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Let p ∈ (1,∞)\{2}. We show that every homomorphism from a C∗-algebra A into B(l p(J )) satisfies a
compactness property where J is any set. As a consequence, we show that a C∗-algebra A is isomorphic
to a subalgebra of B(l p(J )), for some set J, if and only if A is residually finite-dimensional.

1. Introduction

For 1≤ p <∞ and a set J, let l p(J ) be the space{
f : J → C :

∑
j∈J

| f ( j)|p <∞
}

with norm

‖ f ‖ =
(∑

j∈J

| f ( j)|p
)1

p

.

Two Banach algebras A1 and A2 are isomorphic if there exist a bijective homomorphism φ :A1→A2

and C > 0 such that
1
C
‖a‖ ≤ ‖φ(a)‖ ≤ C‖a‖

for all a ∈A1. The algebras A1 and A2 are isometrically isomorphic if, moreover, φ can be chosen so
that ‖φ(a)‖ = ‖a‖ for all a ∈A1.

Gardella and Thiel [2020] showed that for p ∈ [1,∞)\{2}, a C∗-algebra A is isometrically isomorphic
to a subalgebra of B(l p(J )), for some set J, if and only if A is commutative. So it is natural to consider the
question of whether this result holds if we relax the condition of isometrically isomorphic to isomorphic.
In this paper, we show that for p ∈ (1,∞)\{2}, a C∗-algebra A is isomorphic to a subalgebra of B(l p(J )),
for some set J, if and only if A is residually finite-dimensional (Corollary 2.2). We prove this by
showing that every homomorphism from a C∗-algebra A into B(l p(J )) satisfies a compactness property
(Theorem 2.1).

The proofs of the main results Theorem 2.1 and Corollary 2.2 in this paper are quite different from
the proof of Gardella and Thiel’s result. Lamperti’s characterization [1958] of isometries on L p, for
p 6= 2, plays a crucial role in the proof of Gardella and Thiel’s result, while uniform convexity of l p, for
1< p<∞, and an argument in probability that imitates the proof of Khintchine’s inequality [Lindenstrauss
and Tzafriri 1977, Theorem 2.b.3], for p = 1, are used in the proof of Theorem 2.1.

MSC2010: 46H20.
Keywords: l p space, C∗-algebra.

2173

http://msp.org/apde/
https://doi.org/10.2140/apde.2020.13-7
https://doi.org/10.2140/apde.2020.13.2173
http://msp.org


2174 MARCH T. BOEDIHARDJO

2. Main results and proofs

Throughout this paper, the scalar field is C. For algebras A1 and A2, a homomorphism φ :A1→A2 is a
bounded linear map such that φ(a1a2)= φ(a1)φ(a2) for all a1, a2 ∈A . For an element a of a C∗-algebra,
|a| =

√
a∗a. The algebra of bounded linear operators on a Banach space X is denoted by B(X ) and

the dual of X is denoted by X ∗. For 1 ≤ p ≤ ∞, the l p direct sum of Banach spaces Xα, for α ∈ 3,
is denoted by

(⊕
α∈3 Xα

)
l p . Two Banach spaces X1 and X2 are isomorphic if there is an invertible

operator S : X1 → X2. A C∗-algebra A is residually finite-dimensional if for every a ∈ A , there is a
∗-representation φ of A on a finite-dimensional space such that φ(a) 6= 0.

Theorem 2.1. Let p ∈ (1,∞)\{2}. Let J be a set. Let A be a C∗-algebra. Let φ : A→ B(l p(J )) be a
homomorphism. Then

(i) the norm closure of {φ(a)x : a ∈A, ‖a‖ ≤ 1} in l p(J ) is norm compact for every x ∈ l p(J ), and

(ii) A/ kerφ is a residually finite-dimensional C∗-algebra.

