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ASYMPTOTIC EXPANSIONS OF FUNDAMENTAL SOLUTIONS
IN PARABOLIC HOMOGENIZATION

JUN GENG AND ZHONGWEI SHEN

For a family of second-order parabolic systems with rapidly oscillating and time-dependent periodic
coefficients, we investigate the asymptotic behavior of fundamental solutions and establish sharp estimates
for the remainders.

1. Introduction

In this paper we study the asymptotic behavior of fundamental solutions I, (x, ¢; y, s) for a family of
second-order parabolic operators d; + L. with rapidly oscillating and time-dependent periodic coefficients.

Specifically, we consider
L, =—div(A(x/e, t/e?)V) (1-1)

in R? x R, where ¢ > 0 and A(y,s) = (af‘jﬂ(y, s)) with 1 <i, j <d and 1 <, B8 <m. Throughout the
paper we will assume that the coefficient matrix A = A(y, s) is real, bounded measurable and satisfies
the ellipticity condition

Al <p™" and  plgl? <af (v, )EEL (1-2)

for any & = (§7) € R™*4 and a.e. (y, s) € R, where v > 0. We also assume that A is 1-periodic; i.e.,
A(y+z,s+1)=A(y,s) for(z,1) €7 andae. (y,s) € RIH. (1-3)

Under these assumptions it is known that as ¢ — 0, the operator d; + £, G-converges to a parabolic
operator d; + Ly with constant coefficients [Bensoussan et al. 1978].

In the scalar case m = 1, it follows from a celebrated theorem of John Nash [1958] that local solutions
of (9; + L¢)u, = 0 are Holder continuous. More precisely, if (3, + L)u, = 0 in Qz, = Q2 (X0, fo) for
some (xg, fo) € R¥*! and 0 < r < oo, where

0, (x0, to) = B(xo, 1) X (to — 1'%, to), (1-4)

then there exists some o € (0, 1), depending only on d and u, such that

1/2
|ug|2) : (1-5)
Q2r
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where C > 0 depends only on d and . In particular, C and o are independent of ¢ > 0. The periodicity
assumption (1-3) is not needed here. It follows that the fundamental solution [;(x, ¢; y, s) for d; + L,
exists and satisfies the Gaussian estimate

)
klx y|} 16

C
Te(x, 25y, )| < WCXP{— P

for any x, y € R? and —oo < s <t < 0o, where « > 0 depends only on x and C > 0 depends on d and
(also see [Aronson 1967; Fabes and Stroock 1986] for lower bounds).

If m > 2, the global Holder estimate (1-5) for 1 < r < co was established recently in [Geng and Shen
2015] for any o € (0, 1) under the assumptions that A is elliptic, periodic, and A € VMO, (see (2-4) for
the definition of VMO, ). We mention that the local Holder estimate for 0 < r < ¢ without the periodicity
condition was obtained earlier in [Byun 2007; Krylov 2007]. Consequently, by [Hofmann and Kim 2004;
Cho et al. 2008], the matrix of fundamental solutions I, (x, ¢; y, s) = (Ff”3 (x,t;y,8)),withl <a, 8 <m,
exists and satisfies the estimate (1-6), where ¥ > O depends only on u. The constant C > 0 in (1-6)
depends on d, m, pu and the function A*(r) in (2-5), but not on & > 0.

The primary purpose of this paper is to study the asymptotic behavior, as ¢ — 0, of [ (x, t; y, 5),
Vile(x,t;y,5), VyIe(x, t; y,5),and V, VI (x, t; y, 5). Our main results extend the analogous estimates
for elliptic operators — div(A(x/e)V) in [Avellaneda and Lin 1991; Kenig et al. 2014] to the parabolic
setting. As demonstrated in the elliptic case [Kenig and Shen 2011], the estimates in this paper open the
doors for the use of layer potentials in solving initial-boundary value problems for the parabolic operators
d; + L. with sharp estimates that are uniform in ¢ > 0.

Let I'g(x, ¢; ¥, s) denote the matrix of fundamental solutions for the homogenized operator 9, + Lo,
where £y = — div(AV) and A = (&;j.ﬂ ) is given by (2-7). Since A is constant and satisfies the ellipticity
condition (2-8), it is well known that ['g(x, ; y,s) = ['g(x — y,t —s; 0, 0) and for any x, y € R4 and
—00<s <t <00,

(1-7)

2
KX —
V) T .91 = Q}

5)@+MT2N) /2 eXp{_ f—s

for any M, N > 0, where x > 0 depends only on w, and C depends on d, m, M, N, and .
Our first result provides the sharp estimate for I, — I'g.

Theorem 1.1. Suppose that the coefficient matrix A satisfies conditions (1-2) and (1-3). If m > 2, we also
assume that A € VMO,. Then

o2
K|x yl} (1-8)

Ce
ITe(x, 25y, 8) =To(x, 13y, 5)[ < (1 — 5y eXp{— P

forany x,y € R and —o0o < s < t < 00, where k > 0 depends only on . The constant C depends on d,
m, ., and A* (if m > 2).

Let x(v,s)= (Xfﬁ(y, s)), where 1 < j <d and 1 <, B <m, denote the matrix of correctors for d; + L,
(see Section 2 for its definition). The next theorem gives an asymptotic expansion for V, I (x, ¢; y, s).
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Theorem 1.2. Suppose that the coefficient matrix A satisfies conditions (1-2) and (1-3). Also assume that
A is Holder continuous,

|AC, 1) =AY ) < Tlx =yl + 1 —s]"2)? (1-9)
forany (x,t), (y,s) € RIHL where T > 0 and 1 € (0, 1). Then
Vil (x, 13 y,8) = (1 + Vi (x /e, 1/e) ViTo(x, 15y, 9)]

)
M} (1-10)
t—s

8 p—
= (t_s)wlog@—l—b‘ 1|l—S|1/2)exp{_

forany x,y € R and —oo < s <t < 00, where k > 0 depends only on jv. The constant C depends on d,
m, i, and (A, t) in (1-9).

