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On the Brun spectral sequence for
topological Hochschild homology

EvA HONING

We generalize a spectral sequence of Brun for the computation of topological
Hochschild homology. The generalized version computes the E—homology of
THH(A; B), where E is aring spectrum, A is a commutative S—algebra and B is
a connective commutative A—algebra. The input of the spectral sequence are the
topological Hochschild homology groups of B with coefficients in the E—homology
groups of BA4 B. The mod p and v; topological Hochschild homology of connective
complex K —theory has been computed by Ausoni and later again by Rognes, Sagave
and Schlichtkrull. We present an alternative, short computation using the generalized
Brun spectral sequence.

19D55, 55P42, 55T99

1 Introduction

Topological Hochschild homology assists in computations of algebraic K —theory.
Bokstedt refined the Dennis trace map to obtain a map K(—) — THH(—), from algebraic
K —theory to topological Hochschild homology, that factors over topological cyclic
homology. Topological cyclic homology can be calculated from topological Hochschild
homology using homotopy fixed points and Tate spectral sequences. In particular,
the recent treatment of topological cyclic homology by Nikolaus and Scholze [24]
simplifies computations and opens broad perspectives, calling for new examples. In
a number of cases topological cyclic homology is a good approximation of algebraic
K —theory. For example, by Hesselholt and Madsen [14], K(Zp), is equivalent to the
connective cover of TC(Zp), and by Dundas, Goodwillie and McCarthy [12] the same
follows for every connective S—algebra B with mo(B) =7Z,.

The goal of this paper is to provide an additional tool for the computation of topological
Hochschild homology by generalizing a spectral sequence of Brun [9]. As explained
below, it does not rely on flatness assumptions, as does for example the Bokstedt
spectral sequence. As a first example, we apply this spectral sequence to compute the
mod p and v; topological Hochschild homology of p—completed connective complex
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K —theory, V(1) THH(ku), for primes p > 5. The V(1)-homotopy of THH(ku) has
been first computed by Ausoni in [2] (using the Bokstedt spectral sequence), leading
via topological cyclic homology to a computation of the V/(1)-homotopy of K(ku) [3].

Topological Hochschild homology computations also play an important role in the
development of the algebraic geometry of S —algebras, and in particular as a test case
for new concepts, such as useful variants of the notion of étale extensions. This is
illustrated for example by the work of Rognes, Sagave and Schlichtkrull [32; 29]
on log étale extensions, which has led to a computation of V(1) THH(ku) using
logarithmic topological Hochschild homology [30], much in the spirit of computations
by Hesselholt and Madsen for discrete valuation rings [15].

Our main motivation for constructing the generalized Brun spectral sequence, and for
simplifying the computation for ku, is that the previous methods do not seem sufficient
for the computation of THH(K(IF;)), where K(IFy) is the algebraic K —theory spectrum
of the finite field with ¢ elements. By work of Quillen [28], K(F,) is closely linked
to ku; in particular, if p and g are coprime, we have ku ~ K(Fq) p» Where Fq is the
algebraic closure of Iy, and there is a fiber sequence relating ku and K(IF,),. The
strategy of computing V(1) THH(ku) presented in this paper is applied in Honing [16]
to compute V' (1)« THH(K(F,)) in certain cases.

The spectral sequence

Recall that for a commutative S-—algebra B the Bokstedt spectral sequence has the
form
F
E}, =HH,((HF,)«B) = (HF,). THH(B).

Here, HIF, is the Eilenberg—-Mac Lane spectrum of I, and HH]}:”* (—) denotes ordinary
Hochschild homology over the ground ring IF,,. The spectral sequence is particularly
useful if the pages E , are flat over the mod p homology of B. This is for example
the case for B = HF,, B = HZ and for the Adams summand B = { C ku (see
Bokstedt [8] and McClure and Staffeldt [23]). If the flatness condition is satisfied,
the Bokstedt spectral sequence is an (HF,)«HF,—comodule (HF,)«B-bialgebra
spectral sequence and this structure can be very helpful to compute the differentials
(see Angeltveit and Rognes [1]). However, if the flatness condition is not satisfied,
computations with the Bokstedt spectral sequence can be harder. For example, if B =ku,
the flatness condition is not satisfied, and if B = K(IF,), it is not always satisfied. The
Bokstedt spectral can be generalized from H, to a more general ring spectrum FE, if
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we have a Kiinneth isomorphism for E. But, for example for the mod p Moore spectrum
V(0) and for V(1) one does not have a Kiinneth isomorphism, so that the Bokstedt
spectral sequence does not allow a direct computation of V' (0)— or V(1)-homotopy.

The main goal of this paper is to prove the following theorem:
Theorem 1.1 Let A be a cofibrant commutative S —algebra and let B be a connective

cofibrant commutative A-algebra. Let E be a ring spectrum. Then there is a strongly
convergent, multiplicative spectral sequence of the form

E2,, = 74 THH(B; HEm(B A4 B)) = Ey4m THH(A; B).

If the E;, (B A4 B) happen to be I, —vector spaces and mo(B)/pmo(B) =, as rings,
we have
E2,, = Em(B A4 B) ®F, 7, THH(B; HFF).

If E =S is the sphere spectrum and if A — B is given by applying the Eilenberg—
Mac Lane spectrum functor H(—) to a morphism of commutative rings, the spectral
sequence above has the same form as the one by Brun [9, Theorem 6.2.10]. Our proof
is inspired by Brun’s proof, but it is not a direct generalization. Brun works with
functors with smash product and functors with tensor product and his spectral sequence
is based on a bisimplicial abelian group. We work with §—algebras in the sense of
Elmendorf, Kriz, Mandell and May [13] and our spectral sequence is an instance of
the Atiyah—Hirzebruch spectral sequence.

Application to ku

We apply the generalized Brun spectral sequence to ku. The computation is organized
in the following three steps:

e Computation of
VO)«(HZp New HZp) = s (HFp Aw HZ))

via the Kiinneth spectral sequence. Here, Z,, is the ring of p—adic integers.

e Computation of V(0)« THH(ku; HZ,) via the generalized Brun spectral se-
quence

E},=V(0)«(HZp New HZp) ®F, 7+ THH(H Zp; HF )
= V(0)« THH(ku; HZ,).

Here, note that 7« THH(H Z,; HIF,) has been computed by Bokstedt [8].
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¢ Computation of V(1) THH(ku) via the generalized Brun spectral sequence
E;.=V(1)sku®p,n« THH(ku; HFp) = V(1) THH(ku).
Here, note that 7« THH(ku; HF,) = V(0)« THH(ku; HZ)).

The first generalized Brun spectral sequence mentioned above has to collapse at the
E?—page and there cannot be any multiplicative extensions. In the second generalized
Brun spectral sequence mentioned above there is one possible differential. Its existence
follows from the relation u?~1 =0 in (HF,)x ku, where u € (HF,) ku is the image
of the Bott element under the Hurewicz map 7« (ku) — (HFp)« ku. In contrast to the
Bokstedt spectral sequence for ku there are no multiplicative extensions in the Brun
spectral sequence and we obtain the following concise description of V(1) THH(ku):

Theorem 1.2 The V(1)-homotopy of THH(ku) is the homology of the differential
graded algebra

P10 @3, E(ou, A1) 85, Pu1).  d(u) = uP2ou.

Here, P(—) denotes the polynomial algebra over IFj,, E(—) denotes the exterior algebra
over I, and Pp_1(—) denotes the truncated polynomial algebra over F,,. The degrees
are given by |u| =2, |ou| =3, |A1|=2p—1 and |u1| =2p.

Structure of the paper

We work in the setting of Elmendorf, Kriz, Mandell and May [13]. In Section 2 we
collect some of the properties of the categories we are working with. The main goal of
Section 3 is to give a detailed proof of the multiplicativity of the Atiyah—Hirzebruch
spectral sequence. In Section 3.1 we transfer some methods of [11] by Dugger about
multiplicative structures on spectral sequences to the EKMM setting. In Section 3.2
we use this to prove the multiplicativity of the Atiyah—Hirzebruch spectral sequence
and some additional properties. The content of Sections 2 and 3 consist essentially
of recollections, and are included here to provide details that we did not find in the
literature. In Section 4 we apply the Atiyah—Hirzebruch spectral sequence to derive the
existence of the generalized Brun spectral sequence. Finally, in Section 5 we compute
V(1)x THH(ku) using the Brun spectral sequence.
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2 Preliminaries

We assume familiarity with the theory of Elmendorf, Kriz, Mandell and May [13]. We
denote the category of (compactly generated weak Hausdorff) spaces by % and the
category of based spaces by 7. Let ., [L] and .#Zs be the categories of spectra, of
L —spectra and of S—modules, respectively. For a commutative S—algebra R let .#Zg
be the category of R—modules. We denote the tensor products of the closed symmetric
monoidal categories .#s and .#r by As and AR.

Recall from [13, Chapter VII] that the categories ., .[L], .#s and .#R are topo-
logical model categories. In particular, these categories are topologically complete
and cocomplete. The tensor with a based space X is denoted by — A X. Colimits
and tensors in .#Zg, .#s and .[L] are created in .. By [13, page 132] the functors
considered in [13] are enriched functors. We point out that for a .Z—enriched functor
F: € — 2 between J—tensored categories we have a natural morphism

F(c)AX - F(cAX),

which is an isomorphism if F is the left adjoint of an adjoint pair of .Z—enriched
functors. A homotopy is a map of the form E A I — F in the respective category,
where I = [0, 1] is the unit interval, and the homotopy categories are denoted by 4.7,
hL], hot#ts and h. 4R .

We denote the homotopy category of the model category .#gr by Zg. Since all objects
in ./Zg are fibrant, cell R—modules are cofibrant and since M A I is a good cylinder
object if M is a cofibrant R—module, we get that

IR(M,N) = h.atg(TRM, TRN) = h.tg (TR M, N),

where TRM and TRN are cell approximations of M and N. The category Zg is a
tensor triangulated category in the sense of [6, Definition 1.1]. The tensor product /\IL2
is given by

M AEN :=TRM ArTRN.
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If M is a cofibrant R—-module, then M Ag — preserves weak equivalences. Thus,
for any M, N € Yr we have that M /\ILe N 1is isomorphic in Zg to rRpm AR N and
M ARTEN.

