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Hofer—Zehnder capacity and Bruhat graph

ALEXANDER CAVIEDES CASTRO

We find bounds for the Hofer—Zehnder capacity of spherically monotone coadjoint
orbits of compact Lie groups with respect to the Kostant—Kirillov—Souriau symplectic
form in terms of the combinatorics of their Bruhat graphs. We show that our bounds
are sharp for coadjoint orbits of the unitary group and equal in that case to the diameter
of a weighted Cayley graph.

14M15, 57R17; 53D45

1 Introduction

The Gromov nonsqueezing theorem in symplectic geometry states that is not possible
to embed symplectically a ball into a cylinder of smaller radius, although this can be
done with a volume-preserving embedding; see Gromov [10]. Hence, the biggest radius
of a ball that can be symplectically embedded into a symplectic manifold can be used
as a way to measure the “symplectic size” of the manifold. We call the square of this
radius times the number 7 the Gromov width of the symplectic manifold.

The Gromov width as a symplectic invariant is extended through the notion of symplectic
capacity whose axiomatic formulation is due to Ekeland and Hofer [4; 5]. An important
example of capacity is the Hofer—Zehnder capacity [14]. The Hofer—Zehnder capacity
of a closed symplectic manifold (M, w) is defined as

H: M — R, all periodic trajectories
cuz(M, w) :=sup { max H —min H | of the Hamiltonian vector field Xg
of period < 1 are constant

In comparison with the Gromov width, the Hofer—Zehnder capacity measures the size
of a symplectic manifold in a Hamiltonian dynamic way.

In this paper, we are interested in computing bounds for the Hofer—Zehnder capacity of
coadjoint orbits of compact Lie groups. Recall that given a compact Lie group G, it acts
on its dual Lie algebra g* by the coadjoint representation. For A € g*, the coadjoint
orbit O, passing through A is endowed with a canonical symplectic form w , called
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566 Alexander Caviedes Castro

the Kostant—Kirillov—Souriau form, and we bound the Hofer—Zehnder capacity of O,
with respect to this symplectic form.

We express our bounds for the Hofer—Zehnder capacity in the language of compact
simple Lie groups theory. We denote by 7" C G a maximal torus, R a system of roots
relative to 7', S a choice of simple roots and W := Ng(T)/T the Weyl group. We
say that a root B € R is positive if there exist nonnegative integers 7, such that

B = Z nggQ.

aEeS

We always identify the Lie algebra g with its dual g* via an adjoint invariant inner
product that is compatible with the naturally defined pairing between g* and g. The
main result of this paper is the following theorem:

Main Theorem Let G be a compact simple Lie group and (Oy, w)) be a spherically
monotone coadjoint orbit passing through A € t*. There exist pairwise orthogonal
positive roots o1, . ..,a, € R such that the longest element wy of W can be written as

wo :Sal"'Sar.

In terms of this decomposition, the Hofer—Zehnder capacity of (O, w)) satisfies the
inequalities

r r
o v v
max{z Oll\al()\,ak)l} <cpz(Oy,wy) < ZW"“kH’

es n
* k=1 "P¢ k=1

where p denotes the highest positive root of R.

In the proof of the nonsqueezing theorem, Gromov noted that the Gromov width of a
symplectic manifold is constrained by the existence of pseudoholomorphic curves [10].
The relation between pseudoholomorphic curves and the Hofer—Zehnder capacity was
also observed by several authors in the context of the Weinstein conjecture (see eg
Floer, Hofer and Viterbo [7], Hofer and Viterbo [13] and G Liu and G Tian [17]). This
relation appears more explicit in a theorem of G Lu that bounds the Hofer—Zehnder
capacity of a symplectic manifold when it has a nonvanishing Gromov—Witten invariant
with two point constraints [19; 20].

Through this paper, we use Lu’s theorem to bound from above the Hofer—Zehnder
capacity of coadjoint orbits of compact Lie groups. We assume that coadjoint orbits
with their Kostant—Kirillov—Souriau form are spherically monotone as we work with the
definition of Gromov—Witten invariants defined in this category. It is important to notice
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Hofer—Zehnder capacity and Bruhat graph 567

that the main theorem can be extended to general coadjoint orbits of compact Lie groups
as far as their symplectic Gromov—Witten invariants agree with naive curve-counting.
This last statement is believed true by the symplectic community but it has not been
fully established in the literature.

We compute Gromov—Witten invariants using a result of Fulton and Woodward that
relates the degrees of nonvanishing Gromov—Witten invariants of a coadjoint orbit with
paths in its Bruhat graph [9]. The Bruhat graph (also known in the literature as moment
graph or GKM graph) of a coadjoint orbit is the graph whose vertices and edges are in
one-to-one correspondence with the points and irreducible curves of the coadjoint orbit
that are invariant with respect to the action of a maximal torus.

One of the main goals of the present paper is to bound the Hofer—Zehnder capacity of
a coadjoint orbit in terms of its Bruhat graph. For instance, if we weight the edges of
the Bruhat graph of a coadjoint orbit with the symplectic area of the curves that they
represent, then the right-hand side of the inequality appearing in the main theorem can
be reinterpreted as the inequality

cuz (0, wy) < diameter of the weighted Bruhat graph of (Oy, wy).

We show that the previous inequality is sharp for coadjoint orbits of the unitary group.
The unitary group U(n) acts on its Lie algebra u*(n) by conjugation. According to the
spectral theorem, every orbit of this action is parametrized by A = (A; >---> A,) e R”
and it is of the form

H :={A € u(n) : spectrum A = i A}.
We can identify #, with a coadjoint orbit of U(n) via the inner product
u(n) xu(n) >R, (A4, B)+> —Trace(4B),

and endow H, with a symplectic form wj coming from the Kostant—Kirillov—Souriau
form defined on the coadjoint orbit. The main theorem for (#;, w;) can be stated as
follows:

Theorem Consider the weighted Cayley graph of the symmetric group S,, where two
permutations are joined by an edge of weight |A; — A ;| if and only if they differ by a
transposition (i, j). If (H,, w}) is spherically monotone, then

n
cuz(Hy,w)) = % Z |Ak —An—k+1| = diameter of the weighted Cayley graph of S,,.
k=1
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The Gromov width of a (not necessarily spherically monotone) coadjoint orbit of
the unitary group is equal to the smallest weight of the Cayley graph defined in the
previous theorem (see eg Caviedes [3] and Pabiniak [23]). In particular, the Hofer—
Zehnder capacity of a coadjoint orbit isomorphic with a projective space coincides
with its Gromov width and the Hofer—Zehnder capacity of a coadjoint orbit isomorphic
with a Grassmannian manifold is equal to an integer multiple of its Gromov width,
and we recover results of Hofer and Viterbo for the projective space [13] and Lu
for the Grassmannian manifold [19]. The Gromov width of a coadjoint orbit of the
unitary group not isomorphic to a projective space is always strictly smaller than its
Hofer—Zehnder capacity.

We suggest that the reader compares our results with the ones of Loi, Mossa and
Zuddas [18], where they estimate the Hofer—Zehnder capacity of Hermitian symmetric
spaces and with the ones of Hwang and Suh [15], where they compute the Hofer—
Zehnder capacity of symplectic manifolds with Hamiltonian semifree circle actions in
terms of their moment map.

