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Regularity estimates in time and space for solutions to the porous medium equation are shown in the scale
of Sobolev spaces. In addition, higher spatial regularity for powers of the solutions is obtained. Scaling
arguments indicate that these estimates are optimal. In the linear limit, the proven regularity estimates are
consistent with the optimal regularity of the linear case.
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1. Introduction

We prove estimates on the time and space regularity of solutions to porous medium equations

du—Aul™ =8 in(0,T) xR,

u(0) = ug in R4, (-1

where ul™! := |u "1y with m > 1, up € LY(R%) and S € L1 ((0, T) x R?). Solutions to porous medium
equations are known to exhibit nonlinear phenomena like slow diffusion or filling up of holes at finite rate:
If the initial data is compactly supported, then the support of the solution evolves with a free boundary
that has finite speed of propagation. The solution close to the boundary is not smooth even for smooth
initial data and zero forcing.

Despite many works on the problem of regularity of solutions to porous medium equations, until
recently, established regularity results in the literature in terms of Holder or Sobolev spaces were restricted
to spatial differentiability of order less than 1; see [Ebmeyer 2005; Tadmor and Tao 2007]. For m \( 1
this is in stark contrast to the limiting case m = 1, where u is up to twice weakly differentiable in space.
Very recently, the first author has proven optimal spatial regularity for (1-1) in [Gess 2020] for initial data
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up € (L' N L'*)(R?) for some ¢ > 0. This leaves open three main aspects addressed in the present
work: first, the derivation of optimal! space-time regularity, second, the limit case ug € L' (R%), which
is of particular importance since it covers the case of the Barenblatt solution for which the estimates are
shown to be optimal, see Section 3 below, and third, higher-order integrability. Solving these three open
problems is the purpose of the present paper.

The first main result provides optimal space-time regularity for L! data.

Theorem 1.1. Ler ug € LY(R?), S € LY((0,T) x R?) and m € (1,00). Let u be the unique entropy
solution to (1-1) on [0, T] x R,
(1) Let p € (1, m] and define

m—p 1 p—1 2

Kt = —————, Ky'i=———.
p m—1 p m—1

Then for all oy € [0, k;) U{0} and o € [0, k) we have

u € WP (0, T; WP (RY)).

Moreover, we have the estimate
ullwor.po,1:wox.r@ayy < lluoll7y +ISI7: +1. 1-2
” ” 1.2 (0,T;Wox-P(R4)) ” Olll)lc ” ”[tl.x ( )

(ii) Suppose ¢ € R Let s € [0, 1] and define

1—s 2s
= =TT Kx 1= S D1
Then for all oy € [0,k:) U{0}, 0x € [0, k%) U{0} and q € [1, p] we have

pi=sm—1)+1, «;:

uewerd(0, T, Wo1(0)).

Moreover, we have the estimate
lullwora,riwoxa(ey < lluolys +ISI7H + 1. (1-3)
X t.x

In [Tadmor and Tao 2007; Ebmeyer 2005] initial data in L' N L> was considered. However, the
methods employed in these works did not allow a systematic analysis of the order of integrability of the
solutions. For example, the results of [Ebmeyer 2005] are restricted to the particular order of integrability
p = 2/(m + 1), while [Tadmor and Tao 2007] is restricted to p = 1. In the second main result we
provide a systematic treatment of higher-order integrability. In particular, this includes and generalizes
the corresponding results of [Ebmeyer 2005] in terms of regularity in Sobolev spaces.

Noting that the regularity of ul™l contains information on the time regularity of u in light of (1-1), in
addition, we analyze the spatial regularity of powers of the solution u* for u € [1, m].

Theorem 1.2. Let ug € L' (R?) N LP(RY), S € L1([0, T] x R?) N LP([0, T] x R?) for some p € (1, o0)

and assume m € (1, 00). Let u be the unique entropy solution to (1-1) on [0, T] x R%.

1Optimality is indicated by scaling arguments in Section 3 below, and the derived estimates are consistent with the optimal
space-time regularity in the linear case m = 1.
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(1) Let u € [1,m]. Then for all

—1 -1 2
pE (1,—m +'O), Ox € |:O, 1P )
W p m—=2+p

ulil ¢ LP(0,T; ch,p(Rd)),

we have

and we have the estimate
1 oo, rsweosn@ay < Moyt o +ISIGT o +1. (1-4)

(ii) Let p € (p,m — 1 + p) and define
m—1l+p—p 1 p—p 2

Ky = , Ky = ———.
! p m—1 * p m—1

Then for all o7 € [0, k¢) and ox € [0, k) we have
u e WP, T; WoxP (R?)).
Moreover, we have the estimate
”M”WGt-I’(O,T;W‘TXsP(Rd)) < ””0”2)1an§ + ”SHZ}’XHL?X + 1. (1-5)

Much as in Theorem 1.1, if one restricts to estimates that are localized in space, the rigid interdependency
of the coefficients in Theorem 1.2 can be relaxed.
Corollary 1.3. Under the assumptions of Theorem 1.2, suppose 0 € R
(1) Let u € [1,m]. Then for all o € [0,2u/m) and g € [1, m/ ] we have

ultl e L9(0, T; w4 (0)),

and we have the estimate

BN oo iworaon < luollfy o HISIGY o +1. (1-6)

(ii) Let s € [0, 1] and define
1—s 2s

= —1 1, =—— :
pimstn=D+1 K= K

= s(m—1)+1°
Then for all o7 € [0, k;) U{0}, ox € [0,k5) U{0} and g € [1, p] we have

ue WL, T; Wo4(6)).

Moreover, we have the estimate
lullworsio.ravocaion S Mol o + IS, 0 +1. (1-7)

The methods employed in this work are inspired by [Tadmor and Tao 2007] and rely on the kinetic
form of (1-1), that is, with f(z,x,v) := Ly<y(,x) — lv<o,

O f —m|u|™ Ay f = 0pq + S(t,X)8u( ) (V) (1-8)
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for a nonnegative measure ¢, which allows the use of averaging lemmas and real interpolation. There is a
relatively short yet intense history of applying such velocity-averaging techniques to deduce regularizing
effects in nonlinear PDEs — from the early works [DiPerna, Lions, and Meyer 1991; Golse, Lions,
Perthame, and Sentis 1988; Lions, Perthame, and Tadmor 1994a; 1994b; 1996] to the more recent
[Arsénio and Masmoudi 2019; DeVore and Petrova 2001; Golse and Perthame 2013; Golse and Saint-
Raymond 2004; Jabin 2009; Jabin and Vega 2004; Perthame 2002]. An essential difference to purely
spatial regularity consists in the necessity to work with anisotropic fractional Sobolev spaces, which only
in their homogeneous form are nicely adapted to the Fourier analytic methods of this work, much in
contrast to the purely spatial case in [Gess 2020]. This leads to the so-called dominating mixed anisotropic
Besov spaces introduced in [Schmeisser and Triebel 1987]. Passing from these homogeneous anisotropic
spaces to standard inhomogeneous fractional Sobolev spaces is delicate and treated in detail below. A
main ingredient in the proof of optimal regularity in [Gess 2020] was the existence of singular moments
|, {30 |v|=q for y € (0, 1). This ceases to be true for general L !-initial data. This difficulty is overcome
in the present work by treating separately the degeneracy at |[v| = 0 and the singularity at |v| = oo as
they appear in (1-8). This also necessitates making use of (1-8) in the case of small spatial modes & in
order to obtain optimal time regularity; see Corollary 4.7 below.

Comments on the literature. The (spatial) regularity of solutions to porous medium equations in Sobolev
spaces has previously been considered in [Ebmeyer 2005; Gess 2020; Tadmor and Tao 2007]. Since
our main focus is on time-space regularity, we refer to [Gess 2020] for a more detailed account on the
available literature in this regard.

In the case of nonnegative solutions the spatial regularity of special types of powers of solutions
has been investigated in the literature. For example, much work is devoted to the pressure defined by
vi=(m/(m—1))u""1; see, e.g., [Vazquez 2007]. In the recent work [Gianazza and Schwarzacher 2019]
the authors proved higher integrability for nonnegative, local weak solutions to forced porous medium
equations in the sense that um+1/2 ¢ LIZO“CL'B((O, T); WI;C’ZJ“S
generalized in [Bogelein, Duzaar, Korte, and Scheven 2019].

) for all & > 0 small enough. This result was

The analysis of regularity in time of solutions to porous medium equations (without forcing) has a
long history initiated in [1979] and continued in [Crandall, Pazy, and Tartar 1979; Bénilan and Crandall
1981], where it was shown that

dru € Lie((0,00); L' (R?)) (1-9)

forug € L' (R?). Subsequently, Crandall and Pierre [1982a; 1982b] devoted considerable effort to relaxing
the required assumptions on the nonlinearity ¥ in the case of generalized porous medium equations

du—AYu)=0 in(0,T)xR%. (1-10)

More precisely, in [Crandall and Pierre 1982a] assuming the global generalized homogeneity condition
"

vwe[m,M] (1-11)
(W'(r)

forsome 0 <m < M, v e {£1} and all r € R, (1-9) was recovered.
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It should be noted that the methods developed in these works are restricted to the nonforced case S = 0.
In fact, for S £ 0, the linear case m = 1 demonstrates that (1-9) should not be expected. We are not aware
of results proving regularity in time in Sobolev spaces for porous medium equations with nonvanishing
forcing. In this sense, restricting to regularity in time alone, the results of the present work can be
regarded as the (partial) extension of the results of [Aronson and Bénilan 1979; Bénilan and Crandall
1981; Crandall, Pazy, and Tartar 1979; Crandall and Pierre 1982a; 1982b] to nonvanishing forcing.

We are not aware of previous results on mixed time and space regularity in Sobolev spaces for solutions
to porous medium equations.

For simplicity of the presentation we restrict to the nonlinearity ¥ (1) = 1 in this work. However,
the methods that we present are not restricted to this case, as long as ¥ satisfies a nonlinearity condition
as in [Gess 2020]. In addition, by means of a velocity decomposition, i.e., writing

K K
u(t,x) = Zui(t,x) = Z @' (v) f(t,x,v)dv,
i=1 i=1""
where ¢’, i =1,..., K, is a smooth decomposition of the unity, such a nonlinearity condition only needs
to be supposed locally at points of degeneracy. This is in contrast to the assumptions, such as (1-11),
supposed in the series of works [Aronson and Bénilan 1979; Bénilan and Crandall 1981; Crandall, Pazy,
and Tartar 1979; Crandall and Pierre 1982a; 1982b] mentioned above, which can be regarded as global
generalized homogeneity conditions.

Structure of this work. In Section 2 we collect information on the class of homogeneous and inhomo-
geneous anisotropic, dominating mixed-derivative spaces employed in this work. The optimality of the
obtained estimates is indicated in Section 3 by scaling arguments and by explicit computations in case of
the Barenblatt solution. In Section 4 we provide general averaging lemmas (Lemmas 4.2 and 4.4) in the
framework of homogeneous dominating mixed-derivative spaces and translate them to more standard
inhomogeneous anisotropic fractional Sobolev spaces (Corollaries 4.5, 4.6 and 4.7). In this formulation,
they imply the main result by their application to the porous medium equation in Section 5.

