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T —invariants for knots in rational homology spheres

KATHERINE RAOUX

Ozsvith and Szabé used the knot filtration on €F(S 3) to define the t—invariant for
knots in the 3—sphere. We generalize their construction and define a collection of
T—invariants associated to a knot K in a rational homology sphere Y. We then show
that some of these invariants provide lower bounds for the genus of a surface with
boundary K properly embedded in a negative-definite 4—manifold with boundary Y.

5TM27; 57TR58

1 Introduction

The t—invariant for knots in the 3—sphere defined by Ozsvath and Szab6 has proven
to be a useful and robust invariant for studying knot concordance. A key property
of this invariant is that t(K) is a lower bound for the 4-ball genus of K [13]. The
goal of this article is to introduce a generalization, a collection of rational numbers
{7s(Y, K)}sespinc (v) associated to a knot K in a rational homology sphere Y, and to
prove that if ¥ bounds an appropriate 4—manifold W, these invariants also provide
lower bounds on the genus of a surface embedded in W with boundary K.

Our main theorem concerns a knot K in the boundary of a negative-definite 4—
manifold W. If K is rationally null-homologous, there exists an integer p such
that p[K]=0¢€ H;(W;Z), and we can consider a surface ¥ embedded in W —v(K)
with [0X] = p[K] € H{(v(K);Z). We call ¥ a p-slice surface or a rational slice
surface for K. This gives a 4—dimensional notion of the more familiar concept of a
rational Seifert surface for a knot in a 3—manifold.

A rational q-Seifert surface for a rationally null-homologous knot K ina 3—manifold Y
is a surface F embedded in Y — v(K) such that [0F] = ¢[K] € Hi(v(K);Z). In
particular, ¢ is a multiple of the order of K. Calegari and Gordon [1] define the rational
genus of a knot to be

—y(F
1K = inf XD,
2q
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where the infimum is taken over all ¢ and all g—Seifert surfaces without sphere
components, and obtain lower bounds on the rational genus for many knots in 3—
manifolds. Using Heegaard Floer type invariants, Ni [10] and Ni and Wu [12] have
found further bounds on the rational genus. In particular, Ni [10] showed that the knot
Floer homology of a knot in a rational homology sphere detects the rational genus. If
Amax 1s the maximum Alexander grading of a nontrivial element of H/F\K(Y, K), then

1

(D ”K”:Amax_i-

By construction, our invariants are bounded above by An,x. Therefore, we observe
that

(Y, K) < || K| + %

This raises the question, then, what happens when we consider ¥ as the boundary of
a 4—manifold? Any g—Seifert surface can be pushed into the 4—manifold to obtain a
g—slicing surface. However, it is also possible that K has a p—slice surface for which
p < ¢. This makes the relationship between the genera of rational Seifert surfaces and
rational slice surfaces for K more subtle than the relationship between the 3—genus
and 4-genus of knots in the 3—sphere.

Nevertheless, we establish that our invariants provide lower bounds for the genera of

slice surfaces in the p = 1 case:

Theorem 1 Let W be a negative-definite 4—manifold and K a knot in W =Y. Let
F be a g—Seifert surface for K and t a sharp spin®—structure on W. Then, for any
surface ¥ such that 0¥ = K,

Ha.zu-r) + qiz[qz U—F +25,(Y. K) < 2g(5),

where s = t|y .

If W is arational homology 4-ball, the left-most terms vanish, so we have the following
corollary:

Corollary 1 Let W be a rational ball with 0OW =Y, and X a properly embedded
surface in W with 0¥ = K. Then, for each spin‘—structure s on Y that extends
over W,

|z(Y. K)| < g(%).
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T—invariants for knots in rational homology spheres 1603

In addition, we show that our invariants satisfy properties similar to the original
t—invariant. Therefore our invariants provide homomorphisms from the rational con-
cordance group, as defined by Cha [3], to Q.

An alternative generalization of the r—invariant has recently been given by Ni and
Vafaee [11]. However, our invariants satisfy the additional property that z;(—Y, K) =
—15(Y, K). For knots in L—spaces, our invariants coincide with theirs. For knots in
lens spaces, both coincide with the invariants defined by Celoria [2].

Organization

We begin in Section 2 with the construction of our invariants and conclude with a
method for computing the Alexander grading from a Heegaard diagram. In Section 3
we turn to understanding how our invariants transform under change of orientation
of Y and K as well as conjugation of s and connected sums. Section 4 is devoted
to describing the relationship between the knot filtration and certain maps on Floer
homology determined by cobordisms between 3—manifolds. In Section 5 we give the
proof of Theorem 1. Finally, in Section 6 we compute some explicit examples.
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2 The definition of t

Before giving the definition of the T—invariant, we first recall some facts about Heegaard
Floer homology. For more detail, the reader may refer to [18]. We adopt the orientation
conventions of [6] throughout.

2.1 Heegaard diagrams for (Y, K)

A doubly pointed Heegaard diagram for an oriented knot K in a 3—manifold Y is
atuple (¥, o, B, w,z) where X is a genus g—surface, & and B are each g—tuples
of linearly independent simple closed curves on %, and w and z are basepoints on
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3 —a — B. The surface X together with these sets of curves determine a Heegaard
splitting of Y as the union of two handlebodies Uy and Ug. As shown in [18], we
can always construct such a doubly pointed Heegaard diagram from a particular choice
of self-indexing Morse function f* on Y so that the basepoints w and z determine the
oriented knot K C Y as the union of two gradient flow lines K = y,, — ), from the
unique index O critical point to the unique index 3 critical point. Following convention,
we assume that Uy = f_l([O, %]) and Ug = f_l([%, 3])

For calculations, it is convenient to represent K as an oriented, possibly immersed, curve
directly on the surface . To do this, note that the knot K = y,, — y; can alternatively
be decomposed into two arcs, one of which travels from z to w through U, and the
other from w to z through Ug. Now, we imagine letting the arc through U, flow
upward along the gradient, so that it lies on the surface as an arc v, embedded in the
complement of the e—curves. Similarly, we let the arc through Ug flow down until it
lies as an arc vg embedded in the complement of the B —curves. The union vy Uvg
is now an immersed curve in the surface ¥ and the knot can be recovered from the
diagram by remembering to which handlebody each arc belongs.

Finally, for our arguments, we often find it useful to construct our Morse function in
such a way that the final f—curve B, is a meridian for the knot that intersects only
one of the e—curves, ag [14]. In this case all of the generators of the Heegaard Floer
chain complex C/i:'(Y) are of the form x = (xy,...,xg_1, p), where p is the unique
intersection point between og and Bg.

2.2 Relative spin‘-structures

In [18], Ozsvith and Szab6 show how to extend the correspondence between spin€—
structures and homology classes of nonvanishing vector fields introduced by Turaev [21]
to 3—manifolds M with torus boundary components. Specifically, when M =Y —v(K),
a relative spin€—structure is a homology class of nonvanishing vector fields on ¥ —v(K)
that point outward on the boundary torus. There is an affine correspondence between
relative spin®—structures and classes in H2(Y —v(K), dv(K)) = H?(Y, K), which is
analogous to the correspondence between Spin®(Y) and H?(Y). We denote the set of
relative spin—structures on ¥ —v(K) by Spin®(Y, K).

In addition, there is a natural “filling” map
Gy, k: Spin°(Y, K) — Spin°(Y)

that can be described geometrically as follows. Let & be a relative spin‘—structure
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on Y and choose a representative vector field ve on Y —v(K). Let v, (k) be a vector
field on v(K) = S! x D? that agrees with vg on the boundary dv(K) and smoothly
extends over the interior in such a way that K is a closed orbit and for each point p
in ST the vector field Vy(k) is transverse to p X D, . Then Gy, g (§) is the homology
class of the vector field on Y that restricts to vg on ¥ —v(K) and v, (k) on v(K).

The filling map is equivariant with respect to the action of H?, in the sense that, given
an element o in H2(Y, K),

Gy,k(E+a) =Gy g (§)+i"(a),

where i *: H?(Y, K) — H?(Y) is the map from the long exact sequence in cohomology.

2.3 The Alexander grading and Alexander filtration

Let K beaknotin Y and (X, «, 8, w, z) be a corresponding doubly pointed Heegaard
diagram. Then the set of relative spin®—structures on (Y, K) determines a filtration of
the chain complex CAF(Y) via a map

Sy,zt Tq NTg — Spin‘(Y, K).

The construction of this map is described in [18, Section 2.4] and is similar to the
construction of the map s,,: T N Tg — Spin®(Y).

When K is a null-homologous knot in Y, the filtration levels are labeled by integers
via the Alexander grading [14; 19]. Later, Ni introduced a generalized Alexander
grading for knots in rational homology spheres [10]. The definition we give uses the
normalization and sign conventions of Hedden and Levine [6].