This paper is organized as follows: In Sections 2 and 3, we recall the definition of
symplectic Gromov—Witten invariant that will be used through the text and the definition
of Hofer—Zehnder capacity, and state Lu’s theorem that bounds the Hofer—Zehnder
capacity of a symplectic manifold in terms of its Gromov—Witten invariants. In Section 4,
we recall background on the geometry of coadjoint orbits of compact Lie groups. In
Section 5, we define the Bruhat graph and indicate its relation with the Hofer—Zehnder
capacity of coadjoint orbits. In Section 6, we compute the Hofer—Zehnder capacity
of coadjoint orbits of the unitary group. In Section 7, we recall results of Postnikov
concerning the minimal degrees of paths in the Bruhat graph, and explain how they can
be used to find more optimal upper bounds for the Hofer—Zehnder capacity of regular
coadjoint orbits. In Section 8, we explain how to bound from below the Hofer—Zehnder
capacity of a coadjoint orbit using the moment map of the Hamiltonian group action of
a maximal torus. In Section 9, we write explicitly our bounds for every simple compact
Lie group according to its type.

2 J-holomorphic curves
In this section we give a short review of J—holomorphic curves and the definition of

Gromov—Witten invariants for spherically monotone symplectic manifolds. Most of
the material presented here is adapted from McDuff and Salamon’s book [21].
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Let (M?", ) be a compact symplectic manifold. We denote by 7 (M, @) the space
of w—compatible almost complex structures.

A symplectic manifold (M 2", w) is spherically monotone if there exists a real constant
7 > 0 such that, for all 4 € m,(M),

c1(4) =tw(A).

Here ¢; denotes the first Chern class of the bundle (7'M, J), where J is any almost
complex structure compatible with w .

Let (CP!, j) be the Riemann sphere with its standard complex structure j. Let
JeJ(M,w). Wecall amap u: CP! — M a J—holomorphic curve of genus zero
or simply a J—holomorphic sphere or a J—holomorphic curve if

Jodu=duoj.

A curve u: CP! — M is multiply covered if it is the composition of a holomorphic
branched covering map (CP!, j) — (CP!, j) of degree greater than one with a
J —holomorphic map CP! — M. It is simple if it is not multiply covered.

Given J € J(M,w) and A € Hy,(M;Z), we define the moduli space of simple
J —holomorphic spheres of degree A as
MM, J) = {u: CP' — M | u is a simple J—holomorphic sphere

and u4[CP!] = A}.
A simple J—holomorphic sphere with k—-marked points is a tuple (u,zq,...,zx)
consisting of a simple J—holomorphic sphere u: C P! — M and k pairwise distinct

marked points z; € CP!. The group PSL(2, C) acts on the set of J—holomorphic
spheres with k—marked points via

¢-(u,z1,. . zk) = Wo ™ p(z1), ..., P(2p)).
Given A € Hy(M;Z) and k € Z~¢, we denote by M7 (M, J) the moduli space

of equivalence classes of simple J-holomorphic spheres with k-marked points
(u,z1,...,z;) with u*[(CIP’l] = A. The evaluation map
evlj =(evy,...,evg): My (M, J) — Mk
is defined by
evh[(u, 21, 2] = ((z1). ... u(zp)).
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We denote by Jieg(M, ) C J(M, w) the set of almost complex structures that
are regular in the sense of McDuff and Salamon [21, Definition 3.1.4, Section 6.2,
page 150]. If (M %", w) is spherically monotone, for a regular almost complex structure
J € Jreg(M, @), the evaluation map

evh: M¥ (M, J) — M*
defines a pseudocycle of dimension equal to
2n+2c1(A)+2k—6

(for the definition of pseudocycle, we refer the reader to [21, Section 6.5]). The
pseudocycle ev’}: jl (M. J)—> M k, up to cobordism, is independent of the regular
almost complex structure J € Jreg(M, ) (see eg [21, Chapter 6, Theorem 6.6.1]). If
H*(M) denotes the free part of H*(M;Z) and 7;: M k _ M denotes the projection
onto the i™ factor, the homomorphism
GW H*(M)®* > 7
defined by
GW;yjzp(al, cooag) = (nfay U---Un,’:ak)-evlj

is independent of the almost complex structure J € Jreg(M, w). The morphism
GW;yrzp is called the k—pointed genus zero symplectic Gromov—Witten invariant of
(M, w) in the homology class A (see eg [21, Theorem 7.1.1]).

3 Hofer—Zehnder capacity and Gromov—Witten invariants
Let (M, w) be a closed symplectic manifold. A Hamiltonian is a smooth function
H: M — R. The Hamiltonian vector field of H is the vector field Xz defined by
dH = 1y, 0.
The oscillation of a Hamiltonian H: M — R is
osc H := max H —min H.

A Hamiltonian function H: M — R is slow if all periodic orbits of the Hamiltonian
vector field Xz of period less than one are constant. The Hofer—Zehnder capacity of
(M, w) is defined as

cuz(M,w) :=sup{osc H | H: M — R slow}.
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Remark We say that a Hamiltonian function H: M — R is admissible if it is slow
and in addition satisfies the following two properties:

e There is a compact set K C M (depending on H ) such that H|x = M(H) is
constant. If the symplectic manifold M is assumed to be open, we impose that
KCM\oM.

e There is an open set U C M (depending on H) such that H|y = m(H) is
constant.

e Forevery x e M,
m(H) = H(x) = M(H).

Usually the Hofer—Zehnder capacity of an arbitrary symplectic manifold (M, w) is
defined as
cuz(M,w) :=sup{osc H | H: M — R admissible}.

When the symplectic manifold (M, w) is closed, both definitions coincide, as the os-
cillation of a slow Hamiltonian can be approximated with the oscillations of admissible
Hamiltonians as follows: Let H: M — R be a slow Hamiltonian. For small enough
€ >0, let fe: [min H, max H] — R be a smooth function such that

e 0<f'(t) <1 forevery t € [min H, max H],
e f(t) =min H for ¢ near min H,
e f(t) =max H —e for t near max H.

The composition He := H o fe: M — R is an admissible Hamiltonian and

lim osc H, = osc H.
e—>0

The following theorem, due to Lu, bounds from above the Hofer—Zehnder capacity of
a closed symplectic manifold in terms of its Gromov—Witten invariants:

Theorem 3.1 (Lu [19]) Let (M, w) be a spherically monotone symplectic manifold.
Suppose that there exists a spherical class A € H,(M ; 7Z.), a nonnegative integer k and
cohomology classes as, . ..,a, € H*(M) such that

GWZ':ZP(PD[pt], PD[pt], a3, ...,ar) #0;
then
cz(M, w) < w(A).
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Remark Lu’s theorem is stated for general symplectic closed manifolds and its proof
relies on the Morse-theoretical definition of Gromov—Witten invariants given by Liu
and Tian [17]. A Floer-theoretic proof of Lu’s theorem has been obtained by Usher
in [27], where he uses his deformed version of Oh—Schwarz spectral invariants and the
construction of a virtual fundamental class on the compactification of moduli spaces of
J —holomorphic curves endowed with Kuranishi structures.

4 Geometry of coadjoint orbits

In this section we establish the Lie-theoretical convention that is used through the
rest of the paper. Most of the material can be found in the classical literature that
is concerned about the geometry and topology of coadjoint orbits such as Bernstein,
Gelfand and Gelfand [2] and Kirillov [16].

Let G be a compact Lie group, g be its Lie algebra and g* be the dual of g. Let (-,-)
denote an adjoint invariant inner product defined on g. We identify the Lie algebra g
and its dual g* via this inner product. Let A € g* and O, C g* be the coadjoint orbit
passing through A. Let wj be the Kostant—Kirillov—Souriau form defined on O, by

0y (X,Y)= (A [X.Y]), X.Y€qg.

where X and Y are the vector fields on g* generated by the coadjoint action of G
passing through X and Y, respectively. The form w} is closed and nondegenerate,
thus defining a symplectic structure on O, .

