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We consider the motion of a rigid body immersed in a two-dimensional irrotational perfect incompressible
fluid. The fluid is governed by the Euler equation, while the trajectory of the solid is given by Newton’s
equation, the force term corresponding to the fluid pressure on the body’s boundary only. The system is
assumed to be confined in a bounded domain with an impermeable condition on a part of the external
boundary. The issue considered here is the following: is there an appropriate boundary condition on the
remaining part of the external boundary (allowing some fluid going in and out the domain) such that the
immersed rigid body is driven from some given initial position and velocity to some final position (in the
same connected component of the set of possible positions as the initial position) and velocity in a given
positive time, without touching the external boundary? In this paper we provide a positive answer to this
question thanks to an impulsive control strategy. To that purpose we make use of a reformulation of the
solid equation into an ODE of geodesic form, with some force terms due to the circulation around the
body, as used by Glass, Munnier and Sueur (Invent. Math. 214:1 (2018), 171–287), and some extra terms
here due to the external boundary control.
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1. Introduction and main result

1A. The model without control. A simple model of fluid-solid evolution is that of a single rigid body
surrounded by a perfect incompressible fluid. Let us describe this system. We consider a two-dimensional
bounded, open, smooth and simply connected1 domain � ⊂ R2. The domain � is composed of two
disjoint parts: the open part F(t) filled with fluid and the closed part S(t) representing the solid; see
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1The condition of simple connectedness is actually not essential and one could generalize the present result to the case where

� is merely open and connected at the price of long but straightforward modifications.
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Figure 1. The domains �, S(t) and F(t)=� \S(t).

Figure 1. These parts depend on time t . Furthermore, we assume that S(t) is also smooth and simply
connected. On the fluid part F(t), the velocity field u : {(t, x) : t ∈ [0, T ], x ∈ F(t)} → R2 and the
pressure field π : {(t, x) : t ∈ [0, T ], x ∈ F(t)} → R satisfy the incompressible Euler equation:

∂u
∂t
+ (u · ∇)u+∇π = 0 and div u = 0 for t ∈ [0, T ] and x ∈ F(t). (1-1)

We consider impermeability boundary conditions, namely, on the solid boundary, the normal velocity
coincides with the solid normal velocity

u · n = uS · n on ∂S(t), (1-2)

where uS denotes the solid velocity described below, while on the outer part of the boundary we have

u · n = 0 on ∂�, (1-3)

where n is the unit outward normal vector on ∂F(t). The solid S(t) is obtained by a rigid movement
from S(0), and one can describe its position by the center of mass, h(t), and the angle variable with
respect to the initial position, ϑ(t). Consequently, we have

S(t)= h(t)+ R(ϑ(t))(S0− h0), (1-4)

where h0 is the center of mass at initial time, and

R(ϑ)=
(

cosϑ − sinϑ
sinϑ cosϑ

)
.

Moreover the solid velocity is hence given by

uS(t, x)= h′(t)+ϑ ′(t)(x − h(t))⊥, (1-5)

where for x = (x1, x2) we define x⊥ = (−x2, x1).
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The solid evolves according to Newton’s law, and is influenced by the fluid’s pressure on the boundary:

mh′′(t)=
∫
∂S(t)

πn dσ and Jϑ ′′(t)=
∫
∂S(t)

π(x − h(t))⊥ · n dσ. (1-6)

Here the constants m > 0 and J > 0 denote respectively the mass and the moment of inertia of the body,
where the fluid is supposed to be homogeneous of density 1, without loss of generality. Furthermore, the
circulation around the body is constant in time, that is,∫

∂S(t)
u(t) · τ dσ =

∫
∂S0

u0 · τ dσ = γ ∈ R for all t ≥ 0, (1-7)

due to Kelvin’s theorem, where τ denotes the unit counterclockwise tangent vector.
The Cauchy problem for this system with initial data

u|t=0 = u0 for x ∈ F(0),
h(0)= h0, h′(0)= h′0, ϑ(0)= 0, ϑ ′(0)= ϑ ′0 (1-8)

is now well-understood; see, e.g., [Glass et al. 2014; Glass and Sueur 2015; Houot et al. 2010; Ortega et al.
2005; 2007]. Furthermore, the three-dimensional case has also been studied in [Glass et al. 2012; Rosier
and Rosier 2009]. Note in passing that it is our convention used throughout the paper that ϑ(0)= 0.

In this paper, we will furthermore assume that the fluid is irrotational at the initial time, that is curl u0=0
in F(0), which implies that it stays irrotational at all times, due to Helmholtz’s third theorem, i.e.,

curl u = 0 for x ∈ F(t), for all t ≥ 0. (1-9)

1B. The control problem and the main result. We are now in position to state our main result.
Our goal is to investigate the possibility of controlling the solid by means of a boundary control acting

on the fluid. Consider 6 a nonempty, open part of the outer boundary ∂�. Suppose that one can choose
some nonhomogeneous boundary conditions on 6. One natural possibility is due to Yudovich [1962],
which consists of prescribing on the one hand the normal velocity on 6, i.e., choosing some function
g ∈ C∞0 ([0, T ]×6) with

∫
6

g = 0 and imposing that

u(t, x) · n(x)= g(t, x) on [0, T ]×6, (1-10)

while on the rest of the boundary we have the usual impermeability condition

u · n = 0 on [0, T ]× (∂� \6), (1-11)

and on the other hand the vorticity on the set 6− of points of [0, T ]×6 where the velocity field points
inside �. Note that 6− is deduced immediately from g.

Since we are interested in the vorticity-free case, we will actually consider here a null control in
vorticity, that is,

curl u(t, x)= 0 on 6− = {(t, x) ∈ [0, T ]×6 : u(t, x) · n(x) < 0}. (1-12)
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Condition (1-12) enforces the validity of (1-9) as in the uncontrolled setting despite the fact that some
fluid is entering the domain.

The general question of this paper is how to control the solid’s movement by using the above boundary
control (that is, the function g). In particular we raise the question of driving the solid from a given
position and a given velocity to some other prescribed position and velocity. Note that we cannot expect
to control the fluid velocity in the situation described above: for instance, Kelvin’s theorem gives an
invariant of the dynamics, regardless of the control.

Throughout this paper we will only consider solid trajectories which stay away from the boundary.
Therefore we introduce

Q= {q := (h, ϑ) ∈�×R : d(h+ R(ϑ)(S0− h0), ∂�) > 0}.

Furthermore, let us from here on set

DT := {(t, x) : t ∈ [0, T ], x ∈ F(t)},

where we have omitted from the notation the dependence on F( · ), and therefore on the unknown (h, ϑ)( · ).
The main result of this paper is the following statement.

Theorem 1. Let T > 0. Consider S0 ⊂ � bounded, closed, simply connected with smooth boundary,
which is not a disk, and u0 ∈ C∞(F(0);R2), γ ∈ R, q0 = (h0, 0), q1 = (h1, ϑ1) ∈ Q, h′0, h′1 ∈ R2,
ϑ ′0, ϑ

′

1 ∈ R such that (h0, 0) and (h1, ϑ1) belong to the same connected component of Q and

div u0 = curl u0 = 0 in F(0), u0 · n = 0 on ∂�,

u0 · n = (h′0+ϑ
′

0(x − h0)
⊥) · n on ∂S0,

∫
∂S0

u0 · τ dσ = γ.

(See Figure 2.) Then there exists a control g ∈C∞0 ((0, T )×6) and a solution (h, ϑ, u)∈C∞([0, T ];Q)×
C∞(DT ;R

2) to (1-1), (1-2), (1-6), (1-7), (1-8), (1-9), (1-10), (1-11), which satisfies (h, h′, ϑ, ϑ ′)(T )=
(h1, h′1, ϑ1, ϑ

′

1).

(h0, 0) (h′
1, ϑ

′
1)

Σ ⊂ ∂Ω

(h′
0, ϑ

′
0)

(h1, ϑ1)

Figure 2. The initial and final positions and velocities in the control problem.
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Remark 2. In Theorem 1 the control g can be chosen with an arbitrary small total flux through 6−; that
is, for any T > 0, for any ν > 0, there exists a control g and a solution (h, ϑ, u) satisfying the properties
of Theorem 1 and such that moreover ∣∣∣∣∫ T

0

∫
6−

u · n dσ dt
∣∣∣∣< ν.

See Section 5D for more explanation. Let us mention that such a small flux condition cannot be guaranteed
in the results [Coron 1993; Glass 2000; 2001] regarding the controllability of the Euler equations.

When S0 is a disk, the second equation in (1-6) becomes degenerate, so it needs to be treated separately.
For instance, in the case of a homogeneous disk, i.e., when the center of mass coincides with the center
of the disk and we have (x − h(t))⊥ · n = 0 for any x ∈ ∂S(t), t ≥ 0, we cannot control ϑ . However, we
have a similar result for controlling the center of mass h.

Theorem 3. Let T > 0. Given a homogeneous disk S0 ⊂ �, u0 ∈ C∞(F(0);R2), γ ∈ R, h0, h1 ∈ �,
h′0, h′1 ∈ R2 such that (h0, 0) and (h1, 0) are in the same connected component of Q, and

div u0 = curl u0 = 0 in F(0), u0 · n = 0 on ∂�,

u0 · n = h′0 · n on ∂S0,

∫
∂S0

u0 · τ dσ = γ,

there exists g ∈ C∞0 ((0, T )×6) and a solution (h, u) in C∞([0, T ];�)×C∞(DT ;R
2) of (1-1), (1-2),

(1-6), (1-7), (1-9), (1-10), (1-11), (1-12) with initial data (h0, h′0, u0), which satisfies (h, h′)(T )= (h1, h′1).

