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We present a novel approach to the analysis of regularity and decay for solutions of wave equations
in a neighborhood of null infinity in asymptotically flat spacetimes of any dimension. The classes of
metrics and wave-type operators we consider near null infinity include those arising in nonlinear stability
problems for Einstein’s field equations in 143 dimensions. In a neighborhood of null infinity, in an
appropriate compactification of the spacetime to a manifold with corners, the wave operators are of edge
type at null infinity and totally characteristic at spacelike and future timelike infinity. On a corresponding
scale of Sobolev spaces, we demonstrate how microlocal regularity propagates across or into null infinity
via a sequence of radial sets. As an application, inspired by work of the second author with Baskin
and Wunsch, we prove regularity and decay estimates for forward solutions of wave-type equations on
asymptotically flat spacetimes which are asymptotically homogeneous with respect to scaling in the
forward timelike cone and have an appropriate structure at null infinity. These estimates are new even
for the wave operator on Minkowski space.

The results obtained here are also used as black boxes in a global theory of wave-type equations on
asymptotically flat and asymptotically stationary spacetimes developed by the first author.
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1. Introduction

We introduce a new point of view for the analysis of linear waves on asymptotically flat spacetimes near
null infinity. The main novelty is the fully microlocal nature of our approach (apart from a simple energy
estimate). This allows one to combine the estimates proved here in the usual modular microlocal fashion
with microlocal estimates far from null infinity; a first implementation of this is given in [Hintz 2023d].

Our regularity theory appears to be new even on Minkowski space. Let us work on R!*" = R, x R”
(with n > 1) equipped with the Minkowski metric gg = —d¢> + Zr;: 1 (dx/)? and volume density |dgg| =
|dt dxl--. dx" |, and introduce polar coordinates x =rw, r >0, w € S§"~! on R". In the exterior domain

Q={(t,x)eR"":0<r<r—1},
and for weights ag, oy € R, we set!

Hoy (@) = o LA, 1dgol) = (gt u € LA, dgol)).
0 a-n
poi=——, Xgpi=.,—.
r—t r
Define the vector fields (which we will refer to as edge-b-vector fields)?
Vo = —pody, = 10; + 1o, (scaling),
Vi= —%x, 70y, =1(0; +0,) (weighted derivative along outgoing light cones), (1-2)
Vo=x,Q (@a=2,...,N) (where the ©, span V(S"~!) over C>°(S"1)).
We then define weighted edge-b-Sobolev spaces for s € Ng by

s, (g, 200.7) 0, (a0,20.7) . 0, (@0,20.7) N
HYEO2(Q) = (u € H) () : VPu e H) > (@) VB eNY, 8] <s).
IThe factor of 2 in the second order is introduced so that o & corresponds to the amount of r-decay at null infinity (|t —r| <1,
r — 00) as measured by powers of rL
20ne can replace Vy here by 2V — # Vi = (t —r)(d; — 9r), which is a weighted derivative along incoming light cones.
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Theorem 1.1 (edge-b-regularity and decay of waves in the exterior domain). Suppose
ay <min(—3, a0+ 3),

andlets eN. Let f € Hg’gl,(ao—i-Z,Zay Jr2)(Q). Then the forward solution u of Ug u = f (that is, the unique
solution of (—th + 2?21 Dij)u = f with u|;~o = 0) satisfies u € Hg”b(ao’za““)(ﬂ).

As we will discuss in Section 1.2, a key property of the operator [, used in Theorem 1.1 is the fact
that, up to an overall weight pgxé, it is, to leading order, a nondegenerate (Lorentzian signature) quadratic
form in the edge-b-vector fields (1-2), uniformly as r — o0 in 2; see already (1-8). We also remark that
these vector fields are related to a parabolic scaling near null hypersurfaces; the null hypersurface of

interest here being null infinity in an appropriate compactification of €2; see Remark 1.6.
1
2
space for u permits the well-known pointwise 7 ~*~1/2 decay along light cones 7 —r = const. towards null

The restriction oy < —5 in Theorem 1.1 is sharp, as it precisely guarantees that the edge-b-Sobolev
infinity .#* (given in the coordinates (1-1) by x, = 0). The restriction oy < o+ % is likewise necessary
since a forcing term f which is large (i.e., g < —1, roughly corresponding to less than pointwise r~"—1/2
decay) near spacelike infinity 19 (given by pg = 0) (i.e., f is large when § € [0, 1) with r large) produces
a wave u which is large at 7° and .#*. Roughly speaking, u has two orders of decay (as measured by
powers of r~!) less than f at I1°\ .#T and one order of decay less than f at .#+\ I°.

Theorem 1.1 remains valid on a large class of generalizations of Minkowski space, including those
arising in n + 1 = 3 4 1 dimensions as solutions of the Einstein field equations in the context of the
nonlinear stability of Minkowski space, or more generally in the context of the existence of a piece of null
infinity for asymptotically flat data sets [Christodoulou and Klainerman 1993; Klainerman and Nicolo
2003; Lindblad and Rodnianski 2010; Hintz and Vasy 2020]. (Whether the spacetimes constructed in
[Bieri and Zipser 2009; Bieri and Chrusciel 2017] under minimal assumptions on the initial data lie
in this class is not clear at this point.) In fact, the companion paper [Hintz 2023b] revisits this latter
problem from the edge-b-perspective. We discuss such geometric generalizations in Section 1.2; see also
Theorem 9.3.

Our proof of Theorem 1.1 proceeds via an energy estimate in the case s = 1 (using a weighted linear
combination of V; and V; as the vector field multiplier) — see Theorem 4.5 — and follows for general s
(including real orders above a certain negative threshold) from results on the microlocal propagation of
edge-b-regularity; see Section 1.2. If the forcing term f remains in the stated space upon application
of up-to-k € Ny vector fields Vy, Vi, Q, (we shall refer to this as k orders of b-regularity3), then the
solution u has the same extra regularity. Discarding the edge-b-regularity information on u and taking
the €2, to be generators of rotations (which are thus symmetries of the spacetime), this is essentially
the original starting point of the vector field method of Klainerman [1985]; see also [Dafermos and
Rodnianski 2010; Moschidis 2016] for recent developments. A minor novelty of our approach is that we
can prove b-regularity using arbitrary spherical vector fields; correspondingly, the underlying metric or
operator under study need not have any (asymptotic) spherical symmetry at .# .

3This is the general terminology for regularity under repeated application of smooth vector fields, on a manifold with corners,
which are tangent to all boundary hypersurfaces. The relevant manifold in the present setting is depicted in Figure 1.2 below.
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We remark here that there is a significant difference between edge-b- and b-regularity (besides
b-regularity being stronger as far as regularity in the spherical directions is concerned): roughly speak-
ing, edge-b-regularity can be tracked microlocally using by now essentially off-the-shelf microlocal
techniques, namely, symbolic positive commutator arguments; see Section 4. On the other hand, a
satisfactory microlocal framework for b-regularity at .#+ remains elusive; we explain the structural reason
in Remark 1.9.

In light of the success of vector field methods, we shall attempt to provide further justification for our
insistence on developing a microlocal approach. In order to do so, we turn from the exterior region 2 to
the forward causal cone. (There, we can define edge-b-Sobolev spaces in an analogous manner, now using
weights in py :=1/(r —r) and x, := /(t —r)/r and testing regularity using p;9,,, xy0y,, and x,Q,.)
Suppose that we are given a metric g on R!™” which is (approximately) equal to gg in a neighborhood
? €(1—¢,14+€), r>1,of .#T. Crucially note then that one cannot solve the wave equation [] u=1f
locally near future affine complete subsets of .# 7, i.e., in regions of the formt —r > 1, Z € (1 —e, 1].
The reason is that the behavior of u in such a region is global in character: it depends on the spacetime
geometry (or more generally on the coefficients of the wave-type operator under consideration), and on the
forcing f, in a full neighborhood of future timelike infinity /* — which includes regions far from .# .

Remark 1.2 (global character of analysis in = < 1 —€, 7> 1). We give three examples illustrating this
global character.

(1) When solving [,u = f on Minkowski space — with a source term f(z, x) = fo(¢) f1(x), where
folico=0and fol;=1 =€, u>0,and 0 # f; € C°(R"?) — the solution u typically behaves like
r~1et=") for t —r > 1: its bound u < r~! near compact subsets of (.#+)° (i.e., where 1 —r is
bounded) is determined by local information on the metric (and the source term) near .# T, but its
behavior u ~ r~1e#=") as t —r — oo (i.e., near future affine complete subsets of .# 1) is influenced
by the source term f far from . (cf. the compact spatial support of f}).

(2) Taking g to be the Minkowski metric still and supposing V € CZ°(R}) is a potential such that A 4V
admits a negative eigenvalue, solutions of (Lg + V)u = (—th + A+ V)u = f grow exponentially

fast as t — r — oo for generic f € CSO(R,I,J;” ) (of compact support in space and time).

(3) Even regularity cannot be controlled locally or microlocally near .# ", since past-directed null-
geodesics starting at points p with r >> ¢t —r > 1 pass through points g with » ~ 1, ¢ > 1. (Thus,
if f is singular at ¢, then typically u is singular at p, where “singular” means a failure of uniform
integrability of u or its derivatives with respect to appropriate weights.) This happens for example
on Minkowski space and also on spacetimes such as Schwarzschild and Kerr which feature trapping
in regions of bounded r.

If even just one part of the analysis of [, near future timelike infinity (i.e., in a region where < 1—¢
and ¢ >> 1) uses microlocal tools, it is desirable to have a microlocal perspective in a full neighborhood
of I't, including near (a future affine complete part of) .#*. More specifically, microlocal regularity
results near critical or invariant sets of the null-geodesic flow (lifted to the cotangent bundle), such as
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radial points or normally hyperbolic trapping, take the following form: if regularity is known on the stable
manifold of the critical/invariant set, then it holds at the set itself and thus also on its unstable manifold.
(In the noncompact setting of interest here, “regularity” entails uniform (L2-)integrability of u and its
derivatives.) A microlocal perspective near .#* is exactly what allows for a clean separation of those
null-geodesics, lifted to phase space, which are incoming (i.e., which are on their way to a region far
away from .#* where they may encounter, say, a black hole and normally hyperbolic trapping) and those
which are outgoing (i.e., which tend towards .7 ).

With this in mind, we briefly describe the microlocal propagation of edge-b-regularity through .#*
in Section 1.2. In order to illustrate the way in which the microlocal analysis near .#* fits into global
analysis in the forward cone, we prove an extension of Theorem 1.1 which proves the membership of
waves in weighted edge-b-spaces also near I under suitable assumptions on the global geometry away
from .#* (which are satisfied by the Minkowski metric); see Theorem 9.3. The assumptions on the
spacetime away from .#* are inspired by work of the second author with Baskin and Wunsch [Baskin
et al. 2015]; we discuss the relationship to our work in detail in Section 1.1. In this introduction, we
content ourselves with the Minkowski setting of Theorem 9.3 (see also Example 9.1) and with extra
b-regularity.

Theorem 1.3 (global edge-b-regularity of waves). Let Q = {t > 0}. Suppose
o+ % <oy < min(—%, oo+ %),

and let s e N. Let f € Hg;l’(a°+2’2a]+2’a++2)(Q). Then the forward solution u of the wave equation
Ug,u = f on Minkowski space satisfies u € Hs”éao’zw ’a+)(Q). If f enjoys additional k orders of
b-regularity,* then u enjoys additional k degrees of b-regularity as well.

The best pointwise decay that follows directly from this result via Sobolev embedding is the bound
lu| < (r)~=D/2%€ for all € > 0 (provided f has appropriate decay itself); see Remark 9.5.

A more elaborate setting in which the results of the present paper play a crucial role is described in
[Hintz 2023d]: the spacetimes considered there have asymptotically stationary regions, in which case
the analysis far from .# % requires yet different microlocal tools which are developed in [Hintz 2023d;
2023e].

1.1. Prior work on microlocal analysis near null infinity. The radial compactification of R"*! is the
smooth manifold

RF1 = (R"™ L ([0, 00) x S"))/ ~, R\ {0}3z=Ro ~ (R, w)e(0,00)xS", (1-3)

with boundary “at infinity” given by dR"+1 = { =0} = S", 5 = R~!. (Here, R?> = |z|? is defined using
any fixed positive definite quadratic form on R"*!, such as the Euclidean one.) All future null-geodesics

4Thatis, V; - - - Vife He,bs_l'(“0+2'2“f +2.0442)(Q) forall j =0,. .., k, where the V; are b-vector fields on the manifold
with corners M defined in (1-6): inr > 1 and 0 <t < 2r, a basis of these is given by (¢t —r)(d; — dy), r(d; + 9r), 24; and in
r=|x| < %t, one can take (#)0; and (t)0x.
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Figure 1.1. The radial compactification of R"*!, and the light cone at infinity ¥ = S$"~!, in the
case n = 1.

on Minkowski space (R"*!, go) limit to the same codimension 1 submanifold ¥ C dR"*!; in local
coordinates
-1 t—r n—1
=(t =— S 1-4
o=0{+r)", v P w € (1-4)

on R+ near % € (0, 00), t > 0, this submanifold is given by {o = v = 0}. See Figure 1.1.

In [Vasy 2013; Baskin et al. 2015, §5], the analysis of the wave operator [1,, on Minkowski space
(R"+1, go) focuses on its homogeneity of degree —2 under spacetime dilations (¢, x) — (At, Ax), A > 0.
More specifically, the rescaling ézDgO is invariant under dilations in ¢ in the collar neighborhood
[0,1); x S" of dR"+1. In fact, it is a hyperbolic totally characteristic operator, or b-differential operator
in the terminology of [Melrose 1993], which in the local coordinates g, v, w from (1-4) means that it
is constructed from the b-vector fields ¢d,, 9y, 9, (spherical vector fields) — or more invariantly (and
globally) smooth vector fields tangent to the boundary of R"*+! — and smooth functions on R*+1. In the
coordinates (1-4) and using o ~ ¢ instead of g, one has (to leading differential order, and to leading order
atv=0)

0 2Oy = 40Dy +vDy) Dy +4Agn1; (1-5)

see also Example 3.10. One can more generally consider metrics g¢ on R"*! (and the corresponding
rescaled wave operators p>[] ¢) Which have an asymptotic homogeneity under dilations and an appropriate
structure near Y; these are called Lorentzian scattering metrics in [Baskin et al. 2015].

Working with the Minkowski case for definiteness, the operator ézElgo is analyzed in [Baskin et al.
2015] (see also [Vasy 2013, §5; 2014]) using microlocal techniques in the b-cotangent bundle, which is
an extension of T*R"*! to a bundle °T*Rr+1 — R*+! with smooth frame given by the 1-forms dual to
the aforementioned b-vector fields. In the characteristic set of 920, the Hamiltonian vector field of the
principal symbol (i.e., the generator of the lifted null-geodesic flow) has a sink over Y, corresponding to
the outgoing null-geodesics which tend to Y. Null-bicharacteristics over dR"+1 may instead also cross
Y first® and only at a later time tend to Y. Importantly, one can track microlocal b-regularity® in the

SThat is, they are incoming null-geodesics lifted to phase space, or more precisely limits of families of such geodesics. A
concrete example, projected to the base R”*1, is the limit of (0, 1) 3 s +— (t,7,w) = (Ts, T —Ts, wp) as T 7 00.

OThis is b- -regularity on R+ and thus differs from b-regularity on the manifold M in (1-6) and Figure 1.2 near null 1nﬁn1ty In
the coordinates o, v, w from above, b-regularity on R1+7 tests for regularity using 00p, dy, 0, Whereas b-regularity on M uses
00, 00y, Vdy, dw; note that the v-derivatives here come with a prefactor that vanishes at null infinity.
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Figure 1.2. The blow-up M of R"™+! at Y and labels for the boundary hypersurfaces.

b-phase space over a full neighborhood of Y, as demonstrated in [Baskin et al. 2015, §4]; the amount
of b-regularity at Y is necessarily limited (the issue being limited regularity upon differentiation along
the weighted incoming vector field d, ~ r(d; — 9,)). One can furthermore obtain additional (integer
amounts of) module regularity at Y (using techniques going back to [Hassell et al. 2008]).” In [Vasy and
Wrochna 2018; Hintz and Vasy 2015], such a regularity theory on R"+! was used to describe asymptotic
data for Feynman propagators and to solve semilinear wave equations.

Equipped with this b- and module regularity, the second author with Baskin and Wunsch [Baskin et al.
2015] (see [Baskin et al. 2018] for a more general class of metrics) obtains a full asymptotic expansion
(i.e., the polyhomogeneity) of solutions u of the wave equation on a resolution of R"+1 defined by blowing
up Y [Melrose 1996]. Recall that passage to the blow-up

~

M :=[R"H1; Y] (1-6)
of R"*+1 at ¥ amounts to the introduction of polar coordinates around Y; see Figure 1.2 for an illustration.
Local coordinates near the interior of the front face® .7+ are o=+ r)_l, g =t—r,and w e S";

at o =0, this is the usual parametrization of null infinity. The asymptotic expansion of « in particular
captures its radiation field, which is (a derivative of) the restriction to I of the rescaling "~ D/2y,
Coordinates near the past boundary N T0 of null infinity are

=20, p=""0 o -

thus, level sets of pg are outgoing null cones, whereas level sets o, =c € (0, 1) are spacelike hypersurfaces
with boundary at infinity contained in 1°. See [Hintz and Vasy 2020, §1.1.1] for an extensive discussion.
Now, spacetime metrics g arising from the solution of quasilinear wave equations on Minkowski
space — a key example being the solutions of the Einstein vacuum equations Ric(g) = 0 with initial data
close to those of Minkowski space [Christodoulou and Klainerman 1993; Lindblad and Rodnianski 2010;
Hintz and Vasy 2020] —typically are approximately dilation-invariant on spacetime except near null
infinity; there, the quasilinear waves or perturbed metrics g are instead regular only when described on the

resolution M since the radiation field couples back into the metric. Put differently, rescaled wave operators

TThis module regularity is in fact equivalent to the b-regularity on M mentioned earlier.
8We use tildes here for consistency with the notation used in Section 1.2 and in the main part of the paper.
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ézDg associated with such (R"*!, g) (arising, e.g., via linearization of the quasilinear equation) have
highly singular coefficients if one regards them as b-differential operators on R"+1. As a toy example,
consider instead of the Minkowski metric go = —d¢> 4+ dr? 4 2 gap(w) do dw” (where g denotes the
standard metric on S$"~!) the metric

g=—d® +dr’ +r*(gap +r " hap(t — 1)) do” do”;

here hyp, € C°(R). (Such metrics capture features of gravitational radiation.) Analogously to (1-5), the
corresponding wave operator is of the schematic form

Q—ZDg ~4(oDy+vDy)Dy +4A, + 8Qhub(g>Dwa D, .

The coefficient ph,;(v/) fails to be smooth precisely at ¥ = {o = v = 0}.

Such operators with singular coefficients at ¥ C R**! are not b-microlocal at ¥, and indeed they
typically create extra singularities at ¥ (in the sense of b-wave front sets), rendering a precise microlocal
regularity theory very delicate, if not impossible.” The point of the present paper is thus to describe a
point of view which, unlike the b-setting on R"+!, is microlocal near null infinity.

Remark 1.4 (geometric singular analysis on M ). The analysis of the Einstein equations by Wang [2010]
and the authors [Hintz and Vasy 2020; Hintz 2023b], while inspired by the perspective of geometric
singular analysis (in particular [Melrose 1993; Mazzeo 1991]) and taking place on M, is not microlocal
at .# but rather fully relies on energy estimates and adaptations of the vector field method.

Remark 1.5 (Schwarzschild and Kerr metrics). Near Y C dR"+1, Schwarzschild metrics and the more
general Kerr metrics are examples of Lorentzian scattering metrics, as shown in [Baskin et al. 2018,
Appendix A]. Thus, the b-techniques of [Baskin et al. 2015; 2018] apply there. We emphasize that the
question of how to deal with wave equations for metrics that are regular only on M — which we address
in the present paper —is entirely decoupled from the problem of how to deal with the black hole aspects
(trapping, horizons) of Kerr. See Example 3.4 and also Remark 9.2.

1.2. The edge-b-perspective near null infinity. The geometric setup for Theorem 1.1 involves the smooth
manifold M with corners which is obtained from M = [R"F1; Y] via performing a square root blow-up of
its front face .7 ; that is, M = M as sets, but a defining function of .#* = 7 is now given by the square
root of a defining function of 7+ C M. In the local coordinates (1-7) on M, this amounts to regarding
po=1/r—1)>0, xy = /p; =/ —1)/r >0, ® € S""! as smooth local coordinates on M; cf. (1-1).

Following Melrose [1993] and Mazzeo [1991], we then write V. (M) for the Lie algebra of smooth
vector fields on M which are tangent to all boundary hypersurfaces and which at .# " are in addition
tangent to the fibers of the (blow-down) map .#* — Y given in local coordinates by (0g, @) = w.
This Lie algebra is spanned, over C*°(M), by the vector fields in (1-2). The corresponding classes of
(pseudo)differential operators and Sobolev spaces are discussed in Section 2.

9This is analogous to how, for example, the solution of a wave equation on RIt", even if it is initially smooth, typically
develops singularities at places where the coefficients of the wave operator are singular.
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Figure 1.3. The structure of the null-bicharacteristic flow near null infinity in 2+1 spacetime
dimensions. The cross sections of the cylinder are cross sections of the future light cones inside of
each fiber of the eb-phase space over .# . The thick black sets are the radial sets (the two antipodal
points over .#+ N I° forming a connected radial set in higher dimensions). See Section 4.1 and
Figure 4.1 for details.

An explicit calculation shows that the wave operator on Minkowski space satisfies

20520, 0y = (s, — (1 — D) (s, — 2009p) +202 4, (1-8)

gn—17

where A,_, , is the nonnegative Laplacian on the standard (n—1)-sphere, and where we write “=" for
equality modulo the space x» Diffez’b(M ) of linear combinations of up-to-twofold products of the vector
fields (1-2), with coefficients vanishing at x, = 0. Intimately related to this is the fact that the rescaled
Minkowski metric p%xf,go is a Lorentzian edge-b-metric, i.e., a nondegenerate Lorentzian signature
quadratic form in the 1-forms dpg/p9, dxs/xs, dw/x, dual to the vector fields (1-2). (See (3-7b) for the
computation of the dual metric.)

We perform a systematic microlocal analysis of the operator (1-8) in Section 4. The null-bicharacteristic
flow of its (edge-b-)principal symbol — which is the same as the lifted null-geodesic flow for the metric
pgxé go— has a rather intricate structure involving three radial sets having different source/sink/saddle
point structures. (There is a fourth radial set over the future boundary .#*N1I%.) See Figure 1.3. Crucially,
the linearization of the Hamiltonian vector field at each of these radial sets is nondegenerate in the
normal directions, which allows for a proof of microlocal radial point propagation estimates through (or
into) them by means of standard positive commutator methods; see [Melrose 1994, §9; Vasy 2013, §2;
Dyatlov and Zworski 2019, Appendix E.4]. Combined with a simple energy estimate on edge-b-spaces,
which appeared already in [Hintz and Vasy 2020, §4.1] (albeit in less generality and without identifying
the underlying singular geometric structure), we can then prove Theorem 1.1 and its generalizations
in Section 6.

The class of operators (or metrics) to which our analysis applies is the natural generalization of
Py szZZD ¢ Within the class of edge-b-operators, in that one can allow for the operators (or metrics) to
have additional lower-order terms (in the sense of decay at x, = 0). We more generally consider operators
acting on sections of vector bundles, as long as their principal part is that of a scalar wave operator still.
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Furthermore, one can allow for the presence of subprincipal terms at x, = 0; a particularly important
example for applications to nonlinear stability problems (see for example [Hintz 2023b, Proposition 3.29
and §3.6]) is the replacement of n—1 in (1-8) by another constant (or bundle endomorphism), this constant
(or the eigenvalues) governing the decay rate(s) towards .# = {x, = 0}. (Note that the constant n—1 is
exactly the exponent in the x}‘l ~ = =D/2 (for |t — r| < 1) decay rate towards null infinity of waves
on Minkowski space.) Our general setup encompasses a large class of asymptotically Minkowskian
spacetimes, allowing in particular for the presence of long-range mass terms (as present in Schwarzschild
or Kerr metrics) and radiation field-type decay for certain metric coefficients in 34-1 dimensions compatible

with nonlinear stability problems; see also Example 3.4.

Remark 1.6 (parabolic scaling). Via the coordinate change of Friedlander [1980] or via the conformal
embedding of Minkowski space into the Einstein cylinder (R, x S", —ds? + gs»), the Minkowski metric
can be conformally rescaled to a metric on M which is smooth and nondegenerate down to (F1)°, with
(FH)e becoming a null hypersurface. The edge perspective at null infinity of Minkowski space is then
directly related to the following general setup: consider a null hypersurface Z in an (n+1)-dimensional
Lorentzian manifold. Near a point p € Z, one can then find local coordinates u, v, y such that u, v are
null, the hypersurface 7 is given by u = 0, and at p the spacetime metric is g, = du dv + dy?. Thus,
gp 1s homogeneous of degree 2 under the Z-preserving parabolic scaling (u, v, y) — (A%u, v, 1y). The
rescaling u™'g p = d7“ dv + u~'dy? is scaling-invariant and, passing to x := /u in u > 0, gives the metric
D) dx dy?
X "gp= 27dv + 7

which is invariant under the homogeneous scaling (x, v, y) — (Ax, v, Ay). Thus, in u > 0, the rescaling
x_zgp is an edge metric (i.e., a nondegenerate Lorentzian signature expression in %, dv, t—y) on the
manifold [0, 1), x R, x R?~!, with the boundary Z = x~"(0) fibered via (v, y) > y.

Remark 1.7 (conormal coefficients at null infinity). The conformal perspective on Minkowski space
mentioned in Remark 1.6 largely breaks down when applied to perturbations of Minkowski space in the
context of the stability problem in 3+1 dimensions. (See [Christodoulou 2002; Dafermos 2013] and
[Hintz and Vasy 2020, Remark 8.12], but see also [Friedrich 1986] for a more restrictive setting in which
a conformal approach does succeed.) However, the conformally rescaled metric typically does have some
conormal regularity down to .# *. It is thus conceivable that one can adapt the methods used in [de Hoop
et al. 2015] (see also [Gannot and Wunsch 2023]) for the diffraction of singularities by mildly singular
timelike boundaries to the lightlike case.

Remark 1.8 (Klein—Gordon equation). The structure near null infinity of the Klein—Gordon operator
g, + m?, with m € R \ {0}, is altogether different; for example, unlike in (1-8) one cannot factor out
Py zx}z from [l + m?. Sussman [2023] thus develops a different microlocal framework for studying
regularity and decay of solutions of the Klein—Gordon equation near null infinity (and also globally) on
Minkowski space and generalizations thereof; this framework is based on the Lie algebra of “double edge,
scattering” vector fields, which have an additional order of vanishing at 7°, .#*, and I+ compared to the
edge-b-vector fields used in the present paper.
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The edge-b-microlocal analysis of [y, and its generalizations is supplemented in Section 5 with
propagation estimates on edge-b-spaces which carry an additional integer amount of b-regularity on M
(or equivalently on M). This extra b-regularity is captured via testing with vector fields, much as in the
aforementioned Klainerman vector field method.

Remark 1.9 (b-perspective). No matter how one changes the smooth structure of M, the operator L is
not a nondegenerate (weighted) b-differential operator. (For example, the spherical Laplacian term in (1-8)
is of lower order in the sense of decay at x, = O than the first term.) This means that a b-microlocal
analysis of the operator Ly, and its perturbations, if possible at all, is delicate due to the degenerate nature
of the operator as a b-differential operator.

Besides the microlocal edge-b-regularity theory and the solvability theory away from future timelike
infinity 7, we also show the invertibility of the edge normal operator of Ug, at .#*, which is an invariant
(cf. Remark 1.6) model at each fiber of .#T; see Section 7. The inversion of normal operators is the main
ingredient in the development of Fredholm theory for elliptic operators [Mazzeo and Melrose 1987; 1998;
Melrose 1993; Mazzeo 1991] and also for nonelliptic operators [Hintz and Vasy 2015, §2; Gell-Redman
et al. 2016].

Edge-b-operators such as (a weighted version of) [1,, have a dilation-invariant normal operator also at
the boundary hypersurface I™ C M. In Section 8, we prove microlocal estimates for this normal operator
which only use the structure of the underlying wave-type operator near .# . We indicate how these edge
normal operator inverses and normal operator estimates, together with our microlocal regularity theory,
can be put to use in the global analysis of a wave equation on a class of asymptotically Minkowski spaces
in (the proof of) Theorem 9.3. (A significantly more elaborate setting is discussed in [Hintz 2023d].)

1.3. Outline of the paper. In Section 2, we introduce edge-b-vector fields, (pseudo)differential operators,
Sobolev spaces, and related concepts.

In Section 3, we describe the Minkowski metric and its generalizations, called admissible metrics
in this paper (Definition 3.2), from the edge-b-perspective and also introduce the class of wave-type
operators that our methods can handle (Definition 3.7).

The microlocal heart of the paper is described in Sections 4-5.

 In Section 4.1, we describe the null-bicharacteristic flow (the lift of the null-geodesic flow to the
edge-b-phase space) near null infinity in detail, identify the critical points of the Hamiltonian
vector field (which form smooth invariant submanifolds of radial points lying over null infinity, see
Lemma 4.1), and determine the global structure of the null-bicharacteristic flow on the characteristic
set (Figure 4.1).

« In Section 4.2, we analyze the admissible operators of Section 3 from an edge-b-microlocal point of
view. Concretely, near each of the critical sets R identified in Section 4.1, we prove a “black box”
result (Lemmas 4.8—4.11) on the microlocal propagation of regularity through R which states, in a
quantitative fashion, that (under appropriate conditions on regularity and decay orders) microlocal
regularity of a solution u of a wave-type equation Pu = f on the stable manifold of R implies
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microlocal regularity at R itself (and thus also along the unstable manifold via standard propagation
estimates [Duistermaat and Hormander 1972]). The concatenation of these results gives semiglobal
regularity results (Theorems 4.5 and 4.6).

» Edge-b-microlocal estimates on function spaces which capture additional (integer amounts of)
b-regularity are proved in Section 5 via simple commutation arguments (Propositions 5.14-5.16).
The relevant space of commutator b-vector fields (more general than those useable in the traditional
vector field method) are identified in Definition 5.1; see also Proposition 5.3.

In Section 6, we prove the solvability of wave equations away from the future boundary of .#,
i.e., up to a spacelike hypersurface transversal to .#* \ It (with Theorem 1.1 being a special case).
Energy estimates produce solutions with edge-b-regularity order 1, and the microlocal propagation results
from Section 4 generalize this to general orders which in particular are allowed to be arbitrarily large
(Theorem 6.4). Using commutations with commutator b-vector fields, we also prove higher b-regularity
(Corollary 6.6).

The next two sections (Sections 7-8) develop material which is needed for controlling the decay of
solutions of wave equations near future timelike infinity /™. Since our assumptions on metrics and
operators only concern a neighborhood of .# T, we only prove localized estimates near .#*. Concretely,
in Section 7, we prove the invertibility of the edge normal operators of the wave operators of interest
at (the fibers of) .# T\ I 0 (Proposition 7.1). In Section 8, we study the b-normal operator at /* which,
roughly speaking, is dilation-invariant in ﬁ and can thus be studied using the Mellin transform; we then
prove regularity results for the Mellin-transformed normal operator family at bounded (Theorem 8.2) and
high (Theorem 8.5) Mellin-dual frequencies.

An application to the global existence, regularity, and decay of waves on a class of asymptotically
Minkowskian spacetimes is given in Section 9. In particular, the concrete setting described there comple-
ments the assumptions near .# T made in all previous sections by assumptions on the metric and wave
operator far from .# %, in particular near I*. For simplicity, we only discuss metrics with approximate
dilation-invariance near (I1)°, which includes asymptotically Minkowski spacetimes such as those arising
in [Hintz and Vasy 2020] but excludes spacetimes which settle down to stationary spacetimes in spatially
compact regions. (The latter are discussed in [Hintz 2023d].)

2. Edge-b-geometry and analysis

We begin by recalling, in Section 2.1, the Lie algebra of edge-b-vector fields on a manifold with corners
and a fibered boundary hypersurface. The corresponding spaces of differential operators are defined
in Section 2.1 as well, and their normal operators are described in Section 2.2. The algebra of edge-
b-pseudodifferential operators is recalled in Section 2.3. We will use these operator algebras for the
(microlocal) analysis near null infinity. Sobolev spaces are discussed in Section 2.4, and various notions
required for the study of certain normal operators of edge-b-operators are defined in Sections 2.5-2.6.
The material in this section is largely based on [Melrose 1993; Mazzeo 1991; Melrose et al. 2013].
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2.1. Vector fields, differential operators, bundles. Let M denote an n-dimensional manifold with corners.
Denote by Hy, ..., Hy C dM, N € N, the collection of its boundary hypersurfaces which we require to
be embedded submanifolds of M. Recall then:

Definition 2.1 (Lie algebras of vector fields). Denote by V(M) =C*>(M; T M) the Lie algebra of smooth
vector fields on M.

(1) The space Vy(M) C V(M) of b-vector fields [Melrose 1981; 1993] consists of all V € V(M) which
are tangent to dM, i.e., to H; foreach j =1,..., N.

(2) If N =1, then the space Vy(M) C V(M) of 0-vector fields [Mazzeo and Melrose 1987] is defined
as Vo(M) ={pV : V € V(M)}, where p € C>*°(M) is a boundary-defining function (that is, p > 0
vanishes only at 9 M and has nonvanishing differential there).

(3) If N =1, then we define the space Vi (M) C V,(M) of scattering vector fields [Melrose 1994] as
Vie(M) ={pV : V € Vpo(M)}, where p is a boundary-defining function.

(4) If N =1 and M = H, is the total space of a smooth fibration Z — dM — Y, then the space
Ve(M) C V(M) of edge vector fields [Mazzeo 1991] consists of all b-vector fields which at 9 M are
tangent to the fibers of 9 M.

(5) If N > 2 and some (but not all) H; are total spaces of fibrations, the space Ve (M) C Vp(M) of
edge-b-vector fields consists of all b-vector fields which at each fibered boundary hypersurface are
tangent to the fibers; see also [Melrose et al. 2013; Albin and Gell-Redman 2023; Hintz 2023e].

In local coordinates x € [0, o)X and y € R"~* near a point inside a codimension k corner, with d M
locally given by x =0, b-vector fields are linear combinations with smooth coefficients of

X i=1,....0, 3, G=1L....n—k). (2-1)

When N =1 and k = 1, this frame becomes xdy, d,,; the space of scattering vector fields is then spanned
by
X2, xdy (j=1,...,n—1). (2-2)

Correspondingly, there are smooth vector bundles
STM > M, *TM — M,

and bundle maps YITM — TM, S*TM — T M, which over the interior M° are isomorphisms, such that
Vo (M) =C®(M; T M) and Vi (M) = C*°(M; T M); a smooth basis of the fibers of °7 M and T M is
given, in the respective settings, by (2-1) and (2-2). The dual bundles are denoted by °7*M and **T*M,
and the corresponding density bundles are denoted by ®QM and QM.

As an important special case, consider the radial compactification R" of R", defined in (1-3). Denoting

by x!, ..., x" standard coordinates on R”, then in the closure of the region where, say, x! is relatively large,
meaning x! > ¢|x/| for j =2, ..., n and some ¢ > 0, we can use p = 1/x', y/ =x//x! as smooth local
coordinates on @’; since 0,1 = — pzap —p 2?22 yf 8}, js Oy = ,oay i, one finds that translation-invariant

vector fields on R” are special cases of scattering vector fields on R, and indeed V. (R") is spanned
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Figure 2.1. A neighborhood of H; N H, inside M and the local coordinates x, y, z used in (2-3b).
The fibration ¢ of H, and the base Y are indicated in red and the fibers of H, in blue.

over C*(R") by such translation-invariant vector fields. Similarly then, the coordinate differentials
dx!, ..., dx" extend by continuity from R”" to give a basis of **T*R", and a basis of **QR" is given by
the Euclidean volume density |dx! - - dx"|.

