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ANALYSIS AND PDE
Vol. 12, No. 4, 2019

dx.doi.org/10.2140/apde.2019.12.867

QUANTUM DYNAMICAL BOUNDS FOR ERGODIC POTENTIALS WITH
UNDERLYING DYNAMICS OF ZERO TOPOLOGICAL ENTROPY

RUI HAN AND SVETLANA JITOMIRSKAYA

We show that positive Lyapunov exponents imply upper quantum dynamical bounds for Schrodinger
operators Hrou(n) =u(n + 1) +u(n —1) + ¢(f"0)u(n), where ¢ : M — R is a piecewise Holder
function on a compact Riemannian manifold M, and f : M — M is a uniquely ergodic volume-preserving
map with zero topological entropy. As corollaries we also obtain localization-type statements for shifts
and skew-shifts on higher-dimensional tori with arithmetic conditions on the parameters. These are the
first localization-type results with precise arithmetic conditions for multifrequency quasiperiodic and
skew-shift potentials.

1. Introduction

Positive Lyapunov exponents are generally viewed as a signature of localization. While it is known
that they can coexist even with almost ballistic transport [Last 1996; del Rio et al. 1996], vanishing of
certain dynamical exponents has been identified as a reasonable expected consequence of hyperbolicity
of the corresponding transfer-matrix cocycle. Results in this direction were obtained in [Damanik and
Tcheremchantsev 2007; 2008] for one-frequency trigonometric polynomials, and recently in [Jitomirskaya
and Mavi 2017] for one-frequency quasiperiodic potentials under very mild assumptions on regularity of
the sampling function. In this paper we identify a general property responsible for positive Lyapunov
exponents implying vanishing of the dynamical quantities in the rather general case of underlying dynamics
defined by volume-preserving maps of Riemannian manifolds with zero topological entropy, and under
very minimal regularity assumptions. This work presents the first localization-type results that hold in
such generality. We expect that positive topological entropy should also lead to vanishing of the dynamical
quantities for a.e. (but not every!) phase, but this should be approached by completely different methods
and will be explored in a future work.

Our general results allow us, in particular, to obtain localization-type statements for potentials defined
by shifts and skew-shifts of higher-dimensional tori. Pure point spectrum with exponentially decaying
eigenfunctions has been obtained for almost all multifrequency shifts in the regime of positive Lyapunov
exponents in [Bourgain and Goldstein 2000] and for the skew-shift on T2 with a perturbative condition
in [Bourgain et al. 2001], both very delicate results. While bounds on transport exponents are certainly
weaker than dynamical localization that often (albeit not always [Jitomirskaya et al. 2003]) accompanies
pure point spectrum [Bourgain and Jitomirskaya 2000], we note that pure point spectrum can be destroyed

MSC2010: 47B36, 81Q10.
Keywords: transport exponent, multifrequency quasiperiodic, skew-shift.
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868 RUI HAN AND SVETLANA JITOMIRSKAYA

by generic rank-1 perturbations [Del Rio et al. 1994], while vanishing of the transport exponents is robust
in this respect [Damanik and Tcheremchantsev 2007]. Finally, our results are the first ones for both of these
families that hold under purely arithmetic conditions and the first nonperturbative ones for the skew-shift.

Let (M, g) be a d-dimensional compact (smooth) Riemannian manifold with a metric g. Let Vol be
its Riemannian volume density; see (2-1). Let f be a uniquely ergodic volume-preserving map on M,
which means Vol is its unique invariant probability measure. We will study the dynamical properties of
the Schrodinger operator acting on /2(Z),

Hegu(n) =un+1)+u@m—1)+¢(f"0)u(n), (1-1)

where 6 € M is the phase.
The time-dependent Schrodinger equation

i 0;u = Hygu,
leads to a unitary dynamical evolution
u(t) = e 1oy (0).

Under the time evolution, the wavepacket will in general spread out with time. For operators with
absolutely continuous spectrum, scattering theory leads to a good understanding of the quantum dynamics.
In this paper we will study the spreading of the wavepacket under the assumption of positive Lyapunov
exponent, which automatically implies the absence of absolutely continuous spectrum.

Let e "#H6 §, be the time evolution with the localized initial state 8o. Let

ae(n, [) = |(€_itH980, 8}1)'2;

ag(n,t) describes the probability of finding the wavepacket at site n at time ¢. We denote the p-th moment
of ag(n,t) by
(XI5 @) =D (1 +n)Pag(n.1).
n

Dynamical localization is defined as boundedness of (| X |g (#)) in time ¢. This implies purely point
spectrum; therefore for general operators with positive Lyapunov exponent such a strong control of the
wavepacket is not possible. Thus we need to define proper transport exponents which describe the rate of
the spreading of the wavepacket. For p > 0 define the upper and lower transport exponents

In (|X |5 (1)) <|X|§’(t)>.

+ =1 =1 f
By (P) im sup Py . P (p)=limin Sing

Obtaining upper bounds for the two transport exponents above implies a power-law control of the spreading
rate of the entire wavepacket.
It is also interesting to consider a portion of the wavepacket. For a nonnegative function A(¢) of time, let

(A =2 /0 eI 4y i
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be its time average. Set

Por(L)= ) (ag(n,0)r.

|n|<L

Roughly speaking, Py 7(T%) > t means that, in average, over time 7, a portion of the wavepacket stays
inside a box of size T%. Let us consider two other scaling exponents

_ o Ininf{L : Pg 7(L) + Pro,r(L) > 1}
&g = lim lim sup . . ,
>0 7,4 InT

Ininf{L : Po 7(L) + P L) >
£g = lim liminf L Por (L) + Pror(L) > T}

>0 T—o00 InT

introduced, in the half-line case, in [Killip et al. 2003].

The vanishing of 8% and E, ¢ can be viewed as localization-type statements. If M = T is the
1-dimensional torus and f : 6 — 6 4+« is the irrational rotation, the Lebesgue measure m is the unique
invariant probability measure of f. It was first proved in [Damanik and Tcheremchantsev 2007; 2008]
that in this case, for ¢ a trigonometric polynomial, under the assumption of positive Lyapunov exponent,
,8; (p) =0forall p > 0, all 6 and Diophantine «, and B, (p) = 0 for all p > 0, all 6 and all «. It was
recently proved in [Jitomirskaya and Mavi 2017] that under very mild restrictions on the regularity of the
potential, under the assumption of positivity and continuity of the Lyapunov exponent, 3 ;( p) = 0 for all
p > 0, all 6 and Diophantine «, and B4 (p) = 0 for all p > 0, all 6 and all «. It was also proved in that
paper that for piecewise Holder functions, under the assumption of positive Lyapunov exponent, £g = 0
for a.e. 6 and Diophantine «, and §9 =0 for a.e. 6 and all «.

Remark 1.1. The two Diophantine sets of « are different between [Damanik and Tcheremchantsev 2007;
2008] and [Jitomirskaya and Mavi 2017]. They are both full-measure sets, but [Jitomirskaya and Mavi
2017] covers a slightly thinner set of frequencies because of the need to handle potentials with weaker
regularity.

In this paper we consider a d-dimensional compact Riemannian manifold M and a uniquely ergodic
volume-preserving map f. We consider maps with the following volume-scaling property. For 1 </ <d,
for a smooth map o : Q! — M, where 0! = [0, 1]/, let

Volg ;(0) :=[ Wg,l(da),
Ql

where Wg’l (do) is the volume form on Ql induced by o from the given Riemannian metric g on M.
Let = (/) be the set of all C® mappings 0 : Q! - M. Forn=1,2,... and 1</ <d, let

Vi(f):= sup limsup%logVolg,l(fno) and V(f):=mlale(f). (1-2)

oex(l) n—>oo

A volume-preserving f always satisfies V;(f) = Vz(f~!) = 0. Here we need to make an extra
assumption that V(f) = V(f~!) = 0. It is known that for a smooth invertible map f, V(f) = V(f™")
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is equal to the fopological entropy of f [Yomdin 1987]; thus our class of maps includes all smooth maps
with zero topological entropy. In particular, it includes both the irrational rotation and the skew-shift.

For such maps we will assume that f has a bounded discrepancy.

Let Jy(0) = J(@, f0..... fN710), see (2-16), be the isotropic discrepancy function of the sequence
{f ”9},11\’:_01. For § > 0, we will say f has strongly §-bounded isotropic discrepancy if Jy (0) < |[N |8
uniformly in 6 for |N| > No; f has weakly 5-bounded isotropic discrepancy if there exists a sequence {N; }
such that Jy; () < |N; | =% uniformly in . It turns out many concrete dynamical systems feature these
properties. We will show in Lemmas 3.7-3.9 that the following hold:

e A shift of higher-dimensional tori, f : 6 — 6 + «, has strongly bounded isotropic discrepancy for
Diophantine «.

e A skew-shift, f : (y1,¥2,...,vq4) > (V1 + &, y2 4+ y1,..., Y4 + Ya—1), has strongly bounded
isotropic discrepancy for Diophantine «, and weakly bounded isotropic discrepancy for Liouvillean «.

Under the assumption of boundedness of discrepancy and a scaling property of f, we are ready to
formulate the following two abstract results.

Let pg be the spectral measure of Hyg corresponding to 8g. Let N = f m Mo d Volg be the integrated
density of states. Let L(E) be the Lyapunov exponent; see (2-6).

Theorem 1. Let ¢ be a piecewise Holder function. Suppose L(E) is positive on a Borel subset U with
N(U) > 0. Suppose f is a uniquely ergodic volume-preserving map satisfying V(f) = V(f~1) =0. We
have:
o If, for some § >0, f has weakly 8-bounded isotropic discrepancy, then §9 = 0, for Volg-a.e. 6 € M;
o If, for some § >0, f has strongly 8-bounded isotropic discrepancy, then g =0 for Volg-a.e. 0 € M.
Remark 1.2. The full-measure set of 6 appearing in Theorem 1 is precisely the set {0 : ;g + o (U) > 0}.

Theorem 2. Under the assumptions of Theorem 1, assume also L(E) is continuous in E and L(E) > 0
for every E € R. We have:

e If, for some § >0, f has weakly §-bounded isotropic discrepancy, then B, (p) = 0 for all 6 € M
and p > 0;

e If, for some § > 0, f has strongly 6-bounded isotropic discrepancy, then B ;’ (p) =0forall € M
and p > 0.

Remark 1.3. Strongly §-bounded isotropic discrepancy is essential for vanishing of & and 8 ;r (p), see
Remarks 1.6 and 1.9. However, it is not yet clear whether weakly §-bounded isotropic discrepancy (or
any condition at all other than mere positivity of the Lyapunov exponent) is essential for vanishing of the
§orof .

Theorems 1 and 2 extend the results of [Damanik and Tcheremchantsev 2007; 2008; Jitomirskaya and
Mavi 2017] from irrational rotations of the circle to general uniquely ergodic maps of compact Riemannian
manifolds with zero topological entropy and bounded discrepancy. One key to achieving such generality
is a new argument that does not rely on harmonic analysis/approximation by trigonometric polynomials.
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By [Damanik and Tcheremchantsev 2003], ,39_( p) > pdimg (ug), where dimg (u) is the Hausdorff
dimension of . Thus as a consequence of B, (p) = 0 we have the following.

Corollary 1.4. Under the assumptions of Theorem 2, dimg (1tg) = 0 for all 6 € M.

Remark 1.5. The point here is that we obtain zero Hausdorff dimension of the spectral measure for all
rather than a.e. 6 € M (the latter is known for general ergodic potentials [Simon 2007]). The statement
for all & has only been known for irrational rotations of T! (proved for trigonometric polynomials in
[Jitomirskaya and Last 2000], and follows easily for piecewise functions from the results of [Jitomirskaya
and Mavi 2017]).

The following Theorems 3—-6 are all corollaries of our abstract results. Theorems 7 and 8 depend on
a somewhat different technique (bypassing the discrepancy considerations), which allows us to cover
more frequencies in the case of the shift of T2 To our knowledge, Theorems 3-8 are the first arithmetic
localization-type results.

Let us introduce the Diophantine condition (DC) and the weak Diophantine condition (WDC) on T4:

c

pe) = pcte. ) = U@ o)z =

c>0 c>0

for any h £ 6},

r(h)*

where r(ﬁ) = ]_[f=1 max (|A;], 1) (it is well known that when t > 1, DC(7) is a full-measure set), and
¢

WDC(7) = U WDC(c, 1) = U { (o1, ..., aq) : max{||ha;|lg/z} > ——= for any h # O} , heZ

T
c>0 c>0 |h|

(it is well known that when 7 > 1/d, WDC(7) is a full-measure set).
Theorem 1 reduces vanishing of (upper or lower) & to bounds on the isotropic discrepancy. As
corollaries, we obtain:

Theorem 3. Let [ be an irrational shift on T4 For piecewise Holder ¢, suppose L(E) is positive on a
Borel subset U with N(U) > 0. Then if & € DC(t) C T%, t > 1, we have Eg = 0 for a.e. 6 € T4

Remark 1.6. The Diophantine condition is essential for the vanishing of § [Jitomirskaya and Zhang
2015].

Theorem 4. Let [ be a skew-shift. For piecewise Holder ¢, suppose L(E) is positive on a Borel subset U
with N(U) > 0. Then:

e For all irrational o, we have §5 = 0 for a.e. y e T<.
e If « € DC(7) for some t > 1, then §y =0 forae y T4
Remark 1.7. The full-measure set appearing in Theorems 3 and 4 is precisely the set {0 g+ s (U)>0}.

Similarly, for systems with continuous Lyapunov exponent, Theorem 2 reduces vanishing of g: (p) to
the same discrepancy bounds, and we obtain:

Theorem 5. Under the assumptions of Theorem 3, assume in addition that L(E) is continuous in E and
L(E) > 0 for every E € R. Then if o € DC(t) C T¢, we have ﬂ;(p) =0 forall T4, p>0.
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Corollary 1.8. Under the assumptions of Theorem 5, if o € DC (<), then dimg (pg) = 0 for all € T4.
Remark 1.9. The Diophantine condition is essential for B+ = 0 [Jitomirskaya and Zhang 2015].

Theorem 6. Under the assumptions of Theorem 4, assume in addition that L(E) is continuous in E and
L(E) > 0 for every E € R. Then:

e For all irrational o, we have ﬁ; (p) =0 forall y € T4, p>0.
e If « € DC(7) for some t > 1, then ,B;)F(p) =0 forallj €T, p>0.

Corollary 1.10. Under the assumptions of Theorem 6, for all irrational o, we have dimp (j13) = 0 for
all y e T4,

Finally, for the case of an irrational shift on T? we can make two more delicate statements, using a
different technique to obtain arithmetic estimates.

Theorem 7. Let [ be an irrational shift on T2. For piecewise Holder ¢, suppose L(E) is positive on a
Borel subset U with N(U) > 0. Then if « = (a1, a2) € |J,~; WDC(7), we have §9=0fora.e 0 € T2

Remark 1.11. The full-measure set appearing in Theorem 7 is precisely the set {6 : jug + prg(U) > 0}.

Theorem 8. Under the assumptions of Theorem 7, assume in addition that L(E) is continuous in E and
L(E) >0 for every E € R. Then if o = (a1, a2) € | J,~1 WDC(7), we have B, (p) = 0 for all 6 € T?,
p>0.

Corollary 1.12. Under the assumptions of Theorem 8, if o € | )., WDC(7), we have dimg (119) = 0
forall § € T2

The most technically complex part of the paper consists in obtaining arithmetic estimates on the
covering of the torus by the trajectory of a small ball in a polynomial (in the inverse radius) time, which
we obtain by estimating the discrepancy in Theorems 3-6, and by the bounded remainder set technique in
Theorems 7 and 8. The discrepancy estimates are standard for the Diophantine shifts and are ideologically
similar to the known results on the equidistribution of ¥« for the case of higher-dimensional Diophantine
skew-shifts. We still develop the proof for the Diophantine skew-shift case in full detail because we
did not find it in the literature and also because it serves as a good preparation for the Liouville higher-
dimensional skew-shift, for which, to the best of our knowledge, our estimates are new. We note that
for the Diophantine skew-shift of T2 and shifts of T the results on the covering of the torus by the
trajectory of a ball are shown in [Avila et al. 2014] by a completely different technique. The authors
therein considered smoothed-out indicator functions of small disks, and converted the covering problem
to solving cohomological equations. It is unclear to us if that technique is extendable to the Liouville or
weakly Diophantine case.

We organize this paper as follows: In Section 2 we introduce some basic definitions. Some of them
have been mentioned in the Introduction but not in detail. In Section 3 we will present some key lemmas
and prove Theorems 1-8. In Sections 4-7 we prove the key lemmas that are listed in Section 3.
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2. Preparation

Riemannian manifolds. Let M be a d-dimensional compact Riemannian manifold with a Riemannian
metric g.
Let K be a compact set in some coordinate patch (U, x1, ... ,x%). We define the volume of K to be

Volg (K) :=/ VIGoxdx!--- dx?,
x(K)

where G = detg;;, gi; = g(9/0x;,9/dx;) and dx!--. dx? is the Lebesgue measure on R?. This
definition is free of the choice of coordinate. If K is not contained in a single coordinate patch, one could
apply a partition of unity to define Volg (K). More precisely, we pick an atlas (U, x}, ... ,xg) of M
and a partition of unity {py} subordinate to this atlas. Now we can set

Volg (K) = Z/ (Pav/1G%]) o (x¥)Vdx} - dx&.

“(KNUq)

The Riemannian volume density, see, e.g., [Nicolaescu 2007, Section 3.4], on (M, g) is
dVolg =Y (pa V1G] 0 (x*) dxy -+ dxg. (2-1)
o

With a rescaling, we could always assume d Vol is a probability measure on M. In the above definition,
we do not assume M to be oriented. If M is oriented, then the volume density is actually a positive
n-form, called the volume form.

If o : [a, b] — M is a continuously differentiable curve in the Riemannian manifold M, then we define
its length /(o) by

b
() = / Vo0 @0)-6(0) d.

where g,(;) is the inner product g at the point o(¢). One could define the distance between any two points
X,y € Mas

dist(x,y)=inf{/(0):0 is a continuous, piecewise continuously differentiable curve connecting x and y}.

With the definition of distance, geodesics in a Riemannian manifold are then the locally distance-
minimizing paths.

Let v € Ty M be a tangent vector to the manifold M at x. Then there is a unique geodesic g, satisfying
0v(0) = x with initial tangent vector 9,(0) = v. The corresponding exponential map is defined by
expy (1) = 0v(1).

Let By (x) ={y € M :dist(x, y) < r} be a geodesic ball centered at x € M with radius r. It is known
that B, (x) = exp,(B(0,r)), where B(0,r) ={v e TyM:gx(v,v) <r}.

Proposition 2.1. There exists rg > 0 such that, for all r < rg, there exist positive constants Cg and cg
which are independent of x € M so that

cgrd < Volg (B, (x)) < Cgrd for any x € M. (2-2)
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Proof. We will discuss the proof briefly. We can identify the tangent space T,.M isometrically with R
Now exp, : R? — M is a diffeomorphism on some small ball Bpa (0,r). On this ball, straight lines
are mapped to length-minimizing geodesics [do Carmo 1992, Proposition 3.6], and thus Euclidean
balls are mapped to geodesic balls of the same radius. Taking r smaller if necessary, we can assume
the Jacobian of exp, is bounded away from 0 and oo on By« (0,r); thus for r < ry we have that
chrd <Volg(Br(x))<C gxrd. Since M is a compact manifold, we can take ry, cg,, Cg, independent
of x e M. |

A subset C of M is said to be a geodesically convex set if, given any two points in C, there is a
minimizing geodesic contained within C that joins those two points.

The convexity radius at a point x € M is the supremum (which may be +o00) of r, € R such that
for all r < ry the geodesic ball B, (x) is geodesically convex. The convexity radius of (M, g) is the
infimum over the points x € M of the convexity radii at these points.

Proposition 2.2 [Berger 2003]. For a compact manifold M, the convexity radius ry of (M, g) is positive.

This clearly implies that for any x € M and any r < rfg, B;(x) is geodesically convex.

Piecewise Holder functions. Let L, (M) be the space of y-Lipschitz functions on M. For ¢ € Ly, (M)
define
|9(01) — ¢(62)]

19891 = P02 23
6, bacpy dist (01, 62)7 (2-3)

I#llz, = l¢lleo +

We say ¢ is piecewise Holder if there exists y > 0, a positive integer K and {¢; }JK:l C Ly (M) such that

K

P(0) =) xs;(0)9;(0).
j=1

where {S; }}”z , are sets with “good boundary”, namely {35} }JK=1 are (d—1)-dimensional smooth sub-

manifolds of M. Clearly the discontinuity set Jg of ¢ is UJK=1 0S;, and

K

Volg,g—1(Jg) < > Volg 4_1(3S;) < oo. (2-4)
j=1

Clearly for any two points 61, 6> such that dist(6;, Jg) > r, if dist(61, 62) < r then we have

K
|6(61) — ¢ (62)] < dist(61,62)” > [l I, (2-5)

Jj=1

Cocycles and Lyapunov exponent. We now introduce the Lyapunov exponent. For a given z € C, a
formal solution u of Hu = zu can be reconstructed using the transfer matrix

A0, z) = (Z _‘1’5(9) _é)
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un+1)\ n u(n)
( u(n) )_A(f 0.2) (u(n—l))'

Indeed, let A (8, z) be the product of consecutive transfer matrices:
A(fk=10,2).-- A(f0,2)A0,2) ifk >0,
Ap(0,2) =41 ifk=0,
(A_r(f*6,2))71 if k <0.

Then for any k € Z we have the relation

utk) \ _ u(0)
(u(k - 1)) =4 (0.2) (u(—l)) '

We define the Lyapunov exponent

via the equation

L(2) =1iml/ In | A% (6, 2) || d Volg (6) =infl/ In | A% (6, 2)]| d Volg (8). (2-6)
k k M k k M
Furthermore, L(z) =limg(1/k)In || A% (0, z)| for Volg-a.e. 6 € M.

Spectral measure and integrated density of states. Let i1y be the spectral measure of Hy corresponding

to 8o defined by

d
((Hg —2)""80.80) = / o).

R X—Z

Then clearly pzg is the spectral measure of Hy corresponding to §;. Let N = [ v o d Volg (0) be the
integrated density of states. Then N = [ M %(,ug + irg) d Volg (8), so N(U) > 0 for some set U implies
%(,ug + irg)(U) > 0 for Volg-a.e. 0 € M.

Rational approximation.

Single frequency. Let o be an irrational number and let {p, /g, } be its continued fraction approximants.
We have the following properties; see, e.g., [Khinchin 1964]:

- = lnelr = @)
dn+1 dn+1
lkall > llgnall  forgn <k <gni1. (2-8)
(1) If @ € DC(c, ) for some ¢ > 0, we have
lkeo|r > # for any k # 0. (2-9)
In particular, combining (2-7) with (2-9) we have
Cqn+1 =dqp. (2-10)

(2) If o ¢ DC(7), there exists a subsequence of the continued fraction approximants { p,, /¢n, } such that

dni+1> G, - @2-11)
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Multiple frequencies. Let @ = (a1, 2, ..., 0y) be a set of irrational frequencies. Let { p, /¢, } be its best
simultaneous approximation with respect to the Euclidean norm on T4, namely,
d d

> llanajlliy < D lkeyll3  for any [k < gn.
Jj=1 Jj=1

Clearly by the pigeonhole principle, we have

1/d
\/ZH(]n%”T < 26 dﬁ/z) . (2-12)
ﬁqn-ﬁ-l

We say that
(1) « € DC(c, 7) if
Ik, )7 > for any k € Z4\{0}, (2-13)
r(k)*
(2) « € WDC(c, 1) if
1r§njagd kojllr > # for any k € Z\{G}. (2-14)

Discrepancy. Let X1, ...,Xy € M. For a subset C of M, let A(C;{X,}) be the counting function

N
A(C:Zntn=1) = Y xc (En). (2-15)

n=1

The isotropic discrepancy Jn ({Xp },]1\7:1) is defined as
A(C; {xn } 1)

INEEN_ ) = sup — Vol (C)‘, (2-16)

CE%

where ¢ is the family of all geodesically convex subsets of M.

For a point 8 € M, let Jy(0) = J({f”@}fl\’;ol). We say a map f : M — M has strongly §-bounded
isotropic discrepancy if, for some N > Ny, we have Jy (0) < N~% uniformly in 6 € M. We say f
has weakly §-bounded isotropic discrepancy if there is a subsequence {N;} such that Jy, () < N J._S
uniformly in 6 € M.

If M = T4 is the d-dimensional torus, we define the discrepancy D N({xn} 1) as

DY) = sup |ACH k=)

C)|, 2-17
oo N m(C) 2-17)

where ¢ is the family of boxes C of the form C = {(0y,...,6y) € T4 :Bi <6 <kjforl<i<d).
Forapoint 6 € T4, let Dy () = D({f”@} ) We say amap f :T¢ — T4 has strongly §-bounded dis-

crepancy if for some Ng and all N > Ny, we have Dy (0) < N8 uniformly in 6 € T9. We say f has weakly

8-bounded discrepancy if there is a subsequence {N; } such that Dy, () < N ]._5 uniformly in 6 € T4,
When M = T¥, the isotropic discrepancy and discrepancy can be tightly controlled by each other:
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Lemma 2.3 [Kuipers and Niederreiter 1974, Theorem 1.6 in Chapter 2]. For any sequence {Xn },]1\]:1
in Td, we have

DN ({Fntn1) < IN({Fnn=y) < 4dVd + DDy ({Za ") e (2-18)
Therefore, by (2-18), when M = T<:

Proposition 2.4. A map [ has strongly (weakly) §-bounded isotropic discrepancy for some § > 0 if and
only if f has strongly (weakly) §-bounded discrepancy for some § > 0.

In Section 5 and the Appendix we are gomg to apply the following two inequalities to estimate the
discrepancy from above. Recall that r(h) ]_[l_l max(|A;], 1).

Lemma 2.5 (Erd6s—Turdn—-Koksma [Koksma 1950]). For any positive integer Hy, we have

1

D({%n}N_ 1)<Cd(—.|_ Z L Z 27i (h,%n)

<iI<Ho r(yIN

) (2-19)

where || = max?_, [h;].

Lemma 2.6 (Van der Corput’s fundamental inequality; see, e.g., [Kuipers and Niederreiter 1974],
Lemma 3.1 in Chapter 1). For any integer 1 < H < N, we have

1 N
3
n=1

Covering M with the orbit of a geodesic ball and proofs of Theorems 1, 7, 2 and 8.

2
N + H — 2(N+H— 1)
o) = NZH Z | n|2 N2H2 Z (H —k)Re Z UnUp - (2-20)

3. Key lemmas and proofs of Theorems 1-8

Lemma 3.1. Let ¢ be a piecewise Holder function with 1 > y > 0. Suppose L(E) is positive on a Borel
subset U with N(U) > 0:

(1) If there exists a sequence ry — 0 such that any geodesic ball in M with radius ry, covers the whole M
in rk_M steps, then §9 = 0 for Volg-a.e. 6 € M.

(2) If, for any small r > 0, any geodesic ball with radius r covers the whole M in r—™ steps, then
Eg =0 for Volg-a.e. 8 € M.

Lemma 3.2. Let ¢ be a piecewise Holder function with 1 >y > 0. Suppose L(E) is continuous in E and
L(E) >0 forevery E € R:

(1) Ifthere exists a sequence ri — 0 such that any geodesic ball in M with radius ry, covers the whole M
in r;M steps, then B (p) =0 forall § € M and p > 0.

(2) If, for any small r > 0, any geodesic ball with radius r covers the whole M in r—M steps, then
Ba(p) =0 forall@ € Mand p > 0.
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Lemmas 3.1 and 3.2 are key to our abstract argument. They are proved in Section 4. The connection
to bounded discrepancy comes in the following:
Let rg be as in Proposition 2.1 and ré’, as in Proposition 2.2.

Lemma 3.3. If f has weakly §-bounded isotropic discrepancy, then there exists ri — 0 as k — oo such

2d/§

that any geodesic ball in M with radius ry will cover the whole M in rk_ steps.

Proof. There exists a sequence { N } and k¢ > 0 such that for any k > ko we have J, ({ f "8},]1\’:_01) <N, 8,
This means for any geodesically convex set C C M,

Ni—1
Doneo Xc(f"0) _
n=0 A —Volg(C) > —N®
holds for all 6 € M. Thus if we take ry = Nk_S/(Zd) < min (rg, rg,), then by Proposition 2.2, we know
By, (0) is geodesically convex. By Proposition 2.1, Volg (B, (6)) > cgr,g =cg Nk_‘s/2 > Nk_‘s. Thus
—2d/8
T -1
Y xB, @ (") >0
n=0
for any 6 € M. |

Lemma 3.4. If f has strongly 5-bounded isotropic discrepancy, then for any 0 <r < min (rg, rg,), any

geodesic ball in M with radius r will cover the whole M in r—2d/8

Proof. There exists Ny such that for any N > Ny we have Jy ({f”@}fl\':_ol) < N9 for all € M. This
means for any 0 < r <min (rg, rg,), any geodesic ball B, (0) (it is geodesically convex by Proposition 2.2)
and N = r—24/8 we have

steps.

—2d /8 _
T o B (f"6)
—2d/5

— Vol (B,(0)) > —r?¢.

Since by Proposition 2.1, Volg (B (0)) > cgr? > r24, we have

r—2d/8_1

> @) >0

n=0
for any 6 € M. O
In the case of 2-dimensional irrational rotation, we also have:

WDC(t), there exists ri (a1, oz, T) = 0 as k — oo such that any

>1
. . . . 80074
Euclidean ball with radius ry covers the whole T? in I 8007

Lemma 3.5. For any (a1, a2) € |
steps.

Remark 3.6. This lemma will be proved in Section 7.

We are now ready to complete the proofs of the main theorems.
Proof of Theorem 1. Combine Lemmas 3.3 and 3.4 with Lemma 3.1. O
Proof of Theorem 7. Combine Lemma 3.5 with Lemma 3.1. O
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Proof of Theorem 2. Combine Lemmas 3.3 and 3.4 with Lemma 3.2. O
Proof of Theorem 8. Combine Lemma 3.5 with Lemma 3.2. O
Estimation of discrepancy and proofs of Theorems 3, 5, 4 and 6. We have the following control of the
discrepancies of irrational rotation and skew-shift.

Lemma 3.7. If « € DC(t), then for some constant § > 0 we have Dy ({0 + na}f;fz_ol) < N8 uniformly
infeTq

Let

Yy = (y1 + (?)a ya + (’I)yl + (g)cx e vdt (’I)J’d—l +--+ (Z)a) = f"1, va),
where f is the skew-shift.
Lemma 3.8. If « € DC(7), then for some constant § > 0 we have DN({I?,I },Zlv=1) < N8 uniformly in
1,-->¥q) e T4
Lemma 3.9. If o ¢ DC(d), then for some constant § > 0 there exists a sequence {N;} such that
DN]. ({f’n}ivil) < Nj_5 uniformly in (y1,...,y4) € TA.
Remark 3.10. Lemma 3.7 is standard. Its proof will be given in the Appendix. Proofs of Lemmas 3.8
and 3.9 will be given in Section 5.

Proof of Theorems 3, 5. These follow from Lemma 3.7 and Theorems 1 and 2. O
Proof of Theorems 4, 6. These follow from Lemmas 3.8 and 3.9 and Theorems 1 and 2. O

4. Proofs of Lemmas 3.1 and 3.2

Upper and lower bounds on transfer matrices. The following lemma on the uniform upper bound of the
transfer matrix is essentially from [Jitomirskaya and Mavi 2017]. We have adapted it into the following
form for convenience.

Lemma 4.1 [Jitomirskaya and Mavi 2017, Theorem 3.1]. Let ¢ be a function whose discontinuity set has
measure O and f be a uniquely ergodic map on M. Then:

4.1.1. Let L(E) be positive on a Borel set U and p be a measure with w(U) > 0. Then for any { > 0
there exists a number D¢ > 0, and for any € > 0 there exists a set By ¢ with 0 < (B¢ ) < ¢, and an
integer N¢ ¢ such that for any E € U \ B ¢

(1) L(E) = D¢,
(2) forn > N¢g, |z—E| < e 4" and 6 € M, we have (1/n)In||4,(0,z)|| < L(E) +e.

4.1.2. Furthermore, if L(E) is continuous in E and U is a compact set, there exists D > 0 and for any
€ > 0 there exists an integer N¢ such that for any E € U

(1) L(E)= D,
(2) forn > Ne, |z—E| <e ™" and § € M, we have (1/n)In ||A,(0,2)|| < L(E) +e.
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We are also able to formulate the following lower bound for the norm of transfer matrices.

Lemma 4.2. Let ¢ be a piecewise Holder function with 1 >y > 0 and [ be a uniquely ergodic volume-
preserving map on M with V(f) = V(f~1) = 0. Then:

4.2.1. Let L(E) be positive on a Borel set U and i be a measure with w(U) > 0. Then for any {,€ > 0,
let D¢, Be ¢ and N¢ ¢ be defined as in Lemma 4.1.1:

(1) If there exists a sequence ry — 0 such that any geodesic ball in M with radius ry covers the
whole M in rk_M steps, then there exists a sequence {ny (€)} such that for k > k¢ ¢, any E € U \ B ¢,
|z — E| < e #" and § € M we have

min max A 79, 2)|| > e"*(L(E)=3¢)
om0 2
(2) If, for any small r > 0, any geodesic ball with radius r covers the whole M in r =™ steps, then for

n>Né€,anyEeU\B§,6, |z—E| <e " and 0 € M we have

min max (A4 (f70,2)] = "I,
te{—1,1} (j=0,...,e(GMe/v)n

4.2.2. Furthermore, if L(E) is continuous in E and U is a compact set, let D be defined as in Lemma 4.1.2
and for any € > 0 let N¢ be defined as in Lemma 4.1.2. Then for any E € U we have L(E) > D and for

4

any |z — E| < e™*" we have:

(1) Ifthere exists a sequence ry — 0 such that any geodesic ball in M with radius ry, covers the whole M
inrg M steps, then there exists a sequence {ny(€)} such that for k > ke and any 6 € M,

min max A 7. 2)| > ek L(E)=3€)
1e{—1,1} (j=0,...,eSMe/VIng 14n, (f )=

(2) If, for any small r > 0, any geodesic ball with radius r covers the whole M in r—™ steps, then for
n > N/ and any 6 € M,

min max | Au(f76,2)] = "FEIT3,
Le{—1,1} (j=0,...,e(SMe/vn

Proof of Lemma 4.2. We will focus on the proof of part (1) of Lemma 4.2.1. The other three proofs will
be discussed briefly at the end of this section.
Forany E € U \ B¢ ¢ and n > N¢ ., by Lemma 4.1.1 we have (1/n)|| A4, (0, E)|| < L(E) + €. Since
S (1/n)In || A, (6. E)|| d Volg (0) > L(E), we have
1

1
Volg (Myy £ 1.(Ey.e) == Volg({Q € M: o In [ 4,(6, E)| > L(E) —e}) >0 (4-1)

Now we take any 0 € M, g 1 (E),e and |z — E| < e 4" When n > 2N¢ e + 3, by standard telescoping
we have
1400, 2)|| = [[4n (0. E) || — | An(8, 2) — An (6, E)||
> en(L(E)—e) _ (n + 2(N§,6 + I)HA“gt.e)en(L(E)—Se)
> en(L(E)—ZE)
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for large enough n > N é .- This means

Mn,E,L(E),e C Mn,z,L(E),Ze- (4'2)

We know the discontinuity set of (1/n)In ||A,(0,2)| is J, = U;’;&f—l(]@, where Jy = U};laS]‘ is
defined in the subsection on piecewise Holder functions on page 874. By our assumption (2-4) and the
fact the Vy_1(f 1) = 0 (by the definition (1-2) of V(£ 1)), for n large enough, we have

Volg 4—1(Jn) <" Volg 41 (Jp); (4-3)
note that the largeness depends only on f. Define

My 2 L(E)2e = Mn 2 L(E) 26 \ Fag—sensv (Jn),
where a neighborhood is defined as
Fr(A) ={0 e M :dist(0, A) <r}.
Then by (4-3),
Volg (M, 2, 1.() 2¢) = Volg (M 2 1.(E),2¢) — 4¢ > Volg 41 (Jn)

> Volg (M 2. 1(E) 2¢) — 4 " C/Y™ Vol 41 (Jg) > 2.

In particular, it is a nonempty set. Now we take any 6 e Mn,z,L(E),ze and 0 € B,—sen/y (é). We have, by
telescoping, (2-5) and the fact that V1 ( f) = 0 (by the definition (1-2) of V( f)),

[42(6.2)] ~
> [ A4n (8. 2)]| = 42 (6.2) = 40(B.2)]

K
_ Ne.o . ; P~
> eML(E)=2¢) _ (Z ||¢l||LV)(n +2(Ng e + I)HA”OOE, )en(L(E)+e)j_éna);_l(dlst(fj 0, £70))
= =0,...,

K
= M2 (5 gl ) is6, 81 0+ 2N+ DAL en HEY 7
=1
~ en(L(E)—Se)

for n > Né’e. This means
Fe—Sf’l/V (Mn,z,L(E),Ze) C Mn,z,L(E),3e-

Hence for E € U\ B¢ ¢, n> Né/6 and |z—E| <e™*€" we know M, ;. 1.(E),3e contains a geodesic ball with
radius e ~(5¢/¥)"_Then there exists a sequence {ny (¢)} such that a geodesic ball with radius e ~C€/Y)k ~
covers the whole M in at most e SM€/Y)k gteps. Thus for E € U \ B¢, k> k¢ ¢ such that n(e) > Ny

ge
any |z — E| < e~*€"« and any 6 € T¢ we have

min max An (£70,2)| > e L(E)=3€)
€{—1,1} ;j=0,...,eGMe/vIng 1A, (f )l
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Remark 4.3. Notice that part (2) of Lemma 4.2.1 follows without taking a subsequence {ny(¢)}. Also,
Lemma 4.2.2 follows without excluding the set B¢ . O

Dynamical bounds on &g. The key to estimating &g is to apply the following lemma by Killip, Kiselev
and Last.

Following [Jitomirskaya and Last 1999], for f : Z — H where H is a Banach space, the truncated /2
norms in the positive and negative directions are defined by

L]
IAIZ =D 1f P+ L= [LDIF(L]+ D> for L >0,
n=1

LL]+1

IF12 = > 1 fmP+ (L] +1-L)f(LDI> for L <O0.
n=0

The truncated /2 norm in both directions is defined by
[L>]

117, 0.,= Y, LfOP+Ei=LiDIf (=1L ]=DP+(Lo= L2 DI f([L2]+ D for L1, Lo>1.

n=—|Li]
With A44(6, z) being a function on Z, define L} (0, z) € RT and L_ (6,z) € R~ by requiring
1466, 2172,y = 20140,

Lemma 4.4 [Killip et al. 2003, Theorem 1.5]. Let Hg be a Schridinger operator and pig be the spectral
measure of Hyg and 8g. Let T > 0 and L1, Ly > 2. Then

(3le ™ 080017, 1, + e 08007, 1)) > C3ug+ ) {E - | Ly | <Ly, L, < La}), (4-4)
where C is an universal constant.!

This lemma directly implies

Po,r(L)+ Pro,r(L) > C (g + iro) {E : | 4e(6, 2) 1 > 2] A(6, 2)|IT).

The plan is to show that for any 7 > 1 and any 6y satisfying (g, + trg,)(U) > 0, we have

(oo + Mro)E 2 1A (B0, 2) |7 > T"}) Z (g, + tro,)(U).

Proof of Lemma 3.1. We will prove part (1) in detail. Part (2) will be discussed briefly at the end of this
proof.

Fix n> 1 and 6 such that (wg, +prg,)(U) > 0. Let { = %(MQO +urg,)(U), D= D¢ from Lemma 4.1,
and € = min (yD/(40Mn), D/6). Then by Lemma 4.1, there exists aset B, 0 < |B| < %(ugo +uye,)(U),
and a sequence {1y} such that L(E) > D on U \ B and for E € U\ B, k > kg, |z — E| < e~ *€"*k and

1Here we formulate this lemma for operators with potential V(n) = ¢ (). This covers arbitrary bounded potentials by
taking f to be a corresponding subshift.
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any 6 € M,

min max A 79, 2)|| > "k (L(E)=3¢)
te{—1,1} (j=0,...,eMe/ Vg |4 (178, 2)]

Using that As+(6,z) = A;(f*(0),2)As(8, z), this implies, by the condition on e,

| Ae(0, 2) || L roMervIng > ¢ 21k (L(E)=3€) > o (10Me/VInien
If we take Ty, = e(1OM€/V)nk then U\ B C {E : || Ao (8, E)l+T, > T,;’} for any 6, in particular 6y. Then
by (4-4),
Pgo, 77 (Ti) + Prgy 70(Ti) = C 316y + 1r60) (E : || Ae(Bo, E)llxr, > Ti'}) = C 3 (16, + 1r6,)(U).
This implies £ = 0 for all & € M such that (g + psg)(U) > 0.

Remark 4.5. Using Lemmas 4.1.1(2) and 4.2.1(2) instead of 4.1.1(1) and 4.2.1(1), part (2) can be proved
without taking a subsequence ny; therefore the conclusion holds for all 7' large enough rather than a
sequence T. O

Bounds on B. The key to the bounds on 8 is to apply the following lemma.

Lemma 4.6 [Damanik and Tcheremchantsev 2007, Theorem 1; 2008, Corollary 1]. Let H be the
Schrodinger operator, with f real-valued and bounded, and K > 4 such thato(H) C[-K + 1, K —1].

Suppose for all p € (0, 1) we have
i
Ap (E + 7)

K
/ ( min max
_K \ue{—1,1} 1<un<T»
forany n=>1. Then B+ (p) =0 forall p > 0. If (4-5) is satisfied for a sequence Ty — oo, then B~ (p) =0
forall p > 0.

2\ —1
) dE = O(T™") (4-5)

Proof of Lemma 3.2. We will prove part (1) in detail. A modification needed for part (2) is discussed
briefly at the end of this proof.

It suffices to consider small p € (0,1). Fix any p € (0,1) small and n > 1. Assume o(H) C
[-K + 1, K —1]. Since L(E) is continuous in £ on a compact set [—K, K], we have L(E) > D > 0 on
[-K, K]. Fix €y = min (oyD/(20Mn), D/6). By Lemma 4.2.2 there exists a sequence {7, i } such that
forany E € [-K, K], k > ky, any |z — E| < e~#én"n.k and any 6 € M,

min max A 79, z)|| > e"nk(L(E)=3en)
e e (0]

.....

Thus

min max 14; (8, Z)||2 > Mk (L(E)=3€n) > ,(10Mey/(yp))nn.kn
1e{—1,1} j=0,...,e”0M€’7/y)"n-k

holds for any § € M, any E € [-K, K] and |z — E| < e~#¢n"n.k, Now we take Tyx = e(10Men/(yp))nn k|

‘E + I__E‘ — L < e_4€nnn.k‘
Tk Ty .k
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i
Ail0, E+—
J( +Tr/,k)

K .
/ ( min max Ap (9, E + l_)
—K \te{=L1} 1<in<T), Iy

Now take a sequence {k; } such that Ty g, < T, <---. Let Ty = T, k.. Then

K .
/ ( min max | Ap (9, E+ l—)
—K \te{—1,1} 1<in<T}), Tm
By (4-5), we have B, (p) < p forall 6 € M, any p € (0, 1) and any p > 0; thus B, (p) = 0 for all 6 € M
and any p > 0.

Thus

min max
{11} j=0,...T),

holds for any E € [—K, K]. Therefore

2\—1
-1
) dE <2KT, 7.

2\—1
) dE <2KT;™.

Remark 4.7. Using Lemmas 4.1.2(2) and 4.2.2(2), part (2) follows without taking a subsequence {7, x }.
Therefore the conclusion holds for all T large rather than a sequence T}. O

5. Skew-shift: proofs of Lemmas 3.8 and 3.9

In this section, we obtain the discrepancy bounds for the skew-shift. While the Diophantine case is likely
known, we didn’t find this in the literature. We thus present a detailed proof, especially since we build
our proof for the Liouvillean case on some of the same considerations.

Skew-shift. Let f: T? — T4 be defined as

fOry2. oo ya) =i+, y2+ Y1, Va + Ya-1)-

Let Y, = f*(y1,...,yq); then

- n n n n n

Yn: (y1+(1)0[9 y2+(1)y1+(2)a7’yd+(1)yd—l++(d>a)’ (5'1)
where () =0if n < m.

Preparation: combinatorial identities.

Lemma 5.1. Letr; €N for 1 <t <s. Then we have

lt:(),l S
Z (_I)S_Z‘l=l l; (ZtSZ_I lltrt) — 0, (5_2)
1<t<s
lt:(),l Ky S

=Y 1 (2og=1 lere
> (R (=) < T (53)
1<t<s t=1
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Proof. Let us consider the coefficient C, of x¢ in the product (1 + x)"1(1 + x)"2---(1 + x)™s =
1+ x)Z‘f:1 i Let us define

S rt
A(a): (j],jz,-.-,js):jt:(jt,la].t,Zy---’jt,r;)v jt,ke{()?l}a Zth,k:a}‘ (5_4)
t=1k=1

Each element in 4@ corresponds to one way of choosing 1 or x in each term of the product (1 + x)"! -
(I+x)"2---(14x)™ in order to get x%, where j; x = 0 means we choose 1 out of the k-th (1 4 x) from
(I4+x)™, and j; x = 1 means we choose x instead of 1. Thus the capacity of A@_ denoted by |A@)], is
equal to Cy = (Z’ ! e ) Let us further define

A = 4@ N, =0}, (5-5)

For a = s — 1, since it is impossible to obtain x*~! with ft #0forany 1 <t <s, we have

AG=D (U Aﬁs‘“) = 2. (5-6)

t=1
Fora =,
N
AON (U Ag”) =D, (5-7)
t=1
where
ry
D=;(jl,jz,...,jt):th,kzlforlftfs}. (5-8)
k=1
Clearly,
s s ' i
U4 =>n 3 A7), (5:9)
t=1 i=1 1<t <tr<-<t;<s '|=1
in which
i 1;=0,1 s
@] _ dot=1lire
3 aPl= 3 (=), (5-10)
I1<ti<tr<-<t;<s 'I=1 i li=s—i
Thus
S ( ) Zs p S lt=0,1 Zs l r
(a) a _ t=1"t¢ EREY t=1"tetTt
‘A \(UA’ )'_( a )+Z( D Z ( a )
=1 i=1 Z§=1 ly=s—i
l[=0,1 ) Ky
= Y (-1 Zi= lf(ij l’”). (5-11)
1<t<s

For a = s — 1, (5-2) follows directly from (5-6) and (5-11). For a = s, (5-3) follows from (5-7), (5-11)
and the fact that |D| = []j_; . a
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Diophantine a.

Proof of Lemma 3.8. For a € DC(t), we take integers

Hj ~ N /@=DE+) for0<j<d—1. (5-12)
By Lemma 2.5,
- - 1
D(Yl,...,YN)fcd(—+ > ——Z 21 {h.F) )
Ho = <= r(h)IN
0<|h|<Hy
1 1|1 Y
=Cy (—+ —J— ul® ) (5-13)
Ay r(i)| N Zl !
0<|h|<Hp
where
d d—j "
O :exp{zm' Z(h @+ Zh,+,y,)( )} (5-14)
j=1 r=1
Let
Py
(1 . 4 i Jh : 1-1 n+liky
Up, n = CXP 27112 ja—I—Z J+rr Z(—l) ( j ) . (5-15)
j=2 r=1 11=0
In general, if d > 3, we define the following for 1 <s <d —2:
d 1;=0,1 K
) s n+y"_ 1k
,(:1), ,kwn—exp{Zm Z (Joz—i—Zthrryr) Z (-=1)°* Zf=ll’( th_l ! t)} (5-16)
j=s+1 1<t<s

Next, we illustrate the steps of the proof without details for two simple cases d = 2 and d = 3. After
that, we give a detailed derivation for arbitrary d.
Applying Lemma 2.6 to the }Zn 1 u(o) /N| term in (5-13), we obtain
N—k,

1 2 0
(0) (0),,(0
DL T e
n=1

The d = 2 case: Estimating the }ZN ki ,(10)14(0) ‘ term on the right-hand-side of (5-17) (see (5-27)

<_

NHZ Z (Hy —k1) (5-17)

n+k
with d = 2) we have
N—k,
©,0 | 1 5-18
Mntk] = Tigkrals 19
The Diophantine condition on « implies that, see (5-28),
H
Z Zl: I oM ppmre. (5-19)
||h2k10¢||v =
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Thus combining (5-17), (5-18) with (5-19), we have
1 N
PN
n=1

Plugging this estimate into (5-13) yields the claimed result for d = 2.

| 1
< —=—.
Hy H}

The d = 3 case: The difference between the cases d > 3 and d = 2 is that for d = 2 we can directly
estimate (5-17) via (5-18). However, for d > 3, we need to iteratively apply Lemma 2.6 to reduce the
dimension. Now let us illustrate the proof for d = 3.
To estimate the right-hand-side of (5-17), we compute as in (5-23),
N—k; _ N—k;
> =T,
n=1

n=1

. (5-20)

Applying Lemma 2.6 to the right-hand-side of the equation above, we obtain
N-Y7_ ke

D
Z uk1,nuk1,n+k2 :

n=1

1 N—kl (1) 2
N—kl Z ukl,n

n=1

1 1 H
St Y (Ha—k
Hy T (N k)2 k22=1( 2 —k2)

As in (5-27), we compute
N-Y7_1ki

O < 1
u u —_— .
‘ ; R I e

Proceeding as in the d = 2 case via the Diophantine condition, we arrive at
N—kq

1 o [*
'N—kl Z ukl,n

n=1

1 1
< =

Y Hy H?Y

Combining (5-17), (5-20) with the estimate above, we obtain
N 2
1 1 1
PP
n=1

< —
This proves the claimed result for d = 3.

~H  HY

The general case: As we explained above, the general strategy is to use Lemma 2.6 to reduce

0 2) d-2)

2O M @

We stop when we reach u@=2) a5 we can apply (5-27) to these terms.
With the ) terms, 0 < s < d — 3, defined in (5-16), Lemma 2.6 implies,
1 N_Z§=1 kt

S
N_Z‘:Zlkt ki, ks.n

n=1

N-Y3 5 ke _
() ()
Z Uy ksnky ks ntkggr | (5-21)

n=1

Hy1

HZyy ) (Hypi—ksy1)
ks11=1

1 1
S—+ -
Hs-H (N_Zt=1kt)
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Here
N— ZS‘+1
' S w L u®
k] ks,n k],...,ks,n-‘rks+1
n=1
N— ZS‘Jrl d
n=1 Jj=s+1
1;=0,1
J J
1<t<s
N— Zs+lk[ d lt—Ol 11 n+zs+1] k
= exp%2ni Z (J“+Zhj+r%) Z (— 1)s+1—Z‘,=llz( 1=1%t t)}'
n=1 j=s+1 1<t<s+1 J
N—- f:{kt d 1,=0,1 s+1
' s / Tk
= exp{2m’ Z (h]a+2h]+ryr) (— 1)s+2—2 +1l,( on+Z;_1 t t)}
n=1 Jj=s+1 0<t<s+1 J
N-3E1k, d 1,=0,1 s+l
s I Lk
- exp%2ni > (h/oH—Zh +ryr) (—1)”2_2::51:( ont 2=l t)}
n=1 j=s42 0<t<s+1 J
(5-22)
N—- ZS—H 1,=0,1 s+1
s Tk
_ Z CXp{Z]Tl Z (h O[+Zh]+ryr) Z (— 1)s+1—zti%lz(n+2tl—l t t)}'
n=1 j=s+2 1<t<s+1 /
N— Zé-‘rl
=l 2w Den (5-23)
n=1
Notice that in (5-22), we applied (5-3),
d—s—1 [;=0,1 s+1
NSl ln+ — lk
exp{ (hs_,_loe—i— Z hs+1+ryr) Z (_1)s+2 Zt=olt( 0 SZ_;? t t)} -1
r=1 0<t<s+1
Combining (5-21) with (5-23), we get for any 0 <s <d —3,
| N=Y 1k [ 2
S
‘N_Z‘:Zlks ’; kly 7k_s’n
1 1 Hgi s+1
< + (Hs+1_ks+l)(N_ kt)
Hyty (N_Zizlkf)Hsz—HkS%::l [Z:
1 N— Zé+l
(s+1)
1 Z Uy ksirm| O24
i M
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By (5-21), fors =d — 2,

889

_ u
d— ki,o.kg_o,
N=Y{"Pk o e
1 1 Hfl N_Zidz_ll & (d—2) “d—2
< + (Hg—1—ka—-1) u ‘
Hy 4 (N Z;i 12kl) T ke = ki,.kgon"ky,...kqgont+ks
1 1 Hfl N_Zfll f (d 2) d-2)
N u , (5-25)
~ d—2 7 \ry L | L  Tki,.., k ki, kg—o.n+kg—
Hy; (N_Zl=12kl)Hd—1 ey — d—2:n"Kki,..kg—2.n+kq—
and
VRER i
-2 -2
' Z kl5"'5kd—2’nuk1"-"kd—2>n+kd—1
n=1
N-Y i ks J1=0,1 d—1 .
= exp%2nihdoz Z (—l)d_l—Zf;lljz(nJFZj:l Jlkl>H
n=1 1<l<d-1 d
N-Y¢" Ky J1=0,1 d—1 .
lon+> 5= jik
= exp{2mhdoc Z (- 1)d iz O]l(on Zé—l Jl 1)}‘
n=1 o<l<d-1
N— ; d—1
= Z exp{Znihdnoz 1_[ kl} ‘ (5-26)
n=1 =1
1
(5-27)

< — ,
|haa TTi=) kel
where in (5-26) we used (5-3).

Since @ € DC(t), by the property of the Diophantine condition (2-9) and since |h;| < Ho, 1 <k; < H;,

we have
Hdzl 1 Hg— 1—[
< H}*¢ ]_[ HY (5-28)
d—1 Z -1 1
kg—1=1 ”hdal_[l 1 kl”T Jj=1 ]
Thus combining (5-25), (5-27) with (5-28), we have
N-Y9"2k -
1 Zil l (d_z) - 1 HT“I‘G 2 HT - 1 1
_— u =
d— ki,.skg—2.m| ™~ ~ 2
N=YiZtk a5 bt Bl Har - Hg oy (N - Zz i Hy)  Haro Hy,

Lemma 5.2. Forany o €T, if, for any 1 < ks < Hj,

N-Yi_1ki

2

n=1

1
‘N_Zf=1kl

Uk ks

2
5 _27
HS

(s)
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then forany 0 <t <s—1, 1 <k; < Hy, we have

N-Yi_1k

1 0)
_— u
'N _ Z;:l kl Z ki,..ksn

n=1

1
< —-
H}

Proof. Fort = s — 1, by (5-24),

| N-iZi ki -
s—1
N _Z;;{ kl n;l k] ..... ky 1.1
1 1 Hy N Z;:l ki (s)
k] ..... ks,n
S+ _ (Hs_ks)( kl)
Hy  (N—-Y3_1k))H? k; Z (N=37_1k)
1 1
5_ = 2
H; Hs—l
Then we proceed by reverse induction. O
At the final step we obtain
1S o2
(0)
TP
Plugging it into (5-13), we have
D(?l, .. YN) < — + Z —1 L < ! ~ N~1=9/(@7=D)(x+e) O

7 HO ~ Hl—e
0<|h|<H0 (h) 0

Liouvillean c.
Proof of Lemma 3.9. For ¢ DC(d), by property (2-11), we can find a subsequence {p,/q,} of the
continued fraction approximants of « such that g, 1 > q,‘f . In the following we will use ¢ instead of g,
and ¢ instead of g, 4+ for simplicity. Here we would like to show Dq(?l, cees I?q) < ¢~ for some § > 0.
Take

Hi~q* " for0<j<d—2 and  Hy_q~gq> 'A+9/27 (5-29)

where € > 0 is small enough such that

d—1
[]Hi=q® 1702 <y, (5-30)
=0
Now by Lemma 2.5,
D(Yy.....Yy)
1 BEIE: n
<Cyl—+ Z Zexp 2mi Z(h]oe+h,+1y1+---+hdyd_j)(.) . (5-31)
Ho = (h) =1 J
0<|h|<Hp J



QUANTUM DYNAMICAL BOUNDS FOR ERGODIC POTENTIALS 891

Consider the difference
n
§ ;exp§2m § iy -+hdyd_,>(j)}
n
—E exp{ZT[l E (hj§+hj+1y1+"'+hdyd_j)(j)}‘

=1

d
1
=- Z exp{2m Zhj(cx—g)(n)} —1‘
q n=1 j=1 q
< 1 Xq: Z(n)H
— . a__
n=1;=1
H
e (5-32)
q
where in the last step we use (2-7),
p 1 1
e
q‘ a4 g9t
Then combining (5-31) with (5-32), we have
- - 1 1|1 H
D(Yl,...,Yq)scd(—Jr o —= Z ,(,O))+—°, (5-33)
Ho ~  rh)l4 q
0<|h|<Hy
where
d
- . n
u’(10) = exp{an Z(hjg +hjiziyr+---+ hdyd_j) (J )} ,
j=1
that is, u( ) as in (5-14) with « replaced with p/q. Thus with u(s) ken defined as in (5-16) with o

replaced with p/q, similar to (5-25) and (5-26), we have

N=Y{"Fk

2
TS = TolD D
<! ! oy WREE 0 T
NHd—1+(N—Z§1:_12kz)Hd—1 kd_21:=1 '12::1 ukl,...,kd_z,nukl,...,kd_z,n+kd_|" (5-34)
and
q-X72 ki - - ki -
> e | X colainan? Tl
"= nm i1

1

) ‘ (5-35)
Iha(p /) TS ki)
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Since |hy| < Hy, 1 <k; < H;, and by (5-30), for any 1 <k < H;_; we have

d—2 1
Hkhd£ [Ta| =-
q I=1 rR/z 4
Thus
H,;_, 1 Hy— q
> i < ), s =qlnHg (5-36)
kg_1=1 th(p/Q)lel leR/Z j=1 J
Then combining (5-34), (5-35) with (5-36), we get
a-Yi=ik
‘ 1 i‘ ’ﬁ(d_z) 2_ 1 N qInHy_,
d— ki,..., kg—», ~ d—
=itk a0 UL T Haor o (g =000 H) Ha-
< b1 (5-37)
~ - 2 . -
H;/_(IHE) Hy ,
By Lemma 5.2,
1 & 2
'_ SO <
n ~
9= Hy
Plugging it into (5-33), we get
R R 1 (logHy)¢ Hy 1
D(Yy,....Y) S—+—7—"—+—5 ——. O
71, ' q)N Hy + Hy + q ~ q(l—e)/Zd

6. Bounded remainder sets

Most of the material covered in this section comes from [Grepstad and Lev 2015]. We briefly discuss
it here for completeness and readers’ convenience. From now on we restrict our attention to irrational
rotation on T¢. For a measurable set U C T¢, consider the function

N-1

AN(U.X) = N|U|:= AUAX + na} =) = N|U| = Y yu (¥ +ne) = N|U|.

n=0
We will say U is a bounded remainder set (BRS) with respect to « if there exists a constant C(U, o) > 0
such that

|[AN(U. %)= N|U|| = C(U.a)

for any N and a.e. ¥ € T%. We will call a measurable function g on T¢ a transfer function for U if its
characteristic function satisfies

xu(X) —|Ul=g(X)—g(xX—a) ae.
Obviously if g is a transfer function for U, then its Fourier coefficients satisfy

3(7) = Xu (m)

= i MO (6-1)
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Proposition 6.1 [Grepstad and Lev 2015]. For a measurable set U C T¢, the following are equivalent:

e U is a bounded remainder set.

e U has a bounded transfer function g.

Theorems 9, 10 and Corollary 6.2 are presented in [Grepstad and Lev 2015] without explicit bounds
on the transfer functions. We present the proofs in order to extract the needed estimates.

Theorem 9. Any interval I C T of length 0 < |go — p| < 1 is a BRS with respect to «. Furthermore its
transfer function g satisfies ||g|lco < |¢|.

Proof. Without loss of generality, we consider an interval I = [0, k], where k = ga — p > 0. Then

x1(x) =[] = —={x} +{x —«}

= —{x}+{x —qa}
=(—{x} = —{r—(@— Do) + (fx—a} + - + {x — qar})
=gx)—gx—o),

where g(x) = — YI_({x — jol, llglloo < lgl- O

Theorem 10. Let § = (vi,va,...,v7) =qa—p € Za+ 7%, v ¢ 7%, and let T € T4~ be a BRS with
respect to the vector (v1/vg,V2/vq,...,Vq_1/vg) with transfer function h. Then the set

U=UZ,0)={(X,0+tv:XeX,0<t<1}
is a BRS with respect to a, whose transfer function g satisfies ||g€lloo < |q|(|1]|co + 1).

Proof. Let vg = (v1,...,vg_1) be the vector in T4~ which consists of the first d — 1 entries of . First,
we wish to find a bounded function & on T¢ satisfying the cohomological equation

AuE ) —|U| =8, y)—§(F —To,y —vg) forae. (¥,y)eT9 IxT.
This means the Fourier coefficients satisfy the equation
g(m,n)(1 — e 2mi(m.vo)+nva)y

_ /U"/ e 2mi(m.X+(y/va)bo) 4y p—2miny dy, (m,n)# (6,0)» (6-2)
0 JEZ+(y/va)bo

which implies
s Xz (m)

gim.n) = i (. Bo) Jog +11)° (m,n) # (0,0). (6-3)

We know ¥ is a BRS with respect to Tg/vg; by (6-1) its transfer function 4 : T9~! — R satisfies

1 —e—2mi{mb0)/va’

i 0.



894 RUI HAN AND SVETLANA JITOMIRSKAYA

It is straightforward to check that the bounded function g defined by
- _ o
g(x.y)=h|x- a{y} =Xy}

satisfies the cohomological equation (6-3). Hence g is a bounded transfer function for U with respect
to v.

Indeed, || ]loo < ||1]lco + 1. Since ¥ = ga — p, letting g(X) = g(X) + g(X —a) +---+ (X — (g — D)
we have that U is a BRS with respect to & with bounded transfer function g satisfying ||g|lco < |¢|[|€]lco <
|q1([12]loo + 1). O

The following corollary will be used several times in Section 7.

Corollary 6.2. Let U C T? be the parallelogram spanned by two vectors
—1
m(@r.o0)—~(l1.1) and (qM . 0).
mopy — 12

Then U is a BRS with respect to (o1, o) with transfer function g satisfying | g€llco < |m|(|g| + 1) <2|mgq|.

Proof. In this case
v=(v1,v2) =m(ay,a2) —(1,1) € Za +7% Y= |:O,qv—1—pi| x {0}.
1%

We know the transfer function 4 of ¥ with respect to vy /vy satisfies ||]oo < |¢|- Thus [|g]lec <
Im|(lg| + 1) < 2|mq|. 0

7. 2-dimensional irrational rotation with weak Diophantine frequencies

In this section we deal with 2-dimensional weakly Diophantine frequencies. Our goal is to prove
Lemma 3.5.

Proof of Lemma 3.5. Assume (a1, a2) € WDC(cg, t/4), for some 7 > 4 and co > 0. We divide the
discussion into two parts.
First, we introduce the coprime Diophantine condition:

PDC(7) = | ) PDC(c. 7)

c>0

= U { (o1, 2) : ||(E,oc)||T > ; for any ged(hy,hz) =1or hihy =0 but h #6 . (7-D
c>0 |h|r
Obviously if @ € PDC(c, t), both 1 and «» belong to DC(c, 7).

Next we will distinguish two different cases: PDC or non-PDC. Roughly speaking, in the PDC setting,
we use bounded remainder sets technique presented in Section 6 and work directly with the 2-dimensional
problem. In the non-PDC but WDC setting, we are able to reduce the 2-dimensional problem to the
1-dimensional problem, which is much easier to analyze.
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Case A: (a1,a2) € PDC(cy, t) for some c¢; > 0. Let’s take the best simultaneous approximation

{(1,n/mu,l2 n/mp)} of (a1, 2). It has the following property.

Lemma 7.1 [Lagarias 1982, Theorem 3.5]. If {1, a1, a2} is linearly independent over Q, then there are

infinitely many ny, such that

My l1,n l2,nx
Mug+1 ling+1 l2ng+1| # 0.
Mu+2 ling+2 12 +2

Now we take r; > 0 such that
4
My, =< =T <Mpy 1.
T
By (2-12), the choice of r; guarantees that for n > ny,

(mupay — 1 p.muotz — Iz ) € By, (0,0),

where

Br(x1,x2) :={y = (y1.»2) € T?: |y1 —x1ll} + [y2 —x2/17 < r}}.

(7-2)

(7-3)

Let {pn,s/qn,s}52, be the continued fraction approximants of (mpoq —11,,)/(mpaz — 12 ;). For each n

choose s, such that

—1
An.sp =T, <qn,s,+1-

By (2-7), the choice of s, guarantees that
muyo1 — 11,
qnssﬂu_pn,snvo € Brk(0,0).
My — Il

By (2-12) and (2-14) we have

< max{|mpuoy — Iy nl, [Mmpaz

l

2
_l <—
2nl} NN T

_o
il
and by (7-2) we have m,, < (4/n)rk_2. Thus

2
—12/2
max (Mp, , Mpy 41, Mpy4+2) < CCO,,rk

We have:

_n 4
Lemma 7.2. For some n € {ny,ny + 1,ng + 2}, we have qn,s,+1 <1y, 2T

Let us postpone the proof of this lemma and finish the proof of Case A first.
Let U be the parallelogram spanned by the two vectors

mpoty — I,
mn(al,az)_(ll,n,ZZ,n) and (qn,snn—ln_[’n,sn’ 0)-

1371%%) _ZZ,n

(7-4)

(7-5)

(7-6)

(7-7)
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By (7-3) and (7-5), U C B3, (0,0). Corollary 6.2 implies
M—1

D v+ jon.y + jaa) = MIU|| < 4mnga s,
Jj=0

for a.e. (x, y). Thus as long as M > 4|m,qn s, |/|U|, we have UjMzgl U —(jai, jas) covers the whole T2
up to a measure zero set. Then

4|mnqn,sn |

7-8
U] (7-8)

M-1
T> < | J Bore(—jor.—joz) for M >
j=0

Now we want to estimate |U|. Since ap € DC(cy, 7), by (2-9) we have

mupoty — 1, c1 1

3

|U| = |mpaz — 120l |gn, —Pnsu| 2T A
" T s — Ly T T mal® 2qn s, +1

Thus by (7-4) and (7-7),

4|mn|Qn,sn < i

N T

1+t —3¢4
|ml’l| qn,spqn,sp+1 = CCo,C],trk .

This means it takes By, (0,0) at most Co, 0, c7; 3% Steps to cover the whole T2.

Proof of Lemma 7.2. We will show it is impossible to have gy s, +1 > rk_ZT4 foralln € {ng,np+1,n;+2}.
In this case by (2-7), (2-12) and (7-2), we have

mpy _ll,n
|Qn,snmnal — Pn,s,Mn02 + M| = |mpos — lZ,nl ‘n,sy 7 — Pn,sy
no2 _12,n
2 2 4
T+1
< <r (7-9)
k E)
v TT \Y, |mn+1|qnssn

Where Mn == pn,snlz,n - qn,snll,n.
We have the following estimates on the upper bounds of p, s, and M;,. Combining (2-9), (7-2), (7-4),
(7-6) with (7-7),

1 2 mpl*
n < An,su |Mn| n r,f
qn,sp+1 cl\/?,/|mn+1|
By (7-9), (7-2), (7-7), (7-4) and (7-10),

mpy _ll,n

4 3
| Prsnl < Gn.s, < Cepererit 2 (7-10)

mpdz _12,n

2 4 _ -3
My | < |qn,s,Mn1 — Pn,s,Mn2| + ”kt < Ceyc1,eTy T (7-11)

Case 1: If py 5, = 0 for some n € {ng,ng + 1, ng + 2}, then by (2-7), (2-12) and (7-1), (2-9),(7-2), (7-7),
we have

2t 1 mpay — 1 n . a V7 Imu1l

3
2 /241
e = =

> CC(),C],‘E k s

4n,s, =
dn,s,+1 mna2_l2,n 2m}

which is a contradiction.
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Case 2: If M,, = 0 for some n € {ny,n; + 1,n; + 2}, then by (7-9), (7-2), (7-10), and the fact that
(o1, 2) € PDC(cy, T), we have

c1|my| ‘2
T = CCOaclaTr]: / ’
max (Pn,s,,» dn,sy,)

4
r;fr > |mul|gn,s, %1 — Pn,s, 2] >

again a contradiction.
Case 3: If pp 5, 70 and M, #0 for any n € {ng,ny +1,nx +2}, thenforany i, j € {ng,nx +1,nx +2},
we have
|(gi,s;miMj —qj,s,m; Mi)ay — (pis;mi Mj — pjs.mj M;)as|

< (qi,s;mioy — pis;mica + Mi) M| +|(qj,s;mjoy — pjs;mjon + Mj)M;]|

4

< (IMi| +[M; )t (7-12)
Case 3.1: (qi,s;mi Mj—qj.s;mjM;, pis;miMj—pjs.m;M;)#(0,0) forsomei, j € {ng,ng+1,ng+2}.
In this case let & = ged(gis;miM; —qj,s,mjM;, pis;miM;— pjs.mjM;) be the greatest common
divisor of the two numbers if they are both nonzero, and & = 1 otherwise. Then by (7-12),

qi,s;miMj —q;.s;mj M, PisimiMj — pj.s;m;j M; (Mi|+ M| 5.4
ay — oy < —————r1;" .
h h h
However on one hand by (7-11),
|Ml| =+ |MJ 43

| 2t 27 2t~
A rgs S(Mil+ MDDt = Cegereril”

On the other hand, by the fact that (1, @2) € PDC(cy, 7) and (7-2), (7-7), (7-10), (7-11),
Gi,simiMj —qj.s;mj M PisimiM; — pjs;mjM;
h - h

a2

Clhr
>
[(qi,s;mi Mj —qj,s;mj Mi, pis;miMj — pjs;mjM;)[®

7t4/4
> CC(),C[,‘Erk >

a contradiction.
Case 3.2: Forany i, j € {ng,n; + 1,n; + 2}
qi.simiMj = qjs;mjM;,

Di,s;mi M :pj,sjij,‘.

Then for n = ng,
pn,Sn _ pn+19sn+l _ pn+2,sn+2

qn,sy dn+1,5541 qn+2,s142

Hence we can let p = pp.s, = Pn+1,sp11 = Pn+2.5p42 A0 ¢ = qn.s, = Gn+1,5,41 = 9n+2,5,4-- Lhen
we have (after plugging in M, = ql1,, — pl2,n)

qmulynr1 —mu+1l1,n) = p(Mpla pt1 —mpy1l2.n), (7-13)
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q(Muplint2 —mni2l1,n) = p(mpla ny2 —mui2la 5), (7-14)
q(Mmpt1lin+2 —Mpt2li,n+1) = p(Mnt1l2n42 —Mpy2l2 n1). (7-15)
Then considering (7-13) - (—/1,n+2) + (7-14) - l1 p41 + (7-15) - (=1 ,n), we get
Mp,  lin,  lang

P Mu+1 ling+1 lng+1|=¢q-0=0,
Mu+2 ling+2 [20+2

a contradiction with the choice of ny. O

Case B: (a1, a2) ¢ PDC(7). By the definition of PDC(t), the sequence En = (h1,n, h2,,) for which (7-1)
fails has to satisty either gcd (h1,,, h2,,) = 1 (Case B.1) or hy ,ha , =0 (Case B.2).

Case B.1: We can find a sequence {n;} such that |ﬁnj| = max (|h1,n;],|h2,n;]) — 00 as j — oo,
ged (h,n;,hon;) = 1 and
1
A1 01 +hopen|T < —=
njl
Without loss of generality, we can assume |hy ;| = |l;nj |. In this case we can take r,; = 1/[h1 5, .

For simplicity we will denote n; by n.

Now that ||hy po1 + Ao ozt < 1/|h1,4|%, we can find [y 4,2, € Z such that |h ,(21 —11,0) +
ha n(oa—12 )| <1/|h1,,|". Since replacing (o1, a2) with (21 +11 5, o2 +12,,) does not change anything,
we will assume |hy 01 + ho pa2| < 1/]h1,,|". Then

%_(_hlﬂ)‘ <! (7-16)

o1 ha.n |hipn|Tor

We consider the following two lines on T?2:

1&:):({:},{2‘{—?}) and b(z):({z},{—Zl’Zr}).

These two lines are close to each other in the sense that for || < |h1, |3’/ 4 by (7-16),

‘{052 } % hl,n } hin |t| 1
e G
o ha

(4%
=4+l < < :

a1 hap \hinlar = |hya|®/ 4y
The graph of [5(t) is the hypotenuse of a right triangle with two legs of lengths |h1 | and |3 5| (mod Z?).
We consider the orbit of (1, —(h1,,/h2,n)o1) under the rotation (o1, —(h1,,/ h2,n)o1). These points lie
on [,(¢). Under this rotation the point moves a distance (v hin + h%,n/lh%n |)a1 at each step by a big
interval with length v/ hin + h%,n. Let {pm/qm};,—, be the continued fraction approximants of oty /h2 .