With the summation convention this means that for 1 <i <dand 1 <o, 8 <m

et arg’ ;" v
(x,t;y,5)— (x,t;y,8)— (x/e,t/e”) (x,t;y,5) (I-11)
3)6,' axi 3)6,' E)xj

is bounded by the right-hand side of (1-10). Let A(y,s) = @7 (y. 5)). where &* (v, 5) = al* (y. —s).
Let f‘s (x,t;y,8)= (F‘;‘ﬂ (x,1t;y,s)) denote the matrix of fundamental solutions for the operator o, + ZS,
where Zg =— div(/i(x/e, t/€2)V). Then

T (x,1;y,5) = TPy, —s; x, —1). (1-12)

Since A satisfies the same conditions as A, it follows from (1-10), (1-11) and (1-12) that

rfe orp” 0% 2,875
(x,f§y,5)— (x’t;yss)_ } (y/gs _S/8 )—(x7t;yss) (1_13)
dyi dyi dyi 9y,

is bounded by the right-hand side of (1-10), where x (y, s) = ( )Z]‘.xﬂ (y, s)) denotes the correctors for d; —1—28.
That is,

VTl (e, 5 y,8) = (T + VX (y/e, —s /e TG (x, 15y, 5)]

2
€ 1y 1/2 _klx =yl 3
S(t_s)(d+2)/210g(2+8 [t —s] )exp{ [ (1-14)
where I’/ denotes the transpose of the matrix I'.
We also obtain an asymptotic expansion for V.V, T (x, t; y, 5).
Theorem 1.3. Under the same assumptions on A as in Theorem 1.2, the estimate
) o .
gy, T2 (011 7.9))
3 5 2 3 _po 2
~ g Bk e (xfe D) g Gt 9 8 ek e v, =67
2
_ ce 1y s 2y expl P TIEL
< (5@ log(2+ &7 |t —s| )exp{ P— (1-15)
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holds for x, y € R and —o0o < s < t < 00, where k depends only on . The constant C depends on d, m,
uw, and (A, t) in (1-9).

Remark 1.4. The estimates (1-10), (1-14) and (1-15) are sharp, up to the logarithmic factor log(2 +
e~ !t —s|'/?), which is probably not necessary. It may be possible to remove the logarithmic factor by
using higher-order correctors in the proof. However, we will not pursue this idea in the present paper.

In the scale case m = 1, the estimate (1-8), without the exponential factor, is known under the conditions
that A is elliptic, periodic, symmetric, and time-independent; see [Jikov et al. 1994, p. 77]. This was
proved by using the Floquet—-Bloch decomposition of the fundamental solutions and by studying the
spectral properties of elliptic operators

—(V+ik) - A(V+ik)

in a periodic cell, where i = +/—1 and k € R%. Such an approach is not available when the coefficient
matrix A is time-dependent. To the best of authors’ knowledge, the Gaussian bound in Theorem 1.1 as well
as our estimates in Theorems 1.2 and 1.3 are new even in the case that m = 1 and A is time-independent.

As a corollary of Theorems 1.1 and 1.2, we establish an interesting result on equistabilization for
time-dependent coefficients; cf. [Jikov et al. 1994, p. 77].

Corollary 1.5. Assume that A satisfies the same conditions as in Theorem 1.1. Let f € L™ (R?) and u,
be the bounded solution of the Cauchy problem,

O+ Lus =0 in Rddx (0, 00), (1-16)
U, = f on R* x {t =0},
with e = 1 or 0. Then for any x € R? and t > 1,
Juy (x, 1) = uo(x, D] < Ct72| flloo. (1-17)
Furthermore, if A is Holder continuous,
B
o o af 8“0 —1
Vui(x, 1) = Vuy(x, 1) = V" (x, t)a—(x, N =Ct  1og2+ )| flleo (1-18)
i

J

forany x e R and t > 1.

We now describe some of the key ideas in the proof of Theorems 1.1, 1.2, and 1.3. As indicated earlier,
our main results extend the analogous results in [Avellaneda and Lin 1991; Kenig et al. 2014] for the
elliptic operators — div(A(x/e)V), where A = A(y) is elliptic and periodic. Our general approach is
inspired by [Kenig et al. 2014], which uses a two-scale expansion and relies on regularity estimates that
are uniform in ¢ > 0. Following [Geng and Shen 2017], we consider the two-scale expansion

we = e (x, 1) —ug(x, 1) —ex(x/e, t/€2)Se(Vuo) — 2p (x /e, 1 /€H)V S, (Vuy), (1-19)
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where x (y, s) and ¢ (y, s) are correctors and dual correctors respectively for d; + L. (see Section 2 for
their definitions). In (1-19) the operator S, is a parabolic smoothing operator at scale &. In comparison
with the elliptic case, an extra term is added in the right-hand side of (1-19). This modification allows us
to show that if (9; + L.)u, = (9; + Lo)ug, then

(0 + Leo)we = e div(Fy) (1-20)

for some function F,, which depends only on u#g. As a consequence, we may apply the uniform interior
L™ estimates established in [Geng and Shen 2015] to the function w,. To fully utilize the ideas above,
we will consider the functions

t
ug(x,t)zf /Fa(x,t;y,s)f(y,S)e_"’(”dyds,
—o00 JRE
(1-21)

t
wo(x, 1) = / / Fotx. 13y 8) f (v 5)e V) dy dis.
—0 Rd

where 1 is a Lipschitz function in R? and f € C5°(Qr (0, S0); R™). The main technical step in proving
Theorem 1.1 involves bounding the L* norm

le¥ (ue — uo)llz2o(0, (xo.10)) (1-22)

by 1 £l 22¢0, (yo.50))» Where 0 < & < r = cy/tg — so. We remark that the use of weighted inequalities with
weight e¥ to generate the exponential factor in the Gaussian bound is more or less well known. Our
approach may be regarded as a variation of the standard one found in [Hofmann and Kim 2004; Cho et al.
2008]; also see earlier work in [Fabes and Stroock 1986; Davies 1987a; Davies 1987b].

The proof of Theorem 1.2 uses the estimate in Theorem 1.1. The stronger assumption that A is
Holder continuous allows us to apply the uniform interior Lipschitz estimate obtained in [Geng and Shen
2015] to the function w, in (1-19). To see Theorem 1.3, one uses the fact that as a function of (x, 1),
Vy[e(x, 25y, s) is a solution of (3; + L¢)u, = 0, away from the pole (y, s).

We end this section with some notation that will be used throughout the paper. A function 7 = h(y, s)
in R4+ is said to be 1-periodic if & is periodic with respect to Z¢*!. We will use the notation

ff:L/f and h®(x,t) =h(x/e, t/e%)
E |E| JE

for € > 0, as well as the summation convention that the repeated indices are summed. Finally, we shall
use « to denote positive constants that depend only on w, and C constants that depend at most on d, m,
and the smoothness of A, but never on «.

2. Preliminaries

Let £, = —div(A®(x, 1)V), where A®(x, 1) = A(x /¢, t/€%). Assume that A(y, s) is 1-periodic in (y, )
and satisfies the ellipticity condition (1-2). For 1 < j <d and 1 < 8 < m, the corrector Xf = Xf (y,s) =
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( quﬂ (y. 5)) is defined as the weak solution of the cell problem

@+ L)) =—Li(P) inY,
B

x =1 (v.5) is 1-periodic in (y, s). 2-1)
B _
Jyxj =0,
where Y = [0, 1)4*], Pf (y)=yjef,and e = (0,...,1,...,0) with 1 in the B-th position. Note that
@ +L0G) +PH=0 iR (2-2)

By the rescaling property of 9; 4+ L., one obtains

@+ Lolex] (c/e.1/e) + P/ (0} =0 in R (2-3)
We say A € VMO, if
lim A*(r) =0, (2-4)
r—0
where
t
A*(ry= sup f f ][ |A(y,s) — A(z, s)|dzdyds. (2-5)
O<p<r Jt—p2JyeB(x,p)JzeB(x,p)
(x,1)eRI+!