For the sake of notational simplicity, we discuss the edge-b-setting only in the special case of interest in
this paper. Thus, we assume that H, C M is the total space of a fibration Z — H2£>Y , where Z =[—1, 1]
is a closed interval and Y is a compact (n—2)-dimensional manifold without boundary. Moreover, we
assume that H; N Hy = & except for j =1, 3, and H; for j # 2 is not fibered.'” See Figure 2.1. A local
coordinate description is as follows:

(I) Near the interior Hy of H,, we can choose local coordinates x € [0, c0), y € R 2, zeRon M,
with y, z local coordinates on Y, Z, so that H is locally given by x‘l(O) and the fibration of H»
takes the form (y, z) — y. Edge-b-vector fields on M are then smooth linear combinations of

X0y, X0y (G=1,...,n=2), 0,. (2-3a)

(2) Near H| N H> (and analogously near H3 N H>), we can choose local coordinates x, z € [0, o0) and
y € R"~2 with the same properties as above, and so that in addition Hj is locally given by z = 0.
Since b-vector fields are spanned by xd,, o
by

vi» 205, the space of edge-b-vector fields is now spanned

X0y, x0dy; (j=1,...,n—=2), z0,. (2-3b)

Again, we conclude that V, ,(M) is equal to the space of sections of a smooth vector bundle *°T M — M,
with local frames near H, given by (2-3a)—(2-3b). The edge-b-cotangent bundle °T*M will play a key
role in the present paper as the phase space for the microlocal analysis of edge-b-differential operators.

10Equivalently, H;, j # 2, is equipped with the trivial fibration whose base is a singleton set. But we prefer to speak of
b-behavior at Hj, j # 2, rather than of an extreme type of edge behavior.
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The spaces of vector fields in Definition 2.1 are Lie algebras; we use the notation
ec{b, 0, sc, e, e, b}.

The space of locally finite linear combinations of up-to-m-fold compositions of elements of V,(M) is
denoted by Diff”" (M); we put Diff,(M) =P, e, DIff)" (M). Given a weight & € R, or in the case that M
has N > 2 boundary hypersurfaces a vector & = (a1, ..., ay) € RV of weights, we put

Diff™ (M) := {p~*P : P € Diff" (M)},

where p is a boundary-defining function when N =1 and a collection p = (py, ..., py), Where p; is a
defining function of H;, when N > 2; in the latter case, we use the notation p™ := ]_[?]:1 ,oj_aj . Since for
any b-vector field V € V,(M) one has p*V (p™%) € C*°(M) (cf. (2-1)), it follows that one can compose
elements of @5
factors.

. Diff"%(M), and the orders of a composition are the sums of the orders of the individual

More generally, given a weight (vector) «, we can consider the space of L°°-conormal functions on M,
AY(M) :={u € p*L>®(M°) : Pu € p*L>*(M°) V P e Diff,(M)}.
One can then define the space
A~ Dift!" (M)

of e-differential operators with coefficients in A™%(M) to consist of locally finite linear combinations
of operators of the form w P, where w € A~ (M) and P € Diff,(M). Since p=% € A7*(M), we have
A~ Diff"" (M) D Diff!"%(M). The space EBO[, m A~¢Diff)" (M) is an algebra, and the orders are additive
under composition.

We shall encounter further variants of the spaces A%(M): at some hypersurfaces H;,, ..., H;,, we
may require classical conormality, i.e., smoothness upon multiplication by p;, “’. Ordering indices so that
ij=j, j=1,..., k, we thus introduce the notation

N
((@1,0),(02,0), -, (@4,0), 041, -\ o %\ 4((0,0)....,(0,0),0....,0) ;
A (M) := (]_[ p; )A (M) (2-4)
j=1

for spaces of mixed conormal and classical conormal functions; here A(©:0):©.0.0..0 (pary = A%(pr)
consists of all u € A°(M) such that V; - -- Vyu € L®(M) for all J € N and V; € V(M) which are tangent
to Hyy1, ..., Hy (but not necessarily to Hy, ..., Hy). Thus, elements of A0 ©.0.0...0) (A1) are
smooth down to H; for j =1, ..., k and bounded conormal at H; for j =k+1, ..., N.'1 One can then
also consider spaces of differential operators with coefficients in these mixed conormal spaces.

10One can consider even more general spaces, e.g., AC1 €150 (M), where the &j C € x Ny are index sets.
Elements of this space are polyhomogeneous at the boundary hypersurfaces Hy, ..., Hy and conormal at Hy 1, ..., Hp . The
spaces (2-4) arise as special cases where the index sets are £ = {(o; +1, 0) : 1 € Np}. Since we only need the spaces (2-4), we
do not go into the details of more general partially polyhomogeneous spaces here.
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Finally, if E, F — M are two smooth vector bundles, one can consider the space
Diff"(M; E, F) = Diff"" (M) Q¢ ) C*°(M; Hom(E, F))

of differential operators mapping sections of E into sections of F; in local trivializations of E and F,
these are simply (rank F') x (rank E) matrices of elements of Diff!" (M). Versions of these spaces with
weights or conormal coefficients are defined similarly.

2.2. Symbols and normal operators of edge-b-differential operators. We now let M denote a compact
n-dimensional manifold with corners, with embedded hypersurfaces Hy, ..., Hy, N > 3, and with H,
the total space of a fibration Z — H, — Y, where Z =[—1, 1] and Y is compact without boundary, and
with H; N Hy = & unless j = 1, 3. This is the setting discussed around (2-3a)—(2-3b) and illustrated in
Figure 2.1. Let us denote defining functions of H; by p; € C*°(M). Note that the boundary hypersurfaces
of the edge-b-cotangent bundle °T*M are e’bTIij , and the fibration ¢ : H, — Y induces a fibration
e’bT;_ZM — Y (with fibers given by the restriction of ©®T*M to the fibers of ¢) via composition with the
projection map ebp Isz — Hj; thus, there is a natural notion of edge-b-vector fields on ebppg.

Let us work in the local coordinates (2-3b), so x and z are defining functions of H, and Hj, respectively,
and y denotes local coordinates on Y. A local frame of ©°T*M is thus

dx dy’ dz

=, 2 (j=1,...,n-2),
X X Z

Writing the canonical 1-form on 7*M° in the form

dx 23 dy’ dz
e 2.5
fx + .0 . +¢ (2-5)

defines smooth fiber-linear coordinates on 7*M° which extend by continuity to fiber-linear coordinates
on ©°T*M over the local coordinate patch. Edge-b-vector fields on ®®T*M are linear combinations, with
C®(SPT*M) coefficients, of the vector fields (2-3b) and g, 0y;, 0. We first elucidate the symplectic
structure of 7*M° from the edge-b-perspective.

Lemma 2.2 (Hamiltonian vector field on ®°T*M). Let p € C*°(®°T*M). Then the Hamiltonian vector
field H), satisfies H), € Ve o (SPT*M). The map p H), is a first-order edge-b-differential operator,

H( e Diff} , (“°T*M; C,* T (*"T* M), (2-6)

where C denotes the trivial bundle M x C. In the local coordinates (2-5), we have

n—2 n—2
H, = (3 p) <xax +> an,) + D (3, p)xDys + (3 p)20;
j=1 j=1
n—2

n—2
- ((xax +) a,,_,) p) 3 — > (x0yi )y, — (20:p)d;. (27)
j=1

j=1
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Proof. Taking the exterior derivative of (2-5), the symplectic form w on T*M° is

"_217jdyf dx n2 dz
=(d d /\— dc A —.
w (S—F}Z_; P ) Z nj +d¢ Z

The definition

d dy/ d
(= Hy) =dp = (xiep)— + ) (xdy )=+ (30:p) -+ (0 p) & + (3 ) dn + (9 p)

of H, then gives the expression (2-7). This expression also implies (2-6); more invariantly, (2-6) follows
from the facts that w € C°(SPT*M; A2SPT*(SPT*M))isa nondegenerate edge-b-2-form and the exterior
derivative d satisfies d € Diff! en(M; C,° bTEM). O

We pause to describe H,, for homogeneous p; for this purpose, we denote by ebT* M the fiber-
radial compactification of ®*°T*M. (Since the GL(n)-action on R" extends to an action on R” by
diffeomorphisms, #PT*M carries the structure of a smooth closed ball bundle over M.) The only one of
its boundary hypersurfaces which we regard as the total space of a fibration is e’b—TH*zM ; the boundary
©b§* M at fiber infinity is not fibered, i.e., edge-b-vector fields on &PT*M are merely required to be

tangent to &°S* M

Corollary 2.3 (rescaled Hamiltonian vector field). Let po, € C®(SPT*M) be a defining function of
&b S M, and suppose p € C®(S°T*M \ 0) is homogeneous of degree s with respect to (positive) dilations
in the fibers. Then p5c'H, € Ve p (SPT*M \ 0).

Proof. The conclusion is independent of the choice of p,,. We shall work in local coordinates in
which (2-7) is valid, and in a region where £ is relatively large, i.e., &€ > c(|n| + |¢]|) for some ¢ > O.
(Regions where some n; or ¢ are relatively large are analyzed similarly.) There, we shall take

P N - 4
Po=E&", 1 g e £

Writing p = p’ po, where pg is a smooth function of (x, y, z, 7, E), we then compute
P35 Hy = —(((oodpn, — ) + 135 + £32) po) (0 + 7105) + (8 po) - x8y + (3 po) 2
+ ((x3x +195) Po) (Poodpn, + 195 +£9;) — (x3y po) - 9 — (292 p0) 3y
Since Ve v(®°T*M) is locally spanned by the vector fields xdy, dy, 29:, Pocdp.,, 05, and 82, this proves
the corollary. g
Let now P € lef’"b (M). In the above local coordinates, we have
P= > ajalr,y, (D) (xDy)*@D)*,  ajee € CO(M). (2-8)
Jtk+lo|<m

It has a well-defined (independent of the choice of local coordinates x, y, z) principal symbol

SPo"(P)i= ) ajalx, v DE Mt € PUI(PT M),
Jjtk+al=m
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where PU"1(&PT* M) denotes the space of smooth functions on ©°7*M which are homogeneous polyno-
mials of degree m in the fibers. We have a short exact sequence

0 — Diff" ! (M) = Ditf", (M) =" PIm(EbT*p1) — 0, (2-9)
Given A; € Diff:z (M) with principal symbols a; = ebomi (A i), we have the usual properties
SPGMIM(A Ay) = ajay,  “Po™MTTNI[AY, Ar)) = Hy o

Note that, in general, the symbol of a commutator is nonzero at dM. Thus, just like the b- and
edge-algebras, the algebra of edge-b-differential operators is commutative to leading order only in the
differential order sense, but not in the sense of decay at any of the boundary hypersurfaces of 0 M. We
thus proceed to recall the definitions of the normal operators of P € Diff", (M). We shall only discuss
the normal operators at H; and H;; the normal operator at H3 is defined exactly as the one at Hj.

The normal operator at H; is defined by freezing coefficients at Hy; in terms of the local coordinates
used in (2-8), this means setting

N (P)i= Y djalx. v, 00@Dy) (xD))* (D). (2-10)
Jtk+lo|<m

This can be defined invariantly as an element Ny, (P) € Diffgf J (TN H,), where TN H is the (nonstrictly)
inward pointing normal bundle of Hj, and the subscript “I” restricts to operators which are invariant
under the dilation action in the fibers of TN H;. Indeed, N 1, (P) can be defined for general b-differential
operators P € Diffy' (M) as the multiplicative extension of the map [Melrose 1993, §4.15]

Vo(M) — Vo (M) /2Vo(M) = C®(Hy; Ty, M) = Vy (TN HY).

In order to sharpen the description of Ny, (P) for edge-b-differential operators, note that the restriction of
the fibration H, — Y to Hy N H; is a diffeomorphism H; N H> =N Y, and hence the fibers of H; N H, are
points. Correspondingly, the boundary hypersurface *Ngy,nn, H of TN Hj is the total space of a fibration
given by the base projection

*NynmHy — HHINH, =Y.

We can thus consider the spaces
Ve,b,l(—’_NHl)’ Diffg?b,l(-’_NHl)

of dilation-invariant edge-b-vector fields and edge-b-operators. The local coordinate expression (2-10)
shows directly the following.

Definition 2.4 (b-normal operator at H;). The map Ny, : Diff. ,(M) — Diff. » ; ("N H}) is an algebra
homomorphism and for each m € Ny fits into the short exact sequence

0> py Diff", (M) < Dff", (M) ~25 Diff", ,(*N Hy) — 0, (2-11)

where we recall that p; € C*°(M) is a defining function of H.
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Upon fixing a trivialization
*NH; = Hy x [0, 00),,, (2-12)

we can consider the action of Ny, (P) on functions of the form pi{u, u € C>®(Hy),

Na, (P, O)u = (07" Nt (PY (0 )] py =0

In the local coordinates (2-10) and with p; = z, we have

Nu(P.O)= > aja(x,y, 005 (xDy)/ (xDy)* € Diff] (Hy),
jt+ktlal<m
which is thus a O-differential operator [Mazzeo and Melrose 1987] (i.e., an edge differential operator with
respect to the fibration of the boundary given by the identity map d H; — 0 H).

Definition 2.5 (Mellin-transformed normal operator family). Fix a trivialization (2-12). For P €
Diff:,’b (M), the family ]V;] (P, ¢), ¢ € C, of O-differential operators on H; is the Mellin-transformed
normal operator family of P at H;.

We now turn to the edge normal operator at H,, which is a family of operators on the fiber Z,
parametrized by the base Y of the fibration ¢ : H, — Y. It is defined by freezing coefficients at a fiber
¢~ '(y0), yo € Y; here we are following [Mazzeo 1991, (2.17)]. In local coordinates as in (2-8), this
means setting

Ny (P)i= Y ajka(0, y0, )(x D) (xDy)*(zD,)". (2-13)
Jtk+lo|<m

Here (x, y) is now allowed to range over all of [0, 00) X R"~2; note that °N Ha,yo (P) 1s invariant under
dilations in (x, y) and translations in y. To define ° Ny, y,(P) invariantly, consider the (nonstrictly) inward
pointing normal bundle

NG (30) = T Ty-1,0 M/ T~ (30).

Note that *N¢~!(yp) is equipped with a natural R -action given by dilations in the fibers; moreover,
the image of Ty-1(, Hy C *Ty-1(,,)M in the quotient *N¢~!(yo) acts by translations. Lastly, we can
lift ¢ : H, — Y to a fibration TH> — TY and restrict to the tangent bundle over ¢! (y), giving a
fibration Ty~ oy H2 = Ty, Y5 since T¢_1 (yo) lies in the kernel of this fibration, this descends to a fibration
TN (yo) > T, Y.

Given this edge-b-structure on "N o ! (y0), there is a natural bundle isomorphism

“PT,M =T, ("NG ™' (o)), (2-14)
where (p, 0) denotes the unique point in the zero section of TN p¢_1 (v0); in local coordinates in which

Ty M = {(z, X0x + 39, +23,) : (00, 2) € ¢~ (o), % > 0},
NG (o) = {(z, ¥9, + 39y) : (o, 2) € ¢~ (o), X > 0},

this isomorphism takes xd,, xdy, 20, to Xd;, X0y, z0;.
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We may furthermore consider the space V. .1 (TN¢~!(y0)) of edge-b-vector fields on *N¢~!(yp)
(with “b”-behavior at the normal bundle +N3¢71(y0)¢>*1 (yo) over the boundary of the fiber, which in our
setting has two connected components) which are invariant under both the dilation and translation actions;
we then have an isomorphism

C®(@ ' 00): “PTy1(3) M) = Ve 1 ("N~ (30)) (2-15)

given by applying (2-14) and passing to the unique invariant extension. The multiplicative extension of
this map gives invariant meaning to

*Ni.0(P) € Diffl"y, ;("Nep™" (o)),
where the subscript “I” restricts to dilation- and translation-invariant operators.
Definition 2.6 (edge normal operator at H,). For yg € Y, the map
*Nit,yo : Diffe (M) — Diffe., 1 ("N~ (v0))
is an algebra homomorphism and for each m € N fits into the short exact sequence
0 — Zy-1(y,) Diffl" (M) < Dif ’"b(M) Moo pyig o, ("N~ (39)) = 0, (2-16)

where Zy-1(y,) C C>®(M) is the ideal of smooth functions vanishing along ¢~ '(y0). The collection
°Nu, = (°NH,,y,) yoey fits into the short exact sequence

0 — p, Diff!y (M) < Diff, b(M) LN Diff)"y ;(*N¢) — 0,

where TN¢ = |_|y€y N,(¢p~ (y)) is the total space of a fibration TN ¢ — T'Y and the space Dift!" b1 (tN¢)
consists of differential operators (with smooth coefficients) which are tangent to each fiber +N ¢_1(yo),
yo € Y, and whose restriction to TN¢~!(yp) is an element of Diff;"’b’,(Jqub_] (vo)).12

A less precise normal operator can be defined by first regarding P simply as a b-differential operator,
P € Diff,' (M), and then considering the b-normal operator

° Ny, (P) € Diffy', ("N Hy). (2-17)
In local coordinates as in (2-8), this means

*Ni,(P):= Y ajt0(0, ¥, 2)(xDy)Y (zD,)*.
JjH+k<m
We remark that ° N 1, (P) is uniquely determined by ®*Ng, (P). (The conjugation of bN 1, (P) by the Mellin
transform in x is the indicial family in the terminology of [Mazzeo 1991, Definition (2.18)].) It is often
the case that the properties of the simpler model ® Ny, (P) determine the asymptotic behavior of solutions
of P near Hy; see [Hintz and Vasy 2020, §1.1.1] or [Hintz 2023b, §3.6].

12Thus, Diff;’fb ! (T N¢) consists of collections of invariant edge-b-operators, indexed by yo € Y, which depend smoothly on
the parameter yj.
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We observe that the extension of the above definitions to operators acting on sections of vector bundles,
Pe Diff;’fb(M ; E, F), only requires notational changes: for P € Diffg”b(M ; E, F), we have

“Pg™(P) € PM™(®°T*M; =* Hom(E, F)),
Np,(P) €Diff)', ,("NHy; 7*E|p,, 7*F|p)).
eNHz,y() € Diff g’lb’[(+N¢7l(y0); 7T*E|¢*1(y0)a n*Fl(b’l(yO))’ Yo € Y7

where in each line 7r denotes the relevant base projection, and we have corresponding short exact sequences
mirroring (2-9), (2-11), and (2-16).

2.3. Edge-b-pseudodifferential operators. We now restrict attention to the case of compact M for
simplicity. We denote by S*(®PT*M) the space of symbols of order s € R. In the local coordinates (2-5),
this means that a € §*(*°7*M) if and only if

107 95907 9F 9l a(x, y, 2, €, 1, O < Ciakppq (1 + €]+ In| + [ )~ PHPI+D (2-18)

for all j,k, p,q € Ng and o, 8 € Ngfz. The condition (2-18) can be phrased invariantly using the
radial compactification ebT*M: let Poo € C™ (¢PT*M) denote a defining function of &b S* )M ; then we
have a € S§*(*°T*M) if and only if Pa € p* L®(®°T*M) for all P e Diff(°T*M) which are linear
combinations of up-to-m-fold compositions of vector fields on ©PT*M which are tangent to ©°S*M.
We also need to consider weighted symbols. Recall the notation p = (pi, ..., py), with p; a defining
function of Hj; for a € RV, we then put

SS,O[(C,bT*M) = p_aSS(e’bT*M).
More generally still, we can consider symbols with conormal regularity in the base; thus, we define the
space
A—O{ SS(e,bT*M)
to consist of all smooth functions @ on 7*M° such that Pa € p~% p ' L*°(T*M?°) for all P € Diff,(S°T*M)
(with b-behavior at all boundary hypersurfaces of ©®T*M, not just at ©°S*M). This contains the space
of finite linear combinations of functions on 7*M*° of the form wa where w € A~%(M) (pulled back to

&bT* M along the base projection) and a € S*(*°T*M).
Our main tool for the study of edge-b-differential operators will be the algebra

We b (M) = WS, (M)

seR
of edge-b-pseudodifferential operators (or edge-b-ps.d.o.s for brevity), which we describe geometrically
following [Melrose et al. 2013, Appendix B], followed further below by a description in terms of
quantization maps. Recall that H, is equipped with a fibration ¢ : H, — Y. By [Melrose et al. 2013,
Lemma B.1], the fiber diagonal

(Hy)j := Hy x¢ Hy={(p, p') € Hy x Hy: $(p) = ¢ (p")}
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is a p-submanifold of M 2. it is moreover transversal to, or disjoint from, the remaining boundary
diagonals sz, j # 2. Collect the latter in the set B := {sz : j # 2}. The edge-b-double space is then the
iterated blow-up

M;y, = [M?; (Hy)j: Bl. (2-19)

Let 3 : MZ, — M? denote the blow-down map, let 7.z : M> — M denote the projection onto the
left/right factor, and denote by 7e b, ./r = 7L g © B the stretched projection. Denote by diag, , C Me%b
the edge-b-diagonal, defined as the lift of the diagonal in M2. Then the space Ve (M) is defined on the
level of Schwartz kernels by

W (M) = {k € I°(MZ,, diag, p; (Teb,8)* (*PQM)) : k =0 at IMZ ) \ ()},

where I° denotes the space of conormal distributions [Hormander 1971a] (with smooth coefficients down
to d diag, ), “= 0" denotes equality in Taylor series (i.e., infinite order of vanishing), and ff(3) denotes
the union of all boundary hypersurfaces produced by the blow-ups in the definition (2-19) of M ez,b‘
Operators between vector bundles E, FF — M arise by tensoring the bundle in which the conormal
distributions take values with 3* Hom(zw 3 E, 7] F'). Schwartz kernels of weighted edge-b-ps.d.o.s are
defined by
Wp (M) = p~ W (M) = (S, 1 p )k 1k € W (M)}

More generally, one can consider spaces of ps.d.o.s with conormal coefficients,
AT (M),

by requiring their Schwartz kernels to be conormal distributions whose symbols are conormal (rather
than smooth) down to diag, ,,, with weight —a; at the lift of (H;)? (j # 2) or (H2)3> (j=2).

Turning to the explicit description, W (M) can be defined in terms of quantizations of symbols
a € S*(*®T*M). Concretely, in the local coordinates (2-5) and for # with support in the local coordinate
patch, a typical element of W, (M) is A = Op, 1,(a), acting on u via

Au(x, y,z) = (h)‘"/exp(i((x —X)E+(y —y/)-n+(z—z/);>)x(x ;x )x(ly — ')x(z_Z )

X Z
xa(x,y,z;xE,xn, z0u(x’, y', ) dé dnd¢ dx" dy’ dz7’;

here x € CZ°((—1, 1)) is identically 1 near 0. In general, one defines Op, j,(a) using a partition of unity.
Thus,
Opep: S*(“PT*M) — Wi\ (M),

and this map is surjective modulo the space W o2 (M) of residual operators. (The space v, o2 (M) consists
of all smooth right edge-b-densities on M, ez,b which vanish to infinite order at M, ez,b \ ff(B).) In fact, any
finite number of compositions of quantizations is again a quantization upon enlarging the size of the
cutoffs; the space W 5 (M) is merely a simple device to capture all (symbolically trivial) off-diagonal
terms. Spaces of edge-b-ps.d.o.s with weighted or conormal coefficients, and possibly acting on vector
bundles, can be defined similarly.
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The principal symbol of edge-b-ps.d.o.s fits into the short exact sequence
0— WLl (M) = WE, (M) 2 (875571 (“PT* M) — 0;

it is defined by ®Pc* (Ope p(@)) =[a] and © b |\p (M) = = 0. The principal symbol map is multiplicative;
moreover, for A; € \Ile b(M ) with principal symbol aj, we have

ebo Tl Ay, Ay)) = Hy .
As usual, for A € WS, (M), we denote by!3
Ellep(A) C*PT*M \ o, (resp. W, (A) C“"T*M \ 0)

the elliptic set (resp. operator wave front set) consisting of points @ € ©®T*M \ o so that *Pc*(A) is
invertible in a conic neighborhood of @ (resp. the full symbol of A (in any local coordinate chart) is
not of order —oo (at fiber infinity) in any conic neighborhood of @ ). Identifying these sets with their
boundaries at fiber infinity inside ©P7*M, we shall often take the following point of view:

Ell.v(A), WF, ;(A) C “°S*M

(Carefully note that WF{c’b(A) = ¢ implies A € e, f)’o (M), which is thus trivial in the differential order
sense, but not in the sense of decay at d M.) We furthermore write Char, ,(A) = e.bg* \ Ell¢ p(A) for the
characteristic set.

2.4. Sobolev spaces. We continue assuming that M is compact. Fixing a weight vector w € RV, we shall
work with a weighted edge-b-density
e plCe(M; “PQM)

which is positive, i.e., o~ > 0 as an edge-b-density. In the local coordinates (2-3b), this means

dx dy dZ
X xn72 z

w2

, O<aecC®.

w=a(x,y,z)z"x

We then set

Hoy(M, p) i= L* (M, ).
Whenever the density u is clear from the context, we shall omit it from the notation. For an integer
s € Np, we define Hsb(M) to consist of all u € é),b(M) such that Pu € H b(M) for all P € Diff® b(M).
For s € R, we can define HJ (M) via duality and interpolation. Alternatively, for s > 0, we have
HS (M) ={ue Hob(M) Au € gb(M)}, where A € ¢ (M) is any fixed elliptic operator; this is thus
a Hilbert space with squared norm

2
||u||Héb(M) ||u||H0 (M) + ”AMHHO (M)

13The elliptic set of A depends on the order of the space of ps.d.o.s of which one regards A as an element of; since this order
is always clear from the context, we shall write Ell; ,(A) simply instead of the more cumbersome Ell. ,* (A).
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By elliptic regularity, any two choices of A give equivalent norms. For s < 0, we have H: (M) =
{uy+ Aup tuy,up € Hgb(M)}, where A € \D;g(M) is elliptic; since this is isomorphic to (H;lf(M))*
via the L2(M, p)-pairing, it is a Hilbert space as well. Weighted versions of these spaces are defined by

HY (M) == p® HS (M) = {p®u :u € Hy (M)}

These are Hilbert spaces as well, and (H.; (M))* = H, "~ “ (M) with respect to L*(M). When Q c M
is an open set, we denote spaces of extendible and supported distributions by

HEX(Q) = {ulg s u € HIE (M),
I-‘Ié’t‘:‘(ﬁ) i={u € H (M) :suppu C QL

following the notation of [Hormander 2007, Appendix B].

We also need spaces of sections of vector bundles E — M: for s = o = 0, and fixing any positive
definite fiber metric on E, we set Hg’bO(M; E) = Hgb(M; E)=L*(M, u; E), any two choices of fiber
metrics giving the same space (up to equivalence of norms) since M is compact. For general s and «, the
space H.} (M; E) is then defined as above.

Edge-b-ps.d.o.s A € \112 (M) act continuously on Hgb(M ); see [Melrose et al. 2013, Appendix B].
Using the algebra properties of W, (M), this can be shown to imply that every A € \IJZI’)’S (M) defines a
bounded linear map A : HJ ;' (M) — Hg;m’a_ﬂ (M).

We define

Ho oM = Hyg (M), HZY(M) =) Hy g (M).
seR seR

Given a distribution u € H;boo (M), we can define its wave front set in the usual manner: for s € R, we
define

WED (1) C“°S*M

as the complement of the set of & € ©*S*M for which there exists an operator A € \Ilg’b(M ) which is
elliptic at @ and such that Au € Hg’t‘f‘ (M) = p“ Hgb(M ). We stress that we need to assume a priori that u
lies in an edge-b-Sobolev space with weight « in order to guarantee that the membership Au € He0 v (M)
implies also that A'u € Hg’b“ (M) forall A’ € \I/g’b(M) with WFé’b(A’) C Elle ,(A). In particular,

ue Hefl;’o’“(M), WEYu) =0 = uc H(:‘f)’“(M);

e,

i.e., the wave front set controls edge-b-regularity but not decay.

We shall also need to use Sobolev spaces associated with other Lie algebras, in particular b-Sobolev
spaces H, (M) on manifolds with boundary or corners, scattering Sobolev spaces Hy*(M) on manifolds
with boundary, and 0-Sobolev spaces Hy*(M) on manifolds with boundary; these spaces are defined
in complete analogy with the edge-b-spaces above. Detailed discussions of these spaces (as well as of
the corresponding calculi of pseudodifferential operators) can be found in [Mazzeo 1991; Melrose 1993;
1994; Mazzeo and Melrose 1998; Hintz 2023e].
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2.5. Invariant edge-b-operators and edge-b-Sobolev spaces. We now turn to notions related to the
analysis of edge normal operators of edge-b-differential operators. Fix yo € ¥, and identify Z = ¢~ (yo)
with the zero section of

N =N~ (y0) = T Tyo1(,) M/ TS~ (y0).

Recall on N the space Ve b ;(N) of edge-b-vector fields which are invariant with respect to the dilation
and translation actions introduced in the paragraph preceding (2-15). In terms of coordinates x > 0,
y € R"2 on the fibers of

TN =47 (o) = Z,

so N =Z x[0,00), x Rg’,_z, the space Ve, ;(N) is thus spanned over C*(Z) by x9y, xd,, W (Z2),
with the dilation action given by (x, y, z) — (Ax, Ay, 2), A € R4, and the translation action given by
(x,y,2)— (x,y+Y,2), y € R*2. Here, we identify C*°(Z) C C>®(N') via pullback. (Thus, C*(Z) is
the space of dilation- and translation-invariant smooth functions.) We also recall the notation Diffgfb’ TN
for up-to-m-fold compositions of elements of Ve p 1 (N).

Following Mazzeo [1991, §5], one may analyze elements of Diffgfb’ ;N (see (2-13) for a local
coordinate expression) by passing to the Fourier transform in y, with dual momentum denoted by 7, and
then changing variables to (x, 7, z), where X = x|n| and 7 = n/|5|, thus obtaining a smooth family (in
(vo, ) € S*Y) of operators of Bessel type on [0, 00); x Z (or indeed of weighted b-scattering type on
[0, oo]; x Z, with scattering behavior at the boundary hypersurface {oo} x Z). In this paper, we instead
work directly with invariant edge-b-operators, as in the wave equation setting of interest here this makes
the proofs of their mapping and regularity properties straightforward modifications of the proofs for
the original edge-b-operator. We thus proceed to define spaces and ps.d.o.s for the analysis of invariant
edge-b-operators on .

The principal symbol ©*c™(P) € PI"I(¢PT*N) of P € Diff", ,(\) is invariant under the lifts of the
dilation and translation actions; in local coordinates on Z and using fiber-linear coordinates &, n;, ¢ as
in (2-5), this simply means that “®¢” (P) is independent of x, y. Thus, the principal symbol short exact

sequence reads
e,b.IO.m

0 — Diff? j(N) = Diff?, , (W) ——= P/"(*PT*N') — 0,
where the subscript “I” restricts to invariant symbols. (Equivalently, restriction to Z gives an isomorphism
Pl[m]( ST = P [m](e’ngN ) with the inverse given by invariant extension.)
Note moreover that, since Z = [—1, 1], the manifold A has three boundary hypersurfaces which we
denote by

Hj = Ny1Gpnm® 00, j=1.3, Hai=Ty140,Ha/ T~ (v0).

Thus, H; and H3 are the fibers of NV — ¢*1(yo) over the two points of dZ, while #,; is the fibered
boundary of V' (given in the above coordinates by x = 0). Any two defining functions p5, p5 of 7, which
are invariant are related via p} = ap,, where 0 < a € C*°(Z). Invariant defining functions of #; and #3
are pullbacks of defining functions of the two boundary points of Z.
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Definition 2.7 (invariant edge-b-Sobolev spaces). Denote by p1, 02, p3 € C*°(N) invariant defining
functions of H;, Mo, M3, and let « = (o, aa, a3) € R3. Fix an invariant edge-b-density 0 < ug €
C®(N; *PQN), a weight w € R?, and fix u = p® 9. Then H? et N ) = L>(WNV, ). We drop u from
the notation from now on. For s €N, we set HJ ;(N) ={u € Lz(j\/) PueL*(N)V P eDifft eb. s M), 14
and we define H;, , (N) for general s € R via interpolation and duality. Finally, we set

eb I(N) =p* es,b,I(N)'

Given a vector bundle E — M, invariant weighted edge-b-Sobolev spaces of sections of the bundle
* Ely-1(y,) —> N are defined analogously. '3

In compact subsets of A/, these are standard weighted edge-b-Sobolev spaces. The only reason for
including the subscript “I” in the notation for these spaces is that A is noncompact; invariant edge-b-
Sobolev spaces provide a means to measure edge-b-regularity and square integrability uniformly on N
Given an open subset U/ C Z, the preimage  := 7~ (i) C N is invariant; we shall then consider spaces
of supported and extendible distributions on €2,

eb,(SZ) ={u|g: ueH ‘SNV)} and HesgI(Q)::{ueHéﬁ,(/\/’):suppuCS_Z},

equipped as usual with the quotient and subspace topology, respectively.

We shall also use invariant edge-b-pseudodifferential operators, i.e., edge-b-ps.d.o.s on N which
are invariant under the translation and dilation actions. From a Schwartz kernel perspective, they are
thus uniquely determined by the restriction of their Schwartz kernels to the edge front face (the lift of
(H2)2 510 N 2b = [N?; (H)3 5 H?, 7—[3]) Explicitly, consider a symbol a € S (¢ bT*/\/' ), or equivalently
an invariant symbol a € Sy (* DT*N) (the subspace of S°(* DTN consisting of invariant elements); in
local coordinates z > 0 on Z, we thus have a = a(z, &, n, ¢), and the quantization of a as an invariant

edge-b-ps.d.o. is
)) (X_X/> (|y_y/|> (Z_Z/)
X X X
X X z

(Ope p(@u)(x,y,z)=Q2m)™" / exp(i <x—

dx’ d
xa(z; &, z0u(x’,y', Z/)ds dnde¢ - xny_z dz’.

Denoting the space of invariant edge-b-ps.d.o.s by ¥ ; (N), we correspondingly have a principal symbol
short exact sequence

0— WSpL V) = s (V) 25 (83785 (SPTHAN) — 0.
One can also consider classes of weighted operators

Wop t W) = p™ "W, (N,

14Simply put, the space HZ, ;(N) consists of all elements u = u(x, y, z) € L2(N) (where x > 0, y € R"~2, 7 € Z) so that
its up-to-s-fold derivatives alohg X0y, xdy, and elements of V(Z) remain in L2(N ).

15This requires the choice of a connection on E| (o)’ but any two choices give the same space. Note that over any fiber
P (z0), 20 € ¢_1 (y0), of AV, the bundle n*E|¢_1 ) is canonically trivial, and hence sections of rr*E|¢_1 Go) N can be

differentiated along the generators of the translation and dilation actions without any further choices.
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whose Schwartz kernels are homogeneous of degree —a; with respect to the dilation action and in-
variant under the translation action. (More generally, one can allow for conormal behavior at H;, H3.)
Their principal symbols are elements of (S;*/ S;_l’a)(e’bT*J\/' ), where S7%(®T*N\) is the subspace of
§5:%(&PT*\) consisting of symbols which are homogeneous of degree —a, with respect to the dilation
action and invariant under the translation action.

One can then characterize the spaces Hesﬁ ;(\) via testing with invariant edge-b-ps.d.o.s, analogously
to the standard edge-b-setting in Section 2.4. Moreover, an element A € \I’Zl b, ;(N) defines a bounded
linear map Hé’{; JN) — Hs’g’";’a_’s (N'). We define the invariant wave front set

WEp () CPSHN (2-20)

(which one can equivalently regard as an invariant subset of ebg* \) for u € H; ];’j’“(/\/' ) in the usual
manner by testing with elliptic-invariant edge-b-ps.d.o.s.

