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Cohomological correspondence categories

ANDREI DRUZHININ
HAKON KOLDERUP

We prove that homotopy invariance and cancellation properties are satisfied by any
category of correspondences that is defined, via Calmes and Fasel’s construction,
by an underlying cohomology theory. In particular, this includes any category of
correspondences arising from the cohomology theory defined by an MSL—algebra.

14F42, 19E15; 14F05, 14F35

1 Introduction

Originally envisioned by Grothendieck, the theory of motives was set in new light by
Beilinson’s conjecture on the existence of certain motivic complexes, from which it
should be possible to derive a satisfactory motivic cohomology theory. This point of
view ultimately led to Suslin and Voevodsky’s construction of the derived category
of motives DM(k) over any field k; see Voevodsky [33]. The basic ingredient of
this construction is the category Corj of finite correspondences over k. Finite corre-
spondences define an additive category, and presheaves on this category — baptized
presheaves with transfers — are exceptionally well behaved. Indeed, Voevodsky has
shown that presheaves with transfers carry a very rich theory, satisfying fundamental
properties such as preservation of homotopy invariance under sheafification [32], and a
cancellation property with respect to smashing with G, [34]. These results are crucial
in order to obtain a good category of motivic complexes.

Shortly after Suslin and Voevodsky’s introduction of motivic complexes, a ‘“nonlinear”
version of DM(k) was defined by Morel and Voevodsky [26] in the context of motivic
homotopy theory. In this more general setting, the motivic stable homotopy category
SH(k) was constructed, most notably via the Al —localization and the P! —stabilization
process. The category SH(k) is equipped with an adjunction

1.0.1) y*: SH(k) 2 DM(k) :y«

such that the image of the unit for the symmetric monoidal structure on DM(k) is
mapped to the motivic Eilenberg—Mac Lane spectrum HZ in SH(k) under y.. In fact,
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this adjunction exhibits DM(k) as the category of modules over the ring spectrum HZ
(at least after inverting the exponential characteristic of k ); see Rondigs and @stver [30].
Furthermore, the restriction of y to the heart of the homotopy ¢—structure on DM(k)
is fully faithful. In fact, with rational coefficients, the category SH(k)q splits into a
plus part and a minus part, where the plus part is equivalent to DM(k, Q); see Cisinski
and Déglise [6]. Informally we can think of DM(k, Q) as consisting of the oriented
part of SH(k)q.

Several alternative and refined versions of the category of correspondences have been
introduced in the wake of Suslin and Voevodsky’s pioneering work, many of which
attempt to provide a better approximation to the motivic stable homotopy category
than DM(k). In particular, it is desirable to construct correspondences that capture
also the unoriented information contained in SH(k). Examples include

¢ the category ZF, of linear framed correspondences, introduced by Voevodsky
and further developed by Garkusha and Panin [19];

. Kga— and Kg—correspondences, studied by Suslin [31] and Walker [35];

o the category Cor « of finite Milnor—Witt correspondences, introduced by Calmes,
Déglise and Fasel [5; 8]; and

¢ the category GWCory of finite Grothendieck—Witt correspondences, defined by
the first author in [12].

To exemplify to what extent the above categories succeed in providing better approxima-
tions to SH(k), let us mention that framed correspondences classify infinite P! —loop
spaces — see Elmanto, Hoyois, Khan, Sosnilo and Yakerson [14] — and the heart of
the category ﬁNI(k) associated to a)?k is equivalent to the heart of SH(k) (with
respect to the homotopy ¢—structure); see Ananyevskiy and Neshitov [2].

Along with the introduction of each new category of correspondences follows the need
to prove fundamental properties like strict homotopy invariance and cancellation in
order to produce a satisfactory associated derived category of motives. For the above
examples, this is achieved by Ananyevskiy, Garkusha and Panin [1; 21], Suslin [31],
Fasel and @stver [17], Déglise and Fasel [8] and Druzhinin [13; 11]. The aim of
this note is to establish these properties simultaneously for a certain class of corre-
spondence categories, namely those that are defined by an underlying cohomology
theory (see Definition 3.0.1 for the precise meaning). This includes Voevodsky’s finite
correspondences — which can be defined using the cohomology theory CH* of Chow
groups — as well as finite Milnor—Witt correspondences Cor & » which are defined using
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Cohomological correspondence categories 1489

Chow-Witt groups CH*. More generally, any ring spectrum E € SH(k) that is an
algebra over Panin and Walter’s algebraic cobordism spectrum MSL [29] gives rise
to a cohomological correspondence category.

1.1 Outline

In Section 2 we introduce the axioms for a cohomology theory A* needed to build the
associated category Cor,‘;1 of finite A—correspondences. The definition of the category
Cor,‘;1 is given in Section 3. In addition we give in Section 3 a number of constructions
in the category Cor,f. Most notably, Construction 3.5.2 ensures that a regular function
on a smooth relative curve along with a trivialization of the relative canonical class
gives rise to a finite A —correspondence; this construction is used to define all the finite
A—correspondences needed to prove strict homotopy invariance and cancellation.

Section 4 is a brief comparison between our construction of A—correspondences and
framed correspondences. This is done by constructing a functor from the category of
framed correspondences Fry (k) to Cor,‘f.

Sections 5, 6, 7 and 8 are devoted to the proof of the strict homotopy invariance property
of homotopy invariant presheaves on Cor,‘:1 . The proof breaks down into several excision
results as well as a moving lemma, each of which is treated in its own section.

In Section 9 we show the cancellation theorem for finite 4—correspondences, following
the technique in Voevodsky’s original proof [34].

Finally, in Section 10 we use the previous results to establish a well-behaved category
of motivic complexes DM 4 (k) associated to the category Corj;l, and we show several
properties expected of this category. In particular, we define A—motivic cohomology
in this category, and show that DM 4 (k) comes equipped with an adjunction to SH(k)
paralleling (1.0.1). Note that these constructions are for the most part standard. For
this reason we keep it rather brief on certain formal aspects of the constructions, and
refer the interested reader to eg Voevodsky [33], Mazza, Voevodsky and Weibel [25] or
Déglise and Fasel [8] for further details.

The appendix is a collection of the geometric results used in the proofs of the excision
theorems.

1.2 Relationship to other works

In the independent project of Elmanto, Hoyois, Khan, Sosnilo and Yakerson [15], the
construction of the category Cor,‘(E of Section 3.1.1 is generalized to arbitrary ring
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spectra in SH(.S) over a base scheme S. Let us also mention that functors from the
category of framed correspondences to other correspondence categories have been
considered by several authors. The original construction of a functor Fry (k) — évork
from framed correspondences to finite Milnor—Witt correspondences was given by
Déglise and Fasel in [8]. In [15, Section 4.2], the functor of Déglise and Fasel was
refined to an hSpc—enriched functor ®£: hCorr™(Schg) — hCorrZ (Schg) from
the homotopy category of the co—category of framed correspondences to finite E—
correspondences.

1.3 Conventions and notation

Throughout, the symbol k will denote a field, and the symbol G, := Spec(k[t, ™))
will denote the multiplicative group scheme over k. In certain sections we will also
need to put some restrictions on the field k ; this will be stated in the beginning of the
relevant section.

By a base scheme we mean a noetherian scheme of finite Krull dimension. If S is a
base scheme, we let Smg denote the category of schemes that are smooth, separated
and of finite type over S. By an essentially smooth scheme we mean a scheme that
is a projective limit of open immersions of smooth ones. We denote the category of
essentially smooth schemes by EssSmg. If f: X — Y is a morphism in Smg (or
EssSmg ), we let o :=wx /s ® f*a);,/l s denote the relative canonical sheaf. Moreover,
we may write simply wy for wyx ¢y, x - In the case of smooth (or essentially smooth)
schemes X, Y € Smy (or EssSmy, ) over a field k, we will often abbreviate X x; Y
to X xY, A} to A" and P! to P". Throughout, we will let iy and i; denote the
zero and unit sections iy, i;: Spec k — Al respectively. If we for example need to
emphasize that A2 has coordinates (x, y), we may for brevity denote this by A2
This notation will in particular be used in Sections 5, 6, 7 and 8.

If £ is a line bundle on a scheme X and s € ['(X,.?) is a section of .Z, we will
denote by Z(s) € X the vanishing locus of 5. We say that a section s € I'(X, %) is
invertible if the homomorphism Oy — .Z defined by s is an isomorphism.

We denote by Map, (X, Y) the mapping spaces of an oo—category %, and write
[X. Y]y :=moMapy,(X.Y). If ¢ is any category, we write PSh(%’) := Fun(%*°P, Spc)
for the oco—category of presheaves on %, and for a ring R we denote by PSh(%’; R) the
oco—category of presheaves of R modules on . Moreover, we let PShy (%) denote
the full subcategory of PSh(%) spanned by presheaves that carry finite coproducts to
finite products; see Lurie [24, Section 5.5.8].
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2 Twisted cohomology theories with support

Let S be a base scheme. We denote by SmOplg the category of triples (X, U, %),
where X € Smg is separated, smooth and of finite type over S, U is an open subscheme
of X and .Z is a line bundle on X. A morphism (X, U, %) — (Y, V, . #) in SmOpg
consists of a pair ( f, o) of a morphism of S'—schemes f: X — Y suchthat f(U)CV,
and an isomorphism «: . -=> f*.#. Note that there is an embedding Smg — SmOplg
given by X — (X, ,Ox). For any (X, U, .¥) € SmOplg, we will write iy for the
inclusion iyy: U — X and jy for the inclusion jy: (X,3d,%) — (X,U,%). In
the case when U = @, we will often denote the triple (X, @,.%) € SmOplg simply
by (X,.2).

2.0.1 Definition A rwisted precohomology theory is a graded functor
A*: (SmOpk)P — AbZ
which satisfies the following properties:
(a) Localization There is a natural transformation
9 AX(X, U, 2)— A* VU, i},2)
of degree +1 which fits into an exact sequence

A*(X, 2) 8 4 Uit 2) L AT(XL U 2) % 4* T (X, 2).
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(b) Etale excision Suppose that f: X — Y is an étale morphism of smooth
S —schemes. Assume moreover that Z € Y is a closed subset such that
Sle=vzy: ~1(Z) — Z is an isomorphism. Then the pullback homomorphism

[ ANYYN\NZ,.2) > ANX X\ fTHZ), [*2)
is an isomorphism for any line bundle . on Y and any n € Z.

If (X,U,%2) e SmOpg, let Z := X \ U be the closed complement of U. We then
write A% (X, 2) = A*(X,U,Z). The map j: A% (X, Z) — A*(X,2) is called
the extension of support-homomorphism.

2.0.2 Remark Definition 2.0.1 is but a twisted version of Panin and Smirnov’s
definition of a cohomology theory, considered for example in [28], except that for
our purposes we need not assume the axiom of homotopy invariance. In the case of
oriented homotopy invariant theories, our definition coincides with Panin and Smirnov’s
definition.

2.0.3 Remark The axiom of étale excision in Definition 2.0.1 implies that there is
a canonical isomorphism A”‘ZIHZ2 X, %) ~ A*Z1 X, 2@ A}z (X, %), ie that the
cohomology theory A™* also satisfies Zariski excision. In fact, Zariski excision is enough
to prove most of the results below. The only places where we need étale excision are in
the construction of the functor from framed correspondences to A —correspondences in
Section 4, and in the proof that A —transfers are preserved under Nisnevich sheafification
(Theorem 10.1.1). Furthermore, the latter case only requires étale excision on local
schemes. In Corollary 8.0.10 we show that a homotopy invariant cohomology theory
satisfying Zariski excision will automatically satisfy étale excision on local schemes.

2.0.4 Definition Let A* be a twisted precohomology theory. Suppose that we in
addition are given the following data:

(1) Pushforward Forany morphism f: X — Y € Smg of smooth equidimensional
S —schemes of constant relative dimension d, and any closed subset Z C X
such that f'|7 is finite, we have a pushforward homomorphism

fer AL (X.0p & [*2) > A} S (Y. 2)

for any n > 0 and any line bundle .¥ on Y.
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(2) External product The cohomology theory is a ring cohomology theory, ie
there is an associative product structure

x: Ay (X, L) ® A (Y, .4) — A”ZTTSZZ (X xg Y, 2R.%)

and a unit 1 € 4°(S).

We say that a precohomology theory A* equipped with the homomorphisms f; and the
product x as above forms a good cohomology theory if the following properties hold:

(3) Pushforward functoriality The homomorphisms f; are functorial in the sense
that id, = id, and if (X;,U;,%) N (X2, Uy, &) 55 (X3,Us, &) are
composable morphisms in SmOpEg finite on the supports Z; := X; \ U;, then
the diagram

gx n—d,
f(Z )(X27wg®g*$3) — Agf(%j;)(XLfﬁ

A

Ay (X1, 05 ® [*2))
is commutative. Here dy, dg and dg s are the respective relative dimensions
of the morphisms.

(4) External product functoriality The external product x commutes with pull-
backs in the sense that if f: (X, f*¥) — (¥,%) and g: (X', g*¥¢) —
(Y',.2’) are morphisms in SmOpY, then the diagram

AYY, L)QA™Y' L) —=—— A"TM(Y xg Y, 2R Y
f*®g*l [orxor
ANX, f* L)@ A™(X, g* %) —— A"T(X x5 X/, f* ¢ Rg* L")
1S commutative.

