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REGULARITY ESTIMATES FOR ELLIPTIC NONLOCAL OPERATORS

BARTLOMIEJ DYDA AND MORITZ KASSMANN

We study weak solutions to nonlocal equations governed by integrodifferential operators. Solutions are
defined with the help of symmetric nonlocal bilinear forms. Throughout this work, our main emphasis is
on operators with general, possibly singular, measurable kernels. We obtain regularity results which are
robust with respect to the differentiability order of the equation. Furthermore, we provide a general tool
for the derivation of Holder a priori estimates from the weak Harnack inequality. This tool is applicable
for several local and nonlocal, linear and nonlinear problems on metric spaces. Another aim of this work
is to provide comparability results for nonlocal quadratic forms.
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1. Introduction

The aim of this work is to develop a local regularity theory for general nonlocal operators. The main
focus is on operators that are defined through families of measures, which might be singular. The main
question that we ask is the following. Given a function u : R > R satisfying

lim (u(y) —u(x) p(x.dy) = f(x) (x€D), (1-1)

e—>0+ R4\ B.(x)
which properties of u can be deduced in the interior of D? Here D C R? is a bounded open set and the
family (u(x,-))xep of measures satisfies some assumptions to be discussed later in detail. The measures
u(x,-) are assumed to have a singularity for sets A C R? with x € A. As a result, the operators of the
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form (1-1) are not bounded integral operators but integrodifferential operators. For this reason we are
able to prove regularity results which resemble results for differential operators. One aim of this work is
to establish the following result:

Theorem 1.1. Assume u(x,dy) is uniformly (with respect to the variable x) comparable on small scales
to v*(dy — {x}) for some nondegenerate a-stable measure v* for some a € (0, 2). Then solutions to (1-1)
satisfy uniform Holder regularity estimates in the interior of D.

Theorem 1.1 will be proved as a special case of Theorem 1.11, which we provide with all details in
Section 1E. Special cases of Theorem 1.1 have received significant attention over the last years and we
give a small overview of results below. Note that it is well known how to treat functions f in (1-1). For
the sake of a clear presentation, we will sometimes restrict ourselves to the case f = 0.

In order to approach the question raised above, we need to establish the following results:

e weak Harnack inequality,
e implications of the weak Harnack inequality,
e comparability results for nonlocal quadratic forms.

The last topic needs to be included because our concept of solutions involves quadratic forms related to
u(x,dy). We present the main results in Sections 1C-1E. The following two subsections are devoted to
the set-up and our main assumptions.

1A. Function spaces. Before we can formulate the first result we need to set up quadratic forms and
function spaces. Let i = (u(x,-))  cge be a family of measures on R4 which is symmetric in the sense
that for every set A x B C R x R4 \ diag

A/B;L(x,dy)dx:/B/A,u(x,dy)dx. (1-2)

sup / min(|x — y|?, 1) u(x,dy) < +oo. (1-3)
R4

xeR4

We furthermore require

Example 1.2. An important example satisfying the above conditions is given by
pa(x.dy) = @=a)lx—y["7%dy (0<a<2). (1-4)
The choice of the factor (2 — «) will be discussed below in detail; see Sections 1B and 2.

For a given family u and a real number o € (0, 2) we consider the following quadratic forms on
L2(D) x L3(D), where D C R? is some open set:

e = [ [ o) —ut? utr.dy) ax. (1-5)
We denote by H ®/2(R4) the usual Sobolev space of fractional order «/2 € (0, 1) with the norm

1
el ety = (Null22 gy + €25 Ga10) . (1-6)
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oz/2 0[/2

If D C R? is open and bounded, then by Hp (R4) we denote the Banach space of functions

from H®*/2(R?) which are zero almost everywhere on D¢. H*/%2(D) shall be the space of functions
u € L?(D) for which

102y = 141220y + [) /D () ~u(x))? Ha(x. dy) dx

is finite. Note that for domains D with a Lipschitz boundary, Hg/ 2([Ri”l) can be identified with the closure
of C2°(D) with respect to the norm of H ®/2(D). In general, these two objects might be different, though.
By V%/2(D | R%) we denote the space of all measurable functions u : RY — R for which the quantity

/ (u(y) —u(x))?
D JR4

X y|d+e dxdy (1-7)

is finite, which implies finiteness of the quantity [yq u(x)2/(1 + |x|)¥*t* dx. The function space
Ve/2(D | R?) is a Hilbert space with the scalar product

o= [ O [ [ SO0 gy,

@ (1+ IXI)‘”“ |x — y|dte

The proof is similar to those of [Felsinger et al. 2015, Lemma 2.3] and [Dipierro et al. 2017a, Proposi-
tion 3.1]. If the scalar product (1-8) is defined with the expression [ps u(x)v(x)/(1 + |x])4+¢ replaced
by [, u(x)v(x) dx, then the Hilbert space is identical. The following continuous embeddings trivially
hold true:

HZ RY) — H%(RY) — VZ(D|RY).

We make use of function spaces generated by general 1 in the same way as above. Let H*(R?) be the
vector space of functions u € LZ(R?) such that £#(u, u) = S[R’fd (u, u) is finite. If D C R? is open and
bounded, then by HA = = Hp, *(R9) we denote the space of functions from H 1 (R?) which are zero almost
everywhere on D€. By V“ VH(D | R?) we denote the space of all measurable functions u : R? — R
for which the quantity

[ [ ) =2 e ay) e (19
D JRd
is finite. Now we are in a position to present and discuss our main results.

1B. Main assumptions. Let us formulate our main assumptions on (((x,-))xep. Given o € (0, 2) and
A > 1, the following condition is an analog of (A’") for nonlocal energy forms:

For every ball B,(xo) with p € (0, 1), x9 € By and every v € H“/Z(Bp(xo)),

A~ lgh

e w (A)
B, (xo0 y(v.v) < SBp(xo)(v’ v) < Ang(xo)(v’ V).

Condition (A) says that, locally in the unit ball, the energies £/ and £#« are comparable on every scale.
Note that this does not imply pointwise comparability of the densities of © and py. We also need to
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assume the existence of cut-off functions. Let @ € (0,2) and B > 1:

For 0 < p < R <1 and x¢ € B; there is a nonnegative measurable function 7 : R > R
with supp(t) C Br4p(x0), 7(x) =1 on Br(xg), ||[T]looc <1, and (B)

SUPxepd Jga (T(¥) = T(x))? p(x,dy) < Bp™.

In most of the cases (B) does not impose an additional restriction because the standard cut-off function
7(x) =max(0, 1 +min(0, (R—|x—xo|)/p)) is an appropriate choice. It is an interesting question whether,
under assumptions (1-2), (1-3) and (A), condition (B) holds or whether it holds with this standard choice.
Note that condition (B) becomes |Vt|? < Bp~2 when a — 2— and p(x, dy) is as in Example 1.2.

For every « € (0, 2), the family of measures (1o given in Example 1.2 satisfies the above conditions
for some constants A, B > 1. The normalizing constant 2 — ¢ in the definition of jt4 has the effect that
the constants A, B > 1 can be chosen independently of o for « — 2—. Since in this work we do not care
about the behavior of constants for « — 0+, in our examples we will use factors of the form 2 — . Let
us look at more examples.

Example 1.3. Assume 0 < <a <2. Let f, g: R — [1, 2] be measurable and symmetric functions. Set

p(x,dy) = f(x, ) pa(x,dy) +g(x, y) upg(x,dy).
Then p satisfies (1-2), (1-3), (A), and (B) with exponent «. This simply follows from

1 _ 1 . 1 -
|x —yldte T |x —y|dtB  |x—yldte T |x — y|dte

(x,y € Bi(xp), xo € RY).

For the verification of (B) we may choose the standard Lipschitz-continuous cut-off function.
Here is an example with some kernels which are not rotationally symmetric.

Example 1.4. Assume g € (0,2), 0<A <A, ve SS9 1 and 0 €[0,1). Set

(0] =)

Let k : R? x R? — [0, o] be any measurable function satisfying

2—-a) 2—a)
— <k, y)) < A——mF—
|x—y|d+°‘_ (x y)— |x—y|d+°‘

M:{heRd:

Aly(x—y) (1-10)

for some « € [org, 2) and for almost every x, y € R%. Set pu(x,dy) = k(x, y) dy. Then, as we will prove,
there are A > 1, B > 1, independent of «, such that (A) and (B) hold.

The following example of a family of measures falls into our framework. Note that the measures do
not possess a density with respect to the d-dimensional Lebesgue measure.

Example 1.5. Assume g € (0,2), oo < a < 2. Set

d
u(x.dy) = 2—a) Z[lxl- —yil 7y [ ] S{x,.}(dyj)]. (1-11)

i=1 J#i
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Again, as we will prove, there are A > 1, B > 1, independent of «, such that (A) and (B) hold. Note that
u(x, A) = 0 for every set A which has an empty intersection with any of the d lines {x 4+ t¢; : t € R}.

Let us now formulate our results.

1C. The weak Harnack inequality. Given functions u, v : R? — R we define the quantity

£ (u,v) = /f () —u ()W) — v(x) u(r. dy) dx, (1-12)
R4 Rd

if it is finite. We write & instead of £# when it is clear or irrelevant which measure u is used. One aim of
this work is to study properties of functions u satisfying £(u, ¢) > 0 for every nonnegative test function ¢.
Note that E#(u, ¢) is finite for u € V(D |R?), ¢ € Hg([Rd) for any open set D C R?. This follows
from the definition of these function spaces, the Cauchy—Schwarz inequality and the decomposition

£ (u.9) =/DD(M(y)—u(X))(¢(y)—¢(X))M(x,dy)dX+2/ (u(y)—u(x)($(y)—¢(x)) p(x,dy)dx.

DDc¢

Here is our first main result.

Theorem 1.6 (weak Harnack inequality). Assume 0 < o9 <2 and A > 1, B > 1. Let u satisfy (A), (B)
for some o € [, 2). Assume [ € L9/%(By) for some g > d. Letu € V*(By |R?), u > 0 in By, satisfy
EM(u, @) = (f, @) for every nonnegative ¢ € Hgl (R9). Then

1
. 20 _
inf ch(][ u(x)l’odx) —  sup / u (z) ,u(x,dz)—||f||Lq/a(Bls/16), (1-13)
Bia By,> xX€Bis5/16 R4\ By

with positive constants po and ¢ depending only on d, ag, A, B. In particular, py and ¢ do not depend
on .

Note that below we explain a local counterpart to this result, which relates to the limit « — 2—; see
Theorem 1.12.

Remark. It is remarkable that (A) and (B) do not imply a strong formulation of the Harnack inequality.
Examples 1.4 and 1.5 provide cases in which the classical strong formulation fails. See the discussion in
[Kassmann et al. 2014, Appendix A.1] and the concrete examples in [Bogdan and Sztonyk 2005, p. 148;
Bass and Chen 2010, Section 3]. The nonlocal term, i.e., the integral of ¥~ in (1-13) is unavoidable since
we do not assume nonnegativity of u on all of R4

1D. Regularity estimates. A separate aim of our work is to provide consequences of the (weak) Harnack
inequality. Before we explain this in a more abstract fashion let us formulate a regularity result, which
will be derived from Theorem 1.6 and which is one of the main results of this work. We need an additional
mild assumption on the decay of the kernels considered.

Given « € (0, 2) we assume that for some constants y > 1, C > 1

u(x. R\ B, (x) <Cr )~/ (x€B1.0<r=1,jeN). (D)
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Condition (D) rules out kernels with very heavy tails for large values of |x — y|. For example, u given by
wu(x,dy) = k(x, y)dy with k(x, y) = |x — |74 + |x — y|~? In(2 4 |x — y|)~2 does not satisfy (D).
Here is our main regularity result.

Theorem 1.7. Let o9 € (0,2), y >0, and A > 1, B > 1. Let u satisfy (A), (B) and (D) for some
o € [ag, 2). Assume u € V*(By | R?) satisfies E(u, ¢) = 0 for every ¢ € Hg1 (R?). Then the following
Hélder estimate holds for almost every x,y € Bys:

u(x) —u(y)| < cllufloslx — y, (1-14)

where ¢ > 1 and B € (0, 1) are constants which depend only on d, o, A, B, C, y. In particular, c and
do not depend on «.

This result contrasts the corresponding result for differential operators; see Theorem 1.13 below.

The main tool for the proof of Theorem 1.7 is the weak Harnack inequality, Theorem 1.6. The Harnack
inequality itself is an interesting object of study for nonlocal operators. In Section 2 we explain different
formulations of the Harnack inequality for nonlocal operators satisfying a maximum principle. A separate
aim of this article is to prove a general tool that allows us to deduce regularity estimates from the Harnack
inequality for nonlocal operators. This step was subject to discussion of many recent articles in the field.
We choose the set-up of a metric measure space so that this tool can be of future use in different contexts.

In the first decades after publication, the Harnack inequality itself did not attract as much attention
as the resulting convergence theorems. This changed when J. Moser in 1961 showed that the inequality
itself leads to a priori estimates in Holder spaces. His result can be formulated in a metric measure space
(X,d,m) as follows. Forr >0, x € X, set B,(x) ={y € X :d(y,x) <r}. Forevery x € X andr >0
let Sy » denote a family of measurable functions on X satisfying the conditions

r>0,ueSy,,acR = aueSx,, (u+1)eSx,,
By(x) CBs(y) = SysCSxr.

An example for Sy, is given by the set of all functions u : R? — R satisfying some (possibly nonlinear)
appropriate partial differential or integrodifferential equation in a ball B (x).

Theorem 1.8 (compare [Moser 1961]). Assume X is separable. Let xo € X and Sy, be as above. Assume
that there is ¢ > 1 such that for r > 0

(U € Sxo,r) AN(u>0in Br(x9)) = sup u<c inf wu. (1-15)
xGBr/z(xo) xeBr/Z(xO)

Then there exist B € (0, 1) such that for r > 0, u € Sx,,r and almost every x € Br(xo)

d(x, x0) )’
) =0 = 3= ) o | )
Recall that “sup” denotes the essential supremum and “inf” the essential infimum. With the help of this
theorem, regularity estimates can be established for various linear and nonlinear differential equations; see
[Gilbarg and Trudinger 1998]. One aim of this article is to show that (1-15) can be relaxed significantly
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by allowing some global terms of u to show up in the Harnack inequality. Already in Section 2 we have
seen that they naturally appear.
For x € X, r > 0let vy , be a measure on B(X \{x}), which is finite on all sets M with dist({x}, M) > 0.
We assume that for some ¢ > 1, y > 1 and forevery j e Ng, x € X,and 0 <r <1
V(X \ By (x) <cx . (1-16)
We further assume that, given K > 1, thereis ¢ > 1 such that forO<r < R<Kr, x€ X, M C X\ By (x)
Vx,R(M) < cvx ,(M). (1-17)
Conditions (1-16) and (1-17) will trivially hold true in the applications that are of importance to us. In
Section 5 we discuss these conditions in detail. A standard case is provided in the following example.