The proof is similar to that of Theorem 1, with the added consideration that (x − h(t))⊥ · n = 0 for
any x ∈ ∂S(t), t ≥ 0. We therefore omit the proof. In the case where the disk is nonhomogeneous the
analysis is technically more intricate already in the uncontrolled setting, see [Glass et al. 2018], and we
will omit this case in this paper.

References. Let us mention a few results of boundary controllability of a fluid alone, that is without any
moving body. The problem is then finding a boundary control which steers the fluid velocity from u0

to some prescribed state u1. For the incompressible Euler equations small-time global exact boundary
controllability has been obtained in [Coron 1993; Glass 2000] in the two-dimensional, respectively three-
dimensional case. This result has been recently extended to the case of the incompressible Navier–Stokes
equation with Navier slip-with-friction boundary conditions in [Coron et al. 2020]; see also [Coron
et al. 2017] for a gentle exposition. Note that the proof there relies on the previous results for the Euler
equations by means of a rapid and strong control which drives the system in a high Reynolds regime. This
strategy was initiated in [Coron 1996], where an interior controllability result was already established. For
“viscous fluid + rigid body” control systems (with Dirichlet boundary conditions), local controllability
results have already been obtained in both two and three dimensions; see, e.g., [Boulakia and Guerrero
2013; Boulakia and Osses 2008; Imanuvilov and Takahashi 2007]. These results rely on Carleman
estimates on the linearized equation, and consequently on the parabolic character of the fluid equation.
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A different type of fluid-solid control result can be found in [Glass and Rosier 2013], where the fluid
is governed by the two-dimensional Euler equation. However in this paper the control is located on the
solid’s boundary which makes the situation quite different.

Actually, the results of Theorems 1 and 3 can rather be seen as some extensions to the case of an
immersed body of the results [Glass and Horsin 2010; 2012; 2016] concerning Lagrangian controllability
of the incompressible Euler and Stokes equations, where the control takes the same form as here.

1C. Generalizations and open problems. First, as we mentioned before, using the techniques of this
paper, the result could be straightforwardly generalized for domains that are not simply connected. One
could also manage in the same way the control of several solids (the reader may in particular see that the
argument using Runge’s theorem in Section 7 is local around the solid).

We would also like to underline that the absence of vorticity is not central here. This may surprise
the reader acquainted with the Euler equation, but actually following the arguments of [Coron 1993;
1996], one knows how to control the full model when one can control the irrotational one. This is by
the way the technique that we use to take care of the circulation γ (see in particular Section 3). But the
presence of vorticity makes a lot of complications from the point of view of the initial boundary problem,
in particular for what concerns the uniqueness issue; see [Yudovich 1962]. To avoid these unnecessary
technical complications, we restrain ourselves to the irrotational problem. But the full problem could
undoubtedly be treated in the same way.

Furthermore, one might ask the question of whether or not it is possible to control with a reduced
number of controls, i.e., to only look for controls g which take the form of a linear combination of some
a priori given controls {gi }i=1,...,I , which may depend on the geometry, but not the initial or final data of
the control problem. We consider that our methods can be adapted to prove such a result, in particular
since in Section 3 we prove that Theorem 1 follows from a simpler result, Theorem 13, where the solid
displacement, the solid velocities and the circulation are small. It then suffices to discretize the control
with respect to the parameters (h0, h′0, ϑ0, ϑ

′

0), (h1, h′1, ϑ1, ϑ
′

1) and γ . This does not pose a problem
since our control is actually constructed continuously with respect to these parameters, so one may apply a
compactness argument. However, the set of controls {gi }i=1,...,I will depend on the parameter δ > 0 from
Theorem 13, used to restrict the set of admissible positions Q to the set Qδ defined in (3-1). This subtlety
is due to the fact that the closure of Q also contains points where the solid touches the outer boundary,
while this is no longer the case with Qδ for a given fixed δ > 0, and we use this for the compactness
argument mentioned above.

There remain also many open problems.
Considering the recent progress on the controllability in the viscous case, a natural question is whether

or not the results in this paper could be adapted to the case where a rigid body is moving in a fluid driven by
the incompressible Navier–Stokes equation. In [Kolumbán 2020] we extend the analysis performed here
to prove the small-time global controllability of the motion of a rigid body in a viscous incompressible
fluid, driven by the incompressible Navier–Stokes equation, in the case where Navier slip-with-friction
boundary conditions are prescribed at the interface between the fluid and the solid. However, the case of
Dirichlet boundary conditions remains completely open.
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Let us mention the following open problem regarding the motion planning of a rigid body immersed in
an inviscid incompressible irrotational flow.

Open problem. Let T > 0, (h0, 0) in Q, and ξ in C2([0, T ];Q), with ξ(0)= (h0, 0). Let us decompose
ξ ′(0) into ξ ′(0)= (h′0, ϑ

′

0). Consider S0 ⊂� bounded, closed, simply connected with smooth boundary,
which is not a disk, γ ∈ R, and u0 ∈ C∞(F(0);R2) such that

div u0 = curl u0 = 0 in F(0), u0 · n = 0 on ∂�,

u0 · n = (h′0+ϑ
′

0(x − h0)
⊥) · n on ∂S0,

∫
∂S0

u0 · τ dσ = γ.

Do there exist g ∈ C([0, T ]×6) and a solution (h, ϑ, u) ∈ C2([0, T ];Q)×C1(DT ;R
2) to (1-1), (1-2),

(1-6), (1-7), (1-8), (1-9), (1-10), (1-11), which satisfies ξ = (h, ϑ)?

Even the approximate motion planning in C2, i.e., the same statement as above but with

‖ξ − (h, ϑ)‖C2([0,T ]) ≤ ε

(with ε > 0 arbitrary) instead of ξ = (h, ϑ), is an open problem.
Furthermore, in this paper we have ignored any possible thermodynamic effect in the model; however,

it would be a natural question to ask how our results could be generalized to the case when the fluid is
heat-conductive.

1D. Plan of the paper and main ideas behind the proof of Theorem 1. The paper is organized as
follows.

In Section 2 we first recall from [Glass et al. 2018] a reformulation of the Newton equations (1-6) as
an ODE in the uncontrolled case and then extend it to the case with control.

To be more precise, setting q := (h, ϑ) and considering a manifold of admissible positions Q (to be
defined later), the authors proved in [Glass et al. 2018] that there exist a field M : Q→ S++(R3) of
symmetric positive-definite matrices and smooth fields E, B :Q→ R3 such that the fluid-solid system is
equivalent to the following ODE in q:

M(q)q ′′+〈0(q), q ′, q ′〉 = γ 2 E(q)+ γ q ′× B(q),

where 0(q) is a bilinear symmetric mapping, given by the so-called Christoffel symbols of the first kind:

0k
i, j =

1
2

(
∂(M)k, j

∂qi
+
∂(M)k,i

∂q j
−
∂(M)i, j

∂qk

)
.

In particular, the case with zero circulation represents the fact that the particle q is moving along the
geodesics associated with the Riemannian metric induced on Q by the so-called total inertia matrix M.

We extend the above result to the case with control g ∈C∞0 ([0, T ]×6) to find that q satisfies the ODE

M(q)q ′′+〈0(q), q ′, q ′〉 = γ 2 E(q)+ γ q ′× B(q)+ F1(q, q ′, γ )[α] + F2(q)[∂tα], (1-13)
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where F1 and F2 are regular, and α is defined as the unique smooth solution of the Neumann problem

1α = 0 in F(t) and ∂nα = g16 on ∂F(t), (1-14)

with zero mean.
Note that in both cases above, the fluid velocity u can be recovered by solving some simple elliptic

PDEs.

In Section 3 we prove that Theorem 1 can be deduced from a simpler result, namely Theorem 13,
where the solid displacement, the initial and final solid velocities and the circulation are assumed to be
small.

This is achieved on one hand by using the usual time-rescale properties of the Euler equation in order
to pass from arbitrary solid velocities and circulation to small ones. More precisely, if u(t, · ) is a solution
to the Euler equation on [0, T ], then for any λ > 0

uλ(t, · ) :=
1
λ

u
(

t
λ
, ·

)
is a solution to the Euler equation on the time interval [0, λT ]. The corresponding scaling for the initial
and final solid velocities and the circulation associated with uλ becomes q ′0/λ, q ′1/λ and γ /λ. Hence, if
one can find a solution with small initial and final velocities and small circulation on [0, T ], one can pass
to the arbitrary (or large) case on [0, λT ] with λ ∈ (0, 1) small enough, thus obtaining the controllability
result in smaller time. There are multiple possibilities for using up the remaining time from λT to T, and
we give one in Section 3, relying on the time-reversal properties of the Euler equation.

On the other hand, one may use a compact covering argument to pass from the case when q0 and q1

are remote to the case when their distance is small.

In Section 4 we prove that another reduction is possible, as we prove that an approximate controllability
result (rather than an exact one), namely Theorem 14, allows us to deduce Theorem 13.