(5) Base change For any strongly transversal square (defined in Definition 2.0.6)
that is equipped with a set of compatible line bundles (defined in Definition 2.0.8)
the diagram

n / !/ ) / /

¢§T T«bx
LY. M) — s AT (X.2).

1S commutative.

Algebraic € Geometric Topology, Volume 20 (2020)



1494 Andrei Druzhinin and Hakon Kolderup

(6) Projection formula Suppose that f: X — Y and Z C X satisfy the hypothe-
ses of (1), and let W C Y be a closed subset. Let moreover . and .# be two
line bundles on Y. Given any two cohomology classes o € A% (X, wr ® [*.Z)
and B € Ay, (Y, #), we then have

fela) — B= fula — [*B).
(7) Graded commutativity Forany o € A” (X,.2) and B € A7 (X, Z), we have
a— = (-1)"—a).
Here (—1) € A%(S) is given as the pushforward (—1) := (idg, —1)«(1); see

Definition 3.5.8. Hence the ring 4*(S) is (—1)—graded commutative.

2.0.5 Remark The existence of an external product x as in Definition 2.0.4(2)
is equivalent to the existence of a cup product —: A”Z1 X, 2)® A%Z (X, #) —
A”ZJrﬁZz (X, £ ® .#); see [28, Definition 1.5] for further details on this.

1

2.0.6 Definition Let
Y/ i’ 1 X/
(2.0.7) ¢Yl ld,X
Yy —— x
be a Cartesian square of smooth S'—schemes. The square (2.0.7) is called transversal
if the corresponding sequence

0— g*(Qx) > ¢35 (Qy) ®i”" (Qx) — Qyr — 0

is exact, where g := ¢y oi’ = i o ¢y. Note that for any transversal square, the
isomorphism d¢y induces an isomorphism doy: ¢jw; => w;r.

A transversal square (2.0.7) is called strongly transversal if one of the following two
conditions are satisfied:

e The morphisms i and i’ are closed embeddings.

e The morphisms ¢y and ¢y are smooth and surjective.

2.0.8 Definition Suppose that the square (2.0.7) is strongly transversal. Then a
compatible set of line bundles on the square (2.0.7) consists of the following data:

e Line bundles ., ¢, .# and .#' on X, X', Y and Y’, respectively.
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¢ Isomorphisms of line bundles
a ¢y L = &, Vit Qwi = A,
B: oyt => ', 5 (i)' L Qo =>4
We furthermore require that 8 o ¢3 () corresponds to § o ((i")*(a) ® idw,,) under the
isomorphism

Homo,, (¢3i*.% ® ¢pywi, #") = Homo,, ((iI")* ¢ £ ® wir, #")

induced by the canonical isomorphism ¢} ; = w; for the transversal square.

3 Cohomological correspondences

We are now ready to extend Calmes and Fasel’s definition of finite Milnor—Witt corre-
spondences [5] to our setting:

3.0.1 Definition Let S be a connected base scheme, and suppose that A* is a good
cohomology theory on SmOpgv. Assume further that p: X — S is a smooth map of
constant relative dimension d . Denote by Ao (X/S) the set of admissible subsets' of X
relative to S — that is, closed subsets 7" of X such that each irreducible component
of Tieq is finite and surjective over S via the morphism p. The set Ay(X/S) is
partially ordered by inclusions. As the empty set has no irreducible components, it is
admissible. If X is connected, we define the group of finite relative A—cycles on X as

Cl(X/S):= lim  A%(X. wx/s).
TeAy(X/S)
If X is not connected, we may write X' = [[; X; where the Xj are the connected
components of X. We then set Cg‘(X/S) = ]_[j Cgl(Xj/S).

Now let k& be a field, and suppose further that S € Smy, . Let CorfgI denote the category
whose objects are the same as the objects of Smg, ie smooth separated schemes of finite
type over S, and morphisms defined as follows. Let X, Y € Smg, and suppose first
that X and Y are connected. We define the group of finite relative A—correspondences
from X to'Y as

Corg(X,Y) := C{(X xs Y/X).

IForany X,Y € Smy we have Ay(X x Y/X) = A(X,Y), where A(X,Y) is the set of admissible
subsets of X x Y in the sense of [5, Definition 4.1].
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Note in particular that Corg (X,S) = A%X) forany X € Smg. If X or Y is not
connected, let X =[[; X; and ¥ =[] ;j Yj denote the connected components of X
and Y. Then we put Cor‘;(X, Y):= Hi,j Corf(Xi, Y;). If S = Speck, we refer to
Cor,‘f (X,Y) simply as the group of finite A—correspondences from X to Y .

Composition of finite relative 4—correspondences is defined in an identical manner as
[5, Section 4.2]. Indeed, if o € Corﬁ (X,Y)and B € Corg(Y, Z), we put

(3.0.2) Boa:=(pxz)«(pxye — PyzP).

Here we write pxy for the projection pyy: X XgY xXg Z — X Xg Y, and similarly
for the other two maps. An identical proof as that of [5, Lemma 4.13] then shows that
the groups Cor‘g (X,Y) form the mapping sets of a (discrete) category Corg1 whose
objects are the same as those of Smg. We refer to Corg1 as the category of finite
relative A—correspondences. In the case when S = Spec k, we refer to Cor,‘;1 simply
as the category of finite A—correspondences.

Finally, we define the homotopy category C_org of Corg as follows. The objects of
C?rg are the same as those of Cor?, and the morphisms are given by

Cord(X.Y) := Cord(X, ¥)/~ a1 = coker(Cord(AL x X, ¥) 271, Cord (X, ).

We write [«] for the class in (ﬂg of a finite relative A—correspondence o from X
to Y.

3.0.3 Graph functors We define a graph functor y4 ¢: Smg — Cor‘g similarly
as [5, Section 4.3]: the functor y4 s is the identity on objects, and if f: X — ¥
is a morphism in Smg, we let y4,5(f) := ix(1). Here i: Iy — X xg Y is the
embedding of the graph of f, and is: AO(Ff, Or,) —> A‘#;“Y(X Xs Y, wy) is the
induced pushforward. If S = Spec k, we will write y4 for the graph functor. We will
often abuse notation and write simply f instead of y4 s(f).

3.0.4 Symmetric monoidal structure Defining X @Y := X LI Y turns Cor? into
an additive category with zero object the empty scheme. Moreover, Corg is symmetric
monoidal, with tensor product ® defined by X ® Y := X X g Y on objects, and given
by the external product on morphisms.

3.0.5 Lemma The category Cor,f is a (discrete) correspondence category in the sense
of [16, Definition 4.1] (see also [18, Section 2]).

Proof This follows from [16, Proposition 4.5]. O
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3.0.6 For S asmooth k—scheme there is a functor extg: Cor,‘;1 — Cor‘g defined as
follows. For any X € Smy, let Xg := X x; S. Let X, Y € Smy; by working with
one connected component at a time, we may assume that X and Y are connected. By
the universal property of fiber products, we have a morphism f: Xg xg Yg — X x Y,
which induces a pullback morphism

[ AP (X x Y, wy) > ASN G (Xs xs Ys, [*oy)

forany T € Ag(X xY/X). As finiteness and surjectivity are preserved under base
change, we have f~1(T) € Ay(Xs x5 Ys/Xs). Moreover, the canonical sheaf
wx/k pulls back over Xg to wy, /s, and similarly for wy,x. Hence f*wyxy/x =
WxgxsYs/Xs - Since pullbacks commute with extension of support, we get an induced
map on the colimit

exts: Corf(X,Y) — C(Xs xs Ys/Xs) = Corg (Xs, Ys).

It follows from the base change axiom applied to the diagram

DPXgY.
XsxsYs X5 Zs 88, Xs x5 Ys

fx YZ\L le Y

XxYxzZ —2Y __ xxy
that the map extg preserves composition of finite A—correspondences. Thus we obtain

a functor extg: Cor,‘:1 — Cor?.

3.0.7 In the opposite direction there is a “forgetful” functor resg: Corg — Cor,‘f
induced by pushforwards. Indeed, let X, Y € Smg. Then there is a Cartesian diagram

XxsV X xxy

|,

Ag — 5 85xS

where Ag € S x S denotes the diagonal. Moreover, we have isomorphisms

ol -1 ~ ~ ~ -1
WxxsY QlyyOyyy = Wiyy =0 Z0g .

Thus there is, for any 7 € Ay(X xg Y/X), a pushforward homomorphism

(ixy)s: AF"S V(X x5 Y. 0ys) > AV (X x Y, 0y).
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Passing to the colimit, we obtain a map resg: Corg (X,Y)— Cor,‘;1 (X,Y). To show
that this homomorphism preserves composition in the category Corg, first note that
the commutative diagram

XxgYxsZ —2XYZ 0 yxyxZ

Pxxg Zl/ lPXZ

XxgZ — X2y xxz

yields (ixz)x(Pxxgz)+ = (pxy)x(ixyz)s. By decomposing the morphism iyyz
as

iXyziXXSYXSZii)XXYXSZi)XXYXZ

and applying the projection formula twice, we obtain the claim. Hence the map resg
above defines a functor resg: Corf — Cor,‘f.

3.0.8 For any X € Smg, Y € Sm; and any admissible subset 7" of X x Y we have
a natural isomorphism A‘;m Y (X xY, wy) = A(;ms Ys (X xs Ys,0xxgsyg/x)- These
isomorphisms define a natural isomorphism Cor;f (X,Y) = Corf (X,Ys). Similarly
as in [5, Section 6.2] we deduce from this that the functors resg and extg form an
adjunction resg: Cor‘g = Cor,‘;I ‘extg .

3.1 Examples of cohomological correspondence categories

Different choices for the cohomology theory A* recover various known correspondence
categories, as well as new ones. For example, if 4* = CH* is the theory of Chow
groups, then the definition of Cor,ﬁ1 gives back Voevodsky’s category Cory of finite
correspondences. If the ground field k is perfect and of characteristic not 2, then we can
let A* be Chow—Witt theory, ie A* = CH*. In this case we obtain Calmés, Déglise and
Fasel’s category 6\/0rk of finite Milnor—Witt correspondences. On the other hand, we
can also define a good cohomology theory A* by letting A%.(X, .2) :=H} (X, I", 2),
where I" is the Nisnevich sheaf of powers of the fundamental ideal. Then Cor,éI is the
category WCory of finite Witt-correspondences considered in [5, Remark 5.16]. Note
that WCory, thus defined differs from the category of Witt correspondences defined
in [10]; however, arguing similarly as in [3] one can show that the associated derived
categories of motives are equivalent after inverting the exponential characteristic of the
ground field.
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3.1.1 Algebras over MSL More generally, we claim that any ring spectrum E €
SH(k) that is an algebra over MSL defines a cohomological correspondence category.
Here MSL € SH(k) denotes the ring spectrum constructed by Panin and Walter in [29].

In order to show this, let us first recollect a few notions from the formalism of
six functors. Let X € Smy, and suppose that i: Z € X is a closed subscheme.
Let moreover p: X — Speck be the structure map. We then have adjunctions
p*: SH(k) 2 SH(X) :ps« and i;: SH(Z) 2 SH(X) :i'. If ¢: £ — X is a vector
bundle on X, let s: X — & denote the zero section. Recall from [23, Section 5.2] that
this defines Thom transformations

¢ = gusy: SH(X) 2 SH(X) :s'q* =: 7.
In fact, these functors are defined for any & € K(X) [4, Section 16.2].

3.1.2 Definition [7; 15] Let £ € SH(k) be a spectrum and let X and Z be as
above. Let furthermore & € K(Z). The &—twisted cohomology of X with support on Z
and coefficients in E is the space

Ez(X.£) :=Mapgyq)(Lk. p«ir=¥i' p* E),

where 1; € SH(k) denotes the motivic sphere spectrum. The associated bigraded
twisted cohomology groups with support are then given as

EDY(X,€) = 1k, B2 psiy 253" p* Elsuqy.-

3.1.3 Proposition Suppose that E € SH(k) is an MSL-algebra. Let X € Smy,, and
suppose that i: Z C X is a closed subscheme. For any line bundle .£ on X, set

AL (X, 2) = EJ"(X,i*2)

Then A%, (X, %) defines a good cohomology theory and hence a cohomological corre-
spondence category Corf .

Proof The proposition follows from the six operations on SH(k), as explained in [7; 9]
or [15]. Indeed, for the contravariant functoriality we refer to [7, Section 2.2], and for
the definition of the cup product, see [7, Section 2.3.1]. The pushforward is given by the
Gysinmap fi: Ez (X, f*§+Ly) — Erz)(Y.§), where Ly € K(X) is the cotangent
complex of f'; see [9; 15]. In particular, for MSL we have the Thom isomorphism
TEMSL ~ 2k rké 5ideté—ONQL [4, Example 16.29]. When £ is a line bundle .,
this gives the pushforward fi: A% (X, 0r ® f*.2) — A4 (Y, ). For the base

f(2)
change and projection formulas, see [7, Proposition 2.2.5 and Remark 2.3.2]. |
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3.2 Presheaves on Cor,‘;1

Our basic object of study is the co—category PShy (Cor,‘f; 7)) of presheaves of abelian
groups on Cor,‘;1 that take finite coproducts to finite products. More generally we may
of course also consider, for any coefficient ring R, the co—category PShg(Cor,f; R)
of presheaves of R—modules. For notational simplicity we will however mostly work
with R = 7.