To deal with the signs in the spectral sequences we follow Dugger’s treatment in [11]
and fix orientations on various manifolds:

Remark 2.1 Equip R with the usual orientation and R” with the product orientation.
These orientations induce orientations on D" and I. We equip / with the basepoint 0,
and D" and the sphere S”~! with the basepoint (—1,0,...,0). The orientations
on D" and I induce orientations on the boundaries S”~! and {0, 1}. Here, we use
the same convention as in [11, Remark 2.2] for the boundary orientation, so that the
basepoint in S© has orientation —1 and the nonbasepoint in S° has orientation +1
and so that we have the following formula for two manifolds M and N with boundary:

(1) A(M x N)=9M x N U (=)™ pr 5 oN.

The orientations on the interiors of D" and I determine orientations on D" /S"~!
and on //d7. For n > 1 or m > 1 the product orientation on the right-hand side of

STASTN {x} = 8™\ () x ™\ {*}

defines an orientation on S” A S™. In S® A S© we equip the nonbasepoint with the
orientation 1 and the basepoint with the orientation —1. For the rest of this paper we
fix basepoint-preserving, orientation-preserving homeomorphisms D" /S"~1 =~ §"
S"AS™ = S"TM and 1/01 = S1.

To deal with the signs in the spectral sequences we give a precise definition of suspension
isomorphisms and boundary maps in long exact sequences: Recall that we have left
adjoint functors

L(— S - RAs(—
& ()5’[]14] /\2()'//.5' AS()///R,

whose composition is denoted by Fr. Spheres in .#g are denoted by Sy and are
defined by applying Fg(—) to the spheres §” in .. Note that the S are CW R—
modules and that Sg is a cell approximation of R. The homotopy groups of an
R—module M are given by

M, = mn(M) = h.atg(S}. M).
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For n > 0 we define an isomorphism S” A S! =~ S"*1 in .7 by
TPSTAS 2 Z®(§TA S = mRgHL

Here, X is the left adjoint to the zeroth space functor 2°° and the second map is
given by the fixed orientation-preserving homeomorphism. For n < 0 we define an
isomorphism S§” A S1 2= §”*1 using [18, Proposition 1.4.2]. We define isomorphisms
SEASt=~SET! by

FrS"AS =Fr(S" AS!) = Frs"t!,

These isomorphisms define suspension isomorphisms 7, (M) == m,+1(M A S') for
M e #R.Let f: M — N be amorphism in .Zg and let C(f):= N Upy (M A1)
be its cofiber. We use the fixed homeomorphism 7/9/ = S! and the suspension
isomorphism to define the boundary map in the long exact sequence

coi = Ty (M) = 70 (N) = 10 (C(f)) > py (M) — -+ .

If f satisfies the homotopy extension property, then the canonical map C(f) —
N/M :=xUps N is a homotopy equivalence. Following [13] we call a map in .Zg
satisfying the homotopy extension property a cofibration. Note that a cofibration is not
necessary a cofibration in the model categorical sense.

In the proof of the existence of the Brun spectral sequence we will need that different
functors behave well with respect to algebras and ring spectra. For this observe the
following: The canonical functor ig: .#r — Zr is lax symmetric monoidal. The
structure maps are given by applying ig to the maps

TRM ARTEN - M AR N.

Moreover, for a morphism of commutative S—algebras ¢: R — R’ we have a commu-
tative diagram

MR ¢—) MR
liR/ llR
9 — YR

All the functors in this diagram are lax symmetric monoidal and the structure maps of
the two lax monoidal functors ig o ¢* and ¢* o ig agree. Now, let ¢: R — R’
and ¢¥: R — R” be maps of commutative S-—algebras. Then, the two functors
(Y od)*,¢* o y™*: Ppn — PR are the same and the structure maps of these two
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lax monoidal functors agree. Recall that an R-ring spectrum is an object A € Zg with
maps A /\ILe A — A and R — A in 9 satisfying the left and right unit laws. As a
consequence of the above we get that for R—algebras M and N the map

MAEN - M ARN

in Zg is a map of R-ring spectra. Moreover, for maps of commutative S—algebras

R RV R we get commutative diagrams

JZ%R/ —_— ;Z{R %R// 1/’_> <@Rl

and l *
l l (wom ¢
AR — ZR R

Here, /g and «/g' denote the categories of algebras over R and R’, and Zg, Zg’
and Zg» denote the categories of ring spectra over R, R’ and R”, respectively.

We now recall some details about the lax monoidality of the functor 7« (—), because we
need these in the proof of the multiplicativity of the spectral sequences. By [13, page 92]
there are homotopy equivalences

Sk AR Sh ~ skt
that are unital, associative and commutative up to the sign (—1)¥!. They define maps
IR(SK, M) @7 ZR(Sk. N) = 2R(SKT, M Ak N)

for M, N € 2r which make 74 (—) into a lax symmetric monoidal functor from Zg
to the category of Z—graded abelian groups ¥« . Here, the symmetry in ¥/ is given
by

Ax ®7 By —> B ®7 Ax, a@b— (—l)la”blb Ra,

where |a| and |b| denote the degrees of a and b. The equivalences S I’g ARSEL ~ Sﬁ"'l
are compatible with suspension in the sense that the diagrams

k+1
S}é/\RS;{ ” SR+

) l 1) |

(SETASH) AR S —— (SETTARSLIAST —— ShHTLA ST
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k l . ok+l
SR/\RSR ’SR

o |

SEAR(SETASY) —— (SEARSEHAST —— SEHIAST

commute in Zg up to the indicated sign. We will later compare the product on usual
homotopy groups to a product on relative homotopy groups. For this we need that
for k,1 > 0 the equivalence S 1’3 ARSL~S ﬁ” can be identified with the following
map: By [13, Corollary II1.3.7; 18, Propositions 11.3.6 and II.1.4] there is a natural
isomorphism

(4) IFRZOOX /\RFRZOOYQ]FRZOO(X/\Y)

for X,Y € 7. For k,l > 0 the equivalence Sllg AR L~ SIIEH is then homotopic
to the map that is given by taking X = S k'and Y = S! in (4) and by using the
orientation-preserving homeomorphism S kASl >~ Skt Let R— R  bea morphism
of commutative S —algebras. Then, for M € Y/ one has natural isomorphisms

IR (Sg- M) = Ir(Sk. M)

compatible with the suspension isomorphisms. One can show that they define a
monoidal natural isomorphism between the functors

Ts: D — Y/ and D — IR T Yo .

Let us denote the category of commutative S —algebras by ¥«/s . Note that the pushout
of a diagram G <— H — J in ¥/ is given by G Ay J. By [13, Chapter VII] the
category ¢«/s is a % —enriched topological model category. We denote the homotopy
category of this model category by h¥€/s . The tensor of a commutative S —algebra A
and a space X is denoted by A ® X. If R is a cofibrant commutative S —algebra, the
tensor R ® I is a good cylinder object. Since all objects are fibrant, it follows that
for commutative S—algebras R and R’ the set h€as(R, R) is the set of homotopy
classes of maps of commutative S—algebras QR — QOR’, where QR and QR’ are
cofibrant replacements of R and R’ in ¢«Zs and where homotopies are given by maps
OR®I — QR’. One hasamap RAI4 — R® I for every commutative S —algebra R,
so that maps that are homotopic as maps of commutative S—algebras are homotopic as
maps of S-modules.

Let R be a commutative S—algebra. We denote the category of commutative R—
algebras by ¥«/gr. As @</r can be identified with the category of commutative
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S —algebras under R, it inherits a model category structure from ¢«7s. This model
category structure is the same as the one defined in [13, Chapter VII], because in both
cases weak equivalences are created in . and fibrations are created in .Zs .

Lemma 2.2 Let A be a cofibrant commutative S —algebra, let A — B be a cofibration
in €/s and let A — C be a map in ¢«/s, where C is a cofibrant commutative
S —algebra. Then the map

B /\1{; C—>BnyC

in 94 is an isomorphism of A-ring spectra.
Proof We only have to show that the map 'BA4T'C — B A4 C is a weak equivalence.
To see this, factor the map A — C in €</s as
A>>C =5 C
and consider the homotopy commutative diagram

IFBAgTC —— BaygC

I [

TBAsTC — BayC

Obviously, the left vertical map is a weak equivalence. The lower horizontal map is a
weak equivalence by [13, Theorems VIIL.6.5 and VIL.6.7] and the right vertical map is a
weak equivalence by [13, Theorem VIL.7.4] O

3 The multiplicativity of the Atiyah—Hirzebruch spectral
sequence

3.1 Multiplicative spectral sequences associated to towers of cofibrations

The goal of this subsection is to transfer some of the methods of [11] to the EKMM
setting. We fix a commutative S—algebra R.

Lemma3.1 Let:--— X;—1 = Xp — Xu4+1 — -+ be a sequence of cofibrations of
R-modules. Then there is a spectral sequence E I’*(X ») of standard homological type
with

(5) Epom = Tntm(Xn/ Xn-1).
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If X,, = * for n <0, then the spectral sequence converges strongly:
E,%m = TTn+m (coljm Xi).
1

Proof We have the unrolled exact couple

s (X)) — L me(Xn) —— M (Xng1) —
lj \ lj X lj
e (Xn—1/Xn-2) T+ (Xn/ Xn—1) Tx(Xnt1/Xn)
Here, 0 is defined by (—1)™ times the map
7 (Xn/ Xn-1) = 70m(C(Xn—1 = X)) 5> 71 (Xn—1).

The reason for the sign will become clear in Lemma 3.2. This defines the spectral
sequence. Clearly, if X,, = * for n <0, one has 74«(X,/X,—1) =0 for n <0 and
lim, 7« (X5) = 0. So, by [7, Theorem 6.1] the spectral sequence converges strongly to
colimy, m«(X5).

We show that the canonical map
a: colim 7, (Xp) — 7m (colim X,,)
n n

is a bijection: Each map X,—1 — X, is a cofibration of R—modules and thus
a cofibration of spectra by the retraction of mapping cylinders criterion. By [18,
Lemma 1.8.1] each map X,—; — X, is a spacewise closed inclusion. Thus, by [13,
Proposition III.1.7], every map L — colim, X5, where L is a compact R—module in
the sense of [13, Definition II1.1.6], factors through some X; . Applying this for L =S¥
and L = S A I+ one gets the surjectivity and injectivity of « . For the injectivity also
note that the maps X; — colim, X, are cofibrations and thus monomorphisms in the
category of R—modules. |

To deal with multiplicative structures, we follow Dugger’s treatment and work with
homotopy groups of morphisms. For a map M — N of R-modules and n > 1 we
define 7, (N, M) as the set of homotopy classes of diagrams

Frzosnt £y

©) 1 !

