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We present an alternative approach to the theory of free Gibbs states with convex potentials. Instead
of solving SDEs, we combine PDE techniques with a notion of asymptotic approximability by trace
polynomials for a sequence of functions on MN (C)

m
sa to prove the following. Suppose µN is a probability

measure on MN (C)
m
sa given by uniformly convex and semiconcave potentials VN , and suppose that the

sequence DVN is asymptotically approximable by trace polynomials. Then the moments of µN converge
to a noncommutative law λ. Moreover, the free entropies χ(λ), χ(λ), and χ∗(λ) agree and equal the limit
of the normalized classical entropies of µN .
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1. Introduction

1A. Motivation and main ideas. Since Voiculescu [1993; 1994; 1998] introduced the free entropy of a
noncommutative law, a number of open problems have prevented a satisfying unification of the theory
(as explained in [Voiculescu 2002]). The free entropy χ was defined by taking the lim sup as N →∞
of the normalized log volume of the space of microstates, where the microstates are certain tuples of
N×N self-adjoint matrices having approximately the correct distribution. It is unclear whether using the
lim inf instead of the lim sup would yield the same quantity. Voiculescu also defined a nonmicrostates
free entropy χ∗ by integrating the free Fisher information of X + t1/2S, where S is a free semicircular
family free from X , and conjectured that χ = χ∗.

Biane, Capitaine, and Guionnet [Biane et al. 2003] showed that χ ≤ χ∗ as a consequence of their large
deviation principle for the GUE (see also [Cabanal Duvillard and Guionnet 2001]). The proof relied
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on stochastic differential equations relative to Hermitian Brownian motion and analyzed exponential
functionals of Brownian motion. Recent work of Dabrowski [2016] combined these ideas with stochastic
control theory and ultraproduct analysis in order to show that χ = χ∗ for free Gibbs states defined by a
convex and sufficiently regular potential. This resolves this part of the unification problem for a significant
class of noncommutative laws.

This paper will prove a result similar to Dabrowski’s using deterministic rather than stochastic methods.
We want to argue as directly as possible that the classical entropy and Fisher’s information of a sequence
of random matrix models converge to their free counterparts. Let us motivate and sketch the main ideas,
beginning with the heuristics behind Voiculescu’s nonmicrostates entropy χ∗.

Consider a noncommutative law λ of an m-tuple and suppose λ is the limit of a sequence of random
N×N matrix distributions µN given by convex, semiconcave potentials VN : MN (C)

m
sa→ R. Let σt,N be

the distribution of m independent GUE matrices which each have normalized variance t , and let σt be
the noncommutative law of m free semicircular variables which each have variance t . Let VN ,t be the
potential corresponding to the convolution µN ∗ σt,N . The classical Fisher information I satisfies

d
dt

1
N 2 h(µN ∗ σt,N )=

1
N 3 I(µN ∗ σt,N )=

∫
‖DVN ,t(x)‖22 d(µN ∗ σt,N )(x),

and from this we deduce that

1
N 2 h(µN )+

m
2

log N = 1
2

∫ ( m
1+t
−

1
N 3 I(µN ∗ σt,N )

)
dt + m

2
log 2πe.

As N →∞, we expect the left-hand side to converge to the microstates free entropy χ(λ) because the
distribution µN should be concentrated on the microstate spaces of the law λ. On the other hand, we
expect the right-hand side to converge to the Voiculescu’s nonmicrostates free entropy χ∗(λ) defined by

χ∗(λ)=
1
2

∫ ( m
1+t
−8∗(λ� σt)

)
dt + m

2
log 2πe,

where 8∗ is the free Fisher information and � denotes the free convolution [Voiculescu 1998].
Under suitable assumptions on VN , the microstates free entropy χ(λ) is the lim sup of normalized

classical entropies of µN . On the right-hand side, we want to show that N−3I(µN ∗ σt,N )→8∗(λ� σt)

for all t ≥ 0. Since the Fisher information is the L2(µN ) norm squared of the score function or (classical)
conjugate variable DVN ,t(x), we want to prove that the classical conjugate variables DVN ,t(x) behave
asymptotically like the free conjugate variables for λ� σt for all t .

This would not be surprising because classical objects associated to invariant random matrix ensembles
often behave asymptotically like their free counterparts. For instance, Biane [1997] showed that the
entrywise Segal–Bargmann transform of noncommutative functions evaluated on N×N matrices can
be approximated by the free Segal–Bargmann transform computed through analytic functional calculus.
Similarly, Guionnet and Shlyakhtenko [2014, Theorem 4.7] showed that classical monotone transport
maps for certain random matrix models approximate the free monotone transport. Moreover, Dabrowski’s
approach [2016] to proving χ = χ∗ involved constructing solutions to free SDEs as ultraproducts of the
solutions to classical SDEs.
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In Section 3D, we make precise the idea that a sequence of functions on MN (C)
m
sa has a “well-defined,

noncommutative asymptotic behavior” by defining asymptotic approximability by trace polynomials
(Definition 3.24). We assume that DVN at time zero has the approximation property and must show that
the same is true for DVN ,t for all t .

First, we show that this property is preserved under several operations on sequences, including
composition and convolution with the Gaussian law σN ,t (see Section 3D). Then in Section 6 we analyze
the PDE that describes the evolution of VN ,t . We show that for all t the solution VN ,t can be approximated
in a dimension-independent way by applying a sequence of simpler operations, each of which preserves
asymptotic approximability by trace polynomials. In other words, if the initial data DVN is asymptotically
approximable by trace polynomials, then so is DVN ,t , and hence we obtain convergence of the classical
Fisher information to the free Fisher information.

This proves the equality χ(λ)= χ∗(λ) whenever a sequence of log-concave random matrix models µN

converges to λ in an appropriate sense (Theorem 7.1). Another result (Theorem 4.1), proved by similar
techniques, establishes sufficient conditions for a sequence of log-concave random matrix models µN to
converge in moments to a noncommutative law λ, so that Theorem 7.1 can be applied. As a consequence,
we show that χ = χ∗ for a class of free Gibbs states.

1B. Main results. To fix notation, let MN (C)
m
sa be space of m-tuples x = (x1, . . . , xm) of self-adjoint

N×N matrices and let ‖x‖2=
(∑

j τN (x2
j )
)1/2, where τN = (1/N )Tr. We denote by ‖x‖∞ the maximum

of the operator norms ‖x j‖. Recall that a trace polynomial f (x1, . . . , xm) is a linear combination of terms
of the form

p(x)
n∏

j=1

τ(pj (x)),

where p and pj are noncommutative polynomials in x1, . . . , xm (see Section 3A).
Consider a sequence of potentials VN : MN (C)

m
sa→ R such that VN (x)− (c/2)‖x‖22 is convex and

VN (x)− (C/2)‖x‖22 is concave for some 0< c < C. Define the associated probability measure µN by

dµN (x)=
1

Z N
e−N 2VN (x) dx, Z N =

∫
MN (C)msa

e−N 2VN (x) dx .

Assume that the sequence of normalized gradients DVN (x)= N∇VN (x) is asymptotically approximable
by trace polynomials in the sense that for every ε > 0 and R > 0 there exists a trace polynomial f (x)
such that

lim sup
N→∞

sup
‖x‖∞≤R

‖DVN (x)− f (x)‖2 ≤ ε,

where ‖x‖∞ denotes the maximum of the operator norms of the x j . Also, assume that
∫
(x−τN (x)) dµN (x)

is bounded in operator norm as N →∞ (it will be zero if µN is unitarily invariant or has expectation
zero). In this case, we have the following:

(1) There exists a constant R0 such that µN (‖x‖∞ ≥ R0+ δ)≤ me−cNδ2/2 for δ > 0.
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(2) There exists a noncommutative law λ such that

lim
N→∞

∫
τN (p(x)) dµN (x)= λ(p)

for every noncommutative polynomial p.

(3) The measures µN exhibit exponential concentration around λ in the sense that

lim
N→∞

1
N 2 logµN (‖x‖∞ ≤ R, |τN (p(x))− λ(p)| ≥ δ) < 0

for every R > 0 and every noncommutative polynomial p.

(4) The law λ has finite free entropy and we have

χ(λ)= χ(λ)= χ∗(λ)= lim
N→∞

1
N 2

(
h(µN )+

m
2

log N
)
,

where χ and χ are respectively the lim sup and lim inf versions of microstates free entropy, χ∗ is the
nonmicrostates free entropy, and h is the classical entropy.

(5) The same holds for µN ∗σt,N and λ�σt , where σt,N is the law of m independent GUE matrices with
variance t and σt is the law of m free semicircular variables with variance t .

(6) The law λ has finite free Fisher information. If I is the classical Fisher information and 8∗ is the
free Fisher information, then

lim
N→∞

1
N 3 I(µN ∗ σt,N )=8

∗(λ� σt).

(7) The functions t 7→ (1/N 3)I(µN ∗ σt,N ) and t 7→8∗(λ� σt) are decreasing and Lipschitz in t with
the absolute value of the derivative bounded by C2m(1+Ct)−2.

Claims (1) and (3) are standard concentration estimates (see Section 2E), which we do not prove in this
paper, but we include them in the statement to clarify the big picture. Claim (2) is proved in Theorem 4.1,
which is similar to the earlier results [Guionnet and Shlyakhtenko 2009, Theorem 4.4; Dabrowski et al.
2016, Proposition 50 and Theorem 51; Dabrowski 2016, Theorem 4.4]. Claims (4) through (7) come
from Theorem 7.1, which is similar to [Dabrowski 2016, Theorem A].

In particular, we recover [Dabrowski 2016, Theorem A] that χ(λ)= χ(λ)= χ∗(λ) when the law λ

is a free Gibbs state given by a sufficiently regular convex noncommutative potential V (X), because
taking VN = V will define a sequence of random matrix models µN which concentrate around the
noncommutative law λ.

Unlike Dabrowski, we do not provide an explicit formula for (d/dt)8(λ� σt). However, we are able
to prove that 8(λ� σt) is Lipschitz in t rather than merely having a derivative in L2(dt) (and hence
being 1

2 -Hölder continuous) as shown by Dabrowski. Our results also allow slightly more flexibility in
the choice of random matrix models, so that we do not have to assume that VN is given by exactly the
same formula for every N or that VN is exactly unitarily invariant.
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1C. Organization of paper. Section 2 establishes notation and reviews basic facts from noncommutative
probability and random matrix theory.

Section 3 defines the algebra of trace polynomials and describes how they behave under differentiation
and convolution with Gaussians. We then introduce the notion that a sequence {φN } of functions
MN (C)

m
sa → MN (C)

m
sa of C is asymptotically approximable by trace polynomials. We show that this

approximation property is preserved under several operations including composition and Gaussian
convolution.

Section 4 proves Theorem 4.1 concerning the convergence of moments for the measure µN (claims
(1)–(3) of Section 1B). We evaluate

∫
u dµN for a Lipschitz function u as limt→∞ T VN

t u, where T VN
t is the

semigroup such that ut = T VN
t u solves the equation ∂t ut = (2N )−11ut−DV ·∇ut . We approximate T VN

t

by iterating simpler operations in order to show that if N∇Vn and uN are asymptotically approximable
by trace polynomials, then so is T VN

t uN , and hence that limN→∞
∫

uN dµN exists.
Section 5 reviews the definitions of free entropy and Fisher’s information. We also show that the

microstates free entropies χ(λ) and χ(λ) are the lim sup and lim inf of normalized classical entropies
of µN , provided that µN concentrates around λ and satisfies some mild operator norm tail bounds, and
that {VN } is asymptotically approximable by trace polynomials. Similarly, if {DVN } is asymptotically
approximable by trace polynomials, then the normalized classical Fisher information converges to the
free Fisher information.

Section 6 considers the evolution of the potential VN (x, t) corresponding to µN ∗ σt,N , where σt,N is
the law of m independent GUE of variance t . Our goal is to show that if DVN (x, 0) is asymptotically
approximable by trace polynomials, then so is N∇VN (x, t) for all t > 0, so that we can apply our previous
result that the classical Fisher information converges to the free Fisher information. As in Section 4, we
construct the semigroup Rt which solves the PDE as a limit of iterates of simpler operations which are
known to preserve asymptotic approximation by trace polynomials.

In Section 7 we conclude the proof of our main theorem on free entropy and Fisher’s information
(Theorem 7.1), which establishes claims (4)–(7) of Section 1B, assuming a weakened version of the
hypothesis and conclusion of Theorem 4.1.

In Section 8, we characterize the limiting noncommutative laws λ which arise in Theorem 4.1 as the
free Gibbs states for a certain class of potentials. In particular, we apply Theorem 7.1 to show that χ = χ∗

for several types of free Gibbs states considered in previous literature.

2. Preliminaries

Here we fix notation and discuss background results that will be used throughout the paper.

2A. Notation for matrix algebras. Let MN (C) denote the N×N matrices over C and let MN (C)sa

be the self-adjoint elements. Note that MN (C)
m
sa is a real inner product space with the inner product

〈x, y〉Tr :=
∑m

j=1 Tr(x j yj ) for x = (x1, . . . , xm) and y = (y1, . . . , ym). Moreover, MN (C)
m can be

canonically identified with the complexification C⊗R MN (C)
m
sa by decomposing each matrix into its

self-adjoint and anti-self-adjoint parts.
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Being a real inner product space, MN (C)sa is isomorphic to Rm N 2
. An explicit choice of coordinates

can be made using the following orthonormal basis for MN (C)sa:

BN = {Ek,k}
N
k=1 ∪

{
1
√

2
Ek,`+

1
√

2
E`,k

}
k<`
∪

{
i
√

2
Ek,`−

i
√

2
E`,k

}
k<`
. (2-1)

This basis has the property that for all x, y, z ∈ MN (C), we have∑
b∈BN

xbybz = xz Tr(y), (2-2)

which follows from an elementary computation.
We denote the norm corresponding to Tr by | · | (essentially the Euclidean norm). We denote the normal-

ized trace by τN = (1/N )Tr. We denote the corresponding inner product by 〈x, y〉2=
∑m

j=1 τN (x j yj ) and
the norm by ‖ · ‖2. For x ∈ MN (C), we denote the operator norm by ‖x‖. Similarly, if x = (x1, . . . , xm)∈

MN (C)
m, we write ‖x‖∞ =maxj‖x j‖.

The symbols∇ and1will represent the gradient and Laplacian operators with respect to the coordinates
of MN (C)sa in the nonnormalized inner product 〈 · , · 〉Tr. The symbols D and L N will denote the normal-
ized versions N∇ and (1/N )1 respectively, as well as the corresponding linear transformations on the
algebra of trace polynomials. This normalization and notation will be explained and justified in Section 3B.

2B. Noncommutative probability spaces and laws. The following are standard definitions and facts in
noncommutative probability. For further background, see [Voiculescu et al. 1992; Nica and Speicher
2006; Anderson et al. 2010, §5].

Definition 2.1. A von Neumann algebra is a unital C-algebra M of bounded operators on a Hilbert
space H which is closed under adjoints and closed in the weak operator topology.

Definition 2.2. A tracial von Neumann algebra or noncommutative probability space is a von Neumann
algebra M together with a bounded linear map τ :M→ C which is continuous in the weak operator
topology and satisfies τ(1)= 1, τ(xy)= τ(yx), and τ(x∗x)≥ 0. The map τ is called a trace.

Definition 2.3. For m ≥ 1, we denote by NCPm = C〈X1, . . . , Xm〉 the algebra of noncommutative poly-
nomials in X1, . . . , Xm , equipped with conjugate-linear involution ∗ such that X∗j = X j and (pq)∗= q∗ p∗.
A noncommutative law (for an m-tuple) is a map λ : NCPm→ C such that

(1) λ is linear,

(2) λ is unital (that is, λ(1)= 1),

(3) λ is positive, that is, for every p(X) ∈ C〈X1, . . . , Xm〉, we have λ(p(X)∗ p(X))≥ 0,

(4) λ is tracial, that is, λ(p(X)q(X))= λ(q(X)p(X)).

We denote by6m the space of noncommutative laws equipped with the topology of pointwise convergence
on C〈X1, . . . , Xm〉, that is, convergence in noncommutative moments.

Definition 2.4. We say that a noncommutative law λ is bounded by R if we have

|λ(X i1, . . . , X in )| ≤ Rn.

We denote the space of such laws by 6m,R .
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Definition 2.5. Suppose that x1, . . . xm are bounded self-adjoint elements of a tracial von Neumann
algebra (M, τ ). Then the law of x = (x1, . . . , xm) is the map

λx : C〈X1, . . . , Xn〉 → C : p(X) 7→ τ(p(x)).

Definition 2.6. Let MN (C) be the algebra of N×N matrices over C. Let τN = (1/N )Tr be the normalized
trace. Then (MN (C), τN ) is a tracial von Neumann algebra, and hence, for every m-tuple of self-adjoint
matrices x = (x1, . . . , xm), the law λx is defined by Definition 2.5.

Proposition 2.7. The space 6m,R is compact, separable, and metrizable. Moreover, every µ ∈ 6m,R

can be realized as λx for some tuple x = (x1, . . . , xm) of self-adjoint elements of a tracial von Neumann
algebra (M, τ ) with ‖x‖∞ ≤ R.

For the proof of the claim that every noncommutative law can be realized by operators, see [Anderson
et al. 2010, Proposition 5.2.14].

2C. Noncommutative Lα-norms. On several occasions, we will need to use the noncommutative Lα norms
for α∈[1,+∞]. (Here we use α rather than p since the letter p will often be used for a polynomial.) If y is
any element of a tracial von Neumann algebra (M, τ ), then we define |y|=(y∗y)1/2 using continuous func-
tional calculus. For α∈[0,+∞), we define ‖y‖α=τ(|y|α)1/α. We also define ‖y‖∞ to be the operator norm.

Proposition 2.8. If (M, τ ) is a tracial von Neumann algebra and α ∈ [1,+∞], then ‖ · ‖α defines a norm.
Moreover, we have the noncommutative Hölder’s inequality

‖x1 · · · xn‖α ≤ ‖x1‖α1 · · · ‖xn‖αn

whenever

α, α1, . . . , αn ∈ [1,+∞],
1
α1
+ · · ·+

1
αn
=

1
α
.

Moreover, we have |τ(y)| ≤ ‖y‖1.

A standard proof of the Hölder inequality uses polar decomposition, complex interpolation, and the three
lines lemma. We will in fact only need this inequality for the trace τN on MN (C). Modulo renormalization
of the trace, the inequality for matrices follows from the treatment of trace-class operators in [Simon
2005]; see especially Theorems 1.15 and 2.8, as well as the references cited on p. 31. For the setting of
von Neumann algebras, a convenient proof can be found in [Correa da Silva 2018, Theorems 2.4–2.6];
for an overview and further history see [Pisier and Xu 2003, §2].

Remark 2.9. One can define the noncommutative Lα norm for a tuple (y1, . . . , ym) as

‖(y1, . . . , ym)‖α =

{
τ(|y1|

α
+ · · ·+ |ym |

α)1/α, α ∈ [1,+∞),
maxj‖yj‖, α =+∞.

However, for tuples, we will only need to use the 2 and∞ norms.

2D. Free independence, semicircular law, and GUE. We will use the following standard definitions
and facts from free probability. For further background, refer to [Voiculescu 1986; 1991; Voiculescu et al.
1992; Nica and Speicher 2006; Anderson et al. 2010].
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Let (M, τ ) be a tracial von Neumann algebra, and let A1, . . . , An be unital ∗-subalgebras of M. Then
we say that A1, . . . , Am are freely independent if given a1, . . . , ak with aj ∈Ai j and i j 6= i j+1 and τ(aj )= 0
for each j , we have also τ(a1 · · · ak)= 0.

In particular, if S1, . . . , Sn are subsets of M, then we say that they are freely independent if the unital
∗-subalgebras they generate are freely independent. Thus, for instance, self-adjoint elements x1, . . . , xm

of M are freely independent if given polynomials f1, . . . , fk and indices i1, . . . , ik with i j 6= i j+1 such
that τ( f j (X i j ))= 0, we have also τ( f1(X i1) · · · fk(X ik ))= 0.

The free convolution of two noncommutative laws µ and ν (of self-adjoint m-tuples) is defined
as the noncommutative law of (x1 + y1, . . . , xm + ym), given that {x1, . . . , xm} and {y1, . . . , ym} are
freely independent and the noncommutative law of (x1, . . . , xm) is µ, and the noncommutative law of
(y1, . . . , ym) is ν. Then � is well-defined, independent of the particular choice of operators that realize
the laws µ and ν. Moreover, � is commutative and associative.

If X1, . . . , Xm are freely independent, then their joint law is determined by the individual laws of
the X j , each of which is represented by a compactly supported probability measure on R. The semicircle
law (of mean zero and variance 1) is the probability measure given by density

1
2π

√
4− x2 1[−2,2](x) dx .

We denote by σt the noncommutative law of m freely independent semicircular random variables which
each have mean zero and variance t (that is, σt(X j )= 0 and σt(X2

j )= t).
These free semicircular families play the role of multivariable Gaussians in free probability. Moreover,

the noncommutative laws {σt }t≥0 form a semigroup under free convolution, that is, σs � σt = σs+t for
s, t ≥ 0.

We denote by σt,N the probability distribution on MN (C)
m
sa for m independent GUE matrices of

normalized variance t , that is,

dσt,N (x)=
1

Z N ,t
exp

(
−N

m∑
j=1

Tr(x2
j )

2t

)
dx,

where Z N ,t is chosen so that σt,N is a probability measure. It is well known that the independent GUE
matrices behave in the large-N limit like freely independent semicircular random variables; in Section 3,
we shall directly state and prove the specific results we will use.

2E. Concentration and operator norm tail bounds. The following is a standard concentration estimate
for uniformly log-concave random matrix models. The best known proof goes through the log-Sobolev
inequality and Herbst’s argument (see [Anderson et al. 2010, §4.4.2]), although it can also be proved by
directly using the heat semigroup associated to V as in [Ledoux 1992]. We state the theorem here with
free probabilistic normalizations.

Theorem 2.10. Suppose that V : MN (C)
m
sa → R is a potential such that V (x)− (c/2)‖x‖22 is convex.

Define

dµ(x)= 1
Z

exp(−N 2V (x)) dx, Z =
∫

exp(−N 2V (x)) dx .
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Suppose that f : MN (C)
m
sa→ R is K -Lipschitz with respect to ‖ · ‖2. Then

µ

(
x : f (x)−

∫
f dµ≥ δ

)
≤ e−cN 2δ2/2K 2

,

and since the same estimate can be applied to − f , we have also

µ

(
x :
∣∣∣∣ f (x)−

∫
f dµ

∣∣∣∣≥ δ)≤ 2e−cN 2δ2/2K 2
.

In particular, this concentration estimate applies to the GUE law σt,N with c = 1/t . In addition to the
concentration estimate, we will also use the fact that such uniformly convex random matrix models have
subgaussian moments and therefore have good tail bounds on the probability of large operator norm. The
following theorem is a special case of [Hargé 2004, Theorem 1.1] and the application to random matrix
models is taken from the proof of [Guionnet and Maurel-Segala 2006, Theorem 3.4].

Theorem 2.11. Let V and µ be as in Theorem 2.10, and suppose that f : MN (C)
m
sa→ R is convex. Let

a =
∫

x dµ(x). Then ∫
f (x − a) dµ(x)≤

∫
f (y) dσc−1,N (y).

In particular, if ‖x‖α denotes the Lα norm from Section 2C, then for every α ∈ [1,+∞] and β ∈ [1,+∞)
we have ∫

‖x j − aj‖
β
α dµ(x)≤

∫
‖yj‖

β
α dσc−1,N (y).

Proof. The convexity assumption on V means that µ has a log-concave density with respect to the
Gaussian measure σc−1,N (y). Therefore, the first claim follows from [Hargé 2004, Theorem 1.1]. The
second claim follows because norms on vector spaces are convex functions, and the function t 7→ tβ on
[0,+∞) is convex for β ≥ 1. �

Corollary 2.12. Let VN : MN (C)sa→R be a function such that VN (x)− (c/2)‖x‖22 is convex and let µN

be the corresponding measure. Let aN , j =
∫

x j dµN (x). Then

lim sup
N→∞

∫
‖x j − aN , j‖ dµN (x)≤ 2c−1/2,

and

µN

(
x : ‖x j‖ ≥

∫
‖yj‖ dµN (yj )+ δ

)
≤ e−cδ2 N/2.

Proof. In light of Theorem 2.11, for the first claim of the corollary, it suffices to check the special
case σc−1,N . This special case is a standard result in random matrix theory; see for instance the proof of
[Anderson et al. 2010, Theorem 2.1.22]. The second claim follows from Theorem 2.10 after we observe
that the function on MN (C)

N
sa given by x 7→ ‖x j‖∞ is N 1/2-Lipschitz with respect to ‖ · ‖2. �
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2F. Semiconvex and semiconcave functions. We recall the following terminology and facts about semi-
convex and semiconcave functions. These results are typically applied to functions from Rn

→ R, but
of course they hold equally well if Rn is replaced by a finite-dimensional real inner product space. In
particular, we focus on the case of MN (C)

m
sa.

A function u : MN (C)
m
sa→ R is semiconvex if there exists some c ∈ R such that u(x)− (c/2)‖x‖22 is

convex. If this holds for some c> 0, then u is said to be uniformly convex. Similarly, u : MN (C)
m
sa→R is

said to be semiconcave if there exists C ∈ R such that u(x)− (C/2)‖x‖22 is concave, and it is uniformly
concave if this holds for some C < 0.

Fix m and N. Let c ≤ C be real numbers. Then we define

Em,N (c,C)=
{

u : MN (C)
m
sa→ R : u(x)− c

2
‖x‖22 is convex and u(x)− C

2
‖x‖22 is concave

}
.

We will often suppress m and N in the notation and simply write E(c,C). Throughout the paper, we rely
on the following basic properties of functions in E(c,C).

Proposition 2.13. (1) The space E(c,C) is closed under translation, averaging with respect to probabil-
ity measures, and pointwise limits.

(2) A function u is in E(c,C) if and only if for every point x0 ∈ MN (C)
m
sa there exists some p ∈ MN (C)

m
sa

such that

u(x0)+〈p, x − x0〉2+
1
2 c‖x − x0‖

2
2 ≤ u(x)≤ u(x0)+〈p, x − x0〉2+

1
2C‖x − x0‖

2
2.

(3) In particular, if u ∈ E(c,C), then u is differentiable everywhere.

(4) If u ∈ E(c,C), then the gradient Du is max(|c|, |C |)-Lipschitz with respect to ‖ · ‖2.

(5) If u ∈ E(c,C), then

c‖x − y‖22 ≤ 〈Du(x)− Du(y), x − y〉2 ≤ C‖x − y‖22.

(6) If u ∈ E(c,C) for some c > 0, then u is bounded below and achieves a global minimum at its unique
critical point.

Sketch of proof. (1) This follows from elementary computation and the fact that the same holds for the
class of convex functions.

(2), (3) Suppose that u ∈ E(c,C). The convex functions u(x)− (c/2)‖x‖22 and (C/2)‖x‖22− u(x) must
have supporting hyperplanes at x0. This yields one vector p which satisfies the left inequality of (2) and
another vector p′ satisfying the right inequality. Then one checks that p must equal p′ and this implies
that u is differentiable at x0. The converse direction of (2) follows again from the characterization of
convexity using supporting hyperplanes.

(4), (5) For smooth functions in E(c,C), one can check these properties directly using calculus. Now
consider a general u ∈ E(c,C). Let un = u ∗ρn , where ρn is a smooth probability density supported in the
ball of radius 1/n around 0. Then un is smooth and un→ u locally uniformly. Also, un ∈ E(c,C) by (1);
hence Dun is max(|c|, |C |)-Lipschitz. By the Arzelà–Ascoli theorem, after passing to a subsequence,
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we may assume that Dun converges locally uniformly to some F. It follows from this local uniform
convergence that F = Du. Moreover, since (4) and (5) hold for Dun , they also hold for Du.

(6) This is left as an exercise. �

3. Trace polynomials

In this section, we consider the algebra of trace polynomials in noncommutative variables X1, . . . , Xm ,
first defined in [Razmyslov 1974; 1985]. As in [Rains 1997; Cébron 2013; Driver et al. 2013], we
describe how trace polynomials behave under differentiation (Section 3B) and convolution with Gaussian
(Section 3C). Finally, in Section 3D, we define the property of asymptotic approximability by trace
polynomials for a sequence of functions on MN (C)

m
sa, which is one of the key technical tools in our proof.

3A. Definitions.

Definition 3.1. We define the ∗-algebra of scalar-valued trace polynomials, or TrP0
m , as follows. Let V

be the vector space NCPm /Span(pq − qp : p, q ∈ NCPm). We define the vector space

TrP0
m =

∞⊕
n=0

V�n, (3-1)

where � is the symmetric tensor power over C. Then TrP0
m forms a commutative algebra with the tensor

operator � as the multiplication. We denote the element p1� · · ·� pn by τ(p1) · · · τ(pn), where τ is a
formal symbol.

To state the definition more suggestively, an element of TrP0
m is a linear combination of terms of the

form τ(p1(X)) · · · τ(pn(X)), where p1, . . . , pn are noncommutative polynomials in X1, . . . , Xm and τ
is a formal symbol thought of as the trace. By forming a quotient vector space, we identify τ(pq) with
τ(qp). The trace polynomials form a commutative ∗-algebra TrP0

m over C where the ∗-operation is

(τ (p1(X)) · · · τ(pn(X)))∗ = τ(p1(X)∗) · · · τ(pn(X)∗) (3-2)

and the multiplication operation is the one suggested by the notation.
We define TrPk

m to be the vector space

TrPk
m := TrP0

m ⊗C〈X1, . . . , Xm〉
⊗k .

We call the elements of TrP1
m operator-valued trace polynomials. We use the term trace polynomials

more generally to describe elements of TrPk
m or tuples of elements from TrPk

m . Note that TrP1
m forms a

∗-algebra because it is the tensor product of two ∗-algebras.

Definition 3.2. Suppose that M is a von Neumann algebra with trace σ . Given f ∈ TrP1
m and a self-

adjoint tuple x = (x1, . . . , xm) of elements of M, we define f (x) to be the element of M given by
replacing the formal symbols X j and τ in f by the operator x j and the trace σ on M. For instance, if
f (X)= p0(X)⊗ τ(p1(X)) · · · τ(pn(X)) in TrP1

m , then

f (x)= p0(x)σ (p1(x)) · · · σ(pn(x)).
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In particular, we define f (x) when x is an m-tuple of self-adjoint N×N matrices by setting τ = τN .

Definition 3.3. If f ∈ TrP0
m and λ is a noncommutative law, we define the evaluation λ( f ) to be the

number obtained by replacing the symbol τ with λ everywhere in f . For example, if f (X1, X2, X3)=

τ(X1)τ (X2 X3)+ τ(X2
2), then we define

λ( f )= λ( f (X1, . . . , Xm))= λ(X1)λ(X2 X3)+ λ(X2
2).

Definition 3.4. We define the degree for elements of NCPm and TrPk
m as follows. If p ∈ NCPm is a

monomial p(X1, . . . , Xm) = X i1 · · · X id , then we define deg′(p) = d. If p1, . . . , p` and q1, . . . , qk are
noncommutative monomials, then consider the element τ(p1) · · · τ(p`)q1⊗ · · ·⊗ qk ∈ TrPk

m , and define

deg′(τ (p1) · · · τ(p`)q1⊗ · · ·⊗ qk)= deg′(p1) · · · deg′(p`) deg′(q1) · · · deg′(qk).

For general f ∈ TrPk
m , we define the degree, deg( f ), as the infimum of max(deg′( f1), . . . , deg′( f`)),

where f = f1+ · · ·+ f` and each f j is a product of noncommutative monomials and traces of noncom-
mutative monomials as above. Similarly, for general f ∈ NCPm , we define deg( f ) as the infimum of
max(deg′( f1), . . . , deg′( f`)), where f = f1+ · · ·+ f` and each f j is a noncommutative monomial.

Remark 3.5. One can check that if f is a product of monomials as above, then deg( f ) = deg′( f ).
Moreover, the degree makes TrP0

m and TrP1
m into graded algebras. Finally, we observe that if f ∈

TrP0
m or TrP1

m , then the function on MN (C)
m
sa defined by x 7→ f (x) is a polynomial in the entries of

x1, . . . , xm , and the degree of x 7→ f (x) with respect to the entries is bounded above by the degree of f
in TrP0

m or TrP1
m . None of these facts will be used in what follows, so we omit the proofs.

We also observe that there is a composition operation (TrP1
m)

m
× (TrP1

m)
m
→ (TrP1

m)
m defined just as

one would expect from manipulations in MN (C). If f, g ∈ (TrP1
m)

m, we define f (g(x)) by substituting
gj (x) as the j -th argument of f . Then we multiply elements out by treating the terms of the form τ(p) like
scalars. For instance, if f (Y1, Y2)= (τ (Y1Y2)Y2, Y1+ τ(Y 2

1 )Y2) and g(X1, X2)= (τ (X1)X2+ X1, X1),
then f ◦ g(X1, X2)= (Z1, Z2), where

Z1 = τ([τ(X1)X2+ X1]X1)X1 = τ(X1)τ (X2 X1)X1+ τ(X2
1)X1

and

Z2 = τ(X1)X2+ X1+ X1τ [(τ (X1)X2+ X1)
2
]

= τ(X1)X2+ X1+ τ [τ(X1)
2 X2

2 + τ(X1)X2 X1+ τ(X1)X1 X2+ X2
1]X1

= τ(X1)X2+ X1+ [τ(X1)
2τ(X2

2)+ τ(X1)τ (X2 X1)+ τ(X1)τ (X1 X2)+ τ(X2
1)]X1

= τ(X1)X2+ X1+ τ(X1)
2τ(X2

2)X1+ 2τ(X1)τ (X2 X1)X1+ τ(X2
1)X1.

