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We present an alternative approach to the theory of free Gibbs states with convex potentials. Instead
of solving SDEs, we combine PDE techniques with a notion of asymptotic approximability by trace
polynomials for a sequence of functions on My (C)Z to prove the following. Suppose 1y is a probability
measure on My (C)Z given by uniformly convex and semiconcave potentials Vy, and suppose that the
sequence D Vy is asymptotically approximable by trace polynomials. Then the moments of jy converge
to a noncommutative law A. Moreover, the free entropies x (1), x (1), and x*(A) agree and equal the limit
of the normalized classical entropies of wy. N
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1. Introduction

1A. Motivation and main ideas. Since Voiculescu [1993; 1994; 1998] introduced the free entropy of a
noncommutative law, a number of open problems have prevented a satisfying unification of the theory
(as explained in [Voiculescu 2002]). The free entropy x was defined by taking the limsup as N — o0
of the normalized log volume of the space of microstates, where the microstates are certain tuples of
N x N self-adjoint matrices having approximately the correct distribution. It is unclear whether using the
lim inf instead of the lim sup would yield the same quantity. Voiculescu also defined a nonmicrostates
free entropy x* by integrating the free Fisher information of X +¢!/2S, where S is a free semicircular
family free from X, and conjectured that y = x*

Biane, Capitaine, and Guionnet [Biane et al. 2003] showed that x < x* as a consequence of their large
deviation principle for the GUE (see also [Cabanal Duvillard and Guionnet 2001]). The proof relied

MSC2020: primary 46L.53; secondary 35K10, 37A35, 46L52, 46L.54, 60B20.
Keywords: free entropy, free Fisher information, free Gibbs state, trace polynomials, invariant ensembles.

2289


http://msp.org/apde/
https://doi.org/10.2140/apde.2020.13-8
http://msp.org

2290 DAVID JEKEL

on stochastic differential equations relative to Hermitian Brownian motion and analyzed exponential
functionals of Brownian motion. Recent work of Dabrowski [2016] combined these ideas with stochastic
control theory and ultraproduct analysis in order to show that x = x* for free Gibbs states defined by a
convex and sufficiently regular potential. This resolves this part of the unification problem for a significant
class of noncommutative laws.

This paper will prove a result similar to Dabrowski’s using deterministic rather than stochastic methods.
We want to argue as directly as possible that the classical entropy and Fisher’s information of a sequence
of random matrix models converge to their free counterparts. Let us motivate and sketch the main ideas,
beginning with the heuristics behind Voiculescu’s nonmicrostates entropy x ™.

Consider a noncommutative law A of an m-tuple and suppose A is the limit of a sequence of random
N x N matrix distributions px given by convex, semiconcave potentials Vy : My (C)g; — R. Let o; v be
the distribution of m independent GUE matrices which each have normalized variance ¢, and let o; be
the noncommutative law of m free semicircular variables which each have variance ¢. Let Vi ; be the
potential corresponding to the convolution wuy * o; y. The classical Fisher information Z satisfies

a1
dt N2

and from this we deduce that

1
hGux +000) = 305 i x0u) = [ 1DV ) dy 01,1000,

1 m 1 m 1 m
— M log N = & <___z ) ™ og2re.
As N — oo, we expect the left-hand side to converge to the microstates free entropy x (1) because the
distribution wy should be concentrated on the microstate spaces of the law A. On the other hand, we
expect the right-hand side to converge to the Voiculescu’s nonmicrostates free entropy x *(A) defined by

x*0) = % /(1%; — D aaat)) dr+ 7 log2re,

where ®* is the free Fisher information and H denotes the free convolution [Voiculescu 1998].

Under suitable assumptions on Vy, the microstates free entropy x(X) is the lim sup of normalized
classical entropies of py. On the right-hand side, we want to show that N STy * orn) —> O*(AHoy)
for all r > 0. Since the Fisher information is the L(uy) norm squared of the score function or (classical)
conjugate variable DVy ;(x), we want to prove that the classical conjugate variables DVy ;(x) behave
asymptotically like the free conjugate variables for A H o; for all ¢.

This would not be surprising because classical objects associated to invariant random matrix ensembles
often behave asymptotically like their free counterparts. For instance, Biane [1997] showed that the
entrywise Segal-Bargmann transform of noncommutative functions evaluated on N x N matrices can
be approximated by the free Segal-Bargmann transform computed through analytic functional calculus.
Similarly, Guionnet and Shlyakhtenko [2014, Theorem 4.7] showed that classical monotone transport
maps for certain random matrix models approximate the free monotone transport. Moreover, Dabrowski’s
approach [2016] to proving x = x* involved constructing solutions to free SDEs as ultraproducts of the
solutions to classical SDEs.
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In Section 3D, we make precise the idea that a sequence of functions on My (C)7: has a “well-defined,
noncommutative asymptotic behavior” by defining asymptotic approximability by trace polynomials
(Definition 3.24). We assume that DV at time zero has the approximation property and must show that
the same is true for DVy , for all ¢.

First, we show that this property is preserved under several operations on sequences, including
composition and convolution with the Gaussian law oy ; (see Section 3D). Then in Section 6 we analyze
the PDE that describes the evolution of Vi ;. We show that for all ¢ the solution Vy ; can be approximated
in a dimension-independent way by applying a sequence of simpler operations, each of which preserves
asymptotic approximability by trace polynomials. In other words, if the initial data D Vy is asymptotically
approximable by trace polynomials, then so is D Vy ;, and hence we obtain convergence of the classical
Fisher information to the free Fisher information.

This proves the equality x (A) = x*(A) whenever a sequence of log-concave random matrix models uy
converges to A in an appropriate sense (Theorem 7.1). Another result (Theorem 4.1), proved by similar
techniques, establishes sufficient conditions for a sequence of log-concave random matrix models @y to
converge in moments to a noncommutative law A, so that Theorem 7.1 can be applied. As a consequence,
we show that y = x* for a class of free Gibbs states.

1B. Main results. To fix notation, let My (C)7; be space of m-tuples x = (x1, ..., x,,) of self-adjoint
N x N matrices and let || x|, = (ZJ IN(x/.z))lﬂ, where T;y = (1/N) Tr. We denote by || x || the maximum
of the operator norms ||x;||. Recall that a trace polynomial f(xy, ..., x,) is a linear combination of terms
of the form
n
p@) [ ] z(pi0),
j=1
where p and p; are noncommutative polynomials in x1, ..., x,, (see Section 3A).

Consider a sequence of potentials Vy : My (C)g, — R such that Vy(x) — (c/2) ||x||% is convex and
Vn(x)—(C/2)|x ||% is concave for some 0 < ¢ < C. Define the associated probability measure py by

dﬂN(x)=Le_N2VN(x)dx, ZN:f e NIV gy

Zy My ©)1,
Assume that the sequence of normalized gradients D Vy (x) = NV Vy(x) is asymptotically approximable
by trace polynomials in the sense that for every € > 0 and R > O there exists a trace polynomial f(x)
such that

limsup sup [[DVy(x)— f(x)ll2 <e,

N—>oo |xlle=<R
where || x || o denotes the maximum of the operator norms of the x;. Also, assume that f (x—ty(x))duyx)
is bounded in operator norm as N — oo (it will be zero if py is unitarily invariant or has expectation
zero). In this case, we have the following:

(1) There exists a constant Ry such that uy (||x||ecc = Ro+ ) < me=<N¥/2 for § > 0.
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(2) There exists a noncommutative law A such that

lim / v (p()) dpen () = A(p)

for every noncommutative polynomial p.

(3) The measures uy exhibit exponential concentration around A in the sense that

. 1
lim —>logun([xllc <R, |tn(p(x)) —A(p)| =3) <0
N—oo N

for every R > 0 and every noncommutative polynomial p.

(4) The law A has finite free entropy and we have
() = x(0) = x*() = lim i(h( )+ log V)
xQ) =W =x"W = lim =7 (h(uy) + 5 logN ),

where x and x are respectively the lim sup and lim inf versions of microstates free entropy, x* is the
nonmicrostates free entropy, and / is the classical entropy.

(5) The same holds for py * oy x and AH oy, where o, x is the law of m independent GUE matrices with
variance t and o; is the law of m free semicircular variables with variance ¢.

(6) The law A has finite free Fisher information. If 7 is the classical Fisher information and ®* is the
free Fisher information, then

. 1
Nll_f)noo WI(MN xop ) =P (AHoy).

(7) The functions ¢ — (1/N3)Z(un * o n) and t — ®* (L Ho;) are decreasing and Lipschitz in ¢ with
the absolute value of the derivative bounded by C 2m(14Ct)~2.

Claims (1) and (3) are standard concentration estimates (see Section 2E), which we do not prove in this
paper, but we include them in the statement to clarify the big picture. Claim (2) is proved in Theorem 4.1,
which is similar to the earlier results [Guionnet and Shlyakhtenko 2009, Theorem 4.4; Dabrowski et al.
2016, Proposition 50 and Theorem 51; Dabrowski 2016, Theorem 4.4]. Claims (4) through (7) come
from Theorem 7.1, which is similar to [Dabrowski 2016, Theorem A].

In particular, we recover [Dabrowski 2016, Theorem A] that x (1) = x (A) = x™(X) when the law XA
is a free Gibbs state given by a sufficiently regular convex noncommutative potential V (X), because
taking Viy = V will define a sequence of random matrix models py which concentrate around the
noncommutative law A.

Unlike Dabrowski, we do not provide an explicit formula for (d/dt)® (A Ho;). However, we are able
to prove that ®(A B o) is Lipschitz in ¢ rather than merely having a derivative in L?(d¢) (and hence
being %—Hb’lder continuous) as shown by Dabrowski. Our results also allow slightly more flexibility in
the choice of random matrix models, so that we do not have to assume that Vy is given by exactly the
same formula for every N or that Vi is exactly unitarily invariant.
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1C. Organization of paper. Section 2 establishes notation and reviews basic facts from noncommutative
probability and random matrix theory.

Section 3 defines the algebra of trace polynomials and describes how they behave under differentiation
and convolution with Gaussians. We then introduce the notion that a sequence {¢y} of functions
My(C) — My(C)Z of C is asymptotically approximable by trace polynomials. We show that this
approximation property is preserved under several operations including composition and Gaussian
convolution.

Section 4 proves Theorem 4.1 concerning the convergence of moments for the measure py (claims
(1)-(3) of Section 1B). We evaluate f u duy for a Lipschitz function u as lim,_, o T,VN u, where TtVN is the
semigroup such that u, = TtVN u solves the equation d;u, = 2N Y 'Au; — DV -Vu,. We approximate TtVN
by iterating simpler operations in order to show that if NVV,, and uy are asymptotically approximable
by trace polynomials, then so is T,VN uy, and hence that limy _, o f uy duy exists.

Section 5 reviews the definitions of free entropy and Fisher’s information. We also show that the
microstates free entropies x (1) and x () are the lim sup and liminf of normalized classical entropies
of uy, provided that py concentrates around A and satisfies some mild operator norm tail bounds, and
that {Vy} is asymptotically approximable by trace polynomials. Similarly, if {DVy} is asymptotically
approximable by trace polynomials, then the normalized classical Fisher information converges to the
free Fisher information.

Section 6 considers the evolution of the potential Vi (x, t) corresponding to uy * o, v, where o, y is
the law of m independent GUE of variance ¢. Our goal is to show that if DV (x, 0) is asymptotically
approximable by trace polynomials, then so is NV Vy (x, t) for all £ > 0, so that we can apply our previous
result that the classical Fisher information converges to the free Fisher information. As in Section 4, we
construct the semigroup R; which solves the PDE as a limit of iterates of simpler operations which are
known to preserve asymptotic approximation by trace polynomials.

In Section 7 we conclude the proof of our main theorem on free entropy and Fisher’s information
(Theorem 7.1), which establishes claims (4)—(7) of Section 1B, assuming a weakened version of the
hypothesis and conclusion of Theorem 4.1.

In Section 8, we characterize the limiting noncommutative laws A which arise in Theorem 4.1 as the
free Gibbs states for a certain class of potentials. In particular, we apply Theorem 7.1 to show that y = x*
for several types of free Gibbs states considered in previous literature.

2. Preliminaries

Here we fix notation and discuss background results that will be used throughout the paper.

2A. Notation for matrix algebras. Let My (C) denote the N xN matrices over C and let My (C)g,
be the self-adjoint elements. Note that My (C); is a real inner product space with the inner product
(X, y)1r == 27:1 Tr(x;y;) for x = (x1,...,x,) and y = (y1, ..., Ym). Moreover, My(C)" can be
canonically identified with the complexification C g My (C)Z: by decomposing each matrix into its
self-adjoint and anti-self-adjoint parts.
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Being a real inner product space, My (C)s, is isomorphic to R™" ’ An explicit choice of coordinates
can be made using the following orthonormal basis for My (C)s,:

1 1 i i
By ={Exx}p Y {—Ek,e + —Ee,k} U {—Ek,e - —Ee,k} . (2-1)
= lv2 V2 T e W2 V2 T i
This basis has the property that for all x, y, z € My (C), we have
> xbybz = xz Tr(y), (2-2)

beBy
which follows from an elementary computation.

We denote the norm corresponding to Tr by |- | (essentially the Euclidean norm). We denote the normal-
ized trace by Ty = (1/N) Tr. We denote the corresponding inner product by (x, y), = 27’:1 Ty (x;jy;) and
the norm by || - ||2. For x € My (C), we denote the operator norm by ||x||. Similarly, if x = (xq, ..., x,) €
My (C)™", we write ||x[|ooc = max;||x;|.

The symbols V and A will represent the gradient and Laplacian operators with respect to the coordinates
of My (C)s, in the nonnormalized inner product (-, - ). The symbols D and Ly will denote the normal-
ized versions NV and (1/N)A respectively, as well as the corresponding linear transformations on the
algebra of trace polynomials. This normalization and notation will be explained and justified in Section 3B.

2B. Noncommutative probability spaces and laws. The following are standard definitions and facts in
noncommutative probability. For further background, see [Voiculescu et al. 1992; Nica and Speicher
2006; Anderson et al. 2010, §5].

Definition 2.1. A von Neumann algebra is a unital C-algebra M of bounded operators on a Hilbert
space H which is closed under adjoints and closed in the weak operator topology.

Definition 2.2. A fracial von Neumann algebra or noncommutative probability space is a von Neumann
algebra M together with a bounded linear map t : M — C which is continuous in the weak operator
topology and satisfies (1) =1, t(xy) = 7(yx), and 7(x*x) > 0. The map t is called a trace.

Definition 2.3. For m > 1, we denote by NCP,, = C(X}, ..., X,;) the algebra of noncommutative poly-
nomials in X1, ..., X,,, equipped with conjugate-linear involution * such that X;.k =Xj and (pq)* =g*p*
A noncommutative law (for an m-tuple) is a map A : NCP,, — C such that

(1) A is linear,

(2) X is unital (that is, A(1) = 1),

(3) X is positive, that is, for every p(X) € C(X1, ..., X), we have A(p(X)*p(X)) > 0,
(4) X is tracial, that is, A(p(X)q (X)) = A(g(X) p(X)).

We denote by %, the space of noncommutative laws equipped with the topology of pointwise convergence
on C(Xy, ..., X,;), that is, convergence in noncommutative moments.

Definition 2.4. We say that a noncommutative law A is bounded by R if we have
|)»(Xi1, RN X,‘n)| < R".
We denote the space of such laws by %, r.
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Definition 2.5. Suppose that xj, ...x, are bounded self-adjoint elements of a tracial von Neumann
algebra (M, t). Then the law of x = (x1, ..., x;) is the map
AviC(Xy, .., X)) > Cp(X) = T(p(x)).

Definition 2.6. Let My (C) be the algebra of N x N matrices over C. Let 7y = (1/N) Tr be the normalized
trace. Then (My (C), ty) is a tracial von Neumann algebra, and hence, for every m-tuple of self-adjoint
matrices x = (xy, ..., Xp), the law A, is defined by Definition 2.5.

Proposition 2.7. The space X, r is compact, separable, and metrizable. Moreover, every L € Xy R
can be realized as Ay for some tuple x = (x1, ..., X;;) of self-adjoint elements of a tracial von Neumann
algebra (M, t) with ||x]lco < R.

For the proof of the claim that every noncommutative law can be realized by operators, see [Anderson
et al. 2010, Proposition 5.2.14].

2C. Noncommutative L*-norms. On several occasions, we will need to use the noncommutative L* norms

fora €[1, +o0]. (Here we use « rather than p since the letter p will often be used for a polynomial.) If y is

any element of a tracial von Neumann algebra (M, 1), then we define |y|=(y*y)!/?

l/oz'

using continuous func-

tional calculus. For o €[0, +00), we define || y||o=7(]¥|¥)"/* We also define || y| o to be the operator norm.

Proposition 2.8. If (M, 1) is a tracial von Neumann algebra and o € [1, +00], then || - || defines a norm.
Moreover, we have the noncommutative Holder’s inequality

xr - Xnlle < l1x1llay - - - 1% lla,

whenever

a,ala---’an€[1,+oo], L-’_"‘—i_i:l'
o o, «

Moreover, we have |T(y)| < ||yl

A standard proof of the Holder inequality uses polar decomposition, complex interpolation, and the three
lines lemma. We will in fact only need this inequality for the trace T,y on My (C). Modulo renormalization
of the trace, the inequality for matrices follows from the treatment of trace-class operators in [Simon
2005]; see especially Theorems 1.15 and 2.8, as well as the references cited on p. 31. For the setting of
von Neumann algebras, a convenient proof can be found in [Correa da Silva 2018, Theorems 2.4-2.6];
for an overview and further history see [Pisier and Xu 2003, §2].

Remark 2.9. One can define the noncommutative L* norm for a tuple (yi, ..., y) as
(Il +- -+ DV, @ ell, +00),
||()’1, ceey ym)”a =
max; || y;l, o = +00.

However, for tuples, we will only need to use the 2 and co norms.

2D. Free independence, semicircular law, and GUE. We will use the following standard definitions
and facts from free probability. For further background, refer to [Voiculescu 1986; 1991; Voiculescu et al.
1992; Nica and Speicher 2006; Anderson et al. 2010].
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Let (M, t) be a tracial von Neumann algebra, and let Ay, ..., A, be unital *-subalgebras of M. Then
we say that Ay, ..., A, are freely independent if given ay, ..., a; witha; € Aij andij #i;y1and t(a;) =0
for each j, we have also t(aj ---ay) =0.

In particular, if Sy, ..., S, are subsets of M, then we say that they are freely independent if the unital
x-subalgebras they generate are freely independent. Thus, for instance, self-adjoint elements xp, ..., x,,
of M are freely independent if given polynomials fi, ..., fx and indices iy, ..., ix withi; #i;;1 such
that 7(f;(X;;)) =0, we have also (f1(X;,) - - fk(X;)) =0.

The free convolution of two noncommutative laws p and v (of self-adjoint m-tuples) is defined
as the noncommutative law of (x; + y1, ..., X;m + Ym), given that {x;, ..., x,} and {y, ..., y,} are
freely independent and the noncommutative law of (x1, ..., x;) is i, and the noncommutative law of
(1, ..., ym) is v. Then H is well-defined, independent of the particular choice of operators that realize
the laws @ and v. Moreover, H is commutative and associative.

If X, ..., X, are freely independent, then their joint law is determined by the individual laws of
the X, each of which is represented by a compactly supported probability measure on R. The semicircle
law (of mean zero and variance 1) is the probability measure given by density

%\/ 4— x2 1[_2,2] (x) dx.

We denote by o; the noncommutative law of m freely independent semicircular random variables which
each have mean zero and variance ¢ (that is, 0;(X;) = 0 and o*,(XJz) =1).

These free semicircular families play the role of multivariable Gaussians in free probability. Moreover,
the noncommutative laws {o;};>0 form a semigroup under free convolution, that is, oy B o; = 0,4, for
s, t>0.

We denote by o; y the probability distribution on My (C)y; for m independent GUE matrices of
normalized variance ¢, that is,

1
dory(x) =~

N,t

m Tr(sz)
) dx,
2t

exp <—N
Jj=1

where Zy ; is chosen so that o; y is a probability measure. It is well known that the independent GUE

matrices behave in the large-N limit like freely independent semicircular random variables; in Section 3,

we shall directly state and prove the specific results we will use.

2E. Concentration and operator norm tail bounds. The following is a standard concentration estimate
for uniformly log-concave random matrix models. The best known proof goes through the log-Sobolev
inequality and Herbst’s argument (see [Anderson et al. 2010, §4.4.2]), although it can also be proved by
directly using the heat semigroup associated to V as in [Ledoux 1992]. We state the theorem here with
free probabilistic normalizations.

Theorem 2.10. Suppose that V : My(C)% — R is a potential such that V (x) — (c/2)||x||% is convex.
Define

dp(x) = %exp(—NZV(x))dx, Z:/exp(—NzV(x))dx.



AN ELEMENTARY APPROACH TO FREE ENTROPY THEORY FOR CONVEX POTENTIALS 2297

Suppose that f: My(C)% — R is K-Lipschitz with respect to || - ||>. Then

,bL(x t f(x) —/f du > 5) < e—cNZ(sZ/ZKz’

and since the same estimate can be applied to — f, we have also

M(x:‘f(x)—/fdu

- 8) < ze—cNZSZ/ZKZ

In particular, this concentration estimate applies to the GUE law o, y with ¢ = 1/¢. In addition to the
concentration estimate, we will also use the fact that such uniformly convex random matrix models have
subgaussian moments and therefore have good tail bounds on the probability of large operator norm. The
following theorem is a special case of [Hargé 2004, Theorem 1.1] and the application to random matrix
models is taken from the proof of [Guionnet and Maurel-Segala 2006, Theorem 3.4].

Theorem 2.11. Let V and  be as in Theorem 2.10, and suppose that f : My (C)Z — R is convex. Let
a= fx du(x). Then

/ Fx—a) dp(x) < / FOY o ().

In particular, if || x ||« denotes the L* norm from Section 2C, then for every o € [1, +00] and B € [1, +00)
we have

f lxj — a;llf dp(x) < f Iy 12 doei n ().

Proof. The convexity assumption on V means that u has a log-concave density with respect to the
Gaussian measure o.-1 y(y). Therefore, the first claim follows from [Hargé 2004, Theorem 1.1]. The
second claim follows because norms on vector spaces are convex functions, and the function ¢ > t# on
[0, +00) is convex for 8 > 1. [l

Corollary 2.12. Let Vi : My (C)sa — R be a function such that Vy(x) — (c/2)||x II% is convex and let Ly
be the corresponding measure. Let ay j = [ xj duy(x). Then

1imSUPf||Xj —ay jlldpuy(x) <2712,

N—o00

and

_ 82
m(x:nx,-u z/nyjn duN<yj>+6) <e N2

Proof. In light of Theorem 2.11, for the first claim of the corollary, it suffices to check the special
case 0,1 y. This special case is a standard result in random matrix theory; see for instance the proof of
[Anderson et al. 2010, Theorem 2.1.22]. The second claim follows from Theorem 2.10 after we observe
that the function on My (([I)é\zf1 given by x — [|xj[loc i8S N 1/ 2—Lipschitz with respect to || - ||2. U
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2F. Semiconvex and semiconcave functions. We recall the following terminology and facts about semi-
convex and semiconcave functions. These results are typically applied to functions from R" — R, but
of course they hold equally well if R" is replaced by a finite-dimensional real inner product space. In

m

particular, we focus on the case of My (C)g;.

A function u : My (C)2; — R is semiconvex if there exists some ¢ € R such that u(x) — (¢/2)||x ||% is
convex. If this holds for some ¢ > 0, then u is said to be uniformly convex. Similarly, u : My (C)7; — R is
said to be semiconcave if there exists C € R such that u(x) — (C/2)||x ||§ is concave, and it is uniformly
concave if this holds for some C < 0.

Fix m and N. Let ¢ < C be real numbers. Then we define

Enn(c, C)= {u cMy(©)5 = R:iu(x) — §||x||% is convex and u(x) — %||x||% is concave}.

We will often suppress m and N in the notation and simply write £(c, C). Throughout the paper, we rely
on the following basic properties of functions in £(c, C).

Proposition 2.13. (1) The space E(c, C) is closed under translation, averaging with respect to probabil-
ity measures, and pointwise limits.
(2) A function u is in E(c, C) if and only if for every point xo € My (C)Z; there exists some p € My(C)g,
such that

u(x0) + (P, x — x0)2 + scllx — xoll3 < u(x) < u(xo) + (p, x — x0)2 + 3Cllx — xoll3-

(3) In particular, if u € £(c, C), then u is differentiable everywhere.
@) Ifu € &(c, C), then the gradient Du is max(|c|, |C|)-Lipschitz with respect to || - ||».
(5) Ifueé&(c, C), then

cllx = yl5 < (Du(x) = Du(y), x = y)2 < Cllx = y|3.

(6) Ifu € E(c, C) for some ¢ > 0, then u is bounded below and achieves a global minimum at its unique

critical point.

Sketch of proof. (1) This follows from elementary computation and the fact that the same holds for the
class of convex functions.

(2), (3) Suppose that u € E(c, C). The convex functions u(x) — (c/2)||x||§ and (C/2)||x||% — u(x) must
have supporting hyperplanes at xg. This yields one vector p which satisfies the left inequality of (2) and
another vector p’ satisfying the right inequality. Then one checks that p must equal p’ and this implies
that u is differentiable at xo. The converse direction of (2) follows again from the characterization of
convexity using supporting hyperplanes.

(4), (5) For smooth functions in £(c, C), one can check these properties directly using calculus. Now
consider a general u € £(c, C). Let u,, = u * p,, where p, is a smooth probability density supported in the
ball of radius 1/n around 0. Then u,, is smooth and u,, — u locally uniformly. Also, u, € £(c, C) by (1);
hence Du, is max(|c|, |C|)-Lipschitz. By the Arzela—Ascoli theorem, after passing to a subsequence,
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we may assume that Du, converges locally uniformly to some F. It follows from this local uniform
convergence that F' = Du. Moreover, since (4) and (5) hold for Du,, they also hold for Du.

(6) This is left as an exercise. ]

3. Trace polynomials

In this section, we consider the algebra of trace polynomials in noncommutative variables X1, ..., X,;,
first defined in [Razmyslov 1974; 1985]. As in [Rains 1997; Cébron 2013; Driver et al. 2013], we
describe how trace polynomials behave under differentiation (Section 3B) and convolution with Gaussian
(Section 3C). Finally, in Section 3D, we define the property of asymptotic approximability by trace
polynomials for a sequence of functions on My (C)y;, which is one of the key technical tools in our proof.

3A. Definitions.