FrI>®D" —% s N
Recall that the right adjoint of Fr X°°(—) is given by the composition

Feo(S,—
«(S,—) 71

Mr— M L] - . %2 7,
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where F¢(—,—) is the function L—spectrum. Thus, we have a bijection
Tn(N,M) = 1,(Q¥°Fy(S,N), Q¥ Fy(S, M)),

where the right-hand side is the homotopy group of a morphism of based spaces defined
in [11]. Using [11] one gets that w,, (N, M) has a natural group structure for n = 2
and a natural abelian group structure for n > 3, that w, (M, *) = 7, (M) and that the
sequence

mn(M) = 1y, (N) = (N, M) X5 7, _1(M) — m—1(N)

is exact. Here, « is the map that sends the class of the diagram (6) to the class of 8.

Lemma 3.2 Let M — N be a cofibration of R—modules. Then the diagram

(M) —— 7y(N) — 1, (N, M) —— 1, (M) ——— 7p_1 (M)

b b oo b I
(M) — 7y (N) ——— 7y(N/M) ——— mp1 (M) —— w1 (M)

is commutative and ¢ is an isomorphism.

Proof For the commutativity of the third square note that by naturality we only have
to consider the case where N — M is the cofibration FrgEZ®S"~! — FrE>® D" and

here we only have to show the equality of the maps « and (—1)"d o ¢ on the class in
Tp(FRE® D™ Frx®S"~1) that is represented by the diagram

Fryoogn—1 14 ppyo0gn—1

!

FRrE®D" — 4 Frzep”
For the equality on this element one has to show that

C(FRE®S" 1 5 FRrE®D") — 3 Fru®sn-1 A §!

=l 1

FrE® D" /FrE®s"— 1 = Frxoepn/sn—1 FrI®(S"" 1A S
Fryoosn SO s Frzosn

is commutative in the homotopy category of R—modules. Roughly speaking, this
follows by applying the formula (1) for the boundary orientation of a product to D" x [.
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By the five lemma ¢ is an isomorphism for n > 2. For n = 1 note that we can endow
1(N, M) with an abelian group structure by identifying it with the set of homotopy
classes of commutative diagrams

SREAS? ——— M

l l

(SRZAI)AS? —— N

and by using the comultiplication of S2. One easily sees that 71 (N) — 71 (N, M),
k and ¢ are group homomorphisms with respect to this group structure. |

Following Dugger we now consider products on m4(—, —): Let D"*T™ — D" x D™
be an orientation-preserving, pointed homeomorphism. It induces an orientation-
preserving homeomorphism of the boundaries

§rEml 25 (877X D™) U (gn-1ygm-1y (D" x §™ 1)
and we get the commutative diagram

gntm=1 (Sn_l A\ Dm) H(Sn—l/\sm—l) (Dn A Sm_l)

(N l !

Dn+m—1 N D" A D

Given two maps of R-modules M — N and O — L we define a product
(=) (=): mp(N, M) xX7tp(L, O) — 7Tn+m(N ARL.,(M ARL) Umaro0) (N AR 0))
by applying FrX°°(—) to (7) and by using the isomorphism (4).

Lemma 3.3 Let M — N and O — L be maps of R—modules. Then the following
diagram commutes:

w(N,M)xm(L,0) —— JTk_H(N ARL,(M AR L) Umar0) (N AR 0))

l l

g (N/M) xm;(L/O) k41 (N ARL/(M AR L Upp 0y N AR O))

— |

Tk+1(N/M AR L/O)

Proof Because of naturality we only have to prove commutativity in the universal
case. This can be reduced to the corresponding statement for spaces by using that we
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have natural maps

(8) (B, A) > 1 (FRE®°B,FrX® A)
and
) T4(B) = 1« (FrX*°B)

that identify for A = % and that are compatible with products. Here, the product
on the left-hand side of (9) is defined by means of the fixed orientation-preserving
homeomorphisms S¥ A §! = S4+! The statement for spaces follows from the fact that
two pointed, orientation-preserving homeomorphisms S/ — Dk /sk=1 A pt/gi-1
are homotopic. |

Lemma 34 Let M — N and O — L be morphisms of R—modules. Let ji, (i1)«
and (iz)+« be the maps

Tx(MARL)U(ppro)y(NARO)) = (M ARL) U (prp 0y (NARO), M AR O),
Tx(MARL,MARO) = s (M ARL)U(prpr0)(NARO), M ARO),
Tx(NARO,MARO) = mx(MARL) U (prpr0)(NARO), M ARO),

respectively. Let x € (N, M) and y € m;(L, O) with k,l > 3. Then we have

ek (xy) = (i) kx - y) + (=DF () (x - k)
in g4 j—1 (M AR L) Uaggpro) (N AR O), M AR O).

Proof By naturality we only have to check the equality in the universal case. By using
the maps (8) and (9) we can reduce the statement to the corresponding statement for
spaces. The statement for spaces is proven in [11, Proposition 4.1]. Roughly speaking,
it follows by applying the formula (1) for the boundary orientation of a product to
D¥ x D!, |

We now study the multiplicative properties of the spectral sequence (5). We assume
that we have towers of cofibrations of R—modules X,, Y, and W,. Furthermore, we
assume that we have a pairing of towers X, Ag Yo — W,, by which we mean maps
Xn AR Yy — W, 4k such that the following diagrams commute in .#Zg:

Xn—1ARYry —— Xu ARYr ¢«— Xn AR Yr_1

’ l !

Watk—1 ——— Whpk < Watik—1
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We get unique maps X,/ Xn—1 AR Yi/Yi—1 = Wytk/ Wy+k—1 making the diagrams

Xn AR Y > Watk

1 1

Xn/Xn—l AR Yk/Yk—l — Wn+k/Wn+k—1

commutative. Let E¥ ,(X.), E ,(Y.) and E ,(W,) be the spectral sequences asso-
ciated to the towers (see Lemma 3.1). We get maps

By (X)) @7 Eg ;(Ye) = Ep i i1 (Wa).

In the following lemma we prove the compatibility of the product with the differentials

for classes in total degrees > 3:

Lemma3.5 Let x€ E, ,(X.)NZ} , and y € E; (Y,)NZ] , be r'™ cycles with

n,m

n+m=>3 and k+I/>3. Then there are classes X € wp4m—1(Xn—r), ¥ €Tg+1—1 Yi—r)
and W € 7wy pmyk+i—1(Wy+x—r) such that the following holds:

* Under mtptm—1(Xn—r) = Tntm—1(Xn-1)s Tk41-1Yk—r) = 7 1-1(Yk—1)
and 7y 4 mtk+1-1(Wotk—r) = Tntm+k+1—1(Wn+k—1) theclasses X, y and w
get mapped to d(x), d(y) and d(x x y).

e Let X,y and W be the images of the classes X, y and w under the maps

Tnt+m—-1(Xn—r) = Tntm—1(Xn—r/ Xn—r—1),
Tkt1-1Ye—r) = Tk 1-1 YVie—r / Yie—r—1),
Tntm+k+i-1Wntk—r) = Tntm+k+1-1Wak—r/ Watk—r—1)-

Then

D=Xxy+(=D"T"x*7.

Proof Using Lemma 3.2 and the fact that the maps Fr XS5~ — FrX>®D* satisfy
the homotopy extension property, one gets classes x’ € 7, 4+m(X,, Xn—r) and y’ €
k41 (Yk, Yi—,) that are mapped to x and y under

T[n—i-m(Xna Xn—r) - T[n—l—m(Xna Xn—l) i’ T[n—i—m(Xn/Xn—l)
and

Tt (YVie: Yier) = Tt Ves Yie1) -2 meqs (Ve / Yie1).
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We define X := «x(x') € mpym—1(Xn—r) and y := «(y’') € mpsj—1(Ygx—r). By
Lemma 3.3 the element x = y is the image of x” -y’ under
Tntmak+1(Xn AR Yies P') = T mak 1 Wask» Wagk—r)

= Tntmtk+l Watks Watrk—1) = Tntmk+1 Waik / Watk—1)
where P’ := (Xp—r AR Vi) U(x,_, Ar¥i_,) (Xn AR Yik—r). We define w to be the
image of x” -y’ under
Tntm+k+1(Xn AR Yie, P') = 7t imtke 41 Woekes Wake—r)

= Tnmtk+1-1Wagi—r)-

The claim then follows from Lemmas 3.2, 3.3 and 3.4. O

In order to show that Lemma 3.5 holds for classes in arbitrary total degree, we next prove
that suspension isomorphisms give isomorphisms of spectral sequences. Let M be an
R-module, and let X and Y be pointed spaces. Analogously to M A X, we define R—
modules X AM and X AM AY by applying the spectrification functor [18, Appendix] to
the prespectra givenby (XAM)(V)=XAMV) and (XAMAY)(V)=XAM(V)AY.
Recall that we fixed isomorphisms
Sptl=SE St
For m € Z we define S 2’”‘1 ~SA S% as the composition
SEHl = SEAST = STASE,
and we define SZ’JFZ ~S'A SEN S1 as the composition
SEt2 o SEFLAS = (STASEYAS = SEASEASL

These isomorphisms define group isomorphisms

or: T (M) = a1 (M ASY),

or: Tm(M) — ”m-i—l(Sl M),

0p: Tm(M) = Tmia(SYAM ASY)
such that
Tm(M) — wmi1(M ASY)

(10) k) l

7Tm+1(Sl/\M)
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and
(M) —22—— in(SYAM ASY)

(11) a,l l;

Tm+1(STAM) —= mi2((S'AM)AST)
are commutative. By commutativity of (10) and since the map
Txs(MASTASYH) = (M ASTASY),

interchanging the two S!’s, is the negative of the identity map, we get that o, 007 =
—oj oor. Using this and the commutativity of (11), one gets 03 00, = —0, 0 0p.

Lemma 3.6 Let---— X,—1 - X, > Xy4+1 — -+ be a sequence of cofibrations of
R-modules. The maps o,, 07 and o3, define isomorphisms of unrolled exact couples
and thus isomorphisms of spectral sequences

Ef (X)) = Ef 1 (XonSh),
E:,*(X-) - E::,>;<+1(S1 A X.),
Ef (X)) = Ef(S"AX.ASH.

Proof Consider for example the third case. We only need to check that o and 0
commute. Recall from the proof of Lemma 3.1 that there was a sign in the definition
of d. The claim follows from the fact that for a cofibration of R—-modules f: M — N
and for pointed spaces X and Y the diagram

(XANAY)/(XAMAY) <= C(idy A f Aidy) —— (X AM AY)AS!

