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WELL-POSEDNESS OF THE HYDROSTATIC NAVIER-STOKES EQUATIONS

DAVID GERARD-VARET, NADER MASMOUDI AND VLAD VICOL

We address the local well-posedness of the hydrostatic Navier—Stokes equations. These equations,
sometimes called reduced Navier—Stokes/Prandtl, appear as a formal limit of the Navier—Stokes system
in thin domains, under certain constraints on the aspect ratio and the Reynolds number. It is known that
without any structural assumption on the initial data, real-analyticity is both necessary and sufficient
for the local well-posedness of the system. In this paper we prove that for convex initial data, local
well-posedness holds under simple Gevrey regularity.

1. Introduction

The present paper is devoted to the study of the two-dimensional system

du+udu+voyu+dp—noju=0, (x,y)eTx(,D), (1-1a)
du+d,v=0 (x,y)eTx(,1), (1-1c)
uly—0,1 = vly=0,1 =0, x€T, (1-1d)

where 1 > 0. The unknowns of this system are (u, v) = (4, v)(x, y,t) and p = p(x, y, t), which model
respectively the velocity field and pressure of a fluid flow. The boundary condition (1-1d) corresponds to
a no-slip condition at the walls y = 0, 1. With respect to the tangential variable x we impose T-periodic
(lateral) boundary conditions.

Note that upon integrating in y the incompressibility equation (1-1c), using the boundary condition
for v (1-1d) we obtain the compatibility condition

1
ax/ ulx,y, 1)dy =0 (1-2)
0

for all x € T and ¢ > 0, so that the vertical mean of u is just a function of time. Condition (1-2) allows us
to compute the pressure gradient, see (2-4) below, and to obtain the boundary condition for the vorticity,
see (2-6b) below.

System (1-1) is formally obtained [Lagrée and Lorthois 2005; Renardy 2009] when considering the
asymptotics of the two-dimensional Navier—Stokes equation in a thin domain: = (0, L) x (0, [) with
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8 =1/L « 1. After a proper rescaling

Ut by y u v
ti=—, Xi=—, y:=>, U:=-—, vVi=-—,
L L l U sU
the Navier—Stokes equation becomes
du+udeu+vdyu+dp—nd>d; —noju=0, (x,y)eTx(0,10), (1-3a)
82 (v +u 0w +v0y) + 9y p — s ;v —nd* v =0, (x,y) €T x (0, 1), (1-3b)
du+d,v=0, (x,y)eTx(,1), (1-3c)
where
1
T= $2Re’

with Re = U L /v the Reynolds number. If we assume 7 ~ 1 and keep the leading-order terms as § — 0, or
if we assume 1 < 1 and keep both the leading-order and next-order terms in (1-3), we end up with (1-1).

Our concern here will be the local-in-time well-posedness of (1-1). Besides its mathematical relevance,
this problem is meaningful from the point of view of hydrodynamic stability, notably with regards to the
properties of the so-called primitive equations

du+udcu+voyu+dp—nd;—noju=0, (x,y)eTx(0,1D), (1-4a)
ayp=0, (X,y) G—H—X (O’ l)s (1_4b)
du+d,v=0, (x,y)eTx(O,1). (1-4c)

This model and its three-dimensional counterpart are very important in atmospheric sciences, after
accounting for gravity and many other features [Lions et al. 1992a; 1992b; Temam and Ziane 2004; Petcu
et al. 2009]. For positive values of tangential and transverse viscosity coefficients, they are known to be
globally well-posed in the Sobolev setting in both the two- and the three-dimensional case [Ziane 1997;
Bresch et al. 2003; 2005; Temam and Ziane 2004; Cao and Titi 2007; Kobelkov 2007; Kukavica and
Ziane 2007; 2008], and the vanishing viscosity limit 7, ” — 0 can be characterized in the real-analytic
category [Kukavica et al. 2016]. Yet, in the absence of additional turbulent viscosity, the dimensional
analysis of (1-3) shows that the tangential diffusion coefficient n’ is expected to be very small. This allows
to relate the well-/ill-posedness of (1-1) and the stability/instability properties of (1-4). For instance,
assume that (1-1) is linearly ill-posed without analyticity in x: a result in this direction was shown in
[Renardy 2009], and will be discussed later on. It roughly means that, at least in the early stages of the
evolution, there are perturbations with wave number & >> 1 in x that grow like e/*!. From there, if 7’ is
small enough so that 1'|k|?> < 1, one can expect the tangential diffusion —n’ 82 to stay negligible, and
the perturbation to be an approximate solution of (1-4) (with Dirichlet conditions). This can result in a
growth almost as strong as e’/ Vi showing the strong instability of (1-4). We note that if one keeps n’ > 0
in (1-4) while setting n = 0, the local well-posedness can be established for Sobolev initial datum [Cao
et al. 2016; 2017], confirming that the horizontal dissipation dominated equation is much more stable
than the hydrostatic Navier—Stokes system (1-1) considered in this paper.
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From a mathematical perspective, system (1-3) is reminiscent of the two-dimensional Prandtl system,
describing boundary layer flows. The latter is set in a half-plane, say T x R, and reads

8tu+u8xu+v8yu+8xp—n3§u=O, (x,y)eT xRy, (1-5a)
8yp=0» (an’)e—[I—XR% (I_Sb)
ou+0oyv=0, (x,y)el xRy, (1-5¢)
uly=0 =vly=0 =0, (1-5d)
lim u=u®, (1-5e)
y—>—+00
lim p=p*~. (1-5f)
y—>—+00

Hence, the only difference with (1-1) lies in the domain and in the boundary conditions. Here, #*° and
p°° are given data, related to the Euler flow above the boundary layer. In particular, as p does not depend
on y, it is no longer an unknown of the system. This is a major difference with (1-1), where p can be
seen as a Lagrange multiplier, associated to the constraint that v = — foy dyu vanishes at y =1 (see (2-4)
below).

The well-posedness properties of (1-5) are now well-understood, and depend on the monotonicity
properties of the initial data. Roughly, if the data have Sobolev regularity, and if furthermore the initial
data are monotonic in y, (1-5) has local-in-time Sobolev solutions [Oleinik 1966; Masmoudi and Wong
2015]. On the other hand, without monotonicity, system (1-5) is ill-posed in Sobolev spaces [Gérard-Varet
and Dormy 2010; Gérard-Varet and Nguyen 2012]. Local-in-time well-posedness can be achieved when
the initial datum is real analytic [Sammartino and Caflisch 1998; Kukavica and Vicol 2013], and even
under the milder condition of Gevrey regularity in x [Gérard-Varet and Masmoudi 2015]. We refer
to [E and Engquist 1997; Xin and Zhang 2004; Gérard-Varet et al. 2018; Ignatova and Vicol 2016;
Kukavica et al. 2017; Dalibard and Masmoudi 2018] for more results on the Prandtl system such as
singularities, long-time behavior, and Gevrey-class stability. Interestingly, the instability mechanism that
yields ill-posedness in the Sobolev setting involves in a crucial manner the lack of monotonicity and the
diffusion term —n 83,14. Indeed, the inviscid version of Prandtl, that is,

utudu+voyu+o,p=0, (x,y)el xRy, (1-6a)
oyp=0, (x,y)eT xRy, (1-6b)

ou+adyv=0, (x,y)el xRy, (1-6¢)

v]y=0 =0, (1-6d)

im p = P~ (1-6e)

has local smooth solutions for smooth data, as can be shown by the method of characteristics [Hong and
Hunter 2003].

With regards to this recent understanding of the Prandtl system, it is very natural to ask about the local
well-posedness of (1-1), and to start from the consideration of the inviscid case n = 0, namely
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dutudyu+vou+ad,p=0, (x,y)el x(0,]1), (1-7a)
ayp=07 (X,y) €T x (07 1)5 (1_7b)

ou+0o,v=0, (x,y)el x(0,1), (1-7¢)

V|y=0,1 = 0. (1-7d)

This hydrostatic Euler system has been the matter of many studies [Brenier 1999; 2003; Grenier 1999;
Renardy 2009; Kukavica et al. 2011; 2014; Masmoudi and Wong 2012; Cao et al. 2015; Wong 2015].
Contrary to (1-6), existence of local strong solutions requires a structural assumption, namely the uniform
convexity (or concavity) in the variable y of the initial data. A contrario, the presence of an inflection
point may trigger high-frequency instability. This point was established in [Renardy 2009], where the
author considered the linearization of (1-7) around shear flows u = U;(y), v = 0. More precisely, he
showed that if the equation fol (Us(y) —¢)"%>dy =0 has complex roots, then the linearized hydrostatic
Euler system admits perturbations which have wave number & in x and grow like ¢?*’, § > 0, for all
k > 1. Returning to the nonlinear problem (1-7), one can only expect to show short-time stability for
data whose Fourier transform in x behaves like e ~?/*! for large k. This corresponds to analytic data in x.
Local well-posedness in the analytic setting was established in [Kukavica et al. 2011]. Moreover, it is
mentioned in [Renardy 2009] that this high-frequency instability persists in the case of the viscous system
(1-1), at least for small enough 7.

Considering all these results, the remaining task is to analyze the viscous system (1-1) for convex (or
concave) initial data. This is the purpose of this paper. It raises strong mathematical issues, related to the
control of x derivatives of the solution. In particular, we find

31 (9) + (u B + v By) (Bxtt) + (Bx1)” + (3 v) Dy + 0, (3 p) — 1 5 (dyu) = 0.

One of the main problems in controlling 0, u is the term 9,v dyu. Indeed, 0,v = — foy 83u is recovered
from the divergence-free condition, so that it can be seen as a first-order operator in x applied to d,u. As
this first-order term has no skew-symmetry, it does not disappear from energy estimates, so that standard
energy arguments can only be conclusive with the help of analyticity. In the case of the hydrostatic Euler
system, the way out of this difficulty consists in considering the (approximate) vorticity w = dyu. Its
tangential derivative is seen to satisfy

3 (3:) + (u By + v 3y) (350) + (,10) (Brw) + (35v) dyw = 0.

Under a uniform convexity or concavity assumption |dyw| > o, the idea is to test the equation against
dyw/0yw rather than d,w, to take advantage of the cancellation

/axv axw:—fayaxv axu:/afu deu = 0.