Indeed, if instead of (q, q ′)(T ) = (q1, q ′1) one only has ‖(q, q ′)(T )− (q1, q ′1)‖ ≤ η for η > 0 small
enough, then it is possible to pass to exact controllability by using a Brouwer-type topological argument.
However, for such a result to be applied, one has to make sure that the map (q1, q ′1) 7→ (q, q ′)(T ) is
well-defined and continuous for (q1, q ′1) in some small enough ball, which we will indeed achieve during
our construction.

Section 5 is devoted to the proof of Theorem 14 and is the core of the paper. In order to achieve the
aforementioned approximate controllability, we rely on the following strategy.

Suppose we have γ = 0 (if this is not the case, one can at least expect to be close in some sense to the
case without circulation when γ is small enough), and suppose that we can find some appropriate control
g ∈ C∞0 ([0, T ]; C) such that the term F1(q, q ′, 0)[α] + F2(q)[∂tα] in (1-13) behaves approximately like
v0δ0(t)+v1δT (t) for any given v0, v1 ∈R3, where δ0 and δT denote the Dirac distributions at times t = 0+

and t = T− respectively.
Then, (1-13) is going to be close (in an appropriate sense) to the formal toy model

M(q̃)q̃ ′′+〈0(q̃), q̃ ′, q̃ ′〉 = v0δ0+ v1δT , (1-15)
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and controlling (1-13) (at least approximately) reduces to controlling (1-15) by using the vectors v0, v1∈R3

as our control. In fact, we consider a control of the form

g(t, x)= β0(t)ḡ0(x)+β1(t)ḡ1(x), (1-16)

where the functions β0, β1 are chosen as square roots of sufficiently close smooth approximations of
δ0, δT (since it turns out that F1 depends quadratically on α, and by consequence also on g, see (1-14)),
and with some appropriate functions ḡ0, ḡ1.

Let us quickly explain how the controllability of the toy model (1-15) can be established. Given
q0, q1 ∈Q, there exists (at least in the case when q0 and q1 are sufficiently close, hence the arguments of
Section 3) a geodesic associated with the Riemannian metric induced on Q by M, which connects q0

with q1. More precisely, there exists a unique smooth function q̄ satisfying

M(q̄)q̄ ′′+〈0(q̄), q̄ ′, q̄ ′〉 = 0 on [0, T ], with q̄(0)= q0, q̄(T )= q1. (1-17)

So, one can arrive at the desired final position q1, but a priori the final velocity q̄ ′(T ) differs from q ′1;
furthermore even the initial velocity q̄ ′(0) differs from q ′0.

Then, controlling the solution q̃ of (1-15) from (q0, q ′0) to (q1, q ′1) just amounts to setting v0 :=

M(q0)(q̄ ′(0)−q ′0) and v1 :=−M(q1)(q̄ ′(T )−q ′1), which transforms the initial and final velocities q̃ ′(0)
and q̃ ′(T ) exactly to the desired velocities in order to achieve controllability.

In Section 6 we prove a proposition that is important for Theorem 14, namely that the whole system
will behave like the toy model above, in a certain regime (and in particular for small γ ). This relies on
some appropriate estimations of the terms F1, F2 and some Gronwall-type arguments.

Section 7 explains how one can construct the control by means of complex analysis: it can be considered
as the cornerstone of our control strategy. It is here that we construct the spacial parts ḡ0, ḡ1 of our
control g from (1-16), as functions of v0, v1.

2. Reformulation of the solid’s equation into an ODE

In this section we establish a reformulation of the Newton equations (1-6) as an ODE for the three degrees
of freedom of the rigid body with coefficients obtained by solving some elliptic-type problems on a
domain depending on the solid position. Indeed the fluid velocity can be recovered from the solid position
and velocity by an elliptic-type problem, so that the fluid state may be seen as solving an auxiliary steady
problem, where time only appears as a parameter, instead of the evolution equation (1-1). The Newton
equations can therefore be rephrased as a second-order differential equation on the solid position whose
coefficients are determined by the auxiliary fluid problem.

Such a reformulation in the case without boundary control was already achieved in [Glass et al. 2018]
and we will start by recalling this case in Section 2A; see Proposition 12 below. A crucial fact in the
analysis is that in the ODE reformulation the prefactor of the body’s accelerations is the sum of the
inertia of the solid and of the so-called “added inertia” which is a symmetric positive-semidefinite matrix
depending only on the body’s shape and position, and which encodes the amount of incompressible fluid
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that the rigid body has also to accelerate around itself. Remarkably enough in the case without control
and where the circulation is 0 it turns out that the solid equations can be recast as a geodesic equation
associated with the metric given by the total inertia.

Then we will extend this analysis to the case where there is a control on a part of the external boundary
in Section 2B; see Theorem 6. In particular we will establish that the remote influence of the external
boundary control translates into two additional force terms in the second-order ODE for the solid position;
indeed we will distinguish one force term associated with the control velocity and another one associated
with its time derivative.

To simplify notation, we define the positions and velocities q = (h, ϑ), q ′ = (h′, ϑ ′), and

S(q)= h+ R(ϑ)(S0− h0) and F(q)=� \S(q),

since the dependence in time of the domain occupied by the solid comes only from the position q.
Furthermore, we set q(t)= (h(t), ϑ(t)).

2A. A reminder of the uncontrolled case. We first recall that in the case without any control the fluid
velocity satisfies (1-2), (1-3), (1-7) and (1-9). Therefore at each time t the fluid velocity u satisfies the
div/curl system 

div u = curl u = 0 in F(q),
u · n = 0 on ∂�,
u · n = (h′+ϑ ′(x − h)⊥) · n on ∂S(q),∫
∂S(q) u · τ dσ = γ,

(2-1)

where the dependence in time is only due to that of q and q ′. Given the solid position q and the right-hand
sides, the system (2-1) uniquely determines the fluid velocity u in the space of C∞ vector fields on the
closure of F(q). Moreover thanks to the linearity of the system with respect to its right-hand sides, its
unique solution u can be uniquely decomposed with respect to the following functions which depend
only on the solid position q = (h, ϑ) in Q and encode the contributions of elementary right-hand sides.

• The Kirchhoff potentials
8= (81,82,83)(q, · ) (2-2)

are defined as the solution of the Neumann problems

18i (q, x)= 0 in F(q), ∂n8i (q, x)= 0 on ∂�, for i ∈ {1, 2, 3},

∂n8i (q, x)=
{

ni on ∂S(q), for i ∈ {1, 2},
(x − h)⊥ · n on ∂S(q), for i = 3,

(2-3)

where all differential operators are with respect to the variable x .

• The stream function ψ for the circulation term is defined in the following way. First we consider the
solution ψ̃(q, · ) of the Dirichlet problem 1ψ̃(q, x)= 0 in F(q), ψ̃(q, x)= 0 on ∂�, and ψ̃(q, x)= 1
on ∂S(q). Then we set

ψ(q, · )=−
(∫

∂S(q)
∂nψ̃(q, x) dσ

)−1

ψ̃(q, · ) (2-4)
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such that we have ∫
∂S(q)

∂nψ(q, x) dσ =−1,

noting that the strong maximum principle gives us ∂nψ̃(q, x) < 0 on ∂S(q).
Remark 4. The Kirchhoff potentials 8 and the stream function ψ are C∞ as functions of q on Q. We
will use several times some properties of regularity with respect to the domain of solutions to linear elliptic
problems, included for another potential A[q, g] associated with the control; see Definition 8 below. We
will mention throughout the proof the properties which will be used and we refer to [Chambrion and
Munnier 2012; Henrot and Pierre 2005; Lohéac and Munnier 2014] for more on this material, which is
now standard in fluid-structure interaction.

The following statement is an immediate consequence of the definitions above.

Lemma 5. For any q = (h, ϑ) in Q, for any p = (`, ω) in R2
×R and for any γ , the unique solution u

in C∞(F(q)) to the system 
div u = curl u = 0 in ∈ F(q),
u · n = 0 on ∂�,
u · n = (`+ω(x − h)⊥) · n on ∂S(q),∫
∂S(q) u · τ dσ = γ

(2-5)

is given by the formula, for x in F(q),

u(x)=∇(p ·8(q, x))+ γ∇⊥ψ(q, x). (2-6)

Above p ·8(q, x) denotes the inner product

p ·8(q, x)=
3∑

i=1

pi8i (q, x).

Let us now address the solid dynamics. The solid motion is driven by the Newton equations (1-6)
where the influence of the fluid on the solid appears through the fluid pressure. The pressure can in turn
be related to the fluid velocity thanks to the Euler equations (1-1). The contributions to the solid dynamics
of the two terms in the right-hand side of the fluid velocity decomposition formula (2-6) are very different.
On the one hand the potential part, i.e., the first term in the right-hand side of (2-6), contributes as an
added inertia matrix, together with a connection term which ensures a geodesic structure [Munnier 2009],
whereas on the other hand the contribution of the term due to the circulation, i.e., the second term in the
right-hand side of (2-6), turns out to be a force which reminds us of the Lorentz force in electromagnetism
by its structure [Glass et al. 2018]. We therefore introduce the following notation.

