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Reidemeister torsion form on character varieties

LÉO BÉNARD

We define the adjoint Reidemeister torsion as a differential form on the character
variety of a compact oriented 3–manifold with toral boundary, and prove it defines a
rational volume form. Then we show that the torsion form has poles only at singular
points of the character variety. In fact, if the singular point corresponds to a reducible
character, we show that the torsion has no pole under a generic hypothesis on the
Alexander polynomial; otherwise, we relate the order of the pole with the type of
singularity. Finally we consider the ideal points added after compactification of
the character variety. We bound the vanishing order of the torsion by the Euler
characteristic of an essential surface associated to the ideal point by the Culler–Shalen
theory. As a corollary we obtain an unexpected relation between the topology of
those surfaces and the topology of the character variety.
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Introduction

The Reidemeister torsion is a combinatorial invariant of a (co)homological complex,
celebrated in the 1930s for being able to distinguish nonhomeomorphic lens spaces,
and for completing their classification. One of the main features of the torsion is that
it turns out to be a topological invariant of manifolds. This deep result is known as
the Chapman–Cohen theorem; see [7; 9]. Specifically, the Reidemeister torsion is a
topological invariant tor.M; �/, where M is a 3–dimensional manifold and � is a
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representation of its fundamental group �1.M/ into a Lie group G. If the twisted
cohomology groups H i .M; �/ vanish for all i � 0, then the torsion is a numerical
invariant defined up to sign. In the general case, we may interpret it as a volume element
in the twisted cohomology, which is by definition an element in the one-dimensional
vector space

det.H�.M; �//D
3O
iD0

det.H i .M; �//.�1/
i

:

Moreover, if � and �0 are conjugated representations, then there is a canonical iso-
morphism det.H�.M; �// ' det.H�.M; �0// that preserves the torsion. Hence it is
natural to define the Reidemeister torsion as a section of some line bundle over the
character variety.

We will be interested in the case where M is a 3–manifold with toral boundary (eg a knot
exterior). Its fundamental group acts on the Lie algebra sl2.C/ of the group SL2.C/
by composition of the adjoint action with any representation �W �1.M/! SL2.C/,
and gives rise to the adjoint torsion. Joan Porti in his PhD thesis [39] defined the
adjoint torsion as an analytic function on a Zariski open subset of the character variety
depending on a choice of a boundary curve. Many computations have been performed
by Jérôme Dubois, Vu Huynh and Yoshikazu Yamaguchi in [16; 18] and the torsion
has been extended to the whole character variety by Dubois and Stavros Garoufalidis
in [17]. The torsion of the complex induced by the standard action on C2 has been
studied among others by Teruaki Kitano in [28; 29]; see also our [1]. In this article
we will consider the adjoint torsion as a rational volume form on the character variety.
This point of view has a long story, initiated by Johnson in his unpublished notes. Then
Edward Witten [52], Dubois [15], Jinsung Park [38] and Charles Frohman and Joanna
Kania-Bartoszynska [21] have developed the theory of the Reidemeister torsion as a
volume form, essentially on the SU.2/–character variety. We will follow the approach
initiated by Julien Marché in [33]. More precisely, if the boundary of M is a torus,
the torsion is a rational volume form on the augmented character variety, which is the
following 2–fold covering of the character variety:

X.M/D

f.�W �1.M/! SL2.C/; �W �1.@M/!C�/; Tr �j�1.@M/ D �C�
�1
g==SL2.C/:

We assume that X.M/ is 1–dimensional and scheme-reduced (in fact, slightly weaker
hypotheses will be sufficient to our purpose). The first assumption is guaranteed by

Algebraic & Geometric Topology, Volume 20 (2020)



Reidemeister torsion form on character varieties 2823

the assumption that M is small, that is, without closed essential oriented surfaces not
parallel to the boundary.

Let X be an irreducible component of X.M/ containing the character of an irreducible
representation and let Y be its smooth projective model. It is a smooth compact curve
obtained from X by desingularizing and adding a finite number of points at infinity;
we call those points ideal points of Y and the others are called finite points. We will
denote by v an element of Y that we may view as a valuation on the function field
C.Y /'C.X/, with local ring at v denoted by Ov . The adjoint torsion will be denoted
by tor.M;Ad ı �/ and seen as an element of �C.Y /=C . The first result in this article
is the following theorem:

Theorem 0.1 Let v be a finite point of Y ; then tor.M;Ad ı �/ does not vanish v . In
addition , if v projects to an irreducible character in X.M/, then the order of the pole
of tor.M/ at v is the length of the torsion part of the module �CŒX.M/�=C˝Ov . In
particular , if v projects to a smooth point of X.M/ then the torsion has no pole at v .

The length of the torsion part of the module �CŒX.M/�=C ˝ Ov is an invariant of
branches of the singularity, which can be computed explicitly, as we will explain in
Section 4.3.

Assume that M is a rational homology circle, and let 'W �1.M/! Z be the abelian-
ization homomorphism. If v projects to a reducible character � in the character variety,
this character can be written as �D�'C��' for some �2C� . Then it is a well-known
result (due to Gerhard Burde [6] and Georges de Rham [43] independently) that in this
case �2 turns out to be a root of the Alexander polynomial �M of M. We prove:

Theorem 0.2 If v projects to a reducible character in X.M/ such that �2 is a simple
root of �M , then the torsion has no pole at v .

If v is an ideal point of Y , then the Culler–Shalen theory associates to v an action of
�1.M/ on the Bass–Serre tree of SL2.Ov/, which itself yields an essential surface,
denoted by †, in M. We say that such a surface † is dual to the ideal point v .

Theorem 0.3 Let v be an ideal point of the augmented character variety Y and †

be an essential separating surface dual to v . We suppose that † is a union of parallel
connected copies †1[� � �[†n and that both components of M n†i are handlebodies.
Let us also assume that Y contains the character of a representation whose restriction
to † is irreducible. Then the torsion tor.M;Ad ı �/ has vanishing order at v bounded
above by �n.�.†/C 1/.
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We say that a surface S in M is free if its complement is a union of handlebodies.
Many natural constructions yield such surfaces. For example, take a knot diagram and
consider the checkerboard surfaces (for an example of such a surface, see Figure 1, left).
If one of them, say †, is an essential nonorientable surface in M, then the boundary
of a tubular neighborhood of † is orientable, remains incompressible and does split
M into two handlebodies, as can be easily seen (both parts of its complement retract
onto a graph). In fact, any essential surface is free when M is small.

We deduce from this theorem an unexpected relation between the genus of the character
variety of M and the genus of the essential surfaces in M. More precisely, suppose that
M is a knot complement whose character variety is one-dimensional. Pick a smooth
component of the variety, and assume that each ideal point y in its smooth projective
model Y corresponds to an essential surface †y which satisfies the hypothesis of
Theorem 0.3. Let us further assume that the Alexander polynomial of M has only
simple roots. Then

�.Y /�
X
y

ny.�.†y/C 1/:

In the simple case where the surfaces † are connected, it turns into

(1) �.Y /�
X
y

.�.†y/C 1/:

Example 0.4 It is shown by Allen Hatcher and Bill Thurston in [24] that the knot 52
has two separating essential surfaces in its complement: †1 , whose Euler characteristic
is �4, and †2 , whose Euler characteristic is �2 (see Figure 1). The third essential
surface is the minimal Seifert surface S.

The (geometric component of the) character variety X has three ideal points, each
of which corresponds to one of the essential surfaces described above. The torsion
vanishes at order 1 at the ideal point corresponding to †2 , and at order 3 at the ideal
point corresponding to †1 . The Plücker formula yields �.X/D�2, and the covering
map Y !X.M/ ramifies at six points, hence ��.Y /D 10 by the Riemann–Hurwitz
formula. Since the torsion has zeros only at the three ideal points, and no poles, a
direct computation using (1) shows that it must vanish at order 1 at the ideal point
corresponding to the Seifert surface.

Question Is the bound of Theorem 0.3 always sharp?

Algebraic & Geometric Topology, Volume 20 (2020)
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L†1

L†2

Figure 1: Incompressible surfaces in the complement of the knot 52 . The
surface †1 is the orientation covering of the nonoriented surface shaded
on the left. It can be thought of as the boundary of a tubular neighborhood
of this nonorientable surface. The surface †2 is the orientation covering
of the surface shaded on the right. It can be obtained as follows: Consider
two parallel copies of each twisted bands above and below the square in the
middle, and plumb them along this square. The result is connected because
the bands below have an odd number of twists, and this is our surface †2 .

In all the examples we have listed in Section 5 for connected essential surfaces, it
happens to be an equality. A careful examination of the proof shows that it has to be
generically the case. The lack of equality should be interpreted as a nontransversal
situation.

Throughout this paper k will denote an algebraically closed field of characteristic 0.
The paper is organized as follows: In Section 1 we introduce character varieties and
various related notions, in Section 2 we define the vector space of rational differential
forms on the character variety and relate it with the twisted cohomology of M, and
we give a quick survey of the Culler–Shalen theory, and in Section 3 we define the
Reidemeister torsion form. In Section 4 we prove Theorems 0.1 and 0.2, in Section 5
we relate the torsion form with previous works, and compute it explicitly on several
examples, and finally in Section 6 we prove Theorem 0.3.
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1 Character varieties and tautological representation

In this section we introduce the basic material of this article: in Sections 1.1 and 1.2
we define the character variety of a finitely generated group, and in Section 1.3 we
discuss various properties of characters. In this article we will deal with a refinement
of the character variety that we define in Section 1.4. Then we define a crucial tool of
the construction of the torsion form: the tautological representation in Section 1.5. We
end the section with several examples in Section 1.6.

1.1 Representation varieties

In this subsection we define the representation variety of a finitely generated group into
SL2.k/.

Let k be an algebraically closed field of characteristic 0, and let � be a finitely
generated group. In the sequel the group � will always be the fundamental group
of a 2– or 3–manifold, but we give definitions in this more general setting. For this
subsection we fix S D f
1; : : : ; 
ng a generating set for �.

We say that a representation is a group homomorphism ˛W � ! SL2.k/. The rep-
resentation variety is the set R.�/ D Hom.�;SL2.k// D f˛W � ! SL2.k/g. The
map

�S W R.�/ ,! SL2.k/n; ˛ 7! .˛.
1/; : : : ; ˛.
n//;

endows R.�/ with a structure of an algebraic set whose image is defined as the zero
locus in SL2.k/n of a finite set of polynomials given by the group relations.

The algebra of functions of the representation variety is

kŒR.�/�D kŒX i;j
 j 1� i; j � 2; 
 2 ��=.Xe � I;X
Xı �X
ı j 
; ı 2 �/;

where, for any 
 2 �, X
 denotes the matrix�
X
1;1

 X

1;2



X
2;1

 X

2;2



�
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and I denotes the matrix
�
1 0
0 1

�
. This algebra is finitely generated, since any choice of

a generating set provides a finite set of generators.

1.2 Character varieties

In this subsection we define the SL2.k/–character variety of a finitely generated group.
It is classically defined as an algebrogeometric quotient, and we give an equivalent
definition at the end of the subsection.

The algebraic group SL2.k/ acts by conjugation on the representation variety R.�/.
Two representations ˛; ˛0W �! SL2.k/ are conjugate if there exists M 2 SL2.k/ such
that for every 
 in �, the matrix ˛.
/ is equal to M˛0.
/M�1 .

The action of the group SL2.k/ on R.�/ induces a natural action on its algebra of
functions kŒR.�/� by precomposition. The subalgebra of invariant functions is

kŒR.�/�SL2 D fP 2 kŒR.�/� jM �P D P for all M 2 SL2.k/g:

It is known to be finitely generated, although this is a delicate problem first addressed
by Hilbert [27] in the late nineteenth century. There are several good references on the
topic; let us just mention [36; 30].

Recall that any finitely generated k–algebra A is the quotient of a polynomial algebra;
in other words, there is an exact sequence 0! I ! kŒX1; : : : ; Xn�! A! 0. By
Hilbert’s basis theorem, the ideal I is finitely generated, hence A defines an algebraic
set V.I /� kn , namely the zero locus of any generating set of polynomials for I. Up
to isomorphism, this set does not depend on the presentation of A, hence we denote by
Spec.A/ the affine algebraic variety defined by A.

Remark 1.1 In general, the use of the term variety is reserved for irreducible and
reduced algebraic sets. An irreducible set is a set which is not a union of two proper
closed subsets. An irreducible component is a maximal irreducible subset. Given a
ring R , its spectrum Spec.R/ is said to be reduced if R does not contain any nilpotent
element. In particular, an irreducible component is reduced. We will call many algebraic
sets varieties despite their having no reason to be irreducible, nor reduced.

Definition 1.2 The character variety X.�/DR.�/==SL2.k/ is Spec
�
kŒR.�/SL2.k/�

�
,

the spectrum of the subalgebra of invariant functions.

It is usually called the algebrogeometric quotient of R.�/ by SL2.k/. Let us list
without proof some of its properties:
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� It comes with a projection map � W R.�/! X.�/ that satisfies the following
universal property: for any SL2.k/–invariant morphism F W R.�/! Y , with Y
an algebraic variety, there is a unique map F 0W X.�/! Y such that F DF 0 ı� .

� The k–points of this quotient are in bijection with the closed orbits of SL2.k/
acting on R.�/, or with conjugacy classes of semisimple (or completely re-
ducible) representations of � into SL2.k/. In other words, orbits whose closure
intersect in R.�/ are identified in X.�/.

� It is the biggest Hausdorff quotient of the topological quotient R.�/=SL2.k/.

The following functions will play the role of coordinate functions on the character
variety. Those functions are involved in the classical theory of character varieties of
3–manifolds; see [12; 13; 46].

Definition 1.3 For any 
 2 �, we define the trace function I
 W R.�/ ! k by
I
 .˛/ D Tr.˛.
//. Those functions are invariant under the action of SL2.k/. By
the first property above about algebrogeometric quotients, they define functions on the
quotient X.�/, which we still denote by I
 .

The following lemma is straightforward, but crucial:

Lemma 1.4 For any 
; ı 2 �, the identity I
Iı D I
ı C I
ı�1 holds on R.�/.

This lemma motivates the definition of the trace algebra

BŒ��D kŒI
 j 
 2 ��=.Ie � 2; I
Iı � I
ı � I
ı�1 j 
; ı 2 �/:

It turns out that this algebra is finitely generated; there is even an explicit bound on the
number of generators in [12, Proposition 1.4.1]. A deep theorem of invariant theory
states that this algebra is isomorphic to the algebra of invariants kŒX.�/� [40; 42]; see
also [33, Theorem 2.15].

1.3 Irreducible and reducible characters

In this subsection we define reducible and irreducible characters. Then we state a
theorem due to Kyoji Saito, which will be used in particular in Section 1.5 to construct
the tautological representation.

It appears in Section 1.2 that the character variety is defined as a scheme: it is the
spectrum of the algebra of invariants kŒR.�/�SL2.k/ . Hence we can consider points of
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the character variety in the sense of algebraic geometry: given an integral k–algebra R ,
an R–point of X.�/ is a class of k–algebra morphisms �W kŒX.�/�!R , where � is
identified with �0 if they have the same kernel. In particular, a k–point is a maximal
ideal m given by a surjective morphism �W kŒX.�/�! k .

A (k–)character is a k–point of the character variety. Any representation ˛W � !
SL2.k/ induces a character �˛W kŒX.�/�! k that maps I
 to I
 .˛/D Tr˛.
/. Such
a morphism can be seen as a group homomorphism � ! k , 
 7! I
 .˛/, and we
recover the standard definition of a character of the group �. Finally, given any integral
k–algebra R , the definition above extends to R–characters: an R–character is an
R–point of the character variety.

The next step is to define the notions of reducible and irreducible characters. In general
we are mainly interested in irreducible representations. On the other hand, it will be
clear later that we cannot avoid the need to consider also reducible representations.

Definition 1.5 A representation ˛W � ! SL2.k/ is reducible if it preserves a one-
dimensional subspace in k2 , and irreducible if not. More generally, given R an integral
k–algebra, a representation �W �! SL2.R/ is absolutely irreducible if it is irreducible
in the algebraic closure K of the fraction field K of R .

The following standard lemma allows us to define those notions directly at the level
of characters in the following sense: a character is the character of an irreducible
representation if and only if every representation with this character is irreducible. We
will say that such a character is an irreducible character; otherwise, it is a reducible
character.

Lemma 1.6 [12; 33, Lemma 2.7] Let R be an integral k–algebra (possibly k DR).
A representation �W � ! SL2.R/ is absolutely irreducible if and only if there exists

; ı 2 � such that Tr �.
ı
�1ı�1/¤ 2.