Definition 2.1 Let K be a knot in a rational homology sphere Y with corresponding
doubly pointed Heegaard diagram (X, «, 8, w, z). Fix a rational Seifert surface F
for K. For an intersection point x € T N Ty, the Alexander grading of x is given by

AG) = 5 (GO ) + [l ).
For null-homologous knots, this definition coincides with the Alexander grading given
by Rasmussen and Ozsvath and Szabd. More generally, a pairing of this sort will
exist for any rationally null-homologous knot K in a 3—manifold. However, when
Y has b; > 0, the pairing will depend on the homology class of the rational Seifert
surface [F]. In this article, we focus on knots in rational homology spheres, so the
Alexander grading is independent of the choice of F.
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The Alexander grading gives rise to a QQ—filtration of the Floer chain complex, where
Fg=1{x¢€ ﬁ:(Y) | A(x) < ¢} for each ¢ in Q. Additionally, since ﬁ:(Y) splits over
spin®—structures, the filtration splits as well. To define z5(Y, K), we are interested
in the restriction of this filtration to a particular €F(Y, 5) summand. Specifically, for
each s in Spin®(Y), the Q—valued Alexander filtration of CF (Y, s) can, in fact, be
thought of as a Z—filtration.

To see this, fix a spin®—structure s in Spin®(Y’), and consider the set of lifts G;lK(s).
If £ and £ are two lifts of s, then the difference £ — & in H?(Y, K) is an element of
ker(H*(Y, K) — H?*(Y)) = Z(PD[u]). Thus, & —& = m PD[u] for some integer m.
Equivalently, & = & + m PD[u]. Therefore,

(c1(EN.[F]) = {1 (€). [F]) + 2m[u] - [F].

Thus, if we consider all of the elements of G;IK(E) , there is a unique choice of lift,
which we denote by &g, such that

2 —=2[p]-[F] < (c1(6). [F1) = 0.

Now, for any x € T NTg such that s = sy (x) = Gy, g (§;) we know that sy ;(x) =
& + m PD[u] for some integer m. So we can write A(x) = ks + m, where

1 1)
ks = m((cl@o)» [F1) + ] - [FD.

From (2) we have that k; is rational and lies in the interval (—% %] . The number k; also
depends on the orientation of K since the orientation of K determines the orientation
of u and F.

Now we can see that filtration coming from the Alexander grading is really a Z—filtration
of GF(Y, 5), where

Fom = {x € CE(Y,5) | A(x) — ks = m}

and, if ¢ is any rational number, the restriction of the filtration level 7, to a partic-
ular CF(Y,s) summand of CF(Y) is Fs,,, where m is the largest integer such that
ks+m=gq.

We first define 7,(Y, K) in the simpler case that Y is an L—space. Recall that Y is an
L —space if HE(Y, 5) = I, for each spin®—structure s in Spin(Y’). Then

(Y, K) = min{m | I;y: Hx(Fsm) — I-fF(Y, §) is nontrivial }.
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Note that for an L—space, I, is nontrivial if and only if 7, is surjective. For a general
3—manifold Y, this may not be the case since }fF(Y, 5) may be a vector space of
dimension greater than one. Thus, to define t in general, we will need to use more of
the structure of CF*°(Y, s).

2.4 Some facts about CF*(Y)

Let Y be a 3—manifold with a pointed Heegaard diagram (X, &, 8, w). Recall from [16]
that CF*°(Y, s) is freely generated by elements [x,i] where x € T NTg and i € Z,
and the subcomplex CF™ (Y, 5) is obtained by restricting to the pairs [x, /] where i < 0.
These fit into a short exact sequence

0 — CE (Y, s) - CF®(Y,s) -=> CF (¥, 5) — 0,
where CF™ (Y, 5) is the quotient complex.

In addition, we have a chain map U: CF*°(Y,s) — CF*°(Y,s) defined by [x,i] —
[x,i — 1], which induces an isomorphism on homology. The U action on CF*° (Y, s)
allows us to view CF°(Y, 5) as a finitely generated F,[U, U ~']-module.

The restriction of U to either CF~ (Y, 5) or CF* (Y, 5) does not induce an isomorphism
on homology. The complex €F(Y, 5) is the kernel of U applied to CF* (Y, 5). Thus
we have another short exact sequence

0 — CF(Y,s) 2> CF+(Y,s) L5 CFH(Y,5) — 0.

Alternatively we can view 6F(Y, 5) as a cokernel. For any n € Z, let CF~"(Y, 5) be
the subcomplex of CF*°(Y, s) generated by [x,i] where i < n. Then, CAF(Y ,5) also
fits into the short exact sequence

0 — CE<1(Y,5) <L CF<\(Y,5) %> CR(Y, 5) — 0.

At the same time, U maps CF~!(Y, s) isomorphically onto CF~ (Y, 5). In particular,
we have an isomorphism of short exact sequences

0 —— CF<!(Y,5) —t— CF*®(Y,s5) —Z— CFZ!(Y,5) —— 0

s 2 o

0 —— CF (Y, 5) —~— CF*®(Y,s) —%=— CF"(Y,s) —— 0
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Let HF<"(Y, 5) denote the homology of the complex CF~"(Y, 5). Then, putting the
above information together, we have that the diagram

HF<!(Y,s) —2— HF(Y, s) —2— HF (Y, 5)

X‘ /
HF°(Y, 5)
commutes.

2.5 The definition of 7,(Y, K)
Fix a spin®—structure s € Spin‘(Y'); then for each m € Z we have a short exact sequence
0— Fom LN CAF(Y, 5) 2% Q= 0,

where Qg ;, is the quotient. We denote the maps induced on homology by i, and p;,
as I, and P, respectively.

Definition 2.2 Let K C Y be a knot in a rational homology sphere. Then
75(Y, K) := min{ks + m | Im(px o I;) N Im(ms) # 0},

where p: I-’I\F(Y, s) — HF(Y,s) and m4: HF®(Y,s) — HF"(Y,s) are the maps
induced on homology by p and .

Putting together several exact triangles, we form the diagram

Hi(Fsm) H(Qs,m)
I, Py

P

}fF(Y, 5)

la/ /
HF<!(Y,s) =@ HF (Y, s)

L

HF*°(Y, 5)

TTx

which commutes.

Lemma 2.3 Fix a spin —structure s in Spin®(Y’) and an integer m. Then the follow-
ing are equivalent:

(1) There is an element B in Hy(F; ) such that px o I, (B) # 0 and px o I, (B)
is in Im(7ry).
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(2) There is a non-U—torsion element « in HF<!(Y,s) and an element B in
Hy(Fs,m) such that In,(B) = Yx(ar) # 0.
(3) Thereis an element o in HF=!(Y, s) such that m4oi(c) #0 and Py (¥« (t)) =0.

Proof Assuming (1), there exists an element 8 in Hy(Fs,,) such that pxo I, (B) #0
and p« o I(B) is in Im(ws). By commutativity of the diagram and exactness,
90 px 0 Im(B) = & o I,,(B) = 0. Thus, there exists some element o in HF<1(Y, 5)
such that I,,(8) = ¥« (). In addition, px o I;;,(B) = px 0 V(o) = 4 0T (), SO We
must have that « is nontorsion.

Now assume (2). Since « is nontorsion and 7, (8) = ¥« (o) # 0, we must have that
s ol(a) # 0. Thus, px o Ysx(a) = px 0 I;y(B) # 0 € Im(mrx). Thus, V¥« (a) is in
ker(Py,).

Finally, (3) implies (1) since ¥« (a) # 0 and ¥« (@) is in ker(Py,) = Im(1,). a
The lemma suggests an alternative formulation of 7,(Y, K) in terms of HF<!(Y, s).

Definition 2.4 Let K C Y be a knot in a rational homology sphere. Then
7, (Y, K):= max {ks+m| Pyo«(a)#0}.

a€HF<1(Y,s)
7400 () £0

The two definitions are related in the following way:

Proposition 2.5 Let Y be a rational homology 3—sphere, and K C Y. Then, for each
s € Spin“(Y),
7, (Y,K)=1(Y,K)—1.

Proof Suppose ks +m = 75(Y, K). Then, by Lemma 2.3, ks +m’, where m’ =m—1
must be the maximum for which every @ € HF<!(Y,s) such that w4 o Tx(at) # 0
satisfies Py o Yy () # 0. a

2.6 Framings for rationally null-homologous knots

An oriented knot K in a 3—manifold has a well-defined meridian (g, namely the
homology class of the curve that generates the kernel of the map

Hy(9v(K)) — Hy(v(K)).
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Geometrically, the meridian is the curve in dv(K) that bounds a disk in v(K) and is
oriented so that its intersection number with K is +1. A longitude for K is a choice
of curve A such that (ig,A) forms a basis for H{(0v(K)) = Z & Z. When K is
null-homologous, there is a canonical choice of longitude called the Seifert-framing
or the O—framing given by the curve Ag = F N Jdv(K), where F is a Seifert surface
for K.

If K is only rationally null-homologous, we use a rational Seifert surface to determine
a canonical longitude for K, following Mark and Tosun [9]. First notice that the map

ix: HH(Ov(K)) - Hi (Y —v(K))
induced by inclusion has kernel isomorphic to Z.