This allows one to get rid of the bad term and is the starting point of the local well-posedness argument.
Such an idea was used previously in [Grenier 2000; Masmoudi and Wong 2012].
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Unfortunately, this manipulation, which we will call the hydrostatic trick, is not fully appropriate for
the viscous system (1-1). The reason is that in the estimate for d,w the viscous term generates extra
boundary integrals such as

Ib:n/ ayaxa)ax—wdx, Iﬁ:nf ayaxa)ax—wdx.
Tx{0) dyw Tx{1) dyw
The value of 9,0, w at the boundary can be obtained from the equation on d,u, and yields for instance
(the computation will be detailed later)

1
dydywly—o = 82 p = —28, / udyudy + dy0|y=1 — d,0|y=o.
0

The issue comes from the first term on the right hand-side, which is again a first-order term in d,u without
any skew-symmetric structure. In other words, there is an additional loss of derivative compared to
the Prandtl equation, so that obtaining well-posedness below analytic regularity is challenging. This is
our goal in what follows, and we prove in Theorem 2.1 below the local well-posedness under Gevrey
regularity of class % in the x-variable, under an extra convexity assumption in y.

2. Main result and strategy

For notational simplicity, from now one we will set n =1 1in (1-1). Let Q =T x (0, 1). Fort >0, y > 1,
we define the Gevrey norm

o
2 2j ¢ in=2v 119/ £112
LFI3.=D e GY 0L f 1l
j=0
Functions f satisfying || fl,, < +00 are in Gevrey class y with respect to x, measured in L? in the

y-variable. Our main result is the following:

Theorem 2.1 (well-posedness for convex Gevrey-class initial datum). Let 1% > 7, > 0, y < %. Let ug be
a function satisfying the regularity condition

18yoll -0 + 118 uoll,, 20 < +o0, (2-1)
the convexity condition
inf dsup >0, (2-2)

and the compatibility conditions 9, fol uody =0, ugly=0,1 =0,

1
8)2»”0|y:0,1 =/0 (—3xu3+3§bto) dy — /Q 3§M0~
Then there exists T > 0, and a unique solution u of (1-1) with initial data u that satisfies

sup ([|9yu(@)lly.r, + 105u @) l.7) < +00.
tel[0,T]

and

inf  9%u > 0. (2-3)
1el0,T1xQ ~
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A few remarks are in order:

» The main point in our result is that we prove local well-posedness without analyticity, reaching exponents
9
g
that can be expected for y, or even the possibility of well-posedness in the Sobolev setting are interesting

y > 1. The value y = 3 is due to technical limitations, and could certainly be improved. The optimal value
open questions. Our conjecture — based on a formal parallel with Tollmien—Schlichting instabilities for
Navier—Stokes [Grenier et al. 2016] —is that the best exponent possible should be y = %, but such result
is for the time being out of reach. If confirmed, it would emphasize the destabilizing role of viscosity.

« We lose on the radius  of Gevrey regularity, going from 7° to 7; in positive time. This loss is very
standard [Sammartino and Caflisch 1998; Kukavica et al. 2011; Kukavica and Vicol 2013; Gérard-Varet
and Masmoudi 2015].

« Besides the Gevrey regularity assumption (2-1), the key assumption is infg a§u0 > 0, which corresponds
to a strictly convex initial data. The strict concavity condition supg a§u0 < 0 would work as well. On
the opposite, as discussed before, we do not expect such well-posedness to hold for data with inflection
points [Renardy 2009].

» The first compatibility condition 9, fol uy = 0 is here to ensure that (1-2) holds for all time. Note that
we can use (1-2) to determine 9, p: applying d, to (1-1a), taking the mean over y € (0, 1), integrating by
parts in the term fol v dyu dy, and using the periodic lateral boundary conditions, we find

1
p =l = bl =0 [ idy. xeT. (2-4)
0

where w = 0,u is the vorticity, and we have denoted by

cb(x,y,t):a)(x,y,t)—/w(x,y,t)dx, y € {0, 1}, (2-5)
T

the zero mean (in x) boundary vorticity. We will use the notation (2-5) throughout the paper. Note that
for y € {0, 1}, the functions w and & only differ by a function of time.

o The second and third compatibility conditions can be explained as follows. Most of our analysis
relies on the control of the vorticity v = dyu. We notably need some bound on sup, .o r; l@ll,.. for
T € [11, T°). If we leave aside the Gevrey regularity in x, this corresponds to an L H; bound on u. As
u satisfies a heat-type equation with Dirichlet condition, it is well known that such an L H; bound
requires the compatibility condition u|;—o|y=0,1 = u|y—0,1l:=0. In view of (1-1c), this amounts to the
second compatibility condition of the theorem: ug|y—o,1 =0.

Similarly, the last compatibility condition is related to the fact that we need a bound for sup, (o 7119 @l «
for T € [11, t%). More precisely, this condition can be derived from the system obeyed by w = 9,u,
which is

dho+udw+vdw—00=0, (x,y)eTx(,1), (2-6a)

1
001,01 = lyt ~ o= 8 [ i dy. (2-6b)
0
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Indeed, (2-6a) follows from differentiating (1-1a) in y, while the boundary condition (2-6b) is obtained
by evaluating (1-1a) at y =0, 1, using the Dirichlet boundary conditions for # and v in (1-1d), and the
formula for the pressure gradient (2-4). Now, from (2-6a), it appears that an L;’QLi control of d,w is
similar to an LfoLi, control of 8}2,50, meaning an L;’OH; control of dyw. By differentiating (2-6a), one
sees that d,w satisfies a heat-like equation, and by (2-6a), it also satisfies a Dirichlet-type condition.
Again, an L Hyl control requires dyw|;—oly=0,1 = dyw|y=0,1l¢=0, which by (2-6b) amounts to the third

compatibility condition.

General strategy of the proof. Our analysis is based on the vorticity evolution (2-6). We want to benefit
from the so-called hydrostatic trick, which consists in establishing L? estimates for the weighted derivatives
8){ w/ \/8)7(1) The difficulty is that these estimates are not compatible with the diffusion —8)2,0), which
creates boundary terms involving i, dyw|y—o. Because of the extra x-derivative at the right-hand side of
(2-6b), one cannot close an estimate at the Sobolev level.

b

To overcome this difficulty, our first idea is to write w = @™+ »®, where 0" is a boundary corrector

which solves (approximately)
1
do? =0l =0,  dy0™y—01 = —dy / u® dy,
0

where the right side of the Neumann boundary condition is seen as a given data. With this splitting, the
bad term is removed from the Neumann condition on ™, so that we may apply the hydrostatic trick to
this quantity. Still, this approach is obviously not enough: the equation for ™" still involves w, either
directly or through »®', so that no closed estimate is available on ™.

This is where we shall take advantage of Gevrey regularity. To explain this point, it is simpler to
consider the linearization of (2-6) around a shear flow (u,(y), 0):

1
Qi+ us 0w+ ulv— c')yza) =0, du+dv=0, 9wly—o1=0&ly=1—d|y=0o —28xf usudy.
0

As this system has x-independent coefficients, one can Fourier transform in x. More precisely, looking for
local well-posedness in Gevrey class y, it is natural to look for solutions in the form v = k7t gikx wy(t, y).

We end up with the following system for the boundary layer corrector:
1
7 +opap —Rap =0, 3,0 1y=0.1 = —2ikf ugiiy dy.
0

Note that, when taking the boundary layer corrector as a solution of this heat-type system, we implicitly
assume that the other terms in the equation, notably the convection term u; dyw ~ iky(?),t{’l, are negligible
in the boundary layer. A formal analysis shows that this should hold as long as y > %, which is the range
considered here. In the limit case y = % conjectured to be optimal for well-posedness (see remark above),
one should probably replace the heat operator by an Airy-type one, as in [Grenier et al. 2016].

Explicit calculations on the boundary layer system reveal that Gevrey regularity in x is converted into
spatial localization in y: for k > 1, c?),tjl has a boundary layer behavior, with concentration near y =0, 1
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at scale k~!/?»), Roughly, neglecting the upper boundary, one can think of

1
c?),l;l ~ kl_l/(z’”)W(z, kl/(ZV)y)/O ugity dy,

1
At~ VYU (e, kYO0 y) f ugiiy dy.
0

Now, the idea is to write

1 1 1 1 1 1
f usﬁkdyzf usﬁi’l+f usﬁ}c“=<kl_”yf us(y)U(t,k'/(z”y)dy)f usﬁkderf il
0 0 0 0 0 0

In short, one can check that for y < 2, we have k!~1/¥ fol us (MU (t, k') y)dy = o(1) in the limit of
large k, so that the first term on the right-hand side can be absorbed in the left-hand side. This leads to a
control of fol usu, and thus of »®, in terms of »™ From there, one can get closed estimates on o™,

Of course, this strategy is made more difficult when dealing with the x-dependent and nonlinear system
(2-6). In particular, the Fourier approach is no longer convenient, and we must use the characterization of
Gevrey regularity in the physical space, through the family { 8){ w}jen. In order to take advantage of the
boundary layer phenomenon, we shall introduce Gevrey norms with extra weight (j + 1)"; see (3-1). The
boundary layer phenomenon will be reflected by the fact that multiplication by y or integration in y will
generate a gain in the exponent r; see Lemma 3.1. Such gain will make possible the control of boundary
layer quantities by »'™; see Lemma 3.4.

From there, the analysis will focus on weighted estimates for '™, using the hydrostatic trick. As usual
in nonlinear problems, these estimates will be obtained conditional to certain bounds (notably a lower
bound on d,w, to benefit from convexity). We will show that such bounds are preserved in small time,
which will require estimates on the time derivative d;w, as well as maximum principle arguments for 9, w.

3. Preliminaries

As usual in this kind of analysis, we will focus on a priori estimates. This means that from Section 3 to
Section 6, we will assume implicitly that we already have a solution of (1-1) on [0, T'] with all necessary
smoothness, and we will collect properties and estimates about this solution. Only in Section 7 will we
describe the way of constructing solutions.