Observe that if A(y, s) is continuous in the variable y, uniformly in (y, s), then A € VMO,..

Lemma 2.1. Assume that A(y, s) is 1-periodic in (y, s) and satisfies (1-2). If m > 2, we also assume
A € VMO, Then x € L®(Y: R™).

Proof. In the scalar case m = 1, this follows from (2-2) by Nash’s classical estimate. Moreover, the

12
<f Ifo|2> <cro! (2-6)
Qr(x,1) '

holds for any 0 < r < 1 and (x, t) € R?*!, where Q,(x, 1) = B(x,r)x(t—r%,1),and C >0and o € (0, 1)
depend on d and p. If m > 2 and A € VMO, the boundedness of Xf follows from the interior W!»
estimates for local solutions of (9; + £)(u) =div(f) [Byun 2007; Krylov 2007]. In this case the estimate
(2-6) holds for any o € (0, 1). O

estimate

LetA:(&;xjﬂ),wherelfi,jfd, 1 <a, B <m,and

~af af | ay 0 yp].
a;; _]é[aij +a;; e X ], 2-7
that is
A= ][ {A+AVy).
Y
It is known that the constant matrix A satisfies the ellipticity condition

plel® <affsre forany & = &) e R 2-8)
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and |&f}’3| < 1, where iy > 0 depends only on d, m and p [Bensoussan et al. 1978]. Define
Lo=—div(AV).

Then 0; + Ly is the homogenized operator for the family of parabolic operators 9, + L., & > 0.
To introduce the dual correctors, we consider the 1-periodic matrix-valued function

B=A+AVy —A. (2-9)

More precisely, B = B(y, s) = (bf}’s), where 1 <i,j<d, 1 <a, B <m,and

vB

ax.
of off J ~af
bij al] —{—alk _8yk —aij . (2—10)

Lemma 2.2. Let 1 < j <dand1 <o, B <m. Then there exist 1-periodic functions ¢klj (y,s) in RIF!
such that ¢ku e H\(Y),

bl = (¢k,,> and ¢l =~ @-11)

where 1 <k,i <d+1, baﬁ is defined by (2-10) for 1 <i <d, b(d-‘rl)J X] P, and we have used the
notation y 41 = s.

Proof. This lemma was proved in [Geng and Shen 2015]. We give a proof here for reader’s convenience.
By (2-1) and (2-7), b € L*(Y) and

/ bf}’g =0 (2-12)
Y

for 1 <i <d+ 1. It follows that there exist f.ofﬁ € H?(Y) such that

B _paB . md L
Ad—o—lf,(; Z in R4t 13
f[ ; 1s l-periodic in RI*!,

where Ay, denotes the Laplacian in R4+ Write

aﬁ_i{_ af _ 9 aﬁ} i{i aﬂ} 2-14
P = oy oy i T oy Ty Ly o 1 @19
where the index k is summed from 1 to d 4+ 1. Note that by (2-1),
d+1 abqﬁ d
aﬂ _ _
= oy Zay V-5’ =0 —
1= 1=
In view of (2-13) this implies
d+1 9
2ot
i v

is harmonic in R+, Since it is 1-periodic, it must be constant. Consequently, by (2-14), we obtain

aff 0 of
bij = a_yk(d)kl’j), (2'16)
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where 9
aﬂ of
! 2-1
bt =5 15— 55 i (2-17)
is 1-periodic and belongs to H!(Y). It is easy to see that (1),(:5 = —(1)55. U

The 1-periodic functions (¢,f£), given by Lemma 2.2, are called dual correctors for the family of
parabolic operators 9; + L, &€ > 0.

Lemma 2.3. Let ¢ = (¢,?£.) be the dual correctors, given by Lemma 2.2. Under the same assumptions
as in Lemma 2.1, one has ¢Zﬁ e L°(Y).

Proof. It follows from (2-6) that if (x,7) e R and 0 < r < 1,
/ 6P 12 < crit (2-18)
Or(x,1)
for some o € (0, 1). By covering the interval (¢ — r, ¢t) with intervals of length r2, we obtain

/ |bf‘l]ﬂ|2 S Crd—l+20’
By (x,1)

where B, (x,t) = B(x,r) x (¢t —r, t). Hence, by Holder’s inequality,

f 6| < crite.
By (x,1)

Thus, for any (x, t) € Y,

/ 6 0 ) dyd <cizfdf %% (y, 5)|dyds < C (2-19)
yds < (. s)ldyds < C. -
y (Ix =yl 4+t =59 o ly—x|+lt—s|~2=i 7

In view of (2-13), by using the fundamental solution for A;4 in RIHL we may show that

B
16 (y, 5)|
IV 2P Loy < CUIVys £2P 1 2ry + sUD f ! dyds,
vsJij ML) ysip BRI ey Jy =yl 1 —s)d

where V, ; denotes the gradient in R+, This, together with (2-19), shows that |V, f op | € L*(Y). By
(2-17) we obtain d)klj e L®(). O

Remark 2.4. Suppose A = A(y, s) is Holder continuous in (y, s). By (2-2) and the standard regularity
theory for d; + £, we have Vx (y, s) is Holder continuous in (y, s). It follows that b; ﬂ(y, s) is Holder
continuous in (y, s). In view of (2-13) and (2-17) one may deduce that V,, g¢kl ; is Holder continuous in
(y, s). This will be used in the proof of Theorems 1.2 and 1.3.

Theorem 2.5. Suppose that A satisfies the conditions (1-2) and (1-3). If m =2, we also assume A € VMO,.
Let ue be a weak solution of (0; + Le)ue = div(f) in Qar = Qo (X0, fo) for some 0 < r < 00, where
=7 eLl(Qa; R™*4Y for some p > d +2. Then

12 1/p
||us||Loo(Q,.>sc{(][(2 |ug|2> “(][Q Ifl”) } (2-20)

where C depends only ond, m, p, i, and A* in (2-5) (if m > 2).
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Proof. If m =1, this follows from the well-known Nash’s estimate. The periodicity is not needed. If m > 2,
(2-20) follows from the uniform interior Holder estimate in [Geng and Shen 2015, Theorem 1.1]. O

Under the assumptions on A in Theorem 2.5, the matrix of fundamental solutions for d; + £, in Ré+1
exists and satisfies the Gaussian estimate (1-6). This follows from the L> estimate (2-20) by a general
result in [Hofmann and Kim 2004]; also see [Auscher 1996; Cho et al. 2008].

Theorem 2.6. Suppose that A satisfies conditions (1-2) and (1-3). Also assume that A satisfies the Holder
condition (1-9). Let u. be a weak solution of (0; + L¢)us = F in Qo = Q2 (X0, to) for some 0 < r < 00,
where F € LP(Q»,; R™) for some p > d + 2. Then

1 172 1/p
Vugll<(o,) SC{—<][ Iuslz) +r(][ IFIP) } (2-21)
r Q2r Q2r

where C depends only on d, m, p, i, and (7, t) in (1-9).
Proof. This was proved in [Geng and Shen 2015, Theorem 1.2]. O
The Lipschitz estimate (2-21) allows us to bound V, T (x, 2, y,s), Ve (x,1; y,s) and V,V, T (x, 15 y, 5).