2.6. Semiclassical 0-analysis. The following material will be used only in Section 8.

Definition 2.8 (semiclassical O-differential operators, Sobolev spaces). Let X denote an n-dimensional
manifold with boundary. Then Diffy’, (X) denotes the space of i-dependent differential operators P
on X°, h € (0, 1), which in local coordinates [0, 00), X R;fl on X are of the form

3" ajalh,x, ) (hxDY (hxDy)?,  aje € C(10, 1)y x [0, 00) x R,
J+le|<m

If X is compact and equipped with a positive weighted b-density (omitted from the notation), and if
p € C%°(X) denotes a boundary-defining function, then we define semiclassical Sobolev spaces Hg,’ff (X)=
p*Hg ,(X) to be equal to Hy“(X) as sets, but with the norm for s € Ny given by

2 2
lull g = D I PjullZa,
J
where {P;} C Difff),h(X) is a finite spanning set of Difff)’h(X) over C*°([0, 1) x X). For real s, the norm

on Hy’/(X) is defined via duality and interpolation.

For u supported in a coordinate patch and for s € Ny, an equivalent norm on H&’,‘: (X) is given by
2 . — j 2
lulfe ==Y Ix™(hx D)l (hxDy)“ull..
Jtlal=s

That is, every O-derivative is weighted by a factor of 4. There is an associated algebra of semiclassical
0-pseudodifferential operators which we describe in Section 2.6.1 below.
There is a close relationship between 0O-analysis on X and edge-b-analysis on

M =[0, 00),, x X,

where the boundary hypersurface [0, co) x dX of M is fibered by [0, o0) x X — 9X.
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Lemma 2.9 (the Mellin transform, edge-b-Sobolev spaces on M, and 0-Sobolev spaces on X). Fix a
positive b-density up on X and the b-density |dpL/p+|up on M. Let s, vy, y+ € R. Then the Mellin
transform in p, defined by

dpt
P+

oo
(Mu)(r, x7,y) =/ Py u(py, xs, ) (2-21)
0

is an isomorphism

~

\2vg, —5 775,2
M HEZ2 79 (M) 25 L2({Imh = =y ); ()7 Hy 777, (X0),

where H;’ézm 7+) (M) = x;y*“ pf H: (M), with x, € C*°(X) denoting a boundary-defining function of X.

e,
Proof. 1t suffices to consider the case y» = y+ = 0. Via interpolation and duality, it suffices to consider the
case s € Ny. For s = 0, the claim is then a restatement of Plancherel’s theorem. For s = 1, observe that,
in local coordinates (x, y) on X, the Mellin transforms intertwines the operators 1, xD, xDy, p4D,,
with 1, xD,, xD,, A. Therefore, writing &t(A; x, y) = (Mu)(X; x, y), we have

letl17 55y + 12 Dtell 3y + 12 Dytall 3 0y + 104 Dl 320
= A+ I T2m,. 120y F 1 T XD o g, 1205y + 10T XDV EGI T 2, 120x0y)-
This proves the lemma for s = 1; the case of general s € N is similar. See also [Vasy 2013, §3.1]. I

There is a close relationship also on the phase space level. This is discussed in [Hintz 2015, §3.3.4] in
the simpler setting where X is a closed manifold. We now describe this relationship from the perspective
of differential operators.

Lemma 2.10 (phase space relationship). Let P € Diffgfb(M ).16 Define the semiclassical rescaling
of its Mellin-transformed normal operator family as P, ; := hmﬁ}(P, h_l):), where we identify X
with the boundary hypersurface {0} x X of M. Then Ppj € Diffgfh(X), and its principal symbol
D5 = a(’)’fﬁ(Ph 5) € P"(OT*X) is related to p= ebgm(p) by
~d
p;(@) = p(kﬁ +w), we'T*X C e’bTX"‘M.
P+

Here, the inclusion °T*X C e’bT;(kM is the adjoint of the map *°Tx M — °T X induced by restriction of
vector fields to X.

Proof. In local coordinates and by linearity, it suffices to consider
P =a(ps.x, y)(p+Dy,) (x Do) (xDy)”, (2-22)

where j + k + |a| < m. Then Nx(P, X) is obtained by restricting a to p+ = 0 and formally replacing
p+ D, by A; hence
P, 5 =h""UTHDq(0, x, y)I (hx Dy )* (hx D))" (2-23)

160ne can also consider P acting on sections of a bundle £ — M, in which case P, 5 acts on sections of E|x. We leave the
necessary notational changes to the reader.
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Thus, unless j + k + || = m, the respective principal symbols of P and P, ; vanish, whereas, if
Jj 4k +|a| =m, we have, at a point (x, y) on X and at the corresponding point (0, x, y) € {0} x X C M,

o ~d d d
) = a(0, x, YA Eky® =e’bo'"<P)(x—"+ el +n—y). O
P+ X X

m dx dy

GO,h(Ph,i) <§7 + 777

The case of main interest is when A = 1+ O(h), which arises when & = (A)~! and A = A/J{(A) and A

is restricted to a line of constant imaginary part. Since, in the notation of Lemma 2.10, the Hamiltonian

vector field H), is tangent to the level sets of p,d,, inside ""bT;}‘M (cf. Lemma 2.2 where z and ¢ play

the roles of p; and pd,, (-)), the restriction of H), to e’bT;("M O +dps/py +0T*X =O0T*X is equal to
the Hamiltonian vector field H,_,.

In particular, H,,, has a critical point at @ € °T*X if H, has a critical point at +dp. /p4 + @, and
the linearizations of both vector fields have a simple relationship (namely, one drops the p4.0,, term of
the latter). Microlocal estimates at such critical points require control of subleading terms, as we now
record.

Lemma 2.11 (relationship of subprincipal terms). Let P and P, ; be as in Lemma 2.10. Fix positive
b-densities on X and M as in Lemma 2.9. Suppose that P has a real scalar principal symbol, and let
A =214 O(h). Then, for w € °T*X C ** T3 M, we have

P :—P*. A
m—1( M T hi (eb m—1(P—P*) Imi _
AT = (& H
%0 ( 2 >(w) ° 2 )t P e
Proof. 1t suffices to consider P of the form (2-22). When j + k + || < m — 2, both sides of (2-24) vanish.
When j + k + |¢| = m — 1, the principal symbol of 2i)~'(P - P*) ata point )A\(d,o+/p+) + @, with
o =&(dx/x)+n(dy/x), over p; =0 is Im(a (0, x, y)i-i)ékn“, which matches the principal symbol of
ik~ (P, ; — PF,) at w in view of (2-23).
When j +k + la| = m, we have that a is real-valued by assumption, and we compute
P—P*
2i

) ‘ . (2-24)
tdpy/prtw

= (p+D,,)’ Pi  mod p, Diff)' (M),
P = zll.(am, X, Y)(x D) (xDy)* — ((x Dx)* (xD,)*)*a(0, x, y)) € Diffy' ' (M).

On the other hand, writing A = 1 + A« (thus with ¥ = O(1) as h — 0) and noting that A/ = (+1)7 +
(£~ jhe + Oh?), we find
Prs = Bis i—1 k k 1 j 1
= (£1)/ 7! j(Im«)a(0, x, y)(hx D)  (hxDy)* + ¥~ (£1)/ Py mod h Diff), ' (M).
; ,

It then remains to observe that the Hamiltonian vector field of p = a&¥n®¢/ satisfies ,o;lH PP+ = jcp,
which at ¢ = %1 evaluates to (£1)/~! jagkn“. O

2.6.1. Semiclassical O-pseudodifferential operators. Aspects of semiclassical 0-ps.d.o.s were described
in [Melrose et al. 2014, §3]; we shall only need the small semiclassical 0-calculus here. We first describe
the salient properties and basic applications of this ps.d.o. algebra in geometric terms before giving a local
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coordinate description and proving the composition property. We work with compact X for simplicity.
The space
\IJ(S):Z(X) =p "y (X)

can then be defined in a geometric manner as follows: Schwartz kernels of elements of \IJ& 5(X) are
distributions on the semiclassical 0-double space X(%’ p =100, 1Dp x X 2.10, 1) x diag,y; {0} x diagy]
(with diagyy C (0X )? and diagy C X 2 denoting the diagonals) which are conormal distributions (with
values in the right semiclassical O-density bundle) of order s — Alf to the lift diag, , of [0, 1) x diagy
(in particular, their restriction to & = hg > 0 is a distribution on X z2—[x% diag,y] which is conormal
of order s at the lift of diagy) and which vanish to infinite order at all boundary hypersurfaces of Xg’ A
which are disjoint from diag,, ;.
The principal symbol short exact sequence is

0 — AWy, (X) = Wy (X) — (8%/hS*~1)(([0, 1) x °T*X) — 0.

Correspondingly, the elliptic set of an operator A = (An)ne(0.1) € Wyj (X) is the open subset Ell(s)’y‘}; (A)U
TEIg S (A) of ({0} x0T X)U([0, 11x°5*X), where Ellg; (A) C {0} xOT* X and TElly; (A) C [0, 1]x°S*X;
the two elliptic sets agree in {0} x °S*X. We shall only be concerned with the elliptic set Ellgj‘; (A) over

h = 0, which we shall thus simply regard as a subset
EII§% (A) COT*X;

it captures the ellipticity of A to leading order at 4~ = 0 and thus arises from the simplified principal
symbol map oy,

0 — AW (X) > W3 (X) 22 524 (OT*X) - 0.
Note that if & € Ellj} (A), then also {h, @} € * Elly®(A) for small 4 > 0. Thus, the elliptic parametrix
construction gives, for elliptic A, an element B € W, y “(X),sothat AB—I,BA—1 € howy 27X
upon restricting & to (0, ko) for sufficiently small 4o > 0. Restricted to the space Difff)’ »(X) of differential
operators, o , = o&’g maps onto the space

PsOT*x) c $*°T*X)

of symbols which are (not necessarily homogeneous) polynomials of degree s in the fibers.

We also have an operator wave front set WF; ,(A) C °T*X for A € h=N \IJ(S):Z(X ) which is the
complement of all points in 97*X near which the full symbol of A vanishes to infinite order; thus,
WEF, ,(A) = @ if and only if A € AW, % (X).

Semiclassical 0-ps.d.o.s act on weighted semiclassical 0-Sobolev spaces in the expected manner. We
also define the corresponding wave front set.

Definition 2.12 (semiclassical 0-Sobolev wave front set). Let s and « be the differential and decay order,
respectively, and suppose that u = (u,)ne(0,1) € h=N H(; ,iv "*(X) for some N. Then

WES (u) € 0T*X
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is the complement of the set of all = € °T*X for which there exists A € \Dgzg (X), elliptic at @, such
that Au is uniformly bounded (as 1 — 0) in L?(X).

Thus, if u € h*NH(;,iv’“(X) satisfies WE (u) = @, then u € Hy;; (X) upon restricting to /2 € (0, /o)
with /1y > O sufficiently small. The part WF‘B’% () NOT*X of the semiclassical O-wave front set of u at
finite 0-momenta is independent of s.

SO

For the commutator of A; € Wy} (X), j = 1,2, with a; =05’ (A;), we have

L
h

Here, in terms of local coordinates on °7T*X defined by writing the canonical 1-form as

[A1, Ayl € W lentaz agl,;”rl’“ﬁ”(%[m, Az]) = H, a.

n—1

dx dy/
57_{—]2_1:7’]_7

X

the Hamiltonian vector field of p = p(x, y, &, n) takes the form

n—1 n—1 n—1 n—1
H, = (3 p) (xax +> a,,,.) + > (@, p)xdys — ((xax +> njanj> p> B — Y (xdyi p)ay,-

j=1 j=1 j=1 j=1
We now proceed to prove the above statements about compositions and principal symbols. With X
denoting a manifold with embedded boundary, the 0-double space is the blow-up of X? at the boundary
0 diagy of the diagonal. If x and y are local coordinates on the manifold X, with x a boundary-defining
function and y € R"~! denoting local coordinates on 3X, let us write x and y also for their pullbacks
to X2 from the left factor; we write x” and y’ for their pullbacks from the right factor. This blow-up is
then that of x = x’ =0, y = y’, and in the interior of the front face, called the O-front face, one can use

x—x"  y—y

X, ya )
X X

as coordinates, with the lifted diagonal being given by

_ / _ !
{x o, XY :0}.

X X

Note that near the boundary of the lifted diagonal one can indeed always assume that the coordinates
from the left and right factors on d X are identical; i.e., one is on the same coordinate chart in both factors
since one is in a neighborhood of the diagonal of 9 X x dX. Equivalently, we could use coordinates

;o x=x oy
x’ x
For semiclassical families one considers X2 x [0, 1), and blows up the boundary of the diagonal still,
so in the interior of the front face (still called the O-front face) one can simply add 4 to the list coordinates;
i.e., they are

X, ya ) ) h
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The semiclassical 0-double space is the blow-up at the lifted diagonal at 2 =0, i.e.,

=0
x X

_/ _/
{x Yo 2 y:O,h:O}.

The resulting front face is the semiclassical front face, and local coordinates in the interior are

R oy
X x’ Y:y y’
hx hx

While these are valid only in the interior, in a neighborhood of the semiclassical front face, smooth

X, oy, X= h. (2-25)

functions on the semiclassical double space which vanish to infinite order at the lift of the # = 0 face are
equivalently smooth functions of the above coordinates which are Schwartz in X, Y. Indeed ((X, Y))™!
is a defining function of the lift of this face in this region, since, e.g., where (x —x’)/x is large relative to
(y —y")/x and h, local coordinates are

oy x—x” ?:y—y:’ hx _x.
X X —x X—x

with the latter defining the lift of the 2~ = 0 face. Thus,

CHNREIED I OREED GHIED SR 2 SNk

shows that X! is equivalent to ((X, Y ))~! in this region. Instead of (2-25), one can equivalently use
x—x"  y—y
x'h’ x'h’

/ /
X5 Y,

h;

infinite-order vanishing at the lift of 27! (0) now corresponds to Schwartz decay in the third and fourth
variables.

Semiclassical 0-pseudodifferential operators Wg:g’k =hn* \IJ(S):%’O =h* Wy'y» with the orders being
the differential, decay, and semiclassical orders, are defined on the semiclassical O-double space with
Schwartz kernels demanded to be conormal to the lifted diagonal (corresponding to the differential order s)
and with rapid decay at all faces but the 0-face (corresponding to the decay order o) and the semiclassical
face (corresponding to the semiclassical order k) where they are conormal. In fact, regularity in /4 is
not necessary here and will not be imposed in what follows. However, our arguments below only need
the full control of the differential order and semiclassical behavior, i.e., we work modulo \II(I ;o’a’_oo
Due to this, we may impose that the Schwartz kernels are compactly supported in a neighborhood of the
semiclassical front face in the sense that the support does not intersect any of the boundary hypersurfaces
except the necessary ones, i.e., the O-face, the semiclassical face, and the lift of # = 0, rapidly vanishing

at the latter. Correspondingly, elements of W, ;o’a’k with the stated support condition are of the form

dx"dy’
COLN

where K is a conormal function (i.e., a symbol) of order «, k, with rapid decay in (X, Y), i.e., it satisfies

(Av)(x,y)=h"" f K(x,y,X,Y, hHv(x', y)

estimates
|(xD) DEDYDYK (x,y, X, Y, )| < Cepysnh™ x~((X, ¥)) 7V, (2-26)
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with support in

where ¢ can be taken small (and in any case should be < 1, so that x"/x is bounded and bounded away
from 0, i.e., x and x’ are comparable). Note that this can be rewritten using

/
x'=x—hxX, y =y-—hxY, Y _1onx (2-27)
X
as
(Av)(x, y) = / Kx,y, X, Y,hHv(x —hxX,y—hxY)(1 —hX) " dX dY, (2-28)
with K supported in
C C
Xl<—, Y|<-—. 2-29
1X1 < . Y| < 7 (2-29)
We remark that, in order to obtain arbitrary elements of W ;O’“’k from these, we just need to add

elements of W, 2% 7%, which in view of the infinite-order vanishing at the semiclassical front face are
in fact simply O(h>°) families of elements of W, °* and hence have simple properties on semiclassical
0-Sobolev spaces.

Now, for general s, semiclassical 0-pseudodifferential operators \IJ(S):Z’]‘ can be considered as the sum of
Y. ;O’“’k and elements of \pégk whose support only intersects the faces that intersect the lifted diagonal,
i.e., the semiclassical and 0-faces, and thus have compact support in X, Y. Now (standard) symbols a of

compact support in x, y, X, Y and of order s, «, k satisfy estimates
|(x D) DYDY DYy D Dya(x, y, X, Y, h, & n)| < Cepysuwh™ x4 (&, m))* =M, (2-30)

so s is the usual symbolic, « is the growth at the boundary, and k the semiclassical order, with the sign
convention that the space grows as s, o, kK grow. Hence, using the definition of conormal distributions,
locally, the operators with Schwartz kernel supported near the diagonal acting on test functions v are of

the form
/ /

dy
(x")n

interpreted as an oscillatory integral (i.e., initially for symbols of sufficiently negative order, then extended

’

(Av)(x,y) = Qmh)™" / X (x, vy, X, Y, b, &, mv(x', y') de dn

by continuity in appropriate seminorms and density). The support may be taken to lie in | X|, |Y| < C,
C > 0, x < x¢, and one may even take C, xg small (though C > 0 small is not important here, while xg
small is implicit already from the region to which we are localizing in this whole discussion), where the
powers of x” and & enter as the normalization so that a symbol of order s, «, k defines a pseudodifferential
operator of the same order, as we shall momentarily see. On the support of a, by (2-27), we note that
x'/x differs from 1 by an O(h) term, and similarly y and y’ differ by an O(hx) term. The integral can be
rewritten as

(Av)(x, y) = 27)" / STy X, Y, £, )
xv(x —hxX,y—hxY)(1 —hX)™"dédpdXdY. (2-31)
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Note that the singular powers of x” and & have disappeared, so an operator of order (s, 0, 0) is indeed a
“standard” order!” s — }L conormal distribution on the semiclassical 0-double space, explaining the order
convention above; in general there is a weight « at the O-face and & at the semiclassical face.

We can combine the two classes we discussed into a single quantization formula.'® Namely, if in (2-30)
we allow a to be supported in |X| < 7, |Y| < 7, as in (2-29) for the kernel K, without changing the
estimate (2-30) itself (so it is simply a uniform estimate in X, Y subject to this support condition, though
the precise estimate is not too important, and even polynomial growth in (X, Y) could be allowed for the
Schwartzness reason explained below), then the joint quantization formula (2-31) and the kernel action
(2-28) show that the distributional kernel is in fact simply the inverse Fourier transform of a in the last
two variables, evaluated at (X, Y). Calling the inverse Fourier variables ()7 , 7) for a moment for clarity,
given the symbolic estimates for a, this inverse Fourier transform is a conormal distribution to X =0,
Y = 0, with Schwartz behavior at infinity in ()? , Y ), and thus in |(}? , ?)| > 1, say, is C*° and satisfies
estimates of the form

|(xD,)*DE DY DY DEDY(F; ) (x. y. X, Y. h, X, V)| < Cepyunnh ™ x (X, V)™, (2-32)
Hence under pullback by the map
Gy, X, Y, e (. X, Y, h, X=X,Y=Y)

away from X =0, Y =0, i.e., the lifted diagonal, the result is that the Schwartz kernel is C*° away from
the diagonal with estimates

|(x D) DE DYDY (Fiya)(x, y, X, Y. h, X, Y)| < Cepys nh ™ x (X, 1)) 7V, (2-33)

which is exactly of the form (2-26). On the other hand, in |()? , Y )| <2, hence after pullback in |(X, V)| <2,
this is a conormal distribution (with X Dy, X Dy, etc., i.e., vector fields tangent to X = 0, Y= 0, preserving
regularity after the inverse Fourier transform, hence X Dx, X Dy, etc., after the pull back) and hence
exactly of the oscillatory integral form discussed above. Conversely, any kernel of the form (2-26) can be
divided up by a partition of unity to one supported in [(X, Y)| > 1 and one in |(X, Y)| < 2. Write the
latter piece as x (h(X, Y))x2(X, Y)K (with the first factor identically 1 on the support of K); then the
Fourier transform of x,(X, Y)K in X, Y gives rise to an amplitude, call it

ay = x(h(X, Y)) Fix,v)—en X, Y)K),

which satisfies both the support conditions and the estimates (2-30).

7The shift by —% being the conventional shift due to the presence of the parametric variable .
18While our quantization formula is not completely global since we localize to the region |X| < ¢/ h, |Y| < ¢/ h, it could be
made global by a slight twist. In order to do this, one should work with
/
Ot S U et
(xx)1/2h (xx")1/2h
in place of X, Y, in which case no cutoff x is needed below in (2-34). However, the formulae become more cumbersome, and as
we do not need the global results, we stick with our choices for the simplicity of presentation.
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We can mostly eliminate the X, Y dependence of a in the following sense: if we fix ¢ € CS°(R") which
is identically 1 near 0, we can require

alx,y, X, Y, h, &, n)=¢(X,YV)ao(x,y, h, &, n)+an(x,y, X, Y, h, & n),

where ay has N lower order in the differential order sense. Indeed, this follows by simply Taylor-
expanding the original @ in X, Y around O and using that X€Y#, after integration by parts, converts
into Dg D,’f . In particular, to leading order, i.e., modulo gs—lak

ap(x,y,h,&,n)=a(x,y,0,0,h, & n),

where a on the right-hand side is the original a. An asymptotic summation argument then allows one
to replace ay by as which is order —oo in the differential order sense. One can then replace ¢ (X, Y)
in front of ag by x (h(X, Y)), x identically 1 near 0, as the above arguments show that the difference
is of order —oo in the differential order sense and thus can be absorbed into a.,. Finally, the above
arguments using the Fourier transform also show that a,, gives rise to an operator of order —oo which
locally on supp x (h(X, Y)) can be written as the oscillatory integral for a symbol in §—°%%k which in
fact is independent of X, Y. Thus, modulo W ;O’“’_oo, semiclassical zero pseudodifferential operators
are of the form

(Av)(x, y) = (qL.0.n(@)V)(x, ¥)

= @y [ I v g (e d dn
X

(2-34)

where x is as above, i.e., smooth, compactly supported, and identically 1 near 0.

We next consider the composition of two such operators. For the second operator, we use the second
system of local coordinates mentioned previously. Since the product Schwartz kernel needs to be evaluated
on X3, we use x’ as the output and x” as the input variables of the second operator, so

dx// dy//
(x//)}’l

’

Bu(x', y') = @xh)™" f e NER D XY R Y g d

where

/ /" / "
p_ X —X r_ Y=Y

-~ Y ="
hx// hx//
Thus, x"/x” = 1+ h X' differs from 1 by O(c).
The Schwartz kernel of A B then is of the form

ABu(x,y) = Qrh)™ f e XERYHXERY I gy XY b E, b, Y, X Y hE )
dx’ dy’

y ds/ dn/
(x/)n (x//)n

our goal is to show that this indeed is the Schwartz kernel of a pseudodifferential operator of the desired

dx// dy// .

’

xu(x",y")dé dn

type. First, let us express the integrals in terms of the expected coordinates

x_x// Y//:y_y//

, . hy
hx hx

x’ y’ X//:
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note that
v

x"=x—hxX", y'=y-—hxY", T —hX".
X

We will keep the variables of integration X, Y, &, n, &', n, and express X', Y’ in terms of X, Y, X", Y”.

Namely,
’_x’ x  1-hX
X' x x" 1—hX"
w0 x/ X"—-X X Y'—Y
X=n'(1_1)=2 "2 y_y-_yy="1"1—_
x// 1 _ hX// x// 1 _ hX//

Moreover, the density dx’ dy’/(x")" becomes (1 —hX) "h™ dX dY as above. Hence, our integral takes
the form (suppressing the input test function and writing out the Schwartz kernel)

X//_X Y//_Y

— ()2 :
Kap(x,y, X", Y")=Qm)""h ”/eXp[t (X§+Yn+l_hXNS”rl_hX,,n/ﬂa(x,y,X, Y, h, &, 1)

1 —hX" 1—hX"
x (1—=hX)"dé dndX dY d&'dyn’.

" " X'—X Y'-Y o
xblx —hxX",y —hxY", h,&,n

On the support of ab, we note that x’/x, x’/x” are both 1 + O(c), and hence their ratio x/x” is also
14+ O(c), so hX” is indeed O(c), and thus ~AY” is also O(c). This is almost a slightly nonstandard
parametrization of a conormal distribution (in the region where X”, Y” are bounded), except that ab is
not a symbol (though it has the desired support properties); rather, it is a product-type symbol. This is,
however, easily remedied by noting that the phase is nonstationary where the symbol-type behavior fails,
i.e., where (&', n) is small relative to (£, ), or vice versa. To see this, note that the derivative of the

phase in (X, Y) is
_‘E—/ dx + ,7_77—, dy,
1—hX" 1—hX"

which, if AX"” is small (to which region we can focus as already noted), is nonzero under either of these
two scenarios. Thus, integration by parts in (X, Y) allows us to rewrite the integral — when the integrand
is localized to this a priori troublesome region — as one with an amplitude that is in fact rapidly decaying
and thus for which one easily sees that the composite operator behaves as desired. Thus, modulo such
smoothing operators, the integrand can be assumed to be localized away from this region; hence ab can
be regarded as a symbol, and then the integral is a usual parametrization of a Lagrangian distribution,
albeit in the slightly broader interpretation that we are localizing to A X", hY" being O(c), and not to the
standard interpretation where X", Y” are considered bounded.

One can then rewrite this oscillatory integral in the usual (though again nonstandard as we are working
in a larger region as above) conormal parametrization formulation by using the standard stationary phase
lemma (rescaling the symbolic variables to formally get into its compactly supported form, which can be
done as we may assume based on the above discussion that |(&, n)| ~ [(§’, n)|), noting that the critical
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points of the phase in (X, Y, &', n’) are

¢’ n'
“1-nx "Tionxr
while the determinant of the Jacobian is (1 — 2X”)~%". This shows that

‘i: X" = X, y" = Y,

KAB(X, y’ X//, Y//) — (27_[]1)—71 / ei(X//%-+Y//n)c(x’ y’ X//, Y//, h, S’ n) ds dn’
where ¢ is a symbol given by
ax,y, X", Y" h,&,mb(x,y,0,0,h, & n)

modulo terms with extra 2(X”, Y”') vanishing —i.e., keeping in mind that extra (X", Y”) can be used to
lower the symbolic order — at the operator level modulo \D(s)gl’“’k_l.
Recall also that a can be arranged to be independent of X”, Y” up to an overall compactly supported

factor x (h(X"”,Y")); hence if A =gqr 0n(a), B=qr.0r(b),then AB =qr o.r(c), where c is given by

a(x’ Vs h’ S’ T))b(.x, Y, h’ S? 77)
modulo $*~1**=1 and thus at the operator level modulo \Ilé;ll’“’k’l_

3. Geometric and analytic setting

The goal of this section is to define the class of wave-type operators which we shall study in this paper
(see Definition 3.7). We discuss the underlying geometry in Section 3.1 before turning to the differential
operators of interest in Section 3.2.

3.1. Admissible metrics. Before describing the general setup in Section 3.1.2, we consider as a model
case the Minkowski metric.

3.1.1. The Minkowski metric near null infinity. In polar coordinates, the Minkowski metric on R'*” takes
the form
go = —dt* +dr? +r?g, (3-1)

where t € R, r > 0, and ¢ is the standard metric on S"~!. Since this can equivalently be written as
go = —dt> + Z?Zl(dxj)2, where (¢, x', ..., x") are standard coordinates on R'*", we find that g is a
Lorentzian scattering metric, by which we mean

g0 € CX(RiF1; §25T*ReFT) | ol € CO(RnFHT; §2 5 TRAT),

We are interested in the structure of gg near the large end of the future light cone; thus, we introduce

1 L t—r

vi= (3-2)

Inserting these into (3-1) gives

do®> do dv (1_U)2g

0 20 3-3)
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The closure of every future light cone in R"*! intersects dR"*+1 in the (n—1)-dimensional set
Y :={o=v=0}C R
Thus, to resolve different light cones also at infinity, we blow up Y and obtain the manifold with corners
M =[R"+1; v].

This is defined as (R*+1\ Y)USN*Y, with SNtY = N*Y/R, denoting the (nonstrictly) inward pointing
spherical normal bundle, and equipped with the minimal smooth structure in which polar coordinates
around Y are smooth. We denote the front face (i.e., SNTY) of M by 7, the “north cap” — the closure
of {o =0,v > 0}—by T+, and the closure of {o=0,v <0} by 1°. (The latter terminology is imprecise
and should only be taken seriously in ¢ > —r, as we are not resolving past null infinity here. See also
[Baskin et al. 2015, §3; Hintz and Vasy 2020, §2].) The restriction of the blow-down map M — Rt
(the identity on R"*+1\ Y, and the base projection on SN*Y) restricts to a fibration 7t - Y, with fibers
diffeomorphic to a closed interval. See Figure 3.1.

Near the interior of .# T, local coordinates are given by

Q:—l, thi=2=t—r, weS",
t+r 0

in which the metric takes the double null form
do _
s0="7 & dt, + (3 + 0(0))o %¢.

Freezing coefficients at a single fiber of 7%, let us consider the model metric

d dy?
_§®Sdt*+i’
Q

0?
where y € R"~!. This is homogeneous of degree —2 under pullback by the parabolic scaling (0, 00) > A :
(0,y) — (A%0, Ly) (see also Remark 1.6); it is thus natural to change the homogeneity of the metric by
multiplying it by o and subsequently introducing x, := o'/2. This produces the metric

dx s dy?

2= @, dty+ =,
e Xy

which is an edge metric on R;, x [0, 1), , X [F\R’;_l. To capture this invariantly, one defines the manifold
M =[i; 7+, 1] (3-4)

as the square root blow-up of M at .7+, defined to be M as a set, but with the square root of a defining
function of .# 1 adjoined to the smooth structure; denoting the lifts of 70 7+, T+ by I°, 7+, I,
respectively, null infinity .# % is the total space of a fibration with base S"~! and closed intervals as fibers
as before, and pg is a nondegenerate Lorentzian edge metric on M\ (I°U 7).

Away from .#+ C M, i.e., away from ¥ C dR"*! on the other hand, the degree —2 homogeneity of gg
in (3-3) under scaling in o suggests working with p?go, which is a nondegenerate Lorentzian b-metric
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Figure 3.1. The resolution M of the radial compactification R"+! at the light cone Y at future
infinity and the boundary hypersurfaces of M. The manifold M is the square root blow-up of M
at # T, and B is the total blow-down map M — Rr+1,

on R"*+1\ Y.1 Globally on M, the rescaling szj_zgo, where x, € C*°(M) is a defining function of a
is a smooth nondegenerate Lorentzian edge-b-metric on M, as we proceed to demonstrate.

To study go near the transition regions 1°N.#+ and #+ NI+, we first pass to the coordinates t, =t —r,
r, w € "1, in which the Minkowski metric and its dual metric take the form

go=—drZ —2de.dr +r%g, g5 =-28, ®,8 +d>+r2g"".
We then introduce the following.

Definition 3.1 (open sets containing parts of .#; local coordinates). For T € R, we define
U(T):={r>1,t,<T -1}, U (T):={r>1,t,>T+1}CM.

On Uy(T), we define

| 1=, B ]
T—t*’ Xg = r ) p+_1’ (3 5)

o=

while on U (T) we put

T 1
po =1, 7 = r ’ p+_t*—T

Thus, [0, 1), X [0, 1)y, x S""1 C Up(T) and [0, 1), x [0, 1), x S"1 C U (T) are two coordinate
charts on M. The union Uy(T) U U, (T') contains a neighborhood of .#* provided T/ +1 < T — 1.
The functions pg, x», and p; defined in the two charts do not agree on the overlap of the two charts

(and which definition we use will always be made explicit); they are local defining functions of 1°, .7+,
1

(3-6)

and I, respectively. Note also that o is a smooth positive multiple of ,ooxé p+ =r~ on either coordinate

chart. Now, on Uy(T), we have
O, = po(P00py — 5X50x, ), B = —30X;0u s, (3-7a)

19While the nondegeneracy and homogeneity are valid on all of R#+!, we ignore this fact here, as we are ultimately interested
in metrics and operators which have smooth or conormal coefficients only on M, but not on R"*+1 — working on the resolved
space M with its edge-b-structure will be the appropriate framework for this task.
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and therefore
Py X280 = —Axsde, ® (rde, —2p00,) +x5¢7" mod x;C®(U(T); S*°TM),  (3-7b)
with ©PT M spanned by x50, £00,. x,TS" 1. On U4+ (T), we similarly compute

0, = =P (P49, — 3X50xs ) O = =304 X5 0, (3-8a)
and therefore

xX005780 = 5xsd, ® (xrd, —2040p,) 3587 mod x,COUL(T); S2SPT M), (3-8b)

with ©T M now spanned by x40, ,, 04+0,,, Xs TS"!. For later use, we also record the form of the

o4
metric itself on Uy(T), to wit,

d dpo _d
pexlgo = 2% ®s (% + 2%) +x;2¢ mod x,C®(Uy(T); S2SPT*M). (3-9)
0 0 34

3.1.2. General setup. We proceed to generalize the above example of the Minkowski metric. Thus,
suppose My is an (n+1)-dimensional manifold with boundary d My # &, and suppose Y C dMj is a
compact and boundaryless embedded 1-codimensional submanifold whose normal bundle (inside 0 M) is
orientable; thus, there exists a collar neighborhood [0, €), x (=€, €), x Y of Y in M,. Recalling (3-3),
we make the following definition. We define M = [Mo; Y] and M = [1\7[ ; 7+, 1] (with 7 the lift of V)
asin (3-4). Wecall I c M (spacelike infinity) (resp. It C M (future timelike infinity)) the boundary
hypersurface of M where v < 0 (resp. v > 0) (and we assume that 1  IT), and .# T C M (null infinity)
denotes the lift of .7 .

Definition 3.2 (admissible metrics). Let €y, £+ € (0, 1], and let £, € (0, %] A Lorentzian metric
gecC®Mg; S 2T*M{)’) is called an (£o, 24+, £ )-admissible metric (or simply admissible metric) if
do®> d dv  k(y,d
2.2 2[g—<—vg 4 v k(y,dy)

e e P A

)] € (x,C® + A2ty (pp: §2ebTH Ay (3-10)

where k is a Riemannian metric on Y and pgy, X, and p; are defining functions of / 0 ¢+ and I,
respectively.

One instance of an admissible metric arising in a nonlinear stability problem is given in Example 3.4
below.

Remark 3.3 (weaker error term: geometry). The remainder of this section as well as the analysis of the null-
bicharacteristic flow of admissible metrics in the eb-phase space in Section 4.1 go through with only nota-
tional modifications if we relax (3-10) to membership in the space A((©:0).£0).265,(0.0).L:) (pr. §2 0T pry,
Admissible metrics arising in applications (e.g., the one in (3-15)) typically have the stronger form (3-10),
which in particular entails the smoothness (rather than mere conormality), as an eb-metric, of the restriction
of pgx2p3gto I (resp. I'T) down to 1°N.7F (resp. IT N.#T). See also Remark 3.9.

The inclusion of the normalization factor 2 in the weight at .#* is merely a matter of convention,

motivated by the square root blow-up (so xjef = pff , where py = x} is a defining function of JtcM ).
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The factor th is inserted so as to make k = ¢ in the case of the Minkowski metric (cf. (3-3)). Since the
leading-order term in (3-10) is the Minkowski metric from (3-3) (possibly with a different metric on
Y = S 1), we see from (3-7b) and (3-8b) that Definition 3.2 can be stated in a number of equivalent
ways.