• We respectively define the genuine and added mass 3× 3 matrices by

Mg =

m 0 0
0 m 0
0 0 J

 ,
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and, for q ∈Q,

Ma(q)=
(∫

F(q)
∇8i (q, x) · ∇8 j (q, x) dx

)
16i, j63

.

Note that Ma is a symmetric Gram matrix and is C∞ on Q.

• We define the symmetric bilinear map 0(q) given by

〈0(q), p, p〉 =
( ∑

1≤i, j≤3

0k
i, j (q)pi p j

)
1≤k≤3

∈ R3 for all p ∈ R3,

where, for each i, j, k ∈ {1, 2, 3}, 0k
i, j denotes the Christoffel symbol of the first kind defined on Q by

0k
i, j =

1
2

(
∂(Ma)k, j

∂qi
+
∂(Ma)k,i

∂q j
−
∂(Ma)i, j

∂qk

)
. (2-7)

It can be checked that 0 is of class C∞ on Q.

• We introduce the following C∞ vector fields on Q with values in R3:

E =−
1
2

∫
∂S(q)
|∂nψ(q, · )|2∂n8(q, · ) dσ, (2-8)

B =
∫
∂S(q)

∂nψ(q, · )(∂n8(q, · )× ∂τ8(q, · )) dσ. (2-9)

We recall that the notation 8 was given in (2-2).
The reformulation of the model as an ODE is given in the following result, which was first established

in [Munnier 2009] in the case γ = 0 and in [Glass et al. 2018] in the case γ ∈ R.

Theorem 6. Given q = (h, ϑ) ∈ C∞([0, T ];Q), u ∈ C∞(DT ;R
2) we have that (q, u) is a solution to

(1-1), (1-2), (1-3), (1-6), (1-7) and (1-9) if and only if q satisfies the ODE on [0, T ]

(Mg +Ma(q))q ′′+〈0(q), q ′, q ′〉 = γ 2 E(q)+ γ q ′× B(q), (2-10)

and u is the unique solution to the system (2-1). Moreover the total kinetic energy 1
2(Mg +Ma(q))q ′ · q ′

is conserved in time for smooth solutions of (2-10), at least as long as there is no collision.

Note that in the case where γ = 0, the ODE (2-10) means that the particle q is moving along the
geodesics associated with the Riemannian metric induced on Q by the matrix field Mg +Ma(q). Note
that, since Q is a manifold with boundary and the metric Mg +Ma(q) may become singular at the
boundary of Q, the Hopf–Rinow theorem does not apply and geodesics may not be global. However we
will make use only of local geodesics.

Remark 7. Let us also mention that the whole “inviscid fluid + rigid body” system can be reinterpreted
as a geodesic flow on an infinite-dimensional manifold; see [Glass and Sueur 2012]. However the
reformulation established by Theorem 6 relies on the finite-dimensional manifold Q and sheds more light
on the dynamics of the rigid body.
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Below we provide a sketch of the proof of Theorem 6; this will be useful in Section 2B when extending
the analysis to the controlled case.

Proof. Let us focus on the direct part of the proof for sake of clarity but all the subsequent arguments can
be arranged in order to ensure the converse part of the statement as well. Using Green’s first identity and
the properties of the Kirchhoff functions, the Newton equations (1-6) can be rewritten as

Mgq ′′ =
∫
F(q)
∇π · ∇8(q, x) dx . (2-11)

Moreover when u is irrotational, (1-1) can be rephrased as

∇π =−∂t u− 1
2∇x |u|2 for x in F(q(t)), (2-12)

and Lemma 5 shows that for any t in [0, T ]

u(t, · )=∇(q ′(t) ·8(q(t), · ))+ γ∇⊥ψ(q(t), · ). (2-13)

Substituting (2-13) into (2-12) and then the resulting decomposition of ∇π into (2-11) we get

Mgq ′′ =−
∫
F(q)

(
∂t∇(q ′ ·8(q, x))+

∇|∇(q ′ ·8(q, x))|2

2

)
· ∇8(q, x) dx

− γ

∫
F(q)

(
∂t∇
⊥ψ(q, x)+∇(∇(q ′ ·8(q, x)) · ∇⊥ψ(q, x))

)
· ∇8(q, x) dx

− γ 2
∫
F(q)

∇|∇ψ(q, x)|2

2
· ∇8(q, x) dx . (2-14)

According to Lemmas 32, 33 and 34 in [Glass et al. 2018], the terms in the three lines of the right-hand
side above are respectively equal to −Ma(q)q ′′ − 〈0(q), q ′, q ′〉, γ q ′ × B(q) and γ 2 E(q), so that we
easily deduce the ODE (2-10) from (2-14).

The conservation of the kinetic energy 1
2(Mg +Ma(q))q ′ · q ′ is then simply obtained by multiplying

the ODE (2-10) by q ′ and observing that

((Mg +Ma(q))q ′′+〈0(q), q ′, q ′〉) · q ′ =
( 1

2(Mg +Ma(q))q ′ · q ′
)′
, (2-15)

completing the proof. �

2B. Extension to the controlled case. We now tackle the case where a control is imposed on the part 6
of the external boundary ∂�. At any time this control has to be compatible with the incompressibility of
the fluid, meaning that the flux through 6 has to be zero. We therefore introduce the set

C :=
{

g ∈ C∞0 (6;R) :
∫
6

g dσ = 0
}
.

The decomposition of the fluid velocity u then involves a new potential term involving the following
function.
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Definition 8. For any q ∈Q and g ∈ C we consider the unique solution ᾱ :=A[q, g] ∈ C∞(F(q);R) to
the Neumann problem

1ᾱ = 0 in F(q) and ∂nᾱ = g16 on ∂F(q), (2-16)

with zero mean on F(q).
Let us mention that the zero-mean condition above allows us to determine a unique solution to the

Neumann problem but plays no role in the sequel.
Now Lemma 5 can be modified as follows.

Lemma 9. For any q = (h, ϑ) in Q, for any p = (`, ω) in R2
×R, for any ḡ in C, the unique solution u

in C∞(F(q)) to 
div u = curl u = 0 in F(q),
u · n = 16 ḡ on ∂�,
u · n = (`+ω(x − h)⊥) · n on ∂S(q),∫
∂S(q) u · τ dσ = γ

is given by
u =∇(p ·8(q, · ))+ γ∇⊥ψ(q, · )+∇A[q, ḡ]. (2-17)

Let us avoid possible confusion by mentioning that the ∇ operator above has to be considered with
respect to the space variable x . The function A[q, ḡ] and its time derivative will respectively be involved
in the arguments of the following force terms.

Definition 10. We define, for any q in Q, p in R3, α in C∞(F(q);R) and γ in R, F1(q, p, γ )[α] and
F2(q)[α] in R3 by

F1(q, p, γ )[α] := −1
2

∫
∂S(q)
|∇α|2 ∂n8(q, · ) dσ

−

∫
∂S(q)
∇α · (∇(p ·8(q, · ))+ γ∇⊥ψ(q, · ))∂n8(q, · ) dσ, (2-18)

F2(q)[α] := −
∫
∂S(q)

α ∂n8(q, · ) dσ. (2-19)

Observe that (2-18) and (2-19) only require α and ∇α to be defined on ∂S(q). Moreover when these
formulas are applied to α =A[q, g] for some g in C, only the trace of α and the tangential derivative ∂τα
on ∂S(q) are involved, since the normal derivative of α vanishes on ∂S(q) by definition; see (2-16).

We define our notion of controlled solution of the “fluid + solid” system as follows.

Definition 11. We say that (q, g) in C∞([0, T ];Q) × C∞0 ([0, T ]; C) is a controlled solution if the
following ODE holds true on [0, T ]:

(Mg +Ma(q))q ′′+〈0(q), q ′, q ′〉 = γ 2 E(q)+ γ q ′× B(q)+ F1(q, q ′, γ )[α] + F2(q)[∂tα], (2-20)

where α(t, · ) :=A[q(t), g(t, · )].

We have the following result for reformulating the model as an ODE.
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Proposition 12. Given

q ∈ C∞([0, T ];Q), u ∈ C∞(DT ;R
2) and g ∈ C∞0 ([0, T ]; C),

we have that (q, u) is a solution to (1-1), (1-2), (1-6), (1-7), (1-8), (1-9), (1-10), (1-11), (1-12) if and only
if (q, g) is a controlled solution and u is the unique solution to the unique div/curl-type problem

div u = curl u = 0 in F(q),
u · n = 16g on ∂�,
u · n = (h′+ϑ ′(x − h)⊥) · n on ∂S(q),∫
∂S(q) u · τ dσ = γ,

with q = (h, ϑ).

Proposition 12 therefore extends Theorem 6 to the case with an external boundary control (in particular
one recovers Theorem 6 in the case where g is identically vanishing).

Proof. We proceed as in the proof of Theorem 6 recalled above, with some modifications due to the
extra term involved in the decomposition of the fluid velocity; compare (2-6) and (2-17). In particular
some extra terms appear in the right-hand side of (2-14) after substituting the right-hand side of (2-17)
for u in (2-12). Using some integration by parts and the properties of the Kirchhoff functions we obtain
integrals on ∂S(q) whose sum precisely gives F1(q, q ′, γ )[α(t, · )] + F2(q)[∂tα(t, · )]. This allows us to
conclude. �

3. Reduction to the case where the displacement, velocities and circulation are small

For δ > 0, we introduce the set

Qδ = {q ∈�×R : d(S(q), ∂�) > δ}. (3-1)

The goal of this section is to prove that Theorem 1 can be deduced from the following result. The
balls have to be understood for the Euclidean norm (rather than for the metric Mg +Ma(q)).