3.2.1 Definition The objects of PShg(Cor,f; 7)) will be referred to as presheaves
with A—transfers.

A presheaf with A —transfers .# € PShy, (Corlf; 7)) is homotopy invariant if for any X €
Smy, the map pr*: .Z(X) => .7 (X x Al) induced by the projection pr: X x Al - X
is an isomorphism.

3.2.2 The co—category PShy (Cor,f; 7)) inherits a symmetric monoidal structure from
that on Cor,‘f via Day convolution. Moreover, the graph functor y4: Sm; — Cor,’f
defines a “forgetful” functor y/!: PShy (Cor,‘f; Z) — PShy (Smy) given by yA (%) :=
F oy,4. Similarly as in [8, Section 1.2], we deduce that the functor )/,;4 admits a left
adjoint y§ which is symmetric monoidal.

3.2.3 Sheaves on Corl‘;1 For any Grothendieck topology t, we define the co—cat-
egory Shv, (Cor,‘f; Z) consisting of those presheaves .# € PShy (Cor,‘f; Z) such that
v (F) is a T—sheaf on Smy . The adjunction (Vi ¥ above then defines an adjunc-
tion

Yi: Shve(Smy) 2 Shvr(Cor,‘f; 7) va,

and the symmetric monoidal structure on PSh(Cor,‘?; Z) restricts to a symmetric
monoidal structure on Shv, (Cor,‘f; 7).

3.2.4 In this text, we will almost exclusively work with the case when 7 = Nis is
the Nisnevich topology. We show below (see Theorem 10.1.1) that the full inclusion
i: ShVNis(Cor,‘f; Z) — PShy, (Cor,‘f; 7)) admits a left adjoint ayis: PShy (Cor,‘f; 7)) —
ShVNiS(Cor,‘f; 7). In particular, the Nisnevich sheafification of a presheaf on Cor;;1
comes equipped with A—transfers in a canonical way. Hence we can make the following
definition:
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3.2.5 Definition Let X € Smy be a smooth k—scheme. Following the notation of [5],
we let c4(X) € PShy (Cor,‘f; 7)) denote the representable presheaf on Cor,‘f given by
U Cor,‘;1 (U, X). Moreover, we let

Z4(X) := anis(c4 (X)) € Shvyig(Corp: Z)

denote the Nisnevich sheaf associated to the presheaf c4(X).

3.3 Correspondences of pairs

In the excision theorems of Sections 6 and 8 we are always in the setting of a
pair of schemes j: U C X, and we are led to consider the associated quotient
coker(j*: Z(X) — Z(U)) for a given presheaf with A—transfers. In particular,
if U =X and j is the identity, then the associated quotient is zero. The notion of a
correspondence of pairs provides a natural setting to study these objects.

3.3.1 Definition Let Corg’p 4" denote the category whose objects are those of SmOpg
and whose morphisms are defined as follows. For (X, U), (Y, V) € SmOpg, with open
immersions jy: U — X and jy: V — Y, consider the complex

CorS (X, V) CorS (X, Y)® CorS (U, V) CorS U,Y)
in which dg := ((jy)«. jy) and dy := j§ — (jy)«. We define the group
A ,pai
Corg™" (X, U). (Y, V))
of finite relative A—correspondences of pairs as the homology of this complex, ie
Corg® (X, U), (Y, V)) :=kerd, /im do.

In particular, if U = X, then CorA palr((X , X), (Y, V))=0. We denote the elements of
CorA palr((X, U),(Y,V)) by («, ,8), where o € Corg(X, Y)and 8 € Corg(U, V). If
B is 1mphqitly understood, we may write simply « instead of (o, ). The composition
in Corg™" is defined by (a, B) o (y,8) := (¢ 0y, f05).

Fmally, we define the homotopy category CorA PAIr of Cor S’p T as follows. The objects

P, e the same as those of CorA pa”

of Cord S , and the morphisms are given by
CorS’pa“((X, U),,V))
A,pai
= Corg™"((X,U), (Y, V))/~ai

= coker(Cord P (Al x (X, U). (¥, V)) 275 Cord ™ (X, U). (Y. V).
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Here Al x (X, U) is shorthand for (Alx X, AlxU). If (@, B) € Corg *((X,U), (Y, V))
is a finite relative A—correspondence of pairs, we write [(«, B)], or simply [«], for the
image of («, 8) in Corg ™" ((X,U), (Y, V)).

3.4 Correspondences between essentially smooth schemes

We will frequently encounter local and henselian local schemes, and we need to consider
correspondences also between such objects. The definitions and results below take care
of this. We remind the reader that the definition of an étale neighborhood can be found
in Definition A.0.6 in the appendix.

3.4.1 Definition Let X = lim X, € EssSmg be an essentially smooth S-scheme.
Consider a closed subscheme T = Lln Ta of X, where T, is a closed subscheme
of X for each «. Define

A7 (U x5 X, wx) :=lim A7 (U x5 Xo, 0x,).
o

Furthermore, for any U =lim U, € EssSmg and for any X € Smg, we define
pam—,

Corg (U, X) := lim Corg (Uy. X).
o

Finally, for any X € Smg, any point x € X and any U € EssSmg, we put

Corg (U, X} :=1lim Cord (U, X).
v
Here the limit ranges over all étale neighborhoods v: (X', x) — (X, x) of x in X.

3.4.2 Lemma Forany X € Smg of relative dimension d over S, and for any henselian
local scheme U € EssSmg, we have

AU x5 X.0x) = @ 44 (U x5 Xx.0x) = P A‘;)? (U xs X} wxn)
xeX xeX
forany T € Ag(U x5 X/U). Here x ranges over the set of all (not necessarily closed)
points of X, and Ty :=T xx Xx and T! := T xy X".

Proof Since U is henselian local and 7' € Ag(U xg X/ U) is finite over U, it follows

that 7" is a semilocal henselian scheme. In fact, 7 = [ | Th, where z ranges

ZGT(O) z
over the set of closed points in 7. Hence 7' = [[,cx Tx and T = [[,.cx T. ;’, where
x ranges over the set of all points of X. In particular we have T, = T;’. We note

that T)ﬁ’ is semilocal henselian, but not necessarily local. By Zariski excision, we
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obtain A% (U x5 X, wx) = Dyex A‘;x (U x5 X,wy), and A‘%Y(U xs X', wx) =
A‘Y’:x (U x5 X, wy) for any open X’ € X containing x. This implies the first claim.
For the second equality, note that since the scheme T)ﬁ’ is semilocal henselian for any
x € X, it follows that T, ;’ is isomorphic to its preimage under any étale neighborhood
v: (X', x) — (X, x). Hence it follows from étale excision that A‘;,h (U xs X,wx) =
A‘]’:h (U xs X', wy), and consequently }

A;{)IJ(U xs X, CUX) = A;{);}(U Xs XA@,CUX)?).
So the second equality follows. O

3.4.3 Lemma Let X € Smg be as in Lemma 3.4.2. Then, for any point x € X and
for any henselian local scheme U € EssSmg, we have

Corg(U,Xx)= h_r)n A%(U xs Xx, wyx, ),
TeAy(UxsXx/U)

Cor?(U,X)i’)z lim A‘%(U XS X)}C’,a)Xé,).
TeAy(UxsXE/U)

Proof The first claim follows from the first equality of Lemma 3.4.2, by the computa-

tion
Corg (U, Xy) = lim lim AL (U x5 X', 0x7)
V TeAgy(UxsX'/U)
:@ h_n)l @ A‘T{X/(U X X)/C/,C()X)/(/)
vV TeAy(UxsX'/U) x'ex’
V xex' TeAy(UxsX),/U)
=lim  lim  AFUxs X} 0x) = AT(U xs Xx. 0x,).

V TeAy(UxsXy/U)

Here v: (X’, x) < (X, x) ranges over the set of Zariski neighborhoods of x in X.
The second equality of the claim follows in a similar manner from the second equality
of Lemma 3.4.2 with X replaced by X fc’ and with v ranging over the set of étale
neighborhoods of x in X. |

3.5 Constructing correspondences from functions and trivializations

From now on we will assume that the base scheme S is the spectrum of a field k. Later
on we will also have to put more restrictions on k (eg infinite or perfect); the appropriate
assumptions will be stated in the beginning of each section where they are needed.
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3.5.1 We will now describe how to construct a finite A—correspondence from the data
of a regular function on a relative curve together with a trivialization of the relative
canonical class. This construction can be thought of as an analogous statement to
the defining axiom of a pretheory in the sense of Voevodsky [32], and will be used
throughout.

3.5.2 Construction Suppose that there is a diagram

c Ly al

3.5.3) l \

in Smy, satisfying the following properties:

(1) p: C— U is a smooth relative curve and g: C — X is any morphism.
2) Z(f)=ZUZ’, with Z finite over U.
(3) There is an isomorphism j: O¢ => w¢/y -

We can then define finite A—correspondences

divi(f)y € Corfh(U,C),  divi(f)k e Cord (U, 0),
divi (/)¢ € Corfh(U, X), divA(/)%* e Cor(U, X),
as follows:

Let I'y denote the graph of the morphism f, with embedding if: T'y — C x Al
Consider the pushforward homomorphism

(ir)«: A°(Ty, Or, ® wi) > Alrf(c x Al, Opya1),

and let dT: O = wy1 be the trivialization defined by the coordinate function 7'
on Al. Using the trivializations —d T and p we then obtain a homomorphism

ix: A%y, Ory) = Ap, (Cx Al 0oyt jpxal)-

Consider the image i4(1) € All“f (Cx Al,a)CxAl/UxAl) of 1 € AO(Ff, Or,) under the
map ix.

Next we may pull back along the zero section

iy Alrf(c X A, wexatjyxar) = Az (€ ocv).
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Since Z(f) = Z U Z' we have AIZ(f)(C,a)C/U) = AL(C.wcu) ® AL (C.oc/v)
by Remark 2.0.3. We define the finite relative A—correspondence

divir(f)% e Corgi (U, C)

as the image of (1) € A}‘f (C x A, woy a1 su) under the composite homomorphism

AL, (€ x A weyp) Lo, Ay 5(C.ocpy) — Ay (C.wepy) — Corfy (U.C).

Here the second map is the projection to the first coordinate, and the last map is the
canonical homomorphism to the colimit. By composing with the morphism g we
obtain the finite relative A—correspondence

divi ()¢ = g odivii( /)%, € Corfi (U, X).

We readily obtain a nonrelative 4—correspondence by applying the functor resg;. More
precisely, we define

divA(f)%¥ := g oresy (divir(f)%) € Corf (U, X).

If it is clear from the context, we might drop the trivialization p or the map g from
the notation. Moreover, if Z = Z(f) and Z is finite over U, we may also abbreviate
divA( f) z(f) to div4( f). We think of div4(f )’2 as a divisor supported on Z whose
multiplicity at each component of Z is given by an A—cohomology class.

3.54 Lemma Let C, Z, p, f and g be as in Construction 3.5.2. Then
divA(L )8 = divA(f)®
forany A € T'(U, (9()}).

Proof For any smooth U —scheme X, any closed subscheme Z C X and any line
bundle .# on X, define the automorphism Ay: A% (X,.2) — A% (X, %) as the map
induced by the automorphism . — ¢ given by multiplication by A.

Consider the homomorphisms
ix: A%Ts,Or,) —> Alrf(c x A woxarp).
it 40Ty, Oy ,) = Al (€ x A wgear )
in the constructions of div( f )%’g and div4 () f ))é“ "¢ Let moreover ii‘ H denote the

homomorphism

i A°(Ty. Ory) = AL, (€ x Al wewar )
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given by the trivialization d T ® Ap. Define automorphisms
H*: A'xC—A'x¢C, (T,x)— (\T,x),
H ' Alxc— Al xC, (T,x)— AT, x).

Then H* ' (Ty;) =Ty and HY ' (dT) = »~'dT. Hence

=1L AfA —1 _.A .
Hi oz*f “:(ACXAl) iyt =iy,

and the claim follows. O

355 Lemma LetC, Z, p and f be asin (3.5.3) and suppose that Z = Z U Z,
with both Zy and Z, finite over U. Then div (/)% = divA(/)5* +divA(/)'ZE.

Proof The claim follows from the definition and Remark 2.0.3. O

3.5.6 Definition Let C, U, n, Z, X, p, f and g be as above and suppose that
U’ CU and X’ C X are open subschemes such that Z xgy U’ € g~ 1(X’). Write
S':= flexyu and g’ := g|ex, v This data defines a correspondence of pairs

(divA ()55 divA (S5 1) € Corf P (U U, (X, X7)).

Suppose furthermore that 7r: (C’, Z’) — (C, Z) is an étale neighborhood (see Definition
A.0.6) satisfying Z' xy U’ € v~ 1 (X), where v := g o . Then this data defines
a finite A—correspondence of pairs divA(f )7 € Cor,f’pair((U LU, (X, X)), where
f:=a*(f) and i := 7w*(u). If the morphism 7 is implicitly understood from
the context, we may sometimes abuse notation and write simply div4( f )’é’g for this
A—correspondence.

35.7 Lemma LetC,U, u, Z, X, p, f and g be as above and suppose that U’ C U
and X' C X are open subschemes. If ZN g~ (X \ X') = @, then divA(f)¥ =0e
Corf ™ (U, U"), (X, X')).

