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INFINITE-TIME BLOW-UP FOR
THE 3-DIMENSIONAL ENERGY-CRITICAL HEAT EQUATION

MANUEL DEL PINO, MONICA MUSSO AND JUNCHENG WEI

We construct globally defined in time, unbounded positive solutions to the energy-critical heat equation in
dimension 3
u; = Au+u’  in R x (0, 00), u(x,0) =up(x) inR3.

For each y > 1 we find initial data (not necessarily radially symmetric) with lim|x|— o |X["2#0(x) > O such
that as t — oo

G Olloo~t”"2 if1<y<2 [uC-.Dleo~vE ify>2.  [u(-.)o~e(nr)™" if y=2.

Furthermore we show that this infinite-time blow-up is codimensional-1 stable. The existence of such
solutions was conjectured by Fila and King (Netw. Heterog. Media 7:4 (2012), 661-671).

1. Introduction
Let n > 3. The energy-critical heat equation in R" is the parabolic Cauchy problem

4
— n— 1 n
{ut = Au + |u|7™—2u in R" x (0, 00), (1-1)

u(-,0) =ugp in R",
The energy

— l 2 — g n,2—”2
pa =g [ wup=222 [
defines a Lyapunov functional for problem (1-1). In fact for classical solutions u(x, ¢) with sufficient
decay in space variable we have that

dEacm=-[

|us |2-
R7
Classical parabolic theory yields that the Cauchy problem (1-1) is well-posed in its natural finite-energy
space for short time intervals.

In this paper we are interested in positive finite-energy solutions of (1-1) which are global in time,
namely defined and smooth in the entire time interval (0, 00). The presence of the Lyapunov functional
implies that limits of bounded solutions along sequences ¢ = t,, — 400 can only be steady states, namely

solutions of the Yamabe equation
Au+|u|72u =0 inR". (1-2)
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All positive solutions of (1-2) are given by the Aubin—Talenti bubbles

Uu,s(X)=M_n§2w(x;g),

where > 0, £ € R" and

w(x)=(n(n—z>)’%2(1+1|x|2) -

They are precisely the extremals of Sobolev’s embedding. The criticality of problem (1-1) refers to

the presence of this continuum of steady states which become singular as ;& — 0, in addition to energy
invariance. In fact we immediately see that

E(U,¢) =EU) forallEeR", u>0.

A solution u(x, 7) of (1-1) which around one or more points of space looks like u(x, ) ~ U ) £@)(x)
with @ (¢) — 0 is called a bubbling blow-up solution. Bubbling phenomena is present in many important
time-dependent and stationary settings, usually carrying deep meaning in the global structure of their
solutions. Notable examples include the Yamabe and harmonic map flows and the Keller—Segel chemotaxis
system; see [Ciraolo et al. 2018; Daskalopoulos et al. 2018; Rapha&l and Schweyer 2013; Davila et al.
2017; Ghoul and Masmoudi 2016]. In the last decade or so it has been extensively studied in energy-critical
wave equations, Schrodinger maps and other dispersive settings.

Problem (1-1) is a simple-looking model which contains much of the complexity of the bubbling
blow-up issue. Basic questions have remain unanswered until today. Existence or nonexistence of
infinite-time bubbling positive solutions in problem (1-1) is not known. This question has been explicitly
stated for instance in [Pol4cik and Yanagida 2014; Quittner and Souplet 2007, Remark 22.10]. Detecting
such solutions rigorously is not easy. Usual behaviors in the flow (1-1) are either asymptotic vanishing or
blow-up in finite time. Global solutions with nontrivial asymptotic patterns are typically unstable objects
and hence harder to be detected.

In a very interesting paper Fila and King [2012] provided insight on the question in the case of a
radially symmetric, positive initial condition with an exact power decay rate. Using formal matching
asymptotic analysis, they demonstrated that the power decay determines the blow-up rate in a precise
manner. Intriguingly enough, their analysis leads them to conjecture that infinite-time blow-up should
only happen in low dimensions 3 and 4; see Conjecture 1.1 in [Fila and King 2012].

In this paper we rigorously establish the existence of solutions with infinite-time blow-up in dimension 3,
confirming the conjecture in [Fila and King 2012]. Thus we consider the Cauchy problem

u; =Au+u> inR3x(0,00),

1-3
u(-.0)=uo inR3 (-3)
for an initial datum u¢ which we assume first radially symmetric with an exact power decay of the form

lim |x[Yug(x) =: 4> 0. (1-4)

|x[—>o00
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As in [Fila and King 2012] we assume that y > 1, which means that uy decays faster than the bubble

1 1 >
w(x)=3 (1+|X|2) . (1-5)

Theorem 1.1. Given y > 1, there exists a positive, radially symmetric global solution u(x, t) to problem
(1-3) whose initial condition uo(|x|) satisfies (1-4) and as t — +00

7 ifl<y<2,
lu(-. OllLoe@s) ~ Vi /Int if y =2, (1-6)
NG if y>2.

More precisely, the blow-up takes place by bubbling near the origin. The solution of Theorem 1.1 is in
the inner self-similar region, |x| < /7, in leading order of the bubbling blow-up form

1 X
nn 0~ “’(m)’

where
1=y if 1 <y <2,
u(t) ~ 3t %t ify =2, (1-7
1 ify>2

and w is given by (1-5). In the outer self-similar region |x| 3> /7, the solution dissipates in the form of a
self-similar solution of heat equation u; = Au in R3 x (0, c0).

A surprising feature of the construction is the dynamics discovered for the scaling parameter j(z).
It has a highly nonlocal character governed by an equation involving a perturbation of the fractional
%—Caputo derivative. In fact, in order to find the precise lower-order corrections needed for the scaling
parameter i (z) we will need to solve linear equations of the type

/t PO ety ds = hir)
0

r—s

for suitably decaying right-hand sides /(z). See (6-8) and (6-13) below.
Problem (1-1) is a special case of the Fujita equation

= ? inR"
{ut Au+u? inR" x (0, 00), (1-8)

u(-,0) =1up in R”,

with p > 1. Blow-up phenomena in problem (1-8) is extremely sensitive to the values of the exponent p.
A vast literature has been devoted to this problem after the seminal work [Fujita 1966]. We refer the
reader for instance to the book [Quittner and Souplet 2007] for background and a comprehensive account
of results until 2007 and to the more recent works [Matano and Merle 2004; 2009; 2011]. The case
p = ((n+2)/(n—2) is special in many ways. Positive steady states do not exist when p < (n+2)/(n—2).
Positive radial global solutions must be bounded and go to zero; see [Poldcik and Quittner 2006; Polacik
et al. 2007; Quittner and Souplet 2007]. They exist when p > (n + 2)/(n — 2) but they have infinite
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energy; see [Gui et al. 1992]. Infinite-time blow-up exists in that case but it has an entirely different
nature; see [Polacik and Yanagida 2003; 2014].

The study of energy-critical problems has attracted much attention in the last decade. For energy-critical
wave equations, blow-up solutions have been characterized and constructed in [Duyckaerts et al. 2012;
2013; 2016a; 2016b; Krieger et al. 2009]. In [Schweyer 2012] Type-II sign changing, finite time blow-up
for (1-1) is constructed, first formally predicted in [Filippas et al. 2000]. Threshold dynamics around the
steady states of (1-1) has been characterized in large dimensions # > 7 in [Collot et al. 2017]. Also in
large dimensions 7 > 5 in [Cortédzar et al. 2016] infinite-time bubbling solutions of (1-1) in a bounded
domain under Dirichlet boundary conditions are constructed for n > 5. The cases n = 3, 4 are indeed
considerably more delicate and not treated there. The solutions in Theorem 1.1 are specially meaningful
for the full dynamics since they are threshold solutions in the sense that the solution of (1-3) with initial
condition Aug goes to zero as t — oo if A < 1, while it blows-up in finite time if A > 1. Radial threshold
solutions for various ranges of exponents in (1-3) are analyzed in [Quittner and Souplet 2007].

We recall that from [Fila and King 2012], it is not expected to have this blow-up in entire space in
dimensions n > 5. Our approach is entirely different from that in [Schweyer 2012] for n = 4 in which a
finite-time type-II blow-up solution of (1-1) is constructed on the basis of the modulation equation methods
developed for critical dispersive equations in [Donninger and Krieger 2013; Ortoleva and Perelman 2013;
Merle et al. 2013; Raphaél and Rodnianski 2012; Raphaél and Schweyer 2013].

Our approach has a parabolic-elliptic flavor, in line with the recent works [Cortdzar et al. 2016; Davila
et al. 2017]. Since our proofs only rely on elliptic and parabolic estimates, we can easily modify the
proof to deal with nonradial and general initial data, in particular establishing codimension-1 stability of
the solution built. This is concordant with a result of [Krieger et al. 2015] on the corresponding wave
analogue. In Section 10 we prove the following:

Theorem 1.2. Let g = 0g(x) be a positive continuous function, uniformly bounded for x € R3. Let y > 1
and k > max{(y + 3)/2, y}. Then, there exists a positive global solution u(x,t) to problem (1-3) with

u(x. 0) = ug(lx]) + 20 [1 —n(m)},

|x|% )

initial condition

where uy is positive, radially symmetric, satisfies (1-4), to > 0 is a fixed large number and n is a smooth
cut-off function with n(s) = 1 for s < 1 and n(s) =0 fors > 2. Ast — +00, u(x,t) satisfies (1-6).

Furthermore, there exists a codimension-1 manifold of functions in C 1 (R3) converging to 0 at infinity,
with a sufficiently fast decay, that contains ug(|x|) + (vo(x)/|x[)(1 — n(|x|/t0)) such that if ug lies
in that manifold and it is sufficiently close to uo(|x|) + (Vo(x)/|x|“)(1 — n(|x|/t0)) in the sense that
iio = uo(|x]) + (Do (x)/1x|) (1 = n(|x|/t0)) + O(|x|e~2*I) for some b > 0, then the solution ii(x, 1) to
(1-3) with u(x,0) = uo(x) is global in time and satisfies (1-6).

In the nonradial setting, the profile of the solution in the inner self-similar regime is

w(x—p(t)) |p(®)]
u(1)2 (1) p(t)

—0 ast — oo,

u(x,t) ~
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where w is given by (1-5) and p satisfies the asymptotics (1-7). Precise description of the dynamics of
the center p = p(¢) is provided.

A surprising feature of the construction is the dynamics discovered for the scaling parameter ().
It has a highly nonlocal character governed by an equation involving a perturbation of the fractional
%—Caputo derivative. In fact, in order to find the precise lower-order corrections needed for the scaling
parameter i (¢) we will need to solve linear equations of the type

/t PO (1 — e #5y ds = har)
0

r—s

for suitably decaying right-hand sides /(z). See (6-8) and (6-13) below.

We believe that an approach similar to that in this paper could be used to prove the existence of a global
unbounded solution when N =4, p = 3 as conjectured in [Fila and King 2012]. We will undertake that
issue in a future work.

The proof of Theorem 1.1 starts with the construction of an approximate solution to problem (1-3)
with the asymptotic behavior described in (1-6). This is done in full detail in Section 2. We then show the
existence of an actual solution to problem (1-3) deforming the approximation, by means of a inner-outer
gluing procedure. This scheme is described in Section 3, and its proof is addressed in Sections 4-9. In
Section 10 we prove Theorem 1.2. Appendices A—C gather some technical results needed to prove the
theorems.

In the rest of the paper, we shall denote by C a generic positive constant, whose value may change
from line to line, and within the same line. We shall use the notation ¢ to indicate a positive constant,
with ¢ < 1, whose explicit value may change from line to line. Furthermore, 7o will denote a large fixed
positive number and

n:R—-R (1-9)

a smooth cut-off function with n(s) =1 for s < 1 and = 0 for s > 2.

2. Construction of an approximate solution and estimate of the associated error
After shifting the initial time to ¢y > 0, problem (1-3) takes the form
u; = Au+u’ inR>x (19, 00), (2-1)
with initial condition ug(7) = u(r, to) satisfying
lim rYug(r)=A >0 forsomey > 1. (2-2)
r—00

This section is devoted to the construction of a first approximation for a solution to (2-1)—(2-2), and to
the description of the associated error.
The first approximation is built by matching an inner profile, made upon solving the elliptic problem

Au+u>=0 inR3 (2-3)



220 MANUEL DEL PINO, MONICA MUSSO AND JUNCHENG WEI

and an outer profile, made upon solving the heat equation in the whole space
u; = Au in R3, (2-4)

in the set of functions satisfying the decaying conditions (2-2). It is constructed in Section 2A (for the
inner profile) and Section 2B (for the outer profile), and in Section 2C we derive a precise description
of the error of approximation. In [Fila and King 2012], this approximate solution was already derived.
We realize though that, for our rigorous construction to work, we need a further improvement of the
approximation. This is done in Section 2D, where we introduce a next correction term, and describe
the associated error. It turns out that this next correction term gives the right dynamics for the blow-up
rate which turns out to be governed by a nonlocal differential equation with a fractional time-derivative
closely related to the so-called %—Caputo derivative. See (6-13).

2A. Construction of the first inner profile. We recall that all positive radially symmetric solutions to
(2-3) constitute a one-parameter family of functions, which are given explicitly by

1 5 1
() o) e

for any positive number p > 0; see [Aubin 1976; Caffarelli et al. 1989]. We denote by Zj the only
bounded and radial function belonging to the kernel of the linear operator

A=

w(r)=3

Lo(¢) = Ag + 5wo. (2-6)
See [Rey 1990]. The function Zj is explicitly defined by
1
33 r2-1
Zo(r)= —[E + w/(r)r] == (27
2 2 (1+7r2)2
Given Zy, we denote by ®;(r) the solution to
A®; + 5wt dy = Z,, (2-8)
defined as
33
®1(r) = Do(r) +mo + ®1(r), where Oo(r) = =" 29

00 0o 3% 00
(5/ w4Z()I"2d7’)7T0=/ (Z()——)Zorzdr—S/ w4d>oZor2dr,
0 0 2r 0

and @ is the unique solution to

1

-1 34 4
A¢+5wp ¢= Z()—z— — 5w (<D0+7T()),
r

ZZHQ(I')

explicitly given by

D1(r)=Z(r) /0 o(s)Zo(s)s% ds — Zo(r) /0 Ho(s)Z (s)s? ds.
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In the above expression, Z denotes another solution to A¢ + 5w*@ = 0, linearly independent to Zj.
Z satisfies the asymptotic behavior V4 (s)~s lass—0,and Z (s) ~1ass— oo.
A closer look at the expression of ®; gives

P22 ®1(N)leo < €
for some fixed positive constant C and any ¢ > 0 small.

Remark 2.1. The solution to (2-8) is not unique. (In fact one can add any multiple of Zg.) The choice
we made in (2-9) is used to match the outer solution in the next section.

We have now the elements to define the first inner profile. We introduce a smooth positive function
u(t) of the form

p(t) = po(M)(1+A@)*.  where po(t) > 0. lim puo(t) =0. (2-10)

The function o will be defined below, see (2-23), (2-32), (2-36), as an explicit function of # depending on
the decay rate y. On the other hand, the function A = A(¢) will be left as a parameter in the construction,
and it will be determined in the final argument to get an actual solution to the problem. In the meanwhile,
we shall assume that A = A(#) is a smooth function in (zg, c0), defined by

o0
A(?) :=/ A(s) ds,
t
where A satisfies
[Ally = sup o) 1A o .41 + Moo fz.e+17] < £ (2-11)
>0

foro = % + o’, with ¢’ > 0 small, and for some fixed constant £. Here we intend

I lloo,ite+11 =" sup [f(s)],

s€ft,t+1]
_ | f(s1) — f(s2)]
[f]O,U,[t,t+1] = sup B TP—
siEsaelte+1] 11— 52
For a later purpose we introduce the space
Xy ={A € C(t9,00) : || A[|y is bounded}. (2-12)

With this in mind, we define the inner approximation to be
r

) = W 0) + i (0 V() = b (). @13)

A direct computation gives

_3 r Jw
Ay + 5wy = —p Ezo(ﬁ) = a—:(r).
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In the region {r : r > Ruo}, where R is any large but fixed positive number, the inner approximation
looks like

1 1

1 34
win(r 1) = 3422 - 28 4z e, z)+’”‘° B\ o, @14
r 4 r

where ®[u](r, ) denotes a generic function, which depends smoothly on u, and on (r, ¢), and which is
uniformly bounded, for parameters u satisfying (2-10), for r in the considered region, and any ¢ large.