We denote by G¢ the complexification of the Lie group G. Let P C G¢ be a parabolic
subgroup of G¢ such that Oy = G¢/P. The quotient of complex Lie groups G¢ /P
allows us to endow O, with a complex structure J, compatible with w ), so the triple
(O, wy, Jo) is a Kdhler manifold. The almost complex structure Jy is regular (see
eg McDuff and Salamon [21, Proposition 7.4.3]).

Let T C G be a maximal torus and t denote its Lie algebra. Let R C t* be the root
system of 7T, so

gC:tC@®ga,

aER
where

g :={x €gc:[h x]=a(h)x forall h € tc}
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is the root space associated with the root & € R. Let RT C R be a choice of positive
roots with simple roots S C R™. Let B C G¢ be the Borel subgroup with Lie algebra

b=1tc® @ Ja-
a€RT

Each root @ € R has a coroot & € t. The coroot & is identified with 2/ (a, ) € t via
the invariant inner product (-,-). The system of coroots is the set R = {& : @ € R}
and the simple coroots is the set S = {& :a € S}.

Every root « € R defines a reflection s, on t* given by
Sgi = t*, 11— (1, d)a,

where (-,-) denotes the standard pairing (-,-): t* ® t - R. The group W generated
by the set of reflections {sq}qecr is the Weyl group of G relative to 7. Recall that the
Weyl group W can be canonically identified with Ng(7T')/T.

We can associate to the parabolic subgroup P C G¢ a subset of simple roots defined
by

Sp:={aeS: (A a)#0}
We denote by Wp the Weyl group of P generated by the set of simple roots Sp.

The Weyl group Wp is identified with Np(T)/T. Also, set Rp := RN ZSp and
R;f := RTNZSp, where ZSp = spany (Sp).

The Weyl chamber relative to the set of simple roots S is the convex polyhedron
thi={yet':(y.a)>0foralla € S}

The vector space t* can be decomposed as the union of convex polyhedra
= wt)),
wew
whose interiors are disjoint. For the coadjoint orbit Oy, there exists A" € t% such that

O Nt* = {w(A)}wew . We always assume in what follows that A € 7 .

For w € W, the length [(w) of w is defined as the minimum number of simple
reflections s, € W with « € S whose product is w. The Weyl group W has a unique
longest element, which we denote by wy.

Let B := wgBwy C G¢ be the Borel subgroup opposite to B. For w € W/ Wp,
let X(w):= BwP/P C G¢/P and Y(w) := BPwP/P C G¢ /P be the Schubert
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variety and the opposite Schubert variety associated with w, respectively. We denote by
oy and &y, the fundamental classes in the homology group H«(Gc/P;Z) of Y (w)
and X (w), respectively. Note that 0y, = 0y, = 0y, Where W := wow. The set of
Schubert classes {0y }wew/wp forms a free Z—basis of Hx(Gc/P;Z), and the set
of Schubert classes {Gy }wew,/w, is the dual basis of {ow }yemw/mw, With respect to
the Poincaré intersection pairing. The Bruhat order < on W/ Wp is defined by saying
that u < v if X(u) C X(v).

5 Bruhat graph

In this section we define the Bruhat graph and indicate its relation with the Hofer—
Zehnder capacity of a coadjoint orbit of a compact Lie group.

We keep the convention of the last section. The Bruhat graph is the graph on W/ Wp
where two elements are joined by an edge if they differ by one reflection. More
precisely, there is an edge joining u with v if and only if there exists a positive root
ae Rt — R; such that

v=u-sq mod Wp.

We weight the edges of the Bruhat graph with elements in 78 /7 S p. If u and v differ
by the reflection s, then the weight of the corresponding edge is @ + 78 P.

For instance, in Figure 1 we show the Bruhat graph of the Weyl group of U(3). The
standard set of simple roots of U(3) is the set {a; = e; —ey, ay = €3 —e3} C R3,
where {e;,e,,e3} denotes the standard basis of R3. The Weyl group of U(3) is the
symmetric group S3 generated by the simple reflections 51 := S¢;—e, = (12) and

§2 1= Sey—e; = (23).

§185281

Figure 1: Bruhat graph of S3.
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We define a chain from u to v in W/ Wp as a sequence ug,uy,...,u, € W/ Wp
such that u; and u;_; are adjacent for 1 <i <r, u <ug and u, < v = wov. The
weight or degree of a chain is the sum of its weights. We call a path from u to v in
W /Wp asequence ug,uy,...,ur, € W/ Wp such that u; and u;_; are adjacent for
1<i=<r, u=ug and u, = v. A path in the Bruhat graph coincides with the standard
notion of path in graph theory. The weight or degree of a path is defined in the same
way as the weight of a chain.

We define an ordering on ZS‘/ZS‘F as follows: for ¢, d € Zg/ZSP, we say that ¢ <d
if there exist ny € Z>¢ such that

d—c= Y ngd modZSp.
xeS—Sp

This ordering allows us to define chains and paths of minimal weight joining two
vertices.

Although the Bruhat graph on W/ Wp is defined purely in combinatorial terms, it has
a geometric interpretation on G¢/P. The vertices and edges of the Bruhat graph are
in one-to-one correspondence with the points and irreducible curves that are invariant
with respect to the action of the maximal torus. More precisely, the collection of cosets
{wPyew wp is the set of all T—fixed points of G¢/P. On the other hand, for each
positive root @ € RT — R; there is a unique irreducible 7 —invariant curve C, that
contains 1- P and sy - P. Indeed, Cy := S1(2,C)y - P/ P, where S1(2,C)y C G is
the subgroup of G¢ with Lie algebra

Jo ® 9—a P[0, 0—o] C te.

Any other T —invariant curve is of the form w-Cy for some w € W and @ € Rt — R;.
A chain from u to v in the Bruhat graph corresponds to a sequence of 7 —invariant
curves Cy, Cy, ..., C, with C; meeting Y («) and C, meeting X (V). A weight in the
Bruhat graph corresponds to a second homology class of G¢/ P via the identification

ZS)ZSp — Hy(Gc/P:Z), &+ ZSp > [Cyl
(see eg Fulton and Woodward [9] for more details).

Now we go back to our treatment of the Hofer—Zehnder capacity and Gromov—Witten
invariants. Let Jy be the invariant complex structure defined on the quotient of complex
Lie groups G¢/P. Let A € Hy(Gc/P;Z) and k € Z>1. For cohomology classes
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ai....,ay € H*(Gc/P;Z) Poincaré dual to the fundamental classes of Schubert
varieties X1, ..., X, the algebraic Gromov—Witten invariant

1
GWZ?k(al,...,ak)

is defined as the number of Jp—holomorphic spheres of degree 4 passing through
g1X1,...,8x Xy for generic gi,...,gx € G¢ (see eg Fulton and Pandharipande
[8, Lemma 14]). The group G¢ acts transitively on G¢ /P = O, by Jo—holomorphic
diffeomorphisms; as a consequence, Jo € Jreg(Oy, @) (see eg McDuff and Salamon
[21, Proposition 7.4.3]). The evaluation map

k . k
evy,: Mik((’);\,w;\) — Oy

defines a pseudocycle, and, under the assumption that (O, , w ) is spherically mono-
tone, the symplectic Gromov—Witten invariant GW;y?p defined by

GWXI};p(al,...,ak) ::]jev.l}0 M (X x---x Xg)

coincides with the algebraic Gromov—Witten invariant GWZlgk (ay,...,ax); in particu-
lar,
GW;y’er(al,...,ak) >0

(see eg McDuff and Salamon [21, Propositions 7.4.3 and 7.4.5] and Fulton and Pand-
haripande [8, Lemma 14]).