Proof The correspondence divA(f )’é’g € Cor,f(U, X’) defines the diagonal in the
diagram
/

]

%

/
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Moreover, the vertical arrows in the above diagram define the correspondence of pairs
div4 (f)’é’g € Cor,f’palr((U, U"), (X, X")); it follows that div (f)’}’g factors through
(X', X') and is therefore zero. O

3.5.8 Definition Let U € Smy and suppose that A is an invertible regular function
on U. We can then consider the morphism (id, A): (U x U, wy) — (U x U, wy) in
SmOpk. We denote by

(A) € Cor(U,U)

the image of idy € Cor,f(U , U) under the corresponding pushforward map (id, A)«.
In particular, if A = —1, we will write € for the finite A—correspondence € :=—(—1) €
Cor (U, U).

3.5.9 Example Suppose that A* = CH*, so that Cor,‘;1 is the category of finite Milnor—
Witt correspondences. Then (1) € Cor,‘;1 (U, U) is the Milnor—Witt correspondence
(A)-1dy € EVOrk (U, U) given by multiplication with the quadratic form (1) € K (IJVIW(U ).
In particular, the finite A—correspondence € coincides with the usual € defined in
Milnor-Witt K—theory.

3.5.10 Lemma Let U,C, p, f and g be as in (3.5.3). Suppose also that p induces
an isomorphism Z( f) = U, so that Z( ) defines a section s: U — C of p. Then the
following hold:

(a) There is an invertible regular function X on U such that divA( f )’é’f "y = goso(A)
in Cor (U, X).

(b) If moreover | z(r) = df, where df denotes the trivialization of the normal
bundle Nzr)/c defined by f, then diVA(f)’é’ff) =gos.

Proof (a) Let j: Z(f) — Iy, jr: Z(f) > Cand if: I'y - C x Al denote the
closed embeddings. Consider the following diagram, consisting of two squares of
varieties equipped with compatible sets of line bundles (in which we have also included
the relevant line bundles in the notation):

(Z().0z(5) 5% (Z(f). 0z00) —L— €.o)

I | Js

(id, ) I
(T'r,Or,) o (T'r,or,/v) —L (€ x A, eyt /)
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The first square is evidently transversal (and strongly transversal). To prove that the
second one is (strongly) transversal, it is enough to note that the homomorphism
k[C][T] = k[C x Al] — k[C] given by T + 0 takes the function f — T to f and
induces an isomorphism

Nry jexal ®KICx 0= (f =T)/(f = T)* @ K[CIT)/(T) = (/)/(f)* = Nz(s)/ec-

Hence the base change axiom gives us the commutative diagram

(f)*
ATy, Or) —F—— A° (Ty.or,)v) ———— A}, (CXA WexAljU)

g g !

W
ANZ()).0z(5) 2D ANZ() wz(pyu®0) 5 AL, (Coogu@oiy)

Alz(f) (C,wc/v)

Here j* and i are defined via the canonical isomorphisms j*(wr,/v) =@z (5) v ®w)
and 7§ (wexal JU) = weyu @wi, induced by the short exact sequences of vector bundles

0—Tzry— j*(Tr;) = Nz(sy 1 =0
and

O —> TCXO — ZJ(TCXAl) —> NCXO/CXA] — 0

Moreover, the homomorphism 1 z( r) is given as the composition of |z sy and the
isomorphism j*a)pf/U = wz(f)/Uu @ wj; the homomorphism ()« is defined via the
isomorphism j ; (wiy) = wj induced by the canonical isomorphism I'y = C; and the diag-
onal homomorphism (¢, V)« is induced by some trivialization v: Oz(r) = wz(r)/U-

It follows from the construction that div ( AL Z( n= —dT (i (if)xp(1)). Since the
diagram is commutative we thus obtain div4 (f)Z(f) =(jf.v)«j* (1) =s0(A), where
A is given as the fraction of v and the canonical isomorphism wz( sy, = Oy induced
by the isomorphism p: Z(f) => U.

(b) A straightforward computation with isomorphisms of line bundles shows that
(jr)« is given as the product of the canonical isomorphism Oz ) = wz( ),y With
the invertible function |z ® df ~1, where df: O Z(f) = wz(r)/u denotes the
trivialization induced by the choice of the generator — f* of the ideal () = I(Z(f)).
So A =1, and the claim follows. |
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3.6 Some homotopies

We now give a computation with A—correspondences that will come in handy later on,
especially in the proof of Lemma 8.0.5.

3.6.1 Lemma Suppose that the base field k is infinite. Let U be an essentially
smooth local scheme over k and let A € T'(U, OF). Suppose that . = w? for some
invertible sect1on w on U. Then (A) ~,1 idy € Cork (U,U). Similarly, (L) ~ a1
id,p) € Cork pmr((U V), (U, V)) for any open subscheme V C U.

Proof Assume first that V' = @& and A(x) # 1, where x € U is the closed point. Let
= (A—1)"!, and define the regular function

h=0—-v)a@—2)0—-1)+val—w)? el(G,, xUx"Al, 0).
Keeping the notation of (3.5.3) in mind, consider the diagram

Gm xeAlL)AI

o

Here the morphisms p and pr are the projections. We aim to apply Construction 3.5.2 to

U x Al

this diagram. To this end, notice that / is a polynomial in # with leading term «, which
is invertible on U. Moreover, the substitution 7 — 0 takes / to (1—v)ad +vaw? =aA,
which is invertible too. Hence Z(h) € G,, x U x Al is finite over U x A!. Using the
trivialization ¢ dt of the canonical class of G,, we get from Construction 3.5.2 a finite
relative A—correspondence

© := divil(h)"' 9" € Corfh (U x A', U).
Let ig,i;: U — U x Al denote the zero and unit sections. We then have
Ooig = divil(ae(t —A)(t — 1)) 4Pr
= divi (A= D7 (=)= 1) +divi (=0 =D —1)5E,
= (A)+(=1).
On the other hand,

Ooi; = divit(a(t — w)?) 9P = divi (ew ™! ( — w)?) 0P,
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where the second equality follows from Lemma 3.5.4. Thus we see that
() + (—1) ~ a1 divit(@w™! (t — w)2) 9" € Corfl (U, U).

We now construct yet another homotopy similar to the one in the proof of Lemma 13.15
of [21], which is in turn inspired by [27, Lemma 7.3]. Put o’ := aw™1. Consider the
regular function

B =(1—-v)d(t—w)?+ve'(t—o' e TCA xU x Al 0),

along with the diagram

><U><A1 —)Al

ST

U x Al

in which p’ and pr’ are the projections. As /4’ is a polynomial in ¢ with leading
term o', which is invertible on U, it follows that Z(h’) € Al x U x Al is finite over
U x Al. Using the trivialization dt of the canonical class of A, we then get from
Construction 3.5.2 a finite A—correspondence

e = divﬁ(h')dt’pr/ € Corph (U x AL, U).
By definition of 4/, the A—correspondence ®' satisfies
® 0ip = divi (@' (1 — w)H) 9
® oiy = divit(@/(t —a’~yr)dte”
— A / 1\ ~dt,pr
= divg(a'(t )t)Z(t 1y
= (1) + (-1).

Thus we see that

oAt t,pr/
+divy (o' (1 — )[)Z(t)

divit (@ (t —w)?) @ ~ 41 (1) + (—1) € Corfh(U, U).
Now, since divit(a/( — w)2)dee = div‘g (@' (1 — w)?)4Er | we get
(A) + (=1) ~a1 (1) + (—1) € Corg (U, U).
Thus the claim follows from the fact that (1) = idy .

We have now proved the claim in the case A(x) # 1. In the general case when
A € T'(U,0p;), consider a function u € I'(U, Op;) such that u(x) # w(x)~ 1
u(x) # 1. Such a function exists, since the base field in infinite by assumption. Then
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we have by the above that (Au?) ~ 41 idy and (u?) ~ 41 idy in Cor‘{}(U, U). Thus,
since (Au?) = (A) o (u?), the claim follows.

So the claim of the lemma is done for V' = @. The case of a pair (U, V) with V # &
follows, since all the constructed homotopies are relative homotopies over U, ie they are

elements of Cor‘g(U x Al, U). Consequently all the homotopies defined are elements
in Corg ™" (U, V) x AL, (U, V)) as well. O

4 Connection to framed correspondences

Using similar techniques as in Construction 3.5.2 we can define a functor Y: Fry (k) —
Cor,‘;1 from the category of framed correspondences [19] to the category Cor,‘f. See
also [15] for an alternative approach using Thom classes [15, Lemma 4.3.24].

4.0.1 Construction Let ® = (Z,V, ¢; g) € Fru,(X, Y) be an explicit framed corre-
spondence. Thus Z is a closed subset in A" x X' = A'y; (V, Z) — (A}, Z) is an
étale neighborhood of Z in A% ; ¢ = (¢;), where the ¢; are regular functions on V
such that Z = Z(¢); and g is a morphism g: V — Y. For any unit A € k™ we define
a finite A—correspondence Y (®) € Cor,‘;1 (X,7Y) in the following way.

Let dt: w1 = Oy1 denote the standard trivialization of the canonical class, and consider
further two trivializations 1, (p: wan = Oan given by g = (dt)™ and ppy = Ny .
Let I' denote the graph I' C A", xx V = A" x V of the relative morphism V — A",
over X. Then there is a canonical projection I' — A’j,. Denote by ixy: X — A}
and iy: V — A" x V the embeddings given by the zero sections. Let furthermore
gtV — X x Y denote the product of g and the projection to X. The following
diagram summarizes the situation:

Y
d
r
(4.0.2) A'XY &=V —— A%

[
AT X <X x

We then define Y, (®) := g (z{j (I‘*(l))), where we use the trivialization p; of the
canonical class wan and the trivialization of wy, x defined by the pullback of 1, along
the étale morphism ¥V — A" x X.
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In other words, the finite A—correspondence Y;(®) is obtained as the image of
iy;(Tk(1)) € A% (V, wy, x) under the composition

A% (V, wy)x) — Corgg (X, V) =5 Cor (X, V) £5 Corf (X, V)
in which the last map is given by composition with g.

4.0.3 Theorem For each unit A € k™, Construction 4.0.1 defines a functor
Y): Fr«(k) —> Cor/,‘;1

that carries the framed correspondence o = (0, Al ¢,pr: Al — pt) € Fr;(pt,pt) to
(A) € Cor,‘;1 (pt, pt). Moreover, Y factors through the category ZF, of linear framed
correspondences.

Proof Construction 4.0.1 gives rise to a map Y depending on the fraction A € k™ of
the two trivializations of the canonical classes. To show that Y} is in fact a functor,
we need to check the following:

(1) Equivalent explicit framed correspondences give rise to the same finite A—
correspondence.

(2) Let idy € Fro(X, X)) be the identity morphism in the graded category Fry (k).
Then T} (idy) is equal to the identity morphism in the category Cor,‘f.

(3) For any @, € Fry, (X, X3) and ®; € Fry, (X3, X3), we have T (Pr0P;) =
1o (P2) 0 Ty (Py).

(4) For any ® = (Z,V, ¢; g) € Fr,(Xy, X,) such that Z = Z; I Z,, we have
To(®) = Tu(Z1,V, ¢:8) + Ti(Z2, V. ¢:8).

All points are straightforward from the properties of the cohomology theory A*. O
4.0.4 Remark Theorem 10.2.1 on strict homotopy invariance of presheaves on Cor;;1
follows from the existence of a functor from framed correspondences to Cor,‘;1 along
with the fact that this theorem holds for framed correspondences by work of Garkusha

and Panin [21]. Below we will however give an explicit proof not relying on framed
correspondences.

5 Injectivity on the relative affine line

In this section we prove the following theorem, which is the first in a series of ingredients
necessary to establish strict homotopy invariance (Theorem 10.2.1):
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5.0.1 Theorem Let U be an affine smooth k —scheme, and suppose that V; C V, C
AIU are two open subschemes such that AIU \ V, and V, \ V; are finite over U. Let
i: V1 €V, denote the inclusion. Then, for any homotopy invariant presheaf with A—
transfers & € PShy (Cor,‘f; 7), the restriction homomorphism i *: .7 (V,) — Z (V1) is
injective.

5.0.2 We deduce Theorem 5.0.1 from the following result, which ensures the existence
of a left inverse to 7 *:

5.0.3 Lemma Suppose that V1 CV, C Al are open subschemes as in Theorem 5.0.1.
Then there is a finite A—correspondence ® € Cor,f(Vz, V1) such that [i o ®] = [idy, ] €
Cor (Va, V2).

Proof We must construct a finite A—correspondence ® € Cor,‘f(Vz, V1) along with a
homotopy ® € Cor,f (Al x V3, V) satisfying ®@ oig =io® and Ooi; = idy, . To do
this, we will make use of the following functions:

S ekPAT X0y, f=y"tay" tan fld g, =1
hekPA <OV x Al h=y" by by, hl a1 xpyx0 = 1.

Ml \vyxy v, =1

g €kPA' x>, g=y"" ey P o, hlalpyxa = (1 —)g.
(-1
glat \wyyxyr, = V=)

gl \vpyxyrs =1,

g|Z(y—x):1-

The functions f and g can be constructed for any n big enough by using the
Chinese remainder theorem, Example A.0.4. Having f and g we then put /& :=
(1=2)f +A(y—x)g. We now aim to apply Construction 3.5.2 to the regular functions
f and &. Keeping the notation as in (3.5.3), consider the diagrams

YVixygXVs —) Al YVaxy*Vs M} Al szxeVZXAl _) Al

T e

xV2 XVZ xVZXAl

Here pr1 , pr 2 and pr, are projections. Since f, (y —x)g and / are monic polyno-
mials in the variable y, it follows that Z( f), Z((y—x)g) and Z(h) are finite over V>
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and Al x V5, respectively. Hence Construction 3.5.2 yields finite A—correspondences

dy.pr}?
Z(f)

The properties of f and / above imply that

€ Corf(Va, Vy), @ :=divA()E P2 € Corf (Al x V3, V).

