(x) QNI B, (x)
provided one of the following assumptions is fulfilled:
(a) hy, satisfies Neumann conditions or homogeneous Dirichlet conditions on 92N B, (x).

(b) hy, satisfies homogeneous Dirichlet conditions on I'pN B, (x) and Neumann conditions on I' yN B, (x).

Proof. Let us first consider the case when h,, satisfies Neumann conditions on 2N B, (x). Since 2 is
compact and with a piecewise C 1’l—boundary, there exists po > 0 such that, for every x € 92 and p < pq,
we have that £ N B, (x) is given in a suitable coordinate system with center in x by the intersection with
B, (x) of the epigraph of a piecewise C L1 function f, : R — R. In view of the compactness of 32, it is
not restrictive to assume

sup || fxllri = C < 4o00. (3-25)
x€3Q !

Let x € 92 be a smooth point, and let
p < pgo Adist(x, S).
Up to a translation and a rotation, we may assume that x = 0 and that &N B, (x) is given by

where
Q= {(x1,x2) € R?:x1 > f(x2)}

for a suitable f € C1!(R) with £(0) = f/(0) =0 and Ifllcii < C. If we rescale to unit size, i.e., we
consider the map

xX—=x/p,

then Q¢ N B, (0) is transformed into the set ¢ N By(0), where
1
Jo(s) === f(ps).
0
Since f/;(s) = f'(ps) and f(0) = f'(0) =0, in view of (3-25) we deduce that for every s € [—1, 1]

1£2)] < cpls].
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Hence, the family of functions f,, satisfies conditions (3-7) and (3-8). Therefore, up to reducing pq, we
can apply Proposition 3.3 (under assumption (a), the case of Neumann conditions) to the function

B(y) = w(py) € H' (R, N3B1(0)).

Rescaling back to size p, we obtain easily the result.

If x is a convex corner for d€2, the proof is similar, using again Proposition 3.3 (under assumption (a),
the case of Neumann conditions).

The cases when h,, satisfies homogeneous Dirichlet conditions on 92 N B,(x), or homogeneous
Dirichlet conditions on I'p N B,(x) and Neumann conditions on I'y N B, (x), can be settled in the
analogous way, by using the parts of Proposition 3.3 in which the corresponding boundary conditions are
considered. ]

Remark 3.8. An inspection in the proof of Proposition 3.7 shows that the constants cq, pq remain bounded
if 2 is replaced by the domain L(2) where L : R> — R? varies in a family of linear transformations with
bounded norm. This observation will be useful in Section 6.

4. The monotonicity formula up to the boundary

In this section we prove a monotonicity formula up to boundary points for a suitable notion of quasimini-
mizers of the Mumford—Shah functional in dimension 2. We point out that this notion is much weaker
than the classical one employed in [Bucur and Luckhaus 2014], since the family of test functions is much
smaller. The results of this section are typically two-dimensional and cannot, a priori, be extended in
N dimensions.

Let us start with the following definition.

Definition 4.1 (weak minimizers). Let € R? be an open set, and u € SBV(£2). We say that u is a weak
local almost-quasiminimizer of the Mumford—Shah energy with respect to its own jump set at the point
x € Q if there exist p, > 0, y >0, ¢, >0and A > 1 such that for every p < p, with

/ \Vul? dx +H'(J,NB,(x)) < p (4-1)
QNB,(x)
and for every v € SBV(Q2) with {v # u} C B,(x) and J, C J, we have

/ |Vul*>dx +H'(J, N B,(x)) 5/ Vo> dx + AH' (J,N B, (x)) +c,p'*7.  (4-2)
QNB,(x) QNB,(x)

Remark 4.2. Notice that local almost-quasiminimizers of the Mumford-Shah functional considered in
[Bucur and Luckhaus 2014] (in particular absolute minimizers) are weak local almost-quasiminimizers
with respect to their own jump set: indeed they satisfy the minimality property (4-2) on every ball B, (x)
(with p sufficiently small) not necessarily satisfying the energy bound (4-1), and for every competitor v
such that {v # u} C B, (x), without the restriction J, C J,.
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With a given weak local almost-quasiminimizer # according to the previous definition, we associate
for every x € Q and p > 0 the quantity

Ec(p) ;:/ |Vul*dx +H'(J, N B,(x)). (4-3)
QNB,(x)

Our monotonicity formula at interior points reads as follows.

Theorem 4.3 (interior monotonicity). Let Q@ C R? be open, and let u € SBV(R2) be a weak local almost-
quasiminimizer for the Mumford—Shah energy with respect to its own jump set at the point x € Q2 according
to Definition 4.1. Let £, (p) be associated with u as in (4-3).

Then the quantity

&
Ex(p) := )

AL+ ZLpr (4-4)
Y

is nondecreasing on (0, py A dist(x, 0€2)).

This formula appears to have a similar expression to the one in [Bucur and Luckhaus 2014], but applies
to a much weaker notion of minimizer. In particular there is no natural upper bound for & (p)/p as
in [Bucur and Luckhaus 2014] (such a bound is usually obtained by using as a test for minimality the
function u I g\ B,(x)> which is not a priori an admissible competitor for weak local almost-quasiminimizers
with respect to their own jump set).

Coming to boundary points, we are going to state a monotonicity formula for domains which are
admissible according to Definition 3.5. First, let us consider the case of C!!-domains with convex corners
(see Remark 3.6), with no imposition of Dirichlet boundary condition. In the case of a flat boundary, such
a monotonicity formula has been obtained in [Chambolle et al. > 2020], in which case kg = 0.