1

(1) Dual metric: The dual metric g~ is of the form

po x5 17 (87— 07 (408 +v8,) @58y +4k 1 (7, 8y)) ] € (x COF AL ) (M S2EPT M), (3-11)
(2) Near I°N.7+ (resp. £+ NI1): On Uy(T) (resp. U (T)), see Definition 3.1, and in the coordinates>®
(3-5) (resp. (3-6)),!

Py X2 = = Axsd, ® (xrde, —20005) + k(Y xs8y)

mod (x,C™ + A2 (Uo(T); S*°T M), (3-12)

X002 = dxs0, ® (b, —2p48,,) kT () x09y)

mod (x,C® + A% 1Y, (T); S>°T M). (3-13)
(We drop the weight at I (resp. 1) from the notation, since Uy(T)NIT =@ (resp. U+ (T) NI%=2)))

Example 3.4 (double null formulation). Examples of admissible metrics which arise in the context of
the nonlinear stability of asymptotically flat spacetimes as solutions of the Einstein vacuum equations
are given in [Hintz 2023b, §§3.2-3.3]. Concretely, we write the Minkowski metric (3-1) (which is
(1, 1, 1)-admissible) in double null form

goz—dxodxl—l—rzg, X' =t+r=—, x =t—r=

and work in v < 0. In terms of x, = /—v > 0, py = —o/v > 0 (thus x° = (,ooxé)_l, x! = —,00_1)
on Uy(0) (which are smooth positive multiples of the coordinates py and x, used in Definition 3.1),

1 d d
0 = - — (ﬂ+2ﬂ) € pg ;20 (M ST M),
PoXz \ Po Xy
d
de! = pg ' 2 € plCo (M ST M), (3-14)
L0

dw
rdo=x,r— € pallecw(M; b AL
Xy

for dw € C®°(S"~!; 7*S"1). (We omit the analogous computation on Uy(2).) Thus, a metric g is
(Lo, 24, £, )-admissible if (and only if, provided one fixes the Riemannian metric k on Y to be k = g) it

20Here, 00, X (resp. xgz, p4) are defined using #4 =t —r, with ¢ and r in turn determined by ¢ and v via (3-2); that is,
t=(1+4v)/20andr = (1 —v)/20.
2n terms of the metric g, this is equivalent to

d d dx d d d dx d
p(z)x;g 2ﬂ®s (ﬂ—k ])—I—k(y y> (resp xy,p_,_g——Zﬁ Qs (ﬁ—l-Z ])-i—k(y y))
£0 o xg Xy o+ P+ xg Xy
modulo sections of §2 &PT*M over Uo(T) (resp. U4 (T)) of class x zC® + Alo.2t7.64)
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is the sum of g¢ and linear combinations of
x5 (dx%)?, A’ ®,dx!,  x, dx’ @1 do,

—2, 1132 —1 4.1 (3-15)
X, (dx)", x, dx Qsrdow, rdo ®rdw,

where dw may change between any two occurrences, with coefficients in x,C™ 4 A¢0:267:6+),

Example 3.5 (Schwarzschild). Evidently, the class of metrics g discussed in Example 3.4 in particular
includes the Schwarzschild metric g, := —(1 — 27“‘) dx0dx! +r? ¢ (and its perturbations of this class).
We can alternatively explicitly relate gy, to the form (3-10) with k = ¢ as follows, working near / ‘Nnot
(the computations near I N .#* being analogous). Recalling the expression (3-3) for the Minkowski
metric go and using (3-14), we have

2m

8m — 80 = deodxl
2 1 d dxs\d
2 1 (ﬂﬂ_f)ﬂ,
1 —=vpix; \ po X7 ) PO
SO ,ogxfi (gm — o) equals ¢ := —2p0)q}2,(1 + xj,) times the smooth edge-b-2-tensor

d dxs\d

(ﬂ N z_f) dpo
L0 Xz ) PO

The coefficient ¢ here is, a fortiori, of class x,C* (M) (cf. (3-10)). This computation shows, in fact, that
the mass term of g, is of subleading order (in the sense of decay) at dM = I1°U.#T U™,

We fix a time orientation on (M, g) near .# " by declaring, at .# %, the causal (for g := pgxé pi g)

edge-b tangent vectors
P0dp, — 3%50x,, —Xs0x, (in the coordinates (3-5)),

: ) _ (3-16)
—p+0p, + 5%Xs0x,, —Xs0x, (in the coordinates (3-6))

to be future causal. Using (3-7a) and (3-8a), this matches the standard time orientation in the Minkowski
case, where 9J;, and 0, (i.e., in ¢, r coordinates d; and 9d; 4 J,) are future timelike and null, respectively.

Lemma 3.6 (hypersurfaces in (M, g)). Let g be an (£y, 28, £ )-admissible metric on M.

(1) Let T € R, and define py, xy on Uy(T) by (3-5). Let pg € (0, 1). Then there exist 5o > 0 and C > 0
such that, for all § € (0, 8y], the hypersurface {xs =68, py < po} is spacelike and the hypersurface
{xs <28, po = po.o+ Cx,*} is also spacelike for all py o € (0, 1 —2C(28)247).

(2) Let T € R, and define xz, p+ on U+ (T) by (3-6). Then there exist 5o > 0, py € (0, 1), and C > 0
such that, for all § € (0, 8], the hypersurface {xy =68, p+ < p4+} is timelike and the hypersurface
{xs <28, pyr =pt0— fo,eﬂ} is spacelike for all p1 o < 1.

In the last statement of part (1), the range of pg o is chosen so that the stated hypersurface is contained
in the local coordinate chart (7). See Figure 3.2.
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V%

Figure 3.2. Illustration of Lemma 3.6(1). On the left, the perspective of M. On the right, the
perspective of (14-1)-dimensional Minkowski space with coordinates (¢, r).

r

Figure 3.3. Illustration of Lemma 3.6(2). On the left, the perspective of M. On the right, the
perspective of (14-1)-dimensional Minkowski space with coordinates (¢, 7).

Proof of Lemma 3.6. We only prove part (1); the proof of part (2) is analogous. Let g g =0y 2)C}Zg_l.
Using the expression (3-12), we compute

dx, dx
S (—‘], —j) = —% mod x,C™ +,00 xijO
T\ Xy Xg
which is thus negative for 0 < py < p9 when 0 < x, < §¢ for sufficiently small §y (depending on pyp);
thus, dx, is timelike there.
We next compute the squared norm of
dxs

d ~
d(po — Cx27) = pg =0 — T2
£0 Xy

where C =2¢,C, with respect to g, é using the expression (3-12) to be % times

X2 (=C?x2 —2C po + En),
mm<0@xg”f+%w%+0mﬁw+czLﬁ<0@x%+c2 ),

where the constants C(g) and C’(g) only depend on g; here we use that £, < % Restricting pg to

any compact subinterval of [0, 1), note then that C po dominates, for sufficiently large C, the error
term C’(g) pg, and C zxﬁ,u then dominates, for x, < &g and sufficiently small §y > O, the error term
C'(9)C2x}"” < (C'(g)(280)*4#)C2x 2 . This proves the lemma. 0
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3.2. Admissible operators. The core of our analysis will be local near .#* C M. Thus, we work on the
(n+1)-dimensional manifold Mo = [0, €), X (—€, €), x ¥, put M = [Mp; Y], and set M = [1\7; g+, 1] as
before, where 7+ C M denotes the front face; we denote the closure of {o =0, v <0} (resp. {¢ =0, v>0})
by 1° (resp. It C M), and the lift of .#* by .#* C M. Denote by

BZM—)MO

the blow-down map, and by pg, x,, p, defining functions of 1%, .#*, I*, respectively. We fix an
(o, 247, €1 )-admissible metric g on M (see Definition 3.2); its dual metric is thus of the form (3-11), or
equivalently (3-12)—(3-13).

Definition 3.7 (admissible operators). Let E — My denote a smooth vector bundle. Then an operator
P € Diff2(M°; E) is called g-admissible (or simply admissible) if the following conditions are satisfied:

(1) P is principally scalar, with principal symbol equal to the dual metric function
G:T*M°>¢ g7 '(¢,0).
(2) P can be written as a sum P = Py + 13, where

Py € pyxy p3 (Diff2 (M; B*E) + A OO Diff]  (M; B*E)),

- (3-17)
P e pix p2 A2 Difi2, (M 6 )

(3) There exist
Po € pop+(C® + AN (/T B*Ed(E)),  p1 € €+ AW (s B*End(E)),

so that in the coordinates (3-5) (with T = Tp) (resp. (3-6) (with T =T < Tp)), and setting pg =0y ! Po €
(C®+ A (FH\IT; B*End(E)) and pf = p;' po € (C®+A%)(#+\ 1% B* End(E)), the edge normal
operator of 20, 2)q/;zP() (resp. Zx;ZpIZPO) at the fiber ﬂ;g of Bl s+ :.#T — Y over yg € Y is given by??

. —1 iy
(D =207 ("5 + 21)) s Dy = 200D50) + 2K (50) (s D) (i D) +

(3-18)
. —1 .
(resp. (x0r Doy =207 (B + 1)) (s Dy =204 D) + 2K (o) (s D) (s D) + 1 ).

Note that the operators (3-18) are invariant edge-b-operators on [0, 1), x [0, 00),, X [Rg’,_l (resp.
[0, D)p, x [0, 00),, X [RR’;.*I) which act on sections of the fixed vector space Ey,. Thus, the derivatives
(of sections of B*E| J%) appearing in (3-18) are well-defined. The inclusion of the term %(n —1)isa
convenient normalization of p;; see Example 3.10 below.

The first-order contribution to Py in (3-17) corresponds exactly to the terms pg and p; in part (3).
(That is, if one wishes to treat operators P whose edge normal operators have the structure (3-18), one
must allow for pox} ,oi A0, ©0.0),4) Diff;’b contributions to P.) A natural example where nontrivial terms
po and p; (indeed only satisfying conormal bounds at 7°) arise is given in Example 3.12 below.

22The zeroth-order terms are consistent: multiplying the first (resp. second) line in (3-18) by pq (resp. p+), this follows from

the definition of pg and p(')" and the fact that p;° lx}2 =r-l= x}2 p_?l in the two coordinate systems.
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By Definition 3.2, we have G € pJx%p2 (S*(¢°T*M) + A%0-2t7-60) §2(ePT* M1)); condition (2) thus
demands the corresponding membership of P as an edge-b-differential operator and allows for an additional
(necessarily subprincipal) term which is of leading order at .#* in the sense of decay. Condition (1)
determines the leading-order part of P in the differential sense, and (3) determines the leading-order
part in the sense of decay at .#*. We do not place any restrictions on the structure of P at 1° or I+
(beyond (3-17)).

Remark 3.8 (normal operator). One can check that an equivalent phrasing of condition (3) is the
requirement

n—1

P —[40(eDe+vDy—i7 (" + p1))e Dy +40* A+ o]
€ ppx; p3 (x,C% + AL L) DI (M E),  (3-19)

where o = # and v = i_T: as in (3-11); indeed, passing to the coordinates (3-5) or (3-6), one computes

08+ vy = 3xs0y,, 00y = po(P0dpy — 5X50x, ) = —p1(P10p, — 3X50s,)

modulo the space x, Ve »(M) of edge-b-vector fields which vanish at .#*; moreover, ¢ = % poxf, = %xﬁ, P+
modulo pox;; p+C>, and finally po = 507" p5x3 Py = popy (tesp. po = 30~ 'x3p%pg = p+py) in the
coordinates (3-5) (resp. (3-6)) indeed in the notation of Definition 3.7. In (3-19), A; € Diffz(Y; Ely)

is principally scalar with principal part k" (y) Dy: Dy, . (Modifications of Ay by subprincipal terms, i.e.,

¥
elements of Diff! (Y; E|y), contribute terms of class pgxf,pi Xy Diff;’b(M ; E), which are thus error
terms.) The principal part of the operator in parentheses here is prescribed by condition (1) (see (3-11)),

so the new pieces of information from condition (3) are the bundle endomorphisms pg and p;.

Remark 3.9 (weaker error term: operator). Mirroring Remark 3.3, a natural and slightly more permissible
definition would only require

Pc pgxépiA(((O,O)lo)l@ﬂ,((0,0),€+)) (M; B*E) (3-20)

instead of (3-17). The analysis in Sections 4.2, 5, 6, and 7 goes through in this generality with only
notational modifications. In Section 8 however, we appeal to an elliptic parametrix construction in the
O-calculus which, in the existing literature, is stated only for smooth coefficient operators; extending this
to the case of coefficients which are smooth plus decaying conormal would suffice to treat the case (3-20).

Example 3.10 (Minkowski wave operator). The wave operator on Minkowski space (R*, go) is an
example of a gg-admissible operator. Indeed, in the coordinates (3-2) used in (3-3), one computes

2in—1) 40’
gy =40(0Dy +vDy)o D, + ﬁ@(@ Do +o(l+v)Dy) + (1—-v)? By
n—1

E4Q(QDQ+UDU—1'—‘ )QDU+4Q2Ag mod p3x2 p2 - x, Difi2, (M),

2
which is thus indeed of the form (3-19) for pp = py =0 and k = ¢.
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Example 3.11 (wave operator of an admissible metric). Generalizing the previous example, one can
show that if g is an admissible metric, then the scalar wave operator L, is an admissible operator. Indeed,
the Koszul formula, together with the fact that conjugation by any weight pg"xff‘y ,of preserves the

space Ve v (M), implies that the Levi-Civita connection of g satisfies
V& € (€™ + A2 L) Dff]  (M; T M, **T*M @ “° T M),

similarly for the connection acting on sections of tensor products of ©®7*M and ©°T M. This implies
U, € ,ogxf/ ,o_% Diffib (M), and we have (3-19) with pg = p; = 0 since the normal operators of L1, at .# +
are equal to those of [l,), where g is of the Minkowskian form (3-3) with ¢ replaced by k.

Example 3.12 (linearization of the gauge-fixed Einstein operator). Consider the case n + 1 =dim M =4;
then, in the coordinates pg and x,, the edge normal operator of p, p 3 Pp= Py Qx;z(po)qﬁ)_l P,ooxé is
given by the conjugation of the first operator in (3-18) by the weight (,ooxf,)_l, and thus (modulo the
term k' (yo) (x D) (x4 D)) is equal to

~(xy Dy, —2i ' p1)(xsDyy —2p0Dpy) = —4(psd,, — P1)(P0Dpy — P py)-

Thus, the linearized gauge-fixed Einstein operator considered in [Hintz 2023b, Proposition 3.29] is an
admissible operator, acting on sections of the bundle S>T*M in the notation of the reference.

4. Microlocal edge-b-regularity theory near .7+

We now fix an ({g, 2¢~, £1)-admissible metric g (see Definition 3.2) and a g-admissible operator P
on the (n+1)-dimensional manifold M (see Definition 3.7). We shall assume that n > 2 for simplicity
of notation; the case n = 1 can be treated with the same methods upon making some straightforward
simplifications and modifications (related to the fact that the “0-sphere” S° = {—1, 1} is disconnected);
we leave these to the interested reader.

We denote the edge-b-principal symbol of P by G. Fix arbitrary choices of boundary-defining functions
00, Xg, p+. In view of (3-11), G satisfies

Ge,b — ,0072)(«;;2,0_’__2G c SZ(C,bT*M) +A(60’2£']’Z+)S2(e’bT*M).

The characteristic set G;tl)(O) C ®PT*M \ 0 of P is conic in the fibers; we shall work near fiber infinity
and thus define
T CEAT*M \o

as the closure of Ggé(O) inside ¢-PT*M \ 0. With respect to the time orientation of M near .# * introduced
in (3-16), we split ¥ into its two connected components
T=%TUx",

with =% containing the future null covectors. In Section 4.1, we analyze the dynamical structure of the
flow of the Hamiltonian vector field Hg,, inside ¥. This information is used in Section 4.2 to track the
microlocal regularity of solutions of Pu = f near e’bT:;JrM .
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Note that if 0 < f € C*®°(=PT*M), then the restriction of the Hamiltonian vector field
HfGe.b = fHGe,b + Gestf

to X is a positive rescaling of Hg,,. Therefore the properties of the Hg, ,-flow inside X of interest for the
microlocal analysis of P, i.e., critical sets and the signs and ratios of eigenvalues of the linearization at
critical sets, are independent of the choice of boundary-defining functions. We can thus make convenient
choices in the calculations below; by an abuse of notation, we shall always call them pg, x», o+ (as
already done in the previous section) in order to not overburden the notation. Moreover, since Hg,,
is homogeneous of degree 1 with respect to dilations in the fibers of ©®7*M, we shall work with the
rescaled vector field

H := pooHg,,, € Ve (SPT*M \ 0), (4-1)

where po, € C%°(PT*M) is a defining function of ©°$*M; see Corollary 2.3. Again, we may change pno
via multiplication with a positive function without altering the relevant properties of H.

4.1. Structure of the null-bicharacteristic flow near .#+. We first work near 1°N .#*, or indeed in a
region Uy = Uy(T) for any fixed T € R (see Definition 3.1), and use the coordinates (3-5). Writing the
canonical 1-form on the cotangent bundle as

dxs dy/  dpo
A Y Ty ey 4-2
3 + nj Py +¢ 4-2)

we can read off from (3-18) (using the summation convention and dropping the weight at /™ from the

notation) ) -~
Gy = py a7 G = =3E(E —20) + K (yymim; + G,
~0 2e.b 00.205) 2 e,b (4-3a)
Ge’bEXyS (C, TZ;OM)_i_A( 0 f)S (C, T:{OM),
Using Lemma 2.2 (where x and z are equal to x, and pg in present notation), we compute
Hgo = (& —&)(xs0x, +10y) + 0005, — 2nl? 8 + H, o

PocH € (1,0 + A0V @PTS M).

Note carefully that we regard the error ,oooﬁ as a b-vector field (rather than an edge-b-vector field);
therefore, the terms involving derivatives along x,d, can be regarded as error terms. At x, = 0, the two
components of ¥ are given by

BENPTLM = (= =07 + 1L+ 2nlf = 0:£E —¢) > 0).

(Indeed, the coefficient of x,0d,, of HGob is then negative on T, cf. (3-16).)

We restrict attention to £ and proceed to determine the radial sets of Hgo , i.e., the places where
HGob is a multiple of the generator of fiber dilations.

e No radial sets over (I°)°. At pg=0and 0 < x, < 8 (with 8¢ > 0 given by Lemma 3.6(1)), we have
HGg_bx_ 7 < 0, and hence Hgo, is not radial there.
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e Radial sets over .# \ IT. Working at x, = 0, we ask when HGS,b = c(§0g +ndy + ¢0;) for some
c € R. If ¢ =0, then n = 0 by inspection of the 9d¢-coefficient in (4-3b), and hence § =0 or § = 2¢
on 7. At n =0, & =0, the vector field Hcgb is indeed radial. At n =0, & = 2¢ on the other hand, we
need £ # 0 as we are working away from the zero section of ©°7*M, and then necessarily po = 0, for
otherwise the 9, coefficient of Hg0 would be nonzero; this identifies a second radial set. Next, if ¢ 7 0
and still x, = 0, then necessarily ¢ = 0 since Hgo, has a vanishing 0 -coefficient; thus, £2= 2|17|i,l and
¢ = —& (by inspection of the d¢-coefficient), and then the 1d,-coefficient of HGE_b is(¢—-&§)=-¢&=c;
the requirement HGg'bpo = 0 forces o9 = 0, and we have thus identified a third radial set.

e Radial sets near #+ N I". Turning to a neighborhood of .#* NI, or indeed a region Uy = U, (T)
(see Definition 3.1) for any fixed T € R, we use the coordinates (3-6) and write the canonical 1-form

(repurposing the above notation) as
n—1

dxs dy/  dpy
A S (4-4)
P L p

From (3-18) and Lemma 2.2, we find (dropping the weight at 7° from the notation)
Gl =x,"077G = 36 —20) + k7 (y)nin; + G, (4-5a)
Hgs, = (6 = O) sy +1dy) =510y, —20nlp19 + 2k midys + H, (4-5b)
where the error terms satisfy
Gl ex,SP (T M)+ APS OS2 (SOTE M), pooH € (x,C% + AP L)Y, o (CPTE M).

We record Hg, as an edge-b-vector field here in order to keep nondegenerate track of its dy-component.
We moreover have

SENPTE M = (=8 + (6 — 0>+ 200} =0: £ > 0) (4-6)

by comparison of the x, 9y, -coefficient of Hg* with (3-16).

We proceed to locate the radial sets inside ¥ in these coordinates. At p; =0 and 0 < x, < 8o, let us
work in £2 4+ Inli_l +¢2 = 1. The vanishing of x;lHG;byj = 2k'n; + O(x,) forces |n| = O(x,), and
therefore x;I HG:_bxy = (£ — ¢) + O(xy) cannot vanish; indeed, if it did, then § — ¢ = O(x») and thus
¢ =O(xy) on X by (4-6), giving the contradiction 1 =& 24P +¢%=0O(xy) when 8y > 01is sufficiently
small. Thus, in a small neighborhood of .#*, the radial sets all lie over .#*. Within .#* then, suppose
Hgr =c(§0: +n0y+50;). If c=0, then n =0, so § =0 or § =2¢; in the former case, we are at a radial
set indeed, whereas in the latter case we must have &, ¢ # 0 to stay clear of the zero section, but then the
vanishing of Hg* ,, forces p; = 0; and a radial set is indeed located here. If on the other hand ¢ # 0,
then since Hg;, ¢ =0 we must have ¢¢ = 0 and thus ¢ = 0, which cannot happen inside ¥ by (4-6).

* No radial points in M°; summary. Given any point p € M° and a covector 0 # @ € T, M° with
G(w) =0, take any function f € C>(M°) so that d f(p) is timelike; then Hg |, f = 2¢ ' (o, df) #0,
which implies that the pushforward of Hg|, to T, M° is nonzero, and thus Hg |, is not radial. We may
thus summarize the above computations as follows.
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Lemma 4.1 (radial sets of Hg, ). In a sufficiently small neighborhood U C M of 7, a complete list of
the radial sets of Hg,, inside =N (e’bTL’jM \ 0) is as follows:

Rin_ =100, X5, y: . &) s po =%, =0, =0, § =2¢, +£ > 0}, (4-7)

RE = {(po. %, y: £, 6. 1) po =27 =0, £ =0, & = £V2n);1}, (4-8)
Rgfn ={(p0, Xs,;8,E,m):x,=0,E=0n=0, £ <0} (in the coordinates (4-2))

={(p+, %7, ¥; 6,6, ) :x,=0,§ =n=0, £¢ > 0} (in the coordinates (4-4)), 4-9)

R ={(p1 X, y: L6, 0) : py =x, =0, n =0, § =2¢, +& > 0}. (4-10)

Note now that Hg, , is radial at a point & € *°T*M \ o if and only if the restriction of the rescaled

vector field H= p Hg, ,, t0 b §* M vanishes, as a smooth vector field, at [0 ] € ©PS*M (i.e., the boundary

at fiber infinity of the ray Ry @ ). Explicitly, near R;, _ and R, we use the coordinates (4-2) and, near

fiber infinity,

4 . . &
o = , —_ =2, 4-11
Jo <] n c 3 : (4-11a)

Thus, pso =0 at fiber infinity, po = ¢~ ! near BR;;’_, and (7, é) =(0,2) at BR;;’_; and poo = —¢ ! near
AR, and in addition (7, é) =(0, 0) at 3R, For a submanifold S C *°S* M, denote by Zg C C>®° (2 T*M)
the ideal of functions vanishing at S. Inserting the coordinates (4-11a) into (4-3b), we find that

pooHgy, = 2p00p, — x50, =705 mod (Typs + ALY, @OTE M), (4-11b)
pocHgo = —xsdy, — 705 mod (Typy + AW N)WETY M). (4-11c)

Near R;r, we need to work with different coordinates; we choose

¢

-1 A n -

,0 :S s ]7:—’ C:— (4—123)

- & 3

and compute (using that f =0and |71 = % at 9RY)
pocHgy = Poop, + podpy = Xsd, +89;  mod (Tygs + AN ET M), (4-12b)
Finally, near RIJI: 4 and R, and in the coordinates (4-4) and

O B
po =117, A==, E=2, (4-13a)

- ¢ ¢

we have poo = ¢! near BR;’JF, and in addition (7, é) =(0,2) at 8R$’+; and po = ¢! near IR}, and
1, 5) = (0, 0) at BR;rut. Inserting this into (4-5b) gives

pocHgr, =Xpdx, — 2010y, +70; mod (Tyrs +ACS N EOT M), (4-13b)
pooHgr =—xs0:, =105 mod (Tyry,, + AR Ly 0Ty, M), (4-13c)

From the expressions (4-11b), (4-11c¢), (4-12b), (4-13b), and (4-13c), one can read off the dynamical
nature (source, sink, saddle point) of the respective radial sets; see Figure 4.1. We determine the structure
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of the flow between these radial sets by computing the flows of Hgo and Hg?, explicitly inside the future
characteristic set 1. Consider the time s flow of
H®:=Hgo levps = (& = §)ndy +Epodp, — 20l 3
inside
(G2 7H0) = {—38E —20) + Inl;-, =0}.

Dropping the coordinates x» and y (which are constants of integration) from the notation and only keeping
(0o, ¢, &, 1), we have for ¢ = 0 (and thus £ = +/2|n|;-1 > 0)

sHO g n
,0,6,n) = 1 , 0, ———, )
e (p0, 0,8, 1) (Po( +58) T4 sE 1+S%_)
with domain of definition given by s € (=1/¢, (o, L' —1)/&) when py > 0 (the upper bound ensuring that
po < 1, i.e., we stay in the coordinate patch); when s \ —%, this tends to a point on 872:“. In the case
po = 0, the flow exists for all s > —é and merely dilates the fiber variables.
When ¢ # 0 on the other hand, we have & > max(0, 2¢) on ¥ and

sHO — i 2rs 25¢ 277;6—“ )
e (po, 5,8, m) = (p0(1+2§ (e 1)), g, E_(E—20)e % E—(—20)e2 )

When & = 2¢ (and thus n = 0 on ), this tends to R;’_ as s \y —0o. When & = 0 (and thus n =0,
¢ <0on X7F), ie., on R, this is stationary. In the remaining case that £ # 0, 2¢ and ¢ # 0 (and thus
n # 0), one has

e (po, 0,8, ) > IRE ass N\ %m(%)

(the infimum of the maximal interval of existence of the flow); the flow leaves the local coordinate chart
into po > 1 when s exceeds a positive threshold. For py = O finally, the flow is defined for all s > 0, and
for ¢ > 0 (resp. ¢ < 0) tends to 72;_ (resp. R;rut) as s 1 oo.

We now turn to the time s flow of
H = Hgz ooy = (€ = £)ndy —§p18,, — 2|l

inside £ over .# T, where %S(S —-20)+ |n|]§,l =0. Thus, ¢ > 0 and therefore 0 < & <2¢ in £, and
we find (dropping x» = 0 and the constant y from the notation)

- B i Coes ) 28¢ 277§e§s )
M (py 8 8 = (p+(1 T D) o —per sr b )

When & = 2¢ and thus n = 0, the fiber coordinates remain fixed and p4 — 0 as s ' 0o, thus this tends
to Ry, ,. When & # 2¢, this tends to the point (p; (1 —£/(2¢)),0,0,¢) € Ry, as s /00,
The fact that the set £ = 2¢, n = 0 (in either coordinate system) is preserved under the flow motivates

the first half of the following definition.
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e,b ¢
st M

Figure 4.1. Illustration of the null-bicharacteristic flow of the rescaled Hamiltonian vector field H,
see (4-1), at fiber infinity over a fiber J‘fr, y € Y, of #*. We identify conic subsets of eby M \o
with their boundaries at fiber infinity. We draw £+ N e’bSi,;r M as a cylinder with base Jy* (aclosed
interval) and cross section £ N e’bS;‘,M = §"~1 drawn here for n = 2. The direction of the flow is
indicated by arrows, and the boundaries at fiber infinity of the radial sets defined in Lemma 4.1 are
drawn in bold black. We also show the boundary at fiber infinity of the two stable/unstable manifolds
from Definition 4.2. Moreover, we sketch null-bicharacteristics in (/°)° in red, null-bicharacteristics
in (I1)° in green, and null-bicharacteristics lying over M° in blue.

Definition 4.2 (stable/unstable manifolds). We define the following submanifolds of X+ N (e’bT}+M \o0):

Wi ={(p0, X7, ¥;¢,E,1) :xs,=0,n=0, &£ =2¢, £ > 0} (in the coordinates (4-2))
={(pr, %7, ¥:¢,E,n):x,=0,n=0,& =2¢, £ > 0} (in the coordinates (4-4)), (4-14)
We = {(po. X, ¥5 6. 6.m) : po =2, =0, £ = 0} N EF. (4-15)

Thus, inside £ 7T, the set W; is the unstable (resp. stable) manifold of R;’_ (resp. R; +)> while Wj
is the intersection of the unstable manifold of Rj and the stable manifold of R:;, Inside X, the
analogous statements hold with “stable” and “unstable” switched. See Figure 4.1.

4.2. Microlocal estimates. We continue using the notation introduced at the beginning of Section 4.
The structure of the linearizations of the Hamilton flow at the radial sets determines the structure of the
corresponding microlocal propagation results, even at a quantitative level as far as the relative sizes of
weights and differential orders are concerned. In addition, suitable subprincipal symbols of the operator P
affect the precise threshold conditions entering in the radial point estimates at R, and Roye; there, the
endomorphism p; from Definition 3.7(3) enters (see also Remark 4.12). We thus define the following.
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Definition 4.3 (minimum of p;). Given p; € (C* + A%t))(7+: *End(E)), we set
p1:= inf {Reu:pu €specpi(p)}.
- pEST

Here, spec p1(p) C C is the spectrum (in the sense of linear algebra) of the linear map pi(p) : E, — E,,
y = B(p). We define p; ; by the same expression except for taking the infimum only over p € .¥ nit.

We rewrite this in a manner more amenable for use in estimates.

Lemma 4.4 (characterization of p1). Let py € (C® + A%ty (7 +; B*End(E)). For a positive definite
fiber inner product hg on Ely, set

pithe) = inf spec(3(p1(p)+p1(p)").

where p1(p)* € End((B*E),) =End(E,), y = B(p), is the adjoint of pi(p) with respect to hg(y). Then
p1=sup,, pi(hg).

Proof. For any hg, one has p1(hg) < p1, and hence the statement is that, for any € > 0, one can find an
inner product A g such that p_] —€< pl_(h £) < p1. The lemma is a general linear algebra result, which is
a minor variant of [Hintz 20_23d, Proszition B.l_and Lemma B.2]: we need to use that, due to £g, £+ > 0,
we have (C*®° + A%ty (7+) c ¢°(#T), and thus the compactness argument of the proof of [Hintz
2023d, Proposition B.1] still applies. O

We shall identify conic subsets of ©T*M \ o with their boundaries at fiber infinity. We shall moreover
drop the vector bundle 3*E — M, in which all distributions below are valued, from the notation. Finally,
in order to state our estimates, we need to fix an integration density on M, which we take to be a positive
element of

p()—n—l)q);an;n—lcoo(M; bQM). (4-16)

The motivation is that the lift of the metric density |dg| on M° is given by

—n—1

ldgl = pg " 'x " e T d(egxz p19)] € py T X T p T HE® + AR By (M P,

and we have C®(M; *PQM) = x_;”Jr]CC’o (M;°QM). (We may as well allow for a conormal term in (4-16)
as well, which makes no difference in the subsequent arguments; one could then simply use |dg| as the
metric density, which is of class (4-16) plus a lower-order conormal error term.)

The semiglobal microlocal propagation results near .# T are then the following.

Theorem 4.5 (propagation through .#*: forward direction). Let s € R, and let o = (g, 20y, o) be
a vector of weights; put o' = o + (2,2,2). Suppose u € H;boo’“(M) = pg"xj,a] o H_°(M), and let
f=PueH_ % (M). Then WF; (u) C X UWF;_bz’a (f). Moreover:

(1) (propagation through .#*) Suppose that*
a+<o¢,¢—%<a0, s>so>%—a0—|—2ay—£1. 4-17)

23The condition on so can be written as s > —(xg — y) — (—% +p1—«a ,a), cf. the first inequality in (4-17) and the
threshold condition (4-19).
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Assuming that**
WE (1) NP8,
WFZ?BQ W) NRe =, (4-18)

WELL (/) N0S% M C Rou,

M =g,

we then have WFyp () N*PS* . M C Rout.
(2) (full control at .# 1) Suppose that, in addition to (4-17), we have
oar <—+pi (4-19)
and that, for an open neighborhood U C ®°S*M of Rou, we have
WELD () N (UN\PS% M) =2
WE " (£)nePss M = 2.
Then WF ' (u) N®*S* M = @.

(4-20)

All statements can be microlocalized to either of the two components ©* of ¥. The terminology
“forward” refers to the causal nature of the direction in which we are propagating. Relative to the rescaled
Hamiltonian vector field, this means propagating regularity of u in the forward direction on ¥+ and in
the backward direction in ™.

If fe He‘igl’a/(M ), an application of part (1) shows that control of u in (I°)° can be propagated
through .#* and gives Hesg -control away from the outgoing radial set. In particular, one gets control near
the ingoing radial set Ri, + at the future boundary of .#*. In order to gain full control of «, one needs to
understand how the flow continues in /™, which depends on the global geometry of the spacetime of
interest; examples, including asymptotically stationary Minkowski spacetimes, are discussed in [Hintz
2023d]. Ultimately, if one can propagate control of u (from global propagation through It as well as
from initial data) to a punctured neighborhood of Ry, part (2) applies and yields full control of u at .#+
in the differential order sense.

Setting up a solvability theory for P requires estimates for the adjoint P* — defined with respect to
a density (4-16) and any choice of positive definite fiber inner product on £ — in which we propagate
regularity in the opposite direction:

Theorem 4.6 (propagation through .#%: backward direction). Let § € R, let & = (&g, 20, &) be a
vector of weights, and put &' = & + (2, 2, 2). Suppose u € H,, OO “(M) and let P*ii= f € H °° « (M).
Then WF* g(u) cX UVVFs ~2.& (f) Moreover:

(1) (propagation through .# ) Suppose that
Gy >~ —pi, WELPY(HNSPSE M C W UW,y. (4-21)
Then WL (i) N S% . M C We U Wiy,

24Carefully note that the assumption on u at R requires only above-threshold regularity sq on u (while the conclusion of the
theorem gives s > sq degrees of edge-b-differentiability at Rc).
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(2) (full control at .# ") Suppose that, in addition to (4-21), we have
Qo <@y—3<ay, §<3—do+2as+pi, (4-22)
and that, for an open neighborhood U C **S*M of Riy, 1, we have
WEL (@) N (UNPSE M) =2, WEL " (HNnebst. M =o. (4-23)
Then WEL ' (i) N0 S% . M = @.

Remark 4.7 (orders and duahty) Given s, o, o as in Theorem 4.5, the dual space of the space H_ Lo/
(in which f is estimated) is H , where § = —s + 1 and & = (&g, 20, @1) == —a' = —a — (2, 2 2)
(thus @g = —ap—2, dy = —0y — 1, a4 = —ay —2). The threshold condition in (4-21) is then equivalent
to (4-19), and the threshold conditions (4-22) for s, &y, &, & are equivalent to (4-17) (except so does
not enter in (4-23)).

The wave front set statements are proved using positive commutator arguments and are thus qualitative

versions of quantitative statements. The quantitative version of Theorem 4.5(1), restricted to X+ for
definiteness, is the following. Suppose B, E, E., W € \Ilg (M) satisfy the following conditions:

o WF. eb(B) NRE =
o all backward null-bicharacteristics starting at WF/ ep(B)N > tend to R+ U R+ _URT or enter
Elle ,(E) in finite time, all while remaining inside Ell. ,(W);
o W is elliptic also at R;’Jr U R;ﬁ URYS;
* E_ is elliptic at R
Let N € R. Then under the assumptions (4-17), the estimate

|Bullgzeny < CUW Pull vt + 1Eull ony + 1 Eettll e oyl govery) — (4-24)

holds in the strong sense that if all quantlties on the right are finite, then so is the left-hand side, and the
estimate holds. While the estimate (4-24) can be recovered from Theorem 4.5(1) via the closed graph
theorem [Vasy 2018, §4], the direct proof via positive commutators provides control on the constant C in
terms of norms of the coefficients of P which, in principle, can be made explicit; this is important in
applications to quasilinear equations; see, e.g., [Hintz 2016]. We leave statements of quantitative versions
of the other parts of the above theorems to the reader.