Choose m such that
gm—1 < | VI3, +h3 0 < dm. (7-17)

Then it would take a point on T at most ¢, + ¢m—1 steps (under the (o1 / h2 ,)-rotation) to enter each
interval of length 1/(|h1,,|V h%’n + h%’n) on T, see, e.g., [Jitomirskaya and Last 2000], which means it

T
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would take a point on /5 (¢) at most ¢, + gm—1 — 1 steps (under the (v/ hin + h%,na1/|h2,n |)-rotation)
to enter each interval of length 1/|h1 ,| = r, on the graph of /(). Moreover, it is easy to see that the
distance from any x € T2 to /5(¢) is bounded by l/vhin + h%’n < ry. Thus

7’c |J B, (kozl, - kozl). (7-18)
k=0 han

By (2-7) and (7-16),

oy o o] o 1 dm—1
-1+ qm-1 = -1—qm-17—+ _1( + )'§—+—_.
pm m hl,n pm m h2,n m h2,n hl,n qdm |h1,n|t 1
This implies, by (2-7) and (7-17),
ha
lgm—101llT < |gm—101 —h2npm—1] < M
qdm
|h1 n| 2
lgm—102|lt < —— + .
" dm |hl,n|r_4

Then by the fact that « € WDC(cg, t/4) and (7-17),

(Ul Val 2
dm ' dm |h1,n|r_4

Co > Co
g/, T2l

> max (|[gm—121lT, [gm-—122]T) >

This implies
21’/4-1-2

Gm + Gm—1 < 2qm < |y |72F1 (7-19)

co
Since
21/4+2

0 < k < |h1,n|r/2+1 < rn—3‘c/4’

co

by (7-16) the points (kay, kaz) and (kay, —(h1,n/ h2.n)ka) differ at most by r,f/4, so we obtain using
(7-18) and (7-19),

—3t/4
n

T2 |J Bar, (ko kas).
k=0

Case B.2: We can find a sequence {n; } such that 5 ,;, =0 and |h} 5, | — oo such that

1h1n;0nllT < T (7-20)
N

For simplicity we will replace n; with n. We can find M, such that |hy ,01 — My| < 1/|h1,|". Let
dy = ged(hy,n, My) be the greatest common divisor. Let Ay, = hy ,/d, and 1\7[n = M, /d,. We have
1

< e —0. (7-21)

o1 —

M,
El,n
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If i 1,n 1s bounded in n, then o1 can be approximated arbitrarily closely by rationals with bounded
denominators, which is impossible. Thus |}; 1,n| = oo. Now take radius r, =1 /|ﬁln| For each
0<i< ﬁl,n — 1 consider {(ic; + kﬁl,nal, iag + kle,naz)}zozo. Let {pm/qm}q—, be the continued
fraction approximants of /11 2. Choose m such that

gm—1 < h1nl =17 < qm. (7-22)

Then it takes any point on T at most ¢, + gm—1 — 1 steps (under the ﬁl,naz—rotation) to enter each
interval of length r,; see, e.g., [Jitomirskaya and Last 2000]. By (2-7),

~ 1
| Pm—1—qm—-1h1na2] < . (7-23)

m

By (7-20), (7-22) and since t > 4, we have

" dm—1 Co
lgm—1h1,n01] < —= < - :
|hinl? (Qm—l|h1,n|)r/4
By the fact that « € WDC(cg, 7/4),

€o

||Qm—1]’~ll,n052” =z — .
(gm—1lh1,a])/*

By (7-23) and (7-22), we have
1 ~
qdm = _CO |h1,n|r/2- (7-24)

Now for 0 <k < gm + gm—1 — 1, by (7-21), (7-20) and (7-24),

- i M C
l'Oll-i-khl’nOll—l~ 1 —Crt/z.

T |h1al? oo

1,n

Since ged (leﬁn, ]\7,,) =1, any interval of length r,, = 1/|ﬁ1,n| contains iMn/ﬁl,n for some 0 <i fﬁl,n—l.

Thus ~
@m~+am—1|h1.nl

T2 C g By, (kay, kay).
k=0

By (7-24), (gm + qm_1)|ﬁl,n| <r, %, so we have

—T

rn
12 ¢ | By, (ker kaz), (7-25)
k=0
completing the proof of Case B.2 and thus of Lemma 3.5. O
Appendix

Proof of Lemma 3.7. For sufficiently small € > 0, fix an integer Hy ~ N/@@=D+1+de) " {efine
g(n) =1/(n(n + 1)) for 1 <n < Hy and g(Ho) = 1/Hy. For (n1,...,ng) € 7% with 1 < n; < Hy,
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)

define f(ny,...,ng) = ]_[l‘-i:lg(ni). By Lemma 2.5, we have

1
Dy(0) <Cy (_+ - Z 2mi(ha)n
0<|h|<Ho r(h)IN

~ (1 1 1 1
< — + = NN
- d(Ho N 0<|£H0 r(h) ||(h,01)||v)
~ (1 1 & !
gty X S 2 ”(h—)
Ny = ﬁ:(hl,...,hd)#a,lhﬂfnj e)lir
~ . . Ho 34 r(n) _>
< d(_+— S fnng) Z )
0 N ni,.e.ng=1
(1 1 &
< d(—+— 3 f(nl,...,nd)r(ﬁ)flogr(ﬁ))
0 N Alyesg=1
_ 1 Hod(r—l-i-e)
=Cq (Fo + T)
< N~V d@E=D+1+de) O
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TWO-DIMENSIONAL GRAVITY WATER WAVES
WITH CONSTANT VORTICITY
I: CUBIC LIFESPAN

MIHAELA IFRIM AND DANIEL TATARU

This article is concerned with the incompressible, infinite-depth water wave equation in two space
dimensions, with gravity and constant vorticity but with no surface tension. We consider this problem
expressed in position-velocity potential holomorphic coordinates, and prove local well-posedness for
large data, as well as cubic lifespan bounds for small-data solutions.
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1. Introduction

The motion of water in contact with air is well described by the incompressible Euler equations in the
fluid domain, combined with two boundary conditions on the free surface, i.e., the interface with air. In
special, but still physically relevant cases, the equations of motion can be viewed as evolution equations
for the free surface. These equations are commonly referred to as the water wave equations. Most notably,
this is the case for irrotational flows. However, in two space dimensions there is a natural extension of
these equations to flows with constant vorticity.

In previous work [Hunter, Ifrim and Tataru 2016; Ifrim and Tataru 2016] we have considered the
local and long-time behavior for the irrotational gravity wave equations with infinite depth in two space
dimensions. In this article we take a first step toward understanding the more difficult question of the
long-time behavior of gravity waves with infinite depth and constant vorticity, either in R x R or in the
periodic case R x T. We begin by establishing a local well-posedness result. Then we consider the
lifespan of small-data solutions, where, like in the zero vorticity case [Hunter, Ifrim and Tataru 2016],

M. Ifrim was supported by the Simons Foundation. D. Tataru was partially supported by the NSF grant DMS-1266182 as well as
by a Simons Investigator Grant from the Simons Foundation.
MSC2010: primary 35Q35; secondary 42B37, 76B15.
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we are able to prove cubic lifespan bounds. To the best of our knowledge, this is the first long-time
well-posedness result for this problem.

We remark that it is of further interest to consider small localized data, and establish an almost global
in time result, as it was done in the irrotational case in [Hunter, Ifrim and Tataru 2016], improving an
earlier result of [Wu 2009]. However, in the constant vorticity case this problem presents some interesting
new challenges. We hope to consider this in subsequent work.

The motivation to study the constant vorticity problem comes from multiple sources. On one hand,
from a mathematical perspective, it provides us with the possibility to consider vorticity effects in a
framework where the equations of motion can still be described in terms of the water/air interface, while
allowing for a larger range of dynamic behavior, which is particularly interesting over large time scales.
On the other hand, from a practical perspective, constant vorticity flows are good models for the water
motion in the presence of countercurrents. An interesting example of this type is provided by tidal
effects.

The constant vorticity problem is a subset of the full vorticity problem, and as such, local well-posedness
for regular enough data can be viewed as a consequence of results for the general problem. For this we
refer the reader to [Christodoulou and Lindblad 2000; Lannes 2005; Lindblad 2005; Coutand and Shkoller
2007; Shatah and Zeng 2008; Zhang and Zhang 2008]. There has also been a considerable body of work
devoted to the study of solitary waves in constant vorticity flows. A good source of information in this
direction is provided by several recent articles [Constantin and Varvaruca 2011; Kozlov, Kuznetsov and
Lokharu 2014; Constantin, Kalimeris and Scherzer 2015], as well as the survey article [Strauss 2010].
Various ways of formulating the equations have been described in [Wahlén 2007; Ehrnstrom 2008; Ashton
and Fokas 2011].

The conformal formulation for two-dimensional water waves, which we adopt here, following our
previous work [Hunter, Ifrim and Tataru 2016], originates in early work on traveling waves; see, e.g., [Levi-
Civita 1925]. For the dynamical problem, to the best of our knowledge it first appears in [Ovsjannikov
1974], but was better developed later in [Wu 1997] and also in [Dyachenko, Kuznetsov, Spector and
Zakharov 1996]. It has been widely used since then in order to study a variety of water wave problems.
However, as far as we know, this is the first article where this formulation is fully implemented in the
constant vorticity case.

1A. Equations of motion. The water flow is governed by the incompressible Euler equations in the
fluid domain €2;, with a dynamic and a kinematic boundary condition on the free surface of the fluid I';.
Denoting the fluid velocity by u(z, x, y) = (u(¢, x, y), v(t, x, y)), and the pressure by p(z, x, y), the
equations of motion are the equation of mass conservation

uy+v,=0 1in Q(1), (1-1)
and Euler’s equations also in €2 (¢)

{M[ +uuy + VUy = —Px,

(1-2)
vy +uvy +vvy = —py — g,
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where g is the gravitational constant. The boundary conditions for capillary-gravity waves are the dynamic
boundary condition

p=po onl(r), (1-3)

po being the constant atmospheric pressure, and the kinematic boundary condition, which asserts that the
free boundary I'(¢) is transported along the flow. Since we are in the two-dimensional case, the vorticity
will also be transported along the flow. This makes it possible to study flows with a nonzero constant
vorticity field,

w=uy,— vy =—c, wherec isa constant.
Then the velocity field u can be represented as

u=(cy+eox ¢y,

where ¢(z, x, y) is called the (generalized) velocity potential. Here ¢ it is defined up to an arbitrary
function of time and, by the incompressibility condition, it satisfies the Laplace equation in €2 (¢)

Ap(t, x,y) =0.
This brings us to our boundary condition on the bottom, which asserts that
lim ¢(x,y) =0, uniformly in x.
y——00

Then ¢ is uniquely determined by its values on the free surface I (¢).
Introducing its harmonic conjugate 6(t, x, y),

ox =0y, @y =—0bk,
we can rewrite the equations in (1-2) as a single scalar equation in the fluid domain:
V(g —cb +cypr + 5 (05 +¢7) + gy) =0.

Since ¢ is only defined up to an arbitrary function of time, we can absorb a function of time into ¢. Using
the fact that the pressure is constant on I"(#), we obtain the following analogue of Bernoulli’s equation:

@i —cO+cygx+ 5@l +9p) +gy=0 onT(). (1-4)

This is the equation that makes possible reduction of dimensionality of the problem, in the same manner
as for purely potential flows. This is in combination with the kinematic boundary condition, which is
already restricted to I'(z). We remark that expressing 6 and the full gradient Vo on I'(¢) in terms of the
restriction of ¢ to I'(¢) requires using the Dirichlet-to-Neumann map associated to the fluid domain, and
in turn makes our equations nonlocal.
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1B. The equations in holomorphic coordinates. The first issue we need to address is the choice of
coordinates. Here we take our cue from [Hunter, Ifrim and Tataru 2016], henceforth abbreviated [HIT16],
and work in holomorphic coordinates. There are also other ways of expressing the equations, for instance
in Cartesian coordinates using the Dirichlet-to-Neumann map associated to the water domain; see, e.g.,
[Alazard, Burq and Zuily 2011; 2014]. However, we prefer the holomorphic coordinates due to the simpler
form of the equations; in particular, in these coordinates the Dirichlet-to-Neumann map is diagonalized
and given in terms of the standard Hilbert transform.

We obtain a system which models the time evolution of the free surface, described via a function W
as the graph of the function « — W(«) + «, and that of the holomorphic velocity potential Q = ¢ +i6
restricted to the free surface. The derivation of the equations is relegated to Appendix B, also using some
of the analysis from the Appendix in [HIT16]. Some minor changes are needed for the periodic case;
these are also described in [HIT16, Appendix B]. The outcome of this computation is the following set of

equations: c
W,+(Wa+1)f+i§W=O,
: . 10’7 ¢ (1-5)
Qr—igW+FQu+icQ+ P 7 —l§T1=0,
where J := |1 + W,|% P is the projection onto negative wave numbers
P = %(I —iH), with H the Hilbert transform,
and

-0 w W
F:P[M}, F13=P[ — + ],

J 1+Wa 1+ W,
W0« v_VQa]
1+W, 14+W,]

E::F—i%Fl, T1:=P[

These equations are considered either in R x R or in R x S'. They model an evolution in the space of

functions which admit bounded holomorphic extensions to the lower half-space; equivalently, their Fourier

transform is supported on the negative real line. By a slight abuse, we call such functions holomorphic.
This is a Hamiltonian system, where the Hamiltonian has the form

3
_ C
EW, Q)= mfgwwz(l +We) =100u +cQuAW)* = ZIWPW (1 + Wo)de.  (1-6)
A second conserved quantity is the horizontal momentum,
1 = — — —
P(W. Q)= /{l—.(QWa — QW) = clW P+ S (W2 W + W Wo) | da, (1-7)

which is the Hamiltonian for the group of horizontal translations.

We remark that if ¢ = O then the equations (1-5) are the gravity water wave equations studied in
[HIT16]. The sign of ¢ is not important, as it can be switched via the flip « — —«. For convenience we
assume ¢ > 0. The space-time scaling

(W(t, @), O, @) = AW 2W (O, A2x), A2 0, A%x))
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is a symmetry for gravity waves (thus it leaves g unchanged). Here it changes ¢ — Ac. Finally, the purely
spatial scaling

(W(t, o), O, o)) = W 2W (1, A%x), A3 0(t, A*x))

has the effect of leaving ¢ unaffected, but it changes g — A~'g. Thus one could use scaling considerations
to set both ¢ = 1 and g = 1. However, we choose not to do that, and instead use the coefficients ¢ and g to
keep better track of the expressions arising in our analysis. In this context, it is useful to observe that one
can interpret ¢ /g as an (inverse) semiclassical parameter, so that all energy expressions can be viewed as
homogeneous.

We further remark that the terms involving ¢ are lower-order, though they cannot be viewed as bounded.
Thus, it is natural to expect that the local theory for this problem is not very different from the gravity
waves; indeed, our results in this regard are similar to [HIT16]. However, we will see that the long-time
behavior is quite different in the constant vorticity case.

To further motivate our expectations concerning this system, we note that the linearization of the
system (1-5) around the zero solution is

{wt+qa . (1-8)

q:+icqg—igw =0,

restricted to holomorphic functions (in our terminology, these are functions with negative spectrum). It is
not difficult to see that this is a dispersive equation. Expressed as a second-order equation this becomes

Wy +icw, +igwy =0. (1-9)
From here we can deduce the associated dispersion relation,
> ter+gE=0, &£<0. (1-10)

This is the intersection of a lateral parabola with the left half-space. It has two branches, intersecting the
axisé =0att=0and 7 = —c.
The conserved energy and momentum for (1-8) are, respectively,

5o<w,r>=f|w|2—iqc‘1ada= lw s + g 12,00
1 _ _
Pow.r) = [ Hqua = qim) - cluf’ da

The former motivates the functional setting where we will study the equations (1-5). The system (1-8) is a
well-posed linear evolution in the space H of holomorphic functions endowed with the L2 x H'/2-norm.
To measure higher regularity we will use the spaces 7, endowed with the norm

n
2 ., § : k 2
||(war)||an = ||a(x(w9 r)”LZXHl/Z?
k=0
where n > 1.
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1C. The differentiated equations and diagonalization. As the system (1-5) is fully nonlinear, a standard
procedure is to convert it into a quasilinear system by differentiating it. In the case of gravity waves this
yields a self-contained first-order quasilinear system for (W,, Q). This is no longer true here, precisely
due to the contributions from F; and 7j.

To write the differentiated system, as well as the linearized system later on, we introduce several
notations. First, as in [HIT16], we set

_ Qa yo W
CI+W I+ W

W=W, R

The expression R has an intrinsic meaning; namely it is the complex velocity on the water surface. Y, on
the other hand, is introduced for computational reasons only, in order to avoid rational expressions in
many places in the sequel.

We also need two key auxiliary real functions. The first is b, which we call the advection velocity, and

is given by
o w [ W
b:=b—i<b;, b:=P Qa +P Qa , by=P|—— |-P|——|. (1-11)
2 J J 1+W 1+W
The second is the frequency-shift a, given by
g:=a+%a1, a:=i(P[RR,]— P[RR,]), ai=R+R—N, (1-12)
where
N := P[WR, — WR]+ P[WR, — WR]. (1-13)

The functions a and b are the leading-order coefficients in the linearized equation, and thus fully describe
the quasilinear nature of the problem. The linearized equation is more involved and is described in full
later, but, as a baseline, the reader should keep in mind the linear system

{wt+bwa+% o (1-14)

q: +icg—i(g+a)w=0.

The real function g + a has a physical interpretation as the normal derivative of the pressure on the
interface; this is proved in Appendix A. For more regular irrotational waves (i.e., ¢ = 0) this was proved
by Wu [1997] to be positive; an alternate proof was provided in [HIT16] in the context of holomorphic
coordinates, assuming only scale-invariant regularity (W, R) € #; /2. This positivity, called the Taylor
sign condition [1950], was crucial for the well-posedness of the water wave system, both with gravity
[Wu 1997; Hunter, Ifrim and Tataru 2016] and with surface tension [Ifrim and Tataru 2017].

For the present problem we still need to know that g 4 a is nonnegative, which corresponds with the
normal derivative of the pressure being bounded away from zero. But it is no longer the case that this
comes for free. Thus, we will impose the positivity condition on the normal derivative of the pressure and
solve the equations for as long as this condition holds uniformly. We remark that this is always the case if
we assume that R is small in L°°, which is the case for our small-data result.
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Differentiating with respect to « yields a system for (W, Qy), which turns out to be degenerate
hyperbolic with a double speed b. This is explained in detail in the context of irrotational gravity waves
in [HIT16], and easily carries over here as the highest-order terms in the equations are the same. Then it
is natural to diagonalize it. This is also done exactly as in [HIT16], using the operator

Qo
1+W,

A(w,q) :=(w,q — Rw), R:= (1-15)

Noting that
AWy, Qo) = (W, R), W:=W,,

it follows that the pair (W, R) diagonalizes the differentiated system. Thus, rather than repeating the
more extensive computations in [HIT16], here we directly take advantage of this knowledge to arrive
more efficiently at the differentiated system for the diagonal variables (W, R).

We first introduce b into the equations using the relations

Fep_ B Frebt (1-16)
T a+w VT T we

so that the system (1-5) is written in the form

c —

W, +b(1+ W) +iSW=R+i<W,

2 2
0, +b0y —igW +icO — i%RW = P[|R)?] - i%F[Wﬁ — WRI.

Here the terms on the right are antiholomorphic and disappear when the equations are projected onto the
holomorphic space.

Next we differentiate the equations. For the first equation we need the expression for b, for which we
introduce one last set of quadratic auxiliary functions M, M; and M as follows:

. C
M:=M-itM
12 1s

. Ra + EO{
14w 1+ W
M;:=W —W —b,, = P[WY], — P[WY],.

by = P[RYy — R,Y]+ P[RY, — R, Y], (1-17)

Thus, we can substitute b, with

by = R“_+ Re —iS(W-—W)- M. (1-18)
Few o 1+wW 2 =

For the second equation we switch directly to R, and then b,, is no longer needed in view of the identity

(8 +b3)R = 34(3; +53) O — RO (W; + b(1 + Wo)).
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Taking the above discussion into account, after some straightforward computations, one arrives at the

system L+ W)R
W,+QWQ+M:(1+W)1\_/I+i£W(W—V_V),
1+ W 2

_ (1-19)
gW—-a RWH+RW+N
=iz .
1+W 2 1+W

This governs an evolution in the space of holomorphic functions, and will be used both directly and in its

R, +bRy+icR—i

projected version. Obviously the two forms are algebraically equivalent.

We remark that while the transport coefficient b appears explicitly in these equations, the frequency
shift @ does not. This is due to the fact that the right-hand side of the second equation is still fully
nonlinear in W. To understand better the role played by a one needs either to consider the linearized
equations, which are discussed in Section 3, or to further differentiate (1-19), as in Section 4.

1D. The main results. To describe the lifespan of the solutions we begin with the control norms in
[HIT16], namely
A= Wiz + 1Y [l + 11D12RI oo gooe. (1-20)

B :=|||D|"*W|lgmo + || Ra lIBMO, (1-21)

where | D| represents the multiplier with symbol |&]. In order to estimate lower-order terms introduced in
conjunction with ¢ we also introduce

A_i2 = IDI"*W| L~ + [IRl|z=, (1-22)
A= |[W]lLe~. (1-23)
It is also useful to introduce the notations
B:=B+cA+c*A_ip,
5 (1-24)
A=A+cA_1p+cA_.

Here A is a scale-invariant quantity, while B corresponds to the homogeneous #;-norm of (W, R) and
A_ 2 corresponds to the homogeneous ’f-lo—norm of (W, R). We note that B, and all but the Y -component
of A are controlled by the energy and #;-norm of (W, R).

Now we are ready to state our main results. We begin with the local well-posedness result:

Theorem 1. Let n > 1. The system (1-5) is locally well-posed for initial data (Wy, Qo) with the regularity
(Wo, Qo) € Ho, (W, Ro) € Ty,
and satisfying the pointwise constraints

[W(@)+ 1| >8>0 (nointerface singularities), (1-25)
g+ala) >8>0 (Taylor sign condition). (1-26)

Further, the solution can be continued for as long as A and B remain bounded and the pointwise conditions
above hold uniformly. The same result holds in the periodic setting.
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The well-posedness above should be interpreted in the sense of Hadamard. To be more precise, it
means that there exists some time 7 > 0, depending only on the initial data size and on the constant § in
the above pointwise constraints, so that the following properties hold:

(1) (regular data) For each data (W, Qg), which is as above, but with additional regularity (Wy, Ry) € ’;‘:Ln,
with n > 2, there exists a unique solution (W, Q) in [0, T'], with the property that

W, B)llcro,7:50 S 1(Wo, Ro)llg,, O0<k=n.

(2) (rough data) For each data (Wy, Q) as above there exists a solution (W, Q) in [0, T'], with the
property that

W, Bl cpo. 7100 S 1 (Wou Rl k=0, 1.

Further this solution is the unique limit of regular solutions, and depends continuously on the initial
data.

(3) (weak Lipschitz dependence) The solution (W, Q) has a Lipschitz dependence on the initial data in
the #; topology.

The implicit constants in all the estimates above depend only on the initial data size and on the constant §
in the above pointwise constraints. Further, the last part of the Theorem 1 asserts that in effect these
constants can alternatively be estimated purely in terms of our uniform control parameters A and B, rather
than the full Sobolev norm of the data.

Our second result in this paper is a cubic lifespan bound for the small-data problem:

Theorem 2. Let (W, Q) be a solution for the system (1-5) whose initial data satisfies
1(Wo, Qo) ll5, + I(Wo, Ro)llg, <€ < 1. (1-27)
Then the solution exists for a time T. ~ €2, with bounds
(W, Q)Y Dl + IW, RYD Iy, S €, 1] < Te. (1-28)
Further, higher regularity is also preserved,
(W, YDz, S TW, ROy, ] <Te, (1-29)
whenever the norm on the right is finite.

To the best of our knowledge this is the first nontrivial lifespan bound for solutions to this problem. A
similar result for the zero-vorticity problem was proved in our earlier article [HIT16]. The problem here
is considerably more difficult than the one in [HIT16], both technically and conceptually. At the technical
level, the normal form for the vorticity problem is much more involved, and quite nontrivial to compute
(see the next section). Qualitatively, here we have stronger quadratic interactions at low frequency, which,
unlike in [HIT16], prevent us from obtaining cubic bounds for the linearized equation (and thus, for
differences of solutions).
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We further remark that in [HIT16] we also provide a proof of an almost global result for small localized
data for gravity waves. Our aim is to also provide a similar result in this context. However, the ideas in
[HIT16] do not directly carry over to this case, due first, to the lack of a scaling symmetry, and secondly,
to the lack of cubic estimates for the linearized equation. We hope to be able to address these issues in
subsequent work.

We note that the periodic case is almost identical and is not discussed separately. The only difference
in the analysis is in how the constant functions are treated. This is discussed in detail in the Appendix to
[HIT16], and carries over to the present paper without any change.

1E. Outline of the paper. There are three key steps in our analysis, which eventually provide all the
ingredients which are necessary in order to prove our main results. These are as follows:

(i) The normal-form analysis. The constant vorticity water wave equation has many quadratic interactions,
yet we seek to prove small-data lifespan bounds as if the nonlinearities were cubic. At least formally the
key to this is the normal-form analysis [Shatah 1985], which allows us to replace quadratic nonlinearities
with cubic ones. While the normal-form transformation for gravity waves is quite straightforward, in the
presence of constant vorticity, this is no longer the case.

Indeed, the normal form turns out to be unbounded both at low frequency and at high frequency. This
computation is fairly involved, and is carried out in the next section. Its redeeming feature is that its
outcome is also quite explicit.

The normal form we calculate here is not directly used in any of the estimates we derive later on.
However, it is crucially used in order to construct modified energies with cubic estimates, which is the
base of our quasilinear modified energy method [Hunter, Ifrim, Tataru and Wong 2015; 2016]." Even
though the normal form is badly unbounded, it has enough of a “null structure”, or antisymmetry, so that
the cubic energy corrections it generates are all of bounded type.

(i1) The analysis of the linearized equation in Section 3. This is a critical part of any local well-posedness
result for a quasilinear problem. The derivation of the equations is also interesting, as it clarifies the
quasilinear structure and the roles played by the advection coefficient b, and the frequency shift a.

As for the gravity waves in [HIT16], we are able to prove that the linearized problem is well-posed in
our base space Ho. Further, the bounds we prove are in terms of our control parameters A and B, and not
in terms of the full Sobolev norm of the solution.

Unlike in [HIT16], we are no longer able to prove cubic estimates for the linearized equation. This is
due to the unbounded low-frequency part of the normal-form transformation, which loses its skew-adjoint
structure after linearization. Because of this, we are able to use the bounds for the linearized equation in
the proof of local well-posedness, but only partially in the proof of the cubic lifespan result.

(ii1) The cubic energy estimates in Section 4. Since we already have the conserved Hamiltonian, which
controls the Ho-norm of (W, Q), our task here is to successively provide bounds for (W, R) in the

IFor earlier attempts to adapt normal forms to quasilinear problems we refer the reader to [Wu 2009; Germain and Masmoudi
2014; Ionescu and Pusateri 2015]. Other equally successful approaches are the paradiagonalization method in [Alazard and
Delort 2015], and the flow method of [Hunter and Ifrim 2012].
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Hk spaces for k =0, 1, .... In all cases, we control the evolution of these norms using our pointwise
control parameters A and B.

These bounds come in two flavors: (a) local bounds, which apply for large data, and are needed for the
local well-posedness result, and (b) cubic long-time bounds for small data, which are used for the cubic
lifespan result. The former are obtained largely by differentiating the equation, and then by applying the
bounds for the linearized equation. The latter, however, requires computing cubic energy corrections, and
there, we rely heavily on the normal form.

The crucial step is the one for the #1-norm of (W, R) (i.e., k = 1), as this is the level where we have
our well-posedness result; for this reason, we describe this case in detail. The case k = 0 is simpler since
(W, R) solves the linearized equation, so we already have the local bound. The case k > 2 is discussed
last, without explicitly computing the modified energy.

Once the bounds for the linearized equation and for the differentiated equation are established, the
remaining arguments in the proofs of our main theorems are a fairly straightforward repetition of arguments
in [HIT16]. We outline this in the last section of the paper.

Finally, the Appendix plays two roles. In Appendix B we outline the derivation of the constant-vorticity
gravity wave equation in holomorphic coordinates. Last, but not least, in Appendix A we collect a number
of bilinear Coifman—Meyer and nonlinear Moser-type estimates, some from [HIT16], and prove the ones
which are new in this paper.

2. The normal-form transformation

The nonlinear evolution (1-5) contains quadratic terms, yet for our problem we seek to prove cubic

lifespan bounds, as if the nonlinearity is at least cubic. In this section we consider the question of finding a

normal transformation, whose aim is to replace the original variables (W, Q) with normal-form variables
(W, Q) of the form _

W =W+ PWpn,

{ o @-1)

0 =0+PQp,

where W)») and Qp»; are quadratic forms in (W, Q), so that the normal-form variables satisfy an equation
with only cubic-and-higher terms,

{ﬁ/t 4 éa = cubic and higher, (2-2)

ét — igﬁ; + icé = cubic and higher.
We will indeed show that such a normal-form transformation exists; as it turns out, it is highly unbounded,
both at low and at high frequencies. However, this is expected, and it does not cause any difficulties. This
is because we do not use the normal form directly, but only as a tool to help us construct modified energies
in our quasilinear modified energy method. As it turns, even though the normal-form transformation is
unbounded, it has some favorable structure, so that the modified cubic energies are nevertheless bounded.

2A. The resonance analysis. We begin by examining whether our evolution has quadratic resonant
interactions. Taking into account the possible complex conjugations and the dispersion relation (1-10),
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the quadratic resonant interactions are associated with three pairs of characteristic frequencies (ty, &),
(12, &) and (7, &) so that (tq, &) + (12, &) = (7, £). Combining this with the dispersion relation we
obtain 1:12 + ‘522 = 72, which leads to ;75 = 0. Hence, we either have (t;, £1)=1(0,0) or (1, &) = (0, 0).
Thus, resonant interactions occur only when either one of the inputs or the output is at frequency zero.
In terms of the normal-form transformation, this indicates that at most we will have singularities when
either input is at frequency zero, or the output is at frequency zero. We will see that, due to the form of
the quadratic terms in the equation, the former scenario happens, but the latter does not.

2B. The normal-form computation. We begin with the quadratic and expansion in the equation (1-5),
and then we compute the normal-form transformation which eliminates the quadratic terms from the
equation. Starting with

F~Qy— QuWy+ P[OyWy— QuWyl+ Pl(Qy — Ou) (4IRW,|* — Wy D],
we compute the multilinear expansion

{Wt + Qe =GP+ GO,

2-3
0,—igW+icQ=K® 4+ K6, (2-3)

where the quadratic terms (G, K?) are given by

G = —P[QuWy — QuWo] — i%P[WV_Va + WW,] —|—i§WWa,

K® = —0F ~ PlIQuIP1+i 5 W Qu+i 5 PIWQu— W Q4l.
The role of the normal-form transformation is to eliminate the quadratic terms (G®, K@) from the

equation (2-3). We can divide the quadratic terms above into two classes:

(a) holomorphic, i.e., those which are the product of two holomorphic functions,

(b) mixed, i.e., those which are the (projected) product of one holomorphic function with another’s
conjugate.

Thus, we expect the normal form to have a similar structure,
h h
Wiy =W+ Wy, Opi= 0p+ 0y (2-4)
where, allowing for all possible combinations, the above components must have the form
Wiy = B"(W, W)+ C"(Q, Q)+ D" (W, Q),
Wi = B“(W, W)+ C*(Q. Q) + D*(W, Q) + E“(Q, W),
Ol = F"(W. W)+ H"(Q. Q)+ A"(W. Q).
Q= F“(W. W)+ H(Q. Q)+ A“(W. Q) + G*(Q. W).

(2-5)

All the above expressions are translation-invariant bilinear forms, whose symbols we need to compute.
Our main result is as follows:
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Proposition 2.1. The equation (2-3) admits a normal-form transformation (2-1) as in (2-4)—(2-5), where
the symbols for the bilinear operators in (2-5) are given by (2-12), (2-13), and (2-16).

For later use, i.e., for computing the modified energy cubic corrections, we also translate the symbols
(2-12), (2-13), and (2-16) into the spatial description. Precisely, the holomorphic terms have the form

2 4
h _ . € —1 2 ¢ 1
BYW, W) = —WW +is (WO W+ W2t 5 Wo, W,
2

C"0. Q)= —~— 004
: 172000

3
DM(W, Q) = —~—(WQ +WQq) +i—(WQ+8;'WQa),
2g 4g

(2-6)
3
FUW, W) =i W2+ — W' w,
4 4g ¢
h C
H (Q,Q)=—2—QQa,
8
c? c?
AMW, Q)= —WQu+i——8,'WQq +i—WQ,
28 48
and the antiholomorphic counterparts are given by
W = . L T o 150
B W W)y=—WW—-i—Wo, ' WH+i—|W|-—-—W3o,' W,
W, W) i5g WO Wi (WP = 15w,
_ cz _
a —
(0, Q)——@QQO[,
DIW, D)=~ WO +i WO
) - — l—= .
28 42
_ _ CZ —
G (0, W)=—QaW—i2—Qa3;1W,
8 (2-7)

_ c _ . c3 |5
EY(Q, W)= _gQaW _lrng(xaa_ W,
H(Q, Q)Z—éQQa,

— c2 —
AW, 0)=i—WQ,
4g

FW, W) =i-|W|"——Wa, ' W.
2 4g

We note that while for computational purposes it is convenient to separate the two components of the
normal form, in order to see the antisymmetric structure of the (low frequency) unbounded part, one has
to consider them together; see the computations in Section 4. Toward that goal, we rewrite the quadratic
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normal-form components in the following form:

W2 = (W + W)W, — é[(Q + Q) Wo + (W + W) Q4]

+i£[(8“W—8‘1W)W +W2+1|W|2]—C—2(Q+Q)Q
2g o 2 4g2 o
3 4
. € A 1w _ a—lip € o-lyw _ a—lip
iRl @ QW+ 07 W =0 W0+ 0™ W= W, o

O = —(W + W) Qu = 5 (0 + O)Qu+i § (W2 +2|WP)
2 3
—|—i§—g[(8_lW — 7' W)0u+ L0+ W]+ :—g(a—lw —o ' Ww.

Proof of Proposition 2.1. A priori, computing the normal form, i.e., all symbols of the bilinear expressions
above, might appear quite involved. However, there are several observations which bring this analysis to
a more manageable level:

» The analysis for the holomorphic products, and for the mixed terms is completely separate.

o The system we obtain for the symbols has polynomial coefficients, so the solutions are rational
functions.

» Counting c as one half of a derivative; the problem is homogeneous. Thus, organizing symbols based
on the powers of ¢, each such term will have a specific homogeneity. Further, at each power of ¢, we
will encounter only half the terms, as there is a half-derivative difference between the scaling of W
and that of Q.

e The terms without ¢ are already known from the gravity wave problem [HIT16].
Given the above considerations, the natural strategy is to split the analysis into the holomorphic and the

mixed part, and in each of these cases to successively solve for increasing powers of c¢. The computation
stops at ¢,

(i) Holomorphic terms. Here we seek a normal form for the system

[W,+Qa=i%WWa,

Q,—igW+icQ=—-02 +i§WQa + cubic.
By checking parity, our normal form must be
{W= W+ B"(W, W) +C"(Q, Q) + D" (W, Q),
Q=Q+F"W, W)+ H"(Q, Q)+ AW, Q),

where B" Ch" F" and H" are symmetric bilinear forms with symbols Bh(§ ,n), C k &,n), F h (&,n),
H"(&,n) and A" and D are arbitrary. We compute

W, + Oy = —2B"(Qy, W) +2igC"(W, Q) = 2icC"(Q, Q) — D"(Q4, Q) +igD" (W, W),
—icD"(W, Q) + 8, (F"(W, W)+ H"(Q, Q)+ A"(W, 0)) +i % WW,, + cubic,
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0, —igW+icQ=—2F"(Qy, W) +2igH"(W, Q) —icH"(Q, Q) — A"(Q4., Q) +ig A"(W, W)
—igB"(W, W) —igC"(Q, Q) —igD"(W, Q) +icF"(W, W) - Q?

+i % W Qg + cubic.
We denote the two input frequencies by & and 7, both of which are negative. Then, matching like terms,

we obtain the following linear system for the symbols:
2nB" —2gC" +-¢D" — (£ +n) A" =0,

2cC* + [ED" )yym — E +mH" =0,

$ID ym + & +mF" = —i (& + ),

2Fh —2gH" 4 gD" = % n,

cH" +[§ AMyym +gC" = ik,

glA"ym — gB" + cF" =0,

where “sym” stands for symmetrization. Using the first equation in the system above helps us to determine

the symmetrized symbol of A",

Al [cD" —2gC" +2nBM,

§+n

which implies
1

[AMgym = = [c[D"lsym —28C" + (0 + &) B"],

7 (2-9)

1
[E A" gym = m[c[wh]gym — g +n)C" +2enB"].

The fourth equation provides an expression for the symmetrized symbol of D",
2
D' = —ZyFh yoH" i S,
o g 28
which implies
81D lym = —(& +mF" +2gH" +i 7 (5 +n),
(2-10)

[£ D" gy = —gwh FEH Figen

Using (2-10) in (2-9) gives
h 1 ¢ h h c? h h
[A ]sym=—[——(é+n)F +2cH" +i—(E+n)—2¢C"+(n+&)B }
+nl g 4g 2-11)
1 2¢ 2 i
[EA yym = —[——SnF” +E+ncH" +i——&n—gE +n)C" +26nB"
§+nl g 2g

Thus, we return to the following system
2cCh + [gDh]sym -+ U)Hh =0,

81D Jym + (& +m)F* = —i L (& + ),
cH" + [SAh]Sym +8Ch = —ig,
g[Ah]sym _gBh +CFh =0,
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where we substitute the corresponding values from (2-10), (2-11), and obtain
2cCh — gSth +E+mH" +t—$n E+mH" =
—(E+n)F”+2th+lZ($+n)+(S+n)Fh = —i €+,

4 1 2

cH" + ST[—%%W +(E+n)cH" + ig—gén — gt +n)C" +2§n3h] +oCh = —ig,
1 2

e [CE D 2B i G )~ 26°C 4 (4688 — g B 4 e =0,

SO
2

2cC" — ZgnFh = —i =
eCl—EnF! =iy gn,

h_ _:C
HY = i E ),

=—i
8&+n 25+n 2 4g6+n’
cHh—gCh:—ig—g(S—i—n).

i€ &N ph . N g En S En

The solution is
c? (& +n)? ; tE4n

Bf ==l +m i —i
4g  &n 8g> &n
2
ch= —z—(s +),
(2-12)
h c .C3 §+n
Fh=i% 27
4 8g é&n
c
H"=—i—(&+1).
48
It remains to find A" and D", which we obtain from
2nB" —2gC" +cD" — (£ + ) A" =0,
2nF" —2¢H" + ¢gD" = i%n.
Thus,
c? c?
Al = —in+i—n§’1 i
. & (2-13)
o +'7 .
Dh=i > —<s+ n).
4g% &
(i1) Mixed terms. Here we need a normal form for the system
Wi+ Qo =—P[QuWo — QuWal —i 5 P[WW, + WW,] 4 cubic,
QO —igW+icQ=—P[|Qu* ] +i §P[WQa — W Q4]+ cubic.
The general expression for our normal form is
{W = W+ B“(W, W)+ C“(Q, 0) + D“(W, 0) + E“(Q, W), 214

Q= Q+F (W, W)+ HQ, Q) + A“(W, Q) + G*(Q, W),
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where no symmetry assumption is required. We compute

Wi+ 0o = —B“(Qu, W) — B“(W, Qo) +igC* (W, Q) —igC*(Q, W) — D*(Qu, 0)
—igD*(W, W)+icD“(W, Q) +igE*(W, W)—icE*(Q, W) — E*(Q, Q4)
—P[QuWo— QuWol+d[F*(W, W)+ H*(Q, Q)+ A“(W, Q)+ G“(Q, W)]
—i%P[WV_Va+WWa]+cubic,
0, —igW+icQ=—F"(Qu, W)= F*(W, Qo) +igH" (W, Q) —ig H*(Q, W) — A*(Qu., 0)
—igA“(W, W) +icA“(W, Q) —G*(Q, Qo) +igG* (W, W) —igB*“(W, W)
—igCQ, Q) —igD*(W, Q) —igE“(Q, W)+icF*“(W, W)+icH(Q, Q)
+icAY(W, Q)—P[lQalz]—I—i%P[WQa—WQa]—l-cubic.

Now we denote by & the frequency of the holomorphic input and by 5 the frequency of the conjugated
input (both negative). Matching again like terms, it remains to solve the system

§B*+gC*+cE*— (5§ —nG* = —ién,
nB*4+gC*+ (& —n)A? 4+ cD?* = —ié&n,
ED* —nE* —(§ —nH" =0,

gD —gE —(E—mF* =i5(n—§).
EF*+gH"+ gE* = —i%g,
nF+gH*+2cA* —gD* =i%n,
EAY+gC? —cH* —nG* =ié&n,
gA +gB* —cF* —gG*=0.

(2-15)

To avoid solving an 8 x 8 system we expand the result in terms of powers of c. A homogeneity analysis
shows that B¢, C% G* and A® contain only even powers, while the other four symbols contain only odd
powers. We solve for the coefficients of increasing powers of ¢, noting that at each stage we only need to
solve a 4 x 4 system. The outcome of the first step (i.e., if ¢ = 0) is already known from gravity waves
[HIT16]. The computations are somewhat tedious, but quite elementary. We omit them and only write
the final result:

e = —i S B ) = —i S i gy i it
,n) =—i—§, ) =—l— i— i— —i§,
1 42 1 4g2" 28" 4g
u 3 e a e . . cC
D (5aﬂ)=l_2_l_fa E (S»TI)=1_2‘§77 _l_g’
4g 2g 4g 2g
(2-16)
Ay =i S P =i i
sn_l4g’ ’n_ l4g77 127
; e . N
H (Ssn):_lz_s’ G (S’ 77)21_577 _ZS' |:|
g 2g
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3. The linearized equation

In this section we derive the linearized water wave equations, and prove energy estimates for them. We
recall that for the similar problem in [HIT16] we were able to prove quadratic energy estimates in 7,
which apply for the large-data problem, but also cubic energy estimates for the small-data problem.
By contrast, here we are only able to prove the quadratic energy estimates. This suffices for the local
well-posedness theory, but is not so useful in order to establish improved lifespan bounds. It appears
unlikely that cubic energy estimates hold in 7, for the linearized problem; in any case, we leave this
question open.

3A. Computing the linearization. The solutions for the linearized water wave equation around a profile
(W, Q) are denoted by (w, g). However, it will be more convenient to immediately switch to diagonal
variables (w, r), where

r:=¢q— Rw.

We first recall the equations,

2

Wi+ F(Wo+1)+iSW =0, an
Qi —igW +FQu+icQ+ PIIRP1~i 5T =0, '

where F = F—i%F] with

R R w w
1+W 14+ W 1+4W 1+W

The linearization of R is

], T = P[WR — WR).

go — Rwy _ Fo + Ryw

SR = - ,
1+ W 1+ W

and that of |R|? is
_ R R
SR =n+i, n:=RsR= UatRa)
1+W
The linearizations of F, F| and T} can be expressed in the form

OF = Plm—m], &F =P[m +m], 6T = P[my—ms],

where the auxiliary variables m, m1, m; correspond to differentiating F, F; and 7 with respect to the
holomorphic variables,

goa — Rwy Rw, rq + Row Rw,
+ = + ,
J (1+W)? J (1+W)?

1 w — Wry + WRyw
my = —w — sWa, My =RwW——r—
1+W 1+w) 1+W

m =
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Given all of the above, it follows that the linearized water wave equations take the form
w,—{—fwa—i—(l—l—W)(P[m—nﬂ % Plm +n_11]> +ifw=0,
qr+ Fqq + Qa(P[m —m] _i%P[ml +n‘11]) —igw—i-icq—i—P[n—I—ﬁ]—i%P[mz—n'zz] =0.

Now we transition in both equations from F to the real advection coefficient b using the relations
(1-16). We also move to the right all the terms which we expect to be perturbative. These are terms like
Pm, Pn, Pmy, Pm,, which are lower-order since the differentiated holomorphic variables have to be
lower-frequency. The same applies to their conjugates. Then, our equations are rewritten as

Rw, Ww,
(8t+l_78a)w+[i%w—l—(l—l—W)(m—iEml)———'5 }:go

R w
(0 +bdy)g —igw+icq+ [Qa(m—i£m1) +n—i%m2— 1+q$v —i§1+q;V] = Ko,

where
Go=(1+ W)((Pna + Pm)+i S (P - le)),
Ko = QO,<(Pn_1 + Pm) +i 5 (Piy — le)) +(Pn— Pii) =i § (Piiy + Pm).

Taking advantage of algebraic cancellations in the square brackets above we are left with

1 —
(0 + b)) w + —— (ra + Row +i 5 (W — W)w) = Yo,
1+ W 2

. . R .C .C =
(8 +bdy)g —igw+icq + 1+W(ra+Raw+z§(W—W)w>—zz(R—i-R)w—Eo.

Now we can switch from g to r = ¢ — Rw and obtain a diagonalized system, namely

1 —
@+ bikw + ——— (ra+ Row +1 5 (W = Wyw) = o,
1+W 2

(0 + bdy)r +icr —i(g + %(E — R)+i (9, +baa)R)w = Ko — RGo.

For the expression (d; + bdy) R in the second equation we use (1-19) and compute the coefficient of w as
follows:

gW—a ¢RW+RW+N
1+W 2 1+W
g+a+(/2)(R+R—N)

- 1+ W '

This motivates the definition of g in (1-12). With this notation, we write the final form of the linearized

g—|—%(E—R)—i(at—l—l_?aa)R=g+%(E—R)+cR—

equations as

Ty Ryw

(0 +b0y)w + G(w,r),

1+W 1+ W (3-2)

(0, +bdy)r +icr —i f:v-“’/w =K, r),
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where G(w, r), and K(w, r) are given by

Gw.r)=Gw.n—i5Giw.r. Kw.r)=Kw.r)—igKiw.r),

where
R = (W —W)w
Gw,r)y=1+W)(Pm+ Pm), Gi(w,r)=—1+W)(Pm;—Pm)+ W (3-3)
K(w,r) = Pn— P, Ki(w, r) = Py + Pmo. (3-4)

If ¢ = 0, then these equations coincide with those in [HIT16]. The fact that g 4 a is real and positive is
crucial for the well-posedness of the linearized system.

We remark that while (w, r) are holomorphic, it is not directly obvious that the above evolution
preserves the space of holomorphic states. To remedy this, one can also project the linearized equations
onto the space of holomorphic functions via the projection P. Then we obtain the equations

1 R,
(3z+fmb3a)w+1’|: —rozj|+P|: _w} =PG(w,r),
- 1+W 1+W -
(3-5)
(0; +IMp0)r +icr —1P|: g—:_W i| = PK(w,r).

Since the original set of equations (1-5) is fully holomorphic, it follows that the two sets of equations
(3-2) and (3-5) are algebraically equivalent.

In order to investigate the possibility of cubic linearized energy estimates it is also of interest to separate
the quadratic parts 92 and K2 of G and K. The holomorphic quadratic parts of G and K, which also appear
in [HIT16], are given by

PGP (w,r) = —P[Wiy]+ P[RW,], PK®(w,r)=—P[RF,).

Next we compute the similar decomposition for gf and IC%, since the rest was done in [HIT16]. These
are split into quadratic and cubic-and-higher terms as shown below:

G =02 +6%, K=Kk +L0P,

For the quadratic parts we have the holomorphic components

{ GP (w, r) = PIWw] + P[Wib,] + P[Ww] — P[Ww], (36)

/c§2>(w, r) = P[Wr,] — P[Rw],
and the antiholomorphic components
{ PGP (w,r) = —P[Ww] — P[Ww,]+ P[Ww],
/c?’(w, r) = P[Wr,] — P[Rw].
The cubic terms have the form

G w, r) = —W(Pm; — Pmy) — (PP — PmSD) — ¥ (W — W)w,
K§3+)(w, r)= I_’m§3+) + P _é3+).
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For the purpose of simplifying nonlinear estimates, it is convenient to express gf) and IC?) in a polynomial
fashion. This is done using the variable Y = W /(1 + W). Then we have
Pmy=—P[Yw+ (Y?=2Y + D)Wuw,],
Pm® = P[Q2Y — YH)Wuw,],
PmS™" = P[WYr, — WR,(1—Y)wl.

3B. Quadratic estimates for large data. Our goal here is to study the well-posedness of the system (3-5)
in L2 x H'/2. We begin with a more general version of the system (3-5), namely

1 Ry
—rq |+ P —w | =G,
+ W 1+W

(B, + Dpdo)r +icr — iP[lgj;‘lV w:| =K,

(az + Dﬁbaa)w + P |:1
(3-7)

and define the associated linear energy
2 _ 2 x(r7
B w.n) = [ g+ 0P +307,) de.
R

We note that the positivity of the energy is closely related to the Taylor sign condition (1-26). Therefore,
when a is positive, we have
E) (w, r) x4 Eg(w, 7).
Our first result uses the control parameters A_j/>, A and B defined in (1-22), (1-20), and(1-21),
respectively in order to establish (nearly) cubic bounds for the system (3-7):

Proposition 3.1. The linear equation (3-7) is well-posed in Ho, and the following estimate holds:

%Eﬁ)(w,r)zsz(g + )G —iFyK + IR|w>do+ O4(AB)ELY (w, r). (3-8)
R

We will also need a weighted version of this:

Lemma 3.2. Let f be a real function and (w, r) solutions to (3-7). Then for the difference

[:= %?ﬁ/f((g—l—g)lwlz—ifar)doz—})i/f((g+g)u'1F—ifaG)+(8;+b8a)f((g+g)|w|2—ifar)da
we have the estimate

111 Sa (BN flle + AIDIY fllsmo) [|(w, DI 12 (3-9)
Our main use for the result in Proposition 3.1 is to apply it to the linearized equation (3-5):

Proposition 3.3. The linearized equation (3-5) is well-posed in L? x H'/?, and the following estimate

holds:
d
TER (w,r) Sa (BHcAER w,r). (3-10)
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Proof of Proposition 3.1. A direct computation yields
4 [@ronuPda=m [ c+a06+DMyaw +adl, Plu,da+ [la,+ (g + @byl de.
A similar computation shows that
% / S(rogr) do =23 /(8, + My 0y )r o, 7 da.

Adding the two and using the equations (3-7), the quadratic ) (wry)-term cancels modulo another
commutator term, and we obtain

%El(ii)(w,r) zzm/(g —i—g)sz—ifaKdoz—i—cz/ SRIw|? da +erry, (3-11)
where
2 2 Rﬂl 2
err; = [ [a; + ((§ + @)b)o — c"SR]|w|" do — 20 (g+g)1+v_vlw| da

—25&/@3[?, P](ra+Raw)da—29i/gu_)[P,l_9]wa da.
Using the auxiliary function M in (1-17), we rewrite it as
et = [ @, +baa = 3R (g +0) (1 W = W)+ 1 ) ]’ da
—2mfgu')([1?, Pl(rq + Ryw) + [P, blw,) da.

At this point we need to re-express the error in terms of a, ay, b, by, M, and M;. The terms which do
not have any c-factors were already estimated in [HIT16], so we only need to worry about the remaining
components. There is only one exception: the first term in err;, whose counterpart was estimated separately
in [HIT16], and which we also estimate separately here. Thus, the error we want to bound is composed
of err; (the same as in [HIT16]) and additional terms, which we call erry ;:

err| = erry +erry p,
where err; 1 is further separated into terms
erry | i= errll’1 + err12’1 + f:rrf”1 - erri1 + erri1 + err?’l, (3-12)
which will be estimated separately, and are listed below:
L. 2
erry | 1= /(at + bay)|w|” da,
2 . C . W ~ 2
erry | = 3 /(al,, +bay,—ig(W—W)—=2c3IR)|w|" da,

err; | 1= % /(i(g +a)M; —aiM —ia(W — W))|w|* da,

erry | == 29{/;’%@[1), bilw, da,
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o
erry | 1= 25}{/ S@b{[Y, Plro + Raw) + [P, blwe} dar,

2 —
el’1“16,1 sz/iczalﬂ)(z[lj,bl]wa-i-(Ml —W+Ww)da.

To conclude the proof of (3-8) we want to show that

lerr;| Sa (A+cA_12)(B+cAES (w, r). (3-13)

lin
From [HIT16] we have the bound
lerri| Sa ABEL (w, ),

lin

so it remains to establish (3-13) for each of the err; ; components. The positive constant ¢ has the role of
a scaling parameter; therefore it makes sense to group terms accordingly.

The bound for errll’ |- This follows by Proposition A.3 in Appendix A.
The bound for errlz’ |- This follows by Proposition A.4, which we included in Appendix A.

The bound for err13 |- Here we use the pointwise estimates
2 2
lallLe S A%, llaillLe Sa A-ijp, IMllLe Sa AB, IMillLe Sa A”

The first and the third are from [HIT16], while for the second and fourth we use Lemma A.2 and
Proposition A.4. This yields

lerr? || S c(A2+ ABA_ip+ A>+ AHER (w, r).

lin
The bound for errfﬂl. For the terms in errf’1 we use the pointwise bounds of a and by , (recall that
bio=W-— W — M), which were obtained in [HIT16, Proposition 8.6] and in Lemma A.2, respectively:

lal S A% lbralle S A+ A%
To estimate the commutator in L> we use a Coifman—Meyer bound, see, e.g., Lemma 8.1 in [HIT16]:
1P, bilwallz2 S b1 el llwll 2.
Combining the results above leads to

lerrs || S c(A®+ AHED (w, ).

lin
The bound for errf |- After using the above pointwise bound on a; it remains to estimate the commutators

in L? (as above). The only difficulty here is that we need to move half of a derivative from r, onto Y.
Such estimates were already considered in [HIT16],

1LY, Plrell2 S MDY Mo 7l gies P, blwell 2 < l1bellBMo 1wl 2,

and suffice due to the bounds for b, a; and Y in Lemmas 2.5 and 2.7 in [HIT16], and Proposition A.4.
For the remaining term in errﬁ1 we write [Y, P](Ryw) = [P, P[Y R,]]w and use the Coifman—Meyer
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lemma [1976] (also discussed in Appendix B in [HIT16]) to estimate
IPIPIY Ra]wlllz2 S lwllz2 | PIY Redllsvo S lwliz2 D12 [lemo 1 DI'* R lBmo,

where the bilinear bound in the second step follows after a bilinear Littlewood—Paley decomposition
(again, see [HIT16]). Hence,
lert} 1| Sa cA_1pABE (w, ).
The bound for errﬁ |- Here we use the pointwise bounds on a;, M; and by , along with the Coifman-Meyer
commutator estimate.
This concludes the proof of (3-13). Il

Proof of Lemma 3.2. We rewrite I in the form
I := D+ D;+ D3+ Dy,

where

D1=/f(8,+l_98a)g|w|2doz, D3=/f(ba|w|2—29t<uvp[ R"‘_w]))da,
1+W

Dot [ pPwaide Di= [if(rr| S - e wi| | de

For the first term we use the pointwise bounds in Propositions A.3 and A.4.
For the second term we directly use a Coifman—Meyer estimate to bound the middle factor in L2
For the third term we use the pointwise bound on b1, and then harmlessly replace by by P[R/(1+W)],.
Then it remains to estimate in L? the difference

R R,
1+W1, 1+ W

If w is the low-frequency factor in either term, then we only need its cofactor in BMO and we win. Else

we can drop the first projection, and we are left with estimating the difference

el
P —| — —
1+wWl, 1+W
in L*°, which was done in [HIT16].
Finally, the last term cancels if we drop the projections. Hence we are left with estimating in L? the

expression
Pl |,
1+W
which is done by a Coifman—Meyer estimate. In the first term we bound the expression
[ aw
P
=

in L? and then move a half-derivative on f. Il
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Proof of Proposition 3.3. To estimate the terms involving G and K we separate the quadratic and cubic
parts, but more importantly we group these expressions keeping track of the scaling parameter c. In our
previous paper [HIT16] we have already established the bounds for the components without ¢, namely

IPG (w, Iz + IPED (w, Dl e S BUwI L2 + 1171l g2),
while the cubic-and-higher terms satisfy
IPGED w, )2 + IIPKCT (. 1) e Sa ABUIwII L2 + 7l y172)-
Hence it suffices to estimate the terms with the c-factor, and show that the quadratic terms satisfy

1PGP (w, 1)l 2 + 1P w, m) g2 S AQwllzz + 17 12),s (3-14)

~

while the cubic-and-higher terms satisfy
IPGET (w, )2 + 1P (w, )l e Sa A2l 2 + 171l ). (3-15)

In order to obtain the estimates claimed in (3-14), (3-15) we use the Coifman—Meyer-type commutator
estimates [1976] described in [HIT16, Appendix B, Lemma 8.1],
The bounds for all terms in Pg?)(w, r) are immediate, except for the second, where we use (B.10) in

[HIT16] with s = } and o = 7, to write

1
27
1P, Wlwellz2 S TW Lo llwllz2.

For PIC?)(w, r) we use again (B.10) in [HIT16] with s = 5, and o0 = 5, and conclude that

1 1
2° 2°
I[P, Wirall gz S IDIY2Wlle 7l gz, TP, RI| g1z S DR oe JJwl g2

Thus (3-14) follows.

For the cubic-and-higher parts of G; and KC; we apply the same type of commutator estimates, as well
as the BMO bounds in [Proposition 8.2, HIT16]. Precisely, in g?*) there are three nontrivial terms to be
estimated in L2, namely

Plw,(Y? —2Y)W], WP[w,(Y?=2Y + DW], P[WP[we(Y>—2Y +1)W]].
For the first two we use (B.12) and (B.14) from [HIT16] as follows:
1Pl (V> = 2Y)W1ll 12 S w2 19« PLAY? = 27)Wlemo Sa W llemo 1Y [l 1wl 2.
Similarly, for the remaining terms we have
I P[we (Y —2Y + DW]lz2 Sa IWemollwllz2.

Finally, we estimate the cubic component of IC;; we again use (B.12) and (B.15) from [HIT16], and
obtain

D2 PI7 Y W1ll2 SNl e 18 PIY Willemo Sa 71 iz 1Y L W] 2o,
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and also
DI PLw(1 — Y)ReW1ll 2 S lw(1 = Y) 22 [|D]'/* P[Re W1llBMO
Sa w2 1112 Rllsmo W] Lo
This concludes the proof of (3-15), and thus of the proposition. O

3C. Nearly cubic estimates for small data. Our goal here is to investigate the possibility of obtaining
cubic estimates for the system (3-5) in L? x H'/2 Unlike in [HIT16], this is no longer possible. Instead,
our more limited goal in this section is to identify a main portion of the linearized equation for which
cubic estimates are valid, precisely up to ¢?-terms. This will come in very handy later on in the proof of
cubic estimates for the differentiated equation.

Our model problem this time is the following subset of (3-5):

1 R _ _
(B + Myda)w + P[l " Wra} + P[l o w] — —P[WF, ]+ P[Rig]+G,

(3-16)

(3 + My, )r +icr — iP[lg:ngw] = —P[RF] + K.

In our previous work [HIT16], for the case ¢ = 0, we identified a cubic correction to E (2)(u) r) for
which cubic estimates hold for solutions to the linearized equation, namely

E® w,r) —/(g+a)|w| + 3(rfy) + 23(Rwry) — 2R(Ww?) da.

lin

Our next result asserts that in our case the time derivative of El(m) will be quartic at the leading order, but

will have a cubic terms with a coefficient of ¢Z

Proposition 3.4. Assume that A is small. Then we have the energy equivalence

E® (w, r)NElm (w, 7). (3-17)

11n

Further, the linear equation (3-7) is well-posed in Hy, and the following estimate holds:

lin

+c2¢sR|w| da + OA(A_B>E@<w, r). (3-18)

lin

Applying this to the linearized equation (3-5) we obtain:

Proposition 3.5. The linearized equation (3-5) is well-posed in L* x H'/2, and the following estimate
holds:

d E®

dt Ey, (w r), (3-19)

lin

(w, r)_Z%/c[ngg 2w, r)—ifg PK? (w, r)]—i = R|w| da+04(AB)E?

where PG (w, r), PK\?(w, r) are as in (3-6).
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Proof of Proposition 3.4 . The energy equivalence is immediate due to the estimates in [HIT16] for the
added cubic terms, and the pointwise bounds on ¢ in Lemmas A.3 and A.4

To prove the estimate in (3-18) we compute the time derivative of the cubic component of the energy
El(m)(w r), using the projected equations for w and r and the unprojected equations for R and W

d

T (S/Ewra doz—ER/V_szda) =i‘s/—igV_Vwra—ﬁrara+igﬁwwa+ﬁraG+ﬁwKa da

+s)’tfan2+2era—2Wdea+e_rr2,

w R _ _
— Rry (Embwa —P[ ra] +P[ _w] + P[Wr, —Rwd)}da
1+W 1+W

- _— — —
\ 2 1w W—W _ € _
+§h/{w (@Wa—i— oy Re— AWM +i 5 W(W W))

_ w Rq
+2Wuw <9ﬁbwa—P|:—_ra]+P|: _w} +P[Wfa—Rﬁ)a]>}doz. (3-20)
- 1+W 1+W

We now separate (3-20) into two parts, namely err,, which was already estimated in [HIT16], and err; ;

.C
err) 1= erry +1 §€1T2,1,
where

~  RW+RW+N _ _ _
erry, | ;:3/{(blRa_%)wrﬁkwaﬂ[bm]—m{l a w]—i—RraP[blwa]}da

+$7tf{w[ biWe—A+W)M+WW —W)]|—2WwP[bw,]} de.

We still need to estimate this last error.

(3-21)

Adding err; to (3-18) (but applied to solutions to (3-16)) gives us
—Eﬁ?( r) = Elﬁ)( )+2%{<§/Ewrada—§)t/V_szdoz)}
=20 / (g + @)W{G — P[Wrgl+ P[Rwy]} — iFe{K — P[RFy]} da
R

+c23/ Rlw|?da +err)
R

+2?s/—ingra—Erara+igﬁwwa+ﬁraG+ﬁwKa do

+2§)t/an2+2era—2Wdea+2gr2.
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Rewriting the above expression leads to

—Elﬁ)( r) = lﬁ)( r)+2%{<~3/1§wra da—?R/V_szda)}

=2§H/(g+g)tDG—ifaKda+c2?s/ R|w|? da +err)
R R
+2§R/(g +a)w{P[Rwy] — P[Wryl}+iry P[Rry] da
R
+2S/—ingra—Erara+igkwwa+EraG+EwKada

+ 20 / Row? 4+ 2Wwry —2WwG da + 2err,.
We obtain

thl(li)(w’r):sz[(g+g)w—iﬁara—2V_Vw]G—i[fa—(Ew)a]K da
R

+c23/ R|w|2do¢+2§)%/gzb{P[RzI)a]—P[WFa]}dot+e_rr1 + 2erry;.
R R
We introduce

errs := 2erry — 201 / aiv{ PIWF,] — P[Ri. 1} da,
R

which implies

diEﬁi)(w,r)=2m/[(g+g)a)—i1§ara—2Ww]G—i[f—(Ew)]aK doz—l—cz?s/ R|w|* da+err| +errs.
R R

Given the bound (3-13) for err;, the proof of (3-18) is concluded if we show that
lerrs| S ABEy) (w, 7). (3-22)

lin

Due to the pointwise bound for a, proved in Appendix A, and the Coifman—Meyer-type L2-bound for
P[Wry] — P[Rw,] from [HIT16], it suffices to estimate errp, which in turn reduces to estimating err i,
lerr,1| S ABE) (w, r).

For the remainder of the proof we separately estimate several types of terms in erry 1:
Terms involving by. Here, we use the bounds for »; from Lemma A.2:
Ib1alle S A+A% IDI'2blLe S Acijp+ AipA.

We first collect all the terms that are contained in the first integral of errp 1, and which include b;:
I = / biRywry + Rwd, P[b1ry] + Rry P[biw,] da.
R

After integrating by parts, we cancel two of the terms in /; and obtain

Lh=hL+1,
where

b ::/anl_’[blra]doz and I3 ::/EraP[blwa]—EwaP[blra]da.
R R
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The bounds for I, follow easily because it has a commutator structure:
L= / RywP[biryldo = / P[R,w]P[biry]do = / [P, w]lRy - [P, bilry da,
R R R

where we can estimate both factors in L? using Coifman-Meyer estimates,

I[P, wIR 2> S w2 IRellBMo, 1P, bilrall 2 S 1D 26y IBMo 171l 12

The bound for I3 follows from Lemma 8.9 in Appendix B of [HIT16].
We next collect all the terms that are contained in the second integral appearing in the expression of
erry 1, and which include b;:

I = /R —b1Wow? —2Ww P[bywe] da.
As before, we integrate by parts and rewrite the expression for /4 as
Iy = /Rbl,aWwZ +2b;Wwwy —2WwP[bjwy]da = /Rbl,aV_sz +2WwP[bywy]da.
The first integral on the right-hand side is easy to bound since we know that by , is in L*°:

2
S lbralie [Wilze lwllg..

f bLasz do
R

For the last integral in /4 we use the Coifman—Meyer-type estimate (established first in [HIT16]) to obtain

D 2
S IWliLe lwliz2 ILP, bilwallz2 S 161allze [WilLes lwll;2.

/ 2WwP[bjwy]da
R

Thus,
2
4] S Nbrallze WL [lwll;-

Quadrilinear terms bounded via L*-L? pairing. Some of the remaining terms in err, | have straightforward
bounds:

|17 =

f(l +WH)M w’ da
R

Sa 1+ A A% w3,

. 2 2
[1g] := Sa ATllwllgs,

/ W(W — W)w?da
R

but others require a little bit of work. This includes the following expressions:

RW+RW+N
Is = — wry dao,

R 1+ W

—_ a] J—
Is:= | Rwd,P da=— | 9,P[Rw]P[a;(1 —Y)w]da.
6 /Rwa[H_Ww}a /Ra[w] [a( wlda

To obtain the bound for /g we use the Cauchy—Schwarz inequality and Lemma 2.1 from [HIT16]

16 S 18 PLRw]II 2 [| Plar (1 = V)w]ll 2 S I RallBmo llar o (14 11Y ) 1wl
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Finally, the bound for /s is also a consequence of commutator estimates; to see this we rewrite it as

_ RW+RW+N

I5 :=/fwrada=/P[fro,]wda, where [ := + _+ .

R R 1+W
Thus,
15| = /F[fra]wda SIP, flrall lwllz2 S DM Fllgmo 17l g Twll g2,
R
where
11D fllemo S AB. O

Proof of Proposition 3.5 . To prove the bound in (3-19) it suffices to apply the estimate in (3-18) with
G=PG, K=PK.

In fact, we only have to resume our work in finding the new terms introduced by the vorticity assumption,
which are the components carrying the ¢ when expanding the right-hand side of (3-5), PG, and PK;:

g=g—i§g1, &=/C—i§/c1.

The terms we want to single out are the c-cubic terms appearing in the cubic part of the energy E3(w), r),
(3-8).
For this we need to recall the quadratic components of PG, and P,

PGP (w, r) = PIWw]+ P[Wib,] + P[Ww] — P[Ww],
PK® (w, r) = PIWF,] - P[RW],

and the antiholomorphic components (which will not matter in this computation since we work with the
projected equations)
PGY w,r) = —P[Wwl - P[Ww,]+ P[Wuwl,

PKP (w,r) = P[Wry] — P[Rw).
Thus, we need to bound the terms
/gwpgfz)(w,r)da, ffapic?)(w,r)da, /CZSR|w|2da.
R R R

These bounds are all obtained using Lemma 2.1 in [HIT16], for example, for the first integral we obtain

2
S Allwlize.

/ gw{[P,W]w+[P, W]wy — [P, W]w} du
R

For the second integral we need to move half of a derivative off of ry:

2
S Blirllge + Allrl giallwll e

/ ro{[P, W]ry — [P, R]lw}da
R

/R|w|2da
R

The last one, is trivial

SAoiplwli.. O
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4. Higher-order energy estimates

The main goal of this section is to prove energy bounds for the differentiated equations. These are the
main ingredient for the lifespan part of Theorem 1, as well as for the cubic result in Theorem 2. Precisely,
we will establish two types of energy bounds for (W, R) and their higher derivatives. The first one is a
quadratic bound which applies independently of the size of the initial data; this yields the last part of
Theorem 1. The cubic energy bound applies in the small-data case, and yields the cubic lifespan bound in
our small-data result in Theorem 2. The large-data result is as follows:

Proposition 4.1. For any n > 0 there exists an energy functional E™? with the following properties
whenever the conditions (1-25) and (1-26) hold uniformly:

(1) Norm equivalence:
E™®(W, R) ~4 ("W, 3"R).

(i) Quadratic energy estimates for solutions to (1-19):

%E"’(z)(W, R) <a BE(3"W, 3"R). (4-1)

The small-data result is as follows:

Proposition 4.2. For any n > 0 there exists an energy functional E™® which has the following properties
aslong as A < 1:

(1) Norm equivalence:
E™® (W, R) = (14 O(A)E "W, 3"R) + O(c*A) (0" 'W, 3" 'R).

(i1) Cubic energy estimates:

%E"’G)(W, R) Sa BA(S(3"W, 9" R) +c*& (0"~ 'W, 9" ' R)). (4-2)

Here if n = 0 then (3~ 'W, 3~ R) is naturally replaced by E(W, Q).

The case n = 0 of Proposition 4.1 corresponds to Ho-bounds for (W,, R). But these functions solve
the linearized equation, so the desired bounds are a consequence of Proposition 3.1. Hence, we will begin
with the proof of the cubic bounds for the n = 0 case.

Next, we compute the differentiated equations, first for n = 1 and then for n > 2, and show that, up to
a certain class of bounded errors, suitable modifications of (W), R™) solve a linear system which is
quite similar to the linearized equation. There are two reasons why we separate the case n = 1. First,
this corresponds to Ho-bounds for (W,, R,), which play a special role as it is our threshold for local
well-posedness. Secondly, there is a subtle difference in the choice of the modifications alluded to above,
due to the fact that certain terms which are different for n > 2 coincide at n = 1.

At this point, the bounds for the linearized equation already yield the large-data result. What remains
is to establish the cubic small-data result, which is where we implement our quasilinear modified energy
method, using the normal form calculated in Section 2.
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As part of the argument we need to express various nonlinear expressions in terms of their homogeneous
expansions. To describe the decomposition of a nonlinear analytic expression F into homogeneous
components we will use the notation A¥F to denote the component of F of homogeneity k. We similarly
introduce the operators A=* and A=*. We carefully note that all of our multilinear expansions are with
respect to the diagonal variables W and R, and not with respect to (W, Q).

Compared to [HIT16] here we lack scaling, but we can still introduce a notion of order of a multilinear
expression. We begin with single terms, for which we assign orders as follows:

e The order of W® is k — 1.
e The order of R® is k — %
e The order of c is %

For a multilinear form involving products of such terms we define the total order as the sum of the orders
of all factors.

While not all expressions arising in the (W(”>, R(”)) are multilinear in (W, R), they can be still viewed
as multilinear in (W, R) and undifferentiated Y. Since Y scales like W, it is natural to assign to it the
homogeneity zero. According to this definition, all terms in the W V-equation have order n + %, and all
terms in the R-equation have order n. Moving on to integral multilinear forms, all n-th energies have
order 2n, and their time derivatives have order 2n + %

A second useful bookkeeping device will be needed when we deal with integral multilinear forms.
There it makes a difference how derivatives and also complex conjugations are distributed among factors.
To account for this we define the leading order of a multilinear form to be the largest sum of the orders
of two factors with opposite conjugations. Since we only allow nonnegative orders, for the n-th order
energy this is at most 2n. According to our definition, all the terms in our n-th order energy will have
order 2n, and all terms in its time derivative will have order 2n + % We remark that the half-integers in
the definition of the orders impose a parity constraint in the terms associated to each power of c.

If all factors in a multilinear form have nonnegative orders, this imposes a constraint on the order of
each factor. Unfortunately this does not appear to be the case here, as our multilinear forms will also
contain factors of W and R, which have negative order. This is quite inconvenient. Fortunately, there is a
simple way to avoid negative orders altogether. Precisely, we will never consider such factors alone, but
in combination with ¢; thus, the allowed factors will be ¢R and c2W, both of which have order 0. We
carefully note last remark applies only partially in the special case n = 0.

4A. The case n =0. The goal of this subsection is to obtain cubic energy estimates in H, for the system
for diagonal variables (W, R). For convenience we recall the system here:
1+ W)R
WI+QW(X+¥ =g07
1+W -

R, +bR,+icR ;8 4 _
iCR—i——— =
P I+w -

. — ¢ RWH+RW+N
=(1 M+is - —ic .
Go (+W)_+12W(W W), Ko i5 W

05
where
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We want to be able to apply the quadratic and cubic bounds for the “modified” model (3-16), respectively.
For that, we rewrite the above systems as

R R _ _
W+ bW + ——=+ —=W = —P[R,W]+ P[RW]+ Go,
1+W 1+W “43)
: (g+a)W =
Rt+]_?Ra+lCR—lg1W:—P[RRa]+KO,

where, the expressions for Gy and K, for the purpose of this section, are
Go:= W(P[RW4] — P[R,W)) +i%(1 +W)M, +i§W(W )
+(14+W){P[RYy — R,Y]— P[R3,(WY)]+ P[R,WY]},
Ko:= P[RR, —i %N.
In (4-3) we have identified the leading part of the equation. We want to interpret the terms (G, Ko) on

the right as mostly perturbative, but also pay attention to the holomorphic quadratic part, given by

PGP =i (PIWTl,+ W2~ PIWW]), PK{ =i& PIWR, ~ WRI, @4

<
2

Precisely, we first claim that the quadratic and cubic parts of (G, K¢) satisfy the bounds

G, KP4y, Sa BN, (4-5)
IGS, KS) g, Sa ABNo, (4-6)

respectively, where
NO = ||(Wa R)”Lz)([—.]]/z‘

The bounds for the components of M; and N are discussed in Lemma A.2. The W prefactors in G are
harmless, as they are bounded by A in L°°. For the remaining terms it suffices to use Coifman—-Meyer-type
estimates discussed in Appendix A. For instance we have

IPIRW 12 SIP, RIWoll 2 S IIDIY2Wllsmo IR 12 Sa BN,
and all other terms in G are similar. Finally, for the first term in K¢ we have
IPIRR I g2 S NIDIM* Rl 21| Ry llBMo S BNo.