Definition 3.1. We define the x-algebra of scalar-valued trace polynomials, or TrP,%, as follows. Let V
be the vector space NCP,, / Span(pg —gp : p, g € NCP,,). We define the vector space

o
TeP), = P Ve, (3-D
n=0

where © is the symmetric tensor power over C. Then TrP,?l forms a commutative algebra with the tensor
operator ® as the multiplication. We denote the element p; ®--- © p, by t(p1) - - - T(p,), Where T is a
formal symbol.

To state the definition more suggestively, an element of TrP,(,)l is a linear combination of terms of the
form t(p1(X)) - - - t(pn(X)), where py, ..., p, are noncommutative polynomials in X1, ..., X,,, and t
is a formal symbol thought of as the trace. By forming a quotient vector space, we identify t(pg) with
7(gp). The trace polynomials form a commutative *-algebra TrP,% over C where the *x-operation is

T (P1(X)) - T(Pa(X)N* =T(P1(X)) - - T(Pn (X)) (3-2)

and the multiplication operation is the one suggested by the notation.
We define TrPX to be the vector space

m
TrP* = TrP? ®C(X1, ..., X)®~.

We call the elements of TrP,i1 operator-valued trace polynomials. We use the term trace polynomials
more generally to describe elements of TrPX, or tuples of elements from TrPX . Note that TrP!, forms a

x-algebra because it is the tensor product of two x-algebras.

Definition 3.2. Suppose that M is a von Neumann algebra with trace o. Given f € TrP,l1 and a self-
adjoint tuple x = (x, ..., x,;) of elements of M, we define f(x) to be the element of M given by
replacing the formal symbols X; and 7 in f by the operator x; and the trace o on M. For instance, if
fX) = po(X) @ T(p1(X)) - - T(pa(X)) in TrP,,, then

@) = po(x)o (p1(x)) - -0 (pp(x)).
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In particular, we define f(x) when x is an m-tuple of self-adjoint N x N matrices by setting t = ty.

Definition 3.3. If f € TrP,% and A is a noncommutative law, we define the evaluation A(f) to be the
number obtained by replacing the symbol T with A everywhere in f. For example, if f (X, X3, X3) =
T(X1)T(X2X3) + 7(X3), then we define

A=A (X1, ooy X)) = MXDAMX2X3) + M (X3).

Definition 3.4. We define the degree for elements of NCP,, and TrPﬁ1 as follows. If p € NCP,, is a
monomial p(Xjy, ..., X,) = X;, --- X,,, then we define deg'(p) =d. If py, ..., ppand q1, ..., g are
noncommutative monomials, then consider the element t(p1) - - T(p)q1 Q- - R gy € TrPﬁP and define

deg'(t(p1) - t1(P)q1 ® - - - @ qr) = deg/(p1) - - - deg' (pe) deg'(q1) - - - deg’ (qx)-

For general f € TrPﬁp we define the degree, deg(f), as the infimum of max(deg'(f1), ..., deg'(f)),
where f = fi +---+ f; and each f; is a product of noncommutative monomials and traces of noncom-
mutative monomials as above. Similarly, for general f € NCP,,, we define deg(f) as the infimum of
max(deg'(f1), ..., deg (f¢)), where f = f; +---+ f; and each fj 1s a noncommutative monomial.

Remark 3.5. One can check that if f is a product of monomials as above, then deg(f) = deg'(f).
Moreover, the degree makes TrPBl and TrP,h into graded algebras. Finally, we observe that if f €
TrP? or TrP) , then the function on My (C)" defined by x > f(x) is a polynomial in the entries of
X1, ..., Xm, and the degree of x — f(x) with respect to the entries is bounded above by the degree of f
in TrP? or TrP!,. None of these facts will be used in what follows, so we omit the proofs.

We also observe that there is a composition operation (TrP) )™ x (TrP! Y™ — (TrP!)™ defined just as
one would expect from manipulations in My (C). If f, g € (TrP,ln)’", we define f(g(x)) by substituting
gj(x) as the j-th argument of f. Then we multiply elements out by treating the terms of the form 7 (p) like
scalars. For instance, if f (Y], Y2) = (t(Y1Y2) Yo, Y1 + t(le)Yz) and g(X1, X2) = (X)) X2 + X1, X1),
then fog(Xy, X2)=(Z1, Z), where

Zi =1([t(XD X2+ X1 1XDX) = t(X )T (X)X + (XD X,
and
Zy=t(X) X2+ X1 + X1t[(t(X) X2+ X1)?]

=1(X)Xo+ X; + [t (X)) X3+t (X )Xo X1 + (XD X1 X2 + X71X,

= T(X) X2+ X1 + [t (X1)’T(X3) + T(X1)T (X2 X1) + T (XD)T(X1 X2) + T(XD]X]

=T(X) X2+ X1 +1(X1)*1(X9) X1 + 2t (X)T (XX ) X1 + (XD X1
One can check that composition on (TrP,ln)’” is well-defined and associative. Moreover, if f and g
are self-adjoint elements of (TrP,ln)m, then they define functions My (C)y; — My (C)Y;, and the element

foge (TrP,ln)m defined abstractly will produce a function My (C)Z: — My (C)%, which is the composition
of the corresponding functions for f and g.
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3B. Differentiation of trace polynomials. In this section, we give explicit formulas for the gradient and
Laplacian of trace polynomials and in particular show that these operations have a well-defined limit
as N — oo (see [Rains 1997; Cébron 2013; Driver et al. 2013, §3]). We first recall the free difference
quotients of [Voiculescu 1998].

Definition 3.6. We define the free difference quotient (or simply noncommutative derivative) D; :NCP,, —
NCP,, ® NCP,,, by

Dj[Xil e Xl = Z Xiy - Xi ®Xik+1 o X,

We also define D; : NCPE" — NCPE"*! by

m 0
D;[p1 ®"'®Pn]=ZP1 Q- Qpk—1®Djpk ® pr+1 Q-+ Q py.
k=1
Then of course D¥ is a well-defined map NCPS" — NCP&"*.

Remark 3.7. We caution the reader that the notation used in Voiculescu’s papers is 0; rather than D;.
Moreover, the normalization for D;? f here differs from that of [Voiculescu 1998] by a factor of n!.

Definition 3.8. We define the cyclic derivative D?: NCP,, — NCP,, as the linear map given by
D;[Xil e Xl = Z Kigpr = Xi, Xiy -+ Xig .
kig=j
Definition 3.9. Given an algebra A (e.g., NCP,,), we define the n-th hash operation as the multilinear
map A®HD 5 A®" 5 A given by
(@® - Qa)#b1®---Qb,) =apbia; - - - byay.
Example 3.10. Let X = (X, X3, X3) and define f(X) = X1X2X12X3X2. Then

Dif(X)=1® X2 X1 X3X2+ X1 X2 ® X1 X3X2 4+ X1 X2 X1 ® X3Xa,
DS F(X) = X2X1X3X2 + X1 X3 X2 X1 X2+ X3 X2 X1 X2 X1,
Dif(X)#Y = YXQX%X3X2+X1X2YX1X3X2 + X1 X X1 Y X3X5.

To compute Df f(X) =D1[D; f(X)], we would add together the three terms

Dill ® X2X7X3X2] = 1® X2 ® X1 X3X2 + 1 ® X2 X1 ® X3X,
Di[X1 X2 @ X1 X3X2] =10 X2 @ X1 X3X2 + X1 X2 ® 1 ® X3X»,
DilX1 X2 X1 @ X3X2] =10 X0 X1 @ X3 X0 + X1 Xo®1® X3X5.
Now we will define several “derivative” operators on the spaces of scalar-valued and noncommutative
trace polynomials which will correspond to differentiation with respect to the standard coordinates on
My (€)Y, We begin with the gradient.

To fix notation, recall that in Section 2A we gave a canonical orthonormal basis for My (C)s, with respect
to the inner product (x, y) = Tr(x*y). Using these coordinates, we may identify My (C)s, with RV ’
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and hence identify My (C)" with R™V ’ Similarly, we identify the complexification C ® My (C)7,
with My (C)™ and with C"N’. For f:My(O)Y — Cand x = (x1,...,x,) € My(C)g;, we denote by
V f(x) € My(C)™ the gradient computed in these coordinates; similarly, we denote by V; f(x) € My (C)
the gradient with respect to x; computed in these coordinates.

Definition 3.11. Define the j-th gradient operator TrP,?1 — TrP,ln by

n

D; []_[ r(pk)} = "Dipe[[rpo) (3-3)
k=1

k=1 0k

Note that D; is defined so as to obey the Leibniz rule (that is, it is a derivation).

Lemma 3.12. If f € TrP,?l is viewed as a function My (C)i — C, then we have

Vi (0] = 1D, F100). 34

Similarly, for F : My (C){; — My (C)™, let J; F denote the Jacobian linear transformation (a.k.a. Fréchet
derivative) with respect to x;. Then for a noncommutative polynomial p, we have

[Jip()]1(y) =[Djpl(x) #y, (3-5)

and hence by the product rule for p € NCP,, and f € TrP,?w we have
i (P ()]1(y) = ([D; p1(x) #y) f (x) + p(x)Tn ([D; f1(x)y). (3-6)
Proof. By standard computations, for a noncommutative polynomial p and y € My (C)s,, we have
[Jip()1(y) = [Djplx) #y,
v, lon (DI = D5 plo).
The claims (3-4) and (3-6) now follow from the product rule. O

Next, we can define the algebraic Laplacian operators on Trqu and TrP,lw, which correspond to com-
puting the Laplacian on scalar-valued or vector-valued functions on My (C)Y;, still using the coordinates
given in Section 2A.

For f: My(C); — C, let A; f be the Laplacian with respect to the coordinates of the j-th matrix x;.
Note that Af = Z';’:l A; f. Similarly, if f : My(C)J, — My(C) is an operator-valued function, we
define A; f and Af by applying A; and A entrywise (as is standard notation for the Laplacian of a
vector-valued function).

Motivated by (2-2) and the computation in Lemma 3.18 below, we define the map 7 : Ni CPS’3 — TrP,ln by

n(p1 ® p2® p3) = p1p3t(p2).
Definition 3.13. We define L; and Ly ; : TrP% — TrP? to be the unique linear operators such that

Lilt(p)l =L jlt(p)l =t on[Djp] for p € NCP,, (3-7)
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and such that the following product rule is satisfied:
Lilf-gl=L;j[f]-g+ f-L;lgl (3-8)
Ly jlf -g1=Lujlf1-g+ f - L jlg)+ o5 7(D; - Djg). (3-9)
Then we define L =3"""_, Ly and Ly =3_"_, Ly ;.

Remark 3.14. To show the existence of operators Ly ; and L; satisfying (3-7) and the product rule, one
can define Ly ; more explicitly as the linear operator TrP,?l — TrP,?l given by

Ly jlt(p1)---t(pa)] Zron[D pel- [T () + 5 72 ZZT(DOPk Dpe) [ ] w(po).

i#k k=1 t#k i#k,l

and check that this operator is well-defined and satisfies the product rule. Moreover, the uniqueness of
the operator Ly ; satisfying (3-7) and the product rule follows from the fact that TrP,?1 is spanned by
products of terms of the form t(p) for p € NCP,,. The argument for the existence and uniqueness of L;
is the same.

Example 3.15. Let X = (X, X»). Consider f(X) = t(f1(X))t(f2(X)), where f1(X) = X1 X2X1X3
and f>(X) = X3X. Then
Di[t(fO)]=D] fi = X2 X1 X3+ X3X1 Xo,
Dilt(f)]=D5 f> = X3,
and
Li[t(f)l=Lyalt(fD]=7on[Di fil = t[n[1 ® X2 ® X311 = 7[1- X3] - 7[X],
Lilt(f)]=Lnalt(f2)]=

Therefore, we have
f1 = Lilr (1 (o) + T Lile (/)] = T(X3)T (X2)T (X3X1) +0,
Lyalf1= Lyl (f)le(f) + r(fnLN [T+ 57D /i 2]
—T(X3)‘[(X2)‘L’(X2X1)+ t[(X2X1X3+X3X1X2)X2]
One can carry out a similar computation for L[ f] and Ly o[ f] and thus find L[ f] and Ly o[ f].

Since we will also deal with the Laplacians of matrix-valued functions on matrices, we also need to
define the algebraic Laplacian on operator-valued trace polynomials.

Definition 3.16. We also define L; and Ly ; : TrP) — TrP! to be the unique linear operators on the
space of operator-valued trace polynomials such that

Ljlpl= Ly jlpl =n[D;jp] for p € NCP,, (3-10)
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and the following product rule is satisfied for p € NCP,, and f € TrP,?l:

Lj[p-f]=Lj[p]-f+p-L~[f (3-11)
Lyjtp- f1=Lylpl- [ +p-Ln U1+ 57 2 Dip#D,f, (3-12)

where L;[f] and Ly ;[f] are given by Definition 3.13. Then we define L = Z';’:l Ljand Ly =
m

> im1 L.

Remark 3.17. The argument for the existence and uniqueness of the operators L; and Ly ; on TrP,ln is

similar to the argument for TrP,?l, only it relies on the previous scalar-valued case since the scalar-valued
case was used in the product rule.

Lemma 3.18. Let f € TrP,%. Viewing f as a function My (C)y; — C, we have
Ajf(x)=NI[Ly,;f1x), Af(x)=N[Lyf1(x). (3-13)
The same formula holds if f € TrP1 and f is viewed as a function My (C)g — My (C).

Proof. We begin with the special case of computing the Laplacian of p € NCP,, (as a matrix-valued
function). To differentiate, we use the basis By given by (2-1). Note that

d2
Ajp(x) = Z a2 .
=

bEBN

SO, oo X, X+ th X, e X))

= Z Dip(x)#(b®b) = N[n(D; p)I(x) = [Ly,; pl(x),
bEBN

where the second-to-last equality follows from (2-2).
Next, we consider the case of computing the Laplacian of ty(p) (as a scalar-valued function) for
p € NCP,,. Since ty is a linear map My (C) — C, we have

Ajlen(p(x)] = v (A p(x)),

where the Laplacian A; on the left-hand side is applied to a scalar-valued function and on the right-hand
side it is applied to a matrix-valued function. Therefore, it follows from the previous computation that

Ajltn (p(x)] = Nty (In(D; p)I(x)) = [L, [T (p)]1(x).

For the general case of scalar-valued trace polynomials, recall that the vector space of trace polynomials
is spanned by elements of the form f =1(p1)---t(pn), where p; € NCP,%. Let fj=1(pj) € TrP,?r The
Laplacian A; of a product of functions can be computed using the product rule of differentiation as

Ajf@) =Y NILy; fid@) [ v () + DY TV i)V feo) [ fi.

j=I i#k k=1 £k i#k,€
The special case proved above shows that A;[fi(x)] = N[Ly,;f1(x). Moreover, by (3-4), we have
Vilfi(x)]1=1/N)[ D-fk](x) Thus, we have

Ajf(x) = ZN Ly ]fk]<x>1—[f,<x>+ ZZm([D SAOID; fl) [T fio.

i#k k=1 0k ikt
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Because of the product rule in the definition of Ly ;, the right-hand side equals N[Ly ; f](x). This
completes the proof of (3-13) in the scalar-valued case. The proof for the operator-valued case is similar,
using the cases proved above, as well as (3-4) and (3-6). O

Corollary 3.19. Let f € TrPO or TrP1 If we view f as a function on My (C)2, then (1/N)Af is a trace

polynomial of lower degree than f, and we have coefficientwise

sa’

Jm %Af(X) = Hm Lyf@x)=Lf).

Remark 3.20. We have shown that if f is a scalar-valued trace polynomial, then viewed as a map
My(C)Z — C, we have

Du=NV, LNf=%Af.

Therefore, in the rest of the paper, we will freely write Df and Ly f for NV f and (1/N)Af for general
functions f : My (C)y; — C. The same considerations apply to the Laplacian for operator-valued trace
polynomials, viewed as maps My (C)7: — My (C).

3C. Convolution of trace polynomials and gaussians. Let f € TrP,?1 or f € TrP,ln. Then viewing f as
a function defined on My (C)™”

v» we may define the convolution of f with the probability measure o, x
(the law of an m-tuple of independent GUE). This is equivalent to the classical convolution of f with the
function My (C)72 — R giving the density of the measure o; y. Moreover, f; = f *0o; y is the solution to

the heat equation with initial condition f, or more precisely

1

(The integral formula for the solution to the heat equation with the Laplacian A is well known [Evans
2010, §2.3], and to solve the equation with 2N )~'A one renormalizes time by a factor of 2N y~!, and
this corresponds precisely to our normalizations in the definition of o ;. We leave this computation to
the reader.)

We showed in the last subsection that Ly = (1/N)A on trace polynomials is given by a purely algebraic
computation. Moreover, examining the construction of Ly, one can see that it maps trace polynomials
of degree < d to trace polynomials of degree < d. We can view Ly and L as linear transformations
on the finite-dimensional vector space of trace polynomials of degree < d and define exp(rLy/2) and
exp(tL/2) by the matrix exponential.

Because this holds for any d, we know that exp(¢# Ly /2) and exp(zL/2) define linear transformations
TrP? — TrP? and TrP!, — TrP! . Moreover, a standard computation shows that f; = exp(t Ly /2) f satis-
fies the heat equation 0, f; = L y f; /2. These observations, together with Corollary 3.19 yield the following.

Lemma 3.21. Let f be a trace polynomial in TerO or TrP1 Then we have

oy £ = [exp (24 ) £, (3-14)
with deg(exp(tLy/2) f) < deg(f), and we have
ngnoo exp( léN ) f= exp(%) [ coefficientwise. (3-15)
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Example 3.22. Let X = (X1, ..., X,;) and define f(X) =>"7_; X;. Note that D[ (X)] =2(1®1®1)
for each j, and hence L[t (f)] =2m = Ly[t(f)]. We also have D;?f = 2X;. Hence,

LIt(f)’]=2LIt (e (f) = 4mz(f),
LT P] = 2L (DIE(N) +2 Y e (Df £ D5 ) = dme(f) + S5 ().
j=1

Therefore, (L/2)[r(f)2] =2mt(f) and (L/2)[t(f)] = m. Thus, the span of r(f)z, T(f), and 1 is
invariant under the operator (L/2), and (L/2) is given by a nilpotent matrix on this subspace. Direct
computation then shows that

e = () +2miT(f) +mPtP

A similar computation shows that
2
5

—ILN _ 2 2
oL /2[t(f)2]_r(f)2+2m<1+m)tt(f)—i—mz(l—i-m)

Thus, as N — 400, we have e 'LV/2[1(£)?] = e L2[t(f)?].

The probabilistic interpretation of fxo0; y =exp(¢Ly/2) f, which follows from a standard computation,
is that o; y * f(x) is the expectation of f(x + t12y), where Y is an m-tuple of independent GUE of
variance 1. Moreover, for every probability measure 1 on My (C)Y; with finite moments, we have

[ 1 dtixame = [ Hewdiem = [[ep(*5) e dc. (3-16)

In the free setting, the operator exp(#L/2) has a similar relationship with the free convolution with o;.
This fact is standard in free probability, but because we need it for Lemmas 3.28 and 7.4 below, we
include a sketch of the proof here.

Lemma 3.23. Let A € X, g be a noncommutative law. Then for any trace polynomial f € TrP,?l, we have

AFo,(f) :k(exp(%)f). (3-17)
Proof. Because free convolution with o; forms a semigroup and exp(z L /2) is also a semigroup, it suffices

to prove that
d

A
& _AEBo()=5Lp.

By the product rule, it suffices to handle the case of f = t(p) for p € NCP,, by showing that
d

dt

Let x = (x1,...,xy,) and y = (y1, ..., ym) be freely independent m-tuples of self-adjoint elements of

_ }Boy(p) = 5(D}p)).

a tracial von Neumann algebra (M, t), such that the law of x is A and the law of y is o;. We want to



AN ELEMENTARY APPROACH TO FREE ENTROPY THEORY FOR CONVEX POTENTIALS 2307

compute (d/dt)|=ot(p(x + t'2y)). But note that

m

m
t
pG+1'2y) = p)+12 > " Dip) #y; + > > DiDip(x) # (3 @ yi) + 0.
j=1 jok=1

A moment computation with free independence shows that the terms of order ¢!/? have expectation zero,
and so do the terms of order ¢ with j # k. We are left with

S|ty = 23w @) # (3 @ ),

j=1

which using freeness evaluates to % Z?:l r(n(D} p(x))) =1t(Lp(x)/2). [l

3D. Asymptotic approximation by trace polynomials. Now we are ready to define the approximation
property which captures the asymptotic behavior of functions on My (C);.

Definition 3.24. A sequence of functions ¢y : My (C)y; — My (C)™ is said to be asymptotically approx-
imable by trace polynomials if for every € > 0 and R > 0 there exists some [ € (TrP,ln)’” (an m-tuple of
operator-valued trace polynomials) such that

limsup sup [l¢n(x) — f(x)ll2 <e.

N—oo |[lx[leo<R

In this case, we call f an (e, R)-approximation of {¢n}. We make the same definitions for functions
on : My (C)y — C, except that we use scalar-valued trace polynomials (elements of TrP,%) and apply the
absolute value rather than the 2-norm.

Observation 3.25. If f € (TrP,]n)’” and if fy denotes the map My (C)J; — My (C)™ given by x — f(x),
then fy is asymptotically approximable by trace polynomials. Also, asymptotically approximable
sequences form a vector space over C.

Observation 3.26. Let {qbl(\f) I~ .een be a sequence of functions where ¢,(\f) :My(C) — My (C)™. Suppose
that {¢x} is another sequence such that for every R > 0

lim limsup sup ||q>1(\f)(x) —¢n(x)[l2=0.

=00 Nooo |xll<R

If {qb](\f)} NeN 1s asymptotically approximable by trace polynomials for each ¢, then so is {¢n}yen. The
same holds in the case of scalar-valued functions and scalar-valued trace polynomials.

Lemma 3.27. Let ¢y, Yn : Mn(C)2 — My (C)g,. Suppose that {¢n} and {fn} are both asymptotically
approximable by trace polynomials, and furthermore suppose that {¢n}neN is uniformly Lipschitz in
Il - |2, that is, for some K > 0,

lon (X) —dpnWll2 = Kllx —yll2 forallx,y, forall N.

Then {¢pn o ¥y} is asymptotically approximable by trace polynomials.
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Proof. 1t is straightforward to check that if {¢} is a sequence of functions that map self-adjoint tuples to
self-adjoint tuples and if (f1, ..., fin) is an (€, R)-approximation of {¢y }, then so is %(fl—l—fl*, ces JmF ).
Thus, we may assume without loss of generality that the operator-valued trace polynomials used in our
approximations for {¢n} and {yy} are self-adjoint, so it makes sense to compose them with ¢ or Y.

Choose € >0 and R > 0. Choose an m-tuple of self-adjoint trace polynomials g whichis an (¢/(2K), R)-
approximation of {¥x}. Since g is a trace polynomial, there exists some R’ > 0 such that for any tuple x
of self-adjoint matrices of any size, we have

Xl <R = gl =R

Now because ¢ is asymptotically approximable by trace polynomials, we can choose a polynomial f
which is an (¢ /2, R)-approximation of {¢y }. Now we observe that when ||x||oc < R (hence ||g(x)[|co < R'),
we have

oy o ¥n(x) — fog(x)ll2 < llpn o YN (x) —Ppn 0o g(X) 2 + [y 0 g(x) — fog(X)l2
=K sup [[Yyn(x)—g@)l2+ sup [[on(y) — f D2

lxllo<R Iyl <R’

Therefore,

limsup sup [gyo¥n(x)— fog)a <K 5%+ 5 =¢. O

€
N—>0o [xlleo<R 2K 2

Lemma 3.28. Suppose that ¢ : My (C)7: — My (C)Y, is asymptotically approximable by trace polyno-
mials and that

lpn ()12 < A(l +>° m(x,?")) (3-18)
J

for some A > 0 and some integer n > 0. If {¢pn} is asymptotically approximable by trace polynomials,
then so is {¢n * oy N}

Proof. Fix R > 0 and € > 0. Choose a trace polynomial f which is an (e, R + 3¢!/?) approximation
for {¢n}. Now for x with ||x||sc < R, we estimate

llor,n *Pn(x) —or N * f()]l2 < /II¢N(x+y)—f(x-i-y)llzdoz,zv(y)-

We break this integral into two pieces: The integral over the region where ||| < 3¢'/? is bounded
by € as N — oo by our choice of f. Furthermore, we claim that the integral over the region where
lylloo > 3¢'/2 vanishes as N — oo. Using assumption (3-18) and the fact that f is a trace polynomial,
we see that there exists a C > 0 and integer d > 0, depending only on R, A, n, and f, such that

sup [l (x + Mlla + 1 £G4+ 9l < c(1 +ZIN(yjzd)),

Ixllc<R F

Therefore, we have

/| oo =311/ ”¢N(x+y)_f(x+y)||zdoz,;v(y)fcf
Vlloo=311/2

llylloo>321/2

(1 +> (yf")) dor n ().
J
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This vanishes as N — oo by Corollary 2.12 applied to the GUE. Therefore, we have
limsup sup |loyn*@n(x) —0orn* f(xX)]2 <e€.
N—0oo [x[lo=R

On the other hand, by Lemma 3.21, we have o, vy * f =exp(tLn/2) f — exp(tL/2) f coefficientwise,
and therefore,

timsup sup oy £(v) — [exp(“) F| ol =0,

N—oo |x[|lco<R

so that L
. 1
limsup sup [l oy () — [exp( ) @l < 0

N—oo |[lx[lc<R

Lemma 3.29. Suppose that ¢ : My (C)yy — C and suppose that {D¢n} = {NVey} is asymptotically
approximable by trace polynomials and that ¢ (0) = 0. Then {¢py} is asymptotically approximable by
trace polynomials.

Proof. Given a trace polynomial F € (TrP,]n)m, we can define

1
f(X):/ T(FX)X)dt
0
in TrPY. Then we have

sup |pn(x) = f(x)| = sup

[xllc<R [xllc<R

<R ” iUp INVon(y) — F(Yll2. O
y <R

1
/ (Don(tx) — F(tx), x) dt
0

4. Convergence of moments

Our goal in this section is prove the following theorem. The convergence of moments is related to [Guionnet
and Shlyakhtenko 2009, Theorem 4.4; Dabrowski et al. 2016, Proposition 50 and Theorem 51; Dabrowski
2016, Theorem 4.4], and we include versions of standard concentration estimates (see Section 2E) in the
statement.

Theorem 4.1. Let Vi : My (C) — R be a sequence of potentials such that Vy (x) — (c/2)||x ||§ is convex
and Vy(x)—(C/2)|lx ||% is concave. Let iy be the associated measure. Suppose that the sequence {DVy}
is asymptotically approximable by trace polynomials, and assume that

= hmsupmax /(x] —tn(xp)Dduy(x)| < +oo, 4-1)

N—o0

where 1 denotes the N X N identity matrix.