In order to prove Theorems 4.5 and 4.6, we work microlocally near each of the radial sets separately.
Throughout the remainder of this section, we shall assume

seR, a=(ap,2as,ay), o = (g, 20, a)) =a+(2,2,2),
SeR, G= (G020 0s), & = (@) 20, &) =d+2.2,2),
, (4-25)
we H28NM),  Pu=feH % (M),

IZEH;;’O’“(M), P*~=feHeT§°’°‘ (M).
For conciseness, we only state the qualitative wave front set versions of the radial point estimates near
each of the radial sets.
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Lemma 4.8 (propagation at R.). Let U C *®S*M be an open neighborhood of Re.

(1) (forward propagation) Let s > so > l — g+ 20, — 4% Suppose that WFZ,_bl’a/(f) NR. = and

WEL (u) NRe = @. If WELE () N (u nebs IO)OM) = @, then we obtain WF} (u) "R, = @.

(2) (backward propagation) Suppose that § < 5 — do + 2d, + p1 and WFZ bl CANRe = 2. If
WESE (i) N (UNPS, M\ R) = 2, thenWFsg(u)ﬂR =

Lemma 4.9 (propagation at R, —). Let U C &b S* M be an open neighborhood of Rin,—-

(1) (forward propagation) Suppose that oy < ag+ 5 2 and WF, bl <N Rin,— = @. If WE L (u) N
(UNPSH M\ Rin,—) = @, then WELp () N Rip— = &

(2) (backward propagation) Suppose that & < G — % and WF ¥ (f) N Rin - = @. If WE2 (i) N

UNLSE, M) =, then WF5 (it) N\ Rin, - = 2.

Lemma 4.10 (propagation at Riy, ). Let U C ©°S*M be an open neighborhood of Rin 4.

(1) (forward propagation) Suppose that oy < oy — 5 and WE,, bl 2N Rin+ = @. If WEy () N

UNPSE, M) =@, then WEp (1) N Rin 1 = @.

(2) (backward propagation) Suppose that &y < @y + 5 L and WFE bl @ DRy =2. If WFiObl ()N
(UNSPSE, M\ Rin 1) = B, then WE g‘(u) NRiny = 2.

Lemma 4.11 (propagation at Roy). (1) (forward propagation) Suppose that oy < — + P1 and
WE, 1 o (f)NRow = D. Let U C ebS*M be an open neighborhood of Rouw. If WFsg(u) N
u \ Rout) =, then WFZ’O{ () N Rout =

(2) (localized forward propagation near / 0) Using the coordinates (3-5) for any fixed T € R, we
let 0 < po_ < po+ < 1 and suppose U, U C *°S*M N {py < po.+} are open sets containing

Rout N {po < po.—} and U C U. If we have oy < —% + p1, WFng(u) N U\ Row) = 9, and

WE LN (f) NePS% L M C Rou \ U, then WFS’a(u) NEPS* . M C Row \ UP.

(3) (backward propagation) Suppose that &y > —5 — P and WF; bl A ( f YNRout =D. Then WFZg N
7-\)'out =d.

(4) (localized backward propagation near I1) Using the coordinates (3-6) for any fixed T € [R{ let
0<py <1,andlet U C *S*M be an open set with UﬂRout ={psr <P} NRout. If @y > —5 —p1
and WE " (F)N U = @, then WFS'2 (it) N (U N Rou) =

Remark 4.12 (threshold conditions and py). The threshold conditions for propagation at Rin — (see
Lemma 4.9) (resp. Rin,+ (see Lemma 4.10)) only involve the (relative) weights at [ Oand 7+ (resp. ST
and I™). This is consistent with the fact that these radial sets control the uniform behavior (i.e., the
amplitude) of waves passing through (a neighborhood of) .# ™ (i.e., they are essentially transported across
T without any change to their amplitude). On the other hand, the radial point estimate at Ry (see
Lemma 4.11) naturally does involve p1, as this quantity determines the decay rate at .# * of waves tending
towards . (cf. the first factor in each line of (3-18)). The radial set R, (see Lemma 4.8) controls waves
featuring both aspects (cf. its unstable manifold in Figure 4.1).
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Proof of Theorems 4.5 and 4.6, given Lemmas 4.8—4.11. Elliptic regularity in the edge-b-calculus
immediately gives WEgp (1) C N WFZsz’“l( f). For part (1), we first apply Lemma 4.8(1) to get control
of u microlocally at R.. We can then propagate this control using standard real principal propagation
along the unstable manifolds of R., thus controlling # microlocally in e’bS}+\ 1+ M\ (Row U Win). In
particular, the assumptions of Lemma 4.9(1) are satisfied for a sufficiently small neighborhood of Ri, _.
Hence, we obtain control at Ri, —, which can be propagated along Wi,. We can then apply Lemma 4.10(1)
to get control at R, ; this can then be further propagated over .#+ N I to any punctured neighborhood
of Rout. Altogether, this proves the absence of Hes”g -wave front set of u over .# T except at Roy. Part (2)
of Theorem 4.5 is now an immediate application of Lemma 4.11(1).

We observe that Theorem 4.6(1) follows from Lemma 4.11(3) and real principal-type propagation in
e’bS”%M \ Win UW,). For the proof of part (2), one in addition applies Lemma 4.10(2) to get control
at Rin. 4, which propagates to a punctured neighborhood of Ry, _ over .#* \ I°. Propagation into R, _
is accomplished by Lemma 4.9(2), from where one can then propagate regularity of u to a punctured
neighborhood of R.. An application of Lemma 4.8(2) completes the argument. (|

We now turn to the proofs of Lemmas 4.8—4.11.

Proof of Lemma 4.8. We work near R ; the arguments near R are completely analogous. We omit the
weight at /™ from the notation. Let & = (¢, 2¢ts) := o + (1, 1) = (ag + 1, 2 + 1). We consider a
commutant

A=0pg,@) e W, />4,  A=A"A, (4-26)

with @ defined momentarily, and shall estimate the L>-pairing”

P—P*
2i

in two different ways. Here, we define the L? inner product (and the adjoint P*) with respect to the

Im(Pu, Au) = (6u.u), =3[P, Al+ A€W (M) (4-27)

volume density (4-16) and a fiber inner product g on E which is almost optimal, that is,

pi(hg) € (p1 —€o, pil (4-28)

for any fixed ¢y > 0. Using the Cauchy—Schwarz inequality and elliptic estimates, the left-hand side
of (4-27) can be bounded, for any § > 0, by

Im(Pu, Au) = —|(A* Pu, Au)| = =C8 " |WPul® .,

— S8 Aul? ooy — Cllull?, e (429
- | u”Hel‘{)Z,( L-1) IIMllHe‘év. (4-29)
for a constant C (independent of u, f, §), where W € \Ifgb is any fixed operator that is elliptic on WFé’b(A).

We next compute the principal symbol of the “commutator” ¢". We employ the coordinates &, n;, ¢
from (4-2) in the base and the coordinates pso, 7, g: from (4-12a) in the compactified fibers. Recall GS’b

from (4-3a), and define, for 6, € (0, 1) specified below,

. _ —&y 26 Xy p
a = pss 20y " x (po)x <§)x<|; P x (0% G p);

25 Regarding the weights of ¥, note that (—2, —2) 4+ 2& = 2« indeed.



MICROLOCAL ANALYSIS NEAR NULL INFINITY IN ASYMPTOTICALLY FLAT SPACETIMES 57

here, for € > 0 fixed below, the cutoff function x € CX°((—e, €)) is identically 1 near 0, and on [0, €)
satisfies x' < 0, «/—x’x € C*®. Thus, a is supported in any given conic neighborhood of R} upon
choosing € > 0 small enough. In view of (4-12b), we have

iHgo a=(=s+§ — o +20s +O(€) + O™ ) p ) a*
05 Py 0, 4 (b — B2+ b +qp2, Gl (4-30)

Here by, b, by, g € SO+ A%0:262) §0 are symbols on “PT* M the symbol by arises from differentiation
of x(po) (which by (4-12b) gives a negative square when € > 0, hence the support of &, is small enough);
the symbol b. from differentiation of yx (|§’ 1) (which for sufficiently small € > 0 gives a negative square
at x, = 0, and thus on supp & when & is sufficiently small); moreover, b, arises from differentiation of
x(xs/85), and g arises from differentiation of the localizer x (,ogO Gg’b) to the characteristic set. In terms
of the principal symbol G = ,oox ,GO p of P, this means

e,bO_ZS,ZOt <%[P, A]) — ngGé — p(Q),x(ééHngé + pgozspazdox;4aﬁé . ,02000_2)6;2(;, (4_31)

with § € SO + A%-262) 80 By definition of &, the expression (4-31) is a symbol of class $2%2% 4
A0.265) g25.2a

Turning to the second term of € in (4-27), we need to evaluate ebgl(=2.-2=-2)((p — p¥) /2i) near Rj
In the notation of Definition 3.7, we may replace P here by Py, as the operator P only contributes an
element of AZ+¢0-2+262) g1 We have Py = ,ong Py c.b, where the normal operator of 2Py ¢ p is given by
the first line of (3-18). Recall from (4-16) that we are working with an integration density

—n—1_-2n

Py x, | ——d

PO Xg

dpo dxs ‘

where p > 0 is smooth. We now have that the normal operator of o, zx/;z(Po — P§) is equal to that of
Poeb— Py zx;ZP(;k b ,oéx% and thus, after a short calculation (see also Example 3.10 and note that L is
symmetric with respect to |dgo|), given by

9 o P— P
N+ .y, (po 2x72

—3(p1+ P (s Dy —200D,) + N,
N € (€™ + A%)(F5\ I End(E,y,)).

Therefore, over .71,

_ *
e,b0_1<p—2x—2p P ) _

0 X —3(p1+pDE = 20)

= —3(p1+ PP (1 =20). (4-32)
Recall that, at R;r, we have Z‘ = 0; in combination with (4-30), we therefore obtain

P2 @) = (=5 + 5 — &0+ 20 — 5(p1+ p) +O(e) + O(€€>)) piix p3) a2
+ ot Py xS (=bg — b+ by + (g +§)pLGly).  (4-33)
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The first line is negative (and thus has the same sign as the terms —b% and —b? in the second line) under
the condition
s+og— 20y > %—21 on suppd (4-34)

in the sense of quadratic forms on E. By assumption, this condition holds at R provided we work with
small enough €y > 0 (see (4-28)), and therefore also in a sufficiently small neighborhood of R and thus
on supp a if we choose € > 0 small enough.

This symbolic calculation can be turned into an estimate in the standard manner; we sketch this briefly.
We give ourselves some extra room, § € (O, s+ag—20, — % + ]_71), and denote by By, B¢, Bs, Q €
A0, —20s )lIJ(fqb quantizations of o o, %x}z“*“ times by, be, by, q + g, respectively; we further let
A€ lIJ;f’(_l’_l) with principal symbol pgx» po_ol/ % near supp @. Then we can write

¢ =—8(AA)*(AA)— B*B — BiBy— B*B.+ B:B, + R,

where B € A(-%0—2es )\If;’b is elliptic at R, and such that the sum of the first two terms on the right here
is a quantization of the first line in (4-33), and R € A =20)$ 2! (with WF, | (R) C WF, | (A)) is the
error term not captured by our principal symbol calculations. Plugging this into (4-27) and using (4-29),
we obtain

SIAul iy + 1 Bull7 + 1 Boull 2 + | Beull7 -
e,b
< COMNWPUI? o+ IBrull T + 81 Aul o1+ Cllull}, vo + [(Rut, ).
eb e,b e,b

Upon canceling the terms involving A, dropping the third and fourth terms on the left, and estimating
2 2
[{(Ru, u)| < C”Wu”H;;l/Z,a + CIIMIIH;bN,a
using elliptic regularity, this gives the estimate

1Bull2 S IW Pull v + 1Byl 2+ Wil v+ 1l v (4-35)

HE
This gives quantitative Hé’g -control of u near R, (where B is elliptic), assuming HS’;]/ > _control of u
on the elliptic set of W. Note that we can take WF/e’b(W) to be contained in any specified neighborhood
of RY by choosing € > 0 small enough.

In order to make sense of the integrations by parts in this argument, one needs to use a standard
regularization argument [Vasy 2018, §4]; we only give a very brief sketch. One needs to replace a by
a4 = (1+rpH77a, r € (0, 1], where y > 0. For fixed > 0, this effectively replaces s by s —  in
the above symbolic calculations, hence the amount y of regularization one can do is limited in view of
the requirement (4-34) for so = s — y in place of s, and one needs to assume that WFZ%“ WM)NR. =9
in order to justify the integrations by parts. For such y then, one obtains an r-dependent version of
the estimate (4-35), with an implicit constant that is uniform as r N\ 0; upon letting r — 0, a standard
functional analysis argument using the weak compactness of the unit ball in L? implies that Bu € L?
(i.e., one gets to conclude regularity of u on Ell. ;,(B)), and the estimate (4-35) holds. This finishes the
proof of part (1) of the lemma.
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Turning to part (2), the roles of P and P* are now reversed. We remark that the choice of fiber inner
product on E used to define the adjoint P* in (4-25) is immaterial, as the adjoints with respect to any two
choices are related via conjugation by a smooth bundle isomorphism on E; thus, we may as well use
the near-optimal inner product already used in the first part of the proof. Thus, in the calculation (4-33)
(but now using §, &, & instead of s, g, oy, and writing (520, 20@) =a + (1, 1)), the terms involving p;
come with the opposite sign; and propagating backwards, we now want —§ + % - 5{0 + 254 s+ %( p1+p7))
to be positive (thus to have the same sign as the term bé but the opposite sign as —bg, —b2, which are the
places where we need to assume a priori control). This leads to the condition

§4a0—20, <5+ pi.
Note that since this condition remains valid upon decreasing §, the allowed amount of regularization is
now unlimited; this is the reason for the absence of an a priori regularity assumption on the solution i of
P*ii = f at Re. O
The proofs of Lemmas 4.9—4.11 are similar, hence we shall only explain the symbolic aspects.

Proof of Lemma 4.9. We shall work near R;" _ and use the coordinates (4-2), (4-11a) (with ps, = ¢!

in,—

near R;’_, and in addition é =2 at R;’_). We shall define A as in (4-26), where now

v — — —2a xj £
a=p 20y %2 x (o) x (g) X2 =N x (3G,

where x is a cutoff function (with support near 0) and 0 < §» <« 1 as in the proof of Lemma 4.8.
Recalling (4-11b), we find

iHgy &= (=280 + 205 + O(€) + (€0 ) p3!d + 037 0 x4 (=b + b + by + aposGLy),

where by, by, by, arise by differentiation of x (po), x (xs/6s), x((2 — é )2), respectively; for the latter,
note that 2 — & > 0 is monotonically increasing along Hg?, near an_ Moreover, by (4-32), we have,

over &,
—2 2 P—P* A
0ol (05720 ) = =1+ PDE =20 = =5 (p1 + ot E -2,
At Rin,—, this vanishes. Adding these two contributions to e.b525.2% (%) in the notation of (4-27) gives,
similarly to (4-33),

€022 (@) = (=200 + 20y + O(€) + O ) p3x2 p) &
+ 022 05 204 (—bE + B2+ BE + (g + DpL Gy (4-36)

When propagating in the forward direction, we assume a priori control on supp b, U supp b, and obtain
control at R:rn’_ (as well as on the elliptic set of bg), provided that —ag + &, < 0, or equivalently
oy < op+ % The proof is now finished by quantizing the lower case symbols as before. As for the
regularization argument, note that the condition on «, «, does not involve the differential order s, and
hence we can do an arbitrary amount of regularization; thus, there is no a priori regularity requirement at
Rin,— here. This proves the first part of the lemma.



60 PETER HINTZ AND ANDRAS VASY

For the second part concerning propagation in the backward direction, we now need —5[0 +& 7 >0 (in
the same notation as in the previous proof) to make the main, i.e., first, term of (4-36) (with tildes added)
positive, matching the sign of by, bj,, whereas now the term —b(z) has the opposite sign. Thus, we need
microlocal Hesf regularity of u on supp by in order to conclude regularity at Ri, —. O

Proof of Lemma 4.10. We work near le - and use the coordinates (4-4), (4-13a) (with poo = ¢~ 1. Using
the same notation as in the proof of Lemma 4.8, We use the commutant

= p2 V2 p e x<5 )x(p+)x((2 HHx(0%GLy).

Using (3-18) (and omitting the weight at 1°), we compute the normal operator of the imaginary part of P

to be P P
eNervyo (XL;ZIOIZ

) =31+ DDy =200, + N,
N € (€® 4+ A") (7,5 \ I End(E,,)).

Its principal symbol is %(pl +pPE-20)= E(pl +P1)Po_ol (g 2); this vanishes at ’Rm e Using (4-13b),
we then find (in the notation (4-27))

©PG2(E) = (=26y + 264 + O(e) + O € )x; 03 p @
— —2, ~
+P2x M L (=by b = b (g + DG

Here by, b, by, arise from differentiation of x (x»/8+), x(o+), x((2— § )2), respectively. For forward

propagation, and under the threshold condition —&, + a4 < 0, i.e., @4 < &y — 5, we need to assume

1

2
a priori control on supp b;. Furthermore, the amount of regularization is again unlimited since the
edge-b-regularity s does not enter in the threshold condition. Following the arguments of the proof of

Lemma 4.8 yields the desired result. The proof of the backward propagation result is similar. 0

Proof of Lemma 4.11. We only give details for the localized forward propagation statement, i.e., part (2).
We again work in the coordinates (4-2) on the edge-b-cotangent bundle over Uy (T), and we use the
coordinates (4-11a) on the compactified fibers near R(J,rm (where now ps = —¢~! > 0). Fix £0.0 €
(po.—, po.+)- Recall from Lemma 3.6 that, upon fixing C large and §p > 0 small, the function

- 20
£0 = po — (po,0 + Cx]y)

has past timelike differential near its zero set in x» < 238g. For sufficiently small § € (0, 9] and ¢¢ > O,
the set Uy(T) N{py < *cp, xy < 28} contains un e’bS}JrM (for the “—"" sign) and is contained in U
(for the “+” sign).

We again use a cutoff function x € C°((—e, €)) for small 0 < € <28y which satisfies x = 1 near 0, and
which on [0, €) satisfies x’ <0 and /—x"x € C®. Let further ¥ € C*°(R) be identically 1 on (—o0o, —co],
identically O on [cp, 00), and such that ¥’ <0, /—x'}x € C*°. We then use a commutant A = A*A,
A= Op, (), where we set

v —s+1/2 —ap
4= P /'00

x,’ X(PO)X( )X(é )X (02 Gly)-

oy
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In light of (4-32), we have

—2 2 P—P* - A
ebgl (Po 2x,? % ) = —3p (p1+ )R —8),

which equals — ,oo_ol( p1+py) at R Using (4-11c) and the past timelike nature of 5o, we can write (in

the notation (4-27))

S0P () = 24y — (1 + pD)* + O(€) + O ) p a2
25 20 —4 -

+ 05 P 0, (b = b7+ b+ 4p3.Gey).
where b, 15, bout, and g € AO0 S0 (the conormal coefficients necessitated by the merely conormal
regularity of pg) arise from differentiation of x (x,/8+), x(00), X (é %), and x(pﬁoGS,b), respectively.
Since we are considering forward propagation, the terms b; and bgm are supported where we make a
priori assumptions, and the term b2 has the same sign as the main term (hence in the L? estimate arising
upon quantization can be dropped) provided 2¢, — 2p1 <0, ie, ay < —% + p1. Quantization and
regularization proves part (2). U

5. Higher b-regularity

As already discussed in Section 1.2, we do not develop any tools in this paper for the microlocal analysis
of b-regularity near .#* C M (using the notation introduced at the beginning of Section 3.2). Recall that,
in the coordinates pg, x», y from (3-5), b-regularity on M is iterated regularity under application of the
b-vector fields pgd,,, Xs0y,, and dyi,
and x,d,;. However, b-regularity on M (or equivalently on M) is both natural (e.g., on Minkowski space

whereas edge-b-regularity captures regularity under pod,,, X0y,

it exactly amounts to regularity under generators of the full Poincaré group, in particular under spatial
rotations) and useful in applications; for instance, it is used explicitly as a crucial piece of information in
the recovery of sharp asymptotics at .# " in the stability results [Hintz 2023b, §3.6; Hintz and Vasy 2020,
§5.1], and plays a central role (albeit in different terminology) in almost any analysis near null infinity;
see [Lindblad 2017] for a sharp example.

In this section, we thus demonstrate how to work microlocally with elements of edge-b-spaces which
have additional integer amounts of b-regularity; the main tool will be simple commutator arguments
in which we commute appropriate b-vector fields through the edge-b-operators of interest. Since, in
applications, higher b-regularity is mainly of interest for the forward solutions of wave equations, we
only discuss regularity results for propagation in the forward (i.e., future causal) direction here.

In Sections 5.1-5.2, we work in a general edge-b-setting and discuss the appropriate class of b-vector
fields used for commutation, the class of edge-b-Sobolev spaces with extra b-regularity, and basic
microlocal estimates (elliptic regularity, real principal-type propagation) on such spaces. In Section 5.3,
we return to the analysis near .# " and prove microlocal propagation results at radial points with extra
b-regularity.

5.1. Commutator b-vector fields. As in Section 2.2, we let M denote a compact manifold with corners
and embedded hypersurfaces Hy, ..., Hy, N >3, with H; being the total space of a fibration ¢ : Hy — Y,
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where the base Y is a smooth manifold without boundary and the typical fiber is a manifold Z, possibly
with (disconnected) boundary (e.g., a closed interval).

Definition 5.1 (commutator b-vector fields). The space of commutator b-vector fields Vip (M) consists of
all V € Vo (M) such that [V, W] € V. ,(M) forall W € V. ,(M).

Clearly, we have V. p(M) C Vip)(M). To study this space further, denote by C(‘;o (Hp) = ¢*C*°(Y) the
space of fiber-constant functions on Hy; thus, f € C*°(H,) lies in C;O(Hz) if and only if V|g, f =0 for all
V € Ve p(M). We also recall that an element V € V, (M) lies in V. (M) if and only if for all f € C;O(Hz)
we have Vg, f =0.

Lemma 5.2 (a simple criterion). Let V € Vo(M). Then V € Vi,)(M) if and only if
V|H2 ZCQC;O(HQ) —> Cgo(Hz).

Proof. Let V e Vo(M). Given W €V, (M), the condition [V, W] € V. ,(M) is equivalent to the vanishing,
for all f € C;O(Hg), of

[v, W]|H2f = V|H2W|H2f - W|H2V|Hzf = _W|H2(V|Hzf)-

The condition that this vanish for all W € V. (M) is in turn equivalent to Vg, f € Cgo (H3) for all
fe CgO(Hg). This proves the lemma. Il

If the base Y is a point, then Ve p(M) = Vo (M) = Vp1(M); if on the other hand the typical fiber Z
is a point, then C;O(Hz) = C*°(H,) and thus again Vip)(M) = V,(M). If both Y and Z have positive
dimension, as is the case in our application, one always has Vip) (M) C Vy,(M). However:

Proposition 5.3 (many commutator b-vector fields). The space Vi) (M) spans Vi, (M) over C*°(M).
Proof. Define the Cgo(Hz)—module

Vv (H2) = Vip)(M) |1, = {V € Vo (Ha) : V(C5° (H2)) C Cy° (H2)}. (5-1)

It suffices to show that
Vi) (H2) spans WV, (Hy) over C*°(H>). (5-2)

Indeed, let V € V,(M); then, assuming (5-2), we can write V|y, = Y _ f;V;, where f; € C*°(H,) and
Vi € Vip)(H). Choosing extensions f, € C®(M) of f; and \7, € Vip)(M) of V;, the b-vector field
V-> f, ‘7, vanishes at H as a b-vector field, and hence a fortiori lies in Ve p (M) C Vip)(M).

Now, the characterization (5-1) for V € V},(H>) to lie in Vip)(H>) is equivalent to the condition that V
pushes forward along ¢ to a well-defined vector field on Y. But since ¢ : H — Y is a fibration, every
vector field on Y has a lift to an element V € V,(H;) (which thus satisfies this condition). It remains to
observe that V},(H>) is generated over C*°(H2) by Ve v(M)|n, C Vip)(H2) and the lift of V(). O

In local coordinates as in (2-3a) (or (2-3b)) in the special case that Z is a closed interval, we note
that the space Vj,j(M) is spanned by the vector fields a(x, y, z)xd,, b(x, y, 2)9; (or b(x, y, 2)z9;), and
(c(x, y)+xc'(x,y, z))ay j for smooth a, b, ¢, ¢’. This can be used to give an alternative, local coordinate,
proof of Proposition 5.3.
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Using induction, one can show that [V (M), D1f pM)]C Diff* e b (M ). We generalize this to operators
on vector bundles.

Definition 5.4 (commutator b-operators). Let E — M be a vector bundle. Then the space Diff[lb](M J E)
of commutator b-operators denotes the space of all X € Diffé(M ; ) whose principal symbol is scalar
and equal to that of an element V € Vp(M); that is, for all f € C*°(M) and o0 € C*°(M; E), the Leibniz
rule X (fo)= fXo 4+ (Vf)o holds.

Given any commutator b-vector field V, there exists a commutator b-operator X whose principal
symbol equals that of V; for example, one can take X = Vy, where V is a connection on E.

Lemma 5.5 (commutators: differential operators). Let A € Diff* e.v(M; E) (not necessarily with scalar
principal symbol) and X € lef[b](M E). Then [X, Al € lefkb(M E). Similarly, if « € RN is a vector
of weights and A € A~ Diff | (M; E), then [X, Al € A~ "‘lef"b(M E).

Proof. In a local trivialization of E, we have X =V ® 1 + ¢, where V € Vj,)(M) and e € C*°(M; Cdxdy,
here d is the rank of E and 1 is the identity operator on C4. Moreover, we have A = (A; i)1<i, j<d» Where
the A;; € Diffk (M) are scalar operators. Then [V ® 1, A] = ([V, A;j])1<i,j<a 18 @ matrix of elements of
lefkb(M ), as is [e, A]. (When A is principally scalar, then [e, A] € lefkbl(M ), but this does not hold
in general.) This implies the first claim.

For the second claim, it suffices to consider A = wAq, where w € A=*(M) and Ag € lefk b(M ); then
[X, Al=w[X, Ag]l+ (Vw)Ay. Since the b-vector field V maps .A~%(M) into itself, the claim follows. [J

More generally we have the following.

Lemma 5.6 (commutators: ps.d.o.s). Lets € Rand X € Diff[lb](M; E). Then, for A € lIlg,b(M; E) (resp.
AL (M E)), we have [ X, A] € W] (M; E) (resp. A=*V_ (M E)).

Proof. Via local trivializations, one can reduce the proof to the case that E is trivial and then to the case
that E is the trivial complex rank-1 vector bundle. We work on the level of Schwartz kernels on the
edge-b-double space Mib; see (2-19). Denote the lift of X to the left and right factor of Mez’b by X,
and X, respectively. If K denotes the Schwartz kernel of A, then the Schwartz kernel of [ X, A] is given
by Dx K, where

D X = X L — X ;,

with the adjoint acting on edge-b-densities; thus Dy € Diffy (MZ; 7}, ,*PQM). Choosing a trivialization

of PQ M, the operator Dy is— modulo an element of C*(M Zb) — given by the differentiation along
the vector field

)?:XL—{—XR.

When X € V. p(M), we have X e Vb(Mib) since Mib was constructed precisely so that edge-b-vector
fields lift to be smooth (and transversal across diag, ,), and moreover X is tangent to diag, ,- We claim
that X € Vo(M? p) and X is tangent to diag, }, also for X € Vjp)(M); it suffices to check this for a set of
generators X of Vip)(M)/Ven(M) over C*°(M). We do this in local coordinates on M 62 .
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We shall give details only in one region, namely near the preimage of the interior of H, N H; under the
diagonal embedding diag, ,, < M, g’b, where (upon relabeling if necessary) H, is a boundary hypersurface
with H,N Hy # @. (The computations in the case that there does not exist such a boundary hypersurface are
simpler still than the ones presented here.) Thus, fix local coordinates x >0, y € R, 70>0, z; € Riz—1
near (H, N H)°, where dy = dimY and dz = dim Z, and x (resp. zo) is a defining function of H,
(resp. Hi). Denote the corresponding set of product coordinates on M? by (x, y, zo, 21, x, ¥, 2, 2 1)
then (H2)¢ ={(0, y, 20, 21,0, y, 2, 7))} and H2 ={(x,y,0,z1,x",y,0,2))}. It suffices to compute X

in the case X =9,,, s0 X = d,; and Xg = 9y,

yis

To start, upon blowing up (Hz)é, we replace the coordinates (x, x’, y,y’) by (x,s,y,Y), where
s =x'/x —1and Y = (y' — y)/x, with the lift of the diagonal diag,, given by s =Y =0, z9 = 2,
71 = Z;. Since le lifts to {(x, s, y, Y, 20, 21, 2, 2}) = (x,5,¥,Y,0, 21,0, 2})}, blowing it up amounts,
near the lift of diag,,, to replacing the coordinates (zo, z;) by (zo0, T), where T = z(/z0 — 1, with diag, ;,
now given by s =Y =t =0, z; = 2] in the coordinates (x, s, y, Y, 20, 7, 21, z}). But then the vector
field X, (resp. Xg) reads dy; —x7 '3y, (resp. x~1dy;), and therefore X = dy, indeed lies in Vb(Mez’b) and
is tangent to diag, .

Directly from the definition of conormal distributions then, the operator Dy for X € Vp,j(M) maps
\I!‘e"b(M) — \Dg’b(M) and A™¢ lIfg’b(M) - A7¢ \Dg’b(M), finishing the proof of the lemma. O

5.2. Edge,b;b-operators and Sobolev spaces. In the general setting of Section 5.1, we proceed to describe
spaces of operators and distributions with (integer-order) b-regularity on top of (microlocal) edge-b-
regularity. This uses a mixed algebra of b-differential edge-b-pseudodifferential operators. Such mixed
algebras have been used in a variety of settings, e.g., implicitly in [Melrose 1994] and explicitly in [Vasy
2008; 2010; Melrose et al. 2013]. We shall only consider scalar operators here and leave the (purely
notational) addition of vector bundles to the reader.

Definition 5.7 (mixed algebras and Sobolev spaces). Let s € R, o € RY, and k € Ny. Then the space
Diff{)C \Ilég (M) consists of all operators which are finite sums Zi Q; P;, where Q; € Diff,’; (M) and
P; € W) (M). The corresponding spaces of weighted edge,b;b-Sobolev spaces are defined by

HER“ (M) == {u € HY (M) : Au € HI$ (M) Y A € Difff (M)).

When o = 0, we denote these spaces simply by Diff’b‘ W (M) and H fbkg (M), respectively. Operators
acting on sections of bundles E, F — M, and Sobolev spaces of E-valued distributions, are defined
analogously.

Lemma 5.8 (commuting the differential and pseudodifferential factors). Let s € R, a € RN, k € Ny, and
let O e lefk(M )and P € \De , (M). Then there exists a finite collection of operators QIJ)., Q? € Diff{; (M)
and P PtI € Wy (M) such that

0r=yr0, ro=Y 0rf e
J J

This remains true, mutatis mutandis, when P and Q are operators on sections of a vector bundle E — M
and when P € A™“W7 .



MICROLOCAL ANALYSIS NEAR NULL INFINITY IN ASYMPTOTICALLY FLAT SPACETIMES 65

Proof. We only consider the case @ = 0. The case k =0 (so Q € C*°(M)) is trivial since \IJ;yb(M )is a
right and left module over C*°(M).

Consider next k =1, and let Q € Vo, (M). If Q € Vip,)(M), then QP = P Q+[P, Q], and thus Lemma 5.6
implies (5-3). In general, by Proposition 5.3, the vector field Q is a finite sum of terms fV, where
feC>®(M)and V € V,)(M). Suppose thus that Q = fV. The first claim in (5-3) then follows from
QP=PQ— f[P,V]—[P, f]V since f[P,V]e \I!‘e"b(M) and [P, f]V € lllé”bl Difft]). The second claim
follows similarly from

POQ=QP+I[P, fIV+ fIP,VI=QP+ VI[P, f1+I[P, f1.VI+ f[P, V],

where now V[P, f] € Diffl \ngl, [[P, f1,V]e \Ileb ,and f[P,V]e \Ilg’b(M).

For k > 2, we argue inductively. Write Q as a finite sum of terms Q) Qz with Q; € Diffll)(M ) and
0 €Diffy ' (M). Then Q,P =Y, Py, ; 05, j with Q2 e Difff~ 1(M) and P e W (M) by the inductive
hypothes1s and then by the case k =1, we can further write Q P2 =>,P 2 ik Q2 ik w1th Q2 i € lefb(M )
and P2 ik € W »(M). This proves the first part of (5-3). The proof of the second part is analogous. [

Lemma 5.9 (further basic properties). Let k € N and s € R. Then Difff WS, (M) C Diffy ' w31 (M)
and [Diffﬁ (M), ¥, (M)] C Diffﬁ (M) \Dgfbl (M), and similarly for spaces of weighted operators.

Proof. For the first part, we fix a finite collection Vi, ..., Vg € V. 1,(M) which spans V. 1,(M) over C*°(M).
We can then write any A € W; (M) in the form A = Zle ViAj+ R, where Aj, R € \Dsbl(M) this
follows from an analogous decomposition on the level of principal symbols. Since a fortiori V; € Vi,(M),
we are done.

In the second part, the case k = 0 is trivial. The case kK = 1 follows by writing an element of V},(M)
as a finite sum of terms fV, where f € C*(M), V € Vj,)(M), and using that [Vjp(M), \Ilg’b(M)] C
Ve, (M) C Diffll) \Ilé’_bl(M ) by the first part. The case k > 2 follows by induction as in the proof of
Lemma 5.8. U

Corollary 5.10 (algebra properties of the mixed algebra). If A; € lef \Il a’ (M) for j =1,2, then
AjAz € lefkl+k2 ‘IJYIHZ MM and [A), As] € lefk‘Jrk2 \IJ”J”2 L al+a2(M).

Proof. The first statement is a consequence of Lemma 5.8, which allows us to commute b-differential
through edge-b-pseudodifferential operators at will. The second statement, for oy = o = 0 for notational
simplicity, follows for operators A; = Q; P; with Q; € Diff{j’ (M) and P; € \IJ;fb (M) from the calculation

[A1, A2l = Q1Q2[P1, P2l + Qi P1, Q21P> + Q2[Q1, P]P1 +[Q1, Q21P Py

In the first term, we use [Py, P2] € lllslﬂz l(M ); for the remaining three terms, the desired conclusion
follows from Lemma 5.9. ]

Corollary 5.11 (boundedness on Sobolev spaces). Lets,m € R, k,l € Ng, o, B € RN, with [ > k. Then

every A € Difff W (M) defines a bounded linear operator A : He(sblt)) Py — He(sb o Py

Proof. This follows from the definitions upon writing A =}, Pj 0’ ; with Pj € Wy (M) and Q; €
Difff (M) (cf. Lemma 5.8). O
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Next, edge,b;b-regularity can be microlocalized.

Definition 5.12 (edge,b;b-wave front set). Lets € R, k e Ny, « € RN, Suppose

—o003k), s05k),
we How o on = | HEG ().
S()ER
Then WFS{)’%“(M) C ©PS*M is the complement of the set of all @ € *S*M for which there exists

A€ W, (M), elliptic at @, such that Au € HA) (M),

For any other A’ € \Ilgb(M) with WE,  (A") C Ell 5(A), one then also has A'u € He(fl;fg’a(M) by the
symbolic parametrix construction in the edge-b-algebra. (The a priori membership of u in a space with
b-regularity k and weight « is crucial here.)