One can check that composition on (TrP1
m)

m is well-defined and associative. Moreover, if f and g
are self-adjoint elements of (TrP1

m)
m, then they define functions MN (C)

m
sa→ MN (C)

m
sa, and the element

f ◦g ∈ (TrP1
m)

m defined abstractly will produce a function MN (C)
m
sa→MN (C)

m
sa which is the composition

of the corresponding functions for f and g.
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3B. Differentiation of trace polynomials. In this section, we give explicit formulas for the gradient and
Laplacian of trace polynomials and in particular show that these operations have a well-defined limit
as N →∞ (see [Rains 1997; Cébron 2013; Driver et al. 2013, §3]). We first recall the free difference
quotients of [Voiculescu 1998].

Definition 3.6. We define the free difference quotient (or simply noncommutative derivative) Dj :NCPm→

NCPm ⊗NCPm by
Dj [X i1 · · · X in ] =

∑
k:ik= j

X i1 · · · X ik−1 ⊗ X ik+1 · · · X in .

We also define Dj : NCP⊗n
m → NCP⊗n+1

m by

Dj [p1⊗ · · ·⊗ pn] =

n∑
k=1

p1⊗ · · ·⊗ pk−1⊗Dj pk ⊗ pk+1⊗ · · ·⊗ pn.

Then of course Dk
j is a well-defined map NCP⊗n

m → NCP⊗n+k
m .

Remark 3.7. We caution the reader that the notation used in Voiculescu’s papers is ∂j rather than Dj .
Moreover, the normalization for Dn

j f here differs from that of [Voiculescu 1998] by a factor of n!.

Definition 3.8. We define the cyclic derivative D◦j : NCPm→ NCPm as the linear map given by

D◦j [X i1 · · · X in ] =

∑
k:ik= j

X ik+1 · · · X in X i1 · · · X ik−1 .

Definition 3.9. Given an algebra A (e.g., NCPm), we define the n-th hash operation as the multilinear
map A⊗(n+1)

×A⊗n
→A given by

(a0⊗ · · ·⊗ an) # (b1⊗ · · ·⊗ bn)= a0b1a1 · · · bnan.

Example 3.10. Let X = (X1, X2, X3) and define f (X)= X1 X2 X2
1 X3 X2. Then

D1 f (X)= 1⊗ X2 X2
1 X3 X2+ X1 X2⊗ X1 X3 X2+ X1 X2 X1⊗ X3 X2,

D◦1 f (X)= X2 X2
1 X3 X2+ X1 X3 X2 X1 X2+ X3 X2 X1 X2 X1,

D1 f (X) # Y = Y X2 X2
1 X3 X2+ X1 X2Y X1 X3 X2+ X1 X2 X1Y X3 X2.

To compute D2
1 f (X)= D1[D1 f (X)], we would add together the three terms

D1[1⊗ X2 X2
1 X3 X2] = 1⊗ X2⊗ X1 X3 X2+ 1⊗ X2 X1⊗ X3 X2,

D1[X1 X2⊗ X1 X3 X2] = 1⊗ X2⊗ X1 X3 X2+ X1 X2⊗ 1⊗ X3 X2,

D1[X1 X2 X1⊗ X3 X2] = 1⊗ X2 X1⊗ X3 X2+ X1 X2⊗ 1⊗ X3 X2.

Now we will define several “derivative” operators on the spaces of scalar-valued and noncommutative
trace polynomials which will correspond to differentiation with respect to the standard coordinates on
MN (C)

m
sa. We begin with the gradient.

To fix notation, recall that in Section 2A we gave a canonical orthonormal basis for MN (C)sa with respect
to the inner product 〈x, y〉 = Tr(x∗y). Using these coordinates, we may identify MN (C)sa with RN 2
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and hence identify MN (C)
m
sa with Rm N 2

. Similarly, we identify the complexification C ⊗ MN (C)
m
sa

with MN (C)
m and with Cm N 2

. For f : MN (C)
m
sa→ C and x = (x1, . . . , xm) ∈ MN (C)

m
sa, we denote by

∇ f (x) ∈ MN (C)
m the gradient computed in these coordinates; similarly, we denote by ∇j f (x) ∈ MN (C)

the gradient with respect to x j computed in these coordinates.

Definition 3.11. Define the j -th gradient operator TrP0
m→ TrP1

m by

Dj

[ n∏
k=1

τ(pk)

]
=

n∑
k=1

D◦j pk

∏
`6=k

τ(p`). (3-3)

Note that Dj is defined so as to obey the Leibniz rule (that is, it is a derivation).

Lemma 3.12. If f ∈ TrP0
m is viewed as a function MN (C)

m
sa→ C, then we have

∇j [ f (x)] =
1
N
[Dj f ](x). (3-4)

Similarly, for F : MN (C)
m
sa→ MN (C)

m, let Jj F denote the Jacobian linear transformation (a.k.a. Fréchet
derivative) with respect to x j . Then for a noncommutative polynomial p, we have

[Jj p(x)](y)= [Dj p](x) # y, (3-5)

and hence by the product rule for p ∈ NCPm and f ∈ TrP0
m , we have

[Jj (p f )(x)](y)= ([Dj p](x) # y) f (x)+ p(x)τN ([Dj f ](x)y). (3-6)

Proof. By standard computations, for a noncommutative polynomial p and y ∈ MN (C)sa, we have

[Jj p(x)](y)= [Dj p](x) # y,

∇j [τN (p)](x)=
1
N
[D◦j p](x).

The claims (3-4) and (3-6) now follow from the product rule. �

Next, we can define the algebraic Laplacian operators on TrP0
m and TrP1

m , which correspond to com-
puting the Laplacian on scalar-valued or vector-valued functions on MN (C)

m
sa, still using the coordinates

given in Section 2A.
For f : MN (C)

m
sa→ C, let 1j f be the Laplacian with respect to the coordinates of the j-th matrix x j .

Note that 1 f =
∑m

j=11j f . Similarly, if f : MN (C)
m
sa → MN (C) is an operator-valued function, we

define 1j f and 1 f by applying 1j and 1 entrywise (as is standard notation for the Laplacian of a
vector-valued function).

Motivated by (2-2) and the computation in Lemma 3.18 below, we define the map η :NCP⊗3
m →TrP1

m by

η(p1⊗ p2⊗ p3)= p1 p3τ(p2).

Definition 3.13. We define L j and L N , j : TrP0
m→ TrP0

m to be the unique linear operators such that

L j [τ(p)] = L N , j [τ(p)] = τ ◦ η[D2
j p] for p ∈ NCPm (3-7)
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and such that the following product rule is satisfied:

L j [ f · g] = L j [ f ] · g+ f · L j [g], (3-8)

L N , j [ f · g] = L N , j [ f ] · g+ f · L N , j [g] +
2

N 2 τ(Dj f · Dj g). (3-9)

Then we define L =
∑m

j=1 L j and L N =
∑m

j=1 L N , j .

Remark 3.14. To show the existence of operators L N , j and L j satisfying (3-7) and the product rule, one
can define L N , j more explicitly as the linear operator TrP0

m→ TrP0
m given by

L N , j [τ(p1) · · · τ(pn)] =

n∑
k=1

τ ◦ η[D2 pk] ·
∏
i 6=k

τ(pi )+
1

N 2

n∑
k=1

∑
`6=k

τ(D◦j pk ·D◦j p`)
∏

i 6=k,`

τ(pi ),

and check that this operator is well-defined and satisfies the product rule. Moreover, the uniqueness of
the operator L N , j satisfying (3-7) and the product rule follows from the fact that TrP0

m is spanned by
products of terms of the form τ(p) for p ∈ NCPm . The argument for the existence and uniqueness of L j

is the same.

Example 3.15. Let X = (X1, X2). Consider f (X) = τ( f1(X))τ ( f2(X)), where f1(X) = X1 X2 X1 X3

and f2(X)= X2
2 X1. Then

D1[τ( f1)] = D◦1 f1 = X2 X1 X3+ X3 X1 X2,

D1[τ( f2)] = D◦2 f2 = X2
2,

and
L1[τ( f1)] = L N ,1[τ( f1)] = τ ◦ η[D2

1 f1] = τ [η[1⊗ X2⊗ X3]] = τ [1 · X3] · τ [X2],

L1[τ( f2)] = L N ,1[τ( f2)] = 0.

Therefore, we have

L1[ f ] = L1[τ( f1)]τ( f2)+ τ( f1)L1[τ( f2)] = τ(X3)τ (X2)τ (X2
2 X1)+ 0,

L N ,1[ f ] = L N ,1[τ( f1)]τ( f2)+ τ( f1)L N ,1[τ( f2)] +
2

N 2 τ [D
◦

1 f1D◦1 f2]

= τ(X3)τ (X2)τ (X2
2 X1)+

2
N 2 τ [(X2 X1 X3+ X3 X1 X2)X2

2].

One can carry out a similar computation for L2[ f ] and L N ,2[ f ] and thus find L[ f ] and L N ,2[ f ].

Since we will also deal with the Laplacians of matrix-valued functions on matrices, we also need to
define the algebraic Laplacian on operator-valued trace polynomials.

Definition 3.16. We also define L j and L N , j : TrP1
m → TrP1

m to be the unique linear operators on the
space of operator-valued trace polynomials such that

L j [p] = L N , j [p] = η[D2
j p] for p ∈ NCPm (3-10)
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and the following product rule is satisfied for p ∈ NCPm and f ∈ TrP0
m :

L j [p · f ] = L j [p] · f + p · L j [ f ], (3-11)

L N , j [p · f ] = L N , j [p] · f + p · L N , j [ f ] +
2

N 2Dj p # Dj f, (3-12)

where L j [ f ] and L N , j [ f ] are given by Definition 3.13. Then we define L =
∑m

j=1 L j and L N =∑m
j=1 L N , j .

Remark 3.17. The argument for the existence and uniqueness of the operators L j and L N , j on TrP1
m is

similar to the argument for TrP0
m , only it relies on the previous scalar-valued case since the scalar-valued

case was used in the product rule.

Lemma 3.18. Let f ∈ TrP0
m . Viewing f as a function MN (C)

m
sa→ C, we have

1j f (x)= N [L N , j f ](x), 1 f (x)= N [L N f ](x). (3-13)

The same formula holds if f ∈ TrP1
m and f is viewed as a function MN (C)

m
sa→ MN (C).

Proof. We begin with the special case of computing the Laplacian of p ∈ NCPm (as a matrix-valued
function). To differentiate, we use the basis BN given by (2-1). Note that

1j p(x)=
∑

b∈BN

d2

dt2

∣∣∣∣
t=0

f (x1, . . . , x j−1, x j + tb, x j+1, . . . , xm)

=

∑
b∈BN

D2
j p(x) # (b⊗ b)= N [η(D2

j p)](x)= [L N , j p](x),

where the second-to-last equality follows from (2-2).
Next, we consider the case of computing the Laplacian of τN (p) (as a scalar-valued function) for

p ∈ NCPm . Since τN is a linear map MN (C)→ C, we have

1j [τN (p(x))] = τN (1j p(x)),

where the Laplacian 1j on the left-hand side is applied to a scalar-valued function and on the right-hand
side it is applied to a matrix-valued function. Therefore, it follows from the previous computation that

1j [τN (p(x))] = NτN ([η(D2
j p)](x))= [L N , j [τ(p)]](x).

For the general case of scalar-valued trace polynomials, recall that the vector space of trace polynomials
is spanned by elements of the form f = τ(p1) · · · τ(pN ), where pj ∈NCP0

m . Let f j = τ(pj ) ∈ TrP0
m . The

Laplacian 1j of a product of functions can be computed using the product rule of differentiation as

1j f (x)=
n∑

j=1

N [L N , j fk](x)
∏
i 6=k

τN ( fi (x))+
n∑

k=1

∑
`6=k

Tr(∇j fk(x)∇j f`(x))
∏

i 6=k,`

fi (x).

The special case proved above shows that 1j [ fk(x)] = N [L N , j f ](x). Moreover, by (3-4), we have
∇j [ fk(x)] = (1/N )[Dj fk](x). Thus, we have

1j f (x)=
n∑

k=1

N [L N , j fk](x)
∏
i 6=k

fi (x)+
1
N

n∑
k=1

∑
`6=k

τN ([Dj fk](x)[Dj f`](x))
∏

i 6=k,`

fi (x).



AN ELEMENTARY APPROACH TO FREE ENTROPY THEORY FOR CONVEX POTENTIALS 2305

Because of the product rule in the definition of L N , j , the right-hand side equals N [L N , j f ](x). This
completes the proof of (3-13) in the scalar-valued case. The proof for the operator-valued case is similar,
using the cases proved above, as well as (3-4) and (3-6). �

Corollary 3.19. Let f ∈ TrP0
m or TrP1

m . If we view f as a function on MN (C)
m
sa, then (1/N )1 f is a trace

polynomial of lower degree than f , and we have coefficientwise

lim
N→∞

1
N
1 f (x)= lim

N→∞
L N f (x)= L f (x).

Remark 3.20. We have shown that if f is a scalar-valued trace polynomial, then viewed as a map
MN (C)

m
sa→ C, we have

Du = N∇ f, L N f = 1
N
1 f.

Therefore, in the rest of the paper, we will freely write D f and L N f for N∇ f and (1/N )1 f for general
functions f : MN (C)

m
sa→ C. The same considerations apply to the Laplacian for operator-valued trace

polynomials, viewed as maps MN (C)
m
sa→ MN (C).

3C. Convolution of trace polynomials and gaussians. Let f ∈ TrP0
m or f ∈ TrP1

m . Then viewing f as
a function defined on MN (C)

m
sa, we may define the convolution of f with the probability measure σt,N

(the law of an m-tuple of independent GUE). This is equivalent to the classical convolution of f with the
function MN (C)

m
sa→R giving the density of the measure σt,N . Moreover, ft = f ∗σt,N is the solution to

the heat equation with initial condition f , or more precisely

∂t ft =
1

2N
1 ft .

(The integral formula for the solution to the heat equation with the Laplacian 1 is well known [Evans
2010, §2.3], and to solve the equation with (2N )−11 one renormalizes time by a factor of (2N )−1, and
this corresponds precisely to our normalizations in the definition of σN ,t . We leave this computation to
the reader.)

We showed in the last subsection that L N = (1/N )1 on trace polynomials is given by a purely algebraic
computation. Moreover, examining the construction of L N , one can see that it maps trace polynomials
of degree ≤ d to trace polynomials of degree ≤ d. We can view L N and L as linear transformations
on the finite-dimensional vector space of trace polynomials of degree ≤ d and define exp(t L N/2) and
exp(t L/2) by the matrix exponential.

Because this holds for any d , we know that exp(t L N/2) and exp(t L/2) define linear transformations
TrP0

m→ TrP0
m and TrP1

m→ TrP1
m . Moreover, a standard computation shows that ft = exp(t L N/2) f satis-

fies the heat equation ∂t ft = L N ft/2. These observations, together with Corollary 3.19 yield the following.

Lemma 3.21. Let f be a trace polynomial in TrP0
m or TrP1

m . Then we have

σt,N ∗ f (x)=
[
exp

( t L N
2

)
f
]
(x), (3-14)

with deg(exp(t L N/2) f )≤ deg( f ), and we have

lim
N→∞

exp
( t L N

2

)
f = exp

( t L
2

)
f coefficientwise. (3-15)
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Example 3.22. Let X = (X1, . . . , Xm) and define f (X)=
∑m

j=1 X2
j . Note that D2

j [ f (X)] = 2(1⊗1⊗1)
for each j , and hence L[τ( f )] = 2m = L N [τ( f )]. We also have D◦j f = 2X j . Hence,

L[τ( f )2] = 2L[τ( f )]τ( f )= 4mτ( f ),

L N [τ( f )2] = 2L[τ( f )]τ( f )+ 2
m∑

j=1

τ(D◦j f ·D◦j f )= 4mτ( f )+ 8m
N 2 τ( f ).

Therefore, (L/2)[τ( f )2] = 2mτ( f ) and (L/2)[τ( f )] = m. Thus, the span of τ( f )2, τ( f ), and 1 is
invariant under the operator (L/2), and (L/2) is given by a nilpotent matrix on this subspace. Direct
computation then shows that

e−t L/2
[τ( f )2] = τ( f )2+ 2mtτ( f )+m2t2.

A similar computation shows that

e−t L N /2[τ( f )2] = τ( f )2+ 2m
(
1+ 2

N 2

)
tτ( f )+m2

(
1+ 2

N 2

) t2

2
.

Thus, as N →+∞, we have e−t L N /2[τ( f )2] → e−t L/2
[τ( f )2].

The probabilistic interpretation of f ∗σt,N = exp(t L N/2) f , which follows from a standard computation,
is that σt,N ∗ f (x) is the expectation of f (x + t1/2Y ), where Y is an m-tuple of independent GUE of
variance 1. Moreover, for every probability measure µ on MN (C)

m
sa with finite moments, we have∫

f (x) d(µ ∗ σt,N )(x)=
∫
(σt,N ∗ f )(x) dµ(x)=

∫ [
exp

( t L N
2

)
f
]
(x) dµ(x). (3-16)

In the free setting, the operator exp(t L/2) has a similar relationship with the free convolution with σt .
This fact is standard in free probability, but because we need it for Lemmas 3.28 and 7.4 below, we
include a sketch of the proof here.

Lemma 3.23. Let λ ∈6n,R be a noncommutative law. Then for any trace polynomial f ∈ TrP0
m , we have

λ� σt( f )= λ
(

exp
( t L

2

)
f
)
. (3-17)

Proof. Because free convolution with σt forms a semigroup and exp(t L/2) is also a semigroup, it suffices
to prove that

d
dt

∣∣∣
t=0
λ� σt( f )= λ

2
(L f ).

By the product rule, it suffices to handle the case of f = τ(p) for p ∈ NCPm by showing that

d
dt

∣∣∣
t=0
λ� σt(p)=

λ

2
(η(D2

j p)).

Let x = (x1, . . . , xm) and y = (y1, . . . , ym) be freely independent m-tuples of self-adjoint elements of
a tracial von Neumann algebra (M, τ ), such that the law of x is λ and the law of y is σ1. We want to
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compute (d/dt)|t=0τ(p(x + t1/2 y)). But note that

p(x + t1/2 y)= p(x)+ t1/2
m∑

j=1

Dj p(x) # yj +
t
2

m∑
j,k=1

DjDk p(x) # (yj ⊗ yk)+ O(t3/2).

A moment computation with free independence shows that the terms of order t1/2 have expectation zero,
and so do the terms of order t with j 6= k. We are left with

d
dt

∣∣∣
t=0
τ(p(x + t1/2 y))= 1

2

n∑
j=1

τ(D2
j p(x) # (yj ⊗ yj )),

which using freeness evaluates to 1
2

∑n
j=1 τ(η(D

2
j p(x)))= τ(Lp(x)/2). �

3D. Asymptotic approximation by trace polynomials. Now we are ready to define the approximation
property which captures the asymptotic behavior of functions on MN (C)

m
sa.

Definition 3.24. A sequence of functions φN : MN (C)
m
sa→ MN (C)

m is said to be asymptotically approx-
imable by trace polynomials if for every ε > 0 and R > 0 there exists some f ∈ (TrP1

m)
m (an m-tuple of

operator-valued trace polynomials) such that

lim sup
N→∞

sup
‖x‖∞≤R

‖φN (x)− f (x)‖2 ≤ ε.

In this case, we call f an (ε, R)-approximation of {φN }. We make the same definitions for functions
φN : MN (C)

m
sa→ C, except that we use scalar-valued trace polynomials (elements of TrP0

m) and apply the
absolute value rather than the 2-norm.

Observation 3.25. If f ∈ (TrP1
m)

m and if fN denotes the map MN (C)
m
sa→ MN (C)

m given by x 7→ f (x),
then fN is asymptotically approximable by trace polynomials. Also, asymptotically approximable
sequences form a vector space over C.

Observation 3.26. Let {φ(`)N }N ,`∈N be a sequence of functions where φ(`)N :MN (C)
m
sa→MN (C)

m. Suppose
that {φN } is another sequence such that for every R > 0

lim
`→∞

lim sup
N→∞

sup
‖x‖∞≤R

‖φ
(`)
N (x)−φN (x)‖2 = 0.

If {φ(`)N }N∈N is asymptotically approximable by trace polynomials for each `, then so is {φN }N∈N. The
same holds in the case of scalar-valued functions and scalar-valued trace polynomials.

Lemma 3.27. Let φN , ψN : MN (C)
m
sa→ MN (C)

m
sa. Suppose that {φN } and {ψN } are both asymptotically

approximable by trace polynomials, and furthermore suppose that {φN }N∈N is uniformly Lipschitz in
‖ · ‖2, that is, for some K > 0,

‖φN (x)−φN (y)‖2 ≤ K‖x − y‖2 for all x, y, for all N .

Then {φN ◦ψN } is asymptotically approximable by trace polynomials.
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Proof. It is straightforward to check that if {φN } is a sequence of functions that map self-adjoint tuples to
self-adjoint tuples and if ( f1, . . . , fm) is an (ε,R)-approximation of {φN }, then so is 1

2( f1+ f ∗1 , . . . , fm+ f ∗m).
Thus, we may assume without loss of generality that the operator-valued trace polynomials used in our
approximations for {φN } and {ψN } are self-adjoint, so it makes sense to compose them with φN or ψN .

Choose ε>0 and R>0. Choose an m-tuple of self-adjoint trace polynomials g which is an (ε/(2K ), R)-
approximation of {ψN }. Since g is a trace polynomial, there exists some R′ > 0 such that for any tuple x
of self-adjoint matrices of any size, we have

‖x‖∞ ≤ R =⇒ ‖g(x)‖∞ ≤ R′.

Now because φN is asymptotically approximable by trace polynomials, we can choose a polynomial f
which is an (ε/2, R′)-approximation of {φN }. Now we observe that when ‖x‖∞≤ R (hence ‖g(x)‖∞≤ R′),
we have

‖φN ◦ψN (x)− f ◦ g(x)‖2 ≤ ‖φN ◦ψN (x)−φN ◦ g(x)‖2+‖φN ◦ g(x)− f ◦ g(x)‖2

≤ K sup
‖x‖∞≤R

‖ψN (x)− g(x)‖2+ sup
‖y‖∞≤R′

‖φN (y)− f (y)‖2.

Therefore,
lim sup

N→∞
sup
‖x‖∞≤R

‖φN ◦ψN (x)− f ◦ g(x)‖2 ≤ K · ε
2K
+
ε

2
= ε. �

Lemma 3.28. Suppose that φN : MN (C)
m
sa→ MN (C)

m
sa is asymptotically approximable by trace polyno-

mials and that

‖φN (x)‖2 ≤ A
(

1+
∑

j

τN (x2n
j )

)
(3-18)

for some A > 0 and some integer n ≥ 0. If {φN } is asymptotically approximable by trace polynomials,
then so is {φN ∗ σt,N }.

Proof. Fix R > 0 and ε > 0. Choose a trace polynomial f which is an (ε, R + 3t1/2) approximation
for {φN }. Now for x with ‖x‖∞ ≤ R, we estimate

‖σt,N ∗φN (x)− σt,N ∗ f (x)‖2 ≤
∫
‖φN (x + y)− f (x + y)‖2 dσt,N (y).

We break this integral into two pieces: The integral over the region where ‖y‖∞ ≤ 3t1/2 is bounded
by ε as N →∞ by our choice of f . Furthermore, we claim that the integral over the region where
‖y‖∞ > 3t1/2 vanishes as N →∞. Using assumption (3-18) and the fact that f is a trace polynomial,
we see that there exists a C > 0 and integer d > 0, depending only on R, A, n, and f , such that

sup
‖x‖∞≤R

[‖φN (x + y)‖2+‖ f (x + y)‖2] ≤ C
(

1+
∑

j

τN (y2d
j )

)
.

Therefore, we have∫
‖y‖∞≥3t1/2

‖φN (x + y)− f (x + y)‖2 dσt,N (y)≤ C
∫
‖y‖∞≥3t1/2

(
1+

∑
j

τN (y2d
j )

)
dσt,N (y).
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This vanishes as N →∞ by Corollary 2.12 applied to the GUE. Therefore, we have

lim sup
N→∞

sup
‖x‖∞≤R

‖σt,N ∗φN (x)− σt,N ∗ f (x)‖2 ≤ ε.

On the other hand, by Lemma 3.21, we have σt,N ∗ f = exp(t L N/2) f → exp(t L/2) f coefficientwise,
and therefore,

lim sup
N→∞

sup
‖x‖∞≤R

‖σt,N ∗ f (x)−
[
exp

( t L
2

)
f
]
(x)‖2 = 0,

so that
lim sup

N→∞
sup
‖x‖∞≤R

‖σt,N ∗φN (x)−
[
exp

( t L
2

)
f
]
(x)‖2 ≤ ε. �

Lemma 3.29. Suppose that φN : MN (C)
m
sa→ C and suppose that {DφN } = {N∇φN } is asymptotically

approximable by trace polynomials and that φN (0)= 0. Then {φN } is asymptotically approximable by
trace polynomials.

Proof. Given a trace polynomial F ∈ (TrP1
m)

m, we can define

f (X)=
∫ 1

0
τ(F(t X)X) dt

in TrP0
m . Then we have

sup
‖x‖∞≤R

|φN (x)− f (x)| = sup
‖x‖∞≤R

∣∣∣∣∫ 1

0
〈DφN (t x)− F(t x), x〉2 dt

∣∣∣∣
≤ R sup

‖y‖∞≤R
‖N∇φN (y)− F(y)‖2. �

4. Convergence of moments

Our goal in this section is prove the following theorem. The convergence of moments is related to [Guionnet
and Shlyakhtenko 2009, Theorem 4.4; Dabrowski et al. 2016, Proposition 50 and Theorem 51; Dabrowski
2016, Theorem 4.4], and we include versions of standard concentration estimates (see Section 2E) in the
statement.

Theorem 4.1. Let VN : MN (C)
m
sa→R be a sequence of potentials such that VN (x)− (c/2)‖x‖22 is convex

and VN (x)−(C/2)‖x‖22 is concave. Let µN be the associated measure. Suppose that the sequence {DVN }

is asymptotically approximable by trace polynomials, and assume that

M = lim sup
N→∞

max
j

∥∥∥∥∫ (x j − τN (x j )1) dµN (x)
∥∥∥∥<+∞, (4-1)

where 1 denotes the N×N identity matrix.

(1) We have the following bounds on the operator norm: if RN =maxj
∫
‖x j‖ dµN (x), then

lim sup
N→∞

RN ≤
2

c1/2 +
1
c

lim sup
N→∞

max
j

∣∣∣∣∫ τN (x j ) dµN (x)
∣∣∣∣+M

≤
2

c1/2 +
1
c

lim sup
N→∞

‖DVN (0)‖2+
C − c
2c3/2 +M,
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and as a consequence of concentration we have for each j that

µN (‖x j‖ ≥ RN + δ)≤ e−cNδ2/2.

(2) There exists a noncommutative law λ ∈ 6m,R∗ , where R∗ = lim supN→∞ RN , such that for every
noncommutative polynomial p

lim
N→∞

∫
τN (p(x)) dµN (x)= λ(p).

(3) The sequence {µN } exhibits exponential concentration around λ in the sense that, for every R > 0
and every neighborhood U of λ in 6m ,

lim sup
N→∞

1
N 2 logµN (x ∈ MN (C)

m
sa : ‖x‖∞ ≤ R, λx 6∈ U) < 0.

Remark 4.2. The rather artificial hypothesis that lim supN→∞maxj
∥∥∫ (x j − τN (x j )) dµk(x)

∥∥<+∞ is
trivially satisfied if either µN has expectation zero or µN is invariant under unitary conjugation and hence∫

x j dµN (x) is equal to
∫
τN (x j ) dµN (x) times the identity matrix.

We have already seen in Section 2E that concentration estimates and operator norm tail bounds are
standard. To prove that the moments converge, something more is needed; indeed, the only assumption
relating the measures µN for different values of N is the fact that DVN is asymptotically approximable by
trace polynomials. But even if DVN is given by the same “trace analytic-function” for different values of N,
it is not immediate that the measure would concentrate in the same regions for matrices of different sizes.

To prove convergence of moments, we want to express
∫

u dµN in terms of DVN for a Lipschitz
function u. One of the standard techniques is to show µN is the unique stationary distribution for a
process X t that satisfies the SDE

d X t = dYt −
DVN (X t)

2
dt, (4-2)

where Yt is a GUE Brownian motion. This machinery lies behind the log-Sobolev inequality and concen-
tration results, as well as earlier theorems about convergence of moments for general convex potentials.

Specifically, Dabrowski, Guionnet, and Shylakhtenko [Dabrowski et al. 2016, Proposition 5] used
the free version of this SDE to show that for a noncommutative potential V satisfying certain convexity
assumptions, there exists a free Gibbs law for V which is the unique stationary distribution. As an
application, they showed convergence of moments for random matrix models given by VN =V [Dabrowski
et al. 2016, Proposition 50 and Theorem 51], essentially a special case of our Theorem 4.1.

Dabrowski [2016, Theorem 4.4] was able to show convergence of moments under weaker convexity
assumptions by constructing the solution to the free SDE as an ultralimit of the finite-dimensional solutions.
Our theorem has convexity assumptions similar to Dabrowski’s, but we consider a more general sequence
of potentials VN . Like Dabrowski, we analyze the free case by taking the limit of finite-dimensional
results, but we use deterministic rather than stochastic methods.

Instead of the solving the SDE, we study the associated semigroup T VN
t , acting on Lipschitz functions u,

given by
T VN

t u(x)= Ex [u(X t)],



AN ELEMENTARY APPROACH TO FREE ENTROPY THEORY FOR CONVEX POTENTIALS 2311

where X t is the process solving the SDE (4-2) with initial condition x . The semigroup provides the
solution to a certain PDE; that is, if u(x, t)= Tt u0(x), then we have

∂t u =
1

2N
1u− N

2
∇VN · ∇u = L N u

2
−
〈DVN , Du〉2

2
.

The semigroup T VN
t will decrease the Lipschitz norms of functions and thus, if u is Lipschitz, then T VN

t u
will converge to

∫
u dµN as t→∞.

Solving the differential equation and taking t →∞ provides a way to evaluate
∫

u dµN in terms
of DVN . We will describe a construction of the semigroup T V

t through iterating simpler operations
(Section 4A), and then we will show (Lemma 4.10) that the iteration procedure preserves approximability
by trace polynomials and hence conclude that limN→∞

∫
u dµN exists.

4A. Iterative construction of the semigroup. To simplify notation in this section, we fix N and fix a
potential V : MN (C)

m
sa→ R such that V (x)− (c/2)‖x‖22 is convex and V (x)− (C/2)‖x‖22 is concave for

some 0< c ≤ C. We also write Tt rather than T V
t .

We will construct Tt by combining two simpler semigroups corresponding to the stochastic and
deterministic terms of dYt−(DV/2)(X t) dt . Recall that the solution to the heat equation ∂t u= (2N )−11u
with initial data u0 is given by the heat semigroup:

Pt u0(x)=
∫

u0(x + y) dσt,N (y).

Meanwhile, the solution to ∂t u =− 1
2〈DV, Du〉2 with initial data u0 is given by

St u0(x)= u0(W (x, t)),

where W (x, t) is the solution to the ODE

∂t W (x, t)=− 1
2 DV (W (x, t)), W (x, 0)= x . (4-3)

We want to define Tt = limn→∞(Pt/n St/n)
n. This is motivated by Trotter’s product formula which asserts

that et (A+B)
= limn→∞(et A/net B/n)n for nice enough self-adjoint operators A and B (see [Trotter 1959;

Kato 1978; Simon 1979, pp. 4–6]). In our case, we must show that (Pt/n St/n)
n converges as n→∞ and

derive dimension-independent error bounds.
We use the following basic properties of the semigroups Pt and St . Here if u : MN (C)

m
sa→ C, then

‖u‖Lip denotes the Lipschitz norm with respect to the normalized L2 metric ‖ · ‖2 on MN (C)
m
sa and ‖u‖L∞

denotes the standard L∞ norm. We are only concerned with Lipschitz functions, so in the following
estimates, the reader may always assume u is Lipschitz, but of course ‖u‖L∞ may be infinite for Lipschitz
functions.

Lemma 4.3. (1) ‖Pt u‖L∞ ≤ ‖u‖L∞ .

(2) ‖Pt u‖Lip ≤ ‖u‖Lip.

(3) ‖Pt u− u‖L∞ ≤ m1/2t1/2
‖u‖Lip.
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Proof. (1) and (2) follow from the fact that Pt u is u convolved with a probability measure. To prove (3),
suppose ‖u‖Lip <+∞. Then

|Pt u(x)− u(x)| =
∣∣∣∣∫ (u(x + y)− u(x)) dσt,N (y)

∣∣∣∣
≤

∫
|u(x + y)− u(x)| dσt,N (y)

≤ ‖u‖Lip

∫
‖y‖2 dσt,N (y).

Meanwhile, ∫
‖y‖2 dσt,N (y)≤

(∫
1 dσt,N (y)

)(∫
‖y‖22 dσt,N (y)

)1/2

= (mt)1/2,

since y is an m-tuple (y1, . . . , ym) and
∫
τN (y2

j ) dσt,N (y)= t for each j . �

Lemma 4.4. (1) The solution W (x, t) to (4-3) exists for all t .

(2) ‖W (x, t)−W (y, t)‖2 ≤ e−ct/2
‖x − y‖2.

(3) ‖W (x, t)− x‖2 ≤ (t/2)‖DV (x)‖2.

(4) ‖(W (x, t)− x)− (W (y, t)− y)‖2 ≤ (C/c)(1− e−ct/2)‖x − y‖2.

(5) ‖St u‖Lip ≤ e−ct/2
‖u‖Lip.

(6) ‖St u‖L∞ ≤ ‖u‖L∞ if u is continuous.