Theorem 4.4 (boundary monotonicity). Let Q C R? be an open, bounded, piecewise C-'-domain with
convex corners, and let u € SBV(QQ) be a weak local almost-quasiminimizer for the Mumford—Shah energy
with respect to its own jump set at the point x € 02 according to Definition 4.1. Let £, (p) be associated
with u as in (4-3).
Then there exist rq > 0 and kg > 0 such that the quantity
B =" a4 Lyt via [ (20 1) ar *-5)
0

r

is nondecreasing on (0, px Arg Adist(x, S\ {x})), where S denotes the set of corners of 0S2.

To formulate a monotonicity result which takes into account also boundary conditions, we consider the
case when €2 is an admissible domain according to Definition 3.5, and homogeneous Dirichlet boundary
conditions are imposed on the (nonempty) portion I'p of its boundary. To this aim, let us consider an
open bounded domain €’ such that @ € ' C R? and with (see Figure 2)

02NQ =Tp. (4-6)
Setting
Ao :={u € SBV(Q):u=00n Q' \ Q}. 4-7)

we adapt the notion of weak local almost-quasiminimizers as follows.
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Figure 2. The domain &'.

Definition 4.5 (weak minimizers in .4p). We say that u € Ay is a weak local almost-quasiminimizer in
Ao of the Mumford—Shah energy with respect to its own jump set at the point x € Q if there exist p, > 0,
y >0, ¢, >0and A > 1 such that for every p < p, with

| vuPdx W (0B, <
QNB,(x)
and for every v € Ay with {v #u} € B,(x) and J, C J, we have
f |Vu|2dx+’Hl(Juﬂl§p(x))§/ Vo> dx + AH' (J, N B,(x) + ¢, 0" 7.
QNB,(x) QNB,(x)
The following variant of Theorem 4.4 holds true.
Theorem 4.6 (boundary monotonicity in Ag). Let Q@ C R? be an admissible domain according to
Definition 3.5, and let u € Ay be a weak local almost-quasiminimizer in Ay for the Mumford—Shah
energy with respect to its own jump set at the point x € 02 according to Definition 4.5. Let E;(p) be

associated with u as in (4-3).
Then there exist rq > 0 and kg > 0 such that the quantity

PrE.
/\1+c—,0y+kg2/ < (r)/\l)dr (4-8)
p y o \ r

is nondecreasing on (0, px Arg Adist(x, S\ {x})), where S denotes the set of corners of dS2.

In order to establish these results, we need to revisit the proof of the monotonicity formula given
in [Bucur and Luckhaus 2014]. The new ingredients here are the jump constraint (for which the two-
dimensional setting is crucial) and the fact that the point x can belong to the boundary. We start with the
boundary case, which contains the relevant modifications with respect to the case treated in [Bucur and
Luckhaus 2014], and then we go back to the (simpler) interior case.

Proof of Theorems 4.4 and 4.6. Let us consider first the case of Theorem 4.4. Following [Bucur and
Luckhaus 2014], to prove the result it is enough to show that there exist ro > 0 and kg > 0 such that, for
p € (0, px Arg Adist(x, S\ {x})), it holds that E ".(p) > 0 at almost every differentiability point p of E "
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such that £, (p) < p. Let pg and cq be as in Proposition 3.7, and let us choose kg = 2cq and rq < pgq.
We argue by contradiction. Assume that

~ 8/ EX gx
P P
so that
pELP) + e, p? T+ kapEi(p) < Exlp). (4-9)

In particular, we infer £, (p) < 1 so that from
/ |Vu|? dx +H(J,NdB,(x)) < E.(p) < 1
QNOB,(x)

we get J, N dB,(x) = &. This means that the restriction of the SBV function u on 0B,(x) N Q2 is a
Sobolev function which we denote by w. Notice that (4-9) gives

p / IVew]> dH' + ¢, p? ! + kapEc(p) < Ec(p). (4-10)
QNI B, (x)

Let h,, denote a harmonic extension A, of w to £ N B,(x) which satisfies Neumann conditions on
02N B,(x). By Proposition 3.7, we have

l _
(A =cap) (Vhoy|? dx 5/ Vw2 dH.
P QNB,(x) QNaIB,(x)

From (4-10) we deduce that
(1—cqp) [Vhy > dx + ¢, 0" +kapEc(p) < Ex(p).
QNB,(x)

Up to reducing rg if necessary, we infer in particular
f |Vhu|*dx < 2€:(p)
QNB,(x)
so that for every p < rq Adist(x, S\ {x})
f Vho|?dx +c, 0" + (kg — 2c0) pEx(p) < Ex(p). (4-11)
QNB,(x)

We now consider the admissible competitor for # given by

hy(y) ifyeQNB,(x),

. (4-12)
u(y) otherwise.

v(y) :== {

Notice that J,, € J,, since v has no jumps inside N B,(x) and coincides with u on 2N dB,(x). Then,
recalling that we have chosen kg = 2cq, inequality (4-11) for p < p, Arg Adist(x, S\ {x}) contradicts
the weak local almost-quasiminimality property of u according to Definitions 4.1 (recall that &, (p) < p).

Coming to Theorem 4.6, we can follow the previous arguments by considering the harmonic extension
hy, which satisfies homogeneous Dirichlet conditions on I'p N B, (x) and Neumann conditions on I'y N
B, (x), and using again Proposition 3.7. The contradiction then follows by noting that the competitor v in
(4-12) belongs to Ay. [l
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Remark 4.7. Notice that the uniformity property of Remark 3.8 holds also for the constants rq and kg.