= divi(f) bl

. . . . dy, 22 . dy, 22
@ oig=iod®, O oi;=divi((y —x)g)Z(;)r_zx) + divA((y —x)g)Z(g2
Now, according to Lemma 3.5.10, the first summand in the last equality is equal to
(v) e Cor,‘f(Vz, V) for some invertible function v. Therefore, if we let ®:= T — P,
where P
— — . y,pr5° —
o=@ o (v7!), O i=divi(r—x)2) 7 o (v,

it follows that

. . dy,pr3? _ . —

lidy,] = divA((y =)&) 7 () 2y 0 (') = [i 0 @] € Cor (V2, V),

as desired. |
5.0.4 We will need the following two particular cases of Theorem 5.0.1:

5.0.5 Corollary Suppose that .% is a homotopy invariant presheaf with A —transfers
over a field k . Then, for any pair of open subschemes V; C V, C Alk , the restriction
homomorphism % (V,) — % (V}) is injective.

5.0.6 Corollary Suppose that % is a homotopy invariant presheaf with A—transfers
over a field k, and let U be an open subscheme of G, X G, such that the complement
(G xGm)\ U is finite over the first copy of G,. Then the restriction homomorphism
F (G xGy) — F(U) is injective.

6 Excision on the relative affine line

The aim of this section is the prove the following excision result for open subsets of a
relative affine line:

6.0.1 Theorem Suppose that U € Smy, is an affine scheme, and let Vi C V, C AIU
be a pair of open subschemes such that Oy € V. Leti: Vi € V, denote the inclusion.
Then, for any homotopy invariant presheaf with A—transfers .# € PShy, (Corjf; Z), the
restriction homomorphism i * induces an isomorphism

i*: Z(Va\0y)/ F (Vo) = Z(Vi\ 0p)/F (V).
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6.0.2 Remark By Theorem 5.0.1, the restriction maps % (V;) — % (V; \ 0) are
injective for i = 1, 2, which justifies the notation .#(V; \ 0p)/.Z (V;).

6.0.3 To prove the above theorem, we will show that i * is injective and surjective,
which amounts to constructing appropriate correspondences of pairs up to homotopy.
Let us first show that i * is injective:

6.0.4 Lemma Suppose that i: V C AIU is an open subscheme with Oy € V. Then

there is a finite A—correspondence of pairs ® € Cor,‘j’pm((A1 , AIU \Op), (V,V\0p))
. . =~ A,pai

such that [i o @] = [ld(AlU’AlU\OU)] € Cory, PAT((AL ,AIU \ 0y). (Al ,AIU \0y)).

Proof We need to construct a finite 4—correspondence of pairs

A, pair
® € Cory, ™ (A, Ay \ 0p). (V. V\0p))

along with a homotopy ® € Cor,‘j’pair(A1 x (AL, A b \ 0y), (Al ,AlU \ 0y7)) such that
Qoip=io® and Poi; = id(AlU,AlU\OU) . To do this, we will make use of the following

sections:
= F([to:toolpl x U x *Al, O(n)), (@t P yxAl = i,
Sloxuxal = the ' (fo = Xloo),
Fer((oitedpl x U x Al x*Al, O(n)),  Flpixuxaixo =
SlooxtUxal xal =g
Sloxuxalxat = o (to— Xloo),
s e Tt pl x U x XAl O(n — 1)), Spixuxalxi = (fo — Xtoo)s',

/ _ 4n—1
S |oo><U><A1 =1l

/ _ sn—1
S |0XUXA1 _Zoo ’

/ n—1
S| Z(to—xtoo)xU = log -

Since U is affine, it follows that O(1) is ample on P! x U x Al and P! x U x Al x Al
Hence, for n big enough, Serre’s Lemma A.0.3 ensures the existence of the sections s
and s’ as above. Having s and s/, we then put 5 := (1 —A)s + A(fg — Xto0)s’ .

It follows by Lemma A.0.11 that Z(s) and Z(5) are finite over U x A! and U x Al xA!,
respectively. Let y := 1o/t be the coordinate on the affine line A' C P!, and consider
the trivialization dy of the canonical class of A!. Let moreover p: Al x V — AIU
denote the composition of the projection onto V' followed by the inclusion V C Al
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and let p’: Al x Al xU x Al — AIU x Al be the projection onto the last two coordinates.
Applying Construction 3.5.2 to the diagrams

YV x XAl =2 $/foo YAl x U x *Al x
xAl \ XAI \XAI

we thus obtain finite 4—correspondences
@' 1= divA(s/12L) PP € Corf ™ (AL, AL\ 0p). (V. V \ 0p)).
© = divA(5/12L) P2 € Cor P (Al x (AL, Al \ 0y), (AL, Al \ 0p).

It then follows from the properties of s and § above that
©oig=io®, ©oiy=div((y=x)g)z(-x +div (¥ =2)8) z():
where g := s'/t"! € k[A! x Al x U]. By Lemma 3.5.10 the first summand in

the last equality is equal to (v) for some v € k[AlU]X. The second summand,

divA((y —X)g) z(g)» 1s zero by Lemma 3.5.7 since Z(g) N (0x Al xU)=@. Now we

define ®:=® o (v™!) and ® := @ o ((v™!) xidg1). Then © 0i; = id(AlU’AIU\OU),

and the claim follows. a
6.0.5 The next step is to show surjectivity of i*:

6.0.6 Lemma Suppose that i: V C Al is an open subscheme with Oy € V. Then
there is a finite A—correspondence of pa1rs W € Cor, ’palr((Al , Al \0y), (V,V\O0p))
such that [W oi] = [idy,1\0.)] € COI‘k PV 0p), (V, V\ oU))

Proof To prove the claim we need to construct a finite 4 —correspondence of pairs
W € Cory ™ ((Aly, Al \ 00), (V. V \ 00))

along with a homotopy ® € Cor}j’pair(Al x (V,V\0p),(V,V \ Oy)) such that
®oig=Voi and ®oiy =idy,p\0,)- We do this via the following sections:
s € D([oteelpl x U x XAl O(n)), SIpxal =13,

Sloxuxal = o — Xloo,
s€E F([IOJOO]IP’I x ¥V x Al O(m),  Slpixpxo =S5,

~ _.n
SIpxyxal =ty
E|OXVXA1 =1y — Xloo,
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s' e T(orelpl, O®m — 1)), Slpixyxi = (fo— Xloo)s',
-1
g|DxA1 = t(’)l(lo —Xloo)
s'loxy = th,
n—1

’
s |Z(t0—xtoo) =l

Here D := (P! x U)\ V denotes the reduced closed complement, g := s'/t%! €
k[A! x V] and Z(ty — Xteo) € P! x V denotes the vanishing locus of the section
to—Xtoo € (P x V, O(1)), with [tg:1c0] being coordinates on P!, and x the one on V.
Since U is affine, it follows that O(1) is ample on P! x Al xU and P! x Al x U x Al
Hence Serre’s Lemma A.0.3 ensures the existence of the sections s and s’ as above
provided 7 is big enough. Having s and s/, we then put 5 := (1 —A)s + A(fg — Xloo)s’.

Next, it follows by Lemma A.0.11 that Z(s) and Z(5) are finite over U x Al and
V x Al, respectively. Let y := #y/tx be the coordinate on the affine line A' C P!,
and let us use the trivialization dy of the canonical class of A!. Consider the diagrams

s/tl 5/th

YV x XAl 22 YV xy XV x Al 2y
xA1 XVX}\A\

Here the map pr: A'xV — V is the projection, while the map pr': Al xV xA! — Al is
the composition of the projection onto V' followed by the inclusion V C AIU. Applying
Construction 3.5.2 to these diagrams we get finite A—correspondences of pairs

W= divA (/1) PP € Cor P (AL, Al \ 0p), (V. V\ 0p),
0 = divA(E/12) PP € Corf P (Al % (V, V \ 0p), (V. V \ 0pr)).
The properties of s and s’ above imply that
@ oig=Woi, ©oij=divi(y —X)8)z(y—x) + divA((y —X)g) z(g)-
By Lemma 3.5.10, the first summand in the last equality is equal to
A, pai
(v) € Cory (V. V\ 0p), (V. V\ 0py))
for some v € k[V]*. The second summand is zero by Lemma 3.5.7, since
Z(g)NOxV)=

Hence the A—correspondences ¥ := (v™!)o W and ® := (v™!) 0 ®' have the desired
properties. |

Algebraic € Geometric Topology, Volume 20 (2020)



1518 Andrei Druzhinin and Hakon Kolderup

Proof of Theorem 6.0.1 Lemmas 6.0.4 and 6.0.6 immediately imply the claim for
the case of V, = AIU. In general, it follows that we have natural isomorphisms

F(V2\0p)/Z(Va) = Z(Ay \0u)/F(AY) = Z (V1 \ 0p)/Z(V1),

which shows the claim. O

6.0.7 Arguing similarly as in the proof of Theorem 6.0.1, we obtain also an excision
result for a nonrelative affine line:

6.0.8 Theorem Consider the function field K := k(U) of some integral scheme
U € Smy,. Let z be a closed point in AIK and let i: V; € V, be an inclusion of two
open subschemes of AIK such that z € Vy. Then, for any homotopy invariant presheaf
with A—transfers % € PShy, (Cor,f; 7)), the restriction homomorphism i* induces an
isomorphism

i*: F(V2\2)/F (Vo) = FZ(Vi\2)/7 (V).

Proof The proof is parallel to the proof of Theorem 6.0.1. All we need to do is
to replace the line bundle O(1) by O(d), where d := degg k(z); the section ¢y €
F(P}%‘K’ O(1)) by a section v € F(IP’&IK,O(d)) such that Z(v) = z x AIK; and the
section /o, by tgo. O

7 Injectivity for semilocal schemes

In this section we will assume that the base field k is infinite.

7.0.1 Theorem Let X be a smooth k —scheme and let xy,...,x, € X be finitely

many closed points. Let U := Spec Ox x, ,....x, and write j: U — X for the canon-

.
ical inclusion. Let Z <— X be a closed subscheme with xi,...,x, € Z and let
i: U\ Z — U be the immersion of the open complement to the semilocalization of Z
at the points x1, ..., x,. Then, for any homotopy invariant presheaf with A—transfers

Z € PShy (CorA; Z), the homomorphism i *: #(U) — Z (U \ Z) is injective.
7.0.2 Theorem 7.0.1 is an immediate consequence of the following moving lemma:
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7.0.3 Lemma Assume the hypotheses of Theorem 7.0.1. Then there exists a finite
A—correspondence ® € Cor,’g(U , X'\ Z) such that the diagram

X\Z
2
v, s x
commutes up to homotopy.

7.0.4 We prove Lemma 7.0.3 by constructing an appropriate relative curve C over U
along with a good compactification C of C. The desired finite A—correspondence will
then be defined by using certain sections on C.

7.0.5 Lemma Assume the hypotheses of Theorem 7.0.1. Then there exists a diagram
x<&clctu
in EssSmy, satisfying the following properties:
(1) p: C— U is arelative projective curve, j: C — C is an open immersion and the
composition p o j is smooth.

(2) The map po j admits a section A: U — C. By abuse of notation, we write A
also for the image of the morphism A.

(3) Let Z:=v~1(Z) < C. Then Z is finite over U.
(4) D :=C\C is finite over U.
(5) The relative curve C has an ample line bundle Oz(1).

(6) There is a trivialization j1: O¢ => w¢/y .
Proof We apply Lemma A.0.7 with 7 =id: X — X. |

Proof of Lemma 7.0.3 First of all we apply Lemma 7.0.5. Then it follows from
Serre’s Lemma A.0.3 that there is an integer / 3> 0 and a section d € I'(C, O(I)) such
that D € Z(d), Z(d)N Z = @ and Z(d) is finite over U. For notational simplicity,
let us redenote O(/) by O(1), and redenote D := Z(d). Now our aim is to construct
the following sections:

s e T(C,On)), Z(s|zup) = 9,
FerCx*A', 0Mm)), Slexo =5, Flowy =5'®8,  Slpxar =5,
s eTC.OomMZL(A)™").,  Z('|zupua) =2,
§eT(C, Z(A)), Z(6) = A.
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To do this, let § be a section of .Z(A) with Z(§) = A, and choose, using Lemma A.0.3,
an integer n >> 0 such that the restriction maps

FC,O0mQZA) H)->T(ZUDUA,On) LA™Y,
I'(C,0(n)) - T'(Z1 D, O(n))
are surjective. We can then find a global section s of O(n) ® .Z(A)~! such that

s'|zuupua is invertible. Let s be a lift of s'8|z11p € I'(Z I D, O(n)), and define
S:=(1—=X)s + s’ ® 5. We now aim to apply Construction 3.5.2 to the diagrams

s®8/d" Cx al S 5/dn Al
AN el
U x Al

Here pr: C x Al — C is the projection. By Lemma A.0.11, the vanishing loci Z(s)
and Z(3) are finite over U and U x A!, respectively. Hence we obtain finite 4—
correspondences

@ = divA(s/d™)H leA(S ®8/d™)" Z(s’) ECor,f(U,X\Z),

Z()

@ = div4 (E/d")’g(‘gprc —div(s' ®8/d") 5 0 pri*A e Cord (U x AL, X).