Norms and notation. Lety > 1, r € R, 7 > 0. We introduce a refined two-dimensional Gevrey norm

2 21197 £12 (+ D/t
12, = D M 180 f122 (rxioryy:  Where  M; = Gy (3-1)
Jj=0
Note that the L? norm in space is only used on Q = T x [0, 1], although the functions may be defined on
the half-space T x [0, 00). We note that if 7" > r then || - |l .z = || - lyr,7-

For functions which are independent of the y-variable, we use the one-dimensional counterpart
2 2iaj £112
e = D MNBL FI72 )0
j=0
where M; is defined as before. Similarly, if 7" > r then |- [, > |- |y 7.
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Let % 7; be as in Theorem 2.1, and let 7o such that t° > 75 > 7;. Throughout the paper, the
Gevrey-class radius T will be defined by

(1) = 0 exp(—=p1), (3-2)

where § > 1, t €[0, T], and T is always small enough so that t(¢) > 7;. In particular 7 () = — 81 (¢).
We will use a < b to denote the existence of a constant C > 0, which may depend only on y, 19, 71,
and r, such that a < Cb. Similarly, will use a < b to denote the existence of a sufficiently large constant
C > 0, which may depend only on y, 19, t1, and r, such that Ca < b.
For any function f we use the notation

fi=M,;df (3-3)
where M; is defined in (3-1) and depends on r, y, and t. With this notation we have
AU e =D 5172 and IFE 0 =D Ifl
Jjz0 ’ Jjz0 '

A boundary layer lift. The boundary condition (2-6b) in the vorticity evolution (2-6) motivates the
introduction of a boundary layer lift for the vorticity, which we describe next. Throughout the paper we
appeal to Gevrey estimates for the system

(0 — )’ =0, (3-4a)
3y +20")|y—o = dxhly=0, (3-4b)
|0 =0, (3-4c¢)

posed fort € [0, T], x € T, and y € R... Here A is a placeholder for —(fol u?dy— [; fol u?dy dx). Since
the boundary datum for «” is a pure x-derivative (and this is the only nontrivial datum), we note that
(3-4) immediately implies fTF @’ (x,y,t)dx =0 for any y > 0. We also define

u’(x,y) = /y o’ (x,2)dz, (3-5)
+o0

+o00
v (x, y) =/ a.u’(x,7)dz. (3-6)
y

Lemma3.1. Letr e R, 8> 1and T > 0 such that T(t) > 1| for t € [0, T]. The boundary layer vorticity

o’ obeys

! b 2 1 ! 2
/0 16 )1, 1005 5 575 /O P, 1) 30055, (3-7)
t 1 t
/0 156" O 0 5 S 5575 fo P, 1) s0is) 5, (3-7b)

! b 2 1 ! 2
/O 10" O 5 S 5175 /O P, 1) 12055, (3-70)
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! b 2 1 ! 2
/O 10,6 O 145 5 575 /O P, 1) 34005 5. (3-7d)
t 1 t
f |wb(s)|y:1|i,,,f(s)ds§@ / ()1 1y —10.2(5) D5 (3-7e)
0 0
t 1 t
fo 18y0” () y=112 . 2(s) 5@ fo (- 10.7(5) D5 (3-76)
the boundary layer velocity u” obeys
! b 2 1 ! 2
fo IO 45 % 757 /0 B s)s)aeis)ds, (3-80)
t 1 t
b 2 2
/0 I GV 45 5 575 /0 P, a) 27 205 ds. (3-8b)
I|ub(s)| ¥ ds < t|h(s)|2 ds (3-8¢)
0 y=1/2 y,r,7(s) ~ ﬂzo 0 y.r+y—10,7(s) ’
and the boundary layer velocity v° satisfies
! b 2 1 ! 2
/0 IO 5 S 577 /0 O3y 778,000, 45 (3-92)
' b 2 1 ! 2
/(; |v |y:0(s)|y,r,‘[(§) ds S E\/(; |h(s)|y,r+2y_3/2’f(s) ds’ (3_9b)
t 1 t
/0 |vb|y=1<s>|§,r,t(s)ds5@ /O (L 4y 10,20 5 (3-9¢)

forallt €0, T].

Proof of Lemma 3.1. In view of (3-2), (3-3), and (3-4), the function a)f = M; 8){ o’ obeys equations

@+ B +1)— 8w, =0, (3-10a)

(B0, +20)) [ y—0 = dhjly—0 = M, (3-10b)
M

@;li=0 =0. (3-10c)

For fixed x € T we define fj(x,t)=(M;/M; 1)hj11(x,t) fort €[0, T], and f;(x,t) =0fort € R\[O0, T].
Pointwise in x and y we take a Fourier transform in time and solve in L*>(R, x T, x [R{;r) the system
@ +BG+1)— 0D, =0,
(By@; +20)|y—0 = f;.

The solution is obtained by taking the inverse Fourier transform in time (we let ¢ denote the dual Fourier
variable to t) of the function

25 _ fi¢, %) —yJBGIHE ]
a)j(g‘,x,y)_z_ ,3(j+1)+i§e . (3-12)
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We implicitly assume here that 8 > 4 so that for all j € N, for all ¢ with $m ¢ <0,

2—VBG+D+itl = VBG+D+iZ|—2= B+ 1) —Im¢—-2>/-2>0.  (3-13)
We will make a crucial use of:
Lemma 3.2. The following two properties hold.:

v, =0 fort <O.

\v\v

—a) fort €0, T].

The proof is postponed to the Appendix. This lemma will allow us to use the explicit formula (3-12)
to obtain estimates on a) starting with (3-7a)—(3-7f).
Let us detail the derlvatlon of (3-7a). A simple calculation based on (3-12) yields

~ C ~
sbn2 12
18132 = G i,

for a constant C independent of j (and obviously independent of T, which is only involved in the definition
of fj). By the Plancherel formula in time

2 oT
A P SR A S 4 i1 ()2, ds (3-14)
ey =BG+ 1) T B D2\ My ) Sy IR

This implies (by the second item of Lemma 3.2)

C' 2y-3/2 ! 2
fo IIw (S)”Lz ds_ﬁ3/2(1+ D= ; 1) +1()II7> ds.

Multiplying by (j+1)%" and summing over j, we obtain the inequality (3-7a) in the special case t = T. For
the general case t € (0, T'), the idea is to slightly modify J)jb.. Namely, instead of extending (M;/M;1)h;41
by zero outside (0, T') and then solving the heat equation with the extension f; as a boundary data, we
extend (M;/M;1)h; 1], by zero outside (0, t). We then solve the heat equation with this modified
boundary data f !, which is zero outside (0, t), resulting in a new a)f . Obviously, Lemma 3.2 and
the previous calculation remain true with T replaced by ¢ and a) replaced by w . This yields (3-7a).
Inequalities (3-7b)—(3-8b) follow very similar arguments, which we skip for brev1ty

In the case of (3-9a), we need to take into account one more x-derivative. A simple calculation yields
(with obvious notation)

2bh )
Ox fi .
1905 19 Fil7:

<
T (BG+1)7/?

The extra factor of (8(j+1))? in the denominator compared to (3-14) comes from taking two antiderivatives
in y, while f, is replaced by d; fj due to the extra x-derivative in (3-6). It follows that

C B T
Anvmhpw_ﬁﬂo+wymﬁ|mmﬁmﬁﬁs
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and using that [0 hj 41| S (Mjp1/Mji)lhjol S (J+2)7|hjsal, we get

T
4y—17)2 _ 2
/0 ||U(S)||Lz_dS_IB7/2(J+ - /0 42912, ds.

Multiplying by (j + 1)*" and summing over j yields (3-9a) for t = T, while the case of an arbitrary time ¢
is treated with the modification explained above. The pointwise estimate (3-9b), taken at y = 0, follows
from the inequality
2h £ 2
—————||0: f .
157 ly=ol3z = gy il
The pointwise estimates (3-7f), (3-8c), and (3-9c), takenat y=1or y = 2 are much better: all boundary
layer terms taken at y = 1 contain an exponential factor e ~vV#U+D+¢ which allows us to gain an arbitrary

number of powers of 8j (which explains the arbitrary factor 1/8%° and the index r — y — 10). O

Lemma3.3. Letr e R, 8> 1and T > 0 such that t(t) > | fort € [0, T]. We have

forallt €0, T].

Proof of Lemma 3.3. In order to establish the estimate (3-15a), we rely on the explicit formula (3-12),
which gives an L! control of the Fourier transform:

) ] - 12
) </ / / ~2y/BGFDHL || £ 2acdv) d
ol a2,y S N e v'e /i€, 0 dxdy| dg

1 R 12
S/EM ﬂ(j#—1)+i§|3/4</1r|fj(§,x)|2dx> dc

1 1/2 . . 12
< J |
N(/ﬂﬂ B+ D +ic|3? 5) </Rfvlfj(§,x)l dxd;)

1 12
< - i 2dxd .
S BGEA (/R/T'W’x” g 5)

| | NG
w13 Oliz, S i ([ [15maorar)

Restricting the left-hand side to the supremum over (0, T'), we get

1 T
sup &) (O12, S —— //||h~ [t D) dr.
te(0.7) Ly~ (B + 1)~ +172 Jo Jy 7T

Multiplying by (j 4+ 1)*" and summing over j, we get (3-15a) for t = T. The general case of 7 € (0, T) is
treated as in the proof of Lemma 3.1. O

This implies
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The interior vorticity controls the boundary layer lift. So far, we have only focused on the lower bound-
ary layer lift, which is very small near y = 0. We introduce the notation

wbl(x’)’,f)=wb(x7y,f)—wb(X,l—yst)» (3-163)
uCe,y, ) =u’(x,y, ) +u’ (x, 1=y, 1), (3-16b)
y
vb‘(x,y,t)z—/ 3,.u®(x, 7, 1) dz (3-16¢)
0

to denote the cumulative boundary layer profile, and

a)i“(x,y,t) =wx,y, t)—a)bl(x,y, 1), (3-17a)
u(x, y, 1) =ux, y, 1) —ul(x, y, 1), (3-17b)
v (x, v, 1) =v(x, v, 1) — P (x, y, 1) (3-17¢)

to denote the interior vorticity, horizontal velocity component, and vertical velocity component. In view

of (3-3), (3-16) and (3-17) we also define the objects ? u}’l, v}?l in terms of the function £, and wji.“, u}“,

v}“ in terms of 4 and w.
Lemma 34. Lety € [1, %], r>2y+2, M >0. Assume w = dyu is such that

sup lw @) ly,r/a,cq) <M (3-18)
[0,T1]

and define
1 1
h(x,r>=—/ <u<x,y,t>>2dy+// (w(x. y. 1) dy dx.
0 TJ0

With h as above, let ’ be defined via (3-4), and let o™ be as defined in (3-17). Then there exists
B« = B«(v0, T1, ¥, 1, M) such that if B > B and if T is such that ©(t) > 1| for t € [0, T], then
1 t
/0 )P, s S M2 /0 [ (2,1 s
foranyt e [0, T].

Note that with 4 defined as above we have
1
0ch = —0, [ u? dy,
0

so that the additional kinetic energy term in % is not seen by w°. Combining Lemmas 3.1, 3.3 and 3.4, we

see that condition (3-18) implies a sharp control of the Gevrey norm of the boundary layer profiles @,

uPL and v®!, solely in terms of the Gevrey norm of the interior vorticity ™ and of the constants M and .

Proof of Lemma 3.4. For j =0 we have hyg = Myph = th, and since

/ h(x,t)dx =0,
.
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we may apply the Poincaré inequality in the x-variable:
lholl2 S I9sholl2 S Il 2. (3-19)

Hence, it is enough to estimate i; for j > 1. By the Leibniz rule we have

i 1
—hj(x, 1) = ;(é)ﬁ /O we(x, y, Dy (x, y, 1) dy. (3-20)
We can without loss of generality estimate only the half-sum 205 ¢<j/2» as the other half-sum can be put
in the same form through the change of index ¢/ = j — ¢.