We will use the notation Œ
; ı� for the commutator 
ı
�1ı�1 . For any 
; ı 2 �, we
define �
;ı 2 kŒX.�/� as the function I 2
 CI

2
ı
CI 2


ı
�I
IıI
ı�4. Using Lemma 1.4,

a direct computation shows that the latter is equal to IŒ
;ı��2. It suggests the following
definition:

Definition 1.7 For any integral k–algebra R , an R–character � is irreducible if and
only if there exist 
; ı 2 � such that �.�
;ı/¤ 0.
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Some reducible characters are of a particular kind, namely central characters: those
are characters � with �.I
 /2 D 4 for all 
 2 �.

A consequence of Definition 1.7 is that the reducible characters form a closed subset of
the character variety X.�/. Recall from Remark 1.1 that the character variety may have
several irreducible components (it will be the case in the situation we will be interested
in). Since we want to study irreducible characters, we will focus on components of the
character variety that contain some of them.

Definition 1.8 An irreducible component X �X.�/ will be said of irreducible type
if it contains an irreducible character; otherwise, it is of reducible type.

Note that a component of reducible type contains exclusively reducible characters. The
situation is quite different for a component of irreducible type; nevertheless irreducibility
appears to be a Zariski-open property on X.�/ (see Definition 1.7), hence a component
of irreducible type contains an open subset of irreducible characters. In particular,
irreducible characters are dense in any component of irreducible type. On the other
hand, a component of irreducible type may contain reducible characters.

Now we continue our description of characters in X.�/, and consider their behavior
with respect to the quotient map � W R.�/! X.�/. Clearly, if two representations
˛; ˛0W � ! SL2.k/ are conjugate, they define the same character �˛ D �˛0 . The
converse is false in general, but true for irreducible characters, by the following
proposition:

Proposition 1.9 [12, Proposition 1.5.2] If ˛; ˛0W � ! SL2.k/ are representations
with �˛ D �˛0 , and if ˛ is irreducible, then ˛ and ˛0 are conjugate.

In particular, ˛0 is irreducible too.

Remark 1.10 This proposition is often summarized by saying that, on the irreducible
part of the representation variety, the algebrogeometric quotient coincides with the
topological quotient. One can be more precise, saying that the map � W R.�/!X.�/

restricts to the irreducible part of R.�/ as a principal PSL2.k/–bundle: it is basic
linear algebra that the action by conjugation of SL2.k/=f˙I g is free on the set of
irreducible representations.

The picture is less clear in the components of reducible type. In fact, given a reducible,
noncentral character � in X.�/, we must distinguish two cases:
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(1) All representations in ��1f�g are abelian, in the sense that their image is an
abelian subgroup of SL2.k/. In this case the character � is said abelian, and any
two representations ˛; ˛0 with character � are conjugate to the representation

 7!

� �.
/ 0

0 ��1.
/

�
, where �W � ! k� is a group homomorphism such that

�.
/C��1.
/D �.I
 /. Again, the map � coincides here with the topological
quotient, but the stabilizer SL2.k/˛ of any representation ˛ 2 ��1f�g has
dimension one.

(2) There are also nonabelian representations in ��1f�g, of the form
�
� �

0 ��1

�
. In

particular, there are nonconjugate representations with the same character �.
We say that such a character is reducible, nonabelian. For instance reducible
characters that lie in the intersection of a component of reducible type with a
component of irreducible type are of this type.

Given an integral k–algebra R , the following theorem will allow us to lift irreducible
R–characters to representations into SL2.R/. It is stated without proof in [44], but a
proof, written from a preceding version of [44] transmitted by Saito, can be found in
the PhD thesis of the author [2, Appendix A].

Theorem 1.11 Let R be an integral k–algebra, and let �W B.�/!R be a morphism
of k–algebras. Assume that �.�
;ı/ is invertible for some 
; ı 2 �, and let A;B 2
SL2.R/ such that TrA D �.I
 /, TrB D �.Iı/ and TrAB D �.I
ı/. Then there
exists a unique representation �W � ! SL2.R/ whose character is � and such that
�.
/D A and �.ı/D B.

The following proposition is a consequence of Theorem 1.11; see [33, Proposition 3.4].

Proposition 1.12 Let K be either an algebraically closed field or a degree one ex-
tension of an algebraically closed field. The K–irreducible characters correspond
bijectively to GL2.K/–conjugacy classes of absolutely irreducible representations
�W �! SL2.K/.

1.4 The augmented variety

In this article we will focus on the case where � is the fundamental group of a
3–manifold M with single toral boundary. We will denote the character variety
X.�1.M// by X.M/, its algebra of functions BŒ�1.M/� by BŒM� and similarly for
the boundary @M. Our main object of study will be a two-sheeted cover of the character

Algebraic & Geometric Topology, Volume 20 (2020)



2832 Léo Bénard

variety, namely the augmented character variety, which we define in this subsection. The
terminology (and the construction) is inspired by [17]; it is also sometimes called the
decorated character variety. This space is the space of deformations already described
by Neumann and Zagier [37]. They themselves attribute its study to Thurston.

First, we are going to compute the character variety of the boundary of M. Consider the
boundary @M of the manifold M, and its fundamental group �1.@M/. Any character �
in X.@M/ is the character of a representation ˛W �1.@M/!SL2.k/ that can be written
as
�
� 0
0 ��1

�
, up to conjugation, for some group homomorphism �W �1.@M/! k� such

that �.
/C��1.
/D �.I
 /. We write � 2H 1.@M; k�/, and � for the involution of
H 1.@M; k�/ that turns any � into ��1 .

Remark 1.13 Any choice of a group isomorphism �1.@M/ ' Z2 induces an iso-
morphism H 1.@M; k�/ ' .k�/2 , and in particular it endows H 1.@M; k�/ with the
structure of an affine algebraic variety. But the construction we manage to do here is
intrinsic: it does not depends on this choice.

Proposition 1.14 The map

(2) H 1.@M; k�/=� !X.@M/; Œ�� 7! .�W 
 7! �.
/C��1.
//;

is an isomorphism of algebraic varieties.

Proof Consider the algebra

C Œ@M�D kŒZ
 j 
 2 �1.@M/�=.Z
Zı �Z
ı ; Ze � 1 j 
; ı 2 �1.@M//:

The elements of this algebra define functions on H 1.@M; k�/ by Z
 .�/D �.
/. We
claim that this algebra is the algebra of functions of the algebraic variety H 1.@M; k�/.
To see this, observe that any identification �1.@M/ ' Z2 induces the isomorphism
C Œ@M�' kŒX˙1; Y ˙1�, where the latter is the algebra of functions of .k�/2 .

Now let � W C Œ@M�! C Œ@M� be defined by �.Z
 /DZ�1
 DZ
�1 . The subalgebra
of invariants C Œ@M�� is generated by the elements of the form Z
 CZ
�1 , hence
the morphism of k–algebras BŒ@M�! C Œ@M�� that maps I
 to Z
 CZ
�1 is an
isomorphism. This proves that (2) is an isomorphism.

Definition 1.15 The augmented character variety is defined as the fibered product

X.M/DX.M/�X.@M/H
1.@M; k�/I

in other words, if BŒM�D BŒM�˝BŒ�1.@M/� C Œ@M�, we have X.M/D SpecBŒM�.
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The advantage of this two-fold covering is the following: on one hand the functions
of X.M/ are trace functions; on the other hand on X.M/ we have at our disposal,
for any 
 2 �1.@M/, two eigenvalue functions Z
˙1 that map the pair .˛; �/ to an
eigenvalue �.
/ of ˛.
/ for any 
 in �1.@M/.

Remark 1.16 The algebra BŒM� is generated by elements of the form I
 ˝ 1 for 

in �1.M/ and 1˝Z
 for 
 in �1.@M/. Notice that the equality

(3) I
 ˝ 1D 1˝Z
 C 1˝Z
�1

holds for any element 
 in �1.@M/.

The following remark provides a more concrete insight on what is the augmented
character variety:

Remark 1.17 Alternatively, we define the augmented representation variety R.M/

as the subvariety of R.M/�H 1.@M; k�/ given by

R.M/Df.˛; �/2R.M/�H 1.@M; k�/ j�.
/C�.
/�1DTr˛.
/ for 
 2�1.@M/g:

The group SL2.k/ acts on R.M/; thus, we can see the augmented character variety as
the quotient X.M/DR.M/==SL2.k/.

1.5 The tautological representation

In this section we define the so-called tautological representation. It has a long story in
the study of character varieties; see among others [12; 11; 10; 19], and for instance [20]
for character varieties in higher-rank groups. It will be our main tool to define the
Reidemeister torsion globally on the character variety.

In this section, and from now on, we will pick X�X.M/ a one-dimensional component
of irreducible type of the augmented character variety. The reason why we focus on one-
dimensional components is that it will allow us to define the tautological representation
with entries in the function field k.X/, as in [33]. To our knowledge, it is the first
occurrence of such a definition; the preceding uses of tautological representations in
the literature involve field extensions of k.X/. On the other hand, it is a consequence
of the work of Thurston that X is always one-dimensional if it contains the lift of a
character of the holonomy representation for a hyperbolic structure on the interior of
the 3–manifold M ; see [47] and the discussion in [46, Section 4.5]. Moreover, it is
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also proved in [10, Section 2.3] that the whole variety X.M/ is one-dimensional under
some topological hypothesis (smallness) on the manifold M.

An irreducible component X in X.M/ corresponds to a minimal prime ideal p of
kŒX.M/�; in particular, kŒX�D kŒX.M/�=p is the algebra of function of the variety X.
It is an integral algebra, and the tautological morphism

�X W kŒX.M/�! kŒX�! Frac.kŒX�/D k.X/

can be seen as a k.X/–character (it is the generic point in the language of algebraic
geometry).

Lemma 1.18 The tautological k.X/–character �X is irreducible.

Proof The tautological character specializes at any irreducible k–character � 2 X
as � itself; in particular, there are elements 
; ı 2 �1.M/ such that �.�
;ı/¤ 0 in k ,
hence �X .�
;ı/¤ 0 in k.X/.

This tautological lemma, and the fact that k.X/ has transcendence degree 1 over k
imply that we can use Proposition 1.12, and we obtain the following proposition:

Proposition 1.19 Let X be a one-dimensional irreducible component of irreducible
type of X.M/, and let �X be the tautological character. There is an absolutely
irreducible representation �X W �1.M/!SL2.k.X//, defined up to conjugation, whose
character is �X . Moreover, there is a tautological eigenvalue �X W �1.@M/! k.X/� ,
defined up to inversion, such that �X .
/D �X .1˝Z
 / for any 
 2 �1.@M/. In par-
ticular, the restricted representation �@M;X W �1.@M/! SL2.k.X// is diagonalizable.

Proof The k.X/–character �X restricts on X to an irreducible k.X/–character
�X W kŒX.M/�! k.X/. Proposition 1.12 proves the existence of a tautological rep-
resentation �X W �1.M/ ! SL2.k.X//, defined up to GL2.k.X//–conjugation. In
particular, the latter can be seen as a representation �X W �1.M/! SL2.k.X// defined
up to conjugation by the group GL2.k.X//.

Next, consider the group homomorphism �RW �1.@M/! k.R.M//� given by

�R.
/W R.M/! k; .�; �/ 7! �.
/:

Since �R.
/ is trivially SL2.k/–invariant, it induces a function on the quotient X.M/,
which we denote by �X after restriction to the component X. In particular, we have
the equality �X .
/C �X .


�1/D �X .I
 ˝ 1/. Hence, up to inversion, equation (3)
imposes �X .
/ to be equal to �.1˝Z
 /. The last statement follows.
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We will frequently omit the subscript in �X and denote the tautological representation
simply by � when the component X will be fixed.

Remark 1.20 An important point is that the tautological representation is only defined
up to conjugation. We will often write the tautological representation, either when a
representative will already be chosen or when this choice makes no difference. On the
other hand, many constructions along this paper will crucially depend on the choice. For
instance, we will prove later that in some case, there is a subring Ov of kŒX.M/� and
a representative � of the tautological representation such that �W �1.M/! SL2.Ov/.

1.6 Examples

In this section we write down explicit computations of (augmented) character varieties
as well as tautological representations for the fundamental groups of the trefoil knot
and of the figure-eight knot.

1.6.1 The trefoil knot Let M be the exterior of the trefoil knot in S3 . We are
going to describe the irreducible component of irreducible type of the character va-
riety X.M/. It is well known that its fundamental group admits the presentation
�1.M/D ha; b j a2D b3i, with center isomorphic to Z and generated by z D a2 . For
any ˛W �1.M/! SL2.k/ irreducible, one can show that the image of ˛.z/ is central
in SL2.k/, hence ˛.z/D˙I. But if ˛.z/D I then ˛.a/D �I and ˛ is abelian, a
contradiction. Hence ˛.z/D�I.

One can then assume (up to conjugation) that ˛.b/D
��j 0

0 �j 2

�
, where j is a nontrivial

third root of 1. Again, because ˛ is irreducible, the right-upper entry of ˛.a/ is not
zero. Since conjugation by diagonal matrices stabilizes ˛.b/, one can assume that
˛.a/D

�
� 1
� �

�
. By the Cayley–Hamilton theorem, ˛.a/2 D�I implies Tr.˛.a//D 0,

and finally we have ˛.a/D
� t 1
�.t2C1/ �t

�
for some t 2 k .

We conclude that there is a unique component of irreducible type X in X.M/ which
is isomorphic to k . The parameter t can be seen as the function Iab�1=.j � j

2/,
and the tautological representation is given by ˛W �1.M/! SL2.k.t//. Moreover,
the element ab�1 lies in �1.@M/, hence the two-fold covering X ! X given by
u 7! .uCu�1/=.j �j 2/D t is the augmented character variety. This covering ramifies
twice (when t2.j � j 2/2 D 4), and X is isomorphic to k� .

1.6.2 The figure-eight knot Let M be the exterior of the figure-eight knot in S3 ,
with fundamental group �1.M/D hu; v j uwDwvi, where wD vu�1v�1u. The first
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observation is that the trace functions Iu and Iv are equal since u and v are conjugated
in the group; we denote this coordinate by x , and by y we denote the function Iuv .
Expanding the relation uwv�1 D w with Lemma 1.4, one obtains that the function
ring of the character variety of the figure-eight knot is kŒX.M/�D kŒx; y�=.P /, where
P.x; y/ D .x2 � y � 2/.2x2 C y2 � x2y � y � 1/. The first factor can be seen to
correspond to the component of reducible type by computing �u;v , thus we denote
by X D f.x; y/ 2 k2 j 2x2 C y2 � x2y � y � 1 D 0g the plane curve defined by
the second factor. It is smooth and has genus 1 by the Plücker formula. Denote by
X ! X the two-fold covering defined by t C t�1 D x . It ramifies four times at
f.x; y/ 2X j x2 D 4; y2� 5yC 7D 0g. By the Riemann–Hurwitz formula, one gets
that X has genus 3. A tautological representation is

�W �1.M/! SL2.k.X//; u 7!

�
t 1

0 t�1

�
; v 7!

�
t 0

y � t2� t�2 t�1

�
:

2 Differential forms, twisted cohomology and Culler–Shalen
theory

In this section we gather some facts about character varieties: in Section 2.1 we
define the space of rational differential forms on X.M/ and realize it with the twisted
homology of M, in Section 2.2 we introduce the basic of the Culler–Shalen theory,
and in Section 2.3 we perform computations in (co)homology that will be extensively
used in the upcoming sections.

2.1 Rational differential forms on character varieties

In this section we identify the first �X –twisted homology group of M with the space
of rational differential forms on X. This result can be seen as dual to a well-known
theorem due to Weil, and will be used to define the Reidemeister torsion as a rational
volume form. The statement of Proposition 2.3 and its proof are adapted from [33] to
augmented character varieties.

Notation The basic references for twisted homology and cohomology include [5; 14].
For ˛W �1.M/! SL2.k/ we will denote by H�.M;Ad ı ˛/ the homology groups
with coefficients in sl2.k/, where the action of the fundamental group �1.M/ is given
by

Ad ı˛W �1.M/
˛
�! SL2.k/

Ad
�! Aut.sl2.k//:
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Similarly, for any field extension K of k and a representation �W �1.M/! SL2.K/,
we will denote the homology groups by H�.M;Ad ı �/.

Finally, since we deal with Eilenberg–Mac Lane spaces, we will abusively use the same
notation for the homology of M (or of @M, or of a surface †�M ) and of �1.M/

(respectively of �1.@M/ or �1.†/).