(1) We have the following bounds on the operator norm: if Ry = max; f||xj | dun(x), then

limsup Ry < —= +M

N—o00

— lim sup max
¢ Nooco J

/ v (x;) d e (x)

1/2

1 C—c
+ limsupl DV O) o+ 5 5 + M,

<
=2 2032
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and as a consequence of concentration we have for each j that

N 2
pun (x| > Ry +8) < e N /2,

(2) There exists a noncommutative law A € X, g , where R, = limsupy_, ., Ry, such that for every
noncommutative polynomial p

]\}gllooffN(p(x))dﬂN(x) =1(p).

(3) The sequence {jLy} exhibits exponential concentration around X in the sense that, for every R > 0
and every neighborhood U of A in X,,,

. 1

lim sup N2 logun(x € My(O)g : lIxlloo < R, Ax €U) <O.

N—o0
Remark 4.2. The rather artificial hypothesis that lim sup,_, ., max; || f (xj — v (X)) d e (x) || < 400 is
trivially satisfied if either py has expectation zero or py is invariant under unitary conjugation and hence
[ xjdun(x) is equal to [ Ty (x;) duy(x) times the identity matrix.

We have already seen in Section 2E that concentration estimates and operator norm tail bounds are
standard. To prove that the moments converge, something more is needed; indeed, the only assumption
relating the measures wuy for different values of N is the fact that D Vy is asymptotically approximable by
trace polynomials. But even if DV is given by the same “trace analytic-function” for different values of N,
it is not immediate that the measure would concentrate in the same regions for matrices of different sizes.

To prove convergence of moments, we want to express [ uduy in terms of DVy for a Lipschitz
function u. One of the standard techniques is to show uy is the unique stationary distribution for a
process X, that satisfies the SDE

dXt:dY,—%(Xt)dt, 4-2)
where Y, is a GUE Brownian motion. This machinery lies behind the log-Sobolev inequality and concen-
tration results, as well as earlier theorems about convergence of moments for general convex potentials.

Specifically, Dabrowski, Guionnet, and Shylakhtenko [Dabrowski et al. 2016, Proposition 5] used
the free version of this SDE to show that for a noncommutative potential V satisfying certain convexity
assumptions, there exists a free Gibbs law for V which is the unique stationary distribution. As an
application, they showed convergence of moments for random matrix models given by Viy =V [Dabrowski
et al. 2016, Proposition 50 and Theorem 51], essentially a special case of our Theorem 4.1.

Dabrowski [2016, Theorem 4.4] was able to show convergence of moments under weaker convexity
assumptions by constructing the solution to the free SDE as an ultralimit of the finite-dimensional solutions.
Our theorem has convexity assumptions similar to Dabrowski’s, but we consider a more general sequence
of potentials V. Like Dabrowski, we analyze the free case by taking the limit of finite-dimensional
results, but we use deterministic rather than stochastic methods.

Instead of the solving the SDE, we study the associated semigroup T,VN , acting on Lipschitz functions u,
given by

T u(x) = Ecu(X))],
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where X, is the process solving the SDE (4-2) with initial condition x. The semigroup provides the
solution to a certain PDE; that is, if u(x, t) = T;ug(x), then we have

_ ., N v, _ Lyu _ (DVy, Du),
B,M_ZNAM 2VVN Vu = 2 > .

The semigroup TtvN will decrease the Lipschitz norms of functions and thus, if u is Lipschitz, then TtvN u
will converge to [udpuy as t — oo.

Solving the differential equation and taking ¢ — oo provides a way to evaluate [ u duy in terms
of DVy. We will describe a construction of the semigroup 7,” through iterating simpler operations
(Section 4A), and then we will show (Lemma 4.10) that the iteration procedure preserves approximability
by trace polynomials and hence conclude that limy_o [ u djuy exists.

4A. Iterative construction of the semigroup. To simplify notation in this section, we fix N and fix a
potential V : My (C)% — R such that V(x) — (c/2)||x||§ is convex and V (x) — (C/2) ||x||% is concave for
some 0 < ¢ < C. We also write 7T; rather than TtV.

We will construct 7; by combining two simpler semigroups corresponding to the stochastic and
deterministic terms of dY; — (D V /2)(X,) dt. Recall that the solution to the heat equation d;u = 2N Yyl Au
with initial data ug is given by the heat semigroup:

Piug(x) = / uo(x +y)do; n(y).

Meanwhile, the solution to d,u = —%(D V, Du), with initial data uq is given by
Siuo(x) = uo(W(x, 1)),
where W (x, 1) is the solution to the ODE
8tW(x,t)=—%DV(W(x,t)), W(x,0) =x. 4-3)

We want to define 7; = lim,,—, o (P;/,S:/»)". This is motivated by Trotter’s product formula which asserts
that e/ A8 =lim,_, o, (e'4/"'B/™)" for nice enough self-adjoint operators A and B (see [Trotter 1959;
Kato 1978; Simon 1979, pp. 4-6]). In our case, we must show that (P, S;/,)" converges as n — oo and
derive dimension-independent error bounds.

We use the following basic properties of the semigroups P; and S;. Here if u : My (C)y; — C, then
[lu]lLip denotes the Lipschitz norm with respect to the normalized L? metric || - | on My (©)% and |lu||zo
denotes the standard L° norm. We are only concerned with Lipschitz functions, so in the following
estimates, the reader may always assume u is Lipschitz, but of course ||« || L~ may be infinite for Lipschitz

functions.
Lemma4.3. (1) ||Pul o < |ul .

) 1 Pulluip < llullLip-

(3) 1P — ull o < m' 212 [u|Lip.
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Proof. (1) and (2) follow from the fact that P,u is u convolved with a probability measure. To prove (3),
suppose [lu||Lip < +00. Then

| Pau(x) — u(x)] = ‘ / (x +y) —u(x))do,,m)’
< / Cx +y) — u ()| dog.w (y)

< el / Iyll2 dor ().

1/2
f Iyll2dorn(y) < ( / 1da,,N(y)) ( f ||y||%dat,N(y>) = (mt)'/?,

since y is an m-tuple (yy, ..., ¥,) and f tN(yjz) dos ny(y) =1t for each j. O
Lemma 4.4. (1) The solution W (x, t) to (4-3) exists for all t.

@) W, ) =Wy, Dl < e lx =yl

3) IW(x, 1) —xll2 = @/DIDV(x) 2.

@ W, 1) =x) =Wy, 1) =Yll2 < (C/)A = e~ |lx = ylla.

(5) 1SiullLip < e/ [lullLip-

Meanwhile,

(6) |IS;ullro < ||lullL~ if u is continuous.

Proof. (1) The convexity and semiconcavity assumptions on V imply that DV is C-Lipschitz (see
Proposition 2.13(4)) and therefore global existence of the solution follows from the Picard—Lindel6f
theorem.

(2) Let V(x) =Vx)— (c/2)||x||%. By Proposition 2.13(5),
(DV(x) = DV (y).x —y)2 = cllx — y|3.
Now observe that
d
EIIW(x, =W, Ol3=—(DV(W(, 1) —DV(W(y, 1), W, 1) = W(y, D)2
< —c|Wx, 1) =W, D3,
and hence by Gronwall’s inequality, ||W (x, t) — W (y, t)||% <e “|W(x,0)—W(y,0) ||% =e “|x— y||%.
(3) Note that
d
S IW G ) = x|3 = —(DV(W(x, 1), W(x, 1) = x)
=—(DV(W(x,1)) =DV (x), W(x,1) —x)2 — (DV(x), W(x, 1) — x)2
<DV |2lW(x, 1) — x]2.

Meanwhile, ||W (x, t) — x||2 is Lipschitz in ¢ and hence differentiable almost everywhere and we have

d d
SINW G, 0 = I3 =20 W (6, 1) = x 2 I W x, 1) = o
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Thus, we have

Lyw e, 0 —xlla < JIDV I,
which proves (3).
(4) We observe that

[(W(x, 1) —x) = (W(y, 1) = y)l2 S%/O DV (W(x,5)) = DV(W(y,s)ll2ds

C t
=< ifo [W(x,s) = W(y,s)ll2ds

c (" _ C -
=5 | Py —ylhds = 21— e )x — yla.
0 C
(5) This follows from (2).
(6) This is immediate because S;u is u precomposed with another function. ([

Now we combine P, and S; as in Trotter’s formula, except that for technical convenience we define
our approximations using dyadic time intervals rather than subdividing [0, ¢] into intervals of size 7/n.
Weset N={1,2,3,...} and Ng = {0, 1, 2, ... }. We also denote by @; = Uz>0 27N the nonnegative
dyadic rationals. -

Lemma 4.5. Fort € 27N, define
Tyou = (PytSy-0)*u.

Fort € QF, the limit Tyu := limy_, oo T; eu exists and we have
172

Cm ¢
_ o < T H—t)2 .
Ty = Tialloe = — 52 Pl

We also have || Tyu|ip < /2 u|Lp.

Proof. We want to show that the sequence {7; ,u}, is Cauchy by estimating the difference between consec-
utive terms. Suppose that t € 27Ny and write # =n/2¢ and § =27, Note the telescoping series identity
n—1
Tieriu —Tpeu = Z(Pasa)zj P5(Ss Ps — P5S5)S5(PasSas)" '~ u. (4-4)
j=0
Thus, we want to estimate Ss Ps — PsSs and then control the propagation of the errors through the
applications of the other operators. Note that for a Lipschitz function v, we have using Lemma 4.4(4) that

$1Paw) = PSiu 00 = [ 0OV G 8)+3) = u(W G+ 5) dos ()
< ol [ 1OV (5,8) =) = (W -+ 3.8) = G+ )l oy ()
< 1ol € (1 =) [yl dos.v()

C —c
< IIllip (1 =™ ()2,
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where the last inequality follows by the same reasoning as Lemma 4.3(3). Therefore,
I155Ps0 = PySyullie < Sml/2812(1 = e=32) ol @5)
Therefore, we can estimate a single term in the telescoping series identity (4-4) by
I(P5S5)* Ps(Ss Py — P5S5)Ss(P2sS2s)" ™' ulloe < 11(S5Ps — PsS5)S5(Pas$25)"™' |
< Sm12512(1 — =) |5 (Pas S35l

C _ _ oS (n— i —
S?ml/Z(Sl/z(l_e €8/2) 4 =¢8/2g—C3(n—] 1)/2||M”Lip-

Here we have first applied the fact that Ps and S5 are contractions with respect to the L° norm from
Lemmas 4.3(1) and 4.4(6); second, we used the estimate (4-5) for S5 Ps — PsSs; and third we used the
estimates || Psullrip < [lullLip and || Ssulluip < e “%/?||u||Lip found in Lemmas 4.3(2) and 4.4(5). Now

summing up the telescoping series, we get

n—1
C . e _ i
IToesru = Treulle < ) om! 28121 — em/2)em 0200 Im0 R
j=0

C 1212 —e8/2y —c8)2 1 _
§?m (1 —e %) ¢ m”u”LIP

C 1/251/2 —c8)2 C 12412
= =m'28'2e= 2 lullip < Sm 2812 u -

c 2¢

In other words, we have
Cm'? i
ITeesu = Theulle < =5 =270 uflLip.
c

It follows that the sequence is Cauchy with respect to || - ||~ and we have the desired estimate on

|T; ¢ — Tyu|| L~ from summing the geometric series.
The estimate || 7; ou||rip < e~ 2 \|u [lLip follows from Lemmas 4.3(2) and 4.4(5), and then by taking

the limit as £ — 400, we obtain || Tyu||Lip < e/ ||ul|Lip- O
Lemma 4.6. The semigroup T, defined above extends to a semigroup defined for positive t such that
fors <t

() = Tu)] < e 2(SGV2+5)0 =92+ IDV @)t = 9) Il

and || TiulLip < e™"/?||u|Lip.
Proof. We first prove the estimate on |T;u — Tyu| for dyadic values of s and ¢. First, consider the case
where t =27¢ and s = 0. Note that

(T —Du=(T; — PS)Hu+ (P, —1)Su+(S; — Du.

The first term can be estimated by Lemma 4.5 with £=1, the second term can be estimated by Lemmas 4.3(3)
and 4.4(5) as
1Py = DSpullzoe < m' 22 Sl < m 222 ullip,s
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and the third term can be estimated by Lemma 4.4(3). Altogether, we obtain
1/2

m
|Tru(x) —u(x)| < (m

t
V2 m! 22 EIIDV(X)Hz) lluellLip-

In the case of general dyadic s and ¢, suppose ¢t > s and write ¢ — s in a binary expansion to obtain
o
t=s-+ Z a; 2~/ s
j=n+1

where a; € {0, 1} and a,41 = 1. Note that 27l <s—t| <27 Letty =5 + Z§=n+l aj2_j. Then

o0
Tu(x) — Tu)| < Y |Tyu(x) = T u(x)|
j=n+1
0 1/2 —J
Cm . ) 2
_ T ~=j)2 1/29—j/2 , = .
5j§+1<c<2_21/2)2 T2 m! P27 4 = ||DV(x)||z)||Tt,.lunLlp

< Cml/2 o 1 202 L DY ()l - 2= @O | T |1
~\\c(2-2172) 1—2-1/2 2 sU||Lip

Cml/2 { 1
— )12 RN B T
= ((c(2—21/2) + 1) 1 —2-172 (t=s5)""+IDV(x)|aAt S))e S |ulLip

—cs/2 Cm!/? 1/2
<e T(3f2+5><r—s> + 1DV @)l2(t — ) )l lLip,

where we used the crude estimate that 1 < Cm'/?/c to combine the first two terms. Because this

continuity estimate holds for dyadic values of s and ¢, we can extend the definition of T;u to all positive ¢.

Furthermore, because || Tyu||rip < e~ 2 |\u [lLip for dyadic ¢, the same must hold for real values of 7.

Now let us verify that 7,7, = Ty, for all real r. Choose dyadic s, N\ s and #, \, ¢ and let u be a
Lipschitz function. We know that Ty T; u = T, 1, u and that T, u — Ts4,u locally uniformly, so it
suffices to show that Ty, T, u — T;T;u. Observe that

|TsnTtnu - TsTtul =< |(Ts,l - Ts)Tt,,u| + |Ts(Ttn - Tt)u|
The first term can be estimated by
—sn2(C
(T, =TT (0] < (. GV245) (50 = )2 + 1DV @) (50 = ) 1T, i,
which goes to zero as n — oo. For the second term, we first note that
—t/2(C
(T, = Tou)] < (2 GV245) 0 =02 + DV ) llalt =) i

Let h,(x) be the right-hand side. Note that u < v implies that T;u < Tyv because this holds for the
operators P and S, (since P is given by convolution and S; is given by composition). Therefore,

\Ts(T, — THu(x)| < Te[(T;, — Tu|(x) < Tshy(x).
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Because DV is C-Lipschitz, we know that £, is an e’ /2 (t, — 1)Cllu||Lip-Lipschitz function and hence
|Tshy (x)| < hy(x) + [(Ty — Dhy(x)]
< () + ¢t = C ullip (S GV2+5)52 + DV @) s),
which goes to zero as n — 00. O
Lemma 4.7. Let u(x) be Lipschitz. Then T;u is a weak solution of the equation
T =——ATu) - Xvv . V(T
tLt — 2N t 2 t

in the sense that for ¢ € C°(My(C)2), we have

N 1 N
Tnig = (Tiy)p] = — 55 V(Tu) -V — = (VV - V(T ds.
/MN(OQ;[( W= Tud] /zo /Mw:)gz,[ o Y T Ve =5 ( ”))¢] s

Proof. Recall that by Rademacher’s theorem if u is Lipschitz, then Vu exists almost everywhere and it is
in L*°(My(C)2). In particular, because V'V is Lipschitz, we also know that the second derivatives of V
exist almost everywhere and are in L*(My(C)72}).
We begin by considering f(S,g Ps — 1)u - ¢ for a Lipschitz u : My(C)7; — Randa ¢ € CX(Mn(C)2)
and § > 0. Note that
(SsPs — Du = (Ss — 1) Psu+ (Ps — Du.

Now Psu is the convolution of # with the Gaussian and so V(Psu) = Ps(Vu). Because the gradient of the
Gaussian is O (8~!/?), we see that the first derivatives of Ps(Vu) are O(8~'/?) in L™ (here our estimates

may depend on N):
Psu(y) — Psu(x) = VPsu(x) - (x —y) + 02 |x — y|I3).

Now using (4-3) and Lemma 4.4(3), we have W(x, ) —x = (N§/2)VV(x) + 0(8?%) uniformly on any
compact set K. Therefore,

(Ss — 1) Psu(x) = Psu(W(x, 8)) — Psu(x) = —NTSV(PSM)()C) SVV(x)+ 0(8%?).
Now we have

/(SaPa—l)u-¢=f(Ss—1)P5u¢>+/(1’s—1)u¢

:_NT‘S/[V(PW)-vv1¢+fu(Pa—1)¢+0(53/2)
__N_5/Pu[(AV)¢+vv-v¢]+fuiA¢+0<53/2)
=== | B 2N

__Né ] 5 3/2
--Z /uP,;[(AV)¢+Vv Vol+ o [ ung+ 0@,

where the error estimates depend only on C, N, |lu||Lip, the support of ¢, and the L°° norms of its
derivatives. We also know from (4-5) that (S5 Ps — PsSs)u is bounded by ||u|Lip(Cm'/?/c)(1 — e=%)81/2,
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which is 0 (83/?). Therefore,

/(Pm —Du-¢= —NT‘S / u Ps[AVp+VV -Vol+ % uAp + 0(8%?).
Now suppose that ¢ is a dyadic rational and write t = n8, where § = 2~¢ for some integer £. Recall

that 7; , = (PsSs)". Then by a telescoping series argument

/(Ttg—l)u o= Z( /jggng[(AV)gb—l—VV Vol + ZN/ ]“uA¢)+O(51/2)

We fix a dyadic ¢ and take £ — oo (and hence § — 0). The above sum over j may be viewed as a Riemann
sum for an integral from O to ¢, where § is the mesh size. Using Lemma 4.6, we know that 7;u is Holder
continuous in 7. Also, by Lebesgue differentiation theory,

Ps[(AV)Yp+VV - Vo] - (AV)p+VV - V¢

1
in L10C

compact support and all the functions we are integrating are bounded on compact sets. Thus, we obtain

(My(C)Z,). There is no difficulty in taking the limit as § — O inside the integral because ¢ has

/(Tt—l)u ¢dx_// ——Tu[(AV)qH—VV Vol + TuA¢)dxds

We may extend this equality from dyadic ¢ to all positive ¢ using Lemma 4.6. Finally, after another
integration by parts (which is justified by approximation by smooth functions in the appropriate Sobolev
spaces), we have

t
/(7} —Du-pdx = / /(—E[V(Tsu) VVIp — ——V(Tou) v¢) dx ds.
0 2 2N
The asserted formula then follows by replacing u# with T; u and ¢ with #; — 7. ]

Lemma 4.8. If 1 is the measure given by the potential V and if u is Lipschitz, then we have

/T,udu:/udu.

Proof. By applying Lemma 4.7 and approximating (1/Z) exp(—N?V (x)) by compactly supported smooth
functions, we see that

_ _1 (L -Nvy_N —N2V _
/T,ud,u /udu_zf/()[ V(@) - VeV = 2V -V (Tupe ]dsdx_O. 0

Lemma 4.9. We have T,u(x) — f udp ast — oo and more precisely

e - [ wdn| <P (2 6 4522 4 21V @) el
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Proof. Fix t and fix r > ¢. Let n be an integer. Then using Lemma 4.6,
n—1

| Toprte () = T < Y | Tyt (6) = Trgrjnit (3]
j=0

n—1 4 12 12
<Y (S 3245 (E) v (L))
j=0

st (a5 () vl ())

1 —e—cr/2n
—etj22n (Cm!/? 172
= e P2 (EME V245 (5) T+ IVEla()) .
Since r > t, we can choose n such that ¢ /4 <r/n <t/2. Then we have

—up(4C i 2
Toaru) ~ T < (S 6 1 53212 4 21V @)la) el

Because this holds for all sufficiently large r, this shows that lim;_, o, T;u(x) exists. Because ||T;u||Lip <
e 2|y llLip, the limit must be constant and therefore equals f u dw. Moreover, we have the asserted

rate of convergence by taking r — oo in the above estimate. (Il

4B. Approximability and convergence of moments. Now we are ready to show that the sequence of semi-
groups T,VN associated to a sequence of potentials Vy will preserve asymptotic approximability by trace
polynomials and as a consequence we will show that the moments of the associated measures .y converge.

Lemma 4.10. Let Viy : My (C)7, — R be a sequence of potentials such that Vy (x) — (c/2)||x ||% is convex
and Vy(x) — (C/2)||x ||§ is concave, where 0 < ¢ < C. For each N, let .y be the associated measure. Let
SIVN and TtvN denote the semigroups defined in the previous section. Suppose that the sequence {DVy}
is asymptotically approximable by trace polynomials. Suppose that {uy} is a sequence of scalar-valued
K -Lipschitz functions which is asymptotically approximable by (scalar-valued) trace polynomials. Then:

(D {S, Ny N} is asymptotically approximable by trace polynomials for each t > 0.
(2) {T uy} is asymptotically approximable by trace polynomials for each t > 0.
(3) limy_ oo [ un dpy exists.

Proof. (1) Recall that S uy =un(Wy(x,1t)), where Wy is the solution to (4-3). Thus, by Lemma 3.27,
it suffices to show that Wy (x, t) is asymptotically approximable by trace polynomials for each ¢. To this
end, we write Wy (x, ¢) as the limit as £ — oo of Picard iterates Wy , given by

1 t
Wno(x, 1) =x, WN,@+1(x,t)=x—§/ DV (Wy(x,s))ds.
0

Because DVy is C-Lipschitz, the standard Picard-Lindel6f arguments show that

o0 n—1.n

t
IWreGe.t) =Wy Dl < 3 == IDVN ()]l
n=~0+1 ’
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Because DVy is asymptotically approximable by trace polynomials, we know that || D Vy (x)||, is uni-
formly bounded on || x|| < R for any given R > 0, and therefore, for each T and R > 0, the convergence of
Wi ¢ to Wy as £ — oo is uniform for all ||x|| < R and ¢t < T and N € N. Thus, by Observation 3.26, it suf-
fices to show that each Picard iterate {Wy ,(x, )} is asymptotically approximable by trace polynomials.

Fix T > 0. We claim that, for every ¢, for every R > 0 and € > 0, there exists a trace polynomial
f (X, t) with coefficients that are polynomial functions of ¢ such that

limsup sup sup [[Wy o(x, 1) — f(x,0)l2 <e.
N—oo te[0,T] |x|lco<R

We proceed by induction on £, with the base case £ = 0 being trivial. For the inductive step, fix € and R,
and choose a trace polynomial f (X, #) which provides an (¢/(CT), R) approximation for Wy , for all
t<T. Let
R = sup sup sup | f(x, )] < +oo.
te[0,T] N xeMy(©)":|lxloo<R
Choose another trace polynomial g(X) which is an (¢/T, R’) approximation for {DVy}, and let h(X, t) =
X — % Otg(f(X, s))ds. Then arguing as in Lemma 3.27, we have for ||x|| < R and ¢ € [0, T'] that

IWy,e41 060 = hx 0l < fo IDV (Wi e, ) = g(f (x. 5))ll2ds

t Ct
=75 sup IIDVN(y)—g(y)IIz+7 sup sup [[Wy e(x,s)— f(x,s)]o.
Iyll<R’ s€l0,T] Ix[I<R

Taking N — oo, we see that /(x, t) is an (e, R) approximation for {Wy ¢(x, )}y forall t <T.

(2) We have shown that Stvk preserves asymptotic approximability. Moreover, if the sequence uy :
My (C)Y, — C is asymptotically approximable by trace polynomials and uy is K-Lipschitz, then the
sequence P;uy is also asymptotically approximable by trace polynomials by Lemma 3.28 (the hypothesis
(3-18) is satisfied since |uy(x)| < |[uny(0)| 4+ K ||x]||2 and |ux(0)| is bounded as N — +o00 because uy is
asymptotically approximable by trace polynomials). Therefore, the iterated operator TXKN = (Py-e SZV Z)z%
preserves asymptotic approximability for dyadic values of . Taking £ — oo, we see by Observation 3.26
and Lemma 4.5 that TIVN preserves asymptotic approximability for dyadic values of ¢. Finally, we extend

the approximability property to TtVN for all real ¢ using Observation 3.26 and Lemma 4.6.

(3) We know by Lemma 4.9 that T,VN uy(x) — f uy duy as t — oo with estimates that are independent
of N. It follows by Observation 3.26 that the sequence of constant functions { Jundu N} is asymptotically
approximable by trace polynomials. But since these functions are constant, this simply means that the
limit of [‘uy duy as N — 0o exists. O

Proof of Theorem 4.1. (1) Letay = [ xduy(x) and ay j = [ x; dpy(x). Note that

Ry = max [y =l dia (o) -+ max| [ oGy dian (0| 4+ max| [ G5 = o) e

When we take the lim sup as N — oo, the first term is bounded by 2/c!/? by Corollary 2.12, while the
last term is bounded by M. It remains to estimate f N (xj) djy (x).
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Using integration by parts, we see that

/DvN(x)duNoc):—%f%V[e—vN(xndx:

On the other hand, we may estimate || D Vy (x) —(DVn(0)+ ((C+c)/2)x) || as follows. We assumed that
Vi (x) = (c/2)|lx 1} is convex and Vy (x) —(C/2)||x |13 is concave. Let Vy (x) = Vi (x) — ((C+¢)/2) | x|13.
Then Vy (x) + ((C — ¢)/2)|1x|I3 is convex and Vi (x) — ((C — ¢)/2)||x||3 is concave. Therefore, DVy is
(C —¢)/2-Lipschitz with respect to || - |2 by Proposition 2.13(4). It follows that

|Dve@ = DV + F4x) | = 10Ty = DVn @l = SSE I,
Therefore,
HDVN(O) n C+CaN H - H—DVN(x) n <DVN(O) n C;_Cx) H

< T_/IIXIIz dpn (x)

C—c 2
< T<||61N||2+ (/HX _aN”%dﬂ(x)> )

C— -
< =5 (layl2 '),
where the last step follows from Theorem 2.11. Altogether,

C+c
2

C—-
Sllaylla + IDVNO) 2+ =5

C
layll2 < i

Then we move ((C —c)/2)|lan]|2 to the left-hand side and divide the equation by c to obtain

—C

1 C
Vw(x,-)dw(x) < llanlz = ZIDVN O+ -7

which proves the asserted estimate on Ry. The tail estimate on uy(|lx;[| > Ry + §) follows from
Corollary 2.12.