2. Preliminaries, notation and function spaces

We use the notation @ < b if there is a universal constant C > 0 such that a < Ch. We introduce
a Z b in a similar manner, and write ¢ ~ b if a < b and a = b. For a Banach space X and / C R we
denote by C(/; X) the space of bounded and continuous X -valued functions endowed with the norm
| fllca:x) := supsey | f(O)llx. If X = R we write C(/). For k € N U {oo}, the space of k-times
continuously differentiable functions is denoted by C¥(1; X). The subspace of C¥(; X) consisting of
compactly supported functions is denoted by C f (I; X). Moreover, we write .Z7y for the space of all
measures with finite total variation. Throughout this article we use several types of L?-based function
spaces. For a Banach space X and p € [1, oo], we endow the Bochner-Lebesgue space L?(R; X) with
the usual norm

=

T ( /R T dt) ,
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with the standard modification in the case of p = co. For k € Ng := N U {0}, the corresponding X -valued
Sobolev space is denoted by WX:?(R; X). If o € (0, 00) is noninteger (say o = k + r, with k € Ng and
r € (0, 1)), then we define the X -valued Sobolev—Slobodecki space W?(R; X) as the space of functions
in WkP(R; X) with

k Nk D 5
| DF f(&) —D* f(9)y dsdt) <. (2-1)

1f oo ::(/
WP R:X) RxR |t —s|rPHl

again with the usual modification in the case of p = co. Further, let W2 (R; X)) be the space of all locally
integrable X -valued functions f for which (2-1) is finite. If we factor out the equivalence relation ~,
where f ~ gif || f — g||Wo,p(R;X) = 0, the space W2 (R; X) equipped with the norm || - ||Wo,p(R;X) is
a Banach space.

Moreover, in order to treat regularity results in both time and space efficiently, we introduce spaces
with dominating mixed derivatives set in the framework of Fourier analysis, that is, corresponding Besov
spaces. These spaces have a long history in the literature, beginning with [Nikolsky 1962; 1963a; 1963b].
We refer the reader to [Schmeisser and Triebel 1987]. We adopt the notation of [Schmeisser and Triebel
1987] for the nonhomogeneous spaces. Corresponding homogeneous Besov spaces are treated in [Triebel
1977a; 1977b]; we adapt the notation to be consistent with that of [Schmeisser and Triebel 1987]. We
recall from [Triebel 1977a] the definition of the spaces 2 and 2" replacing the standard Schwartz space
7 =.7(R4+1) and the space of tempered distributions .7 = .’ (R4+1) in the definition of homogeneous
spaces. As we are concerned with function spaces in the time variable t € R and the spatial variable
X € [Rd, we introduce, in addition to RIt1 = R; x [F\Rg, also the subset

R = {(r,x) e R¥*1: 1]x| #£ 0.

Note that in [Triebel 1977a], the notation [E{z is used, which gives a better geometrical intuition of the set
taken out of R2. However, for typesetting reasons, we have decided on the notation R4+1 Then we let
2 be the subset of the standard space of test functions 2, consisting of functions with compact support in
R+ and view itas a locally convex space equipped with the canonical topology. Its dual space is denoted
by ' and is referred to as distributions over R9+1 We define % as the image of 9 C . under the Fourier
transform .Z in time and space, equipped with the inherited topology from %. The corresponding dual
space is denoted by 2. Since .Z : 9 — %, we can define by duality the Fourier transform .% : &/ — &

It holds 2 C . with a continuous embedding, but the fact that 2 is not densely embedded in .
prevents one from stating .%’ C 2. However, we note that for p € (1, 00), the space L? (R?*+1) can be
viewed both as subspace of .7’ and as a subspace of 2”; see Theorem 3.3 in [Triebel 1977a].

Let ¢ be a smooth function supported in the annulus {é cR?: % <lE < 2} and such that

D€ =) 9@ =1 forall§eR\{0}.
jez jez
Similarly, let n be a smooth function supported in (—2, —%) U (% 2) with

Yo=Y n@ ') =1 forallteR\{0}.

lez lez
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Moreover, define ¢; := ¢; for j = 1 and ¢9 := 1 — ZjZI ¢j, as well as Yy :=n; for [ = 1 and
Vo :=1—7 ;5 n;. We will use the shorthand notation 7;¢; for the function (z, §) = 1;(t)¢; (§), and
similarly for combinations of ; and ¢;.

Definition 2.1. Let 0; € (—00,00), i =t,x, and p € [1, 00]. Set ¢ := (07, 0%).

(1) The homogeneous Besov space with dominating mixed derivatives S ‘_’OOB([R{‘Z *1) is given by

SpooB = Spoc BRIT = {f € 2" || fllgz _p <00},
with the norm

l
”f”sU B _lsup 201120xJ ”thnl(PjJt xf”LP(Rd‘H)
,JEZ

Similarly, the space S B(R4+1) is given via the norm

P,00,(00)

. 1 j -1
”f”Sgoo(oo)B = lsup 20[ ZGXJ”yt,xn](pjyt,xf||Lp,oo(Rd+l)-
e ,JEZ

(i) The homogeneous Chemin-Lerner spaces Lp Bg’f,o (R4+1y and L? Bg ‘o (R4+1) are given by
LY Bse =LY BRse R = {f € 7" |1/ Iy gy, < o0k,
LEBJ = LBy o) = {f € 7" | fllpppor < o0},

with the norms

I 27 5, = S0 271707 Zf o

: I g—1
1f izegor, = ?UPT” 17: " Ze f 1l Lo @a+1y.
’ €z
respectively.

(iii) The nonhomogeneous Besov space with dominating mixed derivatives SC __B RA+1) jg given by
P,00

ST 0B =83 o BRITYH = {f e 7' RIT): 1/ sz 5 < o0},
with the norm
1 fllsg o= sup 2720|2391 Fex f ll Lo a1y

l,] =0
(iv) The nonhomogeneous Chemin—Lerner space LY By, (R4 *1) is given by
LY Bl =LY B R = {f € 7"+ | flIgppge. <00k
with the norm ”f”Z{’BZ?‘oo = sup;>o 205) |7y 1¢>j</xf||Lp(Rd+1).

Remark 2.2. All spaces considered in Definition 2.1 are Banach spaces; see [Triebel 1977a]. Note that
for ¥ € R, we use the notation #6 = (o, $0y). In this note, we restrict ourselves to the third index
of the Besov-type space being infinity, in which case the spaces SI‘;” oo B are sometimes called Nikolsky
spaces of dominating mixed derivatives in the literature. However, there is no conceptual limitation to
consider also third indices ¢ € [1, oo]. By the same token, one could also consider spaces with different
indices p and ¢ in different directions. We refer the reader to [Schmeisser and Triebel 1987] for more
details concerning such spaces.
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Lemma 2.3. Let k; = 0and p € [1,00]. Then
LPBKX-FE(Rd-i-I) c LP(R; WKX,p(Rd)) c LPBKX—S(RCZ-FI)
whenever ¢ > 0 and § € (0, kx].
Proof. This follows from [Bahouri, Chemin, and Danchin 2011, p. 98]. O

Lemma 2.4. Let ks, kx >0and p €[1,00). Then Sg’ooB C WOuP(R; WoxP(R%)) whenever o, € [0, k;)
and oy € [0, kx).

Proof. The proof is a combination of results in [Schmeisser and Triebel 1987], which are written for
R x R but also true for R x R¢ by an inspection of their respective proofs: Without loss of general-
ity, we can assume that o; and o, are noninteger. By [loc. cit., Section 2.3.4, Remark 4], we have
WP (R; WoxP(R?)) = SBY ;

space. Since by [loc. cit., Section 2.2.3, Proposition 2] we have S, i B C SBI;)7 .

see [loc. cit., Section 2.2.1, Definition 2] for a definition of the latter
this yields the claim. [

Lemma 2.5. Let 04,0 > 0and p €[1, 00]. Then
d X 3\ _ QO
(LPR*TYNL2BS  NLYBI NSS  B) =SS, B
with equivalent norms.

Proof. As smooth and compactly supported functions, Yo and ¢o extend to L? multipliers for all
p € [1, 00]; see, e.g., [Bergh and Lofstrom 1976].
For f € (LP(RI*Y) N LY BYls N LY Bpo N ST B) C #'(RF1) we obtain

—1 [ —1
||f||sgoo3 < ”g\z,x@[’o‘ﬁog‘\t,xf”L” +Sup2<’z ||§txnl¢oﬁt,xf”L”
’ >0

+ sup2‘7” ”fthO(PJJt xf”L" + sup ZUtZZUXJ ||¢/tx771‘Pj</t Xf”L”
j>0 1,j>0
SIS ler, +7up2“f’||ﬂ mZ Sy,
0

+ sup 27/ ||. 7! ¢jFxfllLr, + sup 20110 IIthmw]fzxfllLP
j>0 1,j>0

p ||f||L;1x + ||f||Z§BZ,’oo I zrage, +1/ sz 5

Conversely, for f € SJ B, we estimate the four contributions corresponding to L? (RE+1), L? Bp 505
Zf ng‘oo, and S7 " separately We start by noting that due to oy, ox > 0, the invariance of multiplier
norms with respect to dilation, n; = ;Yo for [ <0 and Qi =@ $o for j <0, where Vg := Yo + V1 and
$o 1= ¢o + ¢1, we have
?up2"”||3‘71771%f||L,ﬂx <17 o e

<0 . :

sup02"xJ |75 gDJfo”L” N B2 ¢09xf||L” .
]<
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Furthermore we use the fact that for o > 0 one has the estimate ) - |an| < sup, ¢ 2°"|a,| for any
sequence (a,) C R with a constant depending on o. With this, we obtain

l
I lr, < Do 1Zidvidi e flipr, < up 27 2T iy Fex Sy < fllsg _pe
1,j=0 iz

Next, we compute
1/ 22500, \supz"f’nﬁ mZf e, +sup2"fl||f, ViZif e,
sllzr Woftf||Lﬁ_x+Sup2U’l||9t_ ViZifllpr,

<D Tt V0d Fex iy, +sup22””||f,xm,%xfny

Jj=0 >0;>0
l
<SUPZUXJ||</thO¢j</t xf”L” + sup 2% 20/ IIJ‘th/e/t xf“Lfp < ||f||S‘7
j=0 X [>0,j=0

By analogy, ”f”Zf’Bg,’éo < ”f”Sg,ooB' Hence, it remains to control ||f||sg,ooi;- We split this term into
the four contributions

I /
||f||5goo ; _lsup 27 2”“||=/th1¢th xf”L” +l sup 2% 26X]||</txwl‘pj</t xf”L”
’ ,j>0 >0,;<0

+ sup 2"’12"””%xm¢,ﬁzxf||Lp + sup 29712 IIﬁ,xme%xflle :
1<0,7>0 1,j<0

The first contribution is immediately estimated by || f'|| ST ooB For the second contribution, we have

l I
,sup 2720\ T 19 Fux e <Sup2‘” 17 vidoFex fllr <1 flsg p
>0,7<0 s

and a similar estimate holds for the third contribution. For the fourth contribution, we have

lsup 2"”2"”||</,xmwjfzxfllyﬂ < IIthl/fo%mfllm : O
,J <0

3. Optimality of estimates via scaling

It is well known that in the linear case m = 1 one has estimates of the form

lell L 1yiroxn < clox)(luolly + ST Ly ). 3-1)

for all o, < 2. In the case m > 1, such an estimate cannot be true for any o, > 0 anymore. Intuitively,
this is due to the linear nature of (3-1) (observe that the integrability exponent is equal on both sides of
the inequality), which is not compatible with the nonlinear equation (1-1). We will make this intuition
more precise by the following lemma based on a scaling argument.
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Lemma3.1. LetT >0, m>1, we[l,m], pe[l,o0) and o¢,05 = 0. Assume that there is a constant
c=c(m,u, p,os,0x) > 0 such that

[l 2

Wor.r(0,T;Wox-»(R4)) < c(lluoll 1wy + 1SN 210, 7:01 (R))) (3-2)

for all solutions u to (1-1). Then

m m _m—pp _m—p _pp—1 2 <2(M_Ut)§2_li.