Corollary 2.2. Let p ∈ (1,∞)\{2}. A C∗-algebra A is isomorphic to a subalgebra of B(l p(J )), for some
set J, if and only if A is residually finite-dimensional.

Theorem 2.1 and Corollary 2.2 will be proved at the end of this section after a series of lemmas
are proved. Theorem 2.1 has an easier proof when φ is contractive. Indeed, if φ : A→ B(l p(J )) is
a contractive homomorphism, then the range of φ is in the algebra of diagonal operators on l p(J ) by
[Blecher and Phillips 2019, Proposition 2.12] (or by [Gardella and Thiel 2020, Lemma 5.2] when J is
countable). Thus, {φ(a)x : a ∈A, ‖a‖ ≤ 1} is norm relatively compact, for every x ∈ l p(J ), and A/ kerφ
is commutative.

It is not known if Theorem 2.1 and Corollary 2.2 hold for p = 1. However, throughout their proofs,
we use, in an essential way, the assumption that p is in the reflexive range. For example, in the proof
of Theorem 2.1(i), we use the fact that every bounded sequence in l p(J ) has a weakly convergent
subsequence. In the proof of Corollary 2.2, we use a classical result of Pełczyński that the l p direct sum
of finite-dimensional Hilbert spaces is isomorphic to l p(J ) for some set J. This result of Pełczyński holds
only when p is in the reflexive range.

The structure of the proof of Theorem 2.1(i) goes as follows: If the closure of {φ(a)x0 : a ∈A, ‖a‖≤ 1}
is not compact for some x0 ∈ l p(J ), then we can find a bounded sequence in (bk)k∈N in A such that
φ(bk)x0→ 0 weakly, as k→∞, and infk∈N ‖φ(bk)x0‖> 0. Assume that p> 2. In Lemma 2.5, we show
that φ(bk)→ 0 weakly implies that ω(b∗k bk)→ 0 for all positive linear functionals ω :A→C of the form
ω(a)= y∗0 (φ(a)x0). This is proved by considering

∑n
k=1 δkbk for random δ1, . . . , δn in {−1, 1} and by

exploiting p > 2. Lemma 2.9 says that when y∗0 ∈ (l
p(J ))∗ is suitably chosen, ω(b∗k bk)→ 0 implies that

‖φ(bk)x0‖→ 0, which contradicts infk∈N ‖φ(bk)x‖> 0. This is proved by using the uniform convexity
of l p(J ).

Theorem 2.1(ii) follows from Theorem 2.1(i) by using a GNS-type construction and a classical result
about compact unitary representations of groups on Hilbert spaces.

The following two lemmas are needed for the proof of Lemma 2.5.
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Lemma 2.3. Let A be a unital C∗-algebra. Let a ∈A . Then there exists a sequence (cn)n∈N in A such
that ‖cn‖ ≤ 1 for all n ∈ N and |a| = limn→∞ cna.

Proof. Without loss of generality, we may assume that ‖a‖ ≤ 1. For n ∈ N, define gn ∈ C[0, 1] by

gn(x)=
{ 1
√

x ,
1
n ≤ x ≤ 1,

n
√

nx, 0≤ x ≤ 1
n .

Take cn = gn(a∗a)a∗. Then cnc∗n = gn(a∗a)a∗agn(a∗a). Note that

xgn(x)2 =
{

1, 1
n ≤ x ≤ 1,

n3x3, 0≤ x ≤ 1
n .

Thus, 0≤ xgn(x)2 ≤ 1 for all x ∈ [0, 1] and so 0≤ cnc∗n ≤ 1. Hence ‖cn‖ ≤ 1.
We have

xgn(x)=
{√

x, 1
n ≤ x ≤ 1,

n
√

nx2, 0≤ x ≤ 1
n ,

and so

|xgn(x)−
√

x | ≤
1
√

n
for all x ∈ [0, 1].

Since cna = gn(a∗a)a∗a, it follows that

‖cna−
√

a∗a‖ ≤
1
√

n
.