Lemma 5.13 (microlocality of edge-b-ps.d.o.s on edge,b;b-Sobolev spaces). Let s, m € R, k € Ny, and
o, B RN, Letu € H ™" (M) and A € W' (M). Then

—m;k),B— ;k),
WES 1P (Au) € WF, y(A) NWESI ().

Proof. If w ¢ WFé’b(A) N WFSI;I;CI))”3 (1), then there exists B € \Ilg ,(M), elliptic at @, such that either
BA €W °(M)and hence BAu € Héﬁgk)’ﬂ(M), or Bue Héi;;kb)’ﬁ(M), in which case we write / = Q B+R,
where Q, R € ng(M) and @ ¢ WF’e’b(R), and then for A’ € llfgb(M) which is elliptic at @ but with
WF, , (A) N"WF, | (R) = @, we find A'(Au) = A’AQBu + A’ARu. The first summand on the right lies

in He(sbf];";k)’ﬂ “¥(M), and the second summand lies in He(f})k)’ﬁ (M. O

Proposition 5.14 (elliptic regularity). Ler P € W'\ (M). Then we have
WESTO P () € WES, 7 (Pu) U Chare p (P).

Proof. This follows from the symbolic elliptic parametrix construction in W, ,(M) together with
Corollary 5.11. O

Proposition 5.15 (real principal-type propagation). Suppose P € V. (M) has a real homogeneous
principal symbol. Suppose B, E, G € \Ing(M ) are such that WFé’b(B) C Elle v(G) and such that all
backward null-bicharacteristics from WF’e,b(B)ﬂChare,b(P) reach Elle v (E) in finite time while remaining
in Elle v (G). Then, for any fixed N € R, we have

| Bul| HER () C(IGPu] H Ry | Eul Hehean + flull i (M)). (5-4)

This holds in the strong sense that if all terms on the right-hand side are finite, then the left-hand side is
finite and the estimate holds.

Proof. The case k = 0 (which was already tacitly used in Section 4.2) follows from the usual symbolic
positive commutator argument: all that is used about edge-b-pseudodifferential operators is their principal
symbol calculus, in particular the relationship between commutators and Poisson brackets. See [Hintz
2023c, Theorem 8.7] (and [Baskin and Datchev 2024] for a digest version) for details in the setting
of manifolds without boundary and [Vasy 2018, §5.4.1] in yet another (scattering) setting; the original
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reference is [Hormander 1971b]. Arguing by induction, we now apply the estimate (5-4) to Vu in place
of u, where V € Vp)(M). We then use elliptic estimates for the commutators with V, such as

”G[P, V]M”H(x—m-#l;k).a < ”G/MHH(.H—I;k),a
e,bb e,b:b

(M) ~ (5'5)

(M) + ”l/l ||H§L;;:k)'a(M)’

where G’ € lIfgb(M), WFé’b(G) CElle v (G’); this uses the membership [P, V] e Wl (M) from Lemma 5.6.
The first term on the right can then be estimated, using the inductive hypothesis, by means of (5-4) with
B and s replaced by G" and s + 1 (and correspondingly G replaced by an operator with slightly enlarged
elliptic set). The inductive step is then completed by noting that Hé’sbfg;k) (M) C Héj;;kbﬂ)’“ (M) (which

follows from Lemma 5.9). O

5.3. Propagation estimates near .# . The same proof as for Proposition 5.15 gives the higher b-regularity
analogues of certain radial point estimates from Section 4.2. We need to use two facts: First, these
estimates only lose one edge-b-derivative relative to elliptic estimates, as otherwise the first term on the
right in (5-5) would require using a successively larger edge-b-regularity order on the Pu and Eu terms
in (5-4) as one increases k. Second, the estimate for kK = 0 needs to be applicable without an upper bound
for the edge-b-regularity s (given fixed weights); note indeed that, in the proof of Proposition 5.15, the
proof of the inductive step uses the inductive hypothesis with an increased value for s. (Alternatively, if
there is a requirement s < so for the case kK = 0, then the stronger bound s + k < s¢ guarantees an estimate
on He(sbkg "*)) Not a single forward propagation estimates imposes an upper bound on s. We thus obtain
the following.

Proposition 5.16 (edge,b;b-versions of radial point estimates). Theorem 4.5 and Lemmas 4.8(1), 4.9,
4.10, and 4.11 remain valid upon replacing WFZ”; by WFé*bkg* throughout. Lemma 4.8(2) remains valid
under the same replacement if one requires s + k < % —ao+2as + pr.

Remark 5.17 (choice of commutator vector fields). In [Hintz and Vasy 2020, Proof of Proposition 4.7],
we needed to exercise some care when choosing the b-vector fields V (called G there) for commutations:
the commutator [P, V] needed to be an operator whose coefficients decayed in a suitable manner. As
far as spherical vector fields are concerned, this required V to be (asymptotic to) a Killing vector field,
i.e., a rotation. Here on the other hand, we can use arbitrary elements of Vjpj(M). The reason is that we
already have a sharp edge-b-regularity theory, and the arguments in the present section show how one can
inductively upgrade edge-b- to b-regularity. In [Hintz and Vasy 2020] on the other hand, b-regularity was
proved directly, without first establishing edge-b-regularity.

6. Energy estimates and solvability near 1° and .7+ \ I+

We continue to denote by g an (£y, 2¢,, £4)-admissible metric and P a g-admissible operator on the
(n+1)-dimensional manifold M, n > 1; see Section 3.2. We work in a product decomposition [0, €), x
(—e€, €)y X Y near the light cone at infinity ¥ on the blown-down manifold M, in which the underlying
metric takes the form (3-10) (or equivalently (3-11)—(3-13)), and write

o= L v="121 (which defines coordinates 7, r on M°).
t+r t+r



68 PETER HINTZ AND ANDRAS VASY

Lo

v
Xy

Figure 6.1. The domain (6-1) and its boundary hypersurfaces (6-2) used in the setup of Theorem 6.4.

For every compact subset K C .#* \ I't, there then exists T € R such that the domain Uy(7) from
Definition 3.1 contains K. Define the coordinates pg = 1/(T —t,), xy = /(T —t;)/r on Uy(T) as
in (3-5).

We work away from I7; thus, we shall only record weights at I° and .#+. Lemma 3.6 shows that,
given PO < po € (0, 1), for large C and small 3y the domain

Q) 1= {xs <8, po < p+Cx;”} CUNT) C M (6-1)

contains K when 0 <6 <dpand p € [pos pol, and its boundary hypersurfaces (other than those contained
in oM)
Eomz (xy =8, po < p+C8*},

(6-2)
20 out 2 5 }

={xs <3, p0=p+Cx;,

are spacelike by Lemma 3.6. See Figure 6.1.
0,in 0, out

Since the normal vector field at X" " (resp. X)) pointing into (resp. out of) Q , 1s future timelike,

0.n 5 well-posed in QO We shall consider here

0 in 0,out

the Cauchy problem for Pu = f Wlth 1n1t1a1 data on Xy’
forward (resp. backward) problems with trivial data at Z o, (resp. Xy’

the forward problem is well-posed, whereas the backward problem is not since the backward domain of
0, out

o ) We remark here already that

dependence of X5’ ™ is a proper subset of Q

Definition 6.1 (function spaces). Let § < ép and p € (po, po), and let s € R, o = (a0, 20ts) € R%. Fix
on M a volume density of the class (4-16). Then we let

H;;g‘(szg’p)-s— = {u|9g ‘ue H” g(sz&) 5)- suppu C Qf -0},

HI(Q) )7 = {ung tu e Hyp(Q) 5). suppu C QF p}

Thus, elements in the space H. ¢ (29 )"~ have supported character at ZO " and are extendible at

Eg’gut, with the situation reversed for elements of He (Q 5. p)_ Moreover, the L2 dual of H;) 5 (Q )"_

is H, ’_“(Qg’ )" [Hormander 2007, Appendix B].
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Due to the inflexible nature of energy estimates — they are global in the fibers of ©®7*M and admit the
use of differential operators only — as compared to the microlocal estimates of Section 4.2, we impose
here an additional condition on the edge normal operator of P in order to get sharp results later on.

Definition 6.2 (special admissible operators). Let P be an admissible operator, and define

Po € pop+(C® + ALY (7T B*End(E)),
p1 € (C®+ AL (7T B* End(E))

as in Definition 3.7(3). We then say that P is a special admissible operator if there exists a bundle
splitting E|y = @]J.:l E; such that p; is lower triangular, with diagonal entries p; ;; € End(E;) having
real spectrum, and such that py is strictly lower triangular.

For scalar operators P, special admissibility is simply the requirement that p; be real and pg = 0.

Remark 6.3 (discussion). While special admissibility is a rather strong requirement on py and pj, the
linearized gauge-fixed Einstein operator considered in [Hintz 2023b, Proposition 3.29 and §3.6] does
satisfy it (see Example 3.12 on how to relate the notation in the reference to the one used presently).
Similarly, [Hintz 2023b, Appendix A] implies the special admissibility of an appropriate gauge-fixed
Maxwell equation on Minkowski space — special admissibility is loosely related to the weak null condition
for nonlinear wave equations [Lindblad and Rodnianski 2003] in that in applications both conditions often
arise from a hierarchical structure of an asymptotic system of equations (in [Lindblad and Rodnianski
2003; Keir 2018]) or of a normal operator (here and also in [Hintz and Vasy 2020, §1.1.2]). As a simple
example (besides the already-discussed Einstein vacuum equations in harmonic gauge or variations
thereof), consider a nonlinear wave operator on R!*3 for which the asymptotic system [Lindblad and
Rodnianski 2003, (5)] is strictly lower triangular (i.e., the equation for U; only involves source terms
U; and Uy for j, k < i, with i ranging from 1 to the rank of the vector bundle which the sought-after
solution of the wave equation is a section of); then the weak null condition of [Lindblad and Rodnianski
2003, Definition 2.1] holds. Linearizing such an operator around a solution with appropriate decay, one
obtains a linear wave-type operator for which the edge normal operator (3-18) has the same strictly lower
triangular structure, i.e., pg and p; are strictly lower triangular.

If P is special admissible, then for all € > 0 there exists a positive definite fiber inner product g on E
so that, in the notation of Definition 4.3 and Lemma 4.4, we have

_ *
PP e suplipoll < (6-3)

p1—€ <pilhg), —e¢
- - 2l 7+

where the second inequality is an inequality for quadratic forms on (3*E)| -+ which we require to hold
pointwise on .# T, and in the third inequality | - || denotes the operator norm on the space of linear maps
(E, hg)— (E, hg). Indeed, this holds for i g equal to the rescaling of any fixed positive definite diagonal
inner product on E = @JJ-:] E; by diag(l,n, ..., n’ 1) for sufficiently small 5 > 0.2

26Similar choices of inner products also feature in [Hintz 2017, §3.4] and towards the end of [Hintz and Vasy 2018, §9.1].
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Theorem 6.4 (solvability, uniqueness, sharp regularity near .#* \ I"). Let P be a special admissible
operator, and define p as in Definition 4.3.

(1) (forward solution) Let s, ag, oy € R, and put o = (ag, 20.5) and o’ = o + (2, 2). Suppose that

s>%5—ao+2a,—pi, ay<a+3, oy <—3+pI (6-4)

Let f € Hs’gl’a/(ﬁg,p; B*E)>~. Then the unique distributional forward solution u of Pu = f in

Qg’p N M° satisfies u € Hes”g(ngp; B*E)*~, and
”u || H;”g(ﬂg_/); B*E)*— S C || f ” H;gl,a/(ggﬁ;ﬁ*E)o,— ’ (6_5)

where C only depends on P, s, o, oy, 8, p.
(2) (backward solution) Let 5, @, &y € R, and put & = (ag, 20,) and &' = & + (2, 2). Suppose that
S<i-Go+2as+p, Go<dr—i &r>—i-pu. (6-6)
Letii € HI{ () 2 B*E) ™ be such that f := P*ii € H) "% (Q) ): B*E) ™. Then

||u||H§v§(Qg.p;B*E)—,o = C”f||HiE"&/(Q§,,):B*E)‘*" (6_7)

where C only depends on P, s, &y, &y, §, p. Conversely, given a forcing term
~ ~71’~/ e
feH (9, B,

there exists il which satisfies the equation P*ii = f and the estimate (6-7); this il is the unique solution
with these weights, in the sense that any other solution i’ € H;]fo’“ (Qg’p; B*E) ™ of P*u' = f is

necessarily equal to u.

Note that the backward problem is not well-posed without restricting the space in which one seeks
0 in Theorem 6.4(2), the a priori
assumption on the decay of &’ stands in for the data at null infinity (i.e., in some sense the data are zero).

the solution, as we are not imposing any (asymptotic) data at .#+ N Qg

Remark 6.5 (modifications for nonspecial operators). If one keeps the assumption that P be admissible
but drops the special admissibility assumptions on pg and p; (Definition 6.2), then solvability, uniqueness,
and sharp regularity can still be obtained by the arguments used in the proof, except the relationships
between o and o need to be modified appropriately; roughly speaking, inequalities (6-4) and (6-6) need
to hold with enough room to spare so that various error terms arising in the energy (positive commutator)
estimate can be absorbed. We shall not make this quantitative here.

Proof of Theorem 6.4. We shall omit the vector bundle 3*E from the notation unless dealing with the
case that 3* E is nontrivial requires additional arguments. The proof starts with a basic energy estimate in
which we estimate u in a space with one order of edge-b-regularity. The vector field multiplier we will
use is

V=020, W, W= —xs0,, + (2 €)podpm,
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where g = a9+ 1 and &y = oy + %, and ¢ > 0 is a small constant. The weights here are forced upon us
by our desire to prove an estimate for u in H; ’é“o’zw ) (the shifts accounting for % times the weights of P
itself, i.e., 2 at I° and 1 at .#). One way of rewriting the vector field W is

W= (1-5)(—xsde, +20000) + 5 - (—170,, )

this is a convex combination of the vector fields —x, 0., 4+ 2p00,, and —x 0, , which are future null
at # 7 in view of (3-9), and thus W is future timelike there (and hence nearby). A spacetime energy
estimate for the scalar wave equation [,u = f requires the verification that the K-current associated
with V (i.e., the contraction of the deformation tensor Ly g with the stress-energy-momentum tensor of u)
is a coercive quadratic form in the first (edge-b-)derivatives of u; we phrase this below as the positive
definiteness of Ky (du, du); cf. (6-11). Since we are working with a wave-type equation which is tensorial
and features subprincipal terms at .# T not present for the scalar wave operator — namely, the terms pg
and p; from Definition 3.7(3) — the K -current needs to be corrected appropriately to K (see (6-11)). The
key computation is then the positivity of K asa quadratic form on the edge-b-cotangent bundle; this is
proved in (6-17) and the subsequent discussion.

Higher regularity follows from the microlocal propagation results proved in Section 4.2. Solvability
of the adjoint (backward) problem on negative regularity spaces follows by duality; this can then be
upgraded to the maximal amount of regularity allowed in (6-6) via microlocal propagation estimates,
which will prove part (2). Another duality argument will then give part (1) in the full range of s.

Part (1): s = 1. We shall prove the energy estimate
”M ”Heljlfl(Qg,p).‘i S C ”f”HeO,t?/ (Qg‘ﬂ)..— (6_8)

for the forward solution u of the equation Pu = f € Hg ’ba/(Qg’ ,)" " by computing the L? pairing (using
the volume density |dg|) 2Im(Pu, Zu) for Z = i~'V, where V is a suitably chosen real vector field
on M°.

o Step (1)(4): Structural considerations for the energy estimate. For u € Cgo((Qg’ p)o), we have

2Im(Pu, Zu) = (Cu, u), %:i(P*Z—Z*P):i[P,Z]—(divgiZ)P—I—ZP;l.P Z, (6-9)

where we use that Z* = Z 4 div, Z; here, writing V = 12 0; in local coordinates, we set
divg(V) = 1g|"29;(IgI"* V)
(so V* = —V —div, V). The principal symbol of ¢ in M° is

02(¢) = Hg(c'(2)) — (divgiZ)G + 20 (P)o ' (Z), Py := P;ip*,

where G is the dual metric function. A simple calculation gives at a point @ € T, M°, p € M°, the

expression
o2 @) w) = Kiz(w, w)+20 (P) (@) -0 (Z2)(w) =: Kiz(w, @), (6-10)
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where we define for any vector field V the following symmetric 2-cotensors on M°:

Ky ="n—Y¢ e ("m), Vmi=—Lv(g™), 61
Ky =Ky+20'(P)®;0'(i7'V),
with Ly denoting the Lie derivative along V.
Concretely now, let & = (&, 2d¢) := (a9, 2a7) + (1, 1), and define the vector fields
W= —xs0, + Q= podp, Vi=py 0x,* W, z=i"lv. (6-12)

Note that, for 0 < ¢ < 2, the vector field W is future timelike at (hence near) .# T for the rescaled metric
8eb 1= pgxég € (C*® 4 A2y (M; §?PT*M) by (3-16). Moreover, when the bundle E is trivial,
then

7 c pO—Zaox}4ay (€ + Al0-O0) 4 4(t0.2Ls)) Diffg’b(M; B E),

~

g —da, 2,(0,0 0,26 2eb (6-13)
KiZEPO OXJ ﬂ(COO+A( 0,(0, ))+A( 0 ]))(M;S e, M),

where the A%0-©0.9) terms are contributions from P;.

When E is not trivial, take W € Diffé’b(M ; B*E) to be any operator with scalar principal symbol
e’bcl(f/f/) =Pl (W) ® 15 and edge normal operator at .#* equal to that of W. The edge normal
operator of W at a fiber f;g acts on sections of the trivial bundle E\,, and differentiation of such sections
along W is well-defined; thus, any two choices of W agree modulo x,C*®(M; End(f*E)). We now
drop the tilde and work with W € Diff;’b(M ; B*E) simply, with V, Z € Diffi:l(f&“’my ) (M; B*E) given
in terms of W as above; we then have (6-13) also when E is not trivial. We shall also fix a connection
VE e Diffé’b(M i BE, SDTEM ® B*E) on E whose normal operator at .# " agrees with the canonical
flat connection (differentiation of functions valued in a fixed vector space).

On E, we fix a near-optimal positive definite fiber inner product /g, i.e., the inequalities (6-3) hold
for any desired € > 0. Fix moreover a positive definite fiber inner product gg on *°T*M. Using gk,
we can identify K7 with a section of End(®*T*M), and upon tensoring with the identity map on 3*E
we obtain a section of End(®°7*M ® p*E) which we shall still denote by I?i z. Define the adjoint
(VEY* ¢ Diffé’b(M; edT*M ® B*E, B*E) with respect to the fiber metric gg ® hg. Then (VE)*EiZVE
and % have the same principal symbol. Set

é = p(%xj'(xﬁij —2poDp,) = é* mod A%027) (pr),

defined as an element of ,ngé Diff;b(M ; B*E) in the same fashion as W before. We claim that one can
then write
¢ = (VEY'K;zVE+ G+ ¢,
T € py ;" (2,0 AW2) Diff] | (M B*E),
= _ 105 ~
¢ =30"(p1—pPDZ—Z*(pr— p)O) + zpéxé(pgz — Z*Dpo)

c p()—Zao){y—"lOly (Coo _J’_A((o,((),())) +A(€0,2€y)) lefé’b(M, B*E)

(6-14)
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Thus, the coefficients of ¢ vanish at .7 *; similarly, we will regard ¢’ as an error term near .7 since, by as-
sumption, p;—pj and po, p; can be made arbitrarily small for suitable choices of fiber inner products on E.

Only the vanishing factor x in the membership statement for & requires proof. We have to show the
vanishing of the edge normal operator of pé“o)qf,“y ¢ for this purpose, we may replace g~! and P in the
definition of ¢ and K, by their normal operators at a fiber f;g

80 = P05 (=350 0ny ®s (Xrdey —2000p) + kY (30) (x50y1) ®5 (x50y0)),
(6-15)

_1(n—1
Py = %pgxf, (— ()Cijj —2;7! (n 3 + Pl,yo)) (xs Dy, — 2/00Dpo)
+ 2K (30) (s Dy) (i D) + 1, ),
where we use (3-12), (3-18), and set
POy = Polts Pryei=Pilg € €+ AD)([0, 1) 3 End(Ey)).
We may moreover work with the metric density

—n—1_-2n

ldgol =py " X,

dpo dxs ‘
Lyl
PO Xg

In the case that pg’ o = 0 and p1,, =0, we have Py = P;. The operators
Co:=i(P{Z—Z"Py)

and (VE)*K(;7VE (the subscripts “0” indicating that we are using g9, Po, Po.1 = (Py— P§)/2i =0in
place of g, P, Py, respectively, and with V£ denoting the trivial connection on (B*E)| = f;g x Ey)
have the same principal symbol, real coefficients, and are symmetric. Hence their difference must in fact
be an operator of order 0; but since both operators annihilate constant sections of E, this difference is
the zero operator. This proves (6-14) in this case, with ¢ =0.

For general py y,, but still assuming pg’ yo = 0, the operator Pj gets an extra contribution

0=i"piy0,

and Py = (Q — Q*)/2i has principil symbol —%( DPl,y, + pi"yo)o1 ( é). Hence, compared to the case
P1,y, = 0, the difference 4, — (VEY*K;,VE gets an extra contribution

i((Q*Z—7*Q)— (VEY (=20 (3(p1.yy + P}, Q) ®s 0 (2)) VE, (6-16)
where we regard

o' (§(pr+ Prow) 0) € PUCPT* M @ End(E,,) = “*T M @ End(E,,)

and 01(Z) € PU(PT*M) = ¢PT M (giving an element of “*T M ® End(E,,) upon tensoring with the
identity on Ey,), and further identify S?®°T M =¢*T*M ®, “*T M using the Riemannian edge-b-metric
gr on M. Using that for any vector fields V and W one has

(VEY* 20 (V) ®; ' (W) VE = (V +divg, V)W + (W +divg, W)V,
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where we write “=" for the equality of edge normal operators (this identity depending only on the volume
density |dgo| and not on the choice of gg) and noting that Q = pgxé (xs Dy, —2poD,,) is symmetric
with respect to |dgo|, we find that (6-16) is equal to

(—0P} W Z = Z*P1ye@) — (=3 01y + P}y Z — SZ*(P1oyy + P4, 0) =

Expanding the larger parentheses and collecting terms gives (6-14) in the case py = 0.

Finally, if we allow also Po 3 tO be nonzero, the operator PO gets an extra contribution 1 3 pox s Po Yo"
Relative to the case pO 3 = ( that we Just considered, the map Kz is unchanged, whereas %, gets an extra
contribution % 1,00x y(( Po yo)* —Z* p ) Putting this term into %' gives (6-14) in general.

o Step (1)(ii): Energy estimate for compactly supported waves. We now proceed to compute the leading-
order term of K, iz (see (6-11)) at .#* for Z defined in (6-12); for this purpose, we may again work with
the model metric and edge normal operator (6-15). We compute

V. —2a0 _ —4dog

T =py 0x, (=42 = ) (p00p,)” + (¢ — )t + (6 — 20)&s + ¢ — 1)2p00py s Xy 0x
+ it — 4dty + 1 — ) (5 0x )% + 20k (x,0y0) ® (x59,1)),
and thus

~

Kiz = ,00_2%36}4(” ((2 — o) (—=4ds +2(p1 + PP (P0dy)?
+ (455ﬂ —2(p1+p)+ %(—n +1—4a,+ p1+ pT))poapo ®s X70x,
n (—2&] +(p1+pP+ 50— 1+ 2&0))(;;,,3”)2

+ (2 —4dy + 400+ c(—n+ 1 —260))k" (x70,i) @5 (x50, ))
mod py 2*0x ;% A282) (M; §2°PT M @ End(B*E)).  (6-17)

Considering the larger parentheses at a point of .#*, we may diagonalize p; + p} and thus consider each
eigenspace, corresponding to an eigenvalue 2, separately; for any desired € > 0, we can ensure that all
such eigenvalues satisfy 24 > 2p; — 2¢ by choosing a suitable fiber inner product on E. The 2 x 2 minor
of the larger parentheses, with respect to the basis dpy/po, dxs/xs, has trace —10a, + 101 + (’)(c) as
¢ \{ 0, which is thus positive for small fixed € > 0 and all small ¢ > 0 when &, < py,ie., ay < —5 + pi-
The determinant of the 2 x 2 minor is 8¢ (¢, — A) (s — &) + O(c?), which is pos_itive for small ¢ > 0 if,
in addition, we also have &, < &y, i.e., oy < % + ag. The (x» 8},)2 term of the larger parentheses finally
is 4(&0 — g+ %) + O(c) times a positive definite symmetric 2-tensor in x,d,; as ¢ “\ 0, the positivity of
which is guaranteed upon reducing ¢ > 0 further if necessary.

Given weights o, o as in the statement of the theorem, we may thus fix € > 0 so that oy < —% +pi1—e,
then pick a near-optimal fiber inner product on E to make pj + pf >2 P1 — 2¢, and then choose ¢ > 0
sufficiently small in (6-12) so that pé“ox P * K, iz 1s positive definite at Q o0 # T (with a lower bound on
its eigenvalues that remains positive as € N\ 0) and hence in Qg’ , for sufﬁciently small § > 0. Thus, if
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8 > 0 is sufficiently small, then for u € Cg’o((Qg’ p)°) we have
||V£bu||§,£ﬁ < C(VEu, KizVEu);

here, we write V(fbu = (V“‘;; u)j—1,.,n, where Vi, ..., Viy € Ve, (M) denotes any fixed collection of vector
fields which span Ve , (M) over C®°(M). Plugging (6-14) into (6-9), estimating the left-hand side of (6-9)
using Cauchy—Schwarz, and likewise for the contributions of % and ¢’ in (6-14), we thus obtain, for

Lo 20 g
w=uxs+p)x;”,

IVewulyne < COPUIT 0+ 1w Vel el ull o+ € Vepull g lul )
forallu € ch((Qg’pm when § > 0 is sufficiently small; here €’ = || p1 — p} ||+ pol can be made arbitrarily
small since P is special admissible, while C is independent of €. For §, ¢’ > 0 sufficiently small, and
noting that w < xj&“ <827 on ng o (recalling that 2¢, < 1), we may then apply Cauchy—Schwarz to
the second and third terms on the right and absorb || Vfbu |% into the left-hand side while retaining a small

constant in front of ||u ||20,a. We thus obtain
eb

E 2 2 ty | 2 :
||Ve,bM||Ho,ba < C(IIPMHHO,C,/ +(@ +e )IIMIIHQ;Y), (6-18)

e, e,b

with C independent of § and €’.
Finally then, we claim that one can estimate

lull oo < CIVEMI o (6-19)

with a constant C’ independent of § by integrating the vector field

o0

Vo 1= pg 20x, 4 (=B + 2000,

starting at x,» = 6 (where u vanishes). Phrased as a commutator estimate, this means computing
2Re(u, Vou) = —((div Vo)u, u), (6-20)
where, with respect to the volume density

n—1_—2n
Xy

ldgol = 0y
pPo Xg

dpo dxs ‘

of the model metric gy in (6-15), we have

. —28&) _—4d
divg, Vo = —(Vo+ Vg) = p5x5 x50, — 200000 £ 0%, 7]

= (4ag — 454%)00_2“036}40[‘?’

which is a positive multiple of p, zaox_}%‘] since &y < &. The Cauchy—Schwarz inequality then

implies the estimate (6-19). Plugging this into (6-18) and taking § and €’ sufficiently small, we obtain
||V£bu|| e =C | Pullp®¢" provided § > 0 is sufficiently small, and thus (6-8) by applying (6-19), for
u € C((2 )°).
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o Step (1)(iii): Energy estimate for distributions extendible at Zg’g“‘. We proceed to remove the as-
sumption that u vanishes near 20 out " Thus, in the integration by parts in (6-9), one now has to add
a boundary term at EO out, Equrvalently, one can multiply the vector field multiplier Z with a sharp
cutoff lgg’p (the Characterrstrc function of Qg’ p), in which case (6-9) is valid still, but the operator ¢ now
has distributional coefficients. Using the latter formulation, we note that, for any distribution y, we have
Lyvg ' =x(Lyvg ) —2V ®, Vx and thus

Kyv=xKy+2T(Vx, V), T(X,Y):=X®Y—1g(X,V)g™". (6-21)

Here, the abstract stress-energy-momentum tensor 7' (X, Y) is positive definite when X and Y are both
future timelike. Let now x = 190 The extra contribution to (€'u, u) in (6-14) arising from differentiation
of x is 2(T(Vx,iZ)VEu, VEu ) This is the sum of two terms: one from integration over EO " which

vanishes since u has supported character (i.e., vanishes) there; and another term, arising from 1ntegratron

0,out
§,p
5 ) and i Z, and thus of the same sign as the main term (arising from 190 K, iZ).

over the final Cauchy surface X
0,out

which is nonnegative due to the future timelike nature of V x (using
the spacelike nature of Xy’
Hence it can be dropped

0, out

The estimate (6-19) follows similarly for u which are extendible at X’ ™ in the commutator calcula-

tion (6-20), one replaces Vo by x Vo, x = 192 , which gives
0
2Re(u, x Vou) = —(x (div Vo)u, u) — (Vox)u, u).

The second term (including the minus sign) is a sum of two terms; one arising from integration over

Eg:;n which vanishes due to the support assumption on u, and one from integration over EO U which is
nonnegative, hence has the same sign as the main term (from div Vj) and hence can be dropped. This

establishes (6-8) for smooth elements u of H L (QO )"_ whose support inside M does not intersect ..

o Step (1)(iv): Unconditional estimate near .# . Foru € H 2;‘ Q8 ,)" 7, the estimate (6-8) now follows
by a density argument. Next, given f € HeO f (Q )TN HILC(M °), the unique forward solution u of
Pu = f lies in
apply the previous estimates, as a priori the growth of u at .#* is not controlled. Instead, we apply the

lOC((Q ) ). In order to show that it satisfies the estimate (6-8), we cannot directly

above energy estimates on ng o\ SZO , 1.e., using the sharp cutoff x := 190 — 190 , for 8’ € (0, 8).

0.in » (where u has supported character) EO outy\ ZO out

The boundary hypersurfaces of Q \ Q , are Xg’
(where the boundary term has a good srgn as shown before) and =% 5, " where the boundary term agarn
has a good sign (since V x is future timelike there). Thus, upon dropprng these advantageous boundary

terms, we have

<
bl oo g,y = CIPHI 0w o g0,

where the constant C is independent of §’; hence, upon taking 8’ \ 0, we conclude that u € H;’b“ (Qg’ P
and the estimate (6-8) holds.

Finally, for general f € H_} o (Q )", we pick a sequence fj € He1 tf‘ (Q )"~ which converges to f
in HO o (QO )' ~. The forward solutron uj of Puj = f; satisfies u; € Heltf‘(Q )‘ ~. Applying (6-8) to
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the differences u; — uy shows that u; is a Cauchy sequence, and the limit u € Hel’tf’(Qg’ p)"_ satisfies
Pu = f together with the estimate (6-8).

e Step (1)(v): Unconditional estimate in the original domain ng ,- Finally, we need to prove (6-8) for
the original value of § > 0, rather than for the (possibly much smaller) value fixed in the course of the
above argument, which we denote by &" € (0, 8] now for clarity. This, however, is straightforward, as one
can estimate

||u||Helf(Qg,p\Qg/,p)"_ =< CHPI/!H Oa (QO \QO ).75 (6-22)
with “e” now indicating the supported character at Eg’;)n, and “—” indicating the extendible character

at ZO outy 2(?, U as well as at EO " Indeed, the domain Qf o\ Qg,’ , is disjoint from .#*, and hence
the werght at ﬂ T is irrelevant, and the timelike function x, is restricted to a compact subset of (0, 00);
thus, (6-22) is a standard finite time energy estimate. (Concretely, one can use the vector field multiplier
Py 2doeFW W, with W = —x 0, , + po0,,, or any other smooth future timelike edge-b-vector field, and
F > 1 sufficiently large — thus, the estimate allows for exponential growth of u as x, decreases, which is
acceptable since we are restricting to a domain where x, is bounded from below by the fixed positive
constant §’; cf. [Hintz and Vasy 2020, §1.1.1 and §4].)

Part (1): s > 1. Fix p’ € (p, pp). Given f € Hs_l’a/(QO )7, we first extend f to fe Hs_l""/(Q0 DeT
so that ||f~||Hr la’(g )- - < C||f||Hr Lo (0 Aie (which can be arranged for some constant C dependrng
only on s, «, &, p, ,0 but not on f ) The forward solution & of Pii = f then satisfies
||u||HeI_’I;Y(Qg.p/).‘7 C”f” eotix (QOJ]/)-,— (6_23)
by the first part of the proof. Using the higher regularity of f, we can then propagate H b * regularity
from x, > 8, where f and i vanish and hence are smooth, usrng (the quantitative estimate versions of)
Lemmas 4.8(1), 4.9(1), and 4.11(2), thus proving local H , Tegularity in (QO ,)° Note here that, with

soa

so :=1, the a priori H_,"~ regularity of u at R is strong enough for an apphcatron of Lemma 4.8(1) since,

due to the assumptrons (6—4), we have

3+t —ao)+as—p) <5+3—3=75 <5

Restricting to Qg’ , gives, in view of (6-23), the desired estimate

||u”Hé’g(Qg‘p)°17 = ||14|Q0 ||H”(QO PR = C(”f” sl (Qo e + ||”||H1a(g20 e )

<C”f|| rla QO )-—

(This extension and restriction procedure is necessitated by the fact that the microlocal estimates are not
sharply localized, unlike energy estimates. See also [Hintz and Vasy 2015, §2.1.3].)
Part (2): 5§ <0. Lets =—5+ 1 and (o, 20.s) = (=@, —2&/,). The a priori estimate

ol s 0 ye <C||PM|| 1! (6-24)

(QU )o -
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(valid for all u for which both norms are finite) implies, by duality, that the equation P*i = f for
fe (Hgf(Q )T = S L& (Q )" has a solution i € (H.y Lo/ (Qg’p)"—)* = Hg”g(Qg’p)_" which
moreover satlsﬁes the estlmate

120 550 e < Oy o (6-25)

with the same constant C as in (6-24).

As for the uniqueness claim, suppose that i € He_]fo ’&(Q ;) * satisfies P *11 = 0. Using the microlocal
propagatlon estimates proved in Section 4.2, we find that i e H 2 O‘ QO )_ * for any 8’ < 8. Given any f €
(HJy (QO, ,) "), the solvability of Pu= f withu € (HS L& (SZO, )_ )* implies that (i, f) = (&t, Pu)=
( P*u uy = O Since f is arbitrary, this implies & = 0.

In particular, given i1 € He‘ ’g‘ (Qg, )" for which f := P*ii satisfies f € Hé‘i gl’&/(Qg’ ,) ", the solution
u' e Hes,’g (Qg’ o)t of P¥ i’ = f constructed above by duality must be equal to i; but this implies that
it = u’ obeys the norm bound (6-25). Thus, the estimate (6-25) holds for all & for which both sides are
finite.

Part (2): full range of 5. Letnow 0 < 5§ < % — ao + 2y + p1. Extending the desired forcing term
fe Hj ;1"7(9 )" to aslightly larger domain Q » , with 8’ > 8, to a distribution f with norm bounded
by a fixed constant times that of f, then ﬁndlng the solution P*ii’ = ' on the larger domain in the
space H, 0.6 O‘(SZ )_ * using the previous step of the proof, subsequently using the propagation results
in Section 4. 2, and finally restricting back to QO , produces a solution of P*u = f with the desired
regularity, and gives a quantitative estimate

=< CIIP*ﬁIIH.eEL&’ (6-26)

||u||Hif(Qg_p)7'. (ngp)__..