First let us treat the case ¢ > 1. The compatibility condition (1-2) yields fol ue(x, y)dy =0, which
directly implies

1 1 1
/ue(x,y)u}“_z(x,y)dy=/ ue(x,y)<u}“_e(x,y)—/ u}“_e(x,z)dz>dy.
0 0 0

Using the one-dimensional Gagliardo—Nirenberg inequality, the one-dimensional Hardy inequality, the
one-dimensional Poincaré inequality, and the fact that u¢|y—o = u¢|,=; =0, we have, for £ > 1,

1 1
H/O ue(x, yuj_¢(x,y)dy /Oue(x,y)u}“_g(x,y)dy

S ‘

1
+“/ we(x, y)ul ,(x, y)dy
L2 0

L3 L3

1
. . ( bl
<lluellpoor2 “l'ne_f uit ,dz +H ly(A=y)u;_,llz2
Y 0 / L2, y(d-y) L®L2 / o
1/2 1/2 in 1/2 1/2 bl
< ! — )
NIIWIIL%_}'||3xuz||L3VyIIw,_e||L§_y+||wz||L§_y||3xwe||L§’y||y(1 Wuj_glirz |
172
Y 1/2 1/2 i bl
S —rllodlf loenll? (ol HyA=yu s ).
241 ’ ’

For ¢ = 0, we estimate the L2 norm of fol uo u}.’l dy precisely as in the case ¢ > 1. For the interior piece,
since j > 1 we may use (1-2) and the Poincaré inequality in y to estimate
L,%,y>

_|_
L2,

1
/ u}’l(x,z) dz

1
uj(x, y) —/ uj'(x, 2) dz
0 0

Lg)

luolizsers S llwollzers S llwollzz | + Ntz < M.

1
H / woCx, YU (x, y) dy
0

S I|u0||L)2°L?V(

L

1
S M(Hw}“nLg o+ H / u(x,2)dz
v 0

since

At this point we note that

I 1/2 :
[ amay==[refwndy i)+ [ a-noiend
0 0 1/2
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so that

1
H /O W(x, y) dy HL <y, + e D)

Returning to (3-20), and using that in this range of £, namely less than % J, we have

A )
U mPu2 PN G R 1y

for j > 1 we obtain

[j/21

j M; 1/2 1/2 i
itz S D0 (7)o ol 2 o2 Aol + 1y = vl )
=1 Mj—ZM@ ME+1 in ’ b b b 1
+M (102, + yufllcz +lye]lle + (. 5)] )
WA A+ D o)) ey :
< X,y X,y 1
~ =1 (ﬁ + l)"/4—)//2 (”a)./_EHL%,y + ”yuj_e“Lz%,y)

+ M (Il 2+ yullz, + vl +uj(x.5)] ). G-2D

From (3-19) and (3-21), using the discrete Holder and Young inequalities, inequalities (3-8b), (3-8c),
(3-7b) and assumption (3-18) we obtain from the above that

t t
/(;|h(s)|$/,r,t(s)ds:/(; Z”hj(S)Hi%dS

j=0
GHD 4 Nwjllz +Hlojsillz )N [ .
Ssup( . )f( ™12, +> [lyd’ll2, )ds
[0.1] Jg (]+1)r/47y/2 0 J; J "Ly, Jg JULY

t
+M? /0 (1™ o) F YU O ) H YD O 0y FH e O y=1/205 1 2 (5))
2 ! i 2 ! b 2 b2 b 2
SM <\/O ||w1n(s)||y,r7r(s)ds+/(; ”yu (S)”y’r’-[(‘y)-i_”ya) ||y’r’f(‘y)+|u |y:1/2|y’r’r(‘y)ds>

t 1 !
rg M2 (/0 ”a)m(S)”JZ/,r,r(s) ds+m‘/0 |h(S)|)2/’r+y75/4’r(S) ds)‘

Here we have used that }Lr — %y > % The proof is completed using that M287/2 « 1, which follows
once B, is taken sufficiently large, and the fact that y < 2, which allows us to absorb the second term in
the right side of the above into the left side. O

4. Estimates involving ™

From the vorticity evolution (2-6) and the definition of o’ (3-16) (which obeys fv o (x, y, 1) dx =0 for
any y > 0), we obtain that the equation obeyed by the interior vorticity is
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o™ — 8}2,a)i" +u 0™ +vdy0" = —u d o™ —vd,0, (4-1a)
dyo"y=0.1 = @"|y=1 — @"|y=0 + 20" |y=1 — By’ |y=1, (4-1b)
@™ (0) = wo. (4-1¢)

The initial condition for »™ is obtained from the fact that »°(0) = 0, which holds in view of (3-4c). The
main a priori estimate for »'" is provided by the following proposition.

Proposition 4.1. Let M, 8y, y € [1, %] be given, and let By be as in Lemma 3.4. There exists ro = ro(y)
such that for all r > ry, one can find By = Bo(M, 8¢, 19, T1, 1, ¥) > max(PBx, 4) satisfying: if B > By and
T <1 is small enough so that T(t) > 1| for all t € [0, T], under the assumptions

sup lw@)ly.3r/4,cc) + sup [0y @ ly.r/2.cq) < M, 4-2)
1€[0,71 1€[0,T]
1
8o < 0yw < —, (4-3)
3o
sup 1020 (t) |02 < M, (4-4)
1€[0,T] :

we have

t t
. . . 1
S0P 10"+ [ 1001 58 [ 1070 1120 5 = 10O, 45
s€[0,t 0

holds for all t € [0, T]. Moreover, as a consequence we obtain

sup o),y 13/a.200)
s€[0,1] ¢ t 4
106y s +8 [ 10Oy ss1 085 < 10O ., 40
0

forallt €0, T].
Proof of Proposition 4.1. Using the convention (3-3), from (4-1) we obtain
@+ B+ 1) — D + udy + v 3o + v} dyw
=~ +v )} — v dyo — Mj[8], ud, +vdyJo+v; dyw, (4-Ta)
0yiMy=0,1 = @}l y=1 = &' ly=0 +200] =1 = 0] |y=1. (4-7b)

Note that as soon as j > 1, we may replace cb}“|y:o,1 = w}“|y:0’1 in (4-7b). We perform a “hydrostatic
energy estimate” on (4-7), which is permissible in view of (4-3). That is, we multiply (4-7a) by a)ji.“ /0y
and integrate over Q2 =T x [0, 1]. We notably use the “hydrostatic trick”, which in this case gives

L y . .
vi'wdx dy = —/ <f 0 um> dyudxdy
/QJ J o\ )
1
Z/anu}nu}ndxdy_/v</o axu}n)u}n|y:1dx
1
:_/(f dcul!(x, y) dy)u}?l(x, 1) dx,
T\Jo
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taking into account that fol 8xuj (x,y)dy =0 and that u;|,—; = 0. Thus, we obtain

1 d } 2+ﬁ( H)H 2+H3“’J 2
L j
2d / \/ ya) L2 ,/ w L2

lIl 1n 8 wm in

i @)
Oy

1
( )dx—i—/(/ Bxu}’l(x,y)dy)u}?l(x, 1)dx
y=0 T\JO
@i (@™ (u 0, + v dy) dyw
e ).

® ‘“"z

dxdy

Oy Oy

a)l.n ln
—f uaxa)bl—dedy—/ v a)bl—dxdy / bl lndxdy
Q 79 Q dyw Q

y@ y@
J . a)i'n Jj—1 M . in
J J J J
Ur@j—j+1—— dx dy — —( >/ Vg Oywi_r—— dx dy
X;Mij k+1( )/Q R IV ;Mij_k k) Jo ™ 7 T 00
= T1j+T2j+T3j—T4j—T5j—T6j—T7j—T3j—T9j. (4—8)

Summing over j, and integrating on [0, ¢), with t < T, we obtain

t t
i 2 in;2 iny2
IO 0268 [ 16" s 1501

2 Ay

2
y ] 1 y=ij
—| )2 / <| 7L ‘ )+|T2'|+(|T3'|+|T4'|——‘ il )ds
8 }/rfo Z J / 12 J J J 2 8(0

Jj=0

—f D AT 1+ Toj 141 T2 |1+ Tsj |+ Toj | ds. (4-9)
j=0

The rest of the proof is dedicated to estimating the nine terms on the right side of (4-9).
The T1; bound: From (2-6b) and (4-7b) we obtain

. / Iy} ly=0,1(@}"ly=1 — @} ly=0) J
1= x
T dywly=0,1

. . . . ) ) . .

@Plymt — =) @yt~ 0Plyo) [ Qllymr — 0 @y — 0ly—0)

= dx + dx
T dyw|y=0,1 T dywly=0,1

=T+ Tioj.

172 172

L2019y fll 2, 1) We have

From the Gagliardo-Nirenberg inequality || /|| 2,1y < | f | z20,1) + 211 f |l

VATHIDS —(Ilwmlle + IIw"‘IlL2 oyl ).
Using Cauchy—Schwarz, we similarly obtain

1 b 2 b 2
| T1oj| S 1Tyl + %(IlelyﬂllL; +18yw;ly=11l7>)-
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Summing up the above two estimates, and summing over j > 0 we obtain

1 a wm
S (171 -5 | ==
2 a}

2
| 2 b 2
> 82 || ||yr‘[ %(|wj|y:1|y’r7f+|8ya)j|y:1|y,r,f)‘
j=0

Using (3-7e)—(3-7f), and combining the resulting bound with Lemma 3.4 (which may be used due to
assumption (4-2)), we arrive at

1 ! inyg?2 1 ! 2 1 ! in 2
/ ZQ 1,|— )5%/0 015+ 5530 | |h|y,,+y_lo,f§% 10" e (4-10)

where we have used that §oM?* < 0.

Ba)

The T,; bound: From (3-16) we obtain

1
Ty, = 2/ (/ By (x, y)dy) (] (x, 0) + ] (x, 1)) dx
T\Jo
=2 [ @0 = v, D)) 2. 0+ ax, )
T J J J
and thus, also appealing to Gagliardo—Nirenberg, we obtain

b b b b
1731 < 2000 1y—oll 2 + 10 Ty= 12 (e Lol 2+l =1 1122)

b b
< ”vj|y=0||L§+”Uj|y=1 ||L)2(
~ (j+1D3¥2y

. — . — 1/2 1/2
(G+DY2 Nz +G ARy GHDY Pl ).

and summing over j we arrive at

b b b by 1/2 by 1/2
D 1T SUly=olyirty—372.0+H10] Lyt lyry—32.0 W Ny r 32—y et 1) Ty M) sy 2)-

Jj=0

Upon integrating on [0, ), the above terms are bounded using (3-7a), (3-8a), (3-9b), and (3-9c¢), after
which Lemma 3.4 is used to yield

1/2 1/2 1/2
/ ZITZ} 135/2 (/ |h|y r+3y— 3r> ((/ Ihly r+1/4, r) </ |h|y r+1/2, r) )
/20 1/2 1/2
in) 2 in2
,.S ﬁS/Z (/0 | ”y,r+3y—3,r) (/0 e ||y,r+]/2,r) :

For the last inequality, we have applied Lemma 3.4 to both factors on the right-hand side, which is
legitimate under the assumptions

r+min{3y — 3,1} > 2y +2, [%UTP]”CU(I)”y,(l/4)(r+max{3yf3,1/2}),r(t) <M.



