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NUCLEAR DIMENSION OF SIMPLE STABLY PROJECTIONLESS C*-ALGEBRAS

JORGE CASTILLEJOS AND SAMUEL EVINGTON

We prove that Z-stable, simple, separable, nuclear, nonunital C*-algebras have nuclear dimension at
most 1. This completes the equivalence between finite nuclear dimension and Z-stability for simple,
separable, nuclear, nonelementary C*-algebras.

Introduction

The Elliott classification programme, a 40-year endeavour involving generations of researchers, asks the
following question: when are K-theory and traces a complete invariant for simple, separable, nuclear
C*-algebras?

Fundamentally, there are two cases to consider: the unital case and the stably projectionless case. (This
dichotomy follows from Brown’s theorem [1977] and is discussed further below.) Recall that a C*-algebra
A is said to be stably projectionless if there are no nonzero projections in the matrix amplification M,,(A)
for any n € N. Stably projectionless, simple, separable, nuclear C*-algebras arise naturally as crossed
products [Kishimoto and Kumjian 1996] and can also be constructed using inductive limits with a wide
variety of K-theoretic and tracial invariants occurring [Blackadar 1980; Razak 2002; Tsang 2005; Jacelon
2013; Gong and Lin 2016; 2017; Elliott et al. 2017; 2020].

In the unital case, a definitive answer for when K-theory and traces form a complete invariant is
now known [Kirchberg 1995; Phillips 2000; Gong et al. 2015; Elliott et al. 2015; Tikuisis et al. 2017,
Winter 2014]. Firstly, Rosenberg and Schochet’s universal coefficient theorem [1987] must hold for
the C*-algebras concerned. Secondly, the C*-algebras must have finite nuclear dimension [Winter and
Zacharias 2010]. This second condition has a geometric flavour and generalises the notation of finite
covering dimension for topological spaces. Recent results [Gong and Lin 2016; 2017; Elliott et al. 2017;
2020] are now converging on a similar classification result in the stably projectionless case; the most
recent developments will be discussed below.

A major programme of research now focuses on providing methods for verifying finite nuclear dimen-
sion in practice. In the unital setting, a recent result of the authors together with Tikuisis, White and Winter
[Castillejos et al. 2019] shows that finite nuclear dimension can be accessed through the tensorial absorption
condition known as Z-stability, where Z is the Jiang—Su algebra (discussed in more detail below).
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In concrete examples, it can be very hard to prove directly that a C*-algebra has finite nuclear dimension.
The strategy of verifying Z-stability instead has recently been used to prove that certain unital, simple,
separable, nuclear C*-algebras coming from dynamical systems are classifiable [Conley et al. 2018; Kerr
and Szab6 2020]. However, since this strategy relies on [Castillejos et al. 2019], it has until now only
been available in the unital setting.

In this paper, we consider and overcome the conceptual and technical challenges unique to the nonunital
setting, allowing us prove the following:

Theorem A. Let A be a simple, separable, nuclear, Z-stable C*-algebra. Then A has nuclear dimension
at most 1.

For the following reasons, the nonunital case is harder than the unital case and needs new methods.
Obviously, we cannot just unitise our C*-algebras because this breaks both simplicity and Z-stability. A
more fundamental issue is that nonunital, simple C*-algebras need not actually be algebraically simple.
There can be nontrivial (nonclosed) ideals. Examples of such ideals are the domains of unbounded traces,
which may now exist and must therefore be taken into account. Furthermore, [Castillejos et al. 2019]
builds on the foundations of [Bosa et al. 2019a], which has a global assumption of unitality and makes
explicit use of the unit at a number of critical points in the argument (an example is the 2 x 2 matrix trick
of [Bosa et al. 2019a, Section 2], which is inspired by ideas of Connes).

To understand how we circumvent the issues associated to unbounded traces, it will be helpful to first
discuss the folklore result, alluded to above, that Brown’s theorem [1977] implies a dichotomy for simple
C*-algebras between the unital and the stably projectionless cases.

Writing [ for the C*-algebra of compact operators (on a separable, infinite-dimensional Hilbert space),
recall that C*-algebras A, B are stably isomorphic if A ® K= B ® IK. Suppose now that A is a simple,
separable C*-algebra that is not stably projectionless. Then there exists a nonzero projection p € A ® KK,
and so the hereditary subalgebra p(A ® KK)p is unital. By [Brown 1977, Theorem 2.8], p(AQ K)p is
stably isomorphic to A ® I, and hence stably isomorphic to A (see Section 2 for more details).

Crucial to proving Theorem A in general is the observation that the hypotheses and the conclusion
depend only on the stable isomorphism class of A.! Hence, by [Castillejos et al. 2019, Theorem B]
and the folklore result above based on Brown’s theorem, it suffices to prove Theorem A in the stably
projectionless case.

However, this folklore reduction is not enough for us. We go a step further and pass to a hereditary
subalgebra Ap € A ® KK on which all tracial functionals are bounded and the set of tracial states 7 (Ag)
is weak™ compact. The existence of such hereditary subalgebra follows from the Cuntz semigroup
computation of [Elliott et al. 2011] for Z-stable C*-algebras, and Brown’s theorem assures us that Ag
is stably isomorphic to A. This second reduction puts us in a position where a similar proof strategy to
that of [Bosa et al. 2019a] can be implemented, and where the key new ingredient from [Castillejos et al.
2019], complemented partitions of unity (CPoU), is also available.

IThat is, A is a simple, separable, nuclear and Z-stable C*-algebra if and only if A ® K is likewise, and dimpyc A < 1 if and
only if dimpyc (A ® ) < 1; see Proposition 2.3 for details and references.
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Of course, we still have to deal with the global assumption of unitality in [Bosa et al. 2019a]. A key
tool in this endeavour is our unitisation lemma for order-zero maps into ultrapowers (Lemma 4.2), which
allows us to assume the domains of certain maps are unital in places where simplicity and Z-stability are
only really needed on the codomain side in [Bosa et al. 2019a].

We now turn to the broader context of Theorem A and its applications. As alluded to above, nuclear
dimension for C*-algebras is a noncommutative dimension theory that reduces to the covering dimension
of the spectrum in the commutative case. Finite nuclear dimension has proven to be a technically useful
strengthening of nuclearity, that is both necessary for classification [Villadsen 1999; Rgrdam 2003; Toms
2008; Giol and Kerr 2010] and a vital ingredient of the most recent classification theorems [Kirchberg
1995; Phillips 2000; Gong et al. 2015; Elliott et al. 2015; Tikuisis et al. 2017; Winter 2014].

The Jiang—Su algebra Z [1999] is a simple C*-algebra which plays a fundamental role in the classifica-
tion of simple C*-algebras since A and A ® Z have the same K-theory and traces under mild hypotheses.
A C*-algebra is said to be Z-stable if A = A ® Z. Moreover, any C*-algebra can be Z-stabilised by
tensoring with the Jiang—Su algebra because Z = Z ® Z. In many ways, the Jiang—Su algebra is the
C*-algebraic analogue of the hyperfinite II; factor R [Murray and von Neumann 1943], with Z-stability
analogous to the McDuff property [1970].

Combining Theorem A with the main results of [Winter 2012; Tikuisis 2014], we arrive at the following
relationship between finite nuclear dimension and Z-stability, which was conjectured in [Toms and Winter
2009].

Theorem B. Let A be a nonelementary, simple, separable, nuclear C*-algebra. The following are
equivalent:

(1) A has finite nuclear dimension.
(i1) A is Z-stable.

One striking consequence of Theorems A and B is that nuclear dimension can only attain three different
values in the simple setting.

Corollary C. The nuclear dimension of a simple C*-algebra is 0, 1 or co.

This is in stark contrast to the commutative case, where all nonnegative integers can occur. Moreover,
we remark that the C*-algebras of nuclear dimension zero are known to be precisely the approximately
finite-dimensional C*-algebras [Winter and Zacharias 2010, Remark 2.2.(iii)].2

Whilst Corollary C is interesting in its own right, we believe the main applications of our results will
be in classification of simple, stably projectionless C*-algebras. Theorem A opens up a new pathway to
proving that concrete examples of stably projectionless, simple, separable, nuclear C*-algebras, such as
C*-algebras coming from flows on C*-algebras or from actions of more general locally compact groups,
have finite nuclear dimension: it now suffices to verify Z-stability.

2In the nonseparable case, there are different and inequivalent definitions of approximately finite-dimensional [Farah and
Katsura 2010]. The one required here is that any finite set is approximately contained in a finite-dimensional subalgebra; see for
example [Castillejos 2017, Definition 2.2].
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We end this introduction with a discussion of recent developments in the classification of simple, stably
projectionless C*-algebras. As mentioned above, there has been impressive progress in recent years
[Gong and Lin 2016; 2017; Elliott et al. 2020]. As in the unital case, the classification is via a functor
constructed from the K-theory and the tracial data of the C*-algebra; this functor is called the Elliott
invariant and is typically denoted EIlI( - ); see [Gong and Lin 2017, Definition 2.9] for a precise definition.

By combining Theorem A with [Gong and Lin 2017, Theorem 1.2], one obtains a classification of
simple, separable, nuclear C*-algebras in the UCT class that tensorially absorb the C*-algebra Z;—a
stably projectionless analogue of the Jiang—Su algebra introduced in [Gong and Lin 2017, Definition 8.1].

Corollary D. Let A and B be simple, separable, nuclear C*-algebras which satisfy the UCT. Then
ARZY=B®Zy ifandonlyif EI(A® Zy) =EI(BQ® Zy).

Corollary D reduces to the celebrated Kirchberg—Phillips classification [Kirchberg 1995; Phillips
2000] in the traceless case and is otherwise a result about stably projectionless C*-algebras. For these
C*-algebras, the difference between Zy-stability and Z-stability, roughly speaking, comes down to how
complex the interaction between the K-theory and traces is allowed to be; see [Gong and Lin 2017] for
more details.

Structure of paper. Section 1 reviews the necessary preliminary material as appropriate to the nonunital
setting. Section 2 is concerned with the invariance of C*-algebraic properties under stable isomorphism
and the reduction argument outlined above. The next three sections generalise the necessary technical
machinery from [Bosa et al. 2019a; Castillejos et al. 2019]. Section 3 concerns the existence of an order-
zero embedding ® : A — A, with appropriate finite-dimensional approximations. Section 4 contains
the aforementioned unitisation lemma for order-zero maps into ultrapowers. Section 5 is devoted to a
uniqueness theorem for maps into ultrapowers, which we shall use to compare (unitisations of) ® and the
canonical embedding A — A,. Theorem A and its corollaries are proved in Section 6, with analogous
results for decomposition rank (a forerunner of nuclear dimension) proved in Section 7. Since some
preliminary lemmas from [Bosa et al. 2019a] are stated only in the unital case, we include an Appendix
with their nonunital versions.

1. Preliminaries

In this section, we recall the most important definitions and results that will be used in the sequel, and we
introduce the notation used in this paper.

We write [K to denote the C*-algebra of compact operators (on a separable, infinite-dimensional Hilbert
space). Given a C*-algebra A, we write A for the positive elements of A and A ;| for the positive
contractions; we write Ped(A) for the Pedersen ideal of A, which is the minimal dense ideal of A (see
[Pedersen 1979, Section 5.6]), and we write A~ for the unitisation of A. Our convention is that, if A is
already unital, then we adjoin a new unit, so A~ = A @ C as C*-algebras. For § C A self-adjoint, we set
St:={acA:ab=ba=0forall be S}. Fore >0anda, b e A, the notation a ~, b means ||a —b|| < €.
For a, b € A with b self-adjoint, we write a <1 b to mean that ab = ba = a.
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We use the common abbreviation c.p.c. for completely positive and contractive maps between C*-
algebras. A c.p.c. map ¢ : A — B is order-zero if it preserves orthogonality in the sense that, fora, b€ A,
¢ (a)¢p (b) = 0 whenever ab = 0.

Following [Winter and Zacharias 2010, Definition 2.1], a C*-algebra A has nuclear dimension at
most n if there is a net (F;, ¥, ¢;)icr, Where F; is a finite-dimensional C*-algebra, ¥; : A — F; is a
c.p.c. map, and ¢; : F; — A is a c.p. map, such that ¢; o ¥;(a) — a for all a € A and, moreover, each F;
decomposes into n 41 ideals F; = Fl.(o) DD FI-(”) for which the restrictions ¢;| .« are c.p.c. order-zero.
The nuclear dimension of A, denoted by dimy,c A, is defined to be the smallest such 7 (and to be oo,
if no such n exists). The decomposition rank, a forerunner of nuclear dimension, is obtained if one
additionally requires ¢; to be a c.p.c. map [Kirchberg and Winter 2004, Definition 3.1]. We shall denote
the decomposition rank of a C*-algebra A by dr(A).