Propagation of regularity and uniqueness of solutions in Hejlfo ’&(Qg’ p) o of P*ii = f implies, as in the
previous step, that (6-26) holds for all & for which both sides are finite.

Part (1): full range of s. Letting § = —s + 1 and (@, 2&») = (—«), —20},), this now follows by duality
from the a priori estimate (6-26). 0

To state the forward version with higher b-regularity, we use the Sobolev spaces H, (S k) “( s I’ B*E)"~
which are defined analogously to Definition 6.1.

Corollary 6.6 (higher b-regularity). Let P be a special admissible operator, and let py be as in
Definition 4.3. Let s, ap,ay € R and k € Ny, put o = (o, 20.) and o' = a + (2, 2), and suppose

that

S>%_O[O+20[j_£], ay<0l0+%, ay<—%+}_71.

Let f € He(fb?g ;k)’“,(QO s BFE)" _. Then the unique distributional forward solution u of Pu = f in
ng,p N M° satisfies u € He(sbkb) * 8 s BYE)T

|| u “ He(,ét;;k&a(gg.p; B*E)s— — C ” f || He(fbi;t:.k)va/ (Qg.p; R*E)*—>

where C only depends on P, s, k, ag, oz, 5, p.
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Proof. For k = 0, this is Theorem 6.4(1). Suppose, by induction, that we have proved the corollary
for some amount k € Ny of b-regularity, and let f € He(’sb?g b - Hé’(ﬁl)*hk)’“ . Then the inductive
hypothesis gives u € Hé‘ﬁ; R Tet X e Diff[lb](M ; ) be a commutator b-operator (see Definition 5.4).

Then
P(Xu) = Xf +[P, Xlu € H'y

since [P, X] € AZ2? Diff? (M) by Lemma 5.5. Applying the inductive hypothesis again, we find
Xu e He(‘bkb) "*(M). Since X was arbitrary, this implies u € He(fg;kb“)’“(M ) by Proposition 5.3. 0

7. Control of edge-b-decay at .7+

We use the notation M, My, Y, the coordinates o = H%, v= ijr—;

and we continue to work with an admissible operator P as in Definition 3.7. In the previous section,

as laid out at the beginning of Section 6,

we obtained full control of forward solutions of Pu = f near .#t\ I on the scale of weighted edge-
b-Sobolev spaces. We shall now work near I*; we use t, =t — r and the coordinates py = 1/(t, — T),
xy = +/(t — T)/7 as in (3-6), where T € R is arbitrary but fixed. We drop the weight at /° from the
notation and also the vector bundle 3*E — M unless additional arguments are required in its presence.

As explained in Section 1, the behavior of waves —both regularity and decay — uniformly near
Z T NI cannot be analyzed locally, but rather depends on global information which is not captured by
Definition 3.7. (See in particular Remark 1.2.) In a situation where regularity is controlled globally near
T however (see [Hintz 2023d] for several classes of examples), growth/decay at .# ", as measured in
edge-b-Sobolev spaces, is controlled by the edge normal operator of P. In Section 7.1, we prove a priori
estimates and solvability results for the localization of the edge normal operator of P near #* NIT.
These are used in Section 7.2 to prove a priori estimates for P near .#* N I which control a solution u
of Pu = f in the sense of decay near .#* (though with a loss of derivatives); see Theorem 7.3.

7.1. Analysis of the edge normal operator. Fixing yy € Y and writing
Poy, 7= P Lz € €+ A0, 1), : End(Ey,)),
Ply, =Pl € €+ A“)([0, 1), : End(Ey,)),

consider the edge normal operator of P at .7+,

.—1(n—1
Po=3x20% (5 Doy =27 ("5 + P1w) ) s Doy =20 D) + (5 DY 4 1, ).

on *N.7;F near p;. = 0 (cf. (3-18)), i.e., on the domain®®

N =10, 1), x [0, 00),, x Ry~

2TWe write Py, :=°N g+, (P) for brevity.
28We are committing a minor abuse of notation here by writing x s for a fiber-linear coordinate on + N f;(; whose differential
at the zero section we take to agree with the differential of the coordinate function on M denoted by x » above.
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and acting on sections of the trivial bundle E, ; thus p; ,, € (C* + A ([0, 1) o+ End(Ey)) for j =0, 1.

Here, we made a linear change of the y-coordinates so that Ayly ey Oynet is an orthonormal basis for the

metric %k(yo) € s? T;;Y . Denote the underlying metric by

o dxs dp, dp? dy?
8y i= 2)cj2,0+2 (—2— Qs — — —2+ +— )
Xy P+ P¥ Xy

8yl = 3208 (xr B, ®s (Xrd, —2040),) + (xs0y)7).

On N, we moreover fix the volume density

ldgy,| = 2x, %" p " | ———dy

Xy P+

dxs doy ' .

cf. (4-16).

Since Py, € Diffih ;W) —i.e., it is invariant under dilations in (x,, y) and translations in y —its
analysis will utilize the invariant edge-b-notions (Sobolev spaces, ps.d.o.s, wave front sets) introduced
in Section 2.5. For p € (0, 1), let

Q,:={ps <p}CN.

Proposition 7.1 (invertibility of the edge normal operator near IT). Assume that P is special admissible
in the sense of Definition 6.2.

(1) (forward problem) Let s, s, ay € R, and put @ = 2oy, ay) and o' = a + (2, 2). Suppose that
a++%<04¢<—%+]_91- (7-1)
Letu € H () be such that f := Pyu € H} " (R,). Then

iz o0 < CIF ot g (7-2)

where C only depends on P, s, oy, oy, p. Moreover, for any f € Hg;lja (£2)), there exists u
satisfying the equation Pyyu = f and the estimate (7-2); this u is unique in the sense that any other
solution u' € I-'Ie*bo?a(ﬂp) of Pyu' = f is equal to u.

(2) (backward problem) Let s, &y, &y € R, and put @ = 20y, @2 ) and &' = & + (2, 2). Suppose that
—1—pi<éy <day+i. (7-3)
Letu € ﬁi:g,l(Qp) be such that f = P;,‘OIZ € I-_Ii’;’lf/(ﬁp). Then
il z2s @, < CI I gs1e g ) (7-4)

~ —_— ~! . ~ .
where C only depends on P, §, &y, &,. Moreover, forany f € H, blfl (£2)), there exists u which
satisfies the equation Py*oft = f and the estimate (7-4); this ii is unique in the sense that any solution
~ 77 —00,0 ~ ~ . ~
i€ Hyp " (Rp) of Prit' = f is equal to ii.
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Proof. As in the proof of Theorem 6.4, the main computation concerns the positivity of a modified (by
the subprincipal terms of P) K -current associated with a weighted future timelike vector field; we use
here a weighted version of the convex combination (1 + %c) (X70x, —2040,,) + %c - (—xs0y,) of the
outgoing and incoming future null vector fields over .#T; see (7-5). The positivity of K is discussed in
and after (7-7).

* Restricted a priori estimate for Py, s = 1; solvability for P§, s = 0. Upon imposing slightly

stronger conditions on the weights (see (7-8) and (7-9) below), this follows from a variant of the proof of
Theorem 6.4. Thus, we first prove part (1) for s = 1 using an energy estimate, based on

2Im(Pyu, Zu) = (Cu,u), € := i(P;;Z —Z*Py).
Here, we let & = 2ds, ay) = Qoy, ay) + (1, 1) and define
Wi=x,0,, —Q+0)pid,,. Vi=x,%%p W, z:=i"lv; (7-5)
note that, by (3-16), W is future timelike for ¢ > 0. Define
A . 2.2 _ Ax
0= ,ﬂp-o-(xﬂDxﬂ - 2,0+Dp+) =07,
Ky =Ky +(pry, +p},)0 (D) @' (i7'V),
¢ = = 301~ i) Z = Z7 (1 = P13 Q) + 50055 ((P,) Z = Z°p5 )

€ x,; % p 2N (DEL (N5 Eyy) + A% (Z) Diffl (N Ey,)).

(7-6)

Here, Ky is given by (6-11) for the metric g = g,,. We then have
¢ =(VEY*KizVE+ 4.

Indeed, this is proved like (6-14), except in the present invariant setting, there are no terms which are of
lower order in the sense of decay at x, = 0. (The various sign changes compared to (6-14) and (6-16) are
due to the difference of signs in front of the first terms in (3-18).) We compute

~ - -2 . .
Riz =" 072 (=205 + (prow + Py + 5 (- +1-284) ) 0, )
(46 = 2p1yg + Py + 50— 14y = (P + T3, 2558 @5 040,
+ 2+ o) (—4ds +2(p1y, + PT ) (040p,)°
+(—2+4ay, —4ar +c(—n+1-— 207+))(xy8y)2). (7-7)
In the basis dxs/xs, dpy/p4, dy/x, and restricting to an eigenspace of py y, + p’f’ Y with eigenvalue 2A
(satisfying 2A > 2 P1— 2¢), the trace and determinant of the 2 x 2 minor of )q;“] piw K iz are equal
to 10(—ds + 1) + O(c) and 8(—cy + 1) (&y — dy)c + O(c?), respectively, and therefore positive for

Ay < p1 (provided € > 0 is sufficiently small and we choose the fiber inner product on Ey, near-optimally)
and &y < & (these are precisely the conditions (7-1)), and then ¢ > 0 sufficiently small. (The term &'
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in (7-6) can at the same time be made arbitrarily small by assumption on py y,.) However the (x yay)2
term has a positive coefficient (for ¢ near 0) only under the stronger condition & < —> —|— g, i.e.,

or+1<ay. (7-8)

Let us write Ve pU= (V u)] 1,..N> Where Vi, ..., Viy spans Ve p, 1 (N') over C7°(N). An application

of Cauchy—Schwarz and the 1nvar1ant Poincaré 1nequahty

.....

E
lull go« < C'I Ve, sull oo
eb,/ eb,/

(proved via (6-20) with Vj := x;m] plza* (xy0x, —2p4+0,,) and using only the assumption that & < d,
1e., oy + % < ty), as in the proof of Theorem 6.4, then proves the a priori estimate (7-2) for s = 1. By
duality, defining @ = —a’ and § = —(s — 1) and under the strengthened assumption

Gy <y (7-9)

(which is equivalent to (7-8)), we obtain the solvability of Py*oﬁ = f with the estimate (7-4) for § = 0.

* A priori estimate for Py, § = 1; solvability for Py,, s =0. One can also prove an energy estimate for
the adjoint problem, with extendible distributions at p = p (which is a null hypersurface): with W as
before, Z=i"'V,and V = x}4&fp;2&+ W, where (2&;, 51+) = (2as, a4) + (1, 1), one now uses 1, Z
as a multiplier. The symmetric 2-tensor K7 (with pg yor PLyos p’l" Yo replaced by ( p8 yO)* -pi o0 ~PLyos
respectively) is then negative definite under the assumptlons o y > —pi and a4 > &y; the condition
for the negativity of the (x,0, )? term of K; iz now reads @ > —5 + & ' », which now is automatic. The
contribution from differentiation of the cutoff 1g, at p+ = p has the same (negative) sign since Vlg, (resp.
W) is past (resp. future) causal, and hence can be discarded. Thus, we obtain the a priori estimate (7-4)
under the assumptions (7-3).

By duality, this implies the solvability of Py u = f, as claimed in part (1), for s = 0 and the full range
of weights, together with the estimate (7-2).

o A priori estimate for P yo' § > 1; solvability for Py, s <0. Lets > 1. If we are given u € He b, I(Qp)
with f = P* i€ H i blla (2,), then we have the a priori estimate (7-4) for s = 1. We will now let
0<p <p. We claim that

18 552 0,y < CUT N giara, + il g1 o) (7-10)

Indeed, this follows from variants of the microlocal regularity results in Lemmas 4.10(2) and 4.11(4) in
which wave front sets and function spaces are replaced by the invariant versions WF. y, ; and H p ;, and
all localizations to neighborhoods of x, = 0 are omitted;?’ the proofs of these variants are the same upon
removing cutoffs in x, and working with symbols and operators which are homogeneous with respect to

29For example, the invariant version of Lemma 4.10(2) reads as follows. Suppose that &y < @4+ + 2 and WFZ bl Ia ( f )n
Rin,+.1 = @, where, in the coordinates on V, we set Rm +.1={(o+,x7,¥:8,8, 1) : p4 =0,& =2¢}) (similarly to (4-10) but
without localization to x s = 0). If WFe b/ @N (b p —oyM \Rin + 1) = @, then WF;"’" b NRp 41 =2.
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dilations and invariant under translations on /. Estimating the second term on the right in (7-10) using
the already proved a priori estimate for § = 1, we obtain

|| 750 < F —i-l.a . -
||M||H€:b.1(9ﬂ/) — C”f”HebI} (Qp) (7 11)

It remains to obtain a quantitative estimate of i € H v.7(§2p) on the full domain €2, 2 Q. To this
end, fix a cutoff ¢ € C*°(R) so that ¢ =0 on (—o0, p’] and ¢ =1 on [p, 00). Then we have

—5—1 (2aﬂ N+2)

=Pl @) =¢f+I[P: dplicH,,; (£2p)

for any N since p; has a positive lower bound on supp f'. We will now extend f' to an element
f"eH i bl 1(2“" N+2)(§2 o), Where p” > p, with norm bounded by a fixed constant times the norm of 7.
Using the solvability of the adjoint problem stated after (7-9) above, we see that, upon taking N > &,

we can solve Pri” = f F" with i1 € H i (ZW M@ ,") obeying a norm bound

" I o <CIF" crownsn . <CUFN ocrow, v
7 (Q ) Hebla ! (Qp”) i,b.z R (€2p)

But then higher regularity on the smaller domain 2, C €, follows as above, showing that it”|q, €

I-_I‘;:t(f‘;]’N)(Qp), with an estimate

~/f
"], | 70V g

<C'I ives, RET <C"If g g (7-12)

e.b.] ebI

(€,

Finally then, we note that i”|q, = ¢, since the difference w := it"|q, — ¢ € ﬁe,b,ll’&(Qp) satisfies
Plw=f "— f"=0and thus w = 0 in view of the already proven a priori estimate (7-4) in the case § = 1.
Thus, combining the estimates (7-11) and (7-12) gives the a priori estimate (7-4) for all 5 > 1.

By duality, we get the solvability statement in part (1) for all s <O0.

« Solvability for Pyo, s € R; a priori estimate for P}, s € R. It remains to prove solvability for s > 0.
Given f € Hes b 110‘ (£2,), we have already proved that there exists a solution u € H, e’b’ ¥ ,(2,). But then the
invariant versions of the microlocal regularity results, Lemmas 4.10(1) and 4.11(1), imply that in fact
ue Heslf‘ ;1 (82,), together with a quantitative estimate for its norm in terms of the norm of f.

The a priori estimate (7-4) now follows by duality also for § = —(s — 1) < 1, and hence is now proved
for all 5.

« A priori estimate for Py, s € R. Given u € Hesl‘;‘ (Q,) with f = Pyu e Hg’gvll’“,(Qp), we have already
shown that the equation Py u’ = f can be solved with u’ € HCS{;‘ ;(£2),) obeying a bound

/
.S, < C e .
[|ue ||He"g.[(9p) = CI|f||Hé,b_lia/(Qﬂ)

But then P, (1 — u’) = 0. Propagation of invariant edge-b-regularity shows that u — u’ has infinite
edge-b-regularity; relaxing the weight at p, = 0, we can thus a fortiori regard u — u’ € He1 b(21w N)(Q )
for N < min(oy, oy — 1). But then the energy estimate proved in the first step of the proof applies
(as N + 1 < ay, cf. (7-8)) and implies that u — u’ = 0. Therefore, we have u = u’, and the proof is

complete. O
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I+
X7 <4

+
2, o

+,in
Zﬁ,p P+

Figure 7.1. The domain SZ; , on which Theorem 7.3 takes place and one of its boundary hyper-

surfaces ;"

Remark 7.2 (alternative approach). The fact that one can directly prove an energy estimate for Pj in the
full range (7-3) of weights allowed in the microlocal propagation estimates is somewhat fortuitous. A
conceptually cleaner approach which does not take advantage of this fact starts with energy estimates
with sharp weights at x, = 0 but with very weak weights at p, = 0 (i.e., very negative for Py, very
positive for Py ), which can then be improved by exploiting the invertibility properties of the normal
operator of Py at p; = 0. We leave the implementation of this approach, which can be based on the
(semiclassical) O-analysis in the next section, to the interested reader.

7.2. Leading-order control at .*. Using Proposition 7.1, we now show how to control solutions of
Pu= f or P*ii= f near #7 to leading order in the sense of decay; this complements the regularity
results of Section 4. Since we already have full control near .#* \ I by Theorem 6.4, we focus on a
neighborhood of .#+ N I*. Fix a compact subset K  .# %\ I°, and choose T € R so that ¢/, (T) D K.
Using the coordinates p, x» on Uy (T') as in (3-6), we can fix §p > 0 small and p4 < p4 € (0, 1) so that

Q =l <8, pp <plCcU(T)CM

contains K when 0 < 4§ < Jp and p € [p+, p4+]. We do not arrange for the boundary hypersurfaces of
Q;{ , to have any particular causal structure, as questions of regularity and decay near / * have a global
character (i.e., answering them requires information about the operator P far from .#); we can therefore
only prove a priori estimates here. As for function spaces, we fix

86(09 80)5 pe(19+’ﬁ+)
and weights @ = 2o, o), and work with the space
H (@] ,)
of extendible distributions and the space

5,0y Ye— . . TSyt i T
He\,g(QS,p) = {”|§2;{p ‘ue He,g(Qso,m) tsuppu C 25,

of distributions with supported character at 2;;}" = {xs <48, p+ = p}. See Figure 7.1.
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Theorem 7.3 (a priori estimate for P near .# ). Under the same assumptions on P, s, a = Qoys, oy), §,
and & = (2&.s, a4) as in Proposition 7.1, and defining o' = a + (2,2), & = & + (2, 2), the following
estimates hold for some constant C.

(1) (forward problem) For all € > 0, there exists C. such that
Il g @p o < CIPUN g oo+ Celltllyesrios st g 1o+ el grragy o (T-13)

for all u for which all norms are finite.

(2) (backward problem) For all € > 0, there exists C. such that

* ” = ” s
Il 220, < CI Pl g gp |+ Cellill gina-ciro g | el grags ,  (-14)

for all u for which all norms are finite.

Thus, if one ignores the edge-b-differential order, the right-hand sides of (7-13) and (7-14) involve
norms on u and & which either feature a weaker weight at .# " or have a small prefactor €. The loss in
the edge-b-differential order is acceptable in applications, since regularity is already controlled by the
results in Section 4 (if supplemented by propagation estimates that are global near future timelike infinity
and thus not covered by our .# *-local theory here). That is, the estimate (7-13) will be applied for a very
weak order s, and we will then be able to absorb constant multiples of € ||u|| o «; see the discussion
following (9-5) for an example. This loss arises from the fact that the edge normal operators of P are
nonelliptic and lose one order of regularity upon inversion, whereas the difference of P and any of its
normal operators is typically a second order operator still.

While the second term on the right in (7-13) has a large constant C. when € > 0 is small (as required for
absorbing the third term), its gain is the improvement (i.e., weakening) of the .# *-weight to o,y — 26, < cts.
This improves the compactness properties of the error term and ultimately can be used to prove the
Fredholm property of P on suitable spaces; see (9-2) and the discussion following (9-6).

Remark 7.4 (better error term under stronger assumptions). If s > 1 and oy + 1 < oy, we may replace u

and s + 1 in the final term on the right-hand side of (7-13) by (1 — x)u and s, respectively, where x is

identically 1 near .# T and supported in x, < §' for sufficiently small §’ € (0, §). This follows by writing

u=xu + (1 — x)u and using an energy estimate to estimate xu in terms of P(xu) = x Pu+[P, xlu €
S Lo/ (Q ,) using the multiplier vector field Z from (7-5); see also (7-8).

The idea behind the proof of Theorem 7.3 is to split # into a sum of pieces localized near individual
fibers f;g of #, use the estimates for Py, provided by Proposition 7.1, and estimate the error terms arising
from P — Py, and commutators of P with the localizers. In order to implement this, we need to relate
norms on edge-b-Sobolev spaces to norms of localizations.’® We first do this in a collar neighborhood

30we expect that one can drop the O(¢) error terms in (7-13) and (7-14) by combining the normal operator inverses controlled
by Proposition 7.1 into a single operator on the edge-b-double space. This would however require analyzing the regularity of
Py_ol in the parameter yg. We do not pursue this further, as the O(e) error terms are easily absorbed in applications; see the
discussion after (9-5) or [Hintz 2023d, Step (i) in the proof of Proposition 5.19].
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[0, 1)y, x T of all of .#; we set

Q:=[0,7),, xs*

and shall only consider distributions with support in €. Denote the projection [0, 1), L, X It > g7t
by 7. Cover the (compact) base Y of the fibration ¢ : .# — Y by a finite number of coordinate charts
Yi,..., ¥y : B(0,2) — Y (where B(0, R) C R*~! is the open R-ball) so that ¥ = UlN:1 Yi(B(0, 1));
let x € C°(B(0, 2)) be identically 1 on B(0, 1), and define x; € C*°(M) to be equal to T*¢p*(x o wl._l)
on n_1(¢>—1(w,~(3(0, 2)))) and O otherwise. Since ZlN: 1 xi has a positive lower bound in the collar
neighborhood, we immediately obtain the following.

Lemma 7.5 (localization to coordinate patches on Y). Let s € R and o € R®. Then there exists a constant
C > 1 such that, for all distributions u with suppu C S,

N N
-1
CTY  Iaulgzean < lullgsean < C Y xiull e -
i=1

i=1
Passing to local coordinates y € B(0,2) C R"~! on v;(B(0, 2)) C Y, we now work in

Qi =0, 7),, xB(0,2)x ZC[0, )y, xR x Z,

where Z = [—1, 1] is the typical fiber of .#*. Since ; is compact, edge-b-Sobolev spaces of distributions
on [0, 1) x R"~! x Z with support in ; are well-defined; here, denoting a smooth positive b-density
on Z by pz, we fix the volume density

dXJ
—dyuz
X

7

n—1_-2n —n—1

Wi=py Xy Py (7-15)

on 2;, mirroring the earlier choice (4-16). For j € N, put
lj={k27:keZ -3-2/ <k <3-2/},
and denote the K (j) = (6-2/)"~! points in Ij”_1 c R ! by
Yisls - v YiK(j)-
Fix cutoff functions
X0 €CE(0. 1), xo=1on[0,3]. 51 €CPM®), xi=lon[-11],
and define x; € CSO(R”_l) by x1(7) = x1(y1) -+ - Xx1(¥n—1)- For j e Nand 1 <k < K(j), we then set

K(j)
Xk () = x0Q@7x) 012 (v = yik))s 0 =) Xk )
k=1

Thus, x; « localizes to a size ~ 2~/ neighborhood of {0} x {yjx} x Z C 2, and X}Ot localizes to a size
~ 27/ neighborhood of {0} x [-3,3]""! x Z.
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Lemma 7.6 (properties of x; ; and edge-b-Sobolev norms). Let s € R. There exists a constant C — only
depending on s, the choice of the cutoffs xo, X1, and the volume density (7-15)— such that the following
statements hold for all j € N:

(1) Foru € Hsb(Q Y with 2/ x, < ; on supp u, we have

K(j)

K())
CT' Y Il < Nullgys, < C 3 lxjaullzys, (7-16)
k=1

k=1

(2) Let f € C([0, 00) x R*™1). Then

1f Q27 xs, 27 (v = yii)ullmg, < Cllullmg, .

eb —

Analogous estimates hold for weighted edge-b-Sobolev spaces, as well as for spaces consisting of
distributions with supported or extendible character on [0, §),, x B(0,2) x [0, p),, C ;.

Proof. We note the following three key properties of x; x: there exist constants C, L, and C,,, m € Ny,
all independent of j, such that

(1) for all m € Ny, we have

sup (s D) iy D)) Xjik| < Cns (7-17)
I+ly|<m

(2) whenever ki, ...,kr €{1,..., K(j)} are distinct, we have ﬂlel supp x1(2/ (y — Vik)) =D
(3) €' < xj®(y) <Cforye B(0,2) CR"".

This implies uniform bounds

2.

I+lyl<m

(-xJny)l(x]Dy)y (W)' < C;/n’ m e N().
Xj 6))

Thus, multlphcatlon by x0(2/x,)/ X“’t(y) is a uniformly bounded map on the space of u € Sb(Q ) with
suppu C {2/x, < 3}: for s € N, th1s follows from the Leibniz rule, and then for general s € R by duality
and interpolation. The proof of part (2) of the lemma is completely analogous.

Turning to part (1), consider first the case s = 0. Then

2 : 2
lull7> = o2/ x)ull;,

x0@xy) K9 2 K(J)
= H 50 > Xk (uxs, »)|  =CRe > s xjaen) 2
Y k=1 k,k'=1

But for each k, there are at most L —1 values of k' besides k' = k for which the inner product is nonzero; thus,
we can apply Cauchy—Schwarz and bound the right-hand side by C(1+ (L —1)) >, - (J ) Il xjku ||2 More
generally, for s € Ny, similar arguments together with the Leibniz rule imply ||u 12, <C o lxjku 12 H
with C depending on s but not on j; interpolation then implies this inequality for a}l’l real s > 0.
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The converse estimate for s = 0 follows from the j-independent bound Zf:({ ' x ﬁ . < C', which implies

K(j)

> [P an=c [ an=c i
k=1

For s € N one uses the Leibniz rule, and for real s > 0 interpolation. Having proved (7-16) for real s > 0,
the result for s < 0 follows by duality. U

Proof of Theorem 7.3. We use the edge normal operator in a spirit somewhat similar to how the b-normal
operator is used for example in [Hintz and Vasy 2015, §2.1.2], namely by means of estimating the
localization of u in terms of the edge normal operators of P, and bounding the error terms arising from
localization and passing between P and its normal operators. Rather than assembling the inverses of
all edge normal operators>! into a single object — which in our nonelliptic setting would be technically
rather delicate (unlike in the elliptic setting [Mazzeo 1991]) — we only use estimates for the edge normal
operators at an e-dense collection of fibers of .# T, with the estimates applied to a localization of u to
e-neighborhoods of individual fibers. Thus, the final error term in (7-13) bounds the difference between
P and this finite collection of normal operators. An important point is that the commutators of (the
edge normal operators of) P with cutoffs to such e-neighborhoods gain a power of x. The relevant local
coordinate calculation is [xdy, x (y/€)] = e lxy’ (y/€); the large constant ¢~ ! leads to the second term
on the right in (7-13)

We now turn to the details. Assume first that u is supported in some ;. For j € N to be specified
below and putting xo,; (xs) := x0(2/T'x,), we have

2 _ j+l 2 j+1 2
Il o = 21 C00) = x0T XN ulyse g o +21X0Q XU s g e
K(j)
2 2
< , Sy .
= CJN ||u ||H§:}EN,O[+)(Q;:/,).’7 + C ; ||XO’] X],ku || Hé‘,g(gg-‘ﬂ)..,
for any N, with C independent of j. We estimate each term in the sum individually using Proposition 7.1,
to wit,
2
X0, Xj k1t Vs
2
= Cll Py (0, Xj ks
e,b

< C(ILPy,r %0 X% s o+ 10, X3k (P = Py Jull? o + 140, Xk PUIl ). (7-18)
e,b e,b e,b

Recall that o, j (xs) xj .k (X7, ¥) = x0,; (x7) X1 vl (¥y=Yj.«)). The commutator of Py, with xo_; is uniformly

bounded in j, k as an element of AZ2 Diff;b (since sup [(x# 0y ﬂ)’ Xo,;| has a j-independent upper bound

for all /), with coefficients supported in x, > 2-7=2 > 0. Therefore, for all N, there exists C ~,j so that
K())

2 : j 2 2
”[Pyj,]a XO,j]Xl(zj (y - yj,k))u”H:—l.a’ S CN,j ||u||Hs,(2N.a+)'
k=1 e,b e,b

3Thisisa key difference to the b-setting, where a single normal operator governs the behavior of a b-operator globally near
the whole boundary.
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On the other hand, if we define Xﬁk = X0(2j+1Xj)le(2j (y —yj.k)), where Xf eCc (R~ is identically 1
on supp x; (thus Lemma 7.6 applies with X,.t’ « in place of x; 1), then
X0.5 [Py, 1 X127 (y =y )] = Xo,ijt,k2jxy Oj .k,

where the operators Q; x € AZD Diff;”b are uniformly bounded in j, k (as follows from (7-17)); the factor
2/ x, here arises via differentiation of 2/ (y — vj.k) along terms of Py, involving x,dy; thus,

K(j) _ .

D 10, TPy 1 0 =3l o < C2 a0

k=1 e,b eb

We now turn to the second term in (7-18). The definition of Py, , via freezing the coefficients of
Py=P— P (see Definition 3.7(2)) at (x, y) = (0, y; ) as an edge-b-operator implies that we can write

n—1
!
Xjk(Po— Py, ) = Xj.k (xj Q)+ Z(y - Yj,k)le('}(),
I=1

where x}z ,0;2 0 11 . )q}z ,0;2 Qj(.l,)c e A0O Diff;b are bounded independently of j, k upon application of
any fixed number of edge-b- (or even b-)derivatives. We can thus estimate
K(j)
L2 2
D 0 Xk Q) gt 1o < Clull i
J Hc b He b
k=1 ' ’
Moreover, in view of x; x - 2/ (y — ¥j.k)1 obeying uniform (in j, k) L*°-bounds (together with any finite
number of edge-b-derivatives), we also have
K(j)
—2j i 2 -2j 2
D 27 062 O = 30ty = 27 Clully e
k:l e, ,
The contribution from the lower-order (in the sense of decay) contribution P to P is estimated simply by

Z 502 2
||X0,ij,kPu||fol,a’ = C”M”HHI.L!—(Z[J,Q)'
2 e,b e,b
Altogether, we have now proved that
K(j)
> 0. x| 3y g
SR @ e

k=1
_ 2j 2 “2jn 2 2
= (CN,j +C27)||u ||H;:1.a7(2e],0) +C27 |lu ||H;I1,a +C||Pu ”Hsfl,o/(QIp).v_ ,

+ Ye,—
(2 ,) e

(@5,
with C independent of j. Upon choosing j large enough so that 272/ C < €2, this proves the estimate (7-13)
for u with suppu C ;.

For general u, we apply Lemma 7.5 and note that the arguments given so far apply to ¢;u, i =1, ..., N;
we then only need to observe that P(¢;u) = ¢; Pu + [P, ¢;]u, where the commutator [P, ¢;] gains a
power of x, and loses a differential order (relative to P) as an edge-b-differential operator, so

P, ¢i]u||Hér£1,a' < C”””Hé’;”“'o)'

The proof of the a priori estimate (7-14) is completely analogous. O
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8. Microlocal estimates for the I*-normal operator

We let P, M, My, and Y be as in the beginning of Section 6, and use the coordinates py, x, on Us(T)
(T € R arbitrary) as in (3-6); thus, replacing I for simplicity of notation by a collar neighborhood

I+:[O,€ﬁ)x]XY, €/>07
of ITN.#T C I*, we work in a collar neighborhood
[0, Dy, x IT

of I'* inside M and hence in a trivialization [0, 00),, x I of TNIT (where we abuse notation by writing
the fiber-linear coordinate dp. as p, simply). We only record weights at .# ™ and /™, and drop the weight
at 1% from the notation; we shall also drop the bundle B*E — M from the notation unless it makes a
technical difference.

In this section, we demonstrate that the information on P captured by Definition 3.7 is sufficient to
obtain some control of the Mellin-transformed normal operator of P at I*; see Definition 2.5. Concretely,
in the decomposition P = Py + P asin (3-17), only the first term of Py is of leading order in the sense of
decay at /1. We shall analyze the rescaled normal operator of P,.

Definition 8.1 (rescaled normal operator at /). Denote by 7 : TNIT — I the projection to the base.
We then set

Py = Np+(x;2p;*P) = Ny+(x,;°p 2 Py) € DiffZ (*NI"; m*E) = DiffZ, ([0, 00),, x I'"; 7*E),

where the subscript “I” indicates the dilation-invariance of P, in the factor [0, 00),,, and the edge
structure is associated with the fibration [0, 00),, x 91 T =10, 00) ps X Y — Y. The Mellin-transformed
normal operator is denoted by

PL(}) = p;*Pip™ € Diff3(IT; 7 E).
We recall that the principal symbol G of P is the dual metric function G : @ + g~ !(w, @). But by
Definition 3.2 (see also (3-13)), we have
g—l = g(;l mOd A2+26y,2+€+ (M, S2 e’bTM),
-1_ .2 2/1 -1 3 2nh000s. q2eb .
8o =x,01 (5550, Q5 (Xs0x, —2p40,,) +k ' (y,x70y)) mod x5 p3C(M; S °T M);

thus, the principal symbol of P, is the quadratic form associated with the dilation-invariant extension of
x/;z,o;zgo_l |j+ € C®(IT; S2ePT M). Concretely, this means that

P62 (Py) (@) =t Goep(@) 1= G4 (@) + G 1 () (8-1)

with G4 () = g7 (w, @) € PPI(PTH M) and G (w) = &5 ' (7, @) € x, PPI(SPT} M), where
87! = 1x,0c, ® (4rdy, —2040p,) +k 7 (1, x,0y), (8-2)
with

while g, is a linear combination of symmetric 2-tensors built out of x,0;,, p+0p,, and xs9,;,

coefficients lying in x,C*([0, €5),, X Y).
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We shall work with the b-density

d
[y = '% dk‘ € Co(I+;PQI) (8-3)
32

on I*. On the level of L2-spaces on [0, 00) . x I, the relationship of ju, with the density

x—2n —n—1 %dﬁ dk‘
s X7 P+
(see (4-16)) used in Sections 4-7 is
x}“ﬂprz ([O, 00) x I, x}znp;"_l %dﬁ dk') = xém prz ([0, o0o) x I, d'.i [,Lb),
X7 P+ O+ (8-4)
Y=oy + 2, V+=Ol++n+1-
’ 2 2

Thus, by Plancherel’s theorem, the Mellin transform in py, defined as in (2-21), gives an isometric
isomorphism

drs dpy

M:x;“"prz([O, oo)x I, x ;2 p ! b
s P

dyDiLz({Imxz_m};xf,WLz(I*,ub)). (8-5)

8.1. Bounded frequency estimates. The principal symbol of P (1) is an element of PI2/(°T**). Recall
that, for @ € °T*It, we have Oaz(f’jr(k))(w) =%b62(P,)(ww), where we recall the inclusion °7*1*+ C
e’bTI*JrM. (In local coordinates, every e € T*I 7 is of the form & = &(dx, /xs) + nj (dy’ /x4).) In view
of (8-1)—(8-2), this means

—~ .. ~ dx dyj
005 (P () (@) = 162 + k7 (yynimj + G4 (@), w=s—xf+n,-—x ,
54 54

and hence I/’I(k) is elliptic near x» = 0. Its refined analysis also requires control of its normal operator,
which is the conjugation of the edge normal operator of P, (i.e., the normal operator at *Ny;+I7) by the
Mellin transform in o, ; but the edge normal operator (at I N f;g ) of the b-normal operator (at /1) Py
of Py is equal to the b-normal operator (at .#* N I") of the edge normal operator (at ﬂ;g) of Py, and is
thus fixed by Definition 3.7(3). To wit, for yg € ¥,

ONyo (P4(3) = 5 (xs Dy, — 20" q1,3) (s Dy — 20) + K (30) (s Dyi) (s D) + pi
Gy =50 = 1)+ pil ey €End(Ey),  pgy i= P |yt e € End(Ey,).