WELL-POSEDNESS OF THE HYDROSTATIC NAVIER-STOKES EQUATIONS 1435

Both assumptions are satisfied for » > r(y) large enough, the second one being deduced from (4-2). Thus
we have proven

/Z|T2]|<ﬂ5/2/ 1™ 12,11 @11

j=0

The T3; and T4; bounds: These are the only terms for which assumption (4-4) is used. In view of
(4-3)—(4-4) and the Gagliardo—Nirenberg inequality in y, we immediately obtain

11l 3yi™ |12 M || o . 11 3ye™ |
Z(|T3j|_1H Ji < a7 - lof 2o —g -
=0 8ya) L2 =0 80 ,/Bya) L%L?v oY 1/8);(0 L2
M || 1 dyait ||1/2 Ayl |12
52(3_/2 A (”wln”L2+ 1/4” 1n||1/2 Y )_% A )
>0 80 ‘/ay L2 80 Bya) L2 3ya) L2
M*
§¥nwmui,m,
and using (4-2) combined with (4-3)—(4-4) we also obtain
in |2 2 m 2
1 8),a);.n M
|T4j|__'— 5 —||60 ||L2L2||CU ||L2L°<>_
g( 4 Voyw |2 j2>(:) 80 ,/8},0) 12
1 o By 1/2
<Z( o} ||Lz(||wm||Lz+ I "‘n/
2 1/4
=0 30/ 8),(1)
8/3
S lo™ 2,

Here we have also used the second term on the left side of (4-2), in order to estimate |9, dyw]| LeL2- Thus,

fZ(|T3]|+|T4,|——H o ) /nwmny,, (4-12)

j=0
The Ts; bound: As it turns out, this term creates the most stringent assumption on y, namely that y < %.

Since u|y—o,1 = 0, using (4-2) and (4-4), we have

Ily(l—y)3 oMl 2l 2

ITs;] < “ .
NI L
7= 8ol y(1—
_ ol
~ b ]+](.]+1)1/2

e, 112G+ DYl 2,

and thus, upon summing over j and integrating on [0, ¢] we arrive at

t M t . 12 ro 5 172
E |T5j| S N ”yw ||y,r+y—1/2,r ”a)m”y,r+1/2,r .
0 0 do \Jo 0
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We now appeal to (3-7b) and to Lemma 3.4, which is again legitimate for r > r(y) large enough. We obtain

1/2 1/2
[ Timis; W(/ L I R
0
iz . 1/2 . 1/2
< M ([, 0, ) (/ o2 )
HE (/0 y.r+2y=1/4,7 0 y.r+1/2,t

2 t
in) 2
~ W—SML ”a)ln”yyr+]/2,t' (4_13)
In the last inequality we have used that 2y — ZT 5> which holds since y < %.

The Ts; bound: Similarly, using that v|y—o,| = O we obtain

ITsjl < 5 ‘ = ||y<1—y)ayw}?1||Lz||w}“||Lz
[ERA
5x3—||ya o] 2Nl 2
0
. /2| ,,in
=S —<J+1)1/2 (G4 D02,
so that
1/2 1/2
/Z|T6,|<—(f [RENZH . I/ZT) </ lo™ ||y,+1/zf> :

j=0

Using (3-7d), and then Lemma 3.4 (applicable for r > r(y) large enough, by (4-2)), we obtain

t M t 5 172 ro ) 172
/0 21751 S IWEE <f0 |h|y,r+y7/4,r) ([0 ”wm”y,r+1/2,r)
=0
J= M2 t o 1/2 t . 1/2
m mn
~ 60,33/4 (/0 ||C() ”y,r,f) (,/0‘ ”C() ||y,r+1/2,7;> (4-14)

The T7; bound: For T7; we directly estimate

since y < %.

1 _ b . ; 1 .
LIS 50 +D V202G A+ Dl e S 5o 10 172,010 2
j=0 j=0

Integrating in time, appealing to (3-9a), and still using Lemma 3.4 we obtain

¢ o ‘o 2 12
| ;wmww—m( [0 o) ([ 10" 1)
M T2 VO 2
N80’3—7/4(/0 lle ||y,r+2)/—9/4,r) </0 e ||}/,r+1/2,f)

M ' in| 2
S 50’3—7/4/0 ™15, 41/2,7 (4-15)

10
IA
T

as 2y —
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The Tg; bound: We note that

M; (j)<<j)lfv G+ 1)
MMy N PN e 1y G —k+ 17

and for 1 < k <[j/2] it is convenient to use (i) > (j —k+1)/k. We obtain

J
Urwj k+1 T . a~r—u
/;2 J= y Zz k+ )r Y

In order to estimate 73 jow, W€ SPlit w; 41 iNto wj g1 = Wi, g to

in

@j
UR@Dj—f-1 77—
dyw

First, using the Gagliardo—

in

[j/21 . .
1Tgi| < ]Z JPG—k+ D2
8jl S (k + 1)r—r+1

k=1

=: T3 1ow + 18 high-

k+1
Nirenberg inequality on €2 and the Poincaré inequality in x (smce k> 1) we may bound

1/2 1/2 1/2 1/2

okl S okl + 10x okl 2 + (loxll 5 + 10xwrll,2 ) U0yl 5 + 10 0yl 5
172
S l10xwkll 2 + 110« wk||L2 [10x dyewrell, !
S K (loksrll g2 + 10y@rs1llL2)s (4-16)

from which we conclude that we estimate

1
‘f uka) k+1—dxdy‘ 3%

kY
S —(Ilwk+1||L2+ 19y@r1llL2) [l ye; ezl

Ug
vy -

IIy(1 Dot lllof e

2
< ky+r/ loks1ll 2 + 10yl 22 b

S T Iyw; g2 )l 2.
Similarly,
K2 ol +18y@llz - g i
YPk+1TIIL in in
‘/ Upw k+18 dXd ‘ 5 /2 lw;Zgqill2lleoj [l 2

so that from the discrete Young and Holder inequalities, we obtain

1 J7 il + 18yl 2 : '
<—(Z TESER d j,ﬂy d Uy lyr1/2.0 + 10y 12,0 10™ 1y rs1/2.7
#0

1
8_(”0)”)/ r2+ () w”y r/2)(l|y(‘) ||y r+1/2,0 ||wm||y r+1/2, r)”a) ||y r+1/2,t

M . )
S %(lly & llyrs12.0 + 10"y rr1 210 lyr i1 /2.7 (4-17)
For the second inequality, we have assumed that 4 sr=2y+1>3 (so that j¥*/2/(j +1)"~7*+! is square

summable), and for the third inequality we have appealed to (4- 2).
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In order to bound 73 pigh, we use that uy|y,—o,1 = 0, and the one-dimensional Poincaré inequality to
obtain

}n dx dv| < 1 in
| ik 5= o dx dy N8—O||Mk||L§Lgo||@/—k+1||L30L§||wj 22

y
(j—k+ 1)
S lexliz ey i2llzz o2
_ G=k+ D7 ol + o'l 2 . -
ST TR lwj—ks2ll22G + D@ 2.

We again rely on discrete Young and Hdélder inequalities, assume that r > %y + % (so that (j + 1)2r—3r/4
is square summable), and use (4-2) to arrive at

llwjllz2 i i
Z T8] high > S _(Z(J +1 )2y 3r/4( _}_jl)r/4 ||wm||y,r+1/2,t(”wm”y,r,r + ||wb”y,r—1/2,r)
j=0

M . .
< %||w“1||y,m/z,f(||af“||y,r_1/z,r + 10" lyr—1/2.7)- (4-18)

Combining (4-17), (4-18), integrating in time, using (3-7a), (3-7b), and Lemma 3.4 (which is applicable
by assumption (4-2)), we arrive at

12 12 12
/ZTSM—((/ Iye ||y,+1/2,) (f 1?1, l/zf) )(/ " ||yr+1/2t)

+—Of0 ™12 i1 /2.0

S M%((folmﬁ,rwym)l/i (/Ot|h|}2/,r+y5/4,r>l/2> (/Ot||win||;2/,r+1/2,r>l/2

+5—A;[/(;t||win||;2/,r+1/2,r

Mo Vg oy
S s ([ 100yvae) (1078 i)+ 50 [ 160
SoB 0 0 o Jo

M2 t -
§¥~/0 ™15 1720 (4-19)
since y < %.

The Ty; bound: In order to estimate T9; we note that for 1 <k < j — 1 we have

M; (J) (])1 y -+ ( j )1 v 1
MM, \k/J ~ \k (k+1)"(j —k+1)7" ™~ \min{k, j —k} (min{k, j —k})"

and similarly to Tg; we take the decomposition
in

[j/2] 1 wh Jj—1 1 l
ng < Z —‘/ Vg Bya)j_k— + Z ‘f v 0 a)‘_k_J
~ i — Ky —v+ljy—1 Y=
= k" | Ja dy k=/21+1 (j—k)y—r+ljr Q dyw

=:T9; 10w + T9j high- (4-20)
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First we treat the case k < j/2. Using the Poincaré inequality in y (which is allowed since uy1]y—0,1 = 0)

we obtain
win "
'/ vka yW;j— ka—dxdy‘

olly(I—1y)

ly(1 = y) dyej—ll 2l 2
LOQ

8_”8 el Lo (19,0 gl g2 + 11y 9y klle)llw Il2
kV
8_||wk+l||L°°L2(||8 "l + 1y 00 kIILZ)IIw 2

Furthermore, using the one-dimensional Gagliardo—Nirenberg and Poincaré inequalities in x, for 1 <k <
[j/2] we arrive at

in 2y+r/d
k=Y lwg2ll L2 ~ -
J +21L in b in
Vg 0ywj g ——dx dy| < 0y 2+ 1y oyw: ) lwillz2.
‘/Q 0yt dx dy| § g T ol + 1y Byl ol

Summing over j, assuming that » > %y + %, and appealing to (4-2) we obtain

||U)||y,3r/4,r i b i
D 1Tyj00wl < 5 U850 e 17 056 ) 67
j=0

M . .
S %(”aywm”y,r,r +lly aywb||y,r,r)||a)m||y,r,r' (4-21)