I 2 L

XAWN/MYAY 4—=—— XAC(/)NY —— XAMASHAY

commutes, from o 0 6, = —0; 0 0 and from the fact that interchanging two S!’s
induces the negative of the identity in homotopy. a

We want to define pairings of suspensions of towers. Note that for R—modules M
and N and for pointed spaces X and Y we can define a natural isomorphism

XAMARN)AY (X AM)AR(N AY).
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Let X,, Y, and W, be towers of cofibrations of R—modules. Suppose that we have a
pairing of towers X, Ar Y, — W,. Then the maps

XAX)AR Y AY) S XAXp ARYI)AY > X AWy AY

define a pairing of towers (X A X) AR (Yo AY) > X AW AY.

Lemma 3.7 The diagram

Efim (X)) ® Eli,l (¥) - ’ E;+k,m+l(W°)

01®Grl lﬁb

Ed it (ST AXD®EL, (L ASY) —5 Lo (STAWLASY)

commutes up to the sign (—1)K+!.

Proof Because of (11) and (10) we only have to check that the diagram

JTs(Xn/Xn—l)®7Tt (Yk/kal) — Tg4¢ (Xn/Xn—l/\RYk/kal)

la,.

or®id 1! 7Ts+t+1((Xn/Xn—l/\RYk/Yk—l)/\Sl)

=

7Ts+l(Xn/Xn—l/\Sl)®7Tt (Yk/Yk—l) — 7Ts+t+1((Xn/Xn—l/\Sl)/\RYk/Yk—l)

= =

Tt 1 (S'AXn / Xn—1) @7 (Vi /Y1) ——— g1 41((S'AX/ Xn—1)RYk/ Yi—1)

lm

id®or Tst142((S'AXp/ Xn—1)ARY i/ Yi—1)AS?)

|=

Ts41(S"A X/ Xn—1) @7 141 (Yie /Y1 ASY) = 5042 ((S'AXn / Xn—1)AR(Yie /Y1 AS 1))

commutes up to the indicated sign. This follows from (2) and (3). O
Using the above, one easily gets:
Lemma 3.8 Lemma 3.5 is true without the assumptions n +m >3 and k + 1 > 3.

We can conclude:
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Corollary 3.9 In the situation of Lemma 3.5 the following properties hold: The map
*! Erm(X)®ZEk1(Y)_>E +hemt1(We), [o] ® [B] = [ x B].
is well-defined. The Leibniz rule holds:
d"(x%y) = d"(x) %y + (~1)"Fx xd" ().

For r > 2 the following diagram commutes:

EL«(Xo) ®z Ej 4 (Y.) . r EL (W)
r—1 r—1 H*(*) r—1
H*(E* «)®z H*(E ) — H*(E** ®ZE H*(E**

Let X. AR Y. — W, be pairing of towers of cofibrations. We study the convergence
properties of the associated pairing of spectral sequences: We have a product

*: Ty (co%im Xi) Rz Tm (co}im YJ) — Tpn+m (co}im Xi AR co}im YJ)
=5 Tham (ccl)};m Xi ARY}) = Tngm (collcim Wk).
We define FJ'(X,) by the image of 7, (X;) — m,(colim; X;). We get a filtration
- CF!' (X)) CFM(X.)C-

of m,(colim; X;). This is the filtration we used implicitly in the proof of the con-
vergence statement of Lemma 3.1. Analogously, we define filtrations of the groups
7m(colim; Y;) and 7y, (colimyg Wy ).

The product * respects the filtrations, so we get a product
F (X)) FLy(Xa) @z F"(Ya)/ F2y (Ya) — F (W) EEE™ (W),
By Corollary 3.9 the map

*x: Ey (X)) ®z Ey (Y)) > E, (W)

induces a product
*: EZ(X,) ®z EZ(Y)) = EZ.(WL).

These two products are compatible:
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Lemma 3.10 Suppose that we have X,, =Y, = W,, = x for n <0, so that the spectral
sequences converge. Then the following diagram commutes:

FMNX)/F" (X)) ® F'(Y)/F™ (Yo —— FI" (W) /FI" (Wa)

=| |=

E;’%_S(X.) ® El?,om—l (Y.) — Esoit,n+m—(s+t)(W')

Proof This easily follows from the definitions of the vertical isomorphisms (see [7,
Lemma 5.6]). O

3.2 The Atiyah-Hirzebruch spectral sequence

In this subsection we use the results of the previous subsection to derive the existence
of the Atiyah—Hirzebruch spectral sequence and some of its properties, especially its
multiplicativity. It is stated in [13, Section IV.3] that the Atiyah—Hirzebruch spectral
sequence has the expected multiplicative properties. We work this out in more detail.

Remark 3.11 Recall that the Eilenberg—Mac Lane spectrum HA of a commutative
ring A can be realized as a commutative S—algebra: Multiplicative infinite loop space
theory provides a functor from commutative rings to Eso ring spectra [22; 20; 19]
and the functor S Ay — induces a functor from E ring spectra to commutative
S —algebras [13, Corollary 11.3.6]. Since we can functorially replace commutative
S —algebras by cofibrant ones, we can assume that H A is cofibrant.

If M is an A-module, then by [13, Section IV.2] the Eilenberg—Mac Lane spectrum
HM can be realized as an HA-module. Eilenberg—Mac Lane spectra are unique: if
R is a connective ((—1)—connected) commutative S—algebra and if X and Y are
R-modules with 4 (X) = 0= m«(Y) for * 5 s, then, by [17, page 507], we have an
isomorphism

12) IR(X.Y) = Homy(g) (5(X), 775 (Y)).

Remark 3.12 Let R be a connective commutative S-—algebra. By Proposition 1V.3.1
of [13] there is a morphism

R — Hmp(R)
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in h'6/s that induces the identity on 7rg. The proof shows that it is natural: if R — R’
is a morphism of commutative S—algebras, then

R —— Hmo(R)

& Il

R' —— Hno(R')
is commutative in l;%zfs.

Let R be a connective cofibrant commutative S —algebra, so that we have a map of
commutative S-algebras R — Hmo(R) realizing the identity on m9. Let G be a
connective R—-module. Then we have a map G — Hno(G) in 2 realizing the
identity map on o (compare [31, Theorem I1.4.13]). Here, Hmo(G) is an R—module
by pulling back the Hmo(R)-action along the map R — Hmo(R).

We now prove the existence of the Atiyah—Hirzebruch spectral sequence.

Theorem 3.13 Let R be a connective cofibrant commutative S —algebra. Let M be a
connective R—module and let G be an arbitrary R—module. Then we have a strongly
convergent spectral sequence of the form

EZ, = mn(HGm N M) = mpym(G NG M).

Here, HG,, is an R-module by pulling back the Hm(R)-action along R — Hmy(R).

Proof Thisis [13, Theorem IV.3.7]. Since we will need it later, we explain the proof in
more detail. We replace G by a cell approximation and denote this approximation again
by G. Since R is connective there is a CW R-module I'M and a weak equivalence
of R—modules I'M — M [13, Theorem III.2.10]. Because M is connective we can
assume that the n—skeleton TM™ is x for n < 0 [13, proof of Theorem IV.3.6]. The
(n+1)—skeleton T'M"+1 is built from the n—skeleton by attaching (n41)—cells. Since
the coproduct of cofibrations is a cofibration and since cofibrations are stable under
cobase change, TM" — I'M" 11 is a cofibration. Because G Ag (—) is left adjoint, it
preserves cofibrations. Hence,

G ARTM" - G AR TM" 1

is a cofibration, too. Therefore, Lemma 3.1 gives a strongly convergent spectral
sequence of the form

Epm=Tn4m(G ARTM" /TM" ™) = 7, 1 (colim G AR TM™).
’ n
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We have colim;, G AR T’'M"™ = G Ag colim, 'M"™ = G Agr I’'M. Thus, it remains to
identify the E2—page. The quotient TM"/TM"~! is a wedge of n—spheres S%, so
by [13, Proposition III.3.9] the Kiinneth map induces an isomorphism

Gm ®Ry Tn(TM"/TM" 1) - 74 m(G ARTM"/TM" ).

Since the Kiinneth map is compatible with the suspension, the differential d!: E ;m —

E;_l,m identifies with (—1)"™" times the map

(14) G @Ry n(TM" TM"™') 25 Gy @ g, 700 (C) 2% Gy @ gy 7101 (TM" 1)
— G ®Ry Tn—1 (CM" ™1/ TM"72),
where C = C('M"~! — I'M"). We now fix m. The above argument shows that
there is a strongly convergent spectral sequence
mEpy & = Tk (HGm N M)
whose E!-page is given by
. 0 if k#0,
"k = G @Ry T (TM”JTM™Y) if k =0,
1

n—1
this spectral sequence has to collapse at the E?—page we get

m

and whose differential d!: mEr},o = mE,_1 o 1s (—1)" times the map (14). Since

EZ, = mEly=mn(HGy NG M). O

Lemma 3.14 Let R be a connective cofibrant commutative S —algebra. Let M — M
and G — G be morphisms in 9g, where M and M are connective. Then we have
a morphism of Atiyah—Hirzebruch spectral sequences between the spectral sequence
converging to m«(G /\5‘z M) and the spectral sequence converging to m.(G /\fz M).
The map 7«(G /\5‘2 M) — 1.(G /\fa M) respects the filtrations and the induced map on
the associated graded identifies with the induced map on E° —pages. On the E%—pages
the map is the obvious one.

Proof This follows easily from the fact that maps between CW modules over a
connective §—algebra are homotopic to cellular maps [13, Theorem I11.2.9]. a

Lemma 3.15 In the situation of Theorem 3.13 we have the following: if G is connec-
tive, the edge homomorphism

(G Ag M) =FJ — F}/Fl | 25> EX% — EZ g = mn(HGo Aj M)

is the map induced by G — HGy.

Algebraic € Geometric Topology, Volume 20 (2020)



On the Brun spectral sequence for topological Hochschild homology 839

Proof This follows by applying Lemma 3.14 to the morphisms M 44, M and
G — HGy and by observing that the edge homomorphism of the Atiyah—-Hirzebruch
spectral sequence converging to 7« (HGo /\f‘e M) is the identity. |

Lemma 3.16 Let R — R’ be a morphism of connective cofibrant commutative S —
algebras. Let M be a connective R'—module and let G be an R'—module. Then
we get a morphism of Atiyah—Hirzebruch spectral sequences converging to the map
(G /\IL2 M) — (G /\ILQ, M). On the E?—pages the map is given by the canonical
maps 1y (HGy, /\ﬁ M) — n(HGy, /\ILQ, M). Here, note that we can realize HG, as an
Ho(R")-module and consider it as an R—module via the map R — R’ — Hmo(R'),
and we can realize HG, as an Hmo(R)-module and consider it as an R—module via
R — Hmo(R). These two R—modules are isomorphic by (12).