2B. Construction of the first outer profile and choice of po(t). The outer profile is chosen to satisfy
the heat equation 1, = Au, in the whole space R3, and to fit the requested decaying property for the
initial condition (2-2). Its properties and exact definitions change depending on the value of the decay
rate y of the initial condition ug; see (2-2). We consider three different situations: 1 <y <2, y =2, and

y > 2.
Case 1: 1 <y < 2. In this case we define uqy as
Uou (. 1) = t_gg(%), (2-15)
with g the positive solution to
g"(s) + (% + %)g'(s) + 28 =0, sc0.00), (2-16)

that satisfies the properties
(1) lims— o s¥ g(s) =
(2) limg_, o+ sg(s) = d for a certain positive constant d for which lim,_, o+ [g(s) —d/s] = 0.

Such a function g indeed exists. Let

2 s
Ly(g)=g"+ (; + E)g/-i- vg, s €(0,00).

In Appendix A, we prove the following:

Lemma 2.2. If % < v < 1, there exist two positive linearly independent solutions y1 = yi(s) and

y2 = ya(s) to
L,(g)=0, s€(0,00), (2-17)

that satisfy respectively

y1(s) = % + - 1)(/oosy1(s) ds) + _2vs +0(s?) ifs—>0T, (2-18)
0

ya(s) =ca+o(s) ifs =07, (2-19)

y1(s) = cle_%s4”_3, ya(s) = ! (1 —i—o(l)) if §— 00 (2-20)

for some positive constants c1, C3.
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Thanks to the lemma, which we apply to solve (2-16) when v = y/2, we get that the function g we
are looking for in (2-15) is thus given by

24y,(0)

g(s) =dyi(s) + Aya(s), withd = (2-21)
C=y)(fo sy1(s) ds)
We observe that, in a region like r < R™!4/t, for some large but fixed R, we get
v—1
1~ 2 1— 0 2
o 1) = d'—— = (12122 r+t—50(r—). (2-22)
r 22— J§2 zy1(2) dz t

We next choose the function po(¢) in the definition of w(z), (2-10), in such a way that the functions
uin and uoy automatically match in the whole region Rug < r < R~14/t, for some R large, but fixed
independent of ¢. This is possible if

— d? 1—y
po(?) = %l . (2-23)
Indeed, with this choice for po(¢), and given the bound (2-11), there exists a constant C so that
} }
|uin(rvt)_u0ut(r’t)| SC/LTO’ |Vuin(r7t)_vuout(rat)| fcl:_(z) (2'24)

for any R <r < R™14/t, and ¢ large enough.

Case 2: y = 2. In this case, we define uqyy as

r r

out(r, 1) =t Y(log )k Ago| — +t‘1h(—), 2-25
ou(r. 1) = 1~ (log 1) go(ﬁ) Z (2:25)

where go(s) = s_le_% is a solution to

, 2 s
g"(s) + (; + z)g’(S) +g(s)=0 (2-26)
and A solves
h"(s) + (g + %)h/(s) +h(s) = kAgo(s), (2-27)
K

with limg_ o0 Y h(s) = A, and limg_, o+ sh(s) = d, so 2that limg_, o+ [A(s) —d/s] = 0. The function A
can be described explicitly. Let g1(s) = sTle— T fos e dz. This function solves (2-26). Since g1 and
go are linearly independent, the variation of parameters formula gives that, for any constants d and b,

N N

h(s) = go(s) [d kA /0 201(2) dz} T e(s) [b kA /0 220(2) dz] (2-28)

solves (2-27). In order to have limg—, o sY h(s) = A, we need 2[b +kA fooo zgo(z)d z] = A. Furthermore,
to have limg_, o+ [h(s) —d/s] = 0, we need b = 0. Thus we select

1

b=0, =
2 [ zgo(z) dz

(2-29)
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Observe that, up to this moment, the constant d is arbitrary. Nevertheless, recall that we want 1y to be
a solution to u; = Au = u,r + (2/r)u,. Multiplying this equation by r, and integrating in (0, R), for
some fixed, large R, we get

R
%(/ ru(r,t) dr) = Ru,(R,t)+u(R,1),
0

where we use the fact that lim,_o[ru,(r, 1) + u(r,t)] = 0. Next, we integrate the above equation in ¢,
from 0 to 0o, and using the fact that lim;_, o, fOR ru(r,t)dt =0, we get

o0

R
—/ ru(r,0)dr :[ [Ru,(R,t) +u(R,t)]dt. (2-30)
0 0

Take now u = Uy, and compute the right-hand side of (2-30):
o0
/ [Rur(R,t)+u(R,t)]dt
0
& R R R o R R R
:Ak/ t~(logt [— /(—)+ (—)]dz+f z—l[—h/(—) +h(—)}dt
I IV Wo AW o L\ ) TG
o0 _ o0
= (4Ak/ s sgp(s) + go(s)] ds) logR+d + (2/ sTHsh' (s) + h(s)] ds),
0 0
where s := R/+/t and d is the constant defined by

d= —(4Ak /Ooo s~ (log $)[sg6(s) + go(s)] ds).

We can simplify the expression of the constant in front of log R. Indeed, multiplying (2-26) against s, we
get that (sg’(s) + g + (s2/2)g)’ = 0. For g = go, and using the fact that go decays very fast as s — oo,
we get that sg((s) + go(s) = —(s2/2)go(s) for any s; thus

o0 o
4Ak/ s sgp(s) + go(s)] ds = Ak (—2/ 5go(s) ds) =—A
0 0
since (2-29). On the other hand, the decaying condition lim, _, oo r2u(r,0) = A gives
R
—/ ru(r,0)dr = —Alog R+ B(R),
0

with limg_.oc B(R) = B, where B is a real constant. Plugging this information in (2-30), we get

_ o0

d+ (2 / sTLsh! (s) + h(s)] ds) = B.

0

This last relation defines in a unique way the constant d > 0 in the definition of %, (2-28). Indeed, a direct
computation gives

/0 sTUsh (s) 4+ h(s)]ds = —%(/0 sgo(s) ds) + o,



INFINITE-TIME BLOW-UP FOR THE 3-DIMENSIONAL ENERGY-CRITICAL HEAT EQUATION 225

w= %A/O ng(S)(/o z81(2) dZ) ds+/0 s [sg} +g1](kA/O 280(2) dz) ds

from which we deduce that

with

_ d—2w—B
Io° sgo(s) ds
With this choice for the function /4 in (2-25), we get

h(s) = ———[d + 10kA]+ O(s®) ass— 0"
and
=2 [ kA(ogt) d+10kA7 r 3
Uout(7, 1) = [kA(log t)+d]+ [— 2 — 2 i| ﬁ ((log t) \/_) (2-31)

in the region r < R™14/t, for some large but fixed R, as t — oo.
In this case, namely when y = 2, we choose (g in (2-10) as

[d +kA(log O _,

o(t) = ) (2-32)
g /3
and thanks to this choice, and to the bound (2-11) on A, we find a constant C so that
1 1
2 2
|uin(rst) Uout (7, t)l = C Fo s |Vu1n(r ) — Vuou(r, t)' =C g (2-33)

for any R <r < R™14/t, for some fixed and large R, and for all ¢ large enough.
Case 3: y > 2. In this case, we define ul as
_ (fooo ruo(r) dr)

Lrnty=t"'d (L)
uout(r ) 80 «/E fooo Sgo(S) ds

52
where go(s) = s~le™ % solves (2-26), and uo(r) is the initial condition for (2-1)—(2-2). Observe that, in
a region like r < R™14/7, for some large but fixed R, we get

=3 dr 2
uéut(r,t):dT—t_lzJ_ —10(”) (2-34)

For a given time 7, the function u/ , is decaying very fast as r — oo. For this reason, we modify u]
with a function that has the right decay to match the initial condition u¢(r), for r large. Define

Uout(r, 1) = n(;)uéut(r, 1)+ (1 - n(;))ugut(r), with u2 () = ril’ (2-35)

where 7 is the cut-off function defined in (1-9).
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In this case, y > 2, we choose 1o in (2-10) as

d? _
fo(t) = —=t".

(2-36)

V3
With this choice for po(¢), and thanks to (2-11), given any large but fixed number R > 0, there exists a
constant C so that

D=

9

1
2
Vitin(r, 1) = Vitgu(r, )] < CEL (2-37)
r r
for any Rug < r < R™14/t, and for all ¢ large.

o
|uin(r, l)_uout(r,t)l <C 0

2C. Construction of the first global approximation and estimate of the error. Let ro > 0 be a small
and fixed number, and define

Ul(”,l)=77( !

ro«/?)uin(r’ 0+ (1 B n(roﬁ))uout(r’t)’

(2-38)
where 7 is given by (1-9). For any smooth function ¥ = u(r, ¢), we define the error function as

Eu)(r,t) = Au+u’ —u;. (2-39)
Our next purpose is to describe

En(r,1) = E[Un](r, 1), (2-40)
with Uy given by (2-38). To this end, we introduce the function o = «(¢), t > ¢,

1

a(t) = 3% 1192 (1o (2-41)
Since A satisfies (2-11), definition (2-41) defines a linear homeomorphism A : Xy — X}, A(1) = «a,
where

X, = {a € C(tp,00) : |||l is bounded},
and

(2-42)
_3
el := SUP It (Ol oo, 2,04 17 + |0, 12,24+ 17]-
>10

(2-43)
Here ¢ is the number introduced in (2-11). Let us denote by g : (0, c0) — (0, 00) a smooth function
with the property that

1/s fors — 0,
h0(5)={ /

1/s3 fors — oo,
and define the following norm for any function f : R3 x (t9, 00) — R:

13 r
Ifllei=  sup uo%zhol(—

)[||f||oo,3(x,1)x[,,t+u + Ulow peirastl = Ixl. (245)
X€ER3, t>19 \/;

(2-44)

Here o is defined in (2-11),

I f lloo, BGe,1)x[t,04+1] = sup L f(y.9s)l (2-46)
y€B(x,1), seltt+1]
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and
| f(y1.51) — f(y2.52)]
[flo.0,BGx,Dx[t.t41] = sup 5 —. (2-47)
V1#y2€B(x,1), si#s2€[t,t+1] [y1—y2]%7 + |51 — 82

The following estimates are valid, and we delay the proof to Appendix B since it is quite technical.

Lemma 2.3. Assume A = A(t) satisfies (2-11). The error function defined in (2-40) can be described as

_oa() r
fatnn = M+rn(r0\/;

where 1 is the smooth cut-off function defined in (1-9), « is the function defined in (2-41), and rq is a given

) + &1« [A](r, 1), (2-48)

fixed small number. The function &1 «[A](r,t) depends smoothly on A. Furthermore, there exists C > 0
such that

l€1lls < C. (2-49)

If the initial time to in problem (2-1) is large enough, there exist ¢ € (0, 1) so that, for any Ay, A, satisfying
(2-11), we have

1€1,«[A1] = €1, [A2]ll oo, BGx, 1) x[1,041] = Cuot 2ho(\/-)ll)n — Azlly, (2-50)

d)

1
(E1alh] = 1o Tloo. Bl 1] < CHEE zho( f)nxl all (2-51)

for any r = |x| and any t. The definitions of the function ho and of the norm || - ||« are given respectively
in (2-44) and in (2-45). Furthermore the constant ¢ in (2-50) and (2-51) can be made as small as one
needs, provided that the initial time tg is chosen large enough.

2D. Construction of the second global approximation and estimate of the new error. Taking into ac-
count the expression of the error function given in (2-48), we introduce a correction function ¢ to
partially get rid of the term «(¢)/ (i + ). More precisely, let

a(r) = {a(lo) for ¢t < 1y, (2-52)

a(t) fort >t,
and introduce the function ¢, a solution to

t
drdo = Ao + %1{,4‘4} in B> x (0, 00), Po(x,10—1)=0 inR>, M? =ty. (2-53)

Here, for a set K, we mean
1 ifxek,

1K(x):{o if x ¢ K.

Duhamel’s formula provides an explicit expression for ¢yg:

t 1 x—y|2 hy
¢0(x,t)=/ —3/ i o) 14y |<ay dy ds. (2-54)
to—1 (47 (t —s))2 Jm? p+ 1yl
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1+o

Since A satisfies (2-11), classical parabolic estimates give that ¢ is locally C212%119 where o is the

Holder exponent in (2-11). In the interval (¢, 00), the function ¢¢ solves

ot )
dubo = o+ Ly in X (1,9, (2-55)

and at time ¢ = t¢, the function ¢ (x, 9) is radial in x and decays fast as |x| — oo; that is,
— 2
|po(x,10)| < ce " as x| — o0 (2-56)

for some positive, fixed constants @ and ¢. Indeed, let x = e, with ||e| = 1, and assume that £ >
max{1,2M}. Thus |x — y|?> > £2/4 for any |y| < M, and

2

o, T6lg—s) d 5
[9o(x, f0)] = Cla(io) ( / ot ds) ( f —y) < Cla(to)|M2e~ 5.
-1 (to—5)3 ) \iyi<nr 1]

Taking £ — oo, estimate (2-56) thus follows from (2-41).
The second approximation is given by

Us[Al(r,t) = Ui (r.t) + ¢o(r. 1), (2-57)

where U; is in (2-38). Observe that U, satisfies the decaying conditions (2-2) at the initial time f¢ as
consequence of (2-56). The new error function

E[M(r. 1) = E[U](r, 1)

is thus
_ a(t) r 5 5
E[A](r 1) =Erx +—— 1 —1g<omy | +(Ur + o)’ — U7 . (2-58)
r ro/t
&
=821

The function &1 « is defined in (2-48). For a later purpose, it is useful to estimate, in the | - ||x-norm
introduced in (2-45), the function

— X
E2: =&+ (1 —ngr(x,1))E22, where ngr(x,1) = n(R_uo) (2-59)

Here n(s) is given by (1-9), while the number R is a large number, whose definition will depend on 7
but will not depend on ¢.
We have the validity of the following lemma, whose proof is given in Appendix C.

Lemma 2.4. Assume A = A(t) satisfies (2-11). The error function defined in (2-58) depends smoothly on
A and it satisfies the following estimates: There exists C > 0 such that

€2« < C. (2-60)
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If the initial time tg is large enough, there exists small positive number ¢ € (0, 1) such that, for any A1,
Aa satisfying (2-11), we have

_ _ 1 3 r

1€2[A1] = £2[A2]ll 00, Bx, 1) x[t,0+1] S €gt 2ho (E)”M —Aally, r=1x], (2-61)
_ _ 1 3 r
Ealh](r ) = EalAal(r. Do ] < cHEt zho(ﬁ) T WS (2-62)

for any x and t > ty, provided the initial time to in problem (2-1) is chosen large enough. The definition of
the function hy is given in (2-44), and the definition of the || - || x-norm is given in (2-45).