Proof. (1) The convexity and semiconcavity assumptions on V imply that DV is C-Lipschitz (see
Proposition 2.13(4)) and therefore global existence of the solution follows from the Picard–Lindelöf
theorem.

(2) Let Ṽ (x)= V (x)− (c/2)‖x‖22. By Proposition 2.13(5),

〈DV (x)− DV (y), x − y〉2 ≥ c‖x − y‖22.

Now observe that
d
dt
‖W (x, t)−W (y, t)‖22 =−〈DV (W (x, t))− DV (W (y, t)),W (x, t)−W (y, t)〉2

≤−c‖W (x, t)−W (y, t)‖22,

and hence by Grönwall’s inequality, ‖W (x, t)−W (y, t)‖22 ≤ e−ct
‖W (x, 0)−W (y, 0)‖22 = e−ct

‖x− y‖22.

(3) Note that

d
dt
‖W (x, t)− x‖22 =−〈DV (W (x, t)),W (x, t)− x〉2

=−〈DV (W (x, t))− DV (x),W (x, t)− x〉2−〈DV (x),W (x, t)− x〉2

≤ ‖DV (x)‖2‖W (x, t)− x‖2.

Meanwhile, ‖W (x, t)− x‖2 is Lipschitz in t and hence differentiable almost everywhere and we have

d
dt
‖W (x, t)− x‖22 = 2‖W (x, t)− x‖2

d
dt
‖W (x, t)− x‖2.



AN ELEMENTARY APPROACH TO FREE ENTROPY THEORY FOR CONVEX POTENTIALS 2313

Thus, we have
d
dt
‖W (x, t)− x‖2 ≤ 1

2‖DV (x)‖2,

which proves (3).

(4) We observe that

‖(W (x, t)− x)− (W (y, t)− y)‖2 ≤
1
2

∫ t

0
‖DV (W (x, s))− DV (W (y, s))‖2 ds

≤
C
2

∫ t

0
‖W (x, s)−W (y, s)‖2 ds

≤
C
2

∫ t

0
e−cs/2

‖x − y‖2 ds = C
c
(1− e−ct/2)‖x − y‖2.

(5) This follows from (2).

(6) This is immediate because St u is u precomposed with another function. �

Now we combine Pt and St as in Trotter’s formula, except that for technical convenience we define
our approximations using dyadic time intervals rather than subdividing [0, t] into intervals of size t/n.
We set N= {1, 2, 3, . . . } and N0 = {0, 1, 2, . . . }. We also denote by Q+2 =

⋃
`≥0 2−`N0 the nonnegative

dyadic rationals.

Lemma 4.5. For t ∈ 2−`N0, define
Tt,`u = (P2−`S2−`)

2`t u.

For t ∈Q+2 , the limit Tt u := lim`→∞ Tt,`u exists and we have

‖Tt,`u− Tt u‖L∞ ≤
Cm1/2

c(2− 21/2)
2−`/2‖u‖Lip.

We also have ‖Tt u‖Lip ≤ e−ct/2
‖u‖Lip.

Proof. We want to show that the sequence {Tt,`u}` is Cauchy by estimating the difference between consec-
utive terms. Suppose that t ∈ 2−`N0 and write t = n/2` and δ= 2−`−1. Note the telescoping series identity

Tt,`+1u− Tt,`u =
n−1∑
j=0

(PδSδ)2 j Pδ(SδPδ − PδSδ)Sδ(P2δS2δ)
n−1− j u. (4-4)

Thus, we want to estimate SδPδ − PδSδ and then control the propagation of the errors through the
applications of the other operators. Note that for a Lipschitz function v, we have using Lemma 4.4(4) that

|SδPδv(x)− PδSδv(x)| ≤
∫
|v(W (x, δ)+ y)− v(W (x + y, δ))| dσδ,N (y)

≤ ‖v‖Lip

∫
‖(W (x, δ)− x)− (W (x + y, δ)− (x + y))‖2 dσδ,N (y)

≤ ‖v‖Lip
C
c
(1− e−cδ/2)

∫
‖y‖2 dσδ,N (y)

≤ ‖v‖Lip
C
c
(1− e−cδ/2)(mδ)1/2,
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where the last inequality follows by the same reasoning as Lemma 4.3(3). Therefore,

‖SδPδv− PδSδv‖L∞ ≤
C
c

m1/2δ1/2(1− e−cδ/2)‖v‖Lip. (4-5)

Therefore, we can estimate a single term in the telescoping series identity (4-4) by

‖(PδSδ)2 j Pδ(SδPδ − PδSδ)Sδ(P2δS2δ)
n−1− j u‖L∞ ≤ ‖(SδPδ − PδSδ)Sδ(P2δS2δ)

n−1− j u‖L∞

≤
C
c

m1/2δ1/2(1− e−cδ/2)‖Sδ(P2δS2δ)
n−1− j u‖Lip

≤
C
c

m1/2δ1/2(1− e−cδ/2)e−cδ/2e−cδ(n− j−1)/2
‖u‖Lip.

Here we have first applied the fact that Pδ and Sδ are contractions with respect to the L∞ norm from
Lemmas 4.3(1) and 4.4(6); second, we used the estimate (4-5) for SδPδ − PδSδ; and third we used the
estimates ‖Pδu‖Lip ≤ ‖u‖Lip and ‖Sδu‖Lip ≤ e−cδ/2

‖u‖Lip found in Lemmas 4.3(2) and 4.4(5). Now
summing up the telescoping series, we get

‖Tt,`+1u− Tt,`u‖L∞ ≤

n−1∑
j=0

C
c

m1/2δ1/2(1− e−cδ/2)e−cδ/2e−cδ(n− j−1)/2
‖u‖Lip

≤
C
c

m1/2δ1/2(1− e−cδ/2)e−cδ/2 1
1−e−cδ/2 ‖u‖Lip

=
C
c

m1/2δ1/2e−cδ/2
‖u‖Lip ≤

C
2c

m1/2δ1/2
‖u‖Lip.

In other words, we have

‖Tt,`+1u− Tt,`u‖L∞ ≤
Cm1/2

2c
2−(`+1)/2

‖u‖Lip.

It follows that the sequence is Cauchy with respect to ‖ · ‖L∞ and we have the desired estimate on
‖Tt,`u− Tt u‖L∞ from summing the geometric series.

The estimate ‖Tt,`u‖Lip ≤ e−ct/2
‖u‖Lip follows from Lemmas 4.3(2) and 4.4(5), and then by taking

the limit as `→+∞, we obtain ‖Tt u‖Lip ≤ e−ct/2
‖u‖Lip. �

Lemma 4.6. The semigroup Tt defined above extends to a semigroup defined for positive t such that
for s ≤ t

|Tt u(x)− Tsu(x)| ≤ e−cs/2
(C

c
(3
√

2+ 5)(t − s)1/2+‖DV (x)‖2(t − s)
)
‖u‖Lip,

and ‖Tt u‖Lip ≤ e−ct/2
‖u‖Lip.

Proof. We first prove the estimate on |Tt u− Tsu| for dyadic values of s and t . First, consider the case
where t = 2−` and s = 0. Note that

(Tt − 1)u = (Tt − Pt St)u+ (Pt − 1)St u+ (St − 1)u.

The first term can be estimated by Lemma 4.5 with `=1, the second term can be estimated by Lemmas 4.3(3)
and 4.4(5) as

‖(Pt − 1)St u‖L∞ ≤ m1/2t1/2
‖St u‖Lip ≤ m1/2t1/2

‖u‖Lip,
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and the third term can be estimated by Lemma 4.4(3). Altogether, we obtain

|Tt u(x)− u(x)| ≤
(

Cm1/2

c(2− 21/2)
t1/2
+m1/2t1/2

+
t
2
‖DV (x)‖2

)
‖u‖Lip.

In the case of general dyadic s and t , suppose t > s and write t − s in a binary expansion to obtain

t = s+
∞∑

j=n+1

aj 2− j ,

where aj ∈ {0, 1} and an+1 = 1. Note that 2−n−1
≤ |s− t | ≤ 2−n. Let tk = s+

∑k
j=n+1 aj 2− j. Then

|Tt u(x)− Tsu(x)| ≤
∞∑

j=n+1

|Ttj u(x)− Ttj−1u(x)|

≤

∞∑
j=n+1

(
Cm1/2

c(2− 21/2)
2− j/2

+m1/22− j/2
+

2− j

2
‖DV (x)‖2

)
‖Ttj−1u‖Lip

≤

((
Cm1/2

c(2− 21/2)
+ 1
)

1
1− 2−1/2 · 2

−(n+1)/2
+‖DV (x)‖2 · 2−(n+1)

)
‖Tsu‖Lip

≤

((
Cm1/2

c(2− 21/2)
+ 1
)

1
1− 2−1/2 (t − s)1/2+‖DV (x)‖2(t − s)

)
e−cs/2

‖u‖Lip

≤ e−cs/2
(

Cm1/2

c
(3
√

2+ 5)(t − s)1/2+‖DV (x)‖2(t − s)
)
‖u‖Lip,

where we used the crude estimate that 1 ≤ Cm1/2/c to combine the first two terms. Because this
continuity estimate holds for dyadic values of s and t , we can extend the definition of Tt u to all positive t .
Furthermore, because ‖Tt u‖Lip ≤ e−ct/2

‖u‖Lip for dyadic t , the same must hold for real values of t .
Now let us verify that Ts Tt = Ts+t for all real t . Choose dyadic sn ↘ s and tn ↘ t and let u be a

Lipschitz function. We know that Tsn Ttn u = Tsn+tn u and that Tsn+tn u→ Ts+t u locally uniformly, so it
suffices to show that Tsn Ttn u→ Ts Tt u. Observe that

|Tsn Ttn u− Ts Tt u| ≤ |(Tsn − Ts)Ttn u| + |Ts(Ttn − Tt)u|.

The first term can be estimated by

|(Tsn − Ts)Ttn u(x)| ≤ e−s/2
(C

c
(3
√

2+ 5)(sn − s)1/2+‖DV (x)‖2(sn − s)
)
‖Ttn u‖Lip,

which goes to zero as n→∞. For the second term, we first note that

|(Ttn − Tt)u(x)| ≤ e−t/2
(C

c
(3
√

2+ 5)(tn − t)1/2+‖DV (x)‖2(tn − t)
)
‖u‖Lip.

Let hn(x) be the right-hand side. Note that u ≤ v implies that Tsu ≤ Tsv because this holds for the
operators Ps and Ss (since Ps is given by convolution and Ss is given by composition). Therefore,

|Ts(Ttn − Tt)u(x)| ≤ Ts |(Ttn − Tt)u|(x)≤ Tshn(x).
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Because DV is C-Lipschitz, we know that hn is an e−t/2(tn − t)C‖u‖Lip-Lipschitz function and hence

|Tshn(x)| ≤ hn(x)+ |(Ts − 1)hn(x)|

≤ hn(x)+ e−t/2(tn − t)C‖u‖Lip

(C
c
(3
√

2+ 5)s1/2
+‖DV (x)‖2s

)
,

which goes to zero as n→∞. �

Lemma 4.7. Let u(x) be Lipschitz. Then Tt u is a weak solution of the equation

∂t Tt u =
1

2N
1(Tt u)−

N
2
∇V · ∇(Tt u)

in the sense that for φ ∈ C∞c (MN (C)
m
sa), we have∫

MN (C)msa

[(Tt1u)φ− (Tt0u)φ] =
∫ t1

t0

∫
MN (C)msa

[
−

1
2N
∇(Tsu) · ∇φ− N

2
(∇V · ∇(Tsu))φ

]
ds.

Proof. Recall that by Rademacher’s theorem if u is Lipschitz, then ∇u exists almost everywhere and it is
in L∞(MN (C)

m
sa). In particular, because ∇V is Lipschitz, we also know that the second derivatives of V

exist almost everywhere and are in L∞(MN (C)
m
sa).

We begin by considering
∫
(SδPδ − 1)u ·φ for a Lipschitz u : MN (C)

m
sa→ R and a φ ∈ C∞c (MN (C)

m
sa)

and δ > 0. Note that
(SδPδ − 1)u = (Sδ − 1)Pδu+ (Pδ − 1)u.

Now Pδu is the convolution of u with the Gaussian and so ∇(Pδu)= Pδ(∇u). Because the gradient of the
Gaussian is O(δ−1/2), we see that the first derivatives of Pδ(∇u) are O(δ−1/2) in L∞ (here our estimates
may depend on N):

Pδu(y)− Pδu(x)=∇Pδu(x) · (x − y)+ O(δ−1/2
‖x − y‖22).

Now using (4-3) and Lemma 4.4(3), we have W (x, δ)− x = (Nδ/2)∇V (x)+ O(δ2) uniformly on any
compact set K . Therefore,

(Sδ − 1)Pδu(x)= Pδu(W (x, δ))− Pδu(x)=−
Nδ
2
∇(Pδu)(x) · ∇V (x)+ O(δ3/2).

Now we have∫
(SδPδ − 1)u ·φ =

∫
(Sδ − 1)Pδu φ+

∫
(Pδ − 1)u φ

=−
Nδ
2

∫
[∇(Pδu) · ∇V ]φ+

∫
u (Pδ − 1)φ+ O(δ3/2)

=−
Nδ
2

∫
Pδu[(1V )φ+∇V · ∇φ] +

∫
u δ

2N
1φ+ O(δ3/2)

=−
Nδ
2

∫
u Pδ[(1V )φ+∇V · ∇φ] + δ

2N

∫
u1φ+ O(δ3/2),

where the error estimates depend only on C, N, ‖u‖Lip, the support of φ, and the L∞ norms of its
derivatives. We also know from (4-5) that (SδPδ− PδSδ)u is bounded by ‖u‖Lip(Cm1/2/c)(1− e−cδ)δ1/2,
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which is O(δ3/2). Therefore,∫
(PδSδ − 1)u ·φ =−Nδ

2

∫
u Pδ[1Vφ+∇V · ∇φ] + δ

2N

∫
u1φ+ O(δ3/2).

Now suppose that t is a dyadic rational and write t = nδ, where δ = 2−` for some integer `. Recall
that Tt,` = (PδSδ)n. Then by a telescoping series argument∫

(Tt,`− 1)u ·φ =
n−1∑
j=0

(
−

Nδ
2

∫
Tjδ,`u Pδ[(1V )φ+∇V · ∇φ] + δ

2N

∫
Tjδ,`u1φ

)
+ O(δ1/2).

We fix a dyadic t and take `→∞ (and hence δ→ 0). The above sum over j may be viewed as a Riemann
sum for an integral from 0 to t , where δ is the mesh size. Using Lemma 4.6, we know that Tt u is Hölder
continuous in t . Also, by Lebesgue differentiation theory,

Pδ[(1V )φ+∇V · ∇φ] → (1V )φ+∇V · ∇φ

in L1
loc(MN (C)

m
sa). There is no difficulty in taking the limit as δ→ 0 inside the integral because φ has

compact support and all the functions we are integrating are bounded on compact sets. Thus, we obtain∫
(Tt − 1)u ·φ dx =

∫ t

0

∫ (
−

N
2

Tsu[(1V )φ+∇V · ∇φ] + 1
2N

Tsu1φ
)

dx ds.

We may extend this equality from dyadic t to all positive t using Lemma 4.6. Finally, after another
integration by parts (which is justified by approximation by smooth functions in the appropriate Sobolev
spaces), we have∫

(Tt − 1)u ·φ dx =
∫ t

0

∫ (
−

N
2
[∇(Tsu) · ∇V ]φ− 1

2N
∇(Tsu) · ∇φ

)
dx ds.

The asserted formula then follows by replacing u with Tt0u and t with t1− t0. �

Lemma 4.8. If µ is the measure given by the potential V and if u is Lipschitz, then we have∫
Tt u dµ=

∫
u dµ.

Proof. By applying Lemma 4.7 and approximating (1/Z) exp(−N 2V (x)) by compactly supported smooth
functions, we see that∫

Tt u dµ−
∫

u dµ= 1
Z

∫∫ t

0

[
−

1
2N
∇(Tsu) · ∇[e−N 2V

] −
N
2
(∇V · ∇(Tsu))e−N 2V

]
ds dx = 0. �

Lemma 4.9. We have Tt u(x)→
∫

u dµ as t→∞ and more precisely∣∣∣Tt u(x)−
∫

u dµ
∣∣∣≤ e−ct/2

(4Cm1/2

c2 (6+ 5
√

2)t−1/2
+

2
c
‖V (x)‖2

)
‖u‖Lip.
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Proof. Fix t and fix r ≥ t . Let n be an integer. Then using Lemma 4.6,

|Tt+r u(x)− Tt u(x)| ≤
n−1∑
j=0

|Tt+r( j+1)/nu(x)− Tt+r j/nu(x)|

≤

n−1∑
j=0

e−ct/2e−cr j/2n
(Cm1/2

c
(3
√

2+ 5)
( r

n

)1/2
+‖V (x)‖2

( r
n

))
‖u‖Lip

≤ e−ct/2 1
1− e−cr/2n

(Cm1/2

c
(3
√

2+ 5)
( r

n

)1/2
+‖V (x)‖2

( r
n

))
‖u‖Lip

≤ e−ct/2 2n
cr

(Cm1/2

c
(3
√

2+ 5)
( r

n

)1/2
+‖V (x)‖2

( r
n

))
‖u‖Lip.

Since r ≥ t , we can choose n such that t/4≤ r/n ≤ t/2. Then we have

|Tt+r u(x)− Tt u(x)| ≤ e−ct/2
(4Cm1/2

c2 (6+ 5
√

2)t−1/2
+

2
c
‖V (x)‖2

)
‖u‖Lip.

Because this holds for all sufficiently large r , this shows that limt→∞ Tt u(x) exists. Because ‖Tt u‖Lip ≤

e−ct/2
‖u‖Lip, the limit must be constant and therefore equals

∫
u dµ. Moreover, we have the asserted

rate of convergence by taking r→∞ in the above estimate. �

4B. Approximability and convergence of moments. Now we are ready to show that the sequence of semi-
groups T VN

t associated to a sequence of potentials VN will preserve asymptotic approximability by trace
polynomials and as a consequence we will show that the moments of the associated measures µN converge.

Lemma 4.10. Let VN : MN (C)
m
sa→R be a sequence of potentials such that VN (x)− (c/2)‖x‖22 is convex

and VN (x)− (C/2)‖x‖22 is concave, where 0< c ≤ C. For each N, let µN be the associated measure. Let
SVN

t and T VN
t denote the semigroups defined in the previous section. Suppose that the sequence {DVN }

is asymptotically approximable by trace polynomials. Suppose that {uN } is a sequence of scalar-valued
K -Lipschitz functions which is asymptotically approximable by (scalar-valued) trace polynomials. Then:

(1) {SVN
t uN } is asymptotically approximable by trace polynomials for each t ≥ 0.

(2) {T VN
t uN } is asymptotically approximable by trace polynomials for each t ≥ 0.

(3) limN→∞
∫

uN dµN exists.

Proof. (1) Recall that SVN
t uN = uN (WN (x, t)), where WN is the solution to (4-3). Thus, by Lemma 3.27,

it suffices to show that WN (x, t) is asymptotically approximable by trace polynomials for each t . To this
end, we write WN (x, t) as the limit as `→∞ of Picard iterates WN ,` given by

WN ,0(x, t)= x, WN ,`+1(x, t)= x − 1
2

∫ t

0
DVk(WN (x, s)) ds.

Because DVN is C-Lipschitz, the standard Picard–Lindelöf arguments show that

‖WN ,`(x, t)−WN (x, t)‖2 ≤
∞∑

n=`+1

Cn−1tn

2nn!
‖DVN (x)‖2.
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Because DVN is asymptotically approximable by trace polynomials, we know that ‖DVN (x)‖2 is uni-
formly bounded on ‖x‖≤ R for any given R> 0, and therefore, for each T and R> 0, the convergence of
WN ,` to WN as `→∞ is uniform for all ‖x‖≤ R and t ≤ T and N ∈N. Thus, by Observation 3.26, it suf-
fices to show that each Picard iterate {WN ,`(x, t)}N is asymptotically approximable by trace polynomials.

Fix T > 0. We claim that, for every `, for every R > 0 and ε > 0, there exists a trace polynomial
f (X, t) with coefficients that are polynomial functions of t such that

lim sup
N→∞

sup
t∈[0,T ]

sup
‖x‖∞≤R

‖WN ,`(x, t)− f (x, t)‖2 ≤ ε.

We proceed by induction on `, with the base case `= 0 being trivial. For the inductive step, fix ε and R,
and choose a trace polynomial f (X, t) which provides an (ε/(CT ), R) approximation for WN ,` for all
t ≤ T. Let

R′ = sup
t∈[0,T ]

sup
N

sup
x∈MN (C)msa:‖x‖∞≤R

‖ f (x, t)‖<+∞.

Choose another trace polynomial g(X) which is an (ε/T, R′) approximation for {DVN }, and let h(X, t)=
X − 1

2

∫ t
0 g( f (X, s)) ds. Then arguing as in Lemma 3.27, we have for ‖x‖ ≤ R and t ∈ [0, T ] that

‖WN ,`+1(x, t)− h(x, t)‖ ≤ 1
2

∫ t

0
‖DVN (WN ,`(x, s))− g( f (x, s))‖2 ds

≤
t
2

sup
‖y‖≤R′

‖DVN (y)− g(y)‖2+
Ct
2

sup
s∈[0,T ]

sup
‖x‖≤R

‖WN ,`(x, s)− f (x, s)‖2.

Taking N →∞, we see that h(x, t) is an (ε, R) approximation for {WN ,`(x, t)}N for all t ≤ T.

(2) We have shown that SVk
t preserves asymptotic approximability. Moreover, if the sequence uN :

MN (C)
m
sa→ C is asymptotically approximable by trace polynomials and uN is K -Lipschitz, then the

sequence Pt uN is also asymptotically approximable by trace polynomials by Lemma 3.28 (the hypothesis
(3-18) is satisfied since |uN (x)| ≤ |uN (0)| + K‖x‖2 and |uN (0)| is bounded as N →+∞ because uN is
asymptotically approximable by trace polynomials). Therefore, the iterated operator T VN

t,` = (P2−`S
VN
2−`)

2`t

preserves asymptotic approximability for dyadic values of t . Taking `→∞, we see by Observation 3.26
and Lemma 4.5 that T VN

t preserves asymptotic approximability for dyadic values of t . Finally, we extend
the approximability property to T VN

t for all real t using Observation 3.26 and Lemma 4.6.

(3) We know by Lemma 4.9 that T VN
t uN (x)→

∫
uN dµN as t→∞ with estimates that are independent

of N. It follows by Observation 3.26 that the sequence of constant functions
{∫

uN dµN
}

is asymptotically
approximable by trace polynomials. But since these functions are constant, this simply means that the
limit of

∫
uN dµN as N →∞ exists. �

Proof of Theorem 4.1. (1) Let aN =
∫

x dµN (x) and aN , j =
∫

x j dµN (x). Note that

RN ≤max
j

∫
‖x j − aN , j‖ dµN (x)+max

j

∣∣∣∣∫ τN (x j ) dµN (x)
∣∣∣∣+max

j

∥∥∥∥∫ (x j − τN (x j )) dµ(x)
∥∥∥∥.

When we take the lim sup as N →∞, the first term is bounded by 2/c1/2 by Corollary 2.12, while the
last term is bounded by M. It remains to estimate

∫
τN (x j ) dµN (x).
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Using integration by parts, we see that∫
DVN (x) dµN (x)=−

1
Z

∫
1
N
∇[e−VN (x)] dx = 0.

On the other hand, we may estimate ‖DVN (x)−(DVN (0)+((C+c)/2)x)‖2 as follows. We assumed that
VN (x)−(c/2)‖x‖22 is convex and VN (x)−(C/2)‖x‖22 is concave. Let ṼN (x)= VN (x)−((C+c)/2)‖x‖22.
Then ṼN (x)+ ((C − c)/2)‖x‖22 is convex and ṼN (x)− ((C − c)/2)‖x‖22 is concave. Therefore, DṼN is
(C − c)/2-Lipschitz with respect to ‖ · ‖2 by Proposition 2.13(4). It follows that∥∥∥DVN (x)−

(
DVN (0)+

C+c
2

x
)∥∥∥

2
= ‖DṼN (x)− DṼN (0)‖2 ≤

C−c
2
‖x‖2.

Therefore, ∥∥∥DVN (0)+
C+c

2
aN

∥∥∥
2
=

∥∥∥−DVN (x)+
(

DVN (0)+
C+c

2
x
)∥∥∥

2

≤
C−c

2

∫
‖x‖2 dµN (x)

≤
C−c

2

(
‖aN‖2+

(∫
‖x − aN‖

2
2 dµ(x)

)1/2)
≤

C−c
2

(‖aN‖2+ c−1/2),

where the last step follows from Theorem 2.11. Altogether,

C+c
2
‖aN‖2 ≤

C−c
2
‖aN‖2+‖DVN (0)‖2+

C − c
2c1/2 .

Then we move ((C − c)/2)‖aN‖2 to the left-hand side and divide the equation by c to obtain∣∣∣∣∫ τN (x j ) dµN (x)
∣∣∣∣≤ ‖aN‖2 ≤

1
c
‖DVN (0)‖2+

C − c
2c3/2 ,

which proves the asserted estimate on RN . The tail estimate on µN (‖x j‖ ≥ RN + δ) follows from
Corollary 2.12.

(2) Fix a noncommutative polynomial p. Let R∗ = lim supN∈N RN , which we know is finite because
of (1) and suppose that R′ > R∗. Let ψ ∈ C∞c (R) be such that ψ(t) = t for |t | ≤ R′, and define
9(x1, . . . , xm)= (ψ(x1), . . . , ψ(xm)), where ψ(x j ) is defined through the continuous functional calculus
for self-adjoint operators. Now x 7→ψ(x) is Lipschitz in ‖ · ‖2 for x ∈MN (C)sa with constants independent
of N (see for instance Proposition 8.8 below). It follows that p(9(x)) is globally Lipschitz in ‖ · ‖2 and
it equals p(x) when ‖x‖ ≤ R′.

Furthermore, we claim that the sequence τN (p(9(x))) is asymptotically approximable by trace
polynomials. To see this, choose some radius r and δ>0. By the Weierstrass approximation theorem, there
exists a polynomial ψ̂(t) such that |ψ(t)−ψ̂(t)| ≤ δ for t ∈ [−r, r ]. By the spectral mapping theorem, we
have ‖ψ(y)−ψ̂(y)‖≤ δ if y ∈MN (C)sa and ‖y‖≤ r . In particular, if we let 9̂(x)= (ψ̂(x1), . . . , ψ̂(xm))

for x ∈MN (C)
m
sa, then we have ‖9(x)−9̂(x)‖≤ δ when ‖x‖∞≤ r . Given ε > 0, we may choose δ small
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enough to guarantee that |τN (p(9(x)))− τN (p(9̂(x)))| ≤ ε for ‖x‖∞ ≤ r , and clearly τN (p(9̂(x))) is
a trace polynomial. Thus, τN (p(9(x))) is asymptotically approximable by trace polynomials.

Therefore, by Lemma 4.10, the limit

λ(p)= lim
N→∞

∫
τN (p(9(x))) dµN (x)

exists. Clearly, λ satisfies all the conditions to be a noncommutative law (Definition 2.3). Furthermore,
because of the operator norm bounds (1), we know that

∫
‖x‖≥R′ τN (p(x)) dµN (x) is finite and approaches

zero as N →∞ and the same holds for the integral of τN (p(9(x))). Therefore,

lim
N→∞

∫
τN (p(x)) dµN (x)= lim

N→∞

∫
τN (p(9(x))) dµN (x)= λ(p).

Also, we have λ(p)= limN→∞
∫
‖x‖≤R′ τN (p(x)) dµN (x) and hence λ ∈6m,R′ . But since this holds for

every R′ > R∗, we have λ ∈6m,R∗ .

(3) It suffices to prove the concentration claim (3) for sufficiently large R, say R > 2R∗. Because the
topology of 6m,R is generated by the functions λ 7→ λ(p) for noncommutative polynomials p, it suffices
to consider the case where U = {λ′ : |λ′(p)−λ(p)|< ε} for some noncommutative polynomial p. Choose
a function ψ ∈ C∞c (R) with ψ(t)= t for |t | ≤ R, and let 9 be as above. Then by Theorem 2.10,

µN

(∣∣∣∣τN (p(9(x)))−
∫
τN (p ◦9) dµN

∣∣∣∣≥ ε2
)
≤ 2e−N 2ε2/8‖τN (p◦9)‖2Lip .

But by the same reasoning as in part (2), we know that large enough N, we have∣∣∣∣∫ τN (p ◦9) dµN − λ(p)
∣∣∣∣≤ ε2 ,

and hence
lim sup

N→∞

1
N 2 logµN (‖x‖ ≤ R, |τN (p(x))− λ(p)| ≥ ε) < 0. �

5. Entropy and Fisher’s information

5A. Classical entropy. In this section, we will state sufficient conditions for the microstates free entropies
χ and χ to be evaluated as the lim sup and lim inf of renormalized classical entropies. Recall that the
(classical, continuous) entropy of a measure dµ(x)= ρ(x) dx on Rn is defined as

h(µ) :=
∫

Rn
−ρ log ρ,

whenever the integral makes sense. If µ does not have a density, then we set h(µ)=−∞. We will later
use the following basic facts about the classical entropy, so for convenience we provide a proof.

Lemma 5.1. Assume that µ is a probability measure on Rn with density ρ and that
∫
|x |2 dµ(x) <+∞.

(1) The positive part of −ρ log ρ has finite integral and hence
∫
−ρ log ρ is well-defined in [−∞,+).

(2) We have h(µ)≤ (n/2) log 2πae, where a =
∫
|x |2 dµ(x)/n, and equality is achieved in the case of

a centered Gaussian with covariance matrix a I.
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(3) Suppose {µk} is a sequence of probability measures with density ρk . Suppose ρk → ρ pointwise
almost everywhere and that

∫
|x |2 dµk(x)→

∫
|x |2 dµ(x) <+∞. Then lim supk→∞ h(µk)≤ h(µ).

(4) If ν is a probability measure with finite second moments, then h(µ ∗ ν)≥ h(µ).

Proof. (1) Let a =
∫
|x |2 dµ(x)/n. Let g(x)= (2πa)−n/2e−|x |

2/(2a) be the Gaussian of variance a, and
let γ be the corresponding Gaussian measure. Let ρ̃ = ρ/ f be the density of µ relative to the Gaussian.
We write

−ρ(x) log ρ(x)=−ρ̃(x) log ρ̃(x) · g(x)− ρ̃(x) log g(x) · g(x)

=−ρ̃(x) log ρ̃(x) · g(x)+
(
|x |2

2a
+

n
2

log 2πa
)
ρ(x).

The second term has a finite integral by assumption. The function −t log t is bounded above for t ∈R, and
g(x) is a probability density; thus, the positive part of −ρ̃ log ρ̃ · g has finite integral. Hence,

∫
−ρ log ρ

is well-defined.

(2) The function −t log t is concave and its tangent line at t = 0 is 1− t , and hence −t log t ≤ 1− t . Thus,∫
−ρ̃ log ρ̃ dγ ≤

∫
(1− ρ̃) dγ = 0,

so

h(µ)≤
∫ (
|x |2

2a
+

n
2

log 2πa
)
ρ(x) dx = n

2
+

n
2

log 2πa = n
2

log 2πe.

In the case where µ= γ , we have ρ̃ = 1 and hence
∫
−ρ̃ log ρ̃ = 0.

(3) Let γ be the Gaussian of covariance matrix I and g its density. Let ρ̃k = ρk/g. As before,

h(µk)=

∫
−ρ̃k log ρ̃k dγ +

∫ (
|x |2

2
+

n
2

log 2π
)

dµk .

By assumption, the second term converges to
∫
(|x |2/2+ (n/2) log 2π) dµ as k→∞. Since the function

−t log t is bounded above and γ is a probability measure, the integral of the positive part of −ρ̃k log ρ̃k

converges to the corresponding quantity for ρ. For the negative part, we can apply Fatou’s lemma. This
yields lim supk→∞ h(µk)= h(µ).

(4) We can assume without loss of generality that one of the measures, say µ, has finite entropy. Then
µ ∗ ν has a density given almost everywhere by ρ̃(x) =

∫
ρ(x − y) dν(y). Since −t log t is concave,

Jensen’s inequality implies that

−ρ̃(x) log ρ̃(x)≥
∫
−ρ(x − y) log ρ(x − y) dν(y).

The right-hand side is∫∫
−ρ(x − y) log ρ(x − y) dν(y) dx =

∫∫
−ρ(x − y) log ρ(x − y) dx dν(y)= h(µ),

where the exchange of order is justified because we know that −ρ log ρ is integrable since h(µ) >−∞.
Therefore, h(µ ∗ ν)=

∫
−ρ̃ log ρ̃ ≥ h(µ). �
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5B. Microstates free entropy. Because there is no integral formula known for free entropy of multiple
noncommuting variables as in the classical case, Voiculescu [1993; 1994] defined the free analogue of
entropy using Boltzmann’s microstates viewpoint on entropy.

Definition 5.2. For U ⊆6m , we define the microstate space

0N (U)= {x ∈ MN (C)
m
sa : λx ∈ U},

0N ,R(U)= {x ∈ MN (C)
m
sa : λx ∈ U, ‖x‖∞ ≤ R}.

The microstates free entropy of a noncommutative law λ is defined as

χR(λ)= inf
U3λ

lim sup
N→∞

( 1
N 2 log vol0N ,R(U)+

m
2

log N
)
,

χ(λ)= sup
R>0

χR(λ).

Here vol denotes the Lebesgue measure with respect to the identification of MN (C)
m
sa with Rm N 2

as in
Section 2A, and U ranges over all open neighborhoods of λ in 6m . Similarly, we denote

χ R(λ)= inf
U3λ

lim inf
N→∞

( 1
N 2 log vol0N ,R(U)+

m
2

log N
)
,

χ(λ)= sup
R>0

χR(λ).