If F is arational Seifert surface for K, then F Ndv(K) = 0F is a set of closed curves
on Jv(K). While [0F] itself may not be a primitive element in H;(dv(K)), there
exists an integer ¢ and a primitive element y such that [0F] = cy. The integer ¢ is
called the complexity of F and is equal to the number of boundary components of F. If
F is a g—Seifert surface and p is the meridian of K, we have [0F]-[u] = c[y]-[u] =¢q.
Therefore, if the complexity c¢ is equal to ¢, then y is a longitude for K. In general,
for any choice of longitude A we have the decomposition

[0F| =cy = c(dA +rp),

where ¢d = ¢ and r is an integer. The number 5 in Q/Z is the rational self-linking
number of K.

This decomposition depends on the choice of longitude in the sense that any other choice
of longitude for K can be written as A,, = A + mu for some integer m. Changing
basis from (A, i) to (A, ), we have

[0F] = c(dMm —mp) +riu) = c(dhm + (r —md)p) = c(dim +1'10).

As we can see, r’ = r —md differs from r by an integer multiple of d. Thus, there is
a unique choice of longitude, which we call the canonical longitude Aca,, such that

[0F|=c(dAean+7r1) and 0=<r <d.

In other words, A,y is the choice of longitude for which % is the unique representative
of the rational self-linking number of K in [0, 1).
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2.7 Relative periodic domains and the ¢{—evaluation formula

In this section, we show how to compute the Alexander grading of a generator directly
from a doubly pointed Heegaard diagram for (Y, K).

Recall that for knots in the 3—sphere we can compute the Alexander grading using
periodic domains on the Heegaard diagram for O—surgery along K [14]. Here we
describe an analogous construction for knots in rational homology spheres.

Let (Y, K) be arationally null-homologous knot with doubly pointed Heegaard diagram
(2,0, B, w, z) constructed so that By = u and B, intersects the a—curves in a single
point on og. Let A be a curve on X which is a longitude for K. The following
definition is given by Hedden and Plamenevskaya [8]:

Definition 2.6 Let (Y, K) be a rationally null-homologous knot in a 3—manifold with
Heegaard diagram and longitude A as described above. Let Dy, D,, ..., D, be the
closures of the components of ¥ — (e U B UX). A relative periodic domain is a relative
2—chain P =) ; a; D; with

g g
0P =qh+ ) neoi+ Y ngpbi

i=1 i=1

where the coefficients @; are the local multiplicities of P.

A relative periodic domain gives rise to a map ®: F — X, where F is an oriented
surface with boundary such that 0F maps into ¢« U S U p.

Lemma 2.7 Given a rational g-Seifert surface F for K satisfying 0F = qAcan +crit,
we can always find a relative periodic domain P for F which satisfies

g—1 g—1
IPF = qhcan +CTiL +qog + Z Mg, 0 + Z ng, Bi.

i=1 i=1

where Acan is the canonical longitude for K.

Proof Fix a Heegaard diagram for (Y, K), where B, = and By and «g intersect
in a single point p. For any choice of longitude, there is a small neighborhood of u
where A Nag = @, as shown in Figure 1.
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q :Bg =Wn q+cr

z w )"sz —

0 cr

Figure 1: A small neighborhood of 1.

Let Pg be any periodic domain for F. Then, by definition,

g g
0Pr =qgA+ Znaiai + Z"ﬂiﬁi
i=1 i=1
g—1 g—1
=gA+ng,ag +ng, pu+ Z”ai“i + Z ng, Bi.
i=1 i=1
Since A = Acan + 1 for some integer n we can change coordinates:
g1 g—1
IPF = q(Acan + 1) + No,0tg +npg, L+ Z N, O + Z ng, Bi.
i=1 i=1
Now, since P represents F, we should be able to cap off Pr with sums of «—and -
curves to obtain a representative of F' with [0F] = gAcan+cr . Therefore, we must have
ng, = cr —nq and from inspecting the diagram in Figure 1 we have that nq, =¢. O

In addition, any relative periodic domain gives rise to a relative homology class in
HZ(Y —v(K),d(Y — v(K))). Recall that when K is null-homologous, there is a
c1—evaluation formula for periodic domains [16]. Hedden and Levine provide a similar
formula for relative periodic domains. First, recall the definition of the Euler measure:

Definition 2.8 [15] Let P = ), a; D; be a (relative) periodic domain. The Euler
measure of P is given by

X(P) = Zn,-()((D,-) — % #(corners in D,-)).

1

Then, we have a c¢;—evaluation formula for relative periodic domains:
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Proposition 2.9 [6] Let K be a rationally null-homologous knot in Y with rational
q —Seitert surface F. Let (X, a, 8, w,z) be a doubly pointed Heegaard diagram for
(Y, K). For any relative periodic domain P representing F' and any x in Toq N'Tg,

(c1(sw,2(x)).[F]) + g = X(P) + 2nx (P) — 1w = (P).

Here 1y, - (P) is the sum of the averages of the multiplicities of P on either side of
the w and z basepoints

3 Knot Floer homology for rationally null-homologous knots

To understand how (Y, K) transforms under certain operations, such as reversing
the orientation of K and Y, we must first understand how the knot Floer chain com-

plex transforms under these operations. We begin by recalling the construction of
CFK*(Y, K, §).

3.1 Khnot Floer chain complexes

Following [18, Section 3], we fix a doubly pointed Heegaard diagram (X, &, 8, w, z) for
(Y, K) and a relative spin®—structure & on (Y, K). Then the complex CFK*°(Y, K, &)
is generated by triples [x,i, j] where x isin Te NTg and i and j are integers such
that

sw,z(x) + (i — j)PD[u] =§

and is equipped with the usual differential,

0®x.i jl= Y. D M@y.i—nw(@).j—n(e)].
yeTy ﬁTB pemr(x,y)
u(p)=1

Proposition 3.1 [18, Proposition 3.2] For any & € Spin®(Y, K) there is a natural
identification of certain subcomplexes of CFK*(Y, K, £) = C¢ with the Floer chain
complexes associated to Y. Specifically,

0— Celi <0} — Ce — Celi =0} =0
and
0— Celi =0} — Celi >0} L5 Cefi >0} -0

can be naturally identified with

0 — CF (Y, s) - CF*®(Y,s) — CFT(Y,s) = 0
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and
0 — CF(Y,s) » CFt(¥,s) %5 CFH(Y,5) > 0

where Gy, g (§) = s. In addition,
0—>C£:{j <0}—>CE—>C;’:{]. >0} —0
and
0= Cel{j =0} = Celj >0} > Ce{j >0} >0

can be naturally identified with

0 — CF (Y,s') — CF®(Y,s') - CFT(¥,5') = 0
and

0 — CF(Y,s') > CFT(Y.s') Y5 CFH(Y,5) > 0

where Gy,gr(§) = 5.

A priori, the complex CFK*°(Y, K, £) depends on the relative spin®—structure £.
However, Ozsvith and Szab6 show that if &£; and &, in Spin®(Y, K) map to the same
s € Spin®(Y) under Gy g, then CFK*(Y, K, &) and CFK*(Y, K, &,) differ by a
shift in their j—filtration.

Since we have picked a distinguished element of £; € G;lK(s) for each s, we define
the complex
CFK*(Y, K,s) := CFK*(Y, K, &)).

3.2 Symmetries of CFK*™ (Y, K, s)

We are interested in how the complexes CFK*°(Y, K, s) change under orientation
reversal of ¥ and K as well as under conjugation of s. Following convention, we use
CFK}, (Y. K, 5) to denote the dual complex, Homp, (CFKS°(Y, K., 5), F>).

Lemma 3.2 Let Y be a rational homology 3—sphere and K C Y a knot. Let —Y
denote Y with its reverse orientation. Then, for any s € Spin®(Y),

CFK(-Y, K,s) =~ CFK5 (Y, K, 5).
Proof Let (X, a,f,w,z) be a Heegaard diagram for (Y, K). Then reversing the

orientation of ¥ gives a Heegaard diagram (—X, &, 8, w, z) for (=Y, K). For x in
TeNTg the map s, (x) is independent of the orientation of X, and thus the orientation
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of Y. Following [15, Proposition 2.5], suppose x and y are in T NTg and ¢ is a
disk in 7, (x, y). There is a natural identification

My, (¢) = M_y,(¢).

where ¢’ € m,(y, x) is the class satisfying n,(¢’) = n,(¢) obtained by precomposing
with complex conjugation.

Moreover, since n;(¢) = nz(¢') we also have ny, (¢) = ny(¢’), and
Sw,z(¥) = 5w,z (¥) = (nz(¢") — 1 (@) PD[u] = (n2(¢) — nw (#)) PD[u].
Thus, the duality map
D: CFK°(Y, K,s) — CFK} (-Y, K, 5)
taking elements [x, i, j] > [x,—i,—j] is an isomorphism. o

To understand the dependence on the orientation of the knot K C Y, recall that there is
an involution on relative spin®—structures

J: Spin®(Y, K) — Spin°(Y, K)
and the related involution
J: Spin®(Y) — Spin‘(Y)

on spin‘—structures. If v is a vector field, representing s € Spin®(Y’), then —v repre-
sents Js. This involution behaves appropriately with respect to the filling maps in the
following sense:

Lemma 3.3 GY’Kr(jS) =JGy k(§).