The following result, due to Fulton and Woodward, establishes the relation between
chains in the Bruhat graph of W /Wp and the algebraic Gromov—Witten invariants
of G¢/P. We relate ZS’/ZS’p and H,(Gc/P;7Z) as above.

Theorem 5.1 (Fulton and Woodward [9]) Let u,ve W/Wp and d € 7S / ZS’p.
The following are equivalent:

(1) There is a chain of weight ¢ < d between u and v in the Bruhat graph of

W/ Wp.

(2) There exists a sequence Cy, Cy,...,C, of T —invariant curves with Cy meeting
Y(u) and C, meeting X (V), with C;—; meeting C; for 1 <i <r, and with
YizolGil=d.

(3) There exist a degree ¢ <d and w in W /Wp such that

GWilf’; (0y,0p,0y) #0.
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Now we state the relation between chains in the Bruhat graph and the Hofer—Zehnder
capacity of coadjoint orbits:

Theorem 5.2 Assume that (O, w,) is a spherically monotone coadjoint orbit. Then

caz (0, w;) < n:iin w; (d),

where the minimum is taken over all the degrees d € H,(O);7Z) = ZS / ZSp of paths
joining the coset 1- Wp with the coset wq - Wp in the Bruhat graph of W /Wp.

Proof Let d be minimal among the set of all degrees of paths joining 1- Wp with
wg - Wp in the Bruhat graph. According to Theorem 5.1, there exists w € W/ Wp
such that

GWEE ([pt]. [pt]. o) # 0.

By Theorem 3.1, we conclude that

cuz(Oy, wy) < wy(d),

as the algebraic Gromov—Witten invariant GWZ}% (Ipt], [pt], ow) coincides with the
symplectic Gromov—Witten invariant GW;yr;p [pt], [pt], ow). |

Remark In the previous theorem, we can drop the spherically monotone assumption
if the algebraic Gromov—Witten invariant defined on complex homogeneous projective
manifolds coincides with the symplectic Gromov—Witten invariants. Unfortunately,
the equivalence of the various definitions of symplectic Gromov—Witten invariants and
their algebraic counterparts has not been fully established in the literature for complex
projective manifolds, although it is generally believed that they agree. For instance,
Siebert showed in [26] that his definition of symplectic Gromov—Witten invariants
coincides with the algebraic Gromov—Witten invariants given by Behrend [1].

As this issue is beyond the scope of this paper, we assume through the text that coadjoint
orbits are spherically monotone with respect to the Kostant—Kirillov—Souriau form.

Remark A path in the Bruhat graph joining 1- Wp with wg - Wp is the same as an
ordered sequence of positive roots «q,...,«, € R— Rp such that

Wo = Sq; ***Sa, mod Wp.

In this case, the path in the Bruhat graph is given by the sequence

o1 o2 a3 Qr—1 (223
1 —> So; —> So Sap —> > Sy " Sa,_; —> Wo-
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The degree of the corresponding sequence of 7 —invariant curves is equal to

,
> d.
i=1
The symplectic area of the curve C, with respect to the Kostant—Kirillov—Souriau form
is equal to (A, a) (see eg McDuff and Tolman [22, Lemma 3.9]), hence the symplectic
area of the above sequence of 7 —invariant curves is equal to

r

D (hd).

i=1
6 Hofer—Zehnder capacity of coadjoint orbits of U(n)

In this section we compute the Hofer—Zehnder capacity of coadjoint orbits of the unitary
group. We denote by U(n) the set of nxn unitary matrices and by u(n) its Lie algebra.
Let A= (A1,A2,...,An) € R” and

H) :={Aecu(n): A* =—A, spectrum 4 = iL}.

The unitary group U(n) acts on H, by conjugation. We identify the set of skew-
Hermitian matrices #; with a regular coadjoint orbit of U(n) via the pairing

u(n) xu(n) >R, (X,Y)+— —Trace(XY).

We denote by w) the symplectic form obtained by identifying 7, with a coadjoint
orbit of U(n).

Let T =U(1)" C U(n) be the maximal torus of diagonal matrices in U(n). We identify
the Lie algebra of T" with R” and we denote by {eq, ..., e,} the standard basis of R”.
The system of positive roots associated with the torus 7 is the set of vectors

{aj :=ei—ej}i<icj<n Ct=th
The standard system of simple roots is the set
lai == ajiv1}1<i<n-
The corresponding Dynkin diagram is shown in Figure 2.
The Weyl group generated by the reflections

Seiit RT = R", (Xp, ., Xiy oo X X)) = (X1 X Xy, X)),

Algebraic € Geometric Topology, Volume 20 (2020)



Hofer—Zehnder capacity and Bruhat graph 579

(231 2% a3 Qp—2 Qpn—1

Figure 2: Dynkin diagram of A4,_; .

is the symmetric group S, . The longest element wg in S, relative to the set of simple
reflections is the permutation

wo: R" > R",  (x1,....x0) = (Xn,...,Xx1).

Any T —fixed point of , is a permutation of the diagonal matrix (iAy,...,iA,) and
two T —fixed points of 7 are joined by one irreducible 7 —invariant curve if and only
if they differ by one transposition.

Theorem 6.1 Let A = (A1, A2,...,A,) € R" and assume that Ay > Ay > --- > A, If
(Hy., w3) is spherically monotone, then

n
1
caz(Ha, wy) = 3 E Ak —An—kt1l
k=1

Proof According to Theorem 5.1, in order to find an upper bound for the Hofer—
Zehnder capacity of ‘H; , we want to find a path of irreducible 7" —invariant curves joining
the diagonal matrix i(Ay, A3, ..., A,) with the diagonal matrix i (A,, Ay—1,...,A1).
Let us consider the path given by the sequence

. 1, .
g Az et h) S i he et )

(2,n—1) ([n/2],n—[n/2]4+1)

i()\n, )\n—l LI ) )\‘21 )\'1)
The degree of this path is equal to
[n/2]

> it
k=1

and its symplectic area is equal to

[n/2] [n/2] <
wx( > Ov‘k,n—k—i-l) = (A Gppkr1) = 5 > = hnkril,
k=1 k=1

k=1

and thus
n

1
caz(Ha, wy) < 5 ]; Ak —An—ks1l
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Now we show that this inequality is sharp by constructing a slow Hamiltonian function
H: H; — R whose oscillation is equal to the right-hand side of the inequality. The
conjugation action of the torus 7" on #, is Hamiltonian with moment map given by

w: Hy — iR", A~ diagonal(A4).

The image of the moment map p is the convex hull of all possible permutations of the
vector i (A1,...,Ay) € R" (see eg Guillemin [11]).

For t e U(1) and (my,...,my) € Z", we use the convention
gUmtemn) o= (m L gmny e T = U(1)" € U(n).
Let
© [n/2]
B=>(ek—enit1)
k=1

and S = {t/3 =(1,t,.. .,t_l,t_l) it e Sl} C T. The action of the circle S on #; is
Hamiltonian with moment map given by

i Hy, — iR, A= (ajj) > (u(A).B) =ai1 —ann+azs—ap_1p-1+-.