We are now ready to look at the cubic energies. We start by constructing the cubic normal-form energy
by selecting the quadratic and cubic terms from the corresponding linear energy for the normal-form
variables. Precisely, we have

Eo(Wa, Ou) = Eo(W, Qq) +2 / RW e W — 23 Q0080 01 dar + quartic.
R

In the first term we substitute @, = R(1 + W). In the integral we use the expressions (2-8), integrate
by parts to eliminate the ~' W- and Q-factors, and then replace Q, with R. Separating the outcome of



936 MIHAELA IFRIM AND DANIEL TATARU

these computations into a leading part and a lower-order part, we write it in the form

(3)

Eg = El(\131~2,high + ENE low
where
ERpigh(W. R) := /R(g +eRR)|W|? +I(RRy) + 23(RW Ry) — 2R(WW?) da,
and
Ep 10w (W, R) i=—c /R 2RR{W|* — I(ReR)} — WW R, + W?R da

2

—C—/ SSW(W = S(RyR)} — AWW2 — LW R? dot
g8 JR
33

_ 3¢t
——;s/ RWWda—im/ WIW? da.
28 Jr 2¢ Jr

For the leading-order part EI(\?; high (W R) we consider the appropriate quasilinear correction

Eq (W, R) = f (g +a)|W> +3(RRy) +23(RW Ry) — 2R (WW?) da,
R

and the remainder E;F 1ow (W, R) remains unchanged. Hence, we define the quasilinear cubic energy
0,3) . 13 3
E*® = Efion + ENE 1ow

It remains to show that this energy has all the right properties in Proposition 4.2.
We begin with the energy equivalence. For the leading part this has already been done in the context
of the linearized equation (see Proposition 3.4),

ESL(W. R)~ (1+ O(A)NED (W, R).
So it remains to show that

ES o (W, R)~ O(A)(E(W, R)+c*E(W, 0)).

The bound is straightforward for all terms not containing R,. So we now consider those. For the first one

/Ra|R|2doc
R

which suffices. For the next term we have

we have

SRl gz MDA RRR) 12 SIRNF 2 IRl S A12NG,

SR gz NP PIWWI 2 S IR g2 1D W llemo 1W 2 S Ao NG

fRaWWda
R

Finally,

IReRW |2 SR g2 NIDI2RW) 12 S (D2 RlsMo 1W N2 + IRz 1D AW 12) IR 12
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Now we consider the time derivative of modified quasilinear energy E%® in order to prove the bound
(4-2). By construction we know that

A= L g0
dt

We note that this is an algebraic property which follows from the normal-form-based construction even
though the normal form itself is unbounded. Therefore it remains to estimate

>4d .3 >4d .3 >4d .3
A= %E = A= EENF,high + A= EENF,IOW'
Due to (4-5) and (4-6) the estimate for the first term on the right-hand side follows directly from the
bound (3-18) in Proposition 3.4 for the leading part of the linearized equation. Hence, it remains to
consider the last term.
EgFJOW(W, R) is a trilinear form of order zero and leading order zero. We compute its time derivative

using the relation

%/f1fzf3dot=/(3z+123a)f1fzf3+f1(8t+/_93a)fzf3+f1fz(3t+b3a)f3—lzaflfzf3d0t- (4-7)

Then its time derivative will be a multilinear form of order %, and also of leading order % By inspection,
we see that in this time derivative we can associate each W with a ¢2-factor and each R with a c-factor,
so that all each of the factors in all of the multilinear monomials have degree at least zero. Then, each
multilinear monomial in A=* (% EI%IF low) contains exactly one factor of order %, and the rest are all factors
of order zero. The factor of order % can be either R, or ¢, and the factors of order zero could be W, Y,

c2W, or cR. We have two cases to consider:

(a) If the factor of order % is ¢, then we simply bound two of the remaining factors in L? and the others
in L

(b) If the factor of order % is Ry, then we use the H'/2-bound for R, and we are left with estimating

an expression of the form ID|'2(fi--- fi), where k > 3, and each f; has order zero. For this we use
Lemma A.1 to estimate

[+

I#j

’

L2

DI flle S D DI £l
J

and conclude as above.

4B. The differentiated equations for n = 1. We begin by differentiating (1-19) in order to obtain a
system for (W, Ry):

1+W)R _ _ _

Wat‘f‘b“’aa‘*’%=(M—@a)WO,—F(l+W)(RaYa+Ma)+l%[W(W—W)]a,
. [ (g+a)Wy Ay _ . C W(R+R)+N

Rat+bRaa+lCRa_l( (1+W)2 - 1+ W —_L)aRa'i‘lE 1+—W a-

We can expand the last term in the second equation, putting together all terms which involve W,. The
reason for this is that the W,-terms will be unbounded in a suitable sense, and need to be treated as part
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of the leading-order linear operator. This will lead us to the coefficient a;, which will be moved to the
left, completing the coupling coefficient a to a. We have

WR+R)+N W, _ W(Ry + Ro) + N,
RERENY W gy yyy W R N
1+W o« (d+W) 1+W
. a1 Wy W(Ra+ka)+Na
T (14 W)2 1+ W '
Then our system becomes
1+W)R _ ) _
War +0Woo + % =M —bo)Wo +(1+W)(RyYo + My) +i %[W(W— W)la,
. .(g +Q)Wa . Qg .C W(Ro:_f'ka)"i_Na
R[a+bRaa+lCRa—lm:—baRa—ll+W+l§ 1+W .

In order to better compare this with the linearized system we introduce the modified variable R :=
R, (1 4+ W) to further obtain

R, _ _
War b Woa+ 5 = (M =bo) Wart RY o (14 W) Mo 5 [W (W = W)L,

. (gt+a)W, R . — , Co= _
Rz+l_?Ra+lcR—z% = (M—lza— 1+"‘W +i %(W—W)>R—zaa+z%[WRaJrWRﬁNa].
Expanding the b,-terms via (1-18) this yields
R, Ry
Wal+bWaa+ — —Wa=(_;1,
1+W 1+W (4-8)
: (g+a)W,
R, + bR R—i—— =K,
t tORy +ic 1 = w K

where on the right we have placed all terms which should be thought of as “bounded”. Precisely, (G, K1)

have the form
c

2

where the leading components have the same form as in [HIT16],

Cc

G :=G—i 5

G, Ki=Ki—izKy,

_ R
G, =RY, — H—“WWQ +2MWy + (1 +W)M,,

— —1a s
1 T 1 oy o

while the extra terms containing the vorticity c are
G1,1 =2M Wo + (1 + W)My o —2Wo (W = W) — W(We — W),
K11 =2MR—2R(W — W) — P[2WRy + WRyy — Wy Rl — P2WR,, + W Ry, — Wy R].
Here on the left we have again the leading part of the linearized equation. Following the same approach

as in [HIT16], we will interpret the terms on the right as mostly perturbative, but also keep track of their
quadratic part. Thus, for bookkeeping purposes, we introduce two types of error terms, denoted err(L?)
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and err(H'/?), which correspond to the two equations. The bounds for these errors are in terms of the
control variables A, B, as well as the L’-type norm

Ni = [[(We, Ro)ll 2 12
In [HIT16], by err(L?) we denote terms G| which satisfy the estimates
IPGill2 Sa ABNY,
as well as either one of the following two:
IPGillz2 Sa BNy or [[PGillg-12 Sa AN
Here, in order to manage the new c-terms, we also include in err(L?) the terms in G1,1 for which
IPGiill2 Sa ANy,
and either of the following two holds:
PGl Sa ANy or [|PGyll -1 Sa A—iaNy.
Similarly, by err(H'/2) we have denoted in [HIT16] the terms K; which satisfy the estimates

IPKill g2 <a ABNy, |PKil2 Sa A2Ny,

and
IPKillz2 Sa AN

To that, for the c-terms we add expressions K ; which satisfy the estimates

IPKi il Sa ANy, 1PKaalle Sa AAZ1aNy,

and
either [|[PKy1ll2 SaA—ipN1i or |PKiillgine Sa AN

We will rely on [HIT16] for the analysis of the expressions G| and K, and handle just the new entries,
i.e., the new terms accompanied by the vorticity factor c.

We recall that the use of the more relaxed quadratic control on the antiholomorphic terms, as opposed
to the cubic control on the holomorphic terms, is motivated by the fact that the equations will eventually
get projected on the holomorphic space, so the antiholomorphic components will have less of an impact.
A key property of the space of errors is contained in Lemma 3.3 in [HIT16], which we will refer to as the
multiplicative bounds lemma. For convenience we recall it here:

Lemma 4.3. Let @ be a function which satisfies

[®lz~ S A, (1D ®llpmo < B. (4-9)
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Then, we have the multiplicative bounds
@ -err(L?) =err(L?), ®-err(H'?) =err(H'?), (4-10)
@ Perr(L?) = Aerr(L?), @-Perr(H"?) = Aerr(H'?). (4-11)

We now expand some of the terms in the above system. For this we will use the following bounds for
M (see Lemma A.2):

IMille S A% Myl S AN (4-12)
First we note that
MW, =err(L?), MR =err(H?). (4-13)

The first is straightforward in view of pointwise bound for M. For the second, by the multiplicative bounds
lemma, we can replace M; R by M| R,. After a Littlewood—Paley decomposition, the H'/2 estimate for
MR, is a consequence of the pointwise bound in (4-12) for low-high and balanced interactions, and of
the H'/?-bound in (4-12) combined with Lemma 8.1 from Appendix B in [HIT16], provided that we also
move half of a derivative from R, onto M for the high-low interactions, arriving at

< A’Nj.

~

M1 Rl 12 S IM Lo 1| Rl iz + D12 R oo | M | g1
Next we consider (1 + W)M; ,, for which we claim that

My o =W W +2WW, + P[W W] +err(L?),

_ _ (4-14)
PIWWoo+WW]=A"err(L?).
By Lemma 4.3, this shows that
A4+WI)My o = Wy W +2WW, + P[W W] +err(L?).
To prove (4-14) we discard cubic terms to rewrite
Mg =W, ¥ +2WY o+ P[WY o] — P[WoY +2WY o + WY +2WY, 4+ W¥,4]
= W W +2W W, + PIWWoo] — Pf]— Plg]+err(L?),
where
F=WW)aa, g=Wo¥ +2WYo+ WoY¥ +2WY¥y+ W¥4q.
Finally, for f and g we have L?-bounds
IPfll2 S A*Ni,  [IPgll2 S AN,
which follow from a commutator-type bound
IPIW e llir> S Wallamo | Pall 2 (4-15)

derived from Lemma 8.1 in [HIT16].
The last term in K ; is antiholomorphic, and also easily placed in err(H'/?) by Coifman—Meyer-type
bounds.
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Taking into account all of the above expansions, it follows that our system can be rewritten in the form

Wy + bWy + R“_ + R"‘_ . = Princ(G) — i < Princ(G 1) +err(L?),
- 1+W 1+W 2 ’
W, )
R +bR,+icR - i% = Princ(K\) — i 5 Princ(K1,1) +err(H'/?),

where Princ(G) refers to the terms in G that cannot be treated as error; they are quadratic and higher-order
terms. We list their expressions below:

2R“W‘)‘JFP[RW Rua W1
1+wW T (4-16)

Princ(G,1) := —3WW, +3WW, +3WW, + P[WW,,],

Princ(G;) :=2RY, —

and

Princ(K) 2 Ra + R R — P[RyR]
rinc = — - ’
: 1+W  1+W o

Princ(Ky,1) := —2R(W — W) — P[2WR, + WR, — W, R].

4-17)

One might wish to compare this system with the linearized system which was studied before. However,
of the terms on the right, i.e., those in Princ(G1) and Princ(K), cannot be all bounded in L?x H'Y2
even after applying the projection operator P. Precisely, the terms on the right which cannot be bounded
directly in L% x H'/? are

2R, W, R R
—=—=_~ and —2( “_+ “_)R
I+w I+W 1+W
There are no such problematic terms in Princ(G1 1) or in Princ(K ;).
As in [HIT16], we eliminate these terms by conjugation with respect to a real exponential weight ¢,
where ¢ = —2N log(1 + W). Then

R — w
— —2M —ic(W -—W)R——.

We o
=-2R0——, (0;+D0y)p=2N
Pa (0: + Do) T -

1+W
We denote the weighted variables by

m:eZd)Wa, t=e*R.
Using (4-13) and Lemma 4.3 it follows that Mw = err(L?) and Mr = err(H'/?). Similarly we have
Wy (W —W)RY =err(L?), cR(W —W)RY =err(H'/?).

Then the only significant effect of the conjugation is to eliminate the above problem terms, and we are
left with

T R — = . .
r; + brog + ~ +av_v + - +"‘Wm = P[RW,o — Ryg W] —i % Princ(G.;) + err(L?),

+a)w -
tt—l—l_?ta—{—ict—iu:—P[RaaR]—iE

W > Princ(Kl’l)—i—err(I-'I]p).
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Finally, as in [HIT16], we can also harmlessly substitute tv and t into the leading error terms on the right
to rewrite the above equation as

o, + bto, + fo R”‘_ o = P[RW0, — T, W] —i < Princ(G 1) +err(L?),
- 1+W 1+W 2 ’
(g +ao

v+ bt +ict—i = —P[t,R]—i % Princ(K 1 1) +err(H'/?).

1+W
One downside to the conjugation is that the new variables (tv, t) are no longer holomorphic. To remedy
this we project onto the holomorphic space to write a system for the variables (w, r) = (Pto, Prv). At
this point one may legitimately be concerned that restricting to the holomorphic part might remove a
good portion of our variables. However, this is not the case, as one can verify the claim by reviewing the
discussion in Lemma 3.4 in [HIT16]. Following again [HIT16], after estimating some Coifman—Meyer-
type commutators, the system for (w, r) is

R
w,+imbwa+P|: r“_]+P[ "‘_w]zG,
- 1+W 1+ W

(gt+aw _X,
1+W

(4-18)
re+Mpre +icr —iP|:

where
G := P[Rwy — 1, W]—1i % P[Princ(Gq 1)] +err(L?),

K :=—P[7,R] — i%P[Princ(Kl,l)] +err(H2),

This is our main system for the (slightly renormalized) differentiated variables (W, R,). In order to use
it we need to properly relate (w, r) to (W, R,), and to estimate the terms in G and K. This is done in
the following lemma.

Lemma 4.4. (a) The energy of (w, r) above is equivalent to that of (W, Ry),
l(w, M2 12 2a 1(Wa, Ro)ll 25 12 = N, (4-19)
and the difference is estimated by
[(w, 1) — (Wa, Ro)ll 25 112 Sa ANy (4-20)
(b) The error terms on the right in (4-18) are bounded,
[(P[Rwy — Wial, PIRFaDl 212 Sa BN1, P[RRl 2 S ANy, (4-21)
and
|(P Princ(G1,1), P Princ(K1,1))ll 25 12 Sa ANt ||P Princ(Ky,1)ll2 Sa A-12N1. (4-22)

Proof. Part (a) and the first estimate in part (b) are from [HIT16], while part (c) follows either directly,
for some terms, or by Coifman—Meyer estimates for the rest. O
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Given the above lemma, the conclusion of Proposition 4.1 for n = 1 follows from the energy estimates
for the linearized equation, namely (3-8) in Proposition 3.1; further, if n = 1 then we can take

E" (W, R) = E;}) (w, ).

lin

4C. The differentiated equations for n > 2. The first step is to derive a set of equations for (W, R(),
We start again with the differentiated equations (1-19) and differentiate n times.

Compared with the case n = 1, we obtain many more terms. To separate them into leading order and
lower order, we call lower-order terms any terms which do not involve W® R™ or derivatives thereof.
In the computation below we take care to separate all the leading-order terms. Toward that end we define
again the notion of error term. Unlike in the case n = 1, here we also include lower-order quadratic terms
into the error. As before, we describe the error bounds in terms of the parameters A, B and

Ny =l (WD, R 2 e (4-23)

The acceptable errors in the W -equation are denoted by err(L?) and are of two types, err(L?)?! and
err(L?). The lower-order quadratic holomorphic terms are placed in err(L?)!?, which is defined to be
a linear combination of expressions of the form

P[W(]')R(V”rl*j)]’ P[W(j)R(VH‘l*]')]’ P[W(j)E(HJrl*j)]’ 2<j<n—1,
as well as terms involving the vorticity ¢, namely
PIWDOWO=D] cPWOWO—D] 1<j<n—1,
CP[R(j)E(n-H_j)], CP[R(j)R(n+1_j)], 2<j<n-—1.
By interpolation and Holder’s inequality, terms G in err(L?)?! satisfy the bound
IGllL2 < BNy

By err(L%)®! we denote terms G which satisfy the same estimates as err(L?) in the case n = 1, but
with Np replaced by N,,.

The acceptable errors in the R"-equation are denoted by err(H'/?) and are also of two types,
err(H'/?)12 and err(H'/2)B). The first, err(H'/?)12!, consists of holomorphic quadratic lower-order

terms of the form
P[RYRCFI=D1 P[RDORMI=D] 2<j<n-—1,

P[W(j)W(nJrl*j)]’ P[W(j)W(n*j)]’ l<j<n-—1,
as well as the c-terms
CP[W(j)R("_j)], CP[W(j)R("_j)], CP[W(j)E("_j)], l<j<n-—1.
By interpolation and Holder’s inequality, terms K in err(H /2)12) satisfy the bound

IKllg12 S BN, IKll2 S ANy

~ =
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By err(H /%) we denote terms K which satisfy the same estimates as err(H'/2) in the case n = 1, but
with N; replaced by N,,.

We now proceed to differentiate n times the equation (1-19). Our task is simplified due to [HIT16],
where this analysis has already been carried out for the terms without c¢. Hence, we only concentrate here
on the c-terms.

In addition, we remark that, as all terms in the W) -equation have the same homogeneity, whenever all
the Sobolev exponents are within the lower-order range, we are guaranteed to get the correct L? estimate
after interpolation and Hdélder’s inequality. The same applies to all cubic terms with at most n derivatives
on any single factor. The same observation applies to all the lower-order terms in the R -equation, as
well as to all cubic terms containing R". However, the terms containing W are unbounded and belong
to the principal part of the R"-equation. Because of these considerations, the computation below is
largely of an algebraic nature.

We begin with the W-equation. For the b;-term we have

8" (b1 We) = by W +nby o W 4 5" W, + err(L?)
=b WOE”) +n(W—=W)W®™ terr(L?).

Here at the last step we use the simple observation that the linear part of the expression bg") W, contributes
only lower-order terms, and the rest contributes cubic terms, which can be estimated either directly or
using Coifman—Meyer bounds.
Next we consider
" (L+W)M1) = (1+ W)a"  (P[WY] — P[WY]) +err(L?)
=WPOW+ n+ DWW + PIWW" D] err(L?).

Here all cubic terms involving W+ can be directly bounded using Coifman-Meyer estimates. Finally,
for the last c-term in the W) -equation we have

F"W(W —W)) =2WDW —-WOW - WW™ +err(L?).
Next we turn our attention to the c-terms in the R"”-equation, We begin with
"N (byRy) = blRé") + nbl,aR(”) +b™R, +err(H'?)
=b R +n(W —W)R™ +err(H'?),

where again the quadratic terms in 5 R, are lower-order, and the cubic terms with W are bounded as
error terms via Coifman—Meyer estimates.
For the next term in the R-equation we write

W(R+R _ W®™(R+R
g LR _ yygon 4 gy WRER)

err(H'/?),
1+wW rw e
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where the cubic R -terms are estimated directly as error terms. Finally, we need to consider

g N P[WR, — WR]+ P[WR, — WR]
1+W 1+ W
NW® - - _ .
=~axwp " PI[WR( +nWR™ — W™ R — WR™] +err(H'?).

Combining the above computations for the c-terms in (1-19) with the prior computations for the
non-c-terms in [HIT16] we obtain the differentiated system

((1+W)R™), Ry 2
— + W™ =G, +err(L?),
1+W 1+W = (2%

W+ bW +

w )
R +bRM +icR™ —i <—(g(1+—f)W)2 ) =K, +err(H'?),
where
Gu=Gn—i5Gn1. Ku=Ki—igKuu.
From [HIT16] we have
G, = —niwmf“ — (- )R WDy RN~ WROD)
1+ w 14+ W « «

+RDMWy — (n— 1)Wy) +n(R, W=D — W, R"=D),

Roz Ra -1 5 (n— 5(n—
K,=— - RV — (P[RR" D1 —nR,R" D),
n n(]+W+1+W) (P[ a 1—nR, )

and from the above computations,

{QJ=m+mmﬁWL4W—WWWN+mWWmmL
Kni=—@m+DIW—W)R® + WR™]+ PIRW™ — WR"].

To bring this equation to a form closer to the linearized equation we follow the lead of [HIT16] and
perform several algebraic holomorphic substitutions for the R -variable, beginning with

R=(1+W)R®,
and followed by
R=R—R,W" V4 2n+1)W,R" V.

Finally, we conclude with the exponential conjugation by " where we use the same ¢ as before, namely
¢ = —2%log(1 + W), in order to eliminate the unbounded terms on the right. At the end we obtain an
equation for (to 1= e"* W=D ¢ := ¢"? R) where the leading part is exactly as in the linearized equation.
We do not repeat this computation, as it primarily affects the part of the equation without ¢, which is fully
described in [HIT16]. All the additional c-contributions are either cubic and bounded or quadratic and
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lower-order, so they are placed in the error. The outcome is the equation

T R — - _ _ .
ro; -+ brog + - +av_v + +"‘Wm = P[RW — WR™M]+ (n + 1) (Ryto — Wy©) —i %Gn,l +err(L?),
1o — .
t + b, +ict—i<%> =—P[RR{"]— (n+ 1)R,T — i%Kn,l +err(H'/?).

As (v, v) are no longer holomorphic, we project and work with the projected variables (w, r) = (Pto, Pt).
After some additional commutator estimates, which are identical to those in the n = 1 case, we finally
obtain

Yo R,w _ _ B B
m P — |+ P = P[Rw,— W DP[R,w—W,
w; +NMpwy + |:1+Wj|+ [1+W} [Rwgy rel+(m+1)P[Ryw ol

. C 2
—1 § PGn,l +CIT(L ), (4_24)

rt+93Tbra+icr—iP|:w]

W |= —P[Riy]1— (n+1)P[R,F] —i%PKn,l +err(H'?).

This is our main system for the (slightly modified) differentiated variables (W™, R™) 1In order to use it
we again need to relate (w, r) to (W™, R™) and also to estimate the terms in G,.1 and K,, 1. This is
done in the following.

Lemma 4.5. (a) The energy of (w, r) above is equivalent to that of (W™, R™),
1w, P2y Xa IOV R 2y 12 = N, (4-25)
and the difference is estimated by
I, ) = (W™, R 2y 12 Sa AN (4-26)

(b) The error terms on the right in (4-18) are bounded,

[(P[Rwy — Wigl, PIRTe DIl 2 12 Sa BNy, | PIRFe]lI2 S AN, (4-27)
[(P[Ryw — Wor], P[RoT Dl 12512 Sa BNy,  [IP[RaT]lI2 Sa ANy, (4-28)

and
(PG, PKi )l p2sgir Sa A, II1PKiull2 Sa A-12N,y. (4-29)

Proof. Part (a) and the first two bounds in part (b) are from [HIT16], while the last bound in part (b)
follows either directly, for some terms, or by Coifman—Meyer estimates, for the rest. O

Given the above Lemma 4.4, the n > 2 case of the result in Proposition 4.1 is a direct consequence of
our quadratic estimates for the linearized equation in Proposition 3.1.

Comparing the linear (w, r)-equation obtained above for the case n > 2 to the corresponding equation
previously obtained for the case n = 1, we note that here we have two extra terms, namely the ones

estimated in (4-28). On one hand this is good, because the bound (4-28) is no longer true if n = 1. But
(3)

on the other hand, it means that we will no longer be able to use directly the cubic energy E " (w, r)
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introduced in the context of the linearized equation as the full high-frequency pa.rt of our cubic energy.

To account for these extra terms, we will add a further correction to the energy ES )(w, r), and define

lin
Ep (w, r) —/(l—i—a)lwl + I(Frg) + 203 (RywF) + 2(S[Rwry] — R[Wow?]) da. (4-30)

Then we will prove a counterpart to the small-data (nearly) cubic energy estimates in Proposition 4.2.
Precisely, we claim that the evolution of this energy is governed by the following.

Lemma 4.6. Let (w, r) be defined as above. Then:

(a) Assuming that A < 1, we have

Ep & w, r) ~ E(w, r) ~ N,. (4-31)

(b) The solutions (w, r) of (4-24) satisfy

%Eﬁlg(ﬁ)(w,r) :2/ %( ( Gy —err(L )[2]» J(Fa - (i%K,,,l —err(Hl/Z)[21>) da

2
+/%3R|w|2da+0A(A§Nn). (4-32)

Further, the same relation holds if (W, ') on the right are replaced by (W™, R™).

We note that in the proof of this lemma we crucially use the fact that (w, r) are the ones associated to
the differentiated equation, and not arbitrary functions in the energy space. This is also the reason why
this lemma is presented here, rather than in Section 3.

Proof. Part (a) was already proved in [HIT16], so we proceed to part (b). Here, we begin with the cubic
linearized energy, El(li) According to the bound (3-18) in Proposition 3.4, we have

%Eﬁ?(w,r):/%ﬁ((nP[Raw Wel =i Gy + Pere(L?) - (i — P[Rry] = P[Wqw))

—23(( nPRFI =i % n1+Perr(H1/2)) (fa+ﬁ[1§w]a))da

+ OAABl(w, D35 ips)-
By the Coifman—Meyer-type estimates in Lemma A.1 the following bound holds:

IPLRra]ll 2 4 I PIW qw]ll 2 + I PIRw]l| g2 S All(w, 1)1l 2 12 (4-33)

Combining this with (4-21) and with the bounds for G, 1, K, ;1 and the error terms we get

d o <( W€
thlm (w,r)g/ZEh nP[R,w — W,r] 12

([~ o€ 12021
2\5(( nPIRF] =i 5 Ky + Perr(H'/?) )ra)doz
+ OA(AB)||(w, I3

Gui+ P err(Lz)[z]) : a))

L2xH/2
where the output from all error terms which are cubic-and-higher is all included in the last term on the
right-hand side.
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It remains to consider the contribution of the extra term in Eﬁi’g(ﬁ) and show that

L[ S(RyF) dar = / R((Ra i — Wol) ) + S(Raffa) da+ Oa(AB)|(w, )12, iae (4-34)

Denote by G, and K, respectively, the two right-hand sides in (4-24). By the definition of error terms
and by (4-21)—(4-22) they satisfy the bounds

1(Gns Ki)l 22 Sa BNu,  |1Knllf2 Sa AN,
Then their contribution in the above time derivative is estimated as

/S(Raﬁfnf—i—P[RarI)]l_’I?n)da <A ABN,

by using Holder’s inequality for the first term and the Coifman—Meyer commutator estimate in Lemma A.1
for the second.
We now consider the contributions due to the terms on the left of (4-24). These were already estimated
in [HIT16] when ¢ = 0, so we only need to estimate the c-terms, i.e., the contributions of b; and a;.
The contributions of the b-terms are collected together in the real part of the expression

_c

=3

/ 9y (b1 Ry)WF + Ry P (b1wy)F + Ryw P (bi7y) dot

- f Re(Ib1, PN )7 + Ly, P1() ot

Since ||b1 ¢ llBMO S A, we can bound this using Lemma A.1, and then use Holder’s inequality for all

Con - ajw
E&/RawP[l+W]da,

for which it suffices to use the pointwise bound for a; in Proposition A.4 and the classical Coifman—-Meyer

terms.
The contribution of a; is

bound.
Finally, we consider the remaining contribution of the c-terms in the time derivative of R,, for which
we use the equations (1-19)

RW+RW+N
Em/ Wi dy TRWAN o
2 1+W

But this is a quartic expression for which we only need Sobolev embeddings and interpolation. 0

4D. Cubic small-data energy estimates: n > 1. In this section we construct an n-th order energy func-
tional E™® with cubic estimates, for n > 1. While in essence the argument does not depend on n, there
are nevertheless a few small differences between the cases n = 1 and n > 2. These differences will be
pointed out at the appropriate places.

One ingredient in the construction of E™® is the high-frequency (nearly) cubic energy Eﬁi’g(ﬁ) in
Lemma 4.6 (n > 2), and Eﬁ) in Proposition 3.4 (n = 1). However, this does not suffice, as the right-hand
side of the energy relation (4-32) still contains lower-order cubic terms. To remedy this, here we use
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normal forms in order to add a lower-order correction to Eﬁi’g(g), which removes the above-mentioned
cubic terms. For this we follow the method introduced in [HIT16], though the computations here are
significantly more involved.

We first provide an outline of the argument, and then return to each step in detail. The three main steps
are as follows:

(1) Construct the normal-form energy. The normal-form variables W, Q solve a system of the form

Wl + éa = cubic and higher, (4-35)
é, — i W = cubic and higher.
Thus, the associated linear energies satisfy
%6’0(1}[7("“), é(’”l)) = quartic and higher.

Here the quartic part of the left-hand side is highly unbounded, and it is not uniquely determined, as one
can add arbitrary cubic terms to the normal form. Fortunately, it is also irrelevant for the above relation.
Thus, we eliminate it, and we define the normal-form energy as

E{r = (quadratic + Cubic)[Eo(VT/(”H), é(”“))].

Here, we carefully choose the quadratic and cubic terms in the expansion of &(W®, Q™) in terms of
the diagonal variables (W, R), rather than (W, Q).
The expression E has only quadratic and cubic terms in (W, R), and still satisfies

iEI'\’IF = unbounded quartic and higher.

dt
Its disadvantage, due to the fact that our problem is quasilinear, is that the terms on the right are highly
unbounded.

(2) Construct the quasilinear modified energy. Here we construct the quasilinear modified energy E™®
using the normal-form energy E{ and the high frequency modified energy Eﬁi’ég)(w, r). The first one
has quartic estimates, which are unbounded. The second one has good (quartic) high-frequency estimates,
but with cubic lower-order errors,

%Eﬁi’éﬁ) (w, r) = bounded quartic and higher + lower-order cubic.
We seek to combine the two into a quasilinear modified energy E™® which satisfies

%E %0 = pounded quartic and higher.

To achieve this, it is natural to separate E{ into a leading part and a lower-order part,

EXr = EXg high T EXE jows
so that the leading part coincides with the high-frequency energy up to quartic terms,

Egi’éﬁ) = EX high + quartic and higher,



950 MIHAELA IFRIM AND DANIEL TATARU

and then define
.3) _ n.(3)
EMO) = Eplon + EXElow-
This was the argument in [HIT16]; here it is slightly more complicated, as additional terms in EQg .
need to be treated as leading-order, and thus corrected in a quasilinear fashion.

(3) Show that E™® is a good quasilinear cubic energy. That is, prove that the bound (4-2) holds. Here,

by construction, we know that

%E () = quartic and higher;

therefore we can write

%E”’@ = quartic and higher(% E}'l’i’g(g)(w, r)) + quartic and higher(% EﬁIF’low).

The favorable bound for the first part is already a direct consequence of Lemma 4.6, so it remains to use
the equations in order to bound the second term. But this is technically simple, and the argument is more
a matter of bookkeeping.

Now we proceed to implement the above strategy.

Step 1. The first step described above is implemented in the following proposition:

Proposition 4.7. There exists a modified normal-form energy E{y = E{s(W, R) with the following
properties:

(A) EXp has the form

n _ pn n,c n
ENe = ENE high T ENF high T ENE low:

where the three components are defined as follows:
E high = /(1 —4(n+ DRW) (W™ ? + S[R"TVR™)) da,
+2 / S[RW™ RED] — gRW (W) 1+ (n + D[R, W™ R ] der
+ f ERRIW P2 £ 23(WRPHDRM)Y g, (4-36)
where the last term in the second integral is dropped if n =1, and
EX high = — f[c(2n +3)RR +*(2n+ 3)IW](W™ > =i R"TDR™) da. (4-37)

Finally, EﬁIF,low is a trilinear integral form of order 2n, with the following restrictions:
(1) The leading order for the terms without c is at most 2n — 1.
(ii) The leading order for the terms with c is at most 2n — %

(iii) The highest power of c is 4.

(iv) At most one factor of the form ¢*W or cR is present.
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(B) The energy functional Ey, is cubically accurate,

<3d
dt

(C) Its components satisfy the following estimates:
Efgpign = [1+ 0(AD)]E(W™, R™),
EXf pigh = O(A)EW™, R™), (4-39)
Efg 1w = O(A) (Eg(W™, R™) + c* (W=D RO=Dy),

AS LR =0. (4-38)

Proof. Here we use the algebraic expression for the normal-form transformation, which is given below.
We call lower-order terms any terms that can be included in EQg - Up to quartic terms we seek to have,
at least formally, the relation

E{p = (WD, QUF0) |12, s + quartic
— go(W(n—H), Q(n—i—l)) _ sz W(n+1)an+1 W[Z] _iQ(n—H)an—H Q[Z] do +quartic. (4_40)

In the first term we introduce the diagonal variable R by using Q, = R(1 + W), which allows us to write
it as
Lnain = Eo(W™, RMY) 4 2% / R"DY"(RW) da + quartic.

Differentiating we obtain its principal part, containing all terms with leading order above 2n — 1:
Lnain high = Eo(W™, R™) 423 / WROTDR™W 4 RRWFIW™ — (n +2) R, RV W™ da.

Here the last term on the right no longer appears if n = 1, which accounts for the similar modification in
the proposition.

In the integral in (4-40), on the other hand, we have two concerns. First, we want to eliminate its
unbounded part of low frequency, i.e., all terms with inverse derivatives of W, as well as all terms with
undifferentiated Q; we remark that once this is done, the switch to diagonal variables is achieved simply
by replacing Q, with R. Secondly, we want to keep track of its highest-order terms, i.e., those terms
which are at least energy strength (i.e., W™ W® or R#+*DR™ and also R™ W™ for terms without ¢).
First we recall the expression for the normal form, see (2-8):

Wm:_(W+W)Wa_i[(Q+Q)Wa+(W+V_V)Qa]
2 2
+ic_g[<3‘1W—8‘1V_V>Wa+W2+%IW|2]—C—z(Q+Q)Qa
3 4
+z—(Q+Q)W+(3 W—9T W) 0ol + 20 W—am W,

0 = (W +W)Q, — i(w 0) Q. +i§<wz+2|W|2)
2 3
+i§—g[(8_1W— 07'W) Qu + 1(0 + O)W] +i—g(8_1W—8_1W)W.



952 MIHAELA IFRIM AND DANIEL TATARU

Next, we successively consider the terms in the integral in (4-40) organized by the power of c.

Terms with c°. These are
I= 2m/ —WOPHLW + W)W +i Q2" (W + W) Qq] de.

Here there are no low-frequency issues. Its high-frequency part, on the other hand, has the form
Io nigh = 20 / —Q2n+2)RW(W™M |2 — i Q2 n+h)

+ l QQQ(YH_Z)(W(nJF]) + W(VH—])) _ (n + 2) Qa Q(’l-‘f-])w(ﬂ) dOl

Terms with c. These are
I = cmf —WH ™ (W(Q+ 0)+ Qu(W+W))
i Q(n+2)an+l(%W2+ |W|2) +§Q(n+2)an+l(QQa +00,)de.
We first verify that the terms with undifferentiated Q disappear when integrating by parts. These are

o f RO WD g — ¢ f N QW W™ P da,

i f iRQO"D Q"D go = 0.

8
Secondly, we compute the high-frequency component. Taking into account the above integration by parts,
this is .

Iy high = ¢ f —Q2n+2)| W PR, + é(zn +3)M0, 0" Q" da.
Terms with ¢ These are
L =™ / iWPt (W@e™'W —a~'W) + W24 L W)?) — iv_w")a"“ (QQu+ 000)
0Py W =07 W) + 500V (WO + W 0)d

For the low-frequency analysis we compute

czﬂt/ —iWOWEED Gy — 37 W) da = —c2/ W™ 12IW da,

while the remaining 9! W-terms and the Q-terms directly cancel.
Now we look at the high-frequency part. This is

Iy high = ¢* / —(2n+3)IW(WP P =i Q" QD) — 2n+4)(Qu + 0u) W™ QY da.

Terms with ¢3. These are
3
L= —g—*/ Wy W(Q+ Q)+ @ 'W =07 W) Q4] — Q"2 [(07'W — 97 W) W] da.
8
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For the low-frequency analysis we compute
N / iWPOTIW -7 W)t —i 0D 7w — a7 WYW ™ da = 0,
RN / iWPOWD(Q+ Q)da =0,
while for the high-frequency analysis, taking the above into account, we are left with
I3 high = % / iCn+4)(W—-W)yW® ot gy,
Terms with c*. This is
L= %%/ WmyrD[G W — 9~ ' W)W da,

which exhibits cancellation at low frequency and has no high-frequency component.

The normal-form energy EY is obtained by replacing Q, with R in the all the above terms, after
eliminating the Q and 3~!W. The expressions of EXE nign and ENg hi on are simply obtained by adding up
all the high-frequency contributions above.

Since Ey is obtained from the normal form, the relation (4-38) immediately follows. We note that
establishing this property is a purely algebraic computation, which does not require the direct use of the
normal form (which is unbounded).

Step 2. We begin with the quasilinear energy Eﬁi’éﬁ) (w, r), which was defined in (4-30) if n > 2, and is set

to be equal to El(ii)(w, r) if n = 1. We first compare it with the cubic energy E{p . oh* Precisely, we have

AZER w,r) = AP Elgp i n=1, (4-41)

lin
ASERD (w,r) = AF Efp pigns 1> 2. (4-42)

v

This computation was already done in [HIT16] and is not repeated here. The only difference is in the

c-term in El’\’IFﬁhigh, which arises due to the a; in El(ii)(w, r) and Eﬁi’éﬁ)(w, r).

Next, we consider the term Eyj high* This contains the leading-order energy density, so we have to
treat it in a quasilinear manner. Precisely, we replace it by

Ep (w,r)=— /[C(Zn +3IRR + 220+ 3)IW](g + @) |w|* — iFur) da,
which admits a straightforward bound
|Eﬁ{g(ﬁ?c(W, M <cA_1aN, +PA_ N, (4-43)
Now we are in a position to define our quasilinear modified cubic energy

E"O(W, R) = Ep; ) (w,r) + g (. 1) + Efg 1oy (W, R). (4-44)
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By construction this satisfies
ASE"(W, R) = A7 E{p(W, R). (4-45)

Step 3. Now we proceed to prove Proposition 4.2. The norm equivalence is already known from (4-31)
and (4-39), so we still need the energy estimate. For this we use (4-45) and (4-38) to see that the cubic
terms vanish,

AL ) _p\=34

E{r=0.
dt dr NF
Hence, it remains to look at the quartic-and-higher terms. For this we can split the terms,
AZ“%E"’@) = A>4j E"®w,r) + A>45 g (W) +A>45 EXE tow-

The bound for the first term on the right is a direct consequence of Proposition 3.1 for n = 1, and
Lemma 4.6 for n > 2. From here on, the cases n = 1 and n > 2 are identical.
For the middle term AZ*< Eﬁlg(ﬁ)c(w, r) we will use Lemma 3.2, with either f = W or f = R, and

(w, r) as in this section. We clalm that this yields

d :
| .| Sa BN,

which by homogeneity considerations yields

d n@3
‘A>4 }rllig(h,)c(w’r)‘ SaABN,,

as desired.

(a) If f = W then the bounds
I fllze Sa Ay, D2 fllie SA_1p

allow us to estimate the difference / in the Lemma 3.2. The remaining terms
c2/ A=, +bdy)W (g + a)|w|* —iFgr)da  and c2/ f(g+a)WF —iFyG) da

are c-times forms which are at least quartic, with order 2n + % and leading order 2n (this is because we
have exactly one R-factor). Hence we can bound them using Holder’s inequality and interpolation by
cAAN,.

(b) If f = R then the bounds
Il Sa A ijp, DV fllee < A

allow us to estimate the difference D in the lemma. The remaining terms are exactly as above, still
bounded by cAAN,,.

Finally, for the lower-order terms A=*£ d - EQ

NE.low it suffices to have the following property:

Lemma 4.8. For any term I in ENRlow we have

‘A>4 d 1‘ < AB(N, +c*N,_)). (4-46)
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Proof. The terms without ¢ in this computation were already estimated in [HIT16], so we need to consider
only c-terms. A simple order analysis for these terms leads to the following properties:

(a) Their order is 2n + %
(b) Their leading order is at most 2n.

(c) The highest power of c is 4.

Here part (b) is a obtained by using the relation (4-7) to compute time derivatives. This guarantees that
the leading order does not increase by a full unit.

We also take a closer look at the c>W- and ¢ R-factors that can arise. In the trilinear form EXE 10w they
can arise just once, so the question is what happens if we differentiate with respect to time. If W and R
are differentiated in time then at most we obtain another W-factor, respectively an R- or ¢ W-factor, so
this pattern is preserved. If instead we differentiate a higher-order W®- or R®)-factor using the equations
(1-19), we can further produce undifferentiated W- and R-factors, as follows:

(1) Arising from ¢ M| and its derivatives. There cW will appear in combinations of the form P[WY®]and
its conjugate. However, the frequency localization enforced by P guarantees that W is the higher-frequency
factor, which, for estimates, ensures that we can freely move derivatives from Y to W.

(i1) Arising from derivatives of ¢ N, where, for the same reasons as above, we can disregard the W -factors,
but we can still produce a c R-factor.

(iii)) Arising from b; and its derivatives. In the case of derivatives of b; the discussion concerning
W -factors is again identical to case (i), so we can neglect those. Hence the only potential W-factor can
arise from undifferentiated b;. However, these are avoided due to the use of (4-7), where the transport is
fully included in the time differentiation and the undifferentiated advection coefficient b never appears.

n
NF,low

factor and at most two ¢>W, cR-factors. A further simplification arises from the constraint (b) above.

To summarize the above discussion, in the time derivative of E we can have at most one ¢ W -

Precisely, there we can integrate by parts to rebalance derivatives in such a way that either
(a) both leading order terms have order at most n, or
(b) we have exactly the product R"*D R™ as part of our multilinear expression.

In case (a), our estimates follow directly by Holder’s inequality and interpolation. In case (b), the
remaining factors must have order zero, except for one which has order % There we consider two
scenarios.

(bl) If the factors R”*D and R™ are not frequency balanced, then another factor has the highest
frequency and we can rebalance derivatives and use again Holder’s inequality and interpolation.

(b2) If the factors R and R™ are frequency balanced, then all we need is to bound the remaining
factors in L*°. The only factor of order % which we do not control in L is R, so Holder’s inequality
and interpolation work unless our multilinear expression exactly contains

R(I’H-])E(H)Ra’
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and possibly other zero-order factors. Backtracking, the only way to produce such a term is by differen-
1

tiating a cubic expression which has a leading order exactly 2n — 5 as well as an R,-factor. Then this
expression must be exactly

w g R,,
which cannot contain any c-factors so it is not within our purview here. O
Thus we have completed the proof of Proposition 4.7. (|

5. Proofs of the main theorems

The results in Theorems 1 and 2 are a consequence of the estimates for the linearized equation in Section 3,
and of the energy estimates for the higher Sobolev norms of the solutions in Section 4. The arguments
here closely match their counterparts in our previous gravity waves paper [HIT16]. Because of this, we
only provide an outline here, and refer the reader to [HIT16] for more details.

Outline of proof of Theorem 1. The steps of the proof are as follows:

Step 1: Existence of regular solutions. A standard approach here is to obtain solutions as limits of
solutions to frequency truncated equations. As always, this truncation needs to happen in a symmetric
way, so that uniform energy estimates survive. In addition, a specific difficulty we encounter in water
wave evolutions is the fact that the evolution we are trying to truncate is degenerate hyperbolic, a condition
which might not survive in a naive direct truncation procedure. In [HIT16] we bypass this difficulty by
solving directly the differentiated system for the diagonal variables (W, R). In our case this is not entirely
possible, as the system for (W, R) is not fully self-contained. Precisely, it contains W as a part of b.
Fortunately, this does not cause extra difficulties, as we can make the frequency truncation consistent with
differentiation in the W-equation, and thus be able to freely use W in the (W, R)-system. We note that
formally W also appears undifferentiated in M and N, but the commutator structure of those expressions
implies that they actually can be rewritten (and estimated) in terms of W instead.
Precisely, our main truncated system for (W, R) has the form
A+ P_,W)P_,R,
1+ P_,W

glP:_nl‘va;n = P<nK(W<n, R<n)a

where G and K represent the right-hand-side terms in (1-19), and

Wt+P<n@lP<nWa+P<n =P<nG(W<n, R<n)s
(5-1)

R; +P<n@P<nRa+iCP<nR —iP_,

[_7n =1_9(W<n, R.y), ay=a(R.y,).

Here n is a dyadic-frequency parameter, and the multiplier P, selects the frequencies less than 2. The
expression for W, in the first equation above retains the structure from the original equations, i.e., it is
an exact derivative. Thus we can recover the undifferentiated variable W in a way consistent with the
W-equation above, simply by integrating in time the relation

Wi+ Pyl Fy(1+ Poy W)] +i 5 Py W =0.
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The above set of equations is consistent, and for each dyadic frequency scale n it generates an ODE in
the space Hy, k > 2 for (W, R), with the additional property that W in L2 A priori, the lifespan for this
system depends on n. However, the same type of estimates used for the linearized system yield uniform
bounds and a uniform lifespan depending only on the Sobolev norm of the data, and not on #n. Then the
regular solutions are obtained as weak limits of these approximate solutions as n — 00.

Step 2: Uniqueness of regular solutions ((W, R) € 74,). This is achieved in a more standard fashion.
Given two solutions (W1, Q1) and (W;, O») we subtract the equations and do energy estimates for the
difference (W7 — W5, Ri — R») in 7:[0, as well as simpler integrated bounds for W; — W, in L% Then
close the argument and prove uniqueness via Gronwall’s inequality.

Step 3: 7{;-bounds for (W, R). Here we use the uniform bounds for the #,-norm of (W, R) which
depend only on the #;-norm of (W, R) (via the control parameters A and B), as in Proposition 4.1, to
conclude that the regular solutions can be continued up to a time which depends only on the #;-norm of
the data.

Step 4: Construction of rough solutions, (W, R) € 7;[1. We regularize the data, (W_(0), QO -£(0)), by
truncating at frequencies < 2. The corresponding solutions will be regular, with a uniform lifespan bound.
Thinking of k as a continuous parameter, we associate the k-derivative of the solutions (W_x, Q -¢) to
solutions for the linearized equation around (W_g, O -x). Using both the energy bounds for the solutions
(W_r, R_p) in Ho and #;, and the Ho-bounds for the linearized equation, we show that these solutions
inherit not only uniform bounds in #;, but also uniform frequency envelope bounds in terms of the initial
data frequency envelope. This suffices in order to prove strong convergence of (W._x, R—;) in 1, and of
(Wek, Q<) in Ho.

Step 5: Weak Lipschitz dependence for rough solutions. Here we show that for rough solutions, i.e.,
(W, Q) € 7'-[0 and (W, R) € 7'—l1, we have Lipschitz dependence on the initial data in the 7'—[0 topology for
both (W, Q) € Ho and (W, R). This is a direct consequence of the FLo-bounds for the linearized equation.

Step 6: Continuous dependence on the data for rough solutions. This is a standard consequence of the
frequency envelope bounds in Step 4 and the weak Lipschitz bounds in Step 5.

Step 7: Continuation of solutions. Here we show that the solutions extend with uniform bounds for as
long as our control norms A, B remain bounded. This is a consequence of the above local well-posedness
in 4 and the energy estimates in Proposition 4.1. 4

Outline of proof of Theorem 2. This is an easy consequence of the | well-posedness and the A uniform
bounds in Proposition 4.2, as the control norms A and B can be estimated in terms if the 7£;-norm of
(W, R) and the #{y-norm of (W, Q). O

Appendix A: Water-waves-related estimates

In this section we gather a number of bilinear and multilinear estimates which are used throughout the
paper. Some are from [HIT16] and are just recalled here. The rest are connected to the new structure
induced by the vorticity. We begin with some commutator bounds from [HIT16].
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Lemma A.1. The following commutator estimates hold:

IDIIP, RIDI”wll2 S IIDI°F* Rllsmo w2, =0, 5 >0, (A-1)
IIDIPLP, RIIDIwll 2 S NIIDI"™ Rl lwllsmo, o >0, s > 0. (A-2)

We remark that later this is applied to functions which are holomorphic/antiholomorphic, but that no
such assumption is made above. Next, we have several bilinear estimates:

Lemma A.2. The functions N and M satisfy the pointwise bounds

NIz Sa AA_1p, 1M1l Sa A%, (A-3)

as well as the Sobolev bounds
INN fnsre Sa ANy IMillgn Sa AN,
Proof. We begin with the bounds for N, where N was defined in (1-13) as
N =P[WR, — WR]+ P[WR, — WR].
For the pointwise bound we claim that

INTlzoe S AW g3 IR g1aoe. (A-4)

This suffices since each of the right-hand-side factors is bounded by ~/AA_;,; by interpolation. To
achieve this we observe that we can alternatively write N in the form

N =P[WRy —WR]+ P[WRy, — WR] = 0,(P[WR]+ P[WR]) — (WR + WR).

We apply a bilinear Littlewood—Paley decomposition and use the first expression above for the high-low
interactions, and the second for the high-high interactions, to write N = N| 4+ N,, where

Ny = Z[WkR<k,a — Wt R+ IWiR <o = W i Ri],
k

Ny = Z o (PIW i Ri]+ PIWiRi]) — (Wi o Ri + Wi o Ri).
k

We estimate the terms in N; separately; we show the argument for the first term:
‘ Z WkR <k,x
k

For the first term in N, we note that the multiplier d, P4 P has an 0(2F) L*®-bound. Hence, we can

3/9)(j—k
<29 IW s IRl S IW lgaracs IR gassc.
LOO .
i<k

estimate

k
IN2llzs S 20 Willzs IRkl S IW L gareos IR s
k
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For simplicity, we only prove the H'/2-bound for N. The rest can be done in a very similar way. To
obtain the bound we apply a Coifman—Meyer-type commutator estimate:

INl g2 S NIDI2LP, W1Rgll 2 + I1DI'2LP, RIWI| 2 + 1|DI'Y2[P, WIRq | 2 + | DI'2[P, WIR|] 2.

Each commutator can be bounded by < ANy. For pointwise and Sobolev bounds of M; we refer to

Lemma 2.8 (see the Appendix in [HIT16]); the exact same approach applies in the current case. O
Essential in the article are the bounds for a, which we established in [HIT16]:

Proposition A.3. Assume that R € H'/?> N H3/% Then the real frequency-shift a is nonnegative and
satisfies the BMO bound

lalleyo S IR oue: (A-5)

and the uniform bound
lallz S IRIZ . - (A-6)

00,2
Moreover,

IIDIaliBmo < I Rullgvo D12 Rllze.  llall grace S I Rall grrzce 11DIVZ Rl 1ox, (A-7)
13, + bds)all L~ < AB, (A-8)
lallgs SR gss2 IRIgyors s > 0. (A-9)

Here we need to supplement this with bounds for a;. One notable difference between the two is that
aj has a linear component, whereas a is purely quadratic. For various estimates we need to separate the
two components of a;:

Proposition A.4. Assume that R € H'/> N H3/2N L. Then
laillLe Sa A—i2(1+ A).
Moreover, the following estimate holds:
113, + bdy)ar +2gIW —2¢IR ||~ < AB + cA2.
Proof. We first recall the expression for a;:
ag=R+R-N.

Using the equation for R, we only need to prove the pointwise bound for (9, + b9, ) N. We begin with the
following computation:

RW +RW +N
0 +bdy)a; +2gIW —2cIR = —2a3Y — cJ —1:_ W +

Based on the previously established pointwise bounds for @ and N we can estimate all but the last term.

— (8, +b3,)N.

This is considerably more delicate. However, as seen in the proof of Lemma A.2, the expression for N
exhibits exactly the same cancellation structure for “high x high — low” interactions as we have in the
bilinear expression for a. Hence, the argument in the proof of (A-8) in [HIT16] immediately adapts here. [
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Appendix B: Holomorphic coordinates

Our goal here is to introduce the holomorphic coordinates and the holomorphic set of variables (W, Q)
describing the free surface, respectively the holomorphic velocity potential restricted to the free surface,
and to derive the evolution equations for (W, Q).

We proceed as in [Hunter, Ifrim and Tataru 2016; Ifrim and Tataru 2017]. Let H be the lower half-space,
with complex coordinates denoted by o +i8. Let 7 : H — 2(¢) to be the conformal transformation that
maps the «-axis into I'(¢), which is unique up to a-translations. The x- and y-coordinates are given by

x=x(a B,1), y=ylap,1),
and satisfy the Cauchy—Riemann equations
Xa =Yg Xp="Ya-
We fix the conformal map by assuming that
x(a, B, ) +iy(e, B, 1) —a+ip— 0, o, B— occ.
To switch between the two sets of coordinates we will use
Oy = Xg Oy + Yo Oy, 0p = xg0y + ygoy,
B = = ol +3p). By = %l + 35p)
where
J =XaYp — XpYa =x§ +x§ = yi +yé.
We also need a similar relation for the time derivative. Assume we have
H5S Qe -LcC
for an arbitrary function f. Let
gla, B, 1) = fx(a, B, 1), y(a, B, 1), 7).
Then

& = ft+xtfx + fyyr.

So
Jr =8 —x:t fx _fyyt

1 1
=8 = xz;(xaga +xp8p) — yty(yaga +p8p)
1 1
=8 — ?(xtxa + ViYa)8a — ;(xtx,z +Y:iyp)&p- (B-1)
Define v to be the (harmonic) composition of F to the velocity potential ¢,

V=¢goF:H=>R, VYl p,1)=0k(@ B0,y p,1),0).
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The velocity components (¢, v) can now be expressed in terms of the velocity potential ¢ by

1 1
u:;(xawa +xp¥p) +cy, Uzj(yal/fa‘i‘yﬂ‘//ﬂ)- (B-2)
It follows that |
W+t =gl o) = ;(wf +Yp2).

Boundary values. Setting 8 = 0 gives the boundary values of the holomorphic functions defined in the
lower half-plane. In particular, we introduce the notation

x(a,0,1) =: X(a,1), y(a,0,1)=:Y(a,1),
so that @ — X +iY parametrizes I'(¢). The function (x —«) +i(y — B) is holomorphic in H and decays
at infinity, which implies that on the boundary we have
{ Y=H(X —a),

X=a+HY.
Also set

z2(a, B, t) =x(o, B, t) +iy(e, B, 1), Z(a,t)=2z(x,0,1).
Then our “holomorphic” variable W, which describes the surface I'(¢), will be
W=Z7-aqa.

As z is holomorphic in H, so is 1/z, — 1; further, it decays at infinity. Its boundary values on the real axis

are given by

which leads to the relations

(B-3)

We also introduce the notation W(«, t) := ¥ (, B, t) for the real velocity potential restricted to I (¢)
and expressed in holomorphic coordinates, and at the same time define ®(c, t) by

V=HO,
®=—-HV.

Up to a constant, this is the trace of the stream function 6 on the free boundary. Since ¥ is harmonic in
the lower half-plane, we have
Vglp=0 — HVy = —Og.

Our holomorphic velocity potential will be the function
0=V¥+i0.

Further we need to focus on the two boundary conditions: kinematic and dynamic.
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The kinematic boundary condition. The kinematic boundary condition states that the normal component
of the velocity of the boundary is equal to the normal component of the fluid velocity, meaning that

(Xt’ Yt) : (_Ya, on) = (M, v) : (_Ya» X()l)a

where (—Y,, Xy) is a normal to I'(#). Expanding the expression above and using (B-2) we can re-express
the kinematic boundary condition in holomorphic coordinates:

XoV, — Yo X = HUy — cYYy = -0y — Y ¥,. (B-4)

The goal now is to obtain a second equations for X; and Y;, and then solve for an explicit form of those
boundary values. Divide (B-4) by J,

X, Y, Oy YV,
Ze )y, - Lx oy = -2 e
(J )’ JuThETT Ty

and use (B-3) to obtain

which further simplifies to

Yy Yy O YY,
=Y, —H|—|H[Y, ]+ X, =—H|—|—cH )
v, e | v x = | O | e

Thus, a second equation for (X, ;) is

Oy YY,
XaX[‘JFYaY[:—JH 7 —cJH 7 . (B-S)
From (B-4) and (B-5) we have

®Ol YYo{ ®Ol YYa
X,=—H 7 Xa—CH J XO(+7Y0£+CTYDU

O YY, C) YY,
Y, = —H[TQ}Y(X - CH[Ta]Ya — T“Xa - CTaXa.

(B-6)

The dynamic boundary condition. We have already determined the spatial form of the dynamic boundary
condition in (1-4). From (B-1) and the kinematic boundary conditions (B-4)—(B-5) it follows that, on the
boundary, ¢, is given as

1 1
@rlp=0 =¥, — 7(XaXz + Y Y)W, + 7(XaYz — Yy X1)Oy.

Substituting X, and Y, from (B-6) yields

YY, 1 1
J

®
wtlﬂ:O:let+H|:7aj|\pa+CH|: 7 \pa—7®§——CYYa®a. (B-7)
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We express all the terms on the right in (1-4) in terms of the traces on the boundary of the corresponding
functions. Doing so, after some simplifications we arrive at the following equation:

2

Ou @2 1., YY, Y
Wit H | =5 W = = 4 (W O0) + Y +cH | —% Wy — O+ XgWo =0 (B-8)

The real form of the equations. The equations (B-6) and (B-8) provide us with a system describing the
evolution of the free boundary and the velocity potential restricted to the free boundary, as follows:

C) YY, C) YY,
Y,=—H[7a]Ya—cH[Ta]Ya—TaXa—cTaXa,

Oy e 1 ., YY, Y
\IJZZ—H 7 \Pa+7—§(\pa+®a)—gy—CH 7 \Ija+C®—C7Xa\pa.

Here X and ® are dependent variables.
The Hamiltonian associated to the system is

E(Y, W) = % /{\maapp 4 gY2Xy + W, Y2+ %c2Y3Xa}doz,

where |0, | = Hd,. Thus
&

sy =&V Xa 8510a|(Y) + WY + 3¢°Y* Xo + £¢%181(Y?),

6&

Y

We can write the above equations for (Y, V) in a skew-symmetric form

Y\ [ 0 A\ /[s/8Y
(\p)t - (—A* B) (35/&11)’ (B-9)

= |3, |W — Y Y.

where
Xq 1 1 1 -1
A=7+Y(¥H7’ B:lyaH7+7HlIJ0l_caa ’
X 1
J J o

This form immediately implies that £ is conserved along the flow. There are several Hamiltonian
symmetries, which correspond to conservation laws of the system in accordance with Noether’s principle.
The horizontal translation invariance

Y(a,t) > Y(@+a,t), VY(x,t)—> VY(x+a,t)

is generated by the functional P which we will derive below. This functional corresponds to total
horizontal momentum, and it is given by the system

Y\ _( 0 A\/[sP/sY
<‘I’)a_ (—A* B) (573/3\y)’ (B-10)
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where

P(Y, W) = /{\wo, _ %sza} da.

The variational derivatives of P are
SP/SY = —Wy — Y Xo — %|8a|(Y2),
SP/SV =Y.

Thus, our conserved energies are

2
E(Y, W) = % /{lmaamf oYX, +cW, Y+ C—Y3Xa} da,

3 B-11)
PY, W) = /{\pYa - £v2X, | da,
where |0,| = HO,.
The complex form of the equations. Recall that our holomorphic variables are
Z=X+iY, Q=V+i0.
We also introduce the notation
®a . ®0( Qoz - Qa 2
F=H|— —=P|——|, J=|Z,|", B-12
[ R A a1

noting that F is also the boundary value of a function which is holomorphic in the lower half-plane.
Using these notations, a straightforward computation allows us to re-express the kinematic boundary
conditions (B-6) in a single equation for the motion of the boundary

. YY,
Zi+FZ,+2icP 7 Zy =0,
which is equivalent to
0,(Z —7)?
Zt+an—i§P[¥]za =0. (B-13)

Next we rewrite the dynamic boundary condition. For this we apply the operator 2P = I — i H in the
equation (B-8). We do not repeat the computations in [HIT16] for the case ¢ = 0. Instead, we use them
directly to obtain, from (B-8), the equation

2
Qt—ig(Z—a)+FQa+icQ+P|:|Q]a| ]—i—cK:(), (B-14)
where

K=I—-iH)|H e
= 1 7

Y
]Wa + 7Xa\llai|.
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To simplify K we use the relation H(fg— Hf Hg) = fHg + H fg to rewrite it as
YY, [ YY, YY, Yy, _ Y
K=H 7 v, —iH 7 Oy | +1 7 W, +iH 7 O+ —iH) 7Xa\11a

. . YY,y ) Y
=il _lH)|: 7 :|Q01+(I_1H)|:7(Xaqja+Ya®a):|

_plY ¥ YQu YOQu
b T |

Further, we write Y = —i ((Z — &) — (Z — «)), eliminate the projected antiholomorphic terms and remove
the projection in front of holomorphic terms to obtain

_i Z—-u Z—a i (Z_Ol)éa (Z_G)Qa
K“EP[Z Tz }Q"“EP[ Z., | ]

o
Thus our set of holomorphic equations consists of (B-13) and (B-14)—(B-15).
For the last step we use the relation Z = W + « to replace Z by W. For the last expression in (B-13)

(B-15)

we have 3 3
P|:8a(Z—Z)2]=2P|:Z_—a_Z—a+Z—a]
J Zy Zy Zy
_ [ W LA W ]
o 1+W, 1+W, 1+W,
2w
_2F1_ ’
14+ W,
where o
w w
F1=P|: — 4 ]
1+W, 1+W,

For K on the other hand we have

. . W_ W
K:—’—FIQa—lP[ Qo Wla }

2 2 1+W, 1+ W,
Hence, setting

. C
F=F—itF
L l2 1,

our equations become
W,+£(Wa+1)+ingo,

2
Qz+EQa+icQ—igW+P|:@]+i§{P|:

WQ_,X ]_P[ WQ, ]}_0 (B-16)
1+ W, 1+ W,

We can also re-express the Hamiltonian and horizontal momentum in terms of the holomorphic variables
(W, Q). This gives

3
EW, Q):Eﬂfg|W|2(l+Wa)—iQQa—i—cQa(SW)z—%|W|2W(1+Wa)da. (B-17)
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A second conserved quantity is the horizontal momentum,

P /{%(QWQ —OW,) —c|W|* + %(WZWO, + WZWQ)} da. (B-18)
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ABSOLUTE CONTINUITY AND «-NUMBERS ON THE REAL LINE

TUOMAS ORPONEN

Let @, v be Radon measures on R, with © nonatomic and v doubling, and write u = p, + w, for the
Lebesgue decomposition of p relative to v. For an interval I C R, define o, , (1) := W (us, vr), the
Wasserstein distance of normalised blow-ups of p and v restricted to /. Let S, be the square function

Siwy =Y ok (Dxi,
I1eD
where D is the family of dyadic intervals of side-length at most 1. I prove that S, (w) is finite @, almost
everywhere and infinite u; almost everywhere. I also prove a version of the result for a nondyadic variant
of the square function S, (1). The results answer the simplest “n = d = 1” case of a problem of J. Azzam,
G. David and T. Toro.
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1. Introduction

Wasserstein distance and a-numbers. In this paper, 1 and v are nonzero Radon measures on R. The
measure v is generally assumed to be either dyadically doubling or globally doubling. Dyadically doubling
means that

v(l)y <Cv(l), €D, (1.1)

where D is the standard family of dyadic intervals, and [ is the parent of I, that is, the smallest interval in
D strictly containing /. Globally doubling means that v(B(x, 2r)) < Cv(B(x,r)) for x e Rand r > 0; in
particular, this implies spt v = R. The main example for v is the Lebesgue measure £, and the proofs in this
particular case would differ little from the ones presented below. No a priori homogeneity is assumed of u.
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Definition 1.2 (Wasserstein distance). I will use the following definition of the (first) Wasserstein distance:

[wan-[var

where the sup is taken over all 1-Lipschitz functions ¥ : R — R which are supported on [0, 1]. Such

given two Radon measures vy, v, on [0, 1], set

’

Wi (v, va) :=sup
v

functions will be called test functions. A slightly different— and also quite common — definition would
allow the sup to run over all 1-Lipschitz functions v : [0, 1] — R. To illustrate the difference, let vy = &g
and v, = §;. Then Wy (vy, v2) = 0, but the alternative definition, say Wl, would give \7\/1 (v1,v2) =1. The
main reason for using W, instead of W, in this paper is to comply with the definitions in [Azzam et al.
2016; 2017].

As in the paper [Azzam et al. 2016] of J. Azzam, G. David and T. Toro, I make the following definition:

Definition 1.3 (¢-numbers). Assume that / C R is an interval. Define

o (1) =Wy (uy, vr),

where u; and v; are normalised blow-ups of p and v restricted to /. More precisely, let 7; be the
increasing affine mapping taking 7 to [0, 1], and define

= Trg(uelr) and v e Trz(vlr)
T T

If w(1) =0 (or v(I) =0), define u; =0 (or v; =0).

The quantity defined above is somewhat awkward to work with, as it lacks (see Example 5.2) the
following desirable stability property: if I, J C R are intervals of comparable length, and / C J, then
oy v(I) Sy (J). Chiefly for this reason, I also need to consider the following “smooth” «-numbers;
the definition below is essentially the same as the one given in [Azzam et al. 2017, Section 5]:

Definition 1.4 (smooth a-numbers). Let ¢ :=dist(-, R\ (0, 1)). For an interval I C R, define «;,;, (1) :=
Wi (ig,1, ve,1), where
_ Trs(uelp)

_ _ Tl
“T i en) ‘

and vy s .
Y v(gr)

Here 77 is the map from Definition 1.3, ¢; = ¢ o Ty, and u(p;) = fgo, du. If w(pr) =0 (or v(py) =0),
set ity =0 (or v, 1 =0).

The only difference between the numbers «, ,, (/) and «; ;. (1) is in the normalisation of the measures
wr,@r and wy g, vy p: if I is closed, the measures u;, v; are probability measures on [0, 1], while
Mo, 1([0, 11) = u(I)/m(¢r). The numbers «y ;. (1) enjoy the stability property alluded to above. Moreover,
if either p or v is a doubling, one has o, (1) S o, (I). These facts are contained in Proposition 5.4
(or see [Azzam et al. 2017, Section 5]).

Remark 1.5. The o-numbers were first introduced by X. Tolsa [2009], where he used them to characterise
the uniform rectifiability of Ahlfors—David regular measures in R?. Tolsa’s original definition of the
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a-numbers has a different, asymmetric, normalisation compared to either o, ,, or oy 4, above; see [Tolsa
2009, p. 394].

Main results. Before explaining the results in [Azzam et al. 2016], and their connection to the current
manuscript, I emphasise that that paper treats “n-dimensional” measures in R? for any 1 < n < d. For the
current paper, only the case n = d =1 is relevant. So, to avoid digressing too much, I need to state the
results of [Azzam et al. 2016] in far smaller generality than they deserve.

With this proviso in mind, the main results of [Azzam et al. 2016] imply the following: if u is a
doubling measure on R, and the numbers o, . satisfy a Carleson condition of the form

2r dtd
f / By, 1) LY < (B, ), (1.6)
B(x,2r) J0O t

then p, or at least a large part of w, is absolutely continuous with respect to £, with quantitative upper and
lower bounds on the density. As the authors of [Azzam et al. 2016] point out, the main shortcoming of
their result is that condition (1.6) imposes a hypothesis on the first powers of the numbers «,, ., whereas
evidence suggests (see in that paper Remark 1.6.1, the discussion after Theorem 1.7, and Example 4.6)
that the correct power should be 2. More support for this belief comes from the following “converse”
result [Tolsa 2015, Lemma 2.2]: if w is a finite Borel measure on R then

o dr
/0 &ivﬁ(x, r) <o for L ae. x eR. (1.7)

In particular, if u <« £, then (1.7) holds for i almost every x € R. I should again mention that this is
only the easiest n = d =1 case of Tolsa’s result. Here &, » is a variant of the a-number (in fact the one
discussed in Remark 1.5).

The purpose of this paper is to address the problem of Azzam, David and Toro in the simplest case
n =d = 1. I show that control for the second powers of the o, ,-numbers does guarantee absolute
continuity with respect to Lebesgue measure. In fact, the doubling assumption on p can be dropped, the
Carleson condition (1.6) can be relaxed considerably, and the results remain valid, if £ is replaced by any
doubling measure v. The results below also contain the “converse” statement, analogous to (1.7).

I prove two variants of the main result: one dyadic, and the other nondyadic. Here is the dyadic version:

Theorem 1.8. Let D be the family of dyadic subintervals of [0, 1), and let ., v be Borel probability
measures on [0, 1). Assume that u does not charge the boundaries of intervals in D, and v is dyadically
doubling. Write u = g, + s for the Lebesgue decomposition of u relative to v, where p, < v and
s L v. Finally, let Sp_,,(10) be the square function

Spu(w) =Y ab (D

I€D
Then,

(a) S,(w) is finite u, almost surely, and

(b) S, () is infinite s almost surely.
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In particular,

Zai’v(l)u(l)<oo = u<Kv.
1D

Heuristically, this corresponds to assuming (1.6) at the scale r = 1, but I could not find a way to reduce
the continuous problem to the dyadic one; on the other hand, a reduction in the other direction does not
appear straightforward either, so perhaps one needs to treat the cases separately. A caveat of the dyadic
set-up is the “nonatomicity” hypothesis on w. It cannot be dispensed with: for instance, if u =, for
any x € [0, 1), which only belongs to the interiors of finitely many dyadic intervals, then Sp (1) is
uniformly bounded (for instance Sp »(80) =0), but L L.

Here is the nondyadic version of the main theorem:

Theorem 1.9. Assume that ju, v are Radon measures, and v is globally doubling. Write u = i, + s, as
in Theorem 1.8. Let S, be the square function

1
S2() () = fo @2, (B rem

defined via the smooth a-numbers o, . Then,
(a) S, (w) is finite w, almost surely, and
(b) S, () is infinite g almost surely.

Recall that o, (B(x, ) S oy, v (B(x, r)) whenever v is doubling, such as v = £; see Proposition 5.4.
So, Theorem 1.9 has the following corollary:

Corollary 1.10. Assume that ju, v are Radon measures, and v is globally doubling. If

1
/ a, ,(B(x, 1)) % <00 (1.11)
0

for u almost every x € R, then u < v.
The following question remains open:

Question 1. In the setting of Theorem 1.9 and Corollary 1.10, is the square function in (1.11) finite
Wq almost everywhere?

The difficulties arise from the nonstability of the numbers o, ,. See [Azzam et al. 2017, Section 5],
and in particular Lemma 5.3 of that paper, for related discussion.

Assuming the full Carleson condition (1.6), and that w is globally doubling, the authors of [Azzam
et al. 2016] prove something more quantitative than p < £; see in particular Theorem 1.9 of that paper.
The same ought to be true for the second powers of the a-numbers, and indeed the following result can
be easily deduced with the method of the current paper:

Theorem 1.12. Assume that |1, v are Borel probability measures on [0, 1), both dyadically doubling, and
assume that the Carleson condition

Y o2 (Du) = Cp(J), JeD, (1.13)
IcJ
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holds for some C > 1. Then | belongs to AoDo(v), the dyadic Ay class relative to v. Similarly, if u, v
are Radon measures on R, both globally doubling, and the Carleson condition (1.6) holds for the second
powers aﬁ,U(B(y, 1)), then u € Ao (V).

The a priori doubling assumptions cannot be omitted (that is, they are not implied by the Carleson
condition): Just consider u = 2xj9,1/2) dL£. It is clear that the Carleson condition (1.13) holds for the
numbers ai, (1), but nevertheless u ¢ AODO(£|[0,1]).

Outline of the paper, and the main steps of the proofs. The main substance of the paper is proving the
dyadic result, Theorem 1.8, and in particular part (b). This work takes up Sections 2-4. The proof of
part (a) is simpler, and closely follows a previous argument of Tolsa— namely the one used to prove (1.7).
The details (both in the dyadic and continuous settings) are given in Section 6. Modifications required to
prove part (b) of the “continuous” Theorem 1.9 are outlined in Section 5.

The proof of Theorem 1.8(b) has three main steps. First, the numbers «,, , (/) are used to control
something analyst-friendlier, namely the dyadic variants

ALy RO v

ud)y v |
Here 1_ stands for the left half of /. This would be simple, if x[o,1,2) happened to be one of the admissible
test functions v in the definition of Wj. It is not, however, and in fact there seems to be no direct (and

(1.14)

sufficiently efficient) way to control A, (1) by «,, (1), or even «,, ,(31). However, it turns out that the
numbers are equivalent at the level of certain Carleson sums over trees; proving this statement is the main
content of Section 2.

The numbers A, , (1) are well-known quantities: they are the (absolute values of the) coefficients in
an orthogonal representation of p in terms of v-adapted Haar functions, and it is known that they can be
used to characterise A.,. The following theorem is due to S. Buckley [1993]:

Theorem 1.15 [Buckley 1993, Theorem 2.2(iii)]. Let u, v be dyadically doubling Borel probability
measures on [0, 1]. Then u € A?O(v) if and only if

S A2 (D) <Cull), JeD. (1.16)
IcJ
The result in [Buckley 1993] is only stated for v = L|[o,1}, but the proof works in the greater generality.
Note the similarity between the Carleson conditions (1.16) and (1.13): The dyadic part of Theorem 1.12 is,
in fact, nothing but a corollary of Buckley’s result, assuming that one knows how to control the numbers
A, »(I) by the numbers «,, , (1) at the level of Carleson sums; consequently, the short proof of this half
of Theorem 1.12 can be found in Section 2. The continuous version is discussed briefly in Remark 5.19.
Buckley’s result is not applicable for Theorem 1.8: the measure p is not dyadically doubling, and
the information available is much weaker than the Carleson condition (1.13). Handling these issues
constitutes the remaining two steps in the proof: all dyadic intervals are split into trees, where p is
“tree-doubling” (Section 4), and the absolute continuity of p with respect to v is studied in each tree
separately (Section 3).
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2. Comparison of ¢-numbers and A-numbers

In this section, p and v are Borel probability measures on [0, 1), u does not charge the boundaries of
dyadic intervals, and v is dyadically doubling inside [0, 1):

v(I) < D), 1eD\{0, 1)}

This implies, in particular, that v(/) > 0 for all / € D with I C [0, 1). The main task of the section is to
bound the numbers A, ,(I) by the numbers «,, , (1), where A, ,(I) is the quantity

u-)  v(-)
=\[ xo12drnr— | xo12dvi

A,u,v(l) = |7 —
The task would be trivial if xo,1/2) were a 1-Lipschitz function vanishing at the boundary of [0, 1]. It is

p()  vl)

not: in fact, the difference between A, ,, (/) and «y, ,, (/) can be rather large for a given interval I.