Proof of Theorem 4.3. The proof reduces essentially to the original case of [Bucur and Luckhaus 2014]
by noting that, since we work in dimension 2, the key competitors involved in the arguments turn out to
have a jump set contained in J,. More precisely, we can follow the proof of Theorem 4.4, by using the
estimate of Proposition 3.1 in place of that of Proposition 3.7: in this way we can choose kg = 0 and
obtain the monotonicity for the energy in the simpler form (4-4). U

5. The local minimality result
Let Q € R? be a bounded open set, and let
MS () := fg IVul>dx +aH' (J,) + B /Q lu—g|*dx
denote the Mumford—Shah functional on SBV(2), where g € L*°(£2) and «, 8 > 0.

The following result holds true.

Theorem 5.1 (small jump sets are not convenient). Let Q C R? be an open, bounded, piecewise C'-!-
domain with convex corners and let g € L (). Let U € H'(Q) be the solution to

min /lelzdx—i-,B/ |v—g|2dx,
Q Q

veH(Q)
i.e., such that

{—AU—I—ﬁU:,Bg inQ, 5-1)

U /v =0 on 32.

Then there exists € > 0 such that for every u € SBV(Q) with H'(J,) < & we have
MS(U) < MS(u).

The main result of the paper, already stated in the Introduction as Theorem 1.1, is a simple consequence
of the previous theorem. For convenience, we restate it hereafter:

Theorem 5.2 (local minimality in L'). Under the assumptions of Theorem 5.1, the function U is a local
minimizer for the Mumford—Shah functional in SBV () with respect to the L'-topology.

Proof. Assume by contradiction that there exists v, € SBV(£2) such that
v, — U strongly in LI(Q),
with
MS(v,) < MS(U). (5-2)

By truncation we may assume that ||v,[lcoc < [lglloo, SO that the convergence holds also in L*(S). By

(5-2), we may apply Ambrosio’s theorem (see Theorem 2.1) and deduce

/|VU|2dx§1iminf/ |Vv,|* dx,
Q n Q



LOCAL MINIMALITY RESULTS FOR THE MUMFORD-SHAH FUNCTIONAL VIA MONOTONICITY 883

so that, since the fidelity terms are converging, we infer lim,, H! (Jv,) =0: but then (5-2) is in contradiction
with Theorem 5.1. O

Remark 5.3. Under suitable regularity assumptions on g, it has been proved in [Alberti et al. 2003,
Sections 5.1 and 5.3] by using the calibration method that U is a global minimizer for MS if B is
sufficiently small or if g is sufficiently large.

The proof of Theorem 5.1 rests on a suitable use of the monotonicity formulas up to the boundary
developed in Section 4.

Proof of Theorem 5.1. First of all, by considering the change of variable x — ,/ax, it is not restrictive to
assume o = 1.

Let u, € SBV(£2) be a minimizer of
min  MS(u).
ueSBV(RQ)
H! (Ju)=<e

We shall prove by a contradiction argument that J,, = & for ¢ small enough, so that u, = U and the
proof follows.

Let ¢, be an infinitesimal sequence, and let us denote by u, the corresponding functions u,,. By
truncation we may assume that

ltnlloo = lIglloc and  [[Ulloo < lI&llcc- (5-3)

Comparing u, with the zero function we get

/|Vun|2dx+wl(fun>+ﬁ/ |un—g|2dxsﬁ/ ¢dx. (5-4)
Q Q Q
‘We will concentrate on

v, =u, —U.

We divide the proof into several steps.

Step 1: regularity for U. In view of the bound (5-3) and of the regularity of 92, we infer from the elliptic
problem (5-1) satisfied by U that U € H 2(Q); see [Grisvard 1985, Theorem 3.2.1.3 and Remark 3.2.4.6].
In particular we deduce that VU € L?(Q) for every p > 1. Then we may write for every x € Q, p > 0

2/p
/ IVU|?dx < (/ |VU|de) 12N B, (x)|' /7.
QNB,(x) QNB,(x)

As a consequence, for every y € (0, 1) we get the estimate

and p >4

/ VU2 dx <cip't (5-5)
QNB,(x)

for some c¢; > 0 (here, c; depends on y, 2, 8, g, but not on p).
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Step 2: weak local almost-quasiminimality of v, with respect to its own jump set. Let us show that there
exist 8 > 0 and ¢; > 0 such that for every x € , for every p < 1 with

/ |Vua|* dx +H' (Jy, N B,(x)) < p, (5-6)
QNB,(x)
and for every v € SBV(L2) with {v # v,} € B,(x) and H'(J,) <&, we have
/ |V, *dx +H' (J,, N B,(x)) 5/ Vol dx +H' (J,NB,(x)) +csp' ™. (5-7)
QNB,(x) QNB,(x)
In particular we get that v, is a weak local almost-quasiminimizer of the Mumford—-Shah energy with

respect to its own jump set at any point x € Q according to Definition 4.1.
Recalling (5-3) we have ||v,|lco < 2]/gllco, SO that it is not restrictive to assume that also

vlloo <2118 lloo- (5-8)
Moreover, we may assume

/ V|2 dx < / IV, > dx +H' (], N B, (x)), (5-9)
QNB,(x) QNB,(x)

since otherwise (5-7) is immediately satisfied.
Since
{(v+U #un} € By(x)
by the minimality of u, we get

/ |V, + VU > dx +H'(J,, N B,(x)) + B lun +U — g|*dx
QNB,(x) QNB,(x)
s/ |Vu+ VU dx +H'(J,NB,(x))+ B lv+U —g|*dx
QNB,(x) QNB,(x)
so that
/ |V, | dx +H' (1, N B, (x)) 5/ |Vul?dx +H' (J, N B,(x)) +c(p),
QNB,(x) QNB,(x)
where
c(p):=2/ VU - (Vv—Vuv,)dx+ B lv+U —gl*dx— 8 lv, + U — g|? dx.
QNB,(x) QNB,(x) QNB,(x)
Recalling (5-3) and (5-8), we have
/ |v—|—U—g|2dx—/ g + U — g|?dx < c2p? (5-10)
QNB,(x) QNB,(x)

for some c; > 0. Thanks to the estimate (5-5) for VU obtained in Step 1, and taking into account (5-9)
and (5-6), we have