Example 1.9. Let o € (0,2). For x e R?, r >0, and 4 € B(R? \ {x}) set

e () = 1 pa(x, ) = 0@ =) [ fr= 514 ay. (1-18)
A

Then vy, satisfies conditions (1-16), (1-17).

The following result extends Theorem 1.8 to situations with nonlocal terms. It is an important tool in
the theory of nonlocal operators.

Theorem 1.10. Let xo € X, ro > 0,and A > 1, 0 > 1, 0 > 1. Let S r and vy r be as above. Assume
that conditions (1-16), (1-17) are satisfied. Assume that there is ¢ > 1 and p > 0 such that for 0 <r <rg
the following holds:

(u € x0.r) A (u = 0in By(x0)),
1

= (][ u(x)Pm(dx))p <c inf u+c sup / u (z)vxr(dz). (1-19)
By (x0) X

xX€B;/6(x0) X€B, /5 (x0)

Then there exists B € (0, 1) such that for 0 <r <rg, u € Sx,.r

B
05CB, (x) 1 < 26” [ul oo (3) O<p=<r), (1-20)
r

where oscps u 1= supy, u —infps u for M C X.

Note that in Lemma 5.1 we provide several conditions that are equivalent to (1-16).

1E. Comparability of nonlocal quadratic forms. With regard to Theorem 1.7 one major problem is to
provide conditions on p which imply (A). Let us formulate our results in this direction.

Since p = (u(x,-)),ere is a family of measures we need to impose a condition that fixes a uniform
behavior of u with respect to x. In our setup this condition implies that the integrodifferential operator
from (1-1) is comparable to a translation-invariant operator — most often the generator of an ¢-stable
process. We assume that there are measures vy and v* such that

/ Fux +2) valdz) < / Feoy) e dy) < / Floox +2)v*(d2) (T)
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for every measurable function f : R? — [0, 00] and every x € R?. For a measure v on R? such that
v({0}) = 0 and a set B C R? we define, abusing the previous notation slightly,

Ep(u,v) = / /d(u(x) —u(x+2))(v(x)—v(x+2z))1p(x +z)v(dz) dx. (1-21)
BJR
Note that (T) implies for every u € L?(B)
Ep(u,u) <EQ(u,u) < 5}’;* (u,u).

Let 5(A) = v(—A). It is easy to check that £¥ = £’+9)/2, Hence we may and do assume that the
measures vy, v are symmetric; i.e., v« (A4) = v« (—A) and v*(A4) = v*(—A).
We say that a measure v on B(Rr4 ) satisfies the upper-bound assumption (U) if for some Cy > 0

/ (r Alz])?v(dz) < Cyr?™™ (0<r<1). L)
R4
We say that a measure v on B(R4) satisfies the scaling assumption (S) if for some a > 1
[, rorvan=a= [ vy )
R4 R4

for every measurable function f : R — [0, oo] with supp f C Bj. For a linear subspace E C R, let
HEg denote the dim(E)-dimensional Hausdorff measure supported on E.
We say that a measure v on B(R?) satisfies the nondegeneracy assumption (ND) if for some n €
{1,....d}
v=>7%_, fx HE, for some linear subspaces Ej C R? and densities T
with lin(Uk Ek) = R4 and /Bl JkdHE, >0fork =1,...,n. (ND)

Here is our result on local comparability of nonlocal energy forms. It contains Theorem 1.1 as a special
case.

Theorem 1.11. Let = (u(x,-)) era be a family of measures on B (RY) satisfying (1-2). Assume that
there exist measures v« and v* for which (T) and (U) hold with ag € (0,2) and Cy > 0. Assume that

(1) v« is a nondegenerate o-stable measure (1-22), or
(ii) vy satisfies (ND) and for some a > 1 each measure fi Hg, satisfies (S).

Then there are A > 1, B > 1 such that (A) and (B) hold. One can choose B = 4Cy but the constant A
depends also on a, on the measure v« and on .

The result is robust in the following sense: if u* = (W*(x,-)) yepa satisfies (1-2) and (T) with measures
(v)® and (vV*)*, ag < a < 2, that are defined with the help of v« and v* as in Definition 6.9, then (A)
holds with a constant A independent of « € [ag, 2).

Recall that a measure v on B(R?) is a nondegenerate a-stable measure if for some o € (0, 2)
o0
V(E) = (2—a)/ / 1(r0)r~ "% dr n(df) (E € BRY)), (1-22)
Sd—1Jo

where 7 is some finite measure on S~ and lin(supp 7) = R%.
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1F. Related results. 1t is instructive to compare our results with two key results for differential operators
in divergence form. Let (A(x)), cpe be a family of d x d-matrices. Given a subset D C R? we introduce a
bilinear form Ap by Ap (u,v) = [, (Vu(x), A(x)Vu(x)) dx for u and v from the Sobolev space HY (D).
Instead of Aps we write A. The following theorem is at the heart of the theory named after E. De Giorgi,
J. Moser and J. Nash; see [Gilbarg and Trudinger 1998, Chapters 8.8—8.9]:

Theorem 1.12 (weak Harnack inequality). Let A > 1. Assume that for all balls B C By and all functions
ve HY(B)
A~ gt < [ 1VUP < A, (A"
B

Assume f € L9/2(By) for some g > d. Letu € HY(B)) satisfy u > 0 in By and Ap,(u,¢) > (f., ¢) for
every nonnegative ¢ € H(} (B1). Then

1

. pO
¢ inf u > (f u(x)po dx) - ||f||L‘1/2(B15/16)’
B2

B4
with constants pg, ¢ € (0, 1) depending only on d and A.

Remark. This by now classical result can be seen as the limit case of Theorem 1.6 for ¢ — 2—.
Condition (A’) implies that the differential operator = (A(-)Vu) is uniformly elliptic and obviously
describes a limit situation of (A). One might object that the nonlocal term in (1-13) is unnatural but in
fact, it is not. In Section 2 we explain this phenomenon in detail for the fractional Laplace operator.

If u is not only a supersolution but a solution in Theorem 1.12, then one obtains a classical Harnack
inequality: supp, LUsc infp, , u. Both the Harnack inequality and the weak Harnack inequality imply
Holder a priori regularity estimates:

Theorem 1.13. Assume condition (A’) holds true. There exist ¢ > 1, B € (0, 1) such that for every
u € H'(By) satisfying A(u, ) = 0 for every ¢ € HO1 (B1) the following Hélder estimate holds for almost
every x,y € By)s:

() =u(y)] < eflulloclx — yIP. (1-23)

The constants B, ¢ depend only on d and A.

After having recalled corresponding results for local differential operators, let us review some related
results for nonlocal problems. Note that we restrict ourselves to nonlocal equations related to bilinear
forms and distributional solutions.

Theorem 1.7 has already been proved under additional assumptions. If @ (x,-) has a density k(x, -)
which satisfies some isotropic lower bound, e.g., for some ¢y > 0, « € (0, 2)

plx,dy) =k(x, y)dy,  kx,y) = colx—y|™7* (x—y| <),
then Theorem 1.7 is proved in and follows from [Komatsu 1995; Bass and Levin 2002; Chen and
Kumagai 2003; Caffarelli et al. 2011]. In these works the constant ¢ in (1-14) depends on « € (0, 2)
with c(e¢) - 400 for « — 2—. The current work follows the strategy laid out in [Kassmann 2009],
which, on the one hand, allows the constants to be independent of « for « — 2— and, on the other hand,
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allows us to treat general measures. See [Felsinger and Kassmann 2013; Kassmann and Schwab 2014]
for corresponding results in the parabolic case.

The articles [Di Castro et al. 2014; 2016] study Holder regularity estimates and Harnack inequalities for
nonlinear equations. Moreover, the results therein provide boundedness of weak solutions. In [Di Castro
et al. 2014; 2016] the measures u(x, dy) are assumed to be absolutely continuous with respect to the
Lebesgue measure. Another difference to the present article is that our local regularity estimates require
only local conditions on the data and on the operator. Note that our study of implications of (weak)
Harnack inequalities in Section 5 allows for nonlinear problems in metric measure spaces and could be
used to deduce the regularity results of [Di Castro et al. 2016] from results in [Di Castro et al. 2014].

To our best knowledge there has been little research addressing the question of comparability of quadratic
nonlocal forms; we note here [Dyda 2006; Husseini and Kassmann 2007; Prats and Saksman 2017]. This
question becomes important when studying very irregular kernels as in [Silvestre 2016, Section 4].

Theorem 1.1 has recently been established in the translation-invariant case, i.e., when u(x,dy) =
v*(dy — {x}) for some «-stable measure v¥; see [Ros-Oton and Serra 2016]. The methods of that
paper seem not to be applicable in the general case, though. Note that anisotropic translation-invariant
integrodifferential operators allow for higher interior regularity; see [Ros-Oton and Valdinoci 2016].

Related questions on nonlocal Dirichlet forms on metric measure spaces are currently investigated by
several groups. We refer to the exposition in [Grigor’yan et al. 2014; Chen et al. 2019] for a discussion of
results regarding the fundamental solution.

1G. Notation. Throughout this article, “inf” denotes the essential infimum and “sup” the essential
supremum. By 971 = {x e R? : |x| = 1} we denote the unit sphere. We define the Fourier transform as
an isometry of L2(R?) determined by

i) =@n* |

) u(x)e_’f'x dx, ue Ll(IRd) N Lz(Rd).

R

1H. Structure of the article. The paper is organized as follows. In Section 2 we study the Harnack
inequality for the Laplace and the fractional Laplace operators. We explain how one can formulate a
Harnack inequality without assuming the functions under consideration to be nonnegative. In Section 3 we
provide several auxiliary results and explain how the inequality £#(u, ¢) > (f, ¢) is affected by rescaling
the family of measures . In Section 4 we prove Theorem 1.6 under assumptions (A) and (B) adapting
the approach by Moser to nonlocal bilinear forms. Section SA provides the proof of Theorem 1.7. We
first prove a general tool which allows us to deduce regularity results from weak Harnack inequalities; see
Corollary 5.2. Then Theorem 1.7 follows immediately. Section 6 contains the proof of our main result on
comparability, Theorem 1.11, in the two respective cases. We provide sufficient conditions on u for (A)
and (B) to hold true. In addition, we provide two examples of quite irregular kernels satisfying (A) and (B).

2. Harnack inequalities for the Laplace and the fractional Laplace operators

We establish a formulation of the Harnack inequality which does not require the functions to be nonnegative.
This reformulation is especially interesting for nonlocal problems but our formulation seems to be new
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even for harmonic functions in the classical sense; see Theorem 2.5. For « € (0,2) and u € C, CZ(Rd ) the
fractional power of the Laplacian can be defined as

a . u(y) —u(x) Cod [ ulx+h)—2u(x)+u(x—h)
A2u(x) = Cyq lim ——dy = /Rd jdTa

dh, (2-1)
e=>0+ J|y_x|>¢ |y—x|d+“ 2

where

I'id+a)/2)
Cod = 7 .
27%7 2 |I'(—a/2)|
For later purposes we note that with some constant ¢ > 0 for every « € (0, 2)

a(2—a)

ca2—a) <Cyq < (2-2)

The use of the symbol A%/2 and the term “fractional Laplacian” are justified because of (—A)%/2y(§) =
|E|%71(&) for £ e RY and u € cx (R9). Note that we write A% 2y instead of —(—A)®/2y, which would
be more appropriate. The potential theory of these operators was initiated in [Riesz 1938]. The following
Harnack inequality can be easily established using the corresponding Poisson kernels.

Theorem 2.1. There is a constant ¢ > 1 such that for o € (0,2) and u € C(R?) with

AZu(x)=0 (x€ By), (2-3)
u(x) >0 (x eR?) (2-4)
the following inequality holds:
u(x) =cu(y) (x,y€By).

Note that A%/ 2u(x) = 0 at a point x € R4 requires that the integral in (2-1) converges. Thus some
additional regularity of u € C(R%) is assumed implicitly. Since A%/2 allows for shifting and scaling,
the result holds true for By, By, replaced by Br(xo), Bg,2(xo) with the same constant ¢ for arbitrary
xoe[R{d and R > 0.

Theorem 2.1 formulates the Harnack inequality in the standard way for nonlocal operators. The
function u is assumed to be nonnegative on all of R?. In the following we discuss the necessity of this
assumption and possible alternatives. The following result proves that this assumption cannot be dropped
completely.

Theorem 2.2. Assume « € (0,2). Then there exists a bounded function u € C(R%) which is infinitely
many times differentiable in By and satisfies
AZu(x)=0 (x€ By),
u(x) >0 (xe B1\{0}),
u(0) =0.

Therefore, the classical local formulation of the Harnack inequality as well as the local maximum principle
fail for the operator A*/2,
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A complicated and lengthy proof can be found in [Kassmann 2007a]. An elegant way to construct such
a function u would be to mollify the function v(x) = (1 —|x/ 2|2)11+°‘/ 2 and shift it such that u(0) =0.
Here we provide a short proof,! which includes a helpful observation on radial functions. See [Bucur and
Valdinoci 2016; Dipierro et al. 2017b] for further alternatives.

ForanopensetDC[R{d, xeD, 0<a§2,andv:[Rd—>[R{(O<a<2)orv:5—>[R{(a:2)we

write

Py(x,y)v(y)dy (O<a<?2),
Ha(v| D)(x) = / P, ) vy dy = | rp Falr v dy (2-5)
y¢D Jop P2(x.y)v(y)dy (e =2).
In the case of a ball, the Poisson kernel is explicitly known; namely for R > 0 and f : R4 \Br(0) >R
f(x) (Ix[= R),

Half | BRON() = {ca(Rz — X2 [,k SOV (¥ = R*2x =y ) dy (x| < R),

where cq = 7-4/271T(d /2) sin wer /2. For a function ¢ : [0, 00) — [0, 00) we set
h% = Ha(¢ o |-|BR(0)).

Proposition 2.3. Forall 0 < |x| < R

ds
(s+ l)s%'

Proof. Let us fix R > 0 and x € Br(0). Using polar coordinates we obtain

W) = calR2— xS [ N AL
w0 = ol [ ey otan S0

By the classical Poisson formula, see [Gilbarg and Trudinger 1998, formula (2.26)],

h(x) = M[msb(x/lezﬂ(zez—uﬁ))
T 0

(2-6)

1—|wl|? _
[ e @) = 15971 (<
sa-1 |lw—y|

hence

_ _ X
f Ix—y[™a(dy) =p 1] ‘——y
pSd—1 sd—1|p

Plugging this into (2-6) yields

—d

2\"1 4
_ _ 22 0

ay) = o s (1= B0 2 .

o =r '( 02 (d/2) p? — |xP?

d
2 a [ 2 d
h?.‘,(x) _ CqTl (R2— |x|2)§ [ P¢(P) P _.
Fd/2) (P2 = [x2)(p? — R%)%
The simple substitution s = (p?> — R?)/(R? —|x|?) leads to
o 2pp(p)dp 1 o ds
/ Ay AL A — / o (VR + (R —|x[)———.
R (p*—[xP)(p*—R?*)2  (R*—|x[*)2 Jo (s +1)s2
Thus the assertion follows. O

1'We owe the idea of this proof to Wolfhard Hansen.
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Theorem 2.2 now follows directly from the following corollary.