The moment map image of [i is the interval

n n
1 1 .
1D D{IE VIR SIS I

k=1 k=1

and thus the oscillation of Im(%) is equal to Y 7 _; [Ax —An—k+1]|. Unfortunately, the
function Im(jz) is not slow. This is because, under the action of S on H, , there are
elements in 7, with nontrivial finite stabilizers. All possible stabilizer subgroups of .S
are either {1}, Z, or S. If the stabilizer subgroup of a skew-Hermitian matrix in H,
is Z,, the period of the orbit passing through the skew-Hermitian matrix is one half.
Otherwise the skew-Hermitian matrix is either a S'—fixed point or the period of the
orbit passing through the skew-Hermitian matrix is one.

The Hamiltonian function H = % Im(ft): H), — R fixes this problem. The orbits of H
are either constant or their periods are either one or two. Hence the Hamiltonian H is
slow, and

n
1
ose(H) = 5 > Ik = hnk1] = cuz(Ha, ),
k=1

and we are done. O
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(A1,A1,0,0)

(03)"1’)\'1?0 (07)‘13()’)\'1)

(i, 0,00 = o _0,0,0,01)

(0,0, 31, A1)

Figure 3: Bruhat graph of H,,1,,0,0)-

Remark The Hofer—Zehnder capacity of the coadjoint orbit ) is the same as the
diameter of the weighted Cayley graph of S;, where two permutations are joined by
an edge of weight |A; — A ;| if and only if they differ by a transposition (7, j). In this
weighted Cayley graph, the distance between the identity permutation 1 and any other
permutation o is given by the expression

n
1
d(1,0) =5 ) ki = ko).

i=1

and we have the rearrangement inequality
1 1
0= Z i =hom)| =5 Z i = Ap—iti]
1 1

(see eg Farnoud and Milenkovic [6, Theorem 22] for the expression and Rinott [25]
and Vince [28, Example 2] for the inequality).

As an illustrative example, Figure 3 shows the Bruhat graph associated with the set
of skew-Hermitian matrices Hy, 1,,0,0)- We weight the edges of the graph with the
symplectic areas of the corresponding 7" —invariant curves. All the symplectic areas are
equal to |Aq]. The diameter of this weighted graph, that is, the Hofer—Zehnder capacity
of H,,,21,0,0)- 18 equal to 2|Aq].

7 Upper bounds for the Hofer-Zehnder capacity of regular
coadjoint orbits

According to the previous section, we can bound from above the Hofer—Zehnder
capacity of a coadjoint orbit of a compact Lie group by considering paths in its Bruhat
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graph. In order to achieve an optimal upper bound for the Hofer—Zehnder capacity
through this method, we want to determine the paths of minimal degree joining the
identity element and the longest element of the Weyl group. A theorem due to Postnikov
states that the minimal degree of such paths is unique for regular coadjoint orbits of
compact Lie groups [24]. Recall that a coadjoint orbit of a compact Lie group is regular
if the stabilizer subgroup of any element in the coadjoint orbit is a maximal torus.

In this section, we recall Postnikov’s theorem and its combinatorial formulation in
terms of the quantum Bruhat graph as it is done in [24]. We also give a criterion
that allow us to identify a path of minimal degree joining the identity element and the
longest element in the Bruhat graph.

We follow the same convention as in Section 4. Let G be a compact Lie group. Let
T C G be amaximal torus and B C G¢ be a Borel subgroup such that 7'C B C G¢ . Let
R and S be the system of roots and simple roots determined by 7" and B, respectively.
Let W be the corresponding Weyl group and wg be the longest element in W relative
to S. For a positive root o write

&= iigph

BeS

for some nonnegative integers 71,4 and define the height of & as

ht(@) := Y _ figp.
BeS
The quantum Bruhat graph of W' is a directed graph on the elements of the Weyl group
with weighted edges defined as follows: two elements u,v € W are connected by a
directed edge u — v if and only if v = usy and

Iw)=1(u)+1 or I(v)=Iu)+1—2ht(c).

If [(v) =I(u) + 1 then the degree of the edge equals 0, and if /(v) = /(u) + 1 —2ht(c)
then the degree of the edge equals @. Note that two vertices can be connected with edges
going in both directions. The degree of a directed path in the quantum Bruhat graph
of W is the sum of degrees of its edges. The length of a directed path is the number of
edges that it uses. A directed path in the quantum Bruhat graph from u to v is shortest
if it has the minimal possible length among all direct paths from « to v. Figure 4
shows the quantum Bruhat graph of S, following the same convention as in Figure 1.

Now we recall the following result about the combinatorics of paths in the quantum
Bruhat graph of W':
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Figure 4: Quantum Bruhat graph of S3.

Theorem 7.1 (Postnikov [24]) Let u and v be any two Weyl group elements. There
exists a directed path from u to v in the quantum Bruhat graph. All shortest paths from
u to v have the same degree dpmin(u, v). Moreover, there exists w € W such that

1
Gwzim(u,ﬁ)ﬂ (Ou, 0y, 0u) # 0,

and dyin (1, ) is minimal with respect to this property, ie if there exists a degree d and
w € W such that

1
GWZ,"‘”3 (0y,0p,0p) #0

then
dmin(uv i}) =< d.

We consider the following lemma, whose proof we review for completeness:

Lemma 7.2 For any positive root «, we always have that
[(sq) < 2ht(x) — 1.

Proof First notice that, for every simple root «,

yERT

vy o )/_Sa()/)_
Z (v,a) = Z T—O

yeRt —{a} yeRt—{a}

This is because

and (o, &) = 2. Thus, for any positive root «,

ht(d@) :% 3 (y.a).

yeRt
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Now, for w € W let
I(w):={f € RT: w(P) € —R+}

be the set of inversions of w. Since sy stabilizes the set RT — I(sq),

o V_Soc(V)_

yERT—I(sg) yERT—I(sy)

For any root y € I(sy) we have s4(y) =y — (y,a)a <0, hence (y,a&) > 1 and

2ht(@) = Y (@)= Y (r@)=2+ >  (r.@)=ls)+1. O

YERT yel(sa) yel(sq)—{a}

Let /7: W — Zx>¢ denote the word length function defined on W with respect to the
generating set of reflections {sq},c g+, i€ for w € W, if we write w = sy, - Sq, for

some positive (not necessarily simple) roots oy, ...,a, and r is minimal with respect
to this property, then r = I7(w). For w € W, we call I7(w) the absolute length of w.

The following statement is a consequence of the previous lemma and Theorem 7.1. It
can be used to determine when a decomposition of wq into a product of reflections gives
rise to a shortest path joining 1 and wg. We provide in the statement the corresponding
upper bound for the Hofer—Zehnder capacity.

Theorem 7.3 Let wg be the longest element in the Weyl group W with respect
to the system of simple roots S. If there exist positive roots o1, ...,«, such that

Wo = Sq, *** S, Withr =Ir(wo) and

r

r

> (@ht(d) — 1) = I(we) = | RT].

i=1
then

,
dimin(wo, 1) =) di.
i=1

In addition, it A is in the interior of the Weyl chamber relative to the set of simple

roots S, ,

minwy (d) = 3 (%, &),

i=1
where the minimum is taken over all degrees of paths joining 1 with wq in the standard
Bruhat graph of W. In particular we obtain the upper bound for the Hofer—Zehnder
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capacity of a spherically monotone regular coadjoint orbit (O), w})

r

cnz(On @2) < ) (A, i),

i=1

Proof Forevery 1 <i < r, we have that

i r
(o) < I(Say *++Sa;) + [ (Sayy = Say) < O _ 1)+ Y 1(s)
j=1 Jj=i+1

<) @hud) -1+ Y ht(d)—1) = l(w).

j=1 j=i+1

Thus, forevery 1 <i <r,

i
[(say -+ 50;) = ) (20t(&) — 1),
j=1
In particular,
l(Sal "'Sai) - Z(S(Y] "'Sai 'Sai+l) + 1 —2ht(dl+1),
and

Wy =818 8 —> -+ —>851:85 > 5 —> 1

represents a directed path in the quantum Bruhat graph from wq to 1. This path is a
shortest path because of the minimality property of r = /7 (wq), and hence its degree
equals dmin(wg, 1). The upper bound for the Hofer—Zehnder capacity follows from
Theorem 5.2. |

Remark In Section 9, we verify for every type that for the longest element wg in the
Weyl group W there exist positive roots oy, ..., o, such that wyg = sq, * -+ Sq, With

¥

r = It (wg) and

>_(2ht(@) = 1) = I(wo).

i=1

Hence the assumptions made in the last theorem hold for any compact Lie group.