Example 2.1. If Vv = 51/2_1/,1 and V) = 81/2_,.1/,,, then Avl,vz([(), 1)) =1, but 011)171,2([0, 1)) 5 l/n. These
measures do not satisfy the assumptions of the section, so consider also the following example. Let
u = fdL, where f takes the value 1 everywhere, except in the 27"-neighbourhood of % Let f = % on
the interval [ —27", 1], and f = 2 on the interval (1, 1 +27"]. Then p is a dyadically 4-doubling
probability measure on [0, 1], A, £([0, 1)) ~27", and o, ([0, 1)) ~ 272,

Fortunately, “pointwise” estimates between A, , (/) and «,, , (/) are not really needed in this paper,
and it turns out that certain sums of these numbers are comparable, up to a manageable error. To state
such results, I need to introduce some terminology. A family C C D of dyadic intervals is called coherent
if the implication

Q,ReCand QCPCR = PeC

holds for all Q, P, R € D.

Definition 2.2 (trees, leaves, boundary). A free 7 C D is any coherent family of dyadic intervals with a
unique largest interval, Top(7") € 7, and with the property that

card(ch(I)NT) e (0,2}, [Te€T.

For the tree 7, define the set family Leaves(7 ) to consist of the minimal intervals in 7, in other words
those I € T with card(ch(/) N 7T) = 0. Abusing notation, I often write Leaves(7 ) also for the set
J{I : I € Leaves(T)}. Finally, define the boundary of the tree 37T by

oT :=Top(T) \ Leaves(7).

Then x € 97 if and only if x € Top(7") and all intervals I € D with x € I C Top(7") are contained 7.

Definition 2.3 ((7, D)-doubling measures). A Borel probability measure w on [0, 1] is called (7, D)-
doubling if
u(l) < Du(l), 1 eT\Top(T).

Here is the main result of this section:
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Proposition 2.4. Let 1, v be measures satisfying the assumptions of the section, and let T C D be a tree.
Moreover, assume that  is (T, D)-doubling for some constant D > 1. Then

Y AL (D) Spp Y. ok (D) + pu(Top(T)).
IeT IeT \Leaves(T)

The “dyadic part” of Theorem 1.12 is an immediate corollary:

Proof of Theorem 1.12, dyadic part. By hypothesis, both measures @ and v are (D, C)-doubling. Hence,
by the Carleson condition (1.13), and Proposition 2.4 applied to the trees 7; :={I € D: I C J}, one has

YL (D) Se Y ek (Du(h) +pl) S pd).

IcJ IcJ
This is precisely the condition in Buckley’s result, Theorem 1.15, so i € AL (v). O

I then begin the proof of Proposition 2.4. It would, in fact, suffice to assume that v is also just
(T, D,)-doubling, but checking this would result in some unnecessary book-keeping below. The proof is
based on the observation that x(o,1/2) can be written as a series of Lipschitz functions, each supported on
subintervals of [0, 1]. This motivates the following considerations.

Assume that

U=y, := Z ¥
j=0
is a bounded function such that each v;: R — [0, 00) is an L;-Lipschitz function supported on some
interval I; € D;. Assume moreover that the intervals /; are nested: [0, 1) D Iy D I D ---. Then, as a first
step in proving Proposition 2.4, I claim that

‘/\Ddu—/\de

) N 1
=D PSR ATII AR Z( / Wt dv) AT + 20 Wlloopt (In11) - (2.5)
k=0 k=0

v(Jkt1)

for any N € {0, 1, ..., oo}, where

W= W, m=0.

Jj=k

For N = oo, the symbol “Iy” should be interpreted as the intersection of all the intervals ;. I will first
verify that, for any m > 0,

‘ : /\Dmdu— : /\Ilmdv
wu( L) v(ly)

L, 1
< 2—mau,v(1m)+< f W dv) Ay ()

V(Im-‘r])
w(ly)| 1 f 1 /
V1 dp— W, 1dv
1w(ln) | (i) O ) !

from which it will be easy to derive (2.5). If w(Z,,) = 0, the corresponding term should be interpreted as
“0” (recall that v([,,) is never zero by the doubling assumption). The proof of (2.6) is straightforward.

, (2.6)
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First, note that since ¥, : R — R is an L,,-Lipschitz function supported on I,,,, and |I,,| =27, one has

1 1
‘M(Im) /w’”d“_ v(lm)f‘”’"d”‘ = V‘ﬁmOTz;ldmm—/wmor,;ldv,m

(The mappings 7; are familiar from Definition 1.3). This gives rise to the first term in (2.6). What remains
is bounded by

L
< Z_Znnau,v(lm)-

1 / 1 / w(Lny1) 1 f 1 /
W, 1du — Y, 1dv| < W, 1du— v, 1dv
‘u(lw TS ) T 1) | wen ] TGy ) T
1 I, I,
+( /\Ildev)‘M( +1)_V( +1) '
V(Im-i-l) M(Im) V(Im)
This is (2.6), observing that
I, I,
Aﬂ,v(lm):‘u( +1)_V( +1)’
(L) V(1)

since either I,,11 = (I,)+ or 1,41 = (I,)—, and both possibilities give the same number A ,(1,).
Finally, (2.5) is obtained by repeated application of (2.6). By induction, one can check that N iterations
of (2.6) (starting from m = 0, and recalling that u, v are probability measures on [0, 1)) leads to

‘/\lldu—/llfdv

N N
Ly 1
< gyau,v(lk)u(lk) +g(v(1k+1) /wk+1 dv) A (IO ()

1 / 1
— [ Wy dp— f\p dv
(e ) N v(Iven ) M

This gives (2.5) immediately, observing that | Wy +1lco < |V ] oo-

+ u(In+1) - (@27

Now, it is time to specify the functions ;. I first define a hands-on Whitney decomposition for (0, %)
Pick a small parameter t > 0, to be specified later, and let Uy := [‘C, %—r). Then, set U_; :=[727%, r27F+1)
and Uy := % —U_y for k > 1. Let {4 }xez be a partition of unity subordinate to slightly enlarged versions

of the sets Uy, k € Z. By this, I first mean that each y is nonnegative and L-Lipschitz with

C 2
k=< . (2.8)
T
Second, the supports of the functions i should satisfy ¥y C [%‘L’ % — %‘L’)
spty_ C [(37)27%, 2027 € (0, 2027F) and  yy € 4 —(0,2727FF
for k > 1. Third,
Z Yk = X0.1/2)-
kez
LetW™ =),  V_r+ %‘ﬂo and W =% yi+ %WO- Then
Auw([0, 1)) < /\1/— d,u—/\l!‘ dv +‘/lll+du—/lll+dv ) (2.9
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This is the only place in the paper where the assumption of u not charging the boundaries of dyadic
intervals is used (however, the estimate (2.9) will eventually be applied to all the measures p;, I € D, so
the full strength of the hypothesis is needed). The function W~ is precisely of the form treated above with
I; :=0, 277), since clearly spt ¥ C I;. Applying the inequality (2.5) with any Ny € {0, 1, ..., oo} yields

‘deu—/de

N Ny
L_ 1 -
ngo: _2kkaM,v(Ik)M(Ik)+kE:O<v(Ik+l)/‘ljk-:,-l dV>Au,u(1k)M(1k)+2M(1N1+1)- (2.10)

Next, observe that each function W, , k > 0, is bounded by 1 and vanishes outside

k+1°

o.¢]

J sptv—e (0, 27275),

j=k+1
It follows that
v((O 272" k))
v<1k+1) i1 @ vl

where the implicit constants only depend on the dyadic doubling constant D,, of v. In the sequel, I assume

p, (1),

that 7 is so small that op, (t) <k, where « > 0 is another small constant, which will eventually depend
on the (7, D)-doubling constant D for p. Recalling also (2.8), the estimate (2.10) then becomes

Ny

<= Z“u VU +6 Y Ay Tp) +2u(y ). (211

|/\D_d,u— \IJ dv
k=0

The last term simply vanishes if Ny = oo, because 1 ({0}) = 0. A heuristic point to observe is that the
left-hand side is roughly A, , ([0, 1]); the right-hand side also contains the same term, but multiplied
by a small constant ¥ > 0. This gain is “paid for” by the large constant C/z.

Next, the estimate is replicated for W'. This time, the inequality (2.5) is applied to the sequence
fo =[0, 1), I = [O, %), L= (f1)+, and in general fk+1 = (fk)+ for k > 1 (here J is the right half of J).
Then, if 7 is small enough, it is again clear that spt yx C I. Thus, by inequality (2.5),

‘/qﬁdu—/wwv

< Z SenTond) + Z(

/ v du) AT ) +2un, 1) (2.12)
v(Iis1)

for any N> > 0. As before, the term 1 (Iy,) vanishes for Ny = 0o (because 1({1}) =0), and one can
ensure

1/
— | v dv<k
V(1) o
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/\, I

Tail, — = I_
\_/_)
\% |
\‘— —_— (I_)2+

—_15_ Tlp I

.~

Figure 1. An example of Tail; (4, 1) and Tip;.

by choosing 7 = t(D,) > 0 small enough. Consequently (recalling (2.9)), (2.11) and (2.12) together
imply

A0, D) < %I;_lau,vam(l) +x 1;-1 Ao (D) + 20U 1) + 21 Unpr). - (2.13)
€lal clal

Here Tail is the collection of all the intervals Iy, ..., Iy, and fo, R I, N,- The intervals [0, 1) and [0, %)
arise a total of two times from (2.11) and (2.12), but this has no visible impact on the end result, (2.13).
The estimate (2.13) generalises in a simple way to other intervals I € D, besides I =[0, 1), but requires an
additional piece of notation. Let I € D, and write Io— := I =: Ip4. For k > 1, define I;_ := (/(x—1)—)— and
I+ = ({k—1)+)+. Now, for a fixed dyadic interval I C [0, 1), and Ny, N > 0, let Tail; = Tail; (N1, N2)
be the collection of subintervals of 7, which includes I;_ for all 0 <k < N and (/)4 for all 0 <k < Ny;
see Figure 1. Then, the generalisation of (2.13) reads

B r) = S 3 auuDr@ +x Y. A +2u(Tip)), (2.14)
J eTaily J eTail;
where Tip; = Iy, +1)— U (1) (ny+1)+- If N1 < 00 and N, = oo, for instance, then Tip; = I(ny,+1)—. The
proof is nothing but an application of (2.13) to the measures p; and v;. For minor technical reasons, I
also wish to allow the choice Ny = 0 and N, = —1: by definition, this choice means that Tail; = {/} and
Tip,; := I_. It is easy to see that (2.14) remains valid in this case, with “2” replaced by “4” (for I =[O0, 1),
this follows by applying (2.11) and (2.12) with the choices N =0 = N>).
Now, the table is set to prove Proposition 2.4, which I recall here:

Proposition 2.4. Let ., v be measures satisfying the assumptions of the section, and let T C D be a tree.
Moreover, assume that u is (T, D)-doubling for some constant D > 1. Then

YoAL (Du) Spp Y. o (D) + p(Top(T)).
1T IeT \Leaves(T)

Proof. The sum over I € Leaves(7) is evidently bounded by 4 (Top(7")), so it suffices to consider
I € T\Leaves(T)=:7". (2.15)

Let I € T, and define the number Ny = N (/) > 0 as the smallest index such that /(y, +1)— € Leaves(7). If
no such index exists, set Ny =oc. If I_ € Leaves(7 ), then N; =0, and I define N, = —1: then Tail; :={[},
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and Tip,; :=1_. Otherwise, if I_ € 7, let N, > 0 be the smallest index such that (/_)y,+1)+ € Leaves(T).
If no such index exists, let No = oo. Now Tail; C 7~ and Tip; C Leaves(7") are defined as after (2.14).
Start by the following combination of (2.14) and Cauchy—Schwarz:

1
Ai,mmu)zsf—z( > ai,vumufﬂ)( > M(J)1/2>
J eTail;

J eTaily
K2< > Ai,Uumufﬂ)( > M(J)1/2)+M(Tipz)2- (2.16)
J €Tail;

JGT}lﬂ[

The factors ) JeTail; w(J)Y/? are under control, thanks to the (7, D)-doubling hypothesis on w, and
the fact that Tail; C 7. Since Tail; consists of two “branches” of nested intervals inside I, and the
(T, D)-doubling hypothesis implies that the p-measures of intervals decay geometrically along these
branches, one arrives at
> wHY Sp ',
JeTail;
Thus, by (2.16),

M(J)3/2 Y a2 (J)M(J)3/2 1(Tip,)*

1
2 < 2
Ay (D) Sp 3 Z O‘M,U(J) w12 w(l)

J eTail;

2.17)
J €Tail;

The constant k¥ > 0 will have to be chosen so small, eventually, that its product with the implicit constants
above is notably less than 1. From now on, the precise restriction J € Tail; can be replaced by the
conditions J € 7~ and J C . With this in mind, observe first that

2 pu(J)? 2 3/2
Yo () P = Y (D) Y (1)]/2 <p > ok (D).

IeT~ JeT~ JeT~ I1eT~ JeT~
Jcli I1DJ

The final inequality uses, again, the geometric decay of p-measures of intervals in 7. A similar estimate
can be performed for the second term in (2.17). As for the third term,

Z u(Tip,)? < Z w Ny +1)=) + 1 (1) Ny 1)+)?

IeT— M(I) IeT— 'u(I)
S D )] ﬁ <p u(Leaves(T)),
JeLeaves(T) 115377

relying once more on the geometric decay of u in 7. Combining all the estimates gives

> AL (D) Sp Z o ,(Du() +1 Y AL (D) + p(Leaves(T)). (2.18)

I1eT— IeT— I1eT~

If the left-hand side is a priori finite, the proof of Proposition 2.4 is now completed by choosing « small
enough, depending on D. If not, consider any finite subtree 7; C 7 with Top(7;) = Top(7"). Then, the
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proof above gives (2.18) with 7; in place of 7. Hence
Yo Az (hu) Sp Y. e (D) + u(Top(T)).
167;_ 167;_

where the constants do not depend on the choice of 7;. Now the proposition follows by letting 7; /7. U

3. Absolute continuity of tree-adapted measures

Recall the concepts of tree, leaves and boundaries from Definition 2.2, and the notion of (7, D)-doubling
measures from Definition 2.3. In the present section, I assume that 7 C D is a tree, and u, v are two
finite Borel measures, which satisfy the following two assumptions:

(A) min{u(Top(T)), v(Top(T))} > 0.
(B) w, v are (7T, D)-doubling for some constant D > 1.

In particular, the assumptions imply
u(d)>0 and v(I)>0, I€eT.

For reasons to become apparent soon, I define the (7, u)-adaptation of v,

Vv
v =l + E =) ulr,
IeLeaves(T)

where (v/u)(I) :=v(l)/u(l). Note that

vr()=v(), [€T, (3.1)
because 97 is disjoint from the leaves, which are also pairwise disjoint. In particular, v (Top(7)) =
v(Top(7)). The main result of the section is the following:
Proposition 3.2. Assume (A) and (B), and that

> ALLDu) <.
IeT \Leaves(T)
Then wltop(T) K v7. In particular ]y <K v.

Remark 3.3. By the definition of v, it is obvious that p|icaves¢7) < V7. So, the main point of
Proposition 3.2 is to show that u|y7 << (v)laT = v]aT-

Since w(Top(7)) > 0 and v(Top(7)) > 0, one may assume without loss of generality that
u(Top(T)) =1 = v(Top(T)).

The proof of Proposition 3.2 is based on a “product representation” for v, relative to u, in the spirit of
[Fefferman et al. 1991, Theorem 3.22] of Fefferman, Kenig and Pipher. Recall that every interval / € D
has exactly two children: /_ and 7. Define the p-adapted Haar functions

Wy :=cfxi, —cyxi., 1 €T\Leaves(T),
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where
) IT0))
¢ = and ¢, ;=
(i)

Doy

This ensures that fh’; du =0 for I € T\ Leaves(7). Note that u(/4), u(I-) > 0, because I, I_ € T.
Now, the plan is to define coefficients a; € R, for J € T \ Leaves(7 ), so that the following requirement
is met:

[[a+an)@) = ﬁ(]), xeleT. (3.4)

J2I
JeT

The left-hand side of (3.4) is certainly constant on /, so the equation has some hope; if / =Top(7 ), then the
product is empty, and the right-hand side of (3.4) equals 1 by the assumption u(Top(7)) =v(Top(7)) =1.
Now, assume that (3.4) holds for some interval / € 7\ Leaves(7). Then I_, I, € T, so if (3.4) is supposed
to hold for 7_, one has

()= [ a+am) = =crap [ +asht) =0 =cran=), (3.5)
H J2I J2I H
JeT JeT
and similarly
() = (1 +cfan—). (3.6)
2 Iz

From (3.5) one solves
gy = WD =) pd) ()
(v/myey udy v’

(3.7)

and (3.6) gives
_ /) = /) vy pdy) (3.8)
/W) v(I)  opd) '
Using that u(I-)/u(l) =1 — u(l4+)/ () (and three other similar formulae), it is easy to see that the

numbers on the right-hand sides of (3.7) and (3.8) agree. So, a; can be defined consistently, and (3.4)

holds for 1, I_ € T. Moreover, the formulae for a; look quite familiar:
Observation 1. |a;| = A, , () for I € T \ Leaves(T).

Now that the coefficients a; have been successfully defined for I € 7 \ Leaves(7 ), let g be the (at the
moment) formal series

g = > ahjx).

IeT \Leaves(T)

Since the Haar functions h’; are orthogonal in L% (1), and satisfy

/(h‘;)2 du < max{c;r, c,_}z,u(l) <D*ul), Ic€ T \ Leaves(T),

one arrives at

lglioy = 2. A DIk}, <D Y AL (Dud) < oo,
IeT \Leaves(T) IeT \Leaves(T)
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by the assumption in Proposition 3.2. This means that the sequence

gy = Z arh’

IeT \Leaves(T)
[1|>2—N
converges in L?(u). In particular, one can pick a subsequence (gn;)jen Which converges pointwise
w almost everywhere (in fact, the entire sequence converges by basic martingale theory, but this is not
needed). Now, recall that the goal was to prove that u|top7) < v To this end, one has to verify that

liminf 2 (1) < 00 (3.9)
I—x v

at ;o almost every x € Top(7). This is clear for x € Leaves(7), since the ratios u(/)/vr(I), I > x, are
eventually constant. So, it suffices to prove (3.9) at n almost every point x € d7. Fix a point x € 97 with
the properties that sequence (g, (x));jen converges, and also

Y ag= > AL <o (3.10)
xeJeT xeJeT
These properties hold at ¢ almost every x € 97. Let I € D be so small that x € I € T, and note that

v v
log ——(I) =log —(I) =log [ [ (1 +ash;(x) = Y log(l +ash; x)).
K H J2I J2I
JeT JeT
Now, the plan is to use the estimate log(1 +1¢) >t — Cst2, which is valid as long as t > 6 — 1 for some
8 > 0. Observe that ayh; (x) € {—c;ay, c}fa,}, where

__/mwu) f_wUy 1

1
>——1 and ayc

—ayer =) A i EAy [ (3.11)
T w/m) C T w/m) C
Consequently, for x € I € T with |1| =27, one has
v
log —(I) = Y " ashlj(x) = C" Y (ash(x))* = gn,(x) = C'D* Y aj, (3.12)
K J2I J2I xeJeT

JeT JeT
where C’ <p 1 only depends on the constant C in (3.11). Since the sequence (gn;(x))jen converges and
(3.10) holds, the right-hand side of (3.12) has a uniform lower bound —M (x) > —oo. This implies

limsup 2L (1) > exp(—M (x)) > 0,

I—x

which gives (3.9) at x. The proof of Proposition 3.2 is complete.

4. Proof of Theorem 1.8(b)

In this section, Theorem 1.8(b) is proved via a simple tree construction, coupled with Propositions 2.4
and 3.2. Recall the statement of Theorem 1.8(b):



ABSOLUTE CONTINUITY AND «-NUMBERS ON THE REAL LINE 983

Theorem 4.1. Assume that ., v are Borel probability measures on [0, 1), i does not charge the bound-
aries of dyadic intervals, and v is dyadically doubling. Write ;1 = p, + s for the Lebesgue decomposition
of u relative to v, and let Sp (1) be the square function

Spow = al (D
1eD

Then, Sp., (1) is infinite (g almost surely.

An equivalent statement is that the restriction of u to the set
Gi={x€l0,1): Sp,(W)(x) < oo}

is absolutely continuous with respect to v; this is the formulation proven below. For the rest of the section,
fix the measures u, v as in the statement above, and let D be the doubling constant of v. I record a simple
lemma, which says that the doubling of v implies the doubling of u on intervals, where the o-number is
small enough.

Lemma 4.2. There are constants € > 0 and C > 1, depending only on D, such that the following holds.
For every interval I € D, if oy, ,(I) < €, then

p(l) = Cminfu(l-), u(ly)}. (4.3)

Proof. Let I__ C I_ and 14 C I; be intervals which lie at distance > %ll | from the boundaries of 7_
and I, respectively, and have length %|I |. Let ¥_ and ¥, : R — [0, 1] be (C’/|I])-Lipschitz functions
which equal 1 on /__ and I, 4, respectively, and are supported on /_ and /.. Then

M > L/w du > L/,/, dv—C’aM o) > vd—-) _c’% W(D),
u) = pl) —v() ’ - () ’

and the analogous inequality holds for p(/1)/u(l). The ratio v(I__)/v(I) is at least 1/D3, so if
o, (1) <1/(2C'D3) =: €, then both p(I-) > [1/(2D*1u(I) and u(Iy) > [1/(2D*)1u(I). This gives
(4.3) with C =2D>, O

In particular, if 7 is a tree, and o, , (/) < € for all I € 7 \ Leaves(7 ), then u is (7, C)-doubling. I
will now describe how such trees 7; C D are constructed, starting with 7p. Let [0, 1) = Top(7p), and
assume that some interval 7 is in 7y. If

Y ol (=€, (4.4)
I1cJclo,1)

add I to Leaves(7g). The children /_ and I become the tops of new trees. If (4.4) fails, add I_
and I to 7y. The construction of 7y is now complete. If a new top 7; was created in the process of
constructing 7y, and ©(7;) > 0, construct a new tree 7; with Top(7;) = 7; by repeating the algorithm
above, only replacing [0, 1) by T; in the stopping criterion (4.4). Continue this process until all intervals
in D belong to some tree, or all remaining tops 7; satisfy w(7;) = 0. For all tops T; with u(T;) =0,
simply define 7; := {I € D : I C T;}, so there is no further stopping inside 7;.
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Remark 4.5. Let 7 be one of the trees constructed above, with u(Top(7)) > 0. Then u is (7, C)-
doubling by Lemma 4.2, since it is clear that «,, , (/) < € for all I € 7\ Leaves(7"). In particular (/) >0
forall I € 7.

The following observation is now rather immediate from the definitions:

Lemma 4.6. Assume that Ty, ..., Ty—1 are distinct trees such that x € Leaves(T;) forall0 < j < N — 1.
Then

Sp,(W)(x) = €*N.

Proof. For 0 < j < N — 1, let I; € Leaves(7;) with x € I;. Then

N—-1
Sp,@ =Y > ap ()= €N,

Jj=0 1;CJCTop(T;)

as claimed. O

It follows that v almost every point in G = {x € [0, 1) : S, () (x) < oo} belongs to Leaves(7;) for
only finitely many trees 7;. This is equivalent to saying that x almost every point in G belongs to 97 for
some tree 7. The converse is also true: if x belongs to 7 for some tree 7, then clearly S, () (x) < oo.

wo= > wular.

trees 7

Consequently

To prove Theorem 4.1, it now suffices to show that w|37 <« v for every tree 7. This is clear, if
w(Top(T)) =0, so I exclude the trivial case to begin with. In the opposite case, note that

Yo e, ()= / Yo ep (Dxi(x) dux < € pu(Top(T)). (4.7)
IeT \Leaves(T) IeT \Leaves(T)

It then follows from Proposition 2.4 that
> AL (Dud) S u(Top(T)) < oo,
IeT

and the claim p|37 < v is finally a consequence of Proposition 3.2. The proof of Theorem 1.8(b) is
complete.

5. The nondyadic square function

This section contains the proof of Theorem 1.9(b). The argument naturally contains many similarities to
the one given above. The main novelty is that one needs to work with the smooth a-numbers, introduced
in Definition 1.4 (or [Azzam et al. 2016, Section 5]).
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Smooth o-numbers, and their properties. 1 recall the definition of the smooth o-numbers:

Definition 5.1 (smooth a-numbers). Write ¢(x) = dist(x, R\ (0, 1)). For an interval I C R, define
o, v (1) :=Wi (g, 1, vy, 1), Where

_ Trg(uln)

L= _ 0l
v 1(9r) ‘

vigr)

and v, ;

Here ¢; = ¢ o T, and u(p;) = fgo, dp. If p(er) =0 set wy; =0, and if v(gr) =0, set vy, ; = 0.
Unwrapping the definition, if @ (¢;), v(¢;) > 0, then

1 1 /w i
(e} vV
v(gr) !

m(er)

pW) v
wler)  vigr)

’

f‘/fOTIdM_

= sup‘

as,u,v(l) = sup
14 14

where the sup is taken over test functions .

Recall that the main reason to prefer the smooth a-numbers over the ones from Definition 1.3 is the
following stability property: if I C J are intervals of comparable length, then oy, (1) S o 40 (J),
whenever either u or v is doubling. This fact is essentially [Azzam et al. 2017, Lemma 5.2], but I include
a proof in Proposition 5.4 for completeness. Similar stability is not true for the numbers «,, , (1) and
a,.v(J), even for very nice measures p and v, as the following example demonstrates:

Example 5.2. Fix n € N, and let [" := [ —27", 1] and I7 := (1, 1 +27"]. Let 1 be the same measure
as in Example 2.1:

M= Xr\(1"uIr) + %Xlﬁ + %Xli-
Let v = L. It is clear that both i and v are doubling, with constants independent of n. It is also easy
to check that o, , (1) S 272" for any interval I with length [/]| ~ 1 such that /" U Il C I (this implies
u(l)=v(I)). However, O(M,v([o, %]) ~ 27" because V[0,1/2) = X[0,1]> while

o I 2"
=11 -+ =1 _ol-n 1]
10,1/2] ( + 1_2_n)X[0,1—21 )+ 2( T _2_,,))([1 21 1]

So, for instance, it is clear that no inequality of the form «,, , ([O, %]) Sayv([—1, 1]) can hold.

Without any doubling assumptions, even the smooth o-numbers can behave badly:
Example 5.3. Let 1=4 2, and v=(1—€)-8) 24 +€-814. Thena ., ([—1, 1)) ~e€, but ey, ([0, 3]) ~ L.
Proposition 5.4 (basic properties of the smooth o-numbers). Let i, v be two Radon measures on R, and
let I C R be an interval. Then
20, (1)
v (@)

Moreover, if v is doubling with constant D, the following holds: if I C J C R are intervals with |1| > 0|J |
for some 6 > 0, then

as,u,v(l)fz and Ols,,u,v(l)f

as,u,v(l) ,SD,Q O[s,,u,v(‘])- (5.5)
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Proof. For the duration of the proof, fix an interval / C R with u(p;), v(pr) > 0. The cases where
u(@r) =0or v(pr) =0 always require a little case chase, which I omit. Recall that ¢ = o, 17 dist( -, {0, 1}).
Note that any 1-Lipschitz function ¥ : R — R supported on [0, 1] must satisfy || < ¢. Consequently
|Yrr| < ¢ for any interval I, and so

<2.

O‘s,,u,v(l) <sup

[M(Ilﬁll) n v(|w1|>}
v

w(er) v(er)

This proves the first inequality. For the second inequality, one may assume that «, ,, (1) > 0, since otherwise
Mlint7 = cVl]ines for some constant ¢ > 0, and this also gives o , , (/) = 0. After this observation, it
is easy to reduce to the case u(p;) > 0 and v(¢;) > 0. Fix a test function ¥. Using that u;(|¥]) =
u(r /) < uler)/u(l) = ni(p), one obtains

‘M(WI) _ YW _ ‘Ml(lﬂ) v ‘MI(W)VI(QD) — (i)

wlen  vien | wile)  vile)| wi(@)vi(p)
wr(v D) wi(p) 20,,(1)
_mrry — 4 — Ry
S @@ [r (@) —vi()l @)1 (@) () —vi(P)| < 01 @)

To prove the final claim, start with the following estimate for a test function :
‘M(tﬁz) _ v _vle) | pWn v | k(YD vies) | nlen  vien
nler)  vien | = vign [nles)  vien) |  wlen vien |ules)  vigs)

Then, recall that w(|v;|) < u(e;). Further, it follows from the doubling of v that v(¢;) Sp.g v(¢r).
Finally, notice that ¥; = (Y70 T; ') o T; and ¢; = (¢; 0 T; ') o T, where both

Yo TJ_1 and ¢jo TJ_1

are (|J|/|1])-Lipschitz functions supported on 7; (/) C [0, 1]. Consequently,
HM(%) V() ‘ wuler)  vier) } o, (J)
max — , — < ,
ules)  vipn)| |u(ps)  vips) 0
and the estimate (5.5) follows. Il

Proof of Theorem 1.9(b). In this section, v is a globally doubling measure with constant D > 1, say. As
in Section 4, it suffices to show that |G < v, where

G:={x:85u)(x) < oo}
Write
as uv(J)=a(), JCR.

Assume without loss of generality (or translate both measures i and v slightly) that ¢« (d7) = 0 for all
I € D. Also without loss of generality, one may assume that spt i C (0, 1): the reason is that the finiteness
S, (n)(x) is equivalent to the finiteness of S, (|y)(x) for all x € U, whenever U C R is open. So, it
suffices to prove u|yng < v for any bounded open set U. Whenever I write D in the sequel, I only mean
the family {/ e D: I C [0, 1)}.
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I start with some standard discretisation arguments. For each / € D, associate a somewhat larger
interval By D I as follows. First, for x € spt 4 and k € N, choose a radius r, y > 0 such that
a(B(x,ryp)) <2infla(B(x,r)): 1.1-27% 1 <r <0.9.27). (5.6)
Then

2 1 0927 dr 2 2 2 dr
B s I'x SN 2 ) —_ N ) -
(B, rei)) < (ln[2-(0.9/1.1)] /1.1,2“ a(x,r) r) N/ZH“ )=

For I e D with |[I|=2"%and I N spt u # &, let By be some open interval of the form B(x, ry_19), x € I,
such that

a(By) <2infla(B(y, ryx-10)) : y € I Nspt u}.
The number “—10” simply ensures that / C B; with dist(/, 0B;) ~ |I|, and
IcJ = B;CBy forl, JeD.

This implication also uses the slight separation between the scales, provided by the factors “1.1” and
“0.9” in (5.6). For I € D with I Nspt u = @, define By := I (although this definition will never be really
used). Now, a tree decomposition of D can be performed as in the previous section, replacing the stopping
condition (4.4) by declaring Leaves(7 ) to consist of the maximal intervals I C Top(7 ) with

Y. PB)=é
1cJCTop(T)

where € = €p > 0 is a suitable small number; in particular, € > 0 is chosen so small that «(B;) < ¢
implies w(B;) < u(I) (which is possible by a small modification of Lemma 4.2). If now x € Leaves(7")
for infinitely many different trees 7, then

210
o= Y @B <2 @Bl o) S [ @B &

xeleD keN

which implies that x ¢ G. Repeating the argument from Section 4, this gives

mle < Z wlar-

trees T

The converse inequality could also be deduced from the stability of the smooth o-numbers (Proposition 5.4),
but it is not needed: the inequality already shows that it suffices to prove

wlaT KL v (5.7)

for any given tree 7. So, fix a tree 7. If € > 0 was chosen small enough (again depending on D), then u
is (7, C)-doubling for some C = Cp > 1 in the usual sense:

() <Cud), IeT\Top(T).
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So, if one knew that
Z A% L (Dp(l) < oo, (5.8)

I1€T \Leaves(T)

then the familiar Proposition 3.2 would imply (5.7), completing the entire proof.
The proof of (5.8) is based on the inequality

SNoAL,(huS Y. @A(BHu(BI) + u(Top(T)). (5.9)
1T IeT \Leaves(T)

The right-hand side is finite by the same estimate as in (4.7) (start with w(Bj) < u(l), using a(By) <€
for I € T\ Leaves(7)). So, (5.9) implies (5.8). I start the proof of (5.9) by noting that if / € D, then

v(l-)  u(l-)
B D=0 ™
_ves) [ VU0  plo) | o) vies) | p() v | 5.10)
v(l) |v(gs,) wles)| wl) vU) |ules) vies)
Noting that v(¢g,)/v(I) Sp 1, to prove (5.9), it suffices to control
3 [ vio)  pdo) | ‘ p) v 2]W) .10
vipg,) u(gs,) wu(es,)  vigs,)

IeT \Leaves(T)

by the right-hand side of (5.9). The main task is to find a suitable replacement for the “Tail-Tip” inequality
(2.14), which I replicate here for comparison:

C :
ApoMuD) < = Y7 au (D) +x Y Auu (D) +2(Tip)). (5.12)
J eTail; J eTail;
Glancing at (5.11), one sees that an analogue for the inequality above is actually needed for both the terms

V() pd) w) v
v(gs,) 1(gs,) wlgs,) vigs)|

Ap,(I-)=

and Ap, (I) :‘

If I_ € Leaves(T), then the trivial estimate A B, (I-) < 1 will suffice, so in the sequel I assume that
I, 1_ ¢ Leaves(T). (5.13)

The goal is inequality (5.18) below. Fix By and J € {/, I_}. Assume for notational convenience that
|Br| =1, and hence, also |J| ~ 1. In a familiar manner, start by writing

xr =) ¥ (5.14)

keZ

where v is a nonnegative C 21k |_Lipschitz function supported on either J C B; (for k = 0) or Jik— (for
negative k) or Ji4 (for positive k). As in the proof of the original Tail-Tip inequality, it suffices to first

1 1
‘—/\pgdu——/qx;dv
M(¢B1) V(‘PB;)

estimate
, (5.15)
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where \IJJ = Zkzl Y + %1//0, and more generally \IJJ.+ = Zkz j ¥j for j = 1; eventually one can just
replicate the argument for the function W, =", __, ¥ + %1//0, and summing the bounds gives control
for A g, (J). Start with the following estimate, which only uses the triangle inequality, and the fact that
%Wo is a C-Lipschitz function supported on Bj:

1 wu(es,,) 1
vHdp /\D+d Ca(B)+ = / - /W+d
wosy ) O v(goB,) V=B o u«%) g A
+< v)‘“((p31+)_v(¢31+) . (516)
v(@s,,) wips,)  vigs)

Here

1
lefrdv <1,
v((ijJr)

since v is doubling and \IIIJr vanishes outside J, C By, , and
B
< |Bi|
1B |

since ¢B;, = ((pB]+ o TB_II) o Tp,, where ¢B,, © TB_I1 is a (|B|/|B,, |)-Lipschitz function supported on
[0, 1]. Consequently,

‘L/\pgd /\Il+dv
M(QDB[) 1)((;031)

'u«pB,J v(@s,,) w(By) < a(B)),
n(es,)  vigs)

w(ep,) < Ca(Bp)u(ep,)

du — n(ps,, ).

/\ll+dv
U(¢B]+)

Here \Ilfr vanishes outside J C By, so the estimate can be iterated. After N > O repetitions (the case
N =0 was seen above), one ends up with

1
‘ U du / W dv
M(gDB[) (gDB[)

N
<C) a(By )ulps,,)
k=0

‘l’l’(§031+)

w(es,)

+ +

M(PBy 1)1 ) /\I]NH du= V(B(N+1)+) / Y dv)
where one needs to interpret Jo. = I (which is different from J in the case J = I_). What is a good
choice for N? Let Ny > 0 be the smallest number such that J(y, +1)4 € Leaves(7). If there is no such
number, let N; = oo. In the case Ny = oo, the term in the last line of (5.17) vanishes, since w(By, )
decays rapidly as long as N € T (using the doubling of v, and the fact that «(B;) <e€ for I € T). If
N1 < 00, the term in the last line of (5.17) is clearly bounded by < 2u (B Jovy+1) ,), since \IJ;\;I 41 Vvanishes
outside J(n,+1)+, which is well inside By, +1)+. Observing that also (1) S (ep,), it follows that

' : W dp— /\Iﬁ dv
w(es,) V(ws,)

+ules,,,,.) (5.17)

Ny

u() S (B )(By,) + By, ,,)-
k=0
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Finally, by symmetry, the same argument can be carried out for the series W, =, (¥« + % 0. If
N> > 0 is the smallest number such that Jy,41)— € Leaves(7), this leads to the following analogue of
the Tail-Tip inequality:

Ap, (S Y aBp)u(Bp)+u(Tip)), Je{l, I}, €T \Leaves(T).  (5.18)
PeTailj
Here Tail; is the collection of dyadic intervals Tail; = {Jy,—, ..., J, ..., Jy,+} C T \ Leaves(7), and

Tip; = Byy,.1)- Y By, 41, - Finally, in the excluded special case, where J = I_ € Leaves(7') (recall
(5.13)), the same estimate holds if one defines Tail; = @ and Tip, := J (noting that € T, so (1) S u(J)).

Armed with the Tail-Tip inequality (5.18), the proof of the main estimate (5.9) is a replica of the
argument in the dyadic case, namely the proof of Proposition 2.4. I only sketch the details. For
I € T\ Leaves(7T) and J € {I, I_}, start with

w(Bp)¥?  u(Tip,)?

~9 2
AL (D) S Y o*(Bp) ZO72 T

PeTaily

< Z az(BP)M(BP)3/2 (Tip ;)*

1/2
PeT\Leaves(T) M(I) s (I)

pPcl
The second inequality is trivial, and the first is proved with the same Cauchy—Schwarz argument as (2.17),
using the fact that )" p g, (B )2 < w(I)'/?, which follows from Tail; C 7 \ Leaves(7), and in
particular the geometric decay of the measures w(Bp) for P € T \ Leaves(7 ). Now, the inequality above
can be summed for I € 7 \ Leaves(7") precisely as in the proof of (2.18). In particular, one should first
use the estimate

/“L(Tlpj) 5 M(BJ(N2+1)—) +/~’L(BJ(N1+|)+) 5 M(J(Nz-i-])—) + M(J(Nl-‘rl)-i-)a

which follows from «(By, ,), @(By,, ) <€, if € is small enough, depending on the doubling constant
of v. The conclusion is

Yo A, S Y. X (Bp)u(Bp) + p(Leaves(T))
IeT\Leaves(T) PeT\Leaves(T)

for J € {I, I_}. As observed in and around (5.11), this implies (5.9).

Remark 5.19. In the proof of (5.9), the uniform bound «(B;) < €, I € T \ Leaves(7 ), was only used to
guarantee that p is sufficiently doubling along, and inside, the balls B;. If such properties are assumed
a priori in some given tree 7, then (5.9) continues to hold for 7. In particular, if i is doubling on the
whole real line, and the Carleson condition

o dtdu
[ adumom S < ey
B(x,2r) JO 1t

holds, then the dyadic Carleson condition of Theorem 1.12 holds for any dyadic system D (a family of
half-open intervals covering R, where every interval has length of the form 2% for some k € Z, and
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every interval is the union of two further intervals in the family; the proof of Theorem 1.12 seen in
Section 2 works for any such system). It follows from this that 1 € AL (v) for every dyadic system D,
and consequently u € Ax(v). (To see this, pick a finite collection Dy, ..., Dy of dyadic systems such
that the max of the corresponding dyadic maximal functions M,

D; _ 1
M S = S0, W /1 v
bounds the usual Hardy-Littlewood maximal function M,,, up to a constant depending only on the
doubling of v. The construction of such systems is well known, and in R as few as two systems do the
trick; for a reference, see for instance Section 5 in [Muscalu et al. 2002]. Then, for every 1 <i < N, there
exists p; < oo such that u € Agi (v); see [Grafakos 2014, Theorem 9.33(f)]. In particular p € A?i (v) for
p :=max p;, and hence |MP||1o(u)—1r(u) < 00 for 1 <i < N. It follows that | M, || r(u)—Lr () < 0O,
which is one possible definition for 4 € A, (v). For much more information, see [Grafakos 2014,
Section 9.11].) This proves the “continuous” part of Theorem 1.12.

6. Parts (a) of the main theorems

Parts (a) of Theorems 1.8 and 1.9 are proved in this section: Sp,(u) and S, (w) are finite ¢, almost
everywhere, where 1, is the absolutely continuous part of u relative to v. The strategy is to prove the
statement first for the dyadic square function Sp (1), but allow D to be a slightly generalised system: a
family D = | D, k > 0, of half-open intervals of length at most 1 such that

(D1) each Dy is a partition of R,
(D2) each interval in Dy has length 27k and
(D3) each interval I € Dy has two children in Dy, denoted by ch(/).

The added generality makes no difference in the proof, which closely follows previous arguments of
Tolsa [2009; 2015]. The benefit is that the nondyadic square function S, (@) can, eventually, be bounded
by a finite sum of dyadic square functions Sp, (i), ..., Spy.v(1), so the nondyadic problem easily
reduces to the dyadic one.

With the strategy in mind, fix a dyadic system D satisfying (D1)—(D3), and let Sp_,, (i¢) be the associated
square function.

Lemma 6.1. Assume that ., v are Radon measures on R, with u finite, and v dyadically doubling (relative
to D). Then S, () is finite u, almost surely.

The proof of Lemma 6.1 is a combination of two arguments of Tolsa: the proofs of [Tolsa 2009,
Theorem 1.1] and [Tolsa 2015, Lemma 2.2]. I start with an analogue of the first:

Lemma 6.2. Assume that i € L>(v). Then

2
Z 2 wu(l) 2
O{;L,U(I) U(I) 5 ”M”LZ(U)
1D
v(1)>0
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Proof. Tt suffices to sum over the intervals I C D with (/) > 0 and v(/) > 0; fix one of these /, and a
1-Lipschitz function ¥ : R — R, supported on [0, 1]. Then, write

‘/l/fdm—/t/fdvl ‘(I)/w 1>gdv—ﬁ/<womdv

where g is the Radon—Nikodym derivative du/dv € L*(v). Express g x; in terms of standard (v-adapted)

(6.3)

martingale differences:

gxr=(&u+ Y Alg. (6.4)
JeD()

where D(I) :={J € D: J C I}, the sum converges in L?*(v), and
v o v v )
(8) = U(I)/ (1) and Ajg=—(g)ixs+ > (&)
J'ech(J)
Note that A, g is supported on J and has v-mean zero. By (6.4),
(YoTpgdv=—- f(l//oTl)var /(WoTI)A gdv. (6.5)
w(n) / v(I) Je;(,) i) !

Since the first term on the right-hand side of (6.5) cancels out the last term in (6.3), one can continue as
follows:

CORSS (I)V(worzm gdv

JeD()

=2 o0

JeD()

[(1/f oTp) —(oTi(xy)]Agdv)|.

Above, x is the midpoint of J, and the zero-mean property of A', g was used. Finally, recalling that v is
1-Lipschitz, one obtains

U«Tr(J)) (w2
63)< Y ———lAliwm < Y. —————IlAYglq)
5w 5, mhu)

Taking a sup over admissible functions ¥ : R — R gives

('
() < ,;m mumgnmw (6.6)

Now, using (6.6) and Cauchy—Schwarz, we may sum over / € D as follows (we suppress the requirement
v(I) > 0 from the notation):

w(l)? (v 21
Z el )T Z( Z T”Ajg”Lz(v)) m

1eD JeD JeD()

L(JHv(J)
<Z( 2 W”A ”“<”>> 2 ihein

IeD “JeD() JeD()
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Clearly,
Z i(?V(;),SL
Jepu EOv)
SO
m(I)? £(J)
D (P S Z 1A} glle(U)Z o S Z 1A gl17 20 < gl 200
= v(l) ™ "~
as claimed. Ol

Corollary 6.7. If i € L*(v), then Sp,, (1) is finite u almost everywhere.

Proof. By Lemma 6.2, and the Lebesgue differentiation theorem, the following conditions hold p almost

everywhere:
1 1
Z oy v(I)ZQ < 00 and there exists lim w) =u(x) > 0.
' v(l) I—-x v(I)
xeleD
Clearly Sp, (1) (x) < oo for such x € [0, 1). Il

Now, we can prove Lemma 6.1 by an argument similar to [Tolsa 2015, Lemma 2.2]:

Proof of Lemma 6.1. Perform a Calder6n—-Zygmund decomposition of p with respect to v, at some
level A > 1. More precisely, let B be the family of maximal intervals I € D with u(/) > Av([l), and set
u=g+b, where
g§= M|G+Z_ I, G=10,D\ 1,
(I) leB

and

b= Z[M|I - l:((ll)) U|1:| =: Zbl-

1eB leB

Then || gz~ S A (the implicit constants depend on the doubling of v), and

1 1
v([0. D\G) =) v(l) <53 ) < —

1eB leB

Since 1, € L' (v) (recall that y is a finite measure), it follows that z, ([0, 1)\ G) — 0 as A — oo. Hence,
it suffices to show that

Spy(u)(x) <oo for u almost every x € G Nspty

where spt, = {x e R: u(I) >0 for all x € I € D}. Let G C D be the intervals, which are not contained
in any interval in 3. Fix x € G Nsptp w, and note thatif x € I € D, then I € G. Observe that u (1) = g(I)

<|[vaui~ [ vag
__1

WOTI)db' +ag,v(I), I>3x,
I

for I € G, and consequently

‘/Wd/u—/wdw

+0lg,v(1)
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for any 1-Lipschitz function ¥ : R — R supported on [0, 1]. Using the zero-mean property of the
measures by, one can estimate further as follows:

2

JeB(I)

’/(won)dbl f<on1)de /[(x/fo'm (o Ty(x)dby|,

JeB(I)

where B(I) :={J € B: J C I}, and x; is the midpoint of J. Using the fact that ¢ is 1-Lipschitz, one has

(T () 2epme))
f(w Tl)db‘ (I)‘/ [y o T1) = (W o T (e dbs| < =75 lbs | S 5
and finally
L)\
83, (W) SSpu(@* )+ Y ( > %) =: Sp,(8)°(x) + 57 (x).

xeleG “JeB()

Since Sp . (g) is finite g almost everywhere by Corollary 6.7, and in particular Sp ,,(g)(x) < oo for
© almost every x € G, it remains to prove that S(x) < oo for p almost every x € R. First, note that

(hud) 1
J 1
2 thuh S 2= M=

JeB((I) JeB(I)

as the intervals in B(/) are disjoint. Consequently,

2 €<J)M(J) E(J)M(J)
/S d“</ 2 2 i MW= 2

xeleG JeB() 1eG JeB()

=D ut) . () Z (J) < llull < oo.

JeB JCle g eB

It follows that S?(x) < oo for w almost every x € R. This completes the proof of Lemma 6.1, and
Theorem 1.8(a). O

Bounding the nondyadic square function. It remains to prove Theorem 1.9(a). Assume that u, v are
Radon measures on R, with v doubling, and recall that S, (w) is the square function

1
SS(M)(x):/O af’M,U(B(x,r))i—r, x eR.

The claim is that S, (u) is finite @, almost everywhere; since this is a local problem, one may assume
that p is a finite measure. Now, as in Remark 5.19 (or see [Muscalu et al. 2002, Section 5]), pick a
finite number of dyadic systems Dy, ..., Dy with the following property: for any interval / C R, there
exists j € {1, ..., N}, depending on /, and an interval J € D; such that I C J; and |J;| ~ |I|. As a
little technical point, we actually need to restrict D; to intervals of length at most 1, so also the defining
property above only holds for intervals I C R of length |I| < r, say.
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Then, apply Lemma 6.1 to each of the corresponding square functions Sp; (1) to infer

N
Sp () =) Sp, v (W(x) < 00
j=1
for u, almost every x € R (note that v is dyadically doubling relative to every D;). So, it suffices to argue
that Sp_, () dominates S, (w). Using the stability of the smooth o-numbers, and the fact that they are
dominated by the regular ¢-numbers whenever v is doubling (see Proposition 5.4), one has

(B(x,r) Sa? (I1,), xeR, 0<r<r,

2
RN I

where j € {1,..., N}, and 1,{,, € D; is a dyadic interval of length at most 1, satisfying x € B(x,r) C I, ,
and |I, ;| ~ r. The existence follows from the construction of the systems D;. It is now clear that
Sy () < Sp.v(w), and the proof of Theorem 1.9(a) is complete.

Remark 6.8. Lemma 5.4 in [Azzam et al. 2017] implies

1/2
/ OlM,U(B(O, 1)) dt Sas,u,v(B(O’ 1)),
1/4

whenever v is doubling, and v(B (O, JT)) >0, ,u(B (0, %)) > (. So, at the level of Ll—averages over scales,
the smooth and regular az-numbers are comparable. One would need a similar comparison at the level of
L?-averages to answer Question 1.
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GLOBAL WELL-POSEDNESS
FOR THE TWO-DIMENSIONAL MUSKAT PROBLEM
WITH SLOPE LESS THAN 1

STEPHEN CAMERON

We prove the existence of global, smooth solutions to the two-dimensional Muskat problem in the stable
regime whenever the product of the maximal and minimal slope is less than 1. The curvature of these
solutions decays to 0 as ¢ goes to infinity, and they are unique when the initial data is C'. We do
this by getting a priori estimates using a nonlinear maximum principle first introduced in a paper by
Kiselev, Nazarov, and Volberg (2007), where the authors proved global well-posedness for the surface
quasigeostraphic equation.

1. Introduction

The Muskat problem was originally introduced in [Muskat 1934] in order to model the interface between
water and oil in tar sands. In general, it describes the interface between two incompressible, immiscible
fluids of different constant densities in a porous media. The fluids evolve according to Darcy’s law, giving
an evolution of the interface (see [Cérdoba and Gancedo 2007] for derivation of equations), and the
problem in two dimensions is analogous to the two-phase Hele-Shaw cell (see [Saffman and Taylor 1958]).
In the case that the two fluids are of equal viscosity and the interface is given by the graph y = f (¢, x)
with the denser fluid on bottom (i.e., the stable regime), the function f satisfies

(fxt, y) = [, x)(y —x)

f’(”x)zR . y) — fE 02+ G—x2

(1-1)

after the appropriate renormalization. By making a change of variables, see the proof of Lemma 5.1 of
[Cérdoba and Gancedo 2009], we get the equivalent system

f(ta y) _f(ta-x) _(y_'x)fx(tv-x)
t\ty = d ) 1-2
Jilt, x) FO)—FE +o—x2 P (1-2)

which will be more useful for our purposes. Since the function f is Lipschitz, the above integral can be
viewed as a nonlinear perturbation of the half Laplacian. In fact, it is easy to see that linearizing around a
flat solution gives

filt, ) = —c(=8)"2 f (1, 2), (1-3)
demonstrating the natural parabolicity of the problem.

MSC2010: 35K55, 35Q35, 35R009.
Keywords: Muskat problem, porous media, fluid interface, global well-posedness.
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The Muskat problem is known to be locally well-posed in H* for k > 3 with solutions satisfying L>®
and L? maximum principles, but neither imply any gain of derivatives; see [Cérdoba and Gancedo 2009;
Constantin et al. 2013].

Under the assumption || f6|| L < 1, there have been a number of positive results. In [Constantin et al.
2013] the authors proved an L*> maximal principle for the slope f, along with the existence of global
weak Lipschitz solutions using a regularized system. Recently, [Gancedo 2017] improved the L? energy
estimate of [Constantin et al. 2013] (which holds for any solution) to one analogous with the energy
estimate from the linear equation under this assumption on the slope. When the initial data fj is in
H2(R) with || foll1 = |||€] f0($)|| Ll less than some explicit constant ~ % (which implies slope less than 1),
[Constantin et al. 2016] proved that a unique global strong solution exists. In this case [Patel and Strain
2017] proved optimal decay estimates on the norms || f (¢, - )|s = |||§]° f (t, &) Lh matching the estimates
for the linear equation.

Recently, [Deng et al. 2017] was also able to prove the existence of global weak solutions for arbitrarily
large monotonic initial data. They did this using the regularized system from [Constantin et al. 2013] to
prove that both f and f; still obey the maximum principle under this monotonicity assumption.

Because solutions to (1-2) have the natural scaling (1/r) f(rt, rx), we see that L® or sign bounds on
the slope f, are scale-invariant properties. We fit these two types of assumptions into the same framework
by showing that the critical quantity is in fact the product of the maximal and minimal slopes,

B(fe) = (sup fo(x))(sup — fo(»)- (1-4)
x y
As we shall see in Section 3, the derivative f, obeys the equation

(f)e(t, %) = frx (1, x)fmdk+R/8th(t’x)K(t’x’h)dh’ (1-5)

where &, f (¢, x) := f(t,x +h) — f(¢, x) and the kernel K is uniformly elliptic of order 1 whenever
B(fy) < 1. Thus we naturally get regularizing effects from the equation whenever the initial data satisfies
this bound. It’s clear that || fé lLe < 1 implies B( f(;) < 1, and for bounded monotonic data we get
B(fy) = 0 since either sup fj = 0 or inf fj = 0. Thus this B(fj) < 1 provides a natural interpolation
between these two types of assumptions.

In contrast to the positive results, [Castro et al. 2012] showed that there is an open subset of initial
data in H* such that the Rayleigh—Taylor condition breaks down in finite time. That is,

lim || fi (7, )|l =00
t—>1ty—

for some time #(, after which the interface between the fluids can no longer be described by a graph.

The authors of [Constantin et al. 2017] made great progress towards proving global regularity. They
proved that if the initial data f, € H¥, then the solution f will exist and remain in H* so long as the slope
fx (¢, -) remains bounded and uniformly continuous. Thus the natural next step is to prove the generation
of a modulus of continuity for f.
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Theorem 1.1. Ler fy € W°(R) with
B(fo) == (sgp fo(0) (sgp —fom) < 1. (1-6)
Then there exists a classical solution
f € C([0, 00) x R) N C¥ ((000) x R) N LES.((0, 00); C11) (1-7)

to (1-2) with f, satisfying both the maximum principle and

lx —yl
t

fx(t,X)—fx(t,Y)§p< ) >0, x#yeR, (1-8)

for some Lipschitz modulus of continuity p depending solely on B(fy), || fyllL=. In the case that fy €
CU<(R) for some € > 0, the solution f is unique with f € L ([0, co); C1€).

The uniqueness statement follows essentially from the uniqueness theorem of [Constantin et al. 2017].
We note in the Appendix the few small changes needed to their proof in order to apply it here.

The most vital part of Theorem 1.1 is the spontaneous generation of the modulus p (- /¢), as everything
else will follow from that. The spontaneous generation/propagation of a general modulus of continuity
has old roots as classical Holder estimates, but it’s only recently that the idea to tailor-make moduli for
specific equations emerged. The technique first appeared in [Kiselev et al. 2007], where the authors used
it to prove global well-posedness for the surface quasigeostraphic equation. It has had great success at
proving regularity for a number of active scalar equations, that is, equations of the form

O+ wm-V)0+ L0 =0, (1-9)

where u is a flow depending on 6 and £ is some diffusive operator. See [Kiselev 2010; Dabkowski et al.
2014] for a good overview of results using this method.

To date, these tailor-made moduli have only been applied to cases where all the nonlinearity is in the
flow velocity u, and the diffusive term L is rather nice (typically (—A)% or at least a Fourier multiplier).
We will be applying this method to f,, which solves the active scalar equation (1-5). Note that in this
equation, the kernel K defined in (3-4) is a highly nonlinear function of f, f.. Thus this is the first time
the method has been applied in a fully nonlinear equation.

We prove Theorem 1.1 by deriving a priori estimates for smooth solutions to (1-2) with initial data
fo € C(R) depending primarily on B(f;), |l fyllz~. We prove enough estimates that by approximating
in Wlf)’coo with smooth compactly supported initial data, we get solutions f¢ which will converge along
subsequences in Clloc to a solution f solving (1-2) for arbitrary initial data fy € W (R) with B( fo) <1

The rest of the paper is organized as follows. We begin by repeating the breakthrough argument of
[Kiselev et al. 2007] in Section 2. In Section 3, we differentiate (1-2) to derive the equation for f,,
showing that it satisfies the maximum principle when B(f;) < 1. In Section 4, we state how a modulus of
continuity w interacts with the equation in our main technical lemma. In Sections 5 and 6 we then derive
the bounds on the drift and diffusion terms necessary to prove that lemma. In Section 7, we apply our
main technical lemma to a specific modulus of continuity, and finally in Section 8§ we complete the proof
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of (1-8) by choosing the correct modulus p. In Section 9, we then use (1-8) to prove a few estimates on
regularity in time, guaranteeing enough compactness to prove that there are classical solutions for rough
initial data. Finally in the Appendix, we give a quick outline for how to modify the uniqueness proof of
[Constantin et al. 2017] to work for initial data fy € C L€(R) with B( fé) < 1.

2. Breakthrough scenario

Assume that fy € C°(R), with B(fj) < 1, so that there exists a solution f € C'((0, Ty); H) for
k arbitrarily large and some 7y > 0 by [Cordoba and Gancedo 2009]. Note that under the assump-
tion that B(f;) < 1, we will show that the maximum principle holds (see Proposition 3.1) and hence
Il fxllLoe o, 72y xr) =< |l f(;|| oo 18 uniformly bounded. Fix a Lipschitz modulus p which we will define later.
For sufficiently small times, f, (¢, -) will have modulus p( - /¢) since it is smooth and bounded. It then
follows by the main theorem of [Constantin et al. 2017] that as long as f, (¢, - ) continues to have modulus
p(-/t), the solution f will exist with T > ¢.

So, we proceed as in the proof for the quasigeostraphic equation in [Kiselev et al. 2007]. Suppose that
fx (2, -) satisfies (1-8) for all t < T. Then by continuity,

lx — vl
T

fx(T,X)—fx(T,y)S,O( ) forall x #y e R. (2-1)

We first prove that if we have the strict inequality fy (T, x) — f (T, y) < p(|x — y|/T), then f. (¢, -) will
have modulus p(-/t) fort < T +e.

Lemma 2.1. Let f € C([0, Ty); Cg([R)) and T € (0, Ty). Suppose that f(T, -) satisfies

lx — ¥
T

(T, x) = fi(T, y) < p( ) Jorallx #y eR, (2-2)

for some Lipschitz modulus of continuity p with p”(0) = —oo. Then

[x — ¥
T+¢€

fx(T+e,x)—fx(T+e,y)<p( > forallx #y eR, (2-3)

for all € > 0 sufficiently small.
Proof. To begin, note that for any compact subset K C R?\ {(x, x) : x € R},
lx —yl

fx(T,X)—fx(T»)’)<,0( ) forall (x,y) e K

lx—y
T+e€

= fx(T+e,x)—fx(T+6,y)<p< ) for all (x,y) e K, (2-4)

for € > 0 sufficiently small by uniform continuity. So, we only need to focus on pairs (x, y) that are
either close to the diagonal, or that are large.

To handle (x, y) near the diagonal, we start by noting that f(7,-) € C 3(R) and p”(0) = —oo. Thus
for every x we get

Tl < 22, 2-5)
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Since f € C([0, T4); CS(R)), we have fix(T,x) — 0 as x — o0o. Thus we can take the point where
max, | fxx (T, x)| is achieved to get
0" (0)

1 fox (T )llLoe < == (2-6)

By the continuity of fy,, we thus have || fyx (T +¢€, )|l < p'(0)/(T + €) for € > 0 sufficiently small.
Hence,

lx — yl
fx(T+6,X)—fx(T+€,y)<p( . =yl <3, (2-7)
T +e¢
for €, § sufficiently small.
Now let Ry, R, > 0 be such that
P (R /(T +€)) > oscr fr(T +¢,-) (2-8)
and that |x| > R, implies
1 é
Ifx(T+6,X)|<§p(T+6) (2-9)

for € > O sufficiently small. Taking R = R; + Ry, it’s easy to check that |x| > R implies

lx — vl
T +e€

| fx(T +¢€,x)— fr(T+e€,y)| < p( ) for all y # x. (2-10)

Finally, taking
K={(x,y)eR:|x—y|>8, x,y€Bg},

we’re done. O

Thus by Lemma 2.1, if f, was to lose its modulus after time 7, we must have that there exist x #y € R
with

fx<T,x>—fx(T,y>=p<'x;y'). (2-11)

We will show for a smooth solution f of (1-2) and the correct choice of p that in this case

d d |x — yl
E(fxa,x)—fx(r,y)n,ﬂ<d7(p( : ))

contradicting the fact that f, had modulus p(- /t) for time t < 7.

, (2-12)
t=T

Thus we just need to prove (2-12) to complete the proof of the generation of modulus of continuity
(1-8) of Theorem 1.1.

3. Equation for f,

To begin proving (2-12), we need to examine the equation that f, solves. Since everything we will be
doing is for some fixed time 7" > 0, we will suppress the time variable from now on. Differentiating (1-2),
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we see that f, solves

x—y
X = Jxx d
() = 1 (X)Rf Fo—for+o—02?

2 — () + (v —
+ [0 =10 = =0 i) (F0) = FN )+ & ~)
) ((fG) = F@P2+ (5 —x)?)
To simplify notation, we reparametrize (3-1) by taking y = x + &, and letting
S f(x) 1= flx+h)— fx),
we get
2080 f(x) fx(x) +h) Jh

—h
(fx)l(-x) = fxx(X)[R[Wdh"‘!\((shf(x)_hfx(x)) (5hf(X)2+h2)2

Note that
[ fexyds  forh >0,

Snf(x) = hfi(x) = .
_fh (szx(x)ds forh < 0.

With that in mind, define

sty_ﬂ&fﬁlﬁ@)+ﬂ
U (G f(x) 4 52)?
and
“k(x,s)ds, h >0,
K h) = fhh (x,s)ds >
[t —k(x,s)ds, h<O.

Then integrating (3-2) by parts, we have that f, solves the equation

—h
Fr) = fux () R/ e R[ 51 f+ (K (x, ) dh.

As
-—6(1}):S Fe(X)ds f(x) < Hj}Him’
s s s
we see that
20 =B(fr) 1 2L+ [ fellF )
T Tl T o = ek s) < = 57,
and hence
1—=B(fx) 1 L4 11 fell? o
mﬁ <K(x,h) < —p

dy.

(3-1)

(3-2)

(3-3)

(3-4)

(3-5)

(3-6)

(3-7)

Thus in the case that 8(f;) < 1, we then have that the kernel K is a nonnegative, from which we get

immediately:
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Proposition 3.1 (maximum principle). Let f, be a sufficiently smooth solution to (3-5) with B(f}) < 1.
Then for any 0 < s < t, we have

ilylf Je(s,y) =< il;f Je(t,y) = sup fi(t, y) < sup fi(s, y). (3-8)
y y

In particular, since B(f;j) < 1, the maximum principle tells us that

B(f) <Bfo) <1, Nfillee < |l follLe < oo. (3-9)
Thus we get
A A
O<ﬁ§K(x,h)§ﬁ, (3-10)
where
1_ /
P s (3-11)

AR

Thus K is comparable to the kernel for (—A)!'/2, so f, solves the uniformly elliptic equation (3-5). Note
that the sole reason we require B(f;) < 1 is to ensure this ellipticity of K.

4. Moduli estimates

Our goal is to show that if £, (T, - ) has modulus p( - /T) and equality is achieved at two points (2-11), then
(2-12) must hold, contradicting the assumptions of the breakthrough argument (see Section 2). To that end,
we first need to understand how a modulus of continuity interacts with the equation for f, (3-5). Hence:

Lemma 4.1. Let f : [0,00) x R — R be a bounded smooth solution to (1-2) with ,B(fé) < 1, and
w : [0, 00) — [0, 00) be some fixed modulus of continuity. Assume that at some fixed time T

8 fx(T, x) = w(|h]),

4-1)
So(T,§/2) — [ (T, =§/2) = w(§)
for all h € R and for some & > 0. Then
L (11,6 = felt,~E/D)],
wa’(g)(/ ") un+ §/Mdh+ln(M—|—1)a)(§)>
+Aw (5)/ dh+2(A — )»)/ @6 s})l;w(sm
+2Af5hw(§)-;23—hw(§) dh+2)»/w(h+§) —hcg(h)—w(é“) dh (42)

0 §
forany M > 1, where A depends only on ||f6||L°° and X, A are as in (3-11).
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This is the main technical lemma that we need. Since solutions to (1-2) are closed under translation
and sign change, it suffices to consider the above situation for our proof of (2-12).

Note that (4-2) holds for any value of the parameter M > 1. Later in Lemma 6.1, we will essentially
use two different values of M depending on the size of &£. In the small £ regime we can simply take
M =1, but in the large £ regime we will need to take M to be a sufficiently large constant depending
only on initial data (but not on the exact size of &) in order to control the size of the error term

T wh
w(g)/ %dk.
Mg

The proof for Lemma 4.1 is essentially a nondivergence form argument; our function f; is touched
from above at £ /2 by our modulus w, and it is touched from below at —&/2 by —w. Specifically,

8 fx(§/2) < épw(§) forall h > —¢,
8nfx(=§/2) = —6_pw(§) forallh <§.

From (4-3), we want to derive as much information as we can and bound %( fr(E/2) — fr(—=£&/2)). To
that end, by dividing (4-3) through by 4 and taking the limit as 7 — 0, we then get

Jax(§/2) = fax (—§/2) = 60/(5) (4-4)

Hence by our equation for f, (3-5), we have

d
27 (xE/D) = fx(=§/2))

(4-3)

) —h —h
=@ R/ (ahf<5/2)2+h2 B ahf<—5/2)2+h2) ah

+/ Snfx(E/2)K /2, h) —bn fx(=§/2)K(=§/2, h) dh

R

Mg
, —h —h , o
=w(§)R[(5hf(s/2)2+h2—5hf(_$/2)2+h2)dh+w@)A{g(hK(é/z,h) hK (=§/2, b)) dh
Mg
+ / (On f2(5/2) —ha (E))K (§/2, h) — (81 fx (=& /2) —ha(£))K (—£/2, h) dh

—MEk

+ / Snfx(§/2)K (§/2, h) =y fx(—§/2)K (=& /2, h) dh (4-5)

|h|>M§
for any M > 1. The first two terms of the far right-hand side of (4-5) act as a drift, giving rise to the first
two error terms of (4-2). The latter two terms of (4-5) act as a diffusion, giving rise to both the helpful

(negative) terms in (4-2), as well as additional error terms (the middle terms of (4-2)) arising from the
difference in the kernels, |K (§/2, h) — K(—£&/2, h)|.
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5. Bounds on drift terms
We begin proving Lemma 4.1 by bounding the drift terms of (4-5), starting with:

Lemma 5.1. Under the assumptions of Lemma 4.1,

, —h —h , w((h) w((h)
‘”@)‘R[ahf@/zﬂwz_ahf<—5/2)2+h2 dh‘f““’@)(/ dh+ 5/_‘”’) G-D

Proof. We want to bound (5-1) by symmetrizing the kernels for |#] < £ and then using the continuity in
the first variable for |2| > &. To that end,

o (st s
@ J S f €242 8 f (<5 /2742

&
<w'(6) / h‘ O f /280 f /27 8 f (/2781 f (/2
= (811f(€/2)2+h2)(87hf(€/2)2+h2) (5hf(—$/2)2+h2)(57hf(—$/2)2+h2)

+w(§)/ I |‘ Snf(§/2)° =8 f(=€/2)°
(O f (E/2)?+h?) (81 f (—&/2)*+h?)

|h|>£§

(5-2)

We bound the first integral using
18 f ()| S 1Al

(5-3)

18nf (xX) +d-nf ()] = ‘/fx(x +5) = fi(x +s—h)ds| <w(h)h.
0

Thus we get, for 0 < h < &,

Snf (x)* = 8_nf(x)? < @)
Gnf ) +hD) G- f ()2 +hD [ h*

& 2 2 :
/h‘ Snf(E/2)% =8 4 f(£/2) dh‘ </Mdh. (5-5)
Onf

(5-4)

and hence

E/2D* +h)(-nf(E/D*+ 1)

For |h| = &, we bound |8, f(§/2) + 6n f (—§/2)| < || and

|81/ (£/2) =81 f (—€/2)| = /fx(§/2+8) — fx(=§/2+5)ds

< &w(|hl), (5-6)

=| [ nh—gr2+5 - fi-g/2 45 as
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in order to get

| |‘ Snf(§/2)> = 8nf(=§/2)?
On f(E/2)* + 1) (3n f(—£/2) +h2)

|h|>&

g/wM) . (5-7)

Putting (5-5) and (5-7) together, we thus have

/ —h —h ’
© (S)R[ (6hf<s/2>2 TR S f(E/22 +h2) dh e @)(f ah +5f h)’ -5)

completing the proof. O

That leaves us with the second drift term of (4-5):

Lemma 5.2. Under the assumptions of Lemma 4.1, for any M > 1

Mé
a)’(“;‘)‘ / hK(S/Z,h)—hK(—S/Zh)dh‘ (-f)(v/ﬁdh%f/ dh—l—ln(M—H)a)(é)) (5-9)

Proof. To begin, we note

M
a)/(s)‘ f hK(§/2,h) —hK(—£&/2, h)dh‘

Sw/(f)/h|K(§/2,h)—K(§/2, —h) — K(=§/2,h) + K(=£/2, —=h)| dh. (5-10)

Recall the definition of K, (3-4),

k(x,8)ds, h >0,
Koy — fhh (x, 5)ds, h > k(x,5) = 2BLOLD +9)
f_oo —k(x,s)ds, h <0, Os f(x)*+52)

So, to control (5-10) we first need to bound |k(x, s)+k(x, —s)|forO<s <&, and |k(§/2, s)—k(—=&/2, )]
for |s| > &. For the first, using the bounds (5-3) we see that
lk(x,s)+k(x, —s)|
_ ‘2(5sf(X)fx(X) +5) n 2085 f(x) fx(x) =)
G f(0)?2+52)? (s f(x)>+52)?
2185 f (x) + 85 f ()] fx (x)] (85 f (X)) +52)2 — (5_y f (X)? +57)?
R TS o) e A N TP W TR TP R

(5-11)

06 | |8 f@—8 . f)F 42526 f () —
~os3 s8
< @) (5-12)

~ 3

N
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For the second, using (5-3), (5-6), and (4-1) we get
205 f(E/2) fx (/2D +5) 208 f(=§/D fx(=§/2) +5)
(85 f(£/2)> 4 5%)? (85 f(—£/2)> +52)?

|5 F(&/2) [x(§/2) — 85 f(—§/2) fx(=§/2)]|
(85 f(—=£/2)> +52)?
+ 2185 £ (§/2) fx(§/2) + 5]

k(§/2,5) —k(=§/2,5)| =

(85 [(E/2)* + 517 — (8, f(—§/2)> + 52)?
(85 f(E/2)2 4+ 5228, f(—E/2) + 52)?
< 185/ (6/2) =8 f(— %'/2)||fx(é/2)| 185 f (=& /D11 fx(/2) — [ (=& /2)]
~ e e

s 85 f(§/2)" =85 f(=§/2)* + 55, f(§/2)° —

s8
< 5el) | 0f) (5-13)
A S
So using (5-12) and (5-13), we can first bound
£
/h|K(§/2, h)y— K(&/2, —h) — K(—£/2,h) + K(—£/2, —h)| dh
0 £ & o0
§/h/w(s)d dh+/h/§w(s)+£d dh
0 h 0 &
s w(s) Ew(s) ézw(é)
5/ /hdhd +/ —— ds
S N
0
/ ©®) f ds +w (). (5-14)
0 £
For the rest of (5-10), we use (5-13) again to also bound
/ ]| K (& /2, h) — K (—£ /2, h)|dh</ / @) gw(s) ds dh
ME>|h|>& h
f dh+& / o),
(5-15)

completing the proof. O
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6. Bounds on diffusive terms

Now we move on to proving an upper bound for the diffusive terms of (4-5). We can rewrite them as

f On fx(§/2) —ha (E) K (§/2, 1) — (85 [+ (—§/2) — he (€)) K (=& /2, h) dh

—MEg

|h|>ME

_ / (On o (E/2) — he ENK (/2. 1) — (5nfo(—£/2) — heo (€))K (—£/2. h) dh
—ME&
+ / (84 f (£/2) — 81 fu (—& /21K (£/2, h) d
[h|>Mé
+ / 51 fo(—E/DIK (E/2, h) — K (~£/2. )] dh.

|h|>ME&
We begin by bounding the last term, which is an error term.

Lemma 6.1. Under the assumptions of Lemma 4.1,

w(h)

' / Snfx(=€/DK(/2,h) — K(=§/2, h)]‘dh< (S)/—thr (S)S/—dh-

|h|>M§

Proof. Using the fact that f, has modulus w and the bounds (5-13), it follows that

Sn fx(=§/2)[K(5/2, h) — K(=§/2, h)]dh

|h|>Mé 00

g/w(h)/@+$dsdh
h

Mé

Sw(é)/ w}gl) dh+/a)(h)/ Sw(§)+§z;’(é)(s—§) ds dh

Mé

h
(5)/—dh+ o f & a (5)&/&%

Mé

h
(S)s/“’( L an,

completing the proof.

For the other two terms in (6-1), we bound them in two stages.