Remark 2.5. From the proof of the result, we also get that the constant ¢ in (2-61) and (2-62) can be
made as small as one needs, provided that the initial time #p is chosen large enough.
3. The inner-outer gluing
Recall that our ultimate purpose is to construct a global unbounded solution u to (2-1)—(2-2) of the form
u=UR(r.0) +. 1>t (3-1)

where U, is defined in (2-57), while ¢ (x, ¢) is a smaller perturbation. The rest of the paper is thus devoted
to finding @ (x, 7). The construction of ¢(x, ¢) is done by means of an inner-outer gluing procedure. This
procedure consists in writing

&(x,t) =Y (x,1) +¢i“(x, t), where ¢i"(x, t):=ngr(x, t)qg(x, 1), (3-2)
with 1
$lx,1) = u52¢(1,r), nR(x, 1) = n(i) (3-3)
Mo Rpo

where 7(s) is given in (1-9).
In terms of qS, problem (2-1)—(2-2) reads as

06 = Ap+5U i+ N(@)+ & inR>x[tg, 00), (3-4)
where &, is defined in (2-58) and
N(@) = (U2 +)° = U3 = 5U'9.
Recalling that w,, = ,u_%w(r/u), we let
VA, 1) = 5(Uy —wi)ngr + 5U5 (1—nRr) (3-5)

and write 5U24 = Swfln R + V[A](r,1). A main observation we make is that ¢ solves problem (3-4) if the
tuple (v, ¢) solves the following coupled system of nonlinear equations:

3:Y =AY +VIAIY+[2VRrVid+d(Ax—3)nR]I+NA(@)+E21+E22(1-nr)  in R3x[tg,00), (3-6)

and
dip = Ad + Swf}ﬁg + Swf}ﬂ# + &2 in Bary,(0) X [fg, 00). (3-7)
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We refer to (2-58) for the definition of £,1 and &35. In terms of ¢, see (3-3), (3-7) becomes

1
5 2
2 4 3 Mo 4 y
dp=A 5 & )45 1t
Kod:@ = Ay +Sw e + pgE22(poy. 1) + (1+A)4w ((1+A)2)¢(Mo)’ )

+ Bl#] + B°[¢] in Bog(0) x [to, 00), (3-8)

where

Bl¢]:= uo(atuo)@ +y- Vyab), (3-9)

Opa1._ 4 y 4 1—(1+A)* 4 y
Bl "5[“’ ((1+A)2)_w (y)]¢+5( +A) )w ((1+A>2)¢' S

We call (3-6) the outer problem and (3-8) the inner problem(s) .
We next describe precisely our strategy to solve (3-6)—(3-8). For given parameter A satisfying (2-11),

and function ¢ fixed in a suitable range, we first solve for ¥ the outer problem (3-6), in the form of a
(nonlocal) nonlinear operator ¢ = W(A, ¢). This is done in full detail in Section 4.
We then replace this i in (3-8). At this point we consider the change of variable

dt 2
t=1t(r), —= 1),
(@ =)
which reduces (3-8) to

I = Ay + 5w + H[Y, A, ¢](y.1(r)). y € Bar(0), 7> 10, (3-11)
where 7¢ is such that ¢ (z9) = to, and
1
1o
(1+A)*

Next step is to construct a solution ¢ to problem (3-11). We can do this for functions ¢ which furthermore

HIV: 2 91010 = i oy 1)+ 50 (s ) v oy 0+ B+ 891, G-12)

satisfy
$(y,10) =eoZ(y), y € Bar(0), (3-13)

for some constant eg. Here Z is the positive radially symmetric bounded eigenfunction associated to the
only negative eigenvalue A¢ to the problem

Lo(@)+Ap =0, ¢eL®R>). (3-14)

Here Ly is the linear operator around the standard bubble w in R3. We refer to (2-6) for the definition
of Lg. Furthermore, it is known that A¢ is simple and Z decays like

Z(y) ~ |y tem V12l a5 |y] — o0,

To be more precise, we prove that problem (3-11)—(3-13) is solvable in ¢, provided that in addition the
parameter A is chosen so that H [y, A, ¢](y, t (7)) satisfies the orthogonality condition

/ H{Y, A, 9l(y,t(1))Zo(y)dy =0 forall t > tg. (3-15)
Bar
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We recall that Zy(y), defined in (2-7), is the only bounded radial element in the kernel of the linear
elliptic operator Ly.

Equation (3-15) becomes a nonlinear, nonlocal problem in A for any fixed ¢p. We attack this problem in
Sections 5, 6, and 7. In Section 5, we get the precise form of (3-15) as a nonlocal nonlinear operator in A.
The principal part of the operator in A defined by (3-15) is a linear nonlocal operator which turns out to be
a perturbation of the %—Caputo derivative. We refer to [Caputo 1967] for the original definition of Caputo
derivatives. In Section 6 we develop an invertibility theory for such a linear operator. In Section 7 we
fully solve (3-15) in A, by means of a Banach fixed-point argument. The solution A = A[¢] is a nonlinear
operator in ¢, and we also describe the Lipschitz dependence of A with respect to ¢, which is a key
property for our final argument.

At this point, one realizes that a central point of our complete proof is to design a linear theory that
allows us to solve in ¢ problem (3-11)—(3-13). For this purpose, we shall construct a solution to an initial
value problem of the form

¢c = Ap + 5w +h(y,T) in Bag x (19,00),  ¢(y.70) =eoZ(y) in Bag. (3-16)

And then we solve problem (3-11)—(3-13) by means of a contraction mapping argument.
Let a be a fixed number with a € (0, 2), and let v > 0 so that, for ¢ large,

3 3 ,
TV~ pltTh ify #£2 and TV~ pltTY ity =2
for some v’ > 0 that can be fixed arbitrarily small. We solve (3-16) for functions / with ||k||y 2+4-norm
bounded, where

I2llvo4a = sup (L + Y2 ) Alloo, By, 1)x(r.c41] + [Mo,0,B(r, 1)x[z,c+11]: (3-17)

>10,y€ER3

and we construct solutions ¢ in the class of functions with ||¢||, o-norm bounded, where

”¢”v,a = sup Tr(l + |y|a)[||¢”oo,B(y,l)x[r,r—H] + [¢]0,0,B(y,1)><[r,1:+1]]

T>10,yER3

+ sup L+ YDV Slloo. B )x[r.e+1] + [VPlo.0.BG.)x[re+1]]- (3-18)

T>10,y€ER3
We have the validity of the following result:

Proposition 3.1. Let v, a be given positive numbers with 0 < a < 2. Then, for all sufficiently large R > 0
and function h = h(y, t), with h(y, t) = h(|y|, t) and ||h||v,24+a < +00, that satisfies

/ h(y,t)Zo(y)dy =0 forall T € (19, 00) (3-19)
Bar

there exist ¢ € C>T20119 Joc. . which is radial in y, and eq which solve problem (3-16). Moreover,
¢ = @|h] and eq = eg[h] define linear operators of h that satisfy the estimates
4—a 4—a

)| <CtV——||h , |V , )| <Ct™"——— |k , 3-20
lp(y. 1) =Ct 1+|y|3” lv2+a, |Vy@(y.7)[=Ct 1+|y|4” [v,2+a ( )



232 MANUEL DEL PINO, MONICA MUSSO AND JUNCHENG WEI

and
leo[]| < Cllhllv,2+4

for some fixed constant C.
We postpone the proof of this proposition to Section 9. Section 8 is devoted to solving problem
(3-11)—(3-13) and this concludes the proof of Theorem 1.1.
4. Solving the outer problem

The aim of this section is to solve the outer problem (3-6) for given parameter A satisfying (2-11), and for
given small functions ¢, in the form of a nonlinear nonlocal operator

Y(x.1) = WA, ¢](x,0).

We recall that ¢ (x, 1) = nr(x, t)qg(x, t), with

~ -1 X X
()b(xvt):: /"L()zd)(_’t) and TIR(x»t):n(_)
Mo Ruo
Here n(s) is defined in (1-9), and R is a sufficiently large number, independent of . We assume that

[#]lv.q is bounded. 1)

Let g : (0, 00) — (0, 00) be a smooth and bounded given function with the property that

) fors — 0t
= ’ 4-2
#o(s) {l/s3 for s — oo. 4-2)
We introduce the following L °°-weighted norms for functions f = f(r,1):
I/ s := ILf e+ DS 2, (4-3)
-1 r

1= sup uozrwo1(—)[||f||oo,3<x,1)x[,,t+u+[f10,a,3<x,1)x[t,t+1]1, r=Ixl. @4
x€R3,t>1¢ \/;
_1 _ r

Ifl= sup g e(gh) 1(—)[nf||oo,3(x,1>x[t,t+1]+[f]o,g,3(x,1>x[t,t+u], r=|xl. @5)
x€R3,t>1g \/;

Refer to (2-46) and (2-47) for the definitions of || f||loo, B(x,1)x[r,:+1] a0d [ flo,0,B(x,1)x[t,t+1]-

Proposition 4.1. Assume that A satisfies (2-11), and that the function ¢ satisfies the bound (4-1). Let
Vo € C2(R?), radially symmetric so that

o) + [y IVYo(»)] < tg9e 2P (4-6)

for some positive constants a and b. There exists to large so that problem (3-6) has a unique solution
v = W[A, @] so that

W(V»IO)ZWO(”)» ||W||1+||DW||2§C (4'7)
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Proof. Let f be a given function with || f ||«-norm bounded. Classical parabolic estimates give that any
solution to d; ¢ = Aw + f is locally C2129:119_ Furthermore, a consequence of Lemma A.1 is that the
function @g(r,t) = uot 2<p0 (r/+/t) is a positive supersolution for 3,1 > Ay + f(r,t). Observe also
that o (r, t9) = ¥o(r). Combining these facts with the maximum principle, we see that, for a function f
with || f ||«-norm bounded, the unique solution to d;¥ = Ay + f, with ¥ (r, t9) = Vo, has ||| xx-norm
bounded. We claim that a possibly large multiple of ¢ works as a supersolution also for the problem

Y =AYy +V(r, Oy + f(r,1). (4-8)
Indeed, recalling the definition of V in (3-5), we write
V=Vi+Vs, Vi=5U5-wynr, V2=5U5(1-1g).

In the region where ngr # 0, namely when r < 2R, we expand in Taylor the function V; and we find
s* € (0,1) so that

Vi(r. 1) =20(wy + ™ (oW1 (r.1) + po(r. 1)) [p W1 (r. 1) + po (. )&

From here, we see that, in this region, |V1(r,t)| < Rt~ !ng, so that

vl = g o ). @9)

Let us now consider V,. This function is not zero only when r > R, and in this region we have that
[Va(r.0)| < (ug/r*)(1 —ng). so that

21 r 5 2 _3 r
|V2(V,l)‘ﬂo(r,l)|§l;—4ﬂ§f 2@0(\—/;)(1—77R)5R it 2ho(ﬁ)- (4-10)

Choosing R large, but independent of ¢, we thus find that a multiple of ¢¢ is a supersolution for (4-8).
We call Ty, : (f, ¥o) — ¥ the linear operator that to any f with || f||«-norm bounded and any initial
condition g satisfying (4-6) associates the unique solution to

atw=AW+V[/\](”’Z)W+]{(F’Z)’ W(’”JO)=W0(”), (4'11)

which has bounded || || «+-norm. Define v = T, (0, o). We observe that ¥ 4 v is a solution to (3-6) if
¥ is a fixed point for the operator

Ao(¥) = To(12VnRVx + ¢(Ax — 3R]+ NN + V) + E21 + E22(1 = 1R))- (4-12)

We shall show the existence and uniqueness of such a fixed point as consequence of the contraction
mapping theorem. We perform a fixed-point argument in the set of functions ¥ in

Bo={v € L ||[Y]lx <7} (4-13)
for some r > 0.
From Lemma 2.3 we have that there exists a constant ¢ so that

€21 + E22(1 —nR) ||« < c1. (4-14)
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We now claim that there exists a constant ¢, such that, if the parameter A satisfies (2-11), and if the
function ¢ satisfies the bound (4-1), then

12VnRVxd + ¢(Ax —d)NR]x + [N@ + V)« < ca. (4-15)

Furthermore, we claim that there exists a constant ¢ € (0, 1) so that, for any v, ¥, € By,

Ao (V1) — Ao (Y2) 4% = €l|¥1 — Y2l sx. (4-16)
If we assume, for the moment, the validity of (4-14), (4-15) and (4-16), we get the existence of a fixed
point for problem (4-12) in the set (4-13), provided r is chosen large enough.

Proof of (4-15): We start with the estimate of the first term in (4-15). Since we assume the validity of the
bound (4-1) on ¢, we write

3
In"(1x|/Rpo)|  pgt™t
R2u3 (1 + [x/mol?)

7" (Ix|/Rpo)| HE
R2u? ~

[pAxnR| < Iblv.a:

see (3-18) for the notation ||¢|, 4. Thus, we get

2 " (Ix]/Rpo)| -5 4 1 r
[bAxNRIS = poqa Mo ﬁho i [#1lv.a

In"(Ix]/Rpo)| % _3 Il
SRI—JraOM(%Z 2ho 7 ”¢”va~ﬂ0t 2ho \/- RI::'

Arguing similarly, we get

L s el -3 i
|¢aan| 2 zho(\/—) Rl-lljaa and |V¢V77R|</’L0t 2h \/‘ R1+vaas

which proves the L°° bound in the first estimate in (4-15). To check the Holder bound for this term, we
focus the analysis on the term g(x, 1) := <]3A xNR- The other terms can be treated in a similar way. We write

lg(x1,11) — g(x2,12)|
|x1 —x2|29 +|t1 —12]°

|p(x1,11) — p(x2,12)] o 2’12)||Ax77R(x1 1) — Axnr(x2, 12)]

|x1 —x2|29 + |t} —12]° |x1 —x2|%9 + |t1 —12]°

= |Axnr(x1,11)|

In order to control the first term, we use the definition in (3-18) of ||¢|,,, and we argue as before. The
second term can be easily treated using the L°°-bound on qAS and the smoothness of the function Axng.
This completes the analysis of the first estimate in (4-15).

We continue with the proof of the second estimate in (4-15). We recall that

N(@) = (Ur+¢)° —Us —5U5 ¢.

It is convenient to estimate this function in three different regions: where r < M~ 1o, where M 1o <
r < M/t and where r > M /t, with M a large positive number.
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From the definition of U, in (2-57), we see that, if r < M ™! Mo, then

_3
IN@)I S g 2112 S 11 2 W12 + e ).
We recall that

1 r 3
W] S W lsespagt™ 2¢o(ﬁ), Inrd| < et nrllél e 4-17)
so that we get, forr<]\7_1u0,
~ _ _ _ 1 3
NG+ )] <12 T+ 012+ 112 a](/ﬁ 2ho(ﬁ)) (418)

Let us now consider the region M ~!j19 < r < M /t. Here, after a Taylor expansion, we get

W

NG+ )| Swhlly + 2 + Inrdl?) < “5 1y 2+ Ind ).

Using again (4-17), we obtain, for M g <r < M /1,
~ - _ - 1l 3 r
NG+ )] < 12 Y+ 12+ 112 ]( 3, Zho(ﬁ))- (+19)

— - 1
Let us now consider » > M +/t. Observe that in this region ng = 0, |(Y + ¥)(r,1)| < /Lgt_%goo(r/ V1)
and, from (C-3), also |Ux(r,t)| < po/r. Thus we have

5
(e 9 iy 3, (7
IN(@+¥)| < (70) Sugt? (uoz 3h0($)). (4-20)
From (4-18)—(4-20), we get the L ° bound for the second estimate in (4-15).
Proof of (4-16): For any V1, ¥, € B,, we have
Ao(¥1) = Ao(Y2) = To(N(Y1 + ¥ + ¢™) = N(Y2 + ¥ + ¢™):
thus _ .
[Ao(¥1) = Ao (Y2) 45 < CINW1 + ¥ +¢™) = N2 + ¥ + ™).
We write
N1 +¢™) = N2 +¢™)
= U+ ¥1+8)°— (U2 +¥2+g)° —5U5 (Y1 —¥2)

=+ Y1 +8)° — U2+ ¥2+8)° —5(Uz+ ©)* (Y1 — ¥2) + 5[(U2 + g)* — U 1(¥1 — ),
=Ny =N>

where g := ¢ + . In the region where r < M /t, we have

IN1(x, )] S wi [ =y,
which yields

N2 Ge )] < 3 g — wzn**](é o(ﬁ))
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while N, can be estimated as

W

. _ _ . 1 3 r
N>, O S 131 o+ 13 16 a1 —Wzll**(uét ho(ﬁ))-
On the other hand, if r > M /1, we have qbi“ = 0, so that
< 211.7, % -3 r
IN2(x, )| < 1ol ¥ llsx I — Vallsx | kgt~ 2ho| —= ) |-
NG
On the other hand N; can be estimated as follows:
. L1 r
IN1(x,8)| S Y1 — w2|5, from which |N1(x,1)| < /,L%;,Lgl‘ 2h0($) Y1 — Y2l 5x.