Remark 5.3. Note that U ⊆ V implies that

lim sup
N→∞

( 1
N 2 log vol0N ,R(U)+

m
2

log N
)
≤ lim sup

N→∞

( 1
N 2 log vol0N ,R(V)+

m
2

log N
)
.

Hence, to estimate the infimum over U (that is, χR(λ)), we can always restrict our attention to neighbor-
hoods U contained inside some fixed V . The same holds for the lim inf variant of entropy.

Definition 5.4. A sequence of probability measures µN on MN (C)
m
sa is said to concentrate around the

noncommutative law λ if λx → λ in probability when x is chosen according to µN , that is, for any
neighborhood U of λ in 6m , we have

lim
k→∞

µN (x ∈ 0N (U))= 1.

Proposition 5.5. Let VN : MN (C)
m
sa→ R be a potential with

∫
exp(−N 2VN (x)) dx < +∞ and let µN

be the associated measure. Assume:

(A) The sequence {µN } concentrates around a noncommutative law λ.

(B) The sequence {VN } is asymptotically approximable by scalar-valued trace polynomials.

(C) For some n ≥ 1 and a, b > 0 we have |VN | ≤ a+ b
∑m

j=1 τN (x2n
j ).

(D) There exists R0 > 0 such that

lim
N→∞

∫
‖x‖∞≥R0

(
1+

m∑
j=1

τN (x2n
j )

)
dµN (x)= 0,

where n is the same number as in (C).
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Then λ can be realized as the law of noncommutative random variables X = (X1, . . . , Xm) in a von
Neumann algebra (M, τ ) with ‖X j‖ ≤ R0. Moreover, we have

χ(λ)= χR0(λ)= lim sup
N→∞

( 1
N 2 h(µN )+

m
2

log N
)
, (5-1)

χ(λ)= χ R0(λ)= lim inf
N→∞

( 1
N 2 h(µN )+

m
2

log N
)
. (5-2)

Proof. It follows from assumptions (A) and (D) that for every noncommutative polynomial p

lim
N→∞

∫
‖x‖∞≤R0

τN (p(x)) dµN (x)= λ(p).

In particular, this implies that |λ(X i1 . . . X ik )| ≤ Rk
0 for every i1, . . . , ik , and hence λ ∈6m,R0 . The fact

that λ can be realized by operators in a von Neumann algebra is standard (Proposition 2.7).
Now let us evaluate χR and χ R for R ≥ R0. Recall that

dµN (x)=
1

Z N
exp(−N 2VN (x)) dx, Z N =

∫
exp(−N 2VN (x)) dx,

and note that
h(µN )= N 2

∫
VN (x) dµN (x)+ log Z N .

The assumptions (C) and (D) imply that

lim
N→∞

∫
‖x‖∞≥R

|VN (x)| dµN (x)= 0 and lim
N→∞

µN (x : ‖x‖∞ ≥ R)= 0.

Therefore, if we let

dµN ,R(x)=
1

Z N ,R
1‖x‖∞≤R exp(−N 2VN (x)) dx, Z N ,R =

∫
‖x‖∞≤R

exp(−N 2VN (x)) dx,

then, as N →∞, we have∫
VN dµN −

∫
VN dµN ,R→ 0, log Z N − log Z N ,R→ 0,

and hence
1

N 2 h(µN )−
1

N 2 h(µN ,R)→ 0.

Fix ε>0. By assumption (B), there is a scalar-valued trace polynomial f such that |VN (x)− f (x)|≤ε/2
for ‖x‖∞ ≤ R and for sufficiently large N. Now because the trace polynomial f is continuous with
respect to convergence in noncommutative moments, the set U =

{
λ′ : |λ′( f )− λ( f )| < ε/2

}
is open.

Now suppose that V ⊆ U is a neighborhood of λ. Note that

lim
N→∞

µN ,R(0N ,R(V))= lim
N→∞

Z N

Z N ,R
µN (0N (V)∩ {x : ‖x‖∞ ≤ R})= 1,

where we have used that Z N/Z N ,R→ 1 as shown above, that µN (0N (V))→ 1 by assumption (A), and
that µN (‖x‖∞ ≤ R)→ 1 by assumption (D). Moreover, by our choice of f and U , we have

x ∈ 0N ,R(V) =⇒ |VN (x)− λ( f )| ≤ ε.
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Therefore,

Z N ,RµN ,R(0N ,R(V))=
∫
0N ,R(V)

exp(−N 2VN (x)) dx

= vol0N ,R(V) exp(−N 2(λ( f )+ O(ε))).
Thus,

log Z N ,R + logµN ,R(0N ,R(V))= log vol0N ,R(V)− N 2(λ( f )+ O(ε)).

Meanwhile, note that | f (x)| is bounded by some constant K whenever ‖x‖∞≤ R (where K is independent
of N ). Therefore,∫

VN dµN ,R =

∫
0N ,R(V)

VN dµN ,R +

∫
0N ,R(Vc)

VN dµN ,R

=

∫
0N ,R(V)

λ[ f ] dµN ,R +

∫
0N ,R(Vc)

λx [ f ] dµN ,R + O(ε)

= λ( f )µN ,R(0N ,R(V))+ O(ε)+ O
(
K µN (0N ,R(Vc))

)
.

Altogether,

1
N 2 h(µN ,R)=

∫
VN dµN ,R +

1
N 2 log Z N ,R

=λ( f )(µN ,R(0N ,R(V))− 1)+ 1
N 2 log vol0N ,R(V)

+ O(ε)+ O(K µN (0N ,R(Vc)))−
1

N 2 logµN ,R(0N ,R(V)).

Now we apply the fact that µN ,R(0N ,R(V))→ 1 to obtain

lim sup
N→∞

1
N 2 |h(µN ,R)− log vol0N ,R(V)| = O(ε).

In light of Remark 5.3, because this holds for all sufficiently small neighborhoods V ⊆ U with the error
O(ε) only depending on U , we have

χR(λ)= lim sup
N→∞

( 1
N 2 h(µN ,R)+

m
2

log N
)
+ O(ε)

= lim sup
N→∞

( 1
N 2 h(µN )+

m
2

log N
)
+ O(ε).

Next, we take ε→ 0 and obtain χR(λ)= lim supN→∞(N
−2 log h(µN )+ (m/2) log N ) for R ≥ R0. Now

χ(λ) = supR χR(λ) and χR(λ) is an increasing function of R. Since our claim about χR(λ) holds for
sufficiently large R, it also holds for χ(λ), so (5-1) is proved. The proof of (5-2) is identical. �

5C. Classical Fisher information. The classical Fisher information of a probability measure µ on Rn

describes how the entropy changes when µ is convolved with a Gaussian. Suppose µ is given by the
smooth density ρ > 0 on Rn, and let γt be the multivariable Gaussian measure on Rn with covariance
matrix t I. Then the density ρt for µt = µ ∗ γt evolves according to the heat equation ∂tρt = 1/2ρt .
Integration by parts shows that ∂t h(µt)=

1
2

∫
|∇ρt/ρt |

2 dµt (which we justify in more detail below).
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The Fisher information of µ represents the derivative at time zero and it is defined as

I(µ) :=
∫ ∣∣∣∣∇ρρ

∣∣∣∣2 dµ.

The Fisher information is the L2(µ) norm of the function −∇ρ(x)/ρ(x), which is known as the score
function. If X is a random variable with smooth density ρ, then the Rn-valued random variable 4 =
−∇ρ(X)/ρ(X) satisfies the integration-by-parts relation

E[4 · f (X)] = −
∫
∇ρ(x)
ρ(x)

f (x)ρ(x) dx =
∫
ρ(x)∇ f (x) dx = E[∇ f (X)] for f ∈ C∞c (R

n), (5-3)

or equivalently E[4j f (X)] = E[∂j f (X)] for each j .
In fact, the integration-by-parts relation E[4 · f (X)] = E[∇ f (X)] makes sense even if we do not

assume that X has a smooth density. Following the terminology used by Voiculescu in the free case, if
X is an Rn-valued random variable on the probability space (�, P), we say that an Rn-valued random
variable 4 ∈ L2(�, P) is a (classical) conjugate variable for X if E[4 · f (X)] = E[∇ f (X)] and if each
4j is in the closure of { f (X) : f ∈ C∞c (R

n)} in L2(�, P).
In other words, this means that 4 is a function of X (up to almost sure equivalence) and satisfies the

integration-by-parts relation. Since the integration-by-parts relation uniquely determines the L2(�, P)
inner product of 4j and f (X) for all f ∈ C∞c (R

n), it follows that the conjugate variable is unique (up to
almost sure equivalence), and that it is given by f (X) for some f that only depends on the law of X . Thus,
we may unambiguously define the Fisher information I(µ) = E[|4|2] if X ∼ µ and 4 is a conjugate
variable to X , and I(µ)=+∞ if no conjugate variable exists.

The probabilistic viewpoint enables us to produce conjugate variables and estimate Fisher information
using conditional expectations. (See [Voiculescu 1998, Proposition 3.7] for the free case.)

Lemma 5.6. Suppose that X and Y are independent Rn-valued random variables with X ∼ µ and Y ∼ ν.
If 4 is a conjugate variable for X , then E[4|X + Y ] is a conjugate variable for X + Y. In particular,

I(µ ∗ ν)≤min(I(µ), I(ν)).

Proof. Because X and Y are independent, we have for g ∈ C∞c (R
n
× Rn) that E[4j g(X, Y )] =

E[∂X j g(X, Y )]. In particular, if f ∈ C∞c (R
n), then

E[4j f (X + Y )] = E[∂X j ( f (X + Y ))] = E[(∂j f )(X + Y )].

But E[4j |X+Y ] is the orthogonal projection onto the closed span of { f (X+Y ) : f ∈C∞c (R
n)} and hence

E[E[4j |X + Y ] f (X + Y )] = E[∂j f (X + Y )].

So I(µ ∗ ν)= E[|E[4|X + Y ]|2] ≤ E[|4|2] = I(µ). By symmetry, I(µ ∗ ν)≤ I(ν). �

The entropy of a measure µ can be recovered by integrating the Fisher information of µ ∗ γt . The
following integral formula was the motivation for Voiculescu’s definition of nonmicrostates free entropy χ∗.
For the reader’s convenience, we include a statement and proof in the random matrix setting with free



AN ELEMENTARY APPROACH TO FREE ENTROPY THEORY FOR CONVEX POTENTIALS 2327

probabilistic normalizations. See also [Barron 1986, Lemma 1; Voiculescu 1998, Proposition 7.6]. Recall
that we identify MN (C)

m
sa with Rm N 2

using the orthonormal basis given in Section 2A rather than entrywise
coordinates (since some entries are real and some are complex).

Lemma 5.7. Let µ be a probability measure on MN (C)
m
sa with finite variance and with density ρ, and

let σt,N be the law of m independent GUEs of normalized variance t. If a = (1/m)
∫
‖x‖22 dµ(x) =

(1/(m N ))
∫
|x |2 dµ(x), then we have for t ≥ 0 that

m
a+t
≤

1
N 3 I(µ ∗ σt,N )≤min

(m
t
,

1
N 3 I(µ)

)
. (5-4)

Moreover,

1
N 2 h(µ ∗ σt,N )−

1
N 2 h(µ)= 1

2

∫ t

0

1
N 3 I(µ ∗ σs,N ) ds (5-5)

and
1

N 2 h(µ)+ m
2

log N = 1
2

∫
∞

0

( m
1+s
−

1
N 3 I(µ ∗ σs,N )

)
ds+ m

2
log 2πe. (5-6)

Proof. To prove (5-4), suppose t ≥ 0 and let X and Y be random variables with the laws µ and σt,N respec-
tively. The lower bound is trivial if I(µ∗σt,N )=+∞, so suppose that X +Y has a conjugate variable 4.
Then after some computation, the integration-by-parts relation shows that E〈4, X + Y 〉Tr = m N 2. Thus,

E[|4|2] ≥
|E〈4, X + Y 〉Tr|

2

E |X + Y |2
=

(m N 2)2

N (ma+mt)
=

N 3

a+ t

since the variance of Y with respect to the nonnormalized inner product is Nmt and the variance of
X is Na. The upper bound is trivial in the case where t = 0. If t > 0, then by the previous lemma
I(µ ∗ σt,N ) ≤ min(I(µ), I(σt,N )). Moreover, a direct computation shows that if Y ∼ σt,N , then the
conjugate variable is (N/t)Y and the Fisher information is m N 3/t .

Next, to prove (5-5), let µt := µ ∗ σt,N . By basic properties of convolving positive functions with the
Gaussian, µt has a smooth density ρt . We claim that if 0< δ < t , then

h(µt)− h(µδ)=
1

2N

∫ t

δ

I(µs) ds = 1
2N

∫ t

δ

∫
MN (C)msa

|∇ρs(x)|2

ρs(x)
dx ds. (5-7)

This will follow from integration by parts, but to give a complete justification, we first introduce a smooth
compactly supported “cutoff” function ψR : MN (C)

m
sa→ R such that 0≤ ψR ≤ 1 and ψR(x)= 1 when

|x | ≤ R and ψR(x)= 0 when |x | ≥ 2R. By taking ψR to be rescaling by R of some fixed function, we
can arrange that ‖∇ψR(x)‖2 ≤ C/R for some constant C. Because ∂sρs = (2N )−11ρs , we have

d
dt

[
−

∫
ψRρs log ρs

]
=−

1
2N

∫
ψR · (1ρs log ρs +1ρs)

=
1

2N

∫
ψR
|∇ρs |

2

ρs
+

1
2N

∫
∇ψR · ∇ρs · (1+ log ρs),
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where all the integrals are taken over MN (C)
m
sa with respect to dx . This implies

−

∫
ψRρt log ρt +

∫
ψRρδ log ρδ

=
1

2N

∫ t

δ

∫
ψR

∣∣∣∣∇ρs

ρs

∣∣∣∣2 dµs −
1

2N

∫ t

δ

∫ (
∇ψR ·

∇ρs

ρs

)
(1+ log ρs) dµs . (5-8)

We must now take the limit of each term as R→+∞. For the first term on the right-hand side, the
monotone convergence theorem yields

lim
R→+∞

∫ t

δ

∫
ψR

∣∣∣∣∇ρs

ρs

∣∣∣∣2 dµs ds =
∫ t

δ

I(µs) ds.

The second term on the right-hand side of (5-8) can be estimated as follows. Note that µs = µ ∗ σs,N

and that σs,N has a density that is bounded uniformly for s ∈ [δ, t] and x ∈ MN (C)
m
sa. Therefore, ρs is

uniformly bounded for s ∈ [δ, t] and x ∈ MN (C)
m
sa and hence log ρs is uniformly bounded above. To

obtain a lower bound on log ρs , first note that there is a K > 0 such that

µ(x : |x | ≤ K )≥ 1
2 .

Now if x ∈ MN (C)
m
sa and |y| ≤ K , then |x − y| ≥ |x | − K and hence

|x − y|2 ≤ |x |2− 2K |x | + K 2
≥ 2|x |2+ 2K 2,

where the last inequality follows because 2K |x | ≤ |x |2/2 + 2K 2 by the arithmetic-geometric mean
inequality. Therefore, letting Z be the normalizing constant for σt,N , we have

ρs(x)=
1
Z

∫
e−(N/(2t))|x−y|2 dµ(y)≥ 1

Z

∫
|y|≤K

∫
e−(N/(2t))|x−y|2 dµ(y)

≥
1
Z

∫
|y|≤K

e−(N/t)(|x |2+K 2) dµ(y)≥ e−N K 2/t

2Z
e−(N/t)|x |2,

so that log ρs ≥ K ′− |x |2 for some constant K ′. In particular, combining our upper and lower bounds,
there is a constant α such that for sufficiently large x , we have |1+ log ρs | ≤ α|x |2. Recall that ∇ψR(x)
is supported when R ≤ |x | ≤ 2R and bounded by C/R and thus |∇ψR(x)| ≤ C/|x |. Altogether we have
|∇ψR(1+ log ρs)| ≤ β|x | for some constant β when |x | is large enough. Thus, the second term on the
right-hand side of (5-8) is bounded by∫ t

δ

∫
|(∇ψR ·4s)(1+ log ρs)| dµs ds ≤ β

∫ t

δ

∫
|x |≥R
|x |
∣∣∣∣∇ρs(x)
ρs(x)

∣∣∣∣ dµs(x) ds

≤
β

2

∫ t

δ

∫
|x |≥R

(
|x |2+

∣∣∣∣∇ρs(x)
ρs(x)

∣∣∣∣2) dµs(x) ds.

The right-hand side is the tail of the convergent integral∫ t

δ

∫ (
|x |2+

∣∣∣∣∇ρs(x)
ρs(x)

∣∣∣∣2) dµs(x) ds =
∫ t

δ

[(a+ms)+ I(µs)] ds <+∞,

and therefore it goes to zero as R→+∞ by the dominated convergence theorem.
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As for the left-hand side of (5-8), we can apply the dominated convergence theorem to −
∫
ψRρt log ρt

and −
∫
ψRρδ log ρδ given our earlier estimate that ρs is subquadratic for each s. Thus, after taking

R→∞ in (5-8), we obtain (5-7).
To complete the proof of (5-5), we must take δ↘ 0 in (5-7). We can take the limit of the right-hand

side of (5-7) by the monotone convergence theorem. For the left-hand side of (5-7), Lemma 5.1(3) implies
that lim supδ↘0 h(µδ) ≤ h(µ) because ρδ → ρ almost everywhere by Lebesgue differentiation theory.
On the other hand, h(µδ)≥ h(µ) by Lemma 5.1(4); hence h(µδ)→ h(µ), so (5-5) is proved.

To prove (5-6), we follow [Voiculescu 1998, Proposition 7.6]. First, suppose that h(µ)>−∞. Note that

h(µ)= 1
2

∫ t

0

(m N 2

1+s
−

1
N
I(µs)

)
ds− m N 2

2
log(1+ t)+ h(µt).

If h(µ) >−∞, then ∫ 1

0

(m N 2

1+s
−

1
N
I(µs)

)
ds

is finite. In light of (5-4), the integral from 1 to∞ is also finite and by the dominated convergence theorem

lim
t→∞

1
2

∫ t

0

(m N 2

1+s
−

1
N
I(µs)

)
ds = 1

2

∫
∞

0

(m N 2

1+s
−

1
N
I(µs)

)
ds.

It remains to understand the behavior of h(µt)− (m N 2/2) log(1+ t). By Lemma 5.1(4) and (2),

h(µt)≥ h(σt,N )=
m N 2

2
log 2πet

N
=

m N 2

2
log 2πe

N
+

m N 2

2
log t.

On the other hand, by Lemma 5.1(2), since
∫
|x |2 dµt(x)= N (a+ tm), we have

h(µt)≤
m N 2

2
log 2πe(a+t)

N
=

m N 2

2
log 2πe

N
+

m N 2

2
log(a+ t).

As t→∞, we have log(1+ t)− log(a+ t)→ 0 and log(1+ t)− log t→ 0 and therefore

h(µt)−
m N 2

2
log(1+ t)→

m N 2

2
log

2πe
N
=

m N 2

2
log 2πe−

m N 2

2
log N .

Hence,

h(µ)= 1
2

∫
∞

0

(m N 2

1+s
−

1
N
I(µs)

)
ds+ m N 2

2
log 2πe− m N 2

2
log N ,

which is equivalent to the asserted formula (5-6). In the case where h(µ)=−∞, we also have∫ 1

0

(m N 2

1+s
−

1
N
I(µs)

)
ds =−∞

by (5-5), but the integral from 1 to∞ is finite as shown above. So both sides of (5-6) are −∞. �

5D. Free Fisher information. The starting point for the definition of free Fisher information is the
integration-by-parts formula (5-3). Indeed, if we formally apply this to a noncommutative polynomial p
and renormalize, we obtain∫

τN

( 1
N
4j (x)p(x)

)
dµ(x)=

∫
τN ⊗ τN (Dj p(x)) dµ(x), (5-9)
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(and this integration by parts is justified under sufficient assumptions of finite moments). Voiculescu
therefore made the following definitions:

Definition 5.8 [Voiculescu 1998, §3]. Let X = (X1, . . . , Xm) be a tuple of self-adjoint random variables
in a tracial von Neumann algebra (M, τ ) and assume that M is generated by X as a von Neumann
algebra. We say that ξ = (ξ1, . . . , ξm) ∈ L2(M, τ )m is a (free) conjugate variable of X if

τ(ξj p(X))= τ ⊗ τ(Dj p(X)) (5-10)

for every noncommutative polynomial p. The free conjugate variable, if it exists, is unique. If it
exists, we say that X (or equivalently the law of X ) has finite free Fisher information and define
8∗(X) :=8∗(λX ) :=

∑
j τ(ξ

2
j ). We also denote the conjugate variable ξ by J (X).

Definition 5.9 [Voiculescu 1998, Definition 7.1]. The nonmicrostates free entropy of a noncommutative
law λ is

χ∗(λ) :=
1
2

∫
∞

0

( m
1+t
−8∗(λ� σt)

)
+

1
2

log 2πe.

Now we are ready to state conditions under which the classical Fisher information of a sequence of
measures µN converges to the free Fisher information of the law λ. First, to clarify the normalization,
note that if dµN (x) = (1/Z N ) exp(−N 2VN (x)) dx , then the classical conjugate variable is given by
4N = N 2

∇VN . The normalized conjugate variable used in (5-9) is (1/N )4N = N∇VN = DVN . The
corresponding normalized Fisher information is then∫

‖DVN‖
2
2 dµN =

∫
1
N

∣∣∣∣ 1
N
4N

∣∣∣∣2 dµ= 1
N 3 I(µN ),

which is the same normalization as in Lemma 5.7.

Proposition 5.10. Let VN : MN (C)
m
sa→ R be a potential with

∫
exp(−N 2VN (x)) dx <+∞ and let µN

be the associated measure. Assume:

(A) The sequence µN concentrates around a noncommutative law λ.

(B) The sequence {DVN } is asymptotically approximable by trace polynomials.

(C) For some n ≥ 0 and a, b > 0 we have ‖DVN‖
2
2 ≤ a+ b

∑m
j=1 τN (x2n

j ).

(D) There exists R0 > 0 such that

lim
N→∞

∫
‖x‖∞≥R0

(
1+

m∑
j=1

τN (x2n
j )

)
dµN (x)= 0.

Then:

(1) The law λ can be realized by self-adjoint random variables X = (X1, . . . , Xm) in a tracial von
Neumann algebra (M, τ ) with ‖X j‖ ≤ R0.

(2) There exists a sequence of trace polynomials f (k) ∈ (TrP1
m)

m such that

lim
k→∞

lim sup
N→∞

sup
‖x‖∞≤R0

‖DVN (x)− f (k)(x)‖2 = 0.



AN ELEMENTARY APPROACH TO FREE ENTROPY THEORY FOR CONVEX POTENTIALS 2331

(3) If { f (k)} is any sequence as in (2), then { fk(X)} converges in L2(M, τ ) and the limit is the conjugate
variable J (X).

(4) The law λ has finite free Fisher information and N−3I(µN )→8∗(λ) as N →∞.

Proof. (1) This follows from the same argument as Proposition 5.5.

(2) This follows from the definition of asymptotic approximability by trace polynomials.

(3) Let { f (k)} be a sequence as in (2). Because µN concentrates around λ and µN ({x : ‖x‖∞ ≤ R0})→ 1
as N →+∞ by (D), we have

λ[( f ( j)
− f (k))∗( f ( j)

− f (k))] = lim
N→∞

∫
‖x‖∞≤R0

τN [( f ( j)
− f (k))∗( f ( j)

− f (k))(x)] dµN (x).

For every ε >0, if j and N are large enough, then sup‖x‖∞≤R0
‖DVN (x)− f ( j)(x)‖2<ε by our assumption

on f ( j). In particular, if j and k are sufficiently large, then λ[( f ( j)
− f (k))∗( f ( j)

− f (k))]< (2ε)2. This
shows that { f (k)(X)} is Cauchy in L2(M, λ) since X has the law λ.

Let ξ = limk→∞ f (k)(X). We must show that ξ is the conjugate variable for X . Let ψ ∈ C∞c (R) such
that ψ(y) = y when |y| ≤ R0. For x ∈ MN (C)

m
sa, let 9(x) = (ψ(x1), . . . , ψ(xm)). By (5-9), because

DVN (x) is the classical conjugate variable for X , we have for every noncommutative polynomial p that∫
τN [Dj VN (x) · p(9(x))] dµN (x)=

∫
Dj [τN (p(9(x)))] dµN (x).

It follows from our assumptions (C) and (D) that

lim
N→∞

∫
‖x‖∞≥R0

‖DVN (x)‖22 dµN (x)= 0.

Because p(9(x)) and Dj [τN (p(9(x)))] are globally bounded in operator norm, the integral of these
quantities over ‖x‖∞ ≥ R0 will vanish as N →∞ and therefore∫

‖x‖∞≤R0

τN [Dj VN (x)p(9(x))] dµN (x)−
∫
‖x‖∞≤R0

Dj [τ(p(9(x)))] dµN (x)→ 0.

But since p(9(x))= p(x) on this region, we have∫
‖x‖∞≤R0

τN [Dj VN (x)p(x)] dµN (x)−
∫
‖x‖∞<R0

τN ⊗ τN [Dj p(x)] dµN (x)→ 0.

Now the second term converges to λ⊗ λ[Dj p] = τ ⊗ τ [Dj p(X)] by our concentration assumption (A).
For the first term, we can replace Dj VN (x) by f (k)j (x) with an error bounded by

sup
‖x‖∞≤R0

‖ f (k)(x)− DVN (x)‖2.

Then we apply concentration to conclude that∫
τN [ f

(k)
j (x)∗ p(x)] dµN (x)→ λ[( f (k)j )∗ p].
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Overall, ∣∣λ[( f (k)j )∗ p] − λ⊗ λ[Dj p]
∣∣≤ lim sup

N→∞
sup

‖x‖∞≤R0

‖ f (k)(x)− DVN (x)‖2.

Taking k→∞, we obtain τ [ξj p(X)] − τ ⊗ τ [Dj p(X)] = 0 as desired.

(4) We know from (3) that λ has finite Fisher information. Assumptions (C) and (D) imply that

1
N 3 I(µN )−

∫
‖x‖∞≤R0

‖DVN (x)‖22 dµN (x)→ 0.

By arguments similar to those before, we can approximate DVN by f (k) on ‖x‖∞ ≤ R0, approximate∫
‖x‖∞≤R0

‖ f (k)‖22 dµN by λ(( f (k))∗ f (k)), and then approximate λ(( f (k))∗ f (k)) by τ(ξ∗ξ)=8∗(λ), where
the error terms vanish as N →∞ and then k→∞. This implies that N−3I(µN )→8∗(λ). �

6. Evolution of the conjugate variables

6A. Motivation and statement of the equation. In the last section, we stated conditions under which
the classical entropy and Fisher information of µN converge to their free counterparts for the limiting
noncommutative law λ. In order to prove that χ(λ) = χ∗(λ), we want to take the limit in the integral
formula (5-6), and therefore, we want N−3I(µN ∗ σt,N )→8∗(λ� σt) for all t ≥ 0. In order to apply
Proposition 5.10 to µN ∗ σt,N , we need to show that {DVN ,t }N is asymptotically approximable by trace
polynomials, where VN ,t is the potential corresponding to µN ∗ σt,N .

By adding a constant to each VN if necessary, we may assume without loss of generality that Z N = 1.
We recall that VN ,t(x) is given by

exp(−N 2VN ,t(x))=
∫

exp(−N 2VN (x + y)) dσt,N (y). (6-1)

Then exp(−N 2VN ,t(x)) solves the normalized heat equation

∂t [exp(−N 2VN ,t(x))] =
1

2N
1[exp(−N 2VN ,t(x))], (6-2)

where (1/N )1= L N is the normalized Laplacian. However, we do not know how to show that DVN ( · , t)
is asymptotically approximable by trace polynomials from a direct analysis of the heat equation because
of the dimension-dependent factor of N 2 in the exponent. What we want is a dimension-independent and
“hands-on” way of producing VN ,t from VN .

As in Section 4, we will analyze the PDE which describes the evolution of the function VN ,t . First, let
us derive the equation by rewriting (6-2) in terms of VN ,t rather than e−N 2VN ,t. By the chain rule,

∂t [exp(−N 2VN ,t)] = −N 2∂t VN ,t · exp(−N 2VN ,t)

and
1[exp(−N 2VN ,t)] = [1(−N 2VN ,t)+ |∇(−N 2VN ,t)|

2
] exp(−N 2VN ,t)

= (−N 21VN ,t + N 4
|∇VN ,t |

2) exp(−N 2VN ,t),
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where 1 and ∇ denote the classical (nonnormalized) Laplacian and gradient, where MN (C)
m
sa has been

identified with Rm N 2
using the coordinates in Section 2A. Thus, our equation becomes

−N 2∂t VN ,t =
1

2N
(−N 21VN ,t + N 4

|∇VN ,t |
2),

∂t VN ,t =
1

2N
1VN ,t −

N
2
|∇VN ,t |

2.

Recall that (1/N )1 is the normalized Laplacian discussed in Section 3B. The normalized gradient is
DVN ,t = N∇VN ,t , and the normalized Euclidean norm is

‖x‖22 =
m∑

j=1

τN (x2
j )=

1
N

m∑
j=1

Tr(x2
j )=

1
N
|x |2.

Then
N |∇VN ,t |

2
=

1
N
|N∇VN ,t |

2
=

1
N
|DVN ,t |

2
= ‖DVN ,t‖

2
2,

and therefore we obtain the following equation that is normalized in a dimension-independent way:

∂t VN ,t =
1
2 L N VN ,t −

1
2‖DVN ,t‖

2
2. (6-3)

In the remainder of this section, we study a semigroup Rt acting on convex and semiconcave functions
on MN (C)

m
sa such that VN ,t = Rt VN (here Rt depends implicitly on N ). In Sections 6B–6F, we construct

Rt from scratch by iterating the heat semigroup and Hopf–Lax semigroup. Next, in Section 6G, we verify
that Rt VN solves (6-3) in the viscosity sense (for background, see [Crandall et al. 1992]), and deduce that
Rt VN must agree with the smooth solution VN ,t defined by (6-1). Finally, in Section 6H, we show that if
{DVN } is asymptotically approximable by trace polynomials, then so is {D(Rt VN )}.

6B. Strategy to approximate solutions. To construct the semigroup Rt that solves (6-3), we view the
equation as a hybrid between the heat equation ∂t u = (2N )−11u and the Hamilton–Jacobi equation with
quadratic potential ∂t u =− 1

2‖Du‖22. The heat equation can be solved by the heat semigroup

Pt u(x) :=
∫

u(x + y) dσt,N (y), (6-4)

while the Hamilton–Jacobi equation can be solved using the inf-convolution semigroup

Qt u(x) := inf
[
u(x + y)+ 1

2t
‖y‖22

]
(6-5)

as a special case of the Hopf–Lax formula (see [Evans 2010, Chapter 3.3]).
In Dabrowski’s approach, the solution to (6-3) was expressed through a formula of Boué, Dupuis,

and Üstunel as the infimum of E
[
u
(
x + Bt +

∫ t
0 Ys ds

)
+

1
2

∫ t
0‖Ys‖

2
2 ds

]
over a certain class of stochastic

processes Yt adapted to a standard Brownian motion Bt (see [Dabrowski 2016, Theorem 3.1]). This
formula, roughly speaking, combines the Gaussian convolution and inf-convolution operations by replacing
the y in the definition of Qt by a stochastic process and allowing it to evolve with Bt . Dabrowski [2016,
Section 5] then identifies the minimizing process Yt as a Brownian bridge and analyzes it using a
forward-backward SDE. Through the Picard iteration for solving the SDE, he shows that the solution is
well-approximated by noncommutative functions.
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We instead give a deterministic proof following the same strategy as in Section 4 that is motivated by
Trotter’s formula, we define a semigroup Rt u at dyadic times t by alternating between P2−` and Q2−` and
then letting `→∞. We establish convergence through a telescoping series argument after showing that
Pt Qt − Qt Pt = o(t). Then we show that Rt u depends continuously on t in order to extend its definition
to all positive real t .

In contrast to Section 4, we must understand how the semigroups Pt , Qt , and Rt affect Du as well
as u, and we want D(Rt u) to be Lipschitz for all t . We therefore view these operators as acting on spaces
of the form

E(c,C)= {u : MN (C)
m
sa→ R, u(x)− (c/2)‖x‖22 is convex and u(x)− (C/2)‖x‖22 is concave},

where 0≤ c ≤ C <+∞, where we suppress the dependence on m and N in the notation. These spaces
have the virtue that if u ∈ E(c,C), then ‖Du‖Lip ≤ C automatically (see Proposition 2.13(4)).

At every step of the proof, we include estimates both for u and for Du. In addition, controlling the
error propagation requires more work because Qt and Rt are not contractions with respect to ‖Du‖L∞ .

The following theorem summarizes the results of the construction. To clarify the notation, for a
measurable function u : MN (C)

m
sa→ R, the notation ‖u‖L∞ is the standard L∞ norm. If F : MN (C)

m
sa→

MN (C)
m
sa (for instance F = Du for some u : MN (C)

m
sa → R), then ‖F‖L∞ = supx∈MN (C)msa

‖F(x)‖2;
similarly, ‖F‖Lip is the Lipschitz norm of F when using ‖ · ‖2 in both the domain and the target space.
Note that ‖F‖2 does not denote the L2 norm of F with respect to any measure, but rather

(∑m
j=1 τ(F

2
j )
)1/2,

which is a function of x . Recall that Q+2 denotes the nonnegative dyadic rationals, and N0 denote the
natural numbers with zero included. Moreover, we assume throughout the section that 0≤ c ≤ C <+∞.