8 Lower bounds for the Hofer—Zehnder capacity and
Hamiltonian torus actions

In this section we describe how to compute lower bounds for the Hofer—Zehnder
capacity of a symplectic manifold with a Hamiltonian torus action using its moment
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map. By simplicity, we always assume that the points fixed by the torus action are
isolated. We also estimate from below the Hofer—Zehnder capacity of coadjoint orbits
of compact Lie groups, as was already done in the proof of Theorem 6.1 for coadjoint
orbits of the unitary group.

Let T denote a torus. In what follows we always identify the Lie algebra u(1)
with R. A weight of T is a Lie group morphism n: T — U(1). A coweight of T
is a Lie group morphism &: U(1) — T. Let A C t be the kernel of the exponential
map exp: t > T and A* = Hom(A, Z) be its dual. The differential of any weight
n: T — U(1) is a Lie algebra morphism t — u(1) = R that takes A into 27 Z.
Conversely, any group morphism A — 2w 7Z arises in this way. Thus, the set of weights
X*(T) := Hom(T, U(1)) can be identified with 2z A* C t*. Similarly, the set of
coweights X« (7T') := Hom(U(1), T') is identified with %A C t. In this section, we
always see weights and coweights as elements of t* and t, respectively. When we pair
a coweight £ with a weight 7, we denote the composition 7o & by (n, £). We always
identify Hom(U (1), U(1)) with Z.

The Schur lemma implies that for any representation V of T, we can write V' as a

V= @ V.

neX*(T)

direct sum

where Vy, ={veV |t-v=n(f)vforall € T}. We call an n such that V;; # {0} a
weight of the representation. Any coweight & of T defines a representation of U(1)
on V by pulling back the action of 7" on V' and the weights of this representation are
the set of integers {(n, &) :n e X*(T)}.

Let (M?", w) be a symplectic manifold with a Hamiltonian action of a torus T
generated by a moment map ¢: M — t*. The critical points of ¢ are the fixed points
of the torus action. In this section, we assume that the number of fixed points is finite.

For every fixed point p € M, the isotropy weights at p are the weights 71y, ..., n, such
that the tangent space 7, M is linearly symplectomorphic to the action on (C", w)
defined by

t-(z1,.onzn) = MOz, .o 0n(t)zn)

and generated by the moment map

C" >t (z1voonzn) > Sz P+ o+ 2ol P00).
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An isotropy weight of the torus action is an isotropy weight of the torus action at some
fixed point.

For £ € t, define
¢ M >R, pr>((p).§).
We call £ €t generic if (n, &) # 0 for every isotropy weight 1 of the torus action. In

this case, the function ¢¢: M — R is Morse and its set of critical points coincides
with the set of points fixed by the torus action.

Let & be a coweight of 7. The coweight & defines a Hamiltonian circle action on M
with moment map ¢¢: M — R. If the isotropy weights of the torus action at a fixed

point are 71, ..., 1), , the isotropy weights of the circle action defined by the coweight &
are the integers (n1,£&), ..., (n, &). The coweight & is generic if, for every fixed point,
all the integers (n1,&), ..., (nu, &) are nonzero.

Theorem 8.1 Let (M?2", w) be a compact symplectic manifold with a Hamiltonian
circle action S! generated by a moment map H: M — R. Assume that the number
of points in M fixed by the circle action is finite. Let I C 7 be the set of all isotropy
weights of the circle action and

+

m™ = max |m|.

mel

Then the function {
H=—H M-—>R
m+
is slow and, in particular,
osc H' <cyz(M, w).

Proof We show that the stabilizer subgroup of S! at every nonfixed point of M is a
cyclic subgroup of order less than or equal to 7™ . This claim implies the theorem.

Let p be a fixed point of S! and my,...,m, be the isotropy weights at p. The
equivariant Darboux theorem asserts that there is a neighborhood U of p in (M, w)
equivariantly symplectomorphic to a neighborhood V of the origin in (C”, wy) with
the circle action defined by

t-(z1,. o zn) =@ zy, .. 1" 2y).

The stabilizer subgroup of (zy,...,z,) € V \ {0} is a cyclic group of order equal to
ged{m; : z; # 0}. Note that gcd{m; : z; # 0} is less than or equal to m™, and the
claim holds at any point of the Darboux chart.
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Finally, the stabilizer group of a point located anywhere in the manifold coincides
with the stabilizer group of some point located at some equivariant Darboux chart of
some fixed point (see eg Guillemin, Lerman and Sternberg [12, Lemma 3.3.2]). The
statement follows from the analysis done in the previous paragraphs. O

Corollary 8.2 Let (M?", w) be a compact symplectic manifold with a Hamiltonian
torus action T generated by a moment map H: M — t*. Let us assume that the set of
points in M fixed by the torus action is finite. Let I C X *(T') be the set of isotropy
weights of the torus action. For any coweight £ € X, (T), define

+ . _
mg r;lgfl(n,é)l-

Then

sup{# 0sc(¢>‘§) ‘ generic &£ € X*(T)} <cuz(M, w).
£

We want to apply the previous corollary to bound from below the Hofer—Zehnder
capacity of coadjoint orbits of compact Lie groups. We use the same convention as in
Section 4. Let G be a compact simple Lie group. We identify the Lie algebra g and its
dual g* via an invariant inner product (-,-). Let 7 C G be a maximal torus and W
be the corresponding Weyl group. Let R be the corresponding system of roots relative
to 7" and S be a choice of simple roots. For any positive root o, we write

o= Z”aﬂﬁ

BesS

for some nonnegative integers n4g. A positive root B is called the highest if B + « is
not a root for any simple root «. The existence and uniqueness of the highest positive
root follows from the fact that G is simple.

In the next statement we give our lower bound for the Hofer—Zehnder capacity of
coadjoint orbits (not necessarily spherically monotone). In the proof, we keep the
notation of Corollary 8.2.

Theorem 8.3 Let G be a compact simple Lie group. Let A € t} and O, be the
coadjoint orbit passing through A . Assume that the longest element wqy in W can be
decomposed as

Wo = Say " Say»
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where a1, ..., q, are pairwise orthogonal positive roots. Then

r
n .
maX{ 2% (k,ak)} < cuz(Oy, wy.),
aeS k=1 npa

where p denotes the highest positive root.

Proof The maximal torus 7" acts Hamiltonianly on O, with moment map
¢Z (’)}L — t*
equal to the composition of the projection map g* — t* with the inclusion map Oy <> g*.