Corollary 2.4. Let R > 0 and suppose that ¢ is decreasing on [R, o0) such that ¢(s) < ¢ (r) for some
R <r <s. Then

h‘é(x) < h%(y), whenever 0 < x <y < R.

In particular, u := h% — h% (0) is a bounded function on R% which is a-harmonic on Bg(0) and satisfies
0 =u(0) < u(y) forevery y € Br(0).

In Theorem 2.1 the function u is assumed to be nonnegative on all of R4, It is not plausible that the
assertion should be false for functions u with small negative values at points far from the origin. A similar
question can be asked for classical harmonic functions. If u is positive and large on a large part of 0B,
it should not matter for the Harnack inequality on By, if u is negative with small absolute values on
a small part of dB;. Another motivation for a different formulation of the Harnack inequality is that
Theorem 2.1 does not allow us to use Moser’s approach to regularity estimates, like Theorem 1.8, in a
straightforward manner.

Let us give a new formulation of the Harnack? inequality that does not need any sign assumption on u.
It is surprising that this formulation seems not to have been established since Harnack’s textbook in 1887.
We treat the classical local case o = 2 together with the nonlocal case « € (0, 2).

Theorem 2.5. (Harnack inequality for A%/2, 0 < o < 2)

(1) There is a constant ¢ > 1 such that for 0 < « < 2 and u € C(R?) satisfying
ASu(x)=0 (x€ By) (2-7)
the following estimate holds for every x, y € By5:
c(u(y) = Ho™ | B)(»)) < u(x) < c(u(y) + Ho(u™ | B1)()). (2-8)

(2) There is a constant ¢ > 1 such that for 0 < a < 2 and every function u € C (Rd) which satisfies (2-7)
and is nonnegative in By the following inequality holds for every x,y € By5:

u(x) < c(u(y) +a(2—a) L(Z) dz). (2-9)
RY\B; |z|d+e

+

Proof of Theorem 2.5. The decomposition ¥ = u™ —u™~ and an application of Theorem 2.1 give

u(x) = Ha(u| B1)(x) < Hu™ | B1)(x) < cHo(u™ | B1)(y)
=cHy(u|B1)(y) +cHo(u™ | B1)(y) = cu(y) + cHo(u™ | B1)(y),

which proves the second inequality in (2-8). The first one is proved analogously.

2Kassmann would like to use the opportunity to correct an error in [Kassmann 2007b] concerning the name Harnack. The
correct name of the mathematician Harnack is Carl Gustav Axel Harnack. His renowned twin brother Carl Gustav Adolf carried
the last name “von Harnack™ after being granted the honor.
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Inequality (2-9) is proved as follows. Assume u is nonnegative in By. Using the same strategy as
above we obtain for some ¢, ¢z > 0 and ¢ = max(cy, ¢32)

u(x) < ey Ha(u| B3)(7) + 1 Hau™ | By)()

<ciu(y)+co(2—a) /I;{d\B <cu(y)+ca2—a) u=(z) dz

|Z|d+a

R\ B
The proof of the theorem is complete. Note that different versions of this result have been announced in
[Kassmann 2011]. O
Let us make some observations:
(1) There is no assumption on the sign of u needed for (2-8). Inequality (2-8) does hold in the classical
case o = 2, too.

(2) If u is nonnegative on all of R? (& € (0, 2)) or nonnegative in B (« = 2), then the second inequality
in (2-8) reduces to the well-known formulation of the Harnack inequality.

(3) If u is nonnegative in By, then (2-9) reduces for @ — 2 to the original Harnack inequality.

(4) For the above results, one might want to impose regularity conditions on u such that A2y (x)
exists at every point x € By, e.g., u|g, € C2(By) and u(x)/(1 + |x|4+%) e L1(R?). However, the
assumption that the integral in (2-1) converges is sufficient.

The proof of Theorem 2.5 does not use the special structure of A%2 The proof only uses the
decomposition ¥ = u —u~ and the Harnack inequality for the Poisson kernel. Roughly speaking, it
holds for every linear operator that satisfies a maximum principle. One more abstract way of formulating
this result in a general framework is as follows:

Lemma 2.6. Let (X, W) be a balayage space (see [Bliedtner and Hansen 1986]) such that 1 € W. Let
V, W be open sets in X with V.C W. Let ¢ > 0. Suppose that, forall x,y € V and h € H;’(V),

u(x) < cu(y). (2-10)
Then 8;/0 < cs},/c and, for every u € Hp(W),
u(x)fcu(y)—i—c/u_dsgc. (2-11)
Here, Hj(A) denotes the set of bounded functions which are harmonic in the Borel set A. Functions
in ’H,;L (A), in addition, are nonnegative.

Proof. Since, for every positive continuous function f with compact support, the mapping f +— 5;/(' f)
belongs to H;(V), the first statement follows. Let u € Hp(W). Then u(x) = 8;16 (u), u(y) = s},/c (n),
and hence

u(x) < SL/C ut) < cs;/c(u"') = cs;/c(u +u")=cu(y)+c / u- de},/c. O
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3. Functional inequalities and scaling property

In this section we collect several auxiliary results. In particular, we will need some properties of the
Sobolev spaces H @/2(D). The following fact about extensions has an elementary proof; see [Di Nezza
et al. 2012]. However, one has to go through it and see that the constants do not depend on «, provided
one has the factor (2 —«) in front of the Gagliardo norm; see (1-4) and (1-6).

Fact 3.1 (extension). Let D C R4 be a bounded Lipschitz domain, and let O < o < 2. Then there exists a
constant ¢ = c¢(d, D), which is independent of «, and an extension operator E : H @/2(D)y — HY2(RY)
with norm | E| < c.

Furthermore, we will need the following Poincaré inequality; see [Ponce 2004].

Fact 3.2 (Poincaré I). Let D C R4 be a bounded Lipschitz domain, and let 0 < og < o < 2. Then there
exists a constant ¢ = ¢(d, ag, D), which is independent of «, such that

2

U—— udx

A <cEh*(u,u) (ue H2(D)). (3-1)

L2(D)

The following results, Facts 3.3 and 3.4, are standard for fixed . For o — 2 they follow from results
in [Bourgain et al. 2001; Maz’ya and Shaposhnikova 2002; Ponce 2004]. They are established in the case
when B, (x) denotes the cube of all y € R such that |y; —x;| < r forany i € {1,...,d}. They hold true
for balls likewise.

Fact 3.3 (Poincaré—Friedrichs). Assume «g, & > 0 and 0 < o9 < o < 2. There exists a constant ¢, which
is independent of &, such that for Bgr = Br(xo)

ue H3(Br), |BrN{u=0}> ¢ Bgl

/ (u(x))2 dx < cRY / / (u(y) —u(x)* dy dx. (3-2)
B

rBr |1X— Cx—yldte

implies

Fact 3.4 (Sobolev embedding). Assumed €N, d >2, Ry>0,andO0<ag<a <2, g€[l,2d/(d —a)].
Then there exists a constant ¢, which is independent of «, such that for R € (0, Ry) and u € H*/2(Bg)

20 () —u)?” o dia=2) :
(o) e[, O a5 [ ).

We often make use of scaling and translations. Our main assumptions, conditions (A) and (B) assure
a certain behavior of the family of measures y with respect to the unit ball B; C R?. Let us formulate

these conditions with respect to general balls B, (£) C R¥.
Given £ € R?, r >0, A > 1, we say that u satisfies (A; &, r) if:

For every ball B,(xo) with p € (0, r) xo € By () and every vE Ha/z(Bp(x())),

A"lgl

Ajg,
b oy 0 0) SR (0 0) S AER (L (.v), (A:€.1)
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Given £ € R?, r >0, B > 1, we say that u satisfies (B: £, 1) if:

For 0 < p < R <r and x¢ € B, (§) there is a nonnegative measurable function t : R? > R
with supp(7) C Bryp(xo), 7(x) =1 o0on Br(xo), ||T]lec <1, and (B:&,1)
SUPxerd fRd (t(y) —t(x))? u(x,dy) < Bp™

Let us explain how the operator under consideration behaves with respect to rescaled functions.

Lemma 3.5 (scaling property). Assume geR? andr € (0,1). Letu € V*(B,(£) | R?) satisfy E*(u, ¢p) >
(f, @) for every nonnegatlve ¢ H ([R? ). Define a dlﬁ‘eomorphlsm J by J(x) =rx + &. Define
rescaled versions f uofuand f by u(x) =u(J(x)) and f by f(x) =r*f(J(x)).

(1) Then u satisfies for all nonnegative ¢ € Hgl (R9)

(@, §) = // @) — 7)) () — () Ax. dy) dx = (F. ).
Rde
where
Ao dy) =y (J().dy) and i (2. A) = u(z. J(A)). (3-3)

(2) Assume i satisfies conditions (A €,1), (B; €,1) for some € (0,2) and A>1, B> 1, £ e R%, r > 0.
Then the family of measures fiL = ji( -, dy) satisfies assumptions (A) and (B) with the same constants.

Remark. The condition (D) is affected by scaling in a noncritical way. We deal with this phenomenon
further below in Section 4 and SA.

Proof. For the proof of the first statement, let ¢ € Hp i (IRd) be a nonnegative test function. Define

¢,eH;;(S)(R )by ¢ = poJ L Then

/ (@(y) ~ 7)) () — $(x)) filx.dy) d
_ e / / () = u(J @) br (T () = (T () -1 (J (x). dy) dx
— rod / (u(J (7)) = (@) @r (S (7)) = $r(x)) -1 (x. dy) dx
=7 [ a3 =) ()~ 91 () . 0y
> ro—d / f(x) ¢ (x)dx = / r® f(J(x)) p(x) dx = / f@p(x)dx, (34

which is what we wanted to prove. Let us now prove that j inherits properties (A), (B) from p with
the same constants A4 and B. Let us only consider the case § = 0. In order to verify condition (A) we
need to consider an arbitrary ball B,(xo) with p € (0,1) and xo € By. Let us simplify the situation
further by assuming xo = 0. The general case can be proved analogously. Thus, we assume r € (0, 1)
andu e HY 2(Bp). The estimate & gp (u,u) < AE gj (u, u) can be derived as follows. Define a function
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i€ H**(B,,) by it =uoJ ™. Then
&g, 00 = [ [ wm-uwpiacanar=r [ [ @GUO=00D ua0).dy) ds
=t [ / @ ()= 11 (. dy) dx

_ 2 < roz —d (u(y) u(x))Z
[B ) f (B0 —A(x))* (. dy) dx < A /B ) /B ) dy dx

|x y|d+a

_ 4,-2d @ ) —u(J " (x))? _ (u(y)—u())?
= Ar /Bm s, T - 1)t dydx —A/Bp s, l—ylite dydx,

which proves our claim. The estimate Sg“;‘ (u,u) <AE& gp (u, u) follows in the same way.

In order to check condition (B) for ji we proceed as follows. Again, we assume xo =0, r € (0, 1). The
general case can be proved analogously. Assume R, p € (0,1). Let 7 : R >R satisfy supp(%) C B rR+rp>
7 =1on B, and

sup / E()-2 ()2 u(r.dy) <BUp) ™ >  sup / (F0)—2 () (T (x).dy) < B(rp) ™,
xerd JRA xeRrd JRY

Such a function 7 exists because, by assumption, u satisfies (B; &,r). Next, define 7 =7 o J. Then
satisfies supp(t) C ER_,_p, T =1 on Bg, and, by a change of variables,

sup fR (@0) =T x, dy) = 1 sup / FIO)) = 2T oy (J(x), dy)

xeR4 xeR4

r sup [ () — £ p(J(x).dy) < Bp™®

xeR4

which shows that i satisfies (B) with the constant B. O

4. The weak Harnack inequality for nonlocal equations

The main aim of this section is to provide a proof of the weak Harnack inequality Theorem 1.6. The key
result of this section is the corresponding result for supersolutions that are nonnegative in all of R :

Theorem 4.1. Assume f : By — R belongs to Lq/“(Bl5/16)for some q € (d, <], a € [ag, 2). There are
positive reals pg, ¢ such that for every u € V*(Bq | [Rd) with u > 0 in R4 satisfying

Eu,d) > (f,¢) forevery nonnegative ¢ € Hl‘;l ([R{d).
The following holds:

1

. pO
inf u > C(f u(x)? dx) ~ A are(sis 1)
Bi/2

Bia

The constants pg, ¢ depend only on d, oy, A, B. They are independent of a € [ag, 2).
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Remark. All results in this section are robust with respect to « € [ag, 2); i.e., constants do not depend
on «.

The main application of this result is the following proof.
Proof of Theorem 1.6. Set u = u™* —u~. The assumptions imply for any nonnegative ¢ € H 51 (R%)

Eut.¢) zé’(u‘,¢)+(ﬁ¢)=/B ¢(x>(f(x)—2/

u— (y) /L(x,dy)) dx;
R4\ By

i.e., u™ satisfies all assumptions of Theorem 4.1 with ¢ = +o0 and f : B1 — R defined by
Fo=fe-2 [ u ) uedn,
R\ B

The assertion of the theorem is true if SUPxeBys/16 fRd\Bl u~(y) u(x,dy) is infinite. Thus we can assume
this quantity to be finite. Theorem 4.1 now implies

1

. Po _
inf u>c; (][ u(x)Po dx) —C2 sup (/ u=(y) pu(x, dy)) - ||f||L‘1/°‘(Bls/16)
Bi/a Bi/2 x€Bis5/16 \RI\B]

for some positive constants ¢y, €. O
By scaling and translation, we obtain the following corollary.
Corollary 4.2. Let xo € R%, R € (0,1). Assume p is a family of measures satisfying (A;€,1) and

(B: £,1). Assume u € V*(BR(xo) | R?) satisfies u > 0 in Br(xq) and E(u, ¢) > 0 for every nonnegative
¢ € Hy () RY). Then

1
D
inf  u> c(][ u(x)?o dx) ’ _Re sup / u= (y) u(x,dy),
Brya(xo) BRr/2(x0) x€B15r/16(x0) YRY\BR(x0)

with positive constants pg, ¢ which depend only on d, o, A, B. In particular, they are independent of
a € [ag, 2).

Let us proceed to the proof of Theorem 4.1.

Remark. Without further mentioning we assume that w is a family of measures that satisfies (A) and (B)
for some A > 1, B > 1, and o9 < o < 2. The constants in the assertions below depend, among other
things, on 4, B, and «. They do not depend on «, though.

Let us first establish several auxiliary results. Our approach is closely related to the approach in
[Kassmann 2009]. Instead of Lemma 2.5 in that paper, which would be sufficient for homogeneous
equations,we will use the following auxiliary result.