Given a representation ˛W �1.M/! SL2.k/, a 1–cocycle � in Z1.�1.M/;Ad ı ˛/
is a map �W �1.M/! sl2.k/ satisfying the equation

(4) �.
ı/D �.
/CAd ı˛.
/�.ı/:

It is not difficult to see that any first-order deformation ˛t can be written as ˛C t�˛ ,
where the map � satisfies (4). A more precise statement is the following theorem; see
for instance [31] for a definition of Zariski tangent space:

Theorem 2.1 [51; 32] Let ˛W �1.M/! SL2.k/ be an irreducible representation
such that �˛ is a reduced (in the sense of schemes) in X.M/. Then there is an
isomorphism

T Zar
�˛
X.M/'H 1.M;Ad ı˛/:

We introduce the following definition:

Definition 2.2 Given a ring A and an A–algebra B, we define the B –module of
A–derivations �1

B=A
to be the free B –module generated by formal symbols db ,

quotiented by the relations

fdaD 0; d.b1C b2/D db1C db2; d.b1b2/D b1db2C b2db1 j a 2 A; b1; b2 2 Bg:

If X is an irreducible algebraic variety with function field k.X/, the k.X/–vector
space �1

k.X/=k
is called the space of rational differential forms over X. It is a classical

fact (see [31, Chapter 6]) that its dimension as a k.X/–vector space is the dimension
of X as a variety over k .

We prove the following proposition:

Proposition 2.3 Let X �X.M/ be a one-dimensional component of irreducible type
of the augmented character variety, with function ring kŒX�D kŒX.M/�=p, and we fix
a tautological representation �W �1.M/! SL2.k.X// such that �.@M/ is diagonal.
There is an exact sequence of k.X/–vector spaces

(5) p=p2˝kŒX� k.X/!H1.M;Ad ı �/!�1
k.X/=k

! 0:
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Proof The proof of the proposition will follow from classical arguments of algebraic
geometry once we have proved the following claim:

Claim There is an isomorphism

�1
BŒM�=k

˝BŒM� k.X/'H1.M;Ad ı �/:

Proof of the claim For any 
 in �1.M/, we denote by �.
/0 2 sl2.k.X// the trace-
free matrix given by �.
/� 1

2
Tr.�.
//I. The space C1.M;Ad ı �/ is generated by

elements of the form �˝ Œ
�, with � 2 sl2.k.X// and 
 2 �1.M/.

We construct a morphism of BŒM�–modules

�1
BŒM�=k

!H1.M;Ad ı �/;

d.I
 ˝ 1/ 7! �.
/0˝ Œ
�;

d.1˝Z
 / 7!

�
1
2
� 0

0 �1
2
�

�
˝ Œ
�;

where � and ��1 are the eigenvalues of the matrix �.
/.

Using @� ˝ Œ
� D �.
/�1��.
/ � � , one gets that d.I
 ˝ 1/ and d.1 ˝ Z
 / are
well-defined cocycles (remember that �.
/ is diagonal for 
 2 �1.@M/). Moreover,
using the formula @�˝ Œ
; ı�D �.
/�1��.
/˝ Œı�� �˝ Œ
ı�C �˝ Œ
� one can show
that d.I
Iı ˝ 1/ and d.I
ı ˝ 1C I
ı�1 ˝ 1/ are mapped to the same element in
H1.M;Ad ı �/.

In addition, it induces

d.1˝Z
�1/ 7!

�
1
2
��1 0

0 �
1
2
��1

�
˝ Œ
�1�D

�
�
1
2
��1 0

0 1
2
��1

�
˝ Œ
�;

hence this morphism is well defined. It induces a k.X/–linear map

‰W �1
BŒM�=k

˝ k.X/!H1.M;Ad ı �/:

To construct the reciprocal morphism, we define xƒD k.X/˚"�1
BŒM�=k

˝k.X/, and,
following [33], we define the map 'W BŒM�! xƒ given by

I
 ˝ 1 7! I
 ˝ 1C "d.I
 ˝ 1/; 1˝Z
 7! 1˝Z
 C "d.1˝Z
 /:

By Theorem 1.11, we can produce a representation �"W �1.M/! SL2.xƒ/ such that
��" D ' .
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Now, using the fact that the vector d
d"
�".
/�.
/

�1 is trace-free, one can check that
the map �˝ Œ
� 7! d

d"
Tr.��".
/�.
/�1/ is a left section of the morphism ‰ above.

Indeed, it is also a right section since H1.M;Adı�/ is linearly generated by cycles of
the form �.
/0˝ Œ
�.

Now we deduce the proposition from the claim. First, we deduce from [31, Chapter 6,
Proposition 1.8(c)] the isomorphism �1

kŒX�=k
˝ k.X/'�1

k.X/=k
, and then we know

from [31, Chapter 6, Proposition 1.8(d)] that the map

�1
BŒM�=k

˝ kŒX�!�1
kŒX�=k

is onto, with kernel p=p2 , and the proposition follows by tensoring with the field k.X/.

Corollary 2.4 Let X be a one-dimensional irreducible component of irreducible type
of X.M/ corresponding to a minimal prime p. If p=p2˝kŒX� k.X/ is trivial, then
there is an isomorphism

H1.M;Ad ı �/'�1
k.X/=k

:

Remark 2.5 We will say that the component X is essentially reduced in X.M/ if
the hypothesis p=p2˝kŒX� k.X/ D 0 holds. If X.M/ is scheme-reduced, then any
component X of X.M/ is essentially reduced. For sake of generality, in the rest of
this article we will keep this minimal hypothesis of X being essentially reduced, but
the reader can with few losses think that X.M/ is supposed to be reduced. The fact is
that this hypothesis is global on X.M/, whereas we deal only with a fixed component
X �X.M/.

2.2 Smooth projective model and Culler–Shalen theory

In this subsection we introduce the material from [12] (see [48; 46] for expository notes
on the topic) to construct embedded essential surfaces in 3–manifolds M from the
action of their fundamental group �1.M/.

Given a curve X over an algebraically closed field k of characteristic zero, there is a
unique smooth projective curve yX, up to isomorphism, that is birational to X (see [22]
for a detailed exposition on algebraic curves). It is called the smooth projective model
of X. One way to define it is to consider the set of discrete k–valuations on the function
field k.X/, with the cofinite topology. A discrete k–valuation is a group epimorphism
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vW k.X/�! Z such that v.f Cg/�min.v.f /; v.g// and v.k�/D 0. It is extended
to k.X/ by v.0/D1. The birational map �W yX ! X can be described as follows:
to any smooth point x 2X corresponds a unique valuation vx on k.X/ that maps a
rational function P on the vanishing order of P at x . If x is not smooth, there may be
several ways to define vx as such. On the other hand, there exist valuations v on k.X/
that do not correspond to a point x of X; such valuations are called ideal valuations,
or ideal points of yX. Ideal points will play a crucial role in Culler–Shalen theory.

We will denote by Ov D fP 2 k.X/ j v.P /� 0g the valuation ring of v . It has many
advantageous properties; for instance, it is a principal ring with a unique maximal
ideal that we will denote by .t/. Such a choice of t will be called an uniformizing
element, it is characterized by the fact that v.t/D 1. Moreover, any ideal of Ov is of
the form .tn/ for some natural number n. To give an insight on what the ring Ov looks
like, one can think about the ring of formal series kŒŒt ��; in fact, the valuation rings we
encounter in the theory have kŒŒt �� as a natural completion. Finally, the residual field is
the field Ov=.t/; in our context it is isomorphic to k . Note that v is ideal if and only
if kŒX� is not contained in Ov .

Notation In the rest of this article, we will work with the smooth projective model
of a one-dimensional component of irreducible type X essentially reduced in X.M/,
and to avoid too many superscripts, we will denote it by Y rather than �X, which would
be quite unaesthetic.

Remark 2.6 The morphism � induces a field isomorphism k.Y /'k.X/; in particular,
everything we proved, up to now, concerning k.X/ remains true replacing it by k.Y /.

To any valuation v on k.X/ (from now on we will write “to any point v in Y ”), the
Culler–Shalen theory associates an action of the fundamental group �1.M/ on a tree Tv .
The vertices of Tv are in bijection with the homothety classes of Ov –lattices L�k.Y /2 ,
and the action is given by the tautological representation �W �1.M/! SL2.k.Y //.

The tree Tv associated to the valued field .k.Y /; v/ is called the Bass–Serre tree. We
recommend the foundational reference [45] as well as [46, Chapter 3] for a detailed
treatment of this theory. Since for any (class of) lattice L in k.Y /2 , one can fix a basis
of k.Y /2 such that L'O2v , one deduces the following lemma from the fact that the
stabilizer of O2v in SL2.k.Y // is precisely SL2.Ov/:

Lemma 2.7 The image of the representation �W �1.M/! SL2.k.Y // fixes a vertex
of the tree Tv if and only if it is conjugated to a subgroup of SL2.Ov/
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In this case, if we choose the tautological representation �W �1.M/! SL2.Ov/, such
a representative will be said to be convergent at v , since, for any 
 in �1.M/, the
evaluation at the point v of the entries of �.
/ is finite. The following proposition
characterizes valuations v 2 Y such that there exists a tautological representation that
converges at v :

Proposition 2.8 There is a convergent tautological representation at v if and only if
v is not an ideal point.

Proof The point v being finite is equivalent to the fact that for any 
 in �1.M/, the
trace Tr.�.
// lies in Ov since kŒX��Ov . We claim that it is equivalent to �.
/ to
be conjugated to a matrix in SL2.Ov/: it is clear if �.
/D˙I ; otherwise, there exists
a vector V 2 k.Y /2 such that fV; �.
/V g is a basis of k.Y /2 ; in this basis �.
/ is�
0 1
�1 Tr�.
/

�
and the claim follows. Now the proof of Proposition 2.8 is an immediate

consequence of the following lemma.

Lemma 2.9 [45, Corollaire 3, page 90; 2, Lemma 1.3.7] If G is a subgroup of
SL2.k.Y // such that any element g 2G fixes a vertex of the Bass–Serre tree Tv , then
the whole group G fixes a vertex of Tv .

Let v2Y a valuation on k.Y /, and Tv the Bass–Serre tree associated to the valued field
.k.Y /; v/. In [12], M Culler and P Shalen construct a �1.M/–equivariant simplicial
map f W �M ! Tv . Denoting by E the set of mid-edges in Tv , they claim that f �1.E/
is an invariant surface in �M (possibly empty). In particular, it defines a surface †v�M
in the quotient, which is said to be dual to the action.

Definition 2.10 A surface † in a 3–manifold M is said to be essential if

(1) the surface † is properly embedded, that is, .†; @†/� .M; @M/ is an embed-
ding;

(2) † is oriented;

(3) no component of † is a two-sphere, or is parallel to the boundary;

(4) for each component †i of †, the induced homomorphism �1.†i /! �1.M/

is one-to-one.

Finding essential surfaces in 3–manifolds is a deeply studied question. For instance,
for M a 3–manifold with toral boundary, knowing if there exists a separating essential
surface †�M with nonempty boundary was known as the weak Neuwirth conjecture.
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M1

†1 †n

M2V.†/

p

s1 s2

Figure 2: The splitting M DM1 [V.†/M2 . Note that @V.†/D†1 [†n .
The quotient of the corresponding Bass–Serre tree is drawn.

In the Culler–Shalen construction above, the dual surface †v can be rendered essential
in the manifold M. Among many consequences, it provided a proof of the weak
Neuwirth conjecture [13; 46].

Remark 2.11 The construction above depends on many choices; in particular, a
dual surface is not unique. In this paper we will work with a fixed dual surface
satisfying certain conditions, and we will obtain certain inequalities involving the Euler
characteristic of this surface. If several surfaces would satisfy the conditions, then we
might pick the one for which the result is optimal.

The following proposition emphasizes the importance of ideal points in the Culler–
Shalen construction; it follows easily from Proposition 2.8:

Proposition 2.12 If v 2 Y is an ideal point, then there exists a nonempty dual sur-
face †v .

In what follows we will focus on the following situation (corresponding essentially
to the Neuwirth conjecture): v 2 Y is an ideal point such that the dual surface †v
is essential, separating, with @†v ¤∅. We furthermore assume that the surface †v
consists of n parallel copies †i with M n†i homeomorphic to the union of two
handlebodies M1 and M2 (in this case the surface †v is said to be free). It is described
in Figure 2. Hence, V.†/'†1 � Œ0; 1� is a thickening of any †i . The assumption of
†v consisting of parallel copies is slightly more general than †v being connected: in
general there is no reason for †v to be connected, but it is known that the boundary
curves @†v are parallel in the peripheral torus @M.

We fix a basepoint p 2†1 , and we denote by �1.M1/, �1.M2/ and �1.†/, respec-
tively, the fundamental groups of M1 , M2[V.†/ and of †1 relative to the point p .
Denote by i1 and i2 the maps induced by the inclusion �1.M1/ ! �1.M/. The
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Seifert–van Kampen theorem induces the amalgamated product

(6) �1.M/D �1.M1/��1.†/ �1.M2/

and i† is the composition �1.†/! �1.M1/
i1
�! �1.M/ or equivalently �1.†/!

�1.M2/
i2
�! �1.M/.

Notation For �W �1.M/! SL2.k.Y //, one denotes by �1 the composition

�1W �1.M1/
i1
�! �1.M/

�
�! SL2.k.Y //;

and similarly �2W �1.M2/
i2
�!�1.M/

�
�!SL2.k.Y // and �†W �1.†/

i†
�!�1.M/

�
�!

SL2.k.Y //.

Since v is an ideal point, the tautological representation � cannot be convergent; on
the other hand, the surface † is precisely the locus in M where it diverges, in the
sense that � can be chosen to converge on each piece �1.†/ and �1.Mi / for i D 1; 2.
A more precise statement is given in the following lemma:

Lemma 2.13 Let v 2 Y be an ideal point ; there is a tautological representation
�W �1.M/!SL2.k.Y // such that �1 is convergent and that �† is residually reducible.
Moreover, there is a convergent representation �02W �1.M2/ ! SL2.Ov/ such that
�2 D Un�

0
2U
�1
n , with Un D

�
tn 0
0 1

�
.

Proof Let s1 2 Tv be a vertex in the Bass–Serre tree that is fixed by �1.M1/, and
fix a basis such that it corresponds to the lattice O2v . We claim that there is a vertex
s2 2 Tv , fixed by �1.M2/, such that d.s1; s2/D n. Moreover, we may assume that in
this basis s2 has a representative of the form tnOv˚Ov . Let us prove the claim.

The path linking M1 to M2 in Figure 2, lifted in the universal cover, is by construction
(see [46, Section 2]) the pullback of a segment of length n, linking the vertex s1 to a
vertex s2 in the Bass–Serre tree, such that �1.M2/ stabilizes s2 . We prove inductively
that there is a basis of k.Y /2 such that s2 represents the lattice tnOV ˚Ov . To do so,
denote by s the first vertex on the segment from s1 to s2 ; we prove that s represents
tOV ˚Ov in an appropriate basis.

Since d.s1; s/D 1, any lattice L in the class of s can be written as aOv˚ bOv , with
a and b in Ov and jv.b/� v.a/j D 1. Up to permuting the basis elements, one can
suppose that v.b/ � v.a/ D 1. Now, in the homothety class of s we pick L such
that v.b/D 1 and v.a/D 0. Up to changing the basis by a matrix in SL2.Ov/, one
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can take a D 1 and b D t , so that s1 corresponds to Ov ˚ tOv . Finally, using this
argument inductively one can fix a basis such that s2 is the lattice Ov˚ tncOv .

The first observation is that �1.�1.M1//� SL2.Ov/ because it stabilizes O2v . Since
�† fixes the first edge of the segment Œs1s2�, in this basis it fixes the lattices O2v and
tOv˚Ov , hence, for all 
 2 �1.†/, �†.
/D

� a.
/ b.
/
c.
/ d.
/

�
, with c.
/ 2 .t/, hence x�†

is reducible.

Let �02 D U
�1
n �2Un ; then �02 � s1 D U

�1
n �2 � s2 D U

�1
n � s2 D s1 and we have proved

that the representation �02 converges.

2.3 Some computations of twisted cohomology groups

In this subsection we collect some technical lemmas that will be used later on the
�–twisted cohomology of M.

First we compute the cohomology of M with coefficients in the function field k.Y /.
The matrix

�
1 0
0 �1

�
of sl2.k.Y // will be denoted by H. The group homomorphism

�1.@M/! �1.M/ induces a morphism r�W H�.M;Ad ı �/!H�.@M;Ad ı �/.

Proposition 2.14 For i D 0 or i � 3, the k.Y /–vector spaces H i .M;Ad ı �/ are
trivial, and there is a natural isomorphism H 2.M;Ad ı �/' k.Y /.

Proof Recall that the tautological representation � is irreducible. In particular, the
vector space H 0.M;Ad ı �/, which is by definition the space of Adı�–invariant
matrices in sl2.k.Y //, is trivial. It is well known that a connected 3–manifold with
nonempty boundary has the same homotopy type as a 2–dimensional CW–complex;
in particular, it has no homology in dimension 3 or higher, and the first statement is
proved.