(2) Fix a noncommutative polynomial p. Let R, = limsupy .y Ry, which we know is finite because
of (1) and suppose that R" > R,. Let ¥ € C2°(R) be such that ¢ (t) = ¢ for |t| < R’, and define
W(xy, ..., xn) =@ (x1),..., ¥(xn)), where ¥ (x;) is defined through the continuous functional calculus
for self-adjoint operators. Now x — v (x) is Lipschitzin || - ||, for x € My (C)s, with constants independent
of N (see for instance Proposition 8.8 below). It follows that p(W(x)) is globally Lipschitz in | - ||, and
it equals p(x) when ||x|| < R’

Furthermore, we claim that the sequence 7n(p(W(x))) is asymptotically approximable by trace
polynomials. To see this, choose some radius r and § > 0. By the Weierstrass approximation theorem, there
exists a polynomial 1/A/(t) such that |y () — 1Zf(t)| < for t € [—r, r]. By the spectral mapping theorem, we
have || (y) =¥ (»)|| <8 if y € My(C)sa and || y|| < r. In particular, if we let U (x) = (¥ (x1), . .., ¥ (xm))
forx e My (O

ta» then we have ||W(x) — @(x) || <8 when ||x|ls <r. Given € > 0, we may choose § small
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enough to guarantee that |ty (p (¥ (x))) — T ( (@(x)))| < e for ||x|leo <r, and clearly Ty ( (@(x))) is
g g p P y P

a trace polynomial. Thus, Ty (p(W(x))) is asymptotically approximable by trace polynomials.
Therefore, by Lemma 4.10, the limit

M) = Jim [ o (p(p @) duy)

exists. Clearly, A satisfies all the conditions to be a noncommutative law (Definition 2.3). Furthermore,
because of the operator norm bounds (1), we know that f”x”> r IN(p(x)) duy (x) is finite and approaches
zero as N — oo and the same holds for the integral of 7x (p(W¥(x))). Therefore,

Jim [ o i = fim [ o080 diaw o) =30

Also, we have A(p) = limy_ o fo”<R, v (p(x)) dun(x) and hence A € X, g. But since this holds for
every R’ > R,, we have A € X, g,.

(3) It suffices to prove the concentration claim (3) for sufficiently large R, say R > 2R,. Because the
topology of X, r is generated by the functions A — A(p) for noncommutative polynomials p, it suffices
to consider the case where U = {A": |A'(p) — A(p)| < €} for some noncommutative polynomial p. Choose
a function ¢ € C2°(R) with ¥ (¢) =t for |[t| < R, and let W be as above. Then by Theorem 2.10,

|

But by the same reasoning as in part (2), we know that large enough N, we have

w(p(¥(x))) — f v(poW)duy

> % ) < 2~V Bln (P,

[ oWy | <5,
and hence .
limsupmlog un(xll < R, |[tn(p(x)) —A(p)| =€) <O0. O

N—o0
5. Entropy and Fisher’s information

5A. Classical entropy. In this section, we will state sufficient conditions for the microstates free entropies
x and x to be evaluated as the lim sup and liminf of renormalized classical entropies. Recall that the
(classical, continuous) entropy of a measure du(x) = p(x) dx on R" is defined as

h(p) == / —plogp,
whenever the integral makes sense. If ; does not have a density, then we set 7(u) = —oo. We will later
use the following basic facts about the classical entropy, so for convenience we provide a proof.
Lemma 5.1. Assume that | is a probability measure on R" with density p and that f Ix12dp(x) < +o0.
(1) The positive part of —p log p has finite integral and hence f —p log p is well-defined in [—o0, +).

(2) We have h(i) < (n/2)log2mae, where a = f |x |2 du(x)/n, and equality is achieved in the case of
a centered Gaussian with covariance matrix al.
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(3) Suppose {1} is a sequence of probability measures with density px. Suppose py — p pointwise
almost everywhere and that f Ix |2 d g (x) — f |x|2dp(x) < +00. Then lim SUP;_, o0 (k) < h(w).

(4) If v is a probability measure with finite second moments, then h(j *v) > h(u).
Proof. (1) Leta = [ |x|*du(x)/n. Let g(x) = (2 a)~"2e ¥/ be the Gaussian of variance a, and
let v be the corresponding Gaussian measure. Let p = p/f be the density of u relative to the Gaussian.

We write
—px)log p(x) = —p(x)log p(x) - g(x) — p(x) log g(x) - g(x)

=500 log 5x) g0+ (BL 4 x|? +2 log27a) p(x).

The second term has a finite integral by assumption. The function —¢ log ¢ is bounded above for ¢t € R, and
g(x) is a probability density; thus, the positive part of —g log 5 - g has finite integral. Hence, [ —plog p
is well-defined.

(2) The function —¢ log ¢ is concave and its tangent line at t =0 is 1 —¢, and hence —¢ log¢ <1 —t. Thus,

/—ﬁlogﬁdy sf(l—ﬁ)d)/:O,
SO

x| L n ) _n_n _n
h(w) </( 210g27m px)dx = > + 210g27ra_ 210g271e.

In the case where u =y, we have 5 =1 and hence [ —p log g = 0.

(3) Let y be the Gaussian of covariance matrix / and g its density. Let oy = pr/g. As before,

2
hu) = / i log pr dy + / (B 2 tog 2 djos

By assumption, the second term converges to f (Ix12/2+ (n/2) log2m) du as k — oo. Since the function
—tlogt is bounded above and y is a probability measure, the integral of the positive part of — o log o
converges to the corresponding quantity for p. For the negative part, we can apply Fatou’s lemma. This
yields lim sup;_, o A(ui) = h(w).

(4) We can assume without loss of generality that one of the measures, say i, has finite entropy. Then
w * v has a density given almost everywhere by 5(x) = [ p(x — y)dv(y). Since —rlogt is concave,
Jensen’s inequality implies that

—p(x)log p(x) = / —p(x —y)log p(x — y) dv(y).
The right-hand side is

// o — ) log plx — y) dv(y) dx = ff o (x — y) log p(x — y) dx dv(y) = h(w),

where the exchange of order is justified because we know that —p log p is integrable since h(u) > —oo.
Therefore, h(p*v) = [ —plogp > h(p). O
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5B. Microstates free entropy. Because there is no integral formula known for free entropy of multiple
noncommuting variables as in the classical case, Voiculescu [1993; 1994] defined the free analogue of
entropy using Boltzmann’s microstates viewpoint on entropy.

Definition 5.2. For U C %,,, we define the microstate space
Ty @) = (x € My (O : by €U),
Py rU) ={x e MN(O) 1 Ay €U, |Ix]lo < R}.

The microstates free entropy of a noncommutative law A is defined as

e 1 m
xr(A) = Ll{r;li lim sup(m logvol 'y r(U) + 5 log N),

N—o0

x (&) = sup xr(A).
R>0

Here vol denotes the Lebesgue measure with respect to the identification of My (C)7; with R™” as in
Section 2A, and U ranges over all open neighborhoods of A in X,,. Similarly, we denote

Xr(A) = 1nf11m1nf<— logvol 'y pr(U) + = logN)
- Ush N—oo

X (%) = sup x& (3.
R>0

Remark 5.3. Note that ¢/ C V implies that

lim sup(% logvol I'y p(U) + % log N) <lim sup(% logvol 'y r(V) + % log N).

N—o00 N—oo

Hence, to estimate the infimum over I/ (that is, xg (1)), we can always restrict our attention to neighbor-
hoods U contained inside some fixed V. The same holds for the lim inf variant of entropy.

Definition 5.4. A sequence of probability measures uy on My (C)%: is said to concentrate around the
noncommutative law A if A, — A in probability when x is chosen according to uy, that is, for any
neighborhood U/ of A in X,,, we have

kILI{:OMN(X el'y)) =1.
Proposition 5.5. Let Vy : My(C)y, — R be a potential with f exp(—N2 Vn(x))dx < 400 and let
be the associated measure. Assume:
(A) The sequence {jun} concentrates around a noncommutative law A.
(B) The sequence {Vy} is asymptotically approximable by scalar-valued trace polynomials.
(C) For somen > 1anda,b > 0we have |Vy| <a +bZT:1 rN(xf").

(D) There exists Ry > 0 such that

lim (1 +ZrN(xj2")> duy(x)=0
=1

N=00 x|l >Ry

where n is the same number as in (C).
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Then )\ can be realized as the law of noncommutative random variables X = (X1, ..., X;) in a von
Neumann algebra (M, t) with || X;|| < Ro. Moreover, we have

_ — i 1 m ]
X0 = xr, () = lim sup( 73 (uen) + 5 log V). (5-1)
XA = x g (1) = 1iminf(ih(mv) M og N). (5-2)
= £ N—oo \N2 2

Proof. 1t follows from assumptions (A) and (D) that for every noncommutative polynomial p
lim v(p(x)) dun(x) = A(p).
N=00 Jiixlloe<Ro

In particular, this implies that [A(X;, ... X; )| < R’OC for every iy, ..., iy, and hence A € X,, ,. The fact
that A can be realized by operators in a von Neumann algebra is standard (Proposition 2.7).
Now let us evaluate g and XR for R > Ry. Recall that

dpn () = - exp(~N>Vy () dx, Zy = f exp(—N2Vy (x)) dx,
N
and note that
h(y) = N? / Vv () djan (o) + log Zy.
The assumptions (C) and (D) imply that
lim [VNX)|duny(x)=0 and Iim puy(x:|[|x]e = R)=0.
N—o0 [xleo=>R N—00

Therefore, if we let

1

duy gr(x) = Z—lllxllocsR exp(=N?Vy(x)dx, Zygr= f exp(—N?Vy (x)) dx,
N,R xllo<R

then, as N — oo, we have

/VNdpLN—/VNdMN’R—)O, logZN—logZN,R—>0,
and hence | |
mh(MN) - mh(MN,R) — 0.

Fix € > 0. By assumption (B), there is a scalar-valued trace polynomial f such that |V (x)— f(x)| <€/2
for ||x|lec < R and for sufficiently large N. Now because the trace polynomial f is continuous with
respect to convergence in noncommutative moments, the set U = {)J M) =M <€ /2} is open.
Now suppose that V C U/ is a neighborhood of A. Note that

. . Zy
ngnoo un,r(Tn,r(V)) = ngnoo ~

unTyOW)N{x :lxllec < RY) =1,
N.R

where we have used that Zy /Zy r — 1 as shown above, that uy(I'y(V)) — 1 by assumption (A), and
that uy (J|x|lec < R) — 1 by assumption (D). Moreover, by our choice of f and U/, we have

xellyr(VY) = |VWv&x)—=A(f)|Ze.
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Therefore,
ZN RN, R(TN (V) = / exp(—N?Vy (x)) dx
Ly r(V)
=vol Ty g (V) exp(—N*(A(f) + O(¢))).
Thus,

log Zy g +1og ity Ty, (V) = log vol Ty (V) — N*(A(f) + O(€)).

Meanwhile, note that | f (x)]| is bounded by some constant K whenever ||x||oc < R (where K is independent
of N). Therefore,

/VNdMN,R =/ VNdMN,IH-/ Vndun, r
Ly r(V) Ly r(VE)

- f AL Tdin.r + / Ml fldiy g+ O(€)
'n r(V)

Ly r(VE)

=M r(CngOV) + 0(€) + O(K pun (T (V).
Altogether,

1
mh(MN,R) =/ Vndun r + log ZN R
1
=A(f)(unr(Cn,r(V)) —1) + V2 logvol 'y g (V)

1
+ 0(€) + O(K un(Ty, R(V°)))— 5 log un r(Cn (V).
Now we apply the fact that un r(I'y g (V)) — 1 to obtain

. 1
lim sup WVZWN’R) —logvolI'y (V)| = O(e).

N—o00

In light of Remark 5.3, because this holds for all sufficiently small neighborhoods V C U/ with the error
O (¢) only depending on U/, we have
xr ) = limsup(<5hGan,p) + 2 log N) + 0(e)

N—o0

=lim sup< h(pLN) + = log N) + O (e).
N—o0

Next, we take € — 0 and obtain g (A) = lim supl\,ﬁoo(N*2 logh(un)+ (m/2)log N) for R > Ry. Now

x(A) = supp xr(A) and xr(A) is an increasing function of R. Since our claim about xg(X) holds for

sufficiently large R, it also holds for x (A), so (5-1) is proved. The proof of (5-2) is identical. U

5C. Classical Fisher information. The classical Fisher information of a probability measure @ on R”
describes how the entropy changes when p is convolved with a Gaussian. Suppose u is given by the
smooth density p > 0 on R”, and let y; be the multivariable Gaussian measure on R” with covariance
matrix #I. Then the density p; for u, = u * y; evolves according to the heat equation d;p; = A /2p;.
Integration by parts shows that 0,k (u;) = % f |V p:/pi)? dpes (which we justify in more detail below).
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The Fisher information of u represents the derivative at time zero and it is defined as

\Y%
() :=/‘—"
0

The Fisher information is the L?(x) norm of the function —V p(x) /p(x), which is known as the score

2
du.

function. If X is a random variable with smooth density p, then the R"-valued random variable E =
—Vp(X)/p(X) satisfies the integration-by-parts relation
Vp(x)
p(x)
or equivalently E[E; f(X)] = E[9; f (X)] for each j.

In fact, the integration-by-parts relation E[E - f(X)] = E[V f(X)] makes sense even if we do not

E[E- f(X)]= —/ F@)p(x)dx = / p(X)V f(x)dx = E[Vf(X)] for f € CP(R"), (5-3)

assume that X has a smooth density. Following the terminology used by Voiculescu in the free case, if
X is an R"-valued random variable on the probability space (€2, P), we say that an R"-valued random
variable B € L?(2, P) is a (classical) conjugate variable for X if E[E - f(X)] = E[V f(X)] and if each
E; is in the closure of {f(X) : f € C®(R")} in L*(Q, P).

In other words, this means that E is a function of X (up to almost sure equivalence) and satisfies the
integration-by-parts relation. Since the integration-by-parts relation uniquely determines the L>(Q, P)
inner product of E; and f(X) for all f € CX°(R"), it follows that the conjugate variable is unique (up to
almost sure equivalence), and that it is given by f(X) for some f that only depends on the law of X. Thus,
we may unambiguously define the Fisher information T(u) = E[|E]?] if X ~ 1 and E is a conjugate
variable to X, and Z(u) = +o0 if no conjugate variable exists.

The probabilistic viewpoint enables us to produce conjugate variables and estimate Fisher information
using conditional expectations. (See [Voiculescu 1998, Proposition 3.7] for the free case.)

Lemma 5.6. Suppose that X and Y are independent R"-valued random variables with X ~ pt and Y ~ v.
If E is a conjugate variable for X, then E[E|X + Y] is a conjugate variable for X + Y. In particular,

Z(psv) = min(Z(pn), Z(v)).

Proof. Because X and Y are independent, we have for g € C°(R" x R") that E[E;g(X,Y)] =
E[dx;8(X, Y)]. In particular, if f € CX(R™), then

E[E;f(X+Y)]= E[ox;(f(X+Y))]=E[Q; /) (X+T)]
But E[E;|X+Y] is the orthogonal projection onto the closed span of { f(X+¥): f € C2°(R")} and hence
E[E[E;|X +Y1f (X +Y)] = E[3; f (X + Y)].
So Z(puxv) = E[|E[E|X + Y]] < E[|E[*] = Z(11). By symmetry, Z(11 % v) < Z(1). O

The entropy of a measure p can be recovered by integrating the Fisher information of u * y;. The
following integral formula was the motivation for Voiculescu’s definition of nonmicrostates free entropy x *.
For the reader’s convenience, we include a statement and proof in the random matrix setting with free
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probabilistic normalizations. See also [Barron 1986, Lemma 1; Voiculescu 1998, Proposition 7.6]. Recall
that we identify My (C)™ with R™Y ’ using the orthonormal basis given in Section 2A rather than entrywise
coordinates (since some entries are real and some are complex).

Lemma 5.7. Let i be a probability measure on My (C)2: with finite variance and with density p, and
let oy n be the law of m independent GUEs of normalized variance t. If a = (1/m) fllxll%du(x) =
(1/(mN)) f |x|2d/L(x), then we have for t > 0 that

m 1 . (m 1
< Tk o) < min( % <5T(w). (5-4)
Moreover,
L h 1 h _ 1 1 T d 5-5
m (M*Uz,N)—m (M)—z A m (n*og n)ds (5-5)
and
Lhwy+ P 10g N =+ w(i_Lz(M*o N)) ds + 2L log2re. (5-6)
N2 2 2Jy \1+s N3 5 2

Proof. To prove (5-4), suppose ¢ > 0 and let X and Y be random variables with the laws u and oy y respec-
tively. The lower bound is trivial if Z(u * 07, y) = 400, so suppose that X 4 Y has a conjugate variable E.
Then after some computation, the integration-by-parts relation shows that E(Z, X + Y )1, = m N2 Thus,

>|E(E,X+Y)Tr|2_ (mN?)? _N3
~ E|IX+Y|?  Nma+mt) a+t

E[E)]

since the variance of Y with respect to the nonnormalized inner product is Nmt and the variance of
X is Na. The upper bound is trivial in the case where t = 0. If ¢+ > 0, then by the previous lemma
Z(u * oy n) < min(Z(w), Z(o;,n)). Moreover, a direct computation shows that if Y ~ o, y, then the
conjugate variable is (N /¢)Y and the Fisher information is mN?3/t.

Next, to prove (5-5), let u; := u * 0; y. By basic properties of convolving positive functions with the
Gaussian, u, has a smooth density p,. We claim that if 0 < § < ¢, then

_ 1 _1 ! |V ps ()]
h(m)—h(us)—ﬁfa I(Ms)dS—ﬁfsfMN(dex ds. (5-7)

This will follow from integration by parts, but to give a complete justification, we first introduce a smooth
compactly supported “cutoff” function ¥ : My (C)Y; — R such that 0 < ¢g <1 and ¥g(x) =1 when
|x] < R and ¥g(x) =0 when |x| > 2R. By taking ¥ to be rescaling by R of some fixed function, we
can arrange that ||[Vig(x)||2 < C/R for some constant C. Because 9505 = (2N)~ ' Ap,, we have

d 1
E[_ / WRIOS log ps:| = _m / wR : (Aps log,os + Aps)

- L WR—W'OS'Z—FL Vg -Vos-(1+1ogps)
2N Os 2N * o
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where all the integrals are taken over My (C)7, with respect to dx. This implies
- / Vrpelog pr + / Vrps log ps
Vs

= [ o o [ (e

We must now take the limit of each term as R — +o0o. For the first term on the right-hand side, the

)(1 +log py) dus.  (5-8)

monotone convergence theorem yields

t
li
R—lToo[;/IﬁR

The second term on the right-hand side of (5-8) can be estimated as follows. Note that ;g = u * oy N
and that o, y has a density that is bounded uniformly for s € [§, ] and x € My (C)Z;. Therefore, p; is
uniformly bounded for s € [§, ¢] and x € My (C)Z and hence log p is uniformly bounded above. To

Vs [°

t
d,usds=/ Z(uy)ds.
8

obtain a lower bound on log p;, first note that there is a K > 0 such that
pix x| < K) >
Now if x € My(C)y; and |y| < K, then |[x — y| > |x| — K and hence
e — y? < P = 2K x|+ K* = 2|x* 4+ 2K,

where the last inequality follows because 2K |x| < |x|?/2 4+ 2K? by the arithmetic-geometric mean
inequality. Therefore, letting Z be the normalizing constant for oy y, we have

1 _ 2 B e
p‘v(x)zf/‘ (N/@0)|x—yl d,u(y)> = /e /@ g1y (y)

NK2/t
e~ NIDPHKD gy > € T =Dl

lyI<K

y|<K

>
—Z

so that log p; > K’ — |x|? for some constant K. In particular, combining our upper and lower bounds,
there is a constant o such that for sufficiently large x, we have |1 + log py| < «|x|* Recall that Vi (x)
is supported when R < |x| < 2R and bounded by C/R and thus |Vi{g(x)| < C/|x|. Altogether we have
IV¥r(1+log ps)| < Blx| for some constant 8 when |x| is large enough. Thus, the second term on the
right-hand side of (5-8) is bounded by

ffww us)(1+10gps)|dusds<ﬂ// ‘ VO | s x) ds
Ix|=R Ps(x)

- 3 ,//x|>R< ‘ /s)s(x)

The right-hand side is the tail of the convergent integral

INACE

and therefore it goes to zero as R — 00 by the dominated convergence theorem.

) dus(x)ds.

t
) dus(x)ds = f [(@a+ms)+T(us)]ds < —o00,
s
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As for the left-hand side of (5-8), we can apply the dominated convergence theorem to — [ Y p; log p;
and — [ Yrpslog ps given our earlier estimate that p, is subquadratic for each s. Thus, after taking
R — o0 in (5-8), we obtain (5-7).

To complete the proof of (5-5), we must take 6 N\, 0 in (5-7). We can take the limit of the right-hand
side of (5-7) by the monotone convergence theorem. For the left-hand side of (5-7), Lemma 5.1(3) implies
that limsupg. o 71 (us) < h(n) because ps — p almost everywhere by Lebesgue differentiation theory.
On the other hand, & (us) > () by Lemma 5.1(4); hence h(us) — h(w), so (5-5) is proved.

To prove (5-6), we follow [Voiculescu 1998, Proposition 7.6]. First, suppose that /(1) > —oo. Note that

1 "'rmN? 1 mN?
160 = [ (535 = 37080) ds = 55 log1 +0) + ().

1 2
mN 1
[ (55 - §om) as

is finite. In light of (5-4), the integral from 1 to oo is also finite and by the dominated convergence theorem

.1 ["/mN? 1 1 [“/mN?* 1
MAm, 5 fo (T — w2 ds =3 /0 (s — 7)) ds

It remains to understand the behavior of 4(u,) — (mN?/2) log(1+41¢). By Lemma 5.1(4) and (2),

mN? 2met  mN? 27e mN?
h(pe) = hiorn) = —5—log == = —5—log =7~ + ——log .

On the other hand, by Lemma 5.1(2), since f |x|?2dp:(x) = N(a+ tm), we have

If () > —o0, then

mN? 2mwe(a+t) _ mN? 2me  mN?

h(u;) < 5 log N 5 log N + 3 log(a +1).

As t — oo, we have log(1 +t) —log(a +t) — 0 and log(1 +¢) — log ¢t — 0 and therefore

N? 22 N? N?

() — m2 log(1+1) — m2 log ;" = m2 log2me — " log N.

Hence,

1 [*/mN? 1 mN? mN?

h(w) = 5/0 ( - NI(,LS)) ds + "= log2e - log N,
which is equivalent to the asserted formula (5-6). In the case where i (i) = —oo, we also have
1 2
mN 1
fo (T — w20 ds = =0

by (5-5), but the integral from 1 to oo is finite as shown above. So both sides of (5-6) are —oc. [l

5D. Free Fisher information. The starting point for the definition of free Fisher information is the
integration-by-parts formula (5-3). Indeed, if we formally apply this to a noncommutative polynomial p
and renormalize, we obtain

[ (3 Eipe) due = [ o @ @pndico, (5:9)
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(and this integration by parts is justified under sufficient assumptions of finite moments). Voiculescu
therefore made the following definitions:

Definition 5.8 [Voiculescu 1998, §3]. Let X = (X1, ..., X;») be a tuple of self-adjoint random variables
in a tracial von Neumann algebra (M, t) and assume that M is generated by X as a von Neumann
algebra. We say that £ = (&, ..., &,) € L>(M, ©)™ is a (free) conjugate variable of X if

(i p(X)) =1 ®T(D;jp(X)) (5-10)

for every noncommutative polynomial p. The free conjugate variable, if it exists, is unique. If it
exists, we say that X (or equivalently the law of X) has finite free Fisher information and define
P*(X) : = d*(Ay) := Zj r(éjz). We also denote the conjugate variable & by J(X).

Definition 5.9 [Voiculescu 1998, Definition 7.1]. The nonmicrostates free entropy of a noncommutative
law A is

* ._l oo( m_ - ax > l
x (A) ._2f0 1 O*(AHoy) +210g2ne.

Now we are ready to state conditions under which the classical Fisher information of a sequence of
measures wy converges to the free Fisher information of the law M. First, to clarify the normalization,
note that if duy(x) = (1/Zy) exp(—N 2Vy(x)) dx, then the classical conjugate variable is given by
2y = N2V Vy. The normalized conjugate variable used in (5-9) is (1/N)Exy = NVVy = DVy. The
corresponding normalized Fisher information is then

2 _ [ Lilg
[1ovaians = [ 4|3ex

which is the same normalization as in Lemma 5.7.

: 1
du= FI(MN)’

Proposition 5.10. Let Vi : My (C): — R be a potential with f exp(—N2 Vy (x))dx < +o0 and let Ly
be the associated measure. Assume:

(A) The sequence py concentrates around a noncommutative law .
(B) The sequence {DVy} is asymptotically approximable by trace polynomials.
(C) For somen > 0anda,b > 0 we have ||DVN||§ <a+b Z'};l tN(sz").

(D) There exists Ry > 0 such that

m
lim <1 + rN(x~2”)> duy(x)=0.
N=00 J|lx]lo= Ry ; ’
Then:
(1) The law X can be realized by self-adjoint random variables X = (X1, ..., X;y) in a tracial von

Neumann algebra (M, ) with || X;|| < Ro.

(2) There exists a sequence of trace polynomials f® e (TrP! )™ such that
q poty m

lim limsup sup [[DVy(x)— f(k) x)|l2=0.

k=00 N—oo |xllee<Ro
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(3) If{f®Y is any sequence as in (2), then { f(X)} converges in L*>(M, t) and the limit is the conjugate
variable J (X).

(4) The law A has finite free Fisher information and N‘3I(MN) — ®*(A) as N — oc.

Proof. (1) This follows from the same argument as Proposition 5.5.
(2) This follows from the definition of asymptotic approximability by trace polynomials.

(3) Let {f(k>} be a sequence as in (2). Because up concentrates around A and uy ({x : [|X]loo < Ro}) — 1
as N — 400 by (D), we have

MU = FO (= )= lim vl = 1O = 01y ).
N=0 Jiix =Ry

For every € > 0, if j and N are large enough, then SUP| . <o | P VN (X) —fDX) <€ by our assumption
on . In particular, if j and k are sufficiently large, then A[(f) — F®)*(fU) — f®))] < (2¢)2 This
shows that {f(k)(X)} is Cauchy in L%*(M, )) since X has the law .

Let & = limg_ o0 £ (X). We must show that £ is the conjugate variable for X. Let € C2°(R) such
that ¥ (y) = y when |y| < Ro. For x € My (O)%}, let W(x) = (Y (x1), ..., ¥ (xm)). By (5-9), because
DVy (x) is the classical conjugate variable for X, we have for every noncommutative polynomial p that

/ N [Dj Vi (x) - p(W(x)]dpun(x) = f Dj[tn(p(W(x))]dpn(x).
It follows from our assumptions (C) and (D) that

lim IDVy )5 dpn (x) =0.