Lemma 4.3. There exist positive constants c1, ¢ > 0 such that for everya,b >0, p>1,and0<711,175 <1
the following is true:

—p+1
2

2 2L ()2 (b P p gt (41

(b—a)(t?a™? —13b7P) > c1(r1a =5 b 0
p u—
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The above result is nothing but a discrete version of

(Vo V(r207P)) > e1(p)|V(zv 2 )2 —ca(p)|Ve[PoP T,

where v, T are positive functions. We provide a detailed proof in the Appendix.
The next result is an extension of corresponding results in [Kassmann 2009; Barlow et al. 2009].

Lemma 4.4. Assume 0 < p <r < 1 and zg € By. Set B, = B,(2¢). Assume f € Lq/“(BZr)for some
q > d. Assume u € V*(Ba, | R?) is nonnegative in R? and satisfies

E(u,d) = (f,¢) forany nonnegative ¢ € ngr ([F\Rd),

(4-2)
u(x)>e for almost all x € By, and some & > 0.
Then
o0 k
(logu(y) —log u(x))?
I, (2 b plr Ay dx
rBr \g=1 :

<cp™*|Brypl + e ||f||Lq/a(B,.+p) ||1||Lq/(q—a)(B,,+ﬂ), (4-3)
where ¢ > 0 is independent of u, xo, r, p, f, ¢, a.

Note that for
e=c1(r+p)° | f paracs,, ).
with § = a((¢ —d)/q), one obtains

> -1 2k
// 2 (Z(Ogu(y)(zk;gu(x)) )“(x’dy)dxfczp'“|3r+pl~ (4-4)
rBr \e=1 '

From the above lemma we will deduce logu € BMO(B7), where BMO(B1) contains all functions of
bounded mean oscillations in Bj; see [John and Nirenberg 1961].

Proof. The proof uses several ideas developed in [Barlow et al. 2009]. Let 7 : R? — R be a function
according to (B); i.e., more precisely we assume

Spp(D) € By CBare filoo =1 v=lonBr sup [ (000 = (0P ux.d) < By,
R

xeR4

Then

// () = 1)) (. dy) dx
Rde

-1l

<2 //B (2(y) — 1(x0))? p(x.dy) dx

r+oRY

< 2Brgl swp [ (00) =) (. dy) = 2007 Bl (4-5)

xeR4

(t(3) = 7(x)? pu(x.dy) dx + 2 // () = 1(x))? p(x. dy) dx

B, ,B¢

r+oBr+p r+o
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We choose ¢ (x) = —72(x) u~ 1 (x) as a test function. Denote B, by B. We obtain
Gz [ ) —u) o (0 - 20 () wx.dy) d
RY R4

T(x)u(y) f(y)u(X)_f(y)_f(x)) dy)d
//];?BT(X)T( )(T(J’)u(x) tu(y) x) T(y) ple ) dx

42 // () — () () u~ (6) = 2(0) u~ () (. dy) dx
BB¢

4 // () —u ()@@ @) — 20 u" ) . dy)dv. (@-6)
B¢ B¢

Setting A(x, ¥y) = u(y)/u(x) and B(x,y) = t(y)/t(x) we obtain

Al.y) | Bx,y) 1
[ (G + 2y~ 2= i s anys

A B
//BB r(x)r(y)[( (x.7)  B(x.7) —2) - (¢B(x,y)—

1
B(x,y) A(X,)’) B(x,y)

_ 2k
_ // r(x)t(y)(ZZ (1ogA(x,y)(2li<)>'g B(x,y)) )Mx,dy) dx
BB k=1 :

2
) ]u(x,dy)dx

2
- // r(x)r(y>(¢3(x,y>— : )u(x,dy)dx
BB B(x,y)
k
// T(x)r(y)( $ <log<u(y)/r(y))(;l::g(u(x)/r<x>>>2 )W’ o
BB !

k=1

- [ (t(6) = t(»))? (. dy) dx
BB

>, (logu(y) —log u(x))2* ~ - )
2//(2,; )Wvdy)dx /BB(f(x) (»)? p(x.dy) dx,

(2k)!

where we applied (4-5) and the fact that for positive real a, b

—h)2 loga —log b)%*
(aab) =@-he' - _1)—2Z(Oga(2k())!g) ' @7

Altogether, we obtain

> . (logu(y) — logu(x))% ) o,
(f.9)= [B , [B (2};1 m— )u(x,dy)dx /BB(rm () u(x. dy) dx

12 // () —u (N @ () = 20~ () (. dy) dr. (@-8)
B

rJr)OBrC—i-p
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The third term on the right-hand side can be estimated as follows:

> [/ () —u (N @ (1) — 20~ (1) (. dy) da
B

-

_ _ 2 -1
=2 f/B () — () 20~ (x) ju(x, dy) dx

.

=2 /Bw /Igf+p jg))

> _ _ 2
=2 [ [ @)= . dyy g,

u(y) (x,dy) dx —2 [3 [g 20 ulrdy)ds
r+oYBr4p

where we used nonnegativity of u in R4. Therefore,

0 _ 2k
[ (23t oe ) ey ax
reBrN k=1 ’

= 3//d d(T()C)—T(J’))2 p(x,dy)dx + ||f||Lq/a(Br+p)||u_1IILq/(q—m(Ber). (4-9)
RIR

The proof is complete after the trivial observation |u~!| <71, O

Lemma 4.5. Assume 0 < R<1land f € Lq/“(B5R/4)f0r some q > d. Assume u € V*(Bsg/4 | R9) is
nonnegative in R? and satisfies

Eu,d) > (f.¢) forany nonnegative ¢ € HY (Rd),

Bsrya

1 pd
u(x)>e for almost all x € B% and some & > 7R ”f”Lq/tx(BgR/g),

()

Then there exist p € (0, 1) and ¢ > 0 such that

(f u(x)’a dx)p dx < c(][ u(x)_ﬁ dx)_ , (4-10)
Bpr Br

where ¢ and p are independent of x¢, R, u, ¢, and «.

where

ST

Proof. The main idea is to prove logu € BMO(BR). Choose zg € Bg and r > 0 such that By, (zo) C Bgys.
Set p =r. Lemma 4.4 and Assumption (A) imply

1 —1 2
[ GO gyavs [ [ (ogu(y)-toguo) u(x.dy)ax cird e
»(20)/ By (20) lx—y| »(20) /By (z0)

Application of the Poincaré inequality, Fact 3.2, and the scaling property 3.3 leads to

/ [log u(x) —[logu]p, (z,) |2 dx < czrd, 4-11)
By (20
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where
[logu]p, (zo) = | B, (z0)| ™! / logu = ][ logu.
B, (z0) B, (z0)

From here

/ [log u(x) — [log “]B,(z0)|dx < (/ [log u(x)—[logu]Br(ZO)|2dx)2|Br(zo)|é < C3rd.
By (zo B/ (z0)
An application of the John—-Nirenberg embedding, see [Gilbarg and Trudinger 1998, Chapter 7.8], then
gives
/ ePlogu®)~loguls, | 4 < ¢, R,
Br

where p and c4 depend only on d and c¢3. One obtains

( / u(y)? dy) ( / u(y)? dy) _ ( / o Pllogu(y)~llogulz,) dy) ( / o~ llogu(y)~logulz,) dy)
Br Br Br Br

< cz R*.
The above inequality proves assertion (4-10). |

The next result allows us to apply Moser’s iteration for negative exponents. It is a purely local result
although the Dirichlet form is nonlocal.

Lemma 4.6. Assume xg € By and 0 < 8p < R < 1—p. Set BR = Br(xg). Let f € Lq/“(BSR/4) for
some q > d. Assume u € V*(Bsg/4 | R%) is nonnegative on all of R? and satisfies

E(u, ) = (f,¢) foranynonnegative ¢ € H]’;SRM ([Rd),
)
u(x)>e for almost all x € B% and some € > R°| f || La/a(Bog 5)-
where J
8= a(q — )
q
Then for p > 1
—1,p—1 14 —ay,,—1 21
125 o = (52 )7 1 @-12)

where ¢ > 0 is independent of u, xo, R, p, p, &, and «.
Proof: Let T : R? — R be a function according to assumption (B); i.e.,
S :=supp(r) C §R+p C B%,

Itllooc <1 forall x € Bg such that t(x) =1,

sup [ (e =t nx,dy) = B

x€R4

The assumptions of the lemma imply

Eu,—1t2u"P)y < (f.—t*uP).
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Let us observe the following:

5(74,—12”_”):/ () =)@ () u(x) ™7 = () u(y)~?) p(x,dy) dx

f / () —u () (@) u(x) ™ — () u(y)~P) ulr. dy) dx
12 / / () — () (E@) — T u )P ulx. dy) dx

> / f () —u() (@) u ()P — 23 uy)P) plx. dy) dx
SJS
2 /S u(x) =P /R g (OO F ) . d)

The last term is finite because of our assumptions on . However, note that t(y) =0 for y € R4 \S.
Next, we choose a = u(x), b =u(y), 11 = t(x), 2 = t(y), and apply Lemma 4.3 to the integrand in
the first term. Then

/Ssmy)u(y)‘”z @ u) 5 p(xdy) d

<P // (") = ()2 ()P +u) P u(x. dy) dx
r—1JJgs
2 a7 [ (@0 = e )2 aledy) e+ (i)
S RI\S

< (22 +2) [t [ e pean) st elfi-eu?)
p—1 S R4

<ci(p)p @ / u(x) Pt dx +c(f. —t*u?) (4-13)
R+p

for some positive constant ¢, which is independent of p, R, f and u. It remains to estimate |( f, —t2u~?)|
from above:

[(f —rzu_p)l =< g ! |(f, Tzu_p+1)| = e} ||f||Lq/“(BgR/g)”7:2u_p+1 ||L‘1/(‘1_"‘)(B9R/s)
=& ”f”LW"‘(BgR/s) ”TM%H ”izq/(‘/—"‘)(&ms)
||f||L‘7/°‘(B9R/8){a”Tu % ”LZ"/(‘l 9 (Bor/s) ta o aa ||ru ||L2(B9R/8)}
< R™T al|PurPH! lLara—e (o) + R Tame P Lt Borer
where a > 0 is arbitrary. We choose a = wR*@=4)/4 for some w and obtain

2 — 2. —p+1 a2, —p+1
|(}(,—T u P)| SC()HT u Pt ||Ld/(d—a)(B9R/8)+Cl) 7—d R (1”1, u pt ||Ll(BgR/3)‘

Combining these estimates we obtain from (4-13) for every p > 1 and every w > 0
—r+1 —r+1.2
I G0um ™ e uw ™) wexay ax
SS

<c3(p,w)p™® / u(x)"?Tdx + co||r2u—P ™! lara-e (B ,)-
BR+p
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Next, we use Assumption (A) and apply the Sobolev inequality, Fact 3.4, to the left-hand side. Choosing
o small enough and subtracting the term cow||t2u=?F1|| L4/@—a) (B, ,) fTom both sides, we prove the
assertion of the lemma. O

Lemma 4.6 provides us with an estimate which can be iterated. As a result of this iteration we obtain
the following corollary.

Corollary 4.7. Assume x9 € B1, 0 < R < %, and 0 <n <1< 0. Let f € LY*(Bgg) for some q > d.
Assume u € V*(Bgg | R?) satisfies

Eu,d) > (f, @) forany nonnegative ¢ € Hg (Rd),

®R

u(x)>e¢ for almost all x € Bgr and some & > (®R)8 ||f||Lq/a(BR(1+3®)/4)’

where

—d

d=u (q )

q

Then for any po > 0
1
D
inf u(x)> c(][ u(x)"Po dx) 0, (4-14)
xEBnR BR

where ¢ > 0 is independent of u, R, ¢, and «.

Proof. The idea of the proof is to apply Lemma 4.6 to radii Ry, pr with R; \ nR and p; \ 0 for k — oo.
For each k one chooses an exponent p; > 1 with pp — oo for k — co. Because of Assumption (A) we
can apply the Sobolev inequality, Fact 3.4, to the left-hand side in (4-12). Next, one iterates the resulting
inequality as in [Moser 1961]; see also Chapter 8.6 in [Gilbarg and Trudinger 1998]. The only difference
to the proof in [Moser 1961] is that the factor d/(d —2) now becomes d/(d — «). The assertion then
follows from the fact

1
Dr
(f u_pk) 5 inf u for k — oo. O
BR, (x0) Byr(xo0)

Let us finally prove Theorem 4.1.

Proof of Theorem 4.1. Define u = u + ||f”Lq/a(Bls/16) and note that £(u, ¢) = £(i1, ¢) for every ¢. We
apply Lemma 4.5 for R = % and obtain that there exist p € (0, 1) and ¢ > 0 such that

(][ i(x)? dx)ﬁ dx < c(][ u(x)"? dx) ﬁ.
B3/ B34

Next, we apply Corollary 4.7 with R = %, n= % and ® = %. Together with the estimate from above we
obtain

Ni=

inf u > c(
By,

u(x)ﬁdx) , (4-15)
|B%| B34

which, after recalling the definition of u, proves Theorem 4.1. O
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5. The weak Harnack inequality implies Holder estimates

The aim of this section is to provide the proof of Theorem 1.10. As is explained in Section 1D it is well
known that both the Harnack inequality and the weak Harnack inequality imply regularity estimates in
Holder spaces. Here we are going to establish such a result for quite general nonlocal operators in the
framework of metric measure spaces.

We begin with a short study of condition (1-16). The standard example that we have in mind is given
in Example 1.9. Let (X, d, m) be a metric measure space. For R >r >0, x € X, set

By(x)={yeX:d(y.x) <r}, Arr(x)=Br(x)\B(x). (5-1)

Lemma 5.1. For x € X, r > 0 let vy, be a measure on B(X \ {x}), which is finite on all sets M with
dist({x}, M) > 0. Then the following conditions are equivalent:

(1) Forsome y > 1, c>landallx e X, 0<r <1, jeNp
Vi, (X '\ B,y (%)) ECX_j-

(2) Given 0 > 1, there are y > 1, ¢ > 1 such thatforallx € X, 0<r <1, j €Ny
V(X \ Brgi () <cx™/.

(3) Given 0 > 1, thereare x > 1, ¢ > 1 such that forall x €e X, 0<r <1, j €Ny
Var(Argi pgi1 () ey

(4) Giveno > 1, 0 > 1thereare y > 1, ¢ > 1 suchthatforallx € X, 0<r <1, j€Ngand y € B;/5(x)

. 1
vy, (Apgi roiv1 (X)) Scx™,  wherer' = V(l - ;)- (5-2)

If, in addition to any of the above conditions, (1-17) holds, then (5-2) can be replaced by
Vyr(Args roit1(x)) <cy 7. (5-3)

Proof. If 6 > 2, the implication (1) = (2) trivially holds true. For 6 < 2 it can be obtained by adjusting y
appropriately. The proof of (2) = (1) is analogous. The implication (2) = (3) trivially holds true. The
implication (3) = (2) follows from

o0 o0
b0\ By )= 3 v g o (0) < 3 o7 = o(A5)r

The implication (4) = (3) trivially holds true. Instead of (3) = (4) we explain the proof of (2) = (4).
Fixo>1,0>1,xeX, r>0, jeNg,and y € B,/5(x). Setr' =r(1 —1/0). Then X \ B4, (x) C
X\ B,/ (y). Thus

V(X \ By (x)) < vy, (X \ Bpgi (0) cx. 0
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Remark. Note that the conditions above imply that, given j € Ng and x € X, the quantity

limsup vy (X \ B,/ (X))
r—>0+
is finite.