/ VU - (Vv—Vu,)dx
QNB,(x)

= IVUllr2@nB, ).k VUl L2@nB, (0:r2) + IV Unll 22 @nB, (r):R2))
< C3p(1+y)/2p1/2 — c3p1+)//2 (5_1 1)

for some c¢3 > 0.
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Collecting (5-10) and (5-11), we get for every p <1

c(p) < csp't?
for 6 = y /2 and cs > 0, so that inequality (5-7) is proved.
Step 3: vanishing energy. We claim that
/ |V, [*dx +H'(J,,) — 0. (5-12)
Q
Indeed, in view of (5-4) and of (5-3) we may apply Ambrosio’s theorem (see Theorem 2.1) to the sequence
(un)nen: there exists u € SBV(L2) such that up to a subsequence
u, — u strongly in LZ(Q),
Vu, = Vu weakly in L*(Q2; R?) (5-13)

and
#H'(J,) <liminf#'(J,, ) =0. (5-14)

In particular, u € H'(Q). Moreover, by the minimality of u,, we deduce that in the limit

f|w|2dx+ﬁ/ |u—g|2dxs/ |V<p|2dx+ﬂ/ o — g2 dx
Q Q Q Q

for every ¢ € H'(Q), which yields u = U. Passing to the limit in the inequality

f|Vun|2dx+’Hl(Jun)+ﬁ/ |un—g|2dx§/ |VU|2dx+;3/ U — g|? dx,
Q Q Q Q

we deduce
limsup/ IVu,|>dx < / IVU|? dx,
n Q Q
which together with the weak convergence (5-13) yields
Vu, - VU strongly in LZ(Q; [F\EZ).

Recalling that v, = u, — U and that #!(J,,) = H'(J,,) = &, claim (5-12) follows.

Step 4: conclusion. We can now conclude the proof via a contradiction argument. Assume that ! (J,,) >0
for every n. Since J,, = J,,, this implies that for every n

H(J,,) > 0. (5-15)

To derive a contradiction from (5-15) when # is large enough, we consider for every n a point x,, € J,,, of

density 1, i.e., such that
. Hl(-]vn mB,o(xn))
lim =1

5-16
p—0*t 2,0 ( )

Let y, € 92 be a projection of x,, on d€2; since €2 has convex corners, y, is a smooth point of 2. Let us set
dy :=dist(x,, 0Q) = |x, — y,| and d, :=dist(y,, S),

where S is the set of corners of €.
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Figure 3. Illustration of Case 2.

For x € Q, we set
E"(p) ::/ |V, > dx +H! (J, N B, (x)).
QNB,(x)

Notice that, in view of Step 3,

M :=/ |V, 2 dx +H'(J,,) = 0 (5-17)
and ¢
EL(p) <M. (5-18)
We distinguish four cases.
Case 1: Assume that
lim sup —— > 0. (5-19)
n Mn

Thanks to Step 2 and the interior monotonicity formula of Theorem 4.3 we infer that the map

n

> &, (P) Al+cyp” (5-20)
0

is nondecreasing on (0, d,, A 1). Thanks to (5-19), possibly passing to a subsequence, for n large we may

choose as an admissible radius p, = C. /7, for some C > 0, and write
&L (on) EL (on)
lsi/d%—cypj,’ fi—i-cy,o,’; < M
Pn Pn C\/ﬁn

+cy (C\/n_n)y’

where the first inequality comes from monotonicity at x,, and (5-16), and the last one by (5-18). In view
of (5-17), the above relation gives a contradiction for n large enough.

Case 2: Assume that

d/
=0 and limsup —— > 0. (5-21)
Nn n N

n

lim
n
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By Step 2 and the boundary monotonicity formula of Theorem 4.4 we infer that the map

gl’l
’ <_yn “ 1) dr (5-22)

& (p)
o> yn'o /\1+Cy10y+k9/
r

1Y 0

is nondecreasing on (0, 1 ArgAd,,), where rq, kg > 0. Thanks to (5-21), possibly passing to a subsequence,
for n large we may choose as an admissible radius p, = C./n,,, assume that p,, > 2d,, and write

E" (o on fEM (r & (2d, 2d,,
M/\l—f-cypr):-i-kgz/ (L)/d)drz%)/\l—i—cy(%in)y—kkg/ ( 244 )/\l)dr
Pn 0

0 r n r

" (d, " (d, |
> Sa ) | e d? =+ Er, () AMAtc,d | ==,
2d, 2 d 2

where we have used in the first inequality monotonicity at y,, then the inclusion By, (x,) € Bag, (yn) (see
Figure 3), and finally monotonicity at x,, combined with (5-16). We infer

1 & (o) pon  ET (1)
_<y"—'0n/\1+cyp}{+kgf (y”—/\l)drf
0 r

27
which is a contradiction for n large in view of (5-17).

n

Mn
+ ¢, (C /)’ +kaC M, 5-23
C\/% Cy( M) Q Mn ( )

Case 3: Assume that

. dy . d, . dy
lim =0, lim =0 and lim— =0. (5-24)
n /T o Mn n dn

Then there exists a vertex z € S such that, possibly passing to a subsequence, x,, y, — z. Set

d, = dist(y,, 2).