Theorem 13. Given δ >0, S0⊂� bounded, closed, simply connected with smooth boundary, which is not
a disk, q0 in Qδ and T > 0, there exists r > 0 such that for any q1 in B(q0, r), for any γ ∈ R with |γ | ≤ r
and for any q ′0, q ′1 ∈ B(0, r), there is a controlled solution (q, g) in C∞([0, T ];Qδ)×C∞0 ([0, T ] ×6)
such that (q, q ′)(0)= (q0, q ′0) and (q, q ′)(T )= (q1, q ′1).

Note in particular that for r > 0 small enough, B(q0, r) is included in the connected component of Qδ

containing q0.

Proof of Theorem 1 from Theorem 13. We proceed in two steps: first we use a time-rescaling argument
in order to deduce from Theorem 13 a more general result covering the case where the initial and final
velocities q ′0 and q ′1 and the circulation γ are large. This argument is reminiscent of a time-rescaling
argument used by J.-M. Coron [1993] for the Euler equation, which has been also used in [Glass and
Rosier 2013] in order to pass from the potential case to the case with vorticity. Then we use a compactness
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argument in order to deal with the case where q0 and q1 are remote (but of course in the same connected
component of Qδ).

The time-rescaling argument relies on the following observation: it follows from (2-20) that (q, g) is a
controlled solution on [0, T ] with circulation γ if and only if (qλ, gλ) is a controlled solution on [0, λT ]
with circulation γ /λ, where (qλ, gλ) is defined by

qλ(t) := q
(

t
λ

)
and gλ(t, x) :=

1
λ

g
(

t
λ
, x
)
. (3-2)

Of course the initial and final conditions

(q, q ′)(0)= (q0, q ′0) and (q, q ′)(T )= (q1, q ′1)

translate respectively into

(qλ, (qλ)′)(0)=
(

q0,
q ′0
λ

)
and (qλ, (qλ)′)(λT )=

(
q1,

q ′1
λ

)
. (3-3)

Now consider q0 in Qδ and q1 in B(q0, r) in the same connected component of Qδ as q0, with r > 0
as in Theorem 13, and q ′0, q ′1 and γ without size constraint. For λ small enough, (q0, λq ′0), (q1, λq ′1)
and λγ satisfy the assumptions of Theorem 13. Hence there exists a controlled solution (q, g) on
[0, T ], achieving (q, q ′)(0)= (q0, λq ′0) and (q, q ′)(T )= (q1, λq ′1). On the other hand, the corresponding
trajectory qλ constructed above will satisfy the conclusions of Theorem 1 on [0, λT ], in particular that
(qλ, (qλ)′)(0) = (q0, q ′0) and (qλ, (qλ)′)(λT ) = (q1, q ′1). Moreover we can assume that it is the case
without loss of generality that λ is small, and in particular that λ≤ 1. Thus the result is obtained but in a
shorter time interval.

To get to the desired time interval, using that (2-20) enjoys some invariance properties by translation
and time-reversal (up to the change of the sign of γ ) it is sufficient to glue together an odd number, say
2N + 1 with N in N∗, of appropriate controlled solutions each defined on a time interval of length λT
with λ = 1/(2N + 1), going back and forth between (q0, q ′0) and (q1, q ′1) until time T = (2N + 1)λT.
Moreover one can see that the gluings are not only C2 but even C∞.

We have therefore already proven that Theorem 1 is true in the case where q1 is close to q0, or more
precisely for any q0 in Qδ and q1 in B(q0, rq0).

For the general case where q0 and q1 are in the same connected component of Qδ for some δ > 0,
without the closeness condition, we use again a gluing process. Consider indeed a smooth curve from q0 to
q1. For each point q on this curve, there is an rq > 0 such that for any q̃ in B(q, rq), any q ′0, q ′1 and any γ ,
one can connect (q, q ′0) to (q̃, q ′1) by a solution of the system for any time T > 0. Extract a finite subcover
of the curve by the balls B(q, rq). Therefore we find N ≥ 2 and (qi/N )i=1,...,N−1 in the same connected
component of Qδ as q0 such that for any i = 1, . . . , N , one has that qi/N is in B(q(i−1)/N , rq(i−1)/N ) (note
that this includes q0 and q1). Therefore, using again the local result obtained above, there exist some
controlled solutions from (q(i−1)/N , 0) to (qi/N , 0) (for i = 1 and i = N we use (q0, q ′0/N ) and (q1, q ′1/N )
rather than (q0, 0) and (q1, 0)), each on a time interval of length T associated with circulation γ /N. One
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deduces by time-rescaling some controlled solutions associated with circulation γ on a time interval of
length T/N. Gluing them together leads to the desired controlled solution. �

4. Reduction to an approximate controllability result

The goal of this section is to prove that Theorem 13 can be deduced from the following approximate
controllability result thanks to a topological argument already used in [Glass and Rosier 2013]; see
Lemma 15 below. Let us mention that a similar argument has also been used for control purposes but in
other contexts; see, e.g., [Aronsson 1973; Brunovský and Lobry 1975; Grasse 1981; 1982].

Theorem 14. Given δ > 0, S0 ⊂ � bounded, closed, simply connected with smooth boundary, which
is not a disk, q0 in Qδ and T > 0, there is r̃ > 0 such that B(q0, r̃) is included in the same connected
component of Qδ as q0, and furthermore, for any η > 0, there exists r ′ = r ′(η) > 0 such that, for any
γ ∈ R with |γ | ≤ r ′ and for any q ′0 in B(0, r̃), there is a mapping

T : B((q0, q ′0), r̃)→ C∞([0, T ];Qδ),

which with (q1, q ′1) associates q where (q, g) is a controlled solution associated with the initial data
(q0, q ′0), such that the mapping

(q1, q ′1) ∈ B((q0, q ′0), r̃) 7→ (T (q1, q ′1), T (q1, q ′1)
′)(T ) ∈Qδ ×R3

is continuous and such that for any (q1, q ′1) in B((q0, q ′0), r̃)

‖(T (q1, q ′1), T (q1, q ′1)
′)(T )− (q1, q ′1)‖6 η.

The proof of Theorem 14 will be given in Section 5. Here we prove that Theorem 13 follows from
Theorem 14.

Proof of Theorem 13 from Theorem 14. Let δ > 0, S0 ⊂ � bounded, closed, simply connected with
smooth boundary, which is not a disk, q0 in Qδ and T > 0. Let r̃ > 0 as in Theorem 14 and η = r̃/2. We
deduce that for any γ ∈ R with |γ | ≤ r ′ = r ′(r̃/2) and q ′0 in B(0, r̃), there is a mapping

T : B((q0, q ′0), r̃)→ C∞([0, T ];Qδ)

which maps (q1, q ′1) to q where (q, g) is a controlled solution associated with the initial data (q0, q ′0)
such that for any (q1, q ′1) in B((q0, q ′0), r̃),

‖(T (q1, q ′1), T (q1, q ′1)
′)(T )− (q1, q ′1)‖6

r̃
2
.

We define a mapping f from B((q0, q ′0), r̃) to R6 which maps (q1, q ′1) to

f (q1, q ′1) := (T (q1, q ′1), T (q1, q ′1)
′)(T ).

Then we apply the following lemma borrowed from [Glass and Rosier 2013, pp. 32–33] to w0 = (q0, q ′0)
and κ = r̃ .
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Lemma 15. Letw0∈Rn , κ >0, f : B(w0, κ)→Rn a continuous map such that we have | f (w)−w|≤κ/2
for any x in ∂B(w0, κ). Then B(w0, κ/2)⊂ f (B(w0, κ)).

This allows us to conclude the proof of Theorem 13 by setting

r =min
{

r̃

2
√

5
, r ′
(

r̃
2

)}
,

since the conditions q1 ∈ B(q0, r), |γ | ≤ r and q ′0, q ′1 ∈ B(0, r) imply |γ | ≤ r ′(r̃/2) and (q1, q ′1) ∈
B((q0, q ′0), r̃/2). �

5. Proof of the approximate controllability result Theorem 14

In this section we prove Theorem 14 by exploiting the geodesic feature of the uncontrolled system with
zero circulation; see the observation below Theorem 6. To do so, we will use some well-chosen impulsive
controls which allow us to modify the velocity q ′ in a short time interval and put the state of the system
on a prescribed geodesic (and use that |γ | is small). We mention here [Bressan 1996] for many more
examples on the impulsive control strategy.

5A. First step. We consider S0 ⊂� as before and consider δ > 0 so that q0 ∈Qδ . We let r1 > 0 be small
enough so that B(q0, r1)⊂Qδ. We also let T > 0.

The first step consists in considering the geodesics associated with the uncontrolled, potential case
(γ = 0). The following classical result regarding the existence of geodesics can be found for instance in
[Marsden and Ratiu 1994, Section 7.5]; see also [Gaines 1969] for the continuity feature.