<" <M ogs ey < 3-3
w+m—0o; p ot pm—1) m—1 x p m—1 m m (3-3)

p

In particular, ifo; = (m—u)/(m —1),then p=1and ox =2(u—1)/(m —1).

m—1

Proof. For positive constants ,y = 1 with 5 = y and a fixed triple (u, ug, S) such that u satisfies

(1-1) with initial condition u¢ and forcing S we consider the rescaled quantities (i, g, S ) defined via
u(t, x):=nu(yt,x), uop(x):=nue(x), §(t,x) =n"S(yt, x),
where we have tacitly extended S on (T, yT) by 0. Then i satisfies (1-1) with @i € L'(R?) and
S e L1(0, T; LY(R?)), so that (3-2) gives
”ﬁ[ﬂ] ||pWUt~p(O,T;WUX’p(Rd)) < C(”ﬁ()”Ll(Rd) + ||§||L1(0,T;L1(Rd)))' (3_4)
We observe

T — D0 p—1 . [W]) P
”u ||Wgt!p(0’T;ng,p(Rd)) - ]7 y ||u ”Wa[’p(o,}/T;WUx'p(Rd))’

as well as |[tio|| L1 (gay = nlluoll L1 (gay and ||§||LI(O’T;L1(Rd)) =Sl L1(0,y7:L1 (re))- Thus, it follows
from (3-4) that

[u]y P 1— 1—
[ ||Wg,,,,(0,T;W(,X,,,(Rd)) <en Py 0 P (uoll L ey + IS 10,7501 (ReY))

= ey "D (ug || oy + IS L1, iz ay)- (B-5)
As long as ug or S are nontrivial and unless
(m—1)(—orp)+1—pp=0, (3-6)

this gives the contradiction u = 0 by sending n — oo (and consequently also y — 00). Since o; = 0,

(3-6) gives
m

§ -

u+ (m—1)oy
By the same token, since p = 1, (3-6) gives

o< —HP TR

pm—1) m-—1

p <"
u

m

Next, we rescale in space. More precisely, for positive constants 7, y > 0 with !~ = y2 and a fixed

triple (u, ug, S) as above we consider the rescaled quantities (, o, S ) defined via

u(t,x):=nu(t,yx), uo(x):=nue(yx), S(t,x) = nS(t, yx).
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Then 7 satisfies (1-1) with fig € L'(R¢) and § € L1(0, T; L'(R%)), so that (3-2) gives

T2, 0 s oeon ayy < CU0NL @) + 11107321y (3-7)

We have

||u[’“‘]|| = P Ox P d”u[M]H

Wor.-p(0,T;Wox.»(Rd)) Wor.p(0,T;Wox.P(RA))’
as well as [[fiol 1 ey = 17~ luoll 1 ey and 1Sl 110,721 @ayy = 17~ US N 21 0,711 (rey)- Thus, it
follows from (3-7) and the relation !~ = y? that

YN, oz reen gy < NPV (ol iy + 11 210,75 ery)

oxp(m—1) _
=cn 2 TP (ol gay + 1S 12107501 mey))- (3-8)
As long as ug or S are nontrivial and unless

oxp(m—1 -1 2
L-i—l—up:O = oy = add
2 p m—1

(3-9)

this gives the contradiction u = 0 by sending n — 0 or n — oo (and consequently y — oo or y — O,
respectively). Plugging into (3-9) the restrictions on p and o;, we obtain the result. O

Remark 3.2. Ifonesets u =1, p =1 and o; =0, Lemma 3.1 tells us that ox cannot be positive, which is
what we claimed following (3-1). Moreover, we emphasize that Lemma 3.1 shows that in the case of the
whole space, the regularity exponent ox € [2(u —1)/(m — 1),2u/m] is in a one-to-one correspondence
to the integrability exponent p € [1,m/u] via

_pup—1 2 2

— d = ——,
p m—1 e p 2u—ox(m—1)

The Barenblatt solution. Consider the Barenblatt solution

_1
upp(t,x):=1"%(C —klxt P )T,

where
d _a(m—1) o

17 = S v ~> — T A 7 - -
"= dm—1)+2 omad P

d 9
and C > 0 is a free constant. Then, for u € [1, m], u[“’] LM, T; W™/ (R2Y)) implies s < 2u/m.

Proof. With F(x):=(C —k|x|2)’_f_/(m_1) we have u[“’] (t,x) =t~ F(xt~P). We next observe that,
for s € (0, 1) and each ¢ = 0,

/ b, x) =l @))%
Wem/m®d) " Jpa pa |x — J’|vm+d

t—(xm ﬂ(vm +d)+2dﬂ ”F”

)

dx dy

Ws m/u (Rd )
Hence,

m

i = e BCRFD+2aB) R

L’”/M(O T; Ws ,u/m(Rd)) Ws m/u,([Rd)
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which is finite if and only if
sm L gm
—am—ﬁ(— +d) +2dB>—1 and F e WSu(R?).
I

1 1 dim—1 2
m+_(ﬂ+d)_2<_=u,
d\ u o d

which is equivalent to s < 2u/m. In the case s € (1,2) we observe that it holds

Hence, necessarily

Ol (1, x) = 1By F(xiP),

so that analogous arguments may be applied. O

4. Averaging lemma approach

In [Gess 2020], an averaging lemma was introduced that can be applied directly to the porous medium
equations (1-1) to obtain estimates on the spatial regularity of u, but so far, no corresponding estimates
for powers of the solution u* or its time regularity could be obtained. In this section, we provide an
averaging lemma that gives a comprehensive answer to both of these questions. To this end, we recall
the definition of the anisotropic and isotropic truncation properties from [Gess 2020], which extend the
truncation property introduced in [Tadmor and Tao 2007, Definition 2.1].

Definition 4.1. (i) Let m be a complex-valued Fourier multiplier. We say that m has the truncation
property if, for any locally supported bump function ¥ on C and any 1 < p < oo, the multiplier with
symbol ¥ (m(£)/8) is an LP-multiplier as well as an .#Zry-multiplier uniformly in § > 0, that is, its
L?-multiplier norm (.#Z7y-multiplier norm resp.) depends only on the support and C Isize of Y (for
some large / that may depend on m) but otherwise is independent of §.

(ii) Letm : [R? x Ry — C be a Carathéodory function such that m (-, v) is radial for all v € R. Then m is
said to satisfy the isotropic truncation property if, for every bump function ¥ supported on a ball in C,
every bump function ¢ supported in {E eC: % << 2} and every 1 < p < oo,

m(§,v)

2
My, j f(x,v):= 9;1¢(€—|2)1ﬂ( 5 )ﬁxf(X)

is an Lf-multiplier forallveR, J =2/, j€Z, and, forallr > 1,

1
MMy, gllarllLy < 12m(J.8)[7,

where
m(J,v)

Qm(J,S):z{ve[R{:‘

esuppw}.

Here we use an abuse of notation
m(J,v)
]

g1
5 .?GSUPPQD .

,_ {‘m(& v)
1= sup
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We recall that for m (&, v) := |€|?|v|, the anisotropic truncation property is satisfied uniformly in v by
Example A.2 in [Gess 2020] and the isotropic truncation property is satisfied by Example 3.2 in [Gess
2020], albeit only in the case J = 1. However, the proof given there can be used without any changes to
obtain the full assertion for general J € Z.

Lemma 4.2. Assume m € (1,00), y € (—oo,m), pw€[l,m+1—y)andlet f € L’Zx,v, where B’ =1/p
with p € (0, 1), be a solution to

L0, Vi, v) f(t,x,0) = go(t, x,v) + dpg1(t, x,v) on Ry X R;‘g x Ry. 4-1)
Here, the differential operator £ (9, V, V) that is given in terms of its symbol
Llivigv) =it + o Vg2, (4-2)
and g; are Radon measures satisfying

g0l x, )[V|' Y + |g1|(t, x, V)| € Mry (R x RE X Ry).

Suppose
-2
c (“—” 1} n[o, 1].
m—1
Then f € Sg’oo’(oo)l.?, where f(t,x) = [ f@t, x,v)v|* tdv, ik := (k¢, kx) and
s(m—1)+1—-y+p (1—=s)(u—14+p) 2s(u—1+p)
p = ,  Kpi= , Ky = . (4-3)
o+ (1—p)(s(m—1)+1—y) s(m—1)+1-y+p s(m—1)+1-y+p
Moreover, we have the estimate
1£0sz 5 S WO gollary + Mol gllry + 1716 - (4-4)

If additionally f € L}, p #r1 €[l,00], then for all g € (min{p,r}, max{p,r}) it holds fe S}z’goB,
where ¥ € (0, 1) is such that

1 1-9 ¢
N + —.
q r p
In this case we have
IIfIISggOB Sl gollary + 0177 g1 llary + 1A ls  + ||f_||L§!x- (4-5)

Finally, if s = 1 and consequently k; = 0, then (4-5) remains true if we replace the space Sg ’goB =
(0.0kx) p 1 T4 pPkx ’
Sg.50 B by L; By 5.

Remark 4.3. Observe that for

1—v—
pe(w,l)
m+1—y

one may prescribe a specific integrability exponent. More precisely, given

. [ l—y+p m+1—y] ( m+1—)/]
pe , N1, ——=
pp+(1—p)(1=7y) W W
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choose

_moptpU—p)d—y)—l+y+p (u—2+y
(m—=1)(1=p(1—=p)) m—1

Then (4-3) reads p = p, as well as
m+p—y—pupp+p(l—p)(y—m) 1

, 1} N 1o, 1].

Ky = s

pp m—1
_mpp+pd—pd—y)=l+y—p 2

* pp m—1"

Observe that in the limiting case p — 1 and y — 1, these orders of differentiability correspond to the
ones found in (3-3).

Proof of Lemma 4.2. We first assume that f is compactly supported with respect to the variable v. This
condition will enter only qualitatively, and never appears in quantitative form. Therefore, at the end of
the proof, we can again remove this additional assumption.

Since we are interested in regularity in terms of homogeneous Besov spaces, we decompose f into
Littlewood—Paley blocks with respect to the ¢-variable and the x-variable. Let {n;};c7 be a partition of
unity on R\ {0} and {¢; };ez a partition of unity on R4 \ {0} as in Section 2. Then we define for [, j € Z

fl j —th[nlfpjftxf]

where % x f1,j (7., v) is supported on frequencies || ~ 27, |t| ~2! forl, j € Z. Similarly, we define
the decompositions gq; ; and gy 7 ; of go and g1, respectively. We consider a microlocal decomposition
of f}, ; connected to the degeneracy of the operator . (d;, Vy, v). Let ¥ € C2°(R) be a smooth function
supported in B> (0) and set 1 := 1 —vo. For § > 0 to be specified later we write

2 2
M) 5 (1

Since f is a solution to (4-1), we have

fl:j:yx_lwo( )yxﬁj flj+flj

2
Ft it Zin o =7 (UED) 2 (s 0 g ) @6

and thus

2
fl’lj(t,x,v)= ,xllf (|v||$| )X(zrlzé ) Ft.x80,1,;(t,x,0)

+Fx 1 vllEr 1 F1,x0v81,1,j (1, x,v)
. ) Lt ik v) )
= S x,0) + f2 @, x,0). (4-7)
In conclusion, we have arrived at the decomposition

fij /flj|v|” 1dv_/f° lo|# 1dv+/fﬁ lo|#= 1du+fffjle‘ldv::ﬁ?j+ﬂ?j+ﬁ?j.