By a trace on a C*-algebra we will typically mean a tracial state, i.e., a positive linear functional
7 : A — C of operator norm 1 such that t(ab) = t(ba) for all a, b € A. We write T (A) for the set of
tracial states on A endowed with the weak*-topology. More general notions of traces are discussed in
Section 1A below. By a cone we will mean a convex subset C of a locally convex space that satisfies
C+CCC, AMCcCfori=>0,and CN(—C) = {0}. A base for a cone C is a closed, convex, and
bounded subset X such that for any nonzero ¢ € C there exist unique A > 0 and x € X such that ¢ = Ax.
By [Alfsen 1971, Theorem 11.2.6], a cone is locally compact if and only if it has a compact base. A map
f : C — D between cones is linear if f(Ax+uy) =Af(x)+uf(y)forAi,u>0andx,yeC.If Xisa
compact base for the cone C, then any continuous affine map X — D extends uniquely to a continuous
linear map C — D.

1A. Generalised traces. In this preliminary section, we briefly discuss the generalisations of traces that
arise in the general theory of C*-algebras.

Definition 1.1 (cf. [Blanchard and Kirchberg 2004, Definition 2.22]). A quasitrace® on a C*-algebra A
is a function 7 : Ay — [0, oo] with 7(0) = 0 such that
(i) t(a*a) =t(aa*) foralla € A,
(i1) t(a+b) = t(a) + t(b) for all commuting elements a, b € A,
(iii) t extends to a function 1, : M2(A)+ — [0, oo] for which (i) and (ii) hold.

The quasitrace t is additive if (ii) holds for all a, b € ALt Setting Dom 2(7) :={a € A: t(a*a) < oo},
we say that T is densely defined if Dom, >(7) is dense in A, and that t is bounded if Dom, 2(7) = A.

We write Qf(A) for the cone of densely defined, lower-semicontinuous quasitraces; T(A) for the
cone of densely defined, lower-semicontinuous, additive quasitraces; and 7 (A) for the cone of bounded,
additive quasitraces. The topology on these cones is given by pointwise convergence on Ped(A).

3Strictly speaking, a 2-quasitrace; however, we shall not need this terminology.

4We use the terminology additive quasitrace because we are reserving the word frace for tracial states. For additive quasitraces,
condition (iii) is automatic with 7, given by the usual formula.
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Since the traces on a C*-algebra will play a crucial role in the arguments of this paper, the following
existence theorem of Blackadar—Cuntz is fundamental.

Theorem 1.2 [Blackadar and Cuntz 1982, Theorem 1.2]. Let A be a simple C*-algebra such that A ® K
contains no infinite projections. Then QT(A) #0.

It is an open question whether 0T (A)=T(A) in general. However, when A is exact, this is a famous
result of Haagerup; for the unital case see [Haagerup 2014] and for deducing the general case from that
work see [Blanchard and Kirchberg 2004, Remark 2.29(1)].

Every 7 € Qf(A) has a unique extension to a densely defined, lower-semicontinuous quasitrace on
A ® [K which is additive whenever t is additive [Blanchard and Kirchberg 2004, Remark 2.27(viii)].
Therefore, we have canonical isomorphisms QT(A) = Qf(A ® ) and T(A) = f(A ® K), which we
treat as identifications. Furthermore, every 7 € T) (A) has a unique extension to a positive linear functional
on A, which we also denote 7, satisfying the trace condition t(ab) = t(ba) for all a, b € A.

Leta, b € Ay. If there exists a sequence (x,)qen in A such that b =3 02 | x¥x, and Y -, x,x; <a,
then b is said to be Cuntz—Pedersen subequivalent to a [1979]. Our notation for this subequivalence
will be b < a. The following proposition is proven by the same method as [Cuntz and Pedersen 1979,
Proposition 4.7]. For the benefit of the reader, we give full details.

Proposition 1.3. Let A be a simple, separable C*-algebra and B C A a nonzero hereditary subalgebra.
The restriction map p : T(A) — f(B) is a linear homeomorphism of cones.

Proof. Since Ped(B) C Ped(A), the restriction of a densely defined quasitrace on A is a densely defined
quasitrace on B. Restriction also preserves additivity and lower-semicontinuity. Hence, p is well-defined.
Continuity of p follows immediately from the fact that Ped(B) C Ped(A), and it is clear that p is linear.

We now turn to proving that p is surjective. Let ¢ € T(B). Define 7 : Ay — [0, 00] by t(a) :=
sup{o (b) : b € By, b < a}. The following properties of t are easy to verify:

7(0) =0, (1-1)
t(a*a) = t(aa™), acA, (1-2)
T(Aa) = At(a), A>0,ae Ay, (1-3)
t(ar+ax) =t(ay)+t(ar), ai,ae€A;. (1-4)

Let aj,a; € Ay. Suppose b € By and b < aj + ap. By [Pedersen 1969, Corollary 1.2], there exist
b1, by € A with b = by + by such that b) < a; and b, < ay. Since B is a hereditary subalgebra,
b1, by € By. Hence,

o(b) =0(b1)+o(b2) <t(@)+1(a2). (1-5)

Taking the supremum, we get t(a; +az) < 7(a;) + t(az). Therefore, we have t(a; +az) = t(a;) + t(a2).
This completes the proof that t is an additive quasitrace.

Since B is a hereditary subalgebra of A, the restriction of the Cuntz—Pedersen subequivalence relation
on A to B is the same as the Cuntz—Pedersen subequivalence relation on B. It follows that t|p, is 0. As
o is densely defined on B and A is simple, 7 is densely defined.
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Let T(a) :=sup,.( t((a — €)4) be the lower-semicontinuous regularisation of t; see [Blanchard and
Kirchberg 2004, Remark 2.27(iv)] and [Elliott et al. 2011, Lemma 3.1]. Then 7 is a densely defined, lower-
semicontinuous, additive quasitrace on A, and we still have 7|z, = o because o is lower-semicontinuous.
Therefore, p is surjective.

We now prove that p is injective. Let o, 7, and T be as above. Suppose ¥ € T(A) also satisfies
¥|p = o. Since ¥ (b) < ¥ (a) whenever b < a, we must have 7 < . Since taking lower-semicontinuous
regularisations is order-preserving, we have T < . By [Elliott et al. 2011, Proposition 3.2], there exists
ONS T(A) such that =7 +¢. However, ¥|p, = 7|3, =0 and so ¢ vanishes on B, . Since A is simple,
it follows that ¢ = 0 and so = T. Therefore, p is injective.

Finally, we prove p that is a homeomorphism. Fix b € Ped(B) \ {0}. Note that b is also in Ped(A) and
is full in both A and B by simplicity. Set X4 :={t € T(A) :t(b)=1}and Xp:={1r € T(B) ct(b) =1}
By [Tikuisis and Toms 2015, Proposition 3.4], X4 is a compact base for the cone f(A) and Xgisa
compact base for the cone f(B). Since b € B, we have that p(X 4) = X . Hence, p defines a continuous,
affine bijection from X4 to Xp. Since X4 and X p are compact Hausdorff spaces, p in fact defines an
affine homeomorphism between compact bases for the cones T(A) and T(B). Therefore, p is a linear
homeomorphism of the cones T(A) and T(B). Il

1B. Strict comparison. We first recall the definition of Cuntz subequivalence. Let A be a C*-algebra
and a,b € A;. Then a 2 b if and only if there exists a sequence (x,),en in A such that

lim |lx;bx, —al =0. (1-6)
n—oo

If a 3 b and b 3 a, then a is said to be Cuntz equivalent to b. We shall write [a] for the Cuntz equivalence
class of a.

The Cuntz semigroup Cu(A) is the ordered abelian semigroup obtained by considering the Cuntz
equivalence classes of positive elements in A ® K under orthogonal addition and the order induced by
Cuntz subequivalence; see [Coward et al. 2008]. If one only considers the Cuntz equivalence classes of
positive elements in U,fil My (A), then one obtains the classical Cuntz semigroup W (A); see [Ara et al.
2011].

Informally, a C*-algebra A has strict comparison if traces determine the Cuntz comparison theory. In
order to formalise this notion, we need to recall the rank function associated to a lower-semicontinuous
quasitrace. Suppose 7 : Ay — [0, oco] is a lower-semicontinuous quasitrace. Then the rank function
d; : (AR K)4 — [0, oo] is given by

d.(a) = grgorm”"), (1-7)

where we have made use of the unique extension of 7 to A ® K. We have d;(a) < d;(b) whenever
a,b € (AQRK); satisfy a = b by [Blackadar and Handelman 1982, Theorem I1.2.2]. Strict comparison
can be viewed as a partial converse.

Since we will be adapting the methods of [Bosa et al. 2019a], we shall be working with the same
definition of strict comparison that is used there.
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Definition 1.4 [Bosa et al. 2019a, Definition 1.5]. A C*-algebra A has strict comparison (of positive
elements, with respect to bounded traces) if

[forall t € T(A), d.(a) <d.(b))] = aZ=bh (1-8)
fork e Nand a,b € My(A).

We alert the reader to two facts about this definition. Firstly, it only concerns positive elements in
Ure; Mk (A), so it is a property of the classical Cuntz semigroup W (A). Secondly, we only require the
condition d; (a) < d.(b) to be shown when t is a tracial state.

In light of the potential confusion that could arise from the variety of definitions of strict comparison
that appear in the literature, we include a proof that Z-stability implies strict comparison in the sense
of Definition 1.4 for the benefit of the reader. The key ingredient in the proof is that W (A) is almost
unperforated whenever A is Z-stable, which is due to [Rgrdam 2004].

Proposition 1.5. Let A be a simple, separable, Z-stable C*-algebra with Q?(A) =T, (A) #0. Then A
has strict comparison of positive elements with respect to bounded traces.

Proof. As A is Z-stable, so is A ® K. Hence, by [Rgrdam 2004, Theorem 4.5], Cu(A) = W(AQK) is
almost unperforated. Applying [Elliott et al. 2011, Propositions 6.2 and 4.4], we find that A has strict
comparison in the following sense: for all a, b € (A ® K) with [a] < oo[b] in Cu(A) if d;(a) < d. (D)
for all lower-semicontinuous quasitraces with d; (b) = 1 then [a] < [b] in Cu(A).

We show that under our hypothesis on A this implies that A has strict comparison in the sense of
Definition 1.4. Consider a,b € M;(A)+ and let € > 0 and f, : [0, 1] — [0, 1] be the function that
is 0 on [0, €], affine on [€, 2¢] and 1 on [2¢, 1]. Since My (A) is simple, there exists n € N such that
[fe(a)] < n[b] < oo[b] in Cu(A) by [Blackadar 2006, Corollary I1.5.2.12]. As € is arbitrary, we have
[a] < oo[b].

Since QT(A) = Tb (A),ifd;(a) <d,(b) forallt € T(A),thena b in AQK. As My (A) is a hereditary
subalgebra of A ® K, we have a X b in M} (A) by [Kirchberg and Rgrdam 2000, Lemma 2.2(iii)]. O

Remark 1.6. By replacing M;(A) with A ® K in the proof of Proposition 1.5, we see that (1-8) holds
for all a, b € (A ® ). Therefore, A also has strict comparison by traces in the sense of [Ng and Robert
2016, Definition 3.1] under the hypotheses of Proposition 1.5.

1C. Ultraproducts and Kirchberg’s epsilon test. Let w be a free ultrafilter on N, which we regard as
fixed for the entirety of the paper. The ultraproduct ||
defined by

noe An of a sequence of C*-algebras (A,),en is

l_[ An — HneN Ap (1_9)

{(an)neN € nneN Ay limy, ) [la || = 0} .

n—-w

The ultrapower A, of a C*-algebra A is the ultraproduct of the constant sequence (A;),en With A, = A
for all n € N. We identify A with the subalgebra of A, given by constant sequences (a),en-
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Every sequence (t,),en, Where T, € T(A,,), defines a tracial state on the ultrapower ]_[n_)w A, via
(a,) — lim,_,, t,(a,). Tracial states of this form are known as [imit traces. The set of all limit traces
will be denoted by 7,,([1,_,, An)-

Not all traces on an ultraproduct are limit traces but we have the following density result due to [Ng
and Robert 2016, Theorem 1.2] (generalising an earlier result of [Ozawa 2013, Theorem 8]).