Theorem 6.1. There exists a semigroup of nonlinear operators Rt :
⋃

C>0 E(0,C)→
⋃

C>0 E(0,C) with
the following properties:

(1) Change in convexity: If u ∈ E(c,C) where 0≤ c ≤ C, then Rt u ∈ E(c(1+ ct)−1,C(t +Ct)−1).

(2) Approximation by iteration: For ` ∈ Z and t ∈ 2−`N0, write Rt,`u = (P2−` Q2−`)
2`t u. Fix such a

value of t and fix u ∈ E(0,C).

(a) If 2−`−1C ≤ 1, then

|Rt u− Rt,`u| ≤
(

3
2

C2mt
1+Ct

+ log(1+Ct)(m+Cm+‖Du‖22)
)

2−`.

(b) ‖D(Rt,`u)− D(Rt u)‖L∞ ≤ [t/2+C(t/2)2]C2m1/2(2 · 2−`/2+ 2−3`/2C).

(3) Continuity in time: Suppose s ≤ t ∈ R+ and u ∈ E(0,C).

(a) Rt u ≤ Rsu+ (m/2)[log(1+Ct)− log(1+Cs)].
(b) Rt u ≥ Rsu− ((t − s)/2)(Cm+‖Du‖22).
(c) If C(t − s)≤ 1, then ‖D(Rt u)− D(Rsu)‖2 ≤ 5Cm1/221/2(t − s)1/2+C(t − s)‖Du‖2.

(4) Error estimates: Let t ∈ R+ and u, v ∈ E(0,C). Then:

(a) ‖D(Rt u)− D(Rtv)‖L∞ ≤ (1+Ct)‖Du− Dv‖L∞ .
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(b) If u ≤ v+ a+ b‖Dv‖22, where a ∈ R and b ≥ 0, then

Rt u ≤ Rtv+ a+ b
C2mt
1+Ct

+ b‖D(Rtv)‖
2
2.

(c) We have

‖D(Rt u)‖22 ≤
C2mt
1+Ct

+‖Du‖22.

Remark 6.2. Knowing that exp(−N 2(Rt u))= Pt exp(−N 2u), one can deduce (1) from the Brascamp–
Lieb and Hölder inequalities, as in [Brascamp and Lieb 1976, Theorem 4.3]. But the proof of (1) given
here is independent of that work.

We also point out that semigroups and discrete-time approximation schemes have been employed to
study Hamilton–Jacobi equations in Hilbert space (e.g., by [Barbu 1986]), another setting that requires
dimension-independent estimates.

6C. The Hopf–Lax semigroup, the heat semigroup, and convexity. We remind the reader of our stand-
ing assumption that 0≤ c ≤ C.

Lemma 6.3. Suppose u ∈ E(c,C). Then:

(1) Pt u ∈ E(c,C).

(2) ‖D(Pt u)− Du‖L∞ ≤ Cm1/2t1/2.

Proof. (1) This follows because E(c,C) is closed under translation and averaging, and hence convolution
by a probability measure.

(2) We know that Du is C-Lipschitz and thus

‖D(Pt u)(x)− Du(x)‖2 ≤
∫
‖Du(x + y)− Du(x)‖2 dσt,N (y)

≤

∫
C‖y‖2 dσt,N (y)≤ Cm1/2t1/2. �

The following lemma gives basic properties of Qt from the PDE literature; see for instance [Ekeland
and Lasry 1980, pp. 309–311; Lasry and Lions 1986; Crandall et al. 1992, Lemma A.5; Evans 2010,
Section 3.3.2]. For completeness and convenience, we include a proof of all the facts we will use.

Lemma 6.4. (1) If u, v : MN (C)
m
sa→ R and u ≤ v, then Pt u ≤ Ptv and Qt u ≤ Qtv.

(2) Suppose that v(x)=a+ 1
2〈p, x〉2〈Ax, x〉2, where a∈R, p∈MN (C)

m
sa, and A is a positive semidefinite

linear map MN (C)
m
sa→ MN (C)

m
sa. Then

Ptv(x)= a+ t
2N 2 Tr(A)+〈p, x〉+ 1

2
〈Ax, x〉2,

Qtv(x)= a− t
2
‖p‖2+〈p, x〉+ 1

2
〈A(1+ t A)−1(x − tp), x − tp〉.

Remark 6.5. Here Tr(A) denotes the trace of A as a linear transformation of the vector space MN (C)
m
sa,

which is well-defined because the trace of a matrix is similarity-invariant. In particular, we may compute
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Tr(A) using an orthonormal basis of MN (C)
m
sa, and the choice of basis and of the normalization of the

inner product does not matter. Note that the trace of the identity is m N 2, which makes the normalization
in the above formula dimension-independent.

Proof of Lemma 6.4. (1) is immediate to check from the definition. We leave the first formula of (2) as an
exercise. To prove the last formula, fix t > 0 and x ∈ MN (C)

m
sa and note that u(y)+ (1/(2t))‖y− x‖22 is

a uniformly convex function of y and therefore it has a unique minimizer. The minimizer y must be a
critical point and hence

0= Du(y)+ 1
t
(y− x)= p+ Ay+ 1

t
(y− x).

Thus, (1+ t A)y = x − tp and y− x =−t (p+ Ay), so that

Qt u(x)= u(y)+ 1
2t
‖y− x‖22,

which reduces after several lines of manipulation to the claimed formula. �

Lemma 6.6. Let u ∈ E(c,C).

(1) The operators {Qt }t≥0 form a semigroup; that is, Qs Qt u = Qs+t u for s, t ≥ 0.

(2) For each x0 ∈ MN (C)
m
sa and t ≥ 0, the infimum Qt u(x0)= infy[u(y)+ (t/2)‖y− x0‖

2
2] is achieved

at a unique point y0 satisfying y0 = x0− t Du(y0).

(3) If x0 ∈ MN (C)
m
sa and y0 is the minimizer from (2), then D(Qt u)(x0)= Du(y0).

(4) We have Qt u ∈ E(c(1+ ct)−1,C(1+Ct)−1).

(5) ‖D(Qt u)(x0)‖2 = ‖Du(y0)‖2 ≤ (1+ ct)−1
‖Du(x0)‖2.

Proof. (1) By definition

Qs Qt u(x)= inf
y

[
Qt u(y)+

1
2s
‖x − y‖22

]
= inf

y
inf

z

[
u(z)+ 1

2t
‖y− z‖22+

1
2s
‖x − y‖22

]
= inf

z

[
u(z)+ inf

y

[ 1
2t
‖y− z‖22+

1
2s
‖x − y‖22

]]
.

But note that

inf
y

[ 1
2t
‖y− z‖22+

1
2s
‖x − y‖22

]
is by definition Qs f (z), where f (x)= (1/(2t))‖x − z‖22. If g(x)= (1/(2t))‖x‖22, then by the previous
lemma, we have

Qs g(x)= 1
2

t−1

1+t−1s
‖x‖22 =

1
2(s+t)

‖x‖22.

Since Qs is clearly translation-invariant, Qs f (x)= ((s+ t)/2)‖x − z‖22. Therefore,

Qs Qt u(x)= inf
z

[
u(z)+ 1

2(s+t)
‖x − z‖22

]
= Qs+t u(x).
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(2) Fix x0. Note that the function y 7→ [u(y)+ (1/(2t))‖y− x0‖
2
2] is in E(c+ 1/(2t),C + 1/(2t)) and

hence it achieves a global minimum at the unique critical point. Thus, the infimum is achieved at the
point y0 satisfying Du(y0)= (1/t)(y0− x0), or in other words y0 = x0− t Du(y0).

(3), (4) Let x0 and y0 be as above. Let p = Du(y0). Because u ∈ E(c,C), we have for all x that

u(y0)+〈p, x − y0〉2+
c
2
〈x − y0〉 ≤ u(x)≤ u(y0)+〈p, x − y0〉2+

C
2
‖x − y0‖

2
2.

Let v(y) and v̄(y) be the functions on the left and right-hand sides. Then by Lemma 6.4 (1), we have
Qtv ≤ Qt u ≤ Qt v̄. To compute Qtv, we apply Lemma 6.4 (2) with A = cI and with a change of
coordinates to translate y0 to the origin, and we obtain

Qtv(x)= u(y0)−
t
2
‖p‖22+〈p, x − y0〉+

c
2
(1+ ct)−1

‖x − y0− tp‖2.

Since y0+ tp = x0 and p = (y0− x0)/t , this becomes

Qtv(x)= u(y0)−
t
2
‖p‖22+ t‖p‖22+〈p, x − x0〉+

c
2
(1+ ct)−1

‖x − x0‖
2
2

= u(y0)+
1
2t
‖y0− x0‖

2
2+〈p, x − x0〉+

c
2
(1+ ct)−1

‖x − x0‖
2
2

= Qt u(x0)+〈p, x − x0〉+
c
2
(1+ ct)−1

‖x − x0‖
2
2.

The analogous computation holds for Qt v̄ as well. Thus, we have

Qt u(x0)+〈p, x−x0〉+
c
2
(1+ct)−1

‖x−x0‖
2
2≤ Qt u(x)≤ Qt u(x0)+〈p, x−x0〉+

C
2
(1+Ct)−1

‖x−x0‖
2
2.

This inequality implies that D(Qt u)(x0)= p = Du(y0). Since the above inequality holds for every x0,
we see that Qt u ∈ E(c(1+ ct)−1,C(1+Ct)−1) by Proposition 2.13(2).

(5) Let x0, y0, and p be as above. Then we have

〈Du(y0)− Du(x0), y0− x0〉2 ≥ c‖y0− x0‖
2
2.

But recall that y0− x0 =−t Du(y0) and hence

−t〈Du(y0)− Du(x0), Du(y0)〉 ≥ ct2
‖Du(y0)‖

2
2.

Rearranging produces

(1+ ct)‖Du(y0)‖
2
2 ≤ 〈Du(x0), Du(y0)〉2 ≤ ‖Du(x0)‖2‖Du(y0)‖2,

and hence (1+ ct)‖Du(y0)‖2 ≤ ‖Du(x0)‖2 as desired. �

Corollary 6.7. Let u ∈ E(c,C) and s, t ≥ 0.

(1) For each x , the gradient D(Qt u)(x) is the unique vector p satisfying p = Du(x − tp).

(2) We have Qt u(x)= u(x − t D(Qt u)(x))+ (t/2)‖D(Qt u)(x)‖22.

(3) u(x)− (t/2)(1+Ct)‖D(Qt u)(x)‖2 ≤ Qt u(x)≤ u(x)− (t/2)(1+ ct)‖D(Qt u)(x)‖22.
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Proof. (1) and (2) follow from Lemma 6.6(2) and (3).
To prove (3), fix x and let y = x − t D(Qt u)(x). By Proposition 2.13(2),

u(y)+〈Du(y), x − y〉2+
c
2
‖x − y‖22 ≤ u(x)≤ u(y)+〈Du(y), x − y〉+ C

2
‖x − y‖22.

Hence,

u(x)−〈Du(y), x − y〉2−
C
2
‖x − y‖22 ≤ u(y)≤ u(x)−〈Du(y), x − y〉2−

c
2
‖x − y‖22.

But from the previous lemma, we know that Du(y)= D(Qt u)(x) and x − y = t D(Qt u)(x), so that

u(x)− t‖D(Qt u)(x)‖22−
C
2

t2
‖D(Qt u)(x)‖22 ≤ u(y)≤ u(x)− t‖D(Qt u)(x)‖22−

c
2
‖D(Qt u)(x)‖22.

Finally, we substitute Qt u(x)= u(y)+ (t/2)‖D(Qt u)(x)‖22 and obtain (3). �

6D. Estimates for error propagation. To prepare for our iteration procedure, we first prove some esti-
mates to control the propagation of errors.

Lemma 6.8. If u, v ∈ E(c,C), then we have:

(1) ‖D(Pt u)− D(Ptv)‖L∞ ≤ ‖Du− Dv‖L∞ .

(2) ‖D(Qt u)− D(Qtv)‖L∞ ≤ (1+Ct)‖Du− Dv‖L∞ .

Proof. The first inequality follows because D(Pt u)− D(Ptv) is the convolution of Du− Dv with the
Gaussian density. To prove the second inequality, note that

‖D(Qt u)(x)− D(Qtv)(x)‖2 = ‖Du(x − t D(Qt u)(x))− Dv(x − t D(Qtv)(x))‖2

≤ ‖Du(x − t D(Qtv)(x))− Dv(x − t D(Qtv)(x))‖2
+‖Du(x − t D(Qt u)(x))− Du(x − t D(Qtv)(x))‖2

≤ ‖Du− Dv‖L∞ +Ct‖D(Qt u)(x)− D(Qtv)(x)‖2,

where the last inequality follows because Du is C-Lipschitz. This implies that for t < 1/C

‖D(Qt u)− D(Qtv)‖L∞ ≤ (1−Ct)−1
‖Du− Dv‖L∞ .

Now we improve the estimate using the semigroup property of Qt . Fix a positive integer k and for
j = 1, . . . , k, let tj = t j/k, and let C j = C(1+Ctj )

−1. Then Qtj u and Qtjv are in E(0,C j ). Thus, we
have

‖D(Qtj+1u)− D(Qtj+1v)‖L∞ ≤

(
1−

C j t
k

)−1

‖D(Qtj u)− D(Qtjv)‖L∞,

and hence

‖D(Qt u)− D(Qtv)‖L∞ ≤ ‖Du− Dv‖L∞

k−1∏
j=0

1
1−C j t/k

.



AN ELEMENTARY APPROACH TO FREE ENTROPY THEORY FOR CONVEX POTENTIALS 2339

Now

log
k−1∏
j=0

1
1−C j t/k

=

k−1∑
j=0

− log
(

1−
C j t
k

)
=

k−1∑
j=0

(
C j t
k
+ O

(
1
k2

))

=

k−1∑
j=0

C
1+Ctj

(tj+1− tj )+ O
(

1
k

)
=

∫ t

0

C
1+Cs

ds+ O
(

1
k

)
= log(1+Ct)+ O

(
1
k

)
.

Hence,

‖D(Qt u)− D(Qtv)‖L∞ ≤

(
1+Ct + O

(
1
k

))
‖Du− Dv‖L∞,

and the proof is completed by taking k→∞. �

Lemma 6.9. Suppose that u : MN (C)
m
sa→ R is convex and let v ∈ E(c,C) and u ≤ v+ a+ b‖Dv‖22 for

some a ∈ R and b ≥ 0.

(1) Pt u ≤ Ptv+ a+ bC2mt + b‖D(Ptv)‖
2
2.

(2) Qt u ≤ Qtv+ a+ b‖D(Qtv)‖
2
2.

Proof. (1) Using monotonicity and linearity of Pt , we have

Pt u ≤ Ptv+ a+ b
∫
‖Dv(x + y)‖22 dσ(y).

So it suffices to show that∫
‖Dv(x + y)‖22 dσt,N (y)−‖D(Ptv)(x)‖22 ≤ C2mt.

In probabilistic terms, the left-hand side is the variance of the random variable Dv(x+Y ), where Y ∼ σt,N .
Since the variance is translation-invariant, this is the same as the variance of Dv(x + Y )− Dv(x), and
this is bounded above by the second moment

E‖Dv(x + Y )− Dv(x)‖22 ≤ C2
· E‖Y‖22 = C2mt.

(2) Note that

Qt u(x)= inf
y

[
u(y)+ 1

2t
‖y− x‖22

]
≤ u(x − t D(Qtv)(x))+

t
2
‖D(Qtv)(x)‖22

≤ v(x − t D(Qtv)(x))+
t
2
‖D(Qtv)(x)‖22+ a+ b‖Dv(x − t D(Qtv)(x))‖22

= Qtv(x)+ a+ b‖D(Qtv)(x)‖22,

where the last equality follows from Corollary 6.7(1) and (2). �

Lemma 6.10. Let u ∈ E(0,C). Then:

(1) ‖D(Qt u)‖22 ≤ ‖Du‖22.

(2) ‖D(Pt u)‖22 ≤ C2mt +‖Du‖22.
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Proof. The first claim follows from Lemma 6.6(5). To prove the second claim, note that by Minkowski’s
inequality

‖D(Pt u)(x)‖22 =
∥∥∥∥∫ Du(x + y) dσt,N (y)

∥∥∥∥2

2

≤

∫
‖Du(x + y)‖22 dσt,N (y)≤ C2mt +‖Du(x)‖22,

where the last inequality was shown in the proof of Lemma 6.9(1). �

Next, we iterate the previous inequalities to obtain our main lemma on error propagation.

Lemma 6.11. Let t1, . . . , tn > 0 and write

t∗ = t1+ · · ·+ tn,

R = Ptn Qtn · · · Pt1 Qt1 .

Let u, v ∈ E(c,C).

(1) Ru, Rv ∈ E(c(1+ ct∗)−1,C(1+Ct∗)−1).

(2) ‖D(Ru)− D(Rv)‖L∞ ≤ (1+Ct∗)‖Du− Dv‖L∞ .

(3) If u ≤ v+ a+ b‖Dv‖22 with a ∈ R and b ≥ 0, then we have

Ru ≤ Rv+ a+ b
C2mt∗

1+Ct∗
+ b‖D(Rv)‖22.

In particular, u ≤ v implies Ru ≤ Rv.

(4) We have

‖D(Ru)‖22 ≤
C2mt∗

1+Ct∗
+‖Du‖22 ≤ Cm+‖Du‖22.

Proof. (1) Let u ∈ E(c,C). Let t∗j = t1+ · · · + tj and u j = Psj Qtj · · · Ps1 Qt1u. We show by induction
that u j ∈ E(c(1+ ct∗j )

−1,C(1+Ct∗j )
−1). The base case j = 0 is trivial. For the induction step, note that

c(1+ ct∗j )
−1

1+ [c(1+ ct∗j )−1]tj+1
=

c
(1+ ct∗j )+ ctj+1

= c(1+ ct∗j+1)
−1

and the same holds with c replaced by C. Hence, by Lemma 6.6(4), if u j ∈ E(c(1+ct∗j )
−1,C(1+Ct∗j )

−1),
then Qtj+1u j ∈ E(c(1+ct∗j+1)

−1,C(1+Ct∗j+1)
−1). By Lemma 6.3, this implies that u j+1= Ptj+1 Qtj+1u j ∈

E(c(1+ ct∗j+1)
−1,C(1+Ct∗j+1)

−1). The same argument of course applies to v.

(2) Let t∗j and u j be as in the proof of (1) and define vj similarly to u j . We show by induction that
‖Du j − Dvj‖L∞ ≤ (1+Ct∗j )‖Du− Dv‖L∞ . The base case j = 0 is trivial. For the induction step, recall
that u j , vj ∈ E(c(1+ ct∗j )

−1,C(1+Ct∗j )
−1) and hence by Lemma 6.8 and the induction hypothesis

‖D(Qtj+1u j )− D(Qtj+1vj )‖L∞ ≤ (1+C(1+Ct∗j )
−1tj+1)‖Du j − Dvj‖L∞

≤ (1+C(1+Ct∗j )
−1tj+1)(1+Ct∗j )‖Du− Dv‖L∞

= (1+Ct∗j+1)‖Du− Dv‖L∞ .
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Then by Lemma 6.8 again, since u j+1 = Ptj+1 Qtj+1u j and vj+1 = Ptj+1 Qtj+1vj , we have

‖Du j+1− Dvj+1‖L∞ ≤ (1+Ct∗j+1)‖Du− Dv‖L∞ .

This completes the induction and the case j = n is the claim (2).

(3) First, we show by induction on j that

u j ≤ vj + a+ b
j∑

i=1

C2mti
(1+Ct∗i )2

+ b‖Dvj‖
2
2.

The base case j = 0 is trivial. If the claim holds for u j and vj , then it also holds for Qtj+1u j and Qtj+1vj

by Lemma 6.9(2). Then we apply Lemma 6.9(1) together with the fact that Qtj+1u j and Qtj+1vj are in
E(c(1+ ct∗j+1)

−1,C(t +Ct∗j+1)
−1) to conclude that

u j+1 ≤ vj+1+ a+ b
j+1∑
i=1

C2mti
(1+Ct∗i )2

+ b‖Dvj+1‖
2
2.

This completes the induction. Finally, we observe that
∑n

i=1 C2mti/(1+Ct∗i )
2 is the lower Riemann sum

for the function C2m/(1+Ct)2 on the interval [0, t∗] with respect to the partition {0, t∗1 , . . . , t∗n }. Thus,
n∑

i=1

C2mti
(1+Ct∗i )2

≤

∫ t∗

0

C2m
(1+Ct)2

dt = Cm
(

1−
1

1+Ct∗

)
=

C2mt∗

1+Ct∗
.

This shows the main claim of (3), and the claim that u ≤ v implies Ru ≤ Rv is the special case when
a = 0 and b = 0.

(4) By Lemma 6.10, we have ‖D(Qtj+1u j )‖
2
2 ≤ ‖Du j‖

2
2 and

‖Du j+1‖
2
2 ≤

C2mtj+1

1+Ct∗j+1
+‖D(Qtj+1u j )‖

2
2 ≤

C2mtj+1

1+Ct∗j+1
+‖Du j‖

2
2.

We sum from j = 0, . . . , n− 1 and obtain the same lower Riemann sum as in the proof of (3). The final
estimate Cm+‖Du‖22 follows because C2mt/(1+Ct)≤ Cm. �

6E. Iterative construction of Rt for dyadic t. We are now ready to carry out the Trotter’s formula
strategy and construct the semigroup for dyadic values of t . The next step is to show that the operators Pt

and Qt almost commute when t is small.

Lemma 6.12. Let u ∈ E(c,C) and t > 0.

(1) ‖D(Qt Pt u)− D(Pt Qt u)‖L∞ ≤ C2m1/2(2+Ct)t3/2.

(2) Pt Qt u ≤ Qt Pt u.

(3) If Ct ≤ 1, then Qt Pt u ≤ Pt Qt u+ 2C2mt2
+ 2Ct2

‖D(Pt Qt u)‖22.

Proof. (1) Applying Corollary 6.7(1) to Pt u yields

D(Qt Pt u)(x)= D(Pt u)(x − t D(Qt Pt u)(x))=
∫

Du(x + y− t D(Qt Pt u)(x)) dσt,n(y).
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On the other hand,

D(Pt Qt u)(x)=
∫

D(Qt u)(x + y) dσt,n(y)=
∫

Du(x + y− t D(Qt u)(x + y)) dσt,n(y).

Because Du is C-Lipschitz, we have

‖D(Qt Pt u)(x)− D(Pt Qt u)(x)‖2 ≤ Ct
∫
‖D(Qt u)(x + y)− D(Qt Pt u)(x)‖2 dσt,n(y).

We can estimate the integrand by

‖D(Qt u)(x + y)− D(Qt u)(x)‖2+‖D(Qt u)(x)− D(Qt Pt u)(x)‖2.

Integrating the first term and using the fact that D(Qt u) is C-Lipschitz (since Qt u ∈ E(0,C) by
Lemma 6.6(4)), we have∫

‖D(Qt u)(x + y)− D(Qt u)(x)‖2 dσt,n(y)≤ C
∫
‖y‖2 dσt,n ≤ Cm1/2t1/2.

Meanwhile, the second term is independent of y and thus it is unchanged when we integrate it against the
probability measure σt,N , and this quantity can be estimated using Lemmas 6.8(2) and 6.3(2) as

‖D(Qt u)(x)− D(Qt Pt u)(x)‖2 ≤ (1+Ct)‖Du− D(Pt u)‖L∞ ≤ (1+Ct)Cm1/2t1/2.

Altogether, we obtain

‖D(Qt Pt u)(x)− D(Pt Qt u)(x)‖2 ≤ C2m1/2(2+Ct)t3/2.

(2) The idea is that the average of the infimum is less than or equal to the infimum of the average. More
precisely,

Pt Qt u(x)=
∫

inf
y

(
u(y)+ 1

2t
‖(x + z)− y‖22

)
dσt,N (z)

=

∫
inf

y

(
u(y− z)+ 1

2t
‖x − y‖22

)
dσt,N (z)

≤ inf
y

∫ (
u(y− z)+ 1

2t
‖x − y‖22

)
dσt,N (z)

= inf
y

(
Pt u(y)+

1
2t
‖x − y‖22

)
= Qt Pt u(x).

(3) By Corollary 6.7(3),
Qt Pt u ≤ Pt u−

t
2
‖D(Qt Pt u)‖22. (6-6)

Also by Corollary 6.7(3),
u ≤ Qt u+

t
2
(1+Ct)‖D(Qt u)‖22.

Hence, by Lemma 6.9, since Qt u ∈ E(c(1+ ct)−1,C(1+Ct)−1)⊆ E(0,C), we have

Pt u ≤ Pt Qt u+
C2mt2

2
(1+Ct)+ t

2
(1+Ct)‖D(Pt Qt)‖

2
2. (6-7)
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Plugging (6-7) into (6-6), we obtain

Qt Pt u ≤ Pt Qt u+
C2mt2

2
(1+Ct)− t

2
‖D(Qt Pt u)‖22+

t
2
(1+Ct)‖D(Pt Qt)‖

2
2. (6-8)

By using part (1), we have

‖D(Qt Pt u)‖22 ≥ [‖D(Pt Qt)u‖2−C2m1/2t3/2(2+Ct)]2

≥ ‖D(Pt Qt u)‖22− 2C2m1/2t3/2(2+Ct)‖D(Pt Qt u)‖2

≥ ‖D(Pt Qt u)‖22− (2+Ct)[C3mt2
+Ct‖D(Pt Qt u)‖22],

where the last step follows from the arithmetic-geometric mean inequality

2Cm1/2t1/2
‖D(Pt Qt u)‖2 ≤ C2mt +‖D(Pt Qt u)‖22.

So substituting our estimate for ‖D(Qt Pt u)‖22 into (6-8), we see that Pt Qt u− Qt Pt u is bounded by

C2mt2

2
+

t
2
(2+Ct)[C3mt2

+Ct‖D(Pt Qt u)‖22] −
t
2
‖D(Pt Qt u)‖22+

t
2
(1+Ct)‖D(Pt Qt)‖

2
2.

Now we cancel the first-order terms (t/2)‖D(Pt Qt u)‖22 and we estimate 2+Ct by 3 using our assumption
that Ct ≤ 1. Thus, this is bounded by

C2mt2

2
+

3t
2
[C3mt2

+Ct‖D(Pt Qt u)‖22] +
Ct2

2
‖D(Pt Qt u)‖22 ≤ 2C2mt2

+ 2Ct2
‖D(Pt Qt u)‖22,

where we have again used our assumption Ct ≤ 1 to cancel a factor of Ct from the term t ·C3mt2. �

Finally, we can construct the semigroup Rt for dyadic values of t . As in the statement of Theorem 6.1,
we define Rt,`u = (P2−` Q2−`)

2`t u whenever ` ∈ Z and t ∈ 2−`N0.

Lemma 6.13. Let C ≥ 0. For t ∈Q+2 and u ∈ E(0,C), the limit Rt u = lim`→∞ Rt,`u exists. Moreover,
we have for t ∈ 2−`N0 that:

(1) Rt,`u ≤ Rt u.

(2) If C/2`+1
≤ 1, then

Rt u ≤ Rt,`u+
(

3
2

C2mt
1+Ct

+ log(1+Ct)(m+Cm+‖Du‖22)
)

2−`.

(3) ‖D(Rt,`u)− D(Rt u)‖L∞ ≤ [t/2+C(t/2)2]C2m1/2(2 · 2−`/2+ 2−3`/2C).

Proof. First, we prove some intermediate claims relating Rt,`u and Rt,`+1u. To this end, we fix ` ∈ Z and
suppose t = 2−`n for some n ∈ N0. Let δ = 2−`−1. For j = 0, . . . , n, define

u j = (PδQδ)
2(n− j)(P2δQ2δ)

j u.

and note that
u0 = Rt,`+1u, un = Rt,`u.

Let
vj = Qδ(P2δQ2δ)

j u.
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Then for j = 1, . . . , n, we have

u j−1 = [(PδQδ)
2(n− j)Pδ](QδPδvj−1),

u j = [(PδQδ)
2(n− j)Pδ](PδQδvj−1).

We also define for k = 1, . . . , 2n,

Ck = C(1+Ckδ)−1, ck = c(1+ ckδ)−1.

Thus, by Lemmas 6.11(1) and 6.6(4), we have vj−1 ∈ E(c2 j−1,C2 j−1).
First, we claim that

Rt,`u ≤ Rt,`+1u. (6-9)

Now by Lemma 6.12(2), we have

PδQδvj−1 ≤ QδPδvj−1.

Hence, by monotonicity of Pt and Qt (Lemma 6.11(3)), we have u j ≤ u j−1. Hence, Rt,`u = un ≤ u0 =

Rt,`+1u, proving (6-9).
For an inequality in the other direction, we claim that

Rt,`+1u ≤ Rt,`u+
(

3
2

C2mt
1+Ct

+ log(1+Ct)(m+Cm+‖Du‖22)
)

2−`−1. (6-10)

By Lemma 6.12(3), since vj−1 ∈ E(c2 j−1,C2 j−1), we obtain

QδPδvj−1 ≤ PδQδvj−1+ 2C2
2 j−1mδ2

+ 2C2 j−1δ
2
‖D(PδQδvj−1)‖

2
2.

Thus, by Lemma 6.9(1), since QδPδvj−1 and PδQδvj−1 are in E(c2 j ,C2 j ), we have

PδQδPδvj−1 ≤ P2δQδvj−1+ 2C2 j−1mδ2
+ 2C2 j−1δ

2(C2
2 j mδ+‖D(P2δQδvj−1)‖

2
2).

Recalling that u j−1 and u j are obtained by applying (PδQδ)
2(n− j) to PδQδPδvj−1 and P2δQδvj−1, and

that PδQδPδvj−1 and P2δQδvj−1 are in E(c2 j ,C2 j ), we may apply Lemma 6.11(3) and to conclude that

u j−1 ≤ u j + 2C2 j−1mδ2
+ 2C2 j−1δ

2
(

C2
2 j mδ+

C2
2 j m(n− j)δ

1+ 2C2 j (n− j)δ
+‖Du j‖

2
2

)
.

By our assumption, C2 jδ ≤ Cδ ≤ 1, and thus

C2
2 j mδ+

C2
2 j m(n− j)δ

1+ 2C2 j (n− j)δ
≤ C2 j m+

C2 j m
2
=

3C2 j m
2
≤

3C2 j−1m
2

.

Therefore,

u j−1− u j ≤ 2C2 j−1mδ2
+ 3C2

2 j−1mδ2
+ 2C2 j−1δ

2
‖Du j‖

2
2.

By Lemma 6.11(4), we have ‖Du j‖2 ≤ Cm+‖Du‖22, and hence

u j−1− u j ≤ 3C2
2 j−1mδ2

+ 2C2 j−1δ
2(m+Cm+‖Du‖22).
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Therefore, summing from j = 1, . . . , n, we have

Rt,`+1u− Rt,`u ≤ 3mδ2
n∑

j=1

C2
2 j−1+ 2δ2(m+Cm+‖Du‖22)

( n∑
j=1

C2 j−1

)

=
3mδ

2

( n∑
j=1

C2
2 j−1(2δ)

)
+ δ(m+Cm+‖Du‖22)

( n∑
j=1

C2 j−1(2δ)
)
.

Recalling the definition of C2 j−1, two times the first sum is
∑n

j=1 C2(2δ)/(1+C(2 j − 1)δ)2, which is
the Riemann sum for the function φ(s)= C2/(1+Cs)2 on the interval [0, t] = [0, 2nδ], where we use
a partition into subintervals of length 2δ and evaluate φ at the midpoint of each interval. Because φ is
convex, the value of φ at the midpoint is less than or equal to the average value over the subinterval and
therefore

n∑
j=1

C2(2δ)
(1+C(2 j − 1)δ)2

≤

∫ t

0

C2

(1+Cs)2
ds =

C2t
1+Ct

.

By similar reasoning,

n∑
j=1

C2 j−1(2δ)=
n∑

j=1

Cδ
(1+C(2 j − 1)δ)

≤

∫ t

0

C
1+Cs

ds = log(1+Ct).

Therefore,

Rt,`+1u− Rt,`u ≤
(

3
2

C2mt
1+Ct

+ log(1+Ct)(m+Cm+‖Du‖22)
)
δ,

which proves (6-10).
Together, (6-9) and (6-10) show that

|Rt,`+1u− Rt,`u| ≤
(

3
2

C2mt
1+Ct

+ log(1+Ct)(m+Cm+‖Du‖22)
)

2−`−1.

Because the right-hand side is summable in `, we see that the sequence {Rt,`u(x)}`∈N is Cauchy and
hence converges. Thus, lim`→∞ Rt,`u exists. Also, by (6-9) the convergence is monotone and thus
Rt,`u ≤ Rt u, establishing (1). On the other hand, we obtain (2) by summing up the estimate (6-10) from
` to∞ using the geometric series formula.

It remains to prove (3). We first claim that

‖D(Rt,`+1u)− D(Rt,`u)‖L∞ ≤

[ t
2
+C

( t
2

)2]
C2m1/2(2+ 2−(`+1)C)2−(`+1)/2. (6-11)

By Lemma 6.11(1), we know QδPδvj−1 and PδQδvj−1 are in E(c(1+ 2cjδ)−1,C(1+ 2C jδ)−1), and
hence in E(0,C). Therefore, by Lemmas 6.11(2) and 6.12(1), we have

‖Du j − Du j−1‖L∞ ≤ [1+ 2C(n− j)δ]‖D(QδPδvj )− D(PδQδvj )‖L∞

≤ [1+ 2C(n− j)δ]C2m1/2(2+Cδ)δ3/2.
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Therefore,

‖D(Rt,`+1u)− D(Rt,`u)‖L∞ ≤

n∑
j=1

‖Du j − Du j−1‖L∞ ≤

n∑
j=1

[1+ 2C(n− j)δ]C2m1/2(2+Cδ)δ3/2

= [n+Cn(n− 1)δ]C2m1/2(2+Cδ)δ3/2

≤

[ t
2
+C

( t
2

)2]
C2m1/2(2+Cδ)δ1/2

=

[ t
2
+C

( t
2

)2]
C2m1/2(2+ 2−(`+1)C)2−(`+1)/2

since 2nδ = t . This proves (6-11).
Because [t/2+C(t/2)2]C2m1/2(2+ 2−(`+1)C)2−(`+1)/2 is summable with respect to `, we see that
{D(Rt,`u)}`∈N is Cauchy with respect to the L∞ norm (even though the individual functions may not be
in L∞) and hence converges uniformly to some function. We already know that Rt,`u converges to Rt u,
so the limit of D(Rt,`u) must be D(Rt u). We obtain the estimate (3) by summing (6-11) from ` to∞
using the geometric series formula. �

Corollary 6.14. Let 0≤ c ≤ C. Let u, v ∈ E(c,C) and let t ≥ 0 be a dyadic rational.