For the case k > j/2, we first note that the compatibility condition (1-2) allows us to write

1 1 1 1
// M%dedx:// Upr1py dydx+// uk+1<u}f1+1—/ u}(“Hdz) dydx.
TJo TJo TJo 0

By Cauchy—Schwarz and the Poincaré inequality in y (for zero-mean functions) we conclude

2 2
lletx41 ||L2 S ||14k+1 ”L2 + ||0)k+1 ||L2-

Then we similarly estimate

't
dywi_r—dxd
/ka yWj kaa) xday

y

5 el 2 L 19y @)~ ll oo 2 10} .2

S %||8x”k||L2||8xaya)j—k”L2 il 2

< (.]_k)y.ly ! 1/2

< 5 g1 210y —k1 2 G 2 0l [ 12)
( k)ijr/zjyil 1/2 ) ,.in 1/2y,,b ”aywj—k-i-IHL2 .1/2in
S 5 (k ||0)k+1 2 +k ||Mk+1 ”LZ)W( lo; [l z2)-
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Summing over j, noting that the powers of j precisely cancel, we find for r > r(y) large enough

“8ya)||y,r/2 i b i
E 179/ highl S — ™ ly 172, F 1 My 172,10y r 4172,
j=0 0
< M in b in
~ g(”w ”y,r+1/2,r + ||Lt ”y,r+1/2,r)||w ||y,r+1/2,r- (4'22)

Integrating in time the sum of (4-21) and (4-22), appealing to (3-7a) and (3-7d), and using Lemma 3.4
(which is applicable for r > r(y) large enough, by assumption (4-2)), we obtain

/Z|T9J|——/ 19, wmuyrmf(nyaw 12,0+ llu? ||yr+1/2r>+ 7 / R

j=0
2 in 2
S ? |h|y,r+y—3/4,r + _2 ||a)m”y,r+l/2,t
B 82

M
S (53/2 ) / ”wm”y r1/2,t (4-23)
<1
2
t

Conclusion of the proof: Inserting the bounds (4-10)—(4-15), (4-19), and (4-23) into estimate (4-9), we
obtain

mw

since y —

t t 1
in 2 in2 in2 in 2
IO 0428 [ 16 s+ [ 10,002 s = S5 10E
0

1 M4
<(—+ )/ ™[, ds
~ 3 r,

80 5 ,33/2 V T

( M2 ;‘[2 ]‘42 M M2 ) / ” in”2 d (4 24)
+ + + + + + — [0 S. -
50'35/2 88135/4 50,33/2 53/37/4 58,33/4 88 0 y.r+1/2,t

Note that ||a)i“||)2/’r’r < ||a)m||y r41/2,20 SO that we may combine the last two terms on the right side of
(4-24). Choosing By large enough, depending on M > 1, §p < 1, and the implicit constant in (4-24), for

any B > Bp we obtain
. 2 ro ) ! 2 1
m mn mn
||a) (t)”y,r,r([) + 5 A ||a) ”)/,r-‘rl/z,‘[ ds + /O ||8ya) ”y’r,f 82 ||a) ”y 10"
0

The estimate (4-5) now follows directly from the above estimate.
Finally, in order to prove (4-6), we appeal to (3-15a), Lemma 3.4, and estimate (4-5), to obtain

sup|lw’||> f |h(s)I> ds
[0.1] y.r—y+3/4, r(s) 131/2 y,r+1/2,7(s)

. 1 .
5 | 1™ 41200 5 < =5 [ O)],. (4-25)
,31/2/(; V.r TS 28(2)' Y.t T
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upon ensuring that 8 is sufficiently large, depending on M, §y. Moreover, from (3-7c) and (3-7a) we
similarly obtain

t t 1 t
b 2 b 2 2
L 100 OR - sjac s +8 [ 10O,y siaed S 1 [ OB 120 ds

1 .
< — ™03, (4-26)
282

as above. Summing (4-25)—(4-26) with (4-5) (and using (a + b)*> < 2a® + 2b*) we obtain

2
sup lw (15—, 43/4,7¢5)

s€[0,7] t ! 4 .
+/0 ||3yw(s)||i,ry+3/4,r(s>ds+ﬁ/0 ”w(s)”;erS/ér(ﬂds5E'len(())ll)zar,ro
0

by using y < %. This concludes the proof of (4-6). O
As an easy consequence of the estimate (4-6), we state:

Corollary 4.2. Let M, 6y and y € [1, %] be given. Forr > ro(y), B = Bo and T such that T(t) > t; for

allt €0, T, if
4

6_2||w0”y,r,ro =<
0

— 4-27
> (4-27)
then

M
sup o ly.3r/4,c0) < ER
t€l0,T]

5. Estimates for 0,0

In order to emphasize the linear nature of the estimates in this section we write 9, = @. The equation
obeyed by w is
> — 05>+ (u By + v 9y)d + (it D + D dy)w = 0, (5-1a)

1
3yd)|y=o,1 = (d)lyzl - Cz)|y=0) — Ox (2/ uit d)’>- (5-1b)
0

Proposition 5.1. Let M, 5y and y € [1, %] be given. There exists ri = r1(y) > ro such that: for all r, r’
satisfying r' > ry, %r —r' >ry, one can find 1 = B1(M, 8o, T0, T1, 1, 1, ¥) = Bo satisfying: if B > Bo, if

T <1 small enough so that T(t) > t| forall t € [0, T, and if (4-2)—(4-4) hold, we have

t t
. 2 . 2 . 2
S%P]”w(s)”y,wy+3/4,r(s>+/0 18y IN5 7~y 13/4.2(5) ds+5f0 oWy -y t5/4.205) 48
50,1

y.r',to"

4 . 2
< S—QIIw(O)II (5-2)
0

Proof of Proposition 5.1. The proof is very similar to that of Proposition 4.1, since one may view (5-1)
as a linearization of (2-6) about w itself (respectively u for the boundary condition). In order to avoid
redundancy, we only emphasize the essential differences.
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Estimate (5-2) follows directly from estimates for @™ which are analogous to (4-5). In order to
define ™, we define &’ as the solution of system (3-4) with boundary datum given by

1
ah = —2ax/ uindy,
0

which is consistent with (5-1b). The function @ obeys all the estimates claimed in Lemma 3.1, except
that on the right side we need to replace & with A. As in (3-16) we define the boundary layer functions
corresponding to w, and according to (3-17) we define the interior functions corresponding to @. Note
that as before we impose @"'(0) = 0, and thus @™ (0) = @y, where by (2-6a)

Wy = —u( dywp — Vo dywp — 8y2a)o.

At this stage, we can prove an analogous statement to the one provided by Lemma 3.4, with 4 being

replaced by
1 1
fz:Z/ ub'tdy—Z// uindydx.
0 TJ0

Namely, we can show that for any r as in Proposition 4.1 and any r’ such that

3r——y—l>r >2y +2,

we have . .
fo (I ey ds S MP /0 o™ ()2 2 (s) ds. (5-3)
Indeed, defining for all f
(] + 1)r’.L.j+1
(JhHr
similarly to (3-19) we obtain ||l%0||L_% < ||fz1 ||L§, while for j > 1, as a substitute to (3-21) we obtain the

9

ﬁ:(j—i—l)’/_’jj-:M;B){f, where M| =

inequality
: L M; 1/2 12,y -in '
[LAPESS troalon s Nty (e +1ya — )il )
J M 1/2 1/2 J X,y J Xy
=1 — MZ M€+1

+ M(ncz);-“nL;w il + 1yajll, + i (x 3)],.)-

The half sum 2]:/ 12 ! and the last term on the right-hand side can be treated as before, resulting in

/( (6, + - i (v, 3] 12) +f )

< M? in()]|2 d L T d

~ o ”") Sy 2 (s) S+W 0| Ny rry—5/4,2() 95
if

sup ”w(t)||y,r’/4,r(t) =< M7

1€[0.T]

which is satisfied by assumption (4-2) as soon as r’ < 3r.



WELL-POSEDNESS OF THE HYDROSTATIC NAVIER-STOKES EQUATIONS 1443

For the half-sum Zé: [j/214+1> We cannot proceed symmetrically as in the proof of Lemma 3.4: as we
want an L2-in-time control by &, the bound

/

. M’
<é) , /1]/2 /1/2 5 (l+1)y/2
Mj—ZMZ M,

yields by a discrete convolution inequality

t J 2 2 t .
/ ( > ) s(supZ(Hl)Wananz) / U™ 1) + 172G 1 2(5)) ds.
0 0

=[j/2]+1 (0.1 4>
Writing

£+1

1
Do+ Pllaple =Y =+ D"yl 2)
L L

and using Cauchy—Schwarz, we find

t J 2 t t
- 1 .
§ : 2 2 2
/0\ ( ) ,SSup||a)(s)||y’r/+y/2+1’r(s) (A ||wm(s)”y’,/,t(s)ds+_/37/2 /O‘ |h(s)|y,r/+y7/4,r(s)ds)

t=j/21+1 10.¢]

2 s 2 1 Lo
SM (fo ”wm(s)”y,r’,r(s)ds-i_W/O |h(s)|y,r’+y—7/4,r(s)ds)’

where the last inequality comes from (4-2), under the assumption that r’' + %y +1< %r. Gathering the
two previous inequalities yields (5-3) for g sufficiently large.
Now, similarly to (4-7), we have
@ +BG+D =GN + W d+v )" +i)" 9,0
= —(u dx +v )" — 0 dy0 — MI[3], u d, +v dy1d — M] 8] (11 de) — ML}, dy0]b, (5-4a)

.in ~in’ ~in’ . Ny
aya)j ly=0,1 = w; ly=1— w; ly=0 +2wj ly=1— aya)j ly=1. (5-4b)

Note that (5-4b) is the same as (4-7b), the left side of (5-4a) is the same as the left side of (4-7a), and the
first two terms on the right side of (5-4a) are the same as the first two terms on the right side of (4-7a).
The difference comes from the last three terms on the right-side of (4-7a), namely the quadratic terms.
The main point is that they now lack symmetry: they involve not only (™, &"") but also w. In particular,
all terms containing @ must be controlled uniformly in time, to allow for the L? control of &™ on the
left-hand side. This is why we take r’ less than %r: with such a margin we can still use (4-2) to control
uniformly in time the terms where most derivatives fall on w.