Proof Asin[17, Section 3.7] we represent a relative spin®—structure £ in Spin(Y, K)
by a nowhere-zero vector field v that has K as a closed orbit. Thus, —v is a vector
field representing J& thathas K" as a closed orbit. o

To show how the complex CFK*°(Y, K, s) transforms under reversal of orientation
of K, we first investigate how CFK*°(Y, K, &) transforms under this orientation reversal
where & is a relative spin€—structure.

Lemma 3.4 [17, Lemma 3.12] Let (X,a,f,w,z) be a Heegaard diagram for
(Y, K); then (X, B, &, w, z) is a diagram for (Y, K"). Let

Sw,z: Te N Tg — Spin®(Y, K)
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be the map determined by (X, a, B, w, z) and
sy.2 Ta NTg — Spin‘(Y, K)
be the map determined by (—X, 8, &, w, z). Then
Sw,z(x) = T8, (x).
Proof If f isaMorse function compatible with (X, e, 8, w, z) then — f is compatible

with (=X, B,a, w, z). Now, if v is a vector field representing s, (x), then —v will
represent s, ,(x). a

Applying the lemma, we obtain the following analogue of [14, Proposition 3.9]:

Proposition 3.5 For each & € Spin®(Y, K), we have
CFK®(Y, K, £) =~ CFK®(Y, K", J§).

Proof Suppose [x,i, j] is a generator of CFK*°(Y, K, £); then

5w,z(x)+(i — J)PD[ug] =&,

where g is the meridian of K. On the other hand, by Lemma 3.4 we know sy, - (x) =
J sy, - (x); therefore, _

IS5y (x) + (i — j)PDlug] = &,
which is equivalent to

sl 2 (x) + (i — j) PDugr] = JE,

where pgr is the meridian of K”. Moreover, if ¢ € m,(x, y) is a holomorphic disk
contributing to the differential in CFK*° (Y, K, £), it is still holomorphic in the diagram
(—X, B, a, w, z) and contributes to the differential in CFK*°(Y, K", J £). a

Thus we may conclude that, in fact:
Proposition 3.6 CFK*°(Y, K, 5) =~ CFK*°(Y, K", Js).

Proof Using the previous proposition, we know that
CFK®(Y, K, 5) = CFK™®(Y, K, £3) = CFK™®(Y, K", J£3).

Thus, we only need to show that SOJ s =7, &5
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Note that —2[u]-[F] < (c1(&3),[F]) <0, where F is a rational Seifert surface for K.
Also, note that ¢ (.753) = —c1(&;)- Thus, we have

—2ukr]-[-F] = =2[uk]-[F] < {1 (J), =[F]) = (c1(£). [F]) <0,

where —F is a rational Seifert surface associated to K" . O

3.3 Connected sums

We are also interested in how 7;(Y, K) behaves under connected sum. For a pair
(Y1, K1) and (Y, K3,) of knots in 3—manifolds, we form their connected sum,

(Y1, K #(Y2, Kp) := (Y1 #Y,, K1 # K3).

Given corresponding Heegaard diagrams (X1, ey, 81, wy,z1) and (X5, a2, B2, w2, 22)
for (Y1, K1) and (Y3, K3), a Heegaard diagram for the connected sum is given by the
tuple (X1 #X,,a1 Uay, 1 U B,, wy, z3), where the connected sum of X and X, is
performed by identifying neighborhoods of w, and z;.

We can also “glue” spin€—structures over the connected sum to obtain a map
Spin€ (Y7, K1) x Spin® (Y3, K») — Spin“ (Y1 #Y,, K1 # K3)
which sends (£1,&,) — & #&, and is equivariant with respect to the action of
H*(Y1, Ky) @ H*(Y2, Ky) — H*(Y1 #Y,, K1 #K>).
In addition, given an intersection point x1 ® X3 € To U, N Tg,ug, >
Swy,z, (X1 ® X2) = 5wy 7, (X1) #50,,2, (X2).

The following theorem comes from [18, Theorem 5.1], however the statement there
seems to have a typographical error. The correct statement is contained in Theorem 7.1
of [14]. We also include it here for clarity.

Theorem 3.7 Fix &5 € Spin®(Y; #Y,, K1 # K»,). There is a filtered chain homotopy
equivalence

@ CFKOO(YI , K1, 51) ®IF2[U,U*1] CFKOO(YZ, K>, é§_2)
Ei#Er=t; =5 CFK™ (Y #Y2, K1 # K3, £3).
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q1492 q2(q1+cyry) q1(g2—c272) 4192
' w oz ;_Q—
N\ ! 2
0 q2c17] —q1c2r2 0

Figure 2: Neighborhoods of the meridian of K; and K3, respectively.

Proof The map sending [xy,i1, j1]®[x2, 12, j2] tO

> > #MO) Ly i1 i —nw, (). j1+ ja—nz, (V)]

YETa uay,NTg up, YET(x1®62,01®x2,y)

defines the isomorphism and the proof is the same as the proof of [14, Theorem 7.1]. O

For knots in rational homology spheres, we will improve this to a statement about
filtered complexes. To do so, it remains to show how the connected sum operation
affects the filtration defined by the Alexander grading.

If K has order ¢; and K, has order ¢,, their connected sum has order lcm(gq, g»)
in Y1 #Y,. Following Calegari and Gordon [1], given connected rational Seifert
surfaces Iy and F,, we can construct a rational Seifert surface F' for K, # K, by
taking g, copies of F, and ¢, copies of F and taking their boundary connected sum
along ¢1¢q, arcs. The resulting surface F has Euler characteristic

X(F) = qx(F1) +q1 x(F2) —q192.

Lemma 3.8 Let K; C Yy and K, C Y, be knots in rational homology spheres. Then,
if x1 ® x, is an intersection point in the Heegaard diagram for (Y1 #Y,, K1 # K3),

A(x1 ®x3) = A(x1) + A(x2).

Proof Let ¢g; and ¢, denote the order of K; and K5, and fix a connected rational
Seifert surface for each of K| and K. Let P; and P, be periodic domains representing
F; and F3, respectively. Following the construction above, we can construct a periodic
domain P for a rational Seifert surface F for K # K, by taking ¢, copies of P
and g copies of P, and connecting them along g;g, arcs. Now we can compute
A(x1 ® x,) using Proposition 2.9 and P.

From the diagram in Figure 2 we have:
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* X(P)=q2x(P1) + q1X(P2) — q192.
o nx,0x,(P) = qanx, (P1) + q1nx,(P2).
* w2z (P)=q192+ q2c1r1 —qicar.
Putting this together, we have
29192 A(x1 ®@ x3)
= X(P) + 2nx,8x,(P) — nw, ,z,(P)
= q2(X(P1) + 2nx, (P1) —q1 —c1711) + q1(X(P2) + 2nx, (P2) — g2 + c212)
=q2(2914(x1)) +q1(292A(x2)).

This proves the claim. a

Letting F;(x) denote the highest Alexander filtration level inhabited by the generator x .
Lemma 3.8 implies the following:
Theorem 3.9 We have a filtered chain homotopy equivalence

CFK®(Y1#Y,, K #Kp,5)= @ CFK™®(Y1.K1.51)®F,[y,u-1]CFK® (Y2, K3.55).

s1#s2 =5

where Fg s, (X1 ® X2) = F5, (x1) + Fap (x2).

3.4 Properties of

Our invariants satisfy the following properties:
Proposition 3.10 Let K C Y be a knot in a rational homology sphere. Then, for any
s € Spin®(Y'), we have:

(1) (=Y, K) = —u(Y, K).

(2) w(,K") =155, K).

(3) If K; and K, are knots in rational homology spheres Y1 and Y», then, for
spin® —structures s; € Spin®(Y7) and s, € Spin€(Y;), we have

Tote, (Y1 #Y2, K1 # K5) = 15, (Y1, K1) + 15, (Y2, K3).

Proof First we note that property (2) follows directly from Proposition 3.6.

Now consider property (1). The proof is similar in spirit to the proof of [13, Lemma 3.3].
For simplicity we use F; (Y, K, s) to denote the Alexander filtration at level r = k;+m
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of €F(Y, 5) coming from the knot K and Q, (Y, K, s) for the corresponding quotient
complex.

As in the case where K is null-homologous [13], reversing the orientation of ¥ changes
the sign of the Alexander grading of each generator in €F(Y, 5). In the short exact
sequence

0 — F»(Y, K,s) — CE(Y,s) > Q,(Y, K,5) — 0,

we can naturally identify Q, (Y, K,s) with ]-'fr_l(—Y, K,s). In fact, we have an

isomorphism of short exact sequences

00— S F(V,K,5) — " s CR.(Y,5) — 2 0, (Y, K,5) —— 0

L ]

Pt G (— Y, 5) =4 F* _(-Y.K.5) ——0
by Lemma 3.2.