(1) Rt u, Rtv ∈ E(c(1+ ct)−1,C(1+Ct)−1).

(2) ‖D(Rt u)− D(Rtv)‖L∞ ≤ (1+Ct)‖Du− Dv‖L∞ .

(3) If u ≤ v+ a+ b‖Dv‖22 for some a ∈ R and b ≥ 0, then

Rt u ≤ Rtv+ a+ b
C2mt
1+Ct

+ b‖D(Rtv)‖
2
2.

(4) ‖D(Rt u)‖22 ≤ (C
2mt)/(1+Ct)+‖Du‖22.

Proof. We know that these properties hold for Rt,` by Lemma 6.11. By Lemma 6.13, they also hold in
the limit taking `→∞. (For (1), we rely on Proposition 2.13(1).) �

6F. Continuity and semigroup property. In order to extend Rt to all real t ≥ 0, we prove estimates that
show that Rt depends continuously on t . We begin with some simple estimates for Pt and Qt .

Lemma 6.15. Let ` ∈ Z and suppose that t ∈ 2−`N0 and u ∈ E(0,C). Then:

(1) u ≤ Pt u ≤ u+ (C/2)mt.

(2) u− (t/2)‖Du‖22 ≤ Qt u ≤ u.

(3) ‖D(Qt u)− Du‖2 ≤ Ct‖Du‖2.

Proof. (1) Because u is convex and u(x)− (C/2)‖x‖22 is concave, we have

u(x)+〈Du(x), y〉 ≤ u(x + y)≤ u(x)+〈Du(x), y〉+ C
2
‖y‖22.

Integrating with respect to dσt,N (y) yields

u(x)≤ Pt u(x)≤ u(x)+ Cmt
2

for u ∈ E(0,C).
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(2) As for the operator Qt , it is immediate from the definition that Qt u ≤ u. On the other hand, using
Corollary 6.7(2) and the convexity of u,

Qt u(x)= u(x − t D(Qt u)(x))+
t
2
‖D(Qt u)(x)‖22

≥ u(x)− t〈D(Qt u)(x), Du(x)〉2+
t
2
‖D(Qt u)(x)‖22

≥ u(x)− t
2
‖Du(x)‖22,

where the last inequality follows because 〈D(Qt u)(x), Du(x)〉2 ≤ 1
2‖D(Qt u)(x)‖22+

1
2‖Du(x)‖22.

(3) Using the fact that Du is C-Lipschitz, together with Corollary 6.7(1) and Lemma 6.6(5),

‖D(Qt u)(x)− Du(x)‖2 = ‖Du(x − t D(Qt u)(x))− Du(x)‖2

≤ Ct‖D(Qt u)(x)‖2

≤ Ct‖Du(x)‖2. �

Lemma 6.16. Let s ≤ t be two numbers in Q+2 , and let u ∈ E(0,C).

(1) Rt u ≤ Rsu+ (m/2)[log(1+Ct)− log(1+Cs)].

(2) Rt u ≥ Rsu− ((t − s)/2)(Cm+‖Du‖22).

(3) If C(t − s)≤ 1, then ‖D(Rt u)− D(Rsu)‖2 ≤ 5Cm1/221/2(t − s)1/2+C(t − s)‖Du‖2.

Moreover, if ` ∈ Z and if s, t ∈ 2−`N0, then the same estimates hold with Rt replaced by Rt,`.

Proof. (1) Fix `∈Z and let δ= 2−`. Suppose s= nδ and t = n′δ, where n, n′ ∈N0. By the previous lemma,

R( j+1)δ,`u = PδQδRjδ,`u

≤ QδRjδ,`u+
Cmδ

2(1+C( j + 1)δ)

≤ Rjδ,`u+
Cmδ

2(1+C( j + 1)δ)
,

where we have used the fact that QδRjδ,`u ∈ E(0,C(1+C( j + 1)δ)−1). Therefore,

Rn′δ,`u ≤ Rnδ,u +

n′−1∑
j=n

Cmδ
2(1+C( j + 1)δ)

.

Since the sum on the right-hand side is a lower Riemann sum for the function Cmδ/(2(1+Cτ)) for
τ ∈ [s, t], we obtain

Rt,`u ≤ Rs,`u+
m
2
[log(1+Ct)− log(1+Cs)].

We obtain (1) by letting `→+∞ and using Lemma 6.13.
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(2) Let `, δ, s, t, n, n′ be as above. By the previous lemma,

R( j+1)δ,`u = PδQδRjδ,`u ≥ QδRjδ,`u

≥ Rjδ,`u−
δ

2
‖D(Rjδ,`u)‖22

≥ Rjδ,`u−
δ

2
(Cm+‖Du‖22),

where the last inequality follows from Lemma 6.11(4). So when we sum from j = n to n′− 1, we obtain

Rt u ≥ Rsu− t−s
2
(Cm+‖Du‖22).

Then (2) follows by taking `→+∞.

(3) Assume that s, t ∈ 2−`N0. Choose k ∈ Z such that 2−k−1
≤ t − s ≤ 2−k. Then we may write t − s

in a binary expansion

t − s =
∑̀

j=k+1

aj 2− j ,

where aj ∈ {0, 1} for each j and ak+1 = 1. Let

tj = s+ ak+12−k−1
+ · · ·+ aj 2− j .

Let u j = Rtj ,`u. We will estimate ‖Du j (x)−Du j−1(x)‖2 for each j . Of course, if aj = 0, then u j = u j−1,
so there is nothing to prove. On the other hand, suppose that aj = 1. Now we estimate (at our given
point x , suppressed in the notation)

‖D(R2− j ,`u j−1)− Du j−1‖2 ≤ ‖D(R2− j ,`u j−1)− D(P2− j Q2− j u j−1)‖2

+‖D(P2− j Q2− j u j−1)− D(Q2− j u j−1)‖2

+‖D(Q2− j u j−1)− Du j−1‖2. (6-12)

The first term on the right-hand side may be estimated as follows. Recall that we proved Lemma 6.13(3)
from the estimate (6-11) by summing the geometric series. The same reasoning shows that if `≥ j and
δ ∈ 2−`N0, then

‖D(Rδ,`u j−1)− D(Rδ, j u j−1)‖L∞ ≤

[
δ

2
+C

(
δ

2

)2]
C2m1/2(2 · 2− j/2

+ 2−3 j/2C)

since u j−1∈E(0,C). If we substitute δ=2− j, then R2− j , j is simply equal to P2− j Q2− j . Thus, at the point x ,

‖D(R2− j ,`u j−1)− D(P2− j Q2− j u j−1)‖2 ≤ C2m1/2
[2− j

2
+

C2−2 j

4

]
[2 · 2− j/2

+ 2−3 j/2C].

By our assumption C2− j
≤ C(t − s) ≤ 1 and hence we may replace C2−2 j/4 by 2− j/2 and replace

2−3 j/2C by 2− j/2 and hence

‖D(R2− j ,`u j−1)− D(P2− j Q2− j u j−1)‖2 ≤ 3C2m1/22−3 j/2
≤ 3Cm1/22− j/2.
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The second term on the right-hand side of (6-12) can be estimated by Lemma 6.3(2) by

‖D(P2− j Q2− j u j−1)− D(Q2− j u j−1)‖2 ≤ Cm1/22− j/2

since Q2− j u j−1 ∈ E(0,C). The third term on the right-hand side of (6-12) can be estimated using
Lemma 6.15(3) by

‖D(Q2− j u j−1)− Du j−1‖2 ≤ C2− j
‖Du j−1‖2.

Meanwhile, by Lemma 6.11(4) and the triangle inequality

‖Du j−1‖2 ≤
√

Cm+‖Du‖22 ≤ C1/2m1/2
+‖Du‖2.

So using the fact C2− j
≤ 1, we have

‖D(Q2− j u j−1)− Du j−1‖2 ≤ C3/2m1/22− j
+C2− j

‖Du‖2 ≤ Cm1/22− j/2
+C(tj − tj−1)‖Du‖2.

Therefore, plugging all our estimates into (6-12), we get

‖Du j − Du j+1‖2 ≤ 5Cm1/22− j/2
+C(tj − tj−1)‖Du‖2.

Then summing from j = k+ 1 to ` we obtain

‖Du`− Duk‖2 ≤ 5Cm1/22−k/2
+C(t − s)‖Du‖2

≤ 5Cm1/221/2(t − s)1/2+C(t − s)‖Du‖2.

Because u` = Rt,`u and uk = Rs,`u, we have shown that (3) holds for Rs,` and Rt,` instead of Rs and Rt .
Thus, (3) follows by taking `→+∞. �

Proof of Theorem 6.1. Lemma 6.16 shows that if t ≥ 0 and if t` is a sequence of dyadic rationals
converging to t as `→∞, then Rt`u converges to some function v and this function is independent of
the approximating sequence, so we define Rt u = v. Claims (1), (3), and (4) of the theorem were proved
for dyadic t in Corollary 6.14(1), Lemma 6.16, and Corollary 6.14(2)–(4) respectively, and each of these
claims can be extended to real t ≥ 0 in light of the continuity estimates Lemma 6.16. Claim (2) of the
theorem is Lemma 6.13.

Thus, it remains to show that Rt is a semigroup. That is, we must show that Rs Rt u = Rs+t u for
u ∈ E(0,C) (and we have not even checked this for dyadic s, t yet). First, we check this property for real
s, t ≥ 0 under the additional restriction that Ct ≤ 1

2 . For each ` ∈ Z, there exist s` and t` ∈ 2−`N0 such
that s− 2−` < s` ≤ s and t − 2−` < t` ≤ t . By Lemma 6.16(1) and (2) we have

|Rt`u− Rt u| ≤
|t`− t |

2
(Cm+‖Du‖22)≤ 2−`

1
2
(Cm+‖Du‖22),

since | log(1+Ct`)− log(1+Ct)| ≤ C |t`− t | (from computation of the derivative of log(1+Ct)). By
Lemma 6.13(1) and (2), if C2−`−1

≤ 1, then

|Rt`,`u− Rt`u| ≤ 2−`
(

3
2

C2mt
1+Ct

+ log(1+Ct`)(m+Cm+‖Du‖22)
)
.
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Since t` ≤ t , we can replace t` by t on the right-hand side. By the triangle inequality, we obtain

|Rt`,`u− Rt u| ≤ 2−`Kt(1+‖Du‖22) (6-13)

for some constant Kt depending on t (and C). Using Lemma 6.16(3), or rather its extension to real values
of t ,

‖D(Rt u)− Du‖2 ≤ 5Cm1/221/2t1/2
+Ct‖Du‖2

≤ 5Cm1/221/2t1/2
+Ct‖D(Rt u)− Du‖2+Ct‖D(Rt u)‖2.

Hence,
‖D(Rt u)− Du‖2 ≤ (1−Ct)−1

[5Cm1/221/2t1/2
+Ct‖D(Rt u)‖2],

so by the triangle inequality,

‖Du‖2 ≤ ‖D(Rt u)‖2+ (1−Ct)−1
[5Cm1/221/2t1/2

+Ct‖D(Rt u)‖2.

By squaring and applying the arithmetic-geometric mean inequality, we get

‖Du‖22 ≤ At + Bt‖D(Rt u)‖22

for some constants At and Bt depending on t . The same reasoning applies to Rt`,` since Lemma 6.16(3)
holds for Rt`,` also. We thus obtain

‖Du‖2 ≤ ‖D(Rt`,`u)‖2+ (1−Ct`)−1
[5Cm1/221/2t1/2

` +Ct`‖D(Rt`,`u)‖2

≤ ‖D(Rt`,`u)‖2+ (1−Ct)−1
[5Cm1/221/2t1/2

+Ct‖D(Rt`,`u)‖2
and so

‖Du‖22 ≤ At + Bt‖D(Rt`,`u)‖
2
2.

Overall,
Rt u ≤ Rt`,`u+ 2−`Kt(1+ At + Bt‖D(Rt`,`u)‖

2
2),

Rt`,`u ≤ Rt u+ 2−`Kt(1+ At + Bt‖D(Rt u)‖22).

So by Lemma 6.11(3) and (4)

Rs`,`Rt u ≤ Rs`,`Rt`,`u+ 2−`Kt(1+ At + Bt‖D(Rs`,`Rt`,`u)‖
2
2)

≤ Rs`,`Rt`,`u+ 2−`Kt(1+ At +Cm Bt + Bt‖Du‖22),

and the same holds with Rt and Rt`,` switched, so that

|Rs`,`Rt u− Rs`+t`,`u| ≤ 2−`Kt(1+ At +Cm Bt + Bt‖Du‖22), (6-14)

where we have used that Rs`+t`,`u = Rs`,`Rt`,`u.
By the same token as (6-13), since Rt u ∈ E(0,C), we have

|Rs`,`Rt u− Rs Rt u| ≤ 2−`Ks(1+‖D(Rt u)‖22). (6-15)

Similarly, since (s+ t)− (s`+ t`)≤ 2 · 2−`, we have

|Rs`+t`,`u− Rs+t u| ≤ 2−` · 2Ks+t(1+‖Du‖22). (6-16)
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Combining these with (6-14) using the triangle inequality, we get

|Rs Rt u− Rs+t u| ≤ 2−`Kt(1+ At +Cm Bt + Bt‖Du‖22)

+ 2−`Ks(1+‖D(Rt u)‖22)+ 2−` · 2Ks+t(1+‖Du‖22).

Taking `→∞, we get Rs Rt u = Rs+t u as desired. This completes the case when Ct ≤ 1
2 .

In the general case, suppose s, t ≥ 0 and u ∈ E(0,C). Choose n large enough that Ct/n ≤ 1
2 . Then for

j = 1, . . . , n− 1, we have Rn− j
t/n u ∈ E(0,C). Therefore, by the previous argument

Rs+ j t/n Rn− j
t/n u = (Rs+ j t/n Rt/n)(R

n− j−1
t/n u)= Rs+( j+1)t/n Rn− j−1

t/n u,

so by induction Rs+t u = Rs Rn
t/nu. Since this also holds with s replaced by 0, we have Rn

t/nu = Rt u.
Thus, Rs+t u = Rs Rt u. �

6G. Solution to the differential equation. It remains to show that the semigroup Rt produces solutions
to the differential equation ∂t u = (2N )−11u − 1

2‖Du‖22, and that the result agrees with the solution
produced by solving the heat equation for exp(−N 2u). More precisely, we will prove the following.

Theorem 6.17. Let u0 :MN (C)
m
sa→R be a given function in E(c,C) for some c≥ 0. Let u(x, t)= Rt u(x).

Then u is a smooth function on MN (C)
m
sa×(0,+∞) and it solves the equation ∂t u= (2N )−11u− 1

2‖Du‖22.
Moreover, exp(−N 2

· Rt u0)= Pt [exp(−N 2u0)].

At this point, we have not proved enough smoothness for Rt u to show that it solves the equation
in the classical sense. Therefore, as an intermediate step, we show that u solves the equation in the
viscosity sense (for background on viscosity solutions, see [Crandall et al. 1992]). We will then deduce
that exp(−N 2u) is a viscosity solution of the heat equation and hence show it agrees with the smooth
solution of the heat equation.

The definition of viscosity solution for parabolic equations is as follows. Here we continue to use
the vector space MN (C)

m
sa with the normalized inner product (rather than Rn for some n). For smooth

u : MN (C)
m
sa→ R, we denote by Du and Hu the gradient and Hessian with respect to the inner product

〈 · , · 〉2; in other words, if x0 ∈ MN (C)
m
sa, then Du(x0) is the vector in MN (C)

m
sa and Hu(x0) is the linear

transformation MN (C)
m
sa→ MN (C)

m
sa such that

u(x)= u(x0)+〈Du(x0), x − x0〉2+
1
2〈Hu(x0)[x − x0], x − x0〉2+ o(‖x − x0‖

2
2).

We denote the space of linear transformations MN (C)
m
sa→ MN (C)

m
sa by B(MN (C)

m
sa), and we denote the

self-adjoint elements by B(MN (C)
m
sa)sa.

Definition 6.18. Let F : B(MN (C)
m
sa)sa×MN (C)sa×R×MN (C)sa→R be continuous, and consider the

partial differential equation
∂t u = F(Hu, Du, u, x). (6-17)

We say that a function u :MN (C)
m
sa×[0,+∞)→R is a viscosity subsolution if it is upper semicontinuous

and if the following condition holds: Suppose that

x0 ∈ MN (C)
m
sa, t0 > 0, A ∈ B(MN (C)

m
sa)sa, p ∈ MN (C)

m
sa, α ∈ R,
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and suppose that u satisfies

u(x, t)≤ u(x0, t0)+α(t − t0)+〈p, x − x0〉2+
1
2〈A(x − x0), x − x0〉2+ o(|t − t0|+ ‖x − x0‖

2
2). (6-18)

Then we also have
α ≤ F(A, p, u(x0), x0). (6-19)

Definition 6.19. With the same setup as above, we say that u : MN (C)
m
sa×[0,+∞)→ R is a viscosity

supersolution if it is lower semicontinuous and the following condition holds: if x0, t0, A, p, α are as
above and if

u(x, t)≥ u(x0, t0)+α(t − t0)+〈p, x − x0〉2+
1
2〈A(x − x0), x − x0〉2+ o(|t − t0|+‖x − x0‖

2
2), (6-20)

then
α ≥ F(A, p, u(x0), x0). (6-21)

Definition 6.20. We say that u is a viscosity solution if it is both a subsolution and a supersolution.

Remark 6.21. Roughly speaking, being a viscosity solution means that whenever there exist upper or
lower second-order Taylor approximations to u, then we can evaluate the differential operator F on the
Taylor approximation and get an inequality in one direction.

Example 6.22. The heat equation ∂t u = (2N )−11u is obtained by taking

F(A, p, u, x)= 1
2N 2 Tr(A).

To understand why 1/N 2 is the correct normalization on the right-hand side, suppose that u is smooth
and A = Hu(x0) and p = Du(x0), so that

u(x)= u(x0)+〈p, x − x0〉2+
1
2〈A(x − x0), x − x0〉2+ o(‖x − x0‖

2
2).

In terms of the nonnormalized inner product (which we denote by the dot product), this means that

u(x)= u(x0)+
1
N

p · (x − x0)+
1

2N
(A(x − x0)) · (x − x0).

Thus, the Hessian with respect to the nonnormalized inner product is (1/N )A. Hence, (1/N )1u(x0)=

(1/N 2)Tr(A). Similarly, the equation ∂t u = (2N )−11u− 1
2‖Du‖22 is obtained by taking

F(A, p, u, x)= 1
2N 2 Tr(A)− 1

2
‖p‖22.

Proposition 6.23. Let u0 ∈ E(0,C) and define u(x, t) = Rt u0(x). Then u is a viscosity solution of the
equation ∂t u = (2N )−11u− 1

2‖Du‖22.

Proof. First, note that u is continuous. Indeed, by Theorem 6.1(3), u is continuous in t with a modulus
of continuity that is uniform for x in a bounded region (this follows because the term ‖Du0‖

2
2 on the

right-hand side of Lemma 6.16(2) is bounded on bounded regions since Du0 is C-Lipschitz). Also, u( · , t)
is continuous for each t since it is in E(0,C). Together, this implies u is jointly continuous in (x, t).
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To show that u is a viscosity supersolution, suppose that we have a lower second-order approximation
at the point (x0, t0), where x0 ∈ MN (C)

m
sa and t0 > 0, given by

u(x, t)≥ u(x0, t0)+α(t − t0)+〈p, x − x0〉+
1
2〈A(x − x0), x − x0〉2+ o(|t − t0| + ‖x − x0‖

2
2).

Then we must show that α ≥ 1/(2N 2)Tr(A)− 1
2‖p‖22.

Our first goal is to replace the soft bound o(|t − t0| + ‖x − x0‖
2
2) by a more explicit error bound, at

the cost of modifying α and A by some positive ε. Pick ε > 0. Then there exists r > 0 such that if
|t − t0| + ‖x − x0‖

2
2 < 2r , then we have

u(x, t)≥ u(x0, t0)+α(t − t0)− ε|t − t0| + 〈p, x − x0〉+
1
2〈(A− ε I )(x − x0), x − x0〉2. (6-22)

Let us assume that t0 − r < t ≤ t0, so that the above inequality holds for ‖x − x0‖
2 < r and we have

α(t − t0)− ε|t − t0| = (α+ ε)(t − t0). For x such that ‖x − x0‖
2
2 ≥ r , we may use Theorem 6.1(3b), the

fact that Du is C-Lipschitz, and the convexity of u to conclude that

u(x, t)≥ u0(x)−
t
2
(Cm+‖Du‖22)

≥ u0(x0)+〈Du(x0), x − x0〉2−
t
2
(Cm+ (‖Du(x0)‖2+C‖x − x0‖2)

2).

In other words, u is bounded below by a quadratic in x − x0, and the estimate holds uniformly for t in
a bounded interval. Moreover, the right-hand side of (6-22) is also bounded by a quadratic in x − x0

uniformly for t ∈ [t0− r, t0+ r ]. It follows that for a large enough constant Kε , we have

u(x0, t0)+ (α+ ε)(t − t0)+〈p, x − x0〉+
1
2〈(A− ε I )(x − x0), x − x0〉2− u(x, t)≤ Kε‖x − x0‖

4
2

whenever t ∈ (t0− t, t0] and ‖x − x0‖2 ≥ r . Therefore, overall, assuming that t ∈ (t0− r, t0], we have

u(x, t)≥ u(x0, t0)+ (α+ε)(t− t0)+〈p, x− x0〉+
1
2〈(A−ε I )(x− x0), x− x0〉2−Kε‖x− x0‖

4
2. (6-23)

For t ∈ R, let us write ut(x) = u(x, t) = Rt u0(x). Now the strategy for proving that α + ε ≥
(1/(2N 2))Tr(A−ε I )− 1

2‖p‖22 is roughly to use the fact that ut0(x0)= Rδut0−δ(x0) and estimate ut0−δ(x0)

from above using the upper Taylor approximation for small δ > 0. However, for the sake of computation,
it is easier to estimate QδPδut0−δ rather than Rδ (and then we will control the error between Rδ and QδPδ
using Lemmas 6.12 and 6.13).

Let δ ∈ (0, r). Then using the above inequality and monotonicity of Pδ, we have

Pδut0−δ(x)≥ ut0(x0)− (α+ ε)δ+〈p, x − x0〉

+
1

2N 2 Tr(A− ε I )δ+ 1
2〈(A− ε I )(x − x0), x − x0〉

− Kε

(
‖x − x0‖

4
2+ 2

(
1+ 2

N 2

)
mδ‖x − x0‖

2
2+m2

(
1+ 2

N 2

)
δ2
)
.

Here we have evaluated Pδ applied to ‖x − x0‖
4
2 using Example 3.22 and the translation-invariance of Pδ .

Now recall that QδPδut0−δ(x0) is obtained by evaluating Pδut0−δ at x0− δD(QδPδut0−δ)(x0). Also, in
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light of Lemma 6.11(4) and Corollary 6.14(4), ‖D(QδPδut0−δ)(x0)‖
2
2 is bounded by ‖Du0(x0)‖

2
2 plus

a constant. In particular, ‖D(QδPδut0−δ)(x0)‖2 is bounded as δ→ 0. Therefore,

QδPδut0−δ(x0)= Pδut0−δ(x0− δD(QδPδut0−δ)(x0))+
δ

2
‖D(QδPδut0−δ)(x0)‖

2
2

≥ ut0(x0)+
δ

2
‖D(QδPδut0−δ)(x0)‖

2
2+ (α+ ε)(−δ)

−〈p, D(QδPδut0−δ)(x0)〉δ+
1

2N 2 Tr(A− ε I )δ+ O(δ2). (6-24)

(Here the implicit constant in O(δ2) depends on ε.)
Because ut0−δ ∈ E(0,C), Lemma 6.12(2) and (3) imply that if Cδ ≤ 1, then

|QδPδut0−δ(x0)− PδQδut0−δ(x0)| ≤ 2C2mδ2
+ 2Cδ2

‖D(PδQδut0−δ)(x0)‖2.

Again by Lemma 6.11(4) and Theorem 6.1(4c), ‖D(QδPδut0−δ)(x0)‖
2
2 is bounded by ‖Du0(x0)‖

2
2 plus

a constant, so that
QδPδut0−δ(x0)= PδQδut0−δ(x0)+ O(δ2).

Also, if we let δ` = 2−` for ` ∈ Z, then Lemma 6.13 implies that when 2Cδ` ≤ 1 and δ` < r , we have

|Pδ` Qδ`ut0−δ(x0)− Rδ`ut0−δ`(x0)| = |Rδ`,`ut0−δ`(x0)− Rδ`ut0−δ`(x0)|

≤

(
3
2

C2mδ`
1−Cδ`

+ log(1+Cδ`)(m+Cm+‖Du(x0)‖
2
2)

)
2−` = O(δ2

`).

So overall
Qδ` Pδ`ut0−δ`(x0)= Rδ`ut0−δ`(x0)+ O(δ2

`)= ut0(x0)+ O(δ2
`). (6-25)

Using similar reasoning, Lemma 6.12(1) shows that

D(Qδ` Pδ`ut0−δ`)(x0)= D(Pδ` Qδ`ut0−δ`)(x0)+ O(δ3/2
` ).

Then using Lemma 6.13(3), we obtain

D(Pδ` Qδ`ut0−δ`)(x0)= D(Rδ`ut0−δ`)(x0)+ O(δ3/2).

Finally, because ut0−δ ∈ E(0,C), it is differentiable everywhere; the upper Taylor approximation (6-22) im-
plies that ut0(x)≤ut0(x0)+〈p, x−x0〉2+o(‖x−x0‖2) and therefore p must equal Dut0(x0). Thus, overall

D(Qδ` Pδ`ut0−δ`)(x0)= p+ O(δ3/2
` ). (6-26)

Substituting (6-25) and (6-26) into (6-24), we obtain

ut0(x0)≥ ut0(x0)+
1
2
‖p‖22δ`+ (α+ ε)(−δ`)−‖p‖22δ`+

1
2N 2 Tr(A− ε I )δ`+ O(δ2

`).

We cancel ut0(x0) from both sides, divide by δ`, and move α+ ε to the left-hand side to conclude that

α+ ε ≥
1

2N 2 Tr(A− ε I )δ`−
1
2
‖p‖22+ O(δ`).

Then taking `→∞, we get α+ ε ≥ (1/(2N 2))Tr(A− ε I )− 1
2‖p‖22. Since ε was arbitrary, we have

α ≥ (1/(2N 2))Tr(A)− 1
2‖p‖22. This shows that u is a viscosity supersolution.
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To show that the u is a viscosity subsolution, the argument is symmetrical for the most part. However,
to obtain the constant Kε in (6-23), we used the one-sided estimate Theorem 6.1(3b) to show that u is
bounded below by a quadratic in x− x0 that is independent of t , so long as t ∈ (t0− r, t0]. To show that u
is a viscosity subsolution, we want to prove an analogous quadratic upper bound. But by Theorem 6.1(3a)
and semiconcavity of u0, we have for t ≤ t0 that

ut(x)≤ u0(x)+
m
2

log(1+Ct0)

≤ u0(x0)+〈Du0(x0), x − x0〉+
C
2
‖x − x0‖

2
2+

m
2

log(1+Ct0),

which is the desired upper bound. The rest of the argument is symmetrical except that α+ ε is replaced
by α− ε and A− ε I is replaced by A+ ε I. �

Lemma 6.24. Let u : MN (C)
m
sa × [0,+∞)→ R. Then u is a viscosity solution to ∂t u = (2N )−11u −

1
2‖Du‖22 if and only if exp(−N 2u) is a viscosity solution to ∂t u = (2N )−11u.

Proof. More precisely, we claim that u is a viscosity subsolution if and only if exp(−N 2u) is viscosity
supersolution and vice versa. Suppose that u is a subsolution, and let us show that v = exp(−N 2u) is a
supersolution. If u is upper semicontinuous, then v is lower semicontinuous. Now suppose that we have
a lower Taylor approximation at (x0, t0)

v(x, t)≥ v(x0, t0)+α(t − t0)+〈p, x − x0〉2+
1
2〈A(x − x0), x − x0〉2+ o(|t − t0| + ‖x − x0‖

2
2).

Note that v > 0 and u = (−1/N 2) log v. The function h 7→ log h is increasing and analytic for h > 0 and
we have

log(h+ δ)= log(h)+ log
(
1+ δ

h

)
= log(h)+ δ

h
−

1
2

(
δ

h

)2
+ O(δ3).

Substituting h = v(x0, t0)= exp(−N 2u(x0, t0)) and

δ = v(x, t)− v(x0, t0)= α(t − t0)+〈p, x − x0〉2+
1
2〈A(x − x0), x − x0〉2+ o(|t − t0| + |x − x0|

2),

we get

−N 2u(x, t)≥−N 2u(x0, t0)+
α

v(x0, t0)
(t − t0)+

1
v(x0, t0)

〈p, x − x0〉2

+
1

2v(x0, t0)
〈A(x − x0), x − x0〉2−

1
2v(x0, t0)2

〈p, x − x0〉
2
2+ o(|t − t0| + ‖x − x0‖

2
2),

since 〈p, x− x0〉2/v(x0, t0)2 is the only term from −(δ/h)2/2+O(δ3) that is not o(|t − t0|+‖x− x0‖
2
2)

(here we use the fact that |t − t0|‖x − x0‖2 ≤
2
3 |t − t0|3/2+ 1

3‖x − x0‖
3
2). Let us denote by P the linear

map P(x − x0)= p〈p, x − x0〉2. Then the above inequality becomes

u(x, t)≤ u(x0, t0)−
α

N 2v(x0, t0)
(t−t0)−

1
N 2v(x0, t0)

〈p, x−x0〉2

−
1

2N 2v(x0, t0)
〈A(x−x0), x−x0〉2+

1
2N 2v(x0, t0)2

〈P(x−x0), (x−x0)〉+o(|t−t0|+‖x−x0‖
2
2).
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Because u is a subsolution, we have

−
α

N 2v(x0, t0)
≤−

1
2N 4 Tr(A)+

1
2N 4v(x0, t0)2

Tr(P)−
1

2N 4v(x0, t0)2
‖p‖22.

But Tr(P)= ‖p‖22, so the last two terms cancel. Thus,

α ≥
1

2N 2 Tr(A)

as desired. So v is a supersolution.
A symmetrical argument shows that if v is a supersolution, then u is a subsolution. The other two

claims are proved in the same way except using the Taylor expansion of the exponential function instead
of the logarithm. �

Now we are ready to prove Theorem 6.17 in the special case where u0 is bounded below.

Lemma 6.25. Suppose that u0 ∈ E(0,C) is bounded below. Then

exp(−N 2 Rt u0)= Pt [exp(−N 2u0)].

Proof. Let v(x, t)= exp(−N 2 Rt u0(x)) and letw(x, t)= Pt [exp(−N 2u0)](x). Since u0 is bounded below
by some constant K , we have Rt u0 ≥ K by monotonicity of Rt (see Corollary 6.14(3)) and the fact that it
does not affect constant functions (since the same is true of Pt and Qt ). Hence, v = exp(−N 2 Rt u0)≤

exp(−N 2K ). We also have exp(−N 2u0)≤ exp(−N 2K ) and hence w ≤ exp(−N 2K ).
Thus, v and w are both bounded, w is a smooth solution to the heat equation, and v is a viscosity

solution by the previous lemma. We will conclude from this that v =w (and this is nothing but a standard
argument for the maximum principle together with the basic philosophy of viscosity solutions).

To show that v ≤ w, choose ε > 0, and consider the function

φ(x, t)= v(x, t)−w(x, t)− ε
2
‖x‖22− 2mεt.

Suppose for contradiction that φ > 0 at some point. Since φ is continuous on MN (C)
m
sa×[0,+∞) and

since w and v are bounded, φ achieves a maximum at some (x0, t0). Since the maximum is strictly
positive, we have t0 > 0. Let

ψ(x, t)= w(x, t)+ ε
2
‖x‖22+ 2mεt,

so that φ(x, t)= v(x, t)−ψ(x, t). Then φ(x, t)≤ φ(x0, t0) implies that

v(x, t)≤ v(x0, t0)+ψ(x, t)−ψ(x0, t0)

= v(x0, t0)+ ∂tψ(x0, t0)(t − t0)+〈Dψ(x0, t0), x − x0〉2

+
1
2〈Hψ(x0, t0)(x − x0), x − x0〉2+ o(|t − t0| + ‖x − x0‖

2
2),

where the last step follows because ψ is smooth. Because v is a viscosity subsolution,

∂tψ(x0, t0)≤
1

2N
1ψ(x0, t0).
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However, this is a contradiction because at every point (x, t), we have

∂tψ = ∂tw+ 2mε > 1
2N

1w+mε = 1
2N

1ψ,

by computation and the fact that w solves the heat equation. It follows that φ ≤ 0 and hence v(x, t)≤
w(x, t)+ (ε/2)‖x‖22+ 2mεt . Since ε was arbitrary, v ≤ w. Then a symmetrical argument shows that
v ≥ w. �

Thus, to prove Theorem 6.17, it only remains to remove the boundedness assumption on u0. We
achieve this by replacing u0 with the function

ũ0(x)= u0(x)−〈Du0(0), x〉2, (6-27)

which is nonnegative by the convexity of u0 and hence it is bounded below.