More precisely, proceeding as in the proof of (5-3) to handle the linear terms (see the estimates of
Tij, ...,T7;), we can show that for B large enough

t t
“in g2 -in 2 3 -in 2 | RS
lleo (t)”)/,r’,r(t)+2'8/0 o ||V,r/+1/2,r ds+§/0 ”a}’a) “)/,r’,t ds_8_2||w0”)/,r’,ro
0

M4 t - M2 t - t
<= / 1™ 13, ds + 5 / ™12 1o ds + ) / (S1j+ S2j + S35 + Saj)(s) ds,  (5-5)
8y Jo 0B Jo 070
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where
. i 1n

Sij=-— M[81 ua]w—, Sj=— /M 81 v 0y] ,
dyw Bya)
'in

S3j=— /M 37 (it 0, a))—, S4j = /M/[a 9 a)]v—

The first term is analogous to Tg;. One can write

[j/21 J j M d)i_n’
sy=—(X+ 2 )(k)W/ )15, gy = S1ion F St
k=1 k=[j/2]+1 —k+1 /8 &

The treatment of S ; jow is exactly the same as the one of Tg; jow. Similarly to (4-17), (4-19), we get

t M2 t ) )
3 [ Suam@ds <5 [0 12000 0.

To treat Sy nigh, we use the inequality

. /
(D)5 S G =k 177~
M Mj k+1

for k > [j/2]+1, so that

J
1
Stimign S Y il G =k + 17 by 2l I
k=rj/21+1 %0
J
kY
SO D LY VYV DL o Y oy e
k=[j/21+1
so that by the discrete Young’s inequality

1 ‘e -
> / S1jnigh(s) ds < = sup DK [l (s) ]2 / 1) .6 167 1,25
0

0 s€[0,7] k

| . )
<L sup 10y siee / 1oy 1™ reer.
30 se[0,1] 0

The sup in time is controlled as usual by assumption (4-2), under the constraint v’ +y + 1 < %r. As
regards the second factor, one can split ||(s)]l;,,,7(s) into

. . - bl
||a)(s)“y,y,r(s) =< ||a)m(s)”y,y,r(s) + |lw (s)”y,y,t(s)

and control the second term by the analogue of Lemma 3.1, followed by (5-3). For r' > y + (y + %) we

find that
t M2 t . )
Z_/ S1j.high(s) ds < _f 1™ ()1l 2 (s) ds-
0 30 0
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Estimates on S; (which is analogous to T9;) and S3; can be established in the same way. We find for
r’ and f—lr —r’ large enough (with thresholds depending on y)

! ! .in 2 CM4 ! - in 2
3 fo Sy <1 /0 O /0 [, o112 .
i 0
J

with C > 0, n arbitrarily small, and

t M2 t . 5
S [ s = [ 66 Rarno ds
| 0 0 Jo

To handle S4;, we proceed slightly differently. We start with the decomposition

U e NN V% i

S4j=—(2+ Z >< )—Jfaw/._ 0 ——
k M Y¥j—kYk

k=0 k=[j/2]+1 M M;_ Jo dyw

= S4j 1ow + S4; high-

S4; nigh can be treated similarly to T9; hich. We obtain, see (4-22),

t
Z / Sujien S — 5 Sup 10yl 2 / U™ )y 172,260 + 18y 12,06 ND™ Sy 172,00 ds

<— d)ins 2 , ds.
S5 /0 1™ I 412000

Here, we have used the Gevrey control of d, given by (4-2) to bound the first factor, and the analogue
of Lemma 3.1 followed by (5-3) to control the boundary layer term in the second factor. As for S4; 10w,
we integrate by parts in y. As ¥ vanishes at the boundary, no boundary term appears, and we get

AN M ol 32w dyal™
. y J
S41—E()—/</-_8,U’J Y a)—l-a) v >
J,low k M M ] k vy kay j —k k(a )2 J —k %k a

= S4j10w,1 + S4j 1ow,2 + S4;j 1ow,3-

We can bound S4; 1ow,1 With the same ideas as before. For r’ and %r —r’ large enough we have

t M2 t ) 5
/ ZS‘LJ'JOWJ S s / “wm(s)”)/,r’-i-l/Z,r(s) ds.
0 j 0 JO

As for S4; 10w,2, We start from the bound

[j/21
Stjtov2 S 5 Z gl e 12 k4 D 10 s 197 @l e 12 160" 1 210
0 £=0
U/21
Zn ellzger2 G+ D7 il s O 20,
0 k=0
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where the last inequality comes from (4-4) to control ayza). It follows that

[j/21

Sijiow.2 S <5 D G =k + DY)y 2+ D™ i ol 2 (6 2 + 1yaf™ 11 2).
0 k=0

From there, for r’ and %r — r/ large enough (with thresholds depending on y),

/ 284, w2 <7 / 156" )2, ,(s)ds+ f [ )2, 25 ds.

With similar manipulations, we get the bound

f 284,10W3<n f 1By I, ,(S)ds+ / L™ 2., 25 ds.

Injecting the previous estimates in (5-5), we get for large enough g

t t 1
- 2 -in 2 -in| 2 =2
||wm(t)||%r’,f(l) +IB./0 ”wm”%r’-ﬁ—]/Z,r ds +/(; ||8ywm||y,r’,r ds < 8_2||w0||y,r’,ro'
0

Estimate (5-2) follows from this inequality, in the same way as (4-6) is deduced from (4-5). O

Corollary 5.2. Let M, 8y and y € [1, 3] be given. There exists ry = ra(y) > ry such that for r > r2(y),
one can find By = (M, 8o, v, T1, ¥, 1) > B1 and

To =To(M, S0, B, t0, T1, ¥, 1, llwolly,r /24y —3/4,79) > 0

satisfying: if B > Bo, if T < To, if (4-2)—(4-4) hold, and if

(5-6)

M
||ayw0||y,r/2,r0 = Z

then

sup [[0y@ (D) ly,r/2,2() = (5-7)

1€[0,T] 2
Proof of Corollary 5.2. We write d,w(t) = dywo + fol dyw(s)ds, so that for all # € [0, T']
t
”ayw(t)”y,r/Z,r(t) = ”8yw0”y,r/2,r(t) +/ ||8yd)(s)||y,r/2,r(t) ds
0
t
< Ny@olly.rya.e + f 13365y /2,006 s
0

‘ 12
< ldywolly,r/2,70) + Vit (f ||8yd)(S)||)2,,,/2,f(s) ds) .
0

Taking for instance r2 =4r; + 4y + 3, where r; was introduced in Proposition 5.1, and r > r,, we ensure
that r’ := r +y - satlsﬁes r'>ry and 3 37 —r' > r1. By Proposition 5.1, for 8 > By large enough, and
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T such that t(¢) € [t1, to] for all £ € [0, T], we get
sup (18,0 ()220 < 18y@0lly.r 2,200y + 28T /80ll(O) 1y 1 /24y —3/4.70 - (5-8)
tel0,T]

The result follows from the assumption on d,wy, once Tj is taken small enough to ensure that
24/ Ty M
8o 4
holds. O

Oy /24y —3/42 <

Corollary 5.3. Let M, 8p and y € [1, %] be given. There exists r3 = r3(y) > rp such that forr > r3(y),
one can find B3 = B3(M, 8o, T0, T1, ¥, 1) = P2, co = co(T0, T1, ¥, ) > 0 and

TO = TO(M’ 507 /35 TO’ TI’ V, ra ||a)(0)||)/,r,r()’ ||d)(0)||]/,r/2+}/—3/4,‘[0) > O (5_9)

satisfying: if B > Po. if T < To, if (4-2)~(4-4) hold, and if

1 1 1 coM
% lwolly,rj24y—3/4,7 + %Ilwolly,,,ro + 3% lwolly .z lldywolly,r/2,7 = 5 (5-10)

then

NS

2
sup 02w (1) o2 <
tel0,T] ;

Proof of Corollary 5.3. We write the vorticity equation in the form

a)z,a)zd)—l-uaxa)—i-vaya).

Hence, for all ¢ € [0, T,
1020 ()l 212 < @)l erz + Tl 18600 1012 + 10O 1225, 18,0 (0] 20 2.
For r large enough, we obtain
||3§w(t)||L;cL§. SNy ey + OO )i 3/a0) T 10Oy —y 43740 [0y Olly.r 22

By Propositions 4.1 and 5.1 applied respectively with r and r’' = %r +y - ?T’ and by inequality (5-8), we
find

1 1
2 - 2
sup (|05 (Dllzer2 S wlldolly.r/a4y 3745 + Z l@olly g
1€[0,T] 8o 85

1 VT .
+ % lwolly,r,z | 19y@wolly.r/2,7 + S lwolly,r/24y—3/4,% |-

Upon taking T sufficiently small, this concludes the proof of the corollary. O



1448 DAVID GERARD-VARET, NADER MASMOUDI AND VLAD VICOL

6. Minimum and maximum principle for d,®
The quantity d,w obeys a (degenerate) parabolic equation with Dirichlet boundary conditions

0;(0yw) — 8y2(8ya)) + (u 9y +v9y)(0yw) + (0,u)(dyw) = w Oy w, (6-1a)
1
8,00yt = @]yt — Blyco) — B /0 W2 dy. (6-1b)

Our goal is to combine this fact with L?Lfy estimates on w dyw and the Dirichlet datum, to deduce that
the convexity of u is conserved for small time.

Proposition 6.1. Let M, 5y > 0 and y € [1, %] be given. There exists r4 = rq(y) > r3 such that for
r >r4(y), one can find B4 = B4(M, 8o, 70, T1, ¥, r) = B3 and Ty as in (5-9) satisfying: if B > Po, if T < T,
if (4-2)—(4-4) hold, and if
1
480 < dywp < —, 6-2
0= 0ywo = 48, (6-2)
then
1
280 < dyw(r) < T forallt €0, T]. (6-3)
0
Proof of Proposition 6.1. We wish to apply a version of the parabolic minimum/maximum principle for
the following degenerate parabolic problem posed in © x (0, T'), with 2 being the periodic-in-x strip

(x,y) e Tx(0,1):

(0, — 8}2, +b(x,y,t)-Vey+tcelx,y, )Y =dx,y,t) inQx(0,T), (6-4a)
v =a(x,t) on 02 x [0, T), (6-4b)
Yli=0o = Yo(x,y) inQ. (6-4¢)

Here ¥ = 0yw, b = (u, v) is incompressible and vanishes on the boundary T x {0, 1}, ¢ = d,u vanishes
at the boundary T x {0, 1}, d = w d,, and the boundary data is a = (®|y,=1 — ®|y=0) — 0 fol u>dy. As
emphasized after Theorem 2.1, the third compatibility condition of the theorem corresponds to the relation
a(x,0) = Yo(x, 0).