Since @M is a torus, one has �.M/D 1
2
�.@M/D 0, hence

dim.H 1.M;Ad ı �//D dim.H 2.M;Ad ı �//:

From Corollary 2.4 together with the fact at the end of Definition 2.2, this dimension is
known to be the dimension of Y as a variety over k , hence dim.H 2.M;Ad ı �//D 1.

Now consider the following part of the long exact sequence of the pair .M; @M/ in
twisted cohomology:

(7) H 2.M;Ad ı �/ r
�

�!H 2.@M;Ad ı �/!H 3.M; @M;Ad ı �/:
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By Poincaré–Lefschetz duality, the right-hand term in the sequence (7) is isomor-
phic to H0.M;Ad ı �/, which is trivial, hence the map r� is onto. Now we have
dim.H 2.M;Adı�//D1, so that it is enough to show that H 2.@M;Adı�/ is nontrivial;
it will follow that the map r� is an isomorphism of k.Y /–vector spaces. This last
claim is true because of the duality

H 2.@M;Ad ı �/'H0.@M;Ad ı �/'H 0.@M;Ad ı �/�

(here H 0.@M;Ad ı �/ is nontrivial because �1.@M/ is abelian). Hence r� is an
isomorphism.

In particular, it shows that H 0.@M;Ad ı �/ has dimension 1. By Proposition 1.19,
one can assume that �.�1.@M// is a diagonal subgroup of SL2.k.Y //, and hence
H 0.@M;Ad ı �/ is spanned by the diagonal matrix H. Finally, the natural homomor-
phism

(8) H 2.M;Ad ı �/! k.Y /; � 7! Tr.�Œ@M�H/;

is an isomorphism: it is the composition of the isomorphism r�W H 2.M;Ad ı �/ '
H 2.@M;Ad ı �/ above with the identification H 2.@M;Ad ı �/ ' k.Y / induced by
Poincaré duality.

In the second part of this subsection, we focus on the twisted cohomology with co-
efficients in sl2.Ov/. We fix v 2 Y a finite point; by Proposition 2.8 one can fix a
convergent tautological representation �W �1.M/! SL2.Ov/, and define the complex
of Ov–modules C �.M;Ad ı �/v of twisted cohomology with coefficients in sl2.Ov/.

We define the residual representation x�W �1.M/
�
�!SL2.Ov/

mod .t/
����!SL2.k/. We will

say that a convergent tautological representation is residually reducible (respectively
abelian, central) if the residual representation is reducible (resp. abelian, central). The
residual complex is the complex of k–vector spaces C �.M;Ad ı x�/, and it will be
used extensively in the sequel.

The Reidemeister torsion will be seen to be related with the torsion part in the Ov–
modules H�.M;Ad ı �/v . We will use the following lemma:

Lemma 2.15 If the tautological representation � is not residually central at a finite
point v in Y , then it can be chosen so that the module H0.M;Ad ı �/v is trivial.

Remark 2.16 In the statement of Lemma 2.15, it is implicit that being residually
central for the tautological representation does not depend on the choice of a convergent
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representative �W �1.M/! SL2.Ov/, because being residually central is a property of
the tautological character. That is not true for the property of being residually abelian;
in particular, this lemma shows that the Ov–modules Hi .M;Ad ı �/v depend on the
choice of � in its GL2.k.Y //–conjugacy class. The explanation of why at the end, the
computation of the torsion — which involves those Ov –modules — will not is because
the torsion is an invariant of the complex of k.Y /–vector spaces C �.M;Adı�/, which
does not depend on the GL2.k.Y //–conjugacy class of the representation � .

Before giving a proof of Lemma 2.15, we discuss briefly the hypothesis that the
tautological representation is not residually central. For our purpose, it will follow from
the hypothesis that the manifold M has the rational homology of a circle, as showed
now:

Lemma 2.17 Let M be a 3–manifold with toral boundary and first Betti number
equal to 1. If X is a component of irreducible type of the character variety X.M/,
then it does not contain any central character.

Proof Assume � is central; then any representation ˛W �1.M/! SL2.k/ whose
character is � is conjugated to a representation of the form ˛.
/ D ˙

�
1 '.
/
0 1

�
for

some 'W �1.M/!Z. Since b1.M/D 1, all such nontrivial representations are conju-
gated, and the dimensional argument of [39, Lemme 3.9(iii)] can be applied: the fiber
��1.f�g/ has dimension two, which contradicts the fact that � lies in a component of
irreducible type X, where the fibers of the quotient map � have dimension at least 3.

A more general statement, and a systematic study of deformation theory of central
characters, can be found in [34].

Lemma 2.15 will promptly follow from the following lemma:

Lemma 2.18 Let v2Y be a finite valuation, and �W �1.M/!SL2.Ov/ a convergent
tautological representation. If � is not residually central, then it can be chosen to be
not residually abelian.

Proof We give a tree-theoretical argument, in the spirit of this article. Let Tv be the
Bass–Serre tree associated to v , and consider the action of the fundamental group
�1.M/ on Tv . Let T 0v be the subtree of fixed points in Tv . Since the representation �
is convergent, the tree T 0v is not empty.
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Now we show that the tree T 0v is finite: if not, it would contain a half-line, hence from
[45, page 107] the tautological representation would fix a line in the completion yO2v
and it would contradict the irreducibility of � .

We claim that the tree T 0v is a segment. By way of contradiction, assume that it contains
a vertex s of valence at least 3:

s t

u

v

Then t , u and v represent three distinct lattices at distance 1 of s . They correspond
to points in kP1 (see [46, Section 3.8]) that are fixed by the residual representation x� .
Hence the whole image x�.�1.M// in included in f˙I g and it contradicts the fact that
the tautological representation is not residually central.

Finally, we prove that T 0 is of the form

s0 s1 s2 . . .
sn�1 sn

Let us fix a basis such that s0 represents the lattice O2v . With the same inductive
argument as in the proof of Lemma 2.13, we prove that there is a basis of k.Y /2 such
that si represents the lattice Ov˚ t iOv for any i D 0; : : : ; n.

Hence, for any 
 in �1.M/, we have �.
/D
� a.
/ b.
/
c.
/ d.
/

�
2SL2.Ov/, with c.
/2 .tn/.

We conclude by noting that for some 
 2 �1.M/, we have b.
/ 2O�v , because, if not,
there should be another fixed point at the left of s0 . This concludes the proof of the
lemma since this choice of tautological representation � is not residually abelian.

Proof of Lemma 2.15 We have isomorphisms of k–vector spaces

(9) H0.M;Ad ı �/v˝Ov Ov=.t/'H0.M;Ad ı x�/'H 0.M;Ad ı x�/;

where in (9) the first isomorphism comes from the universal coefficient theorem (co-
efficient change) and the second from the universal coefficient theorem (duality).
From Lemma 2.18, one can choose a nonabelian tautological representation � , thus
H 0.M;Ad ı x�/ D f0g, hence H0.M;Ad ı �/v ˝Ov Ov=.t/ is trivial. It implies that
the Ov–module H0.M;Ad ı �/v is torsion-free. Now � is irreducible (in particular
nonabelian), hence the k.Y /–vector space H0.M;Adı�/ is trivial. Again by the UCT,
H0.M;Ad ı �/v˝Ov k.Y /'H0.M;Ad ı �/, hence H0.M;Ad ı �/v has trivial rank,
and is the trivial module.
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We finish this section by a computation of the Ov–modules H�.M;Ad ı �/v and
H�.M;Ad ı �/v .

Lemma 2.19 Let � be such that Lemma 2.15 holds; there are isomorphisms

H 0.M;Ad ı �/v D f0g;(10)

H1.M;Ad ı �/v '�1BŒM�=k
˝Ov if � is residually irreducible ,(11)

H 1.M;Ad ı �/v 'Ov;(12)

H2.M;Ad ı �/v 'Ov;(13)

H 2.M;Ad ı �/v 'Ov˚T1.M/;(14)

Hi .M;Ad ı �/v DH i .M;Ad ı �/v D f0g otherwise ,(15)

where T1.M/ denotes the torsion part of the Ov–module H1.M;Ad ı �/v .

Proof Since M has the same homotopy type as a two-dimensional CW–complex,
(15) holds. For any i , the rank of the modules Hi .M;Ad ı �/v and H i .M;Ad ı �/v
is determined by Proposition 2.14. This rank is 0 for i D 0, and 1 for i D 1; 2. Since
H 0.M;Ad ı �v/ is free, (10) holds, and the UC exact sequence

0!Ext.H0.M;Adı�/v;Ov/!H 1.M;Adı�/v!Hom.H1.M;Adı�/v;Ov/! 0

together with the fact that H 1.M;Ad ı �v/ has rank one give (12). The module
H2.M;Ad ı �/v is free because there are no 3–dimensional chains, hence (13), and
then (14) follows from the UC exact sequence

0!Ext.H1.M;Adı�/v;Ov/!H 2.M;Adı�/v!Hom.H2.M;Adı�/v;Ov/! 0:

Finally the proof of (11) follows closely the claim in the proof of Proposition 2.3: the
same construction provides a morphism of Ov–modules

�BŒM�=k˝Ov!H1.M;Ad ı �/v:

Since � is residually irreducible, there exist 
; ı 2 �1.M/ such that ��.�
;ı/ 2 O�v
and Theorem 1.11 applies.

3 The Reidemeister torsion form

In this section we define the main object of this article, the Reidemeister torsion form. In
Section 3.1 we give a quick overview of the Reidemeister torsion theory. In Section 3.2
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we explain how it gives rise to a rational differential form on the augmented character
variety.

3.1 Reidemeister torsion

In this subsection we give various definitions of the Reidemeister torsion. There are
many good references on the topic; among them we follow [23, Appendix A; 35]
and particularly [39], which corresponds to our situation. The convention followed
here, namely where we start to index the alternating product in the definition of the
determinant of a complex, is the one of [23] but is the opposite of the convention
followed in [35; 39].

3.1.1 Definition of the torsion Given a finite complex C � of k–vector spaces

C 0
d0
�! C 1

d1
�! � � �

dn�1
��! C n

with fcigiD0;:::;n and fhigiD0;:::;n families of bases of the vector spaces C i and H i ,
one can define the torsion of the based complex tor.C �; fcig; fhig/ as an alternating
product of determinants. More precisely, consider the exact sequences

0!Zi ! C i
di
�! B iC1! 0; 0! B i !Zi !H i

! 0

that define the vector spaces B i , Zi and H i . Pick a system of bases fbig of the B i ;
first one obtains a basis bi t xhi of Zi for any i , given by any choice of a sec-
tion H i ! Zi . Then any section B iC1 ! C i provides a basis of C i , denoted by
bi t xhi t xbiC1 . Now compare this new basis with the original basis ci , and take the
determinant of the change of basis matrix, denoted by Œbi thi t xbiC1 W ci �. One can
show that the alternating product of those determinants does not depend on the lifts,
nor on the choice of basis fbig. We define

tor.C �; fcig; fhig/D
Y
i

Œbi t xhi t xbiC1 W ci �.�1/
i

2K�=f˙1g:

Remark 3.1 This can be seen as a generalization of the determinant: in particu-
lar, if the complex is just an isomorphism .C 0; c0/

d0
�! .C 1; c1/, then the torsion

tor.C �; fc�g;∅/ is nothing but the inverse of the determinant of the invertible matrix
of the map d0 in the bases c0 and c1 . Note that we defined the torsion up to sign
indeterminacy. For the use we will make in this article, it makes no difference because
we want to study vanishing properties of the torsion; nevertheless, we stress that this
sign indeterminacy can be solved in our setting, for instance in [16; 18].

Algebraic & Geometric Topology, Volume 20 (2020)



2850 Léo Bénard

3.1.2 The Euler isomorphism Given V an n–dimensional K–vector space, its
determinant vector space det.V /D

Vn
V is defined as its nth exterior power. It is a

one-dimensional vector space: if fv1; : : : ; vng is a basis of V , there is an isomorphism
det.V /!K obtained by sending the vector v1^� � �^vn to 1. In the following, for L
a one-dimensional vector space, the notation L˝.�1/ will denote the dual vector space
Hom.L;K/D L� . One has the following lemma:

Lemma 3.2 [23, Appendix A, Lemma 5] Let 0! A! B ! C ! 0 be an exact
sequence of vector spaces; then there is a natural isomorphism

det.A/˝ det.C /' det.B/:

Definition 3.3 Let V � D
L
V i be a finite-dimensional graded K–vector space. The

determinant of V � is defined by

det.V �/D
O
i

det.V i /˝.�1/
i

:

Given a complex C � , the cohomology of this complex is naturally graded, and we
have the following proposition, which follows easily from Lemma 3.2:

Proposition 3.4 [23, Appendix A, Proposition 3] There is a natural (Euler) isomor-
phism EuW det.C �/ ��! det.H�.C �//.

Now fix a based complex .C �; c�/, where for any i , the basis is denoted by ci D
fci1; : : : ; c

i
ni
g. Then we denote by

V
ci the basis element ci1 ^ � � � ^ c

i
ni

of det.C i /,
and by c D

N
i

�V
ci
�
˝.�1/i the induced basis of the vector space det.C �/.

Definition 3.5 The torsion of the based complex .C �; c�/ is

tor.C �; c/D Eu.c/ 2 det.H�.C �//=f˙1g:

Remark 3.6 The notation is meaningful: in fact, the torsion does not depend on the
basis c� of the complex C � , but only on the basis element c of det.C �/. Moreover,
it coincides with the definition provided in Section 3.1.1 in the following sense: if
h� is a basis of the graded vector space H�.C �/, then it defines a basis element
h D

N
i

�V
hi
�
˝.�1/i , and one can compare Eu.c/ with h in det.H�.C �//. It

provides an element of K, which we denote by ŒEu.c/ Wh�, and we have

tor.C �; fcig; fhig/D ŒEu.c/ Wh�:
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3.1.3 The Cayley formula When C � is an exact complex, a first occurrence of a
description of the torsion can be found in the seminal work of Cayley in 1848 (see
[23, Appendix B], where the original text is retranscribed).

Let .C �; c�/ be a based complex of K–vector spaces of the form

0! .C 0; c0/
d0
�! � � �

dr�1
��! .C r ; cr/! 0:

Assume that this complex is exact: it has trivial homology. In particular, the one-
dimensional vector space det.H�.C �// is canonically isomorphic to K. We abusively
denote by tor.C �; c/ the element of K�=f˙1g given by Œtor.C �; c/W1�, and the equality
of Remark 3.6,

tor.C �; fc�g;∅/D tor.C �; c/;

between the two definitions of the torsion holds.

For each index i , the basis ci D fci1; : : : ; c
i
ni
g can be partitioned into two subsets ciI

and ciJ such that ker di D hciI i. Hence we have C i D hciI i ˚ hc
i
J i and the map di

restricts to a linear isomorphism .di /I;J W hc
i
J i! im.di /D hciC1I i, whose determinant

we denote by �i . Of course, those determinants depend on the choices, but it can be
shown that their alternating product does not, and we have the proposition:

Proposition 3.7 [23, Appendix A, Theorem 14] With the preceding notation,

tor.C �; c/D
r�1Y
iD0

�
.�1/r�i�1

i 2K�=f˙1g:

3.2 The Reidemeister torsion form

Recall that M is an irreducible 3–manifold with toral boundary; Y denotes the
smooth projective model of a one-dimensional essentially reduced component of
X.M/ of irreducible type, with function field k.Y / and tautological representation
�W �1.M/! SL2.k.Y //. In this subsection we consider the particular case of the
complex C �.M;Ad ı �/ of twisted cohomology of a 3–manifold M. The main goal
is to show that in the setting of this article, it defines a rational differential form on the
augmented character variety of M.

We want to consider the torsion of the complex C �.M;Ad ı �/ with coefficients in
sl2.k.Y //. We need to fix bases for the vector spaces C i .M;Ad ı �/.
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3.2.1 A basis element of det.C �.M;Ad ı �// We fix once and for all a basis of
sl2.k.Y //, given by ED

�
0 1
0 0

�
, F D

�
0 0
1 0

�
and HD

�
1 0
0 �1

�
. Now recall that the vector

space C �.M;Adı�/ is defined as C �.M;Adı�/DHom�1.M/

�
C�. �M/; sl2.k.Y //

�
;

we need to fix a cellular decomposition of �M. Since @M ¤ ∅, M deformation
retracts on a two-dimensional CW–complex; we choose a cell decomposition of this
complex fe10 ; : : : ; e

n0
0 ; e

1
1 ; : : : ; e

n1
1 ; e

1
2 ; : : : ; e

n2
2 g, and we lift it to �M. It defines a two-

dimensional CW–complex that is a deformation retract of �M ; we denote the lifts
by fze10 ; : : : ; ze

n0
0 ; ze

1
1 ; : : : ; ze

n1
1 ; ze

1
2 ; : : : ; ze

n2
2 g. Now, for any i 2 f0; 1; 2g, for any ki D

1; : : : ; ni and for any ‚DE;F;H, one defines f ki ;‚i , the element of C i .M;Adı�/
given by f ki ;‚i .ze

lj
i /D ıki ;lj‚. Hence, for any i , the set

fi D ff
ki ;‚
i j ki D 1; : : : ; ni ; ‚DE;F;H g

is a basis of C i .M;Adı�/. We denote by f the basis element of det.C �.M;Adı�//
given by

N
i

�V
f i
�
˝.�1/i .