+ / 51 o (6 /2K (E/2, ) — 83 fo(—E /2K (—&/2, h) dh

(6-1)

(6-2)

(6-3)
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Lemma 6.2. Under the assumptions of Lemma 4.1,
Mg

/ On fx(§/2) —ha (E)) K (§/2, 1) — (85 [ (—£/2) — ho (€)) K (=& /2, h) dh

—MEg

+ /[%ﬂ@@—%ﬁ&ﬂbmﬁﬂﬁwh

|h|>M§

M§
SA/Shfx(éﬂ) ;lfhfx(—éﬂ) dh+2(A—/\)/ (w(h—éi)lz—w(é)h dh
§

R
F o (®) / LK /2. h) — K (—&/2. m)]| dh.  (6-4)
E<|h|<Mé

Proof. We can bound the second term of (6-4) rather easily. Since
nfr(§/2) = fr(=§/2) = (fx(h+&/2) — fi(h—&/2)) —w(§) <0, (6-5)

by the uniform ellipticity of K,

Onfe(§/2) = 0nfx(=§/2)

- (6-6)

f [8n f2(§/2) = b1 fx (=E /21K (§/2, h) dh < A f

|h|>Mé& |h|>Mé

To bound the first term, we first define

G(&, h) = (Bnfx(§/2) —ha (E)K (5/2, h) — (5 fr (=& /2) — ha! (£)) K (—£/2, h). (6-7)
Note that since w is concave and touches f, from above, see (4-3), it follows that

S fx(6/2) — &' (E)h < $r0(§) — @' (§)h <0, h=—§,

(6-8)
Snfr(=§/2) =/ (E)h > —6_pw(§) —ho'(§) 20, h<§.
Thus for |k| < &, by the uniform ellipticity of K we have the bound
G(g,h)§A3th(é/2)_8th(_é/2). (6-9)

h2
That just leaves us with the case £ < |h| < ME& to analyze. Note that we can write G in two distinct
ways:
G(&, h)=(8nfe(5/2)=8nfr (—E/2)K(E/2, h)+(Bn fr (—E/2)—ha(§))(K(§/2,h)—K(=£/2, h))
= (8fx (§/2)=8n fr (—£/2)) K(—E/2, )+ (81 fr (§/2) —ha'(§)) (K (§/2, h)—K(=£/2, h)). (6-10)

By (6-8), 85 2 (€/2) — he/(§) < O for all h > &. Thus if K (£/2, h) — K (—&/2, h) > 0, then

S fx(§/2) =0 f (=6/2)

GE. h) <A -

if K(£/2,h) — K(—£/2,h) > 0. (6-11)
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On the other hand, since
nfx(=§/2)=6én-—sf(E/D)tw(@) = —wh—§)+w(§) (6-12)

for h > &, we see that

8n fx(§/2) — dn fx(=§/2)

G, h) =2 + On fx(=§/2) —ha (E))(K (£/2, h) — K (=§/2, h))

h2
- A(Shfx(S/Z) ;fhfx(—é/Z) H (A=) (w(h— 522— w(§))+

+ho'(§)|K (¢/2,h) — K(=§/2,h)| if K(£/2,h) — K(=£/2,h) <0. (6-13)

Putting these two together, we get

On fx(§/2)—=6n fx(=§/2) (wh—&)—w(§))
% +(A—21) e +

+he (§)|K(E/2,h)—K (—§/2,h)]  (6-14)

G h) =2

for h > £. A similar argument can be made in the case that h < —£.
Putting this all together,

Mé

f G hydh+ f (81 £+ (5/2) — 81 i (—&/2)IK (6 /2. h) dh
_Me |h|>Mé&
ME
Skfahfx@/z)—ghfx(—s/z) dhaan [ @O —0@)
J h { h
+ (@) / IRK (/2. h) — K(—&/2. )| dh.  (6-15)
E<lh|<ME
completing the proof. O

It’s clear that we can bound fS<|h|<M§|h[K(S/2’ h)—K(-&/2, h)]‘ dh as in (5-15). Thus the only
thing remaining to prove (4-2) is:

Lemma 6.3. Under the assumptions of Lemma 4.1,

A/Shfx($/2)—5hfx(—$/2) dh

h2

R & 00
521/5}’0)(5):25hw(g)dh+2k/w($+h) —hcg(h)—w(é) dh. (6-16)

0 £

Proof. To see this, note that formally we should have
8n fx(§/2) — dn fx(=§/2) / ( 1 1 ) w(§)

dh = v — — dy. 6-17
R/ 7 TR
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Thus in order to get an upper bound on (6-17), we should be taking an upper bound on f,(y) when y > 0
and a lower bound when y < 0. Note by (4-3) that

) = £/ +o(y+§/2) —w(®) = fi(=§/2) + oy +§/2), y>—=§/2,
o) = fi(=§/2) —o(=y+§/D) +wE) = fi(§/2) —o(-y+§/2), y<§/2

In particular, using the upper bounds on 8, f, (& /2) for h > 0 and the lower bounds for &, f, (££/2) for
h < 0 gives the result. To rigorously justify this though, we will bound

(6-18)

fahfx@/z)—ahfx(—s/z) "
h2
from above. Taking € — 0, we’ll get
o) & o0
/3hfx(§/2) ;ghfx(—S/Z) a,hS/311w(§):25—hw(§)dh+/w(§ +h) —hc;(h)—w(é) dh. (6-19)
0 0 §

The bound for [ i) o Tollows from identical arguments.
So, fix some € < £. By splitting the integral into a several pieces and reparametrizing, we get

/ S /D =L (—E/)
h2
A A fw@)
eV gy I gy d
(y—&/22" y+&/227 2 @
€+£/2 e—£/2 €
r I 1 To© . AW
w xy
= ¢ — dy — dy — — " dy. 6-20
/“”((y—smz (y+s/2>2) Y /yz Y /<y+5/2)2 y- (6:20)
+8/2 e &/

In the first integral of the third line, since y > £/2 we have (y — &/2)~2 > (y +£/2)72. So applying the
upper bound in (6-18) gives an upper bound on the integral,

h 1 1
x - d
/ f(y)(@—s/z)2 <y+s/2>2) Y

e+E/2
X 2 2) - - d
< [ errroosim oo (G ) @
€+£/2
_ / [E/D Hol+E/D) —0®) / fEDToG+ED 0@ (o)
(y —£/2)? (y+§/2)?

e+£/2 €+§/2
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By reparametrizing back, we get

/ [/ Fo(y+§/2)—w(©) dy—f f:E/D+oG+E/2)—0@) | _/ %f)dy

(y—£§/2)? (y+£/2)?
e+3£/2 e+&/2 €+§
:/w(é+h)—;(h)—w(f) dh. (6-22)

+&
Hence combining (6-20), (6-21), and (6-22) gives us ‘

/éhfx(E/Z) Sn fu(= 5/2)
h2

€

00 e+ +&
< f w($+h)—w(h)—w(€)dh+/ fx($/2)+w($+h) 60(5) _/ w(§) /fx(hh—2€/2) Jh

5 —> dh—
e+& €
[ wE+h—oh)—o(E) B0+ [/~ fr(h=§/2)=0@©)
_ f o dh+ / — (6-23)
e+& €
Now for h < &, we have f,(§/2) — fr(h—&/2) < w(& — h), and thus
& £
f Shw(§) + fx(§/2) ;,ZfX(h —§/2) —w() dh < / S (&) 4};23—}160(5) dh (6-24)

€ €

Taking the limit as € — 0, we then get

h? h? h?
0 0 §

%) 3 o)
fShfx(S/Z)—(Shfx(—S/Z) dh</3hw($)+3hw(§) dh+/w(€+h)—w(h)—w(§) Jh

7. Modulus inequality

Combining all the estimates from the previous two sections, we get a proof of Lemma 4.1. Thus under
the assumptions (4-1), we have

d N0 w(h)
/)= Fu(=£/2) < A (5)( f dh-+t f & dh+1n <M+1>w<s>)

(w(h §-w@):
h2

§

oo
8 8 h —w(h)—
+2A/ hw(§)+8_pw(§) dh+2k/w( +&)—wh)—w(§)
h? h?
0 §
for any M > 1, where A is a constant depending only on || fill 2.

dh  (7-1)
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In [Kiselev et al. 2007], the authors showed that the modulus

w(E) =& —&2, 0<£<$,
, y (7-2)
= >4
O =t gy

satisfies

Aw/(s)(/ w(h) dh+ g/w(h) ) /Shw(é):j_hw(é) dh

" +/\fw(h+é)—w(h)—w(é)

e dh <0 (7-3)
§
for all £ € R so long as &, y are sufficiently small.
With that in mind, we will show:
Lemma 7.1. Under the assumptions of Lemma 4.1 for the modulus w defined in (7-2),
d
E(fx(%'/Z) — fr(=£/2)) < =/ (®)w (&), (7-4)

as long as 8, y are taken sufficiently small depending on B(f), || f§llL.

Proof. By Lemma 4.1 and (7-3) which was proven in [Kiselev et al. 2007], it suffices to show

Aw (5)1n(M+1)w(§)—|—Aa)(§)/ ﬂdh
M§
Mg &
pany [ 0@y, @ e®

0

+/\]ow(h+5)—w(h)—w(€)

e dh < —o'(E)w (&) (7-5)
3
for the correct choices of M, and §, y sufficiently small.
We proceed very similarly to [Kiselev et al. 2007]. To begin, for £ < § we take M = 1. Then we just

need to show that

w(h) /5hw(5§)+3—hw(%‘) dh

A0 o () + Aw (S)f 2

0

<—o'@wE). (7-6)

+A/w(h+g)_w(h)_w(g)dh
h2
3
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In this regime, note that we have the bounds

8

f dh < log(5/£).

§
00

o0
w(h) w(3) / 1 i
A T dh<1+Y <2 if we take y < 48,
/ h2 5 7] W@astiogtn/e) * s twelakey < (7-7)

8

o'(€) <1, w$)<§,

£
/ wE+h)+olE-h)-2w@E)
h2

dh <& (§) = —3£671/2

0

Putting this all together, we get

h
(A+ D' (E) + Aw(é)/ L dh

3 00
wa<s+h>+w§lsz—h>—2w<s> th/w(Hh) —;(h)—w(&) i

0 3
<&((A+ 13 +1og(8/8)) — 31717 <0, (7-8)

assuming that § is sufficiently small.
Now assume that £ > §. Then what we need to show is

A0/ (&) In(M+1)0 (&) +Aw (E) f dh+2(A—) / @h-8)-0E);

h2

dh < =o' (&)o (). (7-9)

+A/ 5hw(5)4;_hw(é‘) dh+xf w(h+5)—}clu2(h)—w(€)
0 §

We first bound our new error terms. Using the definition of w and integrating by parts, we see that

2(A — ,\)f‘”(h 5 =06 1h <o k)/wdh<2(A ,\)f

dh
n2 h*(4+ log(h/(S))

_2A gy _ho®) _ho@
B 3 T4 F T4 8
assuming y < (A/(8(A — A)))w(§).
In order to bound our other new error term, we will be taking M sufficiently large and then y sufficiently
small depending on M, §. Noting that w(§) < 2|| fillz~, we can bound our other new error term by

(7-10)
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integrating by parts,

o 240 £l 1 (M r
Aa)(f)/ w}fz) dh = ”]{40”L w(é__ S) +2A||f6||L°° / h2(4—|—l)(/>g(h/8)) dh
Mg

_2AI Sl o(ME) | 2A0 Sl y

- M £ M 3
A wME) o)

< —

~16 ¢ 8 &

assuming that

’

_ 241 Sl
- A

and then y is sufficiently small so that

WV < %a)(S) < %w(é)-

1015

(7-11)

Note that this is where we set a value for M, and that y is taken sufficiently small depending on M. Now
that the value for M is fixed, we can also control the value w (M) by taking y sufficiently small that

Mé

w(Ms>=w(s)+/ 4
&

mdh <w@E)+yIn(M) <o)+ o)

<2w(é).

Hence,

w(h) roME) ro@)  rw(§)
A(f‘;“)/ _E £ +§%_ SZ“;‘

Using the same integration-by-parts tricks, we can also show

o0
)‘f wh+8§) —wh) —w@) dh < _3,06)
h? 4 &
£
for y sufficiently small.
So combining these, we get

w(h— E)—w(é‘)
h2

Aw (5)/ dh+2(A — A)/

+A/“’(’1+5)“"(’”“‘)@dhg_ﬁ@.
2 4 £

§

(7-12)

(7-13)

(7-14)

(7-15)
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Since o' (§)w (&) < yw(§) /&, we finally get

(Aln(M+ 1)+ Do’ E)w(E) — %% < %((A In(M+1)+ 1y — %) <0, (7-16)

if y is taken sufficiently small. 0

8. Our choice for the modulus p

We’ve now shown that for the modulus defined in (7-2) if the assumptions (4-1) hold then

L (1,612 = £, /D),y < 0/ ©)0®). 8-1)

We claim that in fact (8-1) will hold for any rescaling w, (h) = w(rh) as well. To see this, fix some r > 0,
and suppose that f(¢, x) satisfies the conditions of Lemma 4.1 for o, at time 7" and distance &. Take
f(t,x)y=rf(t/r,x/r), whichis also a solution of (1-2). Then f; is a solution of (3-5) with B(f)) = B(f}),
| fé e = Il fll L, and satisfying the conditions of Lemma 4.1 for w at time » T and distance r£. Hence
by Lemma 7.1

L (fe,6/2) = ft, /D)y = r (et 78/2) = ot /D),
< & rEY0 (rE) = —a (€, (6). (8-2)

So, (8-1) will hold for any rescaling w,. Also note that for f, (T, &/2) — f(T, —£/2) = w(&) to hold,
we must necessarily have w(§) < 2| £, (T, - )|z~ < 2|| fllL~. Thus taking

h o' Qlfgll)

O e B @B 2Rl &
we see that N
w(h) = c (8-4)
for all relevant /. Define
p(h) :=w(Ch) (8-5)
so that
p(h) > h (8-6)

for all i € [0, p~' Il fgll2o2)]-
Now, suppose that at time 7, f satisfies the assumptions (4-1) for p(-/T). Then since p(-/T) is a
rescaling of w, we have

d d
7 KT8/ = fu(T, —§/2)) < —d—hp(h/T)\h:Ep(é/T)

1, & d
=P E/TpE/T) < =50 E/T) = . pE/D] _p. BT

Thus we’ve constructed a modulus p which satisfies (2-12), completing the proof of the generation of a
Lipschitz modulus of continuity (1-8) in our main theorem.
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9. Regularity in time

With the construction of the modulus p, we get universal Lipschitz bounds in space for f, (¢, - ). By the
structure of (1-2), we also get regularity in space for f;.

Proposition 9.1. Let f: (0, T) x R — R be a classical solution to (1-2) with || f (¢, - ) ||w1. bounded and
| fex (@, Lo S 1/t Then fi(t, -) is log-Lipschitz in space with

| fo(, )| < max{—log(r), 1},
I 1 9-1)
[fo(t, x) = fit, )] S —log(x — y])|x —y|(1 + ;), 0<lx—yl <1

Proof. For t < 1, we have

Ifi(t, x)| = V Snf(t, x) —hfi(t, x) dh‘
R

Snf(t, x)>+h?

3 ‘76hf<r,x>+ahf<r,x> dh’ ‘ [ G f (€)= hfelt, )G/ (1, ) =84 f (1, 2)%)
= + dh
YIRS O f (1, XY+ ) O f 1, X +1)

t 1 [e's)
</1dh+/1dh+/1+ldh
~J ot h h?  h3
0 t 1

< —log(t)+1. (9-2)

For t > 1, we can similarly show | f; (¢, x)| < 1, proving the first bound.
For regularity in space, we see that

ﬁ(t7x)_fl(tvy)
:/5hf(t’x)_hfx(tvx) Snf(t, y)—hfx(t,y)

Snf(t, x)2+h? Snf(t, y)2+h?

:/ Snf (6, X)=hfi(t, x)=Bn f (1, y)—hfe(t, y))+(5hf(t,X)—hfx(t,x))(Shf(t,X)2—5hf(t,y)z)

J Snf(t, y)>+h? O f (@, x)>+h?) (8 f (¢, y)2+h?) ah
WAL
|hl<|x—y]| lx—y|<|h|<1 |h|>1

For |h| < |x — y|, we can bound much as before to get

lx—yl

1 x—yl
‘ / ‘gf;dh_ —. (9-4)

|hl<lx—yl| 0
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For midsize |x — y| < |k| < 1, we have
h

[80.f (1. ) = hfie(t, ) = Bn f (2, 3) =t y)| = /8sfx<r,x>—8sfx(t, v ds‘ il
0 (9-5)
|80 f (1) =8 f (1 9| = /.fx(t,x+s)—fx(t,y+s)ds'gw‘
Thus | 0
‘ / ‘glxt;yl / %dh:—ln(lx—tyl)lx—yy o6

lx—yl<lhl<1 lx—yl
Finally, we use L bounds on f to get

<‘f 8hf(t,x)—8hf(t,y)+(Shf(t,X)—hfx(t,x))(Shf(t,X)z—Shf(t,y)z)
- Snf(t, y)?+h? Sn f(t, x)>+h2) (8 f (1, y)*> +1h?)

dh‘

|h|>1 |h|>1

5 f (0, y)2+h2 dh‘
1 1

f—3 <1+;>|x—y|. 9-7)

1

1
| /e, x) = fi(t, I S —In(lx — yDx —yl(l +;), (9-8)

+ 1 fx (@, %) — fr(, y)l‘ /

OO1 1
§|X—y|/ﬁ+
1

Putting this all together, we thus have

completing the proof. U

Recall that in Section 2, we assumed that our initial data fy was in C2°(R) so that, by the local
existence results of [Cérdoba and Gancedo 2009], there was a unique solution f € C 10, T); HY) for
k arbitrarily large and some 7 > 0. We were then able to prove the existence of the modulus p as in
Theorem 1.1 depending only on B(f), Il f3llz~, and hence with the solution f existing for all time by
the main theorem of [Constantin et al. 2017]. For an arbitrary fy € W1(R) with B( fé) < 1, the same
result holds true by compactness. Let n € C2°(R) be a smooth mollifier and ¢ € C2°(R) be a smooth
cutoff function. For fy € W (R) with B(f)) < 1, take £, (x) := (fo*ne) (X)$(ex). Then £ — foin

IOC , with ,B(f(e)’) — B(f) and ||f0(€)||W1,oo(R) — || follwi.eowy as € — 0. Thus for € sufficiently small,
B( fo(e) ) < 1 and the results of the previous section hold for the solution to the mollified problem f (.
The L°° bound on f,(é) proven above along with the maximum principle for fx(é) is enough to ensure that
there a subsequence f (€x) converging in Cioc ([0, 00) X R) to a Lipschitz (weak) solution f to the original
problem. In order to get a classical C! solution, we need regularity estimates for f (E), ft(é) in both time
and space. The modulus p and Proposition 9.1 give the regularity in space that we need for fy, f;. All
that leaves is to prove regularity in time.
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Proposition 9.2. Let f be a sufficiently smooth solution to (1-2) with B(f;) < 1. Then f,, f; €
((0, 0) x R) with

loc
I fellce (@i fillce @iy < CBUD NS oo sa.30 2w my) max{t™, 1}, (9-9)

where Q, (s, y) = (s —r, s] X B.(y), and a > 0 depends only on ,B(f(;), ”f(;”LOO-

Proof. We have that f, solves
—h
De(t, x) = frx(t, ———dh Snfe(t, x)K(t,x,h)dh, 9-10
(Foi(t. ) f(x)/Shf(t,x)2+h2 + [ B oK 9-10)
R R

where A/h? < K (t, x, h) < A/h? is uniformly elliptic with ellipticity constants A, A depending on ( 10
| fgll . Rewriting this, we have that f, satisfies

(f)e — / 8 [ (2, x)(K(t, x,h)+K(t, x, —h)) i
R

2

= fult " i+ [ 8 futt, o KL= KOx DN oy
—fxx(,x)/m +f hfx(»x)( > ) . (9-11)
R R

Let F(t, x) denote the right-hand side of (9-11). Then F(z, x) is locally bounded with |F (¢, x)|
controlled by || f (¢, - )|l w2. Then since (K (¢, x, h) + K (¢, x, —h))/2 is a symmetric uniformly elliptic
kernel, it follows that we have local C* bounds for @ < ¢ for some g depending on ellipticity constants;
see [Silvestre 2011].

So, all we have to do is give bounds on F (¢, x) depending only on || f (¢, - )| 2. Similar to the proof

of Lemma 5.1,

00 1 00
—h Snf(t,x)* =84 f(t,x)* / /1
———dh= | h dh< | 1dh —dh <1, (9-12
f(Shf(t,X)erh2 G ft, )* +hH) @S- f(t,x)2+h?) ™ Tt O-12
R 0 0 1
Also similar to the proof of Lemma 5.2, specifically (5-12), we have
|K(t,x,h)— K(t, h| < . (9-13)
— min B
' * h
o)
1 00
K(t,x,h)—K(t,x, —h 1
’/(Shfx(t,x)< UL . @ x )>dh‘§f1dh+/ﬁ dh <1. (9-14)
R 0 1

Thus since we’ve bounded the right-hand side of (9-11) depending only on || f (¢, - )| w2, we have
our local C* bounds for f, for all @ sufficiently small. A C* bound that is uniform in x for f, then gives
alog C“ estimate for f;, similar to the proof for regularity in space in Proposition 9.1. Thus we have C*
estimates for both f, f;. Il
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Appendix: Uniqueness

We now prove that if our initial data f; is in C"¢(R) with B( fy) < 1, then the solution f given by
Theorem 1.1 is unique with f € L*°([0, c0); C 1.€). As mentioned before, this essentially follows from
the uniqueness theorem given in [Constantin et al. 2017], which under our assumptions simplifies to:

Theorem A.1 [Constantin et al. 2017]. Let f € L>®([0, T]; W) be a classical, C" solution to (1-2)
with initial data (0, x) = fo(x). Assume that lim f(t,x) = 0, and that there is some modulus of
X—>00

continuity p such that

fe(t,x) = fx@,y) =p(x—y) forall0<t<T, x#yeR. (A-1)
Then the solution f is unique.

The authors of [Constantin et al. 2017] note that the uniform continuity assumption should be the
only real assumption; the decay is assumed for convenience in their proof. So, we start by proving
that if fy € C'¢(R), then the solution f is in L>([0, co); C'€). To begin, suppose that fy € C"(R).
Then necessarily f; has modulus p(-/8) for some § > O sufficiently small. The same proof for the
instantaneous generation of the modulus p will give that f, (¢, - ) has modulus p(- /¢ +§). Hence f, (¢, )
has modulus p (- /§) for all ¢t > 0.

If fy € C1¢(R), we can make the same essential argument by changing the definitions of p, w. You
can repeat the arguments of Sections 7 and 8 for the modulus

0 (§) =€, 0<§=<s,

0 @)= £28 (A2
§(4+1og(§/9))

All the error terms for & < § are of order £2¢~!, while the diffusion term is of order £~ so there are no
problems as long as § is sufficiently small. The argument for £ > § is identical to the original. Taking
p© to be some suitable rescaling of (€, we then have that if f has modulus (- /8), then fc(t,-)
will have modulus p© (- /1 + ).

Thus if fo € C'¢(R), then the solution f given by Theorem 1.1 will satisfy the main uniform continuity
assumption of Theorem A.1. Our solution f will not decay as x — oo, but that assumption isn’t truly
necessary.

Let f1, f> be two uniformly continuous, classical solutions to (1-2) with the same initial data, and let
M) = || fi(¢t, -) — fa(t, - )| L. With the decay assumption, the authors of [Constantin et al. 2017] are
able to assume that for almost every ¢, there is a point x(¢) € R such that

M@ = 1fie,x0) = HexO), M@ = (17— pl) @ x@). (A-3)

They then bound %|f1 (t, x(t)) — f>(t, x(1))| using equation (1-2), 5, and W!° bounds.
Without the decay assumption, we instead use that

L M@ = sup] L1110 = a0l it 0) = fo(d, 0] = M) — 8}, (A-4)
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where § > 0 is arbitrary. When we go to bound %l fi(t, x) — fa(t, x)|, we then get new error terms which
can be bounded by

C(p. max 1fi (& I lwroe, M) (S + | f1.x (2, x) = fox(t, X)) (A-5)
Since f; . (t, x) is bounded and has modulus p, it then follows that

| frx(t, x) = fox (2, x)| = 05(1). (A-6)

Thus by taking § sufficiently small depending on o, max; || f; (¢, - )|l w1, M(t), we can guarantee that the
new error terms S M (¢). Then the original proof of [Constantin et al. 2017] goes through.
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GLOBAL WELL-POSEDNESS AND SCATTERING
FOR THE RADIAL, DEFOCUSING, CUBIC WAVE EQUATION
WITH INITIAL DATA IN A CRITICAL BESOV SPACE

BENJAMIN DODSON

We prove that the cubic wave equation is globally well-posed and scattering for radial initial data lying in
Bil X Bll’l. This space of functions is a scale-invariant subspace of H'Y2x H=1/2,

1. Introduction

The three-dimensional cubic nonlinear wave equation,
utt—Au:—u3=F(u), u(0,x) =ug, u:0,x)=uj, x e R3, (1-1)

has been a topic of recent interest in the study of dispersive partial differential equations. This is due to
the fact that the Hamiltonian for (1-1),

Eu(t) = %/|Vu(t,x)|2dx+%/ut(t,x)2 dx+%/u(t,x)4 dx = E@(0).  (1-2)

does not control the critical Sobolev norm.
A solution to (1-1) obeys the scaling symmetry that if u (¢, x) solves (1-1), then for any A > 0

Au(At, Ax) (1-3)
also solves (1-1) with initial data (Aug(Ax), A%u1(Ax)). It is a general rule that, for any dimension d > 1,

luoll ga—2/2@ ey = 1AuoAX) | ga-2/2gay. U1l ga—s2ga = ||)Lzu1(Ax)||H(d_4)/2(Rd). (1-4)

Thus in three dimensions (1-1) is called H '/2-critical.

Local well-posedness theory for (1-1) in L2-based Sobolev spaces is completely determined by the
critical s, = %

Negatively, using the arguments found in [Christ et al. 2003; Lindblad and Sogge 1995], one can show
that the initial value problem (1-1) fails to be even locally well-posed for data lying in spaces less regular
than H1/2 x H~1/2 that is, any space HSx HS1, s < %

Positively:

Lemma 1.1. Equation (1-1) is locally well-posed in H® x H™! for any s > %
Proof. See [Lindblad and Sogge 1995]. O

MSC2010: 35L05, 35B40.
Keywords: defocusing, nonlinear wave equation, scattering, global well-posedness.
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Local well-posedness is defined in the usual way.

Definition (locally well-posed). The initial value problem (1-1) is said to be locally well-posed if there
exists an open interval / C R containing 0 such that:

(1) A unique solution u € L H¥(I xR*) N L} LI xR3), u; € L H* (I x R?) exists.

(2) u is continuous in time, u € C(I; H*(R?)), u; € C(I; HS"1(R3)).

(3) u depends continuously on the initial data. That is, for any compact J C 1, if |[ug — ugl| ;75 < € and
lur —uill gs—1 < € for some € < eg(J) > 0 sufficiently small, then

* * *
”u _MHL;‘VX(JX[R@)—F ”u _u”L?OHs(JX[}p)"i‘ ”ut _ut”L?OHs—l(JX[}p) 55(6)7 (1-5)
where u is the unique solution with initial data (ug,u1) and u™ is the solution with initial data

(ug,u7) and §(¢) is a continuous function of € with §(0) = 0.

The defocusing, energy-critical nonlinear wave equation, obtained from (1-1) either by changing —u3

to —u> or by changing from three dimensions to four has now been completely worked out. For initial
data in the energy class (which occurs for ug € H' and urel?a priori bounds on scattering norms
and concentration compactness properties of solutions have been established in [Struwe 1988; Grillakis
1990; Ginibre et al. 1992; Shatah and Struwe 1993; Bahouri and Shatah 1998; Bahouri and Gérard 1999;
Nakanishi 1999; Tao 2006b].

Remark. The focusing case (obtained by changing the sign of the nonlinearity) is considerably more
complicated. Focusing problems are not addressed at all in this paper, and so the interested reader is
referred to [Kenig 2015].

For the radial version of (1-1) in three dimensions,
utt_urr_%ur‘i‘ug’:utt_%arr(ru)+u3=0» u(0,r) =uo(r), us0,r)=uy(r), (1-6)
the lack of control of the H/2 x H~1/2 norm is the only obstacle to proving global well-posedness and

scattering for (1-6). Indeed:

Theorem 1.2. Suppose ug € H'Y/2(R?) and u; € H~Y2(R3) are radial functions, and u solves (1-1) on

a maximal interval 0 € I C R with
Su? ”u(t)”Hl/Z(RB) + ||ut(l)||H—1/2(R3) < 00. (1-7)
te

Then I = R and the solution u scatters both forward and backward in time.

Proof. See [Dodson and Lawrie 2015]. O
Scattering is also defined in the usual way.

Definition (scattering). A solution to (1-1) is said to scatter forward in time if there exist some u{f e H/?,

u;r € H~1/2 gych that

t1—1>rrolo llu(2) — S(t)(u(—;_’ ur)|lH1/2(R3) + [lue (1) — 3;5(1)(148_, ui'_)”H—l/Z(R?i) =0, (1-8)
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where u(¢t) = S(¢)(uo, u1) is the solution to the linear wave equation
u”‘—Au=O, M(Oax)=u0, ut(()?x):Ml' (1_9)
A solution to (1-1) is said to scatter backward in time if there exist u, € HY?2 uy € H~1/2 guch that
i () = S g uD oy + N0 = 8O g D) g1/, = 0. (1-10)
A solution which scatters both forward and backward in time is called scattering.

In this paper, (1-1) is proved to be globally well-posed and scattering for initial data lying in a critical
space. The proof of global well-posedness is fairly general, and could be applied to a broad range of
nonlinearities. The proof of scattering utilizes hyperbolic coordinates and relies on the fact that the cubic
exponent 3 = (d + 3)/(d — 1) is the conformal exponent in three dimensions.

Hyperbolic coordinates were utilized by Tataru [2001] to prove weighted Strichartz estimates that
extended previous results of [Georgiev et al. 1997]. Miao et al. [2018] recently proved a result similar to
Theorem 1.4 for the five-dimensional problem, also for the conformal exponent. The conformal exponent
is H'/2-critical, and it is straightforward to prove that the energy of a solution to (1-1) in hyperbolic
coordinates scales like the H/2 x H~1/2 norm.

Recently, Shen [2017], also working in hyperbolic coordinates, was able to prove a scattering result
for data lying in a weighted energy space. Later, Dodson [2016] combined the result of Shen [2017] with
the I-method, proving:

Theorem 1.3. Suppose there exists a positive constant € > 0 such that
||U0||p'11/2+e(R3) + |||x|2€u0||H1/2+e(R3) <A <o0, (1-11)
[[u1 ||[-'1*l/2+e(R3) + || |x|26u1 ||I-‘I*1/2+€(R3) <A <oo. (1-12)

Then (1-1) has a global solution and there exists some C(A, €) < 0o such that

/ /(u(Z,X))4 dxdt <C(A,e), (1-13)
R

which proves that u scatters both forward and backward in time.
Remark. A straightforward application of the Strichartz estimates of [Ginibre and Velo 1995; Strichartz
1977] shows that
lllzs  @xray <00 (1-14)
is equivalent to scattering.
Note that conditions (1-11) and (1-12) fall just short of lying in the critical Sobolev space H'/2x H~1/2,

and are not quite invariant under the scaling (1-3). In this paper we will study the radial, nonlinear wave
equation in three dimensions,

Upr —Upp — %u, +u?=0, wo€Bi;. ui1€B],. (1-15)
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The Besov spaces B;’ , will be defined in the next section. By the Sobolev embedding theorem, this space
is a subspace of H'/2 x H~'/2 and the norm is invariant under (1-3).

We believe that this is the first result in which large-data scattering was proved for initial data in a
scale-invariant space for which the norm was not controlled by a conserved quantity.

Theorem 1.4. The initial value problem (1-1) is globally well-posed and scattering for ugy € Blz’1 (RY),
radial, and uy € B}’I(R3), radial. Moreover,

s sy = Clluolzz utlly ) (1-16)

The proof of this theorem utilizes the fact that the free solution with such initial data is only singular at
the origin in space and time, # = 0 and x = 0. Thus, using a Gronwall-type inequality, the local solution to
(1-1) can be extended to a global solution that is the sum of a solution to the free wave equation combined
with a finite energy term. A Morawetz estimate in hyperbolic coordinates then proves scattering.

The proof of Theorem 1.4 will occupy the remainder of this paper. In Section 2 we will begin by
defining the Besov spaces and recalling basic Strichartz estimates. Then in Section 3 the local theory
of (1-1) will be discussed. Global well-posedness will then be proved in Section 4. In Section 5 we
will switch to hyperbolic coordinates to prove scattering. Finally in Section 6 we will use a profile
decomposition to show that the bounds obtained for any u¢ € Blz,l, up € Bll’1 depend only on size.

2. Besov spaces and linear estimates

We now present some harmonic analysis estimates that will be used in this paper. None of these results
are new.

Theorem 2.1 (Hardy—Littlewood—Sobolev inequality). Forany 0 <s < 1, if
1_1 +s5—1,
q P

then

1
W*F(Z)

Ss | FllLay- (2-1)
LI(R)

Definition (Littlewood—Paley decomposition). Let ¢ € Cg° (R3) be a radial, decreasing function supported
on |x| <2 and ¢(x) =1 for |x| < 1. Then for any j € Z let P; be the Fourier multiplier

Pif=F Y@@ 78— ) f(5)), (2-2)

where
£(&) = @n)y4/2 / ¢V £(x) dx, (2-3)
Flg = @n) 2 / F*Eg () dE. (2-4)

Then for any Schwartz function f,

f=)Pif (2-5)

Jjez
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Let K (x) be the kernel of the Littlewood—Paley multiplier P;. By direct computation using stationary
phase estimates, for any N,

2/d
K;(x)| < —_—. 2-6
| ]( )|'\»d,N (1+2]|X|)N ( )
This implies K; has an L' norm that is uniformly bounded in j, so for any 1 < p < oo,
1Pj fllLr@ay Sa If L ga)- (2-7)
A direct computation also gives Bernstein’s inequality
I1Pj £ llLr@ay Sa 277NV fllLogay- (2-8)
along with the Sobolev embedding estimate, for 1 < p < g < o0,
id(L—1
1P £y Sa 2257 £ Lo gy, 2-9)
The Littlewood—Paley decomposition is foundational to the definition of Besov spaces.
Definition (Besov spaces). Suppose 1 < p <00, 1 <r <00, and s > 0. Then
' 1/r
I/ s, @y = (Z 2’”||ijllzp(Rd)) : (2-10)

JEZ
The Besov space B} p 1s then the completion of the Schwartz space under this norm. B} p 1s a Banach
space under this topology.

Remark. Observe that for any s € R we have B , (RY) = HS(RY).
The Besov spaces are well-behaved with respect to multiplying by smooth cutoff functions.

Lemma 2.2. Suppose y(x) € Cg° (R3). Then
Gl 5172y % Tl g2y @-11)
”X(X)MHBI_’;/Z(W) S ”M”Bl_’;/z(R?’)' (2_12)

Also if y(x) =1on|x| <1 thenif ug € Blz’1 and uy € Bll’l, we have

) RS RS
RIEHOO“ (l - X(E))uo B|Z(®3) " ” (1 - X(ﬁ))ul B Y2 (®3) - @19
Proof. Split P;(x f) as
Pi(f) = x(B; /) + [P, x1f. (2-14)
By Holder’s inequality,
D 220 5Py iz D272 P f D e (2-15)
J J

so it only remains to compute

> 221y, A S e (2-16)
J
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By (2-6) and the fundamental theorem of calculus,

/ K (=) SO0 - @) f £ / 1K (x— )| 1x— 311 Pe SO .
k

and therefore by Bernstein’s inequality and (2-6),

2712\ P; (xP <Y 272N 2 K2 P 112 S 2K 2 P fll e S .
D 2P2IP P20 N2 s ) 272 Y 27 RISl S 3 2PN g SIS 12

Jj=0 Jj=0 k=0 k
Also by Bernstein’s inequality, the Sobolev embedding theorem, and Hoélder’s inequality,
> 2P (P e S IVGHP=o )2 S 1f 11172
j=z0 ’
Next, by Holder’s inequality in space,
IP<o(x(P<ofDg1r2 S I1P<of llLe < 1 f o

Finally,

P P <N 27k/2p iy < .
| P<o(x( zof))llBllgzzN];) [ kfIIHl/zwllfIIB;g

Combining (2-18)—(2-21), we have proved
12/ g2 < 1F gtz ey
Also observe that (2-18)—(2-21) imply
12/ g1z S 1F 172
and therefore by duality
- < —1/2.
1781532 5 gl 5172

To prove (2-13) observe that Bl1 ,/22 X Bl_, ;/ 2 is invariant under the scaling (1-3); that is,

1 a 1 -
(L0 W (G 092
= RI(1 = x()uo(R) 172 + R?|(1— XCDur(Rx) [ g-1/2.

The dominated convergence theorem, (2-19), and (2-20) imply

Jim RJI(1= 1)) Peo(uo(Rx) | 51/ + R (1 = () Peo(at1 (Rx) | 172 = 0.

Meanwhile, (2-18), (2-21), and the dominated convergence theorem imply

Jim RJ[(1= 4 (0) P2o(to(R)) 172 + R[(1 = £ () Po (1 (Rx)) [ p1/2

= Jim R 272 (1=x(0)) P (uo(Rx))2+R? Y 52772 [(1=x(x)) P (1 (Rx)) | 2 =0,
Jj=0 Jj=0

completing the proof.

(2-17)

(2-18)

(2-19)

(2-20)

(2-21)

(2-22)

(2-23)

(2-24)

(2-25)

(2-26)

(2-27)
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Theorem 2.3 (radial Sobolev embedding theorem). For any j,

1127 ooy < 127 S gz, (2:28)

Proof. Since f is radial, assume without loss of generality x = (0, 0, |x|). Writing £ in polar coordinates,
§=(rcospcosf,rsingpcosf,rsinf), x-& = |x|rsinf, so by the Fourier inversion formula,

oo /2 .
f(x)= (271)_1/2/ f(r)rzf e!XIrsin® o5 0 do dr. (2-29)
0

—m/2

Then by a change of variables,

fx)= (27r)—1/2/0oo r2f(r) /_11 e!¥Ir du dr

1 BN . .
= (27r)_1/2,—/ Fryr[e'™ I —e=ixlr gy, (2-30)
ilx| Jo
Replacing f by P; f,
o0
i|x|P; f(x) = (27‘[)_1/2/ P f (r)r[e!¥Ir — =i gy, (2-31)
0
By Plancherel’s theorem,
o0
IR~ 1By s 2-32)
so by Holder’s inequality and the support of P;,
Q3D S NP f 117253y (2-33)
completing the proof. O

Now observe that the solution to the free wave equation
U —Au =0, u(0,x) = f(x), u(0,x)=g(x), (2-34)

is given by the Fourier multiplier

e, x) = 7 eostrle £6) + LV 20) = SO o). (235)
Then the solution to
Uy —Au = F, u(0,x) = f(x), us0,x)=g(x), (2-36)
is given by
S()(f.2) +/Ot S(t —7)(0, F) dx. (2-37)

Remark. Sometimes, if v = S(¢)(f, g) it is convenient to write

(1), 0:u(r)) = S@)(/. &) (2-38)
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By standard stationary phase calculations:

Theorem 2.4 (dispersive estimate).

1
[SO(S )l Looms) < ?[||V2f”L1(R3) +1IVElLr @) (2-39)

This has been proved in many textbooks. See for example [Evans 2010].
The dispersive estimates can be used to prove Strichartz estimates.

Theorem 2.5. Let I C R, tg € I, be an interval and let u solve the linear wave equation
Uy —Au=F, u(to) =uo, us(to) =uy. (2-40)
Then we have the estimates
||u||LfL§IC(IXR3) + ||u||L§>°HS(I><R3) + [lu; ||L§>°HS—1(1><R3)
Sp,q,s,ﬁ,c] ”uO”HS(R3) + ||u1 “Hs—l (R3) + ||F||Ltﬁ/Lz/(1XR3)’ (2-41)
whenever s >0, 2<p,p <00, 2<¢q,q < o0, and
1
p
Proof. See for example [Tao 2006a]. ]

+

=

A

N —

(2-42)

Q=
1=
| —
Q| =

Remark. This theorem can easily be combined with the Christ—Kiselev lemma, see [Smith and Sogge
2000], and the fact that |V| commutes with the operator (d;; — A) to prove many additional estimates.

Lemma 2.6 (perturbation lemma). Ler I C R be a time interval. Let tg € I, (ug,uy) € HY? x H~1/2
and M, A, A’ be positive constants. Let i solve the equation

0y —ANu=F@u)=e (2-43)
on I x R3, and also suppose sup,¢; || (#i(2), () gr/2sgg—12 < A4, ”ﬂ”L;"x(Ixﬂ@) <M,

(o —i(to), w1 — 36 (10) | gr1/2y fr—1/2 < A, (2-44)
and

||€||L;1/X3(IxR3) + 1St —10)(uo — i (t0), w1 = 1 (t0)) I L4 (7xm3) <€ (2-45)

Then there exists eg(M, A, A") such that if 0 < € < €g then there exists a solution to (1-1) on I with
(u(to), ru(ty)) = (ug,uy), ”“”L‘}X(Ix[Ra3) <C(M,A, A, andforallt €I,

1Gu(2), Bru(2)) — Gi(e), 0T ()| g1/25 fr—1/2 < C(A, A", M) (A" +€). (2-46)

Proof. The method of proof is by now fairly well known. See for example Lemma 2.20 of [Kenig and
Merle 2008]. U
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3. Local theory

By the dominated convergence theorem, for any ug € 312 1> U1 € Bl1 1> and & > 0 there exists some
Jo(8) < oo such that

> 2 Piuollpiwsy + Y 27 I1PjurllLigey < 6. (3-1)

J=Jjo J=Jo
Then by the rescaling (1-3) with A = 2770 if ug 1 (x) = Aug(Ax) and u; 5 (x) = A2up(Ax),

22 1Pjuoallpi @y + D27 IPjurallL gy < 6. (3-2)
Jj=0 Jj=0

To simplify notation let ug and u; refer to the ug  and u; , such that (3-2) holds.

Lemma 3.1. Fix €y > 0 small. There exists some (¢, ||u0||Blz . llu1 ”Bll l) > 0 such that if (3-2) holds
then ' A

”u”L?,x([_898]XR3) <€, (3-3)

||u||L§’°Bll/22([—8,8]XR3) < ||u0||312’1(R3) + ””1“311’1([@3)- (3-4)

Proof. Assume that (3-2) holds for some § < €. By the Sobolev embedding theorem and the definition
of Besov spaces (see page 1027),

1S (@) (P<otto, P<ou1)ll s @ms) < Iuollp2 @3y + lu1llpr | @) (3-5)
while by Theorem 2.5, (3-1), and (3-2),
IS@)(Pzouo, P>ou1) 14 @xw3) <0 (3-6)
Taking § > 0 sufficiently small, (3-5) and (3-6) imply
1S (#)(uo, ”1)||L‘,"x([—8,5]x[|;g3) < €o. (3-7)
Then by the contraction mapping principle and Theorem 2.5,
”””L;‘.X([—&S]xm) < [1S@) (uo, ”1)||L‘,‘.X([—8,8]xR3) + ”u”I?:;‘_x([—(S,S]XI]@)’ (3-8)
which when €g > 0 is sufficiently small implies
“u”L?,x([—b’,S]xR% < €o. (3-9)
Next observe that by Theorem 2.5 we also have

VI ull s 373 s sy + VI 4000 1873 18 (g 1ms) < €0 (3-10)
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and

IPju ”L;"x([—S,S]xW)‘i‘ | Pju ||L§’°H1/2([—8,8]><R3)
< 1Pjuo ||H1/2(R3)+ | Pjur ||H—1/2(R3)

—Jj/2 . ) )
+2 Z Z I12j, ||L§/3L§([—3,5]><R3) 1Pju ||L§/3L§([—5,8]><R3) I1Pj3u ”L;‘,x([—w]xw)
J1Sj2<j=5 j=3<j3<j+3

2% 3T Pl s ey Pt s s | Pistll 183 s gpemny Go1D

J—=5=5j1<j25J3

Then by (3-9) and (3-10),

> IPjullLs (—s.51xm3) T 1 Bl Loo gz s 51w

J
<D P uol oy + P ULl fr-1/2sy + €6 ) IPullLs (s pixmy (3-12)
J J
which also implies
||u||L?°Bll/22([—8,8]xR3) < ”uOHBlZ’l([I@) + “ul ||B11.1(R3)’ (3-13)
completing the proof. O

Next suppose y(x) is a smooth function that is supported on |x| < 1 and is equal to 1 on |x| < % By
Lemma 2.2 there exists some R(ug, U1, €) such that

|6 S ()

Remark. Notice that R depends on ug and u1, not just their size. This dependence will be removed
upon making a profile decomposition.

_l’_
H1/2(R3)

<e. (3-14)
H-1/2(R3)

Again applying the scaling symmetry (1-3), this time with A = 2R, setting
upA(x) = Aup(Ax), upp(x)= Azul()tx), (3-15)

and letting u; denote the solution to (1-1) with initial data (v x,u; ;) yields

||P>2RM0,)L||H1/2(R3) + ||P>2Ru1,)k||H—1/2(R3) <€, (3-16)
(1= 2002 17205, + 10 = XXV A 1723y = €. (3-17)
luallzs (-2, 8 ]xr3) < €0, (3-18)

and finally

12l 172 ey S 0l g2 sy + 131 | o) (3-19)

([-%- %
The next step is to show that this local solution has a singularity that is isolated in a suitable sense. We
will once again abuse notation and use u in place of u in (3-18).

Observe that the dispersive estimates imply that the linear wave equation u;; — Au = 0 with initial
data (19, u1) lies in L°° when ¢ > 0. Indeed, by (2-39),
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1 . .
IS o un) e < > 2% [ Pjuollies) +27 [ Pjurllzi @)
J

1
< ;[””0”312’1([@3) + llus ||311.1(R3)]- (3-20)
Interpolating (3-20) with Bernstein’s inequality, for any j,
2—il6 0 )
IS@Pjuo. Pjun)liLomy S 575712 TN PjuollLr @y + 27 1 PjurllLr syl (3-21)

while by the Sobolev embedding theorem H'(R?) — LO(R3),
1S(6) Pj (o, un) |l o3y < 29721227 | Pjuoll L1 @y + 27 | Pyur [l L1 o)- (3-22)
Thus by direct computation

fugtl/zllS(t)(uo, “1)||L6(R3) + [1S() (uo, ul)lngLg(Rst) < ||”0||3121(R3) + [|us ”Bll L®3) (3-23)
1§ : :

Lemma 3.2. If § > 0 is given by the local result in Lemma 3.1 for some €9 > 0, then

sup 12 u| g6 g3y + lullz2pe (- 2., 2. ]xwe) < luollp2 @3y + Iutllpy @3- (3-24)

8 Fi 2R°2R
“3R<I<3R

Proof. By the dispersive estimates (Theorem 2.4), the Hardy-Littlewood—Sobolev inequality, and interpo-
lation

'/t S(t—1v)F(u(r))dr
0

L218([0, i ]x#)
SNVIVEFGOI 675 [0, g ]ww)

< 1/2.,12/3 4/3
SV e 12 o, ) LS (o ) #2228 (o, 2] )

S el 222 ([0, 2] xm3)" (3-25)

Combining (3-25) with (3-23) proves

lellz226 (o, 2 ]xr3) = Iuollp2 @3y + lutllp | @3- (3-26)

Next let ¢ > 0 be a small constant to be determined later. Again by Theorem 2.4, the Hardy-Littlewood—
Sobolev inequality, and interpolation,

sup 112

tef0,55]

(1—o)t
/ Sit—1)F(u(r))dr
0

L6(R3)
1 1/3

< m|||v| FW)”L?{E([O,%]xW)
1

< 1/2.,12/3 4/3

SRV 1V u”L,°°L,2C([O,ﬁ]XR3)”u”L‘,‘,X([O,ﬁ]XD@)”u”L%Li([O,%]XU@)
4/3

o
< o172 (||u0||312!1(R3) + ||lug ||Bll,1(R3))' (3-27)
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Also for any ¢ € [0,8/(2R)], by Theorem 2.4,

t1/2

/t St—t)F(u(r))dr
(1—c)t

L6(R3)

5/3 2/3
<(Csup P Olloen) IV o 0 o )

O,L
re0, %] 23 1 -
X”M“LOOL?C([O SexR3) (1—ey ( t—r)2/3t1/3
<P sup ) o). (3-28)
tef0,55%]

Therefore, choosing ¢ > 0 small and €p(c) > 0 small,

1/2
”u”L%Lg([O,%]x[R@) + OiltlESt / lu(@)liLe < ||u0||312’1(R3) + [lus ||Bll,1(R3)' (3-29)
Then by time reversal symmetry the proof of Lemma 3.2 is complete. O

Next, we show that a local solution may be written as a sum of a term with bounded energy and a term
with good dispersive properties. To simplify notation let §; = §/(2R). By energy inequalities, Strichartz
estimates (Theorem 2.5), and Lemma 3.2,

Next, by the radial Sobolev embedding theorem (Theorem 2.3) and (3-13), if y € C° (R3) is supported
on x| <1, x(x) =1on |x| < 5, then

81
/1;1 Sit—1t)F(u(r))drt

10

) < lu ||
H1xL2(R3)

(3-30)

<
L3S ([35.,8:]xm3) ~ 1/2'

H( (lox))F(”) L1 22 ([0, <) <5 (I_X (%))“ < (o 1y 124 (0.3 1w
< 5;% (3-31)
Now for t > §; let
v(t)=S@t)y ( )(uo,ul)Jr/j1 S(t—r))((l(? )F(u(r))dt (3-32)
Combining Lemma 2.2 with
IPs XAF GOy 128y 81ypsy S277 8T NF @y a2y iy, 3-33)

Lemma 3.2,

g Flu Sl 3 sy 3-34
(G )rw| S (30
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(3-10)—(3-13), the sharp Huygens principle, which implies v is supported on {(x, t):||x|—t] < %81},

and the radial Sobolev embedding theorem (Theorem 2.3), we have

1
() ooy < Tlloll g2 @y + It g1 syl
This implies good properties of S(z —&1)(v(81), v£(61)).
Lemma 3.3. Let w(81) + v(81) = u(81) and let

w(s1) = S(so(l —x(%))(uo,ul)

% 81
+/ 5(51—I)(l—)((lo—x))F(u(t))a'T4—/:S S —1)F(u(r))dr.
0

81 oL

10

Then
-1
WD g1y g2y < 61

Proof. By (3-31) and (3-32) it only remains to compute
10x 10x
IL—xl — ) )u©o +{1=xl — ) )u:
81 H1®R3) 81

o
1
|u1<o,r>|s/ 0,210, 5)] ds 5 .
r

L2(R3).

First,

SO

o0 o0 1
/ |u1(r,0)|2r2dr§/ lui(r,0)|dr < —.
1 ) 5

Next, for any j, Bernstein’s inequality implies || Pjuql|/ro < 237 | Piuollz1, so

27/ 2
r .
| ool dr 2 Prolliges,

while by Bernstein’s inequality

00 .2 )
|-, S lon o)l dr 5 227 Pyl oy

—J

(3-35)

(3-36)

(3-37)

(3-38)

(3-39)

(3-40)

(3-41)

(3-42)

Thus [|(1/7)9ruoll L1 g3) S lluoll g2 | (gs)» and since ug is radially symmetric Auo = (3, + (2/r)9,)uo,

s0 [|9rruoll 13y < ||u0||Blz (@) By the fundamental theorem of calculus,

o0 1
|ur<r)|s/ urr()]ds £ .
r
Therefore,

o0 o0 1
/ |ur(r)|2r2drs/ () dr < .
81 81 81

10 10

(3-43)

(3-44)
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fow(ur(r))zﬁdr < /Ooo(/roo ey (5) ds)rdr < /Ooo tyr (5)]s? ds < 0.

completing the proof.

and

4. Proof of global well-posedness

In this section we extend local well-posedness to global well-posedness, proving:

Theorem 4.1. Equation (1-1) is globally well-posed, and for any compact interval J C R,

(3-45)

|

(4-1)

Proof. By time reversal symmetry, to prove this it suffices to show that the local well-posedness result of

Lemma 3.1 can be extended to all times ¢ > §;. Throughout the proof the implicit constant depends on §;

and [luof g2 +llu1llp -
For ¢t > 87 let

u) =w)+v(),
where v(¢) is given by (3-32) and w solves
Wi — Aw = —u3.
By Strichartz estimates, (2-11), and (3-9),

||v||L;‘gx([81,oo)><R3) < ”7/‘0”312’l + ”7/‘1“311’1-

Thus to prove (4-1) it suffices to prove that w € L% for all ¢ € [§1, o0).
Copying (1-2) let E(w(t)) be the energy of w,

E(w(r)) = %/|Vw(t,x)|2dx+%/(w,(l,x))zdx—i—%/(w(t,x))4dx.

By (3-19), (3-37), and the Sobolev embedding theorem, w € L3N LS, so

E(w(Sy)) < 1.
Next,

%E(w(t)) = /((w(t,X))3—(u(l,X))3)wr(l,X) dx
= —/ w; (t, x)[(v(2, x))> + 3v(t, x)?w(t, x) + 3v(t, x)w(t, x)*] dx.
It suffices to show that (3-35) and (4-4) give good bounds on the growth of E(w(¢)). Indeed,

/ we (£, x) (w(t, x))?0(1, x) dx < [J0(0) | Loo @) IWO1F 4 g3y 1w (D L2 g3) < %E(w(t)),

(4-2)

(4-3)

(4-4)

(4-5)

(4-6)

(4-7)

(4-8)
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and
/ wy (£, ) (0(t, )% dx 5 wi (Ol 2 10Ol oo @ 10O 24

1
< CE@O) )4 sy (4-9)
Finally

/Wz(t,X)U(l,x)zw(l,x) dx < [we @) L2 w3y lw @Ol La@3y VO L4 @3y VO] Loom3)

1
< TE@@) @)l w)- (4-10)
so by interpolation
d 1 1 4
EE(w(t))i ;E(w(l))-}—;||v(t)||L4(R3). (4-11)

Then by Gronwall’s inequality and time reversal symmetry there exist constants Cy (||ug|| B2, luillg 1 51)
and C2(||“0||B12 g ||u1||Bll 1,81) such that ' '

E(w(1)) < Ci(1+ 1)) (4-12)

This combined with (4-2) implies that u is global. O

5. Hyperbolic coordinates

Having shown that the solution to (1-1) is globally well-posed, the next step is to show that the solution
scatters. It is possible to prove this by utilizing hyperbolic coordinates and the fact that by Theorem 4.1,
u(t, x) is well-defined for all (¢, x) € RT3,

Theorem 5.1. The global solution given in Theorem 4.1 scatters both forward and backward in time.

Proof. By time reversal symmetry and (1-14), it suffices to show that

(e oyl e
/ / u(t,r)*r?drdt < . (5-1)
o Jo

To begin setting up hyperbolic coordinates, translate ¢ = 0 in time to o = 1 — §;. Let u refer to the
time-translated solution in Theorem 4.1,

it r) = ult — (1—8,),7). (5-2)

Once again, we make an abuse of notation and let u refer to . Inequality (4-1) implies that after time
translation

1 poo
/ / u(t,r)*r?drdt < co. (5-3)
0Jo

Next, by small-data arguments, see for example [Lindblad and Sogge 1995], the solution to (1-1) with
initial data given by (3-14), has finite L?’ . horm. Finite propagation speed and (3-14) imply

o
/ / u(t, r)4r2 drdt < e. (5-4)
1 Jr>3+t
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Therefore, it only remains to prove

o0
/ / u(t,r)*r?drdt < . (5-5)
1 Jr<l+s
Such x and ¢ fall within the domain, which may be described by hyperbolic coordinates. Let
e® sinhs
w(t,s) = w(e® coshs, e’ sinhs), (5-6)
s
T o1 h
U(t,s) = ¢ S v(e® coshs, e® sinhs), (5-7)
s
T o1 h
i(z,s) = ¢ o Su(e’ coshs, e sinhs). (5-8)
s

Now by a change of variables

00 OO 2 00 00 L4T (¢inh s)4 4
/ / i(t, s)4s? .S dsdrt :/ / ¢ (sinhs) ‘s u(e® coshs, e’ sinhs)* dsdt
o Jo sinh s o Jo s4 (sinh )2

_ /f w(t,r)*r? drdt. (5-9)
12—r2>1

The analogous estimate also holds for v and w. Since (4-1) implies

2
/ / u(t,r)*r2drdt < oo, (5-10)
1
proving (5-5) is equivalent to proving
00 0O s 2
/ / a(z,s)“(,—) s?>dsdt < co. (5-11)
o Jo sinh s
Also, since v is a solution to the linear wave equation with data in H'Y2x H=1/2 it suffices to prove
00 o0 s 2
/ / w(t, s)4(.—) s?dsdt < oo. (5-12)
o Jo sinh s
Direct computation and (4-3) imply that w solves
2
arrw_assw_gasﬁ):_( .s ) 123. (5'13)
s sinh s
Moreover, w has bounded hyperbolic energy
1 [ 2.2 1 [ 2.2 1 s V. 4.2
= ws(t,s)°s“ds + = We(t,s)°s“ds+ — , w(r,s) s“ds. (5-14)
2 Jo 2 Jo 4 Jo \sinhs
Indeed:

Lemma 5.2. There exists some 0 < v < 81 such that

E((7)) < o0. (5-15)
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Proof. To prove (5-15) it suffices to show

1o
—/ E((r))dt < oo.
1 Jo

By the hyperbolic Pythagorean theorem,

c cosh?(s) — sinh?(s) . et

e®(cosh(s) —sinh(s)) = e cosh(s) +sinh(s)  cosh(s) + sinh(s)’

Therefore, for any fixed t > 0,

lim e®(cosh(s) — sinh(s)) = 0.
s 100
Combining (3-32) with the fact that 7o = 0 was translated to tg = 1 — 61, for any ¢ > 1,

10x

81
v() =St -1 +81)X(?)(uo,u1) +/0 Sit—1+6; —T))((l(;)—lx)F(u(‘L’))d‘[.

Therefore, by finite propagation speed there exists some sg such that, for any 0 < t < §1,

o0 o0 o0 o0
/ szlbs(t,s)zds+/ szﬁ)f(r,s)ds:/ szﬁs(r,s)zds—i-/ s21i¢(t,s) ds.
S

0 S0 50 S0

Now, if u is a radial solution to (1-1), then by (5-8),

sti(t,s) = e*(sinh s)u(e® coshs, e’ sinhs)

= %(f«’rﬂ — (1 =8))up(e™* —(1-61)) + %(1 —81—e" Nug(1—-81—e™™?)
1 eTtS—(1-81) 1 e% coshs petts—¢

—{——[ ul(r)rdr—i——[ rud(t,r)drdt.
2 Jer—s4(1-8)) 2 Ji-s, —eT—S+¢

Now by direct computation,
~ es s es N / s
Or4s(sU(T,8))|r=0 = ?Mo(e —(1—51))4'?(@ —(1=81))up(e”—(1-61))

es es coshs
—I—E(es—(l—c?l))ul (es—(1—81))+? / (S —u(t,e’—t) dt,
1-6,

and

r—s (s1(z.5))|z=0

— e

= (1804 (=8 (151~ )

e eS e® coshs
+7((1—81)—e_s)u1((1—81)—e_s)+7/ (t—e u(t,t—e %) dt.
1-6;

(5-16)

(5-17)

(5-18)

(5-19)

(5-20)

(5-21)

(5-22)

(5-23)
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First, making a change of variables and using (3-39)—(3-45),

/ e>ug(e’ —(1—681))%ds < / uo(r)?rdr < oo, (5-24)

) 0

/ e (€5 — (1—81)%up(e’ — (1 —681))%ds s[ 0,uo(r))?r3dr < oo, (5-25)
S0 0

/ e (e’ —(1—681)%ui(e* —(1—681))%ds < / r3ui(r)?dr < co. (5-26)
S0 0

Also, by (3-39)—(3-45), the fact that e* (cosh s —sinh §) < % when s > 59 and 0 <t < 8y, |ru(t,r)| <1
for t —r < 7, (5-3), and (5-4), we have

00 coshs 2 0o pcoshs
/ e%(/ (es_z)u3(z,e5—z)dz) dsgf / e¥ (e —1)*u(t,e* —1)dt ds
KY 1 so J1

0 —81 _81

oo pcosh(s)
< / [ eBut(r,e* —1)dt ds < oo. (5-27)
so J1

-8
Additionally,
o0 o0
/ e Pug((1—=681)—e%)%ds < / e 2 ds < oo, (5-28)
S0 S0
o0 [e.e]
/ e 25 ((1=81) —e )2 (up((1=81) —e™5))? ds < / e 25 ds < oo, (5-29)
S N
oo o
/ e ((1=681)—e ) u1((1—81)—e*)%ds < / e 2 ds < oo. (5-30)
S0 S0
Also by the fact that |u (¢, r)|r is uniformly bounded for t —r < %,
00 e® coshs 2 00
/ e 2s (/ (t—e @, t—e™) dt) ds < f e 2 ds < o0. (5-31)
S0 1—61 S0

In fact the above computations could be made for any 0 < t < §; with some uniform sg. Now then,
integrating by parts,

o0 o
f ds (s (T, )2 ds = / 52 (1, 8)% ds — soW(z, 50)>. (5-32)
S0 S

0

Remark. It is straightforward to verify that by (5-18),

lim s|w(t,s)> =0, (5-33)
s /100
so (5-32) is well-defined. Therefore,
o0 [e.¢]
~ 2.2 ~ 2.2
sup / We(s,T)°s ds—i—/ W (s, )75 ds < 0. (5-34)
0<t<681 Ys0 S0
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So by (5-16) it suffices to show that

81 pSo 81 pso
/ / s2Ws(z, 5)% ds dt+/ / s2(z,5)dsdt < 0o. (5-35)
o Jo o Jo

This fact is an immediate consequence of (5-6), Theorem 4.1, and the fact that e” sinh s and e® cosh s are
uniformly bounded when s < sg and t < §;. Thus, for some 0 < 79 < 47,

o0 o0
/ s2wg (19, 5)% ds —i—/ s2¢ (0, 5) ds < 0. (5-36)
0 0
An application of the Sobolev embedding theorem H' < L° combined with the fact that s/sinhs €
L' N L>®(s% ds) completes the proof of Lemma 5.2. |
Next we compute
2
4 gy = / b [i — 03[ —— ) 52 ds. (5-37)
dt sinh s

Because v(t, ) is supported on t —r = 14+ O(81), (5-17) implies 1/sinhs < e~ " on the support of ¥(, §).
Therefore, the radial Sobolev embedding theorem implies ||sv(z, )| Lo < 00, SO

12 (0)]l 12 ﬁ(r,s)z(.s ) ﬁ(r,s)(.s ) <e T E((r) /> 6(r,s)2(#) . (5-38)
sinhs /|72 sinhs /|| 7 oo sinhs /|| 72
Meanwhile,
1) .2 ﬁ(r,s)(.s ) Hw(nsﬁ(.s ) < e TE()). (5:39)
sinhs / || ;oo sinhs /|| 72
and
~ y s . s 1/2 } s 1/2
e (@l U(T’S)(%) 1,00 Hw(f’s)(sinhs) L4 U(T’S)(sinhs) L4
1/2
< et E(W(r)Y 6(r,s)( .S ) (5-40)
sinh s L4

Now by this, ||v]] L4 <00, (5-9), and Gronwall’s inequality, we know E (1 (7)) is uniformly bounded
on R. ’
Next we prove the Morawetz estimate.

2
Theorem 5.3. // B(s, r)“(#) s2dsdr < co. (5-41)
sinh s
Proof. We have
M(z) = / u~)t(|x—|-V ) dx. (5-42)
X

Then

h 2
4 Moy = / SOV ) w42 ds + /f L (Vi) @® - )s? ds d. (5-43)
dt sinhs /) \ sinhs |x]
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As in the bounded energy computations,

IVl 62(.“‘ ) ﬁ(.s ) < e Ew(n)!/? 52(#) L (544
sinhs / || 72 sinhs / |7 sinhs / || 12
S S
V|2 || Nk <eTEW), 5-45
IVl v(sinhs) Loo v (sinhs) sze (@) ( )
and
1/2 1/2
s s S
VU oo ||V D o
IVl v(sinhs) Loon(sinhs) L4 v(sinhs) L4
1/2
<eTE®w)3* v(i) (5-46)
sinh § 14

Therefore, by the fundamental theorem of calculus, the fact that the energy is uniformly bounded, and

(5-43),
00 00 s 2
/ / w(s, r)4 (—) s2dsdt < oo, (5-47)
o Jo sinh s

completing the proof of Theorem 5.3. O

Since (coshs/sinhs) > 1, Theorem 5.3 directly implies (5-12), which completes the proof of
Theorem 5.1. U

Remark. Notice that Theorem 5.1 implies

o0 o0
/ / u(t,r)4r2 dr dth(||uo||Blzl,||u1||3111,81)<oo. (5-48)
O O . .

Thus Theorem 5.1 is not equivalent to Theorem 1.4. This §; > 0 depends on the support of up and
u1 in space (3-14) and in frequency (3-2). To remove this requirement, it is necessary make a profile
decomposition, the subject of the final section of this paper.

6. Profile decomposition

Now, to prove Theorem 1.4 from Theorem 5.1, it only remains to show that if (ug, u) is a bounded
sequence in 312,1 X Bll’1 and u” (¢) is the corresponding solution to (1-1) with initial data (ug, u”), then

™ Ol (@xed) (6-1)

is uniformly bounded. This may be accomplished by proving that (ug, u’f) must converge to a maximizer
in Blz’1 x B 11’1. An argument of this type was used in [Gérard 1998] to prove the existence of a maximizer
of the Sobolev embedding, and for many other maximizer problems. See [Bahouri and Gérard 1999] for
an early application of the profile decomposition to the nonlinear wave equation.

The intuition behind this argument may be summarized as follows. The uncertainty principle implies
that when most of Bf ; x B]  lies below frequency 1, R 1, where R is defined in (3-14). On the other
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hand, if R > 1 and (ug, u;) is a radial function supported on the annulus R < r < 2R, then the H1/2
norm on balls of radius ¢ R for some ¢ > 0 small would actually be fairly small.

Combining the small-data arguments of [Lindblad and Sogge 1995] with finite propagation speed, one
can show

”u”L?’x([—cR,cR]xHW) <L (6-2)

This provides substantial improvement over the frequency scale arguments used in the proof of
Lemma 3.1.

Theorem 6.1 (profile decomposition). Suppose that there is a uniformly bounded, radially symmetric

sequence
||”g||H1/2(R3) + ||ur1’ ”H—1/2(R3) < (Cp < o0. (6-3)
Then there exists a subsequence, also denoted by (ug, u’l) C HY2 x H=Y2 such that forany N < 00
SOy uf) = TISO(@g. 1) + SORG,. R (6-4)
j=1
with
lim_Timsup || S(t)(RY. RY 24 sy = O- (6-5)

N—>oo p—oo
F,{ = ()L,J;, l‘,{) belongs to the group (0, 00) x R, which acts by
T F(t,x) =M FQL(t —t]), A x). (6-6)

The F,{ are pairwise orthogonal;, that is, for every j # k,

YA . .
lim_ )TZ + A—’j + ADHV20RN 2 k| = o0, (6-7)
n n
Furthermore, for every N > 1,
N
10 w110, o1 = D 1@3- 824112 -1+ I RG s RY 1/, sy -1/2 +0n (D). (6-8)
J=1

Proof. Ramos [2012] proved this result for data which need not be radially symmetric. Such a result is
substantially more difficult since it requires accounting for Lorentz transformations and translation in
space.

Now take a uniformly bounded sequence

”743”312.1@%3) + ”u’fngll,l(up) <Co<o0 (6-9)
such that if u” (¢) is the solution of (1-1) with initial data (ug, uY), then

[l (I)HL;"X(RX[}@) /! SuP{”u”L;{X(RXm) : ||u0||312’](R3) + [Juq ||B11’1(R3) < Co}. (6-10)
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By the Sobolev embedding theorem,
||u8||1-'11/2(R3) + ||u111||[-'1—1/2([R3) < ””8”312 | (®3) + ||u111||311 L(®3) < (o < 00, (6-11)

which by Theorem 6.1 gives a profile decomposition

S(0)(ug. u )—ZS(l—t’) (A5 Q). Of)?¢] (M) + S(O)(RY. RY,). (6-12)

j=1

In the course of proving Theorem 6.1, Ramos [2012] proved

S(W)(AJ "(xxf) ()Ll)2 (x)) %00 1

weakly in H1/2(R3), and

8,S(z+/\ftf (1 ”(i) 1 u’l’(i))
Al An/) (A2 A =0

weakly in H~Y2(R3). The fact that (ug, u’t) is uniformly bounded in Bil X Bll,1 prevents t,{ from

— ¢ (x) (6-14)

going off to —oo or +o00.
Lemma 6.2. For each j, t,{ is uniformly bounded.
Proof. The proof of this fact utilizes dispersive estimates and Lemma 4.1 from [Ramos 2012]:
Lemma 6.3. (ug, ul) — (po, $1) (6-15)
weakly in HY/2(R3) x H~Y2(R3) is equivalent to

S(@)(ug, uy) = S) (o, $1) (6-16)
weakly in Lix (R x R3).

Now observe that for any j,

S(t-l—)\JtJ)(A—uO( ), By 1) ul(x)) —\S(t)(qb0 ¢1) (6-17)

n
weakly in L?, .
Now, by the dispersive estimates (Theorem 2.4), for any [ € Z,

HP;S(I—}-)LJZ/)(—MO() 1 ——uj(x ))
A (An)?

n

Loo(R3)

#(5G7)

(6-18)

|t + Aty | L'(R?) A2\ v ws)
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Meanwhile, by Bernstein’s inequality and the Sobolev embedding theorem

st (e, i)

n L2(R3)
1 1
<2- ”2[221 P,( "(i)) 2! P,( _—y (i)) } (6-19)
A\ @) ()2 A/ e
Then by interpolation, for any / € Z,
PIS(t—i-/VtJ)( b)), u"(x)) _
H Al o (A )2 ! L (lt+251|>C271}xR3)
1 1 1
S i [221 P, (—uo( a )) 2! P,( — (i)) } (6-20)
C Al A L3 (A)2 Ah )L w3y
Thus if lim sup,,_, )L{; |t,{| = 00, then
S(t+Alt) (—uo( ), ul(x)) -0 (6-21)
An (Ah)2
weakly in L} (R x R?). Therefore, (@L.$]) = (0,0), completing the proof of Lemma 6.3. O

Thus A7t | is uniformly bounded, so after passing to a subsequence, A;#; converges to some 7§ € R.
Therefore,

SQat) @y 1) — S(t3) (g 47) (6-22)
strongly in H'/2(R3) x H~1/2(R3). Absorbing the error into (R0 n f{n) and taking

(@3.67) = S(t3) (0. $1). (6-23)
assume #;, = 0. Therefore,
N
i) = (Mo (Ahx). A)2¢] (Ax)) + (RY,. RY (6-24)
j=1
and
)t” AL
nll)n;o )L_” + )L_” = 00. (6-25)
But then
”“8”312’1@@3) + ||u7||311.1(R3) <Co<o0 (6-26)

combined with Lemma 6.3, (6-24), and (6-25) implies that for any j
163152 &5y + 197 152 a5y = Co. (6-27)
Possibly reordering j, (6-8) implies that there exists No(e, Cp) such that if j > Ny(e),

||(¢({,¢{)||H1/2XH—1/2 <e. (6-28)
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Now for each j let v/ (¢, x) be the solution of (1-1) with initial data (q’)({ , qb{ ). By the small-data arguments
of [Lindblad and Sogge 1995], when j > Ny (¢),

||Uj ”L?,x(RXW) N “‘% ||H1/2(R3) + ||¢{ ||I-'I—1/2(R3)‘ (6-29)
Meanwhile, by Theorem 5.1 combined with (6-27), when j < Ny(¢),
107113 @xray Sico 1 (6-30)

Also by (6-25), for any j # k, the Lebesgue dominated convergence theorem implies

lim f|uvi(x,f;z,x,f;x)|2 AR (ke Ak x) 2 dx dt = 0. (6-31)
n—>oo
Therefore,
lim_ > Ml QA x) (6-32)

1<j<N L7 (RxR3)

is uniformly bounded, independent of N. Also,

N N
F(Z Avl (At A,{x)) = FQ (M A)x)
j=1 J=1

= > 0(Mv At xR ke Ak ?), (6-33)
1<j#k<N
50 by (6-30), (6-31), and (6-32),

N N
lim_ HF(Z Advl (At Agx)) =Y F v/ (M. 24x) " =0. (6-34)
j=1 j=1 L;7 (RxR3)
Therefore, by Lemma 2.6, the solution u’y, (¢, x) to (1-1) with initial data
N . . . . . .
D (M4 (A4x). 04> d{ (A x)) (6-35)
=1
has
i [y (D23 @xes) (6-36)
bounded uniformly in N. By another application of Lemma 2.6 combined with
Jim_limsup (IS0 (R R 2 xiy = 0 (6-37)
if u”(t) is the solution to (1-1) with initial data (ug, u’) satisfying (6-3), then
™ Ol (@xed) (6-38)

is uniformly bounded. This proves Theorem 1.4. O
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NONEXISTENCE OF WENTE’S L* ESTIMATE
FOR THE NEUMANN PROBLEM

JONAS HIRSCH

We provide a counterexample of Wente’s inequality in the context of Neumann boundary conditions. We
will also show that Wente’s estimate fails for general boundary conditions of Robin type.

1. Introduction

Wente’s L™ estimate is a fundamental example of a “gain” of regularity due to the special structure of
Jacobian determinants. It concerns the Dirichlet problem

{—Au:f in D, (1-1)

u=0 onadD
for the specific choice of f =det(VV) with V e H 1(D, R?). Wente’s theorem states:

Theorem 1.1. Ler Q C R? be the disc and f € H' (D). Then if u is the unique solution in Wy'' (22, R) to
(1-1), we have the estimate

2
lull ooy + IVl 2oy = CHVV I 2y

The proof can be found in the original article [Wente 1971]. Later on it was proved that Wente’s
inequality holds true under the slightly weaker assumption that f € 7' (D), where #!(D) is the local
Hardy space; see [Semmes 1994, Definition 1.90]. Proofs can be found for instance in [Hélein 2002;
Topping 1997]. This estimate found many applications; an incomplete list includes [Riviere 2008; Colding
and Minicozzi 2008; Lamm and Lin 2013].