Since 7,(Y, K) is defined in terms of the map p to HF ' (Y, 5), we must also understand
how this map transforms when we reverse the orientation of Y. Recall from [15] that
HF} (Y, s) =~ HF* ~,(=Y,s). Thus, we have the diagram

Hy(Fr (Y, K, 5)) — 5 HF, (Y, 5) —2— HFF (Y, 5)

] S

H*(Q* | (-Y.K,s)) —=% EEEN HF (- Ys)—>HF [(=Y5s)
which commutes.

Note that r > 7,(Y, K) if and only if Im(p« o ;) is nontorsion. By the above diagrams,
we see that Im(p4 o I,) = Im(y¥* o P_,_1). Therefore, Im(p4 o I,) is nontorsion if
and only if Im(y¥* o P_,_1) is nontorsion. By the universal coefficients theorem and
the fact that, for a rational homology sphere, Homp, (HF;! (=Y, 5),F,) = F,[U], we
see that Im(vy* o P_,_1) is nontorsion if and only if there exists some nontorsion « €
HF<!(—Y, s) such that P_,_; oy (ar) # 0, that is, if and only if —r —1 <77 (=Y, K).
Thus, 77 (=Y, K) = —1(Y, K) — 1, so, by Proposition 2.5, t(-Y, K) = —t(Y, K).

The final argument for property (3) was suggested to me by Jen Hom and is due to Tye
Lidman. We begin by proving the inequality

Tots, (Y1 # Y2, K1 # K3) < 75, (Y1, K1) + 15, (Y2, K>).
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Let ry = 15, (Y1, K1) and ry = 74, (Y2, K3). Then, for each i = 1, 2, there exists «; €
HF<!(Y;, s;) nontorsion and f; € Hy(Fs; r; (Yi, K;)) such that Y4 (o;) = 1, (Bi) #0.
Since «; and «, are both nontorsion, o7 ® o, is also nontorsion. Moreover, the
diagram

HF<! (Y1, 1) ®F,[u] HF' (Y2, 52) — HF=' (Y, # Y2, 51 #52)

HE(Y,51) ®F, HR(Ys, 5,) —=— HF(Y| #Y,, 5, #5,)

commutes. (The bottom isomorphism is due to the fact that we tensored over F, so
the relevant Tor—groups vanish.) Thus,

I (B1) @ Ir,(B2) = ¥x(a1) ® Vx(a2) = Y] @ z).
On the other hand,
H*(]:Sl,rl (Yl’ Kl)) ®IF2 H*(]:Sz,rz(Y29 KZ))
= H*(fﬁl,rl (Yl’ Kl) ®IF2 f52,r2(Y2v KZ));

therefore,
Ir (B ® Ir,(B2) = Ir +r,(B1 ® B2),

and I, +r,(B1 ® B2) # 0 since both I, (B;) # 0.

Thus, oy ® oy is nontorsion and Y« (g ® @2) = I, 4r,(B1 ® B2) # 0. This implies
that r{ +ry > ‘L'sl#ﬁz(Yl #Y,, Ki1#K>5).

To obtain the other inequality, note that the above also implies that

Toyasr (Y1 # Y2, Ky # K3) < 75, (Y1, K1) + 75, (=Y2, K2).
Applying property (1), we obtain the desired result. O
It is worth pointing out that, in Proposition 3.10, (1) and (3) are the same as for knots
in the 3—sphere. Furthermore, if K is a knot in the 3—sphere, (2) implies that reversing
the orientation of the knot does not change 7(K) since there is a unique spin®—structure
on the 3—sphere. In particular, for K in the 3—sphere, properties (1) and (2) together

imply that 7(—K) = —t(K), where —K is the reverse mirror of K, or, equivalently,
—K is the inverse of K in the knot concordance group.
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4 Large surgery

Ozsvith and Szabé proved that the Heegaard Floer homology of surgery along a null-
homologous knot can be computed from the chain complex CFK*°(Y, K) using their
“large surgery” formula [14]. In [18], they give a similar construction for rationally
null-homologous knots and any choice of longitude. We apply their theorem using Acan
as our choice of longitude. Specifically, this choice of longitude allows us to enumerate
2-handle cobordism maps on Floer homology using the Alexander grading of K and,
in turn, extract 4—dimensional information from our t—invariants.

Let K be aknot in a rational homology sphere Y and let Y_,(K) denote the 3—manifold
obtained by performing (—n)—surgery to Y along K with respect to the canonical
longitude. Let X_,(K) be the 4-manifold with dX_,(K) = —Y U Y_,(K) obtained
by attaching a 4—dimensional 2-handle to K x {1} C Y x I with (—n)—framing with
respect to the canonical longitude.

For each spin®—structure t in Spin®(X_,(K)), this 4-manifold induces a map on Floer
homology,
Fx_, k), HE(Y, tly) — HF(Y_,(K). tly_,(k))-

The large surgery theorem will tell us how to compute the above map from the
CFK*(Y, K, s) complexes. We can enumerate these maps by enumerating spin®—
structures on X_,(K). To do so, first calculate some more information about the
topology of X_,(K).

Let C be the core of the added 2-handle in X_,(K). Then [C] represents the generator
of Hy(X—,(K),Y)=Z. Now fix arational g—Seifert surface F for K in Y. Attaching
g parallel copies of —C to F along K, we obtain a 2—complex Fyc = FU —¢qC
which represents a homology class in H,(X_,(K)). Under the map

0 Hy(X—p(K)) = Hy(X-n(K),Y)

coming from the long exact sequence of the pair (X_,(K), Y), we have that «([F,c]) =
—¢[C]. Thus, for a cohomology class « in H*(X_,(K);Z) we can define a Q—valued
pairing
1
(o, —[C]) = 21(0" [Fycl)-

Similarly, we also have

[C]-[C] = qiz[Fqc] [Fycl.

Algebraic & Geometric Topology, Volume 20 (2020)



T—invariants for knots in rational homology spheres 1623

Since [0F] = ¢(dAcan + r1t), We can compute [F,c]? directly as the intersection
number of [0F] and ¢[—dC] in dv(K),

3 [0F]-q[-0C] = g(—cr —ng).
4.1 Large surgery along rationally null-homologous knots

Choose a Heegaard diagram (X, «, 8, w, z) for (Y, K) so that B = o U . Here
Bo=(Bi1....,Bg—1) and g and B, = p intersect in a single point p. Now consider
an annular neighborhood of p in the Heegaard diagram (X, &, 8, w,z). Let A, =
Acan — 1 and let y denote the tuple Bog UA_,. Then (X, e, y,w, z) is a Heegaard
diagram for Y_,(K). In particular, A_, intersects g in exactly n points in a small
neighborhood of the meridian, which we refer to as the winding region.

Note that every intersection point x € Ty N Tg has xg = p. Let y € Tq N'T),. We
say y is supported in the winding region if y¢ is one of the n points in the winding
region. If y € To N'T) is supported in the winding region, then there is a “closest”
point x € To NTg. Let @ be the top generator in homology of ﬁF(#g_l (ST x SZ)).
Then there is a canonical “small triangle” € m,(x, @, y) supported there. Recall the

function

f(x) = {c1(5w @), [CD) +[CP =200 (¥) —nz(¥))

defined by Ozsvith and Szabé [18], where ¥ € m,(x, @, y) is a small triangle. Ozsvéth
and Szabo show that this function depends only on x. Their argument is revisited and
expanded in [9]. In fact, by using Lemma 2.7 we will see that this function actually
computes the Alexander grading of the generator x.

First, we recall a few more facts and definitions from [18]. The tuple (2, &, 8, y) forms
a Heegaard triple-diagram that specifies a 4—manifold with three boundary components,
Y, Y_,(K) and #,_1(S 1'% 82). Capping the final boundary component off with
ﬂg_l S! x B3 gives us a description of the cobordism X_,(K). In this 4—manifold,
a triply periodic domain is a 2—chain P whose boundary is a sum of ¢—, f#— and
yg—curves, where yg is the final curve in the g—tuple y . Given a surface in X_,(K)
we can represent it via a triply periodic domain.

Recall that for a triply periodic domain we also have a ¢;—evaluation formula such
that, if ¥ is a Whitney triangle,

@ Ac1(sw¥)), Paﬂy) = X(Paﬂy) + #8Paﬂy + 20 (Y, Paﬂy) - Z”w(Paﬂy)y

where o (Y, Pygy) is the dual spider number [18, Section 2.5].
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Figure 3: The winding region for (—6)—surgery along K.

Lemma 4.1 Let (X,a,B,w,z) be a doubly pointed Heegaard diagram for K C Y
and let (X, a, B,y,) be the related Heegaard diagram for the cobordism X_,(K)
described above. Then, for any x € To N'Tg,

S(x) =24(x),

where A(x) is the Alexander grading of x .

Proof By Lemma 2.7, we can find a relative periodic domain Pg representing [F]

with
g—1 g—1

OPF = qAcan +Crpt +qag + Z Ny, Qi + Z nﬂi,B,-.
i=1 i=1
There is also a triply periodic domain Pyg, representing [F,c] with

g—1 g—1

0PaBy = qhn+ (@n+crip+qog + Z No; 0 + Z ng; Bi.
We claim that

(5) {c1(sw,z(x)), Pr) +q = (c1(5w(¥)), Papy) —qn—cr —2q(ny(¥) —nz(¥)).