Theorem 2.7. Assume that A satisfies the same conditions as in Theorem 2.6. Then

c Klx =y

|VxFS(X,t;y’s)|+|V)'FS(X,t;y’S)|S ([—S)(d+])/2 exp - t—S ) (2_22)
. ¢ Klx = yl?

|VXV)’F£(X,t7 y’ S)| S (Z—S)(d+2)/2 exp{_ t—s (2_23)

forany x,y € R and —oo < s <t < 00, where k > 0 depends only on . The constant C depends on d,
m, i, and (A, t) in (1-9).

Proof. Fix xq, yo € R? and so < 9. Let uz(x, 1) = Te(x, £; Yo, 50). Then (3; + L:)ue = 0 in Qs (x0, f),
where r = /tg — so/8. The estimate for |V, T (xg, fo; Yo, so)| now follows from (2-21) and (1-6) (with a
different k). In view of (1-12) this also gives the estimate for |V, Is (xo, to; yo, so)|. Finally, to see (2-23),
welet v (x, 1) =V, (x, 15 Yo, s0). Then (3;+L,)ve =01n Q2 (xo, 1p). By applying (2-21) to v, and using
the estimate in (2-22) for VyI';(x, ¢; y, 5), we obtain the desired estimate for |V, Vy s (xo, fo; yo, so)|. U

3. A two-scale expansion

Suppose that
(0 + Le)ug = (3 + Lo)uo (3-1)

in Q x (Ty, T1), where  C R Let S, be a linear operator to be chosen later. Following [Geng and Shen
2017], we consider the two-scale expansion w, = (w®), where

o o o af 2 aug 2 ,af 2 9 8I/l€
wf () =uf (v ) —uf () —ex /e, 1 /eSS0 ) =20y (/e 1/eD) 5 =S (52 ). B
] 1

0x;

and X‘.xﬁ , ¢‘(xf +1)ij are the correctors and dual correctors introduced in the last section. The repeated indices
i, j in (3-2) are summed from 1 to d.
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Proposition 3.1. Let u, € L>(Ty, T1; H'(Q)) and ug € L*(Ty, Ti; H*(Q)). Let w, be defined by (3-2).
Assume (3-1) holds in Q x (Ty, T1). Then

(0 + Lo)we = e div(Fy) (3-3)

in Q x (To, T1), where F, = (F;) and

B
0 0
Foi(x, 1) =8_1(afljﬂ(x/s, 1/e%) — A“ﬂ)< MO _Sg(ﬂ)>
xj ax]‘

By (3”8/)
(x/s t/s )X (x/e, t/£ )—S

axk

B
0
an)

—a(x/e.1/6%) <¢ ) x /e r/s%—s dug
15} (d+1)ek X¢ 3 ax

B
+¢,k,(x/8 t/gz)_Se(ax )+8¢,(d+1)](x/8 t/e )8tSs(
J

« R du
—ealf (x/e.1 /sz)qsﬁ,ﬁl)gk(x Je.1/€%) S <—°> (3-4)

10Xg 0Xy
The repeated indices i, j, k, £ are summed from 1 to d.
Proof. This proposition was proved in [Geng and Shen 2017, Theorem 2.2]. O

We now introduce a parabolic smoothing operator. Let
O={(x, 0 eR™ xP+ 1] < 1).

Fix a nonnegative function 6 = 6 (x, ) € C§°(O) such that [ 0 = 1. Let 6p(x, 1) = e 79720 (x /¢, 1 /?).
Define

So (), 1) = f#0u(x, 1) = /R Syt =)0, ) dyds. (3-5)

Lemma 3.2. Let g = g(x, t) be a 1-periodic function in (x, t) and ¥ = ¥ (x) a bounded Lipschitz function
in R% Then

le? g°Se (Nl Lreny < C eV ligllLogy, lle? fllLoan) (3-6)
forany 1 < p < oo, where g°(x,t) = g(x/e, t/€?) and C depends only on d and p.

Proof. Using fRdﬂ 0. = 1 and Holder’s inequality, we obtain

1Se(e™ fH(x, n)|F < fR le™V ) £y, $)IP O(x — y, t —s)dyds.

It follows that

VDS eV £)(x, )P < / eV OV £y )P O (x —y, t —s)dyds
Rd+1

- e€P||V‘//||oo/d+] £ (0, 5)|P 0c(x — y, t —5)dyds,
R
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where we have used the facts that |V (x) — ¥ (V)| < |V¥lleolx —y] and O, (x — y, t —s) =0 if |[x — y| > &,
for the last step. Hence, by Fubini’s theorem,

/R 18°Cx, 1P le” Se(e™" ), 0P dx d

< eIV~ sup / g% (x, |70 (x — y. t —s)dx dt / | £ (y, )P dyds
Rd+1 Rd+1

(y,s)eR‘J“
S C eep||V1//||oo ”g ”i!’(Y) ||f||€p(Rd+l)v
where C depends only on d. This gives (3-6). O

Remark 3.3. Let © C R and (Tp, T1) C R. Define
Q, = {x e R? : dist(x, Q) < ). (3-7)

Observe that for (x, t) € Q2 x (Ty, T1), we have Sc(f)(x, 1) = S:(fn.)(x, t), where n, = n.(x, t) is the
characteristic function of 2, x (To — &2, Ty +&%). By applying (3-6) to the function f7,, one may deduce
that

T Ty +&?
/ / |€wgsS£(f)|pdxdt§Ceep“vwl‘”llgllip(y)/ / |e¢f|pdxdt, (3-8)
T JQ To—e2 J Q.
Using fRd+l |V6,|dx dt < Ce™!, the same argument as in the proof of Lemma 3.2 also shows that
T, T1+82
f f eV ° VS ()P dxdi < Ce PPV x| o)), ) / / le? f17 dx di (3-9)
To JQ To—e2 JQ,

for 1 < p < oo, where C depends only on d and p.

Lemma 3.4. Let S, be defined as in (3-5). Let 1 < p < oo and  be a bounded Lipschitz function in R%.
Then for Q@ C R? and (Ty, T)) C R,

T, T1+€2
/ / ¥ (So(V f) = V)P dx dit < CePe?IV¥ I f Y (V2 F 1410 fDIP dxdi,  (3-10)
To /Q To—e2 J Q;

where Q2. is given by (3-7) and C depends only on d and p.