We choose p, := ,/1,. Since for n large we have p, > 2d;,, we may write using the monotonicity at z
and the inclusion By (y,) € Bag (z) (see Figure 4)

en P (EN £n(d, 2, gn
SO e p? ke / &0 drzMAHcy(zd;)qu/ 0 Nar
Pn 0 r 2d,, 0 r
& (d))
“Ynn7
= od A+, d).

On the other hand, since for n large we also have d,, > 2d,,, by monotonicity at y, and the inclusion

Bg, (x,) € Bog,(yn) (see again Figure 4), we have
&y (dy) &y (dy) 4 (E8 (r)
o D0 N ey (d)) +ka / (yn_Al) dr}
L dn 0 r

A+, (d) +k /d}; g”’(r)/\l dr > |
2d) “ @), \r =2
1[ &5, 2dy) 2dn EN (1)
—| 2 Al 2d,)Y +k 2 A1) d
2| 2a, MO HQ/O ( r A)r}
1
2

[ 5, (4n) A+, d? ;l"(dn)/\l—l—c dr | >
| 2d v | =374 e | =

%

%

1
47

n n

the last inequality coming from monotonicity at x, combined with (5-16).
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a2

Figure 4. Illustration of Case 3.

Collecting the previous inequalities we obtain

1 E” n Pn g N
—Sksz/ (y"() 1>d+ (p)/\l—i-cy,o,i’#—kgv/ (ﬁ/d)dr
4 0 r Pn 0 r

< kad, + :/7% M)’ e
which yields a contradiction for n large.
Case 4: Assume finally that
lim—— =0, lim n =0 and limsup n > 0. (5-25)
" van n o dy

Let z € S be a vertex such that, up to a subsequence if necessary, x,, ¥, — z, so that d,/l = dist(y,, z). Set
d; := dist(x,, z). Up to a subsequence we may assume that, for n large, d;, < Cd, with C > 0, so that
from the inequalities

d, = dist(x,, Q) < d = dist(x,, z) < dist(x,, yn) +dist(y,, 2) =d, +d, < (1+C)d, (5-26)

we infer that d, and d;] are comparable.
Then, if we choose p, := /7., in view of (5-25) and (5-26), for n large we have p, > 2d. By
monotonicity at z and the inclusion By (x,) € Bagr(z) (see Figure 5), we obtain

gn . Pu [ EN erod” 2d, s en
(p)/\l—i—cypn—l—kgz/ £ drzMAlJrcy(zdg)quf EO 1 ar
Pn 0 r 2d" 0 r
;’( ) &L (dy)
Al dyy > —" Al dr
= g MEed)T = s g M e
> ! £x, (dn) ANl+c,dY
=20+ 0| 4, “h | =301 0)
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a2

Figure S. Illustration of Case 4.

where as above the last inequality comes from monotonicity at x,, combined with (5-16). Then,

1 EM(pn) o (EX(r) T
<= ANl +c,p) +k / = Al)dr < + ¢, (V) + koM,
2(140C) On v Pn Q 0 , i y (V1) Q/1n

which yields a contradiction for n large. O

Remark 5.4. For later use, let us notice that in order to carry out Step 4 in the previous proof, the
monotonicity properties given by Theorems 4.3 and 4.4 can be replaced respectively by interior and
boundary quasimonotonicity properties of the following type: if u is a weak local almost-quasiminimizer
for the Mumford—Shah energy with respect to its own jump set at every point of 2, and E, and E, are
defined respectively by (4-4) and (4-5), there exist ¢ > 1 and 7g > 0 such that

1
E (p2) > —Ex<ﬂ) if x € Qand p; < ps < Fq Adist(x, 9Q),
C C

o |

~ 1~
E.(p) = -E, (ﬂ) if x € 9Q and p; < py <Fg Adist(x, S\ {x}).
c

Indeed, considering for example Case 2, we can choose again p, := C ./, for some C > 0, and use the
boundary quasimonotonicity at y, for the radii p, > 2cd, to write

&y (on) pn (EN (1) 1TE" (2d,) 24, /€N (r)
”—‘)”A1+cypg+k9/ (y"—M) dr > —[%Alﬂy(zdﬂ)y +kQ/ (y"—M) dr]
0 0

Pn r c n r
| [5,’;@")
> | An

Al darl. 5-27
= +cy n] ( )

n

Since x, is a point of density 1 for J,,, there exists r, such that cr, < d, and

1 _
H (Jvn N Br,l(xn)) >

3
>

I'n
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Then, by using the interior quasimonotonicity at x, for the radii cr, <d,, we get

1 [E2(dy) 1 [& (rn)
B I AN | V> | 2
ol n o |2 o

1
= Al +cyr,1’j| > —

y 2¢2

But this lower bound is incompatible with (5-27) since the first line of (5-27) is going to zero as n — 00
(see (5-23)). The other cases can be treated similarly.

6. The case of general energies with boundary conditions

In this section we deal with the local minimality of the Sobolev minimizer of a generalization of the
Mumford—Shah functional under prescribed boundary conditions.

6A. Setting of the problem and the local minimality result. Given an open bounded set Q& C R?, which
is admissible according to Definition 3.5, we want to impose Dirichlet boundary conditions on the
(nonempty) portion I'p of its boundary. To this aim, similarly as in Section 4 we consider an open
bounded domain €’ such that @ € Q' C R? and with 32 N Q" = I'p (see Figure 2). Then, given
we H'Y(Q)NL®(Q), we set

Ay ={ueSBV(Q) :u=won Q\QJ. (6-1)

We are interested in the minimization on the class A,, of the Mumford—Shah-type functional

F(u) ::/ A(x)Vu-Vudx—i—f bx,ut,u=,v)dH' +B | |u—g|*dx. (6-2)
/ Ju Q
Here v, denotes a normal along J,,, and u™ the associated traces of u (see Section 2), while the assumptions

satisfied by the matrix A, the function b, and the datum g are specified below.