We aim to estimate the regularity of these three contributions separately.
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Step 1: f°. We note that we have the estimate ||.7; 11,7 f|| L8 <\ 7 L8 with a constant independent
of [, since ||n;|| 4,8 = lInoll 48 < oo. Letl, j € Z be arbitrary, ﬁxed Thenxwe have that |v| <2-27%/§
on the support of (277 E)yo(|v]|€]?/6), so that |2,,(27,8)| < |[[-2-272768,2-272/8]| < 272/§. Hence,
by the isotropic truncation property and Minkowski’s and Holder’s inequality it holds

0, u—1 _ a—1 |v||€§|2 u—1 o
Sl de L F. VYo —5 " Ty f1,; dv

Lt,)c
L (PEPY, e
§/Hgé’xl‘”ﬂ(T I Sy,
Lt.x
" |v||s|2)
Fx 11, dv
(22/) / ” ( 8 Bl 178
§ n=
< (27]) / 1My il sl Sl dv
5\
< (z_j) 1My 2 Ll 1 F s
§ =1 . 1 ) potte
J B’
< (2_]) Q2w @O Sl S (27,) 170z,

where we have used g/ = 1/p.
Step 2: 2 Letl, j € Z be arbitrary, fixed. Since s € [0, 1], we clearly have
' VI < |2 ig ).

Moreover, in light of s > 1 —2+y/(m— 1) we have on the support of n;¢;v1 (|v]|€]?/8) (so that |t| ~ 2!
|E| ~ 2/, and |v| = 272/ 6)
|v|u—2+y |U|M—2+y (2—2j8),u—2+y—s(m—1) 22j(s(m—2)—p+2-y)
|g(i1—’ i%', v)| ~ |.L-|1—s|v|s(m—1)|§_-|2s ~ 2l(1—s5)p2js = §sm—1)—pu+2—yol(1—s) "

Hence, by Theorem B.1 and Lemma B.4, [v|#~2%Y / £ (i, i, v) acts on the support of n;¢; 1 (|v] [€]2/8)
as a constant multiplier of order
22j(s(m—2)—pu+2-y)

§sm—D)—u+2-ypl(1—s)"

Consequently, by the anisotropic truncation property

2 (a1 N[, (PHEPY o 1—y
Sl du = | Fx¥1 5 ) ZariE U)Jt,x|v| go,1,j dv
th ’ ’

22j(s(m—2)—p+2—-y) 1y
S sy 1 gollary

Ll

t.x
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Here, we have used that with ¥ (|v||£]?/8) also

2 2
wl(lvllél )zl_wo(lvl(lgél )

is a bounded .#7y -multiplier independent of § > 0.

Step 3: f3. Letl, j € Z arbitrary, fixed. We observe (recall Z(it,i&,v) =it + |v|" |£]?)

_ _ v[ €2 segn(v)|€]? p|t—l
/fl,sjlvw ldvz_/g\t,;‘/’{(l 1€ ) g (8)|€| || : Frxgr; dv

Zit, i, v)
|v][§]* ) sgn(v)|v[*~2
(n 1)/’/txw ( 2t ik, )yt,xgl,l,J dv
1y, (PHERY T 0, L (T i v) .
+/9,’x1ﬂ1( § ZL(it,i€,v)? Frxgup,j v

o (WIERY [0l sen() o2y
=—/9,,;w1( S ) e Bl Vg o

_ |[v] 1§12 ) sgn(v)|v |2 +Y -
_(“_1)/%”2%( T B LA

_ V] [§12 [o|tm—3+7|g|2
+(m—1)/y“ ( L(it,i§,v)? Frxlole.; dv.

Observe that ] is supported on an annulus. Therefore, we have as before || ~ 2L, €] ~ 2/ and
|v] = 272/ 8 on the support of me;v1(|v||€]?/8), and additionally also |v| ~ 272/ § on the support of
me; ¥ ([v]|€]%/8). This last observation allows us to estimate the expression |v||€|?/8 appearing in the
first integral on the right-hand side by

2
olle? _
)
As in Step 2, we obtain
|v|u—2+y 22j(s(m=2)—p+2-y)
<

|ZGt,iE,v)| ™~ §sm=D—put+2-y2l(1=s)’

and, similarly,

[uptm=3ty (g2 2ty g2
|2t iE )2 |26t iEv)| | L3t iE V)|
|v|u—2+y 22j(s(m—2)—p+2-y)

YL, iE v)| T §sm—D—put2—yol(1=s)"
In light of these estimates, the expressions

|v] [€17 sgn()[v[*2FY sgn(u)|v[#2HY oY g2
b ZLit, i€ v) ZLit,iEv) ZL(it,iE v)?
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extend by Theorem B.1 and Lemma B.4 to constant multipliers of order
22j(s(m—2)—p+2-y)
5s(m—1)—u+2—y21(1—s)
on supports of 7;¢; V1 (|v]|€|2/8) and n;;¥1(|v] |€]%/8), respectively. Hence, by the anisotropic trunca-
tion property, we obtain

H[ Sfiylol v

Step 4: Conclusion. We aim to conclude by real interpolation. We set, for z > 0,
oy =i i1 70 . 70 B 71 1 £ _ 70 i1
K frpy=infll Ry + 21000 2 0 € Liw Yy € L Juy = 12+ T}
By the above estimates we obtain

_ 22j(s(m—2)—p+2-y) 1y _, u—1+p
KG 11 = vz U E 7 gollary +liv glumwz(ﬁ) 170,

22j(s(m—2)—pu+2-y)

< -y .
o ~ 5s(m—1)—,u+2—y21(1—s) ” |U| &1,j ”//ZTV .
t.x

We now equilibrate the first and the second term on the right-hand side: we choose § > 0 such that

El

22j(s(m—2)—u+2-y) § \Mlte
§sm—1)—u+2—yol(1-s) = Z(QT/) ;

that is,
S—acl—sd—a-i-s — Zdeb
witha :=s(m—1)—pu+2—y, b:=pu—1+p, c:=2"" and d := 272/, This yields

s—a—>b

1 1—s
§ =z atbcatbd a+b

and further

(1—s5)b s b
§acl=sg=ats — ;s atb Jath .

Hence, with
b a _sm—1)—pu+2-y
Ta+b sm—1D+1—y+p

we obtain

_ = - v(lfS)(uflﬂ)) —pj_su=1+p) _ _
2K, fig) <27 s 2 5= = (1] 7 oLy A 11017 81y + 1)

= 27 (10 gollary + 101 81llary + 1S s ).

Observe that 1 —60 + 6/ =1—0+46(1—p) =1—0p, so that (L] , L?’x)g,oo = L7 with
1 a+b _ sm—1)+1—-y+p

1—-6p a(l—p)+b pu+(A—=p)(s(m—1)+1-y)

Hence, we may take the supremum over z > 0 to obtain

I/l pee < 27 (1] gollagy + 1077 1y + 1AW e ) (4-8)

p:

Multiplying by 2/%:2/%x and taking the supremum over j, ! € Z yields (4-4).
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If we assume additionally f € L} ., r # p, we choose for g € (min{p, r}, max{p, r}) a corresponding

¥ € (0, 1) subjectto 1/g = (1 —7)/r +1/p. Then using (L} ,, Lf”;o)@’q = L?’x, together with (4-8),
we obtain
1 il S WAL N7 pee
SIAIE 2725 (1o gollary + M1 1llary + 1 g, ,)?

<271 (1 goll gy + 0177 &1Ly + Iflps  + 1 ey )

Multiplying by 2Pk /kx and taking the supremum over j,/ € Z yields (4-5).

Finally we note that if s = 1 and consequently x; = 0, then the partition of unity {#;};<7 in the Fourier
space connected to the time variable ¢ is not necessary. Hence, if we set «; = 0 whenever Lemma B.4 is
invoked and replace Theorem B.1 by its isotropic variant (see Remark B.3), we obtain

155l2g, S 27701 gollry + 11017 g1 llary + 1S s+ 17 lez,).
which shows f € L4 BJ%s.
It remains to consider the case when f is not localized in v. We observe that for a smooth cut-off
function ¥ € C2(R), the function (¢, x,v) — (¢, x,v)¥(v) =: f¥ (¢, x,v) is a solution to
L@, Ve, 0) [V (1x,0) = g8 (t,x,0) + g7 (6%, 0) + dug) (1.,x,0)  on Ry xRE x Ry,
where gg’ , g;/’/ and g;/’ are defined analogously. Hence, estimate (4-8) reads in this case

1/ g ee < 2722 P (1) (88 + &Y Ml + 1017 Y Nty + 1Y N s )

Since |v|™Y g1 € 4Ty by assumption, there exists for ¢, | 0 a sequence r, 1 oo such that

/ Xirn<ppplvl Y grdvdxdr <ep
Rtx[Rngv

for all n € N. For n € N and a smooth cut-off function ¢ € C>°(R) with ¥ = 1 on B1(0) and
supp ¥ C B»(0), we define ¥, via ¥, (v) := ¥ (v/rn). Hence v, is supported on r, < |v] < 2r, and
takes values in [0, 1/r,], so that we may estimate

eV Ly = [ WAl dodrar

Ry XRE XRy

- / Ko <tol<any [V @) [0l (0] 7 g1) dv dx di
R, xR xR,

S/Xr,lslv|$2r,1|v|_yg1 dv < ¢gy.