Proof. Write
Se(Vx, 1) =V fx,1)=Ji(x, 1)+ Ja2(x, 1),
where
D= [ BTyt =) ==y dy s

hx, 1) = / (T3 = V(5 0) dy. ds.
R
To estimate J>, we observe that by Holder’s inequality and the fact fRdﬂ O.dyds =1,

(e, 1)) sf

O (¥, IVf(x =y, 1) =V f(x,0)|"dyds,
Rd+1
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and

1d
IVf(x =y, 1) =V fx,0)|= V 8—Vf(x—ry,t)df
0 T

1 1 1/p
sb4/|V%mv—WJﬂdrsw(f;Wﬂfu—r%anQ .
0

It follows by Fubini’s theorem that

T
//|ew<x>J2(x,t)|dedt
To /2

T] 1
5/ f/ /e”'”(x)eg(y,s)|y|p|vzf(x—ry,t)|pdrdydsa’xdt
To JQ JRI+1JQ
T\ 1
gef’eaf’”wf'w/ // /ef"/’<x—f>’)9€(y,s)|v2f(x—ry,t)v’ dtdydsdxdt
Ty JQ JRIHLJO

T
Sgpeapnvwoo/ I/ eV V2P dix dt.
To £

where we have used the facts that [y (x) — ¥ (x — 7y)| < |T||Y|IIV¥|leo and B¢ (v, s) =0 if |y| > €.
Finally, to estimate J;, we first use integration by parts to obtain

Ih@JﬂS/;JV@@JNU@—yJ—ﬂ—f@—yJﬂﬁﬂ&
R
By Holder’s inequality,
|J1(x, )]P < CSI”/M IVO:(y, ) f(x =y, t —s5)— flx —y, DI dyds,
R

where we have also used the fact fRd+1 |VO,|dyds < Ce~!. Using

1 1/p
fx—yot—s5)— flx—y.0)| < SB(AI&f@—yJ—I@Wda ,

1
fo %f(x—y,t—rs)dt

we see that by Fubini’s theorem,

T,
//|e¢<X>Jl(x,t)|dedt
Ty J Q2

T| 1
5081—"/ // fe”'p(x)WQg(y,s)||s|”|8,f(x—y,t—‘cs)|pdtdydsdxdt
To JQ JRITIJO
T, 1
5c81+1’e81’”v¢'oo/ // /ep'/’(x_Y)|V9€(y,s)||8,f(x—y,t—rs)|pdrdydsdxdt
Ty JQ JRIHLJO

T1+82
< Cspegl’|v‘/f||oo/ / |e¢8tf|p dx dt,
TO_ &

2
where we have used the facts that [ (x) — ¥ (x — y)| < V¥ lleol | and 6, (y, s) =0 if |y| > € or |s| > €.
This, together with the estimate for J,, completes the proof. O
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Theorem 3.5. Let F, = (Fg"fi) be given by (3-4) and 1 < p < oo. Then for any Q C RY and (T, T)) C R,

T Ti+&%
/ /Ie‘”F8|pdxdt§Ceep||v‘”|°°/ f {1e¥ V2ug|? + |e¥ 8;u0|P} dx dt, (3-11)
Ty JQ T Q2

0—e?
where Q2. is given by (3-7) and C depends only on d, m, p and .
Proof. Observe that

T
//|e¢FE|dedt
To /2
T

T
508—1’/ /|Vu0—58(w0)|l’el"/’dxdz+c/ /|X8|P|Sg(v2uo)|l’ewdxdz
To Q Ty JQ

T] T]
+c/ f 16° |18 (VZug)|PeP? dx dt+C8”/ / |6% 1P|V Se(d,u0)|P PV dx di
Ty JQ To Q

T

T
—|—C/ /|(V¢)€|”|S£(V2uo)|pe”‘”dxdt—i—Cs”/ /|¢€|p|VSg(V2uo)|pe’”’”dxa’t, (3-12)
Ty, JQ Ty /9

where C depends only on d and w. In (3-12) we have also used the observation that 9, S (Vi) =V S¢ (0;u0)
and VS, (Vug) = S:(Vuo).

We now proceed to bound each term in the right-hand side of (3-12), using Lemma 3.4 and Remark 3.3.
By Lemma 3.4, the first term in the right-hand side of (3-12) is bounded by

2

T\ +e
CeW'W”oo/ le¥ (1V2uo| + |d;uo))|” dx dt. (3-13)
TQ*E,‘2 QS
Using (3-8) we may bound the second, third, fifth terms in the right-hand side of (3-12) by
Ty +¢2
CePS"W'w/ / le¥ V2uo|P dx dt. (3-14)
To—e? J Q.

Finally, by (3-9), the fourth and sixth terms in the right-hand side of (3-12) are bounded by (3-13). U

4. Weighted estimates for d; + L

Recall that I'g(x, #; y, s) denotes the matrix of fundamental solutions for the homogenized operator
8, + Lo in R4t Let (/2 R? — R be a bounded Lipschitz function and

t
o, 1) = f / Lor 15 v, ) £ (s )e™¥ ) dy ds, 4-1)
—00 Rd

where f € C°(RIH!; R™). Then
(3 +Loyug=e"Vf in R (4-2)

The goal of this section is to prove the following.
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Theorem 4.1. Let ug be defined by (4-1). Suppose that f(x,t) =0 fort <sy. Then
t t
/ / le? (1V2uo| + |d,u0))|* dx dt < cem—so)lwnio/ | fI?dx dt (4-3)
so J R4 so J R4

for any sog <t < 00, where k > 0 depends only on  and C depends only on d and L.
We start with an estimate on a lower-order term.

Lemma 4.2. Let ug be defined by (4-1). Suppose that f(x,t) =0 fort < so. Then

t t
/ le¥ Vug|? dx di < C(t — 50)e1—0OIVY I / | f1>dx dt (4-4)

0 Rd S0 Rd

for any so <t < 00, where k1 > 0 depends only on u and C depends only on d and .

Proof. Tt follows from (1-7) that for x, y e R? and 7 > s,

UG C Klx =y
V) =¥ () . - - _ _ = Jt
e VLot 1539 = G exp{t//(x) Vo) -
C Klx — y|2
< (Z_S)TI)/ZeXP V¥ lloolx =yl — [
This, together with the inequality
t=)IVYIL, | klx—y

v -yl < , 4-5

IVYrlloolx — y| < P 20— (4-5)
yields

1
SV OVD|Y Ty (x, 12y, 5)| < Cet=DIVVIR/ @6 —rclx=y[2/2(t=5)) (4-6)

(1 —g)@+nj2®

It follows that

t
eV O Vug(x, 1) 5/ /d VOV o(x, 15y, )| f (v, 8)| dy ds
s0 J R

' 1 :
< Celt=0IVYI%/(20) / / e KB IQU=)| £y )| dy ds
= | o G—sy@nr |f (. s)ldy
(=) V¥ 1%/ (2x) va | ! =y P/ Q=) 2 v
< Cel'™% oo/ (EK) (1 g e KXYl /(lt=s ) |“dyds)
< (t—=s0) (L/Rd(t_s)(dﬂ)/z |f(y, )" dy )

where we have used Holder’s inequality for the last step. The estimate (4-4) now follows by Fubini’s
theorem. O

Proof of Theorem 4.1. In view of (4-2) we have

dug 9 _
o+ Lo = L (eV
(0r + O)axk axk(e )
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in RA+1 1t follows that