Remark 6.1. Notice that working on the set A,, the boundary condition
u=w onlp

is taken into account in a relaxed sense: indeed, the parts of I'p on which u # w are contained in J,, so
that they turn out to be penalized by the functional F. This is usual in variational problems for functions
of bounded variation (like for example the graph area problem). Finally, observe that the bulk terms
provide a fixed contribution on '\ €2, since u = w on this set, so that for the minimization it suffices
simply to integrate on €2.

Assumptions on the functional. Concerning the volume terms in (6-2), we require

A e C (S, Mszyfnz), P < A@)n-n<ctn* forevery x € Q and n € R?, (6-3)
and

geL™(Q), B=0 (6-4)

for suitable constants clA, cg‘ >0and s € (0, 1).
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Concerning the surface term
W (u) ::f b(x,ut,u",v,) d?—ll,

we require for b: Q' x R x R x S' — [0, 4+-00[ to be such that
¢ <b(x,s1,5,v) <5+ D(s1, 52), (6-5)
where cll’, c’z7 >0 and ® : R? — [0, +00[. In addition we ask that
u — W(u) is L.s.c with respect to the weak convergence in SBV(£2), (6-6)
and the monotonicity under truncation satisfies
W((uAcy)Ver) <W(u) foreverycy <c;. (6-7)

Remark 6.2 (example of admissible surface energies). An admissible surface term could be given for
example by

b(x, s1, 82, V) = @(x, v)+ |51 — s3],
where ¢ : Q' x R? — 10, +oo[ is such that

x = @(x,v) is lower semicontinuous on Q' for every v € § 1,

vi> @(x,v) is convex, positively one homogeneous on R? for every x € €/,
and

b b
0<c] <ex,v) <c,.

Requirements (6-5) and (6-7) are immediately fulfilled. The lower semicontinuity (6-6) is a consequence
of the Reshetnyak theorem (see [Ambrosio et al. 2000, Theorem 2.38]) and of the lower semicontinuity
result in SBV [Ambrosio et al. 2000, Theorem 5.22].

A-admissible domains. To control the interaction between Neumann and Dirichlet conditions in connec-
tion with monotonicity, we need to introduce the following property concerning the interplay between the
geometry of €2 and the bulk energy.

Definition 6.3 (A-admissible domains). Let 2 C R? be an open bounded set with a piecewise C!!-
boundary, decomposed as in (3-23), and let A satisfy (6-3). We say that 2 is A-admissible if, for every
x € Q, the domain Q, := A(x)~"/2Q is admissible according to Definition 3.5.

Remark 6.4. Notice that admissibility according to Definition 3.5 is equivalent to Id-admissibility
according to Definition 6.3. In particular, when I'p = 92 or I'y = 92, A-admissibility reduces to the
assumption of convex corners, and smooth C!'! domains are always A-admissible.

The local minimality result under boundary conditions. The analogue of Theorem 5.1 under boundary
conditions is the following.
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Theorem 6.5 (small jump sets are not convenient under boundary conditions). Assume the functional F
satisfies assumptions (6-3)—(6-7). Let Q@ C R? be A-admissible according to Definition 6.3, and let
w e H' () NL®(Q). Denoting by U,, € H' (') the solution to

min F(v),
veA,NH ()
assume that U,, admits at most uniformly weak singularities in Q; i.e., there exist C > 0 and o > 0 such
that for every x € Q and p < 1

/ VU, |>dx < Cp'*®. (6-8)
QNB,(x)

Then there exists € > 0 such that for every u € A,, with H'(J,) < & we have
FUy) < F(u).

Remark 6.6. Assumptions on the kind of singularities which the function U,, can exhibit are essential to
exclude that small jump sets are not convenient. Indeed, assume for example that

/ VU, > dx = cp?, (6-9)
QNB, (x)

with 0 < y < 1 and ¢ > 0 at some point x € Q: this means that for small p, the singularity has an energy
content in N B, (x) which is higher than the length of 9(£2N B, (x)). It turns out that the admissible
competitor
0 inQnB,(x),
v {Uw otherwise

is such that F(v) < F(Uy) if p is sufficiently small, so that the minimality property of Theorem 6.5
cannot hold.

Theorem 6.5 states that the energy content given by (6-8) is not enough to destroy the minimality
of U,,, which is preserved even if small jump sets are allowed. In the case I'p = 92, inequality (6-8)
holds for example if w € H>(') and A is Lipschitz continuous on €/, since elliptic regularity gives
U, € H*(Q); see, e.g., [Grisvard 1985, 3.2.1.2].

In the language of fracture mechanics, the situation (6-9) is defined as a strong singularity: the “elastic
energy” stored in 2N B, (x) is much higher than the energy required to create a crack along d(2N B, (x))
so that the elastic configuration is not in equilibrium, and the creation of a small crack is energetically
convenient. “Weak singularities” are on the contrary compatible with local equilibrium.

As mentioned in the Introduction, the minimality property of Theorem 6.5 (without fidelity term but
with nonlinear bulk energies and general Lipschitz boundaries) was derived in [Chambolle et al. 2008,
Theorem 1] under the additional assumption that the competitors have a closed jump set with a preset
number of connected components, while the full SBV case was derived under the stronger assumption
U, € C1(Q); see [Chambolle et al. 2008, Theorem 6].
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As in Section 5, we can draw the following local minimality result with respect to the L' topology
under boundary conditions.

Theorem 6.7 (local minimality in L' under boundary conditions). Under the assumptions of Theorem 6.5,
the function Uy, is a local minimizer for the Mumford—Shah-type energy F on A, with respect to the
L'-topology.