N=00 x|l >Ry

Because p(W(x)) and D;[ty(p(¥(x)))] are globally bounded in operator norm, the integral of these
quantities over ||x||s > Ry will vanish as N — oo and therefore

/” ok N [D; VN (x) p(W(x)]dpn (x) —/” ek Dj[t(p(¥(x))]dun(x) = 0.
But since p(W(x)) = p(x) on this region, we have
fl D@ - /I N OID Pl () >0
X|loo=<Ro X|loo<Ro

Now the second term converges to A ® A[D; p] =t ® t[D; p(X)] by our concentration assumption (A).
For the first term, we can replace D;Vy (x) by fj(k) (x) with an error bounded by

sup || FPx) = DVN )2

Ixllc<Ro

Then we apply concentration to conclude that

[ x5O @ pdun ) = a0 )
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Overall,
M) pl =2 @D, pl| <limsup sup || £ (x) = DVy(x)]l2-

N—oo |lxllo<Ro
Taking k — oo, we obtain 7[§; p(X)] — 7 ® T[D; p(X)] = 0 as desired.
(4) We know from (3) that A has finite Fisher information. Assumptions (C) and (D) imply that

1
FiZm = [ DV B - o
lxlloo<Ro

By arguments similar to those before, we can approximate DVy by f® on ||x|s < Ry, approximate

i< IF @13 dpay by 2((f®)* £®), and then approximate A((f®)* f®) by 7 (&) = *(1), where
the error terms vanish as N — oo and then k — oo. This implies that N73Z(uy) = P*(1). O

6. Evolution of the conjugate variables

6A. Motivation and statement of the equation. In the last section, we stated conditions under which
the classical entropy and Fisher information of wux converge to their free counterparts for the limiting
noncommutative law A. In order to prove that x (1) = x*(1), we want to take the limit in the integral
formula (5-6), and therefore, we want N 37 (un *x01.8) = ®*(AH ;) for all ¢ > 0. In order to apply
Proposition 5.10 to uy * 0; y, we need to show that {DVy ;}y is asymptotically approximable by trace
polynomials, where Vy ; is the potential corresponding to iy * oy .

By adding a constant to each Vy if necessary, we may assume without loss of generality that Zy = 1.
We recall that Vi ;(x) is given by

exP(N? Vi, (1) = [ exp(=NVy(x +3) dory (). ©1)
Then exp(—N 2 V.1 (x)) solves the normalized heat equation

0 [exp(—N>Vy ((x))] = % Alexp(—=N?Vy ;(x))], (6-2)

where (1/N)A = L is the normalized Laplacian. However, we do not know how to show that DVy (-, )
is asymptotically approximable by trace polynomials from a direct analysis of the heat equation because
of the dimension-dependent factor of N7 in the exponent. What we want is a dimension-independent and
“hands-on” way of producing Vy ; from Vy.

As in Section 4, we will analyze the PDE which describes the evolution of the function Vy ;. First, let
us derive the equation by rewriting (6-2) in terms of Vy , rather than e~V Wi, By the chain rule,

d[exp(—=N>Vy )] = —N23,Vy,, -exp(=N>*Vy.,)

and
Alexp(=N?Vy )] = [A(=N?Vy ) + |V(=N*Vy ) |*1exp(—=N*Vy.,)

= (=N2AVy,+ NV Vy, [P exp(—=N*Vy.,),
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where A and V denote the classical (nonnormalized) Laplacian and gradient, where My (C)Z: has been

identified with RN’ using the coordinates in Section 2A. Thus, our equation becomes

1
=N Vo = 55 (=N AV + N Vi),

1
2N
Recall that (1/N)A is the normalized Laplacian discussed in Section 3B. The normalized gradient is

N
0 Vs =55 AVia = 51V Vil

DVy ;= NVVy,, and the normalized Euclidean norm is

m m

2 _ PN n_ 1. 2

||x||2—_erN(x,~>— N_ZITru,-)— 1l
J= J=

Then . :
NIVViil? = GINVVil? = 51DV l? = 1D Vi3,

and therefore we obtain the following equation that is normalized in a dimension-independent way:
0V = 3LNVia = 31DVl (6-3)

In the remainder of this section, we study a semigroup R; acting on convex and semiconcave functions
on My (C)Z such that Viy ; = R;Vy (here R, depends implicitly on N). In Sections 6B—6F, we construct
R, from scratch by iterating the heat semigroup and Hopf-Lax semigroup. Next, in Section 6G, we verify
that R; Vi solves (6-3) in the viscosity sense (for background, see [Crandall et al. 1992]), and deduce that
R;Vx must agree with the smooth solution Vy ; defined by (6-1). Finally, in Section 6H, we show that if
{DVy} is asymptotically approximable by trace polynomials, then so is { D(R;Vy)}.

6B. Strategy to approximate solutions. To construct the semigroup R, that solves (6-3), we view the
equation as a hybrid between the heat equation d;,u = (2N)~' Au and the Hamilton—-Jacobi equation with
quadratic potential d;u = —% | Du ||%. The heat equation can be solved by the heat semigroup

Pu)i= [ utr+y)dony (). (6-4)
while the Hamilton—Jacobi equation can be solved using the inf-convolution semigroup

Q) = intlux + )+ oy I] (6-5)

as a special case of the Hopf-Lax formula (see [Evans 2010, Chapter 3.3]).

In Dabrowski’s approach, the solution to (6-3) was expressed through a formula of Boué, Dupuis,
and Ustunel as the infimum of E[u(x + B; + [y Ysds) + 3 [, 1¥s]13 ds] over a certain class of stochastic
processes Y; adapted to a standard Brownian motion B; (see [Dabrowski 2016, Theorem 3.1]). This
formula, roughly speaking, combines the Gaussian convolution and inf-convolution operations by replacing
the y in the definition of Q, by a stochastic process and allowing it to evolve with B,. Dabrowski [2016,
Section 5] then identifies the minimizing process Y; as a Brownian bridge and analyzes it using a
forward-backward SDE. Through the Picard iteration for solving the SDE, he shows that the solution is
well-approximated by noncommutative functions.
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We instead give a deterministic proof following the same strategy as in Section 4 that is motivated by
Trotter’s formula, we define a semigroup R,u at dyadic times ¢ by alternating between P,-¢ and Q,-¢ and
then letting £ — co. We establish convergence through a telescoping series argument after showing that
P, Q; — O P, = o(t). Then we show that R,u depends continuously on ¢ in order to extend its definition
to all positive real 7.

In contrast to Section 4, we must understand how the semigroups P;, Q;, and R, affect Du as well
as u, and we want D(R,u) to be Lipschitz for all z. We therefore view these operators as acting on spaces
of the form

E(c,C) ={u: My(C)" — R, u(x) — (c¢/2)||x||3 is convex and u(x) — (C/2)||x||3 is concave},

where 0 < ¢ < C < 400, where we suppress the dependence on m and N in the notation. These spaces
have the virtue that if u € £(c, C), then || Du|| i, < C automatically (see Proposition 2.13(4)).

At every step of the proof, we include estimates both for # and for Du. In addition, controlling the
error propagation requires more work because Q; and R, are not contractions with respect to || Du||p.

The following theorem summarizes the results of the construction. To clarify the notation, for a
measurable function u : My (C)7; — R, the notation ||u||z~ is the standard L*>° norm. If F': My (C)7; —
My (C)Y, (for instance F' = Du for some u : My(C)Y; — R), then ||Fllz~ = SqueMN(a:)g;”F(x)”Z;
similarly, || F||Lip is the Lipschitz norm of F when using || - ||> in both the domain and the target space.
Note that || F || does not denote the L? norm of F with respect to any measure, but rather (Z?:l T (sz)) Y 2,
which is a function of x. Recall that @;’ denotes the nonnegative dyadic rationals, and Ny denote the
natural numbers with zero included. Moreover, we assume throughout the section that 0 < ¢ < C < 400.

Theorem 6.1. There exists a semigroup of nonlinear operators R; : | - E(0, C) = Ur- (0, C) with
the following properties:

(1) Change in convexity: If u € E(c, C) where 0 < ¢ < C, then Riu € E(c(1+ct)~!,Ct+CH™).

(2) Approximation by iteration: For £ € Z and t € 27Ny, write Ry ou = (Py—e Qz—e)ze’u. Fix such a

value of t and fix u € £(0, C).
(@) If 2771C < 1, then

3 C?mt
|Riu— R; ou| < | =

AT+ Gt +log(1+Ct)(m+Cm + ||Du||§))2€.
(0) ID(R; ou) — D(Ru) || < [t/2+ C(t/2)*1C?m'/?(2. 2742 + 273U2C),
(3) Continuity in time: Suppose s <t € Ry andu € £(0, C).

(@) Ru < Ryu+ (m/2)[log(1+ Ct) —log(1 + Cs)].

(b) R > Rou— ((t —5)/2)(Cm + || Dul|3).

(c) IfC(t —s) < 1, then || D(R;u) — D(Rsu) |2 < 5Cm'22V2(t — )12 4+ C(t — )| Dul|.
(4) Error estimates: Lett € Ry and u, v € £(0, C). Then:

(@) [ID(Ru) — D(R)|ILe < (14 Ct)||Du — Dv|| .
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(b) Ifu <v+a+Db|Dvl|3, wherea € Rand b > 0, then

2

C mt
R[I/l 5R1U+a+bl

b|D(R,v)||3.
Ct+||(twh

(c) We have
IDRau|E < S
u
=91 o

+ (| Dull3.

Remark 6.2. Knowing that exp(—N 2(R,u)) = P, exp(—N 24), one can deduce (1) from the Brascamp—
Lieb and Holder inequalities, as in [Brascamp and Lieb 1976, Theorem 4.3]. But the proof of (1) given
here is independent of that work.

We also point out that semigroups and discrete-time approximation schemes have been employed to
study Hamilton—Jacobi equations in Hilbert space (e.g., by [Barbu 1986]), another setting that requires
dimension-independent estimates.

6C. The Hopf-Lax semigroup, the heat semigroup, and convexity. We remind the reader of our stand-
ing assumption that 0 < ¢ < C.

Lemma 6.3. Suppose u € E(c, C). Then:

(1) Piueé&(c,C).

() ID(Pu) — Dul| =~ < Cm'/2(1/2,
Proof. (1) This follows because £(c, C) is closed under translation and averaging, and hence convolution
by a probability measure.

(2) We know that Du is C-Lipschitz and thus
| D(Pru)(x) — Du(x)l2 < /IIDM(X +y) — Du(x)|l2dor n(y)
< [ Clyladono) = cm! P, 0

The following lemma gives basic properties of Q; from the PDE literature; see for instance [Ekeland
and Lasry 1980, pp. 309-311; Lasry and Lions 1986; Crandall et al. 1992, Lemma A.5; Evans 2010,
Section 3.3.2]. For completeness and convenience, we include a proof of all the facts we will use.
Lemma 6.4. (1) Ifu,v: My(C): — Rand u < v, then Pu < P;v and Q;u < Q,v.

(2) Suppose that v(x) = a—l—%(p, x)2(Ax, x)2, wherea eR, pe My(C)Y,, and A is a positive semidefinite
linear map My (C) — My (C)Y,. Then

t 1
Pv(x)=a+ INZ Tr(A) + (p, x) + E(Ax, X)2,

Q) =a—LIpIP+(p, )+ LA +14) 7 (x 1), x —1p).

Remark 6.5. Here Tr(A) denotes the trace of A as a linear transformation of the vector space My (C)Z:,
which is well-defined because the trace of a matrix is similarity-invariant. In particular, we may compute
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Tr(A) using an orthonormal basis of My (C)2, and the choice of basis and of the normalization of the

sa’

inner product does not matter. Note that the trace of the identity is m N2, which makes the normalization
in the above formula dimension-independent.

Proof of Lemma 6.4. (1) is immediate to check from the definition. We leave the first formula of (2) as an
exercise. To prove the last formula, fix r > 0 and x € My (C)g; and note that u(y) 4+ (1/(2t))[ly — x ||% is
a uniformly convex function of y and therefore it has a unique minimizer. The minimizer y must be a
critical point and hence

1 1
0=Du(y)+_ G -—x)=p+Ay+ -0 —x).
Thus, (14+tA)y=x —tpand y —x = —t(p + Ay), so that

1
Quuu(x) = u(y) + 5 lly = xIl3,
which reduces after several lines of manipulation to the claimed formula. ]
Lemma 6.6. Letu € £(c, C).

(1) The operators {Q;},>0 form a semigroup; that is, Qs Qu = Qsyu fors,t > 0.

(2) Foreach xo € Mn(C), and t > 0, the infimum Qu(xo) = infy[u(y) + (t/2)|ly — xo||%] is achieved
at a unique point yq satisfying yo = xo — t Du(yp).

(3) If xo € My (C)g, and yo is the minimizer from (2), then D(Q;u)(xo) = Du(yp).
(4) We have Quu € E(c(1+ct)~!,C(1+CH™h).
(5) 1D(Qru)(x0)ll2 = [ Du(yo)ll2 < (1 +ct) ™ || Du(xo) 2.

Proof. (1) By definition
. 1 R 1 , 1 )
0, Quu(x) = inf| Qu(y) + o= llx = yIF | = infinflu(@) + 2-lly = 213 + 5-llx = v13]
y 2s y z 2t 2s
- s~ o]
= inf[u(2) +inf] 5 1y = 203 + 5- I = 313 |
But note that
inf| L 11y — 212 + =[x — 2]
inf| 5,1y =213+ 52 x = 13

is by definition Q; f(z), where f(x) = (1/(2t))||x — zll%. If g(x) = (1/(21))||x||%, then by the previous
lemma, we have

0,801 =+ Ix113 = 5e——llx1l3-

21+t_ls 2(s —H)

Since Qy is clearly translation-invariant, Qs f(x) = ((s +1)/2)||x — z||§. Therefore,

0: Qi) = inf[u(2) + 5 o = 21| = Qi)
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(2) Fix xo. Note that the function y — [u(y) + (1/21))||y — xoll%] isin&(c+1/2t),C+1/(2t)) and
hence it achieves a global minimum at the unique critical point. Thus, the infimum is achieved at the
point yg satisfying Du(yg) = (1/t)(yo — xp), or in other words yy = xog — t Du(yp).

(3), (4) Let x¢ and yg be as above. Let p = Du(yp). Because u € £(c, C), we have for all x that

C
u(yo) +(p, x —yo)2 + %(x —yo) <u(x) <u(yo) +(p,x —yo)2+ 5||x —yoli3.

Let v(y) and v(y) be the functions on the left and right-hand sides. Then by Lemma 6.4 (1), we have
Ov < Q;u < Q;v. To compute Q,v, we apply Lemma 6.4 (2) with A = ¢/ and with a change of
coordinates to translate yq to the origin, and we obtain

! —
Qrv(x) = u(y0) = 5 IpI3+ (p.x = yo) + 5 (1 +en~ | = yo — 1p]*.
Since yp+tp = xg and p = (yg — x0)/t, this becomes
1 _
Qrv(x) = u(yo) = 5 IpI3+21pl3 +{p. x = x0) + 5(1 +en) ™ lx = x0ll3
1 2 ¢ -1 2
=u(y0) + 5-l1y0 = xoll3 + (p. x —x0) + 5 (1 +e0) ™ x — xol13
= Quu(x0) + (p. x —x0) + 5 (1 +en) ™ [l —xoll3.

The analogous computation holds for Q,v as well. Thus, we have

- C -
Qru(x0)+(p, x —x0) +5 (1+en) ™" | —x0ll3 < Quue(x) < Quut(x0) +(p, x —x0) 75 (1+C) ™ —xo 5.

This inequality implies that D(Q;u)(xo) = p = Du(yo). Since the above inequality holds for every xg,
we see that Q,u € E(c(1 +ct)~!, C(1 4+ Ct)~") by Proposition 2.13(2).

(5) Let xg, yo, and p be as above. Then we have
(Du(yo) — Du(xo), yo — Xo)2 = cllyo — xoll3.
But recall that yg — xg = —t Du(yg) and hence
~t{Du(yo) = Du(x0), Du(y0)) = ct*| Du(yo) 3.
Rearranging produces
(1+ct) [ Du(yo)ll3 < (Du(xo), Du(yo))2 < IIDu(xo) 2]l Du(yo)ll2,
and hence (1 4 ct)||Du(yg)|l2 < || Du(xp)|l> as desired. O
Corollary 6.7. Letu € E(c,C) ands,t > 0.
(1) For each x, the gradient D(Qu)(x) is the unique vector p satisfying p = Du(x — tp).
(2) We have Q;u(x) = u(x — tD(Quu)(x)) + (1/2)| D(Q;u) (x) 3.
(3) u(x) = (t/2)(A+ COID(Qu)(V)I* < Quu(x) < ulx) = (t/2)(1 + )| D(Quu) (x)I3.
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Proof. (1) and (2) follow from Lemma 6.6(2) and (3).
To prove (3), fix x and let y = x —tD(Q,u)(x). By Proposition 2.13(2),

u(y) + (Du(), x = ¥)2 + Sl = ylI3 < u() < u(y) + (Du), x =) + S =yl

Hence,

u() = (Du(), x = yho = 5 Ix = ¥I3 £ u(y) £ ux) = (Du(y), x = )2 = e = 13

But from the previous lemma, we know that Du(y) = D(Q;u)(x) and x — y =t D(Q,u)(x), so that
u(x) —t|D(Qu) ()3 — %ran(Qtu)(x)n% <u(y) <u() — 11 DQu)@)|I5 — SID(Quu) () 3:
Finally, we substitute Q,u(x) = u(y) + (t/2)||D(Q,u)(x)||% and obtain (3). O

6D. Estimates for error propagation. To prepare for our iteration procedure, we first prove some esti-
mates to control the propagation of errors.

Lemma 6.8. Ifu,v € £(c, C), then we have:
(1) [ID(Pru) — D(Prv)| e < || Du — Dvl| .
(2) ID(Qiu) — D(Q:v) |l < (14 Ct)||Du — Dv|| .

Proof. The first inequality follows because D(P;u) — D(P,v) is the convolution of Du — Dv with the
Gaussian density. To prove the second inequality, note that

1D(Qru)(x) — D(Q:v)(x) |2 = [[Du(x —tD(Qu)(x)) — Dv(x —1D(Q:v)(x))ll2
< [1Du(x —tD(Qv)(x)) = Dv(x —1D(Q;v)(x)) |2

+ |1 Du(x —tD(Qu)(x)) — Du(x —tD(Q;v)(x))ll2
< |Du — Dv||r= 4 Ct|| D(Qsu)(x) — D(Q;v)(x) |2,

where the last inequality follows because Du is C-Lipschitz. This implies that fort <1/C
ID(Q:u) = D(Q:v)llz~ < (1 = Ct)~ || Du — Dvl| .

Now we improve the estimate using the semigroup property of Q;. Fix a positive integer k and for
Jj=1,...,klettj=tj/k,andlet C; = C(1 + Ctj)_l. Then Qyu and Qv are in £(0, C;). Thus, we
have

Cii\!
I1D(Qy, u) — D(Qyyy V) ||Le < (1 - TJI) 1 D(Qyu) — D(Qyv)ll L,

and hence
k—1

1
ID(Q.u) = D(Q,v)l|~ < || Du— Dol [ |
j=0

1-Cjt/k
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Now
k—1 k—1 k—1
1 Cit Cit 1
1 [ — -1 _ )= T 4ol=
el == oo1-F) = (T +0(2))
j=0 . j=0 j=0
—kii ¢ (t )+ O :
T Liqcy Y k
j=0
/t < ds+ O ! log(1+Ct)+ 0O !
= S — =10 — 1.
o 1+Cs k g k
Hence,
1
ID(Qru) — D(Q:v) L~ = (1 +Cr+ 0(%))”1)14 — D,
and the proof is completed by taking k — oo. ]

Lemma 6.9. Suppose that u : My (C)Yy — R is convex and let v € E(c, C) andu <v+a+ bllell%for
somea € Rand b > 0.

(1) Pu < Pv+a+bC*mt +b||D(Pv)lf3
2) Qiu < Qv+a+b|D(Q)|5.
Proof. (1) Using monotonicity and linearity of P;, we have

Pu < P,v—i—a—l—b/HDv(x+y)||§dcr(y).

So it suffices to show that
/ IDv(x + )3 dor. v (y) = | D(Pw)(x) |5 < CPmt.

In probabilistic terms, the left-hand side is the variance of the random variable Dv(x +Y), where Y ~ oy v .
Since the variance is translation-invariant, this is the same as the variance of Dv(x +Y) — Dv(x), and
this is bounded above by the second moment

E|Dv(x +Y)— Dv(x)|3 < C*- E||Y|5 = C?’mt.
(2) Note that
Ouux) =intlu(y) + -y = x13]
y 2t 2
t
<u(x—tD(Qv)(x)) + §IID(va)(x)II§
t
< 0(x —1D(Qv) () + FID(Q)W)3 +a + bl Dv(x — 1 D(Qv)(0)) I3
= Q/v(x) +a+b|D(Q)(x)II3.
where the last equality follows from Corollary 6.7(1) and (2). U
Lemma 6.10. Letu € £(0, C). Then:

(1) 1D(Qu)5 < || Dull3.
() ID(Piw)||5 < C*mt + || Dull3.
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Proof. The first claim follows from Lemma 6.6(5). To prove the second claim, note that by Minkowski’s

inequality
2
ID(Pu)(x)|5 = “/ Du(x +y)do; n(y)
2
< f 1Du(x + )13 dorn (y) < Cmi + [ Du(x)|3,
where the last inequality was shown in the proof of Lemma 6.9(1). ([

Next, we iterate the previous inequalities to obtain our main lemma on error propagation.
Lemma 6.11. Letty, ..., t, > 0 and write
=t 4y,

R:Pthzn"'Ptthl-
Letu,ve&(,C).

(1) Ru, Rve&c(l+ct™™ ', C(1+CroH™.
(2) ID(Ru) — D(Rv)|[L= < (1 + Ct*)||Du — Dv|| .
3) Ifu< v+a—|—b||Dv||% witha € R and b > 0, then we have

2 *
Ru<R b b||D(Rv)|3.
u<Rv+a+ 1+Ct*+ ID(Rv)|l5
In particular, u < v implies Ru < Rv.
(4) We have
2 C2 - 2 2
| D(Ru)|l5 < + | Dull3 < Cm + || Dul|5.

14+ Cr*
Proof. (1) Letu € E(c, C). Let tj* =n+---+tand uj = P5; Qy; - - P, Qy,u. We show by induction
that u; € £(c(1 + ct;‘)*l, C(l+ Ct;‘)*l). The base case j = 0 is trivial. For the induction step, note that

(1 +czj*)*1 c
L+ [e(I +et)) Mt e +ctf) +ctjq

=c(l+ctf )™

and the same holds with ¢ replaced by C. Hence, by Lemma 6.6(4), if u; € £(c(1 —i—ct]?k)*l, C(l+ Ct;‘)*l),
then Oy, u; € E(c(1 +ct;‘+l)_1, c( +Ct;‘+l)_1). By Lemma 6.3, this implies that u; 1 = Py, Oy, u; €
Elc(1+ ctjf“+1)_], C(l+ Ctﬁr])_]). The same argument of course applies to v.

(2) Let t;‘ and u; be as in the proof of (1) and define v; similarly to u;. We show by induction that
[Duj — Dvj|p~ < (1+ Ct;.“) |Du — Dv||~. The base case j = 0 is trivial. For the induction step, recall
that u;, v; € E(c(1 + ctf)*l, c(1+ Ct;‘)*l) and hence by Lemma 6.8 and the induction hypothesis
ID(Qy;, 1) — D(Qyyv) I < (1 4+ C(1+CE5) ™ i) | Dutj — Dy
< (1+CU+C) )1+ CH) | D — Dol
= (1 + Ct;:rl)”DM - DU”Loo.
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Then by Lemma 6.8 again, since u; | = Py Oy uj and vjy| = Py O, vj, We have
[Dujt1 — Dvjyilire < (14 Cti )| Du — Dol .

This completes the induction and the case j = n is the claim (2).

(3) First, we show by induction on j that
J 2
C mt; )
Uj <vj +a+bzm +b||va||2.
i=1 i

The base case j = 0 is trivial. If the claim holds for u; and v;, then it also holds for Oy, ,u; and Q. v;
by Lemma 6.9(2). Then we apply Lemma 6.9(1) together with the fact that Oy, ,,u; and Q,,v; are in
E(c(l4ctf )~!, C+Ctr )7 to conclude that

s C*mt,
Ujt1 <vjy1+a+b ; REYoaY + b Dvj 41 l3.

This completes the induction. Finally, we observe that > ;_, C 2mt; /(14C tl.*)z is the lower Riemann sum
for the function C%m /(1 + C1)? on the interval [0, #*] with respect to the partition {0, ¢, ..., #;}. Thus,

" C’my T Cm 1 C2mt*
Z T e = _— dt=Cm|(1— = .
— (1+C1) o (I+Cr) 1+ Cr* 1+Cr*
This shows the main claim of (3), and the claim that # < v implies Ru < Rv is the special case when

a=0and b=0.
(4) By Lemma 6.10, we have | D(Q,,,u;) |3 < || Du; |3 and

1Dy |2 ﬂwmg e %HIDMIV
j+1ll2 = 1+C]+1 Uiy = 1+C]+1 illa-

We sum from j =0, ..., n — 1 and obtain the same lower Riemann sum as in the proof of (3). The final
estimate Cm + ||Du||§ follows because C?mt/(1+ Ct) < Cm. [l

6E. Iterative construction of R; for dyadic t. We are now ready to carry out the Trotter’s formula
strategy and construct the semigroup for dyadic values of #. The next step is to show that the operators P;
and Q, almost commute when ¢ is small.

Lemma 6.12. Letu € E(c, C) andt > 0.
(1) [ID(Q;Piu) — D(P,Quu) ||~ < C*m'/2(2+ C1)t*/2,

(2) PiQiu < Qs Pru.
(3) If Ct <1, then Q,; Pou < P, Qqu+2C*mt> 4+ 2Ct?*| D(P, Q.u) |3
Proof. (1) Applying Corollary 6.7(1) to P,u yields

D(Q; Piu)(x) = D(Piu)(x —1D(Q; Piu)(x)) = / Du(x +y —1D(Q; Piu)(x)) doyu(y).
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On the other hand,

D(P,Quu)(x) = / D(Quu)(x + y) doy n(y) = / Du(x + y — tD(Quu) (x + ¥)) doy ().

Because Du is C-Lipschitz, we have

I1D(Q; Pru)(x) — D(P; Qru)(x) |2 < CI/IID(QzM)(x +y) = D(Q: Pu)(x) 2 d oy n(y).
We can estimate the integrand by

I1D(Qsu)(x + y) = D(Qiu)(X)l2 + | D(Q:u)(x) — D(Q; Pru) (x) 2.