Thus, taking the limit » — oo and using Fatou’s lemma, we obtain (4-8) also for general f. Multiplying
by 2/%k127%kx and taking the supremum over j, ! € Z, we may conclude as before. O
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Lemma 4.4. Assume y € (—o00,1), me (1,00), we€[l,2—v), p€(0,1], B’ =1/p,and let f, go, g1,
and f be as in Lemma 4.2. Define

l1—y+p - u—1+p
== N t - — .
ppn+ (1—=p)(1=7y) l—y+p

(4-9)

If f e L}, p #r €[l,00], then for all ¢ € (min{p, r}, max{p,r}) we have feLlB q <, where
¥ € (0, 1) is such that

1 1-0 ¢
q r p
Moreover,
IIfIILq oxs S vl gollary + lllvI~ VglllvarllfllLB +||f||L;,x- (4-10)

Proof. By the same arguments as in the proof of Lemma 4.2, we may assume that f is localized in v. In
fact, the whole proof of Lemma 4.4 is similar to the one of Lemma 4.2, with the modification that here
we consider a microlocal decomposition of f* depending on the size of v only and do not localize in the
Fourier space connected to the spatial variable x. More precisely, let {n; };cz be a partition of unity on
R\ {0} as in Section 2. Then we define for / € Z

fi =7 m T £,

where .Z; fj(, x, v) is supported on frequencies |t| ~ 2! for [ € Z. Similarly, we define the decompositions
go,; and g1 ; of go and g1, respectively. Moreover, we again consider a smooth function ¥ € C2°(R)
supported in B;(0) and set 1 := 1 — . For § > 0 to be specified later we write

fi=wo( ) s () =g
Since f is a solution to (4-1), we have
7, (it iE )T, xf[ (t,x,v) = (';—') (g0.1(t. x,v) + yg1,1(, X, v))
and thus
fll(t,x v)

[v] 1 | | 1
= T — z, F —_— t,
Wl( 201k 0) F1,x80,1(1.X,0) + F; 1Y ZGr i) F1x0pg1 (L, X, V)
=: fl2(z,x,v)+fl (t,x,v),
so that we arrive at the decomposition
fi =/fl|U|’“L_1dv=[f,0|v|”_1dv+[f12|v|“_ldv+/fl3|v|“_1dv
= 4+ [+ 5

Again, we treat the three contributions separately.
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Step 1: fO. Let! € Z be arbitrary, fixed. Since |v| < § on the support of Y¥o(|v|/8), using Minkowski’s

and Holder’s inequalities, we have
S v = el Il frdv
L 8 Lt,x
< [v] n—1
< | [vol 5 [v] ”fl”fo dv

<o [ ivol (5 )1l a0
B\
so sty (fwo() @)

ST s
r.x,v

Step 2: f2. Let [ € Z be arbitrary, fixed. Since i <2 —y, we have on the support of 7;¥1(|v|/8) (so
that |z] ~ 2! and |v| = §)
|v|u—2+y |v|u—2+y SH—2+Yy
< <

B I | R £ B

By Lemma B.4 applied with ¢ = 0 and the isotropic variant of Theorem B.1 (see Remark B.3),
|v|#=2%Y /| (i T, i, v)| acts as a constant multiplier of order §4~2%Y /2! on the support of n; 1 (Jv|/$).

Consequently
—2+y
2 u—1 _ ao—1 |U| |U|M o 1—y
v dv = F — | x|V dv
[ rvra] =] [ () Sy et s
SH— 24y

<
2!
Step 3: f3. Let [ € Z be arbitrary, fixed. We observe (recall Z(it,i§,v) =it + [v|" 1|£]?)

_ _ v|\ sgn(v p|H1
[ vrta=— [ ot () B gy P

Ll

t,x

1—
vl goll.azy -

ZL(it,i&,v)
n—2
_(:u_l)/'gztxw (|v|)% Z1,x81,1 dv
—1 |U | |M 181)3(1‘[’1%-71))
+/3‘},x%(7) ZGriE 07 F1,x81,1 dv
n—2+y
- [ 7 wl('”')'g'sgj;,f’g}i”l'.g 5 Pl gy
uw—2+y
- [ #in (' ')ng;f'gl)'f lg STl e

_ | |,u+m 3+y|§|2
+(m—l)/9 (7) L(it,iE v)? Frxll T gnsdy
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Observe that v/{ is supported on an annulus. Therefore, we have as before |7] ~ 2! and |v| = § on the
support of 1;y1(|v|/8), and additionally also |v| ~ & on the support of n;v{(|v|/§). This last observation
allows us to estimate the expression |v|/§ appearing in the first integral on the right-hand side by |v|/§ < 1.
As in Step 2, we obtain

hﬂ”_2+y SH—2+Yy

|Gt i v)| "~ 20 7

and, similarly,
 maad T s N PR s A o
= < — <
|Z(@it,iE,v)|? | L3t iEv)| | L0, iEv)] ™ | L3, i€ V)| 2!

In light of these estimates, Lemma B.4 applied with a¢ = 0 and the isotropic variant of Theorem B.1 (see
Remark B.3) show that the expressions

[vlsgn@)[v[* 7> sgn(u)[p[T2FY [t g
5§ 2t itv)  Zinitv) | 2Lt iE )2

extend to constant multipliers of order §#~2%7 /2! on the supports of myi(Jv|/8) and n;y1(Jv]/6),
respectively. Hence, we obtain

e

Step 4: Conclusion. We aim to conclude by real interpolation. We set, for z > 0,

K fy=inf{l gy 420700 70 € Lix i € Liy fi=£0+ 7}

Sn—2+y
< 1
L, 2

o™ g1l -

By the above estimates we obtain
M=2+y
2!

We now equilibrate the first and the second term on the right-hand side: we choose § > 0 such that

_ 8
K(z, f1) <

(N0l ol + 10177 g1l ) + 28572 fl o

Sh—2+y

— ngb—l-i-p.
2! ’

that is,

-1 I
$:=z T=v¥p2 T—v¥n,

Hence, with
g — —u+2—y
T l—y+p
we obtain

Ny

_ = _ju=1+0 _ —
OK(z, ) S 2SI gollary + M1 g1y +1F s )

=27 (1 golLary + 017 g1 llar + 1 f s ).
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As in Step 4 of the proof of Lemma 4.2 we use (L}’x, Lf’x)g’oo = Lf”’xoo with

b= I I-y+p
1-6p pp+(1—p)(1-y)
to obtain
Ifillppeo S 27 (101" g0l + N0 g1l + 1Al e ) (4-11)

For ¢ € (min{p, r}, max{p, r}) we choose a corresponding ¢ € (0, 1) subjectto 1/q = (1 —3)/r + 1/ p.
Then using (L} ., LT)s,q = L1 . together with (4-11), we obtain

t,x° t,x°
7 WA A WAL
1 fillg, SWAIZIANE poo
SIANE 27 (1o Y gollary + 1017 g1l + 1 f Lo )®
~ L 8oll.ary S1ll.ary LY,
<27 (1" gollary + 110177 €1y + 1 Lo, + 1712 ).
Multiplying by 2/%%: and taking the supremum over [ € Z yields (4-10). O

Corollary 4.5. Letm € (1,00), y € (—oo,m), p€[l,m+1—y), f €L}, NL  beasolution to

(4-1), and let gy, g1 and f be as in Lemma 4.2. Let g € (1,(m + 1 —y)/ ) and define
_ . pug—1 2

Kx. -

q m—y
If f € LY(R4Y) N LY(R; LY(RY)), then f € LY(R; Wo~4(R?)) for all o € [0, &y). Furthermore,

] N ) _
17 s weeay < W01 gollary + 1017 gt lary +1F0Lsazee  + 170 azegt  @-12)

Proof. We recall the decomposition f; = .%_ 0 i Fx f introduced in the proof of Lemma 4.2. We argue

that it suffices to consider the case when fj = 0 for all j < 0. Indeed, the part f<:=3,;_, f; can be

estimated in view of Bernstein’s lemma, see [Bahouri, Chemin, and Danchin 2011, Lemma 2.1], via

If<lLewexay SN fllpapr

We aim to control f in Z? Bqﬁ, 5 where 1 € (0, 1) is sufficiently large such that o, < ¥k, and then use
Lemma 2.3 to the effect of

I N Lswgeay S NS Nz goee = 1 Iza goess

where the last equality is apparent from the definition of the homogeneous and nonhomogeneous Chemin—
Lerner spaces and the fact that the low frequencies of f vanish. Thus, it remains to establish

) _ . i
170 z0 s S W01 gollagy + Mol ¥ g1y + 1700y ouge,, + 000y @13)

For pe(l,(m+1—y)/un), choose

_ (-Dm—y)
I+ pm—p—y)
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We claim that p is positive and well-defined: Since the numerator is positive due to p > 1 and m > y, it
remains to check that the denominator is positive. This is obvious for u <m —y. For u > m —y, we
observe that due to u <m + 1 —y we have

. m4+1-y 1

P < < ;

M mty—m

which implies 1 4+ p(m —pu—7y) > 0. Moreover, p < (m+ 1—y)/u can be rewritten as (p—1)(m—7y) <
1+ p(m—pu—y),sothat p € (0,1). Hence, we may apply Lemma 4.2 with this choice of p and with
s = 1. One checks that in this case the integrability and differentiability exponents in (4-3) read

- up—1 2
p=p, k=0, Kkx=—"———.
p m-—y
Choose p € (q,(m+1—y)/ 1) so that Ky < ky and define ¥ € (0, 1) through
1 v
—=1-9+—.
q p

We may choose p € (¢, (im+1—1y)/ ) sufficiently small so that I € (0, 1) is so large that o < ¥icx < Dky.
In view of (4-5) (with the space S g ’goB = Sé?{,g “) g replaced by Z?Bg £X) we obtain

) e i} ]
15lzs, S 277 (Ml gollary + 1101 &1llay +17 05 +1 712y ),

where we recall the notation f; = [ F e Fx f1lv|* " dv. If we multiply by 2/%%x and take the
supremum over j € Z, this yields

o . i
17 0zo goss S N0 ollary + 1017 81llry + £ 1,6 +1 715y

By the estimate ”f”Lf SISl A+ f s, - this gives (4-13). O
Corollary 4.6. Let m € (1,00), y € (=o0,1), f € L}, ,NL, , be a solution to (4-1), and let go

and g1 be as in Lemma 4.2. AssumefeL;,xforallr e[l,m+1—y), where f(t,x) = [ f(t,x,v)dv.
Let p € 2—y,m+1—1y) and define
_m+1l-y—p 1 . p—2+y 2

Kx. - -

p m—1’ p m—1

Ky

Then f € WO P(R; Wo~P(R2)) for all o; € [0,k;) and ox € [0,Kx). Furthermore, there is an r €
(p,m +1—1y) such that

| lwor.sqwor.sy < W01 gollagy + 107 g1 lary + 10y opoe + 170z, (@14)

Proof. As we need to pass from homogeneous spaces (the output of Lemmas 4.2 and 4.4) to a nonho-
mogeneous space, our strategy is to invoke Lemmas 2.5 and 2.4. The input to Lemma 2.5 requires four
pieces of informat}on, namely control of f in LZ(R4+1) L2 Bgfoo, L? ng‘oo and Sg’OOB. Since the
control of f in L?(R4*1) is ensured by assumption, we concentrate on the other three contributions.
Note that the main difficulty lies in the condition that both the integrability exponent and the orders of

differentiability have to match exactly.
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Step I: f € Sg OOB. Let r € (p,m 4+ 1 —1y) to be chosen in Step 3. We claim that there exist functions
k¢ kx 2 (0,00) — (0, 00) with ks (g), kx(g) — 0 as ¢ — 0 such that it holds for all ¢ < 1

170z s S W0l ollry + W01 g1llary + 1702y o, + W ey @15)

where we have used the notation o; := k; — k¢ (¢) and oy := k' — kx(€).