Proof Let IRG and TR'G be the cell approximations of G used in the construc-
tion of the spectral sequences and let T®M and I'®M be the CW approximation
of M used in the construction of the spectral sequences. Let TRG — I'®G and
I'R®M — TRM be maps in .#g lifting the identity maps up to homotopy. Because of
(TRMY = % = (I‘R/M)" for n < 0, one can show, as in the proof of the existence of
cellular approximations of maps between CW complexes (see [10, Theorem 8.5.4; 34,
Lemma I1.3.2]), that TRM — I'R'M is homotopic in .#g to a map that respects the
skeleton filtrations of T®M and T®'M. For this note that the only properties of the
sequence of cofibrations of R—modules

o (CRMY 5 (R MY — (PR M)+ ... 5 TRy

that are needed in the proof are that the n'™ homotopy group of the R—module homo-
morphism (CRM)" — TR'M is zero for n > 1 and that o ((TR'M)®) — 7o(TR'M)
is surjective. Both follow from the fact that 7, (T®'M/(I'R'M)™) = 0 by [13, page 57].

It is clear that the maps
TRG AR (TRM)" > TRG Ag MM 5> TRG Ag (TR M)"

induce a morphism of unrolled exact couples and therefore a map of spectral sequences
which converges to the map 7«(G /\%e M) — 1. (G /\é, M). Note that the map

Tntm(TRG A (CRM)" /(DRMY™™Y) = 70 1 (TRG AR (DR M) (DR M)
identifies with the map

Gm @Ry T (TRM)" J(CRMY'™) — G @ gy 70 (TR M) /(DR MY,
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Applying the proven statements as well to the R’—modules HG,,, one gets the iden-
tification of the map of spectral sequences on E2—pages. For this also note that the
isomorphism between the two realizations of H Gy, induces a morphism of spectral
sequences by Lemma 3.14. O

We now prove the multiplicativity of the Atiyah—Hirzebruch spectral sequence:

Proposition 3.17 Let R be a connective cofibrant commutative S —algebra. Let M,
N and L be connective R—modules and let G be an R—module. Let y ES ., N E}
and 1 EY , be the spectral sequences defined in Theorem 3.13. Then maps G /\ILe G—>G
and M /\ILQ N — L in g induce a pairing of spectral sequences

ME::,* X7z NE:,* - LE:,*
that converges to the product

7 (G AN M) ®7 71:(G A N) — 7,.(G A L),

Proof Since the spectral sequences were constructed using a cell approximation of G,
we can assume that the product G /\f‘e G — G in g can be represented by a map
GARG — G in #r. Let 'M, I'N and I'L be the CW approximations of M, N
and L used in the definition of the spectral sequences. Then the map M /\ILQ N — L can
be represented by a map

I'M ART'N - TL

in .#g that is cellular. We define maps (G ARTM")AR(GARTN¥*)— G ATL" ¥ by
(GARTM™) AR (G ARTNK) =5 (G AR G) AR (TM™ AR TNF)
— G A(TM ARTN)"™* — G AgTL" .

Since the diagrams

TM" Y ARTNK — 5 TM" ARTNK «—— TM" Ag TNK!

¢ y ’

(TM ARTN)" k=1 s (M AR TN)"Tk «— (IM Ag TN)" k-1

and
(TM AR TN)"t*k=1 5 (TM Ag TN)*tk
FLn+k_l s FLn+k
commute in .#g, the proposition follows from Corollary 3.9 and Lemma 3.10. |
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4 The Brun spectral sequence

The goal of this section is to apply the results of the previous section to construct a
generalization of the following spectral sequence of Brun (see [9, Theorem 6.2.10]):

Theorem 4.1 (Brun) Let R — R; be a ring homomorphism of commutative rings.
There is a multiplicative spectral sequence of the form

E2,, = m, THH(HRy, H TotR (Ry. R1)) = mtntm THH(HR, HRy).

We first recall two definitions of topological Hochschild homology. For this, recall the
definition of geometric realization.

Remark 4.2 Let X, be a simplicial object in .#g or .#. Then its geometric realization
| Xo| is defined as the coend

A
/ Xq/\(Aq)+,

where A, denotes the standard topological g—simplex. Since tensors and colimits
in .#g are created in . geometric realization in .#s is given by geometric realization
in .. Now, let X, be a simplicial commutative S —algebra. Then, by Proposition X.1.5
of [13] its geometric realization can be endowed with the structure of a commutative
S —algebra. We can also form the internal geometric realization

A

By [13, Proposition VII.3.3] these two commutative S —algebras are isomorphic.

Definition 4.3 (THH, first definition) Let A be a cofibrant commutative S —algebra.
Let B be an (A, A)—bimodule. The simplicial S —-module THH(A; B), is defined by

THH(A; B), :=BAs AAg---As A
—,—/
n times

together with the usual face and degeneracy maps (see [13, Definition IX.2.1]). We
define
THH(A; B) := |THH(A4; B).,|.

We write THH(A) for THH(A; A). We denote the homotopy groups of THH(A; B)
and THH(A) by THH«(A; B) and THH.(A).
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Definition 4.4 (THH, second definition) Let A be a cofibrant commutative S—
algebra and let B be an (A4, A)-bimodule. Let A° = A Ag A°P be the enveloping
algebra of A. We define

THH(A; B) = B Ak A € 9ye.

By [13, Proposition IX.2.5] the image of B /\ﬁe A under Z4e — Zs is isomorphic to
the image of |n +> B Ag A"S"| under .#s — %5 if B is a cell A°—module.

We now study algebra structures for both definitions of THH in the case where B
is a commutative A—algebra. In Lemma 4.6 we will see that the isomorphism of
[13, Proposition I1X.2.5] preserves multiplicative structures.

Remark 4.5 Let A be a cofibrant commutative S—algebra. Let B be a commutative
A—algebra. Then [n] — B Ag A™S™ is a simplicial commutative S—algebra. Thus,
by Remark 4.2, its geometric realization is an object in ¥«Zs. Moreover, the maps
B — BAg A™S™ and B Ag A™S™ — B endow |[n] — B Ag A™S™| with the structure
of an augmented commutative B—algebra. Here, note that by the universal property of
coends we have |B| = B, where B denotes the constant simplicial object.

Note that the (A, A)-bimodule structures on A and B come from the A¢-algebra
structures given by the maps of commutative S—algebras A = AAg A — A and

(A* > A— B) = (A° — B° — B).

Since the smash product of two ring spectra is a ring spectrum we get that B /\je A is
an A°-ring spectrum.

Lemma 4.6 Let A — B be a morphism of cofibrant commutative S —algebras. Then
the image of B /\je A under Yq¢ — 95 and the image of |[n] — B Ag A™S™| under
Ms — Ds are isomorphic as S —ring spectra.

Proof Let BS (A, A, A), be the bar construction (see [13, Definition IV.7.2]). It is

a simplicial commutative S—algebra with BS (4, A, A), = A Ag A" Ag A. The

inclusions of the first and the last smash factor give a map of commutative S —algebras
A = |A°] — |BS (4, 4, A).|.

We have:
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e By [13, Lemma VII.7.3] the map of commutative A°-algebras
|BS(A, A4, A)| — |A] = A
is a weak equivalence.

o The map A¢ — |B5(A, A, A)| is a cofibration of commutative S —algebras. To
see this we consider the simplicial 1-simplex [n] — AL . We interpret Al as a
discrete simplicial space. Since the functor A ® —:  — é</s commutes with
coproducts, we can identify |BS (A4, A, A)| with the geometric realization of the
simplicial commutative S—algebra

]~ A® (A),.

By [13, Proposition VII.3.2] this is isomorphic in ¥«/s to A ® |Al|. Likewise,
|A¢| is isomorphic to A ® |[0Al|. The map |4¢| — |B5(A, A, A).| can be
identified with

A®[0AT| = (A® |0A"| Asglaar S ® [AT) > A®|A].
which is a cofibration in ¥<s because the model category structure is topological.

We are now ready to prove the lemma. We have an isomorphism of commutative
S —algebras

] > B As ANS™| 2 |B Age BS (A, A, A),|.

By the universal properties of coends and pushouts, and the fact that the functor
—® X: ¢os — €o/s commutes with colimits, we get that this is isomorphic to

|B| Age) |BS (A, A, A)a| 2 B Age | BS (A, A, A).|.

Since A€ is a cofibrant commutative S—algebra (as coproduct of cofibrant objects),
we get by Lemma 2.2 that the map

B AL, |BS(A, A, A))| = B Age |BS(A, A, A).|
in Z4e is an isomorphism of A€-ring spectra. Since
BAL |BS(A,A,4),| = BAL A

as A€-ring spectra, this finishes the proof. |
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Remark 4.7 Let

15)

A —

—
—

T ™

be a commutative diagram of cofibrant commutative S-—algebras. We then have a
commutative diagram in Zgs

B AL A —=—= |[n]+— B Ag A"

! |

DAL, C —=— |[n]— D As CMs™|

where the left vertical map is given by B /\ﬁe A— D /\je C—D Aée C.

Until the end of the section, we work with Definition 4.4 for THH (second definition).
In order to proof the generalization of Brun’s spectral sequence, we first identify
THH with another ring spectrum. After that, we apply the Atiyah—Hirzebruch spectral
sequence.

Lemma 4.8 Let S — A — B be cofibrations of commutative S —algebras. Then we
have an isomorphism of A€ -ring spectra

THH(A; B) = (B A4 B) AL, B.
Proof We factor the map B¢ — B in commutative S —algebras as
B®>> B —=» B.
We then have an isomorphism of A¢-ring spectra
THH(4; B) = B AL, A.
We claim that the map
BAke A— Bage A

in Z4e is an isomorphism of A¢-ring spectra. By Lemma 2.2 we only have to show
that A° — B¢ is a cofibration of commutative S—algebras. This is true because A — B
is a cofibration, and, by denoting the coproduct inclusions by i; and i, we have
pushout diagrams

A2 AnsA A1y Ang B
I I
B —25 AAg B B —5 BAsB
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Since B =~ B¢ Age B as B¢ —algebras, we have an isomorphism of A¢—algebras
B Age A= AAge B~ ANge (B Age B).

By using the universal property of pushouts in the category of commutative .S —algebras,
one sees that
A Nge (Be ABe E) = (A Nge Be) ABe E

Obviously, the isomorphism is an isomorphism of A¢-algebras. Again, by using the
universal property of pushouts one sees that we have an isomorphism of commutative
S —algebras

A Age B¢ = B Ayq B.