Integrating the first term and using the fact that D(Q,u) is C-Lipschitz (since Q,u € £(0, C) by
Lemma 6.6(4)), we have

/IID(Qzu)(x +¥) = D(Qiu)(X)|l2doyn(y) < C/IIyllz doy, < Cm'/?t'2.

Meanwhile, the second term is independent of y and thus it is unchanged when we integrate it against the
probability measure o, y, and this quantity can be estimated using Lemmas 6.8(2) and 6.3(2) as

ID(Q,u)(x) — D(Q Piu)(x)|l2 < (1 + Ct) || Du — D(Pyu)| 1= < (14 Ct)Cm'/?1/2,
Altogether, we obtain
ID(Q; Pu)(x) — D(P: Quu)(x) |2 < C*m'?(2 4+ C1)r*/2.

(2) The idea is that the average of the infimum is less than or equal to the infimum of the average. More
precisely,

P Q) = [[int(utr) + e +2) ~ y13) o2
= [[int(uty =20+ 5 lx = ¥1B) dor.n@)
< irylf/ (u(y —2)+ %llx — y||%> doy n(2)

. 1
= inf(Pu(y) + 57 ¥ = 1) = Qs Pu(x).

(3) By Corollary 6.7(3),
1
Q: P < Pt = 51D(Q Prw) 3. (6-6)

Also by Corollary 6.7(3),
t
u < Qu+ 51+ CHIDQu)]3.

Hence, by Lemma 6.9, since Q;u € E(c(1+ct)~!, C(1+Ct)~") C£(0, C), we have

C?mt?

Piu = P Quu+ == (14 C) + 5(1+ C DA Q)5 (67)
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Plugging (6-7) into (6-6), we obtain

C*mt?

Q:Piu < P, Qsu+ D

(1+C = ZIDQPw5+ 51+ COIDPQIIE.  (68)
By using part (1), we have
ID(Q: Pu)ll5 = [ D(P, Qp)ul> — C*m' 7?1322+ C)P

> | D(P, Q)5 —2C*m' 13224+ CHID(P Q) |12

> [ D(P, Q)| — 2+ CHIC’mi* + Ct|| D(P, Q,u)|13],
where the last step follows from the arithmetic-geometric mean inequality

2Cm' 1" 2| D(P Q)2 < C*mi + | D(P, Quu) 3.

So substituting our estimate for || D(Q; Piu) ||% into (6-8), we see that P; Q,u — Q, P;u is bounded by

C%mt?
2
Now we cancel the first-order terms (¢/2) || D(P; Qu) ||% and we estimate 24 Ct by 3 using our assumption
that Ct < 1. Thus, this is bounded by
C*mt*> 3t

5+ S 1CPme* + Cr|D(PQuo) 3]+

+ 5@+ CNICmE + CHIDE Q3] = 5ID(P Q3 + 51+ COID(E Q5.

Ct?

- ID(PQuu)|3 < 2C%ms* +2C1* | D(P Quu) 3,

where we have again used our assumption Ct < 1 to cancel a factor of Ct from the term ¢ - C3mt%. O

Finally, we can construct the semigroup R, for dyadic values of 7. As in the statement of Theorem 6.1,
we define R, pu = (P> szz)zktu whenever ¢ € Z and t € 27N.

Lemma 6.13. Let C > 0. Fort € @; and u € £(0, C), the limit Ryu = limy_, o R; ou exists. Moreover,
we have for t € 27N that:

(1) Riou < Ru.
(2) If C /2 < 1, then

P 3 C?%mt
=R TS T o

(3) ID(Reu) = D(Ru) || < [t/2+ C(1/2)*1C?m! /222742 427342,

+log(1+Ct)(m+Cm + ||Du||§))2€.

Proof. First, we prove some intermediate claims relating R; yu and R; ¢4 1u. To this end, we fix £ € Z and
suppose t = 2‘n for some n € Ny. Let § =27¢"1. For j =0, ..., n, define

uj = (PsQs)*" 1 (Pas Q28 u.
and note that
uo = Rie1u, up =Ry ou.
Let
vj = Qs(P2s Q2s) u.
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Then for j =1, ..., n, we have

wj—1 =[(PsQ5)*" " Ps1(Qs Psvj 1),
uj = [(PsQ5)°" ) Ps1(Ps Qsvj-1).
We also define fork =1, ..., 2n,

Ci=CA+Ck&)™", cr=c(+cks)™".

Thus, by Lemmas 6.11(1) and 6.6(4), we have v;_; € £(c2j—1, C2j—1).
First, we claim that
Riou < R; p41u. (6-9)
Now by Lemma 6.12(2), we have
PsQsvj—1 < Qs Psvj_1.

Hence, by monotonicity of P; and Q; (Lemma 6.11(3)), we have u; <u;_1. Hence, R; yu = u, <ug=
R; ¢+1u, proving (6-9).
For an inequality in the other direction, we claim that

3 C%mr
Rioriu <R ou+| =

511 Ce +log(14 Ct)(m+Cm + ||Du||§))2—‘~’—1. (6-10)

By Lemma 6.12(3), since vj_j € £(c2j—1, C2j—1), we obtain
OsPsvj_1 < PsQsvj_1 + 2C%j_]m82 +2C2j18* | D(PsQsv;—1) I3
Thus, by Lemma 6.9(1), since Qs Psv;_1 and PsQsv;_; are in £(c2j, Cz;), we have
Ps Qs Psvj_1 < PasQsvj—1 +2Co;_1m8” +2C2;_18%(C3,m8 + || D(P2s Q5v;-1)13).

Recalling that u; | and u; are obtained by applying (Ps 05)*>"=D to PsQs Ps vj_1 and Prs Qsv;_1, and
that Ps Qs Psvj_1 and Prs Qsv;_1 are in E(c2j, Ca;), we may apply Lemma 6.11(3) and to conclude that
C3;m(n — )8
14+2Cj(n—j)é

uj1 < uj +2C2j,1m52 +2C2j182<C22jm8 + + ||DMJ||%>

By our assumption, C;6 < C§ < 1, and thus

C2.m(n—j)é
2! < Cojm +

Czjm . 3C2jm < 3C2j_1m
14+2Csj(n—j)8 ~ B '

C2.mé
2MO+ 2 2 = 2

Therefore,
2 2 2 2 2
uj_1 —uj <2C;_1mé +3C2j_1m8 +2C2; 18| Duj 5.

By Lemma 6.11(4), we have || Du;ll» < Cm + ||Du||%, and hence

Uj—1 —uj < 3C22j_1m52 +2C2j,152(m +Cm+ HDMH%)
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Therefore, summing from j =1, ..., n, we have

n n
Ry s — Ru <3ms> Y " C3 | +28%(m+Cm+ ||Du||§>(2 Czj-_1>
j=1 j=1

- % (Z szjl(za)) +8(m+Cm+ ||Du||§)<z czj_l(zg))_

j=1 j=l1

Recalling the definition of C;;_1, two times the first sum is Z?:l C?(28)/(1 4+ C(2j — 1)8)? which is
the Riemann sum for the function ¢ (s) = C*/(1 + Cs)? on the interval [0, 1] = [0, 2n8], where we use
a partition into subintervals of length 2§ and evaluate ¢ at the midpoint of each interval. Because ¢ is
convex, the value of ¢ at the midpoint is less than or equal to the average value over the subinterval and

therefore
n

C%(26) - /f C? J C%t
S = .
— 1+CQ2j—182 ~ Jy (1+Cs)? 1+Ct

By similar reasoning,

n t
c
Cai1(20) ds =1log(1+ C1).
JX_; 2j-1( Z 1+C(2]—1)5) /0 13 cy 48 = loe+CD)

Therefore,
2

R R - 3 C*mt
u— u -
1e+1 net =157 i

+log(14+Ct)(m +Cm + ||Du||§))3,

which proves (6-10).
Together, (6-9) and (6-10) show that

2

3 C*mt
IR o+1u — Ry pul < | = ~
’ ’ 214+Ct

+log(1+Ct)(m+ Cm + || Du ||§))2“.

Because the right-hand side is summable in £, we see that the sequence {R; ju(x)}¢en is Cauchy and
hence converges. Thus, limy_, R; ¢u exists. Also, by (6-9) the convergence is monotone and thus
R; yu < R;u, establishing (1). On the other hand, we obtain (2) by summing up the estimate (6-10) from
£ to oo using the geometric series formula.

It remains to prove (3). We first claim that

t 2 _ _
ID(R; e1u) — D(R; gu) | Lo < [— ) ]C2m1/2(2—|—2 Dy~ b2, (6-11)

t
2+C<_

2

By Lemma 6.11(1), we know Qs Psv;_ and PsQsv;_; are in E(c(1 + 2cj8)_1, C(l1+ 2Cj8)_1), and
hence in £(0, C). Therefore, by Lemmas 6.11(2) and 6.12(1), we have

[ Duj — Duj_i|lr < [1+2C(n— j)81|D(Qs Psvj) — D(PsQsv;) L
<[1+42C(n—j)81C*m'*(2+C8)8%>.
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Therefore,

n n
ID(Ry 1) = D(Ry g)ll e < Y | Duj — Duj_y |1~ < Y [1+42C(n — j)81C*m' > 2+ C5)8>/>
Jj=1 j=1

= [n+Cn(n— 1)8]1C*m'*(2 + C8)83/?
2
n C<%) ]C2m1/2(2 +C8)s'2
n C(%)Z]szl/z(z + 2—(€+1)C)2—(1z+1)/2

since 2né = t. This proves (6-11).

Because [¢/2 + C(1/2)21C?m'/?(2 +2~¢+D)2=¢+D/2 j5 summable with respect to £, we see that
{D(R; ¢u)}een 1s Cauchy with respect to the L* norm (even though the individual functions may not be
in L°°) and hence converges uniformly to some function. We already know that R, yu converges to R;u,
so the limit of D(R; ¢u) must be D(R,u). We obtain the estimate (3) by summing (6-11) from £ to co
using the geometric series formula. (Il

Corollary 6.14. Let 0 <c < C. Letu,v € E(c, C) and let t > 0 be a dyadic rational.
(1) Riu, RveEc(l+ct)~!,C(1+CrH™.
(2) ID(Riu) — D(Rv) |~ < (1 + Ct)||Du — Dvl|p~.
3) Ifu< v+a+b||Dv||% for some a € Rand b > 0, then
2

Cmt
Riu <Riv+a+b

b|D(R,v)||3.
1+Ct+ I D(Rv)l5

@) [ID(Rw)|)3 < (C?m1) /(14 Ct) + || Dul3.
Proof. We know that these properties hold for R, , by Lemma 6.11. By Lemma 6.13, they also hold in
the limit taking £ — oo. (For (1), we rely on Proposition 2.13(1).) [
6F. Continuity and semigroup property. In order to extend R, to all real # > 0, we prove estimates that
show that R, depends continuously on ¢. We begin with some simple estimates for P, and Q;.

Lemma 6.15. Let £ € Z and suppose that t € 2~*Ngy and u € £(0, C). Then:

(1) u<Pu<u+(C/2)mt.

(2) u—(t/2)|IDull3 < Quu < u.

() I1D(Qu) — Dulj2 < Ct||Du]l2.

Proof. (1) Because u is convex and u(x) — (C/2)||x||% is concave, we have
C
u(x)+ (Du(x), y) <ulx+y) <u(x)+ (Du(x), y) + Ellyllﬁ-
Integrating with respect to doy n(y) yields

u(x) < Pu(x) <u(x)+ % foru € £(0, C).
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(2) As for the operator Q,, it is immediate from the definition that Q,u < u. On the other hand, using
Corollary 6.7(2) and the convexity of u,

Qiuu(x) = ux = tD(Qu) () + 5 D(Qu) ()}
> u(x) = {D(Q) (), Du())2+ 5 1D(Qu) ()13
> u(@) - 5|1 Du)|3,

where the last inequality follows because (D(Q;u)(x), Du(x)), < %||D(Q,u)(x)||% + %||Du(x)||%.
(3) Using the fact that Du is C-Lipschitz, together with Corollary 6.7(1) and Lemma 6.6(5),

I1D(Qru)(x) — Du(x) |2 = [|Du(x —tD(Qu)(x)) — Du(x)|l2
< Cr|D(Qu)(x)]l2
< Ct||Du(x)|l2- g

Lemma 6.16. Let s <t be two numbers in @;, and letu € £(0, C).

(1) Riu < Rsu+ (m/2)[log(1 + Ct) —log(1+ Cs)].
(2) Riu = Ryu— ((t —5)/2)(Cm+ || Dul)3).
(3) IfC(t —s) <1, then | D(R,u) — D(Rsu)|l» < 5Cm'/?212(t — )12 4 C(t — 5)|| Dul».

Moreover, if £ € Z and if s, t € 2~*Ny, then the same estimates hold with R, replaced by R; ;.
Proof. (1) Fix £ € Z and let § =2~*. Suppose s =nd and t =n'8, where n, n’ € Ny. By the previous lemma,

R(j+1s,eu = PsQsRjs ou

< OsR n Cmé
H u
= XN A+ + Ds)
Cmé
< Rjs,ou+

2(1+C(j+13)’

where we have used the fact that QsR;s ;u € £(0, C(1+C(j + 1)8)~1). Therefore,
n'—1

Cmé
Rys e < Rys y + Z
Jj=n

204+C3G+1)8)

Since the sum on the right-hand side is a lower Riemann sum for the function Cmé/(2(1 + Ct)) for
T € [s, t], we obtain

RwufRMu+%U%U+CD—bg1+CQL

We obtain (1) by letting £ — +o00 and using Lemma 6.13.
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(2) Let ¢,6,s,t,n,n be as above. By the previous lemma,

R(j11s,eu = PsQsRjs ou > QsRjs ¢u

> Rjs ¢u — %HD(Rja,zu)H%
> Rys.eu— 5 (Cm+ | Dul),
where the last inequality follows from Lemma 6.11(4). So when we sum from j = n to n’ — 1, we obtain
Rou > Ryu— I%S(Cm +1Dul3).

Then (2) follows by taking £ — +o0.

(3) Assume that s, r € 27¢Ng. Choose k € Z such that 27%~! < —5 <27k Then we may write  — s
in a binary expansion

¢
o= =]
t—s= Z a2/,
j=k+1

where a; € {0, 1} for each j and a4 = 1. Let
ti=s+a2 4 a2

Letu; = R;; qu. We will estimate || Du;(x) — Du;—1(x)||2 for each j. Of course, if a; =0, then u; = u;_,
so there is nothing to prove. On the other hand, suppose that a; = 1. Now we estimate (at our given
point x, suppressed in the notation)
ID(Ry-j quj—1) — Duj_1ll2 < |D(Ry-j quj—1) — D(Pp-j Qr-juj—1)|l2
+1D(Py-j Qa-juj—1) — D(Qp-juj—1)|l2
+I1D(Qa-juj—1) — Duj—1ll>. (6-12)
The first term on the right-hand side may be estimated as follows. Recall that we proved Lemma 6.13(3)

from the estimate (6-11) by summing the geometric series. The same reasoning shows that if £ > j and
8 € 27N, then

k) k) 2 . A
ID(Rs.et-1) = D(Rs,juj-lle~ =[5 +C(5) |22 2712 4273072

since u; 1 € £(0, C). If we substitute § = 27/, then R,-; j is simply equal to P»-; Q5-;. Thus, at the point x,

2/ 2-2j
ID(Ry-j gttj—1) = D(Pr-; Qp-jutj—1)ll2 < szl/z[_ + £ 4

- ][2 L2724 973i ¢y,

By our assumption C27/ < C(¢t — s) < 1 and hence we may replace C27%/ /4 by 27/ /2 and replace
273//2C by 277/ and hence

ID(Ry-; gttj—1) — D(Py-j Qp-iuj—1)|l2 < 3C*m'/2273/% <3Cm'/?271/2,
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The second term on the right-hand side of (6-12) can be estimated by Lemma 6.3(2) by
ID(Pys Qy-suj1) = D(Qa-suj-1) |2 < Cm 12277/
since Q,-juj_1 € £(0,C). The third term on the right-hand side of (6-12) can be estimated using

Lemma 6.15(3) by
ID(Qy-jutj—1) — Duj—1lla < C277 | Duj_i]|>.

Meanwhile, by Lemma 6.11(4) and the triangle inequality
IDuj—1ll2 <V Cm+|Dul3 < C'*m'* + || Dul)>.

So using the fact C277 < 1, we have
ID(Qs-suj—1) = Duj_1lla < C*?m'/?27/ + C277||Dufly < Cm'/?277/2 4 C (1 — tj-1) || Du 2.
Therefore, plugging all our estimates into (6-12), we get
IDuj — Dujiilla < 5Cm' 22772+ C(t; — 1;-1) | Dul2.
Then summing from j =k + 1 to £ we obtain

| Dug — Duy|ly < 5Cm'?27%2 4 C(t — 5)|| Du|)
<5Cm'22'2(t — )12 4 C(t — )| Dul».

Because uy = R; u and uy = R u, we have shown that (3) holds for R, ¢ and R; , instead of R, and R;.
Thus, (3) follows by taking £ — +-oc0. Il

Proof of Theorem 6.1. Lemma 6.16 shows that if + > 0 and if #; is a sequence of dyadic rationals
converging to t as £ — oo, then R;,u converges to some function v and this function is independent of
the approximating sequence, so we define R;u = v. Claims (1), (3), and (4) of the theorem were proved
for dyadic ¢ in Corollary 6.14(1), Lemma 6.16, and Corollary 6.14(2)—(4) respectively, and each of these
claims can be extended to real ¢ > O in light of the continuity estimates Lemma 6.16. Claim (2) of the
theorem is Lemma 6.13.

Thus, it remains to show that R, is a semigroup. That is, we must show that R;R,u = R, ,u for
u € £(0, C) (and we have not even checked this for dyadic s, ¢ yet). First, we check this property for real
s, t > 0 under the additional restriction that Ct < % For each £ € Z, there exist sy and #; € 27Ny such
thats —27¢ <s; <sandr—27¢ <1, <t. By Lemma 6.16(1) and (2) we have

|te — 2|
2

since |log(1 4+ Ct;) —log(1 + Ct)| < C|ty — t| (from computation of the derivative of log(1 + Ct)). By
Lemma 6.13(1) and (2), if C27¢~! < 1, then

|Rl‘zu - R;Ml =

1
(Cm 4+ ||Dull3) <2 EE(Cm + | Dul?),

3 C%mr
214+ Ct

|R;, eu — Ryu| < 2_6( +log(1+Ct))(m+Cm + ||Du||%)).
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Since #;, <t, we can replace #, by ¢ on the right-hand side. By the triangle inequality, we obtain
| Ry et — Reu| < 27°Ko(1+ | D) (6-13)

for some constant K, depending on ¢ (and C). Using Lemma 6.16(3), or rather its extension to real values

of ¢,
| D(R;u) — Dullz < 5Cm"?212¢1/2 4 Ct|| Dul,

<5Cm'/?2'2t'2 4 Ct||D(Ryu) — Dull» + Ct|| D(Ryu)||>.
Hence,
ID(Rju) — Dull; < (1 —Ct)"'[SCm' 22212 + Ct| D(Ryu) |21,

so by the triangle inequality,
IDull> < ID(Ra) 12+ (1 = COTHSCm 222172 4 C1| D(Ryw) |-
By squaring and applying the arithmetic-geometric mean inequality, we get
IDull3 < A+ Bl DR |13

for some constants A, and B; depending on 7. The same reasoning applies to R;, ; since Lemma 6.16(3)
holds for R;, ¢ also. We thus obtain

IDully < ID(Ry, e0)ll2 + (1 — Ct) " [5Cm"22'21}"> 4 Cty| D(Ry, .ou) |12

< ID(Ry, ) ll2+ (1 — CY ' [SCm' 22 2412 4 Ct||D(R,, ou)|
and so
IDul3 < A; + B:|| D(Ry,. )3

Overall,
R < Ry, qu+2"K,(14+ A, + B,| D(R;,.cw)|3),

Ry < Ru+27""K,(1+ A; + B/ | D(Ru)|)3).
So by Lemma 6.11(3) and (4)
Ry, tRiu < Ry, ¢ Ry, o + 27K, (1+ A; + B/ || D(Ry, ¢ Ry, ) |13)
< Ry¢Ryott +27 K, (1 + A, + Cm B, + B, || Dul3),
and the same holds with R; and Ry, ; switched, so that
|Ry, ¢ Ritt — Ry, s, ott] <27°K,(14+ A; + CmB; + B;| Dul|3), (6-14)

where we have used that Ry, ;, ou = Ry, ¢ Ry, out.
By the same token as (6-13), since R,u € £(0, C), we have

| Ry, 0 Rt — Ry Reu| < 27K (1+ [ D(Rao) |13). (6-15)
Similarly, since (s +¢) — (s¢ + 1) <2- 2~¢ we have

|Ry, 41,01 — Ryyqu| <27° 2K, (14 || Dul|3). (6-16)
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Combining these with (6-14) using the triangle inequality, we get

| RyRyt = Ryqu] <27 Ky (14 A + CmB, + B, || Dull3)

+27 K1+ I DR 13) +27° - 2K, (1 + [ Du]3).
1
E.
In the general case, suppose s, t > 0 and u € £(0, C). Choose n large enough that Ct/n < % Then for

n—j
t/n

Taking £ — 00, we get RyR;u = Ryy,u as desired. This completes the case when Ct <
j=1,...,n—1,wehave R, “u € £(0, C). Therefore, by the previous argument

n—j—1

—j i1
Rs+jt/an/n1M = (Rs+jz/nRz/n)(R,n/nJ u) = Rs+(j+l)t/nRt/nJ u,

so by induction Rgi,u = Ry Rt"/nu. Since this also holds with s replaced by 0, we have Rf/nu = Ru.

Thus, RH_,M - Rthl/l. l:,

6G. Solution to the differential equation. It remains to show that the semigroup R; produces solutions
to the differential equation d,u = (2N Y A — %||Du||§, and that the result agrees with the solution
produced by solving the heat equation for exp(—N2u). More precisely, we will prove the following.

Theorem 6.17. Let ug: My (C)Z, — R be a given function in E(c, C) for some ¢ > 0. Let u(x, t) = Ryu(x).
Then u is a smooth function on My (C)2 x (0, +-00) and it solves the equation d,u = QN) 'Au— % || Du ||%.
Moreover, exp(—N2 - Riug) = P, [exp(—Nzuo)].

At this point, we have not proved enough smoothness for R,u to show that it solves the equation
in the classical sense. Therefore, as an intermediate step, we show that u solves the equation in the
viscosity sense (for background on viscosity solutions, see [Crandall et al. 1992]). We will then deduce
that exp(—NZ2u) is a viscosity solution of the heat equation and hence show it agrees with the smooth
solution of the heat equation.

The definition of viscosity solution for parabolic equations is as follows. Here we continue to use
the vector space My (C)y; with the normalized inner product (rather than R" for some 7). For smooth
u:My(C)2 — R, we denote by Du and Hu the gradient and Hessian with respect to the inner product
(-, )2 in other words, if xo € My (C)Y;, then Du(xo) is the vector in My (C)Y; and Hu(xo) is the linear
transformation My (C)Y; — My (C)g; such that

u(x) = u(xg) + (Du(xo), x — xo)2 + 3 (Hu(x0)[x — x0], x — x0)2 + o(lx — x0]13).

We denote the space of linear transformations My (C)7; — My (C)Z by B(My(C)7}), and we denote the
self-adjoint elements by B(My (C)%: )sa-

Definition 6.18. Let F': B(My(C){)sa X My(C)sa X R x My (C)sa — R be continuous, and consider the
partial differential equation
o;u = F(Hu, Du, u, x). (6-17)

We say that a function u : My (C); x [0, +-00) — R is a viscosity subsolution if it is upper semicontinuous
and if the following condition holds: Suppose that

xo e My(©)g,, t0>0, AeBMy(O)sa, peMy@y, aeR,

sa’
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and suppose that u satisfies
u(x, 1) < u(xo, t0) +at —to) + (p, x — x0)2 + 3{A(x — x0), x — x0)2 + 0(|t —to| + [lx — x0l|3). (6-18)

Then we also have
a < F(A, p,u(xp), xo). (6-19)

Definition 6.19. With the same setup as above, we say that u : My (C)g; x [0, +00) — R is a viscosity
supersolution if it is lower semicontinuous and the following condition holds: if xg, #y, A, p, « are as
above and if

u(x, 1) = u(xo, 1) +a(t — o) + (p, x — x0)2 + 5 (A(x — x0), x — xo)2 +0(| — to| + |lx — x0l13), (6-20)

then
a>F(A, p,u(xp), xp). (6-21)

Definition 6.20. We say that u is a viscosity solution if it is both a subsolution and a supersolution.

Remark 6.21. Roughly speaking, being a viscosity solution means that whenever there exist upper or
lower second-order Taylor approximations to u, then we can evaluate the differential operator F on the
Taylor approximation and get an inequality in one direction.

Example 6.22. The heat equation d;u = (2N)~' Au is obtained by taking
1
F(A, p,u,x)= N2 Tr(A).

To understand why 1/N? is the correct normalization on the right-hand side, suppose that u is smooth
and A = Hu(xg) and p = Du(xg), so that

u(x) = u(xo) + (p, x — x0)2 + 2 (A(x — x0), x — xo)2 + o([lx — x0l[3).

In terms of the nonnormalized inner product (which we denote by the dot product), this means that

1) = u(x0) + P+ (8 = 30) + 30 (AG = 0)) - (x = xo).

Thus, the Hessian with respect to the nonnormalized inner product is (1/N)A. Hence, (1/N)Au(xg) =
(1/N?) Tr(A). Similarly, the equation d,u = (2N)~!Au — || Dul3 is obtained by taking

1 1
F(A, pu, x) = 5355 Tr(4) = 51 pll3.

Proposition 6.23. Let ug € £(0, C) and define u(x,t) = Ryug(x). Then u is a viscosity solution of the
equation du = (2N)~' Au — 3|| Dul|3.

Proof. First, note that u is continuous. Indeed, by Theorem 6.1(3), u is continuous in ¢ with a modulus
of continuity that is uniform for x in a bounded region (this follows because the term ||Du0||% on the
right-hand side of Lemma 6.16(2) is bounded on bounded regions since Dug is C-Lipschitz). Also, u( -, t)
is continuous for each ¢ since it is in £(0, C). Together, this implies u is jointly continuous in (x, 7).
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To show that u is a viscosity supersolution, suppose that we have a lower second-order approximation
at the point (xo, 7o), where xo € My (C)7 and ty > 0, given by

u(x, 1) > u(xg, to) +a(t —to) + (p, x — x0) + 3{(A(x — x0), x — x0)2 + (|t — to| + lx — x0113).

Then we must show that & > 1/(2N?) Tr(A) — 1| p|l3.