3.2.2 Independence of the choices Once f is defined, we define the torsion of the
complex C �.M;Ad ı �/ as in Definition 3.5:

tor.C �.M;Ad ı �/;f /D Eu.f /

in the vector space det.H�.M;Adı�//=f˙1g. We need to show that it does not depend
on the choices.

The main step is the following difficult theorem. It is basically due to Chapman and
Cohen; see [7; 9].

Theorem 3.8 The torsion does not depend on the choice of the CW–complex for M.

The remaining part of the invariance is summarized in the following proposition; see
for instance [39, Section 0.2]:

Proposition 3.9 The torsion does not depend on the choice of the basis for sl2.k.Y //,
nor on the choice of the lifts of the cells to �M, nor on the choice of the tautological
representation �W �1.M/! SL2.k.Y //.

Consequently, from now on the torsion will denoted by tor.M;Ad ı �/.

3.2.3 The torsion form Now we must argue why this torsion is in fact an element
of �1

k.Y /=k
. It is enough to prove the following lemma:
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Lemma 3.10 Let Y be the smooth projective model of a one-dimensional component
of irreducible type essentially reduced in the augmented character variety X.M/,
and �W �1.M/! SL2.k.Y // be a tautological representation. There is a canonical
isomorphism

det.H�.M;Ad ı �//'�1k.Y /=k :

Proof Recall that the vector space det.H�.M;Ad ı �// is defined as the alternating
product

det.H�.M;Ad ı �//D
O
i

det.H i .M;Ad ı �//˝.�1/
i

:

We know by Proposition 2.14 that for i D 0 or i � 2, the determinant vector spaces
det.H i .M;Ad ı �// are naturally isomorphic to k.Y /. Since dim.Y /D 1, we have
that dim.H 1.M;Adı�//D 1, hence det.H 1.M;Adı�//�DH 1.M;Adı�/� , which
is naturally isomorphic to H1.M;Ad ı �/. We conclude with Corollary 2.4 that this is
�1
k.Y /=k

, and the lemma is proved.

Definition 3.11 We define the Reidemeister torsion form as

tor.M;Ad ı �/ 2�1k.Y /=k :

4 The torsion form at finite points

In this section we aim to study the behavior of the torsion form defined in Section 3.2 at
finite points of the augmented character variety. We will be interested in the vanishing
order of this rational differential form. The first striking result is that, although it may
a priori have poles as well as zeros, the torsion form does not vanish at those finite
points. More precisely, we prove the theorem:

Theorem 4.1 Let Y be the smooth projective model of a one-dimensional component
of irreducible type X essentially reduced in the augmented character variety X.M/.
If v 2 Y be a finite point, then the torsion form tor.M;Ad ı �/ has a pole at v
with order equal to the length of the torsion submodule T1.M/ of the Ov–module
H1.M;Ad ı �/v .

This torsion submodule will be related with the singularities of the character variety.
There are mainly two possibilities for v to project on a singular character � of X.M/.
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The first case is that � can be a reducible character in X; it is necessarily singular since
it lies at the intersection of two distinct components: X and the component of reducible
type X.Z/ � X.M/ that arises from the epimorphism �1.M/! Z. We say that it
is a singular character of type I. There is a well-known relation (see [6; 43]) with the
Alexander module; in particular, such a reducible character � induces an eigenvalue
�� 2 k

� whose square is a root of the Alexander polynomial.

The second case occurs when � is an irreducible singular character (singular of type II).
It may be, again, of two different kinds: either it is a proper singularity of the com-
ponent X, or it is an intersection point of X with another component of irreducible
type. To our knowledge, no example of the first situation is known among character
varieties of 3–manifolds, while the second situation is illustrated for instance in [8];
see our Example 5.8.

We can already interpret Theorem 4.1 as follows:

Corollary 4.2 The torsion form has no pole or zero at a point v that projects to a
smooth character in the character variety X.M/.

Proof Since the length of a module is a nonnegative number, the torsion has no zero
at finite points v in Y . Moreover, it follows from the discussion above that a smooth
character � in X is in particular irreducible, hence the vector space H 1.M;Ad ı x�/
is isomorphic to the Zariski tangent space T Zar

� X.M/ [51]. In particular, it is a one-
dimensional k–vector space, so is H1.M;Adıx�/. By the universal coefficient theorem,
one has

H1.M;Ad ı x�/'H1.M;Ad ı �/v˝Ov Ov=.t/

and it follows from (12) of Lemma 2.19 and duality that H1.M;Ad ı �/v 'Ov , and
T1.M/D f0g. We conclude that the torsion has no pole at smooth v .

We give the following interpretation of the vanishing order of the torsion at singular
points:

Theorem 4.3 Assume that v projects to a singular character of type I , such that the
associated eigenvalue �� is a simple root of the Alexander polynomial. Then the torsion
form tor.M;Ad ı �/ has no pole at v .

If v projects to a singular character of type II , the order of the pole of the torsion is
a (computable) invariant of the branch of the singularity, given by the length of the
torsion part of the Ov–module �BŒM�=k˝BŒM�Ov .
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Remark 4.4 The interested reader can find a slightly more general statement of the
first part of Theorem 4.3 in the author’s PhD thesis [2, Section 2.3.2], which deals with
roots of higher order. Note however that there was a mistake in a previous version
of this theorem, and that in [2] one has to invert the role of poles and zeros at finite
points. Since the result presented there holds under restrictive hypothesis, and involves
real technical complications, for sake of conciseness we prefer not to include this
generalization to this article, and to focus here on the simplest case of simple roots.

The section is organized as follows: in Section 4.1 we prove Theorem 4.1, in Section 4.2
we prove the first part of Theorem 4.3, and in Section 4.3 we explain the second part
of the statement of Theorem 4.3 and give an example computation.

4.1 Proof of Theorem 4.1

The strategy of the proof is the following: In a first step we produce an acyclic complex,
and show that the vanishing order of the torsion of this new complex determines the
vanishing order of the torsion form at v . Then we compute this vanishing order in
terms of the length of T1.M/.

4.1.1 The cone construction We use a well-known construction (see for instance
[23, Appendix A]) to produce a complex whose torsion will be easier to compute.

We fix a convergent tautological representation �W �1.M/ ! SL2.Ov/ such that
its restriction to �1.@M/ is diagonal. There is a tautological eigenvalue, denoted
by �W �1.@M/! O�v , such that for any 
 2 �1.@M/, the matrix �.
/ is equal to� �.
/ 0

0 ��1.
/

�
(see Proposition 1.19). Recall that we denote by �.
/0 the trace-free

matrix �.
/� 1
2

Tr.�.
//I in sl2.Ov/.

We define the morphisms of Ov–modules ˛W C 1.M;Ad ı �/v! .�1Ov=k
/� by

˛.f /W �1Ov=k!Ov;

d.I
 ˝ 1/ 7! Tr
�
f .Œ
�/�.
/0

�
for all 
 2 �1.M/;

d.1˝Z
 / 7! Tr
�
f .Œ
�/

�
1
2
�.
/ 0

0 �
1
2
�.
/

��
for all 
 2 �1.@M/;

and ˇW C 2.M;Adı�/v!H 2.M;Adı�/v!H 2.@M;Adı�/v!H 0.@M;Adı�/�v ,
where the first map is the canonical map given by

0! B2.M;Ad ı �/v!Z2.M;Ad ı �/v!H 2.M;Ad ı �/v! 0
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(note that C 2.M;Ad ı �/v D Z2.M;Ad ı �/v because C 3.M;Ad ı �/v D 0), the
second map is the restriction map induced by the inclusion �1.@M/! �1.M/ and
the third map is the Poincaré duality.

Definition 4.5 Let R be an integral ring with K its fraction field. A complex C �

of R–modules is rationally acyclic if the complex C �˝R K is acyclic. A morphism
�W C � ! D� of complexes of R–modules is rationally a quasi-isomorphism if it
induces an isomorphism in the cohomology of the rational complexes C �˝K and
D�˝K.

Consider the diagram of complexes

C 0.M;Ad ı �/v C 1.M;Ad ı �/v C 2.M;Ad ı �/v

f0g .�1Ov=k
/� H 0.@M;Ad ı �/�v

d0 d1

0 ˛ ˇ

0 0

We denote by D�.M/v the complex with trivial morphisms given by the upper row in
this diagram. We have the following proposition:

Proposition 4.6 The morphisms 0, ˛ and ˇ of the diagram above induce a morphism
of complexes of Ov –modules C �.M;Adı�/v

�
�!D�.M/v . Moreover, the morphism

� is rationally a quasi-isomorphism.

Proof To prove the first claim we need to show that this diagram commutes. It is clear
from the definition of the morphism ˇ that the composition ˇ ı d1 is zero. Let � be a
0–cochain in C 0.M;Ad ı �/v . For any 
 in �1.M/, we have

˛.d0�/.d.I
 ˝ 1//D Tr.d0�.
/�0.
//:

But d0�.
/D �.
/���1.
/� � and, for any 
 in �1.M/, �.
/�0.
/D �0.
/�.
/,
hence

Tr.d0�.
/�0.
//D Tr.�.
/���1.
/�0.
//�Tr.��0.
//

D Tr.�.
/��0.
/��1.
//�Tr.��0.
//D 0:

For 
 2 �1.@M/, a similar computation shows that ˛.d0�/.d.1˝ dZ
 // D 0 and
proves the first statement of the proposition.

Now we prove that the two complexes C �.M;Adı�/ and D�.M/v˝k.Y /DD
�.M/

are quasi-isomorphic. We start by noticing that the two vector spaces H 0.M;Ad ı �/
and H 0.D�.M// are trivial. Then it follows from [31, Chapter 6, Proposition 1.8(c)]
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that .�1Ov=k/
� ˝ k.Y / ' .�1

k.Y /=k
/� , hence the map induced by ˛ in cohomol-

ogy, H 1.M;Ad ı �/ ˛�
�! .�1

k.Y /=k
/� , is nothing but the dual map of the isomor-

phism constructed in the proof of Corollary 2.4. Finally ˇ induces the isomorphism
H 2.M;Ad ı �/ ' H 0.@M;Ad ı �/� (see the proof of Proposition 2.14), and the
proposition is proved.

Now we use a standard construction, called the cone of the morphism � (see for instance
[23, Appendix A]). We define D��1v as the complex D�v but with the numbering
shifted by one, namely the 0th Ov –module is the trivial module (added) with the trivial
boundary map, then the first Ov –module is the zeroth Ov –module from D�v , and so on.
The complex Cone.�/ is the complex of Ov –modules D��1.M/v˚C

�.M;Adı�/v
given by

C 0.M;Ad ı �/v
d0
�! C 1.M;Ad ı �/v

d1˚˛
���! C 2.M;Ad ı �/v˚ .�1Ov=k/

�

ˇ˚0
��!H 0.@M;Ad ı �/�v :

The following lemma follows immediately from Proposition 4.6:

Lemma 4.7 The complex of Ov–modules Cone.�/ is rationally exact.

We want to compare the torsion of the acyclic rational complex Cone.�/˝ k.Y / with
the torsion of the complex C �.M;Ad ı �/. To do so, the first step is to fix bases of
the complex Cone.�/˝ k.Y /. Since we already fixed bases of C �.M;Ad ı �/, we
only need a basis of .�1

k.Y /=k
/� and of H 0.@M;Adı�/� . Recall that t is an element

of k.Y / with valuation v.t/ equal to 1. In particular, dt is not zero in �1
k.Y /=k

, and we
take it as a basis element. Since the tautological representation �@M is diagonal when
restricted to �1.@M/, we take the matrix H D

�
1 0
0 �1

�
as a basis of H 0.@M;Ad ı �/,

and we denote by H� the dual basis of H 0.@M;Ad ı �/� .

Remark 4.8 This choice is consistent with the identification det.H 2.M;Ad ı �//'
k.Y / of Proposition 2.14. In particular, with those choices of bases, the torsion
tor.M;Ad ı �/ can be written as P � dt ˝H� for some P 2 k.Y /. What we need to
compute is the vanishing order of the function P, and to do so, we relate it with the
torsion of the complex Cone.�/˝ k.Y /.

We denote by H the long exact sequence in cohomology induced by the exact sequence
of k.Y /–vector spaces

0!D��1.M/! Cone.�/˝ k.Y /! C �.M;Ad ı �/! 0:
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Since the complex Cone.�/˝ k.Y / is acyclic, it splits into two isomorphisms

(16) H 1.M;Adı�/ ˛��! .�1k.Y /=k/
� and H 2.M;Adı�/ ˇ��!H 0.@M;Adı�/�:

To relate the torsion tor.M;Adı�/ with that of the rational complex Cone.�/˝k.Y /,
we use the well-known multiplicativity of the torsion; see [35, Theorem 3.2].

Proposition 4.9 Let 0! .A�; a/! .B�;b/! .C �; c/! 0 be an exact sequence
of based complexes of vector spaces, with bases of their homology ha , hb and hc .
Let H be the induced long exact sequence in cohomology, seen as an acyclic based
complex. Then

(17) tor.B�;b;hb/D tor.A�; a;ha/ tor.C �; c;hc/ tor.H;ha;hb;hc/:

In particular, equation (17) turns into

(18) tor.Cone.�/˝ k.Y /;f t dt ˝H�;∅/

D
tor.C �.M;Ad ı �/;f ; dt ˝H�/
tor.D�.M/; dt ˝H�; dt ˝H�/

tor.H; dt ˝H�;∅/;

where f is the basis element in detC �.M;Ad ı �/ fixed in Section 3.2.

Since tor.D�.M/; dt˝H�; dt˝H�/D 1 and tor.C �.M;Adı�/;f ; dt˝H�/DP,
equation (18) becomes

(19) tor.Cone.�/˝ k.Y /;f t dt ˝H�;∅/D P tor.H; dt ˝H�/

and we are led to compute the torsion of H .

4.1.2 The torsion of the long exact sequence We prove the following lemma:

Lemma 4.10 The torsion of the long exact sequence H is an invertible element of Ov .
In particular, the vanishing order of tor.Cone.�/˝ k.Y /;f t dt ˝H�;∅/ at v is
given by v.P /.

To see this, observe that computing the torsion of this sequence turns out to compute
the valuation of the (inverses of) the determinants of the isomorphisms ˛� and ˇ�
of (16). We shortly explain how to do such a computation: those isomorphisms
descend to Ov–modules homomorphisms ˛�;vW H 1.M;Ad ı �/v ! .�1Ov=k

/� and
ˇ�;vW H

2.M;Adı�/v!H 0.@M;Adı�/�v . By Lemma 2.19, H 1.M;Adı�/v is a free
module of rank one while H 2.M;Adı�/v'Ov˚T1.M/, and we may rather consider
the homomorphisms of free Ov –modules ˛�;v and ˇ�;vW H 2.M;Adı�/v=T1.M/!

H 0.@M;Ad ı �/�v . Since those are rationally isomorphisms, it is clear that they are
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one-to-one, and it is follows from the definition that the valuation v.det.˛�// (resp. ˇ� )
is nothing but the length of the cokernel coker.˛�;v/ (resp. coker.ˇ�;v/). It can be
seen as a corollary of the following theorem, which will be very useful later:

Theorem 4.11 [23, Appendix A, Theorem 30; 50, Theorem 4.7] Let .C �; c/ be a
rationally exact based complex of free Ov–modules. Then the valuation of the torsion
of the rational complex C �˝ k.Y / can be computed as

v
�
tor.C �˝ k.Y /; c;∅/

�
D

X
k

.�1/k length.Hk.C �//:

It follows from the discussion above that Lemma 4.10 will be proven if we prove
that both ˛�;v and ˇ�;v are surjective homomorphisms. This is the aim of the two
upcoming lemmas.

Lemma 4.12 The homomorphism ˛�;vW H
1.M;Ad ı �/v! .�1Ov=k

/� is onto.

Proof We construct a right section sW .�1Ov=k
/� ! H 1.M;Ad ı �/v for ˛�;v as

follows. Let us fix a linear form � W �1Ov=k
!Ov .