Thus, the result follows. �

Lemma 2.4. Let A be a unital C∗-algebra. Let ω be a positive linear functional on A . Let a ∈ A . If
a ≥ 0 then

ω(a2)≤ ω(a)
2
3ω(a4)

1
3 .

Proof. There exists a measure µ on [0, ‖a‖] such that

ω( f (a))=
∫

f (x) dµ(x),

for all f ∈ C[0, ‖a‖]. So

ω(a2)=

∫
x2 dµ(x)≤

(∫
x dµ(x)

)2
3
(∫

x4 dµ(x)
)1

3

= ω(a)
2
3ω(a4)

1
3 . �

Lemma 2.5. Let 2 < p <∞. Let J be a set. Let A be a unital C∗-algebra. Let φ : A→ B(l p(J ))
be a unital homomorphism. Let x0 ∈ l p(J ). Let y∗0 be a bounded linear functional on l p(J ). Define
ω :A→ C by

ω(a)= y∗0 (φ(a)x0),

for a ∈A . Assume that ω is a positive linear functional. Let (bk)k∈N be a sequence in A such that ‖bk‖≤ 1
for all k ∈ N and φ(bk)x0→ 0 weakly as k→∞. Then ω(b∗k bk)→ 0 as k→∞.
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Proof. By contradiction, suppose that ω(b∗k bk) does not converge to 0. Passing to a subsequence, we have
that there exists γ > 0 such that ω(b∗k bk)≥ γ for all k ∈ N.

Since ‖φ(bk)x0‖≤‖φ‖‖x0‖ and φ(bk)x0→0 weakly, passing to a further subsequence, we may assume
that there are z1, z2, . . . in l p(J ) with disjoint supports such that ‖zk‖ ≤ ‖φ‖‖x0‖ and ‖φ(bk)x0− zk‖ ≤

1/2k for all k ∈ N.
Let n ∈ N. For each δ = (δ1, . . . , δn) ∈ {−1, 1}n, let

aδ =
∣∣∣∣ n∑

k=1

δkbk

∣∣∣∣ ∈A.
By Lemma 2.4,

ω(a2
δ )≤ ω(aδ)

2
3ω(a4

δ )
1
3 .

Thus,
Eω(a2

δ )≤ [Eω(aδ)]
2
3 [Eω(a4

δ )]
1
3 ,

where E denotes expectation over δ = (δ1, . . . , δn) uniformly distributed on {−1, 1}n.
Note that

Eω(a2
δ )= Eω

(( n∑
k=1

δkbk

)∗( n∑
k=1

δkbk

))

= Eω

( ∑
1≤ j,k≤n

δ jδkb∗j bk

)
=

∑
1≤ j,k≤n

E(δ jδk)ω(b∗j bk)=

n∑
k=1

ω(b∗k bk)≥ nγ.

Therefore,
nγ ≤ [Eω(aδ)]

2
3 [Eω(a4

δ )]
1
3 . (2-1)

We have

a4
δ =

[( n∑
k=1

δkbk

)∗( n∑
k=1

δkbk

)]2

=

∑
1≤k1,...,k4≤n

δk1δk2δk3δk4b∗k1
bk2b∗k3

bk4 .

Since ‖bk‖ ≤ 1, it follows that

Eω(a4
δ )=

∑
1≤k1,...,k4≤n

E(δk1δk2δk3δk4)ω(b
∗

k1
bk2b∗k3

bk4)≤
∑

1≤k1,...,k4≤n

E(δk1δk2δk3δk4).

Note that E(δk1δk2δk3δk4)= 0 unless the following occurs:

(k1 = k2 and k3 = k4) or (k1 = k3 and k2 = k4) or (k1 = k4 and k2 = k3).