It is natural to ask whether a similar estimate holds true for the Neumann problem

—Au=f in D,

= aD,
8v / f on

again for the specific choice of f =det(VV) with V € HY(D, R?).
The aim of this note is to show that Wente’s L™ estimate fails for the Neumann problem.

(1-2)

MSC2010: primary 35J05; secondary 35J25.
Keywords: compensated compactness, Jacobian determinants.
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Theorem 1.2. There exists a sequence V,, = (a,, b,) € C>®(D, R?), IVVallL21py < C, f det(VV,) =0
for all n with the property that if u, € W51 (D) are the solutions to (1-2) with f, = det(VV,,) one has

un—][un
D

Additionally we can extend the above example to more general boundary conditions. Namely we have

N Vupllp2py = +00  asn — oo.
L>(D)

the following:

Theorem 1.3. Let E C 3D be a nonempty union of open intervals, with0 < H'(E) < 2w and o, B,y € R
given, with a > 0, y > 0. There exists a sequence V,, = (a,, b,) € C*®(D, R?), with IVVallz2rpy < C,
with the property that if u, € WH1(D) is the solution to

—Au, =det(VV,) inD,
0 0

o un+ﬁ l +vyu,=0 onkE, (1-3)
av ot

u=~0 ondD\ E,

one has

IVuull2(py = 00 asn — oo.

The paper is organized as follows. In Section 3 we collect some known results and a priori estimates.
In Section 4 we give the proof of Theorem 1.2 and in Section 5 its extension to mixed Robin boundary
conditions.

While finishing this paper the author became aware that a similar example has been found independently
by Francesca Da Lio and Francesco Palmurella [2017].

2. Some remarks on the conformal invariance of the problem

Let m : U — D be a smooth conformal map from a domain U with Lipschitz continuous boundary to the
disc (i.e., up to conjugation m corresponds to holomorphic map on U). If u is a solution of the Dirichlet
problem (1-1) then u o m is a solution of

—A(@om)=(5|Vm|*)fom inU,
uom=~0 on dU.

In particular in the case f = det(VV) we have (% |Vm|2) fom =det(V(V om)). Additionally one notes
that Wente’s estimate in Theorem 1.1 is as well conformally invariant since for any function w one has

lwom|ew)=IllwlrLemy, [V(wom)|2qy=IVwllizp-

In the case of the Neumann problem one has to be a bit more careful. If « is a solution to (1-2) then u om
solves
—A@om) = (5IVm|*) fom in U,

3 1
_(”O’”):(%wmﬁ)”z—/f on dU.
av 2w Jp
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Although we have
1 1

_ - L 2
2 D 2 U(2|vm| )fom’

the problem is only conformally “invariant” if | p S =0since |[Vm| =1 on dU implies that m is a rigid
motion. Furthermore one should note that even in the case [ f =0, in general one has

fuom;é][u.
U D

Nonetheless we can forget about the additional condition f p det(VVy,) = 0 in the proofs of Theorems 1.2
and 1.3 by the following procedure. Consider a sequence V), as stated, but not necessarily satisfying
o, := [ det(VV,) =0, that is compactly supported in some ball B, (p) for some 0 < ry < i and p € aD.
Let us fix two smooth functions a, b supported in By, (p) \ By, (p) satisfying

/ dandb=1.
D

For instance take d = ¢;(z) and b= ©2(2)68, where ¢; are two bump functions such that spt(¢;) C

{p2 =1},
/démdé:/ avgézf o1 = 1.
D oD oD

Let & be the smooth unique solution to (1-2) with fD n=1, f= det(VV) and V = (4, b). Since

loe, | < %HVV,IH%Z(D) and spt(V,) N spt(\7) = & for all n we can pass to i, = u, — «o,i, which solves the

Neumann problem (1-2) with right-hand side
det(VV, —aVV) = det(VV,) —a det(VV).

Since fD det(VV, — aVV) =0 we have di1,,/0v = 0 on d D. By the uniform boundedness of «, we still

have
U, — ][ U,
D

and we obtain the full strength of the theorems.

MVigllp2py = +00  asn — 0o
L>°(D)

3. Some known results

Classical solutions to (1-1) and (1-2) have to be understood in the distributional sense.

Definition 3.1. A function u is called a solution of the Dirichlet problem if u WO1 ’I(D, R) and
/ Vu-Vyr — fr =0 forallxﬂeCé(D). (3-1)
D
A function u is called a solution of the Neumann problem if u € wbLl(D, R) and

if f/ w:/ Vu-Vi — fyp  for ¢ € C(R?) for all ¥ € C'(D). (3-2)
2 Jp D D
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The Green’s functions for both problems are explicit. For the Dirichlet problem it is

1 1 . Y
Gp(x,y) = 5 In(lx =y — 5 In(lyllx = y*D),  with y* = e (3-3)

and for Neumann problem it is

1 1
Gn (. y) =5 In(lx =y + 5 In(lyllx = y*) = glx[* = 31y1% (3-4)

Using Gy one has the representation formula

u(y)—/ u:—/ GN(x,y)a—u+/ G(x,y)Au foru € C*(D).
D aD v Jp

In terms of existence and uniqueness one has:

Lemma 3.2. For every f € L'(D) there exists a solution up/uy to the Dirichlet/ Neumann problem in
the sense of Definition 3.1. Furthermore the solutions belong to W7 (D, R) for every p < 2, are unique
(up to constant in the Neumann problem) and satisfy the estimate

| DullLrpy < Cpll fllL1(p)- (3-5)

Proof. There are several proofs in the literature treating the case of uniqueness and a priori estimates;
see for instance [Littman et al. 1963; Ancona 2009, Appendix A]. In our case existence and the a priori
estimate (3-5) can be obtained by using the Green’s functions G p, G . Uniqueness for the Dirichlet
problem can be obtained by antisymmetric reflection: Let u be a distributional solution of (3-1) with
f =0. One checks that

N u(x) for x € D,
u(x) = * : * 2
—u(x*) forx ¢ D with x* = x/|x]|
solves

/ Vi -V :/ Vu- V(i (x) —y(x*) forall ¢ e C!(R?).
R2 D

But since ¥ (x) — ¢ (x*) € Cg )1 (D) we deduce that @ is harmonic and therefore smooth in R% Now the
maximum principle applies since u takes the boundary values in the strong sense.

Similarly we deduce the uniqueness in the Neumann problem using the symmetric reflection: Let v be
a distributional solution of (3-2) with f = 0. As before one checks that

v(x) forxeD,

V) = {v(x*) forx ¢ D

solves

/ v&-vw:/ Vu- V(@ (x)+ ¥ (x*) forall ¢ € CH(R?).
R2 D

But since ¥ (x) + ¥ (x*) € C%! (D) we deduce that 9 is harmonic and therefore smooth in R% Now the
maximum principle implies that v = constant. O
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4. Proof of Theorem 1.2

In the following we will always identify R? with the complex plane C, i.e., i = es.

Proof of Theorem 1.2. The main step of the proof consists in the following claim: For every rg > 0 there
exists a sequence (a,, b,) € C (D, R?) with the properties that

spt(a,) Uspt(b,) C By (—e3), (4-1a)

an, by —0 in H'(D), (4-1b)

lanllLp) + IVanllp21pys  I1bulleopy + 11IVhullr21(py < C, (4-1¢)
ldan Adby||g-1(py — 00 asn — oo. 4-2)

Given such a sequence we can conclude the theorem. Let u,, be the unique solution to the Dirichlet
problem (1-1) with right-hand side f,, = da, A db, and h,, be the unique harmonic function satisfying

oh, B ou, 1 ouy

v v 2w Jyp dv

nobD.

Such a harmonic function exists since
/ ouy 1 ouy, _0
D 8 v 27[ D 8 V o

VU i=u, —hy,

It is straightforward to check that

is the unique solution to the Neumann problem (1-2). Observe that v, is a Cauchy sequence in W7 (D)
for all p < 2 converging to v € W!?(D), the unique solution of (1-2) with f = da A db. By Wente’s
theorem we have

IVuall 2oy = VARl L2py — VUl 20y = VARl L2(py — ClIVanll 2oy 1V |l L2y
The theorem follows by showing that
IVhull2(py = 00. (4-3)
To do so we will use the Dirichlet-to-Neumann map in the following formulation: Let
Xo:={he H'(D): Ah=0in D and f, h =0},
Yo:={ueH'(D): £,u=0}.
Endowed with the L? inner product (u, v) = / p Vu-Vu, we obtain Hilbert spaces satisfying Xo C Y. If we

set Zg:={leYy:1(y)=0 forall y € HO1 (D)NYp} then classical results concerning Dirichlet-to-Neumann
operators imply that the operator

N . oh
A:Xg— Zy,, with Ah:= 3’
%

is continuous and onto; i.e., it has a continuous inverse A~
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Next we identify
ouy, 1 ouy,
Jdv 27 aD v

with a linear functional /, € YJ; i.e.,

Ly = (Bun_ 1 au,,)
nw ‘_/éD av E aD ov w

We will show that they are elements of Zg with the property that ||/,]|y-1(py — +00. The normal
derivative of a solution u € W'!(D) to the Dirichlet problem (1-1), with f € L' (D), is given in the sense

of distributions by

/ a—“w = [ Vu-Vy— fy fory € CH(D). (4-4)
d D

D8v

The distribution is supported on 9D since given V1, ¥» € C®(D) with ¥ = 1, on 3D we have
o=Y1—Yn e Cé (D) with ¢ =0 on 3D and so by (3-1) we have

d
f —ugz):/ Vu-Vo — fo=0.
ap OV D

By density of C2°(D) in HO1 (D) we conclude I, (1) =0 for all ¢ € HOI(D). Furthermore it is straightfor-
ward to check that /, vanishes on the constant functions and hence [, is a well-defined element of Y,
since I, (W) =1, (Y — 75 ¥). Thus we conclude that /,, € Z for all n. The first part of (4-4) and the second
part in the definition of /,, are uniformly bounded by Wente’s theorem (Theorem 1.1) because

/ Vitn - VY < [ Vitall 20 199 1120
D

1 ouy 1 1
o — | £
2 aD ov 2 D

< —IVaulr2(py IVDull12(py-
Hence ||l || -1y — 00 by (4-2). Since h, = A~'(l,) and A~ is continuous, we conclude (4-3).

- 27

It remains to construct the sequence (a,, b,) with the properties (4-1)—(4-2). Performing a translation
we can consider the translated disc D' := D +i;ie, D' C H:=CN{y >0} ={re’? :0 <0 < x}.
Furthermore one readily checks that if 3(/#) and J(4) are the real and imaginary parts of a holomorphic
function & then we have pointwise

dR(h) AdI(h) = |h' (2)|?dx Ady and  |dR(h)|)* = |dI(R)|> = | (2)]°. (4-5)

We will construct our contradicting sequence (a,, b,) as the real and imaginary parts of a sequence of
holomorphic functions %, on H multiplied by a truncation function ¢.
Indeed consider the family of Mobius transformations of the complex plane C
Z—l€
z+ie

me(z) :=
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We observe that m. maps the upper half-space H onto the disc D for every ¢ > 0. Furthermore one
readily calculates

2ie
(z+ie)?’

_ . z2+1
mél(z)zlel—z' (4-6)

m.(z) =

We note that for every § > 0 one has m/.(z) — 0 and m(z) — 1 uniformly on C\ D;s for € — 0. Furthermore
m;l (z) = O uniformly on C\ Ds(1). Thus we can conclude that [, := |m/€(z)|2 dx Ndy — md in the
sense of distributions; i.e., given ¥ € CCO(C) arbitrary one has

/l/f(z)lmé(z)lzdxAdyzf 1/fom€_1(z)dx/\dy—>1//(0)rr.
H D

Furthermore we conclude that if ¢ is any cutoff function with ¢ =1 in a neighborhood of 0 we still have
lelo — mép. Since mdy ¢ H~'(H) we conclude that ||/, Lol g-1(py = o0 as € — 0. Fixing a sequence
€, — 0, we have

a, :=¢ m(mﬂz — 1) and bn = %(men - 1)

satisfy a,, b, € C*°(H) and a,, b, — 0 uniformly in C' on H \ D; for any § > 0. Hence for an appropriate
choice of ¢ the first two parts of (4-1) follow.
We calculate

da, Adby, =1c|9* + @dp A (R(me,)dS(me,) — S(me,)dR(me,)) = le|9* + odp A we.

Since we have spt(dg) C C\ D;s for some 6 > 0 and |w¢| — 0 uniformly on C\ Ds we conclude that
lodp A welly-1 — 0 as n — oco. Hence da, A db, — w3y in the sense of distributions and therefore
ldan Adby || g-1 gy — 00 as n — o0 i.e., (4-2) holds.

It remains to show that |da,|, |db,| are uniformly bounded in L>1 By (4-6) we have

2
{z€ H:|m.(z)| >t} = Byoy(—ie) N H, with (Te) =
r

and |m/|(z) <2/e for all z € H. Hence we may estimate
1 2 2e
p):=[{zeH:im ()| >t} <mr(t)” = .
Recall that the L' norm can be written as
o
||f||Lz.1(H>=2f wp'?dr.
0

Here us(t) =|{z € H : | f(2)| > t}] is the distribution function; see [Grafakos 2014, Proposition 1.4.9].
Using the estimates above we obtain

Nl 2y < 2326 /
0

2/e

1
—dt < 8w,
N/ v

which is uniformly bounded in €, proving the last part of (4-1). O
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Remark 4.1. Observe that if the solution to the Neumann problem is not in H (D) then it can neither be
in L nor in W21 (D). Indeed u € W>' (D) would imply u € L> since W>!(D) embeds in L™ in two
dimensions; see for instance Theorem 3.3.10 combined with Theorem 3.3.4 in [Hélein 2002]. If u were
in L>°(D) then we could take u, € C*°(D) with uc — u in W!(D) and uniformly bounded in L>°(D).
Testing (3-2) with u, would give

1
/Vu-Vue=/fue+2—/f/ we <201 flls luell .
D D T Jp aD

The right-hand side is bounded independent of € so we conclude that u € H 1(D), a contradiction.

By using more or less an abstract functional analytic argument we are able to obtain the following
corollary. Its proof is presented in the Appendix.

Corollary 4.2. There exists a, b € H' (D) with the additional properties a,b € L*(D) and da, db €
L>Y(D) such that if u € WH1(D) denotes the solution to the Neumann problem (1-2) with f = da A db
then u ¢ HY(D).

5. More general boundary conditions

Our construction of the counterexample relies mainly on the continuity of the Dirichlet-to-Neumann
map Dy. The extension to more general boundary conditions of Robin type follows by finding a
replacement of the Dirichlet-to-Neumann map. The replacement is constructed as follows:

X:={he H(D): Ah=0inDand h=00ndD\ E},
Y:={ueH' (D):u=00ndD\E}.

Since by assumption H' (3D \ E) > 0 we can endow X, Y with the norm |u| = IVull2(py. Finally we
define the closed subset Z* C Y* by

Z*:={leY*:1(u) =0 forall u € H}(D))}.
Obviously one has the inclusion X C Y and Z* C Y™
Lemma 5.1. The operator B : X — Z* defined by

<Bh,w>=/ (a%w%wh)w::a/www/ %WH// hy
ap \ OV ot D ap 9T 9D

is continuous and onto, with continuous inverse B~! : Z* — X.

Proof. Instead of B itself we consider the family of operators By : X — Z* for s € [0, 1]. By is defined as
B with s, sy replacing 8, y. Since h is harmonic in D we have (Bsh, ¥) =0 for all ¢ € H(} (D) by
density of C°(D) in HO1 (D). Furthermore we have the estimate

1Yl gi2ap + sy Ikl zop W 26D
H-123D

< @+ CIBI+CYIIVhlL2) IV L2(D)-

oh
(Bsh, ) < allVh| L2p) + IsBl Ha_f
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In the last line we used that for harmonic functions we have
oh oh

— — =||Vh
P ™ VAl 2Dy

H~-1/2(aD)

H-12(3D) ‘
and the trace theorem for Sobolev functions.

This shows that By is a family of uniformly bounded operators taking values in Z* Since X C Y we
have the lower bound

1 dh? )
(Bsh,h)=a | Vh-Vh+sB = — +sy h
D 2 Jop 0t D

2 2
:a/ Vh-Vh+syf b=z al Vil )
D D

Finally since By = (1 —s) Bg + s B, the method of continuity, see, e.g., [Gilbarg and Trudinger 1998, Theo-
rem 5.2], applies and B = Bj is onto if and only if By is onto. By construction we have Boh = «(dh/9v),
the classical normal derivative on E, which is known to be onto by the Dirichlet-to-Neumann map. [

Now we are able to complete the proof of the theorem.

Proof of Theorem 1.3. The construction is now essentially the same as in the proof of Theorem 1.2.
After a rotation we may assume that —i = —e; € E. Fix rp > 0 such that 0D N B, (—i) C E. Let
A, by, tty, € C®(D) be the sequences constructed in the proof of Theorem 1.2. By the choice of ry > 0
we have ensured that

spt(an) Uspt(b,) C By, (—i).

Observe that
ouy +p ouy
ov ot

L, =a +yu,eZ*
because
ouy

(Bu,,,tﬁ):a/ 1//=a/ Vun-Vw—a/ da, Ndb,
ap OV D D

and the discussion below (4-4) applies. Furthermore we have
llnllz+ = elldan A dby |l g-1(py — @I Vinll 2Dy -

By Wente’s theorem (Theorem 1.1), || Vu, || 12(p) is uniformly bounded and so the application of Lemma 5.1
gives for h, := B~!(l,) that
Vil p2(py > 00 asn — oo.

We conclude by observing that v, :=u, —h,, satisfies the boundary value problem (1-3) because u, =h, =0
ondD\ E and

—Av, = —Au, =da, Ndb, in D,
vy, vy,

o + B +yv,=1l,—B(h,)=0 onE.
dv at

The blow-up of the H' norm now follows since

IVuull 2oy = VRl 20y — VUl 12y = 00. O
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As before we obtain as a consequence of Theorem 1.3 the following:

Corollary 5.2. There exists a,b € H' (D) with the additional properties a,b € L*(D) and da, db €
L>Y(D) such that ifuce WL1(D) denotes the solution to the problem (1-3) with f = da A db then
u¢ HY(D).

Its combined proof with Corollary 4.2 can be found in the Appendix.

Appendix: Abstract functional analytic argument

Now we want to present the abstract functional analytic argument that leads to Corollaries 4.2 and 5.2.
We will first proof an “easier” version where every embedding of the involved spaces is linear. Thereafter
we show how the same idea translates to our setting.

Lemma A.1. Consider Banach spaces E| C E, and F) C F, such that the inclusion C corresponds to a
continuous embedding. Let A : E; — F, be a continuous linear operator. Suppose that Fy is a Hilbert

space and there is a sequence {x,},eN With the properties that

(@) Axp, € Frand ||x,||g, < 1foralln e N;

(b) limsup,,_, o [[Axn ||, = 00;

(c) f € F1+— (Ax,, f) extends to a linear functional I, on F, for each n.

Then there exists x € E1 such that Ax € I\ Fy in the sense that there is a sequence l,, € F; with |1, || Fr < 1
but
[,(Ax) — o0.

Proof. Passing to a subsequence we may assume that the lim sup in (b) is actually a limit.

In a first step we show by induction that there exists {y, ..., y,} € E| with the properties

@ llyillg, =1 forall i;

() (Ayi, Ay;) =0ifi # j;
(iii) ||Ay;llF > 2% for all i.

By (b) there exists m € N such that ||Ax,,, || > 4. Hence we may set y; := X,

Now suppose {yi, ..., y»} have been chosen. We define the linear continuous operator P, : F; — F| by

Z Ay; ® Ay;

2
LAy

It is obvious that P, = P; and (ii) implies that Pn2 = P,; i.e., P, is the orthogonal projection onto the

finite-dimensional space V,, := span{Ayy, ..., Ay,}. Hence (P,A) : E; — V,, is a continuous linear
operator onto a finite-dimensional vector space. Let (P,A':V, > span{yy, ..., y,} denote the inverse
of the operator (P,A) restricted to the finite-dimensional space span{yi, ..., y,}. We may define now

the operator
Qu:Ev— Ei, Q= (PaA) o (PA).
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We note that Q,, is continuous and Q% = Q,; hence Q, is a projection operator. As a direct consequence
we have as well that (I — Q) is a continuous projection operator; here / denotes the identity map on E.

By construction we have
P, A(I-Q,=0. (A-1)

The range of Q, is finite and (A Q,) is a continuous operator and therefore

lim sup||(AQn)Xm |l F, < 00.
m— 00

Hence we have

lim [|A(/ = Qn)xmllFy = lim ||Axy[|p —Timsupl|(A Q)X = 00.
m— 00 m—>00 M—>00

Thus there exists m,4+1 € N such that

IAU — Q)X 7 > 22TV — 0,

We define y, 11 = (I — Qn)xm,,,/III — Qull. Clearly we have || y,+1llg, <1 and (iii) holds by the choice

of m,4. Finally (ii) follows using that P, is a orthogonal projection, that O, is a projection and (A-1):

(Ayi, Ayng1) = (P Ay, AU — Qn)yns1) = (PhAyi, (PhbAUL — Q) Yny1) =0.

Having the sequence {y;};cn at our disposal we obtain x as follows: For each n we define the elements
zn € E1 and f, € F by

n

n
» _. Ay
. iy, . i
Zn = E 27'y; and f,:= E 2 ” yi”Fl‘

i=1 i=1

Since E;, F are Banach spaces we have that their limits exist: z = lim, o 2, = 2?212_" yvi € E1 and

f=1lim f,=) 27! —
Jim =2 I Ayill

i=1

Assumption (c) implies that for each i € N the map

A .
fer f—>< i ,f>
| Ayill 7,

extends to a continuous linear functional /; € F|". Therefore the continuous linear functional L, :=
Yo 27]; has the desired properties using (i)—(iii) since

L,(Az) = mh—>moo L,(Azm) = mh_)moo(fns Azp)

n m n
. _i—i| Ay Y
= lim 2™ ’< ,Ay'>= 272 Ayillp, = n. U
m—)oogjg1 ”A)’i”Fl ! ; o

Observe that we could directly apply the above result with the following choice of spaces: let £ =
H,..(D) be the local Hardy space of the disk, £ = L'(D), Fi={f e H'(D): 4, f =0} and F, =
WL1(D). But this would not give single elements a, b € H (D) as stated in the Corollaries 4.2 and 5.2.
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Proof of Corollaries 4.2 and 5.2. We introduce the space
={he H'(D): f,h=0and dh € L*'(D)}.

It becomes a complete Banach space with respect to the norm ||| x :=||dh|| ;2.1. Furthermore as suggested
before we set E, :== L1(D), Fy := H'(D), F, = W"1(D). Observe that we have a “bilinear” linear
embedding of X x X < E; by (h, k) — dh Adk with ||dh Adk| ;0 < ||dh] 20 ]|dk] z21.

The construction of (a, b) out of the contradicting sequence is the same in the case of a Neumann
or Robin-type boundary condition. Hence we will give a simultaneous proof for both. We denote by
A: LY (D) - Wh1(D) the solution operator to problem (1-2) or problem (1-3). Recall that by classical
elliptic theory there is a constant C4 > 0 such that ||Ax|| g1 < Cyallx|z2.

Let (a,, b,) € C®°(D, R?) be the corresponding contradicting sequence of Theorem 1.2 or Theorem 1.3.
Without loss of generality we may assume that fa,, =0= fbn for all n; hence a,,, b, € X. From now
on we do not have to distinguish the cases anymore.

We will now proceed approximately as in Lemma A.1. By induction we show the existence of a
sequence {y(, 2, ..., ya} € L1(D) N C*®(D) with the properties

@) Ilyillgr < 1 for all i;

(1) (Ayi, Ay;) =0if i # j;
(iii) ||Ay;llF, > 2% for all .
Simultaneously we will construct a sequence of tuples (h;, k;) € XNC®(D)x XNC®(D), i=1,...,n,
such that

(D) Nhillze + lldhill 20 + kil + lldki [l 20 < 1

(2) dhi Ndki = yi + R; with ||R; |2 < 1;

(3) lldhill2 + lldkill 2 < (142 IdhjliLx + | dk; ||L°°)_l

We start the induction by choosing (a1, b1) in the contradicting sequence such that || A(da; Adby)| > 22

We set y; =da; Adby and (hy, k1) = (a1, by). All properties are clearly satisfied (R; = 0).

Now suppose that we have chosen y;, (h;, k;) fori =1,...,n. We want to construct y,; and the
tuple (h,+1, knt1). As in the previous lemma we define the projection operators

Ay; @ Ay; _
—Z SaE = (R (P
l

Here (P,A) ! denotes as before the inverse of (P, A) if restricted to the space span{yy, ..., y,}. Hence for
all x € L'(D) we have Q,x =Y ", ;y; and the existence of a constant C,, > 0 such that Y _,|e;| < C,,
for all x € L'(D) with || x| ;1 < 1. Furthermore due to the properties of the contradicting sequence, there
exists m € N such that

2
AU — Qu)day Adbyll = 2302 (n +3+ Y lldhjllz + lldk; ||Loo) .

j<n
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Let Q,da, ANdb,, = Z?:l o;y;, and define the elements
n n
Surt = (I = Qu)day Adb, by = an = aihi, ks =bn+) ki
i=1 i=1

We calculate

dhy i1 Adky i1 =day Adby—Y (idh; Adk;)
i=1

+d(— Zaihi) Adby, +dayNd (Z ki) — Y (cidhindkj+a;dhjrdk;)
i=1

i=1 i<j

() (1) (I111)
2 n n
2 danndby— e;yi— Y & Ri-+-(D+ID+ID).

i=1 i=1

We estimate the size of the remainder terms in L?(D): Due to (2), we have ” 27:1 o; R; H 12 = Cn. The
terms (/), (/1) are similarly estimated by

n
Hd(— Zaihi) Adby,
i=l1
n

day Nd (Z ki)

i=1

n
< (Zmilndmum) bl 2,
L? i=1
n
< (Z||dki||m)||dam||y.
? i=1

Adding both we obtain ||(1)]| ;2 + ()2 < Cu(1+ > i<ulldhjlips + lldk; l| ). The last term can be
estimated using only property (3) by

n
D02 <Y el lldhyl 2 (ankj ||Loo) + kil 2 (Dom ldh ,-nm)

i=1 j<i j<i

L

n
< (Zmi |) +suplajln < (1 +1)C,.

i=1 j=n

Hence we found that ||§n+1 ;2 <Cp (n +3+>°
(I)+ I+ 1) and

|dh j || oo+ ldk;l| 1), where Ryy1 = — 31, a; R +

j§n|

dﬁn+1 /\dIEIH»l = — Qn)day Ndby, + iérH»l = Ynt+1+ §n+1-
The desired functions are now simply

n+1 k _En—s—l
Aon T,

<
3

+
S

. with 4, =C, (n +3+ Y lldhjll+ ||dk,~||Loo).

Jj=n
Having established the existence of the sequences y;, h;, k; with the claimed properties we construct
a,b e X and a sequence f, € H'(D) = F; very much as in the proof of Lemma A.1: Due to (1) and the
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fact that X is a complete Banach space we can define elements
oo o0
a:=Y 2"h, b= 27k.
i=1 i=1

n

fn = szi Ayi

o YAyilla

Furthermore for each n € N let

Observe that f, is a finite sum of C'-functions; hence it is C' and can therefore be considered as an
element of (L1)* = L. It remains to check that lim,,_, f p JnA(da Andb) = +00. We have

T —2i . ) —i—j . , , ,
A(da/\db)_mh_)mooil:Z A(dh; /\dk,)+22 A(dh; Adk; +dh; Adk).
= i<j

Using (2) we estimate

Ay Ay
<— A(dh; Adk; )> <— Ay + AR; > > 8killAYill gt — CallRill L2 = 8killAyill gt — Ca.
| Ayl g1 | Ayil g1

Hence
m A m
Z < Yk A(dhi/\dk,-)> > 2 ) Ayl — lim Y 27%Cy = 28— Cy.
— "\l Ayl m—o0 £
Using (3) we get
m m
22”” |A(dh; Adkj+dh; Adki)|| g1 < Ca ZZ*”J(IIdhiIILz ldkjllLe + ldh L~ ldki |l r2)

i<j i<j

m
<Cx) 2772<2Ca.
i=1
Finally combining both we obtain

A
<¢, A(da A db)> > 2k —3C,.
Akl g1
This completes the estimate since
faA(da Adb) = 2—k< , A(da /\db)> >n—3Cy. O
/ " Z | Ayk IIHl
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GLOBAL GEOMETRY AND C! CONVEX EXTENSIONS OF 1-JETS

DANIEL AZAGRA AND CARLOS MUDARRA

Let E be an arbitrary subset of R" (not necessarily bounded) and f : E — R, G : E — R" be functions.
We provide necessary and sufficient conditions for the 1-jet (f, G) to have an extension (F, VF) with
F :R" — R convex and C'. Additionally, if G is bounded we can take F so that Lip(F) < [|G|lso. As
an application we also solve a similar problem about finding convex hypersurfaces of class C' with
prescribed normals at the points of an arbitrary subset of R".

1. Introduction and main results

This paper concerns the following problem.

Problem 1.1. Given C a differentiability class in R", E a subset of R", and functions f : E — R and
G : E — R", how can we decide whether there is a convex function F € C such that F (x) = f(x) and
VF(x)=G(x) forall x € E?

This is a natural question which we solved in [Azagra and Mudarra 2017] in the case that C = C1“(R"),
where o : [0, 00) — [0, 00) is a (strictly increasing and concave) modulus of continuity. A necessary and
sufficient condition is that there exists a constant M > 0 such that

F@) 2 0 +(G)x =) +16@) = Gl (571600~ G)I) forall x, ye E. (CW)

Very recently, some explicit formulas for such extensions were found in [Daniilidis et al. 2018] for the
C"! case, and more generally in [Azagra et al. 2018] for the C'® case when w is a modulus of continuity
with the additional property that w(c0) = oo; in particular this includes all the Holder differentiability
classes C1¢ with o € (0, 1]. Moreover, it can be arranged that

IVEG) = VFEO)| _

sup &M

x,yeR", x#y a)(lx - y|)

(or even Lip(VF) < M in the C"! case, that is to say, when w(¢) =1).
Besides the very basic character of Problem 1.1, there are other reasons for wanting to solve this kind
of problem, as extension techniques for convex functions have natural applications in analysis, differential
geometry, PDE theory (in particular Monge—Ampéere equations), economics, and quantum computing. See

Azagra was partially supported by Ministerio de Educacién, Cultura y Deporte, Programa Estatal de Promocién del Talento y su
Empleabilidad en [+D+i, Subprograma Estatal de Movilidad. Mudarra was supported by Programa Internacional de Doctorado
Fundacién La Caixa—Severo Ochoa. Both authors were partially supported by grant MTM2015-65825-P.

MSC2010: 26B05, 26B25, 52A20.

Keywords: convex function, C 1 function, Whitney extension theorem, global differential geometry, differentiable function.
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the introductions of [Azagra and Mudarra 2017; Ghomi 2001; Yan 2014] for background about convex
extensions problems, and see [Brudnyi and Shvartsman 2001; Fefferman 2005; 2006; 2009; Fefferman
et al. 2016; 2017; Glaeser 1958; Jiménez-Sevilla and Sanchez-Gonzalez 2013; Le Gruyer 2009] for
information about general Whitney extension problems.

Let CCIOHV

[Azagra and Mudarra 2017], and for the class C = C'(R"), we could only obtain a solution to Problem 1.1

(R") stand for the set of all functions f : R” — R which are convex and of class Cl. In

in the particular case that E is a compact set. In this special situation the three necessary and sufficient
conditions on (f, G) that we obtained for C! _(R") extendibility are

conv

f@Q—=fy)—(GH»),z—y)

G is continuous, and lim =0 uniformly on E (wh
lz—y|—>0* |z =yl

(which is equivalent to Whitney’s classical condition for C! extendibility),
fG)—=f()=(G(y),x—y) forallx,y€E <)
(which ensures convexity), and
JO—=fOMH =GO, x—y) = Gx)=G©), forallx,y e E Ccwh

(which tells us that if two points of the graph of f lie on a line segment contained in a hyperplane which we
want to be tangent to the graph of an extension at one of the points, then our putative tangent hyperplanes
at both points must be the same). In fact, it is easy to see [Azagra and Mudarra 2017, Remark 1.9] that
continuity of G plus conditions (C) and (C wh imply Whitney’s condition (Wh.

In [Azagra and Mudarra 2017] we also gave examples showing that the above conditions are no
longer sufficient when E is not compact (even if E is an unbounded convex body). The reasons for
this insufficiency can be mainly classified into two kinds of difficulties that only arise if the set E is
unbounded and G is not uniformly continuous on E:

(1) There may be no convex extension of the jet (f, G) to the whole of R".

(2) Even when there are convex extensions of (f, G) defined on all of R”, and even when some of these
extensions are differentiable in some neighborhood of E, there may be no C!(R") convex extension
of (f, G).
The aim of this paper is to show how one can overcome these difficulties by adding new necessary
conditions to (W), (C), (CW') in order to obtain a complete solution to Problem 1.1 for the case that
C=C'[R").

As is perhaps inevitable, our solution to Problem 1.1 contains several technical conditions which may be
quite difficult to grasp at a first reading. For this reason we will reverse the logical order of the exposition:
we will start by providing some corollaries and examples. Only after this will the main theorem be stated.

The first kind of complication we have mentioned is well understood thanks to [Schulz and Schwartz
1979], and is not difficult to deal with: the requirement that

I (G (x1), xk) — f (xx)
1m
k— o0 |G (xp)|

=400 for every sequence (xi); C E with klim |G(xp)| =400  (EX)
— 00
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guarantees that there exist convex functions ¢ : R" — R such that ¢, = f. In fact the extension ¢ can be
determined as the minimal convex extension of the jets, i.e., ¢(z) = sup,.g{f(x) +(G(x), z —x)}, and
so that one has G (x) € d¢(x) (the subdifferential of ¢ at x). See Lemma 4.3 below.

The second kind of difficulty, however, is of a subtler geometrical character, and is related, on the one
hand, to the rigid global behavior of convex functions (see Theorem 1.11 below) and, on the other hand,
to the fact that a differentiable (or even real-analytic) convex function f : R” — R may have what one
can call corners at infinity. As we indicated in (2) above, there are examples of data (E, f, G) which
satisfy (EX), (W), (C), and (CW") but which do not admit C'(R?) convex extensions. A prototypical
instance is given in Example 1.9(4) below, or by the variant that we next formulate.

Example 1.2. Consider E = {(x,y) € R* : y < log|x|} U {(x,y) € R? : x| = 1}, f(x,y) = |x],
Gx,y)=(—1,0)if x <0, G(x,y) = (1,0) if x > 0. Since the convex function (x, y) — |x| and its
derivative are smooth in R?\ {x =0} and extend the jet (f, G) from E to this region, it is clear that ( f, G)
satisfies (EX), (W), (C), and (CW!) on E. We claim that there is no C' convex extension of (f, G)
to R?. The quickest and easiest way to prove this claim is just to apply Theorem 1.8 below. An intuitive

geometrical argument that can be made rigorous is that in order to allow the corner at infinity that this jet

1

1 v (R?) extension of this datum would have to be essentially coercive in

has along the line x =0, any C
the direction of this line, but the requirement that f(x, y) = |x| for |x| > 1 precludes the existence of any
such extension. However, it is interesting to note that if we replace E with C = {(x, y) € R%:y< log | x|}

then the situation changes completely: there are C, _(R?) extensions of (f, G) from C to R

In a short while we will be giving a precise meaning to the expressions corner at infinity and essentially
coercive, but let us first ask ourselves this question: what would appear to be a natural generalization of
condition (CW!) to the noncompact setting? In the absence of compactness it is natural to try to replace
points by sequences, so as a first guess one is tempted to consider the following condition: if (xg)g, (z&)k
are sequences in E then

Jim (f (o) = f(ze) = (Gze), v — ) =0 = lim [G(x) — G (20| =0. (1-1)

Unfortunately, if £ is unbounded, this condition is not necessary for the existence of a convex function
F € CY(R") such that (F, VF) = (f, G) on E, as the following example shows.

Example 1.3. Let f : R — R be defined by f(x, y) = +/x2 + e~2. This is a real-analytic strictly convex
function on R? (one can easily check that the Hessian D? f is strictly positive everywhere). We have

v _ X e~
f(xv )7) - \/x2+e—2)7’ _«/x2_|_e—2y 3

and by considering the sequences

%= (% k), X = (0, k),
one easily sees that
klingo(f(Xk) — f(z) = (Vf(zk), xxk — k) =0,
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and yet we have
Jm [V f(x) =V [zl =170

(according to Definition 1.5 below this means that the jet (f, V f) has a corner at infinity along the line
x =0). So our first guess turned out to be wrong, and we have to be more careful. In view of the above
example, and at least if we are looking for extensions (F, VF) with F € C'(R") convex and essentially
coercive (that is, C! convex extensions F(x) which, up to a linear perturbation, tend to oo as |x| goes
to infinity), it could make sense to restrict condition (1-1) to sequences (xx); which are bounded. On
the other hand, if (G (zx))x is not bounded as well, then by using condition (EX), up to extracting a
subsequence, we would have

GG ) = S _

k=00 |G (z1) |

k]

hence
(G(zi), zk) — f(z) = MG (zx)|,  with kll)ﬂgo My = oo,
and it follows that
F ) — f@z) = (G (zi)s xie — z) = f () — f(zi) + (G (zi)s zi) — (G (2k), xk)
> fxe) + (Mi =[xk DG (z) | = 00

(because (f(xx))r and (xg) are bounded and My — o0). Thus we have learned that we cannot have
kli)fglo(f(xk) — fz) —(G(zk), xk —2x)) =0

unless (G (xg))r is bounded. An educated guess for a good substitute of (C W1 could then be to require
that
lim (f(xx) — f(zi) = (G(zi), xk —2) =0 = lim [G(xx) — G(zx)| =0
k— 00 k— 00

for all sequences (xg); and (zx)x in E such that (xz); and (G (zx))x are bounded.

(1-2)

This new condition can be checked to be necessary for the existence of a function F' which solves our
problem. Now, if we add (1-2) to (EX) and (C), will this new set of conditions be sufficient as well? The
answer to this question depends on how large the set span{G (x) — G (y) : x, y € E} is. If this set coincides
with R” then those conditions are sufficient: this is the content of the following easy' consequence of the
main result of this paper. On the other hand, if we do not have span{G(x) — G(y) : x, y € E} = R" then
we already know by Example 1.2 that our problem will be more difficult to tackle.

Corollary 1.4. Fix an arbitrary subset E of R" and two functions f : E — R, G : E — R" Suppose that
span{G(x) — G(y) : x, y € E} = R". Then there exists a convex function F : R" — R of class C' with
F|, = f and (VF)|, = G if and only if the following conditions are satisfied:

(1) G is continuous and f(x) > f(y) +(G(y),x —y) forallx,y € E.

IBut especially useful, as for generic initial data (E, f, G) one has span{G(x) —G(y) :x,y € E} =R"
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(1) If (xx)x C E is a sequence for which limy_, », |G (x)| = +00, then

(G(xp), xik) — f(xx) _
k=00 |G (x)]

400

(ii) If (xp)k, (zr)k are sequences in E such that (x), and (G (zx))r are bounded, and
Jim (f () = £z = Gz 3t = 26) =0,

then limy_, o |G (xx) — G(z)| = 0.
Moreover, whenever these conditions are satisfied, the extension F can be taken to be essentially coercive.

Here, by saying that F is essentially coercive we mean that there exists a linear function ¢ : R" — R
such that
lim (F(x)—£(x)) = oo.
[x]—o00

Let us mention that the above corollary is applied in [Azagra and Hajtasz 2017] to show that a convex
function f : R" — R has a Lusin property of type CL ., (R") (meaning that for every & > 0 there exists a
convex function g € C L(R™) such that £"({x € R" : f(x) #g(x)}) < e, where £" denotes Lebesgue’s
measure) if and only if either f is essentially coercive or else f is already C' (in which case taking g = f
is the only possible option).

In order to quickly understand Corollary 1.4, instead of looking at the rather technical proof of
Theorem 1.13 below we recommend reading the proof of [Azagra and Mudarra 2017, Theorem 1.10],

which can be easily adapted to produce a simpler proof of Corollary 1.4.

By comparing Examples 1.2 and 1.3 with Corollary 1.4 we may arrive at a remarkable conclusion:
our given jet (f, G) may well have some corners at infinity and, for C' convex extension purposes, that
will not matter at all as long as (f, G) forces all possible convex extensions to be essentially coercive
(equivalently, as long as span{G(x) — G(y) : x, y € E} = R"). But, if the given datum presents some
corners at infinity and does not force essential coercive in the directions of those corners, then we will

have to be more careful, as C!

conv (R") extensions may not exist in this case.

Let us now explain what we mean by a jet having a corner at infinity.

Definition 1.5. Let X be a proper linear subspace of R” and let us denote by X its orthogonal complement.
We say that a jet (f, G) : E C R" — R x R" has a corner at infinity in a direction of X+ provided that
there exist two sequences (xg)k, (zk)x in E such that, if Px : R* — X denotes the orthogonal projection,
we have (Px(xx))r and (G (zx))x are bounded, limy_, o |Xx| = 00,

kli)fgo(f(xk) — (@) —(G(zk), xk — z2x)) =0,
and yet
limsup |G (x;) — G(zx)| > 0.

k— 00
We will also say that the jet (f, G) has a corner at infinity in the direction of the line {fv : t € R} (where
v € R"\ {0}) provided that there exist sequences (xx)x, (zx)x satisfying the above properties with Py
being the orthogonal projection onto the hyperplane X perpendicular to v.
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For instance, the function f(x, y) of Example 1.3, and its gradient, when restricted to the sequences
(xx)k, (zx)x defined there, give an instance of a jet that has a corner at infinity directed by the line x = 0.
Of course, the pair (f, V f), unrestricted, provides another instance. In this case it is natural to say that the
function f itself has a corner at infinity. More pathological examples can be given in higher dimensions:
for instance, if 1 < k < n then

k n

fOx) =Y a7+ Y e, x=(x,....x) €R", (1-3)
j=1 j=k+1

is a convex function of class C* with strictly positive Hessian at every point, which has a corner at

infinity in the direction of e; for every j =k +1, ..., n, and which is essentially coercive. On the other

hand, if » > 3 and 2 < k < n, then

k
gt ) =[x+ ) e x= (. x) €R (1-4)
j=2

is convex and of class C*, g has a corner at infinity in the direction of e; for every j =2,...,k, and
g is not essentially coercive. Nevertheless g is essentially k-coercive (meaning that g can be written as
g =co P, where P is the orthogonal projection onto a k-dimensional subspace of X of R* andc: X — R
is essentially coercive).

In general it can be shown (and in fact this is a consequence of our main results) that the presence of a
corner at infinity in the graph of a differentiable convex function f : R” — R forces essential k-coercivity
of f, for some k > 2, in a subspace of directions containing the directions of the corner.

We will not explicitly use the notion of corner at infinity in our proofs. Our reasons for introducing
these objects are the facts that: (1) one way or another, corners at infinity will be to blame for most of the
predicaments and technicalities involved in any attempt to solve Problem 1.1 for C = C L(R™); and (2) we
firmly believe that the reader will be more able to understand the statements and proofs of the following
results once he has been acquainted with this notion. As a matter of fact, the most technical conditions
of Theorems 1.8 and 1.13 below can be rephrased more intuitively in terms of corners at infinity and
essential coercivity of data in the directions of those corners.

Unfortunately Corollary 1.4 does not provide a characterization of the 1-jets which admit essentially
coercive C! convex extensions. This is due to the fact that a jet (f, G) defined on a set E may admit
such an extension and yet span{G (x) — G(y) : x, y € E} # R", as shown by the trivial example of the jet
(fo, Go) with Ey = {0} C R2, f0(0) =0, Go(0) =0, which admits a C I convex and coercive extension
given by (Fy, VFp), where Fy(x, y) = x2+ yz.

Of course, a C! convex extension problem for a given 1-jet ( f, G) may have solutions which are not
essentially coercive; in fact it may happen that none of its solutions are essentially coercive. A sister of
Corollary 1.4 which provides a more general, but still partial solution to Problem 1.1 is the following.

Corollary 1.6. Given an arbitrary subset E of R" and two functions f : E — R, G : E — R", assume
that the following conditions are satisfied.:
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(1) G is continuous and f(x) > f(y) +(G(y),x —y) forallx,y € E.
(1) If (xp)r C E is a sequence for which limy_, o0 |G (x;)| = +00, then

(G (xp), xk) — f (xx) _

+00
k— 00 |G (xi)]

(iii) Let P = Py : R" — R" be the orthogonal projection onto Y := span{G(x) — G(y) : x,y € E}. If
(X1, (zx)x are sequences in E such that (P (xi))i and (G (zx))x are bounded and

Jim (f Cre) = f(2e) = (G (@), Xk — 2)) =0,

then limg_ 00 |G (xg) — G(2)| = 0.
Then there exists a convex function F : R" — R of class C' such that F), = f and (VF)|, = G.

Condition (iii) of the above corollary can be intuitively rephrased by saying that: (1) our jet satisfies a
natural generalization of condition (CW'); and (2) (f, G) cannot have corners at infinity in any direction
contained in the orthogonal complement of the subspace Y = span{G(x) — G(y) : x,y € E}.

It could be natural to hope for the conditions of Corollary 1.6 to be necessary as well, thus providing a
nice characterization of those 1-jets which admit C! convex extensions. Unfortunately the solution to
Problem 1.1 is necessarily more complicated, as the following example shows.

Example 1.7. Let E; = {(x, y) e R? : y =log x|, [x| e NU{L :n eN}}, fi(x,y) = x|, Gi(x,y) =

(-1,0)ifx <0, Gi(x,y)=(1,0) if x > 0. In this case we have
Yy :=span{G1(x,y) — G1(x, ¥) : (x,y), (', y) € E1} =R x {0},

and it is easily seen that condition (iii) is not satisfied. However, it is not difficult to check that, for
e > 0 small enough, if we set Ef = E{ U{(0, 1)}, f*= fion Ey, f7(0,1) =€, G} =G, on Ey, and
G7(0,1) = (0, &), then Corollary 1.4 implies that the problem of finding a C I convex extension of the
jet (f], G7) does have a solution, and therefore the same is true of the jet (f1, G1).

This example shows that in some cases the C' convex extension problem for a 1-jet ( f, G) may be
geometrically underdetermined in the sense that we may not have been given enough differential data so
as to have condition (iii) of the above corollary satisfied with ¥ = span{G(x) — G(y) : x, y € E}, and
yet it may be possible to find a few more jets (8;, w;) associated to finitely many points p; € R" \ E,
j=1,...,m,so that, if we define E* = EU{p1, ..., p,} and extend the functions f and G from E to
E* by setting

f(Xj) = ,Bj, G(pj) = Wj forj:l,...,m, (1-5)

then the new extension problem for (f, G) defined on E* does satisfy condition (iii) of Corollary 1.6.
Notice that, the larger ¥ grows, the weaker condition (iii) of Corollary 1.6 becomes.
We are now prepared to state a first version of our main result.

Theorem 1.8. Given an arbitrary subset E of R" and two functions f : E — R, G : E — R", the following
is true. There exists a convex function F : R" — R of class C' such that F, = f,and (VF), =G ifand
only if the following conditions are satisfied:
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(1) G is continuous and f(x) > f(y)+(G(y),x —y) forallx,y € E.
@11) If (xx)x C E is a sequence for which limy_, » |G (x1)| = +00, then

lim (GO ) — f ) _
m =
k=00 |G (xx)|

—+00

(iii) Let Y :=span{G(x) — G(y) : x,y € E}. There exists a linear subspace X 2O Y such that, either
Y =X, orelse, if we define k =dim Y and d =dim X, and Px : R" — R" is the orthogonal projection

from R" onto X, there exist points py, ..., pa—i € R*\ E, numbers By, ..., Bs—x € R, and vectors
Wi, ..., Wg—i € R" such that
(@) X=span({u —v:u,ve G(E)U{wy,..., wq—i}}),

(b) B > maxi<jxj<q—i{Bi +(wi, pj — pi)} forall1 < j <d—k,
(©) B > SUP,c . |G(z)|5N{f(Z) +(G(2), pj—2z)} forall1 < j <d—kand N €N,
(d) infreg, |pyooy<n{f (x) —maxi<j<g—i{B; + (wj, x — pj)}} > 0 forall N € N.
(v) If X and Px are as in (ii1), and (xi)x, (2r)r are sequences in E such that (Px (xi))x and (G(zx))x

are bounded and

kli)n;o(f(xk) — f(z) —(G(zp), xk — 2k)) =0,

then limy_, o |G (xx) — G(z)| = 0.

As we see, the difference between Theorem 1.8 and Corollary 1.6 is in the technical condition (iii),
which can be informally summed up by saying that, whenever the jets (f(x), G(x)), x € E, do not provide
us with enough differential data so that condition (iii) of Corollary 1.6 holds, there is enough room in
R™\ E to add finitely many new jets (;, w;), associated to new points p;, j=1,...,d —k, in such a way
that the new extension problem does satisfy the conditions of Corollary 1.6. This condition also tells us
that the new extension problem will be one for which, even though there may be corners at infinity, those
corners will necessarily be directed by subspaces which are contained in the span of the putative derivatives,
and the new data will force essential coercivity of all possible extensions in the directions of the corners.

Later on we will show that, in the particular case that G is bounded (and so we may expect to find an
F with a bounded gradient), these complicated conditions about compatibility of the old and new data
admit a much nicer geometrical reformulation; see Theorem 1.14 below.

Let us consider some examples that will hopefully offer further clarification of these comments.

Example 1.9. Consider the following 1-jets (f;, G;) defined on subsets E; of R":

(1) Ey={(x,y) eR?:y=loglx|, x| eNU{L:neN}}, fi(x,y)=Ix], Gi(x, y)=(-1,0)if x <0,
Gi(x,y)=(1,0)if x > 0.

2) Ex={(x,y)eR*:y=log|x|, [x|eNU{L:neN}}, =0, Go=Vgp, where p(x, y) =vx2 + e 2.

3) Ez={(x,y,20) eR¥:z2=0,y =loglx|, Ix| e NU{L :n e N}}, f3 = ¢, G3 = Vo, where
px,y,2) =vx2+e 2.

(4) Es=E U{(x,y) eR*: x| > 1}, fa(x,y) =|x|. Ga(x,y) =(=1,0)if x <0, G4(x,y) = (1,0)
if x > 0.
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Then one can check that:

(1) For the jet (f1, G1), and with the notation of Theorem 1.8, we have ¥ = R x {0}, but the smallest
possible X we can take is X = R? (and all possible extensions F must be essentially coercive on R?).

(ii) For the jet (f>, Go) we have Y = R?, and all possible extensions F must be essentially coercive
on R2.

(iii) For the jet (f3, G3) we have Y = R? x {0}, and we can take either X = ¥ or X = R°.

(iv) For the jet (fs, G4) we have ¥ = R x {0}, but one cannot apply Theorem 1.8 with any X. There
exists no F € C! _(R?) such that (F, VF) extends (f3, G4).

conv

Even though Theorem 1.8 fully solves Problem 1.1, an important question? remains open: how can we
characterize those 1-jets (f, G) such that there exists an essentially coercive convex function F € C!(R")
so that (F, VF) extends (f, G)? The answer is: those jets are the jets which satisfy the conditions of
Theorem 1.8 with X = R™. More generally, one could ask for C! convex extensions with prescribed
global behavior (meaning extensions which are essentially coercive only in some directions, and affine in
others). This ties in with a question which will be extremely important in our proofs: what is the global
geometrical shape of the C! convex extension we are trying to build?

In this regard, it will be convenient for us to state a refinement of Theorem 1.8 which characterizes
the set of 1-jets admitting C' convex extensions with a prescribed global behavior, and which requires
introducing some definitions and notation.

Definition 1.10. Let Z be a real vector space and P : Z — X be the orthogonal projection onto a subspace
X C Z. We will say that a function f defined on a subset E of Z is essentially P-coercive provided that
there exists a linear function £ : Z — R such that for every sequence (xy)x C E with limy_, o | P (x)| =00
one has

klim (f =€) (xx) = o0.

We will say that f is essentially coercive whenever f is essentially /-coercive, where I : Z — Z is the
identity mapping.

If X is a linear subspace of R”, we will denote by Px : R" — X the orthogonal projection, and we will
say that f : E — R is coercive in the direction of X whenever f is Px-coercive.

We will also denote by X the orthogonal complement of X in R". For a subset V of R”, span(V) will
stand for the linear subspace spanned by the vectors of V.

In [Azagra 2013] essentially coercive convex functions were called properly convex, and some approxi-
mation results, which fail for general convex functions, were shown to be true for this class of functions.
The following result was also implicitly proved in [Azagra 2013, Lemma 4.2]. Since this will be a very
important tool in the statements and proofs of all the results of the present paper, and because we have
introduced new terminology and added conclusions, we will provide a self-contained proof in Section 2
for the readers’ convenience.

2Coelrcivity of a convex function may be relevant or even essential to a number of possible applications, e.g., in PDE theory.
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Theorem 1.11. For every convex function f : R" — R there exist a unique linear subspace Xy of R",
a unique vector vy € X ]Lc and a unique essentially coercive function cy : Xy — R such that f can be
written in the form

f(x)=cp(Px,(x))+(vy,x) forallx eR".

Moreover, if Y is a linear subspace of R" such that f is essentially coercive in the direction of Y, then
Y C Xf.

The following proposition shows that the directions X given by these decompositions are stable by
approximation.

Proposition 1.12. With the notation of the preceding theorem, if f, g : R* — R are convex functions and
A is a positive number such that f(x) < g(x)+ A forall x € R", then Xy C X,.
In particular, if | f — g| < A then Xy = X,.

Proof. The inequality f(x) < g(x) + A and the essential coercivity of f in the direction X y implies that
g is essentially coercive in the direction Xy. Then Xy C X, by the last part of Theorem 1.11. |

We are finally ready to state the announced refinement of Theorem 1.8 which characterizes precisely
which 1-jets ( f, G) admit extensions (F, VF) such that F € C! (R") and X i coincides with a prescribed

conv
linear subspace X of R™

Theorem 1.13. Given an arbitrary subset E of R", a linear subspace X C R", the orthogonal projection
P := Px :R" — X, and two functions f : E - R, G : E — R", the following is true. There exists a
convex function F : R" — R of class C' such that F\, = f, (VF)|, = G, and X = X if and only if the
following conditions are satisfied:

(1) G is continuous and f(x) > f(y) +(G(y),x —y) forallx,y € E.
(1) If (xp)x C E is a sequence for which limy_, », |G (x)| = +00, then
(G i), xe) — f ) _
k—o0 |G (xp) |
(iii) Y :=span({G(x) —G(y) :x,y € E}) C X.
(iv) IfY # X and we define k =dimY and d = dim X, there exist points py, ..., pa—i € R"\ E, numbers
Bi, ..., Bi—k € R, and vectors wy, ..., wg_; € R" such that
(@) X=span({u —v:u,ve G(E)U{wy, ..., Wg—k}}),
(b) Bj > maxi<jxj<a—i{Bi +{(wi, pj — pi)} forall1 < j <d—k,
(©) Bj > sup,er 16 <n{f (@) +(G), pj—2)} forall1 < j <d—kand N €N,
(d) infyep, | py<n{f(x) —maxi<j<g—i{B; + (wj, x — pj)}} > 0 forall N e N.

—+00

V) If (xp)k, (zx)i are sequences in E such that (P (x))i and (G (z))x are bounded and
klilgo(f(Xk) — f @) = (G (zk)s Xk — 2k)) =0,

then limy_, o0 |G (xx) — G(2¢)| = 0.



GLOBAL GEOMETRY AND C! CONVEX EXTENSIONS OF 1-JETS 1075

In particular, by considering the case that X = R", we obtain a characterization of the 1-jets which
admit C! convex extensions which are essentially coercive in R”.

It is clear that Theorem 1.8 and Corollaries 1.4 and 1.6 are immediate consequences of the above
theorem. The proof of Theorem 1.13 will be given in Sections 3 and 4.

In the special case that the function G of the above theorem is bounded, one should expect to find
Lipschitz convex functions F € C!(R") such that (F, VF) extends ( f, G) and Lip(F) < |G| 0o- Notice
that this kind of control of Lip(F’) in terms of sup, . |G (y)| solely cannot be obtained, in general, for
nonconvex jets, but it is possible in the convex case, at least when E is compact; see the comments
after [Azagra and Mudarra 2017, Theorem 1.10]. The next result tells us that this is indeed feasible,
and moreover shows that the technical conditions of (iv) in Theorem 1.13 can be replaced (just in this
Lipschitz case) by a nicer geometric condition which tells us that the complement of the closure of E in
R" contains the union of a certain finite collection of cones.

Theorem 1.14. Given an arbitrary subset E of R", a linear subspace X C R", the orthogonal projection
P = Px :R" — X, and two functions f : E — R, G : E — R", the following is true. There exists a
Lipschitz convex function F : R" — R of class C' such that F,=f, (VF),=G,and Xr = X ifand
only if the following conditions are satisfied:

(1) G is continuous and bounded and f(x) > f(y)+{(G(y),x —y) forall x,y € E.

() Y :=span({G(x) —G(y) :x,y € E}) C X.

(iii) If Y # X and we define k = dimY and d = dim X, there exist points pi, ..., pai—r € R*\ E, a
number ¢ € (0, 1), and linearly independent normalized vectors wy, ..., wg—r € XNY L such that,
forevery j=1,...,d—k, the cone V; :={x € R" : e{wj, x — p;) > | Py(x — p;)|} does not contain
any point of E. Here Py : R" — Y denotes the orthogonal projection onto Y.

@av) If (xp)k, (zk)k are sequences in E such that (Px (xx))x is bounded and
kli)ngo(f(xk) = f (@) — (G (zx), xk — zx)) =0,

then limy— o0 |G (x) — G (z)| = 0.

Moreover, there exists a constant C (n) > 0 only depending on n such that, whenever these conditions are
satisfied, the extension F can be taken so that

Lip(F) = sup [VF(x)[ = C(n) sup |G (y)|.
xeRn yeE

Finally, let us turn our attention to a geometrical problem which is closely related to our results.

Problem 1.15. Given an arbitrary subset E of R" and a unitary vector field N : E — R", what conditions
will be necessary and sufficient in order to guarantee the existence of a convex hypersurface M of class C'
with the properties that E C M and N (x) is normal to M at each x € E?

Our solution to this problem is as follows. We say that a subset W of R" is a (possibly unbounded)
convex body provided that W is closed and convex, with nonempty interior. Assuming, as we may, that
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0 € int(W), we will say that W is of class C 1 provided that its Minkowski functional
mw(x) = inf{k >0: %x € W}

is of class C' on the open set R” \,t,L;V1 (0). This is equivalent to saying that W can be locally parametrized
as a graph (x, ..., x,—1, g(x1, ..., x,-1)) (coordinates taken with respect to an appropriate permutation
of the canonical basis of R"), where g is of class C!. We will denote by

Viw (x)

—, xeiW,
IV w (x)]

ny(x) =
the outer normal to 0 W.

Theorem 1.16. Let E be an arbitrary subset of R, N : E — S"~! a continuous mapping, X a linear
subspace of R", and P : R" — X the orthogonal projection. Then there exists a (possibly unbounded)
convex body W of class C' such that E C W, 0 € int(W), N(x) = nw(x) forall x € E, and X =
span(nw (0W)) if and only if the following conditions are satisfied:

(1) (N(y),x—y) <0 forallx,y € E.
(2) For all sequences (xi)k, (zk)x contained in E with (P(xt))r bounded, we have

lim (N(zg), xr —zx) =0 = lim |N(zx) — N(xp)| =0.
k—00 k— 00

(3) 0 <infyep(N(y), y).
(4) Defining d =dim(X), Y =span(N(E)), £ =dim(Y),we have Y C X,andif Y # X and Py :R" - Y

is the orthogonal projection then there exist linearly independent normalized vectors wy, ..., Wy—y €
XNyt points pi, ..., pi—¢ € R", and a number ¢ € (0, 1) such that
d—¢
(EU{O})m(U v]) =2,
j=1

where V; :={x e R" : e(wj, x — pj) > |Py(x — p;)|} forevery j=1,...,d—L.
In the case that X = span(N (E)), the preceding result takes on a much simpler form.

Corollary 1.17. Let E be an arbitrary subset of R", N : E — S"~! a continuous mapping, X a linear
subspace of R" such that X = span(N (E)), and P : R* — X the orthogonal projection. Then there exists
a (possibly unbounded) convex body W of class C Usuch that E C W, 0 € int(W), N(x) = nw(x) for
all x € E, and X = span(ny (0 W)) if and only if the following conditions are satisfied:

(1) (N(y),x—y)<0 forallx,y € E.

(2) For all sequences (xi)k, (zx)x contained in E with (P (xy))x bounded, we have

Iim (N(zp), xx —zx) =0 = lim |N(zx) — N(xx)| =0.
k— 00 k—o00

(3) 0 <infyep(N(y), y).
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2. Proof of Theorem 1.11

Let us first recall some terminology from [Azagra 2013]. We say that a function C : R" — R is a
k-dimensional corner function on R" if it is of the form

C(x) =max{{; +by, Lo +Dby, ..., L+ Dby},

where the ¢; : R" — R are linear functions such that the functions L; : R™! = R" x R — R defined by
Lj(x,xp41) = Xu41 — £;(x), 1 < j <k, are linearly independent in (R*1)* and the bj are in R. This is
equivalent to saying that the functions {£, — £1, ..., £; — £} are linearly independent in (R")*

We also say that a convex function f : R* — R is supported by C at a point x € R" provided we have
C < fand C(x) = f(x).

Now let us prove Theorem 1.11.

Case 1. We will first assume that f is differentiable (and therefore of class C', since f is convex). If
f is affine, say f(x) =a(u, x) + b, then the result is trivially true with X = {0}, ¢(0) = b, and v = au.
On the other hand, if f is essentially coercive then the result also holds obviously with X = R", v =0,
and ¢ = f. So we may assume that f is neither affine nor essentially coercive. In particular there
exist xg, yo € R* with Df (x9) # Df (yg). It is then clear that L (x, x,+1) = x,4+1 — Df (xg)(x) and
Lo(x, Xyt1) = Xnt1 — Df (yo)(x) are two linearly independent linear functions on (R"*1)*; hence f is
supported at xq by the two-dimensional corner x — max{ f (xo)+Df (xo) (x —x0), f (¥o)+Df (yo)(x—y0)}.

Let us then define k as the greatest integer such that f is supported at xo by a (k+1)-dimensional
corner. By assumption we have 1 < k < n. Then we also have that there exist €1, ..., £;y1 € (R*)* with
Lj(x,xp41) =Xu41 —¥€;(x), j=1,...,k+1, linearly independent in (R™H* and by, ..., br+1 € R so
that C = max<j<x+1{¢; +b;} supports f at x.

Observe that the {L; — Ll}f;l are linearly independent in (R™t1)*: hence so are the {¢ i — Zl}fg
in (R™)* and therefore 5‘3 Ker(¢; — £1) has dimension n — k. Then we can find linearly independent
vectors wy, ..., W,_x such that ﬂf:é Ker(¢; — £1) = span{wy, ..., w,_¢}.

Now, given any y € R”, if

L (f )+ twg)limsy £0

for some 1y then Df(y + tow,) — £; is linearly independent with {£; — El};‘iz],

(x, Xp41) = Xp41 — Df (y +towy) is linearly independent with Ly, ..., L4, and therefore the function

which implies that

x> max{l(x) +by, ..., L1 (X) +bryr, Df(y+itowg)(x —y —towy) + f(y +towy)}
is a (k+2)-dimensional corner supporting f at xo, which contradicts the choice of k. Thus we must have
%(f—ﬁl)(y—l-twq) =0 forallyeR",reR, withy+rw,eR", g=1,...,n—k. 2-1)
This implies

n—k

(f —m(y +Zr,~wj) =(f D) (2-2)

j=1
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if ye R" and 1, ...,1,—r € R. Let P be the orthogonal projection of R"” onto the subspace X :=
span{wy, ..., wy_x ). For each z € X we may define

n—k
c(z)=(f - El)(z + Z fjwj)
j=1

if z+ Z'};lf tiw; € R" for some 11, ..., t,. Itis clear that ¢ : X — R is well-defined and convex, and
satisfies
f—4¢,=coP.
Now let us write
Ci(x) = (u, x) + (v, x),

where u € X and v € X+. We then have

f @) =c(Px))+ (v, x),
where ¢ : X — R is defined by
c(x) =c(x)+ (u, x).

Moreover, since ﬂfizl Ker(¢; —41) =X L it is clear that the restriction of the corner function C =

maxi<j<kt+1{¢; +b;} to X is a (k+1)-dimensional corner function on X, which has dimension k, and it
is obvious that (k+1)-dimensional corner functions on k-dimensional spaces are essentially coercive;
therefore, because c(x) > C(x) for all x € X, we deduce that c is essentially coercive.

Now let us see that X is the only linear subspace of R” for which f admits a decomposition of the
form

() =c(Px(x)) + (v, x), (2-3)

with ¢ essentially coercive and v € X L Assume that we have two subspaces Z1, Z, for which (2-3) holds,
say

S (x) = @1(Pz,(x)) + (&1, x), (2-4)
and

J () = @2(Pz,(x)) + (52, x), (2-5)

with ¢; essentially coercive and §; € X f In order to show that Z; = Z,, it is enough to check that
Z- = Z5. Suppose this equality does not hold; then, either € Z;- \ Zy # @ or € Zy \ Z;- # @. Assume
for instance that there exists &) € ZlL \ ZzL. Then, on the one hand (2-4) implies that the function
t = f(t&) = ¢1(0) 4+ 1(&1, &) is linear, and on the other hand (2-5) implies that the same function
t = f(t&o) = p2(Pz,(t&p)) + 1 (&2, &o) is essentially coercive (indeed, we have limys|— o0 | Pz, (t50)| = 00
because &, ¢ ZZL). This is absurd, so we must have ZlL C ZZL. By a similar argument, just switching the
roles of Z; and Z,, we also obtain that Z2L - ZlL. Therefore ZlL = Z2L, as we wanted to check.?

31t is worth noting that the preceding argument also shows that the dimension of X is k, the largest integer such that f is
supported at some point by a (k+1)-dimensional corner function. In particular, it follows that a function is essentially coercive in
R if and only if it is supported by an (n+1)-dimensional corner function.
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Next, let us see that §; = &,. For every v € ZlL we have

@1(0) + (51, v) = f(v) = 2(0) + (&2, v).

Since the equality of two affine functions implies the equality of their linear parts, we have

(61, v) = (52, v)

forall v e le, and because &1, & € le this shows that & = &;.

Once we know that X| = X, and & = &;, it immediately follows from (2-4) and (2-5) that ¢; = ¢;.
This shows that the decomposition is unique.

Finally let us prove that if f is essentially coercive in the direction of a subspace Y (say that there
exists a linear form ¢ on R" such that | f(x) — £(x)| — o0 as |Py(x)| — ©0), then ¥ C X,. Indeed,
otherwise there would exist a vector £ € X\ Y1, and the function

R>t f(1§) =c(Px(15)) +1(v, §) = c(0) +1(v, §)

would be affine; hence so would be the function

R3¢t f(t8) — L(E).

But this function cannot be affine, because £ ¢ Y1 implies | Py (t£)| — oo as |t| — oo, and we have
|f(x) —£€(x)| = oo as |Py(x)| = oo. This completes the proof of Theorem 1.11 in the case that f is
everywhere differentiable.

Case 2. In the case that f : R" — R is convex but not everywhere differentiable, we can use [Azagra
2013, Theorem 1.1] in order to find a C! (or even real-analytic) convex function g : R” — R such that
f —1<g < f. Then we may apply Case 1 in order to find a unique subspace X C R", an essentially
coercive convex function C : X — R and a vector v € X+ such that

8(2) =c(P(2))+ (v, 2)

for all z € R". Now take x € X and £ € X*. The function R > ¢ — g(t£), is affine, and because f < g+ 1
and f is convex, so must be the function R > # — f(¢£), and with the same linear part (this immediately
follows from the fact that the only convex functions which are bounded above on R are constants). This
shows that

fx+18) = fx)+1(v, §)
for every x € X, £ € X+, t € R. Equivalently, we can write
f@=¢(P()+(v,z) forall zeR",

where ¢ : X — R is defined by ¢(x) = f(x) for all x € X. Moreover, ¢ is essentially coercive because
sois g, and we have | f — g| < 1. This shows the existence of the decomposition in the statement. The
uniqueness of the decomposition, as well as the last part of the statement of Theorem 1.11, follows by the
same arguments as in Case 1, because that part of the proof does not use the differentiability of f. The
proof of Theorem 1.11 is thus complete. O
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3. Necessity of Theorem 1.13

Let F be a convex function of class C!'(R") such that (F, VF) extends (f, G) from E, and Xr = X.

Condition (i). The inequality f(x) — f(y) — (G(y),x —y) > 0 for all x, y € E follows from the fact
that F is convex and differentiable with (F, VF) = (f, G) on E.

Condition (ii). Assume that (|V F (x;)|)x tends to +oo for a sequence (xi); C R” but

(VF(xi), xi) — F(xx)
|V F (xp)]

does not go to +o0o. Then, passing to a subsequence, we may assume that there exists M > 0 such that
(VF(xx), xx) — F(xx) < M|V F(xy)| for all k. We define z; = 2M (VF (x;)/|VF (x¢)|). By convexity,
we have, for all k, that

0 < F(zr) = F(xx) = (VF(xr), 2k — xk) < F(zp) — MIVF (xp)],
which contradicts the assumption that |V F (x;)| — oo.

Condition (iii). Making use of Theorem 1.11 and bearing in mind that X = X, we can write F =
co Px + (v,-), where Py : R" — X is the orthogonal projection onto the subspace X, the function
¢ : X — Ris convex and essentially coercive on X, and v L X. It is easy to see that c is differentiable on
X and that VF (x) = Vc(Px(x)) + v for all x € R". Since F = G on E, we easily get G(x) — G(y) € X
forall x,y € E.

Condition (v). Let us consider sequences (xg)x, (zx)r on E such that (Px(xx)); and (VF(zx)); are
bounded and

klgglo(F(xk) — F(zx) = (VF(zi), xk — z)) = 0. (3-1)

Suppose that |V F (x;) — V F (zx)| does not converge to 0. Then, using that (Py (xg))x is bounded, there
exist some xp € X and ¢ > 0 for which, possibly after passing to a subsequence, Py (x;) converges to
xo and |V F (x;) — VF (zx)| > ¢ for every k. By using the decomposition F = c o Px + (v, - ) and some
elementary properties of orthogonal projections with (3-1) we obtain

klifgo(C(PX(xk)) — ¢(Px(zx)) — (Ve(Px (zk)), Px(xi) — Px(zx))) = 0.
Since VF(y) — v = Vc(Px(y)) for all y € R" we have that (Vc(Px (zx)))« is bounded and

[Ve(Px (xx)) — Ve(Px(zi))| = €
for every k. Additionally

Jim (e (xo) — ¢(Px (2k)) — (Ve(Px (z1)), Xo — Px (2i)) = 0.

The contradiction follows from the lemma below.



GLOBAL GEOMETRY AND C! CONVEX EXTENSIONS OF 1-JETS 1081

Lemma 3.1. Let h : X — R be a differentiable convex function, xo € X, and (yi)r be a sequence in X
such that (Vh(yx))x is bounded and

klir‘;o(h(x‘)) —h(yr) — (Vh(yi), xo — yx)) = 0.

Then limy_, o0 |Vh(x9) — Vh(y)| = 0.

Proof. Suppose not. Then, up to extracting a subsequence, we would have |Vh(xg) — Vh(yr)| > ¢ for
some positive ¢ and for every k. Now, for every k, we set

._ _ _ _ __ Vh(yk) = Vh(xo)
ay :=h(xo) —h(y) — (Vh(yk), X0 — yi), vk := N0 —VhGo)l

In [Azagra and Mudarra 2017, Lemma 2.1] it is proved that oy = 0 implies |Vh(xg) — Va(yx)| =0, which
is absurd. Thus we must have o > 0 for every k. By convexity we have

Vo (Vh(xg + /o vg), vg) = h(xo + /arvr) — h(xo)
> h(ye) + (VA(r), xo + Varve — yi) — h(xo) = —a + J/ar(Vh(yi), vg)
for all k. Hence, we obtain

(Vh(xo + /axve) — Vh(xo), v) = =/ + VR () — Vh(xo)| = —/ou +&.
But the above inequality is impossible, as V/ is continuous and o — 0. O
Condition (iv). By applying Theorem 1.11 we may write
F(x) = c(Px(x)) + (v, x),
with ¢ : X — R convex and essentially coercive, and v L X. This implies
X =span{Vc(x) —Ve(y) : x,y € X},
and because VF = V(c o Px) + v, also that
X =span{VF(x) —VF(y):x,y € R"}.

Let us define Y := span{VF(x) — VF(y) : x,y € E} C X and assume that ¥ # X. Let k and d
denote the dimensions of ¥ and X respectively. We can find points xg, x1, ..., xx € E such that Y =
span{VF (x;)—V F(xo):j=1, ..., k}. We claim that there exists p; € R" such that VF (p;)—V F(xo) ¢ Y.
Indeed, otherwise we would have VF(p) — VF (xg) € Y for all p € R", which implies

VF(p)—VF(g)=(VF(p)—VF(x))—(VF(g)—VF(xp)eY forall p,qgeR".