Then the properties of the sections above imply that ® oig =i o ®’, and Lemma 3.5.10
implies that ® oi; = j o (v) for some v € k[U]*. Now let ® := & o (v~!). Then
® := O o (v™1) gives the required homotopy, satisfying @ oig =io® and j = @oiy.

O

8 Ktale excision

In this section we assume that the base field is infinite. The main result of the section is
the following étale excision result for homotopy invariant presheaves with A —transfers:

8.0.1 Theorem Let X € Smy and suppose that w: (X', Z') — (X, Z) is an étale
neighborhood of Z in X. Assume also that z € Z and z' € Z' are two closed points
such that w(z') = z. Write U := X, = Spec Oy, for the corresponding local scheme,
and similarly U’ := X!, . Then, for any homotopy invariant presheaf with A—transfers
F € PShy (Cor,‘f; 7)), the map 7* induces an isomorphism

L F(X:\ Z2)) F(Xz) =5 F(XY\ ZL) ) F(XL).
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8.0.2 The proof of Theorem 8.0.1 relies on some geometric input. Our main tool
for this is Lemma A.0.7; we refer the reader to the appendix for details around this
construction.

Having Lemma A.0.7 at hand, we start out by showing that the map 7* is injective:

8.0.3 Lemma Under the assumptions of Theorem 8.0.1 there is a finite A—correspon-
dence ® € Cor,f(U, X') satisfying w o ® ~ 1 i, where i: U — X denotes canonical
embedding.

Proof Applying Lemma A.0.7, we obtain a morphism of relative curves w: C' —
C over U, with compactification w: C' — C, and subschemes D, A,Z < C and
D'.N, 2" C C’ as in Lemma A.0.7. Let § € T'(C, #(A)) be a section such that
Z(8) = A. Our first aim is to prove that there is an integer N such that for all n > N,
there exist sections satisfying the following conditions:

s € T(C,0n)), Z(s|p) = 2,
SlZ = 8 ®S/7
TeT(Cx*Al, 0n)), Slexo =5

Z (5| pxat) =prr(s).

Slzxar =8®5,
ZE)NZ(d) =g,

s'eT(C,0Mm) @ L(A)™Y, Slex; =8 @5,
Z(s'|z) = @.

In addition, we will require that Z(s) = Zo I Z| and that there exists a regular map
l: Zy — C' satisfying w ol =idg,. Here pr: C x Al — C is the canonical projection.

To do this we start the following preparations. Let O¢/ (1) := @ *(O(1)). Then, since @
is finite, O¢/(1) is an ample bundle on C’. Since @ induces isomorphisms Z’ 2~ Z and
A", = A x¢ Z, there is a section §’ € I'(2’, ') such that Z(§') = A’, for some line
bundle .#’ on Z’. Since Z’ is a finite scheme over a local scheme U, Z’ is semilocal
and any line bundle on Z’ is trivial. Hence there is an isomorphism ¢’ = O¢s(m)|z
for any m € Z. Similarly, since the subscheme D’ C C’ is finite over U, for any m € Z,
the line bundle O¢/(m)|ps is trivial. Now, applying Lemma A.0.10 to the morphism
7 C' — C and the subschemes D’ and Z we construct, for some m € 7, a section
& € I'(C', O¢r(m)) such that there is a closed embedding Z(§) — C, and such that
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Z(lm-1(z)) = A';. Define Zy := w(Z(§)) SC S C and put . := Z(Z). Let
¢ eT(C,.2) be a section with Z({) = Z. Then Z(¢{|z) = Az

Using Serre’s Lemma A.0.3 we can choose an integer N € Z such that for all n > N,
the restriction homomorphisms

FComeLH—>T(ZUD,0m L™,
['(C,0(n))— T ((ZUA)L D,O(n))

are surjective. Then, since Z 11 D is semilocal, there is a section ¢’ e I'(C, O(n)®.£~ 1)
such that ¢’| z11p is invertible. Define s := ¢ ® ¢’ € T'(C, O(n)).

Now choose a section s; € I'(C, O(n)) such that s;|o = 0 and s;|z = s. We then put
5:=(1—=X)s + As;. Since s1|a = 0, there is a section s’ € I'(C, O(n) ® L (A)™1)
such that s; = § ® s, where § € I'(C, Z(A)) satisfies Z(§) = A. Moreover, since
by construction Z(sy|z) = Az = Z(8|z), it follows that 5’|z is invertible and so
Z(s'|z) = @. Hence the desired sections s, 5 and s’ are constructed. Moreover it
follows by Lemma A.0.11 now that Z(s) and Z(5) are finite over U and U x Al,
respectively.

By construction, the morphism = induces an isomorphism between the closed sub-
schemes /(Zy) CC' and Z,. Since @ is étale, it follows that w1 (Zy) =1(Zo) 11 20.
Hence we can define an étale neighborhood = : (C\ 20, I[(Zy)) — (C, Zg) such that
w1 (Zy) =1(Zy). Consider the diagrams

5/d"

¢ O, cx Al 25 gl
P°J°wl \ (p°j)><A1l w
U x Al X

where pr: C x Al — C is the projection. Applying Construction 3.5.2 to these diagrams
we obtain finite A—correspondences

= divA (@™ (s/d") g, W € Cord ™ (U.UN\ Z xx U). (X', X'\ Z')),
©' :=divA(5/d")"*" € Corf P"(A! x (U, U \ Z xx U), (X, X \ Z)).

It follows from the list of properties above and Lemma 3.5.10 and 3.5.7 that ® oi; =
i o (v) for some invertible function v € k[U]*. If we let ® := & o (v™!) and
® :=© o (v™!), it follows that ® 0i; = i. So to prove the lemma it is enough to show
that @ oig ~p1 w0 ®.
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Since @ is finite, it is affine. Hence for some Zariski neighborhood V' of /(Z) in
c'\ Z 0, the restriction @ |y is affine. Then, for some Zariski neighborhood V of Z,
in C, there is a closed embedding c: V" C A" x V, where V" := V' Nw~!(V), which
is such that c¢(/(Zy)) = 0x Zy. Let f1,..., fr € k[A” x V] be functions satisfying
Jileqwry =0 and f;|arxz, = X;i, where the x; denote the coordinate functions on A”.
Fori =1,...,r, let ﬁ := (1 — A) fi + Ax; and consider the closed subscheme
Z(fl,...,f;) C A” x V x Al. Then the projection pr: Z(fl,...,f:)—> V x Al is
étale over Zox Al. Let W C Z(ﬁ, e, f;) be a Zariski neighborhood of 0x Zy x Al
such that the restriction of the projection pry,: W — V x Al is étale. Furthermore, let ¢
be the pullback of s/d" from V to W, and let i};: V — C denote the open embedding.
Applying Construction 3.5.2 to the diagram

w —L 5 Al
UXAI\L voiy opry,
U x Al X

we obtain a homotopy

divA (z)ﬂfwz(g"x)xf"V”’W € Cor™ PN (Al x (U, U\ Z xx U), (X, X\ Z))

connecting 7 o &' = divA(w*(s/d"))® " @-°7 and @ oiy = divA(s/d")®’. O

8.0.4 Before we move on to the surjective part of étale excision, we need the following
lemma:

8.0.5 Lemma Suppose that chark # 2 and let X € Smy. Let Z C X be a closed
subscheme and z € X a closed point. Write U for the essentially smooth local scheme
U= th = Spec (’);’(,z and let A € k[U]* be an invertible regular function satisfying
MZXXU = 1. Then

i 0 (A) ~p1 i € Cor P (U U\ Z xx U), (X, X\ Z)),
where i denotes the canonical morphismi: U — X.
Proof Lift A to an invertible section on some affine Zariski neighborhood V C X of

the point z € X. Then A|zx,p» = 1 for some other Zariski neighborhood V' € V
of z; shrinking X to V', we may assume that A € k[X]* with A|z = 1.

Consider the étale covering 7: X’ — X, where X’ = Spec k[X][w]/(w?—21). Let Z’
be the closed subscheme of X’ given by Z’:= Spec k[Z][w]/(w—1),sothat Z' = Z.
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Then (X', Z’) — (X, Z) is an étale neighborhood. By Lemma 8.0.3 there exists a
finite A—correspondence of pairs

® € Cor (U, U\ Z xx U), (X', X'\ Z'))

such that 7 o ® ~,1 7 in Cor/f’pair((U, U\NZ xx U),(X, X\ Z)). On other hand,
Lemma 3.6.1 implies that

(MNom=mo(m*(N) =mo(w?) ~y 7€ Cor,f’pair((X,X\Z), (X, X\ 2)).

Hence i o (i*(X)) = (A) oi ~pq1 (A)omo P ~py1 oD ~p1 1. m|

8.0.6 Lemma Let i": U' = X, — X’ denote the canonical embedding. Then, under
the assumptions of Theorem 8.0.1, there exists ® € Corjj(U, X') such that ®om ~ 41 i'.

Proof Using Lemma A.0.7 we construct relative projective curves p’: C' — U
and p”: C"” — U’ along with the other data related to the first two rows of the
diagram (A.0.8).

Since U’ is essentially smooth, we have A’ = U’. Moreover, since p”: ¢ — U" is a
smooth morphism with fibers of dimension 1, it follows that A” is a smooth divisor
on C”. Hence it is a smooth divisor on C” as well and there is an invertible bundle
Z(AN'") on C" and a section § € I'(C", Z(A")) such that Z(§) = A”.

Since Z’ is finite over the local scheme U, Z’ is semilocal. Let 6’ € k[Z’] be a regular
function such that 4’| a7, =0, and such that 4’ is invertible on the closed points of Z’
outside A’,. Then the closed fibers of Z(§') and A’, coincide. Now Z(&') is finite
over U since it is a closed subset in Z’. Moreover, A 7 is finite over U since Ay is
isomorphic to the closed subscheme U xx Z in U. Hence Z(6') = Az by Nakayama’s
lemma.

Using the notation of Lemma A.0.7, define O (1) := @*(O(1)) and Oz, (1) :=
@ *w*(O(1)). Then, since O(1) is ample and 7 and @' are finite, it follows that
Og (1) and Oz, (1) are ample. Serre’s Lemma A.0.3 then tells us that there is an integer
n € Z such that the restriction homomorphisms

8.0.7) ', 0m)—rE"UD",ome.2(A)),

(8.0.8) r'e”,ome2(N)—TIT(E"UD", 00 . 2(A))

are surjective. As mentioned above, Z and D are finite over U, so it follows that Z’
and D’ are semilocal, and moreover that there are trivializations § z: Oz => O (1)|z/
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and £p: Opr => Oz(1)|pr. Now, using surjectivity of the map (8.0.7), we find a
section

seTC, 00), slz=8E3", s|p =£3"

By the same reason as above there is some trivialization §,: Ozr =5 L(A")|zr.
Then by = w*(§') and b, =6 ® é/Z_l are two regular functions on Z” such that
Z(by) = Z(by) = A”,. Hence there is an invertible function v € k[Z"]* such that
w*( )WY =06Q® S’Z_l. Indeed, v is uniquely defined by the equality b;v = b, on
the closed subscheme Z(I) € Z”. Here I := ker(m®!), where m®1 € End(k[2")) is
defined as multiplication by b;. Moreover, the equality ;v = b, implies that v is
invertible on Z(I), and any lift of v to a regular function on Z” satisfies the equality
biv = b, as well. So it is enough to choose a lift such that v is nonzero at the closed
points of 2"\ Z(I).

Using surjectivity of the second map (8.0.8), we find a section
s eT(C,0m)@ LX), §'|zn =T (E2)®", §'|pr =T (EF") Q8|ph

Note that the section 5|B}, is well defined since A” N D" = @. Now define 5 :=
(1 —X)s + As’. Then we have:

s e(C", 0(n)), Z(s|p)) = 2,
Slzixyz = §®s',
FeT(C x A, 0(n)), Slarge = @' (5),

Z(|pr) = pr* (@' (5)),
5 zrxal =8 @5,

s e, 0m)®@Z(AN)™Y),  Flag, =8®5,
Z(s'3) =@.

We now aim to apply Construction 3.5.2 to the diagrams

C, s/d" Al CN % Al 's'/d"} Al
p/oj/l/ X (p//oj//)xAll v” opr
U X’ U’ x Al X’

Here pr: C” x Al — C” is the projection. By Lemma A.0.11, Z(s) and Z(5) are
finite over U and U’ x Al, respectively. Hence Construction 3.5.2 yields finite
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A—correspondences
@ = divA(s/d")*V" € Cor (U, X'),
O = divA(E/d™) ™ IV ¢ Cord (U’ x AL, X7).
Then, by construction,
O oig=dom, ©oij=diviE®s/d")g, “ MV +dviG @y /dM GO
By Lemma 3.5.7 we have

divAE®s'/d") 5 W =0 e Cord ™ (U'. U\ Z' xx U"). (X' X'\ Z')).