3Bul  ou® du
/ 3, Vo - (Vug)e®” dx—f afjﬂ—o.ﬂewdx:/ R oo 0,20 g,
Re R 0x;0x;j0x;  0xk Rd 0Xk Xk

Using integration by parts, we obtain

92u B 92y
14 Iwo|2e2‘”dx+/ e el R
2dt Jpa rd 7 0xj0xg  0x;0xk

dud 9ev 2uf  u eV
_/ [+ (Aug)e? dX—/ ewf“ﬂe—dx—/ gop 2% Mo 0 4
Rd Rd R

Oxy Oxg ¢ Y 0xjoxp  Oxp 0x;

By the ellipticity of Lo, this yields
Viual2e2V V250202V
2dt/ [Vug|“e dx—i—,u/ [Veug|“e”” dx
<c[ 11IVumle’ dv+C [ 1FRaxrCITUIE [ VuoPe dxrCI vl | | 19%0l1Vu0le™ dx,
R R R R
where C depends only on d and p. Using the Cauchy inequality, we may further deduce that

/|Vu0|2e2‘”dx+ f|v2u0|2e2'/’dx§cf |f|2dx+C||vw||§o/ |Vuo|>e? dx.
2d[ R4 Rd

We now integrate the inequality above in ¢ over the interval (sg, s1). This leads to

§1
1/ |Vu0(x,s1)|2e2‘ﬁdx+ﬂ// 1V2u0 22V dx dt
2 R4 2 so JRY

81 S1
§C// |f|2dxdr+C||vw||§O// |Vuo|?e* dx dt
so JRY so JR

< Ce 1m0V / ' |fI*dxdt, 4-7)
o Rd

where we have used (4-4) for the last inequality. Estimate (4-3) follows readily from (4-7). O
5. Proof of Theorem 1.1

We start with some weighted estimates.

Lemma 5.1. Suppose that

(& + Lo)we = e div(F,) in R? x (50, 00), 65.1)
we, =0 on R? x {t = sp}.
Let ¥ : R? — R be a bounded Lipschitz function. Then for any t > s
t
/ we (x, )22V @ dx < Ce2e =0 IVV I f / |Fe(x, 5)[%*V ™) dx ds, (5-2)
Rd so J R4

where k > 0 and C > 0 depends only on (L.
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Proof. Let
1(t) = / lwe (x, 1)|2e* ™ dx. (5-3)
Rd

Note that

I'(t) = 2/ (B, we, €Y w,) dx
R

d

2/ (Eg(wg),ez‘/’wg)dx+28f (div(Fy), e w,) dx
R‘] R‘l
/AEsz-V(eng)dx—%/

F. V(e w,)dx
Rd

d

=

-

where ( , ) denotes the pairing in H~1(R¢; R™) x H'(R¢; R™). It follows that

A*Vw, - (Vwg)e?V dx — 2/

A*Vw, - V(e w, dx
Rd

d

=

—2ef Fg-(ng)ezwdx—%/ F.-V(")w, dx,
R4 R4

I'(t) < —2u /R |Vwe|*e*V dx +f<||w||oo/W Ve | |we eV dx
+28/Rd V|| Fele* dx +4s||wnoo/Rd |we|| Fele*? dox,
where « > 0 depends only on u. By the Cauchy inequality this implies
I'(t) < ||V |12 1) +K82fRd |Fo(x, 1)?e?Y dx, (5-4)
where « > 0 depends only on . Hence,
i{l(t)e—x<r—so>||vwn§o} < nge—x<r—so>||w|?,o/ |Fo(x, 1)|2e? dx.
dt Rd
Since I (s9) = 0, it follows that
(1) < CeZ/t/Rd IV B (x, 5) 22 dx ds
S0

t
SCsZeK(t—soﬂVl/f“gc/‘/ |F8(x,s)|2621// dxds. U
so J R4

Lemma 5.2. Suppose that u, € L*((—oo, T); H' (R?)) and ug € L*((—o0, T); H*(R?)) forany T € R,
and that
@ + Lo)ue = (3, + Lo)ug  in RITL,
{us(x,t)zuo(x,t):0 fort <.
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Let w, be defined by (3-2), where the operator S is given by (3-5). Then for any t > s,

/ lwe (x, )2 dx
Rd

t+e?
§C82e2€|VW||oo+K(fSo)llvllflf,o/ f {IV2ug(x, )1* + |9suo(x, 5)*}e*© dx ds,  (5-5)
S0 Rd

where r is a bounded Lipschitz function in R, k depends only on ., and C depends only on d, m and .
Proof. This follows readily from Lemma 5.1 and Theorem 3.5 with p = 2. (|
The next theorem gives a weighted L estimate.

Theorem 5.3. Assume that A is 1-periodic and satisfies (1-2). If m > 2, we also assume that A € VMO,.
Suppose that (3; + Le)us = (3; + Lo)ug in B(xo, 3r) x (tg — 5r2, to + r?) for some (x¢, ty) € R and
& <r <oo. Then

12
lle¥ (e — o) || L(0, (vo.10)) < Ce> V¥l (7[ leV (ue — u0)|2)
0

2 (x0,20)
3riiVy |l so 2
+ Cere? WVl eV (1V 2] + 180D | oo (Bexg.3r)x (10— 51210 ++2))

+ Cee? VY116V Vg | Lo (a3 x (19—5r2. 104720 (5-6)
where V is a Lipschitz function in R? and C depends only on d, m, i and A* (if m > 2).

Proof. Let w, be defined by (3-2). Then (9; + L:)w, = e div(F;) in Oy, (x, tp), where F; is given by
(3-4). It follows by Theorem 2.5 that

1/2 1/p
lwell Lo (0, (xo,10)) = C{ (][ |ws|2) +er (f |Fs|p) } (5-7)
Q2 (x0,10) 02 (x0,10)

where p > d + 2. This leads to

12 1/p
lue — uoll Lo (0, (xo.10)) = C(f |Ms—u0|2) —i—Cer(][ |Fs|p>
Q2 (x0,10) Q2 (x0,%0)

+Ce||Se (Vo) | 105, (xo.10)) + C&* N Se (V2 10) | 105 (x0.10))

where we have used the boundedness of x and ¢ in Lemmas 2.1 and 2.3. Hence, using | (x) — ¢ (y)| <
2r|[V{ ||« for x, y € B(xg, 2r), we obtain

lle? (e — uo) |l (0, (xo.t0))

1/2 1/p
< Ce IV (][ |ew(u8_uo)|2) +C€re2r||vw|oo(f |ewF£|p)
Q2 (x0,10) Q2 (x0,10)

+ Cee® VeV S, (Vuo) | L (0sr (xou) + C2€ WV I=le¥ S, (V2u0) L (0 roton - (5-8)
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Finally, we use Theorem 3.5 to bound the second term in the right-hand side of (5-8). This yields
lle¥ (ue = u0) (0, (xo.100)
12 o+ 1/p
< eVl (f |e‘”(u£—u0)|2> +Cere VYl (f f {|eWV2u0|p+|ew8tuo|p}>
02, (x0,10) 10—5r% J B(xp,3r)

+ CEleHVl//Hoo ||eI// Se(Vuo) ”LOO(QZ;-(XOJO)) + C8262r||V1//Hoo ”ew Sa(Vzuo) ||L°°(er(xO,to))9

where p > d + 2 and we also used the assumption ¢ < r. Estimate (5-6) now follows. U

We are now in a position to give the proof of Theorem 1.1.