Lemma 6.26. Let u0∈E(0,C) and let ũ0 be given by (6-27). Let v0=exp(−N 2u0) and ṽ0=exp(−N 2ũ0).
Then the integral defining Pt exp(−N 2u0) is well-defined and also

Ptv0(x)= exp(−N 2
〈Du0(0), x〉+ N 2t

2
‖Du0(0)‖22)Pt ṽ0(x − t Du0(0)).

Proof. We can write

dσt,N (y)=
1

Z N
exp

(
−

N 2

2t
‖y‖22

)
dy.

Also, set p = Du0(0). Then

Ptv0(x)=
1

Z N

∫
exp(−N 2u0(x + y)) exp

(
−

N 2

2t
‖y‖22

)
dy

=
1

Z N

∫
exp

(
−N 2ũ0(x + y)− N 2

〈p, x + y〉− N 2

2t
‖y‖22

)
dy

=
1

Z N

∫
exp

(
−N 2ũ0(x + y)− N 2

〈p, x〉+ N 2t
2
‖p‖22−

N 2

2t
‖y+ tp‖22

)
dy

=
1

Z N

∫
exp

(
−N 2ũ0(x − tp+ z)− N 2

〈p, x〉+ N 2t
2
‖p‖22−

N 2

2t
‖z‖22

)
dz

= exp
(
−N 2
〈p, x〉+ N 2t

2
‖p‖22

)
Pt ṽ0(x − tp). �

Lemma 6.27. Let u0 ∈ E(0,C), let p ∈ MN (C)
m
sa, and let ũ0(x)= u0(x)−〈p, x〉2. Then:

(1) Pt u0(x)= Pt ũ0(x)+〈p, x〉2.

(2) Qt u0(x)= Qt ũ0(x − tp)+〈p, x〉2− (t/2)‖p‖22.

(3) Rt u0(x)= Rt ũ0(x − tp)+〈p, x〉2− (t/2)‖p‖22.

Proof. (1) holds because Pt is a linear operator and it also does not affect linear functions. To prove (2),
fix x and let y be the point where the infimum defining Qt u0(x) is achieved and let ỹ be the point where
the infimum defining Qt ũ0(x − tp) is achieved. By Corollary 6.7(1), the points y and ỹ are characterized
respectively by the relations

y = x − t Du0(y), ỹ = x − tp− t Dũ0(ỹ).
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But Dũ0(ỹ)= Du0(ỹ)− p. Thus, x − t Du0(ỹ)= ỹ, so that y = ỹ. Then

Qt u0(x)= u0(y)+
1
2t
‖y− x‖22

= ũ0(y)+〈p, y〉2+
1
2t
‖y− x‖22

= ũ0(y)+〈p, x〉2−
t
2
‖p‖22+

1
2t
‖y− (x − tp)‖22

= Qt ũ0(x − tp)+〈p, x〉2−
t
2
‖p‖22.

(3) It follows by iteration (after some computation) that for t ∈ 2−`N0, we have

Rt,`u0(x)= Rt ũ0(x − tp)+〈p, x〉2−
t
2
‖p‖22.

Then by Lemma 6.13, we may take `→∞, and by Theorem 6.1(3), we may extend the inequality to all
real t . �

Proof of Theorem 6.17. We have already proved the case where u0 is bounded. For the general case, let
u0 ∈ E(0,C). Define p= Du0(0) and ũ0(x)= u0(x)−〈p, x〉2. As remarked above, ũ0 is bounded below
by zero. By Lemma 6.26, the bounded case, and Lemma 6.27,

Pt exp(−N 2u0)(x)= exp
(
−N 2
〈p, x〉+ N 2t

2
‖p‖22

)
[Pt exp(−N 2ũ0)](x − tp)

= exp
(
−N 2
〈p, x〉+ N 2t

2
‖p‖22

)
exp(−N 2 Rt ũ0(x − tp))

= exp
(
−N 2

(
Rt ũ0(x − tp)+〈p, x〉− t

2
‖p‖22

))
= exp(−N 2 Rt u0(x)).

In particular, since Pt exp(−N 2ũ0) is smooth for t > 0, we see that all the functions in the above
equation are smooth for t > 0, and hence Rt u0(x) is smooth function of (x, t). Also, Pt [exp(−N 2u0)] =

exp(−N 2 Rt u0) as desired. �

6H. Approximation by trace polynomials. Now we are ready to prove that Rt preserves asymptotic
approximability by trace polynomials.

Proposition 6.28. Let {VN } be a sequence of functions MN (C)
m
sa → R such that VN is convex and

VN (x)− (C/2)‖x‖22 is concave, and {DVN } is asymptotically approximable by trace polynomials. Then
for every t ≥ 0, the sequences {D(Pt VN )}, {D(Qt VN )}, and {D(Rt VN )} are asymptotically approximable
by trace polynomials.

Proof. The fact that {D(Pt VN )} is asymptotically approximable by trace polynomials follows from
Lemma 3.28.

Now consider D(Qt VN ). Note that by Corollary 6.7(1), D(Qt VN )(x) is the solution of the fixed point
equation

y = DVN (x − t y).
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But if t < 1/C, then y 7→ DVN (x − t y) is a contraction and thus iterates of this function will converge to
the fixed point. Let us define φN ,0(x)= 0 and φN ,`+1(x)= DVN (x − tφN ,`(x)). By Lemma 6.6(5), the
distance from 0 to the fixed point D(Qt VN )(x) is bounded by ‖DVN (x)‖2; hence

‖φN ,`(x)− D(Qt VN )(x)‖2 ≤ C`t`‖DVN (x)‖2.

Because DVN ,t is C-Lipschitz, Lemma 3.27 implies that {φN ,`}N is asymptotically approximable by trace
polynomials.

Now ‖DVN (0)‖2 is bounded by some constant A as N →∞ because DVN is asymptotically approx-
imable by trace polynomials. Since DVN is also C-Lipschitz, ‖DVN (x)‖2 ≤ A+C‖x‖2. In particular,
‖φN ,`(x)−D(Qt VN )(x)‖2≤C`t`(A+C‖x‖2). Thus, by Observation 3.26, {D(Qt VN )} is asymptotically
approximable by trace polynomials.

This holds whenever t < 1/C. But for general t , we can write Qt = Qn
t/n , where n is large enough that

t/n < 1/C, and then iterating the previous statement shows that {Qt VN } is asymptotically approximable
by trace polynomials.

For the sequence {D(Rt VN )}, first note that when t ∈ Q+2 , we know {D(Rt,`VN )} is asymptotically
approximable by trace polynomials (where ` is large enough that Rt,` is defined). By Theorem 6.1(1c)
and Observation 3.26, the sequence {D(Rt VN )} is asymptotically approximable by trace polynomials for
t ∈Q+2 . Finally, by Theorem 6.1(2d) and Observation 3.26, the sequence {D(Rt VN )} is asymptotically
approximable by trace polynomials for all t ∈ R+. �

7. Main theorem on free entropy

We are now ready to prove the following theorem which shows that χ = χ∗ for a law which is the limit
of log-concave random matrix models.

Theorem 7.1. Let µN be a sequence of probability measures on MN (C)
m
sa given by the potential VN .

Assume:

(A) The potential VN (x) is convex and VN (x)− (C/2)‖x‖22 is concave for some C > 0 independent of N.

(B) The sequence µN concentrates around some noncommutative law λ with λ(X2
j ) > 0.

(C) For some R0 > 0, we have limN→∞
∫
‖x‖≥R0

(1+‖x‖22) dµN (x)= 0.

(D) The sequence {DVN } is asymptotically approximable by trace polynomials.

Then λ ∈6m,R0 and moreover:

(1) The law λ has finite Fisher information 8∗(λ), and for all t ≥ 0, we have

lim
N→∞

1
N 3 I(µN ∗ σt,N )→8∗(λ� σt).

(2) We have for all t ≥ 0

χ(λ� σt)= χ(λ� σt)= lim
N→∞

1
N 2

(
h(µN ∗ σt,N )+

m
2

log N
)
= χ∗(λ� σt).
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(3) The functions t 7→ (1/N 3)I(µN ∗ σt,N ) and t 7→8∗(λ� σt) are decreasing and Lipschitz and the
absolute value of the derivative (where defined) is bounded by C2m(1+Ct)−2.

Remark 7.2. If VN (x) − (c/2)‖x‖22 is convex and VN (x) − (C/2)‖x‖22 is concave and if {DVN } is
asymptotically approximable by trace polynomials, then Theorem 4.1 implies that µN satisfies the
hypotheses of Theorem 7.1 for some noncommutative law λ.

However, Theorem 7.1 holds in a slightly more general situation than Theorem 4.1 in that we do not
have to assume uniform convexity, finite moments, or exponential concentration.

In preparation for the proof of Theorem 7.1, we have already verified that the hypotheses (A), (C), and
(D) are preserved under Gaussian convolution. Now we show that (B) is preserved in Lemma 7.4. This
is straightforward apart from one subtlety — although we have assumed that for every noncommutative
polynomial p, the noncommutative moment τN (p(x)) concentrates around λ(p) under µN , we have not
assumed that |τN (p(x))| has finite expectation. To deal with this issue, we first prove an auxiliary lemma.

Lemma 7.3. Let λ be a noncommutative law in 6m , let p(X, Y ) = p(X1, . . . , Xm, Y1, . . . , Ym) be a
noncommutative polynomial of 2m variables, and let R > 0. Then there exists a neighborhood V of λ
in 6m and a constant K such that, for all N ∈ N, for all x ∈ 0N (V), the function y 7→ τN (p(x, y)) is
K -Lipschitz with respect to ‖ · ‖2 for self-adjoint tuples y in the operator-norm ball {y : ‖yj‖ ≤ R}.

Proof. To prove the lemma, it suffices to consider the case of a noncommutative monomial. Indeed, if
p =

∑n
j=1 pj , where pj is a monomial, and if we find neighborhoods Vj and Lipschitz constants K j for

each pj , then the result will also hold for p with V =
⋂n

j=1 Vj and K =
∑n

j=1 K j .
Thus, assume without loss of generality that p(X, Y ) is a noncommutative monomial. Then it can be

written in the form
p(X, Y )= q0(X)Yi1q1(X)Yi2 · · · q`−1(X)Yi`q`(X),

where i j ∈ {1, . . . ,m} and qj (X) is a noncommutative monomial in X (which of course is allowed to
be 1). Consider x, y, y′ ∈ MN (C)

m
sa, and suppose that ‖yi‖∞ ≤ R and ‖y′i‖∞ ≤ R for each i . Then

p(x, y)− p(x, y′)=
∑̀
j=1

q0(x)yi1 · · · yi j−1qj−1(x)(yi j − y′i j
)qi (x)yi j+1 · · · yi`q`(x).

Recalling the noncommutative Lα norms and Hölder’s inequality (see Section 2C), we have

‖p(x, y)− p(x, y′)‖1 ≤
(∑̀

j=1

∏
k 6= j

‖qj (x)‖2(`+1)
∏
k< j

‖yik‖∞

∏
k> j

‖y′ik
‖∞

)
‖yj − y′j‖2.

This implies that

|τN (p(x, y))− τN (p(x, y′))| ≤
(∑̀

j=1

∏
k 6= j

‖qj (x)‖2(`+1)

)
R`−1
‖y− y′‖2.

Now
‖qj (x)‖2(`+1) = (τN [(qj (x)∗qj (x))`+1

])1/(2(`+1)).
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We can define

V = {λ′ : λ′[(q∗j qj )
`+1
]< λ[(q∗j qj )

`+1
] + 1 for j = 0, . . . , `}.

Then ‖qj (x)‖2(`+1) is uniformly bounded for x ∈ 0N (V) for each j = 0, . . . , `. Suppose that each of
these quantities is bounded by K . Then the above estimate shows that

|τN (p(x, y))− τN (p(x, y))| ≤ `K `+1 R`−1
‖y− y′‖2

whenever x ∈ 0N (V) and y, y′ are in the operator-norm ball of radius R. �

Lemma 7.4. Suppose that {µN } concentrates around a noncommutative law λ. Then {µN ∗ σt,N } concen-
trates around λ� σt for every t > 0.

Proof. Fix t . Let X N = (X N ,1, . . . , X N ,m) and YN = (YN ,1, . . . , YN ,m) be independent random variables
with the laws µN and σt,N respectively. Because the topology on the space 6m of noncommutative laws
is generated by noncommutative moments, it suffices to show that for each noncommutative polynomial p
and δ > 0

lim
N→∞

P(|τN (p(X N + YN ))− λ� σt(p)| ≥ δ)= 0.

Fix p and let d be its degree. By the previous lemma, there is a neighborhood V of λ and a constant K
such that for every x ∈0N (V), the function y 7→ τN (p(x+ y)) is K -Lipschitz with respect to ‖ · ‖2 on the
operator-norm ball {y : ‖y‖∞ ≤ 4t1/2

}. By shrinking V if necessary, we may also assume that τN (q(x))
is uniformly bounded for every noncommutative monomial q(x) of degree less than or equal to d.

Choose a C∞c function ψ : R→ R such that ψ(z)= z for |z| ≤ 3t1/2 and |ψ(z)| ≤ 4t1/2. Then

9 : (y1, . . . , ym) 7→ (ψ(y1), . . . , ψ(ym))

is globally Lipschitz in ‖ · ‖2 and it also maps MN (C)
m
sa into the operator-norm ball of radius 4t1/2 (which

is the region where z 7→ τN (p(x, z)) was assumed to be K -Lipschitz with respect to ‖ · ‖2 whenever
x ∈ 0N (V)). This implies that there is some constant K ′ such that y 7→ τN (p(x, 9(y))) is K ′-Lipschitz
for all x ∈ 0N (V).

Let
αN (x)= E[τN (p(x +9(YN )))],

βN (x)= E[τN (p(x + Y + N ))] = exp
( t L N

2

)
[τ(p)](x),

β(x)= exp
( t L

2

)
[τ(p)](x).

By Theorem 2.10 applied to YN ,

x ∈ 0N (V) =⇒ P
(
|τN (p(x +9(YN )))−αN (x)| ≥

δ

3

)
≤ 2e−δ

2 N 2/(18t (K ′)2).

On the other hand, we know by standard tail estimates on the GUE (see Corollary 2.12) that

lim
N→∞

E[τN (q(YN ))1‖YN ‖≥3t1/2] = 0



2362 DAVID JEKEL

for every noncommutative polynomial q . This implies that |αN (x)−βN (x)|→ 0 uniformly for x ∈0N (V).
On the other hand, by Lemma 3.21,

βN (x)= exp
( t L N

2

)
[τ(p)](x)→ exp

( t L
2

)
[τ(p)](x)= β(x)

where the convergence occurs coefficientwise. Now exp(t L N/2)[τ(p)] is a sum of products of traces
of noncommutative monomials q of degree ≤ d and for every such q, we know τN (q(x)) is uniformly
bounded on 0N (V) by our choice of V . Thus, coefficientwise convergence of βN → β implies uniform
convergence for x ∈ 0N (V). Therefore, for sufficiently large N we have |βN (x) − β(x)| ≤ δ/3 for
x ∈ 0N (V), and hence

P
(
|τN (p(X N + YN ))− τ(β(X N ))| ≥

2δ
3
, X N ∈ 0N (V), ‖YN‖ ≤ 3t1/2

)
≤ 2e−δ

2 N 2/(18t (K ′)2),

where we have applied the Fubini–Tonelli theorem for the product measureµN⊗σt,N . By our concentration
assumption,

P
(
|τN (β(X N ))− λ(β)| ≥

δ

3

)
→ 0, P(X N ∈ 0N (V))→ 1,

and by Corollary 2.12 also P(‖Yk‖ ≥ 3t1/2)→ 0. Altogether, we have

P(|τN (p(X N + YN ))− λ(β)| ≥ δ)→ 0.

But note that λ(β)= λ(exp(t L/2)[τ(p)])= (λ�σt)(p) by Lemma 3.23. Thus, the proof is complete. �

Proof of Theorem 7.1. Let VN ,t = Rt VN be the potential associated to µN ∗ σt,N . Let us verify that VN ,t

satisfies the assumptions (A)–(D) for every t > 0.

(A) This follows from Theorem 6.1(1) because VN ,t = Rt VN ; hence VN ,t ∈ E(0,C).

(B) This follows from Lemma 7.4.

(C) This follows from tail bounds on the GUE (Corollary 2.12).

(D) This follows from Proposition 6.28.

Next, the fact that λ ∈6m,R0 follows from Proposition 5.5 with n = 1.
Claim (1) of the theorem follows by applying Proposition 5.10 to µN ∗ σt,N with n = 1.
For claim (2), recall that by Lemma 5.7, (5-6),

1
N 2 h(µN )+

m
2

log N = 1
2

∫
∞

0

( m
1+t
−

1
N 3 I(µN ∗ σt,N )

)
ds+ m

2
log 2πe. (7-1)

Because N−3I(µN ) converges as N →∞, there is some constant K with N−3I(µN ) ≤ K for all N.
Also, because of assumptions (B) and (C), we have

∫
‖x‖22 dµN (x)→

∑m
j=1 λj (X2

j ) > 0. Therefore, there
is a constant a such that

∫
‖x‖22 dµN (x)≥ ma for large enough N. Thus, (5-4), we have for sufficiently

large N that
m

a+t
≤

1
N 3 I(µN ∗ σt,N )≤min

(
M, m

t

)
.
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Thus, we can apply the dominated convergence theorem to take the limit as N →∞ inside the integral
on the right-hand side of (7-1) and apply claim (1) to conclude that

lim
N→∞

( 1
N 2 h(µN )+

m
2

log N
)
→ χ∗(λ).

On the left-hand side of (7-1), we will apply Proposition 5.5 with n = 1. We may replace VN by
VN − VN (0) without changing µN (because the definition of µN includes the normalizing constant Z N

anyway). Then because {DVN } is asymptotically approximable by trace polynomials, we know that
{VN } is asymptotically approximable by trace polynomials (Lemma 3.29). Therefore, the hypotheses of
Proposition 5.5 are satisfied and so

χ(λ)= lim sup
N→∞

( 1
N 2 h(µN )+

m
2

log N
)
= χ∗(λ)

and the same holds for χ(λ). Moreover, this holds for µN ∗ σt,N just as well as µN because µN ∗ σt,N

satisfies the same assumptions (A)–(D).
For claim (3), first fix N and let X be a random variable with law µN , and let Yt be an independent

Hermitian Brownian motion (here Yt ∼ σt,N ). Let 4t = DVN ,t(X + Yt), which is the conjugate variable
of X + Yt . Then

1
N 3 I(µN ∗ σt,N )= E‖4t‖

2
2

Suppose 0 ≤ s ≤ t ≤ T. Then X + Yt is the sum of the independent random variables X + Ys and
Yt − Ys , and thus 4t = E[4s |X + Yt ] by Lemma 5.6. In other words, 4t is the orthogonal projection of
DVN ,s(X + Ys) onto the space of L2 random variables that are functions of X + Yt , or in other words it
is the function of X + Yt that is closest to 4s in L2. This implies that

[‖4s −4t‖
2
2] ≤ E[‖DVN ,s(X + Ys)− DVN ,s(X + Yt)‖

2
2]

≤ E
[

C2

(1+Cs)2
‖Ys − Yt‖

2
2

]
=

C2

(1+Cs)2
m(t − s)

using the fact that VN ,s ∈ E(0,C(1+Cs)−1) and hence DVN ,s is C(1+Cs)−1-Lipschitz. Since 4t is
the orthogonal projection of 4s onto this subspace, we know 4s −4t is orthogonal to 4t and hence

E[‖4s‖
2
2] − E[‖4t‖

2
2] = E[‖4s −4t‖

2
2].

Overall,

0≤ 1
N 3 I(µN ∗ σs,N )−

1
N 3 I(µN ∗ σt,N )≤

C2

(1+Cs)2
m(t − s).

This immediately proves that t 7→ N−3I(µN ∗ σt,N ) is a decreasing function of t , it is Lipschitz, and the
absolute value of the derivative is bounded by C2m/(1+Ct)2. The same holds for 8∗(λ� σt) by taking
the limit as N →∞. �
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8. Free Gibbs laws

In the situation of Theorem 4.1, we want to interpret the law λ as the free Gibbs state for a potential
which is the limit of the VN . To this end, we will define a noncommutative function space where each
element is a limit of functions on MN (C)

m
sa. We will then give several characterizations of the closure of

trace polynomials in this space, as well as the class of potentials to which our previous results apply.

8A. Asymptotic approximation and function spaces. Let Y• = {YN } be a sequence of normed vector
spaces. We define a (possibly infinite) seminorm on sequences φ• = {φN } of functions MN (C)

m
sa→ YN by

‖φ•‖R,Y• = lim sup
N→∞

sup
‖x‖≤R

‖φN (x)‖YN .

Let Fm(Y•) be the vector space

{φ• : ‖φ•‖R,Y• <+∞ for all R}/{φ• : ‖φ•‖R,Y• = 0 for all R}.

For a sequence φ•, we denote its equivalence class by [φ•].
We equip Fm(Y•) with the topology generated by the seminorms ‖ · ‖R,Y• , or equivalently given by the

metric

dFm(Y•)(φ•, ψ•)=

∞∑
n=1

1
2n min(‖φ•−ψ•‖n,Y , 1). (8-1)

Note that Fm(Y•) is a complete metric space in this metric and is a locally convex topological vector
space.

There is a canonical map from the vector space of scalar-valued trace polynomials TrP0
m into F 0

m :=

Fm(C) by the map that sends a trace polynomial to the corresponding sequence of functions it defines on
MN (C)

m
sa. A sequence φ• is asymptotically approximable by trace polynomials if and only if [φ•] is in

the closure of the image of TrP0
m in F 0

m , which we will denote by T 0
m . (Unfortunately, we do not know

whether the map TrP0
m→ F 0

m is injective, but this point is irrelevant for our purposes.)
Similarly, let M•(C)

m be the sequence {MN (C)
m
} equipped with ‖ · ‖2. There is a canonical map from

TrP1
m into F 1

m := Fm(M•(C)) given by mapping a trace polynomial to the corresponding sequence of
functions on matrices. A sequence φ• of functions MN (C)

m
sa→ MN (C)sa is asymptotically approximable

by trace polynomials if and only if [φ•] is in the closure of the image of TrP1
m , which we denote by T 1

m .
The spaces T 0

m and T 1
m can be viewed as noncommutative function spaces through the following

alternative characterization. Here R denotes the hyperfinite II1 factor and Rω denotes its ultrapower; for
an explanation, see [Anantharaman and Popa 2016, §1.6 and §5.4] or [Capraro 2010, pp. 5–7].

Lemma 8.1. Let f ∈ TrP0
m . Then we have

lim sup
N→∞

sup
x∈MN (C)

m
sa

‖x‖∞≤R

| f (x)| = sup
N

sup
x∈MN (C)

m
sa

‖x‖∞≤R

| f (x)| = sup
x∈(Rω

sa)
m

‖x‖∞≤R

| f (x)|. (8-2)

If we denote the common value by ‖ f ‖T 0
m ,R , then this family of seminorms defines a metrizable topology

on TrP0
m with the metric given as in (8-1), and T 0

m is the completion of TrP0
m in this metric. The same
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result holds for T 1
m using the seminorm

lim sup
N→∞

sup
x∈MN (C)

m
sa

‖x‖∞≤R

‖ f (x)‖2 = sup
N

sup
x∈MN (C)

m
sa

‖x‖∞≤R

‖ f (x)‖2 = sup
x∈(Rω

sa)
m

‖x‖∞≤R

‖ f (x)‖2. (8-3)

Proof. Fix f and let A, B, and C be the three quantities in (8-2) from left to right. It is clear that A ≤ B.
Moreover, B ≤ C because there is an isometric trace-preserving embedding of MN (C) into Rω. To show
that C ≤ A, pick x ∈ (Rω

sa)
m with ‖x‖ ≤ R. Then there exists xn ∈Rm

sa with ‖xn‖ ≤ R and x = limn→ω xn .
For each n, we can choose an Nn , an embedding MNn (C)→R and a yn ∈MNn (C) such that ‖yn‖≤ R and
‖xn− yn‖2 ≤ 1/2n and limn→∞ Nn =+∞. Then x = limn→ω yn and | f (x)| = limn→ω | f (yn)| ≤ A. This
shows that the three seminorms in (8-2) are equal, and the other claims follow because these seminorms
are the same as the seminorms for F 0

m . �

From this point of view, every f ∈ T 0
m has a canonical sequence that represents its equivalence class

in F 0
m , constructed as follows. If we write f as the limit of a sequence of trace polynomials f (k), then

f(k)|MN (C)msa
converges locally uniformly on MN (C)

m
sa as k → ∞ and the limit is independent of the

approximating sequence f (k). We can therefore define f |MN (C)msa
to be this limit.

Similarly, f defines a function on (Rω
sa)

m. Moreover, if (M, τ ) is a tracial von Neumann algebra and
there is a trace-preserving embedding ι :M→Rω, then we may define f |M = f ◦ ι. It is easy to see that
this is independent of the choice of trace-preserving embedding if f is a trace polynomial, and this holds
for general f ∈ T 0

m or T 1
m by density of trace polynomials. In this sense, T 0

m and T 1
m represent spaces

of universal scalar- or operator-valued functions that can be applied to self-adjoint operators in every
Rω

sa-embeddable tracial von Neumann algebra.
In the scalar-valued case, we have yet another characterization of T 0

m :

Lemma 8.2. Let 6m,bdd =
⋃

R>06m,R . Let C(6m,bdd) be the space of functions g : 6m,bdd→ C such
that g ∈ C(6m,R) for every R, equipped with the family of seminorms ‖ · ‖C(6m,R). Then T 0

m is isomorphic
to C(6m,bdd) as a topological vector space.

Proof. For a scalar-valued trace polynomial f , the value f (x) only depends on the law of x , so that
f (x)= g(λx) for some function g :6m→ R such that g ∈ C(6m,R) for all R, and we have

‖ f ‖T 0
m ,R = ‖g‖C(6m,R).

Passing to the completion with respect to the metric defined as in (8-1), we have a map ι : T 0
m →C(6m,bdd)

which is an isomorphism onto its image. To show that ι is surjective, note the algebra of trace polynomials is
self-adjoint and separates points in 6m,R , and hence by the Stone–Weierstrass theorem, trace polynomials
are dense in C(6m,R) for every R. Therefore, if g ∈ C(6m,R), we can choose a trace polynomial
g(k)(λx) = f (k)(x) such that ‖g− g(k)‖C(6m,k) ≤ 1/2k. Then f (k) converges to some f in T 0

m , and we
have ι( f )= g. �

8B. Convex differentiable functions. Now we are ready to characterize the type of convex functions
which occur in Theorem 7.1. First of all, we let T 0,1

m be the completion of the trace polynomials with
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respect to the metric

d( f, g)=
∞∑

n=1

1
2n [min(1, ‖ f − g‖T 0

m ,n)+min(1, ‖D f − Dg‖(T 1
m )

m ,n)].

Observe that if f ∈ T 0,1
m and f (k) is a sequence of trace polynomials converging to f in T 0,1

m as k→∞,
then D f (k) converges in (T 1

m )
m and the limit is independent of the choice of approximating sequence.

We denote this limit by D f .

Remark 8.3. If f and f (k) are as above, then since D f (k) is a tuple of trace polynomials, it is continuous
on the operator norm ball {y ∈ MN (C)

m
sa : ‖y‖∞ ≤ R} with a modulus of continuity that only depends on

R and does not depend on N. Because D f (k)→ D f uniformly on the operator-norm ball (with rate of
convergence independent of N ), we know D f is also continuous on this operator-norm ball with modulus
of continuity independent of N.

It follows that for every x, y ∈ MN (C)
m
sa with ‖x‖, ‖y‖ ≤ R we have

f (y)− f (x)= 〈D f (x), y− x〉2+ o(‖y− x‖2),

where the error estimate only depends on R and not on N. In particular, this shows D f is uniquely
determined by f . Also, it shows that D f |MN (C)msa

is equal to the normalized gradient of f |MN (C)msa
in

the ordinary sense of functions on MN (C)
m
sa
∼= Rm N 2

.

Lemma 8.4. Let f ∈ T 0,1
m be real-valued. The following are equivalent:

(1) The function f |MN (C)msa
is convex for every N.

(2) The function f is convex as a function on (Rω
sa)

m.

(3) There exists a sequence of differentiable convex functions VN : MN (C)
m
sa→ R such that [V•] = f

and [DV•] = D f. (Here DV• denotes the sequence (DVN )N∈N, where D is the normalized gradient
understood in the standard sense of calculus.)

Proof. The implication (1) =⇒ (2) follows from an argument similar to the proof of Lemma 8.1.
The implication (1) =⇒ (3) holds because we can take VN = f |MN (C)msa

.
Now we will prove (3) =⇒ (1). Fix N. To prove that f |MN (C)msa

is convex, it suffices to show that
〈D f (x)− D f (y), x − y〉2 ≥ 0 for every x, y ∈ MN (C)

m
sa. For k ∈ N, consider x ⊗ Ik and y ⊗ Ik in

MNk(C)
m
sa. Then, as k→∞,

〈D f (x)− D f (y), x − y〉2 = 〈D f (x ⊗ Ik)− D f (y⊗ Ik), x ⊗ Ik − y⊗ Ok〉2;

meanwhile, if R =max(‖x‖, ‖y‖), then since DVN − D f → 0 in ‖ · ‖2 uniformly on the operator norm
ball of radius R, we have as k→∞ that

〈D f (x⊗ Ik)− D f (y⊗ Ik), x⊗ Ik − y⊗ Ik〉2−〈DVNk(x⊗ Ik)− DVNk(y⊗ Ik), x⊗ Ik − y⊗ Ik〉2→ 0.

Because VNk is convex, the second inner product is ≥ 0 and therefore 〈D f (x)− D f (y), x − y〉2 ≥ 0. �
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Let Em(c,C)0,1 denote the class of V ∈ T 0,1
m such that V (x) − (c/2)‖x‖22 is convex and V (x) −

(C/2)‖x‖22 is concave. If 0 < c < C and V ∈ Em(c,C)0,1 and VN = V |MN (C)msa
, then the sequence of

normalized gradients DVN is asymptotically approximable by trace polynomials. If we let µN be the
corresponding measure on MN (C)

m
sa, then Theorem 4.1 (the hypothesis (4-1) being trivially satisfied by

unitary invariance) implies that µN concentrates around a noncommutative law λV , which we will call
the free Gibbs state for the potential V.

Furthermore, the free Gibbs state λV is independent of the choice of representative sequence in the
following sense. Let µN be the measure on MN (C)

m
sa given by the potential VN = V |MN (C)msa

. Let WN

be another sequence of potentials satisfying the hypotheses of Theorem 4.1 such that [W•] = V in T 0,1
m ,

and let νN be the sequence of random matrix measures given by WN . By Theorem 4.1, νN concentrates
around some noncommutative law λ. We claim that λ = λV . To prove this, consider the sequence ṼN

which equals VN for odd N and WN for even N. Then [Ṽ•] = V in T 0,1
m , which means that {DṼN }N∈N is

asymptotically approximable by trace polynomials. Therefore,

λV (p)= lim
N even
N→∞

∫
τN (p) dµN = lim

N odd
N→∞

∫
τN (p) dνN = λ(p).

In fact, Lemma 8.4 implies that the noncommutative laws λ which occur as limits in Theorem 4.1
are precisely the free Gibbs laws for potentials V ∈ Em(c,C)0,1. In particular, Theorem 7.1 implies that
χ = χ = χ∗ for every such law.

Remark 8.5. We have not proved that the law λV is uniquely characterized by the Schwinger–Dyson
equation λ[DV (X) f (X)] = λ⊗λ[D f (X)], although something like this is implied by [Dabrowski 2016].
One could hope to prove this by letting the semigroup T V

t act on an abstract space of Lipschitz functions
which is the completion of trace polynomials (where the metric now allows x to come from any tracial
von Neumann algebra rather than only the Rω-embeddable algebras). We would want to show that if λ
satisfies the Schwinger–Dyson equation, then λ(T V

t u)= λ(u), but to justify the computation, we need to
show more regularity of T V

t u than we have done in this paper. In the SDE approach as well, the proof
that λV is characterized by Schwinger–Dyson is subtle when we do not assume more regularity for V
(see [Dabrowski 2010; 2016]).

8C. Examples of convex potentials. A natural class of examples of functions in Em(c,C)0,1 are those
of the form

V (x)= 1
2‖x‖

2
2+ ε f (u)

where ε is a small positive parameter,

u = (u1, . . . , um), u j =
x j + 4i
x j − 4i

,

and f is a real-valued trace polynomial in u and u∗. Computations similar to those of Section 3B show
that the normalized Hessian of Jac(D f (u(x))) with respect to x is bounded uniformly in N. Therefore,
V ∈ Em

( 1
2 ,

3
2

)0,1 for sufficiently small ε. Similar examples are described in the introduction of [Dabrowski
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2016]. More generally, we can replace the trace polynomial f (u) by a power series where the individual
terms are trace monomials in u.

The class Em(c,C)0,1 does not include trace polynomials in x because if g is a trace polynomial of
degree ≥ 3, then we cannot have g(x) convex and g(x)− (C/2)‖x‖22 concave (globally). However, if
we consider a potential which is a small perturbation of a quadratic (as considered in [Guionnet and
Maurel-Segala 2006; Guionnet and Shlyakhtenko 2014]), we can fix this problem by introducing an
operator-norm cut-off as follows.

Let f be a scalar-valued trace polynomial and let us define

V (ε)(x)= ‖x‖22+ ε f (x). (8-4)

Let φ : R → R be a C∞c function such that φ(t) = t for |t | ≤ R and φ(t) = 0 for |t | ≥ 2R. Let
8 : MN (C)

m
sa→ MN (C)

m
sa be given by 8N (x)= (φ(x1), . . . , φ(xm)).