Our first goal is to replace the soft bound o(|t — o] + ||x — xoll%) by a more explicit error bound, at
the cost of modifying « and A by some positive €. Pick € > 0. Then there exists r > 0 such that if
|t —to| + [lx — x0l|3 < 2r, then we have

u(x, 1) > u(xo, to) +a(t —to) — €|t — fo] + (p, x — x0) + 5 ((A — €I)(x — x0), X — xo)2. (6-22)

Let us assume that rp —r < t < 1y, so that the above inequality holds for ||x — xoll? < r and we have
a(t —tg) — €|t —ty| = (¢ +€)(t — tg). For x such that ||x — X0||§ > r, we may use Theorem 6.1(3b), the
fact that Du is C-Lipschitz, and the convexity of u to conclude that

u(, 1) = uo(x) = 5 (Cm+ | Dul3)
> ug(x0) + (Du(x0), x = %0)2 = 5 (Cm + (| Du(xo)ll2 + Cllx = xol2)?).

In other words, u is bounded below by a quadratic in x — xo, and the estimate holds uniformly for ¢ in
a bounded interval. Moreover, the right-hand side of (6-22) is also bounded by a quadratic in x — xg
uniformly for r € [fo —r, to + r]. It follows that for a large enough constant K., we have

u(x0, 1) + ( +€)(t —10) + (p. x — x0) + 3 ((A — €I)(x — x0), X — x0)2 — u(x, 1) < Kc||lx — xo]3
whenever ¢ € (fp — ¢, fy] and ||x — xg||2 > r. Therefore, overall, assuming that ¢ € (g — r, tp], we have
u(x, t) > u(xo, to)+(ot+6)(t—to)+(p,x—xo)+%((A—GI)(X—XO),x—xO>z—Ke||x—xO||§- (6-23)

For t € R, let us write u;(x) = u(x,t) = Ryug(x). Now the strategy for proving that o 4+ € >
(1/(2N2)) Tr(A—el)— % Il p ||% is roughly to use the fact that u,, (xo) = Rsus,—s(x0) and estimate u,—5(xo)
from above using the upper Taylor approximation for small § > 0. However, for the sake of computation,
it is easier to estimate Qs Psu,,—s rather than R;s (and then we will control the error between Rs and Qs Ps
using Lemmas 6.12 and 6.13).

Let 8 € (0, r). Then using the above inequality and monotonicity of Ps, we have

Psugy—s(x) = usy (x0) — (@ +€)8 + (p, x — xp)

1
+ 532 Tr(A — €1)8 + 3((A —e)(x — x0), x — Xo)

2 2
- Ke(llx — xoll3 +2(1 + _N2>m8”x — x0ll3 +m2<1 + —N2>82),

Here we have evaluated Ps applied to ||x — x0||‘2‘ using Example 3.22 and the translation-invariance of Ps.
Now recall that Qs Psu;,—s(xo) is obtained by evaluating Psu,,—s at xo — 6§D (Qs Psus,—s)(x0). Also, in
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light of Lemma 6.11(4) and Corollary 6.14(4), | D(Qs Pguto,(;)(xo)llg is bounded by ||Duo(x0)||§ plus
a constant. In particular, || D(Qs Psus,—s)(xo)l2 is bounded as § — 0. Therefore,

Qs Psuy—5(x0) = Psugy—s(xo — 3D (Qs Psugy—5)(xo)) + gllD(Qs Psutgy—s)(x0) 13

> 1, (50) + 5 1D(Qs Pty ) () 3 + (e + €)(=5)
— (. D(Qs Pyt ) (50))3 + 515 TrH(A — D)3 + 0. (6:24)

(Here the implicit constant in 0(8%) depends on €.)
Because u;,—s € £(0, C), Lemma 6.12(2) and (3) imply that if C§ < 1, then

| Q5 Psitsy—5(x0) — Ps Qsttsy—s(x0)| < 2C*m8* +2C82 || D(Ps Qsttry—s)(x0) |2

Again by Lemma 6.11(4) and Theorem 6.1(4c¢), || D(Qs Pauto_g)()co)”% is bounded by ||Du0(xo)||§ plus
a constant, so that

Qs Psutgy—s(x0) = Ps Qstry—s(x0) + O(87).
Also, if we let 8§, = 2~¢ for £ € Z, then Lemma 6.13 implies that when 2C§; < 1 and §; < r, we have

| Ps, Qs,usy—5(x0) — Rs,ury—s,(x0)| = | Rs, ettry—s,(X0) — Rs,us,—5,(x0)]

3 C*ms
£ Flog(1 4 C8)(m+ Cm + | Du(xo)|3))27¢ = 0(52).
21-Cs,

So overall
Qs, Ps,ttry—s5,(X0) = Rs, ttsy—s,(x0) + O(87) = sy (x0) + O(87). (6-25)

Using similar reasoning, Lemma 6.12(1) shows that

D(Qs, Ps,ury—5,)(x0) = D(Ps, Qs,u1,—s,) (x0) + O (8

Then using Lemma 6.13(3), we obtain
D(Ps, Qs,ty5.) (¥0) = D(Rs,tsy5,) (x0) + 06,

Finally, because u;,—s € £(0, C), it is differentiable everywhere; the upper Taylor approximation (6-22) im-

3/2

)-

plies that u, (x) <uy,(x0)+(p, x —x0)2+o0(|[x —x¢||2) and therefore p must equal Du,,(xp). Thus, overall
D(Qs, Py, ttry—5,)(x0) = p + 0(8,"). (6-26)
Substituting (6-25) and (6-26) into (6-24), we obtain
1 (30) 2 1, (10) + S 1PI38¢ + @ +€)(=80) — 1 pIBSe + 35 Tr(A — Db + O,
We cancel uy, (xp) from both sides, divide by §,, and move o + € to the left-hand side to conclude that

1 |
oa+e€= 2_]\]2Tr(A —61)85 — §||p||2+ O((Sg)
Then taking £ — oo, we get o +€ > (1/(2N?)) Tr(A —€l) — %llpll%. Since € was arbitrary, we have

o> (1/(2N?)) Tr(A) — %||p||%. This shows that u is a viscosity supersolution.
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To show that the u is a viscosity subsolution, the argument is symmetrical for the most part. However,
to obtain the constant K. in (6-23), we used the one-sided estimate Theorem 6.1(3b) to show that u is
bounded below by a quadratic in x — x that is independent of ¢, so long as ¢ € (f9 —r, #p]. To show that u
is a viscosity subsolution, we want to prove an analogous quadratic upper bound. But by Theorem 6.1(3a)
and semiconcavity of ug, we have for ¢t <ty that

s (x) < uo(x) + 3 log(1 + Cio)
C
< uo(x0) + (Duo(x0), x = x0) + 5 |x = xo[l3 + 5 log(1 4 C1o),

which is the desired upper bound. The rest of the argument is symmetrical except that « + € is replaced
by o« —e€ and A — €/ is replaced by A 4 €. (Il

Lemma 6.24. Let u : My (C)Z} x [0, +00) — R. Then u is a viscosity solution to d;u = QN 'Au —
%||Du||% if and only ifexp(—Nzu) is a viscosity solution to d;u = QN 'Au.

Proof. More precisely, we claim that u is a viscosity subsolution if and only if exp(—N?u) is viscosity
supersolution and vice versa. Suppose that u is a subsolution, and let us show that v = exp(—N?u) is a
supersolution. If u# is upper semicontinuous, then v is lower semicontinuous. Now suppose that we have
a lower Taylor approximation at (xg, fo)

v(x, 1) = v(xo, o) + ot —19) + (p, x — x0)2 + 3 (A(x — X0), x — Xo)2 + 0(|t — tol + lx — xo[13).

Note that v > 0 and u = (—1/N?) log v. The function & > log & is increasing and analytic for 4 > 0 and
we have

2
log(h 4 6) =log(h) —|—10g(1 + %) =log(h) + % - %(%) +0(8%).

Substituting & = v(xg, t9) = exp(—N2u(xo, t9)) and
§=v(x,1) —v(xo, o) = a(t — to) + (p, x — x0)2 + S(A(x — x0), X — x0)2 + 0(|t — to| + |x — x0[?),
we get

o

—N%u(x, 1) > —N2u(xo, to) + (t—1t0) +

(P, x —Xxo0)2
v(xo, fo) v(xo, o)

1
(A(x —x0), x —x0)2

PVITEPES 2 2
—5————{p.x — 1 — xol?),
2v(xo, to) 2v(x0, t9)? (P, x —x0); +o(|t — to| + [Ix — xoll2)

since (p, x —x0)2/v(xo, to)? is the only term from —(8/h)?/2 + O (8?) that is not o(|t — fo| + [|x — x0l|3)
(here we use the fact that |t — 7y ||x — xp|l2 < %|t — 103 + %Hx — xollg). Let us denote by P the linear
map P(x —x9) = p{p, x — xg)2. Then the above inequality becomes

ux,t) <u(xo,to)—

o
N2v(xo, to)( ) N?v(xo, to)

1 1
—_— (A(x—xQ), X=XVt ——————
INTurg, 1) TR0 X

<pa X—XO>2

(P (x—x0), (x—x0))+o(|t—to|+]|x—x0]I3).
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Because u is a subsolution, we have

o

2
—_ < — .
N2v(xo.10) —  2N* Ipllz

Tr(A) + Tr(P)

N 102 T 2N (xo. 10)?

But Tr(P) = ||p||%, so the last two terms cancel. Thus,

1
o> N2 Tr(A)

as desired. So v is a supersolution.

A symmetrical argument shows that if v is a supersolution, then u is a subsolution. The other two
claims are proved in the same way except using the Taylor expansion of the exponential function instead
of the logarithm. (Il

Now we are ready to prove Theorem 6.17 in the special case where u is bounded below.

Lemma 6.25. Suppose that ug € £(0, C) is bounded below. Then
exp(—N>R,uo) = P;[exp(—Nup)].

Proof. Let v(x, t) =exp(—N?R;uo(x)) and let w(x, t) = P;[exp(—N>up)](x). Since u is bounded below
by some constant K, we have R,ug > K by monotonicity of R, (see Corollary 6.14(3)) and the fact that it
does not affect constant functions (since the same is true of P; and Q;). Hence, v = exp(—N 2Riug) <
exp(—NzK). We also have exp(—Nzuo) < exp(—NzK) and hence w < exp(—NzK).

Thus, v and w are both bounded, w is a smooth solution to the heat equation, and v is a viscosity
solution by the previous lemma. We will conclude from this that v = w (and this is nothing but a standard
argument for the maximum principle together with the basic philosophy of viscosity solutions).

To show that v < w, choose € > 0, and consider the function

b(x, 1) =v(x, 1) —w(x, 1) — §||x||§ — Dmet.

Suppose for contradiction that ¢ > 0 at some point. Since ¢ is continuous on My (C)7 x [0, +00) and
since w and v are bounded, ¢ achieves a maximum at some (xg, fy). Since the maximum is strictly
positive, we have 7y > 0. Let

Y1) = w0 + S llxll3 + 2met,
sothat ¢ (x,t) =v(x,t) —¥(x,t). Then ¢ (x,t) < ¢(xp, to) implies that

U(x, t) S U(XO, IO) + T/I(X, t) - l)b(x()v [O)

= v(xo, to) + 0¥ (x0, o) (t — to) + (DY (x0, f0), X — X0)2
+ S(H Y (x0, t0) (x — x0), x — X0)2 + o(|t — fo] + |lx — x0[3),

where the last step follows because ¥ is smooth. Because v is a viscosity subsolution,

3y (xo. fo) < ﬁAT//(xo, 10).
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However, this is a contradiction because at every point (x, t), we have

oY = d,w + 2me > ﬁAw—i—me = —Aw

by computation and the fact that w solves the heat equation. It follows that ¢ < 0 and hence v(x, t) <
w(x,t) +(e/2)||x II% + 2met. Since € was arbitrary, v < w. Then a symmetrical argument shows that
v>w. |

Thus, to prove Theorem 6.17, it only remains to remove the boundedness assumption on uy. We
achieve this by replacing u with the function

uo(x) = uo(x) — (Dup(0), x)2, (6-27)
which is nonnegative by the convexity of u( and hence it is bounded below.

Lemma 6.26. Let ug < £(0, C) and let it be given by (6-27). Let vy =exp(—N?ug) and vy =exp(—N2ii).
Then the integral defining P; exp(—N?ug) is well-defined and also

Nt .
Pyug(x) = exp(=N*(Duo(0). x) + == Du(0)[13) o (x — t Dtg(0)).
Proof. We can write

1 2
doy n(y) = —— eXP( 5 IIyII§) dy
Also, set p = Duy(0). Then

1 N?
Poot) = 5 [ expN2uota+ v exp(= 5 113) dy

N t
1 . N2

= | exp(= Vo +3) = N*(p.x +y) = FI¥13) dy
1 - N2t N2

=7 | exp(= V2o +3) = N3 (p.x) + 5 IpI3 = Gy + 1p1) d
1 . N3t N?

= —— | exp(=N2io(x —1p+2) = N:(p, x) + I pll3 = 5 11213) dz

ZN 2 2t

—exp(~V(p.x) + X 1pIR) B —1p). 0
Lemma 6.27. Let ug € £(0, C), let p € My (C)%,
(1) Paug(x) = Pyiio(x) + (p. x)o.
(2) Quuo(x) = Qyitg(x —1p) + (p, x)2 — (/)| pl3.
(3) Reug(x) = Reiio(x —1p) +(p, x)2— (t/2)[I pl3-

Proof. (1) holds because P; is a linear operator and it also does not affect linear functions. To prove (2),

and let g(x) = uo(x) — (p, x)2. Then:

fix x and let y be the point where the infimum defining Q,u¢(x) is achieved and let ¥ be the point where
the infimum defining Q;iig(x — tp) is achieved. By Corollary 6.7(1), the points y and y are characterized
respectively by the relations

y=x—tDuy(y), y=x—tp—1tDiy().
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But Diig(y) = Dug(y) — p. Thus, x — t Dug(y) = y, so that y = y. Then
1
Quto(x) = uo(y) + 5,1y = x5

- 1
=io(y) + (p. y)2+ 5.1y = x13

~ t 1
=io(y) +(p, x)2 = Pl + 5.1y = (x = 1p)l3

~ t
= Quiio(x —1p) + (p. x)2 = 5| pll3-
(3) It follows by iteration (after some computation) that for ¢ € 27Ny, we have

~ !
Ry etto(x) = Ryfio(x — tp) +(p. )2 = 5 P13

Then by Lemma 6.13, we may take £ — oo, and by Theorem 6.1(3), we may extend the inequality to all
real ¢. (Il

Proof of Theorem 6.17. We have already proved the case where ug is bounded. For the general case, let
ug € £(0, C). Define p = Duy(0) and i1g(x) = ug(x) — (p, x)2. As remarked above, i is bounded below
by zero. By Lemma 6.26, the bounded case, and Lemma 6.27,

N2t »
Py exp(=Nug)(x) = exp(=N*(p. x) + 51 pI) LPs exp(=N2iio)](x — 1p)
N*t .
= exp(=N(p. ) + L I1pI) exp(—N?Redig(x — 1))

= exp( =N (Ridiox = 1p) + (p. x) = 5 11p13))
= exp(—N>Ryuo(x)).

In particular, since Py exp(—Nzﬁo) is smooth for ¢+ > 0, we see that all the functions in the above
equation are smooth for ¢ > 0, and hence R;u((x) is smooth function of (x, ¢). Also, P;[exp(—N 2up)] =
exp(—NZR,uo) as desired. U

6H. Approximation by trace polynomials. Now we are ready to prove that R, preserves asymptotic
approximability by trace polynomials.

m

v — R such that Vy is convex and

Proposition 6.28. Let {Vy} be a sequence of functions My (C)
Vn(x) —(C/2)|1x ||§ is concave, and { DVy} is asymptotically approximable by trace polynomials. Then
for every t > 0, the sequences {D(P,;Vy)}, {D(Q;Vy)}, and {D(R;Vy)} are asymptotically approximable

by trace polynomials.

Proof. The fact that {D(P;Vy)} is asymptotically approximable by trace polynomials follows from
Lemma 3.28.
Now consider D(Q,Vy). Note that by Corollary 6.7(1), D(Q;Vx)(x) is the solution of the fixed point
equation
y=DVn(x—1y).
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Butifr < 1/C, then y — DVy(x —ty) is a contraction and thus iterates of this function will converge to
the fixed point. Let us define ¢ o(x) =0 and ¢p ¢41(x) = DVy(x —tpn ¢(x)). By Lemma 6.6(5), the
distance from 0 to the fixed point D(Q;Vy)(x) is bounded by || DVy(x)]|2; hence

ldn.e(x) — D(Q, Vi) (X) |2 < C I DV (x)]l2.

Because DVy ; is C-Lipschitz, Lemma 3.27 implies that {¢y ¢}y is asymptotically approximable by trace
polynomials.

Now || DVy(0)]2 is bounded by some constant A as N — oo because DV is asymptotically approx-
imable by trace polynomials. Since DVy is also C-Lipschitz, ||DVy (x)|2 < A+ C||x||2. In particular,
lon.e(x)—D(Q:VN)(x)|2 < C%*(A+C|x|2). Thus, by Observation 3.26, { D(Q, Vx)} is asymptotically
approximable by trace polynomials.

This holds whenever ¢ < 1/C. But for general ¢, we can write Q; = Q;’/n, where n is large enough that
t/n < 1/C, and then iterating the previous statement shows that {Q;Vy} is asymptotically approximable
by trace polynomials.

For the sequence {D(R;Vy)}, first note that when ¢ € Q7F, we know {D(R;Vy)} is asymptotically
approximable by trace polynomials (where £ is large enough that R, ¢ is defined). By Theorem 6.1(1c)
and Observation 3.26, the sequence {D(R;Vy)} is asymptotically approximable by trace polynomials for
te @; . Finally, by Theorem 6.1(2d) and Observation 3.26, the sequence {D(R;Vy)} is asymptotically
approximable by trace polynomials for all € R*. U

7. Main theorem on free entropy

We are now ready to prove the following theorem which shows that x = x™* for a law which is the limit
of log-concave random matrix models.

Theorem 7.1. Let pun be a sequence of probability measures on My (C)7%: given by the potential Vy.
Assume:

(A) The potential Vy (x) is convex and Vy(x) — (C/2)]||x ||% is concave for some C > 0 independent of N.
(B) The sequence uy concentrates around some noncommutative law A with )\(Xj;) > 0.

(C) For some Ry > 0, we have limy_, f\le\ZRo(l + Ix113) dan (x) = 0.

(D) The sequence {DVy} is asymptotically approximable by trace polynomials.

Then A € %,, g, and moreover:

(1) The law A has finite Fisher information ®*(1), and for all t > 0, we have
. 1
A}l_f)noo mI(MN *orn) — P (A HBoy).
(2) We have forallt >0

X(Boy) = x(:Bop = lim - (hGuy *0yx) + 2 log N) = (. Bo).
- N—>o0 N2 ’ 2
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(3) The functions t — (1/N)Z(uy * or.n) and t — ©*(AHBo,) are decreasing and Lipschitz and the
absolute value of the derivative (where defined) is bounded by C Zm(14Ct)~2.

Remark 7.2. If Vy(x) — (c/2)||x||% is convex and Vy(x) — (C/2)||x||% is concave and if {DVy} is
asymptotically approximable by trace polynomials, then Theorem 4.1 implies that py satisfies the
hypotheses of Theorem 7.1 for some noncommutative law A.

However, Theorem 7.1 holds in a slightly more general situation than Theorem 4.1 in that we do not
have to assume uniform convexity, finite moments, or exponential concentration.

In preparation for the proof of Theorem 7.1, we have already verified that the hypotheses (A), (C), and
(D) are preserved under Gaussian convolution. Now we show that (B) is preserved in Lemma 7.4. This
is straightforward apart from one subtlety — although we have assumed that for every noncommutative
polynomial p, the noncommutative moment ty (p(x)) concentrates around A(p) under uy, we have not
assumed that |ty (p(x))| has finite expectation. To deal with this issue, we first prove an auxiliary lemma.

Lemma 7.3. Let A be a noncommutative law in X, let p(X,Y) = p(X1, ..., Xm, Y1,...,Yy) be a
noncommutative polynomial of 2m variables, and let R > 0. Then there exists a neighborhood V of A
in X, and a constant K such that, for all N € N, for all x € I'y(V), the function y — tn(p(x, y)) is
K -Lipschitz with respect to || - |2 for self-adjoint tuples y in the operator-norm ball {y : || y;|| < R}.

Proof. To prove the lemma, it suffices to consider the case of a noncommutative monomial. Indeed, if
p= 21}21 pj» where p; is a monomial, and if we find neighborhoods V; and Lipschitz constants K; for
each p;, then the result will also hold for p with V = ﬂ?:1 Vjand K = 2?21 K;.

Thus, assume without loss of generality that p(X, Y) is a noncommutative monomial. Then it can be
written in the form

p(X,Y)=qo(X)Y;,q1(X)Y;, - - - qe—1(X)Y;,qe(X),

where i; € {1, ..., m} and ¢;(X) is a noncommutative monomial in X (which of course is allowed to
be 1). Consider x, y, ¥y’ € My (C)Z, and suppose that ||y;[l«c < R and ||y/|lcc < R for each i. Then

l
P, ) = p, Y)Y =Y g0y - Vi 451 () i — ¥4 () Vi, -+ Yinqe ().
j=1

Recalling the noncommutative L* norms and Holder’s inequality (see Section 2C), we have

L
IpCx. y) — pGx, )i < (Z [T llacesn [ vl ]_[||y;k||oo) Ly = ¥} lla-

j=1k#j k<j k>j

This implies that

4
len (p(x, ) — v (px, Y))| < (Z 1‘[||qj<x>||w+1>)Rﬁ—1||y ~ll2.
J=1k#j
Now

g () a1y = (Tnl(gj (x)*qj (x))H 1/ CED),
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‘We can define
V={:N[(gig) T < M(g}g) T+ 1 for j=0,....¢}.

Then [g; (x)|l2¢¢+1) is uniformly bounded for x € I'y (V) for each j =0, ..., £. Suppose that each of
these quantities is bounded by K. Then the above estimate shows that

v (P, 1) = T (e, YD < EKTIRT y =yl
whenever x € Iy (V) and y, y’ are in the operator-norm ball of radius R. U

Lemma 7.4. Suppose that {in} concentrates around a noncommutative law A. Then {uy * 0y n} concen-
trates around LB o; for everyt > Q.

Proof. Fix t. Let Xy = (Xn.1, ..., Xny.m) and Yy = (YN 1, ..., Yn.m) be independent random variables
with the laws uy and oy y respectively. Because the topology on the space %, of noncommutative laws
is generated by noncommutative moments, it suffices to show that for each noncommutative polynomial p
and § > 0

Jm P(jzy(p(Xy +Yy)) —ABoi(p)| 2 8) =0.

Fix p and let d be its degree. By the previous lemma, there is a neighborhood V of A and a constant K
such that for every x € I'y (1), the function y — ty(p(x +y)) is K-Lipschitz with respect to || - |2 on the
operator-norm ball {y : || y|lco < 4¢1/2). By shrinking V if necessary, we may also assume that 7 (g (x))
is uniformly bounded for every noncommutative monomial ¢ (x) of degree less than or equal to d.
Choose a C2° function ¥ : R — R such that ¥/ (z) = z for |z| < 3¢!/? and |/ ()| < 4t'/2. Then

Ve Y)W, U ()

is globally Lipschitz in || - ||2 and it also maps My (C)Z: into the operator-norm ball of radius 4¢1/2 (which
is the region where z — Tn(p(x, z)) was assumed to be K-Lipschitz with respect to || - || whenever
x € Ty (V). This implies that there is some constant K’ such that y — tn (p(x, W(y))) is K'-Lipschitz
forall x e 'y (V).
Let
an(x) = Eltn(p(x + ¥ (¥YN)))],

Bn(x) = E[tn(p(x +Y + N))] = eXp<tLTN)[f(p)](X),
B) = exp( "2 )T (100,
By Theorem 2.10 applied to Yy,
xely® = P(lov(pe+ 0N —ay()] = 3) < 2 N/IED,
On the other hand, we know by standard tail estimates on the GUE (see Corollary 2.12) that

NILmOO E[TN(C](YN))IHyN||Z3;l/2] =0
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for every noncommutative polynomial g. This implies that |oy (x) — Bn (x)| = O uniformly for x € I'y (V).
On the other hand, by Lemma 3.21,

B0 =exp( 2L )2 (p1@) — exp(1F ) T (1) = p()

where the convergence occurs coefficientwise. Now exp(fLy/2)[t(p)] is a sum of products of traces
of noncommutative monomials g of degree < d and for every such g, we know 7y (g(x)) is uniformly
bounded on I'y (V) by our choice of V. Thus, coefficientwise convergence of Sy — B implies uniform
convergence for x € I'y (V). Therefore, for sufficiently large N we have |By(x) — B(x)| < §/3 for
x € I'y(V), and hence

P(Iev(p (X +Yi) = T (BXw)| = 2, Xy € Ty(V), ¥yl < 31172) = 28N/,

where we have applied the Fubini—Tonelli theorem for the product measure u y ®o; x. By our concentration
assumption,

1)
P(|TN(,B(XN)) 2Bl = §> -0, PXyelyOW)—1,
and by Corollary 2.12 also P(||Yx|| > 3¢!/?) — 0. Altogether, we have
P(ltn(p(XNn +YN)) —A(B)| = 8) — 0.

But note that A(8) = A(exp(tL/2)[t(p)]) = (AHo,)(p) by Lemma 3.23. Thus, the proof is complete. [

Proof of Theorem 7.1. Let Vi, = R,V be the potential associated to uy * o; y. Let us verify that Vi ;
satisfies the assumptions (A)—(D) for every ¢ > 0.

(A) This follows from Theorem 6.1(1) because Vi ; = R, Vy; hence Vy , € £(0, C).
(B) This follows from Lemma 7.4.

(C) This follows from tail bounds on the GUE (Corollary 2.12).

(D) This follows from Proposition 6.28.

Next, the fact that A € X, g, follows from Proposition 5.5 with n = 1.
Claim (1) of the theorem follows by applying Proposition 5.10 to uy * oy y with n = 1.
For claim (2), recall that by Lemma 5.7, (5-6),

o0
h(MN) + 2 log N = % f (i — %I(MN *at,N)) ds + ™ log 2re. (7-1)
0

141 2
Because N_3I(/LN) converges as N — oo, there is some constant K with N73Z(uy) < K for all N.
Also, because of assumptions (B) and (C), we have f [lx ||§ duyx) — ZT:1 Aj (X]?) > 0. Therefore, there
is a constant a such that f |x ||% dupn (x) > ma for large enough N. Thus, (5-4), we have for sufficiently

large N that
m_ 1

a+t = N3

—I(un %01 N) < mln(M %)
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Thus, we can apply the dominated convergence theorem to take the limit as N — oo inside the integral
on the right-hand side of (7-1) and apply claim (1) to conclude that

. 1 m
Iégnoo(mh(uN) + 5 log N) — x*(A).