Lemma 16. There exists r2 in (0, r1/2) such that for any q1 in B(q0, r2) there exists a unique C∞ solution
q̄(t) lying in B(q0, r1/2) to

(Mg +Ma(q̄))q̄ ′′+〈0(q̄), q̄ ′, q̄ ′〉 = 0 on [0, T ], with q̄(0)= q0, q̄(T )= q1. (5-1)

Furthermore the map q1 ∈ B(q0, r2) 7→ (c0, c1) ∈ R6 given by c0 = q̄ ′(0), c1 = q̄ ′(T ) is continuous.

Let us fix r2 as in the lemma before. Let q ′0 in B(0, r2) and (q1, q ′1) in B((q0, q ′0), r2).

Our goal is to make the system follow approximately such a geodesic q̄, which we consider fixed
during this section. For the geodesic equation in (5-1), q0 and q1 determine the initial and final velocities
(which of course differ in general from q ′0 and q ′1). But we will see that it is possible to use the penultimate
term of (2-20) in order to modify the initial and final velocities of the system. Precisely, the control will
be used so that the right-hand side of (2-20) behaves like two Dirac masses at times close to 0 and T,
driving the velocity q ′ from the initial and final velocities to the ones of the geodesic in two short time
intervals close to 0 and T.

5B. Illustration of the method on a toy model. Let us illustrate this strategy on a toy model. We will
later on adapt the analysis to the complete model; see Proposition 21.
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Let β : R→ R be a smooth, nonnegative function supported in [−1, 1] such that
∫ 1
−1 β(t)

2 dt = 1 and,
for ε in (0, 1),

βε(t) :=
1
√
ε
β

(
t − ε
ε

)
,

so that2 (β2
ε )ε is an approximation of the unity when ε→ 0+.

For a function f defined on [0, T ], we will define

‖ f ‖T,ε := ‖ f ‖C0([0,T ])+‖ f ‖C1([2ε,T−2ε]). (5-2)

Lemma 17. Let q0, r2, q1, q ′0 and q ′1 as above. Let

v0 := (Mg +Ma(q0))(c0(q1)− q ′0) and v1 := −(Mg +Ma(q1))(c1(q1)− q ′1). (5-3)

Let, for ε in (0, 1), qε be the maximal solution to the Cauchy problem

(Mg +Ma(qε))q ′′ε +〈0(qε), q ′ε, q ′ε〉 = β
2
ε ( · )v0+β

2
ε (T − · )v1, (5-4)

with qε(0) = q0 and q ′ε(0) = q ′0. Then for ε small enough, qε(t) lies in B(q0, r1) for t in [0, T ] and, as
ε→ 0+, ‖qε − q̄‖T,ε→ 0 and (qε, q ′ε)(T )→ (q1, q ′1).

Proof. For ε in (0, 1), let us define Tε = sup{T̂ > 0 : qε(t) ∈ B(q0, r1) for t ∈ (0, T̂ )}. Let us first prove
that there exists T̃ > 0 such that for any ε in (0, 1) we have Tε ≥ T̃. Using the identity (2-15), we obtain
indeed, for any ε in (0, 1), for any t ∈ (0, Tε)

(Mg +Ma(qε(t)))q ′ε(t) · q
′

ε(t)= (Mg +Ma(q0))q ′0 · q
′

0+ 2
∫ t

0
(β2
ε ( · )v0+β

2
ε (T − · )v1) · q ′ε.

Moreover, relying on Remark 4, we see that there exists c > 0 (which depends on δ) such that for any q
in Qδ, for any p in R3

c|p|2 ≤ (Mg +Ma(q))p · p ≤ c−1
|p|2. (5-5)

Therefore using Gronwall’s lemma we obtain that there exists C > 0 such that for any ε in (0, 1), for
any t ∈ (0, Tε) we have supt∈(0,Tε) ‖q

′
ε(t)‖ ≤ C . Therefore by the mean value theorem for T̃ := r1/2C ,

for any ε in (0, 1) one has Tε ≥ T̃.
We now prove in the same time that for ε > 0 small enough Tε ≥ T, and the convergence results stated

in Lemma 17. In order to exploit the supports of the functions βε( · ) and βε(T − · ) in the right-hand
side of (5-4) we compare the dynamics of qε and q̄ during the three time intervals [0, 2ε], [2ε, T − 2ε]
and [T − 2ε, T ].

For ε1 := T̃ /2 and ε in (0, ε1), one already has that Tε ≥ 2ε and we can therefore simply compare the
dynamics of qε and q̄ on the first interval [0, 2ε]. Indeed using again the mean value theorem we obtain

2In the next lemma we are going to make use only of the square function β2
ε but we will also have to deal with the function βε

itself in the sequel; see below Proposition 19.



670 OLIVIER GLASS, JÓZSEF J. KOLUMBÁN AND FRANCK SUEUR

that supt∈[0,2ε] |qε− q0| converges to 0 as ε goes to 0. Moreover integrating (5-4) on [0, 2ε] and taking
into account the choice of v0 in (5-3), we obtain

(Mg +Ma(qε(2ε)))q ′ε(2ε)

= (Mg +Ma(q0))c0(q1)−

∫ 2ε

0
(DMa(qε) · q ′ε) · q

′

ε dt −
∫ 2ε

0
〈0(qε), q ′ε, q ′ε〉 dt. (5-6)

Now, there exists C > 0 such that for any q in Qδ, for any p in R3

|(DMa(q) · p) · p| + |〈0(q), p, p〉| ≤ C |p|2. (5-7)

Combining this and the bound on q ′ε we see that the two terms of the last line of (5-6) above converge to 0
as ε goes to 0. Since q 7→Ma(q) is continuous on Qδ and qε(2ε) converges to q0 as ε→ 0, the matrix
Ma(qε) converges to Ma(q0) as ε→ 0. Therefore, using that the matrix Mg +Ma(q0) is invertible we
deduce that q ′ε(2ε) converges to c0(q1) as ε goes to 0.

During the time interval [2ε, T − 2ε], the right-hand side of (5-4) vanishes and the equation therefore
reduces to the geodesic equation in (5-1). Since this equation is invariant by translation in time, one may
use the following elementary result on the continuous dependence on the data, with a time shift of 2ε.

Lemma 18. There exists η > 0 such that for any (q̃0, q̃ ′0) in B((q0, c0(q1)), η) there exists a unique C∞

solution q̃(t) lying in B(q0, r1) to

(Mg +Ma(q̃))q̃ ′′+〈0(q̃), q̃ ′, q̃ ′〉 = 0 on [0, T ], with q̃(0)= q̃0, q̃ ′(0)= q̃ ′0.

Furthermore ‖q̃ − q̄‖C1([0,T ])→ 0 as (q̃0, q̃ ′0)→ (q0, c0(q1)).

Since qε(2ε) and q ′ε(2ε) respectively converge to q0 and c0(q1), according to Lemma 18 there exists
ε2 in (0, ε1) such that for ε in (0, ε2), there exists a unique C∞ solution q̃ε(t) lying in B(q0, r1) to

(Mg +Ma(q̃ε))q̃ ′′ε +〈0(q̃ε), q̃ ′ε, q̃ ′ε〉 = 0 on [0, T ],

with

q̃ε(0)= qε(2ε), q̃ ′ε(0)= q ′ε(2ε) and ‖q̃ε − q̄‖C1([0,T ])→ 0 as ε→ 0.

Since the function defined by q̂ε(t)= qε(t + 2ε) also satisfies

(Mg +Ma(q̂ε))q̂ ′′ε +〈0(q̂ε), q̂ ′ε, q̂ ′ε〉 = 0 on [0, T − 4ε], with q̂ε(0)= qε(2ε), q̂ ′ε(0)= q ′ε(2ε),

by the uniqueness part in the Cauchy–Lipschitz theorem one has that Tε ≥ T − 2ε and q̂ε and q̃ε coincide
on [0, T − 4ε], so that, shifting back in time, ‖qε − q̄( · − 2ε)‖C1([2ε,T−2ε])→ 0 as ε→ 0. Since q̄ is
smooth, this gives that ‖qε − q̄‖C1([2ε,T−2ε])→ 0 as ε→ 0.

Finally one deals with the time interval [T − 2ε, T ] in the same way as the first step. In particular,
reducing ε one more time if necessary one obtains, by an energy estimate, a Gronwall estimate and the
mean value theorem, that Tε ≥ T. Moreover the choice of the vector v1 in (5-3) allows us to reorient the
velocity q ′ε from c1(q1) to q ′1, whereas the position is not much changed (due to the uniform bound of q ′ε
and the mean value theorem) so that the value of qε at time T converges to q1 as ε goes to 0. �
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5C. Back to the complete model. Now in order to mimic the right-hand side of (5-4) we are going to use
one part of the force term F1 introduced in Definition 10. Let us therefore introduce some notations for
the different contributions of the force term F1. We define, for any q in Q, p in R3, α in C∞(F(q);R)

F1,a(q)[α] := −
1
2

∫
∂S(q)
|∇α|2 ∂n8(q, · ) dσ, (5-8)

F1,b(q, p)[α] := −
∫
∂S(q)
∇α · ∇(p ·8(q, · )) ∂n8(q, · ) dσ, (5-9)

F1,c(q)[α] := −
∫
∂S(q)
∇α · ∇⊥ψ(q, · ) ∂n8(q, · ) dσ, (5-10)

so that for any γ in R

F1(q, p, γ )[α] = F1,a(q)[α] + F1,b(q, p)[α] + γ F1,c(q)[α].