The isomorphism is an isomorphism of B¢-algebras. Therefore, we get
(A Age B¢) Age B = (B Ag B) Age B

as B¢-algebras. We claim that the map
(BA4 B)A. B— (BAgB)Age B

in Ppe is an isomorphism of B¢-ring spectra. This follows from Lemma 2.2 if we
can show that B A4 B is a cofibrant commutative S—algebra. But this is clear, because
A — B A4 B is a cofibration in €</s , since cofibration are stable under cobase change.
As we have

(BAa B)~L. B=(BAgB) AL B

as B¢-ring spectra, this finishes the proof. a

Remark 4.9 Given a diagram of the form (15), where the horizontal maps are cofi-
brations in 4«75, one gets a commutative diagram in Zg

THH(A; B) —=— (BA4B)AL. B

l l

THH(C; D) —=— (D Ac¢ D)K. D
Here, the right vertical map is given by
(B A4 B)Ak. B— (D Ac D)AL. D — (D Ac D) AL D.

One uses that maps in ¥</s can be factored functorially into cofibrations followed by
weak equivalences.
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Before we can prove the generalization of Brun’s spectral sequence we need another
remark:

Remark 4.10 Let A be a commutative S —algebra and let £ be an S-ring spectrum
that is a cell S —module. Then, by [13, Proposition [11.4.1], E Ag A is a cell A—module.
We can equip E Ag A with the structure of an A-ring spectrum. Its image under
94 — Ds 1is isomorphic to the S-ring spectrum E /\15 A. If A is a commutative
R-algebra and B is an R-ring spectrum, we have

(E As A) Ak B = E AL (ANL B)

as S —ring spectra. The isomorphism is natural in E, A and B. If R — R’ is a morphism
of commutative S —algebras, B is an R’-ring spectrum and A is a commutative R'—
algebra, the following diagram commutes in Zg :

(Ens A)NE B —=— EnL(AAL B)

1 !

(EAs A)NE, B —=— EAL(AAL B)

For an S-module £ we write E«(—) for m«(E /\§ -).

Theorem 4.11 Let A be a cofibrant commutative S —algebra and let B be a connective
cofibrant commutative A—algebra. Let E be an S -ring spectrum. Then there is a
multiplicative spectral sequence of the form

E2 ,, =THH,(B; HEm(B A4 B)) = Enym(THH(A; B)).

Proof Since B is a cofibrant commutative S —algebra, the map
ISBAsTSB — BAg B

is a weak equivalence by [13, Theorems VII.6.5 and VIIL.6.7]. By [17, page 506] we
therefore have a strongly convergent spectral sequence of the form

EZ,, = Tory*, (Bx. Bx) = nim(B Ag B).

This shows that B Ag B is connective. Since B¢ is a cofibrant in €«’s, Theorem 3.13
yields a strongly convergent spectral sequence of the form

E? = n(Hram(DSE As (B Aa B)) Ase B) = mtnym ((T5E As (B A4 B)) Ak B).
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By Remark 4.10 and Proposition 3.17 the spectral sequence is multiplicative. We have
E2,, = 7n(HEm(B Ag B) Aje B) = THH,(B; HE;(B Ag B)).
By Remark 4.10 and by Lemma 4.8 we have isomorphisms

7 ((CSE As (B Aa B)) Ase B) = i (E A% (B A4 B) A5 B))
~ 7.(E AL THH(4; B))

that are compatible with the multiplications. O

We want to find a more computable description of the E2—page in special cases. To
see that different ring spectra are isomorphic, the following remark will be useful:

Remark 4.12 Let R be a connective commutative S —algebra. Let A and B be R—
ring spectra with 74 (A) = 0 = 7« (B) for x # 0. Suppose that there is an isomorphism
Ao = By that is Rg—linear and compatible with the unit and multiplication. Then, by
using [17, page 507], one gets A = B as R-ring spectra.

Now let A be a connective cofibrant commutative S —algebra. Then we have a map
of commutative S—algebras A — Hm(A) realizing the identity on wg. We consider
THH(A; Hmo(A)) = Hmp(A) /\je A. By Remark 4.12 this does not depend on the
choice of the representative of the homotopy class A — Hmo(A) in hée/s . By using
the commutative diagram (13) we also see that THH(A; Hmo(A)) is isomorphic to
Hro(A) AL, A built via A° — Hro(A%) — Hmo(A).

Lemma 4.13 In the situation of Theorem 4.11 we assume that E,,(B AN4q B) is an
IF, —vector space for all m and that mwo(B)/pmo(B) =T, as rings. Then we have an
isomorphism

E} ,n = Em(B A4 B) @, THH,(B; HF )

nm =

that is compatible with the multiplication. Here, the multiplication on the right side is
givenbya®b-c®d = (—1)Pll¢lgc @ bd . The (B, B)-bimodule structure on HF),
is given by the morphism of commutative S —algebras B — Hno(B) — HF,.

Proof We have
E? = n,(HEn(B Aq B) Age TE°B).

nm =
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The B¢-action on HE,,(B A4 B) is given by pulling back the Hm(B¢)—action along
the map B¢ — Hmo(B¢). The Kiinneth map

70(B) ®z mo(B) — mo(B As B)

is a ring map, and it is an isomorphism because it is the edge homomorphism in the
Tor spectral sequence

EZ,, = Tory*,(Bx, Bx) = Tnim(B As B)

(see [17, page 506]) and because B is connective. The 7¢(B)Rmo(B) = mo(BAsB)—
action on E,, (B A4 B) is given by pulling back the [Fj,—action along

70(B) ® mo(B) — mo(B) — mo(B)/pro(B) = Fp.
This is because the two actions of 7g(B) induced by the two inclusions
7o(B) — mo(B) ® mo(B)

have to factor over mo(B)/pmo(B)—actions because E,, (B Aq B) is an [F,—vector
space, and because there is only one mo(B)/pmo(B) = IFp—action on a given abelian
group. Because of the uniqueness of Eilenberg—Mac Lane spectra we can write

EZ,, = n(HEm(B Ag B) Ape T5°B),

where we realize HE;,(B A4 B) as an HF,-module and equip it with a B¢-module
structure by pullback along

B¢ — Hno(B¢) — Hmo(B) - HF).
We can also assume that HE,, (B A4 B) is a cell HIF,—module. We have
HEw(B A4 B) Ape TB°B = HE, (B Ay B) Aw, (HF, Age TE°B).
With the Tor spectral sequence we get

EZ,, = Em(B A4 B) ®F, 1y (HF, Age TB°B)
= Em(B A4 B) ®F, tn(HF, Ake B).

By Remark 4.12 this is isomorphic to
Em(B ng B) ®F, THH, (B; HIFp).

It remains to prove that the identification is compatible with the multiplication.
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Our spectral sequence is given as an Atiyah—Hirzebruch spectral sequence with E!—

page
E} . = mtnym(F Age (DB°B)" /(DB B)" ™),

where F = I'B(I'SE Ag (B A4 B)). The multiplication on the E!—page is given by
the maps

(16) FApe F > F
and
17y (CEB)" /(T % BY"™! Ape (TP BY"/(TBB)”
N (FBEB)n-f-n’/(FBeB)n-i-n’—l.
Here, the map (17) comes from a cellular representative
(18) 3B Anpe TB°B -T2
of the product B /\Iée B — B. One easily sees that the isomorphism between
Em(B A4 B) ®r, THH,(B; HF)) = Fyy ®F, 7n(HF, Age T5°B)
and the homology of the E!—page is given as follows: For
X € Fu ®F, tn(HF, Age T5°B)
choose a preimage y under
Fn ®F, tn(HF, Age (TB°B)") — Fpy ®F, 7n(HF, Age TE°B).
Then x is mapped to the homology class of the image of y under the composition of
Fn ®F, 7a(HF, Age (TB°B)") — F, ®F, mn(HF, Age (DB°B)" /(DB B)" 1)
and
Fn ®F, 7n(HFp Age (T7°B)" /(PE°BY" ™)
= Fin ®F, Fp ®(pey, T (TEBY" /(DB'B)" )
= Fin ®(peyo Ta(D5°BY" /(TP B)"™")
= tn4m(F Age (F%°B)" /(PE°B)" Y.

Every intermediate graded abelian group appearing in this identification can be endowed
with a multiplication by using the maps HIF, Age HIF), — HI,, (16), (17), (18) and

(TB°BY" Age (TB°B)YY — (DB Byt
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For multiplications on tensor products we use the sign convention given in the statement
of the lemma. Then every map in the identification is compatible with the multiplication.
This proves the lemma. |

Lemma 4.14 Suppose that we have a commutative diagram in €</s

A>—— B

! !

C —— D

where A and C are cofibrant commutative S —algebras, B and D are connective and
where the horizontal maps are cofibrations in ¢.</s . Furthermore, suppose that we have
a morphism of S -ring spectra E — F. Then we get a morphism of Brun spectral
sequences converging to the map E, THH(A; B) — F. THH(C; D). If additionally
Ew(B Agq B) and Fp (D Ac D) are IFj,—vector spaces and mo(B)/pmo(B) =F, =
mo(D)/pmo(D) as rings, the map on the E%—pages identifies with the map

E«(B A4 B) ®F, THH.(B; HF,) — F«(D Ac D) ®F, THH«(D; HIFp)
that is given by the obvious map on the first tensor factor and that is induced by the map
THH(B; HF,) => HF, Ak. B - HF, AL. D — HF, AL. D

on the second tensor factor. Here, the B¢ -module action on HF, in the second smash
product is given by

B® - D¢ - D — Hno(D) - HF,
and the isomorphism is defined using Remark 4.12.
Proof By Remarks 4.7, 4.9 and 4.10 the morphism E.« THH(A; B) - F« THH(C; D)
corresponds to the composition of

(TSE As (B A4 B)) Ak B— (TSF As (D Ac D)) As. D
and
(TSF As (D Ac D)) Ak, D — (TSF As (D Ac D)) A D.

By Lemmas 3.14 and 3.16, we have Atiyah—Hirzebruch spectral sequences converging
to these maps.
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Now, assume that the additional conditions are satisfied. We identify the map on
E?—pages. Recall from the proof of Lemma 4.13 that we identified
HE;,(B Ag B) Age TB°B
with
HE;u(B Aa B) A, HF, Age TE°B,

where in the second smash product HEy, (B Agq B) is realized as a cell HIF,—module
and the B®-action on HF) is given by

(19) B¢ — Hno(B®) — Hno(B) — HF).