This is a contradiction since X # Y. Then the subspace Y; spanned by Y and the vector VF (p;) —V F (xp)
has dimension k + 1. If d = k + 1, we are done. If d > k + 1, using the same argument as above, we can
find a point p; € R" such that VF(py) — VF(x¢) ¢ Y. By induction, we obtain points p1, ..., psj—x € R"
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such that the set {VF (p;) — VF (xo)};l;f is linearly independent and X =Y @ span{V F(p;) — VF(xo) :

j=1,...,d—k}, which shows that
X =spanfu —w:u,w e VF(E)U{VF(p1),...,VF(pa—i)}}.

This shows the necessity of (iv)(a). Obviously we have VF(p;) =V F(xo) € X\Y forall j =1,...,d -k,
and we claim that
p eR"\E forall j=1,...,d—k.

Indeed, if there exists a sequence (g¢)¢ C E with (g¢)¢ — pj for some j =1, ...,d —k, then, because Y is
closed and V F is continuous, VF(p;) — V F (xo) =1im¢(V F(g¢) — VF(x0)) € Y, which is a contradiction.
By the (already shown) necessity of condition (v), applied with E* = EU{py, ..., ps—} in place of E,
we have
lim |VF(x¢) —VF(z)| =0 (3-2)
£—00

whenever (x¢)¢, (z¢)¢ are sequences in £* such that (Px(x¢))¢ and (V F (z¢))¢ are bounded and
Zl_i)IglO(F(xe) — F(z¢0) = (VF(z¢), x¢ —2¢)) = 0.
But the fact that dist(V F (p;) —VF(xp), Y) > 0foreach j =1, ...,d —k prevents the limiting condition
(3-2) from holding true with (z¢)¢ C {p1, ..., pa—x} and (x¢)¢ C E. This implies that the inequalities
F(pj) = F(pi) +{VF(pi), pj — pi), l<i,j<d—k, i#],

F(pj)z  sup  {F@)+(VF(),pj—2)}, l=j=<d—k NeN,
Z€E|VF ()| <N

F(x) = F(pj) +(VF(pj), x — pj), l<j<d—k xeR",

which generally hold by convexity of F, must all be strict. Moreover, the last of these inequalities, together
with (3-2), also implies

inf F(x)— F(p))+ (VF(p:)). x — p;
er,ung(x»sN{ (x) 151}1533_1({ (p))+(VF(pj),x—pj)}} >0

for all N € N. Setting w; = VF(p;) and B; = F(p;), j =1,...,d — k, this shows the necessity of
(iv)(b)—(d).

4. Sufficiency of Theorem 1.13

First of all, with the notation of condition (iv), if Y # X, we define
E*=EU{p1, ..., pa—k}
and extend the functions f and G to E* by setting
fpj)=8;, G(pj))=w; forj=1,...,d—k. 4-1)

If Y = X, we just set E* = E and ignore any reference to the points p; and their companions w; and B;
in what follows.



GLOBAL GEOMETRY AND C! CONVEX EXTENSIONS OF 1-JETS 1083

Lemma 4.1. We have:
(@) X =span({G(x) —G(y) :x,y € E*}).
(b) There exists r > 0 such that f(p;) — f(p;) —(G(p;), pi—pj) =7 forall1 <i#j<d—k.

(c) For every N € N, there exists ry > 0 with f(p;) — f(z) — (G (z), pi —z) > ry forall z € E with
|IG(z)| < Nandalll <i <d—k.

(d) Forevery N € N, there exists ry > 0with f(x) — f(p;) — (G(pi), x — pi) > rn forall x € E with
|[Px(x)| < Nandalll <i <d—k.

Proof. This follows immediately from condition (iv) and the definitions of (4-1). O

Lemma 4.2. The jet (f, G) defined on E* satisfies the inequalities of the assumption (i) on E*. Moreover,
if (xi)k, (zi)k are sequences in E* such that (Px (xi))x and (G (zx))x are bounded, then

kli?;o(f(xk) — f@) — (G, xk—z) =0 = kll)ngo |G (xx) — G (zi)| =0.

Proof. Suppose that (x;)x, (zx)r are sequences in E* such that (Py (xz))r and (G (zx))x are bounded and
limy s 00 (f (xx) — f(z1) — (G (2k), Xk — 2%)) = 0. In view of Lemma 4.1(b), (c) and (d), it is immediate that
there exists kg such that either there is some 1 <i <d —k with x;y =z = p; for all k > kg or else xi, zx € E
for all k > k. In the first case, the conclusion is trivial. In the second case, lim;_, o |G (x;) — G(zx)| =0
follows from condition (v) of Theorem 1.13. O

We now consider the minimal convex extension of the jet (f, G) from E*, defined by

m(x) =m(f, G, E*)(x) := sug{f(y)Jr (G, x—y)}, xeR".
YEE*

It is clear that m, being the supremum of a family of affine functions, is a convex function on R”". In
fact, we have the following.

Lemma 4.3. The function m(x) is finite for every x € R". In addition, m = f on E* and G(x) € dm(x)
forall x € E*.

Here dm(x) :={& e R" : m(y) > m(x) + (¢, y — x) for all y € R"} is the subdifferential of f at x.

Proof. Fix a point zo € E*. For any given point x € R” it is clear that there exists a sequence (yi)x
(possibly stationary) in E* such that

f(zo) +(G(z0), x —z0) = f () +{G (), x — i) forall k,

and f(yx) + (G (), x — yk) = m(x) as k — oo. On the other hand, by the first statement of Lemma 4.2,
we have

FOR) +H (GO, x — yk) < f(zo0) + (G (), x — z0)-

Then it is clear that m (x) < +o00 when (G (yx))x is a bounded sequence. We next show that this sequence
can never be unbounded. Indeed, in such case, by the condition (ii) in Theorem 1.13 (which obviously
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holds with E* in place of E), we would have a subsequence for which limy_, o |G (y¢)| = 400, which in
turn implies

(GO yi) — Fw)

k=00 |G (yo)l -

+00

Hence, by the assumption on (yx); we would have

SO = {GOK), yi) _ f(z0) +{G(20), X — 20) _< G (i) x>
|G (il B |G (il IGOl|

Since limg_, o |G (yk)| = +00, the right-hand term is bounded below, and this leads to a contradiction.

Therefore m(x) < 400 for all x € R". In addition, by using the definition of m and the first statement of
Lemma 4.2 for the jet (f, G), we easily obtain that m = f on E* and that G (x) belongs to dm(x) for all
xeE” O

Lemma 4.4. The function m is essentially coercive in the direction of X, and in fact, with the notation of

Theorem 1.11 we have
X, =X.

Proof. By Lemma 4.1(a), we have X = span({G(x) — G(y) : x,y € E*}). Let us first see that m is
essentially coercive in the direction of X. If X = {0} then m is affine and the result is obvious. Therefore
we can assume dim(X) > 1 and take points xq, X1, ..., X;x € E such that {vy, ..., vt} is a basis of X, where

ui=G(xj)—G(x0), j=1,...,k.
Then

C(x) = max{ f (xo) + (G (x0), x —xp), f(x1) +{(G(x1),x —x1), ..., fQxx)+{G(xx), x —xx)}
defines a k-dimensional corner function such that
C(x) <m(x) forall x e R",

and it is not difficult to see that C is essentially coercive in the direction of X; hence so is m.
In particular, by Theorem 1.11, it follows that X € X,,.
Now, if X, # X, we can take a vector w € X, \ {0} such that w L X, and then we obtain, for all € R, that
m(xo +tw) — f(x0) — (G (x0), tw) = sup{ f(z) — f(x0) + (G (z) — G(x0), tw) + (G (2), x0 — 2}

zeE

= sup{f(z) — f(x0) +(G(z), xo —z} =< 0.

zeE

By convexity, this implies
m(xo+tw) = f(x0) + (G (x0), tw)

for all # € R, and in particular the function R > 7 = m (xo+4fw) cannot be essentially coercive, contradicting
the assumption that w € X,,,. Therefore we must have X,, = X. O
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Making use of Theorem 1.11 in combination with Lemma 4.4, we can write
m=coPx+(v,-) onR", (4-2)

where ¢ : X — R is convex and essentially coercive on X and v L X. In addition, the subdifferential
mappings of m and c satisfy the following.

Claim 4.5. Given x € R" and n € 0m(x), we have n —v € X and n — v € dc(Px(x)).

Proof. Suppose that x € R" and n € dm(x) but n — v ¢ X. Then we can find w € X+ with (n —v, w) = 1.
Using (4-2) we get that

n, w) <m(x+w) —mx) =c(Px(x +w))+ (v, x +w) —c(Px(x)) — (v, x) = (v, w).

This implies (n — v, w) <0, a contradiction. This shows that  — v € X. Now, let z € X and x € R". We
have

c(@) —c(Px(x)) =m(2) — (v, 2) —m(x)+ (v, x) = (n—v,z2—x) = (N —v, 2 — Px(x)).
Therefore, n — v € dc(Px(x)). Il
By combining the previous claim with the second part of Lemma 4.3 we obtain that
G(x)—vedc(Px(x))c X forall x € E*. (4-3)

Lemma 4.6. The function c is differentiable on Px(E*), and, if y € Px(E™), then Vc(y) = G(x) — v,
where x € E* is such that Px(x) = y.

Proof. Let us suppose that c¢ is not differentiable at some yy € Px(E*). Then, by the convexity of ¢ on X,
we may assume that there exist a sequence () C X with |[hx| N\ 0 and a number ¢ > 0 such that

. < c(yo +hi) +c(yo — hi) — 2¢(yo)
- |7kl

for all k.

We now consider sequences (yi)rx C Px(E*) and (xz);r C E* with

Px(xx) =yr and yr — yo.

In particular, the sequence (Pyx (xx))x is bounded. Since each iy belongs to X, we can use (4-2) to rewrite
the last inequality as

. < m(yo + hi) +m(yo — hyi) — 2m(yo)
- |7

for all k. (4-4)

By the definition of m we can pick two sequences (zx)x, (Zx)x C E* with the following properties:

|hk]
ok
| A

m(yo —hi) = f(Zx) +(G(Zk), yo — hi — Zk) = m(yo — hy) — Sk

m(yo+hi) > f(ze) + (G (2k), yo+ hi — 2k) = m(yo + hy) —
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for every k. We claim that (G (zx)); must be bounded. Indeed, otherwise, possibly after passing to a
subsequence and using condition (ii) of Theorem 1.13, we would obtain that

(G(zx)s zi) — f(zx) _
|G (z)]

lim |G(zx)| = lim +00
k—o00 k—o00
Due to the choice of (z;)r we must have

m(yo) = klion(f(Zk) +(G(zk), x0 + hi — zi))

o £ — (GG ) | Gl o
_kli“olo'G(Z")'( GGl +<|G<Zk>|’x°+h">)_ .

which is absurd. Similarly one can show that (G (Zx))x is bounded. Now we write

f ) = f(z) —(G(zr), Xk — zx) = f () — (v, xk) — (m(yo + ki) — (v, yo + hi)) +m(yo + hi)
— (@) = (G (zx), yo+hi — zx) + (G (zx) — v, yo + hg — xi).

By (4-2), the first term in the sum equals ¢ ( Py (xx)) —c(yo+h«), which converges to 0 because Py (xx) — Yo
and c is continuous. Thanks to the choice of the sequence (zj)x, the second term also converges
to 0. From (4-3), we have G(zx) — v € X for all k, and then the third term in the sum is actually
(G(zx) — v, yo — Px(xx) + hy), which converges to 0, as (G (zx))« is bounded and Px (x;) — yo. We then
have

Jim (f (o) = f (@) = (G (2 i — 2)) =0,

where (Pyx (xx))r and (G(zx))r are bounded sequences. By Lemma 4.2, limy_, » |G (xx) — G(z1)| = 0,
and similarly one can show that limy_, o, |G (x;) — G(Zx)| = 0. This obviously implies

Jim G (z) — G @)l =0. (4-5)

By the choice of the sequences (zx)x, (Zk)x and by inequality (4-4) we have, for every k,

f@) +(G@), yo+he —zi) . f@) +(G(Zk), yo— hi — Zk)
e =< +
|7kl |7kl
S @) + (G (@), yo —zi) + f @) + (G (21, Yo — 2k)
|hkl

hi

= <G(Zk) - G(zp), ]

1 - 1
>+F <1G(zk) — G(Z)| +F.

Then (4-5) leads us to a contradiction. We conclude that ¢ is differentiable on Px (E*).
We now prove the second part of the lemma. Consider y € Px(E™*) and x € E* with Px(x) =y. By (4-3),
we have G(x) — v € dc(y). Because c is differentiable at y, we further obtain that G(x) —v = Vc(y). U

In order to complete the proof of Theorem 1.13, we will need the following lemma.

Lemma 4.7. Let h : X — R be a convex and coercive function such that h is differentiable on a closed
subset A of X. There exists H € C'(X) convex and coercive such that H = h and VH = Vh on A.
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Proof. Since h is convex, its gradient VA is continuous on A (see [Rockafellar 1970, Corollary 24.5.1]
for instance). Then, for all x, y € A, we have

@) —h(y) = (VAQ), x — y)
B lx — ¥l

where the last term tends to O as |x — y| — O uniformly on x, y € K for every compact subset K of A.
This shows that the pair (&, Vh) defined on A satisfies the conditions of the classical Whitney extension
theorem for C! functions. Therefore, there exists a function z € C! (X) such that h=hand Vh=Vh
on A. We now define

0

X —

§<Vh(X)—Vh(y), y|>§ IVh(x) = Vh(y)l,
y

|x

¢ (x) == |h(x) —h(x)|+2d(x, A)?, xeX. (4-6)
Claim 4.8. The function ¢ is differentiable on A, with V¢ (xo) = 0 for every xy € A.

Proof. The function d( -, A)? is obviously differentiable, with a null gradient, at x(; hence we only have to
see that | — fz| is differentiable, with a null gradient, at xq. Since sz(xo) = Vh(xp), the claim boils down
to the following easy exercise: if two functions A1, h, are differentiable at xq, with Vi (xg) = Vha(xp),
then |h; — hy| is differentiable, with a null gradient, at xg. Il

Now, because d( -, A)? is continuous and positive on X \ A, according to Whitney’s approximation
theorem [1934] we can find a function ¢ € C*®°(X \ A) such that

lp(x) —p(x)| <d(x, A)?  for every x € X \ A. 4-7)
Letus definep: X > Rbyg=¢on X\ Aand ¢ =0o0n A.
Claim 4.9. The function ¢ is differentiable on X and V =0 on A.

Proof. 1t is obvious that ¢ is differentiable on int(A) U (X \ A) and V@ = 0 on int(A). We only have to
check that ¢ is differentiable on dA. If xy € 0A we have

P(0) —¢Gx)| _ 1ol _ |6 ()| +d(x, A)?

= < -0
|x — xol |x — xol |x — xol

as |x — xo| — 0%, because both ¢ and d( -, A)? vanish at x( and are differentiable, with null gradients,
at xg. Therefore ¢ is differentiable at xy, with V@ (xg) = 0. O
Now we set
g:=h+¢
on X. Itis clear that g = 4 on A. Also, by Claim 4.9, g is differentiable on X with Vg = Vh on A. By
combining (4-6) and (4-7) we easily obtain that

g(X)>h(x)+¢(x)—d(x, A)> > h(x), xeX\A.

Therefore g > h on X and in particular g is coercive on X, because so is &, by assumption.
We next consider the convex envelope of g. Recall that, for a function v : X — R, the convex envelope
of i is defined by
conv(y)(x) = sup{®(x) : ® is convex, ® <}
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(another expression for conv(y), which follows from Carathéodory’s theorem, is

n+1 n+1 n+l1 }

conv(y)(x) = inf{ijlp(xj) =0, ) =1 x=) Ax
j=l1 j=1 j=1

see [Rockafellar 1970, Corollary 17.1.5] for instance). The following result is a restatement of a particular
case of the main theorem in [Kirchheim and Kristensen 2001]; see also [Griewank and Rabier 1990].

Theorem 4.10 (Kirchheim—Kristensen). If v : X — R is differentiable and lim||_, »c ¥ (x) = 00, then
conv(y) € C'(X).

If we define
H = conv(g),

we immediately get that H is convex on X and H € C!(X). By the definition of H we have h < H < g
on X, which implies that H is coercive. Also, because g = h on A, we have H = h on A. In order to
show that VH = Vh on A, we use the following well-known criterion for differentiability of convex
functions, whose proof is straightforward.

Lemma 4.11. If ¢ is convex, ® is differentiable at x, < ®, and ¥ (x) = ®(x), then  is differentiable
at x, with Vi (x) = VO (x).

(This fact can also be phrased as: a convex function v is differentiable at x if and only if ¢ is
superdifferentiable at x.)

Since 4 is convex and H is differentiable on X with # = H on A and & < H on X, the preceding
lemma shows that VH = Vh on A.

This completes the proof of Lemma 4.7. U

Now we are able to finish the proof of Theorem 1.13. Setting A := Py (E*), we see from Lemma 4.6 that
c is differentiable on A. Moreover, since ¢ : X — R is convex and essentially coercive on X, there exists
n € X such that h :=c — (n, -) is convex, differentiable on A and coercive on X. Applying Lemma 4.7
to h, we obtain H € C'(X) convex and coercive on X with (H, VH) = (h, Vh) on A. Thus, the
function ¢ := H + (n, - ) is convex, essentially coercive on X and of class C 1(X) with (¢, Vo) =(c, Vo)
on A. We next show that F := ¢ o Px + (v, - ) is the desired extension of ( f, G). Since ¢ is C'(X) and
convex, it is clear that F is C!(R") and convex as well. Bearing in mind Theorem 1.11 and the fact that
@ is essentially coercive, it follows that X r = X. Also, since ¢(y) = c(y) for y € Px(E), we obtain from
(4-2) and Lemma 4.3 that

F(x) =¢(Px(x)) + (v, x) = c(Px(x)) + (v, x) = m(x) = f(x).
Finally, from the second part of Lemma 4.6, we have, for all x € E, that
VF(x)=Ve(Px(x))+v=G(x)—v+v=G(x).

The proof of Theorem 1.13 is complete. U
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5. Necessity of Theorem 1.14

We already know that conditions (i), (ii) and (iv) are necessary for the existence of a convex function
F € CY(R") with (f, G) = (F, VF) on E and Xr = X. Let us assume that F is also Lipschitz, and let
us prove that in this case condition (iii) is satisfied as well. If Lip(F) = O then F is constant, so we
have X = Xy = {0} =Y, and condition (iii) is trivially satisfied. Otherwise we have X = X # {0}, and
assuming that ¥ # X we may find points xg, x1, ..., X € E and py, ..., pg—x € R"\ E such that

Y =span{G(x;) —G(xo) : j=1,...,k},
VF(pj) —G(xp) € X\Y forevery j=1,...,d—k

and the set {VF(p;) — G(xo) : j = 1,...,d — k} is linearly independent. Now we define, for each
Jj=1,...,d—k, the subspace Y; spanned by Y and the vector VF(p;) — G(x(). Obviously we can find
w;j €Y;N Y+ with lwj|=1and Y; =Y ® [w;], forevery j =1, ...,d — k. Moreover, w; can be taken
so that

wj =(VF(p;)—G(xp),w;) >0 forall j=1,...,d—k.

Let us take ¢ > 0 small enough so that

Hj
£ < -
2Lip(F) +2(|G 0o

forall j=1,...,d —k.

Note that, because u; <2 Lip(F) for each j, we have ¢ < 1. Now, assume that there exists some x € E
with x € V; :=={x e R" : e{wj, x — p;) > [Py(x — p;)|} for some j =1, ..., d —k Using the convexity of
F we can easily write

F(x) = F(pj) = (VF(pj), x — pj)
<(VF(x) = VF(pj),x — pj)
=(VF(x) = G(x0), x — pj) + (G (x0) = VF(pj), x — pj)
=(VF(x) —G(x0), x — pj) — pnj{wj, x — p;) +{Py(G(xo) — VF(p;)), x — p;).

Since we are assuming that x € E, the continuity of VF yields VF(x) — G(xg) € Y. Then, the last term
coincides with

(VF(x) = G(x0), Py(x — pj)) — pj{wj, x = pj) + (Py(G(x0) = VF(p;)), Py(x — pj))
< QlIGlloo +2Lip(F))| Py (x — pj)| — pj(wj, x — pj)

<0,
where the last inequality follows from the definition of ¢ and the fact that x € V;. We have thus shown that
F(x)=F(pj) =(VF(p;),x = pj) =0,

which implies, by condition (CW), that VF(pj)=VF(x),wherex e E. Tt follows that VF(pj)—G(xo)=
VF(x) — G(xp) € Y, which contradicts the choice of p;. Therefore E and U;I;{‘ V; are disjoint.
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6. Sufficiency of Theorem 1.14: keeping control of the Lipschitz constant
If m denotes the minimal convex extension of the jet (f, G) from E, we can write
m=co Py, +(v,-),
where v € R" and ¢ : X,, — R is a coercive convex function. Moreover, we know that

Xm=Y=span{G(x) —G(y):x,y € E}
and therefore
m=co Py + (v, -). (6-1)
Let us prove some properties of m, ¢ and v.

Lemma 6.1. Let us define K = ||G||lco = sup,eg |G(y)|. We have:

(1) The function m is K -Lipschitz on R".

(2) The vector v belongs to the subdifferential of m at some point yo € Y, and |v| < K.

(3) There exists points x1, ..., x; € E such that {G(x;) — v}j?zl is a basis of Y.

(4) The function c is 2K -Lipschitz on Y.

(5) There exist numbers 0 < o <2K and B € R such that c(y) > a|y|+ B for every y € Y.

Proof. (1) The function m is a supremum of K-Lipschitz affine functions on R" and therefore m is
K -Lipschitz as well.

(2) Since c is coercive on Y, there exists a point yg € Y with ¢(y) > c(yg) for every y € Y. We then have,
for every x € R”, that
m(x) = c(Py(x)) + (v, x) = c(yo) + (v, x) = c(yo) + (v, yo) + (v, x — yo) = m(yo) + (v, x — yo),
which implies v € dm(yp). Since m is K-Lipschitz, we obtain, for every x € R”,
K|x — yol +m(yo) = m(x) = m(yo) + (v, x — yo),

which implies (v, (x — yg)/|x — yo|) < K for every x € R" \ {yo}. This shows that |v| < K.

(3) Recall that n — v € Y for every n € dm(x). In particular we have G(x) —v € Y for every x € E. Let
us take some x; € Y with G(x1) —v # 0. If dim(Y) = 1, there is nothing to say. If dim(Y) > 1, we claim
that there exists some x» € E such that G(x2) —v and G (x1) — v are linearly independent. Indeed, assume
that G(x) — v and G(x;) — v are proportional for every x € E. Then we would have for every x, y € E
that

Gx)—G()=(Gx)—v)+@—-G(y)

is proportional to G (x;) — v; hence dim(Y) = 1, a contradiction. Using an inductive argument we easily
obtain (3).

(4) This follows at once from (1), (2), and the fact that c =m — (v, -) on Y.
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(5) It is well known and easy to show that for every coercive convex function ¢ there exist numbers o > 0
and 8 € R such that ¢(y) > «|y| + B for every y € Y. Now, because ¢ is 2K -Lipschitz, we have

c0)+2K |yl = c(y) zaly|+B, yeY.
This clearly implies o < 2K. U

Defining new data. Let us consider wy, ..., wg_x € Y*NX, e€(0,1), p1,..., pa—xand Vi, ..., Vy_s
as in condition (iii) of Theorem 1.14. Using Lemma 6.1(5), we consider a positive 7" > 0 large enough so
that

()T >2—-B —jzlmaﬁfk{ale(pj)l +m(pj) — (v, pj)},

()T  min {1 —(w;,w;)} >1+ max {c(Py(p;))—c(Py(pi))+ealw;, pi — pj)}.
I<i#j=<d—k 1<i,j<d—k

Note that, since the vectors {w,-}f:_lk have norm equal to 1, we have (w;, w;) = 1 if and only if w; = w;,
which is equivalent (as the vectors {w1, ..., wy—¢} are linearly independent) to i = j. So it is clear that
we can find a positive 7' > 0 satisfying both inequalities. We define the following new data:

gi=pj+Tw;, f@g)=m(g)+1, G(g)=v+eaw;, j=1,....,d—k. (6-2)

Note that ¢; = g; if and only if p; — p; = T (w; — w;). Since w; # w; whenever i # j, it is clear that we
can take T large enough so that the points g; and ¢; are distinct if i # j. On the other hand, because each
w; is orthogonal to Y, we immediately see that g; € V; and, in particular, g; ¢ E forevery j=1,...,d—k.

Lemma 6.2. The following inequalities are satisfied:
(M f@j)—f&x)—(Gx),q;—x) =1 foreveryx e E, j=1,...,d—k.
(2) f(x)— f(g))—(G(gj),x—qj) =1 foreveryx € E, j=1,...,d—k.
() f@i) = f(g)) —(G(g)). qi —qj) = 1 forevery l <i # j<d—k.
Proof. (1) Since f(g;) =m(q;) + 1, the definition of m leads us to
F@@j) = f(x) —(Gx),qj —x) =m(qj) — f(x) —{(G(x),qj —x)+1=1
forxekE, j=1,...,d—k.
(2) Wefixxe Eand j=1,...,d — k. The decomposition of m yields

m(q;) = c(Py(pj) + Py (Twj)) + (v, gj) = c(Py(pj)) + (v, gj) = m(pj) + (v, g; — pj).
We obtain from this
f )= fgj) —(G(gj), x —q;) =m(x) —m(p;)+ (v, pj —q;) —(G(g;), x —g;) — 1
=co(Py(x))+ (v, x) —m(pj) + (v, pj —qj) — (v+eaw;, x —q;) — 1
=co(Py(x))—m(p;)+ (v, pj) —ea{w;, x —gj) —1
=co(Py(x))—m(p;)+(v, pj) —ea{wj, x — p;) —ea(w;, pj —q;) —1
=co(Py(x))—m(p;)+(v, pj) —ea({w;, x — pj) +eal —1.
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Now, using Lemma 6.1(5), the last term is greater than or equal to

a|Py(x)|+ B —m(pj)+ (v, pj) —ea{w;, x — p;) +eaT — 1
> a|Py(x — pj)| —a|Py(pj)|+ B —m(p;) + (v, pj) —ex({wj, x — pj) +eaT —1
> | Py(x — pj)| —ea(wj, x — pj) + 1,

where the last inequality follows from the choice of T. Now, since x € E, condition (iii) tells us that x
does not belong to the cone V;, which implies that the last term is greater than or equal to

eaf{wj, x — pj) —eaf{w;, x —p;)+1=1.
This establishes the inequalities of (2).
(3) Consider 1 <i # j <d — k. Notice that
fqi)—f(gj) =c(Py(pi+Tw;))—c(Py(pj+Tw;))+ (v, gi—q;) =c(Py (pi)) —c(Py (pj))+(v, i —q;).
This implies
F@i) = f(q) —=(G(g;), gi —q;) = c(Py(pi)) —c(Py(pj)+ (v, qi —q;) — (v+eaw;, gi —g;)
=c(Py(pi)) —c(Py(p;)) —ea{wj, pi —p; +T (w; —wyj))
= c(Py(pi)) —c(Py(pj)) —ealw;, pi—p;)+eal (1 —(w;, w;)) > 1,

where the last inequality follows from the choice of 7. O

Properties of the new jet. We now define the set E* = E U{qy, ..., g4—r}. Note that we have already
extended the definition of (f, G) to E*
Lemma 6.3. We have:

(1) X =span{G(x) —G(y) :x,y € E*}.

(2) G is continuous on E* and f(x) > f(y)+(G(y),x —y) forallx,y € E*

(3) |G(x)| < 3K forevery x € E*

4) If (x¢)e, (zo)e are sequences in E* such that (Px(x¢))¢ is bounded and

Zl_i)rgo(f(xg) — f(ze) = (G(z¢), x¢ — 2¢)) =0,

then limy_, o |G (x¢) — G(z¢)| =0.

Proof. (1) By Lemma 6.1, there are points xq, ..., x; € E with Y =span{G(x;) —v:j=1,...,k},
where v is that of (6-1). Since the vectors wy, ..., wy— are linearly independent, the definitions of (6-2)
show that

span{G(qj)—v:jz1,...,d—k}=span{(sa)wj:j:l,...,d—k}:XﬂYL.
We thus have

X =span{G(x1) —v,...,G(x) —v,G(q1) — v, ..., G(qa—r) — v}
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For every two points x, y € E*, we can write

Gx) =G =(GHx)—v)=(G(y) —v),

but notice that G(z) — v € Y = span{G(x;) — v}f:1 for every z € E and obviously G(z) — v €
span{G(q;) — v}}i:_{c if z € E*\ E. This implies G(x) — G(y) € X for every x, y € E*. Conversely, if
z € E*, we can write

G(z) —v=(G(2) = G(x1)) + (G(x1) —v),
where the first term belongs to span{G(x) — G(y) : x, y € E*} and the second one belongs to ¥ =
span{G(x) — G(y) : x, y € E}. We conclude that X = span{G(x) —G(y) : x,y € E*}.

(2) The points qy, ..., gq—k are distinct and none of them belong to E. Because G is continuous on E,
G is in fact continuous on E* Condition (i) of Theorem 1.14 together with Lemma 6.2 tell us that

f) = f()+(G(y),x—y) forallx,yeE"

(3) From (6-2), G(g;) = v+ (ea)w; for j =1,...,d —k. Now Lemma 6.1 tells us that [v| < K and
o < 2K, where K denotes SUpyep |G (y)]. Since ¢ € (0, 1) and the vectors w; have norm equal to 1, we
can write |G(p;)| < |v| +a < 3K.

(4) Suppose that(x;)¢, (z¢)¢ are sequences in E* such that (Px (x¢))x is bounded and
el—i>nolo(f(x6) — f(ze) = (G(z¢), x¢ — 2¢)) = 0.

In view of Lemma 6.2, it is immediate that there exists £ such that either there is some 1 < j <d —k
with x; = zy = g; for all £ > £ or else x¢, z¢ € E for all £ > €. In the first case, the conclusion is trivial.
In the second case, limy_, » |G (x¢) — G(z¢)| = O follows from condition (iv) of Theorem 1.14. a

We now define

m*(x) = sup {f (y) +(G(y), x — y)}
yeE*
for every x € E*. We already know that X+ = span{G(x) — G(y) : x,y € E*}. From Lemma 6.3,
X,u+ = X. The function m* is convex and m* = f on E* Also, for every x € E*, we have G(x) € dm™(x)
and, by virtue of Lemma 6.3, m™ is 3K -Lipschitz on R". The function m* has the decomposition

m*=c"o Py + (v*,-) onR", (6-3)

where ¢* : X — R is convex and coercive on X, and v* € R". With the same proof as that of Lemma 6.1(2),
we see that v* € dm™(z¢) for some zg € X, the function ¢* is 6K -Lipschitz and |v*| < 3K. We study the
differentiability of ¢* in the following lemma, which follows from the corresponding result of the general
(not necessarily Lipschitz) case.

Lemma 6.4. The function c* is differentiable on Px(E*), and, if y € Px(E™), then Vc*(y) = G(x) — v,
where x € E* is such that Px(x) = y.



1094 DANIEL AZAGRA AND CARLOS MUDARRA

Construction of the extension.

Lemma 6.5. Let h: X — R be a convex, Lipschitz and coercive function such that h is differentiable on
a closed subset A of X. There exists H € C'(X) convex, Lipschitz and coercive such that H = h and
VH = Vh on A. Moreover, H can be taken so that Lip(H) < M Lip(h), where M = M(n) > 0 is a
constant only depending on n.

Proof. Since h is convex, its gradient V# is continuous on A. Then, for all x, y € A, we have
2 @) —h(y) = (VAG), x = y)
- |x — I

where the last term tends to 0 as |x — y| — O uniformly on x, y € K for every compact subset K of A.

X=)

0

§<Vh(X)—Vh(y), |>§ IVh(x) = Vh(y)I,

lx —y

This shows that the pair (k, Vh) defined on A satisfies the conditions of the classical Whitney extension
theorem for C! functions. Therefore, there exists a function i € C' (X) such that h=hand Vh=Vh
on A. In fact, we can arrange Lip(h) < « Lip(h), where k = «(n) > 0 is a constant only depending on r;
see [Azagra and Mudarra 2017, Claim 2.3]. Let us define L = Lip(h).

For each ¢ > 0, let 6, : R — R be defined by
0 ift <0,
0.(t) = {1 if t < 3(L+e),
(L+e)(i—3L+e)+(EL+o) ifr>LL+oe).
Observe that 0, € C'(R), Lip(6,) = L + . Now set
. (x) = 0:(d(x, A)),

where d(x, A) stands for the distance from x to A, notice that ®,(x) =d(x, A)? on an open neighborhood
of A, and define
He(x) = [h(x) — h(x)| + 2P¢ (x).

Note that Lip(®.) = Lip(6,) because d( -, A) is 1-Lipschitz, and therefore
Lip(H.) < Lip(h) + L +2(L +¢) < (3 +«)L + 2e. (6-4)
Claim 6.6. H. is differentiable on A, with VH.(x) =0 for every x € A.

Proof. The proof is the same as that of Claim 4.8. U

Now, because @, is continuous and positive on X \ A, by using mollifiers and a partition of unity, one
can construct a function ¢, € C*°(X \ A) such that
lpe(x) — He(x)| < P (x) forevery x € X\ A, (6-5)
and

Lip(¢;) < Lip(H,) +¢ (6-6)

(see for instance [Greene and Wu 1979, Proposition 2.1] for a proof in the more general setting of
Riemannian manifolds, or [Azagra et al. 2007] for possibly infinite-dimensional Riemannian manifolds).
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Let us define ¢ = ¢, : X — R by

50x) pe(x) ifxeX\A,
X) =
v 0 ifxreA.
Claim 6.7. The function ¢ is differentiable on X, and it satisfies V@(xo) = 0 for every xo € A.
Proof. The proof is the same as that of Claim 4.9. O
Note also that
Lip(¢) = Lip(¢e) < Lip(He) +¢ < B+ k)L + 3e. (6-7)
Next we define
¢=g =i+ (6-8)

The function g is differentiable on X, and coincides with 2 on A. Moreover, we also have Vg = Vh on A
(because V@ =0 on A). And, for x € X \ A, we have

g(x) > h(x) + He(x) — De(x) = h(x) + [h(x) — h(x)| + Pe(x) > h(x) + D (x).

This shows that g > h, which in turn implies that g is coercive. Also, notice that according to (6-7) and
the definition of g, we have

Lip(g) < Lip(fz) +Lip(¢) <k L+ @B+«)L+3e=3+2«)L +3e. (6-9)
If we define H = conv(g) we thus get that H is convex on X and F € C L(X), with
Lip(H) < Lip(g) < 3 +2«)L + 3e. (6-10)

Thus, we can take ¢ small enough so that Lip(H) < 2(3+ 2«) L. Finally, we know (by an already familiar
argument) that H = h and VH = V& on A. Also, because / is a coercive convex function, we have that
H > h is also coercive. This completes the proof of Lemma 6.5. U

Now we are able to finish the proof of Theorem 1.14. Setting A := Px (E*), we see from Lemma 6.4 that
c* is differentiable on A. Moreover, since ¢* : X — R is convex and coercive on X, Lemma 6.5 provides
us with a Lipschitz, convex and coercive function H of class C!(X) such that (H, VH) = (c¢*, Vc*) on A
and
Lip(H) < M Lip(c*) < 6MK,

where M > 0 is a dimensional constant. Recall that K denotes sup,eg |G(y)|. We next show that
F := H o Px + (v*, -) is the desired extension of (f, G). Since H is C'(X) and convex, it is clear that F
is C1(R") and convex as well. Because H is coercive on X, it follows (using Theorem 1.11) that X = X.
Also, since H(y) = c*(y) for y € Px(E), we obtain from (6-3) that

F(x) = H(Px(x)) + (v*, x) = " (Px(x)) + (v*, x) = m" (x) = f(x).
Additionally, from the second part of Lemma 6.4, we have, for all x € E, that

VF(x)=VH(Px(x)+v =Gx)—v"+v"=G((x).
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Finally, note that

Lip(F) < Lip(H) + [v*| <6MK +3K = (6M +3)K = (6M +3) sup |G(y)]|.
yeE

The proof of Theorem 1.14 is complete.

7. Proof of Theorem 1.16

Let us assume first that there exists such a convex body W, and let us check that N and P = Py : R" — X
satisfy conditions (1)—(4). Define F : R" — R by

F(x)=0(uw(x)), xeR",

where 0 : R — [0, +00) isa C! Lipschitz convex function with 6(t) = 12 whenever || <2 and 6(¢) = at
whenever |¢| > 2, for a suitable a > 0. We have 3W = F~!(1), and in particular F = 1 on E; additionally

VF(x)

= forall x € E.
[VF(x)]

N(x)

It is clear that F is a Lipschitz convex function of class C'(R"). Moreover, by elementary properties of
the Minkowski functional and the fact that V F(0) = 0, we have

Xp=span{VF(x): x € R"} =span{Vuw(x) : x € dW} =span{ny(x) : x € W} = X.

Therefore (F, V F) satisfies conditions (i)—(iv) of Theorem 1.14 on the set E* := E U {0} with projection
P = Px : R" — X. Then condition (1) follows directly from (i) (or from the fact that W is convex and N
is normal to dW). In order to check (2), take two sequences (xx)x, (Zx)x contained in E with (P (xx))k
bounded. Now suppose that

lim (N (zx), xx — zx) = 0.
k— 00
Then we also have, using F(x;) = 1 = F(z), that
lim (F(x¢) — F(zx) — (VF(zx), xk — z2x)) =0,
k— 00
and according to (i) of Theorem 1.14 we obtain
lim |VF(x;) — VF(zr)| =0. (7-1)
k— 00

Suppose, seeking a contradiction, that we do not have limy_, oo |V (xx) — N (zx)| = 0. Then, after possibly
passing to subsequences, we may assume that there exists some ¢ > 0 such that

IN(x) — N(zx)| =& forall ke N.
Since F(x;) =1, F(0) =0 and VF (x;) € X, the convexity of F yields

0= F(0) = F(xp) = (VF(xp), —xk) = =1+ (VF(xp), xi) = =1+ (VF(xi), P(xp))
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and this shows that infy, |V F (x;)| > 0. Thanks to (7-1), we have inf; |V F (z;)| > 0 too and both (V F (xy) )
and (V F (zx))x are bounded above because F is Lipschitz. So we may assume, possibly after extracting
subsequences again, that V F (x;) and V F (z;) converge, respectively, to vectors &, n € R" \ {0}. By (7-1)
we then get £ = n; hence also

VFEx) — VF(z)

e <|Nxp) —N(zp)| = IVE(x)|  |VF(zp)l

— ‘i — i‘ =0,
&1 Inl

a contradiction.

Let us now check (3). Since 0 € int(W), we can find » > 0 such that B(0,r) C W. Let ye E. If y
is parallel to N (y), then (N (y), y) = |y| > r. Otherwise, by convexity of W, the triangle of vertices 0,
rN(y) and y, with angles «, 8, y at those vertices, is contained in W, so is the triangle of vertices O,
rN(y), p, where p is the intersection of the line segment [0, y] with the line L = {r N(y) +tv:t € R},
where v is perpendicular to N (y) in the plane span{y, N(y)}. Then we have |p| < |y|, and |p|cosa =r;

hence
(N(y),y)=lylcosa > |p|cosa =r > 0.

Finally condition (4) follows immediately from (iii) of Theorem 1.14 applied with E* = E U {0} (and
from the fact that VF (0) = 0).

Conversely, assume that N : E — S"~! and P = Py : R" — X satisfy (1)—(4), and let us construct a
suitable W with the help of Theorem 1.14. Choose r such that

O0<r < inf(N(),y), (7-2)
yeE
and define E*=EU{0}, f:E*—> R, G: E*— R" by
£(0) =0, fx)=1 ifxekE, G(0) =0, G(x):%N(x) ifxeE.

It is clear that condition (3) implies dist(0, E) > 0; hence the continuity of G on E* is obvious. As for
checking that
fx)=f()—(G(y),x—y)=>0 forallx,yeE",

the only interesting case is that of x =0, y € E, for which we have

FO) = fF(y) = (G(y), x —y) = —1 +§<N<y),y> > 142=1>0.

Therefore condition (i) of Theorem 1.14 is fulfilled. Conditions (ii) and (iii) follow immediately from (4).
It only remains for us to check (iv). As before, an a priori less trivial situation consists in taking x; = 0,
(zk)x € E. Note that (G (zx))x is always bounded. Assuming that

klif{,ljf(xk) — f (@) — (G (zx), xk — zx)) =0,

we get limg_, 00 (G (2k), k) = 1, which implies
. r
kli)n;o(N(Zk), k) =5

contradicting (7-2). Therefore this situation cannot occur. The rest of cases are immediately dealt with.
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Thus we may apply Theorem 1.14 in order to find a convex function F € C!(R") such that (F, VF)
extends the jet (f, G), and X = X. We then define W = F~!((—o0, 1]). It is easy to check that W is a
(possibly unbounded) convex body of class C U'such that E c 9W, 0 € int(W), N(x) = nw(x) for all
x € E. Moreover, because F(0) =0 and VF(0) =0, one can see from the proof of Theorem 1.14 that

X =span(VF(E)U{VF(q1), ..., VF(qa-0)}),

where the g; are such that F'(g;) > 1 (see Lemma 6.2). In particular, the g; do not belong to int(W) and
then ww(q;) > 0 forevery j =1, ...,d — £. This implies

span(ny (dW)) = span{VF (x) : x € R" \/,L;Vl(O)} Dspan(VF(E)U{VF(q1),...,VF(qa-0)}) = X.

Since Xr = X, this argument shows that span(ny (dW)) = X. [
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CLASSIFICATION OF POSITIVE SINGULAR SOLUTIONS TO A NONLINEAR
BIHARMONIC EQUATION WITH CRITICAL EXPONENT

RUPERT L. FRANK AND TOBIAS KONIG

For n > 5, we consider positive solutions u of the biharmonic equation

A2u — u(n+4)/(nf4) on R” \ {0}’
with a nonremovable singularity at the origin. We show that |x|"—%/2

we classify all periodic functions obtained in this way. This result is relevant for the description of the asymp-

u is a periodic function of In |x| and

totic behavior of local solutions near singularities and for the Q-curvature problem in conformal geometry.

1. Introduction and main results

In this paper we are interested in positive solutions u of the equation
A%y = 3D/ =8 in R\ {0} (1)

for n > 5. As we will explain later in more detail, this equation serves on one hand as a model problem
for higher-order equations with critical nonlinearity and on the other hand has a concrete meaning in the
Q-curvature problem in conformal geometry. It is well known that the absence of the maximum principle
for equations involving the bi-Laplacian poses great challenges both on a conceptual and on a technical
level. Nevertheless we succeed here in proving a classification result for positive solutions of (1) which is
completely analogous to its second-order counterpart.

We will work throughout with classical solutions of (1), that is, u € C 4(R"\ {0}). Because of the
regularity theory in [Uhlenbeck and Viaclovsky 2000] (which extends that in [Chang et al. 1999] to n > 5)
this is not a restriction.

In the fundamental work [Lin 1998] it was shown that all solutions u# with a removable singularity at
the origin (so that (1) holds in all of R") are given by

A

= (n—4)/8
1—|—k2|x—xo|2> o =( = =20+ )T @

u(x)= cn<

for some A > 0 and x( € R". Solutions of the closely related equation A%u = |u|¥ @~y in R" are, in
particular, given by optimizers of the Sobolev inequality

(n—=4)/n
/(Au)zdx28n</ |u|2”/<"4>dx) .

Frank was partially supported through the National Science Foundation grant DMS-1363432 .
MSC2010: 34C25, 35B09, 35J30, 53A30.
Keywords: fourth-order equation, critical exponent, classification, periodic solutions.
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These optimizers were classified in [Lieb 1983] in an equivalent dual formulation and are again given
by constant multiples of the functions in (2). For a classification of positive solutions with removable
singularities of the four-dimensional analogue of (1) we refer to [Chang and Yang 1997; Lin 1998] and
for the higher-order case to [Wei and Xu 1999; Martinazzi 2009].

In this paper we will be concerned with solutions u of (1) with nonremovable singularities. It was also
shown by Lin [1998] that such solutions are necessarily radial. We pass to logarithmic coordinates (in
this context also known as Emden—Fowler coordinates) and write

u(x) = x|~ H2y(n |x)).

By a short computation we find that (1) for u is equivalent to the following ordinary differential equation
for v:

2 2
L . L Gl DT VS N

5 T 0 inR. 3)

Note that positive solutions u of (1) correspond to positive solutions v of (3) and so |3/ =Dy =
/(=4 For some of our results, however, we also need to consider not necessarily positive functions v,
and for such functions (3) is the relevant extension. We set

<n(n -~ 4))(”‘4)/4
ap = T .

Our first main result classifies all positive periodic solutions of (3) and describes their shape.

Theorem 1. (i) Let v e C*(R) be a solution of (3). Then infg |v| < ag, with equality if and only if v is a
nonzero constant.

(ii) Let a € (0, ag). Then there is a unique (up to translations) bounded solution v € C 4(R) of (3) with
minimal value a. This solution is periodic, has a unique local maximum and minimum per period
and is symmetric with respect to its local extrema.

To state our second main result, we denote by v, the unique solution to (3) obtained from Theorem 1
by requiring that v, (0) = ming v, = a. Also, denote by L, the minimal period of v,. For the constant
solution v,, = ap, we set Ly, = 0.

The following theorem provides a classification of positive solutions # of (1) with nonremovable
singularities in terms of a two-parameter family.

Theorem 2. Let u € C*(R” \ {0}) be a positive solution of (1) whose singularity at the origin is nonre-
movable. Then there are a € (0, ag] and L € [0, L,] such that

u(x) = x|~ 2y, (log x| + L),
where v, is the solution of (3) introduced after Theorem 1. Moreover, du/d|x| < 0 for all x € R" \ {0}.

This theorem answers an open question raised in [Guo et al. 2017a] and shows, in particular, that the
positivity of the scalar curvature in their conjecture is not necessary.
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It is easy to see that as ¢ — 0 one has L, — 0o and v, (t + L,/2) — c,(2cosht)~"=%/2 Undoing
the logarithmic change of variables we therefore recover the nonsingular solution (2) in the limit a — 0.

We believe that Theorems 1 and 2 will have several applications. Firstly, they should be a key step
in describing the asymptotic behavior near the origin of positive solutions u of A%y = u""+9/=% in a
punctured ball {0 < |x| < p}. This would be the fourth-order analogue of a celebrated result of Caffarelli,
Gidas and Spruck [Caffarelli et al. 1989]; see also [Korevaar et al. 1999]. Secondly, we believe that our
theorems will prove useful in the construction of constant Q-curvature metrics with isolated singularities
in the spirit of the classical works [Schoen 1988; Mazzeo and Pacard 1999] for the scalar curvature; see
[Baraket and Rebhi 2002; Guo et al. 2017b] for results in this direction in the fourth-order case. For an
introduction to the Q-curvature problem see, for instance, [Hang and Yang 2016].

We end this introduction by comparing the statements and proofs of Theorems 1 and 2 with their
second-order counterpart, which concerns positive solutions u# of

—Au =u"/0=Din R {0} 4

for n > 3. A famous result of Caffarelli, Gidas and Spruck [Caffarelli et al. 1989] says that if this equation
is valid on all of R", then

A 2 (n=2)/4
ux:c/— s c’:nn—2 " s
(x) n(lﬂzu_mz) L= (n(n—2)
for some A > 0 and xg € R". Moreover, they show that if u is a positive solution of (4) with a nonremovable
singularity, then u is radial. Using this information, Schoen [1989] observed that all solutions can be
classified by standard phase-plane analysis. Indeed, setting

u(x) = x|~ u(lnx))
one obtains
2
-+ @v — /=2 —_ o inR

and the positive solutions of this equation are given by the constant ((n — 2)/2)"~2/2_ by the homoclinic
solution ¢/, (2 cosh( + T))*~2/2 and by periodic solutions uniquely parametrized, up to translations, by
their minimal value in (0, ((n — 2)/ 2)"=2/2y  Moreover, these periodic solutions have a unique local
maximum and minimum per period and are symmetric with respect to their local extrema.

Thus, our Theorems 1 and 2 provide exactly the same conclusions as in the second-order case. Their
proofs, however, are considerably more difficult, because the phase “plane” in the fourth-order case is
four-dimensional. Moreover, solutions to fourth-order equations show, in general, a much richer and
typically more erratic behavior than solutions to second-order equations; see, e.g., the introduction of the
textbook [Peletier and Troy 2001] for examples. To emphasize the structure of our equation we abbreviate

n(n—4)+38 n*(n —4)? n+4
A:—’ =, p: s
2 16 n—4

(&)



1104 RUPERT L. FRANK AND TOBIAS KONIG

and
f@) =”"'v— By (6)
and rewrite (3) as
v — AV — f(v) =0 InR. (7)

Of fundamental importance for us is that the coefficients A and B in (3) satisfy the inequalities
A>0 and 4B < A% (8)

These inequalities guarantee that the characteristic equation £* — A£2+ B = 0 associated to the linearization
of (7) around the zero solution has four distinct, real solutions. The picture that has emerged from the
analysis of fourth-order equations is that under this structural assumption the solution set is better behaved
than that of general fourth-order equations and resembles in some sense the solution set of second-order
equations; see, e.g., [Peletier and Troy 2001; van den Berg 2000; Buffoni et al. 1996]. The reason is
that certain techniques are available which are reminiscent of the maximum principle. Technically, this
better, second-order-like behavior can be proved for bounded solutions of the equation and for such
solutions there are certain substitutes for two-dimensional phase-plane arguments (see, in particular,
Propositions 4 and 6). Parts of our analysis will rely on results of van den Berg [2000] for bounded
solutions, which in turn rely on results of Buffoni, Champneys and Toland [Buffoni et al. 1996]. Our
crucial new ingredient, however, which does not appear in these works, is that global solutions are
necessarily bounded (Lemma 11). We emphasize that boundedness is a nonlocal property and breaks the
local character of the ODE analysis.

Most of our results (except for the explicit expression of the homoclinic solution) hold, mutatis mutandis,
for any equation of the form (7) with f given by (6), where p > 1 is arbitrary and A and B are arbitrary
subject to (8).

2. Classification of global ODE solutions

In this section we will classify all solutions v of (7) which are defined on all of R. Positivity will not play
a role here.

We begin with some preliminary remarks, which we will use several times below. The function
v = f(v) in (6) has exactly three zeros, namely, at 0 and at =B/ ("~D = 44,. These correspond to
exactly three constant solutions. Moreover, if v(#) is a solution to (7), then so are the functions

e v(—t) (because (7) contains only even-order derivatives),
o —v(t) (because f is odd) and

e v(t+T) for any T € R (because (7) is autonomous).
We now state the main result of this section.
Proposition 3. Let v € C*(R) be a solution of (7). Then one of the following three alternatives holds:

(a) v=2BY@=D orv=0.
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(b) v(t) = ¢, (2cosh(t — T))~"=H/2 for some T € R with c, from (2).
(c) v is periodic, has a unique local maximum and minimum per period and is symmetric with respect to

its local extrema.

For the proof of this proposition we will need two results, taken from [van den Berg 2000], which
quantify the intuition that the set of bounded solutions to the fourth-order equation (7) behaves in some
respects similarly to the set of solutions of a second-order equation. As we pointed out in the introduction,
for this it is crucial that the relation 4B < A? is satisfied. The first result is that every bounded entire
solution v is uniquely determined by only two (instead of four) initial values.

Proposition 4 [van den Berg 2000, Theorem 1]. Let v, w € C*(R) be bounded solutions of (7) and
suppose that v(0) = w(0) and v'(0) = w’'(0). Then v = w.

Since this result is of crucial importance for us, we give a (slightly more direct) proof with our notation
in the Appendix. Proposition 4 has the following consequence.

Corollary 5. Let v € C*(R) be a bounded solution of (7):
(i) Suppose that v'(t)) = 0 for some ty € R. Then v is symmetric with respect to ty; i.e., forall t € R,

v(tg+1) =v(tg —1).

(i1) Suppose that v(ty) =0 for some tg € R. Then v is antisymmetric with respect to tp; i.e., for all t € R,
v(tg—1t) = —v(tg+1).

Proof. (1) Since (7) is autonomous, we may assume ty = 0. Moreover, if v is a solution, then so is

w(t) := v(—1t). Thus v(0) = w(0) and, by assumption, v'(0) = w’(0) = 0. Proposition 4 gives v = w.

(i1) Again, we may assume fy = 0. Moreover, if v solves (7), then so does w(t) := —v(—t). Since

v(0) = w(0) and v'(0) = w’(0), we conclude by Proposition 4 that v = w. O

In order to state the second result from [van den Berg 2000] that we need, we introduce

|v|p+1

1 2
— EBU

F(v):/0 f(s)ds = P

as well as the following quantity, also referred to as the energy:
Eo(1) = =" (V' (1) + 3 (0" (1) + 3AW'(0)* + F(v(1)).

Using (7) one easily finds that for every solution v of (7)
d :
350 =0

that is, the energy is conserved. We emphasize that this conservation is a local property and valid on the
maximal interval of existence and does not require any a priori boundedness assumptions like Proposition 4
and the following Proposition 6 and Lemma 7.

The second result says that, as in the second-order case, the energy is a parameter which orders bounded
solutions in the (v, v")-phase plane.
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Proposition 6 [van den Berg 2000, Theorem 2]. Let v, w € C*(R) be bounded solutions of (1) with
v(0) = w(0) and either v'(0) > w'(0) > 0 or v'(0) < w'(0) < 0. Then &, > &,

For the proof we refer to [van den Berg 2000]. The assumption there is satisfied since 4B < AZ%. (Note
that no a priori bound on the solutions is necessary for our f.)
Next, we state two lemmas concerning the asymptotic behavior of solutions at infinity.

Lemma 7 [van den Berg 2000, Lemma 4]. Let v € C 4(R) be a bounded solution of (7). If v is eventually
monotone for t — 00, then

lim v(¢) € {0, +BY®P=D}  gpd lim v® @) =0 fork=1,2,3.
=00 1—00
Similarly, if v is eventually monotone for t — —o0, then
lim v(t) € {0,£BYP~DYy  and lim v¥X () =0 fork=1,2,3.
t——00 t——00

The following lemma from [Guo et al. 2017a] shows that (7) does not have a solution which tends to
either plus or minus infinity at infinity; that is, solutions that blow up do so in finite time.

Lemma 8 [Guo et al. 2017a, Lemma 2.1]. Ler v € C*(R) be a solution of (7). If ay :=1lim;_ o v(t) €
R U {£o00} exists, then as. € R. Similarly, if a_ :=lim;_, _o, v(t) € RU {£00} exists, then a_ € R.

This lemma is proved in [Guo et al. 2017a] for positive solutions. An inspection of the proof shows,
however, that this positivity is not needed.

We now use the above results to show uniqueness, up to translations, of the positive homoclinic solution.
A similar result for p =2 appears in [Amick and Toland 1992] with a different proof.

Lemma 9. Let v, w € C*(R) be positive solutions of (7) with limy/| 00 V() = limy; |00 () = 0 and
V' (0) =w'(0)=0. Then v = w.

Proof. Let us first prove that 0 is the only zero of v" and w’. Indeed, if v’ had another zero at, say, 7y > 0,
then by repeated application of Corollary 5 (note that by assumption, v is bounded) we deduce that v
must be periodic of period 2. In particular 0 < v(0) = v(2kty) for all k € N, which contradicts the
assumption that v(¢) — 0 as t — oco. The argument for w is analogous. Hence we must have

V() <0 and w'(t) <0 forallt> 0. 9)
Next, by Lemma 7 and by energy conservation,
E=1lm @) =FO)=0 and &, = lim &,() = F(0)=0. (10)
[—00 —00

If v(0) = w(0), we are done by Proposition 4.

To complete the proof, let us suppose for contradiction that v(0) > w(0). We claim that this implies
v > w everywhere. Indeed, otherwise there is 7y > 0 such that v > w on [0, ) and v(fy) = w(#). Then
by (9) we infer that v'(fy) < w’(f9) < 0. If v/(fy) = w’(¢y), then Proposition 4 implies v = w, contradicting
v(0) > w(0). If v'(¢9) < w'(ty) < 0, then Proposition 6 implies &, > &,,, which contradicts (10). Hence
v > w everywhere.
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We can now derive the desired contradiction. For every R > 0, we have, using integration by parts and
the fact that v and w satisfy (7),

R
0=/ w® — AV — f(v))
—R

R R
:b(R)+/ v(w<4>—Aw”—f(w))+/ wo(w?P~! — P71
—R

—R
R
=b(R) +/ wo(wP~ ! — P,
-R
Here, b(R) contains all the boundary terms coming from the integrations by parts. By Lemma 7 we have
b(R) — 0 as R — oo. But since f_Rva(w”_1 — P71 is a negative and strictly decreasing function
of R, we obtain a contradiction by choosing R large enough. O

For the concrete values of A, B and p in (5) one can compute the homoclinic solution explicitly. We
emphasize that this is the only place in the proof of Proposition 3 where the precise form of A, B and p
enters.

Corollary 10. Suppose that v is a positive solution of (3) with limj;|— v(t) = 0. Then there is T € R
such that

v(t) = cu(2cosh(t — 7))~ " Y2 1 eR,
with ¢, from (2).

Proof. A straightforward calculation shows that w(t) = ¢, (2 cosh(#))~"=%/2 solves (3). From the
assumptions on v it follows that v has a global maximum at some 7 € R. Since v'(T") = 0, we can apply
Lemma 9 to deduce that v(- +7) = w. O

The following lemma is one of the key new results in this paper.
Lemma 11. Let v € C*(R) be a solution of (7). Then v is bounded.

Proof. By replacing v(¢) by v(—t), we only need to show that v is bounded on [0, o). We consider the
set Zy ={r>0:0'(t) =0}.

If Z; is bounded (in particular, if it is empty), then v is monotone for large ¢ and thus admits a limit a
as t — oo. By Lemma 8, a is finite and therefore v is bounded on [0, c0).

We now assume that Z. is unbounded. Since F(u) — oo as |u| — oo, there is an R > |v(0)| such
that F(u) > &, for all |u| > R. We claim that |[v| < R on [0, o) which, in particular, implies that v is
bounded on [0, 00). Indeed, by contradiction assume that Mz :={t > 0 : |v(¢)| > R} is nonempty and
define t* := inf M. Since |v(0)| < R, we must have t* > 0 and |v(t*)| = R. Replacing v(¢) by —v(¢)
if necessary (which does not change the set Z, ), we may assume that v(¢*) = R. Then also v'(t*) > 0.
Since Z is unbounded, the set Z, N [t*, 0o) is nonempty and we can set 7' := inf(Z, N [t*, 00)). Then
V(T)=0and v' > 0 on [¢*, T] by continuity of v". Thus v(T) > v(t*) = R, and we deduce that

E(T) = 20"(T)* + Fu(T)) = Fw(T)) > &,

a contradiction to energy conservation. O
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We are now ready to prove the main result of this section.

Proof of Proposition 3. Let v € C*(R) be a solution to (7) and set

Z:={teR:V()=0).
We distinguish several cases:

Suppose first that Z = &, so v is strictly monotone. We will show that this case cannot occur. Up to
replacing v(¢) by v(—t), we may assume that v is strictly increasing, and so both limits ay =1lim;_, + o, v (¢)
exist in RU {#o00}. By Lemma 8 both limits are finite. By Lemma 7, we are reduced to studying three
cases, each of which will lead to a contradiction via an energy argument.

If a_ = 0 and ay = B'/?~D, then using Lemma 7 we get lim,_, _o, £, (f) = F(0) = 0, while
limy_ 100 E(1) = F (BY(=1y <0, a contradiction to energy conservation. Analogously, a contradiction

is obtained if a_ = —BY(~D and a, =0.
It remains to consider the case a_ = —B'/*~Y and a; = B'/(?~D, Then as above, by Lemma 7,
Jim &ty = F(BY»~D)y <0. (11)
t|—00

On the other hand, by [van den Berg 2000, Corollary 6], the inequality
&) = 30" () + F(®) (12)

holds for all # € R. But now evaluating the energy at #y such that v(z) = 0 gives, together with (12),
that &, (t9) > %v/ '(to)> + F(0) > 0, in contradiction to (11) and energy conservation. Altogether, we have
shown that the case Z = & cannot occur.

If |Z] = 1, we may assume, up to a translation, that Z = {0}. Then v is strictly monotone on (—oo, 0)
and (0, 0o0), and so both limits a1+ = lim;_, 1 v(¢) exist in RU {£o0}. By Lemma 8 these limits are
finite, so v is bounded and, by Corollary 5, even. Therefore a; = a_. By Lemma 7, only three cases can
occur: ay =a_ =0or a; =a_ ==+BYP~D_1In the first case, monotonicity implies that either v > 0 or
v < 0, and we conclude that v(r) = ¢, (2 cosh(t))~"—4/2 by Corollary 10.

As for the other cases, let us assume without loss of generality that a, = a_ = B'/?~D (otherwise
replace v by —v). We derive a contradiction as follows. Since v is strictly monotone on [0, 00),
v(0) # BY?=D and from &,(0) = 3v"(0)> + F(v(0)) > F(B"/*~D) we infer that v(0) = —B/(~D
(since F attains its global minimal value only at +B!/(P=1D) Hence v changes sign; i.e., there is 1 € R
such that v(tp) = 0. By Corollary 5, v is antisymmetric with respect to fy. But this is a contradiction
to the fact that both a; and a_ are positive. Altogether we have thus shown that if |Z| = 1, then
v(t) = ¢, (2 cosh(r))~" /2,

Finally, let us consider the case where |Z| > 2. By continuity of v’, we see that unless v is constant (and
hence v==+BYP=Dorp= 0), the closed set Z cannot be dense; i.e., there are real numbers ¢ < d such that
V' (c)=v'(d)=0and v' #0on (¢, d). By Lemma 11, v is bounded and therefore we can use Corollary 5 as
in the first part of the proof of Lemma 9 to conclude that v must be periodic of period 2(d — ¢). Moreover,
since v is strictly monotone on (c, d), there is only one maximum and minimum per period interval, and
these are strict. The symmetry with respect to the extrema follows at once from Corollary 5. O
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We end this section with one more result that will be needed in the proof of Theorem 2.

Lemma 12. Let v € C*(R) be a positive solution of (3). Then

v/<\/%A—,/(%A)2—B v.

For our values of A and B we have

Via-Jay - =tu-a,

but the lemma is true for general A and B satisfying (8).

Proof. Because of (8) we can introduce the two positive numbers
2 2
A=1A—/(3A)" =B and pu=1iA+,/(3A) -B. (13)
Using A+ u = A and A = B we can write (3) in terms of the auxiliary function

d@t) =" (1) —rv(1)
as

9" — g =P (14)

According to Proposition 3, ¢ attains its maximum on R. Since v > 0, the maximum principle implies
that ¢ < 0.
The function w := v’/v satisfies

¢

w = —w?+ A+ —. (15)
v

According to Proposition 3 there is a zy € R with v'(zp) = 0, and therefore also w(zy) = 0. We shall show
now that M :={r > 1o : w(t) > +/A} is empty, which yields the claimed inequality.

Suppose by contradiction that M # @ and let #; := inf M. It is easy to see that #; > #y. Then certainly
w’ (1) > 0. On the other hand, since w(#;) = VA, (15) implies

(1)

<
v(f1)

where the inequality comes from ¢ < 0 and v > 0. This is a contradiction. O

w'(t) =

Ov

3. Proofs of the main results

3.1. Proof of Theorem 1. We begin with the proof of part (i) of Theorem 1. Let v € C*(R) be a solution
of (7). By Proposition 3, the only case where

i%f|v| < BY/»=D (16)

may fail to hold is when v is periodic. In this case, v possesses a local minimum at, say, ) € R. Note
that if v has a zero then (16) is automatically fulfilled, so we may assume that v has a fixed sign and,



1110 RUPERT L. FRANK AND TOBIAS KONIG

up to replacing v by —v, we may assume that v > 0. But by [Guo et al. 2017a, Lemma 2.6], either v is
constant (and hence v = BY/P~D) or v(1y) < BY/P~D 50 that (16) holds with strict inequality.

We turn now to proving part (ii) of Theorem 1. We proceed via a shooting argument. The value
a € (0, B'/(=D) will be considered to be fixed throughout the following argument.

For B > 0, we denote by vg the unique solution of (7) with the initial values

v(0)=a, V0)=0, v 0=, v"(0)=0, a7

and by Tg € (0, oo] its maximal forward time of existence. Also, let b := — minyeg, f(v).
Suppose that § > b/A =: By. Then we see from

v = Avj + f(vp) (18)

and (17) that vff) > ( initially. Thus, vg increases initially, and since the right-hand side of (18) is positive
initially, it is easy to see that it will stay positive on [0, Tg). Thus, vg‘) > 0 on [0, Tg), which implies that
vg and its first three derivatives all keep increasing on [0, Tg). Thus, if Tg = 00, then vg is unbounded.
On the other hand, if T < 00, then vg(t) — oo as t — Tg (since f is locally Lipschitz). To summarize,
vg increases monotonically on [0, Tg) and diverges to +o00 as t — Tg for B > By.

So we can restrict our search to 8 € [0, Bp]. However, for all 8 < By, we have the uniform energy
bound

v, (0) =187+ F(a) < 185 + F(a).

Since F(v) — 00 as v — 00, there is an R > 0 such that F'(v) > %,33 + F(a) for all v > R. This implies
that whenever B < By and vg(#)) > R, we must have v% (ty) # 0, for otherwise

Evy (10) = 3V (10)* + F (vp(t0)) = F(vp(to)) > 385 + F(a),

which contradicts the upper bound on &, (0) and energy conservation. In particular, a vg which enters the
interval (R, co) cannot leave it again, and hence is certainly not the periodic solution we are looking for.

On the other hand, if 8 = 0, we see from (18) that v(()4) (0) = f(a) <0, and hence vy(¢) and vg (1) are
strictly decreasing on some small interval ¢ € (0, o). Since f(v) < 0 for v € (0, a), we deduce from (18)
that v(()k)
must be ty such that vy(zy) < 0.

(t), k=1,2,3, stay strictly negative until vg(r) reaches a negative value. Hence, if 8 = 0, there

All of the previous considerations lead us to defining the shooting sets
S:={B=>0:v4(t) <O for some t € (0, Tp)},
T :={B>0:vg(t) > R for some ¢ € (0, Tg) and vg > 0 on [0, 7]}.
Clearly, S and T are open in [0, co) because of the continuous dependence of the solution on the initial
conditions. Moreover, S and T are disjoint because, as we observed above, once a solution vg enters
the interval (R, 00), it stays there. We also already argued above that 0 € S and (8, 00) C T’; i.e., both
SA#gand T # @.

Since our shooting parameter interval [0, co) is connected, we deduce that SU T # [0, oo). Hence
there must be f* > 0 and a corresponding solution v* := vg+ such that 0 < v* < R. In particular, v* is
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bounded. This and the fact that f is locally Lipschitz imply that T« = co. By even reflection, we obtain
a solution defined on all of R, which we still refer to as v*. Since 8* > 0, we know v* has a strict local
minimum in 0. By the classification of solutions from Proposition 3, v* must be periodic. Moreover, it
has a unique local maximum and minimum per period and is symmetric with respect to its extrema.
The uniqueness of v* up to translations follows from Proposition 4. O

3.2. Proof of Theorem 2. By [Lin 1998, Theorem 4.2], the positivity of # and the nonremovability
of the singularity in O imply that u is radially symmetric. Since the function v defined by u(x) =
|x|~®=9/2y(In |x|) satisfies (3), we are in a position to apply the classification result from Proposition 3
and we claim that v is either the constant B!/(?~1 = g or periodic. Indeed, the only case that remains to
be excluded is that v(r) = ¢, (2 cosh(r — T))~"~%/2_ But in this case, it is clear that v(r) ~ ¢,e!"=/2 as
t — —oo and hence the singularity of u would be removable, contradicting the assumptions. Thus, either
v is constant or periodic.

Let a := infv. Then, by the first part of Theorem 1, a € (0, ap], and a = ag if and only if v = ay.
Moreover, for a < ag the function v is periodic with minimal value a. Therefore, by the second part of
Theorem 1, v(¢) = v,(t + L) for some L € R.

Finally, a simple computation shows that the inequality du/d|x| < 0 is equivalent to v’ < %(n —4)v,
which follows from Lemma 12. 0

Appendix: Proof of Proposition 4

In this appendix, we give the proof of Proposition 4, following and simplifying [van den Berg 2000].
Let v and w be bounded solutions of (7) which satisfy v(0) = w(0) and v’(0) = w’(0). We can assume
without loss that v”(0) > w”(0) (otherwise exchange v and w). We may assume furthermore (up to
replacing v(¢z) and w(¢) by v(—r) and w(—1)) that v"/(0) > w"’(0).
Suppose, by contradiction, that v  w. Then by uniqueness of ODE solutions, v (0) # w® (0) for
k =2 or k = 3. In both cases, we deduce from our hypotheses on the initial conditions that

v(t) > w() on (0,0)

for some sufficiently small o > 0.
With the positive numbers A and p from (13) we define the auxiliary functions

¢ @) :=v"(t) —rv(r) and Y (1) :=w"() —rw().
Then by the hypotheses, we have
(@—v)0)=>0 and (¢ — ) (0)=>0. (19)
As in (14), equation (7) for v and w implies

=)' (t) — @ —¥)(@) = O ” v@) — lw®) P w) forallteR.
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Since v(¢) > w(t) on (0, o) and since the function u > |u|?~'u is strictly increasing on R, this implies

@ —¥)'() —pn@—¥)@)>0 forallre(0,0). (20)

The inequalities (19) and (20) and the fact that u > 0 easily imply (¢ — ¥)(¢) > 0 for ¢ € (0, 0), or
equivalently,
(v—w)"(t) >A(v—w)(t) >0 forallte(0,0). (21)

Since (v—w)’(0) > 0 by the hypotheses of the lemma and since A > 0, we see from (21) that (v—w)’(#) >0
for all € (0, o). Hence v — w is strictly increasing on (0, o) and since ¢ > 0 was arbitrary with the
property that v — w > 0 on (0, o), we infer that v — w remains strictly positive for all times.

Repeating the above arguments for the interval (0, co) instead of (0, o), we see from (21) that (v — w)’
is positive and strictly increasing on (0, oo). This of course contradicts the boundedness of v — w. This
proves that in fact we must have v = w, concluding the proof of Proposition 4.
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OPTIMAL MULTILINEAR RESTRICTION ESTIMATES
FOR A CLASS OF HYPERSURFACES WITH CURVATURE

IOAN BEJENARU

Bennett, Carbery and Tao (2006) considered the k-linear restriction estimate in R"*! and established
the near optimal L2/*—1 estimate under transversality assumptions only. In 2017, we showed that the
trilinear restriction estimate improves its range of exponents under some curvature assumptions. In this
paper we establish almost sharp multilinear estimates for a class of hypersurfaces with curvature for
4 < k < n. Together with previous results in the literature, this shows that curvature improves the range of
exponents in the multilinear restriction estimate at all levels of lower multilinearity, that is, when k < n.

1. Introduction

Forn> 1, let U C R” be an open, bounded and connected neighborhood of the origin and let X : U — R**!
be a smooth parametrization of an n-dimensional submanifold of R”*1 (hypersurface), which we denote
by S = X(U). To this parametrization of S we associate the operator £ defined by

Ef(x) = /U 56 f() de.

Given k smooth, compact hypersurfaces S; C R+l i =1,... k,where | <k <n+ 1, the k-linear
restriction estimate is the inequality
k k
[/ STT A2 (1-1)
i=1 Le@®HD) o

In a more compact format this estimate is abbreviated as
R*(2x-+x2— p).

The fundamental question regarding the above estimate is the value of the optimal p for which it holds
true. Given that the estimate R*(2 x - -- X 2 — 00) is trivial, the optimality is translated into the smallest p
for which the estimate holds true. Bennett, Carbery and Tao [Bennett et al. 2006] clarified the role of
transversality between the surfaces involved and established that, under a transversality condition between
S1,..., Sk, the optimal exponent is p = 2/(k — 1); the actual result in that paper is near-optimal, and
the optimal problem is currently open. The optimality can be easily revealed by taking the S; to be
transversal hyperplanes, in which case the estimate becomes the classical Loomis—Whitney inequality.

MSC2010: primary 42B15; secondary 42B25.
Keywords: multilinear restriction estimates, shape operator, wave packets.
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It is also known, in some cases (precisely when k& < 2), or expected, in most of the others, that
curvature assumptions on the surfaces involved improve the range of exponents in (1-1), except for the
case kK = n + 1. In [Bejenaru 2017c] we formalized the following conjecture.

Conjecture 1.1. Under appropriate transversality and curvature conditions on the surfaces Sj, the
estimate R*(2 x -++ X 2 — p) holds true forany p > p(k) =2(m+1+k)/(k(n +k —1)).

The case k = 1 has been understood for a very long time. Without any curvature assumptions, the
optimal exponent is p = oo; once the surface has some nonvanishing principal curvatures, the exponent
improves to p = 2(/ 4+ 2)/ [, where [ is the number of nonvanishing principal curvatures. The case of
nonzero Gaussian curvature, corresponding to / = #, is the classical result due to Tomas and Stein; see
[Stein 1993].

The case k = 2 without any curvature assumptions corresponds to the classical L? bilinear estimate,
where the optimal estimate has been established. Once curvature assumptions are allowed, the best
possible exponent in R*(2x2 — p)is p = (n + 3)/(n + 1) and it was conjectured in [Foschi and
Klainerman 2000]. The problem was intensely studied; see [Bourgain 1995; Wolff 2001; Tao 2001; 2003;
Tao and Vargas 2000a; Lee 2006; Lee and Vargas 2010; Bejenaru 2017b]. The problem is solved in the
regime p > (n+ 3)/(n + 1) for general hypersurfaces with curvature; the end-point p = (n+3)/(n + 1)
is solved only for cones; see [Tao 2001].