Thus, Eω(a4
δ )≤ 3n2. So by (2-1), we have nγ ≤ 3

1
3 n

2
3 [Eω(aδ)]

2
3 . Hence,

Eω(aδ)≥
γ

3
2

3
1
2

n
1
2 . (2-2)

Fix δ ∈ {−1, 1}n. By Lemma 2.3,

ω(aδ)= ω
(∣∣∣∣ n∑

k=1

δkbk

∣∣∣∣)≤ sup
c∈A, ‖c‖≤1

∣∣∣∣ω(c
n∑

k=1

δkbk

)∣∣∣∣.



C∗-ALGEBRAS ISOMORPHICALLY REPRESENTABLE ON l p 2177

For c ∈A with ‖c‖ ≤ 1,∣∣∣∣ω(c
n∑

k=1

δkbk

)∣∣∣∣= ∣∣∣∣y∗0(φ(c)( n∑
k=1

δkφ(bk)x0

))∣∣∣∣
≤ ‖y∗0‖‖φ‖

∥∥∥∥ n∑
k=1

δkφ(bk)x0

∥∥∥∥
≤ ‖y∗0‖‖φ‖

(∥∥∥∥ n∑
k=1

δkzk

∥∥∥∥+ n∑
k=1

1
2k

)
≤ ‖y∗0‖‖φ‖(‖φ‖‖x0‖n

1
p + 1),

where the last two inequalities follow from the fact that z1, z2, . . . have disjoint supports, ‖zk‖≤ ‖φ‖‖x0‖

and ‖φ(bk)x0− zk‖ ≤ 1/2k. Thus,

ω(aδ)≤ ‖y∗0‖‖φ‖(‖φ‖‖x0‖n
1
p + 1) for all δ ∈ {−1, 1}n.

So by (2-2),
γ

3
2

3
1
2

n
1
2 ≤ ‖y∗0‖‖φ‖(‖φ‖‖x0‖n

1
p + 1).

Since n can be chosen to be arbitrarily large and p > 2, an absurdity follows. �

For 1< p < 2, we have the following result, where the order of b∗k and bk is switched, by using the
dual l p space in Lemma 2.5.

Lemma 2.6. Let 1 < p < 2. Let J be a set. Let A be a unital C∗-algebra. Let φ : A→ B(l p(J )) be a
unital homomorphism. Let x0 ∈ l p(J ). Let y∗0 be a bounded linear functional on l p. Define ω :A→ C by

ω(a)= y∗0 (φ(a)x0),

for a ∈ A . Let (bk)k∈N be a sequence in A such that ‖bk‖ ≤ 1 for all k ∈ N and such that the sequence
y∗0 ◦φ(bk) of bounded linear functionals on l p(J ) converges to 0 weakly as k→∞. Assume that ω is a
positive linear functional. Then ω(bkb∗k )→ 0 as k→∞.

Proof. Let A1 be the unital C∗-algebra consisting of the same elements as A but with reverse order
multiplication

a · b = ba.

Define a unital homomorphism φ1 :A1→ B((l p(J ))∗) by

φ1(a)y∗ = y∗ ◦φ(a),

for all a ∈A1, y∗ ∈ (l p(J ))∗. Define ω1 :A1→ C by

ω1(a)= ω(a)= x∗∗0 (φ(a)y
∗

0 ),

for all a ∈A1, where x∗∗0 is the image of x0 in the bidual (l p)∗∗. By Lemma 2.5, the result follows. �

The following two lemmas are needed for the proof of Lemma 2.9.
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Lemma 2.7 [Clarkson 1936]. Let 1< p <∞. Let J be a set. For every ε > 0, there exists γ > 0 such
that, for all x, y ∈ l p(J ) satisfying ‖x‖, ‖y‖ ≤ 1 and ‖x + y‖> 2− γ , we have ‖x − y‖< ε.

Lemma 2.8 [Russo and Dye 1966]. Let A be a unital C∗-algebra. Then the closed unital ball of A is the
closed convex hull of the set of all unitary elements of A .