Proof of Theorem 1.1. We begin by fixing xo, yo € R¢*! and s < fo. We may assume that
e <r = (tg— s0)'/*/100.

For otherwise the desired estimate (1-8) follows directly from (1-6).
For f € C3°(Q,(yo, s0); R™), define

t
e, 1) = / / VO, (x, 13 v, 5) £ (v, ) dy ds,
—0 Rd

t
up(x,t) = / / eﬂl’()’)lﬂo(x, t;y,8)f(y,s)dyds,
—0 Rd

where ¥ is a bounded Lipschitz function in R? to be chosen later. Then
@ + LeJue = (3 + Loyug=¢"V f  in R

and u.(x,t) = up(x,t) =0if t < s9. Let w, be defined by (3-2). It follows from Lemma 5.2 and
Theorem 4.1 that

t+e?
/ |w, (x, [)|262W(x) dx < C82828|IVW|oo+K(t—So+82)||VW|c2,o/ |f|2 dx ds (5-9)
R4

) R4

for any t > sy.
Next, we use (5-6) to obtain

12
Ie"’wg|2>

Y lloo 2
+ Cere® WVl eV (v uol + 100Dl oo (B(xg,3r) x (tg—5r2, 194++2))

le¥ (e — 10) || L (0, o0y < Ce> V¥l <][
0

2r (X0,10)

+ Cee? VIV Vgl oo (B xg, 3¢ (19— 512, 10472))- (5-10)
Since supp(f) C Q,(yo, o), it follows from the estimate (1-7) for I'y(x, ¢; y, s) that

2
K|X0 —
IVZuo(x,t)l+|8zuo(x,t)|+r“|Vuo(x,t)|SCeXp{——| 0~ Yol }][ |fe V|dyds (5-11)
o — S0 0, (50.50)
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for any x € B(xg, 3r) and |t — #p| < 5r2, where k > 0 depends only on w. Thus, by (5-10), we obtain

le¥ (e — o) || L0, (xo.10))

1z iclxo — yol?
< Ce3 V¥l <][ |61//wg|2) +8reC(|x0—y0|+r)||V1ﬂHoo exp{— }][ | fldyds
Qo (x0,70) Io — S0 O (¥0,50)

2 12
. . ) ) K|X0 —
< Cere V¥l {eUZIIV‘/flgo + o=l Vil exp{_MH . (f |f|2> , (5-12)
1o — 50 0 (y0,50)

where we have used (5-9) for the last step. By duality this implies
1/2
(][ eV OV ONTe(x, 11y, 5) = To(x, 13y, )P dy ds)
0 (¥0,50)

2
< Cer—d=1ecr1VV {ecrﬂkuio 4 e€lo=yoll V¥ lloo exp{_’dfo — Yol }} (5-13)
0—50

for any (x, t) € Q,(xo, to)-
To deduce the L*° bound for
VOV (x, 11y, 5) —To(x, 13y, 5))

from its L? bound in (5-13), we apply Theorem 5.3 (with ¥ replaced by —y and A replaced by
A= A(y,s) = A*(y, —s)) to the functions

ve(y, s) = Te(xo, f0; ¥y, —s) and  wvo(y, s) = Toxo, to; ¥, —5).

Note that (9, + Zs)ve = (o +Zo)vo =01n B(yg, 3r) x (—s9 — 5r2, —so+r?). Since A satisfies the same
conditions as A, we obtain

eV @)=V 00 (y (v, —s0) — vo(y0, —50))]

172
< Ce3r||V1//Hoo (][ |e¢(xo)—¢(y)(v8 _ v0)|2 dy ds)
O (y0,—50)

2
+ Cer—d=1erIV ¥l o= ) g} K10 = Yol
fo — So
12
= eIVl ( ][ e EOTVONT, (xo, 103 ¥, 8) = To(xo, to; . )| dy ds)
0 (yo,s0+r")

2
4 Cer—d=1 IV low ¥ G0~ (0) exp{ _#<lxo = Yol }
fo — So

2
< Cer—d=1eer 1YVl {ecrznvwf,o 1 etho=y0lIVY s exp{_""t‘o;yo' }} (5-14)
0—50

where we have used (5-13) for the last inequality.
Finally, as in [Hofmann and Kim 2004; Cho et al. 2008], we let ¥ (y) = y¥o(|y — yol|), where y >0 is
to be chosen, Yo (p) = p if p < [xo — yol, and Yo (p) = [xo — Yol if p > |xo — yo|. Note that |[V{r| =y
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and ¥ (xg) — ¥ (y0) = ¥ |xo — yo|. It follows from (5-14) that

Il (x0, 05 Y0, S0) — Lo(x0, 10; Y0, S0)|

2
< Cer— 41 g=7Ixo=yol+cy Vio—so {ec)/z(lo—So) + £€Y o=ol exp{—K|x0 — Yol }}, (5-15)
0

where ¢ > 0 depends at most on . If |xg — yo| < 2¢4/ty — S0, we may simply choose y = 0. This gives

_leo—yolz}

ITe (X0, f0; Y0, S0) — Do (x0, f0; Yo, S0)| < Cer™471 < Ce(ty — s9) " @D/ exp{ P
0— 50

If |x0 — Yol > 2cA/to — S0, we choose

:3|xo—yo|
fo—so
Note that
2
X0 — X0 —
10— yol & ey v/ =50+ ey (0 —50) = —8(1 — c8) L0y 10— ol
o — S0 fo — S0
2 2
- —Slxn —
5{—8(1—c8)+%8}|x0 Yol” _ —8lxo0 — yol

to—so ~  4(to—s0)

if§ < %c‘l. Also, observe that

i |x0 — yol? X0 — yol? K |x0 — yol?
Cvao—So-i-C)/lxo—on——yS{%5+65—K} Y <- Y ,
fo — So o — S0 2(to — s0)

if § < %(c + %)_IK. Recall that r = (100)_14/t0 — 5. As aresult, we have proved that there exists «; > 0,
depending only on w, such that

Ce K1lxo — yol?
I (xo0, fo; Yo, So) — Lo(x0, to; vo, So)| < — = exp{ ———M }.
[T (x0, 703 Y0, 80) — I'o(x0, 03 Y0, 50)| (o — o) @02 P{ P—

This completes the proof of Theorem 1.1. |

6. Proof of Theorem 1.2

Define

|F(x,t)— F(y,t)| c(x, 1), (y,t) € K and x 75)7}

I Fllcrok ISUP{
w e =y

The proof of Theorem 1.2 relies on the following Lipschitz estimate.