Remark. Let x € X, A4 € B(X \ {x}), with dist({x}, A) > 0. In the applications that are of interest to us,
the function r +— vy ,(A) is strictly increasing with vy o(A4) = 0.

Proof of Theorem 1.10. The proof follows closely the strategy of [Moser 1961]; see also [Silvestre 2006].
Throughout the proof, let us write B; instead of B;(xo) for ¢t > 0. Fix r € (0,rp) and u € Sx,,. Let
¢1 > 1 be the constant in (1-19). Set k = (2¢,2'/7)~! and

In(2/(2 —«)) 1 _
=——" 7 = (1-i)=06"
P In(6) (1-24)
Set Mo = ||u|oo, mo = infx u(x), and M_, = My, m_,, =mg for n € N. We will construct an increasing
sequence (my) and a decreasing sequence (My) such that for n € Z

my <u(z) <M, foralmostall z € B,g—n,

5-4
Mn_mane_nﬂy o9

where K = Mo —mg € [0, 2||u||co]. Assume there is k € N and there are M,,, m, such that (5-4) holds
for n <k — 1. We need to choose my, My, such that (5-4) still holds for n = k. Then the assertion of the
lemma follows by complete induction. For z € X set

. 29k—1)B
v(z) = (u(z) — 5 (Mg—1 + mk—l))T
The definition of v implies v € Sy, » and |v(z)| < 1 for almost any z € B, g—«—1. Our next aim is to

show that (1-19) implies that either v <1 —«k or v > —1 4+« on B,y—«. Since our version of the Harnack
inequality contains nonlocal terms we need to investigate the behavior of v outside of B, g—«-1). Given
z € X with d(z,xg) > r0~® =D there is j € N such that

r07 k7 < d(z,x0) < r@kTITL,
For such z and j we conclude
K 1
29(1(—1);‘3 U(Z) = (M(Z)— Q(Mk—l +I’I’Ik_1))

(My—j—1 —mp—j—1 +myg—j—1 — 5(Mg_1 +mj_y))
< (My—j—1 —mg—j—1 — 3(Mg_y —my_y)) < (KQ_(k_j_l)ﬂ - %KQ_(k_l)ﬂ),

IA

that is,

(5-5)

d(z,x0) \P |
o-G-n ) %

v(z) <20/F —1< 2(9
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and

K
ze(k_l)ﬂ U(Z) = (M(Z) - %(Mk—l +mk—l))
> (Mp—jo1 — Mg—j_1 + My—j_1 — 2 (Mg_y +mg_y))
> (—(Mi—jmt = mp—j—1) + 3 (Mi_y —mp_y)) = (—KO~«/7DF 4 Lgg=(-DF)

that is,
d(z, xo) )ﬂ

—29/8 > 122200
v(z)>1-20F >1 2(9r9_(k_1)

Now there are two cases:
Case 1: m({x € B.g—k+1/; 1 v(x) <0}) > %m(Bre—k—i-l/A).

Case 2: m({x € B.g—k+1/; 1 v(x) > 0}) > %m(Bre—k+l/A).
We work out details for Case 1 and comment afterwards on Case 2. In Case 1 our aim is to show
v(z) <1 —« for almost every z € B,.y—« and some « € (0, 1). Because then for almost any z € B,.y—«
u(z) < 31— ) KO EDP 4 S (Mg +mp—y)
= 21— Ko~ EVF L L (M —my_y) +mp_y

= mg—1 + 51— Ko~EVP 4 T go=*-DP
(5-6)

<mg_1+ K@‘kﬂ.
We then set my = my_q and My = my + K07 and obtain, using (5-6), my < u(z) < M} for almost

every z € B,y—«, which is what needs to be proved.
Consider w =1—v and note w € S, ,9-&-1 and w > 0 in B,g—«-1. We apply (1-19) and obtain
sup / W (2)vy pg-x-1(dz), (5-7)
X

r
(f w? dm) <c¢p inf w+4cq
Brg—k—i-l/,\(xo) B, -k xEBrG_k+1/a

In Case 1 the left-hand side of (5-7) is bounded from below by (%) 1/p . This, together with the estimate

(5-5) on v from above, leads to
sup / W (2)vy ro—-k-1(dz)

L
inf w>(c;27)" 1 —
XEBrG*k+l/o

ro—k
o
1 -1 -
> (c127) " — Z Sup / 1Ar9—k+j ro—k+j+1 (xo) (1 =v(2)) stref(kfl)(dz)
j=1x€Br9_k+1/U .
. o
1.1 ]
> (127) 7 =D "0 =),k
Jj=1
where
Nxo,r.0,j.k = sup Vi, rg=k=0 (Apg—tct) pg—k+j+1(X0)).

xeBrQ_k+l /o
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Now, (5-3) implies that 1y, r¢, .k < cx~/~1. Thus we obtain

o0
inf w=(127)7 —2e Y (0 — 1) (5-8)

ro—k j=1

Note that Z;”;l 078 y=/=1 < o for B > 0 small enough; i.e., there is / € N with

0 . . 0 . .
Yo @F -1y s Y 0P < (een T
j=I+1 J=I+1

Given [ we choose B > 0 smaller (if needed) in order to ensure
l
Y0 -yt < 6er)
—

The number B depends only on ¢y, ¢, x from (5-3) and on 6. Thus we have shown that w > k on B, g—«
or, equivalently, v <1 —« on B,g—«.

In Case 2 our aim is to show v(x) > —1 4 «. This time, set w = 1 + v. Following the strategy above
one sets My = My_, and my = My, — K6~*P leading to the desired result.

Let us show how (5-4) proves the assertion of the lemma. Given p < r, there exists j € Ny such that

rg—/ 1 <p< ro=7.

From (5-4) we conclude
o B
oscg,u <oscg ,_;u=<M;—m; 5205||u||oo(—) . |
ro—. r

Corollary 5.2. Let Q@ = By (x0) C X and let 0,0,A > 1. Let Sx r and v , be as above. Assume that
conditions (1-16), (1-17) are satisfied. Assume that there is ¢ > 1 such that for 0 <r <rg

(Br(x) CcAumex,r)A(u>0in Br(x))
1
= (][ u(€)? m(dg))p <c inf u+4c sup / u(z) vg,r(dz). (5-9)
B,y (x) By/g(x) §€B; /s (x) /X
Then there exist B € (0, 1) such that for every u € Sy, r, and almost every x, y €

d(x.,y) )/’.

d(x, Q) vd(y, Q°) (5-10)

) —u(y)]| < 166 ||u||oo(

Proof. By symmetry, we may assume that r := d(y, Q¢) > d(x, Q2°¢). Furthermore, it is enough to prove
(5-10) for pairs x, y such that d(x, y) < r/8, as in the opposite case the assertion is obvious.
We fix a number p € (0, ro/4) and consider all pairs of x, y € Q such that

2p=d(x,y) <p. (5-11)

We cover the ball B,,—4,(xo) by a countable family of balls B; with radii p. Without loss of generality,
we may assume that Ei N Bry—4p(x0) # <. Let B; denote the ball with the same center as the ball §,~
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and radius 2p and let B denote the ball with the same center as the ball B; with radius the maximal
radius that allows B C Q.

Let x, y € Q satisfy (5-11). From r > 8d(x, y) > 4p it follows that y € B,,_4,(x0); therefore y € B;
for some index i. We observe that both x and y belong to B;. We apply Theorem 1.10 to x¢ and rg being
the center and radius of B, respectively, and obtain

radius(B;) B
radius(B;")
B B
1 d(x,
<26 o 2 ) = 07l (52

r

oscp, u < 20P ||u||oo(

Hence (5-10) holds, provided x and y are such that |u(x) —u(y)| < oscp; u.
By considering p = g2~/ for j = 3, 4, ..., we prove (5-10) for almost all x and y such that
d(x,y) <ro/8; hence the proof is finished. |

S5A. Proof of Theorem 1.7. We are now going to use the above results and prove one of our main results.

Proof of Theorem 1.7. The proof of Theorem 1.7 follows from Corollaries 4.2 and 5.2. The proof is
complete once we can apply Corollary 5.2 for xo =0 and ro = % Assume 0 <r <rg and B;(x) C By/,.
Let Sy, be the set of all functions u € V* (B, (x) | R?) satisfying &(u, ¢) = 0 for every ¢ € ng(x)([Rd).
Assume u € Sy » and u > 0 in B, (x). Then Corollary 4.2 implies

1
D
inf wu zc(][ u(x)?o dx) Oy sup / u (z) u(y,dz),
By/4(x) B;/2(x) y€Bisgr/16(x) /RY\ By (x)

with positive constants pg, ¢ which depend only on d, ag, A, B. Set 0 =4, A =2, 6 = %. Let vy, be
the measure on R? \ B, (x) defined by

v (4) = ru(x, A).

The condition (1-17) obviously holds true. The condition (1-16) follows from (D). Thus we can apply
Corollary 5.2 for xg =0 and rg = % and obtain the assertion of Theorem 1.7. O

6. Local comparability results for nonlocal quadratic forms

The aim of this section is to provide the proof of Theorem 1.11. First, we show that (T) and (U) imply (B).
Then we establish the upper bound in (A) in the two cases (i) and (ii). The lower bound in (A) is more
challenging. We prove it for the two cases in separate subsections. The last subsection contains two
examples, which are not covered by cases (i) and (ii).

6A. (T) and (U) imply (B). It is easy to prove that (T) and (U) imply (B) with a constant B > 1
independent of & € (ap,2): Let 1 € C®(R?) be a function satisfying supp(zr) = BRrip, T=1o0n
Br, 0 <t <1onR% and |[t(x)—t(y)| <2p~!|x — y| for all x, y € R?. In particular, we have then
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lt(x) —7(»)| < 2p~Yx — y|) A 1. For every x € R¢ we obtain
| @ =P urdn) = [ @721y A1 v )
=4p~? /Rd (Iz12 A 1p?) v*(dz) < 2%Cyp™™ < 4Cyp~™.
Thus we only need to concentrate on proving (A).

6B. Upper bound in (A). Let us formulate and prove the following comparability result.

Proposition 6.1. Assume that v satisfies (U) with the constant Cy and let 0 < ag <o <2. If D C RY js
a bounded Lipschitz domain, then there exists a constant ¢ = c¢(xg,d, Cy, D) such that

Ep(u,u) < cEp* (u,u), ueH(D). (6-1)

The constant ¢ may be chosen such that (6-1) holds for all balls D = B, of radius r < 1, and for all
o € [ag, 2).

Proof. By E we denote the extension operator from H%/2(D) to H%/2(R%); see Fact 3.1. By subtracting
a constant, we may and do assume that |, p udx = 0. We have by Plancherel’s formula and Fubini’s
theorem

s = [ [ @t —uem)? v ©2)
<[] G- Eue? vy

< [ (Eu(y +2) — Eu(y))* dy v(dz)
Bgiam p (0) /R

-/ ( [ e 1|2v(dz))|@(s)|2ds
R4 \JBgiam p (0)

- /R ( /B " 4sin2(%z) v(dz))@(s)|2ds. (6-3)

For |£] > 2 we obtain, using (U)

[ st (557 ) vian < 2 [z n i) viam) < sl (64

/4sin2(s%) v(dz) 54/(‘572

epw = [ (el + DIEuGP o

< N w0y < cltlZarnpy = €5 e + lul22py)- (6-5)

and for |&| <2

2
A 1) v(dz) <4Cy.

Thus
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with ¢ = ¢(d, Cy, D). Since [, udx = 0, we have by Fact 3.2
Eg"‘ (u,u) > c(ao, d, D)/ u?(x)dx
D

and this together with (6-5) proves (6-1).

By scaling, the last assertion of the theorem is satisfied with a constant ¢ = ¢(«o, d, Cy, By). O
Proof of Theorem 1.11: upper bound in (A). The second inequality in (A) follows from Proposition 6.1.
We note that the constant in this inequality is robust under the mere assumption that o is bounded away
from zero. O

6C. Lower bound in (A), case (i). The aim of this subsection is to complete the proof of Theorem 1.11
in the case (i). The strategy? is as follows. We will begin with a simple specific case. We set ek =
©,...,0,1,0,...,0) € IRd; ie., e is the k-th standard unit vector in RY.

Theorem 6.2. Letd > 2, 0 <« <2, and let y be as in (1-11), i.e.,

d d
pu(x,dy) = 2 —a) Z[m —yil Ty [ s{x,.}(dm} =) mix,dy). (6-6)

i=1 j#i i=1
Then there exists a constant A = A(d) such that
for every ball B,(xo) with p € (0,1), xo € By, and every v € H%(Bp(xo)),

Ma 12
SBp(xo)(v, v) < Aé’Bp(xo)(v, v).

(6-7)

Proof. Let us fix B = B,(xo) as in the theorem. We may assume that xo = 0, because the measures
considered are translation invariant. For a permutation ¢ of {1,2,...,d} and x, y € B we define
y; ifo™1(j) <k,

9(x,y)=(ay,...,az), wherea; =
pk( y) = (a1 d) J Xj ifO’_l(j)>k.

For example,

Pg(st’):x, p(lf(x,y)z (xh""xU(l)—lvy(I(l)va'(l)-i—l""’xd)’ Pg(x»Y):y

That is, pg(x, y) are vertices of a polygonal chain joining x and y whose consecutive line segments
are parallel to the coordinate axes; more precisely, the j-th line segment is parallel to o (j)-th axis.
Furthermore, let

E°(B,x)={yeB:pj(x,y)eBforeachk =1,...,d} (6-8)

be the set of all points y which may be connected with x by such a polygonal chain lying completely
in B. We obtain

o .__ — 2
o= /B /E B O, 09)

d d
<4y Lo Lo (PR D~ 9D () ar = d Y0 69

k=1

3The authors thank an anonymous referee for the idea of the proof.
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We will bound 7} appearing on the right of (6-9), assuming for notational simplicity that o is the identity
permutation, i.e., o (k) = k. Then

o _ o B " 5
Ik —/;/;U(B’x)(u(l’k_l(x,y)) u(pk(x’y))) Ua(x,dy)dx

_ UL V1o Xk oo o2 %) — U1+ ey Vies Xkt 1o - - - » Xd))?
=Q2—-a) y
BJES(B,x) |x — y|dte

dy dx.

We would like to change the order of integration, so that we integrate outside with respect to

w:=pr_ () =1 Yh—1 Xk - -5 X)),
and inside with respect to
Z:=X4+Yy—wW= (X1, X1 Vicr--+sVd)-
Then |[x — y| = [z —w]| and pJ (x,y) = w + (z¢ —wy)ek. Let
F(B,w):= {ZeRd:w+(zk—wk)ek € B},
Fo(B,w):={t eR:w + (t — wg)e* € B).