The image of ¢ is the convex hull of {w(X)}yew . The set of all isotropy weights of
the torus action of 7" on O, is a subset of the set of roots. More precisely, for w € W,
the weight decomposition of the tangent space of Oy at w(X) is

TywnOr = @ I—w(a)-
a€R+—RY

Thus, the isotropy weights of the circle action defined by a coweight £ are the set of
integers
{—(w(),£):a e RT =R}, we W}

We call a coweight & positive if
(a, &) >0

for every positive root «. We denote the set of positive coweights by X« (7). Every
positive coweight & is generic by definition and as a consequence the function ¢"3 is
Morse. We can always assume that a coweight is positive by taking a different system
of simple roots if needed.

For a positive coweight £, the Morse index of ¢&: Oy — R at the critical point A € Oy,
is the maximum possible and A is a local maximum for ¢¢. Indeed, A is an absolute
maximum for ¢¢. Similarly, the absolute minimum of ¢: O — R is achieved at
wo(A) € Oy . Note that the value

+
M = g x| (W@ 8

is achieved when « is the highest positive root p.
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Our orthogonality assumption implies that

,
wo(A) = S, =S, (M) = A= > (A, ).
k=1

Thus, for a positive coweight &,

r

osc(¢?) = Z(K,&kﬂak’s)-

k=1

Following Corollary 8.2, we want to maximize the expression

L eigfy = S L)
g 0 = 2 gy

for £ € X«(T)4+. The right-hand side of the last equation is scale-invariant and

continuous as a function of the variable £ on the convex cone
C={tct\{0}):(a.&)>0foralla € R"}.

Thus,

L\ (ol E) .. }_ { (o §) }
A, = A, .
56538)+{,§1 (oo ()| = S0 Dy i

The change of variable

e £
©{p.§)

transforms our problem into the linear optimization problem

maximize Y (o, ¥) (A, o)
subjectto  {(p, y) =1,
(a,y)=0forallx € S.

The hyperplane in t defined by the equation (p, y) = 1 cuts C into the polytope
A={yet:{p.y)=1,{a,y)=0forallx € S}.

The maximum value of the linear expression Y ;_; (o, y){(A, &) defined on the
polytope A is obtained at some of its vertices. Equivalently, the maximum value of
the expression

o d)
A,
2, g )
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is obtained at some of the one-dimensional faces of C. Each one-dimensional face
of C is spanned by some element in the basis dual to the basis of simple roots defined
by the relation

(ta,B) =8q,p forany a,B€S.

We conclude that

sup{ 3 (Zf”;) (k,&k)} - max{ 3 ke ) (x,&k)}.

SGC k=1 €S k=1 (IO’ Ta)

By Corollary 8.2, we get that

max{ Z M(k,&k)} = max{ Z Do (k’&k>} = cuz(Oh, wp). =

€S k=1 (p, T(x) €S k=1 np(x

Remark The previous statement is compatible with Theorem 5.2, ie with the same
notation as in the previous theorem, we have that

r r

ma 3 2 ) | < Y i)

n
k=1 P¢ k=1

More generally, let (M, @) be a symplectic manifold and assume that S' acts Hamil-
tonianly on (M, ) with a moment map H: M — R. Assume that the fixed points of
the circle action are isolated.

Let po, p1,-.., pn be a sequence of fixed points such that every consecutive pair p;
and p;;, of critical points is joined by an S'—invariant sphere S; and the critical
points po and p, are the minimum and maximum of H, respectively; see Figure 5.

If the isotropy weight of the circle action restricted to the sphere S; at p; is the
integer k;, then

|H(pi+1) — H(pi)| = kio(Si)
(see eg McDuff and Tolman [22, Lemma 3.9]). Thus,

osc H = H(pn)— H(po) <Y |H(pix1) — H(pd)| = Y _ kiw(Si)

l
< max k; Za)(Si) <m" Za)(Si),
1 . .
1 l
and 1
m—+oscH < Za)(Si),

1
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Pn

pn—
Py H

. min(H)

Po

max(H)

Figure 5

where m™ is defined as in Theorem 8.1. Roughly speaking, when the symplectic
manifold is a coadjoint orbit of a compact Lie group G and the Hamiltonian circle
action comes from the restricted action of a circle subgroup S! < G, the Hofer—
Zehnder capacity of the coadjoint orbit is between the two values of the last inequality
(although in principle the sequence of spheres described above should be invariant with
respect to the action of a maximal torus containing the circle).

9 Computation of bounds for the Hofer-Zehnder capacity

In this section we show that the assumptions made in Theorems 7.3 and 8.3 hold for
any Weyl group and we compute for any compact simple Lie group the corresponding
bounds for the Hofer—Zehnder capacity of their coadjoint orbits.

We use the same convention as in Section 4. Let G be a compact simple Lie group and
T C G be a maximal torus. Let R be the set of roots associated with 7" and S be a
choice of simple roots. We denote by p the highest positive root. We denote by W' the
corresponding Weyl group and wy the longest element of W relative to S.

Let A € t} and Oy be the coadjoint orbit passing through A with its Kostant—Kirillov—
Souriau form ) . In the following theorem, we summarize the main results of the

paper:
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aq a2 a3 Qpn—1 Oy

Figure 6: Dynkin diagram of B,,.

Theorem 9.1 There exist positive roots «1, ..., o, pairwise orthogonal with respect
to an invariant inner product such that It (wg) =r,

w0=S(¥1 <t Sa,

and
r
> (@ht(@;) — 1) =I(we) = |R7.
i=1
In addition, we obtain the following bounds for the Hofer—Zehnder capacity of a
spherically monotone coadjoint orbit (O, w)):

r

max{ Z Rk ()»,&k>} <cuz(Oy,w)) < Z(k,(ik).

es n
*e L=y e k=1

We split the proof of the previous statement in several cases according to the type of
the Lie group G. We provide the described decomposition of wg and the correspond-
ing lower and upper bound for the Hofer—Zehnder capacity of a regular spherically
monotone coadjoint orbit O; . We omit the detailed calculations, although we provide
enough information so they can be verified by the reader.

Type B

The standard root system for the group B, = SO(2n + 1) is identified with the set of
vectors R = {Fe;, £(ej L eg): j # k}i1<i,j<n C R" with a choice of simple roots
givenby S ={o; =e;—e3,...,0,—1 =e€y—1 — €y, 0y = ey}. The Dynkin diagram
of By, is shown in Figure 6

The longest element wq of B, as a map of R” is the reflection
R" - R",  (xX1.,....x0) = (=X1,...,—Xn).
We have that I7(wq) = n, [(wg) = n? and
wo = {S"’l—6‘2561+6256’3—e4563+e4 T Seu_1—enSen_1+en if n is even,

Sej—exSei+erSez—esSeztes " Sey_2—ey_15e,_2+e,_ 15y, if n is odd.
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241 (2%) a3 Op—1 Op
Figure 7: Dynkin diagram of C,.
Hence,

2A1 + 203+ -+ 2A if n is even,

cuz(Oy, =
Hz (O, @y) {2}L1+2)»3+~-+2)»n—2+2)‘n if n is odd.

The highest root p is e; + e, and

cnz(Oy, wy) = max{2h1, Ay + Ay + -+ + An)

Type C

The standard root system for the group C, = Sp(n) is identified with the set of vectors
R ={%2e;,x(ej £eg): j # k}i<i,j<n CR" with a choice of simple roots given by
S={a;=e1—e3,...,0—1 =ep—1 —en, &y = 2ey}. The Dynkin diagram of Cj, is
shown in Figure 7

Combinatorially speaking, the Weyl group C,, is the same as the Weyl group B,
however the edges of their Bruhat graphs have different degrees.