Since the right-hand side only depends on x, it suffices to prove the statement for
the Whitney triangle vy with 1y () = n,(¥) = 0. This follows by applying the first
Chern class formulas as we show below. The diagram in Figure 3 shows the winding
region for (—6)—surgery along K and the multiplicities for the corresponding periodic
domain Peyg,, .
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First consider the domain Pg. Since x is of the form x = (xy,...,Xxg_1, p) we
compute from Figure 1 that

np(Pr) = %(0+q +qg+cr+cr)= %(Zq +2cr) = %(q +cr)
and that
fw,2(PF) = 30+ q) + 3(cr +q+cr) =g +cr.

Thus, 2n,(Pr) —nw,-(Pr) = 0. Applying Proposition 2.9 for the relative periodic
domain Pg, we see that
g—1
(1(5w,2(X)). PF) +q = X(PF) + 2nx (PF) = w2 (PF) = X(PF) +2 Y _ nx, (P).
i=1
Now, fixing a point y = (y1, ..., Jg) in the interior of v, we apply the ¢ —evaluation
formula of (4) for the triply periodic domain Pyg,, .

From Figure 3, we calculate the dual spider number is o (¥, Pygy) = Zle Ny,
and that the multiplicity at w differs from the multiplicity at yg by q. Specifically,
ny,(Papy) = nw(Pepy) — q. Therefore,
g—1
20(Y. Papy) — 21w (Papy) = =24 + Y _ 1y,
i=1
Thus,
g—1 g—1 g—1
(c1(sw(¥)), Paﬂy} = X\(Paﬁy) +2g+gn+cr+ Z Ne; + Z ng; + 2 Z Ny, —2q
i=1 i=1 i=1
g—1
= X\(Paﬂy) +gn+cr+ Z(Znyi + g, +nﬂi)'

i=1

Outside of the winding region, we have that
2nxl- (PF) = Znyi (Paﬂy) + nai + nﬂi .

Therefore, putting this all together, along with the fact that X(Pr) = X(Pygy) We
obtain the result. a

Now we use Lemma 4.1 to interpret [18, Theorem 4.1]. However, here we phrase
everything in terms of negative surgery. Let C; = CFK*°(Y, K, s).
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Theorem 4.2 Let K C Y be knot of order g in a rational homology sphere. Let
ts,m € Spin®(X_,(K)) be the unique spin®—structure on X_,(K) such that t; |y = s
and

(c1(ts,m). [Fgcl) —ng —cr = 2q(ks +m).

Let v, denote the restriction of t;, to Y_,(K). Then, for all sufficiently large n,
the complex CF (Y_,(K), t;y) is isomorphic to Cs{i =0 or j = —m} and there are

maps vt and @2, ,, such that the following diagram commutes:
Coli =0} —2F— Cofi =0 or j = —m}

| foton

CFT (Y. 5) ——2 CFH(Y_p(K). tm)

Proof Consider the map

@, i CFK®(Y, K, 5) — CF®(Y_,(K), tm)
defined by
%, (x.i j) =Y > HMW) [y, i —nw ()]

yeTeNT, Yema(x,0,y)
ny (W)—n: (Y)=i—j+m

The proof now follows from the argument of [ 14, Theorem 4.1] and applying Lemma 4.1.
O

4.2 A four-dimensional interpretation of z,(Y, K)

The large surgery theorem now allows us to relate t5(Y, K) to the map induced on
Floer homology by the cobordism X_,(K). Let K be a knot of order ¢ in a rational
homology sphere Y. Let

FS:HE(Y,s) — HF(Y_n(K), tm)

—n,m-*
be the map induced by the 4—manifold cobordism X_,(K) from Y to Y_,(K), where
ty is the restriction to Y_,(K) of the unique spin—structure t,, on X_,(K) satisfying
tm|ly =5 and
{c1(tm). [Fycl) —ng —cr =2q(ks +m).
Proposition 4.3 Let

S = Im(ps) NIm(rry) C HET (Y, 5).

Algebraic & Geometric Topology, Volume 20 (2020)



T—invariants for knots in rational homology spheres 1627

Then, for all |n| sufficiently large, we have the following:

o If ky+m < t,(Y, K), then for all B € p;'(S), we have ﬁin,m(ﬁ) #0.
o If ks +m > 1,(Y, K) then there exists 8 € p; ' (S) such that ﬁin’m(ﬁ) =0.

Proof We adapt the argument given in [13]. Let C = CFK*™(Y, K, s). Note that the
diagram

0 —— Ciimo,j<m} = Fon — Cimoy = CF(Y, 5) ﬂ>C{i:o,j>m} = Qym—0

| l l

0————Cyizo0, j=m} —— Cimin(i, j—m)=0y — > C{i=0, jsm} ——0

commutes. By Theorem 4.2, when |n| is sufficiently large, we can identify the sub-
quotient complex Cymin(i, j—m)=0} With 6F(Y_n(K ), tm) and the map induced by fA on
homology with the map Fs n,m- 10 prove the first part, assume that ks +m < 75(Y, K).
Let y € p; '(S). By the assumption, y is not in the image of I,,. Thus, by exactness,
P,,(v) # 0 and in particular, since the diagram commutes, Fs nm(¥) #0.

On the other hand, the map f factors through p,,—;. Thus, if k; +m > (Y, K),
then there exists an element y € p; ! (S) such that y € Im(/,,_;). Thus, Pp_1(y) =0
and, by commutativity, ﬁ_n,m (y) = 0 as well. O

5 Genus bounds

Consider a negative-definite 4-manifold W with boundary a rational homology
sphere Y. By removing a small ball from W, we obtain a 4—-manifold which is a
cobordism W — B* from S to Y. In order to obtain our genus bounds, we need to
ensure that the map on Floer homology induced by this cobordism is nontrivial.

Definition 5.1 Let W be a negative-definite 4—-manifold with boundary Y, a rational
homology sphere. A spin€—structure t on W is sharp if

ci(t) +bay(W — BY) = 4d(Y, t]y).
Lemma 5.2 Let W be a negative-definite 4—manifold with boundary Y a rational

homology sphere. Then, for any sharp spin® —structure t on W, the map

Fy_pa: HR(S®) — HE(Y, 5)
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is nontrivial. Moreover, I-/I\F(S 3) is generated by a single element, which maps to a
nontorsion element of HFY (Y, 5) under the composition

HF(S?) — HE(Y, s) — HF " (Y, 5).

Proof Considering X = W — B* as a cobordism from S3 to Y, we know that, for
each spin®—structure on X, the map

F: HF®(S?) — HF™(Y, t|y)
is an isomorphism and the shift in degree can be calculated using the formula
$(1 (O =2x(X) =30(X)) = g(c] () + b2 (X)).

The cobordism X gives rise to a commutative square

HE(S?) —2XC HR(Y, ()

L

HF'(S3%) —X5 HF T (Y, t|y)

The top map F x ¢ 1s nontrivial provided that the element of HF*(S?) in grading zero
maps to a minimally graded element of HFT (Y, s), that is, an element of grading
d(Y,t|y). Since t is a sharp spin®—structure, we know that d(Y, t|y) is exactly equal
to the grading shift. a

In addition, we need the following lemma, which is [13, Lemma 3.5]. While the
statement given in [13] claims a stronger bound, the bound given here is the correct
one. The corrected statement and proof of Lemma 5.3 below is due to both the author
and Matthew Hedden.

Lemma 5.3 [13, Lemma 3.5] Let N be the total space of a disk bundle with Euler
number —n < 0 over an oriented two manifold ¥ of genus g. If n > 2g — 1 then the
map
Fy_ps: HE(S?) — HEON, t|yy)
is trivial whenever
{c1(0, [Z]) + [Z]-[E] > 2g ().

Proof The disk bundle N has a handle decomposition with one O-handle, 2g
1-handles and a single 2—handle. Specifically, the 0—handle and 1-handles give
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a handle decomposition for ﬂ 2g (S! x B?) and the 2-handle is added with (—n)—
framing along Bg, the “Borromean knot”. Thus, N — B* = W, U W,, where
Wi = ﬂzg(S1 x B3)— B* and W, is the 2—handle addition along Bj.

Let t|y;, =t;. Then t=t; #t, and the map ﬁN—B‘* . factors as

HF(S3) 22t Gy —L HE(#,,(S! x 52)) %HF(BN,%N).

Ozsvith and Szabd [14, Section 9] compute the knot Floer homology of Bg. There
they show, that in Alexander grading j,

HFK (#,, S' x S2, Bg, j) = NN/ H'(D).