We note that if x € B and y € E°(B, x), then w € B and py(x, y) € B; hence z € F(B, w). Therefore

o - ((w) —u(w + (zx —wr)e¥))?
I _(2—0[)/3/]?(3#)) w — z[d+a dz dw

dzy---dzgp_1dzgqq---dzg

— (- fB /F 0<B,w)[(”(w) —uw + (2 — wp)eb))? /R P }dz;c dw.

The inner integral over RA-1 is simple to calculate using scaling; it gives

/n dZ]“‘de_lek+1'“dZd
Rd—1 |lw—z|d+e

—d—«

o0
=|wk—2k|_°‘_10(d)/ (146377 1972 dr < C(d) |wg—z | >
0

Thus

19 < Cd)2—a) /B [F o 000 0+ G =) 2

= C(d) /B /B (w(w) — u(2))? e (w. d2) duw.

The same inequality as above holds for /7 with an arbitrary permutation 0. We obtain

d
Y I10=) 317 <C(d)d! gy (u.u), (6-10)
o 0 k=1
where the sum runs over the set of all permutations on {1,2,...,d}. On the other hand, for each pair

(x,¥) € B x B, there exists a permutation o such that y € E9(B, x). Indeed, if M =#{j : |y;| <|x;l|},
then as o we may take any permutation satisfying o({1,..., M}) =1{j : |y;| <|x;|}. If 1 < j < M, then
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|pj(x,y)| <|x|,andif j > M, then |p; (x, y)| <|y|; therefore p;(x,y) € B forall j;ie.,y € E°(B,x)
as claimed. Thus

2 17= Z/B/EO(B )(M(X) —u(y))? pa(x, dy) dx = E5* (u,u),

which together with (6-10) gives the assertion of the theorem. O

Next, we consider linear transformations of w. Let L : R4 — R< be an invertible linear transform. For
a measure [ on R? we define the measure wo L by

(woL)(E) = u(L(E)), ECRY where E is a Borel set,

or, equivalently, by

[ £ (o L)(dx) = / FIL o) (), 6-11)

for all Borel measurable functions f : R? — [0, c0).

Lemma 6.3. Let 0 < a9 <o <2 and let a measure |1 on R4 satisfy condition (6-7) with some constant A,

with E* defined by (1-21). Let L : R — R? be an invertible linear transform. Then [ o L also satisfies
-

condition (6-7) with the constant depending only on A, d, ag and the norms || L|| and || L
Proof- Let u be a Borel measurable function on R?; let B = B, (xo) with xo € By and p € (0, 1). Let
v(x) = u(L™ (x —xo) + x0)., xeRY.

By a linear change of variable and (6-11) we obtain

8L (u, u) (0(x) —v(x +2))% Loy £ L(B(0.p)) (X +2) ju(dz) dr.  (6-12)

~detL /xo+L(B(o,p>) Rd

We observe that B(0,sp) C L(B(0, p)), where s = ||L™!||~! A 1; therefore

ENL (u,u) >

det L /B( ) Jea (v(x) —v(x + Z))2 1B(xo,50) (X + 2) pu(dz) de
X0,50

1 A1
=&k Mo
B detLgB(xo,SP)(v’ v)z detLgB(xo,sp)(v’ v),

by the assumption and the fact that s < 1. Since L(B(0, stp)) C B(0, sp), where t = |[L||~! A 1, we get

-1

5§°L (u,u) > (W(x) = v(x +2))? L+ L(BO,51p)) (X + 2)1ha(dz) df

det L /xO+L(B(0,Stp)) R4
_ 4—1gMaoL
=A gB(O,stp) (u,u), o

where in the last line we used (6-12) with py in place of p.
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However,
(o 0 L)(E) = (2—a)/ x| 79 dx = (2—Ot)detL/ |L(x)|"4 " dx
L(E) £

> (2—a)detL||L|| 74~ / Ix|7¢"%dx = det L| L] "¢ "% ua (E).
E
Plugging this into (6-13) we obtain

ol —d— _ o
ER°F (u,u) > det L|| L7974 NI URNY

The theorem follows now from Lemma 6.13; since det L > ||[L™1|| and st = (L™ "L A D(|L||7E A D),
the constants depend only on A4, d, g, ||L| and |L~!|. We note here that the proof of this lemma,
although presented later, does not use any previous results, i.e., there is no circular reasoning. O

With the help of Lemma 6.3 we are able to prove the following generalization of Theorem 6.2.

Corollary 6.4. Let 0 < ag <a < 2. Let f1,..., f% e S?71 be linearly independent. Assume that
L:R? - R9 is the linear transform that maps e’ to f/. Then the measure

d oo
M(E)=(2—a)Z/ 8.7, (E)r1"%dr (E € B(RY)) (6-14)
j=179

satisfies condition (6-7) with E* defined by (1-21) and the constant depending only on d, o and the

norm |L71|.

Proof- Since || L| < +/d, the result follows from Theorem 6.2 and Lemma 6.3. O

In order to prove comparability for all nondegenerate a-stable measures, we need to study combinations
of measures as in (6-14). To this end, we will apply the following lemma, which essentially is contained
in [Krickeberg 1968].

Lemma 6.5. If 7 is a finite Borel measure on S 4=1 then there exists a Borel function ¢ : [0, m(X)] —
S4=1 such that | ¢~ (A)| = 7 (A) for every Borel set A C S~ and ¢ ([0, w(X)]) C supp 7.

Proof. 1t is enough to prove the result for measures 7 which are either purely atomic, or nonatomic. In
the first case the construction of such ¢ is straightforward: if {a; : 0 < j < N} are all the atoms of &
(where N € NU {o0}), then we put

aj forte[Yocie;m({ai}), Y o<i<; 7({ai})) and 0 < j <N,
ag fort =mn(X).

¢(1) =

In the nonatomic case, since 7 is Radon, the result follows from [Krickeberg 1968, Hilfssatz, page 64;
Oxtoby 1970, Theorem 2]. O

We finally provide the proof of the comparability result for general «-stable measures.

Proof of Theorem 1.11(1). Assume that v is a measure on S4=1 a5 in (1-22). Let x1,. .. ,Xq €ESupp
be a basis of R. Then for & > 0 small enough and some M > 0, any y; € B(x;,&) N §d-1 —. Bj also
span R4, If L is the linear operator mapping e/ = (0,...,0,1,0,...,0) to ¥, then the norms || L|| and
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|L~1|| are bounded from above by M. The number m = min{m(B1),...,m(Bg)} is strictly positive,
because x; belong to the support of 7. Let

= -NBj), j=1,...,d.
Then 7; are Borel measures on S¢~! with mass m and supp ; C B;. Let ¢; : [0, m] — S?~! be the
Borel functions from Lemma 6.5 corresponding to ;. For every Borel £ C S d-1
d d m d
wE) =2 Y (E) = Y07 Bl = [ Y s Ear
. S 0 S
J=1 J=1 7=1
Therefore

00 m d o0
v(E)=(2—a)/0 n(r Y E)yrT1me drzfo ((2—@2[0 8rg; 1y (E)r~1 7% dr) dr.
ji=1

By Corollary 6.4, the measure in the parentheses in the line above satisfies condition (6-7) with the
constant depending on d, og and M, but independent of ¢. Therefore also v satisfies condition (6-7) with
the constant depending on d, g and M, i.e., on g and 7. O

6D. Lower bound in (A), case (ii). The aim of this subsection is to complete the proof of Theorem 1.11
in the case (ii).

The main difficulty in establishing the lower bound in (A) is that the measures might be singular.
We will introduce a new convolution-type operation that, on the one hand, smooths the support of the
measures and, on the other hand, interacts nicely with our quadratic forms. The main result of this
subsection is Proposition 6.14.

For A <1 <nand a € (0,2) let

1
0. 2) = gy + 2" Lay, () 14,44 (). y.z€RY, (6-15)
where
Ay = B(0,nr)\ B(0, Ar).

Definition 6.6. For measures v, v, on B(R?) satisfying (U) with some « € (0, 2), define a new measure
v1 Q vy on B(RY) by
1 Ov2(E) = [[ Lonm 10+ 2) €](3.2) v @) vale).

1.e.,

/ £ O va(dy) = [ (f - 18) 10y +2))g] (v, 2 )01 (dy) va(d2),

for every measurable function f : R¢ — [0, o0].

This definition is tailored for our applications and needs some explanations. We consider v; Q v, only
for measures v; which satisfy (U) with some « € (0,2) for j € {1,2}. This « equals the exponent « in
the definition of gz. The above definition does not require v; to satisfy (S) but most often this will be
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the case. Note that Definition 6.6 is valid for any choice A < 1 <. However, it will be important to
choose A small enough and 7 large enough. The precise bounds depend on the number a from (S); see
Proposition 6.14. Before we explain and prove the rather technical details, let us treat an example.

Let us study Example 1.5 in R2 Assume « € (0, 2) and

v1(dh) = 2—a)|h1| 7' dhy 8(03(dh2).
va(dh) = (2—a)|ha| ™' "% dha 8103 (dhy).

Both measures are one-dimensional «-stable measures which are orthogonal to each other. The factor
(2—a) ensures that for « — 2— the measures do not explode. Let us show that v; Qv; is already absolutely
continuous with respect to the two-dimensional Lebesgue measure. For £ C B5, by the Definition 6.6
and the Fubini theorem,

v1 Qv (E)

—(2—a) // [f Y42 LE @O +20) Lay s ) a7 221
cee 8{0} (dyz) 5{0} (le) dy1 de

=(2-a) // |1, 22)1* LE (015 22)) Laygy, 20y V1, 0) Layy, 2 (0, 22) [y |7 %22 71 7% dy dza

—(2-a) // 1 (7) L, (1.0) T4, (0. x2) [ oy |71 o =1~ dxy dlxz.

The above computation shows that the measure vy Q v, is absolutely continuous with respect to the
two-dimensional Lebesgue measure, because v; Q v2(R? \ By) = 0. Let us look at the density more
closely.

So far, we have not specified A and 7 in the definition of gZ. If A < 1 is too large (in this particular case,
if A >1/+/2), then 14,(x1,0) 14,,,(0,x2) =0forall x € R2. If A is sufficiently small, then the support of
the function 14, (x1,0) 14,,,(0, x2) is a double-cone centered around the diagonals {x € R2:|x1| = |x2|}.
Let us denote this support by M. Note that on M the function |x|¥|x|~!17%|x3|~17% is comparable to
|x|727% Thus indeed the quantity vy Q v, is comparable to an a-stable measure in R2. If we continue
the procedure and define

V= (U1 @Uz)@ (Vl @Uz),

then we can make use of the fact that (v QO v,) is already absolutely continuous with respect to the
two-dimensional Lebesgue measure. Note that, if ;t; = h; dx, then 1 QO o has a density 71 Q hy with
respect to the Lebesgue measure given by

4 |y|*

h1©Qha(ny) = ——

/ 14, (v —2) La, (D) hi(y —2) ha(z) dz.  ny € By (6-16)

In this way we conclude that ¥ has full support and is comparable to a rotationally symmetric «c-stable
measure in R?. With this observation we end our study of Definition 6.6 in light of Example 1.5.
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Before we proceed to the proofs, let us informally explain the idea behind Definition 6.6 and our
strategy. In the inner integral defining

5 (u,u) = /B/Rd (u(x) —u(x + )2 1g(x + h) v(dh) dx

we take into account squared increments (1(x) —u(x + /))? in these directions 4, which are charged
by the measure v and such that x + 4 is still in B. By changing the variables, we see that we also have
squared increments (u(x 4 ) —u(x +h +z))?, again in directions z, which are charged by the measure v
and such that x + /& + z is still in B. This allows us to estimate the integral g (u, u) from below by
a similar integral with v replaced by some kind of a convolution of v with itself. Measure v O v turns out
to be the right convolution for this purpose; see Lemma 6.12.

In the definition of v Q v, the function gz vanishes if |y| or |z] is bigger than |y + z| or smaller than
Aly+z|. This means, in our interpretation, that we consider only those pairs of jumps which are comparable
to the size of the whole two-step jump (and in particular, the jumps must be comparable to each other).

To conclude these informal remarks on the definition of v{ Q v, let us note that if v; and v, have
“good properties”, then so has v; Qv (see Lemmas 6.7 and 6.11) and that 8;‘ Ov2 (u, u) can be estimated
from above by S;/ (u,u) (see Lemma 6.12). This allows us to reduce the problem of estimating g (u, u)
from below to estimating 51‘;(7” (u, u) from below, and this turns out to be easier, since the O-convolution
makes the measure more “smooth”; see Proposition 6.14.

Lemma 6.7. If two measures v for j € {1, 2} satisfy the scaling assumption (S) for some a > 1, then so
does the measure vy Q v, for the same constant a.

Proof. 1f supp f C By, then
/ Flax)v O va(dx) = f F1a(y +2) 15, (0 + 2)) &7(7. 2) v1 () va(dz)
= [ oy +a2) g(av.az) vi@r) vata),

because gz (y,z)= a_"‘gz (ay,az). We observe that the function (y, z) — f(n(y + z))gz (y, z) vanishes
outside B1 x By. Hence we may apply (S) twice to obtain

/ F(ax) vi O va(dx) = a® // £y +2) &7, 2) v (dy) va(d2) = a® / S0 Ova(dy). O

Next, we establish conditions which are equivalent to (U). We say that a measure v on B(R?) satisfies
the upper-bound assumption (UO) if for some Co > 0

/ (2P A 1) v(dz) < Co. Uo)
Rd

We say that a measure v on B(R?) satisfies the upper-bound assumption (U1) if there exists C1 > 0
such that for every r € (0, 1)
|z|2v(dz) < Cy 2%, (Ul

By
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Lemma 6.8. U) <<= (U0 AUI.
If the constants Cy, Cy are independent of a € [ag, 2), then so is Cy, and vice versa.

Proof. The implications (U) = (U1) and (U) = (UO0) are obvious; we may take Cop = C; := Cy. Let us
now assume that (U1) and (U0) hold true. Fix 0 < r < 1. We consider n =0, 1,2, ... such that 2" T1r < 1
(the set of such n’s is empty if r > %) We have by (Ul)

/ v(dz) < 2_2”r_2/ |z|2v(dz)
2nr<|z|<2nt1r 2nr<|z|<2ntly
< 2—211},—2C1 2(n+1)(2—a)r2—ot — 2—noe22—oz Clr—oe'

After summing over all such n we obtain

227 C
/ v(dz) < _1r_°‘.
rlzl<d 1-27

/ v(dz) < 4/ (IzI> A1) v(dz) < 4Cy < 4Cor™°.
kL R4

Finally,

Combining the two inequalities above and (U1) we get (U) with

22—(1
CU=(1_2_0[+1)C1+4C0~ O

The following definition interpolates between measures v which are related to different values of
a € (0,2). Such a construction is important for us because we want to prove comparability results which
are robust in the sense that constants stay bounded when o« — 27.