Theorem 1.7 [Ng and Robert 2016; Ozawa 2013]. Let (A,)nen be a sequence of simple, separable,
Z-stable C*-algebras with QT(An) = fb(An) for all n € N. Then Tw(l_[n—>w An) is weak*-dense in
T (Hn—)a) A”)’

Proof. By Proposition 1.5 and Remark 1.6, each A, has strict comparison by traces in the sense of [Ng
and Robert 2016, Definition 3.1]. The result now follows by Theorem 1.2 of the same work. O

We shall also need uniform tracial ultraproducts. Recall that any trace T € T (A) defines a 2-seminorm
lall2,: == 7(a*a)'/?. The uniform 2-seminorm is then defined by
lallo ey i= sup llallae= sup z(@*a)'/. (1-10)
TeT(A) TeT(A)

We can then define the uniform tracial ultraproduct of a sequence of C*-algebras (A,),en by

n—-w

[] A= { [aen An . (1-11)

(@n)nen € HneN A, lim, ., ||an||2,T(A,l) = O}
The uniform tracial ultrapower A® of a C*-algebra A, which can be defined as the uniform tracial
ultraproduct of the constant sequence (A,),en With A, = A for all n € N, was introduced in [Castillejos
et al. 2019]. We identify A with the subalgebra of A® given by constant sequences (a),en-
Since ||all2,7(a) < l|la|| for all a € A, there exists a canonical surjection from the ultraproduct to the

uniform tracial ultraproduct. The kernel of this *-homomorphism is the trace kernel ideal given by

J(An) = {(an)neN € 1_[ An nh_)Inw ”an”Z,T(A,,) = 0}

n—-w

:{xe [] An:lxl2z =0, reTw<H A,,)}. (1-12)

n—w n—w
It follows that limit traces also induce traces on the uniform tracial ultraproduct. In the ultrapower case,
we therefore use a unified notation 7,,(A) for the limit traces on A, or the induced traces on A®.

An important tool for working with ultrapowers are reindexing arguments, which allow one to find
elements of the ultrapower exactly satisfying some given condition provided one can find elements of the
ultrapower which approximately satisfy the condition for any given tolerance. A precise and very general
formulation of such reindexing arguments is Kirchberg’s epsilon test, which we state below.

Lemma 1.8 (Kirchberg’s epsilon test [2006, Lemma A.1]). Let X1, X», ... be a sequence of nonempty
sets, and for each k,n € N, let fn(k) : Xn — [0, 00) be a function. Define fa(,k) : ]_[Zozl X, — [0, oo] by

a()k)((sn),fo:l) =1imy,_ 4 fn(k) (sy) for (sp) € ]_[Zozl X,,. Suppose that for all m € N and € > 0, there exists
(5n)52, € 102, X, with fa(,k)((sn)) <efork=1,...,m. Then there exists (t,)°°, € [ 7=, Xn such that

n=1
® (1) =0 forall k e N.



2214 JORGE CASTILLEJOS AND SAMUEL EVINGTON

1D. Stable rank one. A unital C*-algebra A is said to have stable rank one if the invertible elements
form a dense subset. In this paper, we shall make use of the following nonunital generalisation.

Definition 1.9. Let A be a C*-algebra. We say that A has stable rank one in A™ if every element of A is
a limit of invertible elements in A™.

In the unital case, A~ = A @ C, so A has stable rank one in A™ if and only if A has stable rank one.
In the nonunital case, A having stable rank one in A™ is weaker than requiring that A™ itself have stable
rank one; see [Robert 2016, Example 3.4].

A related notion is Robert’s almost stable rank one [2016, Definition 3.1], which requires that, for all
hereditary subalgebras B C A, B has stable rank one in B™. Robert proved the following.

Theorem 1.10 [Robert 2016, Corollary 3.2]. Let A be a Z-stable, projectionless C*-algebra. Then A has
almost stable rank one. In particular, A has stable rank one in A™.

We now prove that having stable rank one in the unitisation passes to ultraproducts. We employ
the notation [(a,)] for the element of the ultraproduct defined by the bounded sequence (a,,). First, let
us record that taking unitisations commutes with taking the ultraproduct. The proof of this lemma is
straightforward and we omit it.

Lemma 1.11. Let (A,)sen be a sequence of C*-algebras. The canonical inclusion [, A, —

[1,—., A, extends to an isomorphism

(1_[ An)N ~ ]_[ AT (1-13)

n—-w n—-w

We now proceed to show that having stable rank one in the unitisation passes to ultraproducts.

Proposition 1.12. Let (A,) be a sequence of C*-algebras. Suppose for eachn € N, A,, has stable rank

one in A, . Then A, :=1],_ , An has stable rank one in A,.

Proof. Let x € A, and say x = [(a,,)]. By Theorem 1.10 and [Bosa et al. 2019a, Lemma 1.20], for each

n € N there is a unitary u, € A, such that a, ~,, u,|a,|. We then have x = [(u,)]|x| € [l,—.,A, - By
[Bosa et al. 2019a, Lemma 1.20] once more, x is a norm limit of invertible elements in [, , A, By
Lemma 1.11, [, , A, isjust A}. O

1E. Complemented partitions of unity. The key technical tool in [Castillejos et al. 2019] was the com-
plemented partitions of unity technique which enabled Theorem A to be proven in the unital case. This
property is best formulated in terms of the tracial ultrapower A® of a separable C*-algebra with T (A)
nonempty and compact. These assumptions imply that A® is unital, with any sequential approximate
identity representing the unit [loc. cit., Proposition 1.11]. We refer to [loc. cit., Definition G] of the same
work for a detailed explanation of the ideas behind this definition.

Definition 1.13. Let A be a separable C*-algebra with Qf(A) = fb (A) #0 and T (A) compact. We say
that A has complemented partitions of unity (CPoU) if for every | - ||2,7,(4)-separable subset S of A®,
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every family ay, ..., ax € (A?)4, and any scalar
> sup min t(a;), (1-14)
Tl (A) =1k
there exist orthogonal projections p, ..., px € AN S’ such that
P14 4 pr=1ge and w(a;ip;) <0t(pi), tveTl,(A),i=1,... k. (1-15)

The following theorem gives sufficient conditions for a C*-algebra to have complemented partitions of
unity. Although not necessary for our purposes, the hypothesis of Z-stability can be weakened to uniform
property I'; see [Castillejos et al. 2019, Section 2] for more details.

Theorem 1.14 [Castillejos et al. 2019, Theorem I]. Let A be a separable, nuclear, Z-stable C*-algebra
with Qf(A) = fb (A) Z0and T (A) compact. Then A has complemented partitions of unity.

2. Reductions

In this section, we show how Brown’s theorem [1977, Theorem 2.8] can be used to reduce the task of
proving Theorem A in general to proving it for unital C*-algebras and for stably projectionless C*-algebras
with a compact trace space. We begin with the general statement of Brown’s theorem.

Theorem 2.1 [Brown 1977, Theorem 2.8]. Let B be a full hereditary subalgebra of a C*-algebra A.
Suppose both A and B are o -unital. Then B is stably isomorphic to A.

In our applications, we shall be working with C*-algebras that are simple and separable. Hence, the
fullness and o -unitality conditions will be satisfied. We shall therefore use the following form of Brown’s
theorem.

Corollary 2.2. Let B be a nonzero hereditary subalgebra of a simple, separable C*-algebra A. Then B
is stably isomorphic to A.

The utility of Brown’s theorem for this paper derives from the fact that the hypotheses and conclusion
of Theorem A are invariant under stable isomorphism. We state this formally below.

Proposition 2.3 [Kirchberg and Winter 2004; Winter and Zacharias 2010; Toms and Winter 2007]. Let
A be a C*-algebra. Then:

(1) A is simple if and only if A @ K is simple.
(ii) A is separable if and only if A ® K is separable.
(ii1) A is nuclear if and only if A Q K is nuclear.
(iv) dr(A) = dr(A ® K).
(v) dimpyc(A) = dimpyc (A @ ).
(vi) A is separable and Z-stable if and only if A @ K is separable and Z-stable.
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Proof. Properties (i)—(iii) are well known; see for example [Blackadar 2006, Chapter IV.3]. Part (iv)
is [Kirchberg and Winter 2004, Corollary 3.9]. Part (v) is [Winter and Zacharias 2010, Corollary 2.8].
Part (vi) is [Toms and Winter 2007, Corollary 3.2]. O

Next, we recall that a C*-algebra A is stably projectionless if there are no nonzero projections in A ® K.
By definition, this property is preserved under stable isomorphism. Stably projectionless C*-algebras can
be viewed as highly nonunital C*-algebras. Indeed, the following folklore result establishes a dichotomy
for simple, separable C*-algebras.

Proposition 2.4. Let A be a nonzero, simple, separable C*-algebra. Then exactly one of the following
holds:

(a) A is stably isomorphic to a unital C*-algebra.
(b) A is stably projectionless.

Proof. Let A be a simple, separable C*-algebra A. Then A ® [ is simple and separable by Proposition 2.3.
Suppose that A is not stably projectionless. Then there exists a nonzero projection p € A @ K. Set
B := p(A®K)p. Then B is a unital C*-algebra with unit 15 = p. Moreover, B is a nonzero hereditary
subalgebra of A ® K. Therefore, B is stably isomorphic to A ® KK by Corollary 2.2, and hence is stably
isomorphic to A.

Now suppose that A is stably isomorphic to a unital C*-algebra B. Then there exists an isomorphism
¢ : BQK — AQ®IK. Writing 1p for the unit of B and e;; for the matrix units of [, we have that
¢ (15 ®e;;) is a nonzero projection in A ® K. Hence, A cannot be stably projectionless. (|

This dichotomy justifies the terminology stably unital for the nonstably projectionless, simple, separable
C*-algebras. The stably unital case of Theorem A follows immediately from [Castillejos et al. 2019,
Theorem B] together with Propositions 2.4 and 2.3. The stably projectionless case on the other hand
requires a further reduction and a technical modification of the methods of [Bosa et al. 2019a]. The
purpose of the additional reduction is to pass to the case where the trace space is compact, and it is based
on the following folklore result.

Lemma 2.5. Let A be a simple, separable C*-algebra with T(A) #£0. Let Ag := a(A R K)a be the
hereditary subalgebra generated by a nonzero positive contraction a € (A @ K) 41 for which the function
T > d;(a) is continuous and finite-valued. Then T(Ao) = Tb (Ag) # 0 and T (Ay) is compact.

Proof. By Proposition 1.3, the restriction map p : T(A QK) — T(AO) is a linear homeomorphism. Let
o€ f(AO). Then o has an extension 7 := p~ (o) € T(A ® K). By [Tikuisis 2014, Proposition 2.4], we
have ”a”AS =d,;(a) < oo. Therefore, T(Ao) = Tb(Ao) # 0. Since 0 = d -1 () (a) is continuous, T (Ao)
is a weak*-closed subspace of the unit ball of Aj. Therefore, T'(Ao) is compact. 0

We now explain how the results of [Elliott et al. 2011] can be used to prove the existence of positive
contractions with continuous-rank functions under suitable hypotheses.

Proposition 2.6. Let A be a simple, separable, Z-stable C*-algebra with QT(A) =T(A) # 0. Let
f: T(A) — [0, 00) be a strictly positive, continuous, linear function. Then there exists a nonzero positive
contraction a € (A K)y 1 withd,(a) = f(z) forall t T(A).
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Proof. Following [Elliott et al. 2011, Section 4.1], we write F (Cu(A)) for the space of functionals on the
Cuntz semigroup of A. In [loc. cit., Theorem 4.4], it is shown that all functionals on the Cuntz semigroup
are of the form d; for some lower-semicontinuous quasitrace 7 on A. However, we alert the reader to the
fact that quasitraces are not assumed to be densely defined in [loc. cit.]. Since A is simple, this means
that either 7 € QT(A) or T is the trivial quasitrace, which satisfies t(0) = 0 and is infinite otherwise.

We now consider the topology on F(Cu(A)), defined in general in [loc. cit., Section 4.1], and its
relation to the topology on T(A), which is given by pointwise convergence on Ped(A). By [loc. cit.,
Theorem 4.4] and our assumption that all quasitraces are additive, the topology on F(Cu(A)) agrees
with the topology on set T(A) of (not necessarily densely defined) lower-semicontinuous, additive
quasitraces defined in [loc. cit., Section 3.2].°> This topology is shown to be compact and Hausdorff in
[loc. cit., Theorem 3.7]. By [loc. cit., Theorem 3.10], the restriction of this topology to T(A) is pointwise
convergence on Ped(A). Since f(A) \ T(A) is just one point, it follows that the topology on f(A) is
simply the one point compactification of the topology on T(A).