They also show that
CFK*™ (#,, S' x S%, Bg) = N"H' () @ Fo[U. U]
and has no differentials.
The map
Gw, 2 HE(S®) — HF(#,, S' x §?)

increases the homological grading by g. Therefore, the generator of IfF(S3) is sent to
the top graded element of HF(#,, S' x S2).
Now we focus on the second map

Gy HE(#,4(S! x S2)) — HE(ON, t|an),

induced by the 2-handle addition. Let {c{(t),[Z]) + [Z]*> = 2k. The large surgery
theorem implies that when n > 2g(X)—1, the subquotient complex C{min(0, j —k) =0}
can be identified with €F(8N ,tl3n). In addition, the map 6W2,t2 can be computed
from looking at CFK* (#,, S! x S2, B, ). In particular, this map is trivial whenever
k>g(X).

On the other hand, if (c;(t),[X]) + [X]-[X] = 2g(X), the map @Wz,tz is nontrivial
on the top graded element of HF(#24 S' x S2). Therefore, the map Fy_p ( will be
nontrivial as well. a

Now consider a knot K in Y = dW. Adding a 2-handle to W along K with (—n)-
framing, we form a new 4—manifold W_, (K) which decomposes as W Uy X_,(K),
where X_,(K) is the 2-handle cobordism from Y to Y_,(K). If X is a surface
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in W with boundary K, we can form a closed surface $=%U-Cin Hy(W_,(K)).
Consider the Mayer—Vietoris sequence

0— Hy(W)® Ha(X—p) 2 Hy(W_pn(K)) L5 H{(Y) = --- .

While [f]] is not in the kernel of j, q[f]] is in the kernel of j. Thus, q[i] splits as a
class in Hy(W) @ Hy(X—-,(K)). We can think of this splitting geometrically as

(6) q[E] = ix(g= U—F|®[Fyc).

where F is a rational Seifert surface for K.

Theorem 5.4 Let W be a negative-definite 4—manifold and K a knot in 0W =Y.
Let F be a g—Seifert surface for K and t a sharp spin® —structure on W. Then, for any
surface X such that 0¥ = K,

1
$<c1(t),[qz U=F) o+ B U= 4 207 K) < 2(3),
where s = t|y .

Proof Consider our decomposition of the 4—manifold W_,(K) as
W_n(K) = W Uy X_n(K).

If we remove a small ball B from the interior of W_,(K), we can view W_,(K)— B
as a cobordism from S3 to Y_, (K) which is the composition of the cobordisms W — B
from S to Y and X_,(K) from Y to Y_,(K).

Since t is sharp, by Lemma 5.2 the map
Fw_p HE(S?) — HF(Y, 5)
takes the generator of I-/I\F(S 3) to an element y € p; 1 (S).

Fix m < 7;(Y, K)—k; and choose |n| large enough that Proposition 4.3 and Lemma 5.3
hold. Let t,, be the spin®—structure on X_,(K) such that t|y =s and

(c1(tm). [Fycl) + [Facl* = 2q (ks +m).

Since 2¢ (ks +m) < 2qt,(Y, K), the map F5 ,,: HF(Y,s) — HF(Y_,(K), tyy) applied
to y is nontrivial and, therefore, the composition

Fi o Fw—p g HE(S®) — HE(Y_n(K), tm)

s nontrivial as well.
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On the other hand, since W_,(K) — B is a 4—manifold, we are free to factor this
cobordism through any intervening 3-manifolds. Decompose W_,(K) as Wy U W,,
where W, = v(f]) is the tubular neighborhood of T and W, is the complement of this
tubular neighborhood.

Since we have chosen n and m so that the composition Fg,m o Fy/_p ¢ is nontrivial,
the map
HF(S?) - HF(0v(2). 1| (s>

where t = t#1,,, is nontrivial as well. Therefore, by Lemma 5.3 we have

(c1(®), [2]) + [ = 2¢().
Applying (6) to rewrite the left-hand side shows that

(1 (D, [2]) +[22
— (1. i» (g= U~ Fl @ [Fyc)) + qiz([qz U—Fl®[F,c)?

(€1(01lg=0=F) + Sl ZU—FF + a1 (). [Fyc ) + qlz[Fqc]z

(c1(0),[gZU—F]) + —2[qEU—F]2+2(k5+m).

QI»—‘ QI»—‘

Thus,
(7) é(c1 (t).[¢=U—F]) + qiz[qz U—FP +2(ks +m) < 2g(%) = 2¢(%).

Since (7) holds for all integers m < t5(Y, K) —k; we may take ks +m = 7,(Y, K)—1.
Making this substitution and simplifying, we obtain

(8) Cl](cl (), [gZU—F]) + qiz[qE U—FP* 4 21,(Y, K) =2 < 2g(2).

Finally, we can improve this bound slightly by exploiting the additivity of the terms. This
final part of the argument is due to the author and Matthew Hedden. Let W; = u W
Then W is a negative-definite 4—manifold with boundary #; Y. In addition, the knot
#., K C #, Y bounds the surface [:] 4 = and has a g—Seifert surface ﬂ 4 I Therefore,
we can calculate that

(c1(#at).[a], sU-D, F])=d(ci(0.[g=U~F]),

1 d
q—z[q ud T U nd F* = q—z[qZ U—F)%,
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T#d5(#d Y. #, K) =dts(Y, K),
g(f], =) =dg(®).

Applying (8) to #4 K in X, and dividing through by d, we get that
1
(1O BU=F) +lgSU—FP 420, K) S2¢(9) + 5
holds for any choice of d. Thus,

é(cl t),[gT U—F]) + qiz[qz U—F]* +21,(Y, K) < 2g(2). o

Corollary 5.5 Let W be a rational ball with 0OW =Y, and X a properly embedded
surface in W with 0X = K. Then, for each spin®—structure s on Y that extends
over W,

lz(Y, K)| = g(3).
Proof Applying Theorem 1 we see that 75(Y, K) < g(X). On the other hand, reversing

the orientation of W implies that t;(—Y, K) < g(X). The result now follows by
applying Proposition 3.10(1). a

6 Examples

6.1 A slice knot and a nonslice knot in L(4,1)

The lens space L(4, 1) bounds a rational homology 4-ball W as shown in the Kirby
diagram in Figure 4 and the map

Hl (L(4, 1)) —> H1 (W) = Zz

Figure 4: The knot K is slice in a rational ball with boundary L(4,1).
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T
T

Figure 5: Heegaard diagrams for K and J in L(4, 1) with undercrossing
pushed slightly into the U, handlebody.

is reduction modulo two. Thus, any knot of order two in H;(L(4, 1)) is null-homolo-
gous in W and applying Corollary 5.5 to any such knot gives us a bound on the genus
of a surface bounded by the knot.

Let K be the knot of order two in L (4, 1) shown in Figure 4. This knot clearly bounds
a disk in W. Therefore, if we calculate the 7 —invariants associated to K, there must
be at least two that vanish, corresponding to the spin®—structures that extend over W.

A genus one Heegaard diagram for K is shown in Figure 5, left. From this Heegaard
diagram we calculate the Alexander grading of each element by finding a periodic
domain for a rational Seifert surface F' and using the c;—evaluation formula from
Proposition 2.9. The Alexander gradings are listed in Table 1.

Each intersection point in the diagram represents a distinct spin®—structure, so we
denote sy (a) by s, and denote the rest of the spin®—structures accordingly. Since
there are no holomorphic disks in this diagram, the Alexander grading of each element
is equal to 7,4, (x)(L(4,1), K). Thus, s, and 54 extend over W.

Now consider the knot J given by the Heegaard diagram in Figure 5, right. This knot
is also order two in Hy(L(4,1)) and Table 2 shows the Alexander grading of each
generator.

X

Ax) | -

Q

b ¢ d
0 0

1
2

D=

Table 1: Alexander gradings for generators of C/F\K(Y, K).
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X aq aj as bl bz b3 cT C C3 d
IR

Table 2: Alexander gradings for generators of C/FT((Y, J).

Applying (1), the rational 3—genus of the knot J is ||J|| = 1. This implies that if F is
a connected rational Seifert surface for J, then —x(F) > 4. Since a connected Seifert
surface will have either one or two boundary components, we have g(F) > 2.

We can also determine the structure of CFK*°(L(4, 1), J,s) in each spin®—structure
from the Heegaard diagram. We have the following spin®—equivalence classes for the
generators:

Sq = 5w(a1) = sw(az) = sw(az), sp=5uw(b1) = 5w (b2) = 5w (b3),
sc = 5w(c1) = sw(Cc2) =5uw(c3),  s7 =sw(d).
Figure 6 shows CFK*°(L(4,1), J, 5p). The t—invariants are given by
Teo (L4, 1), J) = =3, 1, (L(4.1).J)=—1,
T (L4, 1), J)=—%, 1,(L(4,1),J)=0.

By our previous calculation for 7;(L(4, 1), K), both s; and s; extend over W. Since
|7, (L(4,1), J)| =1, J is not slice. In addition, by Celoria [2, Remark 17], since
75, (L(4,1), J) =0 we also know that J cannot be rationally concordant to a connected
sum of knots K # K’ for K’ in §3 with 7(K’) = 1.

6.2 Calculations in non- L —space examples

The previous example relied on the fact that lens spaces have nice genus one Heegaard
diagrams. To compute t—invariants for knots in non- L —space examples, we will apply

L.

the following theorem of Truong.