Proof. Assume by contradiction that there exists v, € A,, such that
v, — Uy, strongly in L'(Q),
with
F(v,) < F(Uy). (6-10)

It is not restrictive to assume that [|vy,|lcc < [|€]lco + l|W]lco, SO that the convergence holds also in L*(Q)

and is weak in SBV (') (thanks to the coercivity assumptions on A and b). By Ambrosio’s theorem we
deduce
liminf F (v,) > F(Uy),
n

so that from (6-10) we infer lim,, ! (Jy,) = 0; but then (6-10) is in contrast with Theorem 6.5. [l

6B. Proof of Theorem 6.5. Let us start by deriving some properties of a solution v € Ay to

min F (U, +h). (6-11)
he Ay
H! (Jp)=<e

They are stated in two separate lemmas below, and concern respectively a uniform almost-quasiminimality
property, and a crucial quasimonotonicity property. Some preliminary notation and remarks are in order.

Firstly notice that existence of minimizers to (6-11) is guaranteed by the application of Ambrosio’s
theorem in view of the assumptions (6-3)—(6-7) on the terms appearing in F. Notice that we may assume
(thanks in particular to the truncation assumption (6-7) for the surface energy)

IUwlloo < lwlloe +1I8lloc  and  [[Vlloc < 2[wlloc + 1€ lloo- (6-12)
For every & € Q, let us consider the matrix

Le :=A®)'?
and the sets
55 = L;Q and 5’5 = L%TISZ’.

To every function u € SBV(£') let us associate the function iig € SBV(?Z;) given by

ie(y) =y 2o Ly, (6-13)
et

where cf and cll7 are the constants appearing in (6-3) and (6-5). Let us denote by A the space of functions

associated to Ay under the previous transformation, and let £ be the point corresponding to &.
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Lemma 6.8 (uniform almost-quasiminimality). Under the assumptions of Theorem 6.5, let v € Ag be a
solution to the minimization problem (6-11). There exist po >0, A >1, y >0, ¢, > 0 such that for every
£ € Q, for every p < po with

/ L |V6§|2dx+7'[1(]5§m§p(§))Spv (6-14)
B, ()N
and for every h € Ay with {h # vs} € B, (%) and J;; C J5, we have

/ o |vag|2dx+H1(Jﬁfm§p(§))5/ | VhPdx + AH'(J; N B,(E) +cyp' Y.

B, ()N B

()N

In other words, uniformly in & € Q, the function Vg is a weak local almost-quasiminimizer in Ay of the
Mumford—Shah energy with respect to its own jump set at the point €.

Proof. Let us divide the proof in two steps.

Step 1: assume that A(§) =Id. Let us show that if 4 € Ay with {h #v} C B,(§), p <1 and J, C J,, we
have

/ Vol dx +ctH! (J, N B (€))
QNB, (&)

< |Vh|* dx + C1H' (Jy NV B,(€) +2ca(1+cD)p' ™ + Cop 272 (6-15)
QNB,(§)
where cll’ is the constant appearing in the estimates (6-5) for the surface energy b, c, is the Holder
constant of A € C%3(, Mszyfnz), « is the constant appearing in (6-8), and C;, C; > 0 are suitable
constants depending only on the data of the problem.
Indeed, recalling (6-12) and using a truncation argument, it is not restrictive to assume that

Alloo < 2[lwlloo + 18 loo- (6-16)
MOI’GOVGI', W€ may assume
/ |Vh|*dx < / \Vol?dx +cEH (J,N B, (&) (6-17)
QNB, (&) QNB, (&)

since otherwise (6-15) is immediately satisfied.
By the minimality of v (since the inclusion J; C J, ensures that H(Jy) <é), we get

/ A(X)Vv-Vudx +cEH' (J,N B, (&)
QNB, (&)

5/ AX)Vh-Vhdx +CiH (J,NB,(§)+c(p), (6-18)
QNB, (&)

where

c(p) :=2/ AXx)VU, - (VR —Vv)dx+ B (h—v)QUy+h+v—2g)dx
QNB,(£) QNB,(€)
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and
Ci =5+ 2wl + lIglloos —Cllwllso + llglles)),

where cé’ and ® appear in (6-5).
In view of the energy bounds (6-8), (6-14), (6-17) and of the L°°-bounds (6-12) and (6-16) we deduce
for every p <1

c(p)gchf VU, ||Vh — Vv|dx + Cp?
QNB, (&)

=< 205\ IVUwllL2@nB, @) IVl 2@nB, @) + IV VIl2@0B,6)) T Cp?
< 2C124’\/E,0(1+a)/2( /(1 _,’_C?)IO_'_\/E) +5p2 < C2,0(1+a/2)/\2

for a suitable C, > 0.
Since A(§) =Id and A € C*3(Q'; M2X?), coming back to (6-18) we may write

sym
/ |Vv|2dx—cA,08/ IVvlzdx—i—cll”Hl(JUmEp(x))
QNB, (&) QNB, (&)
S/ |Vh|2dx+cAp3/ |Vh|2dx+C1/H1(Jhmgp(s))+czp(l+a/2)A2’
QNB, (&) QNB, (&)

where c4 > 0 is the Holder constant of A, so that taking into account (6-17) and (6-14) we infer

/ Vol dx + cPH! (Jy N B (€))
QNB, (&)

< [ VAP o U0 B0+ 2ea + Dp! 4 Cap1 1
QNB, (&)

so that (6-15) follows.