Theorem 6.1. Assume that A satisfies conditions (1-2), (1-3) and (1-9). Suppose that

(0 + Le)ue = (9 + Lo)uo
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in Qo (xq, to) for some (xg, ty) € Rt and e < r < 0o. Then

12
Ve —Vio—(V x)* Vol L0, oty < Cr™ (][ |ua—uo|2) +Cer ™[ Vuoll L0y vo.10)
0

2r (X0, t0)
+Celnle™'r+211l1V2uol+e1d, Vol + V1ol [l Loo(0s, (xo.10))
+Ce' ) |V2ug| €18, Vuol+e | V3uoll cr0(0n o toys (61

where C depends only on d, m, u and (A, 7) in (1-9).
Proof. Let
9%u

8xl-8xj ’

oug

We = Ug —Mo—sxfg _82¢(8d+1)ij (6-2)
J

where X7 (x, 1) = x;j(x/e, t/e?) and ¢, .. (x, 1) = P(a+1)ij(x/¢, /). It follows by Proposition 3.1
that (9; + L.)w, = e div(F) in Qo (x0, ty), Where F; is given by (3-4) with S, being the identity operator.
Choose a cut-off function ¢ € Cgo([RRd“) such that

0<p=1, =1 1in Q3,2(xo, tp),
ex,t)=0 if |x —xo| > ZT” ort <ty— (%r)z,
Vol <Cr™!, V2| +]3,9] < Cr.
Using

(0 + Le) (pwe) = (d,0)we + e div(pFe) — e Fe (Vo) — div(A* (Vo)w,) — A*Vw,(Ve),
where A®(x,t) = A(x/e, t/82), we may deduce that for any (x, t) € Q,(xo, tp),
t
we(x, 1) = / /d Fe(x, ;y, ){(0sp)we — e Fe (V) — AEng(V(p)}dy ds
—oo JR t
—/ / Vi (x, 15y, s){epF, — A*(Vo)w} dy ds
—o0 JRE
=1(x, 1)+ J(x,1),

where .
J(x,t)z—E/ / VyTe(x, 15y, $)p(y, s) Fe(y, s)dy ds.
—00 [Rd

Since ¢ =1 in Q3,/2(x0, fo), we see that for (x, 1) € O, (xo, 1),

t
|vz<x,r>|sc/ /d|vxn;<x,r;y,s)|{|as<o||wg|+s|F€||w|+|sz||wndyds
—00 J R t
+C/ /|vxvyrg<x,r;y,s>||w||ws|dyds
—00 Rd

1
C{—f wl+ef  RI+f |Vwe|}
" J 05 (x0.10) Q2 (x0,10) Q7r/a(x0,10)

! 12 1/2
C{—(f |we|2) +e(][ |Fg|2) }
r 02 (x0,10) 02 (x0,%0)

A

A
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where we have used (parabolic) Caccioppoli’s inequality for the last step. In view of (3-4) with S, being
the identity operator,
|Fel < CHUV2uol + €13, Vuol + ]V uol},

where we have used the boundedness of V¢ (see Remark 2.4). It follows that || V|| L~ (g, (xo.1,)) 15 bounded
by the right-hand side of (6-1).
Finally, to estimate J(x, t), we write

JGet) = —¢ /_too fR AT 1 3 ) NP 5) = Pl ) s
+8/_OO fRd Le(x, 25y, 8) (Vo) (y, 5)Fe(y, s)dy ds.
It follows that for (x, t) € Q,(xo, to)
Vi@l [ TNy 00 O F . 5) — Fulr. )l dy ds

Q2 (x0,10)
+s/ VT (x5, 15 9, )| Ve (v, )1 Fa (v, )| dy ds
Q2 (x0,10)

[Fe(y,s) — Fe(x, s)|
§C8/ (=1 1 11 = s|/2)i+2 dyds+Ce | Fel. (6-3)
Qo (x0,0) y Qo (x0,70)

To bound the first integral in the right-hand side of (6-3), we subdivide the domain Q»,(xo, f9) into
Qe (x, 1) and Qo (x, o) \ Qe(x, ). On Qo (x0, 10) \ Q¢ (x, 1), we use the bound

[ Fe(y,s) — Fe(x, $)| < 2| Fell2>(0s (x0.10)) >

while for Q. (x, t), we use

|Fe(y,5) = Fo(x, )] < |x = YMIF | 020(0s xo.0))-
This leads to

IVJ(x, 1) < Celnle™r + 1| Fell 22(0s, (xo10)) + C& T I Fell 6200y (r0.10))
< Celn[e™'r + 11[1|V2uo| + &8, Viuo| + €|V uuo || %05, (xo.10))
+ Ce" ) 1V2uo| + €13, Vuol + €|V uol | 100y (.10 -

Thus, in view of the estimate for VI (x, t), we have proved that |[Vwg ||z, (xo.7)) 1S bounded by the
right-hand side of (6-1). Since

Vwe — {Vie — Vg — (V) Vol o0, (xo.10)) < CelllV2uol + &1V uuolll 250, (xo.10))
the estimate (6-1) follows. Il

To prove Theorem 1.2, we fix xg, yo € R and sy < 1. We may assume that ¢ < (fp — sg)/8. For
otherwise the estimate (1-10) follows directly from (2-22). We apply Theorem 6.1 to the functions

ug(x,t) =Te(x,t; y0,50) and wuo(x, 1) =To(x,1; yo, So)
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in Qy,(xp, ty), where r = (g — s9)/8. Note that (9; + L.)u, = (3; + Lo)ug = 0 in Qg4 (x0, tp). To bound
the first term in the right-hand side of (6-1), we use the estimate (1-8) in Theorem 1.1. All other terms
in the right-hand side of (6-1) may be handled easily by using the estimates (1-7) for I'g(x, #; y, s). We
leave the details to the reader.

7. Proof of Theorem 1.3

To prove Theorem 1.3, we fix xg, yo € R4 and sy < to. As before, we may assume that ¢ < (o — s9)/8,
for otherwise the estimate (1-15) follows directly from (2-23).

Letr = (to —s0)/8. Fix 1 < j <d and 1 < B <m. We apply Theorem 6.1 to the functions u, = (u2)
and ug = (ug) in Q2 (xo, fo), Where

ad
ug (e, 1) = 5 TP e, 5 0. 50),
J
o _ a oo . Bo 8 ~po 2
u()(xst)_ﬁ{r() }(X,I,YO,SO)' ) 8J€+§(X[ )()’0/87 _SO/g) )
J

where ¥ denotes the correctors for d; + Zg. Observe that (0; + L.)u, = (9; + Lo)ug = 0 in Qy, (x0, tp).
To bound the first term in the right-hand side of (6-1), we use the estimate (1-14). As in the proof of
Theorem 1.1, all other terms in the right-hand side of (6-1) may be handled readily by using estimate
(1-7) for T'y(x, t; v, 5).
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