By the universal property of the module of differential forms �1Ov=k [31, Chapter 6,
Definition 1.2], such a linear form corresponds uniquely to a k–derivation, still denoted
by � W Ov!Ov . Given a matrix in SL2.Ov/, one can apply the derivation � to each of
its entries, it yields a map (still denoted by) � W SL2.Ov/! SL2.Ov/. Explicitly, this
map is given by �.d.I
 ˝ 1//D Tr �.�.
// for 
 2 �1.M/, and by �.d.1˝Z
 //D
Tr �.�.
// for 
 2 �1.@M/.

Now we define s.�/D s� in H 1.M;Ad ı �/v by the formula

s� W 
 7! �.�.
//�.
/�1

and we need to check that it defines an element of Z1.M;Ad ı �/v , namely that for
any 
 , the matrix s� .
/ is trace-free, and that it satisfies the cocycle relation.

Claim The matrix s� .
/ is trace-free for any 
 and satisfies the cocycle relation
s.�/.
ı/D s.�/.
/CAd ı �.
/.s.�/.ı// for any 
 and ı .

Proof of the claim Using the Leibniz rule, a direct computation shows that for any
two-by-two matrix A, one has

(20) Tr.�.A/A�1/D �.detA/
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and it yields Tr.s� .
//D �.det �.
//D 0, the last equality being clear since �.1/D 0
by definition. The cocycle relation can be also checked by direct computation.

To conclude the proof of Lemma 4.12, we need to see that the composition

˛�;v ı sW .�
1
Ov=k/

�
! .�1Ov=k/

�

is the identity map. Pick � 2 .�1Ov=k/
� ; then for any 
 in �1.M/ we have

˛�;v.s� .
//D Tr.s.�/.
/�0.
//D Tr
�
�.�.
//�.
/�1�0.
/

�
D Tr

�
�.�.
//

�
;

the last equality following from (20). Considering again � as a linear form, the latter
is nothing but �.d.I
 ˝ 1//, and this completes the proof of the lemma.

Lemma 4.13 The homomorphism ˇ�;vW H
2.M;Ad ı �/v ! H 0.@M;Ad ı �/�v is

onto.

Proof Recall that ˇ�;v is by construction the composition of the morphism induced
by the inclusion H 2.M;Ad ı �/v ! H 2.@M;Ad ı �/v with the Poincaré duality
H 2.M;Ad ı �/v 'H 0.M;Ad ı �/�v . Using the long exact sequence in cohomology
of the pair .M; @M/, one sees that the first morphism is onto since the Ov–module
H 3.M; @M;Ad ı �/v 'H0.M;Ad ı �/v is trivial by Lemma 2.15, and it is clear for
the second one.

Proof of Lemma 4.10 It follows from the discussion after Lemma 4.10 and from
Lemmas 4.12 and 4.13 that the determinants of the morphisms of k.Y /–vector spaces
˛� and ˇ� of (16) are invertible elements of Ov and the lemma follows.

4.1.3 Proof of Theorem 4.1 Now we are ready to prove Theorem 4.1: the vanishing
order of tor.M;Ad ı �/ is given by v.P / (Remark 4.8), which turns out to be equal
to v

�
tor.Cone.�/˝ k.Y /;f t dt ˝H�;∅/

�
by Lemma 4.10. Let us compute the

term v
�
tor.Cone.�/˝ k.Y /;f t dt ˝H�;∅/

�
. Since the complex Cone.�/ is a

rationally acyclic complex of free Ov –modules, we shall use Theorem 4.11. We obtain
the equality

v
�
tor.Cone.�/˝ k.Y /;f t dt ˝H�;∅/

�
D

X
k

.�1/k length
�
Hk.Cone.�//

�
:

To compute the cohomology of the complex Cone.�/, we use the long exact sequence
in cohomology H.Cone.�// induced by the exact sequence of Ov–modules

0!D�.M/v! Cone.�/! C �C1.M;Ad ı �/v! 0I
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we obtain

(21) 0!H 0.M;Ad ı �/v!H 0.D�.M//!H 0.Cone.�//

!H 1.M;Ad ı �/v!H 1.D�.M//!H 1.Cone.�//

!H 2.M;Ad ı �/v!H 2.D�.M//!H 2.Cone.�//! 0:

But H 0.M;Ad ı �/v D f0g by Lemma 2.15, H 0.D�.M// is obviously trivial too,
H 1.D�.M//D .�1Ov=k

/� and H 2.D�.M//DH 0.@M;Adı�/�v , hence (21) becomes

0!H 0.Cone.�//!H 1.M;Ad ı �/v
˛�;v
��! .�1Ov=k/

�
!H 1.Cone.�//

!H 2.M;Ad ı �/v
ˇ�;v
��!H 0.@M;Ad ı �/�v !H 2.Cone.�//! 0:

By (12) of Lemma 2.19 combined with Lemma 4.12, it follows that ˛�;v is an isomor-
phism and H 0.Cone.�//D f0g. Then (14) of Lemma 2.19 with Lemma 4.13 imply
that H 1.Cone.�//' T1.M/ and H 2.Cone.�//D f0g.

We conclude that v
�
tor.Cone.�/ ˝ k.Y /;f t dt ˝ H�;∅/

�
D �length.T1.M//,

hence we have v.P /D �length.T1.M// and the theorem follows from the equality
tor.M;Ad ı �/D P � dt .

4.2 Reducible characters and Alexander polynomial

In this subsection we assume that v projects on a reducible character � in X (a singular
character of type I), and we show the first part of Theorem 4.3, which we recall as the
following proposition:

Proposition 4.14 (first part of Theorem 4.3) Assume that a finite point v in Y

projects on a reducible character � in the character variety X.M/, with eigenvalue
�� 2 k

� . If �� is a simple root of the Alexander polynomial �M , then the torsion
form has no pole at �.

Recall that we assume that the first Betti number of M is equal to 1, hence there is a
unique (up to inversion) abelianization epimorphism 'W �1.M/! Z. Any reducible
representation ˛W �1.M/! SL2.k/ can be written, for any 
 in �1.M/, as

(22) ˛�.
/D

�
�'.
/ �

0 ��'.
/

�
;

where � is an element of k� .

Remark 4.15 Recall that in Proposition 1.19 we have defined a tautological eigenvalue
�Y W �1.@M/! k.Y /. It turns out that for a finite v 2 Y , for any 
 in �1.@M/, the
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function �Y .
/ lies in Ov . In this case number �'.
/ is nothing but the residual
eigenvalue x�Y .
/D ev.�Y .
// 2 k� .

Since the eigenvalue � does not depend on the choice of the representation ˛� but
only on the character �, we say that it is the eigenvalue associated to �.

The following theorem has a long story; it is originally due to Burde [6] and de
Rham [43]; see also [26; 2, Theorem 1.4.6; 3, Theorem 2.4] for a more recent treatment
and generalizations.

Theorem 4.16 Assume that �¤˙1; then there exists a reducible , nonabelian repre-
sentation ˛� of the form (22) if and only if �2 is a root of the Alexander polynomial.

By Lemma 2.17, no reducible character in a component of irreducible type is a central
character, hence we obtain the following statement:

Corollary 4.17 Let � be a reducible character in a component of irreducible type X
of the character variety X.M/. Then the square �2� of the associated eigenvalue is a
root of the Alexander polynomial.

4.2.1 Proof of Proposition 4.14 To prove Proposition 4.14, one may consider the
Ov–module H1.M;Ad ı �/ and show that it is torsion-free under the hypothesis that
�2� is a simple root of the Alexander polynomial.

It will follow promptly from the lemma:

Lemma 4.18 The residual k–vector space H 1.M;Ad ı x�/ is one-dimensional.

First we deduce the proof of Proposition 4.14 from Lemma 4.18, and then we will
prove this lemma in the next subsection.

Proof of Proposition 4.14 As already mentioned above, the rational k.Y /–vector
space H1.M;Ad ı �/ ' H1.M;Ad ı �/v ˝Ov k.Y / is one-dimensional, since it is
isomorphic to the space of rational one-forms on the one-dimensional variety Y . So
the Ov–module H1.M;Ad ı �/v has the form

H1.M;Ad ı �/v DOv˚T1.M/;

where T1.M/ is the torsion part of H1.M;Ad ı �/v . Now, using the universal coeffi-
cients theorem, one gets that

H1.M;Ad ı �/v˝Ov Ov=.t/'H1.M;Ad ı x�/'H 1.M;Ad ı x�/
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is one-dimensional as a k–vector space, hence T1.M/D f0g. The proposition follows
from Theorem 4.1.

4.2.2 Proof of Lemma 4.18 Now we prove the technical Lemma 4.18. The strategy
is to make a “dévissage” of the vector space H 1.M;Ad ı x�/, and ultimately to use
a cohomological interpretation of the fact that �2� is a simple root of the Alexander
polynomial.

Let '�W �1.M/! k� be the homomorphism '�.
/D �
'.
/ , where 'W �1.M/! Z

is the abelianization homomorphism. It makes the group �1.M/ acts on k by multipli-
cation and we write '� to emphasize the ZŒ�1.M/�–module structure on the field k .
We denote by C �.M; '�/ the twisted complex with coefficients '� , and H�.M; '�/
the corresponding cohomology. Note that H 0.M; '�/ is trivial for any �¤ 1.

Now, by Lemmas 2.17 and 2.18, we can fix a convergent tautological representation
�W �1.M/! SL2.Ov/ that is not residually abelian, so that the residual representation
x�W �1.M/! SL2.k/ has the form (22).

More precisely, we have the following well-known lemma, which describes the repre-
sentation x� ; see for instance [2, Section 1.4.2] or [3, Lemma 2.17] for a proof.

Lemma 4.19 [43] There is a nontrivial cocycle u 2 H 1.M; '�2/ such that the
residual representation is of the form

x�.
/D

�
'�.
/ '�.
/

�1u.
/

0 '�.
/
�1

�
for any 
 in �1.M/

We need to fix some notation. The 3–dimensional representation Ad ı x� can be
computed in the basis fE;H;F g; it has the form

(23) Ad ı x�.
/D

0@'�2.
/ �2u.
/ �'��2.
/u2.
/0 1 '��2.
/u.
/

0 0 '��2.
/

1A
for any 
 in �1.M/. We denote by Adı x�3;3 the subrepresentation of Adı x� obtained
by deleting the third row and the third column of the matrix Ad ı x�.
/. It acts on
k2Adıx�3;3

D k:E˚ k:H. In other words, for any 
 in �1.M/ we have

(24) Ad ı x�3;3.
/D
�
'�2.
/ �2u.
/

0 1

�
:
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Hence the �1.M/–module sl2.k/Adıx� splits into the following exact sequence of
�1.M/–modules, where the induced action is indicated as a subscript:

(25) 0! k2Adıx�3;3 ! sl2.k/Adıx�! '��2 ! 0:

Lemma 4.20 The sequence (25) induces the long exact sequence of k–vector spaces
in cohomology

(26) 0!H 1.M;Ad ı x�3;3/!H 1.M;Ad ı x�/!H 1.M; '��2/

!H 2.M;Ad ı x�3;3/!H 2.M;Ad ı x�/!H 2.M; '��2/! 0:

Proof Since x� is not abelian, �¤˙1, so that H 0.M; '��2/ is trivial and the lemma
follows.

Now we are led to study the cohomological complex C �.M;Ad ı x�3;3/. Using (24),
one sees that the �1.M/–module k2Adıx�3;3

splits as

0! '�2 ! k2Adıx�3;3 ! k! 0:

This splitting induces the long exact sequence

(27) 0!H 0.M/!H 1.M; '�2/!H 1.M;Ad ı x�3;3/

!H 1.M/ ı
�!H 2.M; '�2/!H 2.M;Ad ı x�3;3/! 0;

where H i .M/ is the usual cohomology with nontwisted coefficients k . In particular,
the vector spaces H 0.M/ and H 1.M/ are one-dimensional since b1.M/D 1, and
H 2.M/ is trivial.

Now we use the hypothesis that we consider a simple root �2� .

Lemma 4.21 If �2 is a simple root of the Alexander polynomial, then the k–vector
space H 1.M; '�2/ is one-dimensional.

Proof This follows directly from well-known facts from Alexander module theory.
In a nutshell, since the Alexander polynomial is symmetric, it can be written as
�M .t/D .t ��

�2/P.t/, and P.��2/¤ 0. Now it implies that the Alexander module
has .t���2/–torsion exactly of the form Ov=.t ���2/, and the lemma follows from
the universal coefficients theorem. See for instance [3, Proof of Lemma 2.8] for more
details.
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Lemma 4.22 If �2 is a simple root of the Alexander polynomial, then the complex
C �.M;Ad ı x�3;3/ is acyclic.

Proof Using Lemma 4.21, we deduce that the first homomorphism in the sequence (27),
H 0.M/!H 1.M; '�2/, is an isomorphism. Hence we are led to consider the homo-
morphism ıW H 1.M/!H 2.M; '�2/. By a simple diagram chasing, one can compute
it explicitly:

ıW H 1.M/!H 2.M; '�2/; � 7! � [u;

where u 2H 1.M; '�2/ is the cocycle given by Lemma 4.19 and

� [ � W H 1.M/�H 1.M; '�2/!H 2.M; '�2/

is the cup product [5, Chapter V]. Now it is proved in [25, Corollary 6.7] that this cup
product is nontrivial; in particular, the map ı in injective, so that H 1.M;Ad ı x�3;3/
vanishes, and so does H 2.M;Ad ı x�3;3/ since �.M/D 0.

Now we are ready for the proof of Lemma 4.18.

Proof of Lemma 4.18 Inserting the result of Lemma 4.22 in the sequence (26), one
gets the isomorphism

H 1.M;Ad ı x�/'H 1.M; '��2/

and the latter is one-dimensional by Lemma 4.21 and Blanchfield duality.

4.3 Singularities of algebraic curves

In this subsection we explain the second part of Theorem 4.3.

Recall that we picked X a one-dimensional component of the augmented character
variety X.M/, and Y its smooth projective model; it comes with a birational morphism
�W Y ! X. More precisely, � is defined at any finite point v of Y , and it is an
isomorphism in restriction to the smooth locus of X. However, X might be singular.

Whether �.v/ is singular or smooth, if it projects to an irreducible character � of X,
then we have (by (11) of Lemma 2.19)

H1.M;Ad ı �/v '�1BŒM�=k
˝Ov

and the torsion form tor.M;Adı�/ has a pole as prescribed by the length of the torsion
part of the Ov–module �1

BŒM�=k
˝Ov .
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One may wonder about the interpretation of this Ov–module. As we already proved,
this module is torsion-free if �.v/ is a smooth point of X . On the other hand, to our
knowledge it is not known if the converse statement is true (see [4] for a survey on a
more general question).

A singular point x in the curve X may have several preimages in Y ; each of them
corresponds to a branch around x in X. For instance, the cusp .0; 0/ 2 fX2�Y 3D 0g
has only one branch; the normal double point .0; 0/ 2 fXY D 0g has two branches.

In the following, since the module �1
BŒM�=k

˝Ov carries only local information, we
study its behavior for the family of plane singularities .0; 0/ 2 fXp � Y q D 0g for
p < q . We denote by C the curve f.x; y/ 2 k2 j xp � yq D 0g, and by x the point
.0; 0/ in C. Let nD gcd.p; q/, p0 D p

n
and q0 D q

n
. The morphism of k–algebras

�W kŒX; Y �=.Xp �Y q/! kŒS�; X 7! Sq
0

; Y 7! Sp
0

;

induces a birational morphism �W A1
k
! C. The preimage of x is the point 0 in A1

k
.

The module of Kähler differentials at x is

�Ox=k 'OxdX ˚OxdY=.pXp�1dX � qY q�1dY /;

hence its pullback by � is

�Ox=k˝Ox O0 DO0dX ˚O0dY=.pSq
0.p�1/dX � qSp

0.q�1/dY /:

Consider the morphism induced by � ,

�Ox=k˝O0!�O0=k; dX 7! q0Sq
0�1dS; dY 7! p0Sp

0�1dS:

Since 0 is smooth, the right-hand side �O0 is a free O0–module of rank one, hence
the kernel of this morphism is the torsion part of �Ox=k ˝O0 . It is generated by
.p0dX � q0Sq

0�p0dY / and its annihilator is .nSq
0.p�1//. In particular, the length of

the torsion part of the module �Ox=k˝O0 is q0.p� 1/.

5 Examples and computations

In this section we use the computations of [39; 16; 18] to give explicit examples
of the torsion form. In Section 5.1 we relate the torsion form with the work of
the aforementioned authors. In Section 5.2 we use this relation to give polynomial
expressions for the torsions of four simple knots exteriors in S3 .
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5.1 A comparison formula

In this subsection we give a formula that relates the torsion function defined in [39]
with the differential form of this article.