The part which will allow us to approximate the right-hand side of (5-4) is F1,a . More precisely we are
going to see (see Proposition 20) that there exists a control α (chosen below as α = A[q, gε] with gε
given by (5-14)) that in the appropriate regime the dynamics of (2-20) behaves like the equation with only
F1,a on the right-hand side. Moreover the following lemma, where the time parameter does not appear,
proves that the operator F1,a(q)[ · ] can actually attain any value v in R3. Recall that δ > 0 was fixed at
the beginning of Section 5A.

Proposition 19. There exists a continuous mapping ḡ :Qδ ×R3
→ C such that for any (q, v) in Qδ ×R3

the function ᾱ :=A[q, ḡ(q, v)] in C∞(F(q);R) satisfies

1ᾱ = 0 in F(q) and ∂nᾱ = 0 on ∂F(q) \6, (5-11)∫
∂S(q)
|∇ᾱ|2 ∂n8(q, · ) dσ = v, (5-12)∫

∂S(q)
ᾱ ∂n8(q, · ) dσ = 0. (5-13)

We recall that the operator A was introduced in Definition 8. The result above will be proved in
Section 7. Note that when S(q) is a homogeneous disk, an adapted version of Proposition 19 still holds;
see Proposition 26 in Section 7. The condition (5-13) will be useful to cancel out the last term of (2-20).

We define

gε(t, x) := βε(t)ḡ(q0,−2v0)(x)+βε(T − t)ḡ(q1,−2v1)(x), (5-14)

where v0 and v1 were defined in (5-3) for (q1, q ′1) in B((q0, q ′0), r2), and ḡ is given by Proposition 19. The
goal is to prove that for ε and |γ | small enough, this control drives the system (2-20) with α =A[q, gε]
from (q0, q ′0) to (q1, q ′1), approximately.

(1) We first observe that

F1,a(q)[A[q, gε]] = β2
ε (t)F1,a(q)[A[q, ḡ(q0,−2v0)]] +β

2
ε (T − t)F1,a(q)[A[q, ḡ(q1,−2v1)]], (5-15)



672 OLIVIER GLASS, JÓZSEF J. KOLUMBÁN AND FRANCK SUEUR

and is therefore a good candidate to approximate the right-hand side of (5-4) if q is near q0 for t near 0
and if q is near q1 for t near T. One then may indeed expect that

F1,a(q)[A[q, ḡ(q0,−2v0)]] and F1,a(q)[A[q, ḡ(q1,−2v1)]]

are close to
F1,a(q0)[A[q0, ḡ(q0,−2v0)]] and F1,a(q1)[A[q1, ḡ(q1,−2v1)]],

respectively, on the respective supports of βε( · ) and βε(T − · ). Moreover, according to Proposition 19
these last two terms are equal to v0 and v1 (see (5-8) and (5-12)).

(2) Next we will rigorously prove in Proposition 21 below that the conclusion of Lemma 17 for the toy
system also holds when one substitutes the term F1,a(q)[A[q, gε]] in (5-15). This corresponds also to
(2-20) with γ = 0 and the term F1,b and F2 put to zero.

(3) Finally it will appear that in an appropriate regime, in particular for small ε and |γ |, the second-to-last
term of (2-20) is dominant with respect to the other terms of the right-hand side (here the condition (5-13)
above will be essential in order to deal with the last term of (2-20)).

Let us state a proposition summarizing the claims above. According to the Cauchy–Lipschitz theorem
there exists a controlled solution qε,γ associated with the control gε introduced in (5-14), starting with
the initial condition qε,γ (0)= q0 and q ′ε,γ (0)= q ′0, with circulation γ , and lying in B(q0, r1) up to some
positive time Tε,γ . More explicitly qε,γ satisfies on [0, Tε,γ ]

(Mg +Ma(qε,γ ))q ′′ε,γ +〈0(qε,γ ), q ′ε,γ , q ′ε,γ 〉

= γ 2 E(qε,γ )+ γ q ′ε,γ × B(qε,γ )+ F1(qε,γ , q ′ε,γ , γ )[A[qε,γ , gε]] + F2(qε,γ )[∂tA[qε,γ , gε]]. (5-16)

Observe that due to the choice of the control gε in (5-14) the function qε,γ also depends on (q1, q ′1)
through v0 and v1; see their definition in (5-3).

We have the following approximation result.

Proposition 20. For ε and |γ | small enough, Tε,γ > T and, as ε and |γ | converge to 0+, we have
‖qε,γ − q̄‖T,ε→ 0 and (qε,γ , q ′ε,γ )(T )→ (q1, q ′1), uniformly for (q1, q ′1) in B((q0, q ′0), r2).

This result will be proved in Section 6. Once Proposition 20 is proved, Theorem 14 follows rapidly.
Indeed, let us set r̃ = r2; according to Proposition 20, for η > 0, there exists ε = ε(η) > 0 and r ′ = r ′(η)
in (0, r̃) such that for any γ ∈ R with |γ | ≤ r ′ and for any q ′0 in B(0, r̃) the mapping T defined on
B((q0, q ′0), r̃) by setting T (q1, q ′1) = qε,γ has the desired properties. In particular the continuity of T
follows from the regularity of c0 in Lemma 16 and of the solution of ODEs on their initial data. This
ends the proof of Theorem 14.

5D. About Remark 2. Now that we presented the scheme of proof of Theorem 1 let us explain how
to obtain the improvement mentioned in Remark 2. It is actually a direct consequence of the explicit
formula for gε(t, x) given in (5-14) and of a change of variable in time. Due to the expression of βε given
at the beginning of Section 5B one obtains that the total flux through 6−, that is,

∫ T
0

∫
6−

gε dσ dt , is of
order

√
ε. Hence one can reduce ε again in order to satisfy the requirement of Remark 2.
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On the other hand observe that the time-rescaling argument used in the proof of Theorem 1 from
Theorem 13, see (3-2), leaves the total flux through 6− invariant, while the number N of steps involved
in the end of the same proof does not depend on ε.

6. Closeness of the controlled system to the geodesic: proof of Proposition 20

In this section, we prove Proposition 20.

6A. Proof of Proposition 20. The proof of Proposition 20 is split in several parts. To compare qε,γ
and q̄ , we are going to consider an “intermediate trajectory” q̃ε which imitates the trajectory qε of the toy
model of Lemma 17 by using the part F1,a of the force term. More precisely we define q̃ε by

(Mg +Ma(q̃ε))q̃ ′′ε +〈0(q̃ε), q̃ ′ε, q̃ ′ε〉 = F1,a(q̃ε)[A[q̃ε, gε]], with q̃ε(0)= q0, q̃ ′ε(0)= q ′0, (6-1)

where gε was defined in (5-14) and where the operator A was introduced in Definition 8. Note that
due to the definition of gε, the function q̃ε also depends on q1, q ′1. The statement below is equivalent to
Lemma 17 for q̃ε, comparing q̃ε to the “target geodesic” q̄ .

Proposition 21. There exists ε1 > 0 such that for any ε ∈ (0, ε1], for any (q1, q ′1) in B((q0, q ′0), r2), the
solution q̃ε given by (6-1) lies in the ball B(q0, r1) at least up to T. Moreover ‖q̃ε − q̄‖T,ε converges to 0
and (q̃ε, q̃ ′ε)(T ) converges to (q1, q ′1) when ε converges to 0+, uniformly for (q1, q ′1) in B((q0, q ′0), r2) for
both convergences.

We recall that the norm ‖ · ‖T,ε was defined in (5-2). The proof of Proposition 21 can be found in
Section 6B.

The following result allows us to deduce the closeness of the trajectories qε,0, given by (5-16) with
γ = 0, and q̃ε given by (6-1). Let us recall that by the definition of Tε,γ that comes along (5-16), qε,0 lies
in B(q0, r1) up to the time Tε,0, which depends on q1, q ′1.

Proposition 22. There exists ε2 in (0, ε1] such that for any ε ∈ (0, ε2], one has Tε,0 ≥ T. Moreover
‖q̃ε − qε,0‖C1([0,T ])→ 0 when ε→ 0+, uniformly for (q1, q ′1) in B((q0, q ′0), r2).

The proof of Proposition 22 can be found in Section 6C.
Finally, we have the following estimation of the deviation due to the circulation γ , which will be

proved in Section 6D.

Proposition 23. There exists ε3 in (0, ε2] such that for all ε ∈ (0, ε3], there exists γ0 > 0 such that for
any γ ∈ [−γ0, γ0], we have Tε,γ ≥ T and ‖qε,γ − qε,0‖C1[0,T ] converges to 0 when γ → 0, uniformly for
(q1, q ′1) in B((q0, q ′0), r2).

Propositions 21, 22 and 23 give us directly the result of Proposition 20.