Ṽ (ε)
N (x)= ‖x‖22+ ε fN (8N (x)). (8-5)

We will prove the following.

Proposition 8.6. Let Ṽ (ε)
N be given as above. Then [Ṽ (ε)

•
] ∈ T 0,1

m . Moreover, given δ > 0, we have
[Ṽ (ε)
•
] ∈ Em(1− δ, 1+ δ)0,1 for sufficiently small ε (depending on f , R, and δ).

As a consequence, we will deduce the following result about measures defined by V (ε) restricted to an
operator-norm ball (without the smooth cut-off 8).

Proposition 8.7. Let 2< R′ < R, let f be a trace polynomial, and let V (ε) be as in (8-4). Let

dµ(ε)N (x)=
1

Z N
exp(−N 2V (ε)

N (x))1‖x‖≤R dx .

For sufficiently small ε (depending on f , R, and R′), we have the following. The measure µ(ε)N exhibits
exponential concentration around a noncommutative law λ(ε) ∈6m,R′ . If X ∈ (M, τ ) is a noncommutative
m-tuple realizing the law λ(ε), then the conjugate variable is given by DV (ε)(X). Moreover, we have

χ(λ(ε))= χ(λ(ε))= χ∗(λ(ε))= lim
N→∞

( 1
N 2 h(µ(ε)N )+

m
2

log N
)
.

To fix notation for the remainder of this section, functions without a subscript, such as f , will denote
elements of T 0

m or T 0,1
m , and D f will denote the “gradient” defined in the abstract space T 0,1

m as the limit
of the “gradients” of trace polynomials approximating f . However, fN will denote f |MN (C)msa

, and D fN

will denote the normalized gradient N∇ fN defined in the usual sense of calculus with respect to 〈 · , · 〉2
on MN (C)

m
sa. Moreover, H fN = Jac(D fN ) will denote the Hessian of fN with respect to 〈 · , · 〉2.

In order to prove Proposition 8.6, we must understand D[ fN ◦8N ] and H [ fN ◦8N ]. To this end, we
recall some results of [Peller 2006] on noncommutative derivatives of φ(x), where φ is a smooth function
on the real line.
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For a polynomial φ in one variable, the noncommutative derivative Dφ ∈ C〈X〉 ⊗C〈X〉 defined by
Definition 3.6 can be written as the difference quotient

Dφ(s, t)=
φ(s)−φ(t)

s− t
,

where we view C〈X〉 ⊗C〈X〉 as a subset of functions on R2 with the variables s and t . However, the
above difference quotient makes sense whenever φ : R→ C is smooth. Thus, it defines an extension of D
to continuously differentiable functions φ of one variable.

Similarly, if φ is a polynomial, then the higher-order noncommutative derivatives Dnφ can be viewed
as functions of n+ 1 variables, which are obtained through iterated difference quotients and thus their
definition can be extended to smooth functions φ. (However, beware that we have not defined Dn

j φ if φ is
a nonpolynomial function of multiple variables.)

If φ is a polynomial, then to estimate φ(X)−φ(Y ) for operators X and Y with norm bounded by R, one
seeks to control the norm of Dφ in the projective tensor product L∞[−R, R] ⊗̂ L∞[−R, R]. Similarly,
if φ is a smooth function and φ(X) and φ(Y ) are defined through functional calculus, one can estimate
the operator norm ‖φ(X)−φ(Y )‖ by representing φ as an integral of simpler functions (e.g., by Fourier
analysis) whose noncommutative derivatives are easier to analyze. In this case, it is convenient to write
Dφ as an integral rather than a sum of simple tensors.

We thus consider the integral projective tensor powers of the space of bounded Borel functions B(R).
The integral projective tensor product B(R)⊗̂i n consists of Borel functions G on Rn which admit a
representation

G(x1, . . . , xn)=

∫
�

G1(x1, ω) · · ·Gn(xn, ω) dµ(ω) (8-6)

for some measure space (�,µ) such that∫
�

‖G1( · , ω)‖B(R) · · · ‖G1( · , ω)‖B(R) dµ(ω) <+∞ (8-7)

and we define ‖G‖B(R)⊗̂i n to be the infimum of (8-7) over all representations (8-6).
Given G ∈ B(R)ω̂i n, bounded self-adjoint operators x0, . . . , xn and bounded operators y1, . . . , yn , we

define

G(x0, . . . , xn) # (y1⊗ · · ·⊗ yn)=

∫
�

G0(x0, ω)y1G1(x1, ω) · · · ynGn(xn, ω) dµ(ω), (8-8)

where G0, . . . , Gn satisfy (8-6). This is well-defined by [Peller 2006, Lemma 3.1]. If the x j and yj are
elements of a tracial von Neumann algebra (M, τ ), we have by the noncommutative Hölder’s inequality
(see Section 2C) that if 1/α = 1/α1+ · · ·+ 1/αn , then

‖G(x0, . . . , xn) # (y1⊗ · · ·⊗ yn)‖α ≤ ‖G‖B(R)⊗̂i (n+1)‖y1‖α1 · · · ‖yn‖αn . (8-9)

Moreover, we have the following bounds on the noncommutative derivatives of φ as a corollary of the
results of [Peller 2006].
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Proposition 8.8. There exists a constant Kn such that for all φ ∈ C∞c (R)

‖Dnφ‖B(R)⊗̂i (n+1) ≤ Kn

∫
R

|φ̂(ξ)ξ n
| dξ. (8-10)

Proof. As in [Peller 2006, §2], choose w ∈ C∞c such that 0≤ w ≤ χ[−1/2,2] and
∑

k∈Zw(2
−kξ)= 1 for

ξ > 0. Let Wk and W #
k be given by Ŵk(ξ) = w(2−nξ) and Ŵ #

k (ξ) = w(−2−k x), where ·̂ denotes the
Fourier transform. It is shown in [Peller 2006, Theorem 5.5] that

‖Dnφ‖B(R)⊗̂i (n+1) ≤ Kn

∑
k∈Z

2nk(‖Wk ∗φ‖L∞(R)+‖W #
k ∗φ‖L∞(R)).

This can be estimated by the right-hand side of (8-10) (for a possibly different constant) by a standard
Fourier analysis computation. �

Proof of Proposition 8.6. Recall that Ṽ (ε)
N (x)= 1

2‖x‖
2
2+ ε fN ◦8N . Thus, to show that the sequence V (ε)

N
defines an element of T m

0 , it suffices to prove this for fN ◦8N . To this end, it is sufficient to show that
for each r > 0 there is a sequence of trace polynomials {g(k)}k∈N such that

lim
k→∞

sup
N∈N

sup
x∈MN (C)msa:‖x‖∞≤r

|g(k)(x)− fN ◦8N (x)| = 0

and
lim

k→∞
sup
N∈N

sup
x∈MN (C)msa:‖x‖∞≤r

‖Dg(k)(x)− D[ fN ◦8N (x)]‖2.

Fix r > 0. By standard approximation techniques, there exist Schwarz functions φ(k) : R→ R such that
φ(k)|[−r,r ] is a polynomial and φ(k)→ φ in the Schwarz space as k→∞. By Proposition 8.8, we have
Dnφ(k)→ Dnφ in B(R)⊗̂i (n+1) as k→∞ for every n.

Let 8(k)N (x1, . . . , xm)= (φ
(k)(x1), . . . , φ

(k)(xm)). Then fN ◦8
(k)
N is given by a trace polynomial g(k)

on {‖x‖∞ ≤ r}. Because of the spectral mapping theorem,

sup
‖x‖≤r
‖8

(k)
N (x)−8N (x)‖∞ ≤ m sup

t∈[−r,r ]
|φ(k)(t)−φ(t)|,

which is independent of N and vanishes as k→∞. Thus, our trace polynomials g(k) approximate fN ◦8N

uniformly on the operator norm ball {x : ‖x‖∞ ≤ r}.
Next, we must show that Dg(k) approximates D[ fN ◦8N ] uniformly in ‖ · ‖2 on the operator-norm

ball {‖x‖∞ ≤ r}. By the chain rule, we have

Dj [ fN ◦8N ] = Jacj (8N )
t
[Dj fN ],

where Dj and Jacj are the normalized gradient and Jacobian with respect to the variable x j ∈ MN (C)sa.
Now

Jacj (8N )(x)y = Dφ(x j ) # y.

Now Dφ viewed as an element of the tensor product C[X ] ⊗C[X ] is invariant under the flip map that
switches the order of the tensorands; this is because Dφ is represented as a difference quotient for
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one-variable functions. Flip invariance implies that

τN [(Dφ(x j ) # y)z] = τN [y(Dφ(x j ) # z)],

which means that the operator Jacj (8N )(x) on MN (C)sa is self-adjoint. Hence,

Dj [ fN ◦8N ](x)= Jacj (8N (x))[Dj fN ](x)= Dφ(x j ) # Dj fN (8N (x)).

This function is given by a trace polynomial on {‖x‖∞ ≤ r}, and it is also equal to the trace polynomial
Dj g(k) when evaluated on any tuple of matrices because both functions are equal to the gradient of
g(k)|MN (C)msa

. Moreover, for ‖x‖∞ ≤ r , we have

Dφk(x j ) # Dj f (8k(x))= Dφk(x j ) # Dj f (8(x))+Dφk(x j ) # [Dj f (8k(x))− Dj f (8(x))].

The first term converges to Dφ(x j ) # Dj f (8(x)) in ‖ · ‖2 uniformly on {‖x‖∞ ≤ r} using (8-9) with
estimates independent of N. Similarly, because the images of 8k and 8 are contained in an operator norm
ball and Dj f is K -Lipschitz in ‖ · ‖2 on this ball for some K > 0, we have Dj f (8k(x))−Dj f (8(x))→ 0
uniformly. This in turn implies that the second term goes to zero because Dφk(x j ) is uniformly bounded
in B(R)⊗̂i B(R). Thus, for every r > 0, there is a sequence of trace polynomials g(k) such that gk→ f ◦8
and Dg(k)→ D( f ◦8) uniformly on {‖x‖∞ ≤ r}. This means that f ◦8 ∈ T 1,0

m .
It follows that the sequence Ṽ (ε)

N defines a function in T 0,1
m for every ε. It remains to show that this

function is in Em(1− δ, 1+ δ)0,1 for sufficiently small ε. To this end, it suffices to show that fN ◦8N

defines a function in Em(−a, a)0,1 for some real a > 0. Thus, we only need to obtain some upper and
lower bounds on the operator norm of H [ fN ◦8N ] that are independent of N. However, this is equivalent
to showing that Dj ( fN ◦8N ) = DφN (x j ) # Dj fN (8N (x)) is Lipschitz in ‖ · ‖2 for each j (uniformly
in N ). Because D2φ is bounded in B(R) ⊗̂i B(R) ⊗̂i B(R), we see that

‖Dφ(x j ) # y−Dφ(x ′j ) # y‖2 ≤ K‖x j − x ′j‖2‖y‖∞

for some constant K ; we may apply this to y = D j fN (8N (x)), which is bounded in ‖ · ‖∞ because
D j fN is a trace polynomial and 8N (x) is bounded in ‖ · ‖∞. Together with the fact that Dj fN (8N (x))
is Lipschitz in ‖ · ‖2, this implies that Dj ( fN ◦8N ) is Lipschitz in ‖ · ‖2 as desired. �

Proof of Proposition 8.7. Let µ̃(ε)N be the measure on MN (C)
m
sa given by the potential Ṽ (ε)

N . Let δ be
a number in (0, 1) to be chosen later. By Proposition 8.6, we have that Ṽ (ε)

∈ Em(1 − δ, 1 + δ)0,1

for sufficiently small ε. By Theorem 4.1, the laws µ̃N concentrate around a noncommutative law λ.
Furthermore, in Theorem 4.1(1), we can take M = 0 and c = 1− δ and C = 1+ δ, so that

lim sup
N→∞

RN ≤
2

(1− δ)1/2
+
‖DṼ (ε)(0)‖2

1− δ
+

δ

(1− δ)3/2
.

Note that DṼ (ε)(0)= DV (ε)(0)= εD f (0) is a scalar multiple of the identity matrix since f is a trace
polynomial. Because R′ > 2, we may choose δ sufficiently small that

2
(1− δ)1/2

+
δ

(1− δ)3/2
< R′.
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Then by choosing ε (and hence ‖DṼ (ε)(0)‖2) sufficiently small, we can arrange that

R∗ = lim sup
N→∞

RN < R′.

This implies that the measures µ̃(ε)N concentrate on the ball {‖x‖∞ ≤ R′}. For ‖x‖∞ ≤ R, we have
Ṽ (ε)(x)= V (ε)(x), and therefore µ(ε)N is the (normalized) restriction of µ̃(ε)N to {‖x‖∞ ≤ R}. It follows
that µ(ε)N concentrates around the law λ(ε) as well.

If X ∈ (M, τ ) realizes the law λ(ε), then ‖X‖∞ ≤ R′ since λ ∈ 6m,R∗ ⊆ 6m,R′ by Theorem 4.1(2).
Moreover, by Proposition 5.10, the conjugate variables for λ are given by DṼ (X)= DV (X). Moreover,
by Theorem 7.1 applied to µ̃(ε)N , we have

χ(λ(ε))= χ(λ(ε))= χ∗(λ(ε))= lim
N→∞

( 1
N 2 h(µ̃(ε)N )+

m
2

log N
)
.

In the last equality, we can replace µ̃N by µN as in the proof of Proposition 5.5 because µ̃N concentrates
on {‖x‖∞ ≤ R′}. �

Remark 8.9. The approach given here probably does not give the optimal range of ε for Proposition 8.7.
To get the best result, one would want a more direct way to extend the potential V (ε)

: {‖x‖∞ ≤ R} → R

to a potential Ṽ (ε) defined everywhere. This leads us to ask the following question.
Suppose that V is a real-valued function in the closure of trace polynomials with respect to the norm
‖ f ‖T 0

m ,R + ‖D f ‖T 1
m ,R , and hence V defines a function {x : ‖x‖∞ ≤ R} → R for x ∈ MN (C)

m
sa. If

V (x)− (c/2)‖x‖22 is convex and V (x)− (C/2)‖x‖22 is concave on {‖x‖ ≤ R}, then does V extend to a
potential Ṽ ∈ Em(c,C)0,1? What if we allow Ṽ to have slightly worse constants c and C?

The construction of extensions that preserve the convexity properties is not difficult, but it is less obvious
how to construct an extension that one can verify preserves the approximability by trace polynomials.
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Note added in proof

Since this paper was first submitted, the author has extended the techniques to cover conditional ex-
pectations and entropy in [Jekel 2020a] and in particular obtained an alternative proof of Theorem 7.1.
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Moreover, the Ph.D. thesis [Jekel 2020b] contains the results of this paper and [Jekel 2020a] with more
detail and historical background.

References

[Anantharaman and Popa 2016] C. Anantharaman and S. Popa, “An introduction to II1 factors”, preprint, 2016, available at
https://www.math.ucla.edu/~popa/Books/IIun.pdf. To be published by Cambridge University Press.

[Anderson et al. 2010] G. W. Anderson, A. Guionnet, and O. Zeitouni, An introduction to random matrices, Cambridge Studies
in Advanced Mathematics 118, Cambridge University Press, 2010. MR Zbl

[Barbu 1986] V. Barbu, “A semigroup approach to Hamilton–Jacobi equations in Hilbert space”, pp. 9–18 in Semigroups, theory
and applications (Trieste, 1984), vol. I, edited by M. G. Crandall and F. Kappel, Pitman Res. Notes Math. Ser. 141, Longman,
Harlow, 1986. MR Zbl

[Barron 1986] A. R. Barron, “Entropy and the central limit theorem”, Ann. Probab. 14:1 (1986), 336–342. MR Zbl

[Biane 1997] P. Biane, “Segal–Bargmann transform, functional calculus on matrix spaces and the theory of semi-circular and
circular systems”, J. Funct. Anal. 144:1 (1997), 232–286. MR Zbl

[Biane et al. 2003] P. Biane, M. Capitaine, and A. Guionnet, “Large deviation bounds for matrix Brownian motion”, Invent.
Math. 152:2 (2003), 433–459. MR Zbl

[Brascamp and Lieb 1976] H. J. Brascamp and E. H. Lieb, “On extensions of the Brunn–Minkowski and Prékopa–Leindler
theorems, including inequalities for log concave functions, and with an application to the diffusion equation”, J. Functional
Analysis 22:4 (1976), 366–389. MR Zbl

[Cabanal Duvillard and Guionnet 2001] T. Cabanal Duvillard and A. Guionnet, “Large deviations upper bounds for the laws of
matrix-valued processes and non-communicative entropies”, Ann. Probab. 29:3 (2001), 1205–1261. MR Zbl

[Capraro 2010] V. Capraro, “A survey on Connes’ embedding conjecture”, preprint, 2010. arXiv

[Cébron 2013] G. Cébron, “Free convolution operators and free Hall transform”, J. Funct. Anal. 265:11 (2013), 2645–2708.
MR Zbl

[Crandall et al. 1992] M. G. Crandall, H. Ishii, and P.-L. Lions, “User’s guide to viscosity solutions of second order partial
differential equations”, Bull. Amer. Math. Soc. (N.S.) 27:1 (1992), 1–67. MR Zbl

[Dabrowski 2010] Y. Dabrowski, “A non-commutative path space approach to stationary free stochastic differential equations”,
preprint, 2010. arXiv

[Dabrowski 2016] Y. Dabrowski, “A Laplace principle for Hermitian Brownian motion and free entropy, I: The convex functional
case”, preprint, 2016. arXiv

[Dabrowski et al. 2016] Y. Dabrowski, A. Guionnet, and D. Shlyakhtenko, “Free transport for convex potentials”, preprint, 2016.
arXiv

[Driver et al. 2013] B. K. Driver, B. C. Hall, and T. Kemp, “The large-N limit of the Segal–Bargmann transform on UN ”,
J. Funct. Anal. 265:11 (2013), 2585–2644. MR Zbl

[Ekeland and Lasry 1980] I. Ekeland and J.-M. Lasry, “On the number of periodic trajectories for a Hamiltonian flow on a
convex energy surface”, Ann. of Math. (2) 112:2 (1980), 283–319. MR Zbl

[Evans 2010] L. C. Evans, Partial differential equations, 2nd ed., Graduate Studies in Mathematics 19, American Mathematical
Society, Providence, RI, 2010. MR Zbl

[Guionnet and Maurel-Segala 2006] A. Guionnet and E. Maurel-Segala, “Combinatorial aspects of matrix models”, ALEA Lat.
Am. J. Probab. Math. Stat. 1 (2006), 241–279. MR Zbl

[Guionnet and Shlyakhtenko 2009] A. Guionnet and D. Shlyakhtenko, “Free diffusions and matrix models with strictly convex
interaction”, Geom. Funct. Anal. 18:6 (2009), 1875–1916. MR Zbl

[Guionnet and Shlyakhtenko 2014] A. Guionnet and D. Shlyakhtenko, “Free monotone transport”, Invent. Math. 197:3 (2014),
613–661. MR Zbl

[Hargé 2004] G. Hargé, “A convex/log-concave correlation inequality for Gaussian measure and an application to abstract
Wiener spaces”, Probab. Theory Related Fields 130:3 (2004), 415–440. MR Zbl

https://www.math.ucla.edu/~popa/Books/IIun.pdf
http://msp.org/idx/mr/2760897
http://msp.org/idx/zbl/1184.15023
http://msp.org/idx/mr/876923
http://msp.org/idx/zbl/0607.47048
http://dx.doi.org/10.1214/aop/1176992632
http://msp.org/idx/mr/815975
http://msp.org/idx/zbl/0599.60024
http://dx.doi.org/10.1006/jfan.1996.2990
http://dx.doi.org/10.1006/jfan.1996.2990
http://msp.org/idx/mr/1430721
http://msp.org/idx/zbl/0889.47013
http://dx.doi.org/10.1007/s00222-002-0281-4
http://msp.org/idx/mr/1975007
http://msp.org/idx/zbl/1017.60026
http://dx.doi.org/10.1016/0022-1236(76)90004-5
http://dx.doi.org/10.1016/0022-1236(76)90004-5
http://msp.org/idx/mr/0450480
http://msp.org/idx/zbl/0334.26009
http://dx.doi.org/10.1214/aop/1015345602
http://dx.doi.org/10.1214/aop/1015345602
http://msp.org/idx/mr/1872742
http://msp.org/idx/zbl/1022.60026
http://msp.org/idx/arx/1003.2076
http://dx.doi.org/10.1016/j.jfa.2013.07.022
http://msp.org/idx/mr/3096986
http://msp.org/idx/zbl/1294.46058
http://dx.doi.org/10.1090/S0273-0979-1992-00266-5
http://dx.doi.org/10.1090/S0273-0979-1992-00266-5
http://msp.org/idx/mr/1118699
http://msp.org/idx/zbl/0755.35015
http://msp.org/idx/arx/1006.4351
http://msp.org/idx/arx/1604.06420
http://msp.org/idx/arx/1701.00132
http://dx.doi.org/10.1016/j.jfa.2013.07.020
http://msp.org/idx/mr/3096985
http://msp.org/idx/zbl/1286.22010
http://dx.doi.org/10.2307/1971148
http://dx.doi.org/10.2307/1971148
http://msp.org/idx/mr/592293
http://msp.org/idx/zbl/0449.70014
http://dx.doi.org/10.1090/gsm/019
http://msp.org/idx/mr/2597943
http://msp.org/idx/zbl/1194.35001
http://msp.org/idx/mr/2249657
http://msp.org/idx/zbl/1110.15021
http://dx.doi.org/10.1007/s00039-009-0704-0
http://dx.doi.org/10.1007/s00039-009-0704-0
http://msp.org/idx/mr/2491694
http://msp.org/idx/zbl/1187.46056
http://dx.doi.org/10.1007/s00222-013-0493-9
http://msp.org/idx/mr/3251831
http://msp.org/idx/zbl/1312.46059
http://dx.doi.org/10.1007/s00440-004-0365-8
http://dx.doi.org/10.1007/s00440-004-0365-8
http://msp.org/idx/mr/2095937
http://msp.org/idx/zbl/1059.60022


2374 DAVID JEKEL

[Jekel 2020a] D. Jekel, “Conditional expectation, entropy, and transport for convex Gibbs laws in free probability”, Int. Mat. Res.
Not. (online publication August 2020).

[Jekel 2020b] D. Jekel, Evolution equations in non-commutative probability, Ph.D. thesis, University of California, Los Angeles,
2020, available at https://escholarship.org/uc/item/8n39f7mt.

[Kato 1978] T. Kato, “Trotter’s product formula for an arbitrary pair of self-adjoint contraction semigroups”, pp. 185–195 in
Topics in functional analysis, edited by I. Gohberg and M. Kac, Adv. in Math. Suppl. Stud. 3, Academic Press, New York, 1978.
MR Zbl

[Lasry and Lions 1986] J.-M. Lasry and P.-L. Lions, “A remark on regularization in Hilbert spaces”, Israel J. Math. 55:3 (1986),
257–266. MR Zbl

[Ledoux 1992] M. Ledoux, “A heat semigroup approach to concentration on the sphere and on a compact Riemannian manifold”,
Geom. Funct. Anal. 2:2 (1992), 221–224. MR Zbl

[Nica and Speicher 2006] A. Nica and R. Speicher, Lectures on the combinatorics of free probability, London Mathematical
Society Lecture Note Series 335, Cambridge University Press, 2006. MR Zbl

[Peller 2006] V. V. Peller, “Multiple operator integrals and higher operator derivatives”, J. Funct. Anal. 233:2 (2006), 515–544.
MR Zbl

[Pisier and Xu 2003] G. Pisier and Q. Xu, “Non-commutative L p-spaces”, pp. 1459–1517 in Handbook of the geometry of
Banach spaces, vol. 2, edited by W. B. Johnson and J. Lindenstrauss, North-Holland, Amsterdam, 2003. MR Zbl

[Rains 1997] E. M. Rains, “Combinatorial properties of Brownian motion on the compact classical groups”, J. Theoret. Probab.
10:3 (1997), 659–679. MR Zbl

[Razmyslov 1974] J. P. Razmyslov, “Identities with trace in full matrix algebras over a field of characteristic zero”, Izv. Akad.
Nauk SSSR Ser. Mat. 38 (1974), 723–756. In Russian; translated in Math. USSR-Izv. 8:4 (1974), 727–760. MR Zbl

[Razmyslov 1985] Y. P. Razmyslov, “Trace identities and central polynomials in matrix superalgebras Mn,k”, Mat. Sb. (N.S.)
128(170):2 (1985), 194–215. In Russian; translated in Math. USSR-Sb. 56:1 (1987), 187–206. MR Zbl

[Correa da Silva 2018] R. Correa da Silva, “Lecture notes on non-commutative L p spaces”, preprint, 2018. arXiv

[Simon 1979] B. Simon, Functional integration and quantum physics, Pure and Applied Mathematics 86, Academic Press, New
York, 1979. MR Zbl

[Simon 2005] B. Simon, Trace ideals and their applications, 2nd ed., Mathematical Surveys and Monographs 120, American
Mathematical Society, Providence, RI, 2005. MR Zbl

[Trotter 1959] H. F. Trotter, “On the product of semi-groups of operators”, Proc. Amer. Math. Soc. 10 (1959), 545–551. MR Zbl

[Voiculescu 1986] D. Voiculescu, “Addition of certain noncommuting random variables”, J. Funct. Anal. 66:3 (1986), 323–346.
MR Zbl

[Voiculescu 1991] D. Voiculescu, “Limit laws for random matrices and free products”, Invent. Math. 104:1 (1991), 201–220.
MR Zbl

[Voiculescu 1993] D. Voiculescu, “The analogues of entropy and of Fisher’s information measure in free probability theory, I”,
Comm. Math. Phys. 155:1 (1993), 71–92. MR Zbl

[Voiculescu 1994] D. Voiculescu, “The analogues of entropy and of Fisher’s information measure in free probability theory, II”,
Invent. Math. 118:3 (1994), 411–440. MR Zbl

[Voiculescu 1998] D. Voiculescu, “The analogues of entropy and of Fisher’s information measure in free probability theory, V:
Noncommutative Hilbert transforms”, Invent. Math. 132:1 (1998), 189–227. MR Zbl

[Voiculescu 2002] D. Voiculescu, “Free entropy”, Bull. London Math. Soc. 34:3 (2002), 257–278. MR Zbl

[Voiculescu et al. 1992] D. V. Voiculescu, K. J. Dykema, and A. Nica, Free random variables: a noncommutative probability
approach to free products with applications to random matrices, operator algebras and harmonic analysis on free groups, CRM
Monograph Series 1, American Mathematical Society, Providence, RI, 1992. MR Zbl

Received 31 May 2018. Revised 27 Jun 2019. Accepted 25 Sep 2019.

DAVID JEKEL: davidjekel@math.ucla.edu
Department of Mathematics, University of California, Los Angeles, CA, United States

mathematical sciences publishers msp

http://dx.doi.org/10.1093/imrn/rnaa181
https://escholarship.org/uc/item/8n39f7mt
http://msp.org/idx/mr/538020
http://msp.org/idx/zbl/0461.47018
http://dx.doi.org/10.1007/BF02765025
http://msp.org/idx/mr/876394
http://msp.org/idx/zbl/0631.49018
http://dx.doi.org/10.1007/BF01896974
http://msp.org/idx/mr/1159831
http://msp.org/idx/zbl/0752.53039
http://dx.doi.org/10.1017/CBO9780511735127
http://msp.org/idx/mr/2266879
http://msp.org/idx/zbl/1133.60003
http://dx.doi.org/10.1016/j.jfa.2005.09.003
http://msp.org/idx/mr/2214586
http://msp.org/idx/zbl/1102.46024
http://dx.doi.org/10.1016/S1874-5849(03)80041-4
http://msp.org/idx/mr/1999201
http://msp.org/idx/zbl/1046.46048
http://dx.doi.org/10.1023/A:1022601711176
http://msp.org/idx/mr/1468398
http://msp.org/idx/zbl/1002.60504
http://mi.mathnet.ru/izv1989
https://iopscience.iop.org/article/10.1070/IM1974v008n04ABEH002126
http://msp.org/idx/mr/0506414
http://msp.org/idx/zbl/0311.16016
https://iopscience.iop.org/article/10.1070/SM1987v056n01ABEH003031
http://msp.org/idx/mr/809485
http://msp.org/idx/zbl/0601.16016
http://msp.org/idx/arx/1803.02390
http://msp.org/idx/mr/544188
http://msp.org/idx/zbl/0434.28013
http://msp.org/idx/mr/2154153
http://msp.org/idx/zbl/1074.47001
http://dx.doi.org/10.2307/2033649
http://msp.org/idx/mr/108732
http://msp.org/idx/zbl/0099.10401
http://dx.doi.org/10.1016/0022-1236(86)90062-5
http://msp.org/idx/mr/839105
http://msp.org/idx/zbl/0651.46063
http://dx.doi.org/10.1007/BF01245072
http://msp.org/idx/mr/1094052
http://msp.org/idx/zbl/0736.60007
http://dx.doi.org/10.1007/BF02100050
http://msp.org/idx/mr/1228526
http://msp.org/idx/zbl/0781.60006
http://dx.doi.org/10.1007/BF01231539
http://msp.org/idx/mr/1296352
http://msp.org/idx/zbl/0820.60001
http://dx.doi.org/10.1007/s002220050222
http://dx.doi.org/10.1007/s002220050222
http://msp.org/idx/mr/1618636
http://msp.org/idx/zbl/0930.46053
http://dx.doi.org/10.1112/S0024609301008992
http://msp.org/idx/mr/1887698
http://msp.org/idx/zbl/1036.46051
http://msp.org/idx/mr/1217253
http://msp.org/idx/zbl/0795.46049
mailto:davidjekel@math.ucla.edu
http://msp.org


Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Patrick Gérard
patrick.gerard@math.u-psud.fr

Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Massimiliano Berti Scuola Intern. Sup. di Studi Avanzati, Italy
berti@sissa.it

Michael Christ University of California, Berkeley, USA
mchrist@math.berkeley.edu

Charles Fefferman Princeton University, USA
cf@math.princeton.edu

Ursula Hamenstaedt Universität Bonn, Germany
ursula@math.uni-bonn.de

Vadim Kaloshin University of Maryland, USA
vadim.kaloshin@gmail.com

Herbert Koch Universität Bonn, Germany
koch@math.uni-bonn.de

Izabella Laba University of British Columbia, Canada
ilaba@math.ubc.ca

Richard B. Melrose Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Frank Merle Université de Cergy-Pontoise, France
Frank.Merle@u-cergy.fr

William Minicozzi II Johns Hopkins University, USA
minicozz@math.jhu.edu

Clément Mouhot Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

Werner Müller Universität Bonn, Germany
mueller@math.uni-bonn.de

Gilles Pisier Texas A&M University, and Paris 6
pisier@math.tamu.edu

Igor Rodnianski Princeton University, USA
irod@math.princeton.edu

Yum-Tong Siu Harvard University, USA
siu@math.harvard.edu

Terence Tao University of California, Los Angeles, USA
tao@math.ucla.edu

Michael E. Taylor Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

Gunther Uhlmann University of Washington, USA
gunther@math.washington.edu

András Vasy Stanford University, USA
andras@math.stanford.edu

Dan Virgil Voiculescu University of California, Berkeley, USA
dvv@math.berkeley.edu

Steven Zelditch Northwestern University, USA
zelditch@math.northwestern.edu

Maciej Zworski University of California, Berkeley, USA
zworski@math.berkeley.edu

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2020 is US $340/year for the electronic version, and $550/year (+$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers

http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:berti@sissa.it
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/


ANALYSIS & PDE
Volume 13 No. 8 2020

2259Propagation properties of reaction-diffusion equations in periodic domains
ROMAIN DUCASSE

2289An elementary approach to free entropy theory for convex potentials
DAVID JEKEL

2375Parametrix for a semiclassical subelliptic operator
HART F. SMITH

2399On the propagation of regularity for solutions of the dispersion generalized Benjamin–Ono
equation

ARGENIS J. MENDEZ

2441Optimal regularity in time and space for the porous medium equation
BENJAMIN GESS, JONAS SAUER and EITAN TADMOR

A
N

A
LY

SIS
&

PD
E

Vol.13,
N

o.8
2020


	1. Introduction
	1A. Motivation and main ideas
	1B. Main results
	1C. Organization of paper

	2. Preliminaries
	2A. Notation for matrix algebras
	2B. Noncommutative probability spaces and laws
	2C. Noncommutative L^alpha-norms
	2D. Free independence, semicircular law, and GUE
	2E. Concentration and operator norm tail bounds
	2F. Semiconvex and semiconcave functions

	3. Trace polynomials
	3A. Definitions
	3B. Differentiation of trace polynomials
	3C. Convolution of trace polynomials and gaussians
	3D. Asymptotic approximation by trace polynomials

	4. Convergence of moments
	4A. Iterative construction of the semigroup
	4B. Approximability and convergence of moments

	5. Entropy and Fisher's information
	5A. Classical entropy
	5B. Microstates free entropy
	5C. Classical Fisher information
	5D. Free Fisher information

	6. Evolution of the conjugate variables
	6A. Motivation and statement of the equation
	6B. Strategy to approximate solutions
	6C. The Hopf–Lax semigroup, the heat semigroup, and convexity
	6D. Estimates for error propagation
	6E. Iterative construction of R_t for dyadic t
	6F. Continuity and semigroup property
	6G. Solution to the differential equation
	6H. Approximation by trace polynomials

	7. Main theorem on free entropy
	8. Free Gibbs laws
	8A. Asymptotic approximation and function spaces
	8B. Convex differentiable functions
	8C. Examples of convex potentials

	Acknowledgements
	Note added in proof
	References
	
	