In summary, we get

INW1+¢™ +v9) = N2+ ¢™ + )l p < Cullvn — Vol sx.

where C = max{[|¥/1 — V2| xx, " [lv.a}. Thus we get the validity of (4-16) provided that #y is large
enough. O

Remark 4.2. Proposition 4.1 defines the solution to problem (3-6) as a function of the initial condition g,
in the form of an operator ¥ = W[], from a small neighborhood of 0 in the Banach space L*°(£2)
equipped with the norm

sup [[3]1e?P 1y ()] + 1y11e2 Vo ()] (4-21)
yER3

into the Banach space of functions ¥ € L°°(2) equipped with the norm || ||«x, defined in (4-3). A
closer look to the proof of Proposition 4.1, and the implicit function theorem give that y9 — W[y] is a
diffeomorphism, and that

1P[We]— P[Pl < c[ sup [[¥1eP [y — 31| + sup |[y[e® vy — Vy2l|]
yER3 yER3

for some positive constant c.

Proposition 4.3. Assume the validity of the assumptions of Proposition 4.1. Then the function W =
(A, @) depends smoothly on A and ¢, and we have the validity of the following estimates: for any initial
time to in problem (2-1) sufficiently large, and any sufficiently large radius R in the cut-off function ng
introduced in (3-2), there exists ¢ such that, given A1, A, satisfying (2-11), one has

[W[A1, @] — W[A2, @]l4x < c[[A1 — A2 lly (4-22)
for any ¢ satisfying (4-1). Moreover, given ¢y, ¢ satisfying (4-1), one has

WA, 1] — VA, d2]ll4x < cllp1 — P2llv,a (4-23)
for any A satisfying (2-11).
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Proof. Fix ¢ and define ¥ = ¥[A1, ¢] — ¥ [A2, ¢] for A1 and A, satisfying (2-11). Then ¥ solves
¥ =AY + (V] + N W)+ F, R>x(t9,00), ¥(r,10) =0,
for A =sA1 4+ (1 —5)A2, s € (0, 1), where
F = &1[M]=EnlAal+ (1=nR)[E22[A1]=Exa[R]]+ [V [M1] =V A2l + [N ] = N A ]} (Y2 +¢™),
where ¥; = ¥[A;,¢], j = 1,2. From Lemma 2.3 and estimates (2-61)—(2-62), we get
[£21[A1] = E21[A2] [l < cl|A1 — A2]ly,
11 =nR)[E22[A1] — E22[A2]llx = ellA1 — Azlly,
provided fg is large enough. One also checks that, for some ¢ € (0, 1),
IV IM] = VIRllY2lls < elld = A2llg, (NI = NR2I(W2 + ¢l < el A —Az|z.

The constant ¢; can be made arbitrarily small provided #¢ is large. Arguing as 1n (4- 9) and (4-10), one
can show that a certain multiple of the function [|[A1 — Az |[4@o (7. 7), where ¢ = ;,LOZ‘ 2(,00 (r/ /1), serves
as supersolution for . This proves (4-22).

Let us now fix A, and take ¢1, ¢, satisfying (4-1). Define ¢‘n = r;R¢j and ¢, (x,t)= /,LO ¢, (x/pmo,t),
for j = 1,2, as natural. Let ¥ = ¥/ (X, ¢1) — ¥ (A, ¢). We have ¥/ (r, t9) = 0 and

Y =AY + VIAIY + (Y1 + ") — (Y2 + 1) + [2Vnr Vi (d1 — $2) + ($1 — ¢2)(Ax — )R]
+ (Y2 + ¢ — (Y2 + ¢ — 5US (¢ — i1

Arguing as in (4-6)—(4-21), we get

|3

[2VnRVx($1 — d2) + (¢1 — $2)(Ax — 3)1R]| < /Lét_Zho(%) I¢1 = 2llv.a

Rlta
1 3 r
<cult 2h0($) ll$1 — d2llv.a

|(w2 +¢1n 5 (Wz +¢m 5 5U24(¢i1n_¢i2n)| < Mg gho(ﬁ) ||¢1 ¢2||v,a

Rlta

<cu0t 2ho(\/-)”(ﬁl $2llv.a-

The constant ¢ in the last two formulas can be made arbitrarily small provided R is chosen large

and also

enough. O

5. Choice of A: part I

Let ¢ = W[A, ¢] be the solution to problem (3-6) predicted by Proposition 4.1, and satisfying the properties
described in Proposition 4.3. We substitute v in (3-11) and (3-12), and we want to solve, in ¢, problem
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(3-11), satisfying the initial condition (3-13). As we stated in Proposition 3.1, problem (3-11)—(3-13) can
be solved for functions ¢ satisfying (4-1), provided that

H[y, A, 0](y,t (1)) Zo(y)dy =0 forall z > 19, (5-1)

Bor
where H [{, A, ¢] is defined in (3-12).
Next lemma states that (5-1) is a nonlinear, nonlocal equation in A, at any fixed ¢.

Lemma 5.1. Assume that A satisfies (2-11), and that the function ¢ satisfies the bound (4-1). Let
Y = W[A, @] be the solution to problem (3-6) predicted by Proposition 4.1. Then (5-1) is equivalent to

[1+ poptoh(t) + q1(MN)]ho(0,1) = g(2) + G[A, 9](2). (5-2)
Here ¢ is the function defined in (2-53) and also in (2-54); thus
t 2 -
w00 = [ [ e SOy dyas (5-3)
to—1 (47 (t —5))2 Jw3 p+ 1yl

The function b = b(t) is a smooth function in (ty, 00). By q1(s) we denote a smooth function such that
q1(0) = 0 and q7(0) # 0. Moreover,

[blle <C. ligllh =C. [IG[A.@]ll, =C. (5-4)

Furthermore, if the initial time to in problem (2-1) is chosen large enough, there exists R in the definition
of the cut-off function in (3-2) sufficiently large and there exists a constant ¢ € (0, 1) so that, for any ¢,

1G[A1, @] — G[A2. @]llp = ellA1 — A2|4 (5-5)
and, for any A,
IGIA. ¢1] = GIA, d2]llb = cllPp1 — P2llv.a- (5-6)
The constants c in (5-5) and (5-6) can be made as small as one needs, provided that the initial time tg is
chosen large enough. We refer to (2-43) and (3-18) for the definitions of || - ||y and || - ||v,4 respectively.

Proof. Throughout the proof, we denote by ¢; = ¢; (s), for any integer i, a smooth real function, with the
property that

d d
(d—s)jqi 0)=0 forj <i and qu (0) #£0.

We have the decomposition

H[y, A, ¢l(y,1(t))Zo(y) dy

Bor

3 K 4, Y
=2 & 1) Z d +5/ w NZ d
i [, Emnor0Zo0)dv+5 [ et (v ey 0 Zot) dy

4 L  BIgIZo0) dy /B  BgIZo0) dy

(=X T

=11 +i2+i3+is.
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Forany j =1,...,4, i; is a function of ¢ and depends also on A and ¢. To emphasize this dependence,
we write i; =i;[A, @](¢).

We claim that

1
o Zi1lA. ¢](2)

= M%M_z[(S/B w4(y)Zo(y)dy)¢o(0, 1)+ (q1(A) + 10oq0(A))$o(0, 1) +u‘o’a(t)b(t)}, (5-7)

2R
where b(¢) is a smooth function in (¢g, co) which is uniformly bounded as ¢ — oo.
Observe that i; does not depend on ¢. From (2-53) satisfied by ¢, and Lemma A.1, we get the

existence of a positive constant ¢ so that |¢po(uoy, )| < ca(t)uo(t) for any y € Bg. Thus, we Taylor
expand &5 in the region y € B g as follows:

E22(ptoy.1) = 5U o +4(Us +5¢0) g = a +b

for some s € (0, 1). Let us first analyze a. We write

a=5u"2w*(y)Po(0,1) + 5[U7 (roy) — w>w* (1) (0. 1) + 5U [po(10y. 1) — ¢o(0.1)] .

=ai =as

Observe that, by the definition of U; in (2-38), and (2-13), we have

4
Ut (noy) —p2w*(y) = [wu(MOY) + Hpp @ (%)] — 2wt (y)

4
—pu2 [w(y) + (w (af—/\)z) - w(y)) + 1 u®, (“_)} )

or
o
R {E e R S

for some s € (0, 1). Observe that
Y _ 2
o( g ) w0 = Vew)y + Vut) yit-2n - A7) 59)
for some z € (0, 1). Taking into account also the description of ®; in (2-9), we get
| aizody = i) + omao (Mg 0.0). (5:9)
2R

We next claim that, for y € By g, we have

Po(1oy.1) —o(0.1) = a(t)|pwoy|” TI(1)O( ¥ ) (5-10)

for some o € (0, 1). We postpone the proof of (5-10) to the Appendix. We thus get
| azody=pugawp. (5-11)
Brr

Collecting estimates (5-9)—(5-11) we get (5-7).
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We claim that .
Ho *i2[A, ¢1(1) = g(t) + G[A, $](0), (5-12)
with
gl <c. NGIA. @]l =c

for some constant ¢. We refer to (2-43) for the definition of || - ||,. Furthermore, we claim that G satisfies
estimates (5-5) and (5-6) for some constant ¢y € (0, 1). To prove the above assertion, we write

po al #10) =5 [ w9000y 0 Zo(r) dy

Bsr

+5 fB wh (WA, 0] = [0, 0] (oy. 1) Zo(y) dy
+5 /B W)W, ¢l -V Ix. Ol (oy. ) Zo(y) dy

" /BZR [w4((1+y—A)2) - w4(y)]w[h 1oy, 1) Zo(y) dy

1
[(1 g 1} [Bm 1»04((1+A)2)1/f[)L ¢l (10y, 1) Zo(y) dy = Zg/

The first term,
g1() =5 fB W ()Y (0. 0. 01Zo () d.
2R

is an explicit smooth function, globally defined in (¢, 00), which satisfies the bound

el =c(s [ wtolyizots dy) (5-13)
Bar
for some constant ¢ > 0, as direct consequence of (4-7). Let us analyze the term g5. We see that
g5 = g5[A, ¢](¢). Let us first assume that A and ¢ are fixed. From (4-7), we get

|y
+ |y|5)

Using again (4-7) and the assumptions on A and on ¢, we get [g5]o,,[r,14+1] = cué t~1, from which we
conclude that ||g5||, < ¢, for some constant ¢ > 0. Let us now fix ¢ and take A1, A, satisfying (2-11).
We write

gs[A1, dl—gs[A2, P]
1 1
B 5[(1 +AD* (1 +A2>4] /B "’4((1+y—m)2)‘/'m $1(1oy.1)Zo(y) dy

1 4 y 4 y
+5[—(1+A2)4_1]/32R[w (—(1+A1)2)_w (—(HAZ)Z)]W[M¢](uoy,z)Zo(y)dy

1
+s[m—1} /B w4((1+y—Az)2)[w[xl,qs]—wuz,qs]](uoy,r)zo(y) dy = e1+es+es.

g5l =ear0) [ I gly. 0 2ol dv = engi~l i) / :
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Thanks to (2-11), and arguing as before, we see that
le1 ()] = 0|A1(t)—Az(t)|/B [w* (V)Y [, @110y, 1) Zo(y)| dy
2R

o0
<ano®3 ([ 5 ao(o) ds) s — il
t

3 3 _
[o(t0)] o ()21 |21 = Azlly < cxppo ()21 A1 = Az g,
where ¢ is a positive number, which can be chosen arbitrarily small, in particular ¢; < 1, provided #¢ is
chosen large enough. Similarly one can show that, thanks to (2-11)
3 _
[e1]o.o,fr,c4+1] < C1/0() 2t AL — A .
We thus can conclude that there exists a positive small number ¢; < 1 so that
lerlls = cllAr —Az]ly.

A similar argument allow us to say that also [ez |, <c1||A1—A2||y. We next analyze e3. From (4-22) we get

01 =237 ([0t 2 ) i 01— v izl

3
<cipgt AL — Az,

and also s
[e3]o.o[re+1] S C1iadt A1 — Az lly

for some constant ¢y € (0, 1). We can conclude that
lgs[A1. @] —gslAz, @lllp < c1llAr — Az |l4.

The same estimate can be obtained for g4, arguing in a similar way
Let us now consider g,. This term does not depend on ¢; namely g2[A, ¢](¢) = g2[A](t). From

3 [y 3
22001 < e ([t )ty =gl

2.

Proposition 4.3, we get

and similarly
3
(820,01, 411 = Clgt™

Furthermore, if ¢ is large enough, there exists ¢; € (0, 1) so that

21O = a2 =5 [ 0t O 0= ¥ 2. 0oy, 01 Zo dy

3
< Cto_lll«o A1 = Azllg < crpdt T IAL = Azlly

and also s
[g1[A2] — g2[A2]lo.orr+1] < ciigt 2IA1 — A2 g

thanks to the results of Proposition 4.3. Arguing in the same way, one gets similar estimates for g3
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_1
Collecting all the above arguments, we conclude that 1, *i2[A, ¢](¢) can be written as in (5-12), with
g and G satisfying (5-4), (5-5) and (5-6).
Next we claim that 1
1o *ij[A. 91() = G[A. ¢1(1). j =3.4, (5-14)

and G satisfies (5-4), (5-5) and (5-6). We start with j = 3. First, we see that i3 does not depend on A,
and it is linear in ¢. Since we are assuming that ¢ satisfies (4-1), we have

D=

3 3
i3] = (opoR* g (1 Hgllva < g ) I llv.a.

_1 3
(o > i3Do.or.e+11 < g D1 B llv,a

for some constant ¢ > 0. Let us now take ¢1, and ¢, and we get that, if wo(fo) g (fo) R*™ is small

o

enough,

g 2 i3l1] — 3I8aD (0] < 11 " 61 = Ballv

[Mo_% (i3[p1] = i3[P2D) (D)oo, [t +1] = Clﬂ§ 01 g1 = $2llv.a

for some ¢ € (0, 1). Estimate (5-14) for j = 4 can be proved in a very similar way. We leave the details
to the interested reader. Combining (5-7), (5-12) and (5-14), we complete the proof of (5-2). O

6. Solving a nonlocal linear problem

Let ¢¢ be the function introduced in (2-53). Later in our argument we will need to solve in A, a nonlocal
equation of the form
¢0(0,2) =h(t), te€(t,0), (6-1)

for a certain right-hand side 4. We see from (5-3) that ¢(0, ¢), defined as

2

[l
g a(s) e s
$0(0,17) Z/ / 3 Lyjy|<my dy ds.
to—1JR3 (4 (t —s))2 KT |yl

defines a nonlocal nonlinear operator in A. For convenience we recall that

a(ty) fort <ty,
a(t) fort >ty,

a(t) =34 g ® (uohY. &) = { A@) = / A(s) ds.