We apply Lemma 4.2 with u =1, p=1—¢, and s := s, € (0, 1), where s, is chosen so that the
integrability assertion in (4-3) reads p = p; this is possible for p close to 1 in view of Remark 4.3.
Moreover, we may choose 9 € (0, 1) such that x; and kx defined through (4-3) satisfy dk; = k; — k¢ (&)
and Uk = Kx —kx (&) for some functions k; and k. as above. Then for 1 <go < p <gqy <m+1—1y so
that

i=1—19+i, i: 1—19+z9
q0 V2 r

we obtain in view of (4-5) that

r -y —jo 1— — r
1l 2722 ol goll iy + 017 &1ty +1F s+ 17 N2y s )

t,x
fori =0, 1, where we recall the notation f; ; := [ Z; 1[ni¢; Z1.x f]dv. Since (L%, LT )g 5 = Lgx
for an appropriate 6 € (0, 1), we thus obtain

3 —1%Kk;H—jO 1- - ; ;
”fl,j ”Lﬁ <27 R TIVE (| |v] yg()”///TV o7 g1 I.arv “f”LL" ”f”Ll ”f”L?x)’
r.x t.x.v t.x .

which after multiplying by 2/%¥:2/%%x and taking the supremum over [, j € Z yields
1 Nl goer o g S W01 gollry + 11017 g1llary + 1Al + I/l + 0 0 (4-16)
p.oo X,V WX >

By the estimate /1, + 171y, SIf 1y, + 1/ luss, - this gives (@-15)

t,x,v
Step 2: f € Zf ngoo' In this step we establish
17 1zs 5o < W01 8ollary + 1017 81lary + 1S ey, oz, + 1 l2s, @D

Choose _

_ _@=Dm=y)

T4+ pm—1—y)
We claim that p is positive and well-defined: Since the numerator is positive due to p > 1 and m > vy, it
remains to check that the denominator is positive. This is obvious for y <m —1. For y >m — 1, we

observe that |

p<m+1l—y< ———,
P + v l+y—m

which implies 1 + p(m —1 —y) > 0. Moreover, p <m + 1 — y can be rewritten as (p — 1)(m —y) <
1+ p(m—1—y), so that p € (0, 1). Hence, we may apply Lemma 4.2 with this choice of p and with

s = 1. One checks that in this case the integrability and differentiability exponents in (4-3) read

- p—1 2
p=p, k=0, ky=———"-—.
p m—y
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We observe that kx = kx and hence we find ¥ € (0, 1) such that ¥« = Kx —kx(¢). The same interpolation
argument as in Step 1 gives now the estimate (4-17).

Step 3: f € Zf?l?gfoo. In this step we show that there is some r € (p, m + 1 —y) such that

+1 Az - (4-18)

t,x,v

_ . B
||f||z)z§3qz Sl Y gollary + Mol 7Y gllary + I1f llLes
Do

We apply Lemma 4.4 with &t = 1 and p = 1. In this case, (4-9) reads p =2—y and k; = 1/(2—). Since
p >2—7y, we have k; < k;. Hence, we can choose ¢ € (0, 1) such that ¥x; = ik; — k;(¢). In particular,

Kt m+1—j/ pP2—y 2_7/

D < — —,
Kt P —1 p
so that
_e-n0-9)
2—y—0p

is well-defined. Since r is increasing in ¢ due to p > 2 —y, we see that r € (p,m + 1 —y). We have
1/p=(1-=9)/r +9/p, and hence Lemma 4.4 gives estimate (4-18).

Step 4: Conclusion. Since f elL by assumption, Lemma 2.5 combined with Lemma 2.4 yields the
result. O
Corollary 4.7. Let m € (1,00), y € (—oo,m), and let [ € Lt x,v VL7 be asolution to (4-1). Let go

and g1 be as in Lemma 4.2 and assume additionally
190l (7. %, v) € My (Ry x RE X Ry).

Assume pe 2—y,m+1—y)N(1,m+1—7y) and define
. m+l-y—p 1 . p—2+y 2

= F; m—1 T 5 m—1

If f e "R N LYR; LP(RY)) for all r € [L,m + 1 —y), where f(t,x) := [ f(t,x,v)dv, and
if [o|™1fdve LYRITY), then f € WoOP(R; WoxP(RY)) for all o, € [0,%;) and o5 € [0, &x).
Furthermore, there is anr € (p,m + 1 — y) such that

1 I worswox.ry S g0 lary + 101" gollary + 110177 €11y
r ~ m—1
Iy, s, + 1 I poery + H / I d] L @19)
r.x
7D
Proof- 1t suffices to adapt Step 3 of the proof of Corollary 4.6, that is, the control of f in L2 B%' Froo’
Step 3: f € L,’éB‘f’OO. In this step we show that there is some r € (p, m + 1 —y) such that
IIfIIZ jor | S Igollary + 101" goll.ary + 11017 11y
BN ons, A1 gy, 4| [0 o] @20
L

t.x
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We split f into three contributions

[ =F W@ S + Fy (L= Yo(@) (1= ¢o(E)Frx f + F; (1= Yo())do(€) Fr.x f
= f1+ 2+
The low time-frequency part f! can be estimated in view of Lemma 2.3 and Bernstein’s lemma, see
[Bahouri, Chemin, and Danchin 2011, Lemma 2.1], via

r1 | 1 r
17z g0 SN M zopoe S parenepy S 17020 (4-21)
p,oo p.,oo

Next, we apply Lemma 4.2 with u = 1, sufficiently large p € (0,1) and sufficiently small s €
((y = 1)/(m — 1), 1] so that (4-3) implies p < p and k; > k;. Hence, we can choose ¢ € (0, 1)
such that iy > ks > iy — k¢ (&). In particular, in light of Remark 4.3

9 <= mlzy=p p—f)<£i
ke m+p—y—pp+pd—p)y—m)p
sothat r = pp(1 —19)/(p — ¥ p) is well-defined. Since r is increasing in ¢ due to p > p, we see that
re(p,m+1—y). Wehave 1/p = (1 —9)/r + v/ p, and hence Lemma 4.2 gives

if1—p <1,

_ N i ]
17 0s25_g < WOl golluery + W01 g1llary + 10z ozgs,., + 17 s,

Thus, since f2 is supported only on 7;¢ ; for nonnegative /, j € Z, Lemmas 2.3 and 2.4 show, in view of
the definition of the homogeneous and nonhomogeneous Besov spaces and o; < tk; as well as 0 < Pxy,

P20 N2 < A2 e — I Fl .
1720z gor_ = 172N pe <17 20595 5 = 1 lsoe_s-

Thus,
1721z 50 S I gollary + W07 g1llary + 1SNy, ores,, + 1 e, (@22)

It remains to estimate the contribution of 3. For [ € Z, we introduce f13 = 7, n,(v)7: f3. Since
fl3 =0 for / < 0, we may concentrate on the case / = 0. Observe that fl3 solves the equation

1'?' 0@ 7 f + Fd P 7, g0+ 717D 5, e

3 1y
fr=—m|™"
Integrating in v, we obtain

- / o[t 7 ;'?' WEPE) Fre f O+ F) L G0(E) i / g0z do.

Since |£|? acts as a constant multiplier on the support of ¢ and ! acts as a constant multiplier of
order 2~/ on the support of 1y, it follows by Bernstein’s lemma

1

= -, = —J1 _
17205, 520Dy 5270 (| [ ot

+ ||go||kmv)-
Ll

t1.x
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Since p > 2 —y, we have

m+l—y—p 1 1
p m—1 p

'/Ivl’"‘lfdv

Multiplying by 2!o1 and taking the supremum over / € Z, we conclude

0,</€t=

In view of / = 0 this yields

r3 _ <2—10[
170, 527

+ ||go||hm).
Ll

t.x

+ ”g()“///TV' (4‘23)
L

12N zegor S| [ /™! fdv
X" p.oo

Collecting (4-21), (4-22) and (4-23), we arrive at (4-20). O

5. Application to porous medium equations

In this section, we provide proofs of our main results by applying the averaging lemmas obtained in the
previous section to entropy solutions to (1-1).

Proof of Theorem 1.2. We first argue that we have u € Lj , forall s € [l,m — 1 + p). Since T < oo,
Theorem A.2 gives

<

hells S sup Ju@)l 1 < luolly + 1Sl - (5-1)

S
t€l0,T]
so that we may concentrate on s > 1. Let f be the kinetic function corresponding to u and solving (1-8).
In order to apply Corollary 4.5 with & = 1 and o = 0, we need to extend (1-8) to all times ¢ € R, which
can be achieved by multiplication with a smooth cut-off function ¢ € C2°(0, T') with 0 < ¢ < 1. Hence,
we set g0 := 8y—y(,x)S +0:¢f and g1 :=¢q. Let y :=2—p, sothat s € (1, m + 1 —y). From (4-12) we
obtain

-1 -2
lpulles , <M1 gollary + 0P "g1llary +10f It aree  +loullL) Azset

1.X,v 1,X,v
—1 —2
< WP gollary + 102Gt lary + 15 Ls  apoe + sup [u@)lpy.

t€[0,T]
We note that since trivially /€ L7% , with norm bounded by 1, estimate (5-1) gives

1L azee  + sup [u@lpy S lullg +1+ sup Ju@lgy < luolly + 1S,y +1.
. o tel0,7T] ' t€l0,7T] ’

Next, we check that |v|°~!go € .#7y. Indeed, we observe that (p — 1)p’ := p, and hence, applying
Lemma A.3,

110177 g0y = 11017 Gomutt,0S + 8e0 ) larry < MulP7' SNy + 10rlullls
SRl Y NSl + 8elul?ly

< lluoll7, + IISIIZ;)X + 0ol -
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Utilizing Lemma A.3 once more to the effect of

o281 lary = Mol 2qlary < ol + 1S5, .
we obtain
loully., <ol o + SN2, 0 +100plully +1.
We may set ¢,(t) = ¥ (nt) — ¥ (nt —T/2), where ¢ € C*°(R) with 0 < ¢ < 1, suppy C (0, 00),
Y (t)=1fort >T/2and ||d;¥| 11 = 1. For n — oo, ¢, converges to [ 7 in the supremum norm,

while 9;¢y is a smooth approximation of 8y;—o} — 8¢s=r}. Therefore, ||@au| s — |u]Ls and by an
application of Lemma A.3

P o _ 4 < 4 14
19:@nlul®lLy = M0 = e[ (T) L1 < Mol + 1570 -

so that u € L*([0, T] x R?) and
lullzy < Mol qpe +1SI7) e +1- (5-2)

(i) We apply Corollary 4.5 once more. Let f, ¢, go, g1 and y be as above. Then, in particular
pe(l,(m+1—y)/un). From (4-12) we obtain
leu N pwor.oy S W01 gollary + 1017 g1 llary + 1S zs  azee , + 1% apepn

The first three contributions on the right-hand side are estimated as above. For the last contribution, we
note 1 < u < pu and thus

¥y arprn S 1 pp g = 1l gy S (el gy + el o)

S Csup Ju@lps + lullr)® < sup Ju(@%, + ullép + 1.
t€f0,T] - t€l0,T] x 1.x

Furthermore, (5-1) together with (5-2) applied with s = pu € (1, m — 1 + p) shows

sup (I, + s + 15 Nuollf o + IS4

+ 1.
o)
t€0,T] rxNL7 x

Hence, arguing as above by taking the limit ¢, — 1[o, 7], we obtain ultl ¢ LP(R; WoxP(R?)) and (1-4).