Definition 6.9. Assume v is a measure on B(R?) satisfying (U) or (S) for some ag € (0,2). For
o < a < 2 we define a new measure v¥*0 by

2—«a
2—0[0

To shorten notation we write v* instead of V*%0 whenever there is no ambiguity.

o,00

v |X|%07%%0(dx) ifa>ag and by p¥0:%0 = %o (6-17)

The above definition is consistent in the following ways. On the one hand, the first part of (6-17) holds
true for @ = . On the other hand, for 0 < a9 < o < 8 < 2, the following is true: V-0 = (p%-20)B.e
This requires that v*-%0 itself satisfies (U) or (S) which is established in the following lemma.

Lemma 6.10. Assume v*© satisfies (U) with some ag € (0,2), Cy > 0 or condition (S) with some
ao € (0,2), a > 1. Assume ag < @ < 2 and v¥ as in Definition 6.9.
(a) If v*o satisfies (U), then for every0<b <1, 0<r <1

2_
/ 1220 (dz) < =% cyho—ar2—a, (6-18)
br<|z|<r 2—ap

2_
/ Vo (dz) < — L cyre, (6-19)
B¢ 2—wo
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(b) Ifv® satisfies (U), then v* satisfies (U) with exponent o and constant 13Cy (2—ao) ™. In particular,
the constant does not depend on .
(¢) If v¥o satisfies (S), then v¥ satisfies (S) with exponent a.
Proof. Let 0 <r <1and 0 < b < 1. To prove (a)enumi, we derive,
2.« 2-« 24ao—a 0
|z|“v¥(dz) = |z|=THTY%0(dz)
br<|z|<r 2—a0 Jpr<|z|<r

_ 7
© (bryeo—e [ 2[Pv* (dz) <
2—0[0 B, 2—

=

o _ _
bao aC ’,2 Ot’
0

which proves (6-18). Furthermore,

2— 2—
/ Ve (dz) = 2% / 2[00 (dz) <
¢ o JB¢ 2

0T Cyro

2—

and (6-19) follows. To prove part (b)enumi, we use (6-18) and conclude

oo

9_
/ |z]2v¥(dz) = Z/ . |z|2v¥0(dz) < Z_SOCU?—“O;’Z_“ZZ"(“_Z)

2n+1 slzl<sm n=0

_ Cy2eor2® 2—g o RNCy 5,

) 6-20
2wy 1-202"30_aqy) (6-20)
since the function x — x /(1 —27%) is increasing. Furthermore, by (6-19),
2C
/ r2v¥(dz) < 22, (6-21)
¢ 2— (e 7))
and therefore (b)enumi follows. Finally, part (c)enumi is obvious. O

Lemma 6.11. Assume v}xo for j € {1,2} satisfies (U) with some g € (0,2), Cy > 0. Assume a9 < <2
and v;?‘ as in Definition 6.9. Then the measure v§ Q v§ satisfies (U) with the same exponent a and a
constant depending only on ag, Cy, A and .

Proof. By Lemma 6.8, it suffices to show that v{ O v§ satisfies (U0) and (U1). For 0 < r <1 we derive

/ PO () < o // n(r+2)P L, (1(y-+2)]y 21 v (dy) v (dz)
B, Ay+zI<|yl,lzl=nly+z|

n?|y|? IZI“
—// D a2
A|y+2|<|y| |z|<nly+z|<r

A / o PO @)

|T
_nt(Cy)? 13 20
= (2a)?
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where in the last passage we used parts (b)enumi and (a)enumi of Lemma 6.10. Furthermore, by (6-19),
1
[, wosan= " f L\, (10 + 2Dy + 210§ ()5 (@)
R\ B & Wy +zIlyllzi<nly+z]

2% // R 8(Cy)*n*
viwy(dz) < —/—————. |
2—a Magyz 7 A2 —-ao)?

=

The following lemma shows that the quadratic form with respect to v; O v, is dominated by the sum
of the quadratic forms with respect to v; and v,. Some enlargement of the domain is needed which is
taken care of in Lemma 6.13 by a covering argument.

Lemma 6.12. Assume quo for j € {1,2} satisfies (U) and (S) with some ag € (0,2), a > 1, and Cy > 0.
Assume og < a < 2 and vj‘.x as in Definition 6.9. Let ) = ak > 1 for some k € Z. For B = B, (xo) let us
set B* = B3y (xo). Then with ¢ = 4Cyn®A~* it holds that

ERV2 (u,u) < c(ERL (u, u) + EN (u, u)) (6-22)
for any measurable function u on By and any B such that B* C Bj.

Proof. Let B = By(xo) be such that B* C Bj. In particular, this means that r < 1/(37). By definition,
we obtain

5% ) = [0~ ux 20 1a() L+ 2) 1 © ()
5/[ (u(x) —u(x +n(y +2))? 1p(x) Lz (x +n(y +2)) g5 (v, 2) vi(dy) v2(dz) dx

<2 [[f 100 = e+ 02 + ) =+ 00+ )7
x 1p(x) 1p(x +n(y +2)) g3 (y.2) vi(dy) v2(dz) dx
=2[I1 + ). (6-23)
We may assume that
Ay +z| <zl < nly +z| < 2r,
Ay +z[ =yl <nly+z| =2r,

as otherwise the expression 1p(x)1p(x + n(y + z))gz (¥, z) would be zero. Since 2r < 1, it follows
that A|y|/n < |z| < n|y|/A A 1. Therefore, by changing the order of integration,

niyl

A

I < / f / () = u(x + )21y + 21 va(dz) v1 (d) d.
BJBy, J A Ay +z]<|z|< W Al

We estimate the inner integral above:

| o

|z E{ n*Cuy

y+z|%s(dz) < / ————————y(d2) <
7t <oy A% Ayl 3

J :=/
APVl +zl<lzl< 2 A



REGULARITY ESTIMATES FOR ELLIPTIC NONLOCAL OPERATORS 357

Coming back to /1 we obtain,

I <

4
d — 2
/BfBzr(u(x) u(x +ny))2vi(dy) dx

4 6
n"Cy n°Cy
= [ [ o —ute v ar = TRl ept o,
2nr

where we used (S) and the fact that By, C Bj.
Finally, in order to estimate /,, we first change variables x = w — ny,

I < (x+ny)—u(x+n(y +2))>1(x +n(y +2)) g5 (v, 2) vi(dy) v2(dz) dx
By JBor
_ 2 n
< /B*/Bz,(u(w) u(w +nz))" 1p(w + nz) /Bzr g7(y.2) vi(dy) v2(dz) dw

<[] vt e [, 3+ 217 w1 (dy) va(dz) du.
B* B>, el aly+z)<ly|<ZE A

By symmetry, the following integral may be estimated exactly like J before:

4
n*Cuy
|y +z|*vi(dy) < :
/*'Z'vk|y+z|<|y|<" 2nt A%

A

This leads to an estimate

4
I, < il C;U / (u(w) —u(w + r]z))2 1p(w+ nz)va(dz) dw
A *JBoy
4
= CU “/*/anr(u(w)—u(w + 1) 1g(w +1) va(dt) dw < UACUEII;&( U,

where we used (S) and the fact that B>y, C By. The result follows from (6-23) and the obtained estimates
of I1 and I,. O

Lemma 6.13. Let 0 < o9 <o <2, 1o > 0, k € (0, 1), and v be a measure on B(R?). For B = B,(x),
x€R4 r>0,weset B = By (x). Suppose that for some c,, > 0

Epw(u,u) = ¢, €5 (u, u)

forevery O <r <rg, foreveryu € L2(Br0), and for every ball B C By, of radius kr. Then there exists a
constant ¢ = c(d, o, k), such that for every ball B C By, of radius r < ro and every u € L?(By,)

Ep(u,u) > ceyEp® (u, u).

Proof. Fix some 0 < r <rg and a ball D of radius r. We take B to be a family of balls with the following
properties:

(i) For some ¢ = c¢(d) and any x,y € D, if |x — y| < ¢ dist(x, D), then there exists B € B such that
X,y €B.
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(ii) For every B € B, we have B* C D.

(iii) Family { B*}peg has the finite overlapping property; that is, each point of D belongs to at most
M = M(d) balls B*, where B € B.

Such a family B may be constructed by considering Whitney decomposition of D into cubes and then
covering each Whitney cube by an appropriate family of balls.

We have
EH(u,u) > (u(x) —u(x + y))? v(dy) dx
b M2 1;/ /
> M2 > —u(y)?|x —y[7 7" dy dx
= se-w [ f| i HO OV ay (62

By [Dyda 2006, Proposition 5 and proof of Theorem 1], we may estimate

/D/| e B O
x—y|<cdist(x,D¢
> c(a.d) /D /D () —u()?x -y dydr, (6-25)

with some constant ¢ (o, d). We note that in [Dyda 2006, proof of Theorem 1] the constant depends on
the domain in question, but in our case, by scaling, we can take the same constant independent of the
choice of the ball D. One may also check that c(«, d) stays bounded when « € [«g, 2). By (6-24) and
(6-25) the lemma follows. O

For a linear subspace E C R?, we denote by HE the (dim E)-dimensional Hausdorff measure on R4
with the support restricted to E. In particular, Hypy = 8o}, the Dirac delta measure at 0.

Proposition 6.14. Let E1, E; C R be two linear subspaces with E1, Ey # {0}. Assume that v;,
j €{1,2}, are measures on B(R?) of the form vi = fjHg,; satisfying vi(By) > 0, (U), and (S) with
ap € (0,2), Cy >0, and a > 1. Then the following are true:

(1) v1 Qvy is absolutely continuous with respect to Hg, + g, and satisfies (U) and (S).

() Ifn=>a?*/(a—1)and A < 1/(a® + 1), then v Qva(B;) > 0.

3) va}xo =v; and v}" is defined as in Definition 6.9 for ag < @ < 2, then
v QY > 2 (V0 Q). (6-26)

Proof. Properties (U) and (S) follow from Lemmas 6.11 and 6.7, respectively. Let E = E; N E; and
let F; be linear subspaces such that £; = E @ F;, where j = 1,2. For y € Eq1 letus write y =Y + y,
where Y € E and y € Fy; similarly, for z € E, we write z = Z + Z, where Z € E and Z € F5. Then
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for A C B,

11OV (4) = //// LAY +5+Z+2) g (Y +7,Z+2)
xfiY +)) f2(Z+Z2) Hg(dY) HE(AZ) HF, (dy) HF, (dZ)

= [[[1anw-ssen( [ o e5w-y A vy +2) Her)
xHg (W) HF,(dy) Hr,(dZ) (6-27)
and since v; Q v, (R? \ B,) = 0, the desired absolute continuity follows.

To show nondegeneracy, let G, := Bq—n \ B,—n—1. By scaling property (S) it follows that v; (G, 1) =
a®v;(Gp); therefore v;(G,) > 0 foreachn =0, 1,.... Hence

1

v1 Qva(By) >
2—060

/G n /G IR0 ) Ly ) Lty 2 1) v2(02)

For (v, z) € Gy+2 x Gy, it holds that

a

—1
o WylIvizh =ly+z[ = (@ + Dyl Alz))

and also n(y + z) € By, provided n is large enough. Therefore vi Qv,(B;) > 0, if n > a?/(a—1) and
A<1/(a®+1).

To prove the last part of the lemma, we calculate first the most inner integral in (6-27) corresponding
to v§¥ Qv it equals

L:= /gz(YW’W—Y+5)f1“(Y+f)f2“(W—Y+2)HE(dY)
2—o o o o ) )
:—(2 o )2/|W+y+Z|W|Y+y|a0 alW—Y+Z|a0 al()flao(Y—i_y)fzao(W—Y—f—Z)HE(dY)’
—Q&0

where we used an abbreviation
1) =Ty (Y +5) Lagy 5y (W =Y +2).

On the other hand, the most inner integral in (6-27) corresponding to (v‘fo Q vgo)“ is

2—« o _ ~ R i A
R := —2_a0(77|W+y+z|)ao a/gZ(Y'i'yaW_Y+Z)f1a0(Y+y)f2a0(W—Y+Z)HE(dY)
—(2 —on™ " 5 5|20~ Qo ~\ 00 N
= a2 ) WA 1) f° +3) f3°(W =Y +2) HE(Y).

Inequality (6-26) follows now from the estimate
Y+ FIOTHW —Y + 22070 = W+ F + 2DV

and the fact that both sides of (6-26) are zero on R4 \ B>. O



360 BARTLOMIEJ DYDA AND MORITZ KASSMANN

Proof of Theorem 1.11: lower bound in (A). We recall from Section 1E that we may and do assume that
fr are symmetric, i.e., fr(x) = fi(—x) for all x. By Proposition 6.14 it follows that the measure

V= (leEl)@(szEz)oO(anEn)

satisfies (U) and (S) and has density / with respect to the Lebesgue measure on B(R?) with /, B, h(x)dx >0,
if 7 is large enough and A small enough. We will show that the measure v Q v possesses a density h¥
with A9 (x) > ¢|x|~4~0 for all x € By \ {0} and some positive constant ¢ to be specified. This, together
with the preliminary results, will establish the assertion.

Condition (S) for v implies that i(ax) = a~4~%h(x) if x € B; /a- Therefore fGo h(x)dx > 0, where
Go = By \ By /4. Define h9(x) = h(x) 1g,(x) A 1. The function

x > 700 % 100 (x) = / 1S (y —x) hGo(y) dy
is continuous and strictly positive at 0. Thus there exists § € (0, (2a)~!) and & > 0 such that
AL *hGO(x) >¢ for x € Bg.

We consider the measure v Q v; it has density 2 with respect to the Lebesgue measure on B(B5) given
by formula, see (6-16),

Oy =2 [ (L XZW) (W), (X
ey =n /g*(n’ n )h(n)h( 77 )dw

> nZao/G gg(%, x;w) 1, (x — w) h(w)h(x — w) dw
0

n%o

=3 / x| 14, (W) L4, (x —w) 1G4 (x —w) A(w) ~(x —w) dw.
— Q0 JGy

Suppose n > a?/§ and A < 1/(a8). Then for x € Bg \ Bs /42 and w € Gy such that x —w € Gy it holds
that
g (w) Ly, (x—w) =1
This leads to the estimate

ho( )> ;7“08“061_20‘
X) =

for x € Bs \ Bg)42-

° 160 4 KOO (x) > 5 £

For x € By \ {0} let k € Z be such that §/a? < |x|a¥ <§ < |x|a¥*1. Then, by scaling (S),
ak(d—i—ozo)g 5d+a08

> e[ 740
2—ap  a2dt200(2 —qq)

h@(x) — ak(d+0l0) h@(xak) >

Now from Lemmas 6.12 and 6.13 it follows that for any B C B;
E5%° (u,u) < &) (u,u), (6-28)
with ¢ = ¢((f})., (Ej)).
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\xz 7 Qy
/: k:O\QEy
U

Figure 1. Support of the kernel k w1th b= %) consisting of four thorns. The set P
from the proof below is shown, too.