‘We write
$0(0,1) = T[A](2) + T[A](2), (6-2)
where T is 5
t 7 —~F—»
T[k](l‘) = / a(s) 3 e 1{|y|<M} dzds. (6-3)
to-1 /R (4t —s))2 |Vl

We shall see that 7 is a small perturbation of 7, in a sense we will make precise later. In this section, we

start with the analysis of problem
TA@) =h(t), t>t. (6-4)
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Straightforward computations give

TIA(t) = —% [_1 j%a—e—u”f))ds. (6-5)

Indeed, letting z = y/(2+/t —5), one gets

a(s) e"z|
/\](t)—];o 1/;@32 —[—s {|z|< }dZdS
-t
/to 1/ oe(s) e pl{p< dpds=% () /ﬁ G 2pdp

Vi—s V= 4 Jig—1 Nt —s
S S i :
. lm —e =9)ds. (6-6)
Introduce the function § = B(t) as
B(t) = % /oo&(s) ds. (6-7)
t
If B = B(¢) solves
/t ) (1—e —as w)ds = h(t), (6-8)
to—1 VI —S

then the function A(r) = | too A(s) ds, defined as

1 1 1 |
a‘)A(z):/,Lo‘f(z),s(z)Jr ()f B(s)itg 2 po(s) ds, @:%31, (6-9)

solves (6-4).

The next lemma constructs a solution to (6-8). If we formally let M — oo in (6-8), we get that the
left-hand side of (6-8) is nothing but the %—Caputo derivative of 8. This fact inspires the proof of the
following:

Lemma 6.1. Let 0 = % + 0/, with ¢’ > 0 small, be the number fixed in (2-11), and h : (t9,00) = R a
smooth function satisfying

_3
tsu}) wo > tlllhllo,fz,i+17 + Moo, fr,e+11] < C (6-10)
>l

for some constant C. Then there exist a constant Cy and a unique smooth function B : (to — 1, 00) > R

which solves (6-8), B € C U that satisfy the bound
_3
tSUtP o >t B llo,it.e411 + [Blo,oft.0417) < Mt (6-11)
>10

We recall that M? = to was first introduced in (2-53).

Observe that a direct consequence of this lemma, together with (6-9) and (2-41), is the invertibility
theory for problem (6-4) that will be used in next section to solve (5-1). This is contained in the following:
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Proposition 6.2. The function T : Xy — X, defined in (6-3) is a linear, nonlocal, homeomorphism such
that
1T~ (Wllg < CM " Ally  for any h € Xy, (6-12)

for some fixed positive constant C. We refer to (2-11) and to (2-12) for the definition of the | - ||y-norm
and of the set Xy, and to (2-43) and (2-42) for the definition of the norm || - ||, and of the space X),.

We devote the rest of the section to the following:

Proof of Lemma 6.1. We start performing a change of variables, to transform problem (6-8) into an
equivalent one with simpler form: Let

s=to—1+M?a, t=t9—1+M?b, Ba)=p(s). h(b)=nh(@).

After this change of variables, problem (6-8) takes the form

B'(a) —L _
[0 F(l —e Yda = Mh(b) (6-13)
Let .
e Vi
Kip)= ——
(m) 7

and take the Laplace transform of both sides in (6-13), thus getting
LBYELK)E) = MLHB)E).
Since L(B') = §L(B)(§) — B(0). we get

B(0) Yy LM)E) (6-14)

LHO =" +M 06

Observe now that

L(K)(E) = /000 e—%‘n(l _jﬁ_n) dn = %/(;00 e_p2(1 —e_%)dp.

We readily get that

L(K)(E) = %(2 fooo e P’ dp)(l +o(l)) asf — oco. (6-15)

To describe the behavior of L(K)(§), for £ — 0, we first notice that

1 _1
E 1—e n / —e
&n
e dn+ O(V§).
/0 ( ) S vE
On the other hand,

—1 1 -
00 e l—e n)d _ ) —Eﬂ(l_ﬁ_e W)d ooﬂd _0 ‘
/é e (—ﬁ " /é S Gy KU v XL /%)
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Thus we conclude that

1_\/_677_" dn+ O(E) as&— 0. (6-16)

@ = [

From (6-15) and (6-16), we conclude that

I {c1/§+cz/\/§+ o(1) if&—0,
EL(K)E)  lea/VE+0(1)) if § — oo.
Let now G = G(t) be so that L(G)(§) = 1/(EL(K)(§)). Standard arguments on Laplace transformation
imply that
C1 +52/\/;+ o(l/t) ift — oo,

&3/l +0(1)) ift -0

for certain constants ¢, ¢» and ¢3. From (6-14), taking the anti-Laplace transform of both sides, we get

G(t) = {

b
B(b) = B(0) + M/ h(a)G(b—a)da
0
00 00 b
=B0)+ Mé f h(a)da + M, / h(a)da+ M / h(a)[G(b—a)—c1]da.
0 b 0
We select the solution to problem (6-13) so that
B(0) + Mé, /Oo h(a)da = 0.
0

In the original variables, we thus obtain an explicit solution to (6-8):

~ 00 t _
ﬂ(t):ju—l/t h(s)ds-i—%/t h(s)[G(tM—ZS)—EI}ds. (6-17)

0—1

=p1() =B(t)
Let us now check (6-11). Since (6-10) holds, we easily get

_3
sup o 1B S ML
t>1o
To control the second term in (6-17), we change variable t = M 2f s = M?5, so that
f
Ba(t) = Mﬁ _ MMPS)[G(T—5) -] ds.
Wz
Since o = M? and since (6-10) holds, we get
G
1 Mo (8 U S 1 3
< o7 —3)— < 2(n < 2
2015 37 [, F6E 5 -a1ds 5 g 05 Mg 0,
0

from which we get the validity of (6-11).
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_3
The assumption that j1, >1[h]o ¢.[z,1+1] is bounded guarantees that the function 8 defined in (6-17) is
differentiable. Indeed, trivially one has B (t) = —(¢1/M)h(t). Let us write B in the following way:

t _ —
Ba(t) = % /;0 (h(s)—h(t)) [G (ZM—;) —c1:| ds + % . |:G(ZM—2S) —51:| ds.

Thus we have

1 _ Lt ~
h,(,)/ [ (M2) 5}01 _hf(t) [ (t_s)—c~1j|ds

0
h(t) d t t— _
ara (1o (G ) -a) )
f - heyd (['T.(t—
—;[ﬁmn—hmchﬁ§)w+-§%5(&[ccﬁg)—a}w)

Both the last two in3tegrals are well-defined, as consequence of the behavior of G(7), as n — 0, and the

assumption that ;Lo_jt[h]o,gj [1,:+1] 18 bounded. Since G(n) ~ n_% as n — 0, direct computations give the
bounds in (6-11) for B’(z). O

7. Choice of A: part II
This section is devoted to solving (5-1) in A for fixed ¢ satisfying (4-1). We have the validity of the
following:

Proposition 7.1. For any ¢ satisfying (4-1), there exists L > 0 and a unique solution A = A[¢] to (5-1),
with
IAlly < LMY, (7-1)

where M = \/tg, provided the initial time to in problem (2-1) is chosen large enough. Furthermore, there
exists a constant ¢ € (0, 1) such that, for any ¢1, ¢ satisfying (4-1), we have

[Alp1] = Alg2]llg < cllp1 — d2llv.a- (7-2)

Proof of Proposition 7.1.. Lemma 5.1 states that solving (5-1) is equivalent to solving (5-2). We write
(5-2) as
T[A(0) + TA)() = (1 + popob(t) + 1 (1) "' g(1) + G[A, $1(0)], (7-3)

where T and 7 are defined in (6-2) and (6-3), while b, g and G satisfy the bounds in (5-4), (5-5) and (5-6).
Here g1 = ¢1(s) denotes a smooth function such that ¢ (0) = 0 and ¢} (0) # 0. We observe first that

(1+ popob () + q1(M)) g (t) + G[A, ¢1()] = g1(1) + G1[A, B (1)
for some new functions g and G that also satisfy (5-4), (5-5), and (5-6).
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Thanks to the result of Proposition 6.2, solving (7-3) in A reduces to solving the fixed-point problem
A0 =FQ)@), FO):=T g1+ G, ¢]-T[A), (7-4)

where T~! is the operator introduced in Proposition 6.2.
Step 1: First we show that, for any fixed ¢ satisfying (4-1), there exists a unique fixed point A = A[¢] of
contraction type for F in the set
B={AeXy:|Alg<LM '}
for some L > 0 large.
In order to prove this fact, we claim that, if the initial time 7 in problem (2-1) is large enough, there
are positive constants ¢1, ¢z € (0, 1) so that, for any A € B,
ITA <@ MIAly.  withaC <1, (7-5)
IT (] =T (22l < E2lA1 = A2lly. with CM ™' (e +&2) <1, (7-6)
forany A1, A, € B. The constant C is the constant appearing in (6-12), while ¢ is the one appearing in (5-5).
Assume for the moment the validity of (7-5) and (7-6). For any A € B, we have
IFM)llg < CM g1 + Gi[r. ] = TAIl,
<M~ (lgully + 1G1 [ ¢l + I T [A]llb)
<CM'Qc+éL)y<LM™Y,
provided L > (2¢C)/(1 —¢1C), where C is the constant in (6-12), ¢ is the constant in (5-4), and ¢; is

the constant in (7-5), which satisfies ¢1C < 1.
Let us take now A1, A2 € B. We have

IF(A) = FO)llg = 1T (G1[A1. 6] — Gi[Aa. @) — T~ (T[] = TA2)) Iy
< CM 7Y (IG1 M. 8] - Gl @l + 1T (] = T[A2] )
<CM ' (c1 +E)|h —Aally <ellAr — Azl
for some ¢ < 1, thanks to the choice of ¢5 in (7-6).
A direct application of the Banach fixed-point theorem gives the existence and uniqueness of a solution A

to (5-1), satisfying (7-1). We complete the first part of the proof of the proposition with the proofs of
(7-5) and (7-6).

Proof of (7-5). Let A € B. From (6-2) and (6-3), we get

|y[2
1—s)

- ! a(s) e x p(s)
TIA() = — 1gyl<py dz d
A /;0—1/@ Grt—s)> Il i) +1yl (i< €= €5

t _ M
= c'/ Aps) [V e P dpds
to—1 ~Vt—s Jo H+p
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for some explicit constant ¢. Since

=c—

i

M
/\/Z—S 2
e 1Y
0

P

dp
u+p
for any ¢ large, we observe that

M ft Mds‘ (7-7)

ITIAIO] = Aﬁ Vi

for some fixed constant A. We claim that

/t:—l O_l(s—/:MT(j) ds = &(t)ﬂ(t)mn(l), > 1, (7-8)

for some smooth and uniformly bounded function T1(¢). Indeed, we write, for B4 (s) = a(s)u(s),

/t:_l IB;(_S)S ds = tot_l ﬂ*(s)t;\/Té:(t)dS‘i‘Zﬂ*(l‘)\/l—to-l-l:i+2[3*([),/t_t0+1. (7_9)

Using the change of variables x = +/f — s,

VITOt LB (1) — Bx(t — x?)]

dx.
Bat) !

/m

=2 [Ba(t) — Bt —x%)] dx = —2B.(0) /
0 0

We now observe that the function x — [B«(t) — B« (t — x?)]/Bx«(t) is uniformly bounded in x €

[0, VTt —to + 1], since

[Ba(t)—Bx(t —xH)] _ (1—(1=x%/0)71(1 —x2/0)737! for y # 2,
B (1) 1= (1 —=x2/)73[1 +1log(1 —x2/1)]® fory =2,

where y =1ify >2,and y =y — 1 if 1 <y < 2. With this in mind, we conclude that

i=Bx)yt—to+ 1T1(2) (7-10)

for some smooth and bounded function II. Inserting (7-10) into (7-9), we get (7-8).
Using (7-8) in (7-7), we conclude that

A1) < Ao Mgl (0]

for some fixed constant A, independent of ¢ and of M. Thus, for ¢ large, if we choose 7¢ sufficiently large,
there exists a constant ¢; € (0, 1) such that

TINO] < exM A lglug (0]
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Let now consider #1 and #, € [t, 7 + 1]. We write

Pl - TR = ¢ [ [ o) _ e } / T 2 P

to—1 Jh—s  \Jth—s m=+p
131 ¥ 5
_c/ a(s) /ﬁ -2 _PH s ds
1 Vi2—S$ H+p
L G(s) [VaS _p pu :
—c e P ——dpds = ij.
Viz—=s Jo n+p P Z ’

Observe that, for t1, t, € [t,t + 1], for ¢ large, we have

1) — p( A(t1) — At 3
sup lister) = 1ltz)| Mff)l < Cpo(t)  sup M <CM ' po()(ug @)Y (7-11)
t1,02€[t, 0 +1] t1 —12] t,t2 €[t t+1] |11 — 12

for some constant C. With this, we can estimate i1 and i5 as follows:
3
[i11o.0,ite+11 < CM ™ o () (g ()1™1)  for j = 1.5.
Straightforward computation gives
3
lijloouft.e4+1] < CM ™ 1o ()1 [ Allg(ng () ") for j =1,2,3.

These estimates, together with the ones we obtained before, constitute the proof of (7-5).

Proof of (7-6). Let A1, A, € B. From (6-2) and (6-3),

a(s) [F _pz[ pifA1] piiA2] }d J
to—1 VI —s Pal+p  ulra]+p

PRl - i) = ¢
Observe that
(] = 12D )] < Apo()| A1 () — As(s)]
< AMO(S)/ A= Aal(¥) dx = Ap2() A1 —Aally

for some constant A, whose value may change from one line to the other, and which is independent of
t and 7. A Taylor expansion gives

| (s)]
1 VT—s

for some [i between pu[A1] and u[A2]. Thus we get

P ale) - FAa)0)] < [ / me_pzﬁlu[lﬂ@)—M[lz](S)ldpds

FR]) = TII0)] < A3 @M g () 1Ay — 2l

where A is a constant independent of 79 and ¢. Using again (7-11), we can show that

~ A~ 3
IT]=TR2lloofr.e+11 < Ag(OM g (0TI A1 = A2y,
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where A is a constant independent of 79 and ¢. Choosing ¢ large enough, we can find ¢, small enough
so that (7-6) holds true.

Step 2: In the second part of the proof, we show the validity of (7-2). For this purpose, we fix ¢ and
¢> satisfying (4-1), and we let A; = A[¢;], j = 1,2. If L = A1 — A2, then we see that A solves

A =T7YGi[A1, 1] - Gi[A2, ¢2))
=T71(G1[A1. ¢1] = G[A1. d2]) + T (G1lA1. §2] = G2z, $2]).
Thus
[Allg < CM Y (|G1[A1, 1] — GlA1, @2lllb + | G1lA1, ¢2] — G[A2, $a]llb)
<CM™(cllpr — P2llv.a + cllAr — A2 ]ly),

where C is the constant in (6-12), M? = t, ¢ are the constants defined respectively in (5-5) and (5-6).
We now observe that the proof of Lemma 5.1 also gives that the constants ¢ in (5-5) and (5-6) can be
such that CM ~!¢ < 1. Thus the proof of (7-2) readily follows. O

Remark 7.2. Recall that the function ¥ = W[v], the solution to problem (3-6), depends smoothly
on the initial condition Vg, provided v belongs to a small neighborhood of 0 in the Banach space
L°°(R2) equipped with the norm defined in (4-21), as observed in Remark 4.2. This fact implies that also
A = A[o], the solution to (5-1), depends on 1. A closer look at the definitions of A = A[vg] gives that

ISP = AT < 1P P = v T ooy + 122 IVHEY = VY SV1 Loo s

This fact will be useful in the final argument of finding ¢, the solution to (3-13).

8. Final argument: solving (3-8)

We are constructing a global unbounded solution to problem (2-1)—(2-2) of the form (3-1)
u=Us[A(r,0) + ¢.

The function U, is defined in (2-57), while ¢~> is given in (3-2). The function ¥ which enters in the
definition of ¢ solves the outer problem (3-6), and its properties are contained in Propositions 4.1 and 4.3.
The parameter A = A(¢) belongs to the space Xy, (2-12), and has been chosen to solve (5-1). The
properties of this A = A(¢) are collected in Proposition 7.1. What is left is to solve the inner problem
(3-8) in ¢. Thanks to the choice of A = A(¢), the orthogonality condition (3-19) is satisfied, so that we
can use the result of Proposition 3.1 to solve problem (3-8) in ¢.