Furthermore, Lemma 3.5.10 tells us that div (8 ®s’/d”)f,,*(“/)’vﬁ =i"o()\) for some
A € k[U'T*. Let w € k[U]* be an invertible function on U satisfying 7*(w)(z) =
AV (z)71. Define ®:= @' o(w) and © := O o (7*(w)). Then Ooi; =i'o (M -7*(w))
and so Lemma 8.0.5 yields the claim. |

Proof of Theorem 8.0.1 Lemmas 8.0.3 and 8.0.6 establish respectively injectivity
and surjectivity of the map 7*. O

8.0.9 We finish this section with a result on the interplay between Zariski excision,
étale excision and homotopy invariance for the cohomology theory A4*.

8.0.10 Corollary Suppose that A* is a graded presheaf of abelian groups that satisfies
all properties of a good cohomology theory except the étale excision axiom. Instead,
assume that A* satisfies Zariski excision and homotopy invariance. In other words,
for any X € Smy,, any line bundle . on X, any open subscheme j: U C X and any
closed subscheme Z C X such that Z C U, the maps
pr*: A"(X, %) = A"(X x Al pr* 2),

JRANX, X\ Z, %) = ANUU\Z, j*2)
are isomorphisms.
Then A* satisfies the étale excision axiom on local schemes. In other words, for any
XeSmg, ZC X, n: (X',Z')—> (X,Z),z€ Z and z' € Z’ as in Theorem 8.0.1,
the morphism 7 induces an isomorphism

% AN Xy, X\ Z2) S5 AN (XL, X\ ZL).
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Proof Consider the category Cor,‘f of correspondences built from A* in the sense
of Definition 3.0.1. First of all we see that the proofs of Lemmas 8.0.3 and 8.0.6 (as
well as Construction 3.5.2) do not use the étale excision axiom for A*. Thus we have
morphisms ®;, O, € Cor,‘f(U, X') such that 1 o ®, =i and ®, or =i’. Then ¥,
induces a right inverse A*(X,, X\ Z.,) > A*(Xz, X;\ Z;) to 7*, and ®, induces
a left inverse. d

9 The cancellation theorem

In this section we show the cancellation theorem for A—correspondences by suitably
adapting Voevodsky’s proof for the case of Cory [34]; see Theorem 9.0.17. For the
sake of brevity we will omit the steps that are identical to Voevodsky’s original proof,
and rather focus on the details that are specific to our situation. We refer the interested
reader to [34] for the remaining formal aspects of the proof.

9.0.1 Definition The Karoubi envelope of Cor;f is the preadditive category whose
objects are pairs (X, p) with X € Smy and p € Cor,ﬁI (X, X) an idempotent. The
morphisms are given by

p'o(=)op
e

Corf (X, p), (X', p)) = im(Corf (X, X") Corf (X, X").

Any object X € Smy, can be considered as an object of the Karoubi envelope of Cor;f
by X — (X,idy). By abuse of notation, we will write Cor,‘;1 also for the Karoubi
envelope of Cor,‘f.

9.0.2 Definition Define X A G)\! := ker(pr;: X x G, — X) as an object of the
Karoubi envelope of Cor,‘;1 . Let pr: G2 — G/»2 denote the canonical projection, and
let (: G2 — G)i2 denote the canonical injection. Note that pr” o = idgn2. The
external product on A—correspondences defines a functor (—) A G,/,\f : Cor,‘:1 — Corj;1
given by X — X A G,’}ll, o= o X idGﬁll. Furthermore, for any X € Smy we let
c4(X) AG)! denote the presheaf U — Cor,‘f(U NG, X AGp).

9.0.3 Lemma Let t™: G2 — G2 be the twist automorphism given by t(xy, x3) :=
(x2,x1), and let

-[/\ = pr/\ o‘(x ot/\: Gr/r\zz —> Gr/t;z.

Then t” is A' ~homotopic to € = —(—1) € Cor (G2, G}?).
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Proof Let (x;,x;) denote the coordinates on G,5%. Denote by A € G,¢? the diagonal
and by A C G52 the antidiagonal, ie

A=Z(xx3'=1), A:=Z(x;x3—1) S G2

Let us first show that pr* 070 j ~41 €0 j, where j: G2\ (AU &) — G2 denotes
the inclusion and € = —(—1) € Cor,‘;1 (G5, G)?). To do this, consider the diagram

(G, x (G, x G, )\ (AUR)) — 5 al

*1G,, x*2G,)\ (AUA) Gm X G
in which g (¢, x1,x2) := (t,x1x2¢~"). Then p is a smooth relative curve whose relative

canonical class is trivialized by d¢. Applying Construction 3.5.2 to this diagram we
obtain a finite 4—correspondence

divA (/)98 € Cor (G2 \ (AUA), G2)

for any regular function f* whose vanishing locus Z is finite over G, \ (A U ﬁ) For
simplicity, let us skip df and g in the notation. Then the required A!-homotopy is
given by

(7 +{=1))oj

= (div (=3 1) (1=%2)) Z(—xp) VA (=31 (1=%2)) z(1-xp) 0 o((x2=xD) )

= div ((t—x ) (1=x2))0jo{ (xa—x1) )

~ar divA((=x1x2) (=)o jo((xa—x1) ")

= (divA((t—x1x2) (t—1)) z(—1) FAVAE—=X132) (1=1)) Z(—x1x2) )0 O (X2 —x1) 1)
= (v1+va)oio((1—x1x2)(x2—x1) 1) € Corf (G 2\ (AUA), G2).

Here vy: G2 — G)? is the morphism (x1,X;) — (x1x2, 1), while vy: G —

G2 is defined by (x1,x3) — (1,x1x3). Since pr* ov; = 0 and pr* o vy = 0 in
Cor,f (G2\ (AU A), Gp?), it follows that

pr’ o (X + (=1)) 0 j = 0 € Corf (G2 \ (AU A), G 2).
Now Corollary 5.0.6 yields that

9.0.4) pr’ o (X 4 (=1)) = 0 € Corg (G2, G ?),
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since @]‘f (=, GA?) is a homotopy invariant presheaf with A—transfers. Finally, since
€ =—pr’o(—1) o € Cor(G)?, G?),
we get the claim upon composing (9.0.4) with (. a

9.0.5 Definition Let G,, x G, have coordinates (¢1,?,). For any n > 1, define the
functions g;F, g, € k[Gm x Gy] by

gl =11 +1, g, =1 +10.

Moreover, let Z ,:lt denote the support of the principal divisor Z (gf) on Gy X Gy
defined by g:F.

9.0.6 Remark The functions g;7 /g, differ by a sign from Voevodsky’s functions gy,
defined in [34, Section 4]. However, the same proof as that of [34, Lemma 4.1] goes
through to show that for any closed subset T of G, x X x G, x Y finite and surjective
over Gy, x X, there is an integer N such that for all n > N, the divisor of g, /g,
intersects 7" properly over X, and the associated cycle is finite over X. The only reason
for our choice of functions is to make the finite A—correspondence in Lemma 9.0.9
homotopic to (1), and not (—1). Of course, in the situation of [34] this choice does
not matter, as Voevodsky’s correspondences are oriented.

9.0.7 Definition Let Y € Smy, and recall from Definition 9.0.2 the definition of the
presheaf c4(Y) A G,/,\,l . Given any integer n > 1, we will construct maps of presheaves

6
cq(Y) 4_—> ca(Y)A G,ﬁll
Pn
as follows.

Let X € Smy, and let T be any admissible subset of X x Y. Then the homomorphism

0: A‘%imY(X xY, wy) — A?IQZ(E;)(X X Gm xY X G, 0yxaG,,)

is defined by

0 :=(—) xidg,, = (=) x Ax(1),
where A: G, — Gy X Gy, is the diagonal. Since for any admissible 7" in X x Y the
subset T x A(Gyy,) is admissible in X X G, X Y x Gy, the map 6 is well defined. Tt

follows that 6 induces a map of presheaves 6: c4(Y) — c4(Y) AGJ!. On the other
hand, the map

. 4dimY +1 dimY
pn: AT" THX xG,, xYxGm,a)yXGm)—>A;ﬁ(zjuzn_)(XXY,wy)
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is defined in the following way. By applying Construction 3.5.2 to the diagram

+
NG, x2G,, g_”) Al

T
przl N

tz(Gm 141 Gm

n

we obtain finite A—correspondences div4 (gF) e Cor,‘:1 (G, Gyy). We then define pj,
by the formula

pn = pa((=) — ¢ (div?(g;) — div(g;))).
where p and ¢ are the projections
P X XGp XY XGp—> X XY, q: X XGypxY xXGy = Gy X Gy

Thus p, is defined whenever the subset 7 N (Z;F U Z;) is admissible in X x Y.
Now, note that for any f: X’ — X and ® € A‘;mY‘H(X X Gm xY X G, 0y xG,,) -
the element p,(f/*(®)) is defined whenever p,(®) is defined, and p,(f*(P)) =
f*(pn(®)). Secondly, for any &, ¥ € A‘#m YUY x G x Y % Gm.wyxa,,) the
element p, (®+ W) is defined whenever o, (®) and p, (V) are defined and p, (P+V¥) =
on(®) + pn (V). In this regard we refer to p, a partially defined map of presheaves.

9.0.8 The maps p, form an exhausting sequence of partially defined homomorphisms
in the sense that for any finite subset F C Cor,f(X A G, Y A Gyy,), there is an
integer N (F) such that for all n > N(F), pu(x) is defined for all & € F. Indeed, this
condition is satisfied by Remark 9.0.6.

9.0.9 Lemma Let ¢": G, x G,, — Spec k denote the projection and let A: G, —
Gm x Gy, be the diagonal. Then there is an A' ~homotopy

@ (A (divA(A*(g;)) — divA(A*(g,)))) ~a1 (1) € A°(Speck, Ospeck)-

Proof We deduce the claim from the following computation:

(9.0.10) g (A (divA(A*(g;1)) — div(A*(g;))))

(9.0.11) = div?(A* (g,j))Pfg’ " divA(A* (g;))Pré‘? "
. Al . _ r‘?l
(9.0.12) = divA(A* (g))Pn —divA (A% (g, ))"Zp(gmm)
1 A rAEI . A pr‘?1
(9.0.13) =div* (1" + )P —div? (" + [)Zp(t”*1+1)
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Al Al
. Pr t . pl" t
(9.0.14) ~at VA" + 0 Zn sy = AV O
Al
(9.0.15) =divA (1" + 0, = (1).
Here the homotopy (9.0.14) is given by " 4+ At 4 (1 — 1) € k[A! x Al]. m|

9.0.16 We are now ready to prove the cancellation theorem for 4—correspondences.

9.0.17 Theorem For any X,Y € Smy, the map 6 = (=) A G)\! induces a quasi-
isomorphism of complexes of presheaves with A —transfers

Cx(0): Corf (A" x X, Y) =~ Corf (A" x X) AGRL Y AGHY).

Here A® denotes the standard cosimplicial scheme over k, whose n—simplices A" are
given by Speck[xo, ....xa/(>; xi —1).

Proof The proof follows the same approach as Voevodsky’s cancellation theorem for
the category Cory [34]. Thus many aspects of the proof will be the same as those of
Voevodsky’s proof, and we will therefore focus on the details that are specific to our
context.

To prove that C«(6) is a quasi-isomorphism it is enough to show that the maps p,
and 6 are inverse to each other up to natural A! —homotopy. To this end, first note that
the functions g;= and g, enjoy the following properties:

() gHla=t"+ait" '+ day_1t+1and g, |ao =1"+b " oAby _pt? 4t
(in fact, gf|a ="+ 1 and g, |ao =" +1);

2 &xlGmx1 = &n |Gux1 # 0.
Let p and g be the projections
P XXGy XY XGy =X XY, ¢ XXGypxY XGy— Gy xGy,.

Moreover, denote by p’: X x Y — Speck and ¢": G, x G, — Speck the structure
maps. Thus we have a pullback square

X XGm xY X Gy —2— G x Gpm

Ll

Xxy —%2 Spec k
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Property (1) along with Lemma 9.0.9 then implies that the composition p, o 6 is
Al —homotopic to the identity, by the following computation:

(9.0.18) pi((a x Ax(1) — g*(divi(g,;)) —div¥(g;)))

(9.0.19) = px(p* (@) — g* (As(1) — (divi(g;) —div¥(g;))))
(9.0.20) = o — pa(q* (A (D) — (divi(gh) —divi(g)))))
(9.0.21) = o — (P)*(gh(Ax(1) — (divi(g}) —divi(gy))))
(9.0.22) = o — () (gh(A«(divi(A* (g;1)) —divA(A*(g;)))))
(9.0.23) ~ar o~ (pH*((1))

(9.0.24) =a.

Here the equality (9.0.20) follows from the projection formula, (9.0.21) follows from
base change applied to the diagram above, and the homotopy (9.0.23) is given by
Lemma 9.0.9.

Similarly, using property (2), for any o € Corj;1 (X, Y) the classes pp((a xidg,,)oix),
pn(iy o(a xidg,,)oix) and p,(iy o (a xidg,,)) are equal to 0 up to natural homotopy,
where iy: X — X x Gy, and iy: Y — Y x Gy, denote the morphisms given by the
rational point 1: Spec kK — G, . Thus we see that p, 00 ~ 41 id. , (v).

Finally, Lemma 9.0.3 implies that p, is also right inverse up to A! —homotopy by the
same argument as [34, Theorem 4.6] (see also [1, Lemma 7.5]). O

10 The category of 4A-motives

In this section we assume that the base field k is infinite, perfect and of characteristic
different from 2.