Finally, to obtain a robust result, we observe that by (6-26)

o a —2(2n—1) o —2(2n-1) 2—a ap—a 8d+a08 —d—ap
(V)" Q- Q(v4)* =1 (vxQ---Qvy)* > mm aszaOM 1p, (x)dx.

2n factors 2n factors

This together with Lemmas 6.12 and 6.13 gives us
Eg(u,u) < cé’g)*)a (u,u),
with the constant ¢ not depending on o € [a, 2). |

6E. Examples. In this subsection, we provide two examples showing that the assumptions of Theorem 1.11
are not necessary for (A) and (B). Note that condition (A) relates to integrated quantities but does not
require pointwise bounds on the density of w(x,dy).

Example 6.15. Let » € (0, 1) and
T = {(x1,x2) € R?: |x2| > |x1]% or |x1] > |x2|2}.
We consider the following function
k(z) = 2—a) 1rng, (2)|2|727F, zeR? (6-29)

where B = o — 1 + 1/b; see Figure 1. Let us show that conditions (A) and (B) are satisfied in this case.
We have, for 0 <r < 1,

r xl/b 8
/ |z|2k(z)dz < 8(2—a)/ / (x%24+y?) "2 dydx
B, 0J0

r X
<8(2—a) f / x B dydx =8r27; (6-30)
0J0

hence k satisfies (U1) with C; = 8. Since (U0) is clear, from Lemma 6.8 we conclude that k satisfies (U).
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Let
P={xeB1:0<x1 <xp<2x1}

and, for y = (x1,x2) € P, let
1 1
Ey = [xlv-xl +x1b] X [_xlb’()]
It is easy to check that if y € P and z € Ey, then

|§—|§|z|§4|y|, |;}—|§|y—z|§4|y|, and z,y—zel NBj.

Letn:4andk:%. Then for y € P

o
kQk(ny) = 2|y_|a / La,,,(2) La,,(y —2)2 =) 1rnp, (2) rap, (v —2) 12|27 P |y — 21727 dz
= @-alyle [ 1A -
Ey

2
> 2-a) @D Px] = @-a)3 ha 2B 2 = 41T 2 -y

In the following example, we provide a condition that cannot be handled by Theorem 1.11 but still
implies comparability of corresponding quadratic forms.

Example 6.16. For a measure v on B(R?) with a density k with respect to the Lebesgue measure we
formulate the following condition:

There exist @ > 1 and C;, C3 > 0 such that every annulus B,—n+1 \ Bg— (n =0,1,...) 6-31)
contains a ball B,, with radius Coa™" such that k(z) > C3(2 —a)|z|_d_°‘, z € By.

The following proposition provides a substitute for Theorem 1.11.

Proposition 6.17. Leta > 1, ag € (0,2), o € [ag,2), and Cy, Cz,C3 > 0. Let . = (U(X,*)) ccra be a
family of measures on R4 which satisfies (1-2). Furthermore, we assume that there exist measures Vs
and v* with property (T) such that (U) and (6-31) hold with exponent o and the constants Cyr, Ca, Cs.
Then there is A = A(a, ag, Cy, Ca, C3) > 1 not depending on o such that (A) hold.

Proof. We fix A <2/C> Al and n>2a?/C, Vv 1. For some n € {0, 1,...}, let

C C
_Za—n—l < |y| < _2a—n
2 2

and assume that ny € B,. By formula (6-16), we obtain

l

4y
2

kQk(ny) > / 14, (6 —2) Lay, () k(y — 2) k(z) dz.

Let us denote by By the ball concentric with By, but with radius Coa™" /2 (that is, By is twice smaller
than B,). We observe that if z € BZ, then y —z € B,,. Furthermore, by our choice of A and 7 it follows that

Ayl <ly—zl<nlyl. Alyl<lz|<nly| ifzeBy;
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thatis, y —z,z € A forz € BJ. Hence

n=4|y|®

Kok = 2R Cze-w? [y -zl
—u

n

2. —d 2d +2

- CinQ2—-a)Cy4m
— 22d+2a;3d +4a

> C(o.d, Ca, C3,1,a)(2—)|y|~47%,

ly|74—

or, equivalently, for w € B,
k Qk(w) > C'(ao,d, Ca, C3,1m,a)(2 —a)|w|~47%,

By Lemmas 6.12 and 6.13 we conclude that the lower estimate in (A) holds. The upper estimate is in
turn a consequence of Proposition 6.1. |

7. Global comparability results for nonlocal quadratic forms

In this section we provide a global comparability result; i.e., we study comparability in the whole R4
This result is not needed for the other results in this article; however it contains an interesting and useful
observation.

Proposition 7.1. Assume (U) holds. Then there exists a constant ¢ = ¢(«, d, Cy) such that
EM(u,u) < c(EMe(u,u) + ”u”iz(Rd)) for every u € L*(R?). (7-1)
Furthermore, if (U) is satisfied for all r > 0, then for every u € Lz(Rd)
EM(u,u) < cEMe(u,u). (7-2)
If the constant Cy in (U) is independent of « € (g, 2), where g > 0, then so are the constants in (7-1)
and (7-2).

Proof. By E we denote the identity operator from H */2(R4) to itself. One easily checks that the proof
of Proposition 6.1 from (6-2) until (6-5) works also in the present case of D = R4. Hence (7-1) follows.

To prove (7-2) we observe that if (U) holds for all r > 0, then also (6-4) holds for all £ # 0; we plug it
into (6-3) and we are done. |

We consider the following condition.

(K2,rg) There exists c¢g > 0 such that for all # € S d=1 apd all 0 < r < ro

h-
/ r? sin® (—Z) v (dz) > cor?@. (7-3)
R4 r

Clearly (6-31) implies (K2,rg)2,r¢ for ro = 1, and if C3 is independent of « € (g, 2), where ag > 0,
then so is ¢g. Condition (K2,rg)2,rg is also satisfied if for all 1 € S A=l andall 0 < r < ro

[B o |h-z|?ve(dz) > cor? 9. (7-4)
(0
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We note that (7-5) under condition (7-4) has been proved in [Abels and Husseini 2010]. The following
theorem extends their result by giving a characterization of kernels v, admitting comparability (7-5). We
stress that ro = oo is allowed, and in such a case we put 1/r§ = 0.

Theorem 7.2. Let 0 < ro < o0. If (K2,r9)2,ro holds, then

20(
Ele (y,u) < —S“(u u) + — ul?,. ueCHRY). (7-5)
0

Conversely, if for some ¢ < 00

20[
Ele (u,u) < €% (uu) + — [ull2>,  ueS®RY), (7-6)
0
then (K2,rg)2,ro holds.

Proof. Recalling that (u(- + z))(€) = ’§Z4i(&) and using Plancherel’s formula we obtain
EM(u,u) > / (u(x) —u(x 4 z))? dx v« (dz)

B / €57 — 117 [(5)]* d v (dz)

_ / ( / 4sin2(%z) u*(dz))m(s)lzds (7-7)

If (K2,r9)2,ro holds, then for all |&] > 2/rg

/4sin (52 )v*(d )z o |é|°‘>00l%“l°‘

For |§| <2/ro we have |€|% < (2/r0)% Inequality (7-5) follows from

-Ad,—a o B oA 9
e = [P li©P 78)

Now we prove the converse. Assume (7-6). By (7-7), the right-hand side of (7-6) equals

f(6/4sin (Ezz)v*(dZ)-i-2 )|u(§)|2d§

hence by (7-8) and (7-6) we obtain that

c / 4sin2(%) Vi (dz) + i—z > |£]% forae. £ € R (7-9)

0
By continuity of the function

Rd\{O}BSH/4sm ( Z)v*(dz)

(7-9) holds for all £ € RY. For |£| > 21+1/@r;1 we have by (7-9)

c / 4sin2(s?z) Vx(dz) > @
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and hence (K2,271/%r4) holds with ¢o = 2% 3¢~ L. Since

Sin2 hl Z l Sin2 h;z R
2r 4 r

also (K2,r9)2,r¢ holds with some constant cg.

Appendix
We give the proof of Lemma 4.3. It only uses basic observations.

Lemma A.1. Assume 11,72 > 0 and 11/t € [%.2]. Then

T12+T22 5
fp—72 73
Proof. Note that
rlz—l—rzz 112/':22—{—1 t+1

-l g -1

where ¢ = 112 / ‘E22. There are three cases:

(1) If t =1, then

r+1
—— =400
t—1
and the assertion is true.
(2) If t > 1, then
r+1  t+1
lt—1] t—1

Note that (r +1)/(t —1) > % holds true if and only if
5 5 71

t+1>21—> &= <4 < — <2
3 3 (%)
(3) If t < 1, then
t+1_t+1
lt—1] —t+1°

Note that (¢ +1)/(—¢ + 1) > 3 holds true if and only if

5 5 1 71 1
r+1>—->t+= > —> .
+1> 3+3 = =7 — =2

365

O

Lemma A.2. Assume p > 1 and n € (1, g) Set A = ((n—1)/(1 + )P, Assume a,b > 0 and

bja ¢ (A, 1/A). Then
a=P +bP

- <.
a?—br] ="
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Proof. Sett = (b/a)?. Then
a?+b7?  (a/b)y"P+1 t+1
la=P —b=P| "~ |(a/b)7P =1 |t 1]’

Now there are two cases:

Case 1: ¢t > 1.
t+1 r+1 147 b (1+n\Y?
<n <~ —F=<n < tz—F < —=2|— .
[t —1| t—1 n—1 a n—1
Case 2: t < 1.
r41 r41 n—1 b (n—1\Y?
<n < <np &= 1<— = —<|—) . O
[t —1| —t+1 1+n a I+

Lemma A.3. There is ¢y > 0 such that for p > 1, A = (%)l/p, and a,b > 0 withb/a € (A, 1/}) the
following is true:
|b—al|(a™? +b~P)?
=7 b7
Proof. Setb/a =& € (A,1/1). Then
b—al@?+b~7)?

< L pmptl 4 gmp Yy,

jal[§—1]a?P (1+§77)?

< PHipgrtl) e < Syt Ertiyy)

la=P—b=P| P §=P—1|a=? TP
E-1A+E7P) _c1 pys
= <P+
§=P—1] p

E-1(1+E27 o

= it - p

(A-1)

Let us prove (A-1). Note that
E-1A+E77)2  _E-11+7)? _ ey 51
E=P—1E P +1) T 5P -1 §=7 —1|°

We want to apply the mean value theorem. Set £ > g(§) = £ 2. Then g/(€) = (—p)E~@PT1D. The
mean value theorem implies

il € —1 i
|§'5‘” - |g|;_1| |2 (0l = pr~ D for some x € (6. 1) U (1.£).
Thus,
B —(p+1)
% > p(%) p — p(71/P)_(P+1) — p7_1_%’

from which we deduce

E-ta+E2)2 76449 e -
=P —1E '+~ p T p  p
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Lemma A.4. For p > 1 and a, b > 0 the following is true:

2 —p+1 —p+1
2 2

_1(a —b )2.

(b—a)ya?-b"7)>
4

The proof of the above lemma is simple and can be found in several places, e.g., in [Kassmann 2009].

Lemma A.5. Assume p > 1, a,b >0, and 11,72 > 0. Then

>2(na 2 —mb 7 )2 =21t —1)2(a P + 5P,

(11 + 12)%(a R

Proof. Note
2na B —nh B ) = (Mm@ P b T )+ @m )@ T —b ),
From this equality we obtain the assertion as follows:
4(r1a_p;rl —10b =5 )2 <2(11 — 12)%(a R +2(t1 + )@ 2 e —b%ﬁ)2
<4(t1— )@ Pt + 7P 1 2(11 + 1)? (aT —pE 2. O
Finally, we can give the proof of Lemma 4.3.
Proof of Lemma 4.3. Let us first consider the case t1/13 ¢ (%, 2). Note that, in this case
max{ty, 72} < 2|11 — 12| (A-2)
and
—(rla_p2+] = _lea—p+1 2b ptl —i—2t1a_1)2+l rzb%Jrl > —tlza_PH —tzzb_p+1.

Thus, we obtain

(b—a)(tia P —13b"P) > —t?a Pt ¢ 2b"’+1+(11a_p2+1—r2b ) —(t1a =5t
> (Tla%ﬂ—fzb =5 )2—2tfa Pt 2¢2pPH!
> (fla_p2+1—12b ) 2_2max{ti, v }2a P =2 max{tr;, 1, }2b P!
> (ra 2 —nb 7 P =8(ti—t) (@ P 4p7P Y,

The proof in the case 71 /1, ¢ (%, 2) is complete.
Let us now assume 71 /7, € [l, 2]. A general observation is
(b —a)(ﬁza_p - sz Py = 2(b —a)(fl - Tz)(a P+b7P)+ z(b —a)(fl + Tz)(a P—p7P).

=P =G

Recall that Lemma A.4 implies

A (A-3)

Lo—ayar—pry=
2 p—

Choose 7= % and A = ( )1/ P Let us consider two subcases.

1
7
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. 1 ~
Case 1: b/a € (A, 1/1), 11/72 € [5.2]. In this case

Pl=[5@ +wlb—al}la?—b~? 1 |lu —nlla? —b 7| H|p—al} @7 +b77)]
, (b—a)(@ P +b7P)?
(=P —b7)
=F
Because of Lemma A.3, we know that there is c5 > 0 such that |F| < (¢s/p)(b~PT1 4 g=PT1),
Altogether, we obtain

%(11 +1)2(b—a)a P —b7P)+4(11 — 1)

(b—a)(t?a™P—12b7P)

= 5 (=) (TF=) (@ +b ) +5 (b—a) (e +T) (@ —b7)

> 1 b-a) (=3 @ P +bP)+ L (b-a)(mi ) @ P —b7P)

K a IR U LG s e VA R P

(@?—b7)

= 3 (n4 22 b-a) (@~ —b )01 —)* E’)E‘;_p;i)p)z
Zﬁ(fﬁwz)z(a_p;l—b 2 85 2t 1
zm(rla%“ (4ﬁ+ (j_l))(rl—rz)z(b_pH+a_p+1),

where we applied Lemma A.5. The first case has been completed.

Case2: b/a¢ (A, 1/X), 11/10 € [% 2]. Then Lemmas A.1 and A.2 imply
P> —|P| = —3lb—al|i? —Bl@? +b7") =~ |b—al(z} + D)@ +57)

= —E §|b a|(f1 +12)|a_p b~P| = —g(b a)(TI +t2)(a_P b™P) = —gG-

Thus, due to Lemma A.4, we obtain

1
(b—a)(tia™?—13b"P)=P +G > %sz(tl +12)a 2 BE_phs 2
1 o, =Pt —p+1. .,
> 2 _b 2
> IO(p—l)(T1+T2) (a )
1 —p+l —p+1 1
> 2 —1,h 2 2 _ 2 b—p—H —p+1 )
ST T A

The proof in the case t1/15 € [%, 2] is complete. The proof of Lemma 4.3 is complete if we choose ¢
and ¢, appropriately. O
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