Let � be a curve in �1.@M/; we denote by T� the torsion function defined in [39].
We prove the following proposition:

Proposition 5.1 Let X be a component of irreducible type of the character variety
X.M/ and pW X ! X the two-fold covering map from the augmented variety to X.
Then the following equality holds on X everywhere the right-hand term makes sense:

(28) tor.M;Ad ı �/D
1

T� ıp

d.1˝Z�/

1˝Z�
:

Remark 5.2 The right-hand side of (28) does not depend on the choice of Z� : a
direct computation shows that the right-hand side term can be written directly at any
character � where it makes sense as

(29)
2

T�

dI�p
�.�/2� 4

and nor does it depend on the choice of �. Recall that in Section 3.1 we picked the
inverse convention to that of [39] for the torsion, hence the term 1=T� in (29). Our
convention matches with the one of [16] but is again the inverse of [18].

Proof Let x be a smooth point of X such that the function I� is regular at �D p.x/.
Then the function 1˝Z� is regular at x . By Corollary 4.2, the torsion can be written
as fd.1˝Z�/ for some invertible f in O�v .

The differential d.1˝Z�/ defines a basis element of det.H 1.M;Ad ı �//� by the
isomorphism H1.M;Ad ı �/'�1

k.X/=k
. In particular, its evaluation at the point x

defines a basis of the one-dimensional vector space det.H 1.M;Ad ı x�/� , hence an
identification H 1.M;Adı x�/' k given by f 7! Tr.f Œ���.�/0/ (recall that �.�/0 is
the trace-free matrix obtained from �.�/). On the other hand, in [39] an arbitrary gener-
ator of H 0.@M;Adı x�/ denoted by P is fixed, and a basis element of H 1.M;Adı x�/
is given by f 7! Tr.f Œ��P // (see [16, Section 3.4]).

Now we picked the matrix H for a basis element of H 2.M;Ad ı x�/, when in [16] it
is again given by the matrix P.
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In particular, the choice of P does not contribute to the computation of T�.x/, when
we have to renormalize by

p
Tr.H 2/=Tr.�.�/20/ D 2=

p
.Tr.�.�///2� 4 and (29)

follows.

Remark 5.3 A consequence of Proposition 5.1 is that the torsion tor.M;Ad ı �/
of this article specializes at a point x of X to the usual Reidemeister torsion of the
complex of k–vector spaces C �.M;Ad ı x�/.

5.2 Examples

In this subsection we compute explicit formulas for the torsion of four simple knot
exteriors in S3 . We will check that the degree of the divisor of the torsion (namely
the sum of its zeros and poles counted with multiplicity) is the opposite of the Euler
characteristic of the Riemann surface Y . This celebrated fact can be thought of as a
consequence of the Riemann–Roch theorem.

Example 5.4 (the trefoil knot) Let M be the exterior of the trefoil knot in S3 , with
the presentation �1.M/D ha; b j a2 D b3i. Recall that the tautological representation
of the component of irreducible type X �X.M/ is given by the formulas

�.a/D

�
t 1

�.t2C 1/ �t

�
; �.b/D

�
�j 0

0 �j 2

�
In [28] — see also [16] — for any choice of a boundary curve � 2 �1.@M/, it is proved
that T�.x�/ is a constant that does not depend on x� . Let us take for � the meridian
ab�1 with I� D .j � j 2/t and Z� D u; then

tor.M;Ad ı �/D C du
u

for some nonzero constant C. It has no zeros, and two poles at zero and infinity;
its divisor’s degree is �2. As expected, it is minus the Euler characteristic of the
smooth projective model Y of the augmented character variety X, which is isomorphic
to CP1 .

Notation In the following examples, we will use the notation f .t/� g.t/ to say that
f and g are equivalent around t D 0, up to a factor that does not depend on t , that is,
f and g have the same vanishing order at t D 0.

Example 5.5 (the figure-eight knot) Let M be the exterior of the figure-eight knot
in S3 . We take � to be the longitude of M. Its trace function is I�Dx4�5x2C2, and
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T�.x; y/D 5�2x2 (obtained from [39, Exemple 1, page 113]). From Proposition 5.1,
we obtain

tor.M;Ad ı �/D
dZ�

.5� 2x2/Z�
:

A careful examination shows that it has no poles, and zeros only at infinity. We compute
them now. Take xD 1=t a local coordinate, dZ�=Z�D dI�=

p
I 2�� 4� dt=t , hence

each of the four ideal points of the augmented character variety (see Section 1.6)
contribute as a zero of order 1. The divisor’s degree of the torsion is 4, and one can
compute with the Riemann–Hurwitz formula that the Riemann surface Y has genus 3
(hence �.Y /D�4).

Example 5.6 (the knot 52 ) Now M is the exterior of the knot 52 in S3 . Its
fundamental group admits the presentation �1.M/ D hu; v j vw D wui, where
w D u�1v�1uvu�1v�1 . The component of irreducible type of the character variety is
described by the Riley polynomial �.S; U / (see [18, Section 5.2]). In our setting, with
x D TruD Tr v and y D Truv , then x D S1=2CS�1=2 and y D S CS�1�U. We
obtain the following equation for the component of irreducible type of the character
variety X.M/:

X D f.x; y/ 2 k2 j �x2.y � 1/.y � 2/Cy3�y2� 2yC 1D 0g:

This affine curve admits a compactification yX adding two points at infinity: an ordinary
double point corresponding to the two directions x D1 with y D 1 or y D 2, and a
simple point xDyD1. Apart from this, this curve is smooth. By the Noether–Plücker
formula, the genus of the curve yX is g. yX/ D 1

2
.d � 1/.d � 2/� ı , where ı is the

delta invariant. Since d D 4 and ı D 1, we get g. yX/D 2.

The field extension given by ˛C˛�1 D x provides a two-fold covering Y ! yX that
ramifies at x2D 4. The Riemann–Hurwitz formula implies �.Y /D 2�. yX/�6D�10,
hence Y is a Riemann surface of genus 6.

From [18] again, with � the canonical longitude,

T�.x; y/D 5x
4.y � 2/� x2.5y2C 7y � 31/C 7.y2�y � 3/;

I� D .y
3
� 6y2C 12y � 8/x10� .3y4� 10y3�y2� 68/x8

C 3.y5� 43y3C 48y2C 86y � 116/x6

C .y6C 6y5� 23y4� 28y3C 96y2C 28y � 105/x4

C .2y6�y5� 16y4C 6y3C 40y2� 9y � 34/x2C 2:
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As tor.M;Ad ı�/D dI�=T�
p
I 2�� 4, we compute the vanishing order of the torsion

at the three different ideal points of yX :

(1) If x � 1=t and y � 1 C t2 , then �� � 1=t4 , dI�=
p
I 2�� 4 � dt=t and

tor� t3dt .

(2) If x�1=t and y�2C3t , then ���1=t2 , dI�=
p
I 2�� 4�dt=t and tor� t dt .

(3) If x � 1=.t.1 � 2t2// and y � 1=.t2.1 � 2t2//, then, as above, �� � 1=t2 ,
dI�=

p
I 2�� 4� dt=t and tor� t dt .

Finally, notice that Y ! yX does not ramify at infinity, hence to each ideal point of yX
there correspond two ideal points of Y , and the divisor’s degree of the differential form
tor.M;Ad ı �/ on Y is 10, as expected.

Example 5.7 (the knot 61 ) Here M is the exterior of the knot 61 . Its fundamental
group admits the presentation �1.M/D hu; v j vwDwui, where wD .vu�1v�1u/2 .
The component of irreducible type of the character variety is

X Df.x; y/2 k2 j x4.y�2/2�x2.yC1/.y�2/.2y�3/C.y3�3y�1/.y�1/D 0g:

The two ideal points are nonordinary double points:

(1) When y ! 2 and x ! 1, we have a double point of type “y2 � x6”; its
ı–invariant is 3.

(2) When y; x!1, we have a double point of type “y2 � x8”; its ı–invariant
is 4.

Hence g. yX/D 1
2
.d � 1/.d � 2/�

P
ıi D 10� 3� 4D 3. The covering map Y ! yX

given by ˛C˛�1 D x ramifies at eight finite points, thus �.Y /D�16.

When desingularizing yX, one obtains four ideal points; the same kind of computations
as in Example 5.6 are shortened as follows:

(1) If x � 1=.t.1C at2// and y � 2=.1C at2/ with a a root of the polynomial
4z2C6zC1, then in both cases T��1=t2 , dI�=I��dt=t and tor.M;Adı�/�
t dt .

(2) If x � 1=.t.1� t2// and y � 1=.t2.1� t2//, then T� � 1=t6 , dI�=I� � dt=t
and tor.M;Ad ı �/� t5dt .

(3) If x � 1=.t.1�2t2C6t4�25t6// and y � 1=.t2.1�2t2C6t4�25t6//, then
T� � 1, dI�=I� � t dt and tor.M;Ad ı �/� t dt .
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Finally note that Y ! yX is not ramified at infinity, thus the divisor’s degree of
tor.M;Ad ı �/ is 16, as expected.

Example 5.8 (the knot 74 ; computations by S Yoon) We study the manifold M,
the exterior of the knot 74 . The character variety of this knot has two irreducible
components that contain irreducible representations. They intersect at four finite points,
which yield poles for the torsion form, as we illustrate here.

We have
�1.M/D hu; v j uw2 D w2bi;

where w D uv�1uv�1u�1vu�1v . We use the coordinate functions x D TruD Tr v
and r D Truv�1 ; then the components of irreducible type of the character variety
X.M/ are given by (see [8])

X1D�1C2r
2
C r3� r2x2; X2D 1C4r �4r

2
� r3C r4�2rx2C3r2x2� r3x2;

where X1 is the geometric component. The four intersection points occur when rD1˙i
is a root of the polynomial r2� 2r C 2 (each giving two possible values for x ).

In [53], Yoon computed explicitly the torsion for twist knots, using computations
from [49]. Using these techniques, he communicated to us the following very simple
formulas for the torsion form. The torsion form on the component X1 is

tor1 D
2 dr

.2� 2r C r2/
p
1� 2r3� 4r4C r6

and, on the component X2 ,

tor2 D
2.r � 1/2 dr

.2� 2r C r2/
p
1� 12r2C 42r3� 46r4C 12r5C 9r6� 6r7C r8

:

One can check that the two torsion forms have four poles (of order 1) at the intersection
points r2� 2r C 2D 0, and nowhere else.

6 Ideal points, torsion form and essential surfaces

In this section we study the behavior of the torsion form at ideal points of the augmented
character variety. Ideal points have been shown in Section 2.2 to produce essential
surfaces in the manifold M. In what follows we will make the following assumption
on the essential surfaces produced as such. We fix v an ideal point in the smooth
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projective model Y ; the essential surface † dual to v will be assumed to be

(1) a union of n parallel copies †i ;

(2) separating, in the sense that for any i , M n†i DM1[M2 is not connected;

(3) free, that is, the connected components M1 and M2 of M n†i are handlebodies.

By Lemma 2.13, the divergent tautological representation �W �1.M/! SL2.k.Y //
restricts to a convergent representation �†W �1.†/! SL2.Ov/ such that the residual
representation x�†W �1.†/! SL2.k/ is reducible.

In what follows we will assume that the representation �† is irreducible and not
residually central. The aim of this section is to prove the following theorem:

Theorem 6.1 Let X be a one-dimensional component of irreducible type, essentially
reduced in the augmented variety X.M/. Let v be an ideal point of the smooth
projective model Y of X, and † a dual free separating essential surface in M, that is, a
union of n parallel copies †i . Assume furthermore that the restricted representation �†
is irreducible and not residually central. Then

v.tor.M;Ad ı �//� �n.�.†i /C 1/:

Combining this theorem with the results of Section 4, we obtain the following corollary:

Corollary 6.2 Let M be a 3–manifold with rational homology of a circle, whose
Alexander polynomial �M has only simple roots. Let X be a smooth one-dimensional
component of irreducible type, essentially reduced in the augmented variety X.M/,
such that to each ideal point v of the smooth projective model Y of X, it can be
associated a dual surface †v that satisfies the hypotheses of Theorem 6.1. Then we
have

�.Y /�
X
v ideal

nv.�.†v/C 1/:

Proof Denote by �W �1.M/! SL2.k.Y // the tautological representation. Since �M
has simple roots and X is smooth, the torsion tor.M;Ad ı �/ does not vanish at finite
points (see Theorem 4.3). Hence, by Theorem 6.1, its divisor’s degree is bounded byP
v ideal �nv.�.†v/C 1/; now it follows from the Riemann–Roch theorem that the

divisor’s degree of a differential form on a Riemann surface Y is equal to minus the
Euler characteristic of Y .
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Remark 6.3 (1) The hypothesis that the dual surface † is separating excludes
Seifert surfaces, but it is known that a separating essential surface can always
be produced by the Culler–Shalen theory at some ideal point (it is the way the
weak Neuwirth conjecture is proven in [13]). It also known that if the Seifert
surface is a fiber, then it cannot be the dual surface of an ideal point.

(2) If M is irreducible and small (does not contain any closed essential surfaces),
then any essential surface is free (see [41, Proposition 4.3]). In general the
assumption that † is free excludes closed essential surfaces.

(3) If X covers the character of a faithful representation, then �† is irreducible: if
not, the commutator subgroup of �1.†/ is faithfully mapped onto an abelian
group, a contradiction.

The section is organized as follows: in Section 6.1 we compare the inequality of
Theorem 6.1 with the examples of Section 5.2, then in Section 6.2 we prove Theorem 6.1.

6.1 Examples

Incompressible surfaces of two-bridge knots are classified in [24].

6.1.1 The trefoil knot The essential dual surface † is an annulus, hence �†W Z!
SL2.k.t// is abelian, and the theorem cannot apply (nevertheless the torsion has a pole
of order 1D��.†/� 1 at the ideal points corresponding to †).

6.1.2 The figure-eight knot There are two essential dual surfaces †1 and †2 that
are two-holed tori, and the torsion vanishes at order 1 at each ideal point. The inequality
of Theorem 6.1 is an equality 1D��.†i /� 1, with nD 1.

6.1.3 The knot 52 There are two separating essential surfaces †1 and †2 — see
Figure 1 — and as explained in the introduction, again the equality of Theorem 6.1
holds.

6.1.4 The knot 61 Again, there are two separating essential surfaces; the first one
has Euler characteristic equal to �2 (a two-holed torus), and the second one has Euler
characteristic equal to �6 (a two-holed genus 3 surface). The third essential surface
is the Seifert surface. Those three surfaces are detected by the character variety. At
those ideal points the vanishing order of tor.M/ is 1 (three times) and 5; the latter
corresponds to the genus 3 non-Seifert surface.
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Remark 6.4 Those examples give an insight of the power of Theorem 6.1: essential
surfaces of those knots are completely understood, but we can even deduce information
on the Bass–Serre tree constructed at ideal points of the character variety.

6.2 Proof of Theorem 6.1

In this subsection we use the notation of Lemma 2.13. We fix a connected component †1
of †, which we will denote by † to avoid heavy notation, and we can forget about
the other components and think that the dual surface is connected, except that the
matrix Un D

�
tn 0
0 1

�
of Lemma 2.13 carries the number n of connected components.

Recall that M D M1 [†M2 , with M1 and M2 handlebodies. The representation
�1W �1.M1/! SL2.Ov/ is convergent; �2W �1.M2/! SL2.k.Y // is not but �02 D
U�1n �2Un is.

There is an exact sequence of complexes of k.Y /–vector spaces

(30) 0! C �.M;Ad ı �/! C �.M1;Ad ı �1/˚C �.M2;Ad ı �2/

! C �.†;Ad ı �†/! 0:

Since �† is not abelian, the vector spaces H 0.†;Ad ı �†/ and H 0.Mi ;Ad ı �i /
vanish and the splitting (30) induces the long exact sequence in cohomology

(31) 0!H 1.M;Ad ı �/!H 1.M1;Ad ı �1/˚H 1.M2;Ad ı �2/

!H 1.†;Ad ı �†/!H 2.M;Ad ı �/! 0;

which we denote by H1 .

We will use the multiplicativity formula (see Proposition 4.9)

(32) tor.M;Ad ı �/D
tor.M1;Ad ı �1/ tor.M2;Ad ı �2/

tor.†;Ad ı �†/
tor.H1/:

In a first step, we need to make sense of all the factors involved in (32): we pick
geometric bases c1 , c2 and c† of the complexes C �.M1;Adı�1/, C �.M2;Adı�2/
and C �.†;Adı�†/, and arbitrary homological bases h1 , h2 and h† of their homology.
Hence the torsions of those complex are defined as in Section 3.1.1 as elements of k.Y /� .
Now the sequence (31) is viewed as an acyclic complex, and its torsion depends on the
choices h1 , h2 and h† , and of a basis element in det.H�.M;Ad ı �//. As we did in
Section 4.1, for the latter we fix the element dt ˝H� .