Recalling the definition of Pi+ from Definition 4.3, we let

g1+ =30 —1)+piy. (8-6)

Theorem 8.2 (estimates for f”:(k) and I’DE(A) for bounded A). If pa“ | s+ni+ # 0, assume that P is special
admissible in the sense of Definition 6.2; otherwise assume only that P is admissible. Let x1, x2 € C°(1 ),
with x1 = 1 near 31", x, = 1 near supp x1, and such that 0T[;"IJr is spacelike (i.e., Gop in (8-1) is
positive definite on OT;I 1) for p € supp x1. Use the b-density (8-3) on I to define Sobolev spaces.
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(1) (direct problem) Let s, y» € R, and suppose that
—ImA <ys <qi+. (8-7a)
Then, for all N € R, there exists a constant C such that
1l e oy < CUXPEOIN -2 oy + 20 v ) (8-7b)

Moreover, for all u with xu € HO_OO’ZW (I and Xzi):_()\.)u =0, we have yu € A2+~ (1)
forall e > 0.

(2) (adjoint problem) Let s, y» € R, and suppose that
—q1.+ < Vs < —ImA. (8-8a)
Then, for all N € R, there exists a constant C such that
308 525 oy < CUXPERN s )+ 2l g v ) (8-8b)

Remark 8.3 (weights). Identifying —Im A with the weight y4 = —Im A (cf. (8-5)) and relating ., v+ to
oy, o4 via (8-4), the conditions in (8-7a) are equivalent to oy < —% + oy and oy < —% + p1, except
for the use of p; ; (determined from p; only at .# N I") instead of p; (determined from p; along
all of .#™1). In this sense, Theorem 8.2(1) applies in the full range of v;eights allowed in all previous
estimates near .# T NI+ (Lemmas 4.10, 4.11, Proposition 7.1, Theorem 7.3). A similar comment applies
to Theorem 8.2(2).

Remark 8.4 (restriction on Im A and continuation of the resolvent). The condition (8-7a) provides a lower
bound Im A > —y» of Mellin dual frequencies A for which one can analyze f’:(k) as a 0-operator in a
straightforward manner. Upon inspection of the proof below, one sees that allowing A to cross the line
Im X = —yy is closely related to considering the spectral family on an asymptotically hyperbolic space at
or across the continuous spectrum, the analysis of which is more delicate; see, e.g., [Mazzeo and Melrose
1987; Guillarmou 2005; S4 Barreto and Wang 2016].

Proof of Theorem 8.2. The proof is based on a standard elliptic parametrix construction in the O-calculus
[Mazzeo and Melrose 1987; Hintz 2023a]; hence we shall be rather brief. By assumption, I/Djr(l) is
elliptic near supp xi.

If g1y, is diagonalizable and paf o = 0, then acting on the individual eigenspaces of g y,, the operator
ONyO(i’?r(A)) is related to the spectral family of (n—1)-dimensional hyperbolic space via conjugation by
a suitable power of x» (which also appears in the proof of the invertibility of the reduced normal operator
below, cf. (8-10a)—(8-10b)); its inverse is thus explicit [Mazzeo and Melrose 1987, §6]. This can easily
be generalized to the case that g; y, has nontrivial Jordan blocks. (In this manner, one can prove (8-7b)
for general A except for an explicitly computable discrete set.)

We analyze °N Yo (I/’I(k)) here (for Im A > —y,) instead in a more conceptual manner, using the general
machinery of the 0-calculus. Thus, exploiting the translation invariance of 0Nyo(l/’;(k)) by passing to the
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Fourier transform in y and then introducing x := x4|n|;-1, 7 = n/|n|;-1, we obtain the reduced normal
operator in the terminology of [Lauter 2003], given by

Py = 3(xDx =207 q1y,)(x Dy —20) + X7+ .

Considered as an operator on the radial compactification [0, co], of [0, c0), it is a b-operator near
x = 0 with normal operator No(Py,) = %(x D, —2i" g 1yo) XDy —24) + paf Yo and a weighted scattering
operator near R := x~! = 0 with principal part R‘z(%(RzDR)2 + 1), which is elliptic. The Mellin-
transformed normal operator of Py, at x =0 is

No(Pyy, €)= 56 =2i 7' q1,,,) (¢ —22) s

which is thus invertible for all ¢ € C except for those lying in the boundary spectrum {24} Uspec(2i ~ !¢ o)+

(For paf o = 0, this is clear; for p& Yo # 0 on the other hand, one uses the lower triangular (resp. strictly

lower triangular) nature of g y, (resp. paf ) coming from the special admissibility assumption on P to

obtain the same conclusion.) In particular, the line Im { = —2y, does not intersect the boundary spectrum

provided y» # —Im A and y, ¢ Re spec g y,, which in particular allows for y, in the range (8-7a).
Define the b-scattering Sobolev spaces

EN). (- e 0 H® 1dx)].

b,sc

H P9[0, 00],) := {u L xu € Hy " <[0’ 20),

where x € C°([0, 00)) is identically 1 near 0. Then we claim that, for y in the range (8-7a), the operator

Pyt Hy ¥ )(10, 00]) — Hy > @7 *72([0, oo]) (8-9)

b,sc

is not merely Fredholm (which follows at once from elliptic theory in the b-setting near s = 0 and in the
scattering setting near s ~' = 0) but invertible. For the proof, we first assume that p("{ o = 0. Passing to the
Jordan block decomposition of g y,, it is sufficient (by exploiting the upper triangular nature of Jordan
blocks) to consider the case that g, € C is scalar; and the assumption on y reads —Im A <y, <Re g, y,.
If u e Hg:cz 779 ([0, 00]) satisfies Py,u =0, then u € Hlfjc@m )10, 00]) by elliptic regularity in the
scattering calculus, so in particular u is rapidly decaying (together with all x-derivatives) as x — oo.

Moreover,
i = x "0ty € BXNPT0((0, 00]), = L2y +Imi —Reqy ), (8-10a)
satisfies the simpler equation
(FGaD)* =22 +x)a =0, ri=r+iqiy, (8-10b)

Note that ImA = Im A + Re qg1,y, > 0 and 2y, > —Im X; therefore we in fact have |ii|, |x Dyii| < CxIm*

for x < 1. We can therefore multiply (8-10b) by i and integrate by parts. If Rek #£0, taking imaginary
parts then gives 0 = 2(Re ):) (Im ):) ||i2||%>, whereas when Re A =0 one directly obtains

0= [lxi|® + 3 llx Dyt |* + [l A1 ]1%;
in both cases, we conclude that # = 0 and hence u = 0. This proves the injectivity of Py,. The surjectivity

follows from the injectivity of the adjoint P}, which is proved in the same manner. If p& Yo # 0, then
upon passing to the bundle splitting of E in which g, ,, and paf 3, are (strictly) lower triangular, these
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arguments apply step by step as one considers the projection of Py, onto the first, second, etc. summand
of the splitting of E.

As shown in [Mazzeo 1991] (see also [Hintz 2023a, §3.2; Albin 2008, §5.5] for detailed expositions,
and also [Lauter 2003]), the invertibility of P,, implies the existence of a parametrix for I/JJ\F(A) acting on
x;” L?(I'Y) in the large O-calculus with bounds,

Q e w PN (1) QP () =1+ Ry, Ry €Wy @Te ),

Here, \IJS’(““”““’%)(I *) is the space of operators whose Schwartz kernels are conormal distributions on
the 0-double space (I+)% := [(I")?; diag,,+], where diagy,+ C (317)? is the diagonal, valued in (the
pullback to (1 +)% of) the right b-density bundle on (/ +)2, which are conormal to the lift of the diagonal
diag;+ C (I7)?, and which are conormal also at the left boundary (the lift of 37+ x I) with decay
rate «y, (the power to which a boundary-defining function of the left boundary is raised), at the right
boundary (the lift of /* x d/") with decay rate oy, and at the front face with decay rate ay; the shift by
(n — 1) of the weight at the front face is due to the fact that we work with a b-density here rather than

(

with a 0-density — which is x "D times a b-density on the n-dimensional manifold /*. Concretely, the

computation of the boundary spectrum of the O-normal operator above implies that we can take

ap >2q1+—€, op>2Imi—e

for any € > 0. We conclude that

xiu = x100u) = x1 QP () (aw) + x1 Re(au) = x1Q (xa Py (Wu) + x1 R (xau) — x1 QLPy (L), xalu.

Taking the norm in Hy*2vs (I1) gives the estimate (8-7b) since the operators x; Ry x2 and xi Q[f’:(k), x2]
(noting that supp x; Nsupp dy, = @) are bounded maps H()_N’_N(I+) — Hg’z”*” (I1) for all N.

The proof of the adjoint estimate (8-8b) is similar. The adjoint ﬁ:(k)* = 7/33_()_\) satisfies (8-8b)
when (5§ — 2,2y,) = —(s, 2y») (the dual orders of the left-hand side of (8-7b)), which leads to the
requirement —ImA < —y» < g 4. Passing from A to X switches the sign of Im A and thus leads to the
condition (8-8a). O

8.2. High frequency estimates. We now prove analogues of the estimates found in Theorem 8.2 when
[Re A| = oo. In the notation of Theorem 8.2, let y» < g1 4+, and fix y; < y»; we shall from now on only
consider X € C with ImA = —y. As |[ReA| — oo, the_operator f’;(k) can be regarded as a (uniformly
degenerate) differential operator with large parameter A; see [Shubin 1987, §9] for the case of manifolds
without boundary. For present purposes, it is sufficient to ignore the symbolic behavior in A and instead
consider the semiclassical rescaling

. ~ A
P,; :=hP{(h™'}) €Diffg ,(IT: 7*E), h:=()"", A= (8-11)

We apply the general considerations of Section 2.6 to the operator P € Diffib([o, 00),, x IT) from
Definition 8.1. With A restricted to the line ImA = —y,, we have, as |[ReA| — oo (and thus & =

ReA|~' 4+ O(Rer|72) — 0),
A= (sgnReA) —ihy, +O®?). (8-12)
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Let x1, x2 be as in the statement of Theorem 8.2, so in particular 0T*I * is spacelike for p € supp X1-
This implies that P, ; is elliptic (as a semiclassical 0- operator) outs1de a compact subset of °7. supp al +,
in particular at ﬁber mﬁmty, in other words, writing p; = o h(Ph 5 ), the characteristic set

%5 = p; O T

has compact intersection with OTS";pp [T+ As noted after Lemma 2.10, the Hamiltonian vector field H,,,
has a critical point at @ € °X.4, if and only if Hg,., (see (8-1)) is radial at £dp /o4 + @ (which lies
in the characteristic set of Py). In a sufficiently small neighborhood of x, = 0, this is equivalent to the

membership in one of the two sets

ORE = {(xs, y: &, ) 1y =0, £ =42, =0},

ORi

(8-13)
out * = {(Xﬂvyv%-’ 77) :xr/“:()’ S:Ov 77:0}

by Lemma 4.1. This can of course also be checked directly by noting that, at { = %1 (in the coordinates
(4-4) and using (4-5a)), we have

Hg+, = 2(6 F 1) (irdx, +ndy) = 20010 + x5 (4K ;8,5 — 20k ymim;dy,), - (8-14)

while HG is a lower-order contribution, cf. (4-5b); that is, the expression (8-14) is equal to H,,, up to
an error term of class x,Vy(°T*I7). Thus, ORm is a source, and ORout is a sink for the flow of £H,_,
inside 9% ;.

Theorem 8.5 (semiclassical regularity for I/’I(A)). Lets, vy, v+ € R. Consider A € CwithImA = —y,,

andlet h = (\)""and » = A/ (\); thus . = £1 —ihy, +O(h?) when £Re A > 0 (see (8-12)). Ler*? u, f €

h=N Hy 23277 (I*) and P, ju = f in the notation of (8-11). Then WFy 3" (u) C WEy " (£) U5y
Moreover, recalling the quantity q1,+ € R from (8-6), we have the following.

(1) (propagation out of "R:.) Suppose that v, < y,. If WF, 2207 (= 'HN'RE =2, then WFy; 2% ()N
0p+ 33
R, =4.

(2) (propagation into ORout) Suppose vy <q1,4. Let U C OT*I* denote an open neighborhood of ° Rout
If WE) 22 (0! f) NORE, = & and WES ) () N (UN\ Row) = @, then WE 77 () N Ry =

Theorem 8.6 (semlclasswal regularity for P* (X)). Lets, yz, v+ € R. Consider ) € C with Imk =—74,
and let h = (\)~', & =1/(A). Let P} := th*(h 2. Letii, f € h™NHy iV (I*) and Pj ;i = f.
Then

WEy 7~ (@) € WEy 2777 (/) Uz

32The subscript “loc” means membership in the space 7~ N Hy N 2vs upon multiplication by any function in CZ° (1 *). This
is merely a technical detail; we are only interested in local (but umform down to 9171) semiclassical regularity here, for which
the noncompact nature of /7 is irrelevant.

33Recall that, since ORiin cOr*rtis disjoint from fiber infinity, the wave front set conditions here are in fact independent of
the differential orders.
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Moreover, we have the following:

(1) (propagation into ORiin) Su;jpose that y > yy. Let U C OT*I* denote an open neighborhood
of ORE. If WFy 22" (h™! ) = @ and WEy 7 (i) N (U\ °REE) = @, then Wy} (i) NOR:E = .

(2) (propagation out of *R%,) Suppose that 7 > —q1.+. If WEy 22" (b~ /) N 'RE, = @, then
WE, 7 (i) N'RE, = o.

Mirroring Remark 8.3, we recall the relationships

ar=ys—sn, ar=y;—5m+1), piy=qi4—50m-1)

from (8-4) and (8-6); then the conditions on y, Yz, g1+ in Theorem 8.5(1) (resp. Theorem 8.5(2)) are
precisely those on a4, &y, p1 in Lemmas 4.10(1) (resp. Lemma 4.11(1)) upon replacing p; by pi +. A
similar comment applies to Theorem 8.6 and Lemmas 4.10(2) and 4.11(3).

Proof of Theorems 8.5 and 8.6. These results follow again from positive commutator arguments. One
can in fact simply copy the arguments from the proofs of Lemmas 4.8—4.11 but factor out the overall
weights of the differential operators under study (cf. Definition 8.1) and drop localizations in p4 and its
dual momentum ¢ in the commutator constructions and calculations. We omit the details here but point
out that the subprincipal terms which enter in threshold conditions for radial point estimates for P, ; can
be computed from those of P via the formula (2-24), where Im A/ h = —y; 4+ O(h). The upshot is that
the term X
ImTAleprJr = —yspy Hypps+ O(h)

has precisely the same effect as the weight ,ofy* of a2 in the positive commutator proof of, for example,
Lemma 4.10 (where we are using ¢ in place of y.). O

As in Section 4.2, the positive commutator proofs give quantitative estimates. We state this for
Theorem 8.5(2): suppose B, W € \118’ n( *) have Schwartz kernels supported inside (supp x1)%, where
X1 € CS°(IT) is identically 1 near 3/, and their operator wave front sets are compact subsets of O+
(thus, differential orders are irrelevant below). Furthermore, suppose that

« all backward (for the “+” sign) and forward (for the “—" sign) null-bicharacteristics starting at
WFE)’ »(B)N X4 tend to ORE while remaining inside Ellgﬁ (W)

out

« W is elliptic on WF, ,(B) and at “R,;.
Then, for all N € R and under the assumptions of Theorem 8.5(2), there exists a constant C so that
|Butll yons oy S COTNW Py sl o2y oy + B el yowans ).

We leave the statements of estimates corresponding to the wave front set statements of the remaining
parts of the above two theorems to the reader.
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9. Application to linear waves on asymptotically flat spacetimes

We now sketch how to use the black box results proved in Sections 48 to obtain a Fredholm and solvability
theory for linear wave operators on a simple class of (future geodesically complete) asymptotically
Minkowskian spacetimes. The setting we consider here is closely related to that presented by Baskin—
Vasy—Wunsch [Baskin et al. 2015; 2018] insofar as the metrics and wave operators are asymptotically
homogeneous of degree +2 with respect to dilations in the forward timelike cone. However, compared to
the reference, we allow here for significantly more general behavior near null infinity, in that the light
cone at infinity (in the terminology of [Baskin et al. 2015]) is blown up here to resolve the metric and
operator coefficients. On the flipside, we shall only record basic solvability and decay results here and do
not extract sharp asymptotics of solutions of wave equations.

We work on R!*" =R, x R". We denote by ¥ = {% =1,r"l= 0} C R"*! the light cone at infinity and
let M denote the square root blow-up of M= [R7+1; Y] at the front face YA (as in Section 3.1.1; see also
Figure 3.1). Denote by pg, x,, p4 € C*°(M) defining functions of the boundary hypersurfaces 7° (the
closure of § <1, r '=0), st (the front face of the square root blow-up, i.e., the closure of |t —r| < oo,
r~1'=0), It C M (the closure of T<l1, t~! =0), respectively.>* We shall consider forcing problems in
the domain

Q:={r>0}C M.

Let then g be a smooth Lorentzian metric on R+ (with signature (—, +, ..., +)) with the following
properties:

(1) The conformal rescaling ge p := pgx; pi g is a nondegenerate edge-b-metric on M,

geb € (C + AL (M; §7 90 T* M),
8e_,l;1. € (C® + A%ty (a1 §2 P T pp),

where £y € (0,1]and £, € (0, %], and moreover g is an (£g, 2¢+, £ )-admissible metric (Definition 3.2).
(2) The level sets of ¢ are timelike, with d past timelike.

(3) There exists a smooth function T € C®°(M \ (#1 U ™)) which is equal to ¢/ near I 0 and such that
T > 0 has past timelike differential in Q°.

(4) The b-normal (or scaling) vector field>> p, d,, is past timelike for g p at (I7)° =17\.#7, and there
exists a particular choice of p, such that Vp, /p, is future timelike in a neighborhood of (17)°.

(5) g is nontrapping in the following sense: every past null-bicharacteristic (i.e., lift of a past causal
null-geodesic) of g p starting over a point in N (/ 9y (where (1°)° = 1%\ .#) reaches the closure
of t=1(0); and any past null-bicharacteristic of g, starting over a point in N (I/+)° tends to the
radially compactified edge-b-cotangent bundle over .7+,

1inr>1,0§t/r<c0<l;and

34Thus, one can, for example, take p4 = ~Vins>1, r/t <cq < 1, further pg =r—
possible choices near .#* are given in (3-5) and (3-6).

35This is defined in any collar neighborhood of /™ C M, and its restriction to I+ as a b-vector field is independent of choices.
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Moreover, we consider a wave-type operator P € Diff>(R"*!) with the following properties:

(6) P isaweighted edge-b-operator, P € pgx} pi (C®+Al0:2ts.Lr)y Diffezyb(M ), whose principal symbol
is equal to the dual metric function ¢ — g~!(¢, ¢) of g.

(7) P is g-admissible (Definition 3.7). Define Pi and Pi+ in terms of p; from Definition 3.7(3) as in
Definition 4.3.

(8) The Mellin-transformed normal operator family I/DI(A) of the b-normal operator N+ (x}2 ,o;ZP) €
DiffZ, ,(*NI*) (see Definition 8.1) has trivial kernel on .A*# (IT) for all » € C, y, € R with
—ImA <y, < g for some fixed g < p1,4 + %(n — 1.

One can also consider special admissible operators P (see Definition 6.2) acting on sections of a
vector bundle over M which is the pullback of a bundle E — R"*!; we leave the required notational
modifications to the reader.

Example 9.1 (the model example). The Minkowski metric (3-1) satisfies assumptions (1)—(5). Indeed,
it served as the motivating example for admissible metrics near .# " in Section 3.1. Also, the nontrap-
ping condition is satisfied, since the backward null-bicharacteristics of g are limits of appropriate
reparametrizations of backwards null-geodesics (lifted to T*R"+!) at dR"*+!, which indeed have the
required property; note here that differently (near .# ) rescaled maximally extended backwards null-
geodesics on R+ start at the light cone at future infinity and tend to the light cone at past infinity, and
on their journey cross the light cone at future infinity, or the closure of t~!(0), or both. Furthermore, the
scalar wave operator on Minkowski space satisfies assumptions (6)—(7) with p; = p; 4 =0 as shown
in Example 3.10. Furthermore, the operator family I’D:(k) is a conjugation of the spectral family on
hyperbolic n-space; see [Baskin et al. 2015, §§7 and 10.1]. Using this, one can then show that (8) is
satisfied for g = %(n — 1). See also [Vasy 2014; Baskin and Marzuola 2019].

Remark 9.2 (nonexample: asymptotically Schwarzschild spacetimes and related settings). For n = 3 and
in the region r > max(3m, c|t|) for any ¢ > 0, the Schwarzschild metric g, (see Example 3.5) satisfies
conditions (1) (With lo=1, Ly, = %) and (2)—(5). The scalar wave operator [, satisfies conditions (6)—(7)
in the same region. In order to control solutions of the wave equation globally in ¢ > 0, one needs to
capture the full structure of g, and [, also in r < c|t|. Not only are there trapped null-geodesics in
this region, but even more severely the metric does not have smooth coefficients on W (in the region
where r > 2m): smoothness on this space amounts, near the “north pole” N = {f =0, = O}, to
smoothness in x /¢ and 1/¢, whereas the metric, and the coefficients of the wave operator, are smooth
only as functions of x = 7/ %, i.e., on the blow-up of R1*3 at N.

Another setting which is a nonexample for the same lack-of-smoothness reason is the wave equation
Ug, + V on Minkowski space coupled to a stationary potential 0 # V = V (x) € CZ° ([RR?C). Such operators,
and indeed time-dependent and geometric generalizations thereof, are analyzed in [Hintz 2023d] (with the
main results being regularity and decay estimates). Hintz [2023d] uses the present paper as an input for the
microlocal description of a neighborhood of null infinity and combines it with microlocal estimates and
spectral information far from null infinity in order to obtain global Fredholm and invertibility properties.
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It is exactly for problems like those of [Hintz 2023d] that the microlocal description is key. See also
Remark 1.2(3).

Theorem 9.3 (solving wave-type equations). Let Q@ C M, P, and g be as above. Define edge-b-Sobolev
spaces on M with respect to the volume density |dg|. Let s, og, ar, 4 € R and k € Ny, and suppose that

a++% <ay < min(a0+%, —%+g1), s> —(ag—oy) — (—% +pi —ay).

Then the operator

P {M c He(zsl;;kb),(aojay,ag(sz) - Pue I_'Ie(;vt;bl;k),(oto+2,2ay+2,a++2)(Q)} N Ht:(gvl)jl)l;k),(ao+2,2ay+2,a++2)(Q)

is invertible, where Hg“;kg’(ao’zay ’a+)(9) is the subspace of He(‘;,kg’(ao’zaj’a”(M) consisting of those

. L . . (s—1; 2,205 +2,0,+2
elements with support contained in Q. That is,’® for each forcing term f Héfb;b’k)’(a°+ 20 FL0t )(Q),

the unique forward solution u of Pu = f satisfies u € Flsst;.kb)’(ao’za‘y’a”(ﬁ).

Proof. We first consider the case k = 0.

o Step (1): Solution up to a cross section of #+. Let f € I-'Ig’gl’(a"ﬂ’zuy 2242 Q). Using the timelike
nature of ¢t and 7, one can solve Pug = f in the region ¢t > 0, t < 7y for any fixed 79 < 1, with the
solution ug lying in Hg %0 pear 19N {t >0, T < 19}. Once this is shown for s = 1, one can infer this for
s > 1 using real principal-type propagation of regularity in the b-setting; to get the full range of s € R,
one uses duality arguments completely analogous to those in the proof of Theorem 6.4. The case s = 1

_F’p()_z(a°+l) for large F > 1; see the

follows from an energy estimate with multiplier —wVzt, w:=e
proof of [Hintz and Vasy 2020, Proposition 4.3] for a very similar argument. In brief, note that —wVt is
future timelike; the key computation then concerns the positive definiteness of péaOK —_wvr (see (6-11))

as a quadratic form on ®°T*M in Q% := {r > 0, T < 19}. By (6-21), we have

o™ K e = 0y (WK vy +2T(Vw, —V1))

~ \Y
=e¢ " [(po_zl(_vf — 4o+ Dpy °T <_p/zo’ —Vr>> +2Fpy T (= V., —Vf)}-

Both

_ v
p*K_y: and pg2T (ﬁ, —Vr)

are of class (C® + AL)(M; S2&PT M) in Q™; and also ,oo_zT(—Vr, —V71) is of this class and positive
definite. For sufficiently large F, pé“o K_ v+ is thus positive definite. Proceeding as in Section 6 then

gives the energy estimate
”u”pg()[-'[bl (Q7) = C”f”ngHLz(QTO)'
Choosing 1¢ close enough to 1, Theorem 6.4 can be used to extend ug as a solution of Pug = f

to a neighborhood of [ 0N .7+, ie., to a domain Qg, o (see (6-1)) for suitable § and p. Indeed, for a
cutoff ¥ which is O for T < 7y and 1 for 7 > %(1 + 19), Theorem 6.4 produces a forward solution u; of

36The equivalence of this statement with the invertibility of P follows from the uniqueness of (distributional) forward
solutions of Pu = f.
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0,in,
8,p°
necessarily ug = (1 — x)uo + u1, with the right-hand side defining the desired extension of uq of class

7S, (a0, 20.5)
He,b

Fix now a smooth function t on M° whose level sets t!(c) for ¢ € [—1, 1] are spacelike and intersect

Puy = f1:= P(xuo) = xf + [P, x]luo, which thus has supported character (i.e., vanishes) at X and

(omitting the weight at I for now).

#* in its interior; we further arrange that dt is past timelike, with t an increasing function of ¢ except in a
neighborhood of .#* where we demand t = pg — (0o + C xégﬂ ) near .#* for some p € (0, 1) and large C
(cf. Lemma 3.6). Thus, the level sets of t interpolate between the level sets of ¢ and the surfaces Eg”;’“t;
see (6-2) and Figure 6.1. Let now x € C*°(M) denote a cutoff which is 0 in the causal past of t =0 and 1
in the closure of the causal future QT C M of t > % Then the global forward solution u of Pu = f can

be written as u = (1 — x)ug + u’, where u’ is the forward solution of
Pu/ — f/ — Xf + [P, X]MO c I_'Ies’gl,(ao+2,2ay+2,a++2)(Q)‘ (9_1)

Since (1 — x)ug € Hg ’éao’zw “+)(Q) (with the weight at /™ in fact arbitrary), we need to show that the
forward solution #’ lies in this space as well (now with the weight at 79 arbitrary).

o Step (2): Solution near I'*. Dropping the weight at I° from the notation, we shall show that
P {Lt c I_‘Ies’,tEZ(xy,ag(Q.i_) - Puc Hs’gl,(Zay+2,a++2)(Q+)} N I_'Ies’gl,(Zay+2,a++2)(Q+) (9-2)

is invertible, i.e., that (9-1) has a solution in (€2). We shall in fact show the stronger

I_‘Is,(oto+2,2ay +2,04+2)
b

statement that (9-2) is invertible for all s € R. (This is possible since the only microlocal propagation

result placing a restriction on s is the radial point estimate at R, — Lemma 4.8 — which lies outside

of QT.) Our argument proceeds as follows.

 Step (2)(i). In the spirit of [Hintz and Vasy 2020, Proposition 4.11], we first prove the surjectivity
of (9-2) for s = 1 when the weight o} at I is replaced by a very negative weight &/, (thus allowing
for fast polynomial growth as t — r — 00) using an energy estimate which is global near 7.

e Step (2)() still. When s > 1, we can upgrade the regularity from Héb to H;\, using microlocal
propagation estimates: this uses the radial point estimates from Lemmas 4.10 and 4.11 and real
principal-type propagation estimates everywhere else; the nontrapping assumption (5) on the metric g
implies that a concatenation of these estimates gives microlocal control everywhere in Q7.

o Step (2)(ii). To improve the I -weight to oy, we use a Mellin transform and contour shifting
argument which exploits the invertibility properties of the I ™-normal operator (assumption (8)). This
is akin to the arguments at the end of [Hintz and Vasy 2020, §5.2].

o Step (2)(iii). The full range of s is then obtained using an approximation argument. See Remark 9.4
for an alternative argument which avoids the use of a global energy estimate.

o Step (2)(1): Solution for s > 1 and very negative I -weight. When s = 1 and if one replaces o by
o, < oy with o, sufficiently negative, a solution can be shown to exist via an energy estimate on Q*. A
key point is that —p9,, is uniformly future timelike near compact subsets of I*\ .#7; this implies that
weights p;(z"‘@“) in vector field multipliers can be used to give positive bulk terms in energy estimates.
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Concretely, if x € C*°(M) equals 1 in a small neighborhood of .#* and 0 outside a slightly larger
neighborhood, one can work with the (future timelike) vector field multiplier

P T (o M 2 (s, — 24 padp ) + (L= 0 - (—p T o),
cf. (7-5). Near .# ™, the positivity of the associated (modified) K -current follows (for arbitrary aﬁr > og)
from (7-7) and the subsequent discussion. Choosing o/, so that o/, — a is large and exploiting the
timelike nature of —Vp, /p, away from .# " implies this positivity globally near /™. See [Hintz and
Vasy 2020, Proposition 4.11] for details of this argument.

Higher regularity s > 1 then follows by propagating edge-b-regularity through .# ™ using Theorem 4.5(1)
(or indeed just Lemma 4.10), then along the characteristic set of P in the b-cotangent bundle over (I7)°,
and then into .# using Theorem 4.5(2) (or indeed just Lemma 4.11(2)); the control of # in a punctured
neighborhood of the outgoing radial set R, required for this final step uses the nontrapping assumption.
(If one constructs the solution # via a duality argument, one can cover all s > 0 in this fashion.)

o Step (2)(ii): Solution for s > 1 and the I -weight a,. Thus far, we have obtained a solution u €
Hé’éz"‘] @) (Q+). We shall now show that it has better decay by utilizing a standard normal operator,
Mellin transform, and contour shifting argument near /*. The key ingredient is the fact that

Pr)™ i H TR (Y - HYPY (U 9-3)

(where yy =y + %n as in (8-4), and the Sobolev spaces are defined with respect to a positive b-density
on I 1) is an analytic family of bounded operators for —Im A < y» < g, which moreover satisfies high
energy estimates

-1y _ -1
[0l o2 oy < CHTNPL RV oo gy = ()7 ©-4)

when —Im A = y, with y; € (—o0, y») contained in a compact subinterval. To begin the proof of (9-3),
one combines Theorem 8.2(1) and elliptic estimates for 131()\) in (I7)°; the ellipticity of I/JI(A) (as a
differential operator on (/1)°) follows from assumption (4) above. This gives the estimate

[0l o207 oy < CUPEOIVI o205 )+ 101l g

Moreover, an application of the parametrix used in the proof of Theorem 8.2 shows that every v €
Hg s (I) with I/D:()\)v = 0 automatically satisfies v € A>*# (I'*); since by assumption (8) this implies
v = 0, we can drop the compact error term in this estimate upon increasing C. (One can choose C
uniformly when A € C is restricted to a compact set.) In order to get (9-3), one also needs the surjectivity
of 1”:()»); this is a consequence of the invertibility of f’:(k) for large |Re A| (when Im A is contained in a
compact subinterval of (—o0, y»)), to which we turn now.

To wit, the estimate (9-4) follows by applying Theorem 8.5(1) to control semiclassical O-regularity
at ORiﬂ; (the sign corresponding to the sign of Re 1), which due to the nontrapping assumption on P can
be propagated into a full punctured neighborhood of ORfﬁ]t. There, Theorem 8.5(2) applies. Thus, one
gets (9-4) with an error term Ch™ ||v]| H(;ZV 2rs (p+y for any fixed N, which for sufficiently small / can be
absorbed into the left-hand side.
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By analogous means, but propagating in the reverse direction using Theorem 8.6, one can prove the
adjoint estimate

loll sz gy < CHTHIBZGVI h="",

—5,—2yg ( I +)
which in particular implies the triviality of the cokernel of P+ () for sufficiently large |Re A|. Since the
Fredholm index of

PL(V): HYPZ (1Y) — HY 277 (1)

is constant in A, this completes the proof of (9-3).

-5, (207 ,0l))

Returning to the task of improving the decay of u € H_ (1), one writes

Ni+ (72,2 Pyu = p x5 f — (P — N+ (0222 P))u,

-2,Qug, 0(++K+)

with the second term on the right lying in He b (Q1). Inverting N+ (p;2x}2P) using the

Mellin transform (see Lemma 2.9) and its inverse gives

s—1,Qa.y min(ay o, +£4))

ueH Qh,

which improves on the weight of u at I ™, at the expense of one edge-b-derivative. The edge-b-regularity can
then be improved to s again using the microlocal propagation results as before (note that the propagation
results near .#+ N I do not require any conditions on s). This improves the decay of u at I by £, until
the decay rate o, is obtained after a finite number of steps. This proves the theorem for s > 1 and k = 0.

o Step (2)(iii): Full range of s. Consider now the remaining case that s < 1. The microlocal propagation
estimates imply an a priori estimate for P,

il oz o ey S CUPUI gt g+ Ml o ) 9-5)

where we fix N so that — N < s —2. We then apply Theorem 7.3(1) to the second term on the right, with €
in (7-14) chosen so small that Ce < 2, and therefore the error term €| u|| H*N“ Qagat) o+ from (7-13) can
be absorbed into the left-hand side of (9-5). This implies that (9-5) holds (for a different constant) with
the error term | u|| H*N ey =2y e o+ which is improved (i.e., weaker) at .¥ + One next estimates u,
localized to a collar nelghborhood of I't,in terms of the /*-normal operator of p“x ]ZP applied to u
using the (inverse) Mellin transform. Since p “x ]2 P differs from its /*-normal operator by an element of
AOL0) lefzb, this improves the error term further to | u|| H—N 2.0y =2y et =t0) o+, Since the embedding

Hs,éZay,a+)(Q+) N H N+2 Qag—2lg,04— Z+)(Q+) (9-6)
c,

is compact, this now implies that P, as a map (9-2), has closed range. But we have already shown that
the range includes Hg ’b(ZW "”)(QJ“), which is a dense subspace. Therefore, P in (9-2) is surjective. The
proof is complete in the case k = 0.

o Step (3): Higher b-regularity. The proof of the theorem for k € N follows from the same inductive
argument as in the proof of Corollary 6.6. O
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Remark 9.4 (alternative proof of solvability). An alternative proof of the invertibility of (9-2) proceeds
as follows. First, one shows that P in (9-2) is Fredholm (which again uses the /T -normal operator and
the Mellin transform as in Step (2)(iii) of the above proof). The I -normal operator is surjective on
the spaces (9-2) since solutions can be written down using the (inverse) Mellin transform (using the
Paley—Wiener theorem for the support condition). But the localization of the difference of P and its
I'"-normal operator to a neighborhood {p < €} of I tends to 0 in x2 p3 AC-) Diffez’b as € \ 0 for any
fixed 6 € (0, £4), and one can then upgrade the Fredholm property of P to invertibility on {p1 < €} for
small enough €. The finite time solvability of P on the remaining region Q% \ {p; < €} is clear, and thus
one obtains the invertibility of (9-2). For a detailed implementation of this approach, see [Hintz 2023d,
Proof of Theorem 5.23, and Appendix A].

Remark 9.5 (conormal regularity and pointwise decay). If we work with k£ > %(n + 1) degrees of
b-regularity, the pointwise bound on u provided by Theorem 9.3 is O(p;” +n/ 2,01*“"“)/ %) (cf. (8-4))
by Sobolev embedding (for b-Sobolev spaces). In Example 9.1, the strongest possible bound arises by
taking oy = —% — e and oy = —1 — 2¢, and hence one gets almost (namely, up to an 7€ loss for any
€ > 0) the sharp O(r~"~D/2) decay towards .#*, and almost O((t — r)~"~1/2) decay towards future
timelike infinity (which is far from the sharp (t — )=~ bound on Minkowski spacetimes with odd
spacetime dimension, but matches what simple vector field methods give; see, e.g., [Klainerman 1985]).
Improved decay at I requires estimates on the meromorphic continuation of f’jr(k)_l across the line
—ImA=p;++ %(n — 1), which is a delicate problem, cf. Remark 8.4.
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