By [Tikuisis and Toms 2015, Proposition 3.4], the cone T(A) hasa compact base K. Since f is strictly
positive and continuous, inf;cx f(7) > 0. Hence, we may extend f to the one-point compactification
of T(A) by setting f(o0o0) = oo and the resulting map is still continuous. It follows that f defines an
element of the dual cone L(F (Cu(A))); see [Elliott et al. 2011, Section 5.1]. Therefore, as A is Z-stable,
there exists a € (A ® K)1 1 such that f(r) =d.(a) forall T € f(A) by [loc. cit., Theorem 6.6]. O

We end this section with the following summary of all the reductions.

Theorem 2.7. Let A be a nonzero, simple, separable, exact, Z-stable C*-algebra. Then one of the
following holds:

(a) A is stably isomorphic to a unital C*-algebra.

(b) A is stably isomorphic to a stably projectionless C*-algebra Ay with QT(AO) = Tb (Ag) # 0 and
T (Ay) is compact.

Proof. Suppose (a) does not hold. Then A is stably projectionless by Proposition 2.4. By Theorem 1.2,
QT(A) = (. Since A is exact, the nonunital version of Haagerup’s theorem gives QT"(A) = f(A) #0;
see [Haagerup 2014; Blanchard and Kirchberg 2004, Remark 2.29(i)]. Since T(A) is a cone with
a compact base, there exists a strictly positive, continuous, linear function f : f(A) — [0, 00). By
Proposition 2.6, there is a positive contraction a € (A ® ) 1 such that f(r) =d.(a) forall T € T(A).
Set A := a(A ® K)a. By Lemma 2.5, QT (Ao) = T(Ag) # 0 and T (Ag) compact. By Corollary 2.2, A
is stably isomorphic to Ag. Hence, Ay is stably projectionless. O

3. Existence

Let A be a separable, nuclear C*-algebra with complemented partitions of unity (CPoU). In this section,
we will construct a sequence of maps A by F, s A, where F, are finite-dimensional C*-algebras,

SIn [Elliott et al. 2011], the notation 7 (A) is used instead of f(A), but this clashes with the notation for the tracial states used
in this paper.
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0, are c.p.c. maps and 7, are c.p.c. order-zero maps, which induces a *-homomorphism A — A® that
agrees with the diagonal inclusion A — A®.

We will do this in two steps. First, we will fix a trace t and produce maps A — F'— A that approximate
the identity map on A in || - ||2,.-norm. We shall then construct the required sequence of maps using
complemented partitions of unity (CPoU).

The following lemma will be deduced from [Castillejos et al. 2019, Lemma 5.1], but it can also be
proved by directly applying the methods of [Brown et al. 2017, Lemma 2.5].

Lemma 3.1. Let A be a separable, nuclear C*-algebra and let T € T (A). For any finite subset F C A
and € > 0 there exist a finite-dimensional C*-algebra F, a c.p.c. map 0 : A — F, and a c.p.c. order-zero
map n : F — A such that

160(a)0(b)|| <€ fora,be F suchthatab =0, (3-1)
Inob(a)—allar <€ foraeF. (3-2)

If all traces are quasidiagonal,® one can additionally arrange that
16(ab) —0(a)0(b)|| <€, a,belF. (3-3)

Proof. The trace t extends to a trace on A™. By [Castillejos et al. 2019, Lemma 5.1] applied to A™, there
exist a finite-dimensional F, a c.p.c. map 6 : A~ — F, and a c.p.c. order-zero map 7 : F — A~ such that

16(@)0(b)|| < e fora,b e F satisfying ab =0, (3-4)
liof(a)—al: < € foraeF. (3-5)

Let (e,),en be an approximate identity of A. Then e, /' 14~ in | -||2... Hence, the c.p.c. maps 7, : F — A
given by 7, (x) = e, 7(x)e, converge to 7 in the point-|| - ||2,; topology. The sequence 7, is asymptotically
order-zero in || - ||,;. Since F is finite-dimensional, we can make use of order-zero lifting to obtain a
sequence of c.p.c. order-zero maps 7, : F — A converging to 7 in the point-|| - ||, topology.’

Set 6 := §|A. Choose n € N such that ||n,(6(a)) —n(@a))ll2r < %e for all a € F. We then have

Ino6(a) —allz: < ljob(a)—als:+3e <€, acF. (3-6)

If all traces are quasidiagonal, the map 6 given by [Castillejos et al. 2019, Lemma 5.1] is approximately a
*-homomorphism. Hence, so is 6. O

With the previous lemma in hand, we can now utilise complemented partitions of unity (CPoU) to
prove the following.

Lemma 3.2. Let A be a separable, nuclear C*-algebra with QT(A) = Tb (A) Z0and T (A) compact.
Suppose A has CPoU. Then there exists a sequence of c.p.c. maps ¢, : A — A which factor through

6See Definition 7.1.
TIndeed, let J; := {(an)nen € £2°(A) : limy— 0o t(a, ay) = 0} and consider the diagonal map (7j,) : F — £°°(A)/J;. This
map is c.p.c. order-zero and so has a c.p.c. order-zero lift (n,) : F — €°°(A) by [Winter 2009, Proposition 1.2.4].
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finite-dimensional algebras F, as
®n

Fy

A

A (3-7)

with 6, c.p.c. and n, c.p.c. order-zero, in such a way that the induced map (6,)72, : A — Hw F, is
order-zero, and the induced map ® = (Pn)i2, - A — A® agrees with the diagonal inclusion A — A®.

If all traces on A are quasidiagonal, then we may arrange that the induced map (6,)7>, : A =[], Fa
is a *-homomorphism.

Proof. As in [Castillejos et al. 2019, Lemma 5.2], by a standard application of Kirchberg’s epsilon test,
it suffices to show that for a finite set 7/ C A and a tolerance € > 0, there is a sequence (Fj,, 6,, n,,)
such that 6, : A — F,, is approximately order-zero (or approximately multiplicative if all traces are
quasidiagonal), n, : F,, — A is an order-zero map, and the induced map o, = (M obp)s, : A— A®
satisfies ||a — @, (@)ll2.1,a) < € for all a € F. In fact, we will arrange for all the F}, to be the same
finite-dimensional algebra F, and all the 6, to be the same map 6.

Let F C A be a finite subset and € > 0. By Lemma 3.1, for any t € T (A) there exist a finite-dimensional
C*-algebra F;, a c.p.c. map 6; : A — F, and an order-zero map n, : F; — A such that

10(a)0 )| < e, a,b € F such that ab =0, (3-8)
2 e
[nr00:(x) — x5, <—, x€ZF. (3-9)
|71
Seta; ;== erf |x —n;T06; (@)% By the compactness of T(A), there exist 7y, ..., Tx € T(A) such

that for all T € T (A) there is some t; such that 7(a;,) < €.
By CPoU, there exist pairwise orthogonal projections py, ..., pr € A N A’ adding up to 14 such
that 7 (a; p;) < €2t (p;) for all T € T,,(A). Set F := @le Fr,,0:A— Fandn:F— A® by

k
0((1) = (eﬂ(a)a"'agfk(a))’ n(-xla""-xk) :=an;(xi)pi’ (3-10)
i=1
where a € A and x; € F;,. By construction (see [Castillejos et al. 2019, Lemma 5.2, equation (5.16)]), we
obtain

la—nob(a)llr,a) <€, aecF. (3-11)

By [Winter 2009, Proposition 1.2.4], n : F — A® can be lifted to a sequence of order-zero maps
n, . F — A. Thus the sequence (F, 6, n,) is the required sequence.

Finally, if all traces are quasidiagonal, the map 0 is approximately multiplicative by Lemma 3.1.
Combining the previous argument with Kirchberg’s epsilon test yields that the induced map (6,) : A —
[1, F» is a *-homomorphism. O
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4. Unitisation

In this section, we prove that a c.p.c. order-zero map ¢ : A — B, from a separable C*-algebra into a
C*-ultrapower extends to a c.p.c. order-zero map ¢~ : A~ — B,. Moreover, under appropriate conditions,
Dini’s theorem can be used to construct an extension for which the tracial behaviour of ¢~ (14~) is
determined by ¢. These results were inspired by the structure theory for order-zero maps developed
in [Winter and Zacharias 2009] and the existence of supporting order-zero maps proved in [Bosa et al.
2019a, Lemma 1.14]. We begin with a technical lemma.

Lemma 4.1. Let ¢ : A — B be a c.p.c. order-zero map between C*-algebras. Suppose that h € B is a
positive contraction such that

¢(a)p(b) =h¢(ab), a,beAy. (4-1)
Then the map ¢~ : A~ — B defined by ¢~ (a + A1 4~) := ¢ (a) + Ah is c.p.c. order-zero.

Proof. By [Winter and Zacharias 2009, Corollary 4.1], there exists a *~-homomorphism 7 : Cy(0, 1] ® A —
B, such that ¢ (a) =7 (t ® a) for all a € A, where ¢ denotes the canonical generator of the cone. In terms
of m, equation (4-1) gives hr (t ® ab) = n(t>®ab) fora, b € A, from which we deduce that

hmt®a)=n(t’>®a), acA, (4-2)

since (A4)?> = A, and A, spans A. It then follows that A" 7 (t" ® a) = 7 (t"*" ® a) for a € A and for
all n, m € N>, from which we obtain

gn(f®a)=mn(gf®a), acA, f geC0,1], (4-3)

since span{t” : n € N>1} is dense in Cy(0, 1]. Taking adjoints, we also obtain 7 (f ® a)g(h) =n(fg®a)
foralla € A, f, g€ Cy(0, 1].

We now define a map 7~ : Cyp(0,1] © A~ — B from the algebraic tensor product by setting
77 (f® @+ Ala~)) :=7m(f ®a)+ Af(h) on elementary tensors. A straightforward computation using
(4-3) and its adjoint shows that 7™ is a *-homomorphism. Hence, 7~ extends to a map C¢(0, 1]® A~ — B.
Finally, define ¢~ : A~ — B by ¢~ (x) := 77 (t ® x). Then ¢~ is a c.p.c. order-zero map and
¢~ (a+ Ala~) =¢(a) + Ah as required. Il

We now prove the unitisation lemma for order-zero maps.
Lemma 4.2. Let A, B be C*-algebras with A separable and let ¢ : A — B, be a c.p.c. order-zero map:
(a) There exists a c.p.c. order-zero map ¢~ : A~ — B, which extends ¢.

(b) Suppose now that T (B) is compact and nonempty. Let (e;)n,en be an approximate unit for A and

suppose the function
9 : Tw(B)w* ? [0’ 1]7 T ? hm t(¢(€n))’
n—>oo

is continuous. Then there exists a c.p.c. order-zero map ¢~ : A~ — B, which extends ¢ and satisfies
(¢~ (14~)) =6(7) forall Tt € T,(B)"™
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Proof. (a) Let (e;)nen be an approximate unit for A. By [Winter and Zacharias 2009, Corollary 4.1],
there exists a *-homomorphism 7 : Cy(0, 1]® A — B,, such that ¢ (a) = 7w (t ® a) for all a € A, where ¢
denotes the canonical generator of the cone. For any a, b € A, we have

}H&Me")d’(“b) = nlin;on(tz ® eyab)
=7(1> @ ab) = ¢(a)p (b). (4-4)

We shall now prove the existence of a positive contraction z € B, such that (4-1) holds foralla, b€ A,
by an application of Kirchberg’s epsilon test (Lemma 1.8).

Let X, := B4 foralln e N. Let ¢, : AL — B be a sequence of functions such that (¢, (a)),en is a
representative for ¢ (a) for all a € A,.. Fix a dense sequence (a,),en in A4. Define f,,("s) : X, = [0, o0]
for r, s € N by

FI9(x) 1= lxu(aras) — dular)pn(as)|. (4-5)

Then define £, : 122, X, = [0, 00] by (xn)nen > limy, o £ ().
Let m € N and € > 0. By (4-4), there is k € N such that

g (ex)@(aras) — (ar)p(as)ll <€, 1<r.s=m. (4-6)

Let x = (x,)nen be a sequence of positive contractions in B representing ¢ (ex). Then fa(f’s)(x) <€

whenever 1 < r, s < m. By Kirchberg’s epsilon test, there exists a sequence of positive contractions
Y = (¥n)neN in B such that fa(,r’s) (y)=0forallr, s € N. Let & be the positive contraction in B, represented
by (¥n)nen. Then h satisfies (4-1) for all a, b € {a, : n € N}. By density, & satisfies (4-1) foralla,b e A.

The result now follows by Lemma 4.1.