The case k =n+ 1 is fairly well understood. We note that in this case, additional curvature assumptions
have no effect on the optimality of p. It is conjectured that if the hypersurfaces S; C R”*! are transversal,
then (1-1) holds true for p > po = 2/n. If the S; are transversal hyperplanes, (1-1) is the classical
Loomis—Whitney inequality and its proof is elementary. Once the surfaces are allowed to have nonzero
principal curvatures, things become far more complicated and the problem has been the subject of
extensive research; see, e.g., [Bennett et al. 2006; Guth 2010]. Bennett, Carbery and Tao [Bennett et al.
2006] established a near-optimal version of (1-1), which is (1-1) with an additional R€ factor when the
estimate is made over balls of radius R in R”*1. The optimal result for (1-1), that is, without the €-loss,
is an open problem. In some cases one can use e-removal techniques to derive the result without the
e-loss for p > 2/n; see [Bourgain and Guth 2011] for the case of surfaces with nonvanishing Gaussian
curvature. The end-point for the multilinear Kakeya version of (1-1) (a slightly weaker statement than
(1-1)) was established by Guth [2010] using tools from algebraic topology.

In the remaining cases, 3 < k < n, the k-linear restriction theory has been addressed in [Bennett
et al. 2006] only under transversality assumptions and the authors established the near-optimal result for
p =2/(k—1). The exponent 2/(k — 1) is sharp for generic surfaces, but it is not the optimal exponent
once curvature assumptions are brought into the problem; indeed note that p(k) <2/(k —1).

In [Bejenaru 2017c] we looked at the trilinear estimate (corresponding to k& = 3) and proved the
Conjecture 1.1 in the regime p > p(3) for a particular class of surfaces: the double-conic ones. These
surfaces have the nice property that they have the exact “amount” of curvature to obtain the estimate with
the optimal exponent p(3), and no more, in the sense that they are “flat” in the unnecessary directions.

In this paper we provide the equivalent result for 4 < k < n for (k—1)-conical surfaces. We note that
passing from the case k = 3 to k > 4 requires not only additional technical ideas, but also conceptual ones.
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We describe bellow the class of hypersurfaces for which we prove the Conjecture 1.1. We start with
the definition of a foliation. A (k—1)-dimensional foliation of the (n-dimensional) hypersurface S is a
decomposition of S into a union of connected disjoint sets {Sy }oc 4, called the leaves of the foliation,
with the following property: every point in S has a neighborhood V' and a local system of coordinates
x:V C S — R" such that for each leaf S the coordinates of V' NS, are &, = constant, .. ., &, = constant.

We now formalize the conditions that we impose on our surfaces. As before, S;, i € {1,...,k}, are
hypersurfaces with smooth parametrizations ¥; : U; C R" — R"*1, where each U; is an open, bounded
and connected neighborhood of the origin (note that different U; may belong to different hyperplanes
identified with the same R"). In addition, we assume the following three hypotheses:

(i) (foliation) For each i € {1,..., k}, the hypersurface S; admits the foliation
Si = Sia-
o

where, for each «, the leaf S; 4 is a flat submanifold of dimension k — 1.

(ii) (the leaves are completely flat) If Sy, (¢, is the shape operator of S; at {; € S; with choice of
normal N;(§;), we assume that for every v € T, Sj o (the tangent plane at S; o at the point §; € S; o) the
following holds true:

SN v =0
(iii) (transversality and curvature) There exists v > 0 such that for any {; € S;, i € {1,...,k}, forany [ €
{1,....k} and for any orthonormal basis vg 1, ..., V41 € (Tg, SI’W)L C Tg, S the following holds true:
VOI(N1(§1). - -+ Nic(Ck)s SNy () Vic+15 - - - SN (&) Un1) Z V- (1-2)

In (1-2) vol is the standard volume form of n + 1 vectors in R**!; thus the condition quantifies the
linear independence of the vectors N1($1), ..., Ng(§k). SNy &) Vk+1+- - -+ SNy ) Vnt1-

The condition (ii) says that the S; o are, in some sense, completely flat components of the S; since,
besides being subsets of affine planes of dimension k — 1, the normal N ({) to S; is constant as we vary ¢
along S; o for fixed a.

The first thing to read in condition (iii) is the transversality condition between S, ..., S; due to
the transversality between any choice on normals. The condition (iii) also says that the submanifolds
transversal to the leaves carry the curvature assumptions, in the sense that their tangent space does not
contain any eigenvectors of the shape operator. In addition, for each i € {1, ..., k}, we are guaranteed to
have transversality between N1({1), ..., Nk (k) and Sy, (Tg, (Sl,a)J-).

In fact (iii) is equivalent to the apparently weaker condition:

(iii") There exists v > 0 such that for any ¢; € S;, i € {1,...,k}, forany [/ € {1,...,k} and for any unit
vector v € (T, Sl,w)L C T¢, S; the following holds true:

VOI(N1(81), ... N(8x). SnyepHv) = v. (1-3)

Obviously here vol stands for the (k+1)-dimensional volume of the parallelepiped determined by the
vectors Ni(§1), ..., Np(8x). Snye))v-
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At this point we can state the main result of this paper.
Theorem 1.2. Assume that S1, ..., Sy satisfy the conditions (1)—(iii) above. Given any p with

_2(n+k+1)

= - <
PR = k=) P =

the following holds true:

k
[/

i=1

k
<C(p) [ [ fil2,y forall fi € L*(Uy). (1-4)

i=1

Lp(RA+1)

To the best of our knowledge this result is the first instance when the k-linear restriction estimate, with
4 <k < n, is proved for the almost optimal exponent, that is, p > p(k). However, very recently Guth
[2016a] formulated a weaker version of Conjecture 1.1, which he proved in the case when the S; are
subsets of the paraboloid, and for the same range of parameters p(k) < p < co. The formulation of this
weaker version is technical and we skip it here. Guth [2016a] used this weaker version to improve the
range of the linear restriction theory. It is important to note that Guth employed polynomial partition
methods to prove his result. The arguments we use in this paper are very different; see the details below.

The result in Theorem 1.2 and the corresponding one in [Bejenaru 2017c] show that the Conjecture 1.1
holds true at least in some model cases. We hope that this result will lead the way towards a complete
resolution of the conjecture, which, in turn, should have important consequences. The multilinear theory
discussed above has had major impact in other problems. We mention a few such examples: In harmonic
analysis, the bilinear and (n+1)-linear restriction theory were used to improve results in the context
of the Schrodinger maximal function, see [Bourgain 2013; Lee 2003; Tao and Vargas 2000b; Du et al.
2017], the restriction conjecture, see [Tao 2003; Bourgain and Guth 2011; Guth 2016a; 2016b], and the
decoupling conjecture, see [Bourgain and Demeter 2015; Bourgain et al. 2016]. In partial differential
equations, the linear theory inspired the Strichartz estimates, see [Tao 2006], while the bilinear restriction
theory is used in the context of more sophisticated techniques, such as the profile decomposition, see
[Merle and Vega 1998], and concentration compactness methods, see [Kenig and Merle 2006].

Theorem 1.2 reveals the following geometric feature: the optimal k-linear restriction estimate discards
the effect of kK — 1 curvatures; indeed, each S; has precisely & — 1 vanishing principal curvatures, and
thus it relies only on n + 1 — k principal curvatures being nonzero, although the actual statement has to
be more rigorous. This geometric feature of the problem was conjectured by Bennett, Carbery and Tao
[Bennett et al. 2006].

We continue with an overview of the paper and highlight some of the elements used in the proof of
Theorem 1.2. The reader may look at the paper as split into two parts: Sections 2 through 4 and Sections 6
and 7, with Section 5 marking the transition between the two. In Sections 2 through 4 we adapt to our
current setup the standard arguments that are similar to our previous works in the bilinear and trilinear
setup, see [Bejenaru 2017b; 2017c]: overview of the geometry of the problem, wave packet theory, table
construction and the induction-on-scales argument. All these ideas originate from [Tao 2001].

The second part of the paper, Sections 6 and 7, contains the novel ideas in this paper and they play a
key role in establishing the improved estimate (4-4) in Section 4. We note that the equivalent results (to
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those in Sections 6 and 7 here) in the bilinear and trilinear theory are much simpler, given the structure of
the problem, and can be easily derived inside the body of the main argument. The results in Sections 6
and 7 hold in the context of general hypersurfaces; in particular they do not assume the foliation structure
or curvature properties used in Theorem 1.2. We also think that these results are new in the literature and
may be of independent interest.

The starting ideas originate in the prior work of the author on the multilinear restriction estimate in
[Bejenaru 2017a]. In that paper we proved that the k-linear restriction estimate

K
[/

i=1

k
<C@r T[Sl 2y (1-5)

L2/k=D(B(0.r)) Pl

improves under appropriate localizations of one of the factors f;. These localizations are precisely the
ones carried by the wave packets appearing in the decomposition of one of the factors &; f;, and one needs
to obtain an appropriate estimate for such superpositions of wave packets. This was an easy task in the
case of the trilinear estimate because the estimate is made in L! and the triangle inequality holds true. The
triangle inequality fails to hold true in the spaces L2/*~1) with k > 4; the way to deal with this aspect
is to further refine the techniques developed in [Bejenaru 2017a] and derive good “off-diagonal’-type
estimates, which in turn give the desired estimate with the correct localization gain; see Theorem 6.1. A
further localization to cubes is needed for technical reasons; see Corollary 6.2. This analysis is carried
out in Section 6.
In Section 7 we prove the estimate

k k
k
H €1 f1llL2(s(9)) 1_[ I€i fill L2(q) P Cle)rzre l_[ I /il L2qwyy- (1-6)
i=2 g i=1
Here ¢ are cubes of size r and the Zq2 /%=1 i5 taken over such cubes contained in a larger cube of size r2;

S(q) = S + ¢, where S is a surface with some “good” properties. This estimate has the character of a
k-linear restriction estimate, although it is more complex due to the factor ||€1 f1[L2¢s(q))- If S were a
point (that is, of dimension zero), then the above estimate is similar to the k-linear restriction estimate;
however, the surface we encounter has the maximal dimension that allows (1-6) to hold true. Another
interesting aspect is that the maximal dimension of S saturates the estimate (1-6) in the following sense:
while for £ <n 4+ 1 (1-5) improves under appropriate localizations of some f;, (1-6) does not, just as the
(n41)-linear restriction estimate does not improve under localizations.

We identified (1-6) as the necessary ingredient to closing the improved estimate (4-4) in Section 4. We
note that in the bilinear theory the result used is the one above with k¥ = 1 and that means that the term
]_[5;2 [€i fill 2(4) does not appear. In this case the estimate (1-6) corresponds to an energy estimate for
a free wave across hypersurfaces that are transversal to its directions of propagation; this is a classical
tool in PDE. In the trilinear theory the estimate (1-6) is used for k = 2; thus it is an /2-type estimate that
can be dealt with in a direct manner, by using wave packet decompositions for both free waves and some
analysis on their interaction. It is in the quadrilinear (or higher) case that the true character of (1-6) comes
to light. The analysis of the estimate (1-6) is carried out in Section 7.
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1A. Notation. We start by clarifying the role of various constants that appear in the argument. N is a
large integer that depends only on the dimension. C is a large constant that may change from line to
line, and may depend on N, but not on ¢ and Cjy introduced below. C is used in the definition of the
following relations: 4 < B, meaning 4 < CB, A < B, meaning 4 < C ~1B,and 4 ~ B, meaning
A < BAB X A. For a given number r > 0, by 4 = O(r) we mean that 4 & r. Cy is a constant that is
independent of any other constant and its role is to reduce the size of cubes in the inductive argument.
We could set Cy = 4 throughout the argument, but we keep it this way so that its role in the argument is
not lost. Finally, ¢ < 1 is a very small variable meant to make expressions < 1 and most estimates will
be stated to hold in a range of c.

We use the standard notation (&1, ..., &.....&) = (&1,... im0 8.

By powers of type R*T we mean R**€ for arbitrary € > 0. Practically they should be seen as R* "€
for arbitrary 0 < € < 1. The estimates where such powers occur will obviously depend on €.

By B(x, R) we denote the ball centered at x with radius R in the underlying space (most of the time
it will be R” or R"*1).

Let ng : R” — [0, +00) be a Schwartz function, normalized in L', that is, ||o].:1 = 1, and with
Fourier transform supported in the unit ball. Given some r > 0 we define 1, (x) = r "1 (r ' x) and note
that 7, is supported in B(0, ). We will abuse notation and use the same 7 for functions with the same
properties, but with a different base space, such as 1y : R*T1 — [0, +00).

A disk D C R"*! has the form

D = D(xp.tp:rp) ={(x.1p) e R""': |x —xp| <rp}
for some (xp,tp) € R**+1 and rp > 0. We define the associated smooth cut-off

—-N
. X=X
Xp(x,t) = (1 + Q) _
)
A cube O C R"*! of size R has the standard definition
0= {(x.0) e R"" || (x ~x0.1 ~10) 1= = R},

where cg = (x¢, fp) is the center of the cube. Given a constant « > 0 we define o Q to be the dilation
by o of Q around its center; that is, «Q = {(x,7) € R : |[(x —xg.1 —tg)[lj < -1 R}.

Given a cube ¢ C R"*! of size r we will use two functions that are highly concentrated in g. One
is built with the help of 1o (as mentioned earlier, we abuse notation here as we should be using the
corresponding 79 : R"*t1 — [0, +-00) with similar properties):

Xq(x) = no(x%c(q))-

This localization function has nice properties on the Fourier side. The other localization function is

-N
a0 = (14 |<=52)

for some large N. This localization has better properties on the physical side.
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We recall the standard estimate for superpositions of functions in L? for p <1

> fa

p
<> I fallfs. (1-7)

Lr o

as well as the estimate for sequences

lai - bill2rae— < Nlaill 2 16i ]l 2702 (1-8)
1 1

2. Geometry of the surfaces and consequences

We start this section by simplifying the setup. The surfaces are bounded, and therefore we can always
break them into smaller (and similar) pieces, as we do to accommodate the additional hypotheses described
below.

First note that we can assume each S; to be of graph type: there is a smooth map ¢; : U; C R" —> R
such that S = {X;(§) = (§,¢i(§)) : £ € U;}. Here the U; are open and connected with compact
closure. It is less important that the graphs are of type {,+1 = ¢; ({1, ..., {s) (We can also have =
(ST s TR ¢ n+1)), although we can accommodate this by a rotation of coordinates. Then each
flat leaf S; o corresponds to a flat leaf Uj 4, in the sense that X; (U; o) = S o; this is indeed the case
since projections onto hyperplanes along a vector transversal to S; take (k—1)-dimensional affine planes
to (k—1)-dimensional affine planes.

We can find a system of coordinates x; : R” — R” that parametrizes each leaf U; o into a new flat
leaf (7,-,0, characterized by &, = constant, ..., & = constant. Finally, we assume that each U; has small
enough diameter.

Next, we derive a key geometric consequence of our setup. Given a surface S; we define N; :=
{N;(&;) : ¢; € S;} to be the set of normals at S;. By dspan; we denote the following subset of the
classical span of N;:

dspan N; := {aNy + BNg : Ny, Ng € N, a, B € R}.

Note that dspan A; is the set of linear combinations of two vectors in Aj; it is not a linear subspace.
Given a set of indexes I C {1,2,...,k} we also define

dNT :={aNy +BNg: Ny €N;, NgeNj,i,jel,i#j, a pBeR}.
With this notation in place, we claim the following result.

Lemma 2.1. Assume S;, i = 1,...,k, satisfy the conditions (1)-(iii). Let I = {3, ..., k}. Then for any
N edspan N7, Ny € Ny and N € d N7y, the following holds true:

vol(N, Ny, N) Z |N|-|Na| - [N|. (2-1)

The above statement is symmetric as we can switch the particular role each S;, i =1, ..., k, plays in
the above estimate.
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Proof. The proof is similar to the one provided in [Bejenaru 2017c]. We write N = a Ny + BNg for
some Ny # Ng and consider y : [0, 79] — S, a smooth curve with the property that N (y(0)) = Ny and
Ni(y(to)) = Ng. We also assume that |'(t)| = 1 on [0, #o] and that 0 <z, < 1; this is possible because
we assumed U to be of small diameter. In addition, if a¢ is such that y(0) € S o,, we can assume that
¥'(0) € (T} (0)S1,40) - Then we have

o

N1y (t0)) = Ny (7 (0)) + [0 N1ty (5) ds

= N1(y(0)) + toSn, (v (o)) (0) + O(3).
We then continue with
N =aN1(y(0) + B(N1(¥(0) + toSn, (0¥ (0) + O(t5))
= (a + B)N1(y(0)) + BtoSn, vy V' (0) + BO(25).

The two vectors Ny (y(0)) and S, (o)) ¥’ (0) are transversal; thus | N | ~ |+ B|+ 10| B| SN, (v (0)) ¥ (0)]
(here we use that #y < 1), and also

VOI(N, N2, N) ~ vol((a + B)N1(7(0)) + BtoSn, (v 0y (0), N2, N)
2 [(@+B)N1(y(0)) + BtoSn, (v oy V' (0)| - IN| ~ [N |- |N],
where we have used the following consequence of (1-2):
vol (N1 (7 (0)). Swy v N2. N) Z I,
which holds true for any unit vector v € (T}, (0)S 1,0,0)l C Ty (0)S1 and any vector N e dNj. O

Using an argument similar to that above, one can easily establish the dispersive estimate

[Ni(§1) = Ni(§2)| ~ d(Siay - Sian) (2-2)

where S; o, . Si,«, are the leaves to which {1, {, belong, respectively. Here the distance between S; ¢,
and S; o, can be defined either by using geodesics inside the hypersurface S; (using the induced metric
from the ambient space R"T1) or, equivalently, by using the classical distance between sets in R”+1,

3. Free waves, wave packets and tables on cubes

In this section we collect some of the preparatory ingredients that are needed in the proof of our main
result. The setup described here originated in the work of Tao [2001] on the bilinear restriction estimate.
All of the results here have been discussed in our previous works; see [Bejenaru 2017b; 2017c]. We do
not repeat some of the proofs as they are similar to those found in these three mentioned papers.

3A. Rephrasing the problem in terms of free waves. We reformulate our problem in terms of free waves,
this being motivated by the use of wave packets in the proof of Theorem 1.2. Once the wave packet
decomposition is made and its properties are clear, the formalization of the problem as an evolution
equation can be forgotten.
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Assume we are given a surface .S with a graph-type parametrization ,+1 = ¢(§), where £ = ({1, ..., (n).
We rename the variable ¢, by t; thus the equation of S becomes 7 = ¢(£). We parametrize the physical
space by (x,?) € R" x R. We make the choice that 7 is the Fourier variable corresponding to z, while &
is the Fourier variable corresponding to x. In what follows we use the convention that f denotes the
Fourier transform of f with respect to the x-variable.

We define the free wave ¢ = £ f as

Bl =Ef(rn) = [ ICEHO) /) g,

Note that ¢ (0) = f and (;AS(é t) = e”‘p@)é(é, 0). We define the mass of a free wave by M (¢ (¢)) :=
le@ll iz and note that it is time-independent:

M$@) = lop@)2, = 6D = 16(0)12, = 602, = M ($(0)).

The proof of (1-4) relies on estimating ]—[f-czl &i fi on cubes on the physical side and seeing how this
behaves as the size of the cubes goes to infinity by using an inductive-type argument with respect to the
size of the cubes. Before we formalize this strategy, we note that at every stage of the inductive argument
we relocalize functions both on the physical and frequency spaces, and, as a consequence, we need to
quantify the new support on the frequency side. This will be done by using the margin of a function.

We assume we are given a reference set 1 inside which we want to keep all functions supported. If f
is supported in U C V' we define the margin of f relative to V' by

margin( /) := dist(supp( f), V).

In terms of free waves ¢ = £ f, the margin is defined by
margin($ (1)) := dist(supp ($(1)). V) = dist(supp( /). V).

where we have used that the Fourier support of qg(t) is time-independent and that qAb(O) = f. In other
words, the margin of a free wave is time-independent.

In practice, we work with k different types of free waves, ¢; =&; f;, i =1, ..., k. They are assumed to
be graphs with different phase functions ¢; and with potentially different ambient domains, that is, the U;
are subsets of different subspaces isomorphic to R” (for instance the U; can be subsets of the hyperplanes
& = 0). The above construction changes only by choosing 7 to be the coordinate in the direction normal
to the ambient hyperplane to which U; belongs, while & are the coordinates in the ambient hyperplane.
Obviously, the margin of each ¢; is then defined with respect to some V; in the same ambient hyperplane.
When choosing the reference sets V; we need to impose that the conditions (i)—(iii) hold true on X;(1;)
as well.

Next, we prepare the elements that are needed for the induction-on-scale argument. Given that the
estimate is trivial for p = oo, it suffices to focus on the result above in the cases p(k) < p <2/(k—1)
and this is what we will do. Note that the exponent 2/(k — 1) is precisely the one for which the k-linear
restriction theory is expected to hold true without any curvature assumptions.
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Definition 3.1. Let p(k) < p <2/(k —1). Given R > Cy we define 4,(R) to be the best constant for
which the estimate

k
< 4,(R) [ M@n)? (3-1)
LP(QR) i=1

k
[

i=1

holds true for all cubes Q g of size R and ¢; = &; f; obeying the margin requirement
margin (¢;) > M — R™%, i=1,..., k. (3-2)

The goal is to obtain a uniform estimate on 4, (R) with respect to R. In the absence of the margin
requirement above, A4,(R) would be an increasing function. However, since the argument needs to
tolerate the margin relaxation, we also define

Ap(R):= sup Ap(r)
1<r<R
and the new A p(R) is obviously increasing with respect to R.
Then (1-4), and, as a consequence, the main result of this paper, Theorem 1.2, follow from the next
result.

Proposition 3.2. Assume 0 < e < 1. If R > 220 gnd R~(/Dt « ¢ « 1, there exists C(e) such that
the following holds true:

= nth4 . ntk—1 1
Ap(R) < (14¢C)((1+¢C)P(4p(3R))” +(C(e)e O R" 2 : %—’z-n+k+1)+6)l)) L 33)
Deriving (1-4) from (3-3) is standard; see the corresponding argument in the trilinear case in [Bejenaru

2017c]. Thus we reduce the proof of Theorem 1.2 to proving (3-3).

3B. Tables on cubes. Let O C R"*! be a cube of radius R. Given j € N we split Q into 2"+ 1/ cubes
of size 27/ R and denote this family by Q;j(Q); thus we have Q = quQj(Q) g IfjeNand0<c¢ K1,
we define the (c, j)-interior 7€/ (Q) of Q by

1) = |J (-oyq. (3-4)
q€9;(Q)
Given j € N we define a table ® on Q to be a vector & = (CD(‘I))qEQ].(Q) and define its mass by
M@ = > M@©@9).
q€2;(Q)

We define the margin of a table as the minimum margin of its components:

margin(®) = min margin(®?).
q€9;(Q)

We recall from [Bejenaru 2017c] the following result, which originated in [Tao 2001]:
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Lemma 3.3. Assume 0 < p < oo, R> 1, 0 <c¢ < 1 and f is smooth. Given a cube Qg C R"*! of
size R, there exists a cube Q of size 2R contained in 4Q g such that

I/ lLror) = (L +cONSflLereicy- (3-5)

3C. Wave packets. In this section we formalize the wave packet construction for (k—1)-conical surfaces.
We assume that S is of (k—1)-conic type and has the graph-type parametrization ¥ : U — S, where
2(&) = (&, ¢(§)), with foliations U = | J, Us, S =y Sas Z(Us) = Sa.

For the foliation U = J,, Uy, we choose a system of coordinates x : U — U such that for each leaf Uy
the coordinates of Uy, are &, = constant, ..., £, = constant. Let U = n(l7 ), where 7 : R? — Rk +1 jg
the projection 7 (&1, ..., &) = (§k. . .., &n). Let £ be a maximal r~!-separated subset of U’ c Rr—k+1,
For each é € L, we have x_l(-,g) is a leaf; that is, x (-, §) = Uy for some «. In each such leaf we
pick £7 and define £ to be the set obtained this way. It is not important which &7 € x ! (-, é ) is chosen,
since from condition (ii) it follows that, for £ € U,, the normal N(X(§)) to S is constant as £ varies
inside the leaf Uy. We denote by U (1) the leaf Uy to which &7 belongs and by S(é7) = X (U (7)), the
corresponding leaf on S. We note that d(U(é1,), U(§T,)) ~ d (§ 15 52), which combined with (2-2) gives

IN(Z(Er,)) — N(E(Er))| ~ dU(Er,), Ur,)) ~ d(é1, ). (3-6)
Let L be the lattice L = ¢~ 2rZ". With x7 € L, £r € L, we define the tube
T =T(xr.ér) :={(x.0) eR" xR: |x —x7 + V()| < cr}

and denote by 7 the set of such tubes. One notices that 7 is the ¢ ~2r neighborhood of the line passing
through (x7, 0) in the direction N (X (é7)).
Associated to a tube T € T, we define the cut-off ¥7 on R"*! by

XT(X.1) = XD (er—1Vg(r) =2 (X)-
We are ready to state the main result of this section.

Lemma 3.4. Let Q be a cube of radius R > 1, let ¢ be such that R WYt « ¢ <landlet J €N
be such that r = 2=7 R ~ RY2. Let ¢ = Ef be a free wave with margin(¢) > 0. For each T € T
there is a free wave ¢ that is localized in a neighborhood of size C R™1/2 of the leaf S(ET) and obeys
margin(¢7) > margin( /) — CR™Y2. The map f — ¢t is linear and

$=> ¢r. (3-7)
TeT
If dist(T, Q) = 4R then
_ . _ 1
lprllLoo(oy < ¢~ dist(T, Q)N M(¢)2. (3-8)
The estimates
sup X7 (xq. 1) N 1oT 2y S rM(9) (3-9)

T 4€04(Q)
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and

ZM(quo,T¢T) =(1+cC)M(9), (3-10)

q0 T

hold true provided that the coefficients mgy, T = 0 satisfy

Y mgor=1 forallT€T. (3-11)
q0
This type of wave packet decomposition was introduced in [Tao 2001] in the context of a bilinear
restriction estimate for conical hypersurfaces (1-conical in our language). The strength of this result
lies in the use of the small parameter ¢ and the tight mass estimate (3-10). In the case ¢ & 1, the above
decomposition is the standard wave packet decomposition.
In the case of double-conical surfaces the analogous result was proved in [Bejenaru 2017c]. The
argument for Lemma 3.4 is entirely similar to the results just mentioned and we will not duplicate it here.
In the case ¢ &~ 1, we will use the following variation of (3-9). Fix N € N; then for each tube T € T,
there are coefficients ¢, 7 such that

(Sl

s _N
sup X7 (xg.1g)” 2 l¢7lL2(g) S72 - en(T). (3-12)

q9€Q4(Q)
with the property that

Y en(T)* 5 M(9). (3-13)

TeT
4. Table construction and the induction argument

This section contains the main argument for the proof of Theorem 1.2. In Proposition 4.1 we construct
tables on cubes, which is a way of reorganizing the information on one term, say ¢, at smaller scales
based on information from one of the other interacting terms, ¢;,i = 2,..., k. This type of argument is
inspired by the work on the conic surfaces of Tao [2001]. Based on this table construction, we will prove
the inductive bound claimed in Proposition 3.2.

Proposition 4.1. Ler Q be a cube of size R > 220, Assume ¢; = & fi, i = 1,...,k, have positive
margin. Then there is a table 1 = O (¢p1, P2, Q) with depth Cy such that the following properties hold

true:
o=y o (4-1)
4€0¢,(Q)
margin(®) > margin(¢) — CR_%, (4-2)
M(®) < (1 +cC)M@). (43)
and for any q',q" € Qc,(0), ¢’ # q”,
4 k n—k+1 k 1
H@iq Tl < ORI [ M), (4-4)
L2/6=D (1-0)q")

i=2

i=
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Remark 1. The above result is stated for scalars ¢y, ..., ¢, but it holds for vector versions as well.
Most important is that we can construct ®; = @, (¢, ©,, Q), where ©, is a vector-free wave and all its
scalar components satisfy similar properties to the ¢, above.

Remark 2. We note that ®; = O, (¢, ¢», Q) means that the table @ is constructed from ¢, which
is natural in light of (4-1), and ¢,. But it does not depend on ¢35, ..., ¢;. Obviously, we could have
constructed it from ¢, and ¢3 (or any other ¢y ), ending with a different object.

In the proof below we use the results in Sections 6 and 7 in a crucial way. The reason we provide those
results in later sections is that, at first reading, it is instructive to get the main points and the motivation
for the results in Sections 6 and 7 before the argument becomes too technical.

Proof. There are several scales involved in this argument. The large scale is the size R of the cube Q.
The coarse scale is 2~€0 R > R1/2, where this is the size of the smaller cubes in Qc,(0Q) and the subject
of the claims in the proposition. Then there is the fine scale r = 277/ R chosen such that » ~ R'/2. Notice
that » is the proper scale for wave packets corresponding to time scales R and also that their scale is
¢72r « 27C0 R, the last one being the scale of cubes in Qc,(0).

We use Lemma 3.4 with J = j to construct the wave packet decomposition for ¢;:

¢ = Z d1,1 -

T€Ti
For any go € Qc,(Q) and T € T; we define
Mgy, T, = ”XT1¢2”22(‘10)’
mr, == Z Mgy, T -
q0€Qc,(Q)
Based on this we define
Mg, T
q)(lfIO) ::Z 90 1¢1,T1- (4-5)
, "M

By combining the definitions above with the decomposition property (3-7), we obtain

pr= > o\,
q0€Qc,(Q)
thus justifying (4-1).

The margin estimate (4-2) follows from the margin estimate on tubes provided by Lemma 3.4. The
coefficients mgy, 1, satisfy (3-11); thus the estimate (4-3) follows from (3-10).
All that is left to prove is (4-4), which is equivalent to

k
(g0)
( .z, | f1e
q€9;(0) i=2
d(q,q0)ZcR

Note that the cubes ¢ are selected at the finer scale dictated by the size of cubes in Q;(Q). In the
definition of CIDEqO), see (4-5), we have the full family 77. In the above estimate, we estimate the output

k—1

%1 2 n—k+1 k
) ) <O ] Mg (4-6)

L2/tk=D)(g)

i=1
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inside ¢; thus, in light of (3-8), the terms ¢7, with T N g # & are the ones that really matter. Indeed, if
we split Cng‘)) as

T Mgy, T
(DEQO):: Z Mgy, Ty L L7 +Z Z ,,ZO 1¢1,T1’
Tingto T keN d(T,,q)~2kc=2r 11

we can use (1-7) to reduce the problem to estimating each term in the first sum above. Indeed, in light of
(3-9), the contributions of terms from the second sum come with additional decay 2—kN , which, for N
large enough, can be easily estimated. Thus it suffices to prove the estimate (4-6) with CID(lqO) replaced by
the first sum above.

For fixed g, it is a straightforward exercise to check that the Setup in Section 6 is satisfied: Simply let
J={T1 €T :T1Ng # @} and let 7, = &1, 1, f1,1,- Thus we can invoke (6-4) to obtain

k

k
Mg, T _n+l Mgy, T1 \ ~ ~
610 1 qo0,11
H( Ml )Tl L sc@r e B 0 g e [ el
Ting#z 11 i=2 IL**=D(q) T\ng#o 11 i=2
Since mgy, 1, <mr,,
/2
Mgy, Ty < _4q0.T1 .
m =12
T mrp,

from this we obtain
1

Mt I a2 \* )
Z %”(pl,ﬂ){q”LZS( Z # Z mqo,TXTl(xq,tq) .

m Xg, 1,
TiNg#2 T TiNg#o TIXTI( q q) Ti1Ng#o

D=

Next we claim the estimate

> Mot X1 (5q.1g) S I Xs@92135- (4-7)
T€Th

Using the definition of mg4, 7, we identify the function

Xs(q) = ( Z X(xq’fq)XTl)qu
TieT
which makes (4-7) hold true. Here the surface S(g) is the translation by c(g) of the neighborhood of
size r of the cone of normals at S, which we denote by CN'; := {aN1(¢): ¢ € S1, a € R}. It is important
to note that we do not consider the whole cone but only the part with cR <« < R. Note that ¥ g(4) has
the following decay property:

. afy 4 z) S@)\ "

Xs@(x, 1) <S¢ 4(1 L —

This is a consequence of the fact that the tubes T} passing thorough ¢ separate inside g and of the
separation between ¢ and ¢q, which is quantified by d(¢, ¢¢) = ¢R. Quantitatively speaking, given a
point in gq close to S(g), there are < ¢ tubes T passing through the point and g; this follows from the
dispersion estimate (3-6) and the geometry of the family of tubes 77.
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We define

1

A(q)=( 3 M) B@) = | a2z

Ty MTUAT (xg.1q)
k
C(@) = is@s2l. D@ =[] I%e®illL2-
i=3

To conclude the proof of (4-6), it suffices to show
51 ;
3 A(q)kz—lB(q)kz—laq)kle(q)kfl) <rEre [ M@0t

q€9;(Q) i=1
d(q,q0)ZcR

This will be a consequence of the two inequalities

1
2 1 1
( > A(q)zB(q)z) Sr2M(¢)?, (4-8)
q€Q;(Q)
d(q,90)ZcR
k=2 k

( q€9;(0)
d(q,q0)ZcR

coP @) 5 [T Mt 49)
i=2

The proof of (4-8) is similar to the one we used in the bilinear and trilinear theory; see [Bejenaru 2017b;
2017c¢]. By rearranging the sum, it suffices to show

~ 12 =12
DD 1617 Xq 2 192472 SrM(¢).

my, X, (xg,t
T, qNT 42 T]XT[( q q)

The inner sum is estimated as

Z ”¢2)~(q||iz < ||¢2)~(T1 ”iz

- < <1,
mr, X1, (Xq.1q) mr,

qNT 1 #2

and the outer one is estimated by

Y sup g Rgli2 Sr Y M(prr) S rM(y),
T1 9 Tl

which is obvious given the size of ¢ in the x{-direction is ~ r and the mass of ¢ 7, is constant across
slices in space with x; = constant.

In proving (4-9), we can take advantage of the fast decay of ), away from ¢ and of }g(,) away
from S(g), and at the cost of picking factors of type ¢~C, it suffices to show

k
e[ M@ (4-10)

i=2

k
H 1620225 T 1911220

<r
12/(1(72)
=3 q
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The lq2 /&=2) horm is computed over the set of ¢ € Q;(Q), the set of cubes of size r contained in the larger
cube of size r2. This estimate is the subject of Theorem 7.1 in Section 7. The statement of Theorem 7.1
requires S to have certain properties in relation to the other surfaces S», ..., Sg; see (P1), (P2) at the
beginning of Section 7. The fact that S satisfies these properties follows from Lemma 2.1. O

Proof of Proposition 3.2. This is entirely similar to the argument used in [Bejenaru 2017b; 2017c], see
the corresponding proofs there. O

We have finished the proof of our main result Theorem 1.2. Obviously we owe a justification for some
estimates used in the body of the proof of Proposition 4.1 and this what will be covered in the next two
sections of the paper.

5. The second part: the multilinear estimate revised

We have arrived at the middle point in this article. In the first half, Sections 1 through 4 we proved the
main result, Theorem 1.2. In the second part, and Sections 6 and 7, we provide some of the supporting
details used in the proof of Theorem 1.2. However we think that these are not just technical results, and
they may be of independent interest.

We point out a major difference between the hypotheses used in the two parts. For Theorem 1.2 we
assume the particular foliation structure and curvature condition described by conditions (i)—(iii). In the
second part, Sections 6 and 7, we provide results in a general setup which we describe below.

We are given k smooth hypersurfaces S; = 3;(U;) with smooth parametrizations X;. These should be
seen as new surfaces, different than the ones for which Theorem 1.2 states a result. The most important
difference is that the S;, i = 1,..., k, used here are generic; in other words they are not assumed to have
a foliation structure, nor curvature properties as the surfaces in our main result, Theorem 1.2.

We assume the transversality condition: there exists v > 0 such that

VOl(N1(81). ..., Ni(8k)) = v -1

for all choices ¢; € X;(U;). Here by vol(N1(&1), ..., Ni({x)) we mean the volume of the k-dimensional
parallelepiped spanned by the vectors N (¢1), ..., Nk ({r).
Each of these (parametrizations of) hypersurfaces generates the corresponding &; operator

Eif() = [ O pe) e

6. The multilinear estimate: localization and superposition

In this section we provide the proof of a localized version of the multilinear estimate. The motivation
comes from the argument in the previous section. The proofs build on the ideas introduced in [Bejenaru
2017a] and later refined in [Bejenaru 2017b].
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We work under the setup described in Section 5. Given unit vectors Ngy1,..., Ny4+1, we introduce
the following transversality condition: there exists v > 0 such that

|det(N1(C1)’ <o ’Nk(é‘k)ka-‘rl’ .. -’Nn+l)| ZV (6'1)

for all choices ¢; € X;(U;).
Assume X (supp f1) C B(H1, n), where B(Hq, i) is the neighborhood of size p of the k-dimensional
affine subspace #;. Assume that |N;({y) — y, N1(§1)| < p for all §; € Xy (supp f1), where my, :

Re+H H, is the projection onto ;. In addition assume that if N;, i =k +1,...,n+ 1, is a basis of
the normal space Hf‘ to Hy, then N1(¢y1), ..., Ng(Cx), Ng+1, - - ., Ny41 are transversal in the sense of
(6-1). Under these hypotheses we proved in [Bejenaru 2017b, Theorem 1.3] that
k I k
[/ <C@Eu = r [ 1fill2wy- (6-2)
L2/(k=D(B(0,r))

i=1 i=1

The multilinear estimate (6-2) is a statement about the product of some functions in L2/ =D g
is very natural to ask how this estimate behaves with respect to superpositions of one factor, that is,
replacing f1 by >, fi,«- If 2/(k —1) > 1, then the triangle inequality holds true in L2/®=1) and the
answer is simple: in a sublinear fashion. If 2/(k — 1) < 1, the triangle inequality fails in LZ2/*~1 and
the sublinearity cannot be argued in the same way. However,

k
& (Z fl,a) []&7
o i=2

< C(e)R¢
LZ/(k—l)(B(()’R))

k
[ ilew)
L% i=>

Zfl,a

k
<CEOR Y | fralez [T fill2wn
o i=2

and this indicates again sublinear behavior with respect to superpositions of one input. In the above the
set of indexes « is taken to be of finite cardinality (to avoid unnecessary distractions) and the key point is
that the estimate is independent of the cardinality of this set.

The main question is whether the sublinearity aspect of the estimate holds true for the refinement (6-2)
of the multilinear estimate. An a posteriori argument as above fails to give the optimal result when each
term f; o has good localization properties, but ) ", f1 o does not have such localization properties.

Setup. We are given J, a finite set, and open, bounded and connected sets Uy o C Hi o foralla € J,
where H; , are affine hyperplanes. For each o € J we assume the following: there are k-dimensional
hyperplanes #} , with the property that 1o = X1,0(Ur,a) C B(H] ,. 1), where B(H] ,. 1) is the
neighborhood of size u of H’l - The following property holds: [N({1) — T, N1(¢y)| < p for all
{1 € 1., Where T R+ ’}fla is the projection onto H’I’a. Let H1 o =~’H1,a N H/I’a be the
(k—1)-dimensional affine subspace H o C Hj q; We also assume that Uy o C B(Hj o, [4)-

We assume that S} , C S; = X;(U)) for all @ € J, and S satisfies the following global property:
there is an orthonormal set of vectors N;, i = k,...,n + 1, such that (6-1) is satisfied.

For each « € J, we assume that if N;, i =k +1,...,n+ 1, is a basis of the normal space ’;lf'a CHia
then N1({1),..., Ng(Cx), Ng+1,-- ., Nyt are transversal in the sense of (6-1).
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For each @ € J we define
Era )= [ O pig) e
Ui«

Without restricting the generality of the problem, we can assume that S; o are of graph type; that is,
Y1,2(E%) = (6% ¢1,4(5%)), where £ is the coordinate in H 4. In addition, for each &, we pick and fix
some 11 ,¢ € Uj 4.

The next result states how the multilinear estimate behaves with respect to superposition of localized
functions.

Theorem 6.1. We assume the Setup above. Let (1, R > 0 be such that R < u~'. Then for any € > 0, there
is C(€) such that the following holds true:

H (Xa: 51,af1,a) lﬁ[zgifi

L2/(k=1(B(0,R))

k
n+1—k
<C(u 7 R (Z 1/1.a ||L2(U1,a)) [T1/ilz2wy-
o =2
(6-3)
In Section 4 we used the following consequence of the above theorem.

Corollary 6.2. We assume the Setup above. Assume that i ~ r~ and q is a cube of size ~ r. Then for
any € > 0, there is C(€) such that the following holds true:

“ (;gl’afl,a) i:]ﬁ[zg,.f,.

We note that the apparent gain of a factor of r=%/2 in this corollary over the result in Theorem 6.1 has

to do with replacing || /i || L2(u;) by [ Xq&i fill L2-
The result of the corollary is not an immediate consequence of Theorem 6.1; but it follows easily from

k
_n+l - ~
< c@ (S lutrasialie) [ 17a6 il 6
o i=2

L2/(k=1)(g)

the arguments used in the proof of Theorem 6.1.
The plan is the following: we introduce some notation specific to this section and then we proceed
with the proof of the above two results.

6A. Notation. Assume H; C R"*! is a hyperplane passing through the origin. Let N; be its normal and
let mp, - R**T! — 7{, be the associated projection along the normal N;. We denote by F; : H; — H;
the Fourier transform and by F~ ! the inverse Fourier transform. We denote the variables in R"*! by
x = (x1,x’), where x; is the coordinate along N and x’ is the coordinate along . We denote by &’
the Fourier variable corresponding to x’. For f : Uy C H; — C, f € L*(Uy), the operator &; takes the
form

€11 (x) = / FOE R0 ED f(eh g (6-5)

U,
We define the differential operator Vi (D’/i) to be the operator with symbol Vg, (¢'). The following
commutator estimate holds true:

"\ N
(X/—X(/) —x1Vq (?—)) glf =&1(F ((x/—x(/))N]-"l_lf)) for all N e N. (6-6)
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This is a direct computation using (6-5) and it suffices to check it for N = 1. The role of (6-6) will be to
quantify localization properties of 7|~ 1 £ on hyperplanes with x; = constant.

We take H;, i =1,...,k, to be reference hyperplanes that are used in defining &; f;, i = 1,... k.
Their normals are denoted by N;, i =1, ..., k, respectively. Note that since Sy C Sy forall « € J, it
follows that Ny is transversal to all H; . We then pick unit vectors Ng 41, ..., Ny41 such that (6-1) is
satisfied.

We construct £:={z; Ni 4+ Zy4 1 Nya1: (21, ..., Zns1) € Z" 1} to be the oblique lattice in R" !
generated by the unit vectors Ny, ..., Nyy1. Ineach H;, i =2,...,k, we construct the induced lattice
L(H;i) = mn; (£); this is a lattice since the projection is taken along a direction of the original lattice L.

Given r > 0 we define C(r) to be the set of parallelepipeds of size r in R"*! relative to the lattice £; a
parallelepiped in C(r) has the form

q():=[r(j1 = %), r(r + 3] X [F(Unt1 = 3)s 7 (U1 + 3)]-

where j = (ji...., jnt1) € Z"F. For such a parallelepiped we define c(q) =7j = (rji,...."jus1) €EVL
to be its center. For each i =2,...,k, we let CH;(r) = mn,C(r) be the set of parallelepipeds of size r in
the hyperplane H;. Given two parallelepipeds ¢, g’ € C(r) or CH;(r) we define d(q, ¢’) to be the distance
between them when considered as subsets of the underlying space, which we take to be R* ™! or #;.

Foreachi € {2,...,k}, r >0, we define the linear operator 7; : H; — H; to be the operator that takes
L(H;) to the standard lattice Z" in H;. Then for each ¢ € CH;(r), define x4 : H; — R by

e =n(250)),

Notice that F; x4 has Fourier support in the ball of radius < r~1. By the Poisson summation formula and

> xg=1 (6-7)

qECH; (r)

properties of 7o,

Using the properties of x4, a direct exercise shows that for each N € N, the following holds true:

2.

qECH; (1)

2

<x —c(q)>N
— | Xq8
V L2

for any g € L?(H;). Here, the variable x is the argument of g and belongs to ;.

s ligle (6-8)

Next we turn our attention to similar objects corresponding to the more complex family indexed by
o € J. Given 7—[1 o C M1, asubspace of dimension k — 1, we let 7y : H1 o — Hl ,a be the orthogonal
projection onto 7-{,1 .a- We denote by (’H1 a)J- the normal subspace to ’H1 o N Hig.

We let 7y, , : R — H; 4 be the projection onto Hj o and 71 4 := Zg o7y, , : R"T1 — H 4 be the
projection onto 7?[1,0(. We define the lattices £(1,o) = Z" inside H; o and E(ﬁl,a) = 7%~ inside 7:21,0[
with respect to orthonormal basis in each case. They are constructed such that 7o (L(H1,¢)) = E(?ﬁ-vllja);
this holds true if the orthonormal basis in 7:21,0, is a subset of the orthonormal basis in H1 .
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Inside the subspace H; o we construct C () to be the set of cubes of size r centered at points from the
lattice r L(# o) and sides parallel to the directions of the lattice. Inside the subspace 7:21,0, we construct
C 1,2 (1) be the set of cubes of size r centered at points from the lattice r/J(’;T—Zlaa) with sides parallel to the
directions of the lattice. Therefore C 1,a(r) =7%Cy (). Then we define & o(r) to be the set of infinite
cubical strips s = ¢ X (’;ql,a)J- C H1,a, Where g € 51,0[(}"). We denote by c(s) :=c(q) C rﬁ(’f-zl,a) the
center of the strip. We note that given ¢y, g5 € Cy o (r), they belong to the same cubical strip in & 4(r)
if and only if g1 = Teq2. For g € Cy 4(r), we let 5(77oq) be the infinite cubical strip it belongs to as a
subset in & 4(r). Given a strip 5 € & o(r) we define x5 : Hi o — R

1) = Uo(w)

where, by abusing notation, 1 : RF-! S Ris entirely similar to the n¢ introduced in Section 6A, except
that it acts on R¥~! instead of R”. A key property of xs is that it is constant in directions from the
subspace (ﬂl,a)l.

One unpleasant feature of the above construction is that the lattice £ does not project exactly into
the lattices C(ﬁl,a) via 7 4; similarly Cy(r) does not project well into c 1,(r) via 71 o. This is an
inherent feature of the fact that there are too many subspaces ﬂl,a- As a consequence, given g € C(r), it
is not necessarily true that 71 4(g) € Cy .« (r); however 71 o(g) intersects a finite number of ¢’ € Cy al(r).
Abusing notation, we define

Sa@)= | @)
q'€Cy o (r)
q'NT1a(q)#2

the strip generated by the projection of ¢ onto 7:21,0[.

Recalling that £ :={z{ Ny + -+ Zy4 1 Npt1 : (21, . ... Zn1) € Z"F1}, we denote the coordinates of
a point in the lattice by (zy, ..., zy+1) and define
”g”lzof’zk—i-l _____ z”+11222 ..... Zk([:) = Supzl,zk+1,...,2n+1”g(zla',Zk-l-l’---,Zn—i-l)HlZZz _____ P

where - stands for the variables z,, . . ., z; with respect to which /? is computed.
With this notation in place we have the following result:

Lemma 6.3. Assume g, € l?f),zk+1,...,zn+1lzzz,...,zk(ﬁ) and g; € 1*(L(H;)), i = 2,....k. Then the
following holds true:
k k
z (T (z < oo i Y. 6-9
‘gl( )l-zl_ggl( n () 12/(=1)(£) &y I kg 2n+1l~”22-----2k(5)i=1—[2”nglz(L(H')) ©-9)

Proof. The function g; o my; is independent of the z;-variable; therefore it holds true that g; oy, €
2 12 0072

Z15Zk41s5+3Zn+41 225:-5Z2j—1 Zi Zi+1s+-3Zk and

lgi o7 n; 2 12012 = lgilliz(ce))s

2
lzl.zk+1 ..... Int1tzp.zig Zig1oeees Zf
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2 2 0072 : :
where then norms /7 . . 17 o P15 ..z are defined in the standard fashion. Then the
result is a direct consequence of the Holder inequality in its discrete version. O

6B. Proofs of the main results.

Proof of Theorem 6.1. The argument is based on an induction on scales. Given a 0 < § < 1, we break the
surfaces into smaller pieces of diameter < §. A result on the smaller scales is converted to a result at the
original scale at the cost of a large power of 6!, which is absorbed into C(¢). Thus, the focus will be on
providing a result in the context of surfaces with diameter less than §.

We run an induction with respect to the size of the cube where estimates are made. We show that
passing from an estimate on cubes of size R to an estimate on cubes of size ! R can be done by
accumulating constants that are independent of § and R. In implementing this approach, we use a
phase-space approach that alters the support of f] o, f2...., fr by a factor ~ R™1/2 where R > §72.
This is fine with f>, ..., fx but not with fj o, o € J, given that their support in some directions is ;< 6.
This will require extra care.

We work under the hypothesis that U; C B;(0;8), i = 2,...,k, where B;(0;§) is the ball in the
hyperplane #;. For a function f; : H; — C, its margin is defined as

margin’ ( f;) := dist(supp( f), Bi(0;28)), i=2,.... k, (6-10)

where supp is the support of f;.

We work under the hypothesis that Uy o C B’(0;6) x B”(0; ), where B’(0;4) is the ball in the
hyperplane 7:21,0, centered at the origin and of diameter § and B’(0; ) is the ball in the hyperplane
(’;’:21,0()L centered at the origin and of diameter j1. Accordingly, we split the coordinates in H o as
E% = (£, £"-%), where £/ ¢ is the coordinate in H; o and £”°% is the coordinate in (#; 4)*. Given a

function f :#H; 4 — R, its margin is defined by
margin"%*(f) := Ei/l;lf dist(suppgr.a (f(-.§" %)), B'(0;26)°), (6-11)

where suppg.« is the support of f in the £"*-variable. On the physical side we denote by x"%, x">¢ the
dual variables to £-%, £">%, respectively. We complete the system of coordinates to (§%, &%, &%) and
(x(lx’ X",
dual coordinate.

x> %), where £7 is the coordinate in the direction of Nj 4, the normal to H; o, and x{ is the

Our induction aims at quantifying the behavior of A(R) defined below.

Definition 6.4. Given R > §~2 we define A(R) to be the best constant for which the estimate

“ (Xa: |51,af1,oe|) ,E[zgifi

holds true for all parallelepipeds Q € C(R), with f; obeying the margin requirement

k
< AR [T/l (6-12)

L2/(k=D(Q) Pl

margini(ﬁ) ES—R_%, i=2,...,k, marginl’“(fl,a) 25—R_% foralla € J, (6-13)

and f 4 is supported in B(?A-Zl,a; w) CHiyg foralla e J.
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Note that in (6-12) we use absolute values. This indicates that we do not use any cancellation properties
between the components &} 4 f1 . However, using the stronger statement with the absolute values plays
a crucial role in carrying out the induction argument.

We start with the parallelepiped Q of size §~! R centered at the origin. To keep notation compact we
define

k k
H=[]é&fi G=]]IfillL2:

i=2 i=2

For each ¢ € C(R) N Q, the induction hypothesis is

H (Z €10 fia |) H < A(R) (Z ||f1,a||Lz(U1,a))G- (6-14)
o L2/tk=D(gq) o
We claim the following strengthening of (6-14):
H (Z |51,af1,a|) -H
o L2/k=1(q)
k —(2N-n3) N\ N 2 \ 4
d(mN.q.9') x—c(g) I AT
N A(R)H( > <T ) xS
i=2 “q’€CH;(R) L?
1
d(fa(g). s\ OV It —e\V P
-Z( > <IT ) XeFigfia| ). (615
L2

@ sYeB) o (R)

Similar improvements were provided in [Bejenaru 2017a]; in particular the improvement for the terms f;,
i =2,...,k, was established, as claimed above (it can also be derived along similar, but simpler, lines
as those in the arguments we provide below for the f; o terms). The improvement for f; , was also
provided in that paper in the case when there is only one function f] 4, that is, J contains one element
only. Here we provide an argument for general finite sets J and note that the cardinality of J does not
impact A(R).

Therefore, in justifying (6-15) we focus on the improvement for the fj 4 terms only. Giveng € C(R)NQ
and d € N, let
Ms@:0) )

A“(q,d)z{séGl,a(r):< R

We can modify the sets such that each strip s belongs to only one A% (g, d).
From (6-6) we obtain the identity

2. X

o s¥eA%(q,d)

o

D _
(X/’a —c(s%) = x{ Verapr (T))&,afl,a)(s“]:l,g,fm

=Y > I e — (M) X Fr g fral. (6-16)

o s¥eA%(q,d)
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where the differential operator Vo ¢4 (D% /i) has symbol Vea 1 (£%). We have the following sequence
of estimates:

oY Y —e(s™) = X Va1 (1.0 E1 0 FraXse Fra flal - H
@ s¥€A4%(q,d)

L2/(k=D(q)

=

YooY " —e(s®) — X Va1 (EN)E1aFraxs Fi o fral - H
o %€ A%(q,d)

L2/(k=1(q)
+ Hx‘lx(Vé/ag)l (M1,0) — vg/a‘Pl(Sa))gl,afl,a)(s“-rl_,ol[fl,a : HHLZ/(k—l)(q)-

We invoke (6-16) and continue with

Y e Fra =) xse Fr g fral - H

@ s¥eA4%(q,d)

L2/(k=1)(q)

+

Z Z x(lxgl,afl,a(vgfa(ﬂl(nl,a) - Vg’a‘/’l(sa)))(safl_,(ifl,a)
@ s¥e€A%(q,d)

L2/(k—1)

We apply the induction hypothesis, and use that inside Q we have |x¥| < 871 R for all a € J, to further
continue with

sA(R)(Z > ||(x”°‘—c(s“))xsaf;;fl,mz)G

@ s*€A%(q,d)

+A(R)8—1R(Z > ||(vgfa<p1(m,a>—VWI(&“))xsaf;;fl,aan)G

o €A% (q,d)

< A(R)(Z Y I =5 X Fi g frallre + R”Xs‘)‘]'—iol,fl,a”LZ)G

@ s¥€A%(q,d)
)o.
L2

< RA(R) (Z >
o s%eA%(q,d)
Note that it is in the above use of the induction estimate for &; o F1 o (X" % —c(s%)) x5 F. L Oll J1,« that we
need to tolerate the relaxed support of fj 4. The margin of f} o is >§— (87! R)~12=§_§1/2R=1/2 apnd
it is affected by the convolution Fy o ((x”* —¢(s%)) xs«) by a factor of at most C R~!, which is smaller
than %SI/ZR_I/z provided that 8 is small relative to C~!. Hence the new margin is > § — %SI/ZR_I/Z >

§ — R~1/2_ which is the required margin for using the induction hypothesis on cubes of size R.
We claim that for any s% € A%(q, d)

x % —c(s%) _
<T>Xs“]:1,ollfl,a

‘ <x —c(s%) —x?vs/,wl(m,a)> - <d(fn,a<q),s°‘)> y

R L@ R h
uniformly in «. This statement is invariant to rotations of coordinates, therefore we can assume that
Vea1(N1,) = 0 and moreover that x** = (x3,...,x) and X% = (Xg41....,Xn41). This way,

T1,a(x) =(0,x2,...,x%,0,...,0) and the statement is obvious.
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From the above we obtain that, for d large,

dRY " > |fraF1axs F o1l

@ s%eA%(q,d)

S D =6 = X Va1 (11.0)E1a FraXse o f1al-
o s%eA%(q,d)

Combining all the above estimates gives

R Z Z €10 F1axse Fy g f1al- H

o 5%eA%(q,d)

L2/tk=D)(g)

YD ) —e(8®) — xF Va1 (1.0)E1aFraXse Fr o fral - H

o s¥€A*(q,d)
)o.
L2

sram(Y ¥
From this we conclude with (after more iterations of the same argument)

L2/t (g)

<x/,a —C(ﬁa)

R >X5°‘-7:1 Sl

a sY€A4%(q,d)

Y Y reFraxse Figfial - H

® s%e€A%(q,d)

L2/k=D(q)

SdNAR)Y S )

o s¥€A%(q,d)

<x/’°‘—c(5“) N G

-1
R > Xﬁ"‘}—hafl,a L2

Note, that while the argument above assumed d is large, this last inequality holds for all d, since it is
trivial for d small. The summation over d is done in the usual manner:

2
k—1

L2/6=D(g)

2
k—1

|gl,a]:1X5‘)‘}—1_1fl,a|H

o s¥efa(q,d) L2/%=D(q)

2
k—1

3

Z Z |51,a]:1,ocX5“]:1_,015f1,a|H

o s¥eA%(q,d)

< (AR)FT Zd N2y ‘(Z 3

o s%cA4%(q,d)

L2/t=D(g)

x"% —c(s%) N _
T .

Using (1-8) together with the straightforward estimate

ld™~ 2||,2/(A n <L
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and we can continue the sequence of inequalities we started above

k—1
> e fialH
« L2/t g)
, (N—£) X% —(sY) N L = P
SARYFT A== 7 S <T> X Fr S| |G
@ seede(q,d) L2

xse Fi ' fia

d-N=%) Z

o ay\ N
sy (2 ()

2
k—1 2
) G k-1
2
ld

LZ

o sY€A4%(q,d)
2 d ﬁ ’5(1 —(2N—2k) xl,a —c 5a N _ 2 % % 2
< (A(R))FT (Z(Z<%> <+> X o Fi fi 2) ) GF=T,
L

o 5%

k—1

In passing to the last line we used that the cardinality of A*(q, d) is ~ (d) in order to bound the

Zsla € A% (g,4)"hOrm of the summand by the / Sza A% (q.d) of the same quantity.
We are done with the justification of (6-15) and continue with the final step in the induction on scales.

We define the functions g; : L(H;) > Rfori =2,...,k by

o dq(). N\ NI —e@\Y 1PV
= (3 (TR )
for j € L(H;),and g; : L — R by
dGra(@(i)). 5\ "CN 20 [ e g\ N 2 \2
MIESAIBEE () wer ] )

o s%

for j € L. Using (6-8), it is obvious that, provided N is large enough (in terms of # only), the following
holds true:

lgillizeey S W fillzs  i=2,... 0k

We also claim that

e, oS I fiale 6-17)
o

This is a consequence of the following geometrical observation: Say j = Z:’: 11 zi Ni, where z; € Z.

We fiX z1, Zk 41, ..., Zn+1 and note that as we vary zj, ..., zx, the 71 (¢(j)) are almost disjoint and,
most importantly, the strips they generate, s* (771 4q(j)) C &1 «(R), are almost disjoint for each o € J
(given a point in H; o there are finitely many j such that the point belongs to % (71 4¢(j))). This is
due to the fact that the projections 71 o onto the affine subspace 77[1,05 are taken along directions that
are transversal to N,, ..., Ny and the infinite sides of the strips are in directions that are transversal to
N, ..., Ni. Using this geometric observation, (6-17) follows from the equivalent of (6-8) for strips.



1140 IOAN BEJENARU

Then we apply (6-9) to conclude with

H (Z |51,af1,a|) -H

k
SAR [T 1/llz2-

i=1

L2/k=D(Q)
Thus we obtain
AIR) < CA(R)

for a constant C that is independent of § and R. Iterating this gives A(§~Vr) < CN A(r). Therefore
max, g[o, s—2] A Nry<cN max,.g[o,5-2] A(r) = CNC(8)un+1-k5)/2 s obtained from the uniform
pointwise bound

k
(X teratial) [Tei
o i=2

5 Z |51,af1,a|
Lo o

k
n+1—k . i
Sw (lefl,anm)]‘[nfinm, (6-18)
o i=2

which is integrated over arbitrary cubes of size < §72. Note that we have used the support properties of

k
1_[ 1€ fillLe
Lo j—>

J1,a to obtain the improved bound.
For R € [§~N,6N~1], the above implies

n+1—k n+1—k

ARy <CNCcu 2 <RCEu =z

provided that CV < §~N€_ Therefore choosing § = C —1/€ Jeads to the desired result. O

Proof of Corollary 6.2. Ineach H;, i = 1,...,k, y; € R, we define H; + y; N; to be the translation
of H; by y; N;. Also CH;(r) + y; N; is the corresponding translation of CH;(r) by y; N;.

Given any vector y € R"*! with |y; —ci(q)| <r,i=1,....k,and y; = ¢;j(q), k +1<i <n+1,
we claim

H (; |51,af1,a|)'H

L2/k=D)(g)

k —(2N—n?) N 2 L
n—k+1 d(”Nqu[/) x—c(q") - :
svcr U x (e ) waE
i=2 “q’eCH;(r)+yiN; L2(Hi+i Ni)
d(7t1a(@).0)\ "N O x =@ \N. P :
Z Z E— ——— ) XaFi )10 :
r ¥ L2(H; +y1N1)

@ “g’€Cyo(r)+y1 N1

It suffices to prove this estimate for y = 0, in which case it is very similar to (6-15). Except that, for the
J1,o terms we do not use strips, but cubes. This should be a reason for concern, as the use of strips was
necessary to keep the localization of the fj 4 at scale p intact throughout the induction process. However,
given that ;1 ~ r~!, the multiplication with Xgq alters the localization by a factor of 1~ . A similar
argument to the one used in the proof of (6-15) gives the above estimate.
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Next we average the above estimate over the values of (y1, ..., Vi) satisfying | y; —c;i(q)| < r (keeping
yi =c¢i(g), i =k + 1) to obtain

k
[Tes| sc@re™) st
= L(q)
= : drna.a)\ V| [ x=e@)\ ’ :
l_[ Z ; ; Xa'i fi
i=1 MWilSr s D+ N L2(Hi+yiNi)
1~
sC@rer= 7 [ Ixe&ifill 2
i=1
which finishes the proof. O

7. A new multilinear estimate

In this section we address (4-10), the last supporting detail in the proof of Proposition 4.1. As described in
Section 5, we are given k smooth hypersurfaces S; = ¥;(U;) with smooth parametrizations X; obeying
(5-1). These hypersurfaces can be thought of as living in the frequency space and generate the operators &;.
In addition we are given another smooth surface S of dimension #n — k + 1, which should be thought of
as living in the physical space, with the following properties:

(P1) S is uniformly transversal to N1(¢1), ..., Ni () for all choices ¢; € S;. There exists v > 0 such
that, for any {; € S;, i =1,...,k, for any y € S and for any orthonormal basis vg 1, ..., V41 of Ty,S,
the following holds true:

VOI(N1(81)s -+ Nk (Cr)s V15 - - s Ung1) Z 0

(P2) There exists v > 0 such that for any P;, P, € S, for any {; € Sy, for any {; € S;, {j € S},
2 <i < j =<k and for any o;, a; € R, the following holds true:

—_ [N
vol(P; P2, N1(¢1), V) > v| Py Py - [V7], (7-1)

where 7 = O(iN,'(é',') —O(ij (é'j)

As already mentioned in Section 5, in this section we make no curvature assumptions on S;. However,
we note that property (P2) follows from curvature properties similar to those used in Theorem 1.2; in
other words the curvature properties have been encoded in the structure of S'.

Given r > 0, we recall that C(r) is the set of unit cubes in R”*! with centers in the lattice rZ”+!. With
S as above and for each g € C(r), we define

S(q) =g+ SNB,r?).

Here S N B(0, r?) should be understood as follows: we cut the surface S at scale ~ r2, and whether this
is performed in a ball or cube, centered at the origin or somewhere else, is unimportant. The reason for
doing this comes from the use of wave packets and their scales.
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More generally, given a subset A C C(r), we define

Sy = S@.
qgeA

The main result of this section is the following theorem.

Theorem 7.1. Assume that S;, i = 1,...,k, and S are as above. Then for any € > 0, there is C(¢) such
that the following holds true:

k 2 k=1 k
k—1 2 k
( ) (||f:1 Fillzzesay [ 167 ||L2(q)) ) <c@rtr [l (2
qeC(r)NB(0,r2) i=2 i=1
The above result has a multilinear flavor to it. The factor #%/2 has to appear because we consider

the mass of &; f; in neighborhoods of size r of hypersurfaces across which we would have good energy
estimates; see the proof of the theorem for details. Otherwise (7-2) is similar to a multilinear restriction
estimate, see (6-2) (with i = 1), except that now, one of the objects £; f1 is measured in a more complex
fashion.

The complexity of this estimate does not stem from the fact that we collect energy from various spatial
regions; indeed if v; are arbitrary vectors, then an estimate of the type

k
K .
<srar [ il

2/G—1) ]
lq i=1

k
l_[ ||5ifl.'“L2(q+vl~)

i=1

is similar to the one with v; = 0, which in turn is similar to (6-2) (with u = 1).

The complexity has to do with the factor [|(|€1 /1| L2(w;) I L2 (g+v,) being replaced with ||E1 /1]l L2(4+-5)
that is, with collecting the energy of £; f1 not only across a cube ¢ + v, but across a thickened surface
g + S. It is the dimensionality of the surface S being n —k + 1 versus that of v; being 0 that changes the
character of the estimate. Another feature to point out is the following: the classical multilinear estimate
improves under certain localization properties of the support of the interacting functions (see the p-factor
in (6-2)); (7-2) does not improve under such localizations.

In [Bejenaru 2017b] we provided an energy estimate of the type

. 1
161 fill 25 < 72 A3 2. (7-3)

where S is a hypersurface (i.e., of codimension 1) that is transversal to the propagation directions of
&1 f1, that is, to any Ny () with §; € S;.

The starting point of the arguments in this section is a refinement of (7-3) in terms of wave packets.
We use the result of Lemma 3.4 with ¢ = 1 and R = 4r? to obtain the wave packet decomposition

Efi= ). ¢

T.€Th

We also recall the definition of ¢ (77) from (3-12) and their property (3-13).
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Lemma 7.2. There exists N € N such that for any q € C(r) centered inside B(0,r?), the following holds

true:
—-N %
(X <—d(T1’S(q))> (1) (-4)

r
T€T1

TS

1€ f1ll2(seqy <7

Proof. For every q € C(r) whose center lies inside B(0,r?), it is obvious that S(q) C B(0,4r?). We

write
”51 fl ”iZ(S(q)) < Z ||51 fl ”iz(q/)
q9'NS(q)#o
S D Y 8l =Y. D lenliag,
ag'NS(@)#o TieTi TheTi ¢'NS(@)#2

5 Z Z XT] (xq’s tq/)N;(Tl (xq’v tq’)_N ||¢T1 ”iZ(q/)
TieT1 ¢'NS(q)#2

-N
3 <M> rean(Th)?.

T\€Th
In justifying the last line we used the following two estimates: the obvious estimate

d(Ty, S(q)) >‘N

SUPPg/ns(g) e XT1 (Xq's g)" 5 < r

as well as

Z X1, (Xq7, [q/)_N||¢T1 ”22((1’) < VCZN(TI)Z- (7-5)
9'NS(@Q#2

We justify (7-5) as follows: From (3-12) we obtain

supp, X1 (g’ 1) N ¢, ”%;(q/) Srean(Th)?.
Then (7-5) follows from
Yo GtV S 1
9'NS(@#2

But, choosing N large enough, this is a direct consequence of the transversality between 77 and S(g). O
Proof of Theorem 7.1. As we already explained in the proof of Theorem 6.1, it suffices to establish the
result under the following assumption: given some 0 < § < 1, the diameter of U; is < 6.

The setup is also similar to the one in Section 6. We pick §? € X, let Nj = N;(¢ 19) be the normal

to X; and let H; be the transversal hyperplane passing through the origin with normal N; (¢ 19). Using a
smooth change of coordinates, we can assume that U; C ‘H; and that

& fi = / ei(x’E’-i-xz'fpi(é’))ﬁ(g/) dg', (7-6)
U;

where x = (x;j, x’), x; is the coordinate in the direction of N; and x’ are the coordinates in the directions
from H;. Since the diameter of U; is < 4§, it follows that |Vg; (x) — Vi (y)| < § for any x, y € U;. Using
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the normals N; we construct all entities described in Section 6A as well as the margin of a function
f :H; — C as defined in (6-10).

We complete the system of vectors by choosing Ng 1, ..., N1 such that (6-1) is satisfied. We then
construct the lattice £ :={z; Ny +++++ 2,4 1 Npt1 : (21, ..., Zns1) € Z"T1} and for a given r > 0 we let
C(r) be the set of parallelepipeds of size r in R" T relative to the lattice £. The lattice £ and the set of
parallelepipeds C(r) obtained this way are “oblique”. Thus this set is different than the one claimed in (7-2),
which is built on the standard orthonormal basis. However, passing from results in terms of an oblique lat-
tice to the ones in the standard basis is easy: it can be done by changing coordinates, or by direct estimates.

Our induction aims at quantifying the behavior of 4(R) defined below.

Definition 7.3. Given r < R <r? we define A(R) to be the best constant for which the estimate

k—1

k =i\
( > (||51f1||L2(S(q))l—[||5ifi||L2(q)) )
i=2

gec(INQ T SO .
sA(R>r’5(Z<“’—(Q”> czN(Toz) [T1Alw D
i=2

R
T1€Th

holds true for all parallelepipeds Q € C(R), and all f; € L?>(U;), i = 2,...,k, obeying the margin
requirement
; 1
margin’ (f;) > 8§ — R 2. (7-8)

Note that in the above definition f; € L2(U,) is a fixed element, unlike f5, ..., fx, which can vary.
The above estimate holds true for R = r with A(r) & 1; indeed, it follows from (7-4) and the obvious
estimate .
1€ fillL2(g) < 21 fill L2wy)-

Note also that we limit the range of the argument to R < 2. This is important so as to be able to use
the wave packet described above.

Next, we proceed with the induction step. We provide an estimate inside any cube Q € C(§~! R) based
on prior information on estimates inside cubes Q € C(R) N Q. Without restricting the generality of the
argument, we assume that @ is centered at the origin and recall that each Q € C(R) N @ has its center
in £. When such a Q is projected using 7y, onto #H; one obtains wy, Q € CH;. We let Q¢ be the cube
in C(R) centered at the origin.

We strengthen the induction hypothesis (7-7) to

k % k;l
( Z (||51f1||L2(S(q))l_[||5ifi||L2(q)) )
gec(rNQ =2
d(Ty, SO\~ 5
sam( 3 (") avay)
T.€Th
k d 0.0 —(N—-2n2) _ NN 2 %
TI( 2 (Qm@ @)@V gl ) o)
LZ

i=2 “Q’eCH;(R)
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The improvement for the terms &; f; with i > 2 is standard by now, see (6-15) and the references to
[Bejenaru 2017a]. Using (7-9) we conclude the argument using the discrete Loomis—Whitney inequality
in (6-9). Fori =2,...,n, we define the functions g; : L(H;) — R by

. Ny —(N—2n2) ’_ ’
gi(j):( 3 <d(Q(J),Q)> ‘<x c(Q)

2 \1 _
, - ) . jeL)
Q'€CH; (R) L2

N
> Yo Fi i

where we recall that Q(j) € CH;(R) is the cube centered at Rj .
From (6-8), it is easy to see that for N large enough (depending only on n), g; € [*(Z"), i =2,... .k,
with
Igillizcceyy < M fillzz-
Fori =1and j € £, we recall that Q(j) = Qo9 + Rj € C(R) is the cube centered at R j, and define

. -N 1
a)=( X (TP Cevan2)

R
T1€Th

We claim that g € lﬁ%kH ..... J'n+1lj22 ..... o (D), where D = {jeLl:|jlio <81} is the domain of

interest, together with the estimate

d(Ty, S(OH\ ™V 2
T T ( ) <M> czN(Tl)z) . (7-10)

J1dk g1 dn g 1 20 Tor 5—IR
1€T

We assume for a moment (7-10) to be true. Using (7-9), we invoke (6-9) and the above estimates on g;

to obtain

k T
( ) (||51f1||Lz<s<q»1'[||s,~f,~||Lz(q)) )
gec(r)nQ i=2

k—1

k 21\
:( > > (||51f1||L2(S(q))H||5ifi||L2(q)) )

QeC(R)NQ gec(r)nQ i=2
K d(T;. S\ N Pk
sA(R)rz(Z<’T> cZN(Tl)z) 1102w,
T eTh i=2

Thus we establish that
A(™IR) < A(R).

This implies (7-2) in a standard fashion, see for instance [Bejenaru 2017a], and concludes our proof.
We owe an argument for the claim (7-10). We fix ji, jk+1,.- -, jnt+1 With

max{| jil, k41l L]} <8670

Then (7-10) is a consequence of the following estimate:

.\ =N -1 N
> S (TR v s @ (TR a2
T.€Th

J2ssdk T1ETH
ljrl<8~!
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which in turn follows from

d(Ty, SQQUN\ ™ _ [d(T1, SE' o)\ ™™
Z R ~ 571R ’

(7-11)

j27"'7jk
ljr1=é~1

The estimate (7-11) is easily derived from the following claim: given any d € N, there are < d k=1 values
of j € D such that d(T7, S(Q(j))) <dR.

Thus, the last thing we need to do is to establish the claim above. Let ji, j» € D be such that
d(Ty,S(0Q(j1))),d(T1,S(Q(j2))) ~dR. Let L be the center line of 77; it has direction Ny = N({1)
for some ¢{; € S;. Using the fact that R > r, we conclude that there are points Py, P, € Ty, P eS (0(J1)),
ﬁz € S(Q(j,)) with the following properties:

e P;,Pe L.
. ﬁ1€S+RJ‘1, ﬁzGS-ﬁ-Rjz.
* d(P1, P),d(Py, Py) SdR.
From the vector identity
== = 7 — T=
PPy, =P P+ PP+ P, Py
and the above properties, we obtain
== —
|P1 Py — Py Py| SdR.

On the other hand, ﬁl =01+ Rji, ]52 = 0, + Rj, for some Q1, O, € S, and therefore

== —s . .
PP, —PiP,=0102+ R(j1—j2) +aN;

for some o« € R. Now we bring in the transversality considerations, see (7-1), to conclude that
__—9 . . . .
dR 210102+ R(j1—j2) +aNi| 2 R|j1 — j2l:

here we use the structure of the lattice £ to infer that j; — j» = «; N;({;) —aj N;({;) for some i, j €
{2,...,k} and some «;, oj € R.

Thus d > | j; — j2|, and, as a consequence, there are about d¥~! values of j with the property that
d(Ty,5(Q(j))) =dR. O
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