Step 2: let us come to the general case. Under the transformation (6-13), a direct computation shows that
the functional F is transformed up to a multiplicative constant into the functional on SBV(Q%) given by

f(ﬂ):zﬁ A(ywa-vadw/ E(y,ﬁ+,ﬂ‘,Vg)d%1(y)+ﬁf~ i — 32 dy,
QL = Qé

5 Jll
with
A(y):=Lg ' A(Ley) Ly

and

~ 2 2det Lg 2det Lg 1

b(y, s1,s2,v) 1= b(Lgy,\/ s1,\/ SZ,LgV>|L§U [,

cﬁ’\/ c? C[f le

where v+ is a unit vector orthogonal to v (so that |Le vﬁLl turns out to be the one-dimensional jacobian

of the transformation y + Ly involved in the change of variable to pass from an integral on J,, to that
on Jj;, see [Ambrosio et al. 2000, Theorem 2.91]). Notice that by construction

b(y, s1,82,v) > 2. (6-19)
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Clearly the function -
0= (U w)g + 5g
is a minimizer of the functional F among the functions in SBV(ﬁ’g) such that # = wg on SNZ’S \ ﬁg and
7‘[1 (Lg Jy) <e.
Notice that A(£) = Id. Therefore, taking into account (6-19), inequality (6-15) of Step 1 gives that,
for every he ,ZO with {fz #V:} S B, (5) and Jj; C J;, (which is an admissible competitor for vg since
automatically ! (LeJj) <e),

/~ VTP dx +H (J5, N B, (§))
QeNB, (&)
< VA dx + CyH' (J; N B (E)) +2c5(1+c])p' ™ + CopT/272 - (6-20)

Q:NB, ()

if p is sufficiently small. The statement follows thanks to the uniform estimates on Lg coming from
(6-3). O

Lemma 6.9 (quasimonotonicity). Under the assumptions of Theorem 6.5, let v € Ay be a solution to the
minimization problem (6-11).
There exist ¢ > 1, rq, lzg > 0 such that, if Ex(p), EX (p) are defined respectively as in (4-4), (4-5),

where y, ¢, are the constants of Lemma 6.8, and
sx(p);=/ IVul?dx +H'(J, N B,(x)),
QNB,(x)

the following properties hold true:
(a) For every x € Q and for every p1 < py < rq Adist(x, 0€2)

Ex(on) = la(ﬂ). 6-21)
C C

(b) For every x € 02 and for every p; < py < ro Adist(x, S\ {x}), where S denotes the set of corners

of 0L,
=~ 1~ (p1
Ex (IOZ) > _Ex (_)
c c
Proof. Let us start with point (a). Thanks to Lemma 6.8, we have that v, € zo is a weak local almost-
quasiminimizer (in Ay) for the Mumford—Shah energy with respect to its own jump set at the point
% = L 'x, so that the quantity
ff'zxme(g) |Vﬂx|2 dy +H1(Jz7x N B,(x))
— Al
P
is nondecreasing on (0, poArg, Adist(x, 8§x)) in view of the interior monotonicity formula of Theorem 4.4.

p + 2y (6-22)
Y

Coming back to the domain €2, thanks to the bounds on A, we find universal constants ¢; > 0 such that

c3Ex(cap) < / Vi |?dy +H' (J5, N B (X)) < c1&(c2p).

QNB,(X)
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This estimate, together with the monotonicity of (6-22) and Remarks 3.8 and 4.7, yields easily point (a)
of the statement for a suitable 7g > 0.

The proof of point (b) is similar: we need to invoke, in place of Theorem 4.4, the boundary monotonicity
formula of since €2 is A-admissible by hypothesis, together with Remarks 3.8 and 4.7. O

We are now in a position to prove Theorem 6.5.

Proof of Theorem 6.5. 1t suffices to show that, for ¢ small enough, a minimizer v, € SBV(2) of

min F (U, +v)
veAy
HI(Jy)<e

is such that J,, = &, which gives v, = 0, and the proof follows.
We proceed by contradiction, assuming that there exists &, — 0 such that, for the corresponding
Up 1= Ug,, it holds that H! (Jy,) > 0. Let us divide the proof in two steps.

Step 1: vanishing energy. We claim that
/ |Vuu|?dx +H'(J,,) — 0. (6-23)
S'Z/

Notice indeed that
F(Uy+v,) < F(Uy)

so that we get easily, taking into account (6-3)—(6-7) and (6-12)
[ 7o dx 430+l < C.

By applying Ambrosio’s theorem to the sequence (v,),en., there exists v € Ag such that, up to a subse-

quence,
v, —> v strongly in L3(),
Vv, — Vv weakly in L2(Q'; R?) (6-24)
and
H'(J,) <liminfH'(J,,) <lime, = 0. (6-25)
n n

In particular v € H'(S'). Moreover, by the minimality of v,,, in the limit we deduce that
F(Uy+v) < F(Uy+9¢)

for every ¢ € H!(Q') with ¢ =0 on '\ €, which yields v = 0 in view of the definition of U,,. Passing
to the limit in the inequality

/ AX)[VUy + Vv, ][VUy, + Vv, ldx —I—/

b(x, v v v ) dH + B | Uy +v,—g?
J, Q

Un

5/ AX)VU,VU,dx+B | |Uy—gl?
’ Q
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and taking into account (6-24), (6-25) and the coercivity of A and b, we deduce that

Vv, — 0 strongly in L>(Q'; R?),
so that the claim follows.

Step 2: conclusion. By Step 1 we have
M ::/ |Vuu|?dx +H'(J,,) — 0.
Q/

In view of the quasimonotonicity properties enjoyed by v by Lemma 6.9, and taking into account
Remark 5.4, we can repeat the arguments of Step 4 in the proof of Theorem 5.1 and get a contradiction,
so that the conclusion follows. ]
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