10.1 Nisnevich localization

10.1.1 Theorem The category of Nisnevich sheaves with A —transfers is abelian. The
Nisnevich sheafification .Zn;s of any presheaf with A—transfers .7 is equipped with
A—transfers in a unique and natural way, and there is a natural isomorphism

Ext (Z4(X), Fris) = Hiio (X, Pis)-

i
Shvnis (Cor;;1 )
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Proof By [12, Theorem 3.1] it is enough to show that

Cor (U, X) = @ Cord(U. X1,
x€eX
where x € X ranges over the set of all (not necessary closed) points. Let dx denote
the dimension of X. Then we have
Corl(U.X)=  lim AP (UxX wx)
TeAo(UxX/U)
. d
= im @ ABUx Ko
TeAy(UxX/U) xex
= @ lim A”;X(UXXi’,wX)?); @Cor,f(U,X;’),
xeX TeAy(UxXL/U) xeX
where the isomorphism in the second row is given by Lemma 3.4.2 and the isomorphism
in the last row follows from Lemma 3.4.3. O

10.1.2 Remark The category of finite A—correspondences Cor,‘;1 is a strict V—category
of correspondences in the sense of [18, Definition 2.3], and a V-ringoid in the sense
of [20, Definition 2.4]. So, alternatively, Theorem 10.1.1 can be proved by using the
technique of [20]. Note also that the proof of Theorem 10.1.1 could be obtained by
following the original approach of Suslin and Voevodsky [32], that is, showing that
the cone of the morphism c4(U*) — c4(U) is acyclic. Here U* is the Cech complex
associated to a Nisnevich covering & — U of a smooth k—scheme U.

10.2 Strict homotopy invariance

10.2.1 Theorem Let .# € PShy (Cor,f; Z) be a homotopy invariant presheaf with
A—transters. Then the associated Nisnevich sheaf Zjs is strictly homotopy invariant,
ie the projection p: X x A — X induces an isomorphism

p*: Hﬁis (X7 yNis) => Hﬁis(X X Al ’ yNiS)

forall X € Smy, and all n > 0.

Proof The theorem is a consequence of the injectivity and excision theorems proved
in Sections 5, 6, 7 and 8. The deduction of strict homotopy invariance from these
results is formal; see for example [21] or [13]. O
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10.3 Effective 4 —-motives

10.3.1 Definition The oco-category DMff(k) of effective A—motives is the local-
ization of the derived category D_(ShVNiS(Corf; 7.)) with respect to the morphisms
of the form X x Al — X. Let Mff: Smy — Dszf(k) be the functor defined as the
composition of the localization D_(ShVNiS(Cor,f; 7)) — DMiiff(k) with the functor
Smy, — D_(ShVNiS(Cor,f; 7)) given by X — Z 4(X)[0]. For any X € Smy,, we refer
to szf(X ) as the effective A—motive of X. If X = Spec k, we abbreviate Mf;lff(Spec k)
to Z 4. Finally, we define the Tate object Z 4(1) as

Z.4(1) := cofib(Z 4 — M (Gp))[—1],
where Z 4 — Mff(Gm) is the map induced by the rational point 1: Speck — G,.

10.3.2 Note that there is a symmetric monoidal structure on Dszf(k) inherited from
that on ShVNis(Cor,‘f; Z), satisfying szf(X )® szf(Y) ~ Milff(X x Y). The motive
of a point, Z 4, is then the unit for this monoidal structure. For any n > 1, we can use
the monoidal structure to define Z 4(n) := Z 4(1)®".

10.3.3 Theorem (cf [25, Theorem 14.11]) The co—category Dszf(k) of effective
A—motives is equivalent to the full subcategory of D_(ShVNis(Cor,‘f; 7)) spanned by
motivic complexes, ie complexes whose cohomology sheaves are strictly homotopy
invariant.

10.3.4 Theorem (cf [25, Proposition 14.16]) Let X € Smy, and let .%° be a motivic
complex. Then there is a natural isomorphism

M (X). i D= (shvi(Cort:2)) = His (X, 7°)
foreachi > 0.

10.4 The category of A-motives

As in the classical case, we obtain the category DM 4(k) of A—motives via a stabiliza-
tion process with respect to tensoring with the Tate object.

10.4.1 Definition The co—category DMy(k) of A-motives is obtained from the
oco—category DMfo(k) by ®-inverting Z 4(1). There is then a canonical functor

% DM (k) — DM, (k),

and we define the functor M4: Smy — DM (k) as the composition of Miff and X°°.
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10.4.2 Tt follows similarly as in [8] that DM 4 (k) is a presentably symmetric monoidal
stable co—category equipped with an adjunction X°°: DMfo(k) 2 DM (k) :Q°°.

10.4.3 The following result is a consequence of the cancellation theorem for A—
correspondences:

10.4.4 Theorem The canonical functor £°°: DM (k) — DM, (k) is fully faithful,
and for any X € Smy, and any motivic complex .#* € D_(ShVNiS(Cor,f; 7)), there is
a natural isomorphism

[M4(X), Z%°.Z*Ipp, k) = Hi (X, 7).

10.4.5 Definition Let X € Smy. For any pair of integers p,q € Z, we define the
A-motivic cohomology of X in bidegree (p,q) as

HY(X, Z) := IMa(X), Z4(q)[ pllpw, (k) -

10.4.6 The adjunction yj: PShx(Smg) = PShy (Cor;f; Z) 1y descends to an ad-
junction

(10.4.7) yi: SH(k) 2 DMy (k) y

of stable co—categories, which allows us to compare DM 4 (k) with the motivic stable
homotopy category SH(k).

10.4.8 Definition Denote by 1 € SH(k) the motivic sphere spectrum. In the ad-
junction (10.4.7) above, let HZ 4 € SH(k) denote the Eilenberg—Mac Lane spectrum

HZ4 = ydy; ().
10.4.9 Lemma The spectrum HZ 4 is an £ —1ing spectrum in SH(k).

Proof As the right adjoint ¥ is lax symmetric monoidal, it follows that it preserves
Eso—algebras. Now the left adjoint y§ is symmetric monoidal, so y§(1) is the unit
in DMy (k) and hence an £y—algebra. We conclude that HZ 4 = y;“yj (1) is an
Eoso—Ting spectrum. a

10.4.10 The cancellation theorem for A—correspondences implies that HZ 4 is an
Qr—spectrum in SH(k) which represents A—motivic cohomology. More precisely,
for any X € Smy and any pair of integers p and ¢, there is a natural isomorphism
[2° X4, SP9HZ 4lsnky = HY 1 (X, Z).
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10.4.11 The combination of Lemma 3.0.5 and [16, Theorem 5.2] shows moreover that
in the above adjunction (10.4.7), the right adjoint is monadic:

10.4.12 Theorem Let e denote the exponential characteristic of k. Then there is an
equivalence of presentably symmetric monoidal stable co—categories

Modyz, ,11/¢](SH(k)) ~ DM y(k, Z[1/e]),

where Modyz, ,[1/.](SH(k)) denotes motivic spectra equipped with an action from
HZ4[1/e].

10.4.13 Remark Recall that the category SH° (k) of effective spectra is the stable
subcategory of SH(k) generated under colimits by P! —suspension spectra of smooth
k—schemes. We note that Bachmann and Fasel’s effectivity criterion [3, Theorem 4.4]
applies in our setting, showing that the spectrum HZ 4 € SH(k) is effective. G Garkusha
and I Panin communicated to us orally that they proved this result independently using
the category ZF4 (k) of linear framed correspondences.

Appendix Geometric ingredients

In this section we summarize the geometric facts and constructions used in the text.
In particular, we formulate a version of Serre’s theorem on the existence of sections
satisfying relevant properties, which is used in the proofs in Sections 6, 7 and 8. We
then provide the construction of the relative curves used in Sections 7 and 8. Finally,
we formulate a few lemmas that imply the finiteness conditions on the vanishing loci
of the functions constructed in Sections 6, 7 and 8.

All schemes considered in this appendix are assumed to be noetherian and separated.

A.0.1 Proposition For any étale morphism e: U — Y there is a decomposition
U -5 X L5 Y with pou = e, in which u is a dense open immersion and p is finite.

Proof This follows Zariski’s main theorem [22, Chapter III, Corollary 11.4]. a
A.0.2 Serre’s theorem The following lemma is a consequence of [22, Chapter III,

Theorem 5.2], and is used in Sections 6, 7 and 8. In the text we refer to this result
simply as Serre’s theorem.
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A.0.3 Lemma (Serre) Let O(1) be an ample invertible sheaf on a scheme X and
% be an invertible sheaf on X. Then there is, for any closed subscheme Z C X, an
integer N € 7. such that the restriction homomorphism I'(X, Z(l)) — I'(Z, Z(1)) is
surjective for all [ > N. Here £(l) := 2 ® O(l).

A.0.4 Example (Chinese remainder theorem) Let U be an affine scheme. Suppose
that Z C AIU is a closed subscheme and that v € Oz is a regular function on Z. Then
for all large enough #n there is a monic polynomial f € Oylt] = O AL, of degree n
such that f|z =v.

A.0.5 Construction of relative curves We now formulate the construction of relative
curves used in the proofs of the étale excision theorems. For the proof we refer to
[13, Lemma 3.7]. Before stating the result, let us first recall the notion of an étale
neighborhood:

A.0.6 Definition Let X be a scheme and suppose that Z C X is a closed subscheme.
If 7: X’ — X is an étale morphism and Z’ C X’ is a closed subscheme such that
7 induces an isomorphism Z’ -=> Z, then we say that 7: (X', Z’) — (X, Z) is an
étale neighborhood of Z in X .

A.0.7 Lemma [13, Lemma 3.7] Let k be a field and let X be a smooth k —scheme.
Suppose we are given a closed subscheme Z C X along with an étale neighborhood
7. (X',Z')—> (X,Z) of Z in X. Let moreover z € Z and z' € Z' be closed points
such that n(z") = z, and write U := X; and U’ := X], for the corresponding local
schemes. Then there is a commutative diagram

7 4

vl e Yy
| = | ]
(A.0.8) UL gl o Yy
|,
vel el c—tix

in Smy, such that the following properties hold:

(1) p, p’ and p” are relative projective curves; j, j' and j” are open immersions;
w and w' are étale; @ and @’ are finite; and po j, p'o j' and p” o j" are
smooth. Moreover, C" =C'xy U’ and C" =C'xy U’, and there are trivializations
of the relative canonical classes j1: Oc = weyy and p': O = wer/y -
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The schemes Z = v~ 1(Z), 2/ :=v/"1(Z') and 2" :=v"""(Z') are finite
over U and U’, respectively.

There are closed subschemes A7z C Z, A’Z C Z’' and A”Z C Z" such that
p. p' and p" induce isomorphisms w: Az = Z'xx U, w': N, = Z xx U

ZxxU -1
and w": N, = Z' xx, U'. Moreover, v|zow ™' =pr5,"*" V/|zow'™ =

7T|Z/OprZ xXU and v”|gwow” 1 —prZ xxU"

There are closed subschemes A C C and N C C” such that Axy Z = Az,
N xyr Z' = N, and such that p and p” induce isomorphisms p|p: A = U
and p”|n: N = U’. Moreover, the compositions vo p|' and vo p”|;} are
equal to the canonical morphisms U — X and U’ — X', respectively.

The schemes D :=C\C, D' :=C \C' and D" :=C"\ C" are finite over U
and U’, respectively. Furthermore, D" =~ &'~ ' (D') and D' 2 @ (D).
There is an ample line bundle O(1) on C and a section d € T'(C, O(1)) such that
Z(d) =

A.0.9 Finiteness of vanishing loci The following lemmas are used to prove that the

zero loci of the functions constructed in Sections 6, 7 and 8 are finite over the relevant

schemes.

A.0.10 Lemma [13, Lemma 4.1] Let U be a local scheme and let x € U denote
the closed point. Suppose that the residue field k := k(x) is infinite. Let

—C

N

be a commutative diagram such that

p’ and p are projective morphisms of relative dimension 1;
I is a closed immersion, and

m and p’oi are finite.

Suppose furthermore that we are given the following data:

an ample line bundle O(1) on C';
a section d € T'(C', ©O(1)) such that Z(d) C D';

an invertible section soo € I'(D’, O(1));
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e aclosed subscheme Z C C satisfying Z2' N\ D' = @, where 2" := =1 (2) € C/;
e asection sz € I'(2’,O(1)) such that m induces an isomorphism Z(sz/) =

n(Z(sz)).
Then there is an integer L € Z such that for all [ > L, there is a section s € T'(C’, O([))
satistying
1) s|pr= séo and s|z = szd! =1,

(2) 7 induces an isomorphism Z(s) = 7w (Z(s)).

A.0.11 Lemma Let U be a scheme and suppose that C — U is a projective morphism
of pure dimension 1. Let .# be an ample line bundle on C. Then, for any pair of
sections d, e € '(C, %) such that Z(d)NZ(e) = @, the vanishing loci Z(e) and Z(d)
are finite over U.

Proof We prove that Z(e) is finite over U ; the case of Z(d) follows by symmetry.
Since C is projective over U, the same holds also for the closed subscheme Z(e). As
C is of pure dimension 1, it follows that Z(e) is finite over U unless Z(e) contains
at least one irreducible component C of the fiber C xy7 x for some point x € U. But,
since . is ample, .Z|¢ is nontrivial and hence Z(d|c) # @. So Z(e) cannot contain
an irreducible component of the fiber C xy; x. a
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