The analogous statement holds for £, A and B replaced by F, C and D. We have
a cell approximation I'! => HTF, of HF, as HF, As B¢~module, where the B®-
module action is given by (19). We also have a cell approximation I'> = H Fp
of HF, as an HF,AgB¢-module, where the B¢-module action is given by

B¢ - D® — Hno(D®) — Hno(D) — HF.

By fact (12), HIF, equipped with the first HF,A g B¢-module structure is isomorphic
in Zy¥F,AsBe to HFp equipped with the second module structure. The isomorphism is
represented by amap I'' — I'2. By (12) we have a map between the cell H [Fp—modules
HE;,(BAg B) and H F;,(D Ac D) inducing the obvious map in homotopy. The maps
HF, < T'' -T2 HF,, HEy(B Ay B) = HFy(D Ac D) and TB°B — T'B°D
induce a map (f{")«,
70s(HEm(B A4 B) A, HF, Age TBB)

— 7x(HFu(D Ac D) Apw, HF, Age TED),.
We also have a map (f,")«,
7ws(HFu(D Ac D) Agw, HF, Age TE°D)

— 1« (HFm(D Ac D) Agr, HFp Ape TP D),
induced by a map I'B°D — ' D in .#ge lifting the identity up to homotopy. Using
(12) it follows that the map on E2—pages is given by the maps (3% 0 (f")«. Inthe
proof of Lemma 4.13 we also did the identifications
s (HEm(B Ay B) Aw, HFp Age TB°B) = E, (B Ay B) ®F, 7 (HF, Age TB°B)

=~ Em(B Aa B) ®F, m«(HFp Ae B)
=~ Em(B A4 B) ®F, THH«(B; HIFp)
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and analogously for F, C and D. Again by using (12), one sees that under these
isomorphisms the maps (/") o (f{")« correspond to the map in the statement of the
lemma. |

Remark 4.15 One easily sees that the Brun spectral sequence is functorial with respect
to morphisms of S-ring spectra and the vertical maps in diagrams as in Lemma 4.14.

5 The topological Hochschild homology of ku

In [2] Ausoni computed the mod (p, v;) homotopy of the topological Hochschild
homology of p—completed connective complex K —theory for an odd prime p. Ausoni
used the Bokstedt spectral sequence. In this chapter we present a shorter computation
for p > 5 using the Brun spectral sequence.

We take for the ring spectrum E in the Brun spectral sequence the mod p Moore
spectrum and the mod (p, v1) Toda—Smith complex. Recall the following:

Remark 5.1 Let p be a prime with p > 5. Let V(0) be the mod p Moore spectrum
and let V(1) be the mod (p, v1) Toda—Smith complex. We can suppose that V(0)
and V(1) are cell S—modules. Because of p > 5 we have the following properties
(see [26; 27; 25)):

e The S-modules V(0) and V(1) are associative and commutative S —ring spectra.

e We have distinguished triangles in Zg
(20) S99 S V0)—> =S

and
$2P721(0) — V(0) — V(1) = 22711 (0).

The maps S — V(0) and V(0) — V(1) are maps of S-ring spectra.

Let p be a prime with p > 5. Let ku be p—completed connective complex K —theory.
Following Ausoni we take as a commutative S —algebra model for ku K(|JF 19 p,l))p,
the p—completion of the algebraic K—theory of Uizo F, i (p—1)» Where [ is a prime that
generates (Z/p?)*. By [19, Example V1.5.2; 21; 22; 13, Corollary 11.3.6], algebraic
K —theory can be realized as a functor from commutative rings to commutative S—
algebras. By p—completion we mean Bousfield localization with respect to V(0) as

defined in [13, Section VIIL.1]. By the proofs of [13, Lemmas VIIL.5.8 and VIIL.5.2 and
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Theorem VIII.2.2] the p—completion of a commutative S —algebra can be constructed
as a commutative S—algebra in such a way that we get a functor (—),: €a/s — Cals
with values in cofibrant commutative S —algebras.

We have
s (ku) = Zp[u]

as rings, where |u| = 2. Using the cofiber sequence (20) one gets
V(0)x ku = P(u),
where P(—) denotes the polynomial algebra over I, . By [2] we have
V(s ku= Pyp_1(u).

Here, Pp—1(—) = P(u)/(uP™') is the truncated polynomial algebra over F,. The
map V(0)« ku — V(1) ku is the quotient map. By [2, Theorem 2.5] we have

HFp, ku= Ppi(0) ® P(E1,62,...)® E(T2,...),

where the tensor product is taken over I, and where E(—) denotes the exterior algebra
over [F,. We have €| =2p’ —2 and |T;| =2p’ —1, and u is the image of u € 75 (ku)
under the Hurewicz map

7 (ku) =5 7, (S AL ku) — 7w (HF, AL ku).

Recall that £ := K(U i )p is a commutative S —algebra model for the p—completed
connective Adams summand [23, Proposition 9.2; 5, Section 2]. The map 7w« ({) —
7« (ku) induced by the inclusion of fields identifies 7«(£) with the subring Z,[u?1]
of 74 (ku). We have V(0)sf = P(u?~1) and V(1)l = Fp.

In order to calculate V(1) THH(ku) we proceed as follows:

We factor the map ku — HZ, in the category of commutative S —algebras as
ku>> HZ, ~» HZ,.

To simplify the notation we will write H Z, for HZ p most of the time.

We have a Brun spectral sequence

21 Ef* =THH«(HZ p; HV(0)«(HZ p N(w HZ p)) = V(0)« THH(ku; HZ )

and by Lemma 4.13 the E2—page can be identified with

E;.=V(O0)«(HZp Nw HZ ) @ THHW(HZ p; HF p).
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We compute this spectral sequence in Section 5.1. In Section 5.2 we compute the Brun
spectral sequence

(22) EZ . = THH.(ku; H(V(1)xku)) = V(1)x THH(ku).
Again by Lemma 4.13, the E2—page can be identified with
E},.=V(1)s+ku® THH.(ku; HF ) = P,_1 (1) ® THH. (ku; HF)).
Note that by Remark 4.10 we have an isomorphism of S -ring spectra
V(0) A% THH(ku; HZp) = V(0) A5 (HZp AL e ku) = (V(0) As HZp) AL ku.

Since the H Z,-ring spectra V(0) As HZ, and HI), are isomorphic by Remark 4.12,
this is isomorphic to THH(ku; HI,). Thus, the abutment of the spectral sequence (21)
computes the input of the spectral sequence (22).

Notation 5.2 An infinite cycle in a spectral sequence is a class b such that d*(b) =0
for all 5. A permanent cycle is an infinite cycle that is not in the image of d* for any s.
We write b = c if b and ¢ are equal up to multiplication by a unit in I, .

5.1 The mod p homotopy of THH(ku; HZ ,)

In this subsection we calculate the FF,—algebra V(0)« THH«(ku, HZ,) using the
spectral sequence (21). By Bokstedt’s computations [8], we have

THH*(HZp; HIFp) =E(A)® P(p1)

with [A;] =2p—1 and |u1| =2p.
Lemma 5.3 We have V(0)«(HZp AN«u HZ p) = E(ou) with |ou| = 3.

Proof Since HZ, is a cofibrant commutative ku—algebra, we have
VO) NS (HZp Ay HZp) = V(0) NS (HZp AL HZp)

as S-ring spectra by Lemma 2.2. Using Remark 4.10 one gets that this is isomorphic
to the S—ring spectrum HIF, /\lfu HZ,p.

By [17] we have a strongly convergent spectral sequence of the form

EZ = Tots (Fp.Zp) = monpm(HF AL HZp).

,m

Algebraic € Geometric Topology, Volume 20 (2020)



On the Brun spectral sequence for topological Hochschild homology 855

We have the free resolution of Z, as a kux—module
0 — X?kuy 2 kuy — Z, — 0.

Thus, the E2—page is I p in the bidegrees (0,0) and (1,2) and zero in all other bide-
grees. There cannot be any differentials. Since there is only one graded-commutative
[F,—algebra that has I, & »3F p as an underlying [F, —vector space, this proves the
lemma. o
Thus, the E2—page of the spectral sequence (21) is

E(ou) ® E(A1) ® P(u1),
where ou, A1 and 1 have the bidegrees (0,3), 2p—1,0) and (2p,0).

Lemma 5.4 The spectral sequence (21) collapses at the E*—page.

Proof The class ou is an infinite cycle, because it lies in column zero. The class A
is an infinite cycle, because the E2—page is zero in total degree 2p — 2. The class ji;
is also an infinite cycle: In total degree 2p — 1 the E2-page is given by Fp{11}. The
differentials of 1 lies in columns <2p —2 and A; lies in column 2p — 1. Thus, the
differentials of (1 cannot hit Aq. O
Lemma 5.5 We have
V(0)« THH(ku; HZp) = E(ou, A1) ® P(it1)
with |ou| =3, |A1] =2p—1 and |u1]| =2p.

Proof Since the E® = E2—page is a free graded-commutative F p—algebra, there
cannot be any multiplicative extensions. |

5.2 The V(1)-homotopy of THH (ku)

In this subsection we calculate V (1)« THH(ku) via the spectral sequence (22). By
Lemma 5.5 we have

EZ .= Pp1(0) ® E(0u, A1) ® P(ju1),

where u, ou, A1 and p; have bidegrees (0,2), (3,0), 2p — 1,0) and (2p,0),
respectively.
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Lemma 5.6 There are nontrivial elements

u' € V(1) THH(ku) and ou’ € V(1)3 THH(ku)
satisfying

WP 20u’ = 0.

Proof To see this, we pass to homology. We have u?~! =0 in (HF )« ku. Recall
from [1, page 1238, Proposition 5.10] that we have a map ku AS ! — THH(ku) such that
the induced map in homology ox: (HFp)« ku — (HIF,)4«41 THH(ku) is a derivation.
We apply o to the equation u”~! = 0 and get

uP20,(u) =0

in (HF,)« THH(ku), where u is the image of u under the unit (HF,)+ku —
(HIFp)« THH(ku). Since the unit has a left inverse, u € (HIF,), THH(ku) is not
zero. We claim that the class o« (u) is also not zero. To see this we consider the
Bokstedt spectral sequence [1, Section 4]

E2, (ku) = HY/((HFp)x ku) = (HF,)s THH(ku).