(i) The proof is similar to the first part, but we use Corollary 4.6 instead of Corollary 4.5. Again we
localize in time by multiplying with a smooth cut-off function ¢ € C2°(0, T) with 0 < ¢ < 1 and set go
and g as before. Choose y :=2—p, sothat p € (2—y,m + 1 —y). From (4-14) in Corollary 4.6 we
obtain

1_ —
lpuliworoqwes.ry S W01 gollary + 10177 81llary +1F0Lr res + s .

where r € (p,m — 1 + p). The terms involving gg, g1 and f can be estimated as above, while the
L} -norm of u can be estimated by (5-2). Choosing ¢, as above, we hence infer that ¢, u is bounded in
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WP (0, T; Wo~P(R?)) and
< P 1Y
'sllelgllwnu Iweer@wosry S luollyy o 1SI7y pe +1

Since ppu — ul[p 77 in the sense of distributions, we obtain the result by the weak lower semicontinuity
of the norm in WP (0, T; WoxP (R?)). O

Proof of Corollary 1.3. (i) Let ox € [0,2un/m). We apply Theorem 1.2(i) with p = m/u for sufficiently
small 1 € (1, p] so that

p m—=24+n mm—2+n
and observe that for all g € [1, p] we have the embedding L? (0, T; WP (R%)) c L9(0, T; W4 (5)).
(ii) For s > 0 we have, with p =s(m—1)+ 1 € (1, m],

-1 2 2 ~1
o < 1P 2 m

1—s m—p 1 2s p—1 2
= = y Ky = = .
s(m—1)+1 p m—1 T sm=1)+1 p m—1

Kt

Hence, in this case the assertion follows by an application of Theorem 1.2(ii) with sufficiently small
n € (1, p] such that p > p and
- 2
o< PP <2
p m-—1
combined with the embedding

WGt,P(()’ T; WGx,P(Rd)) C Wo-t,q(()’ T; WGx,Q(ﬁ))‘

If s =0 and o; € [0, 1), we may choose s > 0 such that

< 1— S0 ( )
0 < ——— =1 k+(S0),
! so(m—1)+1 o
and the result follows by the embedding
WK[(SO),SO(m—1)+1 (0’ T; Lso(m—1)+l (ﬁ)) C WU,,I (0’ T, Ll (ﬁ)) n

Proof of Theorem 1.1. The proof is similar to that of Theorem 1.2(ii), but we discriminate between small
and large velocity contributions to the kinetic function. Let f be the kinetic function corresponding to u
and solving (1-8). We extend again to all times ¢ € R by multiplying with a smooth cut-off function
@ € C°(0,T) with 0 < ¢ < 1. Further, we split f =: f~+ f~ and ¢ =: ¢~ + ¢~ into a small-velocity
and a large-velocity part by multiplying with a smooth cut-off function ¢ respectively ¥; :=1— g
in v. This gives rise to the two equations

At (@f =) —m|v|™ T Ax(@f =) = 0¥0Spmu(r.)S + v (9 ™) — pqdyu o + drpf .
A (@f 7)) —m|u|™ P Ax(0f7) = 0V18p=u@.x)S + 0v(9q”) + 9qdy Vo + 0,0,

Integrating /= and f~ in v, we obtain a decomposition of u = u~ +u~.
The proof proceeds in several steps: In first the three steps, we argue that u € L5(0, T'; L® (R%)) for all
se[l,m+2/d)ifd =2ands € [l,m+ 1) if d = 1. With this additional bound, we can conclude the
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higher-order estimates in the last three steps of the proof. We only detail the proof for d = 2, the case

d =1 being similar.

Step 1: In this step we establish for p € (m,md /(d —2)) the bound
el ng < ol + 18T +1.
Set g0 1= @V0Sy=u(t,x)S + 0:9f = —9qdvo. g1 := ¢q~, and

d d ( 2)
oy =———€(0,— ).
m p m

Consequently, we may choose y € (0, 1) so large that
|: m—1 2 )
Ux € O, - |-

From Corollary 4.5 applied with & = 1 and ¢ = m we obtain

(5-3)

1_ —
lou=lpmwerm S 101 gollary + 1017 gtlary +lef <l aree  +10u=lps apmry

1— —
S gollary + 1017 gtllary + 15 0s  apee  + sup [u(@llpy.

t€[0,T]

We note that since trivially /= € L%, with norm bounded by 1 we have by Theorem A.2

Iz Azee , + sup
toxv M rx 1€[0,T] t€[0,T]

@Iy < lullpy + 14 sup Ju@lipy < llwollpy + 1SNy +1.

Next, we check that |v|!™7go € .#ry. Indeed, since |v|!™7 can be estimated by a constant on the

supports of ¢ and 9,19, we may apply Lemma A.4 to the effect of
111" goll.ary = 101" Y (©¥08u=ur.)S + 3:0 = = 9qdu¥o)l.ary
SUSHLy + Ideglully +1g00¥ollry
< Ncplullly + ol +1Slp -
Utilizing Lemma A.4 once more to the effect of
o177 g1llary SWVITYG" iy < ol +1S1gs s

we obtain by Sobolev embedding

loulimze S Nou=lpmwesm < luolly + 1rohulllyy +1SI,y +1.

With the same construction ¢, — 1{o,7] as in the proof of Theorem 1.2, this gives (5-3).
Step 2: Next, we investigate u~ and establish for € (1, m) and
* Ud(m B 1)
dim—1)—-2(n—1)

the bound

14 e < ol + 1SN +1.

(5-4)

(5-5)
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Set g0 := @V18y=u(r,x)S + 9:0f ~ + ¢qdyo and g1 := ¢g~. Choose y € (1, m) sufficiently small, so
that n € (1, m + 1 — y), and define

-1 2 -1 2
ox;:"__e(o,"__).
n m—1 n m-—y

We apply Corollary 4.5 with © = 1 and ¢ = 7, which gives
lou lpwesn S N1 ollry + 1017 1 llary + 1977 anse +lou” ot apn

t.x,v 1.x,v

1_ —
S0l ol + e grllary + 1712y, oz, + 02 IOl
o ” t€|0,

The terms involving f and u are estimated as in Step 1. Further, since |v|!™” can be estimated by a
constant on the support of ¥; and 9,19, we have by Lemma A.4

11017 goll.ary = 101" (@V18vmue)S + 300 + 0400 ¥0) iz
SUSILy +deglully -+ 1gdu¥ollary
S Ndeglullly + ol e+ 1S,
and, again due to Lemma A.4,
1017 g1llary S W77 a Ny < ol + 1S 1L -
Since n* = nd/(d — ox1n), we have by Sobolev embedding W¢~"" C LZ*, and hence
o™l < low lgwesr S oy + 9eglullly + 1SNy +1.
With the same construction ¢, — 1o 77 as before, this yields (5-5).

Step 3: In this step, we show that for s € [1,m + 2/d) we have
luellzg , < oy + 1Sl +1. (5-6)

Observe that it suffices to show the assertion for s > m, since u € L1(0, T'; L1 (R?)) is already established

by Theorem A.2.
m c md
=—¢€|m—).
P m+1-—s d-—2

Define
For ¢ € (0,1), it holds [L°LL, L™ L8]y = LP? LY with

1 s 1 v
—=— and —=1-0+—.
Py m qs P
Choosing
=" 0,1,
mp—+p—m

we obtain py = gy = s, and hence by (5-3) and Theorem A.2

=Ny, S lpsepy + = lpmpe S luollipy + 1Sl +1. (5-7)
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Next, we define
_sdim—1)+2

X nd
1= dm—1)+2

S and = G D)

and observe that for ¥ € (0, 1), it holds [L° L1, LTL" 1y = LP? LY with

1 s 1 s
—=— and —=I1-9+—.
Py 1N gy n
Choosing
_ nd(m—1)
T opdm—1)+2(n—1)

we obtain py = gy = s, and hence by (5-5) and Theorem A.2

€ (0,1),

™y, Sl peept + ||u>||L;7L;* S luollpy +UISHLy  + 1 (5-8)
Combining (5-7) and (5-8), we obtain (5-6).
Step 4: In this step we argue that
lou=llwor.rqwox.ry S 19e@ullL) + luollf) + IISIIZ;X + 1.

Indeed, we choose y € (0, 1) so large that

-2 2
=2ty 2
p m—1

Ox

andm+1—y <m+2/d. Then we apply Corollary 4.7 with go := @Y00y=y @ x)S + 0:0f = —@qduo,
g1:=¢q~ and p = p. We obtain by (4-19) some r € (p,m + 1 —y) such that

~ _
lou=lwor.rqwos.ry S Igollary + 101" goll.ary + 1017 &1Ly
I ozes,, Flullpipeans  + ™l

The first four terms on the right-hand side can be estimated as in Step 1 (indeed, we did not use the
coefficient |v|!~7 in the estimate of gg) via

Igollary + 1101 7 gollary + 110178 1lary + f Ly e, SIelulllyy +luol y+1S1zy +1.
while the last two terms are estimated in light of r <m + 1 —y <m + 2/d through (5-6) as
el gy peny ™y, S Tely o, + el S ol +ISI7, +1.
Step 5: In this step we establish
lou™ llwor.pqwox.ry S 19cplulllLy  + ol 7'y +ISIF, +1. (5-9)

Assume first p < m. Choose y € (1, m) so small that p € (1, m +1—7y) and
m+l—y—p 1
p m—1

o <
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and apply Corollary 4.7 with go := @ V18, —yu(r,x)S +0:9f ~ +9q0y Vo, g1:=¢q”~ and p = p. Estimate
(4-19) gives
lo™ llwor.owox.ry S I€0llary + 101" gollary + 110177 g1llary

+ ||f||L},x‘me°° + Hu”L}LJ’?ﬂL?x + |||“|m||L}x

t,x,v

The first four terms on the right-hand side are estimated as in Step 2 via

1— —
180l ary + 10" 780l iy + 10178t Ly +0F Uy e SHBeglulllpy ol +1SHpy +1.

while the last two terms are estimated through (5-6) as
el zgnr, + Mhal™ Iy, S Wullzp ooy, + Il gy, < luollfy +1SI7: +1.

Hence, we have shown (5-9) in the case p € (1,m). If p =m, we choose pg € (1, m) sufficiently large

such that for
po—1 2

po m—1

kx(po) :=

it holds

d
Kx(po) — — > 0x — —.
Po m

We observe that for
m—po 1

po m—1

k¢ (po) :=
it holds

1 1
kt(po) — — > 0¢ — —
Po m

due to po < m (indeed, we have necessarily o; = 0). Choosing sufficiently large o (po) < kx(po) and
ot (po) < k:(po), we conclude by Sobolev embedding

lpu~ ||L;"(W;’X~m) < lou” lworwo).ro(woxro).ro)
S 10cplully  + luollfy +1ISIZ, +1,

which is (5-9) in the case p = m.

Step 6: Conclusion. With the same construction ¢, — 1,7} as in the proof of Theorem 1.2, Steps 4
and 5 combine to

sup|@nullwor.o(wox.ry < supllgnu=llwor.rwox.ry + supllgnt” |wor.rwox.r)

neN neN neN

< luollfy + ISIFy +1.

Since gnu — u 1o 7 in the sense of distributions, we obtain (1-2) by the weak lower semicontinuity of the
norm in W2 (0, T; WP (R%)). Estimate (1-3) follows analogously to the proof of Corollary 1.3(ii). OI
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Appendix A: Kinetic solutions

In this section we recall some details of the concept of entropy/kinetic solutions and their well-posedness

for partial differential equations of the type
dru 4 div A(u) = div(b(u)Vu) + S(z.x) on (0,T) x RY A
u(0) =ug on [Rff,

where

up € LY(RY), SeL'([0.T]xRY), T =0,

a:=A e C(R;:RY) N CLR\ {0}; RY), (A-2)
b= (bj)jk=1,..a € CRST) N CIR\{0}: ST,
J€ Sixd
weseto =h1/2, thatis, b; ; = Y9_, 0; kO, ;- For alocally bounded function b:R— S9*4 we let ; . be
such that 87, (v) = 0; & (v). Similarly, for ¥ € C2°(Ry) we let ,B;/fj be such that (,B;ﬁk)’(v) =Y (v)o; k (V).
The corresponding kinetic form of (A-1) reads, see [Chen and Perthame 2003],

Z(0:, Vx,v) f(t,x,0) = 0; [ +a(v) -V f —div(b(v) Vx f)
= avq + S(tv x)gu(t,x)=v(v)’

Here, S _‘f_Xd denotes the space of symmetric, nonnegative definite matrices. For b = (b); j—1

.....

where g € .47 and ¢ is identified with the symbol
Lit,i&v):=it+a@)-iE—((bW)EE). (A-3)

We will use the terms kinetic and entropy solution synonymously. From [Chen and Perthame 2003] we
recall the definition of entropy/kinetic solutions to (A-1).