(b) By Dini’s theorem, 7(¢(e,)) /" 6(t) uniformly for 7 € T,,(B)“*8 For each [ € N, set

yii= max (0(7)—1(¢(er))). (4-7)
tel,(B)w*

Then y; > 0 as t(¢(e,)) increases with n, and lim;_, o ¥; = 0 as the convergence is uniform.
We shall now prove the existence of a positive contraction # € B, such that (4-1) holds foralla,be A,
and that
t(h) = lim 7(d(en)), T€ T,(B)"*. (4-8)

Once again, we use Kirchberg’s epsilon test (Lemma 1.8).
Let X,i, ¢y £, and £ be as in (a). Define g™, g™ : X,, — [0, oo] for I € N by

g4 (x) 1= max( S;JFB)(t(x) — t(¢pn(en)) =¥, 0), (4-9)
g7 (x) 1= max( s;lFB)(T(% (e1)) —(x)), 0). (4-10)

1, l,— . l,
Then define g&™, g™ - [Th2; Xu — [0, 00] by (xp)nen > lim, eV () and (x)nen >
lim,,_, g,(f’*) (x,) respectively.

80ur convention is that approximate units for C*-algebras are by default assumed to be increasing.
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The key observation is that a sequence x = (x,),en representing a positive contraction b € B, satisfies
P ) = ¢4 (x) = 0 if and only if

T(@(e) <t(b) <t(p(e))+y, T€T,(B)"™. (4-11)
Let m € N and € > 0. By (4-4), there is k > m such that
¢ (ex)p(aras) —pa)pas)ll <€, 1=<r,s <m. (4-12)

Let x = (x,)nen be a sequence of positive contractions in B representing ¢ (ex). Then f(f,r’s)(x) <€

whenever 1 <r, s < m. Furthermore, as k > m, we have by (4-7) that for any [ <m

t(p(e) < T(Plen) <0(r) <t(p(e) +y, teT(B)"™ (4-13)
(L.+)

Therefore, g (x) = g (x) = 0 for I < m.
By Kirchberg’s epsilon test, there exists a sequence of positive contractions y = (y,)nen in B such that
a()”)(y) = gc(,)l ) (y) = gg’f)(y) =0forallr,s,l € N. Let & be the positive contraction in B, represented

by (yu)nen. Then h satisfies (4-1) for all a, b € A4 as in (a) and
(@) <t(h) <t(p(e))+y, tTeT,(B)" leN. (4-14)

Letting [ — 0o, we obtain (4-8) because lim;_, o ¥; = 0. The result now follows by Lemma 4.1. ]

5. The uniqueness theorem

In this section, we establish the uniqueness theorem for maps from a C*-algebra into a C*-ultrapower,
which will be used to bound the nuclear dimension of Z-stable C*-algebras. This theorem is a nonunital
version of [Castillejos et al. 2019, Lemma 4.8] which in turn builds on [Bosa et al. 2019a, Theorem 5.5].
For notational convenience, we work with ultrapowers throughout rather than general ultraproducts.

Theorem 5.1 (cf. [Bosa et al. 2019a, Theorem 5.5]). Let B be a simple, separable, Z-stable C*-algebra
with CPoU, stable rank one in B™, QT(B) = Tb(B) #0, and T (B) compact. Let A be a unital, separable,
nuclear C*-algebra, let ¢ : A — B, be a c.p.c. order-zero map such that ¢y (a) is full for all nonzero
a € A and the induced map ¢y : A — B® is a *-homomorphism, and let ¢» : A — By, be a c.p.c. order-zero
map such that

Topr=to0¢;, Te€T(B,), meN, (5-1)

where order-zero functional calculus is used to interpret ¢5' 2Let k € Z, be a positive contraction with
spectrum [0, 1], and define c.p.c. order-zero maps ;i : A — (B ® 2), by ¥;(a) := ¢;(a) @ k. Then |
and o are unitarily equivalent in (B ® 2).

The proof of Theorem 5.1 follows by a careful adaptation of the arguments from [Bosa et al. 2019a;
Castillejos et al. 2019] to handle the potential nonunitality of B. In the subsections that follow, we shall
first review the key ingredients of the proof of [Castillejos et al. 2019, Lemma 4.8] and [Bosa et al. 2019a,

9Suppose ¢2(x) = mo(t @ x) where mp : Cy(0, 11 ® A — B, is a *-homomorphism and ¢ is the canonical generator of
Co(0, 1]. Then ¢>£” (x) = m (1™ ® x); see [Winter and Zacharias 2009, Corollary 4.2].
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Theorem 5.5] and explain clearly the modifications needed in the nonunital setting. We shall then return
to the proof of Theorem 5.1.

SA. The 2 x 2 matrix trick. We begin by reviewing the 2 x 2 matrix trick, which converts the problem
of unitary equivalence of maps into the problem of unitary equivalence of positive elements. The version
stated below is very similar to [Bosa et al. 2019a, Lemma 2.3]; however, for our applications, we must
weaken the stable rank one assumption and we have no need for the Kirchberg algebra case.

Proposition 5.2 (cf. [Bosa et al. 2019a, Lemma 2.3]). Let A be a separable, unital C*-algebra and B be a
separable C*-algebra. Let ¢y, ¢ : A — B, be c.p.c. order-zero maps and (]31, $2 : A — B, be supporting
order-zero maps (as in (A-1)). Suppose that B, has stable rank one in B,]. Let w : A — M>(B,) be

given by A
¢$1(a) O )
T = N , €A, 5-2
@= (" ) ¢ 2
and set C := M>(B,,) Nt (A) N {1yy:) — (1)) If
é1(14) 0> <0 0 )
and 5-3
( 0 0 0 ¢a(la) G-
are unitarily equivalent in C~, then ¢ and ¢, are unitarily equivalent in B, .
Proof. Let
u= (”“ ”12) ec (5-4)
Uzl U

be a unitary implementing the unitary equivalence of the positive elements. Since B, has stable rank
one in B, we have that u},¢>(1,) is the limit of invertibles in B_. Hence, by [Bosa et al. 2019a,
Lemma 1.20] and Kirchberg’s epsilon test, there is a unitary w € B, with u3,¢2(14) = wlu3,¢2(14)I.
Arguing exactly as in the proof of [Bosa et al. 2019a, Lemma 2.3], we obtain that ¢;(a) = we,(a)w™* for
all a € A. Il

5B. Property (SI). Our goal in this section is to show that c.p.c. order-zero maps from separable, unital
C*-algebras into ultrapowers of C*-algebras with compact trace space satisfy property (SI).

The following definition is a variant of [Bosa et al. 2019a, Definition 4.2], which in turn goes back to
[Matui and Sato 2012], that allows us to handle cases when the codomain is not unital.

Definition 5.3. Let B be a simple, separable, C*-algebra with QT(B) = Tb(B) # 0. Write Jp for the
trace kernel ideal. Let A be a separable, unital C*-algebra, let 7 : A — B, be a c.p.c. order-zero map,
and define

C:=B,Nm(A) N{lp- — (1)} (5-5)

The map 7 has property (SI) if the following holds. For all e, f € C4 such thate € Jp,, || fll =1 and f
has the property that, for every nonzero a € A, there exists y, > 0 such that

t(@@)f") > ve, TET,(B), neN, (5-6)
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there exists s € C such that
s*s=e and fs=s. (5-7)

The main result of this subsection is that under certain hypotheses, c.p.c. maps A — B, have prop-
erty (SI). This result is a nonunital version of [Bosa et al. 2019a, Lemma 4.4] and its proof is almost
identical to the original proof. Since this result is one of the most delicate parts of this work, we include
its proof.

Proposition 5.4 (cf. [Bosa et al. 2019a, Lemma 4.4]). Let B be a simple, separable, Z-stable C*-algebra
with Qf(B) =T,(B) # 0. Let A be a separable, unital, nuclear C*-algebra. Then every c.p.c. order-zero
map 1w : A — B, has property (SI).

Proof. Let m : A — B, be a c.p.c. order-zero map with A and B as in the statement. Let C be as in (5-5)
and set C := C /(CNJp,). Lete, f € C4 and y, be as in the definition of property (SI). As in the proof
of [Bosa et al. 2019a, Lemma 4.4], it is enough to exhibit an element s € B,, approximately satisfying

s*m(a)s =m(a)e forallae A and fs=s. (5-8)

Let F C A be a finite subset of contractions and € > 0. Since B is Z-stable, using Lemma A.6(ii) we can
find a c.p.c. order-zero map « : Z — B,Nw(A) N{e, f} such that «(1z) acts as unit on 77 (A). Therefore,
we may define a new c.p.c. map 7 : AQ Z — B, by setting 7 (a®z) :=m (a)x(z). It follows by construction
that w(a) =7 (a® 1z) for a € A. By [Winter and Zacharias 2009, Corollary 4.3], 7 is a c.p.c. order-zero
map and note that e and f are elements of the relative commutant B, N7 (A ® Z) N {1 B: — 7 (lag 2)H.

Arguing as in the proof of [Bosa et al. 2019a, Lemma 4.4], for any b € (A ® Z), there exists a positive
constant y;, such that

tFB) ) > 7, 7€ TH(By), neN. (5-9)

Next, we will apply [loc. cit., Lemmas 4.7 and 4.8] to the unital, separable, nuclear C*-algebra A. Set
G ={x®1z:x e F} € A® Z. Since no irreducible representation of A ® Z contains any compact

operator, by [loc. cit., Lemma 4.8] there exist L, N € N, pairwise inequivalent pure states Aj, ..., Az on
AQ® Z and elements ¢;,djj e AQ Zfori=1,...,N, [ =1,..., L such that
N
X~ Y Y ndhxdiciej,  x €6 (5-10)
I=14,j=1

By [loc. cit., Lemma 4.7], applied to the set {d;xd;:x € G, i,j=1,...,N, [,I'=1,..., L}, there

exist positive contractions ay, ...,a; € (A® Z)y such thatfor/ =1,..., L, A;(a;) =1 and
ald;‘flxdj,lal s )Ll(d;‘flxdj,l)alz, X € g, i, J = 1, ceey N, (5—11)
and for [ #£1',
ald;‘flxdj,l/al/ s 0, xeg,i, ] =1,..., N, (5—12)

with § :=¢€¢/(N 2L maxg ||ck||?). Note, the condition A;(a;) = 1 ensures that the ¢; have norm 1.
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By hypothesis, B is simple, separable, Z-stable and Qf(B) = fb(B) # 0. Hence, by Proposition 1.5,
B has strict comparison of positive elements by bounded traces. Thus, for/ =1, ..., L, we may apply
Lemma A.11 with @; in place of a. Let S; C (A ® Z)4 \ {0} denote the countable subset such that the
conclusion of Lemma A.11 is satisfied with a; in place of a.

Let7: A® Z — B, N{f} be a supporting c.p.c. order-zero map for 7. As in [loc. cit., Lemma 4.4],
using (5-9) and Lemma A.4 twice (taking x := 0 and with Sy := 7(S; U---U S;)), we find ¢, h €
B,NA(A® Z) N7 (AQ Z) satisfying h <t < f and, forevery b€ S;U---U S,

(7 (D)h") = P, 1€ TLHB), neN. (5-13)

By Lemma A.11 (with 7 in place of ), there is a contraction r; € B,, such that 7 (a;)r; = tr; = r; and
rirp=e. Using t < f <17 (1,), we obtain 77 (14)r; = r; for each [, and hence

ri (@ =7 (14)2ew (14)2 (5-14)
Set
L N
§ = Z Zﬁ(di,ldz)rlff(ci) € B,. (5-15)
=1 i=1

Using r; = tr;, t < f and that r commutes with the image of 7, we can obtain fs =s. For x € F, the
calculations of [loc. cit., Lemma 4.4, equation 4.46] show

s*m(x)s =m(x)e, (5-16)

as required. Then Kirchberg’s epsilon test produces an element s € B, that exactly satisfies (5-8). As in
the proof of [loc. cit., Lemma 4.10], s € C. O

5C. Structural results for relative commutants. Combining property (SI) with complemented partitions
of unity (CPoU), one can now prove important structural properties for the relative commutant algebras
C:=B,Nw(A)N {lgw —m(l)}* arising from the 2 x 2 matrix trick.