By (6-2), the initial datum v is taken to obey 0 < 48 < Yo (x, y) < 1/(48p), for some & € (0, ),
uniformly on 2. Thus, by the compatibility of the initial datum and of the boundary condition, we have
0 <49 <a(x,0) <1/(480), uniformly on T. Thanks to the Gagliardo—Nirenberg inequality

1/2 1/2 1/2
£l < CULIL AL + 195 £11,2)

1
BX/ undy
0

1 1 . .
N 8_2<W + W) l@olly,r /24y —3/4,70 < ll@0lly,r/24y—-3/4.7
0

and the estimate (5-2), we have

0:a(x, DllL20,7:1) < 4@l p200,7;15) +2

L2(0,T;L%)
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for B sufficiently large. By the fundamental theorem of calculus in time, and the Cauchy—Schwarz
inequality we thus obtain

. 1 . 1
380 < 480 — ﬁllwolly,r/2+y—3/4,zo <a(x,t) < T +ﬁ”w0”y,r/2+y—3/4,t0 < ET
0 0

uniformly on T x (0, T'), upon taking T sufficiently small. Thus, on the parabolic boundary €2 x {0}UJ€2 x
(0, T), we have ¢ > 36p.
By the same Gagliardo—Nirenberg inequality, the Poincaré inequality in y, and estimate (4-6), we have

Ci
sup [lc(®)llzgere = sup 10xu()llzprye < —ll@olly.r-
1€[0,T] 1€[0,T] o

where C| = C (19, 11, ¥, r). Setting

C
C.=1+ 5—1 ol rzo» (6-5)
0

the above estimate implies

C(x’yvt)—'l_c* Z 1
Lastly, we note that by the Gagliardo—Nirenberg inequality and (4-6) we have

NG

t t
2
| WOz ds = [ ho@ izl ds < ol
0

so that for 7 < 1 we have that
t
e(t) =1+ / e~ lld(s) = 380¢(s) e x ds
0 x L

2
<t+ \/;Ha)o”%r’fo +1Cillwolly,r,z

< OVt + o} ., + lloolly.rme) = V2 Dy (6-6)
hold for all t € [0, T'], where C» is a constant that only depends on y, r, g, and 71, and we have set
D, = Cy(1+ [lwoll5 .o, + lolly.rz)-

With this notation, we make the following change of unknowns:

Y= W (x, y, 1) —380) +e(0), (6-7a)
a=e “(alx,t)—38) +e), (6-7b)
d=e “(d(x,y,t)—38c(x, y, 1)), (6-7¢)
c=cx,y,t)+Cy, (6-7d)

Yo = Yo(x, y) —38. (6-7e)
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The quantity e(f) was chosen so that é(r) = 1 + ||d(t)||z~. One may then verify directly that

0 = +b-Vey+OV¥ =d+|d||~)+1+ce>1>0, (6-8a)
Vlyeoy=a>1>0, (6-8b)
Y li=o = Yo > 8o > 0. (6-8c)

The parabolic minimum principle then guarantees that
Y, y,0=0 onQx[0,T]. (6-9)

Indeed, if a strictly negative minimum were attained by 1, then this point minimum could not lie on the
parabolic boundary (since @ > 0 and vy > 0). If this point lay in the interior, at this point we would need
to have V; , ,¥ = 0, whereas (—8y2 +¢&)% < 0 since ¢ > 0. This contradicts (d + ||d||z~) + 1+ e > 0,
which thus proves (6-9).

Working backwards from the definition of ¥, we see that (6-5), (6-6), and (6-9) imply

Y(x, v, 1) > 38 —eSle(r) =380 — VTeST D, > 25

as long as T is chosen sufficiently small in terms of C,, D, and &, consistent with the dependence given
in (5-9). This proves the lower bound in (6-3).

The proof of the upper bound in (6-3) follows from very similar arguments, reducing the problem to a
maximum principle for a parabolic equation. To avoid redundancy, we omit these details. |

7. Proof of Theorem 2.1

0

The proof of the main theorem proceeds as follows. Let y < % and r > r4(y). For any 19 < t° assumption

(2-1) implies that wy = dyu( satisfies
2
||w0||y,r,r0 + ||8ya)0”y,r,ro < 400.

We fix 19 € (11, %). We then fix 8, small enough and M large enough, so that the initial constraints
(4-27), (5-6), (5-10) and (6-2) hold. Let 8 > B4 and ¢ > 0. We consider the approximate system

u+udeu+voyu+dp—dju—edju=0, (x,y)eTx(0,D), (7-1a)
dyp=0, (x,y)eTx(0,1), (7-1b)

deut+o,v=0, (x,y)eTx(,1), (7-1c)

uly=0,1=vly=01=0, (7-1d)

with the same initial condition u|;—¢ = ug. System (7-1) is called the two-dimensional primitive equations,
and has been widely studied, in various geometries and under various boundary conditions [Bresch et al.
2003; 2005; Temam and Ziane 2004]. In particular, Gevrey or analytic regularity results were obtained
in both periodic and bounded geometries [Petcu 2004; Petcu et al. 2004; Kukavica et al. 2016]. In the
context of system (7-1), the well-posedness result stated in Theorem 2.1 can be proved without much
difficulty. In fact, the presence of —ed2u allows for a classical treatment, and the existence of solutions
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at fixed ¢ > 0 follows, e.g., from a Galerkin approximation procedure (which is compatible with the
hydrostatic trick [Masmoudi and Wong 2012]). Moreover, the compatibility conditions are the same for
(1-1) and (7-1). We find in this way a unique local solution #® with the regularity requirements stated in
Theorem 2.1. We can then consider T , the maximal time on which [|w;]|, 0,r, < +00. In particular, if
T « is small enough so that 7 (7% ) > 11, one has

sup  llwe(®)ly,3r/4,0 () = +00. (7-2)
1€[0, T x)
By the initial constraint (4-27), the fact that 7y < t° and the continuity of the solution, there exists a
maximal time 0 < T, < T; . on which the conditions (4-2)—(4-4) are satisfied with u replaced by u, and
T replaced by T.. Note that all the estimates that we established for a solution u of (1-1) adapt straight-
forwardly to a solution u® of (7-1). The only notable change is the inclusion of the —¢d? term in (3-4) for
defining the boundary layer lift »”¢. However, since all estimates for »”¢ are obtained by performing a
Fourier transform in x and using Plancherel to obtain the desired L2 bound, this modification is routine (see
also [Ignatova and Vicol 2016] for e-independent bounds for solutions of the e-regularization of the Prandtl
system that are analytic in x and Sobolev in y). Applying Corollaries 4.2, 5.2, and 5.3, and Proposition 6.1
at positive &, we see that there exists 7 > 0 independent of ¢, such that for all ¢ € [0, min(7T,, T)], the
conditions (4-2)—(4-4) still hold with M replaced by %M , and &g replaced by 28¢. If T, < T, then one has
necessarily T, = T ., otherwise by continuity the inequalities (4-2)—(4-4) would be satisfied beyond 7.
But then there is a contradiction between (7-2) and the first half of (4-2). Hence, T, > T, and so T . > T.
We have just shown that the approximations u, are all defined on a time interval independent of ¢,
and satisfy uniform Gevrey bounds on it. This allows us to let ¢ go to zero, and conclude by standard
compactness arguments to the existence of a solution.
For the uniqueness of solutions, the equation obeyed by the difference is basically a linearized version
of the equation, very similar to the equation obeyed by w. Then an estimate similar to the one from
Proposition 5.1, gives the good estimate for the difference of two solutions, implying uniqueness.

Appendix: Proof of Lemma 3.2

To prove the first item, we adapt arguments of [Fernandez et al. 2016, pages 1805-1807]. We fix x € T,
y > 0, and drop them from the notation. We write

by £ . (F) — 1 —y/BGHDFiT
0j)=[O8©. 8@ =3 :

Clearly, as f; is equal to O for 7 < 0 and belongs to L'(R),
o= [ Hneia
Ry
is holomorphic for $m ¢ < 0, and continuous for $m ¢ < 0. Moreover,

lim fj(;) = 0 uniformly for Re ¢ € R, flt limi fj({) = 0 uniformly for $m¢ <0. (A-1)
Re {—E00

Im¢——+o0
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The first limit follows directly from the inequality
= [ 1ol ar
Ry

and the dominated convergence theorem. The second limit follows from a close look at the Riemann—
Lebesgue lemma: given ¢ > 0, and some ff € CH(R,) with f[Rq | fi — fjg| <e, we get

r e & —ilt
Ifj(é“)lﬁfmf f|+|f fi (e e §|

where the second bound follows from an integration by parts of the second integral.
Obviously, g; is also holomorphic in $m ¢ < 0, continuous over $m ¢ < 0, with bound

1 ,
Igj(é“)lfﬁ € o (A-2)

see (3-13). We finally apply the Cauchy formula: for any ¢ < 0, for any u > 0,
2= tim [ F ) e ()6l
30 =lin 5= [ f© g6 e
1 ; i ; i
=— lim —(f fi@©) gj(©)e “d<;+/ 1i(©) gj(§)e'" dg
[—s,s]—ip

§—>+00 27T [S,S*l’[;b]
+ / £i@©) gi@)e d¢>.
[—s—iu,—s]

As t < 0, taking into account the first limit in (A-1), the first integral at the right-hand side goes to zero
when p — 400, while the two other integrals over the vertical segments converge to the integrals over
the vertical half-lines:

s0=m ([ fogodac| (O g0 )
§s—>+00 LIT [s,5s—io0] [—s—ioco,—s]
= lim 2L( f ﬁ(s+¢)gj(s+¢)e“”“fd;+f ﬁ-(—s+¢)gj(—s+§)e"(S*f)’df:).
§—>+00 270\ J[0,—io0] [—ico,0]

Using the second limit in (A-1) and the bound (A-2), we can conclude that the limit on the right-hand
side is zero thanks to the dominated convergence theorem.

To prove the second item of the lemma, we remark from formula (3-12) that
(416D o) € LER LYRy, HE D)), (1+[¢D"*0] € LR, H) R+, H{(T)) forall k
using the smoothness of fj with respect to x. We deduce that

@) € H)* R, L2Ry, HX(T)), &, € H*(R, H} Ry, H(T)) for all k. (A-3)
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Moreover, using again (3-12) and Plancherel in time, we get that, for any ¢ = ¢(t, x, y) smooth and
quickly decreasing as t — 400 and y — +00,

/ BB+ 1) —d)p +f dy@! g —f Q2] ly=0+ f7)@ly=0 = 0.
RxRyxT RxRyxT RxT

If we take ¢ with support in time included in (—oo, T'), taking into account that c‘o? is zero for negative
times, we end up with

M‘

-b . -b -b

/ &G+ =00+ | 0,3 0,0 <2w,-|y:o + —’hj+1) oly—0=0.
0, T)xRy xT 0, T)xRyxT 0, T)xT Mj+1

We recognize the weak formulation of system (3-10). The identity cf)jb. = wjb over (0, T) follows from the
uniqueness of solutions to this system (for example in the regularity class given by (A-3)).
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