Lemma 2.9. Let 1< p <∞. Let J be a set. Let A be a unital C∗-algebra. Let φ :A→ B(l p(J )) be a
unital homomorphism. Let x0 ∈ l p(J ). Then there exists y∗0 ∈ (l

p(J ))∗ such that ω :A→ C,

ω(a)= y∗0 (φ(a)x0), a ∈A,

defines a positive linear functional and, for every ε > 0, there exists γ > 0 such that whenever a ∈ A
satisfies ‖a‖ ≤ 1 and ω(a∗a) < γ , we have ‖φ(a)x0‖< ε.

Proof. Let U(A) be the set of all unitary elements of A . Let (vn)n∈N be a sequence in U(A) such that

lim
n→∞
‖φ(vn)x0‖ = sup

u∈U(A)
‖φ(u)x0‖.

For each n ∈ N, let x∗n be a bounded linear functional on l p(J ) such that ‖x∗n‖ = 1 and x∗n (φ(vn)x0)=

‖φ(vn)x0‖. Then x∗n ◦ φ(vn) is a bounded sequence in (l p(J ))∗. Passing to a subsequence, we may
assume that x∗n ◦φ(vn) converges weakly to a bounded linear functional y∗0 ∈ (l

p(J ))∗ as n→∞. Thus,
ω :A→ C,

ω(a)= y∗0 (φ(a)x0)= lim
n→∞

x∗n (φ(vna)x0),

for a ∈A , defines a bounded linear functional on A . Note that

ω(1)= lim
n→∞

x∗n (φ(vn)x0)= lim
n→∞
‖φ(vn)x0‖ = sup

u∈U(A)
‖φ(u)x0‖,

and, for every u0 ∈ U(A),

|ω(u0)| = lim
n→∞
|x∗n (φ(vnu0)x0)| ≤ sup

u∈U(A)
‖φ(u)x0‖.

So by Lemma 2.8, we have ‖ω‖ ≤ supu∈U(A) ‖φ(u)x0‖. Thus, ω(1) = ‖ω‖ and hence ω is a positive
linear functional.

By contradiction, suppose that there are ε > 0 and a sequence (ak)k∈N in A such that ‖ak‖ ≤ 1 and
‖φ(ak)x0‖ ≥ ε for all k ∈ N and ω(a∗k ak)→ 0 as k→∞. We have

‖ak‖ ≥
‖φ(ak)x0‖

‖φ‖‖x0‖
≥

ε

‖φ‖‖x0‖
,

for all k ∈ N. For k ∈ N, let bk = ak/‖ak‖. We have ‖bk‖ = 1 and ‖φ(bk)x0‖ ≥ ε for all k ∈ N and
ω(b∗k bk)→ 0 as k→∞.

Since ‖x∗n‖ = 1,

lim inf
n→∞

‖φ(vn)φ(1− |bk |)x0+φ(vn)x0‖ ≥ lim inf
n→∞

[x∗n (φ(vn)φ(1− |bk |)x0)+ x∗n (φ(vn)x0)]

= ω(1− |bk |)+ω(1)= 2ω(1)−ω(|bk |).
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Thus,
lim inf
n→∞

‖φ(vn)φ(1− |bk |)x0+φ(vn)x0‖ ≥ 2ω(1)−ω(|bk |).

But
‖φ(vn)φ(1− |bk |)x0‖ ≤ sup

b∈A, ‖b‖≤1
‖φ(b)x0‖‖1− |bk |‖ ≤ sup

u∈U(A)
‖φ(u)x0‖ = ω(1)

and ‖φ(vn)x0‖ ≤ ω(1) for all n ∈ N. Take

x =
1

ω(1)
φ(vn)φ(1− |bk |)x0 and y =

1
ω(1)

φ(vn)x0

in Lemma 2.7 and note that ω(|bk |)≤ ω(b∗k bk)
1
2ω(1)

1
2 → 0 as k→∞. We have

lim
k→∞

lim sup
n→∞

‖φ(vn)φ(1− |bk |)x0−φ(vn)x0‖ = 0.