Theorem 5.5 (cf. [Castillejos et al. 2019, Lemma 4.7]). Let B be a simple, separable, Z-stable C*-algebra
with Q T(B)=T,(B) #0and T (B) compact. Suppose additionally that B has CPoU. Let A be a separable
unital nuclear C*-algebra and w : A — B, a c.p.c. order-zero map which induces a *-homomorphism
T:A— B® Let

C:=B,Nm(A)N {1z, - T}, C:=c/cCn Jg,). (5-17)
Then:

() All traces on C factor through C.
(i1) C has strict comparison of positive elements by bounded traces.
(iii) The traces on C are the closed convex hull of traces of the form t(w(a) -) fort € T(By) anda € Ay
with T(mw(a)) = 1.

First, we discuss two preliminary results, which originate from [Bosa et al. 2019a, Lemmas 3.20
and 3.22] and were generalised in [Castillejos et al. 2019, Lemmas 4.3 and 4.6], where the newly
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discovered CPoU was used in place of the earlier methods that required further assumptions on 7 (B).
Both results are proven by checking that these lemmas approximately hold for 7z, (B®)” for any trace in
7 € T,,(B)"*, which in turn follows from the fact that 77, (B®)” is a finite von Neumann algebra, and then
using CPoU to patch local solutions together. In [loc. cit.], these results are stated for B unital, but the
proofs do not make use of the unit. They only require that 7' (B) is compact, as this guarantees that B is
unital [loc. cit., Proposition 1.11].

Lemma 5.6 (cf. [Castillejos et al. 2019, Lemma 4.3)]). Let B be a separable C*-algebra with Q?(B) =
Tb(B) # 0 and T (B) compact. Suppose B has CPoU. Let S C B® be a || - ||2,1,(B)-Separable and self-
adjoint subset, and let p be a projection in the centre of B® N S’. Then p(B® N S’) has strict comparison
of positive elements by bounded traces.

Proposition 5.7 (cf. [Castillejos et al. 2019, Lemma 4.6]). Let B be a separable C*-algebra with QT(B) =
Tb(B) # 0 and T (B) compact. Suppose B has CPoU. Let A be a separable, unital, nuclear C*-algebra
and ¢ : A — B® a*-homomorphism. Set C := B N ¢(A) N {1go — p(14)}*. Define Ty to be the set of
all traces on C of the form t(¢(a) - ), where T € T(B®) and a € A satisfies T(¢(a)) = 1.

Suppose z € C is a contraction and § > 0 satisfies |p(z)| <6 forall p € Ty. Write K :=12-12- (14 6).

Then there exist contractions w, X1, ..., X10, Y1, - - -, Y10 € C such that
10
z=0w+K Y [xi. il (5-18)

i=1
In particular, T (C) is the closed convex hull of Ty.

With these preparatory results now established, we explain how to adapt the original proof of [Bosa
et al. 2019a, Theorem 4.1] to prove Theorem 5.5.

Proof of Theorem 5.5. For (i), the proof of [loc. cit., Theorem 4.1(i)] still works in our situation with the
following minor modifications. We use Lemma A.4 instead of [loc. cit., Lemma 1.18], Proposition 5.4 in
place of [loc. cit., Lemma 4.4] and Lemma A.5 in place of [loc. cit., Lemma 1.19].

Similarly, for (ii) we use the proof from [loc. cit., Lemma 3.20] with the following modifications. Since
B is Z-stable, any matrix algebra embeds into B N7 (A) N{c} [Castillejos et al. 2019, Proposition 2.3].
We use Lemma 5.6 to see that C has strict comparison of positive elements by traces in place of [Bosa
et al. 2019a, Lemma 3.20], and [Castillejos et al. 2019, Lemma 1.8] in place of [Bosa et al. 2019a,
Lemma 3.10].

In the same vein, (iii) follows from (i), [Castillejos et al. 2019, Lemma 1.5], and Proposition 5.7. [

5D. Unitary equivalence of totally full positive elements. The main theorem of this section is a nonunital
version of the classification of totally full positive elements up to unitary equivalence in relative commutant
sequence algebras obtained in [Bosa et al. 2019a, Lemma 5 1).10

Let us begin by stating the following lemma which can be proved in exactly the same way as [Bosa
et al. 2019a, Lemma 5.3] since the Robert—Santiago argument [2010] at the core of the proof has no

10Recall that a nonzero h € C is totally full if f(h) is full in C for every nonzero f € Cy((0, ||2|]])+ [Bosa et al. 2019a,
Definition 1.1].
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unitality hypothesis. All that is required is to formally replace all occurrences of 1p, with 1p~, and
replace [Bosa et al. 2019a, Lemma 1.17] with Lemma A.3, [loc. cit., Lemma 2.2] with Lemma A.8, and
[loc. cit., Lemma 5.4] with Lemma A.9.

Lemma 5.8 (cf. [Bosa et al. 2019a, Lemma 5.3]). Let B be a separable, Z-stable C*-algebra and let A
be a separable, unital C*-algebra. Let m : A — B, be a c.p.c. order-zero map such that

C:=B,Nm(A) N{lg —w(1)}" (5-19)
is full in B,,.

Assume that every full hereditary subalgebra D of C satisfies the following: if x € D is such that there
exist totally full elements e;, e, € Dy such that e;x = xe, = 0, then there exists a full element s € D such
that sx = xs = 0.

Let a, b € Cy be totally full positive contractions. Then a and b are unitarily equivalent in C™ if and
only if for every f € Co(0, 114, f(a) is Cuntz equivalent to f(b) in C.

With this lemma in hand, we can now prove the main theorem of this section.

Theorem 5.9 (cf. [Bosa et al. 2019a, Theorem 5.1]). Let B be a separable, Z-stable C*-algebra with
QT(B) =T,(B) # 0. Let A be a separable, unital C*-algebra and let w : A — By, be a c.p.c. order-zero
map such that

C:=B,Nrm(A) N{lg —m(1)}" (5-20)

is full in B,, and has strict comparison of positive elements with respect to bounded traces.
Let a, b € C4 be totally full positive elements. Then a and b are unitarily equivalent in C™ if and only
if t(a*) = Tt (b*) for every t € T(C) and k € N.

Proof. Let a, b € C.. be totally full positive elements satisfying 7 (a¥) = 7 (b*) for every 7 € T(C) and
k € N. Without loss of generality, assume that a and b are contractions.

After replacing [Bosa et al. 2019a, Lemma 1.22(iv)] with Lemma A.6(iv), part (i) of the proof of
[loc. cit., Theorem 5.1] shows that the technical hypothesis of Lemma 5.8 is satisfied for every full
hereditary subalgebra D € C. The argument of part (ii) of the proof of [loc. cit., Theorem 5.1] then
shows that f(a) is Cuntz equivalent to f(b) for all f € Cy(0, 1]4+. (This part of the proof of [loc. cit.,
Theorem 5.1] does not make any use of the unit; only strict comparison is needed.) By Lemma 5.8, a and
b are unitarily equivalent by unitaries in C~. The converse is straightforward. g

5E. Proof of the uniqueness theorem. We now have all the ingredients we need for the proof of
Theorem 5.1.

Proof of Theorem 5.1. By hypothesis, ¢1(14) € B is a projection. Hence d; (¢1(14)) = t(¢1(14))
and we immediately can conclude that the map 7 +— d; (¢1(14)) is continuous. Similarly, by (5-1), the
map 7 — d;(¢2(14)) is continuous. Hence, by Lemma A.1, there exist supporting order-zero maps
(;31, qAﬁz : A — B, such that

T(¢i(a)) = 1mez(¢i1/m(a)), acA, teTy(B), i=1,2, (5-21)
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and the maps éi : A — B® are *-homomorphisms. In particular,
A 5-1
T(¢2(a)) R T(¢1(a)), ac€A, teT,(B). (5-22)

By Proposition 1.12, B, has stable rank one in B, . Thus, we may use the 2 x 2 matrix trick
(Proposition 5.2). Recall ¥ (a) := ¢;(a) ® k and define 1}1, 1}2 A —> (B® 2), by @i (a) = ¢3,~ (a)®1z,
with i =1, 2. It is immediate that 1/Afi is a supporting order-zero map for v;. Then define v : A — M (B,,) €

M;((B ® 2),) by )
_ (@ 0 ]
w(a) = ( 0 &2(61)) , acA, (5-23)

and set C := M((B® 2),) N (A)' N {Imy(Bo2);) — 7(14)} We will show that

__(¥1(14) O (0 0
/11 = ( 0 0) and h2 = (O Wz(lA)>

are unitarily equivalent in C™. For nonzero a € A, observe that

Yi(a) O 1&1((1) 0 _
0< ( 0 0) < ( 0 @2(@)) =m(a), (5-24)

and using that ¥r{(a) is full in (B ® 2),, since ¢ (a) is full, we conclude that 7 (a) is full in Mr((B® Z),,).
By construction, the induced map 7 : A — M>(B®) is a *-homomorphism. Thus, by Theorem 5.5, C has
strict comparison.

Notice that 4| € C is full in M»(B,), and hence C is also full in M»(B,). Let p be a trace on C of
the form 7 (7 (x)-), where 1 € T(M>((B ® £),)),x € A4 and t(7(x)) = 1. Set a trace T on B, by
T(b) :=1(1y, ®b® 1z). Thus, as in [Bosa et al. 2019a, Theorem 5.5, equation (5.41)],

p(h]") =3t2(K") = p(hy), meN. (5-25)

By Theorem 5.5, equation (5-25) holds for any trace on C.

A standard strict comparison argument shows that f (k1) and f (hy) are full in C for any f € Cy(0, 1],
so hy and h; are totally full. By Theorem 5.9, A is unitarily equivalent to /1, in C™~. By the 2 x 2 matrix
trick (Proposition 5.2), yr; and v, are unitarily equivalent in (B ® Z)_. (|

6. Nuclear dimension and Z-stability
In this section, we prove Theorems A and B, and deduce Corollaries C and D.

Theorem 6.1. Let A be a simple, separable, nuclear and Z-stable C*-algebra. Then dimy,. A < 1.

Proof. By Theorem 2.7, either A is stably isomorphic to a unital C*-algebra B, or A is stably isomorphic
to a stably projectionless C*-algebra Ay with QT(AO) = Tb (Ag) # 0 and T (Ap) compact.

The stably unital case follows immediately from [Castillejos et al. 2019, Theorem B] together with
Proposition 2.3. Indeed, if A is stably isomorphic to a unital C*-algebra B, then B is also simple, separable,
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nuclear and Z-stable by Proposition 2.3. Hence, dimp,c B < 1 by [loc. cit., Theorem B]. Therefore,
dimyyc A < 1 by a second application of Proposition 2.3.

We now consider the case when A is stably isomorphic to a stably projectionless C*-algebra Ay with
Qf(Ao) = Tb (Ap) # 0 and T (Ag) compact. By Proposition 2.3, Ay is simple, separable, nuclear and
Z-stable. Since Ay is stably projectionless and Z-stable, A¢ has stable rank one in A;” by Theorem 1.10.
Furthermore, Ag has CPoU by Theorem 1.14.

In light of Proposition 2.3, it suffices to prove that dimp,c Ag < 1. We now show this using the same
fundamental strategy of [Bosa et al. 2019a] (taking into account the modification introduced in [Castillejos
et al. 2019]). We shall estimate the nuclear dimension of the first factor embedding j : Ag - A9 ® Z,
j(x) =x ® 1z, in the sense of [Tikuisis and Winter 2014, Definition 2.2]. Since Ag is Z-stable and Z is
strongly self-absorbing, we have dimy,.(Ag) = dimy,(j); see [loc. cit., Proposition 2.6].

Let:: Ag — (Ag), be the canonical embedding. Let & be a strictly positive contraction in Ay, and
let (e,)nen be the approximate identity given by e, := h'/". Then lim,_ o T(e,) = 1 for all T € T (A).
Since T (Ag) is compact, ot € T(Ag) for all t € T,,(Ap) and so for all T € T, (Ag)”* It follows that

lim z(u(ey)) =1, 7 eT,(A)™. (6-1)

Thus applying Lemma 4.1, we obtain a c.p.c. order-zero extension ¢~ : Ay — (Ag), With ‘L’(tN(IAa)) =1
for all T € T,,(Ag)"™*. Writing 1™ : A’ — A{ for the induced map into the uniform tracial ultrapower, we
observe that 1 Aw — (1 AE) is a positive element in Af that vanishes on all limit traces and so must be
zero. Hence, (™ is a unital c.p.c. order zero map and so must be a unital *~-homomorphism.