As an automorphism of R”, the longest element wqg of C, is the reflection
R” - R",  (x1,....Xn) = (=X1,...,—Xn).
We have /7 (wg) = n, [(wg) =n? and

wO = S26’] S2€2 .o 'SZen-
Hence,
cuz(On, 03) <A+ Aa+ -+ Ay

The longest root is p = 2e; and
cnz(Or, @3) Z A1+ Az + -+ An.
Hence, we get the sharp expression for coadjoint orbits of type C
cuz(On, wy) = A1 +Ar+ -+ Ap.
Type D
The standard root system for the group D, = SO(2n) is identified with the set of

vectors R = {%(ej £ex):j # k}i<i j<n CR" with a choice of simple roots given
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Qp—1

o1 (0%) a3 Op—2

Op
Figure 8: Dynkin diagram of D,,.
by S ={a; =e1—€a,...,0n_1 = €y_1 —e€n, &y = €y—1 +ep}. The Dynkin diagram
of Dy, is shown in Figure 8.

As a map of R”, the longest element wy is the map

(—x1,...,—Xxp—1,—Xxp) ifniseven,
R"” — R”", (X1s.evs Xpne1, Xn) > " ) o
(=X1,.y—Xp—1,Xn) if n is odd.
We have that e
n if n is even,
IT(wo) = e
n—1 ifnisodd,
I[(wg) =n(n—1) and
wo = {Sel—ezsel+ezse3—e45e3+e4 " Sen—1—enSen—1+en if n is even,
0= .
Se1—exSei+erSez—esSezteq " Sey_2—en—15ep—2+en—1 if n is odd.

Hence,
2M1 +2A3+ .-+ 2%, ifniseven,

2A1 +2A3 + -+ 24, ifnisodd.
On the other hand, p = ¢ + ¢, and

cz(0), wy) < {

max{2A1,A1 +Ar+ -+ Ay—1 + |An|} if niseven,

O , Z . .
cuz(Oy, wy) {maX{ZM,M—l—)\z*‘“"")‘n—l} if 7 is odd.

Type E

There are three isomorphism classes of compact simple Lie groups of type E: E¢, E7
and Eg. We start first with Eg. A system of simple roots for Eg as vectors in R® is

1
S={ar=3(e1—er—e3—es—es—eg—e7+eg), ay =ey +ea, 03 = —ey +e3,

0y =—€y+e€3, s =—e3+¢€4, 0g=—€4+€5, X7 =—€5+¢€¢, 03 =—€6+€7}.

The Dynkin diagram of Eg is shown in Figure 9.
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o
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Figure 9: Dynkin diagram of Eg.

As a map of R8, the longest element of Eg is the map
R® > R®,  (x1,....x5) > (=x1,...,—X3),

and its absolute length and length are equal to 8 and 120, respectively. We can write

the longest element as the composition of reflections sy, ...s,, and s.,, where
rHy=-—ey+tey, rp=e;+tey, 1r3=-—e3+e4, T4=e3+ ey,
I's=—es+es T¢=¢€5t¢ I7=—€7+eg, Ig=e7+es.

The upper bound for the Hofer—Zehnder capacity of a regular coadjoint orbit (O, w3 )
of Eg is given by

caz(Oy, wy) <2hy +2A4 + 20 + 2A3.
The highest root equals to e7 4 eg and
caz(0Oy, wy) = max{2k8, %()x] +Ay 4 A7+ 5)\.8)}.

We have finished our analysis for Eg and now we continue with the one for E7. We
keep the notation used in the previous paragraphs. A system of simple roots for £~
is the set {o1, a3, ..., a7}, so the Dynkin diagram of E5 is contained in the Dynkin
diagram of Eg. The longest element of E; is the map

R —>R8, (xX1,...,x¢6,Xx7,X8) > (—X1,...,—Xg, Xg, X7),

and its absolute length and length are equal to 7 and 63, respectively. We can write
the longest element as the composition of the reflections s, s¢,,....sr, . Hence, the
upper bound for the Hofer—Zehnder capacity of a regular coadjoint orbit of E7 is

caz(On, wy) <2hy +2A4 +2hg +Ag— A7 =2Ap + 244 + 246 — 2A7.
The highest root is —e7 + eg and
cuz(Oy, wy) = max{2kg —2A7, 2 (A1 + -+ Ag —4A7)}.

Finally, for E¢ a system of simple roots is {1, ..., ®g}. The longest element of Eg
has absolute length and length equal to 4 and 36, respectively, and it can be written as
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the composition of the reflections sy, , s¢,, 5¢; and sy, , where
f1=—eyte3, 13=73(e1+er+es+es+es—eg—er+es),
h=—ei+es I14=7%(—e1—er—e3—es+es—eg—eq+es).
The upper bound for the Hofer—Zehnder capacity is given by
cHz(Oy, @) < —A1—Aa+ A3 +As+As—As— A7+ Ag
= A —Aa+ A3+ A4+ As—3A.

The highest root is %(el + ey +e3+e4+e5—eg—e7+ eg) and the lower bound for
the Hofer—Zehnder capacity is

cnz(Oy, wy) = As —Ag — A7 + Ag = As — 3.

Type F

A system of simple roots for Fy is
S = {ozl =ey—e3, 0y = €3 —€4, U3 = €4, g = %(el —ey—e3 —e4)}.
The Dynkin diagram of Fy is shown in Figure 10.
The longest reflection wq in F4 as a map of R* is
R* - R*,  (x1,x2,X3,X4) = (=X, —X2, —X3, —X4).
We have that I7(wg) = 4, [(wg) = 24 and

Wo = St18t55t3514
where
lh=ei+e, h=e—e, l3=e3+tey4, l4=e3—¢4.

The upper bound for the Hofer—Zehnder capacity of a regular coadjoint orbit of type Fy
is
cuz(0y, wy) < 2A1 + 2A3.

The longest root of Fy4 is p =€ +e;. The lower bound for the Hofer—Zehnder capacity
is
cuz(Ox, ) = 241.

O—0O——"0—0

(05} (0% a3 [67]

Figure 10: Dynkin diagram of Fjy.
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O===@)

o1 (%%]

Figure 11: Dynkin diagram of G,.

Type G
Finally, a system of simple roots for G, is
S={a;=e;—2e,+e3, 0 =e3—e3} CR3

and Dynkin diagram shown in Figure 11

We write
Wo = S5ty
where
11 =ey—e3, I =2e—ey—e3.
Hence,

cuz(On. @) < 3(h1 —Aa —243) = 2(3%; + 4,).
The highest root is p = 2e; —e; —e3, and
cuz(On. @) = 3 (2h1 + A2).

All the bounds for the Hofer—Zehnder capacity of spherically monotone coadjoint orbits
are summarized in the following table:

G lower bound upper bound
Un) 7 it i = Ania] 3 i1 b= Anigl
Sp(2n) A4+ A4+ Ay
SO(n)
n=4m A4+l 24 Ay +2h3 -+ 24
4m +1 M4+ ha 24 2h1 4 2h3 4+ 20—
4m+2 A4t Ageg, 20 DAy 423 44 2h s
4m +3 M-+ An 2h 2h1 4 2h3 4+ 4 2hp
Eg As—Ae—A7+Ag A3 4+Ag+As—A;—Ay—3h¢
E;  L0u+-—dhg), 2h6—207 2k +2h4 + 26— 24y
Eg T 44 5k5),  2g 2h3 4 24 + 26 + 2As
F4 2h1 2A1 + 2A3
G, 32h +22) 2(3h1 +12)
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Remark Regardless of our bounds being sharp or not, we always get the inequality

r

% 3 0ndk) < az(On.w3) < Y ().

k=1 k=1
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