Thus,
lim

k→∞
lim sup

n→∞
‖φ(vn)φ(|bk |)x0‖ = 0.

So ‖φ(|bk |)x0‖→ 0 as k→∞. Since

bk = bk

(
|bk | +

1
k

)−1(
|bk | +

1
k

)
and

∥∥∥bk

(
|bk | +

1
k

)−1∥∥∥≤ 1,

it follows that ‖φ(bk)x0‖→ 0 as k→∞ which contradicts ‖φ(bk)x0‖ ≥ ε. �

Proof of Theorem 2.1(i). Without loss generality, we may assume that A is unital by extending φ to a
homomorphism from the unitization of A into B(l p(J )). We may also assume that φ is unital since φ(1)
is an idempotent on l p(J ) and the range of every idempotent on l p(J ) is isomorphic to l p(J0) for some
set J0 [Pełczyński 1960; Johnson 2012].

Let x0 ∈ l p. Let (ak)k∈N be a sequence in A such that ‖ak‖ ≤
1
2 for all k ∈ N. We need to show that

(φ(ak)x0)k∈N has a norm-convergent subsequence.

Case 1: p > 2. Passing to a subsequence, we may assume that (φ(ak)x0)k∈N converges weakly to an
element of l p(J ). Thus, φ(ak1 − ak2)x0→ 0 weakly as k1, k2→∞.

By Lemma 2.5, we have
lim

k1,k2→∞
ω((ak1 − ak2)

∗(ak1 − ak2))= 0

for every positive linear functional ω :A→ C of the form ω(a)= y∗0 (φ(a)x0) for a ∈A . By Lemma 2.9,
we have limk1,k2→∞ ‖φ(ak1 − ak2)x0‖ = 0. So (φ(ak)x0)k∈N is norm-convergent.

Case 2: p < 2. Passing to a subsequence, we may assume that (y∗0 ◦φ(a
∗

k ))k∈N converges weakly to an
element of (l p(J ))∗. Thus, y∗ ◦φ(a∗k1

− a∗k2
)→ 0 weakly as k1, k2→∞ for every y∗ ∈ (l p(J ))∗.

By Lemma 2.6, we have
lim

k→∞
ω((a∗k1

− a∗k2
)(a∗k1
− a∗k2

)∗)= 0

for every positive linear functional ω :A→ C of the form ω(a)= y∗0 (φ(a)x0) for a ∈A . By Lemma 2.9,
we have limk1,k2→∞ ‖φ(ak1 − ak2)x0‖ = 0. So (φ(ak)x0)k∈N is norm-convergent. �
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Lemma 2.10 [Kerr and Li 2016, Theorem 2.24]. Let G be a group. Let H be a Hilbert space. Let
ψ : G→ B(H) be a unital homomorphism such that ψ(g) is unitary for all g ∈ G. If {ψ(g)x : g ∈ G} is
norm precompact in H for all x ∈H, then H is the direct sum of some finite-dimensional subspaces Hα,
for α ∈3, such that Hα is invariant under ψ(g) for all α ∈3 and g ∈ G.

Proof of Theorem 2.1(ii). As in the proof Theorem 2.1(i), we may assume that A is unital and φ is unital.
We may also assume that kerφ = {0}. Let a0 6= 0. There exists x0 ∈ l p(J ) such that φ(a0)x0 6= 0. By
Lemma 2.9, there exists y∗0 ∈ (l

p(J ))∗ such that ω :A→ C,

ω(a)= y∗0 (φ(a)x0),

for a ∈A , defines a positive linear functional and ω(a∗0a0) 6= 0.
Equip A with the positive semidefinite sesquilinear form