In other words, we want to find ¢, with its ||¢||,,4-bounded, solution to problem (3-8). The function
Y = W[A[@], #] solves (3-6), while A = A[¢] solves (5-1).

At this point, we fix a in the definition of || - ||, 4 to be equal to 1. Proposition 3.1 defines a linear
operator ¢ = T (h), where ¢ is the solution to (3-16) so that

@b < CoR*||7]lv3
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for some fixed constant Cy. We refer to (3-17) for ||/|y,244 and to (3-18) for ||@||,,4, for a = 1. Thus
we can say that ¢ solves (3-11)—(3-13) if and only if ¢ is a fixed point for the problem

¢ =T(H[p]), where H[p] = H(Y[¢]. A[¢].4). (8-1)

and H is defined in (3-12). Choose the number R in the cut-off functjon n g, defined in (2-59) and appearing
in the ansatz (3-2), to be sufficiently large in terms of ¢, say R® ,ug (to) = 1. We claim that there exists a
unique ¢ solution to (8-1) in the set

By =1{¢:|pllv1 = L1}
for some L > 0, fixed.

From (2-59) and (4-7), we see that
1

5 ! uo ! s 4( ) ' pgr~!
2E IS , w , —_—.

Furthermore,

2—1 2—1

Ho! 1BOL$](1)] < CA(r) 10

2
|B[¢](1)| < CR Mouom 0+ [y[a+a)”

In fact, one can prove that
IH [$]lv,24+a < C1R™

for some fixed number Cy, independent from ¢ and of #y. This implies that, if ¢ € By, then T (¢) € By,
provided L is chosen large. Furthermore, combining (2-61), the result of Proposition 4.3, and the result
of Proposition 7.1, we get the existence of a number ¢ € (0, 1) so that

1Tp1] = Tlp2lllv,a < cllpr —P2llv.a

for any ¢ and ¢, € B;. We apply Banach fixed-point theorem to get the existence of a unique solution
to (8-1) with || - ||,,4-bounded.

This concludes the proof of the existence of the solution to problem (2-1)—(2-2), or equivalently
problem (1-3)—(1-4), as predicted by Theorem 1.1. O

9. Basic linear theory for the inner problem

Let R > 0 be a fixed large number. This section is devoted to constructing a solution to the initial value
problem

¢ =Ap + 5w +h(y, 1) in Brgx(19,00), ¢(y,70)=eoZ(y) in Bag, 9-1)

for any given function / with ||h||, 244 < 400, not necessarily radial in the y-variable. We refer to (3-17)
for the explicit definition of the || - ||,,244 norm. The corresponding problem in dimension n > 5 has
already been treated in [Cortdzar et al. 2016, Section 7]. We follow the same strategy in the procedure to



252 MANUEL DEL PINO, MONICA MUSSO AND JUNCHENG WEI

construct the solution to (9-1), but in dimension 3 we get a decay estimate for the solution different from
the one valid for dimensions n > 5.

We recall that the operator Lo(¢) = A¢ + 5w*¢ has a 4-dimensional kernel generated by the bounded
functions Z defined in (2-7) and also by

ow )

Zi(y)= P i=1,2,3. (9-2)
i

In the class of radially symmetric functions, the only element in the kernel of L¢ is Zy. To describe our

construction, we consider an orthonormal basis ¥,,, m =0, 1, ..., in L?(S?) of spherical harmonics,

namely eigenfunctions of the problem

sothat 0 =Ag <Ay =+ =A3 =2 < A4 <---. Let h(-,7) € L?(ByR) for any T € [r9, 00). We
decompose it into the form

o0
h(y,7) = Zhj(r,r)ﬁj(%), r=yl, hj(r,‘l,’):[gzh(re,f)ﬂj(e)de.
j=0
In addition, we write & = h° + h! + ht, where

3 00
WO =ho(r.T). h'=) hi(rn0)d;, ht=> hj(r.0);.
j=1 j=4

Observe that 1! = i1 = 0 if & is radially symmetric in the y-variable. Consider also the analogous
decomposition for ¢ into ¢ = ¢° + ¢! + ¢+ We build the solution ¢ of problem (9-1) by doing so
separately for the pairs (¢°, h°), (¢', h!) and (¢, h1).

Our main result in this section is the following proposition.

Proposition 9.1. Let v, a be given positive numbers with 0 < a < 2. Then, for all sufficiently large R > 0
and any h = h(y, t) with ||h||y 2+a < +00 that satisfies forall j =0,1,...,3

/ h(y,©)Z;j(y)dy =0 forall t € (19,00), (9-3)
Bor

there exist ¢ = ¢[h] and eg = eg[h] which solve problem (9-1). They define linear operators of h that
satisfy the estimates

|¢(y,r)|sr“’[ R 0 asa + R4_a4||h1||v,2+a+”h”"—’2+;}, ©-4)
1+ |yl 1+ |yl 1+ |yl

R+ R*- il
\V/ O <7V h° + hl +—’a:|, 9-5
900,015 7| mallzes + sl has + 2 | 09

and
leo[h]| < 1hllv,2+a- (9-6)
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Proposition 3.1 is a direct consequence of Proposition 9.1. Indeed, if / is radially symmetric in the
y-variable, (9-3) is automatically satisfied for j = 1,...,3, and h = h°.
The result contained in Proposition 9.1 follows from the next proposition, which refers to the problem

¢ =Ad+5w()*¢+h(y. 1) —c(r)Z in Brg x (19, 00), $(y.10) =0 in Bag.  (9-7)

Proposition 9.2. Let v, a be given positive numbers with 0 < a < 2. Then, for all sufficiently large R > 0
and any h with ||h|y 244 < +00 and satisfying the orthogonality conditions (3-19), there exist ¢ = ¢[h]
and ¢ = c[h] which solve problem (9-7), and define linear operators of h. The function ¢[h] satisfies
estimate (9-4), (9-5) and for some I" > 0

c(f)—/ hzlgr—”[RH h—Z/ hZ
BzR B2R

Assuming the validity of Proposition 9.2, we proceed with:

+e—FR||h||v,2+a]. ©-8)
v,2+a

Proof of Proposition 9.1. Let ¢ be the solution of problem (9-7) predicted by Proposition 9.2. Let us
write

¢(y.7) =1(y. 1) +e(0)Z(y) (9-9)
for some e € C !([rg, 00)). We find
dep = A+ 5w + h(y. 7) + [¢' (1) — Aoe(r) — (D] Z(y).
We choose e(7) to be the unique bounded solution of the equation
¢'(t) —Aoe(r) = c(1). 7€ (70,00),

which is explicitly given by
o0
e(r) = / exp(v/ Ao(t —5))c(s) ds.
T

The function e depends linearly on /. Besides, we clearly have from (9-8), |e(t)| < ™" ||/]|v,244, and
thus, from the fact that ¢; satisfies estimates (9-4), (9-5), so does ¢ given by (9-9). Thus ¢ satisfies
problem (9-1) with initial condition ¢ (v, 79) = e(10) Z(¥). O

The rest of the section is devoted to the following:
Proof of Proposition 9.2. The proof is divided in two steps. In the first step, we construct a solution to
(9-7) which has value zero on the boundary dB;g, at any time 7, for a right-hand side / not necessarily

satisfying the orthogonality conditions (9-3). In the second step, we make use of this construction to
solve (9-7), for a right-hand side satisfying (9-3), and to obtain estimates (9-4), (9-5) and (9-6).

Step 1: We claim that for all sufficiently large R > 0 and any H with ||H |, , < 400 there exist
¢ = ¢(y, ) and ¢ = c¢(r) which solve problem
¢ = Ap + 5w+ H(y, 1) —c(1) Z(y) in B2r x (0. 00),

. (9-10)
¢ =0 on dByg x (19, 00), ¢(-,10) =0 in Byp.
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The functions ¢ and c are linear operators of & and satisfy the estimates

R |Hva R |H"va 2 1H|lv,a
(1+|y|)|V¢(y,r)I+|¢(y,r)|Sr“’[ : 2 4+ R : ] (9-11)
14|y 14 |y]? 14 |yle
and for some I" > 0
C(‘L’)—/ HZ sr—“[Rz H—Z/ HZ +e—FR||H||v,a]. (9-12)
Bar Bor v,a

We construct the solution ¢ mode by mode, considering first mode 0, then modes 1,2, 3 and finally
modes greater or equal to 4. For each mode, we get the corresponding estimates.

Construction at mode 0. Consider problem (9-10) for a right-hand side H = Hy(r, t) radially symmetric.
Let n(s) be the smooth cut-off function in (1-9), and consider ny(y) = n(|y| — £) for a large but fixed
number £ independent of R. By standard parabolic theory, there exists a unique solution ¢«[h¢] to

¢r = Ap +5w(r)*(1—ng)¢ + Ho(y,7) in Bag x (0, 00),
¢ =0 ondByg X (19, 0), ¢(-,70) =0 in Byp,

(9-13)

where
H():H()—Co(‘t)z, CO(T)=/; HO(y,T)Z(y)dy'
2R

The function ¢« [/10] is radial and satisfies the bound
|« Holl ST "R*™|H||v.a-

This can be proven with the use of a special supersolution arguing as in Lemma 7.3 in [Cort4zar et al.
2016]. Setting ¢ = ¢«[H o] + ¢ and c(v) = co(v) + &(t), problem (9-10) gets reduced to

(,i;t = A(,i; + 5w(r)4¢~7 + Flo(r, t)—C¢(t)Z in Bag X (19, 00),

. - (9-14)
¢ =0 ondByg X (19,0), ¢(-,79) =0 in Byp.

where Hy = S5w*nyp«[H o). Observe that Hy is radial, compactly supported and with size controlled by
that of H . In particular we have that for any m > 0

—v —v

T T

Ho(r.7)| < v Hol(-. ol <
|Ho(r f)l~1+rm[§3§0r I¢«[Hol(-. D)llL=] < 15

R* | H ||y.q. (9-15)
We shall next solve problem (9-14) under the additional orthogonality constraint

$(-,7)Z =0 forall z € (9, 00). (9-16)

Bor

Problem (9-14)—(9-16) is equivalent to solving just (9-14) for ¢ given by the explicit linear functional
¢ :=¢[¢, Hoy| determined by the relation

c(1) Z? :/ ﬁg(-,t)Z+/ qug(-,r)Z. 9-17)
Bor Bor 0Bar
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If the function ¢ = ¢(r) defined by (9-17) were independent of ¢, standard linear parabolic theory
would give the existence of a unique solution. On the other hand, a close look at (9-17) shows that the
dependence of ¢ = ¢(7) on ¢ is small in an Loo.C1He 5 setting, since Z(R) = O(e~TR) for some
I" > 0. A contraction argument applies to yield existence of a unique solution to (9-14)—(9-16) defined
at all times. To get the estimates, we assume smoothness of the data so that integrations by parts and
differentiations can be carried over, and then argue by approximations. Testing (9-14)—(9-16) against ¢
and integrating in space, we obtain the relation

o[ 068 = [B ¢b. g=Ho—()Zo.

Bor

where Q is the quadratic form defined by

0(6.9) = / (V62— 50*1]2). (9-18)

Since dimension is 3, there exists > 0 such that, for any ¢ with [ ¢Z = 0, the following inequality
holds:

p
0.6 = 45 [ 4

The proof of this inequality is a slight modification of the proof for the corresponding inequality in
dimensions 7 > 5 that can be found in [Cortdzar et al. 2016, Lemma 7.2], considering that f B Zg =0(R)
as R — oo, when dimension is 3. Thus we have, for some 8’ > 0,

!
0| ¢+ < RZ/ g% (9-19)
Bor R Bor B>r

We observe that from (9-17) and (9-15) for m = 0 we get

6(0)| <t"K, K :=[sup " |¢«[Hol(-,7)Loe] +e TR sup t¥|[Vu[Hol(-, )| Lo ].

T>10 T>70

Besides, using again estimate (9-15) for a sufficiently large m, we get

/ g2 g _L,—211 KZ.
Bor

Using that é(-.70) = 0 and Gronwall’s inequality, we readily get from (9-19) the L2-estimate
lp(-. D2, ST "RK (9-20)

for all T > 79. Now, using standard parabolic estimates in the equation satisfied by ¢ we obtain then that
on any large fixed radius £ > 0,

#(-, D)llLoo(Byy) ST "R*K  forall T > 1o.

Since the right-hand side has a fast decay at infinity and taking into account that we are in dimension 3,
outside By we can dominate the solution by a barrier of the order "|y|~L. As a conclusion, also using
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local parabolic estimates for the gradient, we find that
2

[sup ¥ [lp«[Hol(-.)|Loe]. (9-21)

L+ IDIVR0 D+ 160 Dl S 7 s

It clearly follows from this estimate and inequality (9-15) that the function

polhol := ¢ + ¢« [Ho] (9-22)

solves problem (9-10) for H = Hj and satisfies

4—a

1+ 1y

(1 +1yDIVygo(y. D)+ lgo(y. )| ST

1H [v.a-
Finally, from (9-17) we see that
cw=[ Hz+[ sutng.Holz+ 0T H] v
Bsr Brr
From here we find the validity of the estimate

c(t) — HyZ| <17’ |:R2

Bsr

Ho—-Z HoZ

Bsr

+e—FR||Ho||u,a].

v,a
Hence estimates (9-11) and (9-12) hold. The construction of the solution at mode 0 is concluded.

Construction at modes 1 to 3. Here we consider the case H = H!, where H'(y, 1) = 213'=1 H;(r, 1)v;.
The function

n
O'[H"]:=>"¢;(r. 1), (9-23)
=1
solves the initial-boundary value problem

¢ = Ap+ 5w+ H'(y,7) in Bag x (t9,0),

(9-24)
¢ =0 ondBypr x (79,00), ¢(-.70) =0 in By,
if the function ¢; (r, T) solves
dc¢; = L1+ H;(r,t) in (0,2R) x (t9, 00), 025
0r¢;(0,7) =0=¢;(R,7r) forall t € (19, 00), ¢j(r,70) =0 forallr € (0, R),
where
Lalgi] = ey +20 Y 2% sty (9-26)

Let us consider the solution of the stationary problem Li[¢]+ (1 +r)~% =0 given by the variation of

2R
b=20) [ s

where Z(r) = w,(r). Since w, (r) ~ r =2 for large r, we find the estimate |¢(r)| < (R*~%)/(1+r2). Then,
provided that 7o was chosen sufficiently large, the function 2| H; v o7~ #(r) is a positive supersolution

parameters formula

/ (1+5)"9Z(s)s? ds,
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of problem (9-25) and thus we find |¢; (r, 7)| < ™" ((R*™%)/(1 4+ r2))||H} ||v.o. Hence ¢'[H] given by
(9-23) satisfies
4—a

1+|y?

9! [H (v, )| < 1 v,

A corresponding estimate for the gradient follows.
Construction at higher modes. We consider now the case of higher modes,
¢r = A¢p +5wie+ H- in Byg x (10.00),
¢ =0 on dByR X (19, 00), ¢(-,70) =0 in Byp,

where H = H+ = Z}’i4 H;(r)®; whose solution has the form ot = Z;’;4 ¢j(r,7)0;. Given the
quadratic form in (9-18), for ¢ € HO1 (B2R),

(9-27)

/ o= Q(pt.¢h) (9-28)
Bar r2 7 .

The proof of this fact is elementary. The interested reader can find it in [Cortazar et al. 2016]. Let ¢« [H ]
be the solution to

¢ = Ad +5w(r)* (1 —np)¢ + H(y,7) in Bag x (19, 00),
¢ =0 ondByg X (19, 0), ¢(-,0) =0 in Byp,

where H- = H- —ctZ, and ¢t = [ = H+Z. By writing ¢ = ¢[H+] + $, problem (9-27) reduces
to solving

¢ = Ad +5w(»)*¢+ H in Bag x (10, 00),

. . (9-29)
¢ =0 on dByg X (19, 00), ¢(-,70) =0 in Byp,
where H = 5w (y)*nyp«[H L] for a sufficiently large £. Arguing as in (9-19) we now get
2 |¢~)|2 < 211712
dz " +c 5 < IYI°IH|" (9-30)
Bor Bog |Vl Bor
Similarly to (9-20) we get
117 @ Dll2Bopy S TR H lv.a- (9-31)

From elliptic estimates we then get
16 D loe(Bary) S T RPIHS (v forall > 7o,
so that with the aid of a barrier we obtain
6. DI ST VRTNH o1+ [y~

It follows that the function
¢ [HY] = ¢ + puHY] (9-32)
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satisfies
I [HH . Ol STV RAIA+1yD + A+ y) ™I H  lve  in Bag.