Let (¢, : Ag — Ao),o, be the sequence of c.p.c. maps constructed in Lemma 3.2, which factorize as
N, 06, through finite-dimensional algebras F), as in (3-7). By construction, the induced map ®: Ag — (Ap)w
is c.p.c. order-zero and the induced map ® : Ag — Ag agrees with the diagonal inclusion 7: Ag — A It
follows that T 0 ® = 7 o for all 7 € T,,(A)**. Hence,

lim 7(®(e,)) =1, 7eT,(A)™. (6-2)

Therefore, applying Lemma 4.1 again, we obtain a c.p.c. order-zero extension @~ : Ay — (Ag), With
(@7 (14;)) =1forall r € T, (Ao)™* Arguing as before, &~ : Ay — A is a unital *-homomorphism.
In fact, we have &~ = (™ since both maps agree on Ag by construction and are unital.

We are almost ready to apply Theorem 5.1 to the c.p.c. order-zero maps ¢~ and ®~. We observe that Ag
is a simple, separable, Z-stable with CPoU, stable rank one in A, QT(AO) = Tb(AO) %0, and T (Ap)
compact; that Ay’ is unital, separable and nuclear; and that both maps induce a unital *-homomorphism
1~ =0~ : Ay — AY. Since ;~ = ®~ and both maps are *-homomorphisms, we have

Tot=t1t0®", t1€T,(A)"", meN. (6-3)

The tracial condition (5-1) follows because T,,(Ag) is dense in T'((Ag),) by Theorem 1.7.

Before we may apply Theorem 5.1, we must show that ™ (x) is full for all nonzero x € A;. By
Proposition 1.5, Ay has strict comparison by bounded traces because Ag is simple, separable, Z-stable
and QT(AO) = fb(Ao) = 0. Hence, (Ap),, has strict comparison in the sense of Lemma A.10.
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Using that Ag is simple and T (Ao) is compact, the minimum y,, :=min;e74) T(a) exists and is strictly
positive for any nonzero a € (Ag)+,1. Since T ot € T(Ap) forany v € T, (Ao)™* we have d (t(a)) > Ya
for any 7 € T,,(Ag)™* Hence, t(a) is full in (Ag), using Lemma A.10.

For any nonzero x € Ay, the ideal I, of A generated by x contains a nonzero positive contraction
a € Ay 1. A simple computation using supporting order-zero maps shows that the ideal of (Ag),, generated
by ¢~ (x) contains ¢~ (/,), which is full since it contains the full element (™ (a). Hence, (™ (x) is full
in (Ap)e-

Fix a positive contraction k € Z, of full spectrum. Applying Theorem 5.1 to the maps ¢~ and &7, we
obtain unitaries w®, w® € (49 ® 2)., such that

x®k=w?®x) kw*, (6-4)
x®@(Uz—k)=wP( @)Uz —kHwP*, xeA. (6-5)

Choose representing sequences (w,(zo))j;O , and (w,(ll))fl<> , of unitaries in (A9 ® Z)~ for w@ and w®,

respectively. We have c.p.c. maps 6, ®6,, : Ay —> F, ® F,and i, : F, & F,, > Ao ® Z, where

iin (30, Y1) 1= w2 (1, (30) @ )w* +wP (n,(y1) ® (12 — k) wP*. (6-6)

Hence, j(x) is the limit, as n — o, of (7, o (6, ® 6,)(x));2, and, since 7, is the sum of two c.p.c.
order-zero maps, dimp,c(j) < 1. Ol

Theorem 6.2. Let A be a nonelementary, simple, separable, nuclear C*-algebra. Then A has finite
nuclear dimension if and only if it is Z-stable.

Proof. Let A be a nonelementary, simple, separable, nuclear C*-algebra. If A is Z-stable, then
dimpuc(A) < 1 < 0o by Theorem 6.1. Conversely, if dimy,.(A) < oo, then A is Z-stable by [Tikuisis
2014, Theorem 8.5] O

Corollary 6.3. The nuclear dimension of a simple C*-algebra is 0, 1 or oo.

Proof. Let A be a simple, separable C*-algebra with finite nuclear dimension. Then, in particular, A
is nuclear. If A is elementary, then dimy,.(A) = 0; otherwise, A is Z-stable by Theorem 6.2. Hence,
dimpyc(A) < 1 by Theorem 6.1. The nonseparable case follows from the separable one as in the proof of
[Castillejos et al. 2019, Corollary C]. U

In [Elliott 1996, Theorem 5.2.2], a stably projectionless, simple, separable, nuclear C*-algebra with
a unique trace, Ko = Z and K| = 0 is constructed as a limit of 1-dimensional noncommutative CW
complexes. By [Gong and Lin 2017, Theorem 1.4], there is a unique C*-algebra with these properties
that has finite nuclear dimension and satisfies the UCT. This C*-algebra is denoted by Z( [Gong and Lin
2017, Definition 8.1], reflecting its role as a stably projectionless analogue of the Jiang—Su algebra Z. An
important further property of Z(, which follows from its construction, is that Z is Z-stable [Gong and
Lin 2017, Remark 7.3, Definition 8.1].

It has recently been shown that simple, separable C*-algebras which satisfy the UCT and have finite
nuclear dimension are classified up to stabilisation with Zy by the Elliott invariant [Gong and Lin
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2017, Theorem 1.2]. The appropriate form of the Elliott invariant in this setting is detailed in [loc. cit.,
Definition 2.9]. In light of the main result of this paper, we can weaken the hypothesis of finite nuclear
dimension in [loc. cit., Theorem 1.2] to that of nuclearity.

Corollary 6.4 (cf. [Gong and Lin 2017, Theorem 1.2]). Let A and B be simple, separable, nuclear
C*-algebras which satisfy the UCT. Then

ARZY=EB®Zy ifandonlyif EI(A® Zy) =EI(BQ Zy).

Proof. Since A and Zj are simple, separable and nuclear, so is A® Zy. Using that 2 is Z-stable, it follows
that A ® 2 is Z-stable. Therefore, dimy,c A ® Zy < 1 by Theorem A. Similarly, dimy,c B ® Zy < 1. The
result now follows from [Gong and Lin 2017, Theorem 1.2]. O

7. Decomposition rank and Z-stability

Using the machinery developed to prove Theorem A, we can also prove similar results for the decomposi-
tion rank of simple Z-stable C*-algebras under suitable finiteness and quasidiagonality assumptions. To
this end, we recall the definition of quasidiagonality for tracial states.

Definition 7.1 (cf. [Brown 2006, Definition 3.3.1]). Let A be a C*-algebra. A tracial state T € T (A) is
quasidiagonal if there exists a net!! of c.p.c. maps ¢, : A — M, (C) with ||¢,(ab) — ¢, (a)p,(b)|| — O
and try, (¢, (a)) — t(a).

In the unital case, the c.p.c. maps in Definition 7.1 can be taken to be unital (see the proof of [Brown and
Ozawa 2008, Lemma 7.1.4]). Moreover, a trace T € T (A) is quasidiagonal if and only if its extension to
A" is quasidiagonal [Brown 2006, Proposition 3.5.10]. We write T p(A) for the set of all quasidiagonal
tracial states on A.

We can now state a decomposition-rank version of Theorem A.

Theorem 7.2. Let A be a simple, separable, nuclear and Z-stable C*-algebra. Suppose further that A is
stably finite and that T (B) = T p(B) for all nonzero hereditary subalgebras B C A ® K. Then dr(A) < 1.

Proof. By Theorem 2.7, either A is stably isomorphic to a unital C*-algebra B, or A is stably isomorphic
to a stably projectionless C*-algebra Ao with QT(AO) = fb(Ao) # 0 and T (Ag) compact.

In the first case, B is simple, separable, nuclear and Z-stable by Proposition 2.3. Moreover, B is finite
and T'(B) = Top(B) by our additional hypotheses on A. Hence dr(B) < 1 by [Castillejos et al. 2019,
Theorem B]. By Proposition 2.3 once more, dr(A) < 1.

In the second case, we have that T (Ag) = Top(Aop) by our additional hypotheses on A, so in the proof
of Theorem 6.1 the maps 6, from Lemma 3.2 can be taken to be approximately multiplicative. Therefore,
dr(Ap) <1 by [Bosa et al. 2019b, Lemma 1.9]. Hence, dr(A) < 1 by Proposition 2.3. O

Remark 7.3. If A is a simple, separable, nuclear C*-algebra in the UCT class, then T(B) =T (B)op for
all hereditary subalgebras B € A ® K by [Tikuisis et al. 2017, Theorem A] since the UCT class is closed
under stable isomorphism.

HWhen A is separable, one can work with sequences instead of general nets.
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As with nuclear dimension, we obtain a trichotomy result for decomposition rank as a corollary of
Theorem 7.2.

Corollary 7.4. The decomposition rank of a simple C*-algebra is 0, 1 or oo.

Proof. Elementary C*-algebras have decomposition rank zero and so are covered by this result.

Let A be a nonelementary, simple, separable C*-algebra with finite decomposition rank. Then A has
finite nuclear dimension, and so is Z-stable by [Tikuisis 2014, Corollary 8.6]. Since dr(A) < oo, A is
stably finite and 7' (A) =Ty p(A).'2 Moreover, by Corollary 2.2 and Proposition 2.3, dr(B) = dr(A) < oo
for any nonzero hereditary subalgebra B € A ® [<. Therefore, we have T(B) = Top(B). Now, dr(A) <1
by Theorem 7.2.

The nonseparable case follows from the separable case as in the proof of [Castillejos et al. 2019,
Corollary C] since the proof of [Winter and Zacharias 2010, Proposition 2.6] works equally well for
decomposition rank. (|

Appendix: Nonunital lemmas

The purpose of this appendix is to state appropriate nonunital versions of the technical lemmas from
[Bosa et al. 2019a]. In cases where substantial modifications to the proof are required, we give full details.
In cases where the modifications are trivial, we refer the reader to the proof of the corresponding result
from [loc. cit.] and explain the modifications in a remark.

We begin with the existence of supporting order-zero maps.

Lemma A.1 (cf. [Bosa et al. 2019a, Lemma 1.14]). Let A, B, be C*-algebras with A separable and
unital, set B, :=[], By, and suppose that S C B,, is separable and self-adjoint. Let ¢ : A — B, NS’ be

a c.p.c. order-zero map. Then there exists a c.p.c. order-zero map qS : A — B, NS such that
¢(ab) = p(@)$(b) = p(@(b), a.be A. (A-1)

Suppose now that T (By,) is nonempty for all n € N. If the map t — d(¢(14)) from T,(B,)"* to
[0, 1] C R is continuous (with respect to the weak*-topology) then we can, in addition, arrange that

1(§(@) = lim 7(¢!/"(@). a€ A TEeT,(B). (A-2)

where order-zero map functional calculus is used to interpret ¢!/ In this case, the induced map

dA) : A — B® is a *-homomorphism.

Remarks. The proof of [Bosa et al. 2019a, Lemma 1.14] only actually requires continuity of T+ d; (¢ (14))
on T,(B,)"* (as opposed to T (B,)) and T, (B,)"* is compact in the nonunital case too. There is no
further use of the unitality of the B, in the proof of [loc. cit., Lemma 1.14]. O

120ne can reduce to the unital case because dr(A) = dr(A™) [Kirchberg and Winter 2004, Proposition 3.4]. Then T (A) =
Top(A) by [Bosa et al. 2019a, Proposition 8.5]. Stably finiteness of A follows from [Kirchberg and Winter 2004, Proposition 5.1]
and [Brown and Ozawa 2008, Theorem 7.1.15] for example.
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We now record some more straightforward applications of the Kirchberg’s epsilon test. These results
are almost identical to those proven in [Bosa et al. 2019a, Section 1]. However, we shall need slightly
more general statements because we wish to apply them to the algebras of the form B, N S' N {15~ — d)*.

Lemma A.2 (cf. [Bosa et al. 2019a, Lemma 1.16]). Let (B,);2 | be a sequence of C*-algebras and set
By, :=[1, Bn- Let Sy, Sy be separable self-adjoint subsets of B,,, and let T be a separable subset of
B,NSN Szl. Then there exists a contraction e € (B, N S| N SZL)Jr that acts as a unit on T, i.e., such that
et =te=tforeveryt eT.

Remarks. The only change to the statement is that Sy, S> are subsets of B, (as opposed to B,,). The proof
is not affected. U

Lemma A.3 (cf. [Bosa et al. 2019a, Lemma 1.17]). Let (B,);2 | be a sequence of C*-algebras and set
B, :=1], Bn. Let Si, S be separable self-adjoint subsets of B,,, and set C := B, N S| N Sj‘.

(1) Let hy, hy € Cy. Then hy and hy are unitarily equivalent via a unitary from C™ if and only if they are
approximately unitarily equivalent; i.e., for any € > 0 there exists a unitary u € C~ with uhju* ~¢ h;.