Here, H]Ef’* ((HFp)« ku) denotes the Hochschild homology of (HIF,)«ku over the
ground ring I, . By [23, Proposition 3.2] the class o«u is a representative of the class
o(u) e E f?z(ku) that is given in the Hochschild complex by 1 ® u. The class o (u) €
E f?z (ku) is not zero, because by standard computations of Hochschild homology (see
[2, Propositions 3.2 and 3.3]) the bigraded F,—vector space E f’*(ku) does not contain
any class of total degree 4 in a filtration degree > 3, and therefore o(u) € E 12’2(ku)
cannot be hit by any differential.

Recall that the mod p homology of an §S—module admits a natural comodule struc-
ture over the dual Steenrod algebra A« = (HIF,)+«HF, [4, Theorem 1.1]. By [33,
Corollary 17.4] the image of the Hurewicz map is contained in the [F,—subspace of
As—comodule primitives. Thus, the class u € (HIF,)« ku as well as its image under
the unit (HFp,)«ku — (HF,)« THH(ku) are As—comodule primitives. Since the
suspension isomorphism (HFp)«(—) — (HFp)x41(— A S1) is compatible with the
comodule action, it follows that the class o« (u) is also primitive.

We consider the diagram

(HF,). THH(ku) L5 (HF,).(V(1) AL THH(ku)) <= V(1) THH(ku),
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where the right map is the Hurewicz morphism. The map f is injective because
composed with the Kiinneth isomorphism

(HTF,)«(V(1) AL THH(ku)) = (HF,)« V(1) ® (HF,), THH(ku)
it is the inclusion
(HF )« THH(ku) — (HF,)«V(1) ® (HF,)« THH(ku), a+ 1®a.

The S-module V(1) /\g THH(ku) is a module (in Zg) over the S-ring spectrum
V(1) /\15 ¢ = HT,. Therefore, it is isomorphic in Zg to a coproduct of S—modules of
the form HIF), Aé S§ and the Hurewicz morphism / induces an isomorphism onto the
Ax—comodule primitives of (HIFp)«(V (1) /\§ THH(ku)). We obtain two nontrivial
elements u” and o4 (u)" in V(1) THH(ku) satisfying the equation

WP 204 (u) = 0. o

Lemma 5.7 The classes u, ou and A; in the Brun spectral sequence (22) are infinite
cycles. We have d*(jt1) =0 for 2 < s < 2p —4 and there is a differential

d??73(uy) = uP2ou.

The spectral sequence collapses at the E?P~2 —page.

Proof The class u is an infinite cycle because it lies in column zero. It is also a
permanent cycle because the unit

V(1) ku — V(1)5 THH(ku)

is injective and so V' (1), THH(ku) is not zero. This implies that ou is an infinite cycle,
because the only possible nontrivial differential on ou is d3(ou) = u. The class A1
is an infinite cycle because the E2—page is zero in total degree 2p — 2.

There is a differential d2273(j11) = u?20u: By Lemma 5.6 we have two nontrivial
elements u’ and o4 (u)’ in V(1) THH(ku) satisfying the equation

)P 204 (u) = 0.

Since the E°°—page of the Brun spectral sequence is F,{u} in total degree two and
F,{ou} in total degree three, up to a unit, u’ has to be a representative of u and ou’
has to be a representative of ou. Therefore, we have u?~?ou = 0 in EZ and the

class u?2ou € E f* has to be hit by a differential. The only class in total degree 2p
is 1. Thus, we have d*(ju1) =0 for 2 <s <2p —4 and d??73(u1) = u?"2ou.
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Since we have E fm =0if m>2p—4 or m <0, the spectral sequence has to collapse
at the E2P~2_page. m|

Lemma 5.8 We have EZ°, = Effk_z = Q3 ® E(A1), where Q5°, is the bigraded
commutative IF, —algebra with generators
u, ,u/27 aOv'--vap—l’ bls-"sbp—l

in bidegrees |u| = (0,2), |u2| = (2p2,0), |a;| = 2pi +3,0) and |b;| = (2pi,2) and
relations

(23) uP=1 =0,

24) uP=2a; =0 for 0<i <p-2,
(25) uP=2b; =0 for 1 <i <p-—1,
(26) bibj = ubi 4 j fori+j<p-—1,
(27) aibj = uaj fori+j=p-1,
(28) bibj =ubjyj_pup fori+j=>p,

(29) aibj =uajyj-ppa fori+j=p,

(30) aiaj =0 for0<i,j<p—1.

Here, we use the convention by = u. By bigraded commutative [, —algebra we mean
a bigraded IFj, —algebra which is commutative in the following sense: if a and b are
elements of total degree n and m, we have ab = (—1)""ba.
Proof We have Effi_z = Hy«((R2,%,d")) ® E(A1), where

Qe = Pyt () ® E(0u) ® P(u1)

and d’ is the restriction of the differential of £27~3. Computing homology, we find
that, as an [, —vector space,

(B He(Quw.d)=PFpiut"te P Fplu'n})

n>0 n>0
i=1,..., p—2
1 -2 n+p—1
® @ ]Fp{u’au,url‘}@@]Fp{up oupt" TP
n>0 n>0
i=0,...p—3

We define classes in Hx ((Qx,%,d")) by p2 ::,uf, a; ::cru,uf1 fori =0,..., p—1and
bi :==u u"l fori =1,..., p—1. Obviously, these classes satisfy the relations (23)—(30).
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Note that ul’_zau,uf_l is not in the image of d’, so that u”~2a; = 0 only holds for
i =0,...,p—2. We get a map of bigraded [, —algebras

Q%, L5 Hy(Qu 4. d")).

Using the relations (23)—(30) one easily sees that f maps a generating set bijectively
onto the basis of Hyx((Qx,x,d’)) given in (31). It follows that f is an isomorphism. O

Theorem 5.9 We have
V(1)x THH(ku) = E(A1) ® Qio*

where we consider 37, as a graded ) —algebra via the total grading.

Proof We use a method from [2]: Recall that we have chosen K(UF

[pi(p—l))p
2)*

as a model for ku, where [ is a prime that generates (Z/p“)*. The Galois group
of UF,,i,—1) over IF; is given by Zp x Z/p—1. Let § be a generator of the

subgroup Z/p — 1. By Lemma 4.14 the diagram
ku i) ku
i
ku i) ku

induces a morphism of Brun spectral sequences 4 , converging to

8x: V(1) THH(ku) — V(1)x THH(ku).

By linear algebra every finite-dimensional vector space over [F, admitting an auto-
morphism f with f?~! = id splits into eigenspaces with respect to f. We get
that the Brun spectral sequence splits into a direct sum of p — 1 spectral sequences
(corresponding to the p — 1 possible eigenvalues). Furthermore, V(1) THH(ku)
splits into eigenspaces and the subspectral sequence corresponding to an eigenvalue j
converges to the eigenspace corresponding to .

For the class u € V(0)« ku we have 6« (1) = au for a generator o of IF;‘ [2, page 1267].
It follows that the same is true for the classes u € V(1)« ku and u € (HF,)« ku. We
say that a class has §—weight i € Z/p — 1 if it lies in the eigenspace corresponding
to o .

The class ou € E32’0 has §—weight 1, because u € (HF,)« ku has §—weight 1 and
because the map o4: (HFp)« ku — (HFp)x4+1 THH(ku) is natural. We claim that
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the classes A, 1 € Ef* have §—weight 0: Note that UIFI »i 1s the subfield of
U F, yi (p—1) fixed under §. It follows that §: ku — ku restricts to the identity map on
the Adams summand £. We consider the £¢—module structure on HF, given by the
morphism of commutative S —algebras

{—-ku— HZ, — HF).

We then have commutative diagram in g

HF, AL ku —=— HF, AL, ku

T T

where the upper horizontal map is the one inducing 8* . on the second tensor factor in
2 =V(1)xku® THH, (ku; HF)p).
It thus suffices to show that A and uf are in the image of 7« (HTF), Aﬁe ) —

m«(HF, /\I{Jue ku). The diagram

ku — HZ,

T T
{ —— HZ,
factors as

ku — HZ, — HZ,
T
(>—— HZ, —~% HZ,
The map .« (HTF, /\gﬁe {) = me(HTF, /\ e ku) identifies with
V(0)« THH(Y; HZP) — V(0)x THH(ku; HZp)

and we have a morphism of Brun spectral sequences converging to this map. The
E?—page of the first Brun spectral sequence is

EZ .= E(0v1)® EQ)) ® P(u)),

where |ovi| = (0,2p—1), |A||=2p—1,0) and || = (2p,0). By [13, Theorem
X.2.4, Proposition IX.2.8 and Theorems VII.6.5 and VII.6.7], commutative diagrams
of cofibrant commutative S —algebras, where the vertical maps are weak equivalences,
induces a weak equivalence in THH(—; —). Therefore, the map of spectral sequences
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has to send A to A1 and p) to p1 up to a unit. Since A} and pL/lp have to survive to
the E>°—page and since V(0),,2 THH(ku, ﬁZp) and V(0)2,—1 THH(ku, ﬁZp) are
one-dimensional this proves that A and uf are in the image of w4« (HF), /\eLe ) —
mx(HFp AL, ku).

We get that the classes u, A1, o, a; fori =0...,p—1land b; fori =1,...,p—1
in the E°°—page of the Brun spectral sequence converging to V(1) THH(ku) have
the §—weights 1, 0, 0, 1 and 1, respectively. One easily checks that these classes have
unique representatives in V(1) THH(ku) with the same §—weight. We use the same
names for the representatives.

The relations u?~1 =0, uP72gq; =0 for i = 0,...,p—2, uP=2p; =0 fori =
l,...,p—=1,bjbj =ubjyjfori+j<p—1and bjb;j =ub;y;j_pur fori+j>p
hold in V(1) THH(ku), because they hold in the E°°—page and because the E°°—page
is zero in lower filtration in the respective total degrees.

We claim that the relations a;b; =ua;; fori 4+ j <p—1and a;b; =ua;;_pu>
for i + j > p hold in V(1), THH(ku). For this note that the only classes with the
same total degree and lower filtration degree in the E°°—page are

Mubipjoy if 1<i+j<p,  Mulbiyj_1-ppz if p+1<i+j<2p-2,

where we again use the convention by = u. Since these classes have §—weight 3,
whereas a;b; has §—weight 2, this proves the claim. We claim that ¢;a; = 0 in
V(1)« THH(ku). For this note that the only classes with the same total degree and
lower filtration degree in the E°°—page are

w’biy j if0<i+j<p-1,
whiyj—pia  if p<i+j<2p-2,
MuPaiyjo if1<i+j<p,
Mpou?aipj1—p if p+1<i+j<2p-2.

These classes have §—weight 3, whereas a;a; has §—weight 2. |
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