L.

Figure 6: CFK*(L(4,1), J,sp).
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/Xl /'Xo i X1 /'X—z

Figure 7

Let K be a knot in the 3—sphere and consider the 3—manifold obtained by n—surgery
along K. We are interested in the knot u,, that is the (p, 1) cable of the meridian of K
viewed as a knot in S, (K).

Theorem 6.1 [20] Let K C S3 be a knot and fix m, p € 7. Then there exists
N = N(m, p) > 0 such that, for all n > N, the Z—filtration on C/\F(S,f (K),5m)
induced by i, is isomorphic to the filtered chain homotopy type of the (p+1)—step
filtration F on C{max(i, j —m) = 0} given by

0clli<—p+1,j=m}C---CC{i <0,j =m} CC{max(i, j —m) = 0}.

Theorem 6.1 is a refinement of the large surgery theorem. Given a Heegaard diagram
for (S3, K) a diagram for (S,f(K), Up) is obtained by adding a third basepoint z’,
p regions to the right of B = . Figure 7 shows a the winding region for (S j (K), 12).

For a fixed p, we further refine Theorem 6.1:

Proposition 6.2 Let K be aknotin S* and fix pe Z. If n > 2g(K) + p— 1, then
the Z —filtration on CAF(S,f (K), sm) induced by i, is isomorphic to the filtered chain
homotopy type of the (p+1)—step filtration F on C{max(i, j —m) = 0} described
above for each L—%nJ <m=< L%nJ —1.

Proof This follows from the argument in [4, Theorem 4.3] and its refinement in
[5, Theorem 4.2]. There Hedden recalls that for a knot K in S> and an integer
n>2g(K) we can find a Heegaard diagram that has at least one spin®—equivalence class
such that every generator in that class is supported in the winding region. Employing
the technique of “moving the basepoint”, we can change the particular spin®—structure
represented by this spin®—equivalence class. In the present setting, “moving the base-
point” means moving the points w and z’ in the diagram for (S2(K), jx). Since
w and z’ must remain p regions apart, we can only move the basepoint n — p + 1
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times. If n = 2g(K), this means we have only represented n — p + 1 distinct spin®—
structures. Increasing n to at least 2g(K)+ p — 1, we have a diagram in which at least
p distinct spin®—equivalence classes are supported only in the winding region. Moving
the basepoint through this diagram, we can ensure that each of the 2g(K) 4+ p — 1
spin€ —structures is represented. a

Proposition 6.2 allows us to recover the relative Alexander filtration induced by
in S,f (K) for sufficiently large n. To recover the absolute Alexander grading, we
examine generators supported in the winding region. For our example, we focus on
the case of u,. However, similar calculations can be used to recover the Alexander
grading for any .

Lemma 6.3 Let [y,i, j] be a generator in CFK*(S?3, K) of the subquotient complex
C{max(i, j —m) = 0}. Viewing [y,i, j]| as an element of C/ﬁ((S,ﬁ(K), W2), if n is
sufficiently large, then its Alexander grading is given by
2(1—m) if i =0,
2dAu, (.0 ) = =2m+1) ifi=—1,
—2(m+3) ifi <-1,

where d is the order of [wy] in Hy(S;(K)), which is n when n is odd and %n when
n is even.

Proof Let (X,a,Bo U i, w,z) be a Heegaard diagram for (S3, K) adapted to a
Seifert surface F' for K so that every intersection point y in the diagram is of the
form (yo, p), where p =g N and Py is a relative periodic domain representing F
with 0Py = Ao + g . By replacing p with A, = A¢ +nu, we have a related Heegaard
diagram (2, a, Bo U Ay, w, z’) for (S3(K), it2).

In the coordinates for the diagram for S3(K), we have jy =2 —ag and Ao =Ag—4/1.
Starting with 0Py and substituting gives us a relative periodic domain Pus, with

873“5 = )u4 —2,bL2 —Qg.

We have chosen our notation to reflect the fact that ., appears in the equation for 873“5
with a minus sign, which means that 877% is naturally a periodic domain representing
a rational Seifert surface for the reverse of p,. The relative periodic domain we are
interested in is Py, with boundary ;. This domain is given by the same 2—chain
as Pyr, except that the signs of all of the multiplicities are reversed.

Now, we enumerate intersection points A, N og to the left of p starting with xg
and increasing to the left. Enumerate points to the right of p starting with x_; and
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decreasing to the right as in Figure 7. Given the above, we can compute the Alexander
gradings of points (y, x;) in terms of the Alexander gradings of points y,

2dA(y, xx) = X(Puy) + 21 (30,0 (Puy) — 1w (Puy) —nz(Puy)
= )A((—PME) +2ny, (_pﬂﬁ) + 20y, (Puy) — nw (Puy) —nz(Pus,)
= —X(Po) —2ny,(Po) + 2nx, (Puy) — nw(Pu,) —nz(Pu,)
= —2A(y) + 2nx; (Pu,) —hw(Puy) —nz(Pu,)-
For points xj, to the left of p we have
o 2ny, =2(l—k—1),
o ny=4-—1,
e ny=4{-3,
where x; is the intersection point furthest to the left of p.
For points x_j to the right of p with 7 > 1 we have
o 2ny , =2(—r+k-2),
* Ny=-—-r-+2,
° nz=-r,

where x, is the intersection point furthest to the right of p. In addition, for x_; we
have 2ny_, (P) —nyw(P) —nz(P) =0.

It is worth noting that the Alexander grading of each generator is independent of ¢
and r. The Alexander grading only depends on how far to the left or right of p the
final coordinate lies.

Thus, we have
2—2k if k>0,
2dA(yg, xk) = —2A4A(y)+ 30 if k=-1,
—6—2k ifi<—k.
Finally, if [y, i, j] € C{max(i, j —m) = 0} and = is large, we have that [y,i, j] =
®,,,(yo. xp) for some k, where

®p: CF(S2(K), 5m) — C{max(i, j —m) = 0}

is the chain map given by

Opx]= > > # MY . —nw (). m—nz ()]
yeTNTg vem(x,0,y)
nz(Y)—ny (Y)=F(y)—m
u(y)=0
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]

]

Figure 8: CFK*(S3, K) for the 5,—knot. Elements generating the “tower”
in HF"(S3) are indicated in black.

Ifi =0,then j =m—n,() =m—k. Thus, [y,0,m —k] = ®,, (o, xr). So
2dA,,(y.0,m—k]) =2(k—m)+2—-2k =2—-2m.

On the other hand, if i < 0 then i = —ny(¢p) = k. Thus, [y,i,m] = O (¥, xx). So

0 if i =—1
2dA ,, =20 — '
wally-f.m]) =20 m)+{—6—2i it i <—1. o
Given CFK®(S3, K) for any knot K in the 3—sphere, Proposition 6.2 and Lemma 6.3
allow us to calculate the t—invariants of , in S (K) where n > 2g(K) + 1.

We provide an example calculation. Let K be the 5, —knot in the 3—sphere. Since K is
2-bridge, its CFK*°—complex can be calculated from a genus one Heegaard diagram.
The resulting complex is pictured in Figure 8.

Applying Proposition 6.2, we calculate the relative filtration induced by ., in each
spin®—structure as shown in Figure 9. Note that g(K) = 1, so our choice of n =4 is
sufficient.

We observe that S;:’ (K) is not an L—space, since I-fF(Sj’ (K),50)=F,dF,dF,.
Applying Lemma 6.3 to calculate the Alexander gradings of the indicated generators,

o——og

51 I 50 :ﬁl 51 — 52 e—e
\II \

Figure 9: The complexes CF (S j (K), s;) with the filtration by p, indicated.
Generators in gray do not map to 7+ C HF ' (S 2 (K), si) and the generator
that carries the t—invariant is indicated in blue.

Algebraic & Geometric Topology, Volume 20 (2020)



T—invariants for knots in rational homology spheres 1639

0
-l s Q
/\> @ -
Figure 10: A Kirby diagram showing that 4—surgery on the 5, —knot bounds
a rational ball.

we conclude that
Ty (S3(K) p2) =0, 16 (S3(K). pt2) = —3.
Tl (S3(K) p2) = 1. e, (S3(K). 1) = L.

Finally, recall that if a spin®—structure extends over a rational ball then its associated
d —invariant vanishes. Therefore, calculating the d—invariants of S 2 (K) will indicate
which t-invariants are relevant for showing that 1t is not slice. The d —invariants are
given by the homological grading of the same generators indicated in Figure 9 that
carry the T—invariants in each spin®—structure. The necessary grading shift formulas
are calculated in [14, Theorem 4.4]. See for instance [7, Theorem 5.3] for the phrasing
in terms of positive surgery. This calculation shows that d;_, and d,, are zero while
the other two d —invariants are nonzero. Therefore, these are the spin®—structures that
will extend over a rational ball. Since 75_, (S 2 (K), uz) =1, pyp cannot be slice in
any rational ball.

We conclude by assuring the reader that our finding is not vacuous. Figure 10 is a
Kirby diagram of a rational ball with boundary S 2 (K).
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