Similar estimates for the gradient follow.
Conclusion. Let
plh) = @11+ ¢! [n'] + ¢ ]
for the functions defined in (9-22), (9-23), (9-32). By construction, ¢[h] solves (9-10). It defines a linear
operator of /1 and satisfies (9-11). The proof of Step 1 is concluded.

Step 2: To complete the proof of Proposition 9.2, we decompose the right-hand side 4 in (9-7) in modes,
h = h° 4+ h' 4+ h't as before, and define separately associated solutions of (9-7) in a decomposition

¢=¢"+o! +on
Construction at mode 0. For a bounded radial &7 = h(|y|) defined in B,g with |, Box hZy =0, let h
designate the extension of / as zero outside B, g. The equation

AH—|—5w4(y)H+i;(|y|)=0 inR3, H()—0 as]|y|— oo,

has a solution H =: LO_1 [] represented by the variation of parameters formula

H(r)=Z(r) / - h(s)Zo(s)s% ds + Zo(r) / ” h(s)Z (s)s? ds, (9-33)

where Z (r) is a suitable second radial solution of L()[Z ] = 0, linearly independent with Zy. The mode-0
function ho = ho(|y|, 7) is defined in B, g and satisfies ||i¢||v,2+4 < +00 and fBZR hoZy =0 for all 7.
Then Ho := Ly [ho(-, 7)] satisfies the estimate

_C—V

(1+r)2

|Ho(r, )| < l7ollv,2+a-

Let ®g[ho] be the radial solution in B3g to

@, = A® + 5wt (y)® + Ho(ly|, 1) —co(1)Z  in Bag x (79, 0),
® =0 on dB3g x(19,00), ®(-,79) =0 1in B3p

(9-34)

that we discussed in Step 1. The solution ®g[h¢] defines a linear operator of &g and satisfies the estimates

—Vv p4—a

T
|q)0(yv T)| 5 —”HOH ,a» (9_35)
(1+1yD e
where for some I" > 0
co(t) — / HoZ| <t [RZ Ho—Z HoZ| + e—FR||H0||,,,a] (9-36)
Bagr Bagr v,a

Since Lo[Z] = Ao Z,

Ao HoZ = HoLo[Z] :/

BZR BZR BZR

LolHolZ + / (Zdy Ho— Hodv Z),
0B R
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and hence
/ HoZ =25" [ hoZ+ 0™ ™Rt hollv2+a-
Bogr

Bor

Also, from the definition of the operator Ly ! we see that Z = 1oLy '[Z]. Thus

HHO—Z HoZ

Bar

Ly! [ho —AoZ

ho —Z/ hoZ
Bar

Next, we discuss estimates on the first and second derivatives of ®. Let us fix now a vector e with

HOZ}

v,a Bor v,a

< +e R hollv.24a-

v,2+a

le] =1, a large number p > 0 with p <2R and a number t; > 7. Consider the change of variables
Dy(z,t):=Do(pe+pz, 11 + p%1), Hpy(z,t):= 02 [Ho(pe + pz, 11 + p2t) —co(t1 + p*t) Z(pe + pz)].
Then ®,(z, ) satisfies an equation of the form
0:Pp=A,Pp+ By(z,1)P,+ Hp(z,t) in B1(0)x(0,2),

where B, = O(p~?) uniformly in B»(0) x (0, 00). Standard parabolic estimates yield that for any
O<a<l1

[Vz®@pllLoo(B, ,,0)x(1,2)) S [ PpllLoe(B1(0)x(0,2)) T | Hpll L= (B, (0)x(0,2))-

Moreover
| HpllLoo (B, 0)x(0.2)) S P2 t1 V| Hollv,as | PpllLoo(B, 0)x0.2)) < 71 K(p),
where
R2—a 5 o
K(p) = R=||h ||v,2+a- (9-37)
I+p

This yields in particular that
pIVy@(pe, 11 + p*)| = [VH(0, )| S 77V K(p).
Hence if we choose 9 > R?, we get that for any T > 279 and |y| < 3R
(1+yDIVy®(y. Dl S 7" K(lyD. (9-38)

We obtain that these bounds are as well valid for T < 27¢ by the use of similar parabolic estimates up to
the initial time (with condition 0).

Now, we observe that the function Hy is of class C ! in the variable y and ||Vy Hollv,14a < [|A°[lv,2+4-
It follows that we have the estimate

(1 +yP)IDye(r. o)l < e K(Iy])

for all T > 79, |y| < 2R, where K is the function in (9-37). The proof follows simply by differentiating
the equation satisfied by @, rescaling in the same way we did to get the gradient estimate, and applying
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the bound already proven for Vy, ®. Thus we have in By g

B R4—a
(14 yP)ID*®(y. )|+ (1 +[yDIVE(y. )|+ |P(y. D S T l)||ho||v,2+ar|y|-
This yields in particular
4—a
Lo@1(-. 1) S 7V K02tz in B
0 , T /\/‘E V,2+a1+|y|3 2R-
We define
¢°[ho] := Lo[®]|, .-
Then ¢°[h¢] solves problem (9-7) with
¢(t) := Aoco(7), (9-39)
¢°[ho] satisfies the estimate
0 R4—a
|9 [ho] (¥, )| < T_u||h0||v,2+am in Bap, (9-40)

and from (9-36), estimate (9-8) holds too.

Construction for modes 1 to 3. We consider now 1! (y, 1) = 213-=1 hj(r,7)9;, with |k ||y, 244 < 400,

that satisfies, foralli =1,...,3, fBzR hl'Z; =0forall T € (10, 00). We will show that there is a solution
= Y
¢1[h1] = Z o (r, ‘E)l?j (7)
j=1
to problem (9-7) for & = h! which defines a linear operator of 4! and satisfies the estimate
4
1 —a
,T)| S R™||h . 9-41

Let us fix 1 < j < 3. For a function & = h;(r)J;(y/r) defined in By, we let H = Lo_l[h] =
H;(r)v;(y/r) be the solution of the equation

AH+pUP™"H + 19, =0 inR",  H(y)—0 asl|y|— oo,

where & ; designates the extension of /1 as zero outside B, g, represented by the variation of parameters
formula

2R
H,;(r)zwrm/ - :

=y, (p)2

If we consider a function h/ = hj(r, t)?d; defined in Bog with A7 ||2+a,» < 400 and fBzR hi Z; =0 for

/‘00 hj (s)wy(s)s" L ds.
0

all 7, then H; = LO_1 [/ (-, 7)] satisfies the estimate |Hjllv.a < |1hjllv,2+a- Let us consider the boundary
value problem in B3g

O, = AP+ pU(y)? '@+ H;(r)d;(y) in B3g x (t0,0),

(9-42)
® =0 on dB3R X (19,0), ®(-,79) =0 in B3p.
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As consequence of Step 1, we find a solution ®; [A] to this problem, which defines a linear operator of /;

and satisfies the estimates
—Vv p3—a

T
1@ (v, 7)| < RYIAjllv2+a- (9-43)

L+ |yf?
Arguing by scaling and parabolic estimates, we find as in the construction for mode 0,
4—a

IL[D;]C-. DI S 77" Allv.24a Byg.

14 [y]*

We define ¢;[h;] := L[P;
and satisfies

HBZR and ¢'[h!] := Zj':l ¢;[h;]9;. This function solves (9-7) for h = h!

4—a

16 R O S TRy 24a, Bag. (9-44)

14 |y]*

Construction at higher modes. In order to deal with the higher modes, for & = ht = Zjoi 4 hj(r)®; we
let --[h1] be just the unique solution of the problem

¢c = Ap+ pU()P'¢p +ht  in Bag x (19, 00),
¢ =0 on dByR X (79, 00), ¢(-,70) =0 in Byp,

which is estimated as

(9-45)

it v eta
LU0 Dl ST in Ba, (9-46)

We just let
$ln] = ¢°1°1 + ¢ [n'] + ¢ 1]
be the function constructed above. According to estimates (9-40) and (9-46) we find that this function
solves problem (9-7) for c(t) given by (9-17), with bounds (9-4), (9-5), (9-8) as required. O
10. Nonradially symmetric case

In this section, we discuss the existence of solutions for problem (2-1) when the initial condition is not
radially symmetric, and we discuss the codimension-1 stability. Let vg be a positive, uniformly bounded
smooth function, not radially symmetric and define

v 3
vo(x) = v|°(|’fc), withx>max{y+ ,y}. (10-1)
X
We construct a solution to the initial value problem
u; = Au+u> inR3 x (to, 00), (10-2)

u(x, o) = uo(|x[) + vo(x),
where ug is radial and satisfies the decay condition (2-2), while vg is a nonradial function of the form
(10-1).
Since the strategy of the proof is similar to the one already performed in detail for vo(x) = 0, we shall
indicate the changes in the argument that are required when the initial condition is not radially symmetric.
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We start with a slightly different first approximation. Let p = p(¢) : [tg, 00) — R be a smooth function

so that
t

p(to) =0, p@)= / P(s)ds,
o
where P satisfies

D R
[Plle = Sup 1o ()2 P () oo 041 + [Ploo,fre+17] < £, (10-3)
>1o

with o the number fixed in (2-11), and £ a positive fixed number. Observe that, under these assumptions,
and the bound on « in (10-1), we have |p(¢)|/po(t) — 0 as t — oo. Define

Uk, PI(x,1) = Ua(x,t) + Us(x,1), Uz(x,1):= Us(lx — p(t)|,1), (10-4)

Us(x,t) = (1 — n(@)) v (x). (10-5)

If we call E[A, P](x,t) := AU + U?> — U,, we can write

where U, is given by (2-57) and

E[A, P)(x,t) = &[A)(Ix — pl, 1) = VUa(|Ix = pl,1) - p(t) + AU3 — s Uz + U3)® — (U2)°.

at
=&3
Define
_ b .
E(v.0) = Enllx—pl.o)+ (1 - (IL—M'O)) (E22(x — pl.) = VUs(x = pl.0)- 5O (106
where ng is defined in (2-59). We have
_ 13 |x|) —etd (le)
E(x,t)| <Cult 2hol == ). |&@x. 1) <Ct ™ 2ho( =2 ). 10-7
el = Cgr (1), leatrn < o( 5 (107
A solution to (10-2) does exist and has the form
u=U[L Pl(r.t)+¢, >t (10-8)

where U is defined in (10-4), while ¢(x, ) is given as in (3-2),
GO, 1) =Y(x,1) +¢"(x,1), where ¢"(x,1) = nr(x,1)(x,1),
n _1
and ¢(x,1) := py 2P (x/ o, 1). For any o € C2(R?) so that

V1Yo + [y IV < 15%e b (10-9)

for some positive constants a and b, the function i is the solution to

3V =AY + VY + [2VnrVid + d(Ax — 3R] + N[A(P) +E+&  in R3 x [t9, 00),

(10-10)
W(X, ZLO) = W()’
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where V is defined as in (3-5) with U instead of Uy, and N(¢) = (U 4+ ¢)> —U> —5U*¢. This solution v/
can be described as

Y(x. 1) =yr(x. 1) + Yur(x, 1), (10-11)
where ¥, is a radial function in |x — p(¢)|, for any ¢, and
I (x| —pt2 IXI)
x, )| <Cut 20| == ). x, )| < Ct7 "2y 2 ). 10-12
el = Cugrbon( 1) sl = et o (1] (10-12

We refer to (4-2) for the definition of ¢y.
On the other hand, the function qS satisfies

0 = A + 5w + Swiy + Ex2(1x — p(1)].1) = VU (|x = p(t)|.1)- p(t)  in Baryy(0) X [to. 00),

n _1
with ¢(x,70) = 1o > (fo)eo Z(x /jLo(t0)). In terms of ¢, this equation becomes

150:9 = Ay +5w*d + f(y.1) in Bag(0) x [tg, 00),
d(y,t0) =eoZ(y),

(10-13)

where

F0u0) = g E2(lttoy — p(O1.1) = VUa(loy — p(0)]. 1)+ (1)

:“(% 4 Yy 0
+5(1+A)4w ((1+A)2)W(M0)’J)+B[¢]+B [¢]

In the above expression, ¥ is the solution to (10-10), while B and B are defined respectively in (3-9)
and (3-10). The solution ¢ exists in the class of functions with || - ||, 4,-norm bounded, see (4-1), as
consequence of Proposition 9.1, and a contraction-type argument, provided the parameter functions A and
P can be chosen so that

/f(y,t)Zj(y)dy=O forallt >ty, j=0,1,...,n. (10-14)
Br

The system of (n+1) nonlinear, nonlocal equations in A and P is solvable for A and P satisfying (2-11)
and (10-3). Indeed, (10-14), for j = 0, can be treated as we did for (5-1) in Sections 5, 6, 7. On the other
hand, when j =1,...,n, (10-14) are perturbations of

plo) = pdt i
for some fixed vector # € R Thus it can be solved for parameters p(t) = [ tto P(s) ds satisfying (10-3).
This concludes the proof of existence of a positive global solution to (10-2).

Next we discuss the codimension-1 stability. Let us observe that the construction of ¢ and eg, the
solution to (10-13), is possible for any initial condition ¥ to the outer problem (10-10). We have the
validity of Lipschitz dependence of ¢ = @[], and eg = eq[o] in the C !-topology described in (10-9).
As a consequence of the implicit function theorem, the maps ¢[9] and eg[o] depend in the C !-sense
on Vo in our C!-topology (10-9), thanks to the corresponding dependence for v, A and p.
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Let us consider the following map defined in a small neighborhood of 0 in X = C1(Q):
F(y0) = Yo — (eo[¥o] — eolto]) Zo
so that F[0] =0, F is differentiable, and
Dy, F(0)[h] = h —(Dy,eol0],h)Zo, heX.
We have a solution which blows-up as ¢t — 400 provided that
u(-,to) = u*(-,10) —eo[0]Zo + g, (10-15)

where u™* is the solution corresponding to ¥ = 0, and g = F[yo] for any small vo.
The vector space of the functionals in X given by D, eo[0] has dimension 1. We write W :=
Ker(Dy,e0[0]) is a space with codimension 1. Indeed, we can find a nonzero function u such that

X=We(u).
We consider the operator in a neighborhood of 0 in X given by
Gw+oaou)=au+ F(w), o R, weW.

Then G is of class C'! near the origin, G(0) = 0 and Dy,,G(0)[h] = h. By the local inverse theorem, G
defines a local C'! diffeomorphism onto a neighborhood of the origin. For all small g we can find smooth
functions a(g), w(g) with

a(gu+ F(w(g) =g

Thus the set M of functions F[w], w € W, can be described in a neighborhood of 0 exactly as those
g € X such that

a(g) =0.
This says precisely that M is locally a codimension-1 C !-manifold such that if g in (10-15) is selected
there, then the desired phenomenon takes place. O
Appendix A

Proof of Lemma 2.2. We denote by y,(s) the solution to (2-17) with limg_, 0 $2” y2(s) = 1, and by y;(s)
another solution, linearly independent from y,, defined explicitly by

2

Y1(5) = ey2(5) / (A1)

(2)2 72
for some positive constant ¢ we fix later. The function yj(s) decays fast at infinity, since
_52 gy -
yi(s) =cre” 75V (1 + o),

as s — oo, for some positive constant ¢y, as a direct consequence from (A-1). The function y,(s) is
definite for any s € (0, 00), and it is positive. Indeed, we first observe that the operator L, satisfies the
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maximum principle. This is consequence of the fact that the positive function go(s) = e_% / 55 which
solves L1(go) =0, satisfies L, (go) <0 in (0, co). With this is mind, we define go(s) = fsoo e_ZT/z2 dz.
This is a positive function which satisfies L, (go) =vgo > 0in (0, 00). Thus g is a subsolution. Moreover,
it is easy to see that go(R) < y2(R) for any R large enough. A standard application of the maximum
principle thus gives that y, is positive in (0, 00).