Definition A.1. We say that u € C([0, T']; L' (R?)) is an entropy solution to (A-1) if the corresponding
kinetic function f satisfies:

(i) For any nonnegative ¥ € 2(R), k=1,...,d,
d

> 0 Bl () € L2([0. T] x RY).

i=1
(ii) For any two nonnegative functions ¥1,¥» € 2(R), k =1,....,d,

d d

Vi @(e.x)) > 0w B2 (. x) = > 05 B2 (. x)  ae.
i=1 i=1

(iii) There are nonnegative measures m,n € .# ™ such that, in the sense of distributions,

3 f +a() V[ —div(b(v) Vs f) = dy(m +n) + 8ymyr.xy)S  on (0, T) x RE x Ry,
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where n is defined by

d 2
> o, Bl ue.)

i=1

d
[ y)n(t, x,v)dv = Z(

k=1
for any ¥ € 2(R) with ¢ = 0.
(iv) We have
/(m +n)dxdr < pu(v) € LF(R),

where Lg° is the space of L°°-functions vanishing for [v| — oo.

The well-posedness of entropy solutions to (A-1) follows along the same lines as [Chen and Perthame
2003]. In this form, it can be found in [Gess 2020].

Theorem A.2. Let ug € LY (R%) and S € L'([0, T] x R?). Then there is a unique entropy solution u to

(A-1) satisfying u € C([0, T]; L! R%)Y). For two entropy solutions u', u? with initial conditions u}, u?
0 %o

and forcing S, S? we have

S[UP | lut (1) = )| g1 @y < g —uglor@ay + 18" = S22 0. 77xm4)-
tel0,T

Furthermore, the following a priori estimate was given in Lemma 2.3 in [Gess 2020].
Lemma A.3. Let u be the unique entropy solution to (A-1) with ug € (L' N Lz_y)([Rz) and S €
(LY N L%7)([0,T] x Ri)for some y € (—oo, 1). Then, there is a constant C = C(T, g) = 0 such that

T

2—y —y 2—y 2—y
su u(t o+ (1= v dvdxdr < C(||u 2o+ SE,0,).
sup O}, + (=) /0 /R Lo (o327, +1S127,)

In the case of L! initial data a different proof for the existence of singular moments of the kinetic
measure ¢ is needed.

Lemma A.4. Let u be the unique entropy solution to (A-1) with ug € L! (R;‘g) and S € L1([0, T] x R;‘g).

Then, the map
T
v|—>/ / q(r,x,v)dxdr
o JrY

is continuous and, for all vy € Ry, we have

T T
/(; /55 q(r,x,vo)dxdr < /R% (sgn(vo)(up —vo))+ dx + /0 /R% sgn, (sgn(vo)(u —vg))S dx dr

T
§/ |u0|dx—|—// |S|dx dr. (A-4)
RY¢ 0 JRY

Proof. In the proof, we use the short-hand notation g(v) := fOT ng g(r,x,v)dxdr for a generic g :
(r,x,v) — g(r, x,v). We first argue that g has left and right limits. Indeed, by a standard approximation
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argument, the kinetic formulation yields, for every n € C>°(Ry),

/ r/c]dvz—/ n( fdxlg) dv +n(u)S
Ry Ry R¢

Ry R% Ry

Since v »—>fR§ f(r,x,v) dxlg is in L'(R,), this implies § — I,<uS € WY1(R,). Since 1y<yS €
B Vioc(Ry), this shows g € BVjo.(Ry) and thus the existence of left and right limits.

Next we claim that (A-5) continues to holds for all n € C*°(R,) with " € C°(R,). For R > 0 let
@R € CZ°(Ry) be such that pg(v) = 1 for [v| < R, supppr C [-(R+ 1), R+ 1] and |pr| + |¢k] < 1.
Defining ng := negr, we have by (A-5)

/(n/¢R+n<p}g)édv=—[ nR(/ fdx|§)dv+nR(u>S.
Ry Ry R)Cg

Since ng is uniformly bounded in R, ng — n locally uniformly, v ng f(r,x,v) dx|g is in L1(Ry,)
and S € L1([0, T] x ng), we may take the limit R — oo on the right-hand side by dominated convergence.

Again by dominated convergence the contribution from the term n’¢g to the left-hand side converges,

1
loc

n¢ vanishes for R — oo, since both 7 and ¢, are bounded, supp ¢ C [-(R + 1), —R]U[R, R + 1]
and ¢ € L§°(Ry) by Definition A.1(iv).

since n” has compact support and § € BVjoc(Ry) C L, .(R,). Moreover, the contribution from the term

We are now in the position to conclude. Assume first vg € Ry. Let ¢+ € C°(Ry) with ¢4+ = 0,
supp ¢+ C [0, 1], suppop— C [—1,0], va ¢+ dv = 1 and define ¢ (v) = e g (e7 ) for & > 0.
Moreover let 7%, be such that (n%.)"(v) = ¢4 (v —vo) and (7% )(vo) = 0. Observe that (%) — Sy=y,
and 7 (v) — sgn (v —vg) as & \ 0 independent of the choice of £. Choosing now 7 := 7¢_in (A-5)
and using dominated convergence to take the limit ¢ ~\ 0, we obtain

T
é(vozl:):—/ (u—vo)+ dx|g+// sgn (u —vp)S dx dr
R% 0 JRY

T
< (uo —vo)+ dx-l—// sgny (1 —vo)S dxdr.
R4 0 JrRY

In particular ¢g(vo—) = G(vo+), so that g is continuous. The case vy € R_ is treated analogously
replacing the conditions ¢+ = 0 and va ¢+ dv=1by s <0and flRu ¢+ dv = —1, respectively, so that
n% (v) — sgn, (v — o) is replaced by 7% (v) — sgn (—(v — vo)). |

Appendix B: Fourier multipliers

In this section, we provide some Fourier multiplier results well-adapted to our averaging lemma,
Lemma 4.2. We recall the definition of R ! and of the functions 7; and ¢; given in Section 2, and
define 7, := n;_1 +n; + 141 and §j 1= ;1 +@; +@j+1. We observe 7, (2! -) = fjo and $(27 ) = Go.
Moreover, 7j; and ¢; are identically unity on the support of n; and ¢;, respectively.
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Theorem B.1. Let k =2+ 2[1 +d/2]. Let m : R — C be k-times differentiable and such that for all
a = (a7, ag) € Ng x Ng with |ot| < k there is a constant Cq, such that for all (t, £) € R4 +1

0% 05 m(z,£)| < Colr| 7|1, (B-1)

Then there is a constant C > 0, depending only on the constants Cy, such that for any p € [1, 0o] and all
l,j €Z,we have
In1@jmll.ar < C: (B-2)

i.e., ;¢;m (more precisely the mapping (t,§) — 171 (1)@, (§)m(t, §)) extends to an Lf’x-multiplier with
a norm independent of | and j. Furthermore, this mapping extends to an .4y -multiplier with the same

norm bound.

Proof. Since | - ||.s» < |- |1, it suffices to estimate the L' multiplier norm of 7;@;m in order to obtain
(B-2). Since multiplier norms are invariant under dilation and since |m|| ,1 is equal to the total mass of
Z 7 m, see [Bergh and Lofstrom 1976, Theorem 6.1.2], we have

17 @imll_ = lliio@oma,j |l g1 = 1 7; g floGomi il .
where m;_;(t,§) := m(2lr, 2j§). Let M :=[1+ d/2]. We observe
1+ )0+ |xHM.7; Hiogom;, ;1. x)

=cg / (id — 32)(id — Ap)M (/" E)fio (1) @0 (£)m (2! 7,27 £) dE de
Ry xR%

— ey / EHIE (1 32)(id — Ap)™ (o (1) o (E)m (211,27 £)) dE dr
R, xR4

= Y caap2ProlFl / e"”“xfa‘;rﬁo(z)ag‘%o(s)affagém(zlr,2f§) dé dr,
ar+Br<2 Ry xRS
g |+1Bs|<2M

where ¢4 and ¢4 4 g are constants that do not depend on / and j. On suppijo X supp ¢o we have
|8ft ngm(er, 2/8)| < CBZ_ZBT 2~ /1P¢l and hence we obtain

1+ )1+ [x)M |2 Hiogomy ;1(t. )] < c.

Since 2M > d, it follows ||fi,j§ [F)ogboml,j]HL} < C, which yields (B-2). In particular, 7;@;m is an
L!-multiplier with a norm bound independent of  and j, and as such extends to a multiplier on .ZTy
with the same norm bound. O

Remark B.2. In Theorem B.1, the assumptions on the differentiability of 77 may be relaxed: Indeed, the
proof shows that it suffices to assume that 7 is a continuous function such that 97 m, ngm and 9%° ang
exist for all & = (a¢, ag) with ar <2 and |ag| < 2[1 + d/2], and that (B-1) holds for these choices of a.

Remark B.3. Clearly, Theorem B.1 has an isotropic variant; see [Bahouri, Chemin, and Danchin 2011,
Lemma 2.2]. More precisely, a simple adaptation of the proof shows the following: Let k = 2[1 4+ d/2].
Let m : R4 \ {0} — C be k-times differentiable and such that for all o € Ng with |a| < k there is a
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constant C, such that for all £ € R4 \ {0} we have |3%m (£)] < Cg|&|~1%!. Then there is a constant C > 0,
depending only on the constants Cy such that for any p € [1,00] and all j € Z we have ||¢;m|. ,» < C.
Again, ¢;m extends to an .#ry-multiplier (in §) with the same norm bound.

Lemma B.4. Let £ be defined as in (4-2) and fix a = (az, o) € No x Ng. Then we have for all
(r,8,v) € RA+1 x R the estimate

1 1
80!-[ g —Ur _|a8|.
& 2@t ik v)|”~ |$(it,i§, v)||r| i
Proof. The proof rests on the identity
1 By|(m—1)Ng
855 Zcﬂ §.|U|. ’
Z(it, i, v) L(it, ik v)1tNs

B

where cg are constants, Ng := (|ag| + |B|)/2, and the sum runs over those 8 € Ng with [B] < |og| such
that |ag| + |B| is even. The identity can be proven easily by induction on the order of og. From this and
0: Z(it,i&,v) =i, it immediately follows

gB|y|m—DNg
Z'ﬁ(lt ZE’ U)H-Olr+N3 )

8011 g
§ f(zt 15 v)| "~

which in view of
|Bl},,|(m—1)Ng 1Bl},,|(m—1)Ng
|E["P o] _ [§[*v]

LG e S (g T =l

~

and
1 el
| LT ik v)or
yields the assertion. O
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