On the left-hand side of (7-1), we will apply Proposition 5.5 with n = 1. We may replace Vy by
Vy — Vv (0) without changing wy (because the definition of wy includes the normalizing constant Zy
anyway). Then because {DVy} is asymptotically approximable by trace polynomials, we know that
{Vn} is asymptotically approximable by trace polynomials (Lemma 3.29). Therefore, the hypotheses of
Proposition 5.5 are satisfied and so

X () = limsup(<5h(un) + 2 og N) = x* ()
N—o0

and the same holds for X (1). Moreover, this holds for uy * oy v just as well as uy because uy * o; y
satisfies the same assumptions (A)—(D).

For claim (3), first fix N and let X be a random variable with law p,, and let Y, be an independent
Hermitian Brownian motion (here Y; ~ o; ). Let E; = DVx ;(X 4 Y;), which is the conjugate variable
of X +Y;. Then

1 L)
~Zy #orn) = EllE 3

Suppose 0 < s <t < T. Then X + Y, is the sum of the independent random variables X + Y and
Y, — Y, and thus B, = E[E|X + Y;] by Lemma 5.6. In other words, Z; is the orthogonal projection of
DVy (X +Y;) onto the space of L? random variables that are functions of X + Y;, or in other words it
is the function of X + Y, that is closest to E, in L2 This implies that

[IEs — B3] < E[I DV s(X +Y,) = DV (X + Y1) 3]

<E c Y5 — Y13
—Tla4cstt R
2

BRTEN T

using the fact that Vy ; € £(0, C(1 + Cs)~ 1) and hence DVy g is C(1+ Cs)_l—Lipschitz. Since E; is
the orthogonal projection of E; onto this subspace, we know E; — E; is orthogonal to &, and hence

E[IIE 31— ELIE 3] = E[IE;s — ElI3].

Overall,

T c?

N3I(MN *0; N) < mm(l —5).

1
0< FI(MN *05 N) —

This immediately proves that ¢ — N STy * o:,n) 1is a decreasing function of ¢, it is Lipschitz, and the
absolute value of the derivative is bounded by C ’m/(1 4 Ct)% The same holds for ®*(A Ho;) by taking
the limit as N — oo. U
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8. Free Gibbs laws

In the situation of Theorem 4.1, we want to interpret the law XA as the free Gibbs state for a potential
which is the limit of the V. To this end, we will define a noncommutative function space where each
element is a limit of functions on My (C)Z:. We will then give several characterizations of the closure of
trace polynomials in this space, as well as the class of potentials to which our previous results apply.

8A. Asymptotic approximation and function spaces. Let Y, = {Yx} be a sequence of normed vector
spaces. We define a (possibly infinite) seminorm on sequences ¢, = {¢x} of functions My (C)7: — Yy by

I#.lI%.v, =limsup sup [[¢n(x)lly,-
N—oo [x|<R

Let F,,(Y,) be the vector space

{p. 2 1}l r,y, < +oo for all R}/{@. : [[¢.Ilr,y, = O for all R}.

For a sequence ¢,, we denote its equivalence class by [¢.].
We equip F;,, (¥,) with the topology generated by the seminorms || - || g y,, or equivalently given by the

metric
o0

dr 10 @ V) = S min(lg, = vullny, 1. (8-
n=1
Note that F,,(Y,) is a complete metric space in this metric and is a locally convex topological vector
space.
There is a canonical map from the vector space of scalar-valued trace polynomials TrP,?l into .7-",2 =
Fm (C) by the map that sends a trace polynomial to the corresponding sequence of functions it defines on
My (C)Y. A sequence ¢, is asymptotically approximable by trace polynomials if and only if [¢.] is in

the closure of the image of TrP,(,)l in 72, which we will denote by 7,°. (Unfortunately, we do not know

m>
whether the map TrP? — F is injective, but this point is irrelevant for our purposes.)

Similarly, let M,(C)™ be the sequence { My (C)™} equipped with || - ||». There is a canonical map from
TrP}n into 7! := F,,(M.(C)) given by mapping a trace polynomial to the corresponding sequence of
functions on matrices. A sequence ¢, of functions My (C)2; — My (C)s, is asymptotically approximable
by trace polynomials if and only if [¢,] is in the closure of the image of TrP,ln, which we denote by 7,!.

The spaces 7,0 and 7,! can be viewed as noncommutative function spaces through the following
alternative characterization. Here R denotes the hyperfinite II; factor and R denotes its ultrapower; for

an explanation, see [Anantharaman and Popa 2016, §1.6 and §5.4] or [Capraro 2010, pp. 5-7].

Lemma 8.1. Let f € TrPY. Then we have

limsup sup [f(Ol=sup sup |f@)|= sup |f()l. (8-2)
N—oo xeMy(C)" N xeMy@©)m" x€(RE)™
[xllco<R Ixllo<R Ixllc<R

If we denote the common value by || f |10 g, then this family of seminorms defines a metrizable topology
on TrPY with the metric given as in (8-1), and T,? is the completion of TrPY, in this metric. The same
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result holds for T,! using the seminorm

limsup sup [ f@)l2=sup sup [f@)l2= sup [ £l (8-3)
N—oo xeMy(C)g N xeMy(©)Y xe(REI™
Ixlc<R Ixlc<R lxllc<R

Proof. Fix f and let A, B, and C be the three quantities in (8-2) from left to right. It is clear that A < B.
Moreover, B < C because there is an isometric trace-preserving embedding of My (C) into R®. To show
that C < A, pick x € (R)™ with ||x|| < R. Then there exists x,, € R, with |x,|| < R and x =lim,_,, x,.
For each n, we can choose an N,, an embedding My, (C) — R and a y, € My, (C) such that ||y, || < R and
|xn — ynll2 <1/2" and lim;,—, oo N,, = +00. Then x =1lim,, ., y, and | f (x)| =lim,—, | f (y»)| < A. This
shows that the three seminorms in (8-2) are equal, and the other claims follow because these seminorms
are the same as the seminorms for FJ. O

From this point of view, every f € 7.0 has a canonical sequence that represents its equivalence class
in F2, constructed as follows. If we write f as the limit of a sequence of trace polynomials f®), then
Sy lmyym converges locally uniformly on My (C)g; as k — oo and the limit is independent of the
approximating sequence f®). We can therefore define f| My (©r to be this limit.

Similarly, f defines a function on (R{))™. Moreover, if (M, 7) is a tracial von Neumann algebra and
there is a trace-preserving embedding ¢ : M — R®, then we may define f |, = f ot. Itis easy to see that
this is independent of the choice of trace-preserving embedding if f is a trace polynomial, and this holds
for general f € 7,% or 7,! by density of trace polynomials. In this sense, 7,0 and 7,! represent spaces
of universal scalar- or operator-valued functions that can be applied to self-adjoint operators in every
R¢ -embeddable tracial von Neumann algebra.

In the scalar-valued case, we have yet another characterization of 7,:

Lemma 8.2. Let X, pda = Ug-¢ Zm,r- Let C(,,paa) be the space of functions g : X, paa — C such
that g € C(X,R) for every R, equipped with the family of seminorms || - || c(s,, ). Then 7;10 is isomorphic
to C(X,, bdd) as a topological vector space.

Proof. For a scalar-valued trace polynomial f, the value f(x) only depends on the law of x, so that
f(x) = g(Ay) for some function g : ,, — R such that g € C(%,, g) for all R, and we have

1fll70. 8 = N&NlC(Emp)-

Passing to the completion with respect to the metric defined as in (8-1), we have a map ¢ : 7;10 — C(Z.bdd)
which is an isomorphism onto its image. To show that ¢ is surjective, note the algebra of trace polynomials is
self-adjoint and separates points in X,, g, and hence by the Stone—Weierstrass theorem, trace polynomials
are dense in C(X,, r) for every R. Therefore, if g € C(X,, r), we can choose a trace polynomial
g® () = f®(x) such that [|g — g®llc(s, o < 1/2% Then f® converges to some f in 7,2, and we
have ((f) = g. (Il

8B. Convex differentiable functions. Now we are ready to characterize the type of convex functions
which occur in Theorem 7.1. First of all, we let 7,*! be the completion of the trace polynomials with
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respect to the metric
x
1 . .
d(f.8) =) zzlmin(L, |If = gllzp,,) +min(L, || Df = Dglczyym,)].
n=1

Observe that if f € Tmo’1 and f® is a sequence of trace polynomials converging to f in Tmo*l as k — oo,

then Df® converges in (7,1)™ and the limit is independent of the choice of approximating sequence.
We denote this limit by Df.

Remark 8.3. If f and f® are as above, then since Df® is a tuple of trace polynomials, it is continuous
on the operator norm ball {y € My (C)% : ||ylloc < R} with a modulus of continuity that only depends on
R and does not depend on N. Because Df®) — Df uniformly on the operator-norm ball (with rate of
convergence independent of N), we know Df is also continuous on this operator-norm ball with modulus
of continuity independent of N.

It follows that for every x, y € My (C)% with |lx||, |[y]| < R we have

FO) = fx)=(Df(x), y —x)a+o(ly —xl2),

where the error estimate only depends on R and not on N. In particular, this shows Df is uniquely
determined by f. Also, it shows that Df|y ) is equal to the normalized gradient of f|,(c)m in
the ordinary sense of functions on My (C)7, = RN,

Lemma 84. Let f € 7;10’1 be real-valued. The following are equivalent:
(1) The function f|yycyn is convex for every N.
(2) The function f is convex as a function on (Rg)"™.

(3) There exists a sequence of differentiable convex functions Vy : My (C)7: — R such that [V,] = f
and [DV,] = Df. (Here DV, denotes the sequence (DVy)neN, Where D is the normalized gradient
understood in the standard sense of calculus.)

Proof. The implication (1) = (2) follows from an argument similar to the proof of Lemma 8.1.

The implication (1) = (3) holds because we can take Vy = f|u(cym-

Now we will prove (3) = (1). Fix N. To prove that f|, c)n is convex, it suffices to show that
(Df(x) — Df(y),x —y)2 = 0 for every x,y € My(C)%:. For k € N, consider x ® Iy and y ® I in
My (C)gy. Then, as k — oo,

(Df(x)=Df(y),x =y)2=(Df x®It) —Df (y @ Ix), x @ [y — y @ Ok)2;

meanwhile, if R = max(||x||, ||¥]|), then since DVy — Df — O in || - || uniformly on the operator norm
ball of radius R, we have as k — oo that

(DfxQ@L)—Df(y®L), xQ@ILri—yQ L) —(DVNi(x @ [;) =DV (Y Ii), x @ Iy — y ® I )2 — 0.

Because Vi is convex, the second inner product is > 0 and therefore (Df (x) — Df (y),x —y)2 > 0. I
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Let £, (c, C)%! denote the class of V e 7:”0’1 such that V(x) — (c/2)||x||§ is convex and V (x) —
(C/2)||x||§ is concave. If0 <¢c < C and V € &,(c, C)*! and Vy = VImy©yn, then the sequence of
normalized gradients D Vy is asymptotically approximable by trace polynomials. If we let uy be the
corresponding measure on My (C)%;, then Theorem 4.1 (the hypothesis (4-1) being trivially satisfied by
unitary invariance) implies that py concentrates around a noncommutative law Ay, which we will call
the free Gibbs state for the potential V.

Furthermore, the free Gibbs state Ay is independent of the choice of representative sequence in the
following sense. Let uy be the measure on My (C)Z given by the potential Vy = V| my@©yn- Let Wy
be another sequence of potentials satisfying the hypotheses of Theorem 4.1 such that [W,] =V in 7;10’1,
and let vy be the sequence of random matrix measures given by Wy. By Theorem 4.1, vy concentrates
around some noncommutative law A. We claim that A = Ly . To prove this, consider the sequence VN
which equals Vy for odd N and Wy for even N. Then [V,] =Vin 7;10’1, which means that {D?N} NeN 18
asymptotically approximable by trace polynomials. Therefore,

wv ()= lim [ o(pduy = Jim / Ty (p) dvy = 1(p).
N—oo N—o0

In fact, Lemma 8.4 implies that the noncommutative laws A which occur as limits in Theorem 4.1
are precisely the free Gibbs laws for potentials V € &,,(c, C)%!. In particular, Theorem 7.1 implies that
X = x = x™ for every such law.

Remark 8.5. We have not proved that the law Ay is uniquely characterized by the Schwinger—Dyson
equation A[DV (X) f(X)] = AQA[D f(X)], although something like this is implied by [Dabrowski 2016].
One could hope to prove this by letting the semigroup 7,V act on an abstract space of Lipschitz functions
which is the completion of trace polynomials (where the metric now allows x to come from any tracial
von Neumann algebra rather than only the R“-embeddable algebras). We would want to show that if A
satisfies the Schwinger-Dyson equation, then A(7," u) = A(u), but to justify the computation, we need to
show more regularity of 7," u than we have done in this paper. In the SDE approach as well, the proof
that Ay is characterized by Schwinger—Dyson is subtle when we do not assume more regularity for V
(see [Dabrowski 2010; 2016]).

8C. Examples of convex potentials. A natural class of examples of functions in &, (c, C)%! are those
of the form

V(x) = gl +ef )
where € is a small positive parameter,

xj+4i
j
uw=Wy,...,Up), Uj=

.
xj —4i

and f is a real-valued trace polynomial in u and u*. Computations similar to those of Section 3B show
that the normalized Hessian of Jac(Df (u#(x))) with respect to x is bounded uniformly in N. Therefore,
Veé, (%, %)0’1 for sufficiently small €. Similar examples are described in the introduction of [Dabrowski
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2016]. More generally, we can replace the trace polynomial f(u) by a power series where the individual
terms are trace monomials in u.

The class &, (c, C)*! does not include trace polynomials in x because if g is a trace polynomial of
degree > 3, then we cannot have g(x) convex and g(x) — (C/ 2)||x||§ concave (globally). However, if
we consider a potential which is a small perturbation of a quadratic (as considered in [Guionnet and
Maurel-Segala 2006; Guionnet and Shlyakhtenko 2014]), we can fix this problem by introducing an
operator-norm cut-off as follows.

Let f be a scalar-valued trace polynomial and let us define

VEO@) = ||x]I5 +ef (x). (8-4)

Let ¢ : R — R be a C2° function such that ¢(¢z) =t for [f{| < R and ¢(¢t) = O for |t| > 2R. Let
D : My(O)g — My(C)g, be given by @y (x) = (¢ (x1), ..., ¢ (xm)).

V) = IIx 13 + efn (P (x)). (8-5)

We will prove the following.

Proposition 8.6. Let \7166) be given as above. Then [V_(e)] e T.%L Moreover, given § > 0, we have
[\7.(6)] € En(1 =6, 148! for sufficiently small € (depending on f, R, and §).

As a consequence, we will deduce the following result about measures defined by V(© restricted to an
operator-norm ball (without the smooth cut-off ®).

Proposition 8.7. Let 2 < R’ < R, let f be a trace polynomial, and let V'€ be as in (8-4). Let
1
du'd (x) = 7 exp(—=N2V, )1 <k dx.

For sufficiently small € (depending on f, R, and R'), we have the following. The measure ugf,) exhibits
exponential concentration around a noncommutative law 1 € ¥, . If X € (M, t) is a noncommutative
m-tuple realizing the law A'©, then the conjugate variable is given by DV € (X). Moreover, we have

©y — v (1Y — v* (1O — Tim (L @y ™ )
X0 = () =)0 = Jim (5h(us)+ 5 log V).

To fix notation for the remainder of this section, functions without a subscript, such as f, will denote
elements of 7,2 or 7,%!, and Df will denote the “gradient” defined in the abstract space 7,%! as the limit
of the “gradients” of trace polynomials approximating f. However, fy will denote f /|y, and Dfy
will denote the normalized gradient NV fy defined in the usual sense of calculus with respect to (-, - )2
on My (C);:. Moreover, H fy = Jac(Dfy) will denote the Hessian of fy with respect to (-, - ).

In order to prove Proposition 8.6, we must understand D[ fy o @] and H[ fy o ®n]. To this end, we
recall some results of [Peller 2006] on noncommutative derivatives of ¢ (x), where ¢ is a smooth function
on the real line.
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For a polynomial ¢ in one variable, the noncommutative derivative D¢ € C(X) ® C(X) defined by
Definition 3.6 can be written as the difference quotient
RN (O 10}
s—1
where we view C(X) ® C(X) as a subset of functions on R? with the variables s and . However, the
above difference quotient makes sense whenever ¢ : R — C is smooth. Thus, it defines an extension of D
to continuously differentiable functions ¢ of one variable.

Similarly, if ¢ is a polynomial, then the higher-order noncommutative derivatives D" ¢ can be viewed
as functions of n 4 1 variables, which are obtained through iterated difference quotients and thus their
definition can be extended to smooth functions ¢. (However, beware that we have not defined Dj’.’d) if ¢ is
a nonpolynomial function of multiple variables.)

If ¢ is a polynomial, then to estimate ¢ (X) —¢ (Y) for operators X and Y with norm bounded by R, one
seeks to control the norm of D¢ in the projective tensor product L*[—R, R]® L®[—R, R]. Similarly,
if ¢ is a smooth function and ¢ (X) and ¢ (Y) are defined through functional calculus, one can estimate
the operator norm ||¢(X) — ¢ (Y)]| by representing ¢ as an integral of simpler functions (e.g., by Fourier
analysis) whose noncommutative derivatives are easier to analyze. In this case, it is convenient to write
D¢ as an integral rather than a sum of simple tensors.

We thus consider the integral projective tensor powers of the space of bounded Borel functions B(R).
The integral projective tensor product B(R)@” consists of Borel functions G on R" which admit a

representation
G(xl,...,xn)=/ Gi(x1, @)+ Gulxy, w) dp() (8-6)
Q
for some measure space (€2, ) such that
/ 1G1(-, o) Bw) - 1G1(+, ®)IBw) dpu(@) < +00 (8-7)
Q
and we define |G || B®)®in 1O be the infimum of (8-7) over all representations (8-6).
Given G € B (IR)@" " bounded self-adjoint operators xy, ..., x, and bounded operators y, ..., ¥,, we
define
G(xps ..., X)) # N1 ® - ®yn) = / Go(xo, )y1G1(x1, ®) -+ yn Gy (xn, 0) dpp(w), (8-8)
Q

where Gy, ..., G, satisfy (8-6). This is well-defined by [Peller 2006, Lemma 3.1]. If the x; and y; are
elements of a tracial von Neumann algebra (M, t), we have by the noncommutative Holder’s inequality
(see Section 2C) that if 1 /o =1/a; + - - -+ 1/, then

1G(x0, -, X)) # (V1 ® -+ @ Yu)lla < Gl ggy@iosnlIyille -+ 1 ynlla,- (8-9)

Moreover, we have the following bounds on the noncommutative derivatives of ¢ as a corollary of the
results of [Peller 2006].
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Proposition 8.8. There exists a constant K,, such that for all ¢ € C°(R)
1" gy < Kn / B (&)E" d. (8-10)
R

Proof. As in [Peller 2006, §2], choose w € C2° such that 0 < w < x;—1,2,2) and ZkeZ w(2_k§) =1 for
& > 0. Let W and W,f be given by Wk(é) =w(27"&) and W,f(é) = w(—2"%x), where ° denotes the
Fourier transform. It is shown in [Peller 2006, Theorem 5.5] that

D"l syiorn < Kn Y 2" (1Wicx @l Loy + | Wi 5 bl Lo ).
kez
This can be estimated by the right-hand side of (8-10) (for a possibly different constant) by a standard
Fourier analysis computation. O

Proof of Proposition 8.6. Recall that ijf)(x) = %le II% + €fn o @ . Thus, to show that the sequence Vlif)
defines an element of 7", it suffices to prove this for fy o ®y. To this end, it is sufficient to show that
for each r > 0 there is a sequence of trace polynomials {g®},cn such that
lim sup  sup  [g¥) — fyo®y(x)| =0
k=00 NeN xeMy (C)7:]Ix [0 <r
and
lim sup sup IDg® (x) — D[ fy 0 Dy (X)]ll2.
k=00 NeN xe My (C):]|x [l <r
Fix r > 0. By standard approximation techniques, there exist Schwarz functions ¢*) : R — R such that
#®|;_,. 1 is a polynomial and $¥ — ¢ in the Schwarz space as k — oo. By Proposition 8.8, we have
D" — D¢ in B(R)® "D as k — oo for every n.
Let CDE\],C)(xl, e Xm) = (@0 (x)), ..., 0% (x,)). Then fno q)g\l,() is given by a trace polynomial g(k)
on {||x|lcc <r}. Because of the spectral mapping theorem,

sup X (x) —dy()llo <m sup [P (1) —p ()],

lxll<r te[—r,r]

which is independent of N and vanishes as k — oco. Thus, our trace polynomials g*) approximate fyo®y
uniformly on the operator norm ball {x : || x| <r}.

Next, we must show that Dg®) approximates D[ fy o ®y] uniformly in || - ||> on the operator-norm
ball {||x]|ec < r}. By the chain rule, we have

Dj[fn o ®y]=Jac;(®n)'[D; fn],

where D; and Jac; are the normalized gradient and Jacobian with respect to the variable x; € My (C)s,.
Now

Jac;(Py)(x)y =D (xj) #y.

Now D¢ viewed as an element of the tensor product C[X] ® C[X] is invariant under the flip map that
switches the order of the tensorands; this is because D¢ is represented as a difference quotient for
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one-variable functions. Flip invariance implies that

n[(Dp(xj) # y)z] = tn[y (D (x)) #2)],

which means that the operator Jac; (®y)(x) on My (C)g, is self-adjoint. Hence,

Dj[fn o ®Pn](x) =Jac; (PN (x))[D; fn](x) =D (x;) # D;j fy(Py(x)).

This function is given by a trace polynomial on {||x||sc <r}, and it is also equal to the trace polynomial
ng(k) when evaluated on any tuple of matrices because both functions are equal to the gradient of
<r, we have

D (xj) # Dj f (Pi(x)) = Dy (x;) # D;j f (P (x)) + Depi (x;) #[D; f (P (x)) — D; f(P(x))].

8®1p1y©ym. Moreover, for |1 x| o

The first term converges to D¢ (x;) # D; f(P(x)) in || - [|2 uniformly on {||x||cc < r} using (8-9) with
estimates independent of N. Similarly, because the images of ®; and ® are contained in an operator norm
ball and D; f is K-Lipschitzin || - ||> on this ball for some K > 0, we have D; f(®(x))—D; f(®(x)) — 0
uniformly. This in turn implies that the second term goes to zero because D¢y (x;) is uniformly bounded
in B(R)®; B(R). Thus, for every r > 0, there is a sequence of trace polynomials g such that g; — fo®
and Dg® — D(f o ®) uniformly on {||x .o < r}. This means that f o ® € 7,1:0.

It follows that the sequence V/ff) defines a function in 7,%! for every €. It remains to show that this
function is in &, (1 — 68, 1 +8)%! for sufficiently small €. To this end, it suffices to show that fy o
defines a function in &, (—a, a)*' for some real a > 0. Thus, we only need to obtain some upper and
lower bounds on the operator norm of H|[ fy o ®x] that are independent of N. However, this is equivalent
to showing that D;(fy o ®y) = Doy (xj) # D;j fy(Pn(x)) is Lipschitz in || - ||> for each j (uniformly
in N). Because D?¢ is bounded in B(R) ®i B(R) ®; B(R), we see that

D¢ (xj) #y — D (x)) # yll2 < Kllxj —x;ll2llyllo

for some constant K; we may apply this to y = D; fy(®y(x)), which is bounded in || - || because
D; fy is a trace polynomial and ®y (x) is bounded in || - ||c. Together with the fact that D; fy (P y(x))
is Lipschitz in | - ||2, this implies that D;(fy o ®y) is Lipschitz in || - ||2 as desired. U

Proof of Proposition 8.7. Let /155) be the measure on My (C)Y, given by the potential f/}ff). Let 6 be

a number in (0, 1) to be chosen later. By Proposition 8.6, we have that Ve ¢ En(1 —68,1+ 680!
for sufficiently small €. By Theorem 4.1, the laws fi concentrate around a noncommutative law A.
Furthermore, in Theorem 4.1(1), we can take M =0 andc=1—§ and C = 1+ §, so that

. 2 IDV©(0)]l2 8
limsup Ry < .
N o0 (1-58)12 1-6 (1—8)3/2

Note that DV(S)(O) = DV©(0) =eDf(0) is a scalar multiple of the identity matrix since f is a trace
polynomial. Because R’ > 2, we may choose § sufficiently small that

2 4 8 R
(1_5)1/2 (1 —8)3/2 <

/
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Then by choosing € (and hence ||DV(€)(0) Il2) sufficiently small, we can arrange that

R, =limsup Ry < R'.
N—o00

This implies that the measures ﬂg;)concentrate on the ball {||x]lcc < R’}. For ||x]lcc < R, we have

V(e)(x) = V©(x), and therefore ugf,) is the (normalized) restriction of ;15\6,) to {||x|loc < R}. It follows

that 11\ concentrates around the law A as well.
If X € (M, 1) realizes the law A, then || X||oo < R’ since A € %, z, C Xz’ by Theorem 4.1(2).
Moreover, by Proposition 5.10, the conjugate variables for A are given by DV(X ) = DV (X). Moreover,

by Theorem 7.1 applied to ,1155), we have
Oy — v (1 ©) — v*(1©O) — Ti L~ , m )
X0 =4 () =)0 = Jim (5h () + 5 log N).

In the last equality, we can replace fiy by py as in the proof of Proposition 5.5 because fiy concentrates
on {|lxflc = R'}. u

Remark 8.9. The approach given here probably does not give the optimal range of € for Proposition 8.7.
To get the best result, one would want a more direct way to extend the potential VO Alxlleo <R} — R
to a potential V© defined everywhere. This leads us to ask the following question.

Suppose that V is a real-valued function in the closure of trace polynomials with respect to the norm
||f||Tm°,R + ||Df||77nl’R, and hence V defines a function {x : ||x||cc < R} — R for x € My(C)g. If
Vix)— (c/2)||x||% is convex and V (x) — (C/2)||x||§ is concave on {||x|| < R}, then does V extend to a
potential V € &u(c, C)*17 What if we allow V to have slightly worse constants ¢ and C?

The construction of extensions that preserve the convexity properties is not difficult, but it is less obvious
how to construct an extension that one can verify preserves the approximability by trace polynomials.
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Note added in proof

Since this paper was first submitted, the author has extended the techniques to cover conditional ex-
pectations and entropy in [Jekel 2020a] and in particular obtained an alternative proof of Theorem 7.1.
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Moreover, the Ph.D. thesis [Jekel 2020b] contains the results of this paper and [Jekel 2020a] with more
detail and historical background.
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