6B. Proof of Proposition 21. We proceed as in the proof of Lemma 17 with a few extra complications
related to the fact that the right-hand side of (6-1) is more involved than the one of (5-4) and to the fact
that we need to obtain uniform convergences with respect to (q1, q ′1) in B((q0, q ′0), r2).
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As in the proof of Lemma 17 we introduce, for ε in (0, 1), the time

Tε = sup{T̂ > 0 : q̃ε(t) ∈ B(q0, r1) for t ∈ (0, T̂ )}

and we first prove that there exists T̃ > 0 such that for any ε in (0, 1) we have Tε ≥ T̃ thanks to an energy
estimate. In order to deal with the term coming from (5-15) in the right-hand side of the energy estimate,
recalling Remark 4 and the definition of F1,a in (5-8), we observe that for any R > 0 there exists C > 0
such that for any q, q̃ in Qδ, for any v in B(0, R)

|F1,a(q)[A[q, ḡ(q̃, v)]]| ≤ C. (6-2)

This allows us to deduce from the expressions of v0 and v1 in (5-3) that there exists T̃ > 0 and C > 0
such that for any (q1, q ′1) in B((q0, q ′0), r2), for any ε in (0, 1) we have Tε ≥ T̃ and ‖q̃ ′ε‖C([0,Tε]) ≤C . We
deduce that for ε1 := T̃ /2 and ε in (0, ε1) we have Tε ≥ 2ε and that supt∈[0,2ε] |q̃ε−q0| converges to 0 as
ε goes to 0 uniformly in (q1, q ′1) in B((q0, q ′0), r2).

Now let us prove that q̃ ′ε(2ε) converges to c0(q1) as ε goes to 0 uniformly in (q1, q ′1) in B((q0, q ′0), r2).
We integrate (6-1) on [0, 2ε]. Thus

(Mg +Ma(q̃ε(2ε)))q̃ ′ε(2ε)= (Mg +Ma(q0))q ′0−
∫ 2ε

0
(DMa(q̃ε) · q̃ ′ε) · q̃

′

ε dt

−

∫ 2ε

0
〈0(q̃ε), q̃ ′ε, q̃ ′ε〉 dt +

∫ 2ε

0
F1,a(q̃ε)[A[q̃ε, gε]] dt. (6-3)

Then we pass to the limit as ε goes to 0+ in the last equality. Here we use two extra arguments with
respect to the corresponding argument in the proof of Lemma 17. On the one hand we see that the
convergences of Ma(q̃ε(2ε)) to Ma(q0) and of the two first terms of the last line to 0, already obtained
in the proof of Lemma 17, hold uniformly with respect to (q1, q ′1) in B((q0, q ′0), r2), as a consequence
of the uniform estimates of q̃ε − q0 and q̃ ′ε obtained above. On the other hand the term F1,a enjoys the
following regularity property with respect to q: we have that q 7→ F1,a(q)[A[q, ḡ(q0, v)]] is Lipschitz
with respect to q in Qδ uniformly for v in bounded sets of R3. Therefore using that supt∈[0,2ε] |q̃ε − q0|

converges to 0 as ε goes to 0 uniformly in (q1, q ′1) in B((q0, q ′0), r2), the expressions of v0 and v1 in (5-3)
and that F1,a(q0)[A[q0, ḡ(q0,−2v0)]] = v0, according to Proposition 19 we deduce that

sup
t∈[0,2ε]

|F1,a(q̃ε)[A[q̃ε, ḡ(q0,−2v0)]] − v0|

converges to 0 as ε goes to 0 uniformly in (q1, q ′1) in B((q0, q ′0), r2). Since for t in [0, 2ε], (5-15) applied
to q = q̃ε is simplified into

F1,a(q̃ε)[A[q̃ε, gε]] = β2
ε (t)F1,a(q̃ε)[A[q̃ε, ḡ(q0,−2v0)]],

and
∫ 2ε

0 β2
ε (t) dt = 1, we get that the last term in (6-3) converges to v0 when ε goes to 0. Moreover, due

to the choice of v0 the first and last terms of the right-hand side of (6-3) can be combined at the limit to
get (Mg +Ma(q0))c0(q1).
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Therefore, inverting the matrix in the right-hand side of (6-3) and passing to the limit, we see that
q̃ ′ε(2ε) converges to c0(q1) as ε goes to 0 uniformly in (q1, q ′1) in B((q0, q ′0), r2).

When t is in [2ε, T − 2ε], (6-1) reduces to a geodesic equation so that the same arguments as in the
proof of Lemma 17 apply.

Finally for the last step, for t in [T − 2ε, T ] we proceed in the same way as in the first step. This ends
the proof of Proposition 21.

6C. Proof of Proposition 22. We begin with the following lemma, which provides a uniform boundedness
for the trajectories qε,0 satisfying (5-16) with γ = 0, that is,

(Mg +Ma(qε,0))q ′′ε,0+〈0(qε,0), q ′ε,0, q ′ε,0〉

= F1,a(qε,0)[A[qε,0, gε]] + F1,b(qε,0, q ′ε,0)[A[qε,0, gε]] + F2(qε,0)[∂tA[qε,0, gε]]. (6-4)

We recall that gε is given by (5-14) with v0 and v1 given by (5-3). The terms F1,a and F1,b were defined
in (5-8), (5-9), and F2 in (2-18). Also we recall that by the definition of Tε,0 (see the definition of Tε,γ in
the end of Section 5C), during the time interval [0, Tε,0], the trajectory qε,0 remains in B(q0, r1).

Lemma 24. There exists εa > 0 such that

sup
(q1,q ′1)∈B((q0,q ′0),r2)

ε∈(0,εa]

‖q ′ε,0‖C([0,Tε,0]) <+∞.

Proof. First we see that the mappings

q 7→ F1,a(q)[A[q, ḡ(q0, v)]] and q 7→ F1,b(q, · )[A[q, ḡ(q0, v)]]

are bounded for q in Qδ, uniformly for v in bounded sets of R3. Let us now focus on the F2 term. For t
in [0, 2ε], we have gε(t)= βε(t)ḡ(q0,−2v0) so that, by the chain rule, for t in [0,min(2ε, Tε,0)],

∂tA[qε,0, gε] = βεDqA[qε,0, ḡ(q0,−2v0)] · q ′ε,0+β
′

εA[qε,0, ḡ(q0,−2v0)].

Concerning F2 we have, using the property (5-13),

F2(qε,0)[∂tA[qε,0, gε]]

= βε

∫
∂S(qε,0)

(DqA[qε,0, ḡ(q0,−2v0)] · q ′ε,0) ∂n8(qε,0, · ) dσ

+β ′ε

(∫
∂S(qε,0)

A[qε,0, ḡ(q0,−2v0)] ∂n8(qε,0, · ) dσ −
∫
∂S(q0)

A[q0, ḡ(q0,−2v0)] ∂n8(q0, · ) dσ
)
.

Using that the mapping q 7→
∫
∂S(q) ∇qA[q, ḡ(q0, v)]⊗∂n8(q, · ) dσ is bounded for q over Qδ and that

the mapping q 7→
∫
∂S(q)A[q, ḡ(q0, v)] ∂n8(q, · ) dσ is Lipschitz with respect to q in Qδ , both uniformly

for v in bounded sets of R3, we see that this involves (recalling the expression of βε given at the beginning
of Section 5B)

|F2(qε,0)[∂tA[qε,0, gε]]|. C
(

1
ε1/2 |q

′

ε,0| +
1
ε3/2 |qε,0− q0|

)
, (6-5)
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uniformly for (q1, q ′1) in B((q0, q ′0), r2). Then, multiplying (6-4) by q ′ε,0 and using once more the identity
(2-15), we obtain, for any ε in (0, 1), for t in [0,min(2ε, Tε,0)]

(Mg+Ma(qε,0(t)))q ′ε,0(t)·q
′

ε,0(t)

= (Mg+Ma(q0))q ′0·q
′

0

+2
∫ t

0

(
F1,a(qε,0)[A[qε,0,gε]]+F1,b(qε,0,q ′ε,0)[A[qε,0,gε]]+F2(qε,0)[∂tA[qε,0,gε]]

)
·q ′ε,0. (6-6)

Then, using (5-5), the boundedness of the mappings

q 7→ F1,a(q)[A[q, ḡ(q0, v)]] and q 7→ F1,b(q, · )[A[q, ḡ(q0, v)]]

already mentioned above, the definition of βε and the bound (6-5), we get

|q ′ε,0(t)|
2
≤ C

(
1+

1
ε1/2

∫ t

0
|q ′ε,0(s)|

2 ds+
1
ε3/2

∫ t

0
|q ′ε,0(s)||qε,0(s)− q0| ds

)
.

Then using the mean value theorem and that t ≤ 2ε, we have

|q ′ε,0(t)|
2
≤ C

(
1+ ε1/2 sup

[0,min(2ε,Tε,0)]
|q ′ε,0|

2),
so that for ε small enough, and for t in [0,min(2ε, Tε,0)], |q ′ε,0(t)| ≤ C , uniformly for (q1, q ′1) in
B((q0, q ′0), r2). As a consequence of the usual blow-up criterion for ODEs, we have Tε,0 ≥ 2ε.

During the next phase, i.e., for t in [2ε, T − 2ε], the control is inactive so that (6-4) is a geodesic
equation. Then by a simple energy estimate we get again that |q ′ε,0(t)| ≤ C on [0,min(T − 2ε, Tε,0)].

Finally if Tε,0 ≥ T −2ε, then we deal with the last phase as in the first phase. This concludes the proof
of Lemma 24. �

We then conclude the proof of Proposition 22 by a classical comparison argument using