〈a, b〉 = ω(b∗a),

for a, b ∈A . Consider the ideal A0 = {a ∈A : 〈a, a〉 = 0} of A . Let H be the completion of the quotient
space A/A0. Then H is a Hilbert space. For each a ∈A , we can define a bounded linear operator on H
by sending b+A0 to ab+A0 for b ∈A . So η :A→ B(H),

η(a)(b+A0)= ab+A0,

for a, b ∈A , defines a unital ∗-homomorphism. We have

‖η(a1)(b+A0)− η(a2)(b+A0)‖ = ω(b∗(a1− a2)
∗(a1− a2)b)

= y∗0 (φ(b
∗(a1− a2)

∗(a1− a2)b)x0)

≤ ‖y∗0‖‖φ‖‖b
∗
‖‖a1− a2‖‖φ(a1− a2)φ(b)x0‖,

for all a1, a2, b ∈ A . By Theorem 2.1(i), we have that {φ(a)x0 : a ∈ A, ‖a‖ ≤ 1} is norm precompact
so {η(a)(b + A0) : a ∈ A, ‖a‖ ≤ 1} is norm precompact for all b ∈ A . Let U(A) be the set of all
unitary elements of A . By Lemma 2.10, we have that H is the direct sum of some finite-dimensional
subspaces Hα , for α ∈3, such that Hα is invariant under η(u) for all α ∈3 and u ∈ U(A). Note that Hα

is thus invariant under η(a) for all a ∈A .
Since ω(a∗0a0) 6= 0, we have η(a0) 6= 0. So η(a0) 6= 0 on Hα0 for some α0 ∈3. Thus, A is residually

finite-dimensional. �

Proof of Corollary 2.2. One direction follows from Theorem 2.1. For the other direction, suppose that
A is a residually finite-dimensional C∗-algebra. Then there is a collection (φα)α∈3 of ∗-representations
of A on finite-dimensional Hilbert spaces Hα such that ‖a‖ = supα∈3 ‖φα(a)‖ for all a ∈ A . Define
φ : A→ B

((⊕
α∈3Hα

)
l p

)
by φ =

⊕
α∈3 φα. Thus φ is a norm-preserving homomorphism. However,

it is a classical result of [Pełczyński 1960] that for 1< p <∞, the l p direct sum of finite-dimensional
Hilbert spaces is isomorphic to l p(J ) for some set J. Therefore, A is isomorphic to a subalgebra of
B(l p(J )), via the map a 7→ Sφ(a)S−1, where S :

(⊕
α∈3Hα

)
l p → l p(J ) is any invertible operator. �
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[Pełczyński 1960] A. Pełczyński, “Projections in certain Banach spaces”, Studia Math. 19 (1960), 209–228. MR Zbl

[Russo and Dye 1966] B. Russo and H. A. Dye, “A note on unitary operators in C∗-algebras”, Duke Math. J. 33 (1966), 413–416.
MR Zbl

Received 29 Dec 2018. Revised 19 Jun 2019. Accepted 6 Sep 2019.

MARCH T. BOEDIHARDJO: march@math.ucla.edu
Department of Mathematics, University of California, Los Angeles, CA, United States

mathematical sciences publishers msp

http://dx.doi.org/10.2140/pjm.2019.303.401
http://msp.org/idx/mr/4059950
http://msp.org/idx/zbl/07179013
http://dx.doi.org/10.2307/1989630
http://msp.org/idx/mr/1501880
http://msp.org/idx/zbl/62.0467.16
http://dx.doi.org/10.1007/s00209-019-02315-8
http://msp.org/idx/mr/4074042
http://msp.org/idx/zbl/07179298
https://mathoverflow.net/questions/111882/complemented-subspaces-of-ell-pi-for-uncountable-i
http://dx.doi.org/10.1007/978-3-319-49847-8
http://msp.org/idx/mr/3616077
http://msp.org/idx/zbl/1396.37001
http://dx.doi.org/10.2140/pjm.1958.8.459
http://msp.org/idx/mr/105017
http://msp.org/idx/zbl/0085.09702
http://msp.org/idx/mr/0500056
http://msp.org/idx/zbl/0362.46013
http://dx.doi.org/10.4064/sm-19-2-209-228
http://msp.org/idx/mr/126145
http://msp.org/idx/zbl/0104.08503
http://dx.doi.org/10.1215/S0012-7094-66-03346-1
http://msp.org/idx/mr/193530
http://msp.org/idx/zbl/0171.11503
mailto:march@math.ucla.edu
http://msp.org




Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Patrick Gérard
patrick.gerard@math.u-psud.fr

Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Massimiliano Berti Scuola Intern. Sup. di Studi Avanzati, Italy
berti@sissa.it

Michael Christ University of California, Berkeley, USA
mchrist@math.berkeley.edu

Charles Fefferman Princeton University, USA
cf@math.princeton.edu

Ursula Hamenstaedt Universität Bonn, Germany
ursula@math.uni-bonn.de

Vadim Kaloshin University of Maryland, USA
vadim.kaloshin@gmail.com

Herbert Koch Universität Bonn, Germany
koch@math.uni-bonn.de

Izabella Laba University of British Columbia, Canada
ilaba@math.ubc.ca

Richard B. Melrose Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Frank Merle Université de Cergy-Pontoise, France
Frank.Merle@u-cergy.fr

William Minicozzi II Johns Hopkins University, USA
minicozz@math.jhu.edu

Clément Mouhot Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

Werner Müller Universität Bonn, Germany
mueller@math.uni-bonn.de

Gilles Pisier Texas A&M University, and Paris 6
pisier@math.tamu.edu

Tristan Rivière ETH, Switzerland
riviere@math.ethz.ch

Igor Rodnianski Princeton University, USA
irod@math.princeton.edu

Yum-Tong Siu Harvard University, USA
siu@math.harvard.edu

Terence Tao University of California, Los Angeles, USA
tao@math.ucla.edu

Michael E. Taylor Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

Gunther Uhlmann University of Washington, USA
gunther@math.washington.edu

András Vasy Stanford University, USA
andras@math.stanford.edu

Dan Virgil Voiculescu University of California, Berkeley, USA
dvv@math.berkeley.edu

Steven Zelditch Northwestern University, USA
zelditch@math.northwestern.edu

Maciej Zworski University of California, Berkeley, USA
zworski@math.berkeley.edu

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2020 is US $340/year for the electronic version, and $550/year (+$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers

http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:berti@sissa.it
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/


ANALYSIS & PDE
Volume 13 No. 7 2020

1955Refined mass-critical Strichartz estimates for Schrödinger operators
CASEY JAO

1995Scattering for defocusing energy subcritical nonlinear wave equations
BENJAMIN DODSON, ANDREW LAWRIE, DANA MENDELSON and JASON MURPHY

2091New formulas for the Laplacian of distance functions and applications
FABIO CAVALLETTI and ANDREA MONDINO

2149Convex sets evolving by volume-preserving fractional mean curvature flows
ELEONORA CINTI, CARLO SINESTRARI and ENRICO VALDINOCI

2173C∗-algebras isomorphically representable on l p

MARCH T. BOEDIHARDJO

2183Exponential convergence of parabolic optimal transport on bounded domains
FARHAN ABEDIN and JUN KITAGAWA

2205Nuclear dimension of simple stably projectionless C∗-algebras
JORGE CASTILLEJOS and SAMUEL EVINGTON

2241On the regularity of minimizers for scalar integral functionals with (p, q)-growth
PETER BELLA and MATHIAS SCHÄFFNER

2157-5045(2020)13:7;1-7

A
N

A
LY

SIS
&

PD
E

Vol.13,
N

o.7
2020


	1. Introduction
	2. Main results and proofs
	Acknowledgements
	References
	
	