(ii) Let a € C. Then there exists a unitary u € C™ with a = ula| if and only if for each € > 0 there exists
a unitary u € C~ with a =~ ulal.

(iii) Let hy, hp, € Cy. Then hy and hy are Murray—von Neumann equivalent if and only if they are
approximately Murray—von Neumann equivalent; i.e., for any € > 0 there exists x € C with xx™ ~¢ h
and x*x ~. hy.

Remarks. The statement of [Bosa et al. 2019a, Lemma 1.17] uses the convention that C™ := C when C is
already unital. In this paper, we use the convention that a new unit is still adjoined, so C~ = C & C when
C is unital. The choice of convention does not affect the validity of the lemma.'?® Apart from this, the
only change to the statement is that S, S, are subsets of B, (as opposed to B,,), which does not affect
the proof. U

Lemma A.4 (cf. [Bosa et al. 2019a, Lemma 1.18]). Let (B,):2, be a sequence of C*-algebras with T (B,,)
nonempty for each n € N. Write B, := [ [, Bn. Let So be a countable self-adjoint subset of (By,)+ and let
T be a separable self-adjoint subset of B,. If x, f € (B, NS, NT"), are contractions with x < f and
with the property that for all a € Sy there exists y, > 0 such that T(af™) > y, forallm e N, 7 € T,(By),
then there exists a contraction [’ € (B, NS,NT") such that x < f' < f and t(a(f')") = y, for all
meN, teT,(B,),anda € Sy.

If each By, is simple, separable, Z-stable and Q?(Bn) = T,(By) # 0 for all n € N, then the above
statement holds with T (B,) in place of T,,(B).

Remarks. The only change to the proof of [Bosa et al. 2019a, Lemma 1.18] is to replace min.c7(p,) with
infre7(B,) in [loc. cit., equation (1.34)], as the minimum need not exist in the nonunital case. The final sen-
tence follows since T, (B,,) is weak*-dense in T, (B,,) under the additional hypotheses by Theorem 1.7. [J

BEor example, if C is unital, 41, h, are unitary equivalent in C if and only if they are unitary equivalent in C & C.
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Lemma A.S (cf. [Bosa et al. 2019a, Lemma 1.19]). Let (By);2 | be a sequence of separable C*-algebras
with T (B,) # @ for each n € N and set B, :=[], B,. Let A be a separable, unital C*-algebra and let
w:A— B, beac.p.c. order-zero map such that 7w (1,) is full and the induced map 7w : A — B® is a
*-homomorphism. Define C := B, N7 (A) N {lp> — 7(1a)}: Let S € C be a countable self-adjoint
subset and let S denote the image of S in B®:

(i) Then the image of C N S’ in B® is precisely
7 (1) (B®N7(A) NS) = B*N7(A) NS N{lpey —a(1)}, (A-3)

a C*-subalgebra of B® with unit 7w (1,).

(i) Let T € T,(By) be a limit trace and a € A+ and form the tracial functional p == t(7w(a)-) on C.
Then ||p|| = t(w(a)). If each B, is additionally simple, Z-stable and Q?(Bn) = Tb(Bn) %0 for all
n € N, then this holds for all traces T € T (By).

Remarks. The proof of [Bosa et al. 2019a, Lemma 1.19] does not need the B, to be unital. Note that
the notation {1~ — (1 D s just an alternative notation for subalgebra on which 7 (14) acts as a unit,
and similarly for {Igey~ — (1 A)}*. The final sentence of (ii) follows since T, (B,,) is weak*-dense in
T,(B,) under the additional hypotheses by Theorem 1.7. O

Next, we consider some properties of ultraproducts of separable, Z-stable C*-algebras.

Lemma A.6 (cf. [Bosa et al. 2019a, Lemma 1.22]). Let (B,),en be a sequence of separable, Z-stable
C*-algebras and set B, := ], By. Then:

(1) If S € B, is separable, then there exist isomorphisms ¢, : B, — B, ® Z such that the induced
isomorphism ® : B, — [[,(B,® Z) mapsx € Stox® 1z € (]_[w B,,) ®ZC]][,(B.® 2).

(ii) Let S, S» € B, be separable and self-adjoint. For any separable subset T < B, NS} N Sj, there
exists a c.p.c. order-zero map V : Z — B, NS N 52L N T’ such that ¥ (1z) acts as a unit on T.

(ii") Let S1, S» € B, be separable and self-adjoint. For any separable subalgebra C € B, N S N Sj‘,
there exists a *-homomorphism ¥V : C ® Z — B, NS N SQL such that W (x ® 1z) = x forall x € C.

(iii) If each By, is projectionless, then By, has stable rank one in B .

@iv) If S € B, is separable and self-adjoint, and b € (B, N S') ., then for any n € N there exists
¢ € (B,NS)y with c <b such that n[c] < [b] < (n+ D[c]in W(B,NS).

Proof. Observe that (i) is the same as in [Bosa et al. 2019a, Lemma 1.22(i)] and follows as Z is strongly
self-absorbing.

For (ii), by Lemma A.2, there exists a positive contraction & € B, N S| N S2L that acts as a unit on 7.
Set §:=81USUTU{h}. Let ®: B, — [[, (B, ® Z) be the isomorphism from (i) with ®(x) =x ® 1z
for all x € S. Define a c.p.c. order-zero map ' : Z — [, (B, ® Z) by ¥'(z) := h ® z. By the choice of &,
V¥ (1z) acts as a unit on 7' ® 1 z and the image of ¥ lies in (B, ®1z)N(S1®12)' N(S$H® 12)TN(TR1z).
Now set i/ := ®~ ! o1,
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For (ii’), by part (ii), there exists a c.p.c. order-zero map v : Z — B, N S| N 52L N T’ such that ¥ (1z)
acts as a unit on C. Since Z is nuclear, we can define a c.p.c. order-zeromap ¥ : C® Z — B, NS N SQL
by x ® 2+ x¥(z). Let x;, x, € C and z1, 72 € Z. Then

Vx; @ 2DV (x1 ®@z1) = x1¥ (21)x2¢ (22)
=x1x2¥ (12)¥(2122)
=x1x2V(2122)
= W(x1x2 ®2z122), (A-4)

where we have used the order-zero identity in the second line. Hence, W is in fact a *-homomorphism.
Moreover, we have V(x ® 1z) =x¢(1z) = x forall x € C.
Part (iii) follows by combining Theorem 1.10 with Proposition 1.12.
For (iv), let C be the C*-algebra generated by b. By (ii’), there is a *~-homomorphism ¥ : CQ Z — B,NS".
By [Rgrdam 2004, Lemma 4.2], there exists e, € Z; 1 withn[e,] <[1z] < (n+1)[e,]. Setc: =V (b®e;,).
g

The following lemmas are crucial to the results of [Bosa et al. 2019a, Section 5]. The proof of the first
needs to be adapted slightly to the nonunital setting.

Lemma A.7 (cf. [Bosa et al. 2019a, Lemma 2.1]). Let (B,); | be a sequence of Z-stable C*-algebras
and set By, =[], Bn. Let S C B, be separable and self-adjoint, and let d € (B, N S") 4 be a contraction.
Suppose that x, f € C := B, NS N{1p~ —d}* are such that xf = fx =0, f >0and f is full in C.
Then x is approximated by invertibles in C™.

Proof. By Lemma A.2 (with T := {x*x, xx*}, §| := §, 8 := {1p> —d, f}), we obtain a contraction
e € C, such that xx* x*x < e and ef = 0. Polar decomposition yields ex = xe = x. As in the proof
of [Bosa et al. 2019a, Lemma 2.1], we may find a separable subalgebra Cy of C containing x, e, and f
such that f is full in Cp. By Lemma A.6(ii’), there is a *~-homomorphism ¥ : Cy ® Z — C such that
U(x ® 1z) = x for all x € Cy. By [Robert 2016, Lemma 2.1], x ® 1z is a product of two nilpotent
elements n, ny, € Co® Z. It follows that x = W (x ® 1z) = W (n;)W¥(ny) is the product of two nilpotent
elements in C. If y € C is nilpotent and € > 0, the operator y 4 € 1¢~ is invertible in C™ (with inverse
— Z,iv:l(—e)_k y*=1, where N e N satisfies y¥ = 0). Therefore, x can be approximated by invertible
elements in C™. |

Lemma A.8 (cf. [Bosa et al. 2019a, Lemma 2.2]). Let (B,)> | be a sequence of Z-stable C*-algebras
and set By, =[], Bn. Let S C B, be separable and self-adjoint, and let d € (B, N S") 4 be a contraction.
Suppose that x, s € C := B, NS N{1p~ —d}* are such that xs = sx =0 and s is full in C. Then x is

approximated by invertibles in C™.

Proof. Let Cy be the C*-subalgebra of C generated by x and s. By Lemma A.6(ii’), there exists a
*-homomorphism ¥ : Co ® Z — C with W(y ® 1z) = y for all y € Cy. Let z;, 2o € Z; be nonzero
orthogonal elements. Set s’ := W (s ® z1) and f := ¥(|s| ® z2). As in the proof of [Bosa et al. 2019a,
Lemma 2.2], it follows by Lemma A.7 (with s” in place of x) that s is approximated by invertibles
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in C™. We finish the proof exactly as in the proof of [loc. cit., Lemma 2.2], where we replace [loc. cit.,
Lemma 1.17] with Lemma A.3, and [loc. cit., Lemma 2.1] with Lemma A.7. O

Lemma A.9 (cf. [Bosa et al. 2019a, Lemma 5.4] and [Robert and Santiago 2010, Lemma 2]). Let B be a
separable, Z-stable C*-algebra and let A be a separable, unital C*-algebra. Let w : A — B, be a c.p.c.
order-zero map such that

C:= Bwﬂﬂ'(A)/ﬂ{IBg—ﬂ(lA)}J' (A-5)

is full in B,,. Assume that every full hereditary subalgebra D of C satisfies the following: if x € D is such
that there exist totally full elements e;, e, € D4 such that e;x = xe, = 0, then there exists a full element
s € D such that sx =xs =0. Lete, f, ', «, B € C4 be such that

a<e, a~B<f, and f~ f <e. (A-6)
Suppose also that there exist d., dy € C4 that are totally full such that

d,<e, d,axa=0,

(A-7)
df < f, df,B =0.

Then there exists ¢’ € C such that
a<e e and a+ée ~pB+f. (A-8)

Remarks. The proof of [Robert and Santiago 2010, Lemma 2] does not assume unitality. The proof
from [Bosa et al. 2019a] is still valid after replacing [loc. cit., Lemma 1.17] with Lemma A.3, [loc. cit.,
Lemma 2.2] with Lemma A.8, and using 1~ in place of 1p,. O

The following lemma concerns the interplay between strict comparison and ultraproducts in the
nonunital setting.

Lemma A.10 (cf. [Bosa et al. 2019a, Lemma 1.23]). Let (B,)52 | be a sequence of C*-algebras with
T (By) nonempty and set B, := [], Bn. Suppose each B, has strict comparison of positive elements
with respect to bounded traces. Then B, has strict comparison of positive elements with respect to limit
traces, in the following sense: if a, b € My (B,)+ for some k € N satisfy d;(a) < d;(b) for all T in the
weak*-closure of T,(By,), then a < b.

Remarks. The proof is identical to that of [Bosa et al. 2019a, Lemma 1.23]. However, it is important to
note that, in the nonunital case, we do not necessarily have that YTBCU)“’* C T(B,), as the later need
not be closed. Indeed, we may have 0 € T,(B,)"* in which case d,(a) < d.(b) cannot hold for all
7 € Ty(By)"™ O

Finally, we record a technical lemma needed for the proof of the main theorem of the property (SI)
section.

Lemma A.11 (cf. [Bosa et al. 2019a, Lemma 4.9]). Let B be a simple, separable, C*-algebra with
Qf(B )= fb(B) # 0. Suppose B has strict comparison of positive elements by bounded traces. Let A be
a separable, unital C*-algebra and let w : A — B, be a c.p.c. order-zero map. Let a € A be a positive
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contraction of norm 1. Then there exists a countable set S C A, \ {0} such that the following holds: if
e,t,he(B,Nw(A)N {1 — w(14)}5) 4 are contractions such that

ecJp, and h<t, (A-9)

and if for all b € S, there exists v, > 0 such that
t(w(b)h) > vy, 1€ T,H(By), (A-10)

then there exists a contraction r € B,, such that
m(@)r=tr=r and r'r=e. (A-11)

Remarks. The proof of [Bosa et al. 2019a, Lemma 4.9] works in our situation using Lemma A.10 in place
of [loc. cit., Lemma 1.23]. O
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