We now claim that lim,_, o+ sy (s) exists and it is positive. Write y1(s) = ¢(s2/4), x = s2/4, from
which we get

x¢"+ (3 +x)¢ +vp =0, xe(0,00).

Performing the further change of variables ¢ (x) = e *¢(x), we get that ¢ satisfies

x(p,/ + (% —x)(p/ — (% — ]))90 = O, X € (O, OO) (A_z)
In [Filippas et al. 2000, Appendix A], it is proven that (A-2) admits polynomial solutions if and only if
%— v=—k, k=0,1,2,.... Since % < v < 1, this never happens; thus ¢ cannot be bounded, as x — ot.

On the other hand, the behavior of the solutions to (A-2), as x — 0T, is determined by x¢” + %<p’ =0,
which implies that the solutions to (A-2) are bounded around x = 0, or they behave like x_% asx — 0T,
Combining all the above information, for a proper choice of the constant ¢ in (A-1), we get

y1(s) = %(1 +o0(1)) ass—0.
To understand further the behavior of y; around s = 0, we write sy1(s) = f(s), so that
frH st (=2 f=0, s5€(0.00). (A-3)

Integrating (A-3) between 0 and oo, and using the fast decay of y; to 0 as s — 0o, we compute

ro=w=n [ reds<o. f0=4-v. (A-4)

With this information, we get the estimates (2-18) and (2-20) for yi(s).

§2
Since the Wronskian associated to problem (2-17) is given by a multiple of e~ % /52

, we conclude
that, since y; is unbounded as s — 0T, we have y;(s) is bounded as s — 0. O

Lemma A.1. Let h = h(s) be a smooth function defined for s > 0 so that

1/s or s — 0,
1/s°  fors — oo.
Then there exists a solution to
r
90 = A +z‘ﬂh(—), A-5

of the form

Y(r,t)= t_ﬂ“(p(%), with ¢(s) = {S fors =0, (A-6)

1/s3  fors — oo.
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Proof. We look for a solution to (A-5) of the form ¥ (r, 1) =t~ B~V (r/ /7). Thus ¢ satisfies

i)90' +(B—-1D)p+h(s)=0.

(p//+ %"_
s 2

We look for a solution of the above equation of the form
o(s) =z(s)y1(s),
where yq solves y| +(2/s +s/2)y; +(B—1)y1 =0, and

as s — 0,

1/s
yl(S)N e_%s4(ﬂ_l)_3 as s — oQ.

The existence of y; is consequence of Lemma 2.2. A direct computation gives

Z(s)=—/0 " (77)2 (/ h(x)y1(x)x? e dx) dn.

One can easily see that
as s — 0,

§2
() ~ { TsTABD 55— 0.
This fact gives (A-6), and concludes the proof of the lemma. O
Proof of (5-10). For x € By, we shall prove
Po(1ox. 1) —o(0.1) = a(t)|pox |7 (1) O(|x|) (A-T)

for some o € (0, 1). Here IT = I1(¢) denotes a smooth and bounded function of ¢, and ® a smooth and
bounded function of x.
We have

t 1 X y2 —\y
¢0(M0X,f)—¢0(0,f)=/t m/ e S e “’] |(|)1{r<M}dy ds
o (4 (t—s))2 JR3

LT[ PO A ey Ly dy ds
(t—s)2 |z Hel<30 0
=1 +1I.

where

t—(% nox |2
I=/ ) Bs) AONY —|z—52= | _e—lzl] L

}dy ds.
0 (t —5)2 |z

M
2J/t—s

We start estimating /7. We observe that, if t — (uox/(2m)) < s <t, then uo|x|/ (2t —s) > m. We
write

1l =111+ 11, + 113,
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where , .
_|p— _H0X 1
11,-=/ PO (A5 ey L Lz <y 4y ds,
‘ 1—(%0*) Jp; (t—s)z || 2Vi=s
with . N N
HoXx Holy Holy
Di=!z:|z— < - , Dy = < —
! { 21 —s 42«/t—s} 2 { RN

and D3 is the complement of the two above regions.
We start estimating //;. We see that

x |2 /
/ v ! dy:[e_ﬁ'} ! _—c—z =3
D,

—1
2] Hel<3i=) +SH ] Holx|

for some constant ¢, as a direct application of dominated convergence theorem. Thus

/(uox / SPRTINLS Tz dyds = /(MOX)mdS—C(MOM)z

|z| 2Vi=s M0|x|

On the other hand, for any z in Dy, one has

2] > 1 polx|
42 t=s’

o
[l
D, |z Holx|

for any o0 > 0. We take o > 1, so that

=(557)

and hence we can bound

—|Z|2 1

=(57) . 1
/ (t—s)2"2ds| <c polx|.

dyds| <

lz1<

Dy 2] el 3=t = (olx))®

Thus we conclude that
1
[111] < B'(t) (polx])=.
Arguing in a similar way, one finds the same type of estimate for //5. In the third region D3, we have

1 Mo x|
42«/t—s’

2] > 1 olx| o Mo
421 =2 2t —s

so that again one gets the estimate

|113] < B'(t) 1ol x|.

Let us now consider the interval of time fg < s <t — (io|x|/(2m~/t —5))?, that is, region where one has
Holx|/ (2t —s) < m. We have the decomposition

I=11+1V,

where

t—1 unox |2
11 = p) ["Z‘ =l —'2'2] 1 v dyds.
{|Z|<
to (t—S)Z |Z| 2t—s
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We start with IV, where we expand in Taylor:

M()|x|

“GayS [ Bs) e s e
= —e 7 1 M dyd
v /t 1 ([—s)z[ ]|Z| {|Z|<z Vi=s yas

o (G wolxl ([ e , ! polx| Y2
=p'(1) - P (/ H dZ) ds=,3(t)log(?(t—(m) )M0|x|
= B'(t)polx|[log(polx ] = B'(t) (1ol x)°

for some positive o < 1. Finally, we consider /1. Again, after a Taylor expansion, we have

t—1 / t—1 p/
1 =polsl [ s =l [

Collecting the previous estimates, we conclude with the validity of (A-7). O

Appendix B

Proof of Lemma 2.3. Throughout the proof of the lemma, we denote by ¢; = ¢; (s), for any integer i, a
smooth real function with the property that

——qi(0)=0 forj<i  and (dd)lq,();éO

With ® = O(r) we intend a smooth function of the space variable, which is uniformly bounded. Also,

d
(ds)/
IT = T1(¢) stands for a smooth function of the time variable, which is uniformly bounded in ¢ € (0, co).

The explicit expressions of these functions change from line to line, and also within the same line.
Let Ro = ro~/t. A simple computation gives the explicit expression of the error £; in (2-40):

sion-etn( )t (o( )

R, r
+RO (Uin— uout)An(R )+2RO V (Uin—Uout)- VU(RO)+(M1H uout)Rzn (RO)’ (B-1)

:=gl :=51
where

& = Ay +ul, —0;u;n and &L, =

out

= Aoy + ugut — 0¢Uout. (B-2)
We start analyzing 5#1, getting

ow 0y
Em(r.1) = o[ Ay +5wfblﬂ1]—ﬂ'a—: Wt oY) —wj; —5wy oY — g ¥ —%M/W
/ wl

o (B-3)

= (W' —po)~ ZZO(M)H(WWLMO%) —wp, —5wi po Vil — oY1 —por ——
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Now we write

) 1
3 (T 14 PR S _ r\ (w2 —pg)* - r
(W'—po)p 220(—)=[2(,“2—#5)/4‘(#2—#3)#01#6]# lzo(—)——l"uolugu 1Zo( =)
M H W2 K
Taking into account that
1
341 1
Z =——-+4+0|—=
0(s) 2 s + (s3)
as s — 0o, it is convenient to write
l 1 L 1 _ _ r
2012 — ) + (2 — g molpe 1Zo(ﬁ)
1
a(t) 1 1 1 1o _ _ r 32 u
1 [2(12 — o) + (12 — g ig  Holi Nu) 2T utr
where « is defined in (2-41). We decompose (B-3) as
1 a(t)
En(rit) = —— Lt +5m( rt), (B-4)
where £ il is explicitly given by
51 (“z_ﬂo)z -1,/ -1 r 1 I NS5 4
En(rt) =———F""—pg Mokt Zo ; —po¥1+[(wu+po¥1)” —wy—5wy wo ]
/_,L2
1
14 I N - r\ 3% nu 31#1
2(u2—pl) +(u2—pd g gl Zol — |—= Lok . (B-5
+2(n2—pg )+ (w2 —pg g Holn N ) 2 0r|” Zef (B-5)

We observe now that (eq + e¢2 + e3)71(r/ Rg) can be described as sum of functions of the form

3 72R2 —%t_l
Bl Damnonem. e gpmnoer. ®-6)

where ¢ is a smooth function with ¢(0) # 0, while ¢, is a smooth function with ¢>(0) = ¢5(0) = 0, and
g4 (0) # 0. On the other hand, we see that

1
alt 2 ft—l B
er = 2 nyo(), s = L [RA 4 Rl ITOOE), (B
343 Mo +r

where g1 is a smooth function with g1 (0) =0, ¢7(0) # 0. Under assumption (2-11) and combining (B-4),
(B-6) and (B-7) we find that

_ 1
|EA Moo, B X[ r+1] S Mél_zho(L), r=|x|. (B-8)
> 5 s \/;

Since (2-41), we observe that

()
l1—n| —
nr Ro




270 MANUEL DEL PINO, MONICA MUSSO AND JUNCHENG WEI

Let us fix A1 and A, satisfying (2-11). We write, for some L =sh + (1—=5)A2, s €(0,1),
5
zl r 117 r . 17 7
EL ] - mmzbn(R—O) — (D,EL I —m)n(R—O), with D;EL A1 = 3 (D[4,
j=1

where the e; are defined in (B-5). Let us consider 1. We have

(Dien)[A] = 2u0(1 + A) Dyu(en)[Al.
Direct computation gives

1
2.,—1

IDule)llr. 0l £ 2o (IO ().

We combine the above estimates to get

g
|e1[11]—e1mz]|n(Rio)<uo’Li |1—Az|n(io)
<C(Mo(f)l_l)ll«o(f)l_zho(f)||11—/\2||u

<C(M0(fo)fol)ﬂo(f)l 2ho(\/—)”ll—/\zﬂn

Choosing 7 large if necessary, we get C(jo(f0)?, 1) < 1. Similar estimates can be obtained for the other
terms ez, ..., es5. Thus we get

[(ERA] = EnlA2D) X oo, B, 1)x[tt+1]<c1liol 2ho(\/—)ﬂll—)tzlhq

for some constant ¢{ which can be made arbitrarily small, if 7o is chosen large. Also, we have

_ _ L 3 r
[ELIM] = EL A 2Nloofrrt1] < cSudt 2ho(ﬁ)[)tl —A2]o,o,[t,+1]-

Let us now describe £} . A first observation is that, for any value of y, we immediately see that £L,

out*
does not depend on A. On the other hand, if 1 <y <2 the expression for £}, becomes

1 5
gout(r’ t) = uout’

so that we directly get
5

2

"
gl < cr—g1{r>Ral}. (B-9)

s (%)

Let us consider now y > 2. In this case, the expression of £, is a bit more involved

1
out(r l)—rl( )(uout)s (1_ (Z))A|:y£);+2)+r5yi|
2(u0ut Mout)An( )+2t V(Mout uout) VT]( )+(uout Mout)[ 2 ,(;) (B'IO)

. cout ~out
.—51 ::51
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A close analysis of each one of the terms appearing in (B-10) gives

()

From (B-9)—-(B-10) and (B-11), we obtain
1
{Mgz—%ho(r/ﬁ) ifl<y<2,

(1-7(3)|
o m A\ Ry 1™ 2ho(r/ /1) ify >2.

Going back to (B-1), we are left with the description of £; = £;[A] and £ [A]. Directly we check

1
t()’ 1) _2 l%

Lpsn + 1{t<r<2t} +—=1g Sicren (B-11)

el

1

- 5 Yy
[€10r.0)1, 1€1(r,1)] = CRG? =2 1Ry <r <2k} (B-12)

for some positive constant C. This gives right away

— ~ L 3 r

Er+ &1 S puit 2ho|l — ).

B+ Eil st )

Let us fix A1 and A, satisfying (2-11). We write, for some L=sA + (1—=s)Aa, s€(0,1),
El[kl](r,t) —51[12](}’, l) = Dkgl[)_t][kl —/\2](1’,[),

where

DyE 1] = R02<axum[x1mn( )+2ROIV((aAum>m> Vn( 0)

Since in the region we are considering

1
2
DpunlA] = 2101+ M) @) A, |@yarin)| < =

we have

1E1A](r. 1) = E1[A2) |0, Bx, 1)x[t,e+1] < (o (10) 1y )ll«of 2ho(«/—)H/\l—)LzHﬂ

1l 3 r
<cipde iho(ﬁ)nxl—xzun

for some constant c¢; € (0, 1), provided 7 is large enough. Furthermore, we also have, for any ¢ > o,

_ _ 1 3 r
E1 ] = 81 Palloso ] < C1igt zho(ﬁ)ml oo frrit):

with again ¢y € (0, 1). Collecting all the previous estimates, we get the proof of the lemma. O

Remark B.1. From the proof of the result, we also get that the constants ¢ in (2-50) and (2-51) can be
made as small as one needs, provided that the initial time ¢y is chosen large enough.
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Appendix C

Proof of Lemma 2.4. Under the assumptions (2-11) on A, we get that, for any > 0 and ¢ > ¢,

1 3 r
121 (o O)] + (€21 (1 Dot ] S it %(7;), c-1)

where hy is given by (2-44), and also estimates similar to (2-50) and (2-51) for 9, &> 1. These estimates
follow from (2-49)—(2-50), (2-41) and from

! 1
042ty < )

Here we use again Rg = ro+/t. Furthermore, in the region where 1(r/Rg) — 1 <onmy # 0, the above

function is regular enough to have

T () -t (]
N — ) —lgp<om Sla@®|t"2hol —= |, r=|x|.
[M+r Ro tr<2My 0,0, B(x,1)x[t,t+1] v

Using (2-43), we get (C-1). Let us consider now (1 —ngr)(r,t). We claim that

[E22(1=nR)(r, )| < c2. (C-2)
Given d > 1, define
1/s  fors —0,
h =
«() { 1/s%  fors — oo.

Arguing as in the proof of Lemma A.1, we get the existence of ¥, so that

r (s) = for s — 0,
P N oL 1/sd for s — oo.

Comparing the above equation and the equation satisfied by ¢, and using the maximum principle, we

N\'—‘

1 L

obtain that, in the region where (1 —ng) # 0,

1
G0, 1)] < A lgpds™ go(%) (C-3)

We proceed now with the estimate of (1 —ng)&22. A Taylor expansion gives the existence of s* € (0, 1),
so that

En(r,t) = 5(Uy + 5% ¢0)*¢o.
Let M be a large fixed number. From (2-38) and (2-13), we see that, if r < M /i,

5.3 r
(1= nR)E22| S wiigo S R gt Zho(ﬁ)’

On the other hand, thanks to (C-3) we see that, for r > M /1, we get

(1= 1R)Ex| < ($0)° S pat™ ho(%)
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Thus we get the L°° bound in estimate (C-2). The control on the Holder norm contained in (2-61)
and (2-62) follows arguing as in the proof of (2-50)—(2-51) in the proof of Lemma 2.3, and from the
assumption on A in (2-11). We leave the details to the reader. O
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