Since �1 , �02 and �† are convergent, we can define the complexes of Ov–modules
C �.M1;Ad ı �1/v , C �.M2;Ad ı �2/v and C �.†;Ad ı �†/v . We compute their
cohomology as Ov–modules, and their residual cohomology:
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Lemma 6.5 For iD0 or i�2, the Ov –modules H i.M1;Adı�1/v , H i.M2;Adı�02/v
and H i .†;Adı�†/v are trivial, as well as the corresponding residual k–vector spaces.

Furthermore, H 1.M1;Ad ı �1/ and H 2.M2;Ad ı �02/ are free of rank �3
2
�.†/ and

H 1.†;Ad ı �†/ is free of rank �3�.†/. The corresponding residual k–vector spaces
have the same dimensions.

Proof First notice that those manifolds have the same homotopy type as a graph,
hence the statement for i � 2 is clear.

The representation �† is irreducible, hence �1 and �02 are also. This implies that
H 0.†;Ad ı �†/v , H 0.M1;Ad ı �1/v and H 0.M2;Ad ı �2/v are trivial.

By hypothesis, �† is not residually central, hence by Lemma 2.18 one can choose
the tautological representation so that �† is not residually abelian. Thus we have
H 0.†;Ad ı x�†/D f0g. Since x�† is not abelian, neither is x�1 , and a careful examina-
tion of the proof of Lemma 2.18 shows that nor is x�2 , hence H 0.M1;Ad ı x�1/ and
H 0.M2;Ad ı x�2/ are trivial.

An argument such as in Section 2.3 shows now that H 1.†;Adı�†/v; : : : are free Ov –
modules, with rank prescribed by the Euler characteristic of †, and the last statement
is then clear.

Proposition 6.6 There is a choice of bases h1 , h2 and h† such that the factors
tor.M1;Adı�1/, tor.M2;Adı�2/ and tor.†;Adı�†/ of (32) are elements of O�v . In
particular, the vanishing order of tor.M;Adı�/ can be computed as the vanishing order
of tor.H1;h1;h2;h†/, the torsion of the Mayer–Vietoris long exact sequence (31).

Proof Those factors are torsion of based complexes of k.Y /–vector spaces with
based homology, hence they lie in k.Y /� by definition. In addition, we can choose
the bases c† , c1 , c2 , h† , h1 and h2 of the paragraph above so that they provide a
generating set for the corresponding terms as Ov–modules, because the Ov–modules
C �.†;Adı�†/v; : : : ;H�.M2;Adı�02/v are free, and those choices do not affect the
computation of the torsion. To be precise, we assume that we have chosen, for instance,
a basis h2 of the free Ov–module H 1.M2;Ad ı �02/v that spans H 1.M2;Ad ı �02/
as a k.Y /–vector space, and that it is mapped on a basis through the isomorphism
of k.Y /–vector spaces H 1.M2;Ad ı �02/ ! H 1.M2;Ad ı �2/. Finally, the map
H 1.M1;Ad ı �1/v!H 1.†;Ad ı �†/v identifies the basis h1 to a subbasis of h† .
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Now we prove that the torsions of those complexes lie in O�v ; let us perform the
computation for, say, M1 . The complex is C 0.M1;Ad ı �1/v

A
�! C 1.M1;Ad ı �1/v .

Since H 0.M1;Ad ı �1/v is trivial, the matrix A is the matrix of an injective Ov–
linear morphism. Moreover, H 1.M1;Ad ı �1/v is free, hence the determinant of the
restriction xAW C 0.M1;Ad ı �1/v! im.A/ is invertible, as claimed.

Since tor.M1/; tor.M2/ and tor.†/ take values in O�v , the valuation of tor.M;Adı�/
is determined by the torsion of the exact sequence H1 .

Now, in order to compute the torsion of the sequence H1 , we modify it slightly.
The representation �2 is conjugated to a convergent representation �02W �1.M2/!

SL2.Ov/ by the matrix Un D
�
tn 0
0 1

�
. It yields an isomorphism H 1.M2;Ad ı�02/

��!

H 1.M2;Ad ı �2/ given by �2 7! Un�2U
�1
n . Hence we can rewrite the sequence H1

as a new exact sequence H2 of k.Y /–vector spaces, given by

(33) 0!H 1.M;Ad ı �/ d1�!H 1.M1;Ad ı �1/˚H 1.M2;Ad ı �02/
d2
�!H 1.†;Ad ı �†/

ı
�!H 2.M;Ad ı �/! 0:

Under the isomorphism ˛�W H
1.M;Adı�/' .�1

k.Y /=k
/� described in (16), the basis

element dt 2 det.H 1.M;Ad ı �//� corresponds to a derivation, which we denote by
d
dt
W k.Y /! k.Y / (see the proof of Lemma 4.12). We keep the same notation for the

induced map
d

dt
W SL2.k.Y //! SL2.k.Y //:

It yields an explicit basis element
�
d
dt
�
�
��1 2H 1.M;Adı�/. In the following lemma

we compute the morphisms d1 , d2 and ı involved in the sequence H2 introduced
in (33).

Lemma 6.7 The morphisms d1 , d2 and ı are

d1W
�
d

dt
�
�
��1 7!

��
d

dt
�1

�
��11 ;

�
d

dt
�02

�
�02
�1
�
;

d2W .�1; �2/ 7! �1�Un�2U
�1
n

and

ıW � 7! Tr
�
�.Œ@†�/H

�
with the natural identification H 2.M;Ad ı �/' k.Y / described in (8).
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Proof The morphism d1 is given by

d1

��
d

dt
�
�
��1

�
D

��
d

dt
�1

�
��11 ; U�1n

�
d

dt
�2

�
��12 Un

�
and we have

U�1n

�
d

dt
�2

�
��12 Un D U

�1
n

d

dt
.Un�

0
2U
�1
n /.Un�

0
2
�1
U�1n /Un

D

�
d

dt
�02CU

�1
n

d

dt
Un�

0
2C �

0
2

dU�1n
dt

Un

�
�02
�1

D

�
d

dt
�02

�
�02
�1
C
1

tn
.�02N�

0
2
�1
�N/;

where the matrix N is
�
1 0
0 0

�
. Now the term �02N�

0
2
�1
�N is the coboundary of the

element N0 D N � 1
2
I in C 1.M2;Ad ı �02/, hence it vanishes in H 1.M2;Ad ı �02/

and the claimed formula for d1 follows. The formula for d2 is just the composition of
the usual morphism in Mayer–Vietoris sequences, composed with the isomorphism
H 1.M2;Ad ı �02/

��!H 1.M2;Ad ı �2/.

For the third morphism ı , the naturality of the Mayer–Vietoris sequence and the exact
sequence of a pair yield the commutative diagram

H 1.†;Ad ı �/ H 2.M;Ad ı �/

H 1.@†;Ad ı �/ H 2.@M;Ad ı �/ H 0.@M;Ad ı �/�

ı

�

As the second vertical arrow is an isomorphism, it is enough to compute the composition
of the maps H 1.†;Ad ı �/!H 1.@†;Ad ı �/!H 2.@M;Ad ı �/! k.Y /, which
is simply � 7! Tr.�.Œ@†�/H/; see (8).

Now, each term of the sequence H2 given in (33) can be thought as an Ov–module
tensored by k.Y /, but the map d2 above does not restrict to a morphism of Ov –modules.
Hence we will consider the exact sequence, which we denote by H3 ,

(34) 0! k.Y /
d1
�!H 1.M1;Ad ı �1/˚H 1.M2;Ad ı �02/

tn�d2
���!H 1.†;Ad ı �†/

ı
�! k.Y /! 0;

where we just have multiplied the morphism d2 by tn . We will denote by D2 this
new map, which restricts to a morphism of Ov–modules

H 1.M1;Ad ı �1/v˚H 1.M2;Ad ı �02/v
D2
�!H 1.†;Ad ı �†/v:
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Hence the sequence H3 can be seen as the following sequence H4 tensored by k.Y /:

(35) 0!Ov
d1
�!H 1.M1;Ad ı �1/v˚H 1.M2;Ad ı �02/v

D2
�!H 1.†;Ad ı �†/v

ı
�!Ov! 0

From now on we suppose that the choices of bases we made, h† , h1 and h2 , gave
splittings H 1.M1;Adı�1/˚H 1.M2;Adı�02/D ker d2˚E1 and H 1.†;Adı�†/D
d2.E1/˚E2 . Let �2 be the restricted map D2jE1 W E1! d2.E1/.

Lemma 6.8 The torsion of the exact sequence H3 given in (34) is

tor.H3/D
1

det�2
c; with c 2O�v :

Proof Consider the definition of the torsion of Section 3.1.3; the following equality
holds:

tor.H3/D
det
�
d1W k.Y /! d1.k.Y //

�
det.ıW E2! k.Y //

det�2
:

Then we conclude the proof by noting that the numerator lies in O�v , since by Lemma 6.7
neither the morphism d1 nor ı involves the parameter t .

Hence we are now reduced to computing v.det.�2//. To do this, the idea is the
following: Recall that the completion of the valuation ring Ov is isomorphic to kŒŒt ��,
the ring of formal series. Consider a matrix A2Mn.Ov/ as a formal series AD

P
t iAi ,

with Ai 2Mn.k/; the question is to compute the valuation of its determinant (namely
its vanishing order when t D 0).

If detA0 ¤ 0, then A is invertible, detA 2 O�v and v.detA/ D 0. If not, we have
kn

A0
�!kn that is not invertible, and define H 0.A0/D kerA0 and H 1.A0/D cokerA0 .

Both are nontrivial k–vector spaces of the same dimension. Pick P;Q 2GLn.k/ such
that PA0QD

� 0 0
0 In�r0

�
is diagonal, where r0D dim kerA0 , and In�r0 is the .n�r0/

identity matrix. Then, to compute detA, we need to compute the determinant of the
r0 � r0 first block of A1C tA2C � � � . More precisely, detA D tr0 detA01C o.t

r0/,
where A01 is the restriction of

P
t iAiC1 to H 0.A0/˝kŒŒt ��, followed by the projection

kŒŒt ��n!H 1.A0/˝ kŒŒt ��.

One proceeds by induction; the argument is formalized in Lemma 6.9, but before that
we fix some notation. Let A be a matrix in Mn.Ov/ such that detA¤ 0. Working
in the completion yOv if necessary, we define A�0 D A, and inductively A�iC1 D
d
dt
A�i restricted to H 0.A�i .0//˝kŒŒt �� followed by the projection kŒŒt ��n�

Pi
kD0 rk!

H 1.A�i .0//˝ kŒŒt ��, where ri D dim kerA�i .0/.

Algebraic & Geometric Topology, Volume 20 (2020)



Reidemeister torsion form on character varieties 2879

Lemma 6.9 There is a constant c 2 O�v such that det.A/ D t
P
ri c ; in particular,

v.det.A//D
P
ri .

Proof As detA¤ 0, there is an i0 such that ri0 D 0 and ri ¤ 0 for i < i0 . If i0 D 0
then detA 2O�v and we are done. Otherwise, take 0 < i � i0 . After fixing appropriate
bases of kerA�i�1.0/, one can write A�i .0/ as a diagonal matrix

� 0 0
0 In�ri�1

�
.

Developing the determinant of A�i along its rows, one gets that

detA�i D tri detA�iC1C o.tri /;

and the result follows by induction.

We will apply Lemma 6.9 to the morphism �2 of Lemma 6.8. Recall that for any
convergent representations �1 , �02 and �† , we have the residual representations x�1 ,
x�2 and x�† taking values in the residual field k . Moreover, x�† D x�1;† D Un�02;†U

�1
n

is reducible, nonabelian, thus we have:

Lemma 6.10 The residual representations have the form

x�1;† D

�
� 0

�u1 �
�1

�
; x�2;† D

�
� ��1u2
0 ��1

�
with � 2H 1.†; k�/ a homomorphism and u1 2H

1.†; ��2/ and u2 2H
1.†; �2/

nontrivial cocycles.

Proof The expression of x�2;† follows from the conjugacy formula �1 D Un�02U
�1
n

when restricted on �1.†/; the ui are nontrivial because the residuals representations
are not abelian; see Lemma 4.19.

From (35) we obtain the (nonacyclic) complex of k–vector spaces H5 ,

(36) 0!k
xd1
�!H 1.M1;Adıx�1/˚H 1.M2;Adıx�2/

D2
�!H 1.†;Adıx�1;†/

xı
�!k!0;

with xd1.1/ D .v1; v2/ and D2.�1; �2/ D z2;†F, where z2;† denotes the lower-left
entry of �2 , restricted to �1.†/.

As in Section 4.2.2, the triangularity of the adjoint action of x�i;† provides the splittings

0! k2.Adıx�1;†/3;3
! sl2.k/Adıx�1;† ! '�2 ! 0;

0! k2.Adıx�2;†/3;3
! sl2.k/Adıx�2;† ! '��2 ! 0;

0! '��2 ! k2.Adıx�1;†/3;3
! k! 0;
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and thus the exact sequences of k–vector spaces

0!H 1.†; .Ad ı x�2;†/3;3/!H 1.†;Ad ı x�2;†/
p
�!H 1.†; '��2/! 0;(37)

0!H 0.†/!H 1.†; '��2/!H
1.†; .Ad ı x�1;†/3;3/!H 1.†/! 0;(38)

0!H 1.†; .Ad ı x�1;†/3;3/!H 1.†;Ad ı x�1;†/! � � � :(39)

We denote by j the composition

(40) j W H 1.†; '��2/!H 1.†; .Ad ı x�1;†/3;3/!H 1.†;Ad ı x�1;†/

of (38) and (39).

Lemma 6.11 The space ker j is one-dimensional. It is generated by the image of
H 0.†/ in H 1.†; ��2/, that is, by @1;†H D�2u1F .

Proof The first statement is clear since H 0.†/ is one-dimensional. All we need to
do is to compute @1;†H D x�1;†H x��11;†�H, and we obtain the claimed result.

The inclusion †�M2 induces i W H 1.M2;Adı x�2/!H 1.†;Adı x�2;†/. Let Kjıpıi
be the kernel of the morphism j ıpıi W H 1.M2;Adıx�2/!H 1.†;Adıx�1;†/ obtained
by composing the morphism i above with the morphism p of (37) and the morphism j

of (40).

Lemma 6.12 We have

dim.Kjıpıi /� �12�.†/C 1:

Proof We know that

dimH 1.†;Ad ı x�†/D�3�.†/;

dimH 1.†; '�2/D��.†/;

dimH 1.Mi ;Ad ı x�i /D�32�.†/:

Since the morphism p is onto, the dimension of the space kerp is

dim.kerp/D dimH 1.†;Ad ı x�2;†/� dimH 1.†; '�2/

D�3�.†/� .��.†//D�2�.†/:

If i is injective and if kerp and im i intersect transversally, then dim kerp\ im i D

�
1
2
�.†/. We define the integer s by the formula dim kerp \ im i D �1

2
�.†/C s .

By Lemma 6.11, the space ker j has dimension 1; moreover, p ı i.v2/ D u1 is
nontrivial in ker j, hence the dimension of the intersection ker.j ıp/\ im i is equal
to �1

2
�.†/C 1C s . Now, if i is injective, the latter is the dimension of the space
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ker.j ıp ı i/, while, if i has nontrivial kernel, it will possibly increase this dimension.
In any case the inequality

dim.ker.j ıp ı i//� �1
2
�.†/C 1

holds.

Now we can prove Theorem 6.1:

Proof We use the notation of Lemma 6.9. We compute r0 , the dimension of the first
homology group of the sequence H5 of (36), namely H 1.H5/D kerD2=im xd1 . By
Lemma 6.12 we have

dim kerD2 � �12�.†/C 1C
�
�
3
2
�.†/

�
D�2�.†/C 1:

Hence r0 � �2�.†/.

We use the notation of Lemma 6.9; note that the higher-order maps .d i=d i t /jtD0.D2/
for i D 1; : : : ; n� 1 remain zero when restricted to ker.D2/ (because of the factor
tn in the map D2 ), hence each ri for i D 1; : : : ; n� 1 is greater than �2�.†/. Let
r D

P
i�n ri ; we have from Lemma 6.9 that

det.D2/D
X
i�0

ri � �2n�.†/C r;

hence v.tor.H3//� 2n�.†/ by Lemma 6.8.

Finally, it is easy to obtain the following relation between the torsions of the sequence
H2 of (33) and of the sequence H3 of (34):

tn rk.d2/ tor.H3/D tor.H2/:

Since rk.d2/D�3�.†/� 1, we obtain

v.tor.H2//� 2n�.†/� 3n�.†/�nD�n.�.†/C 1/

and the theorem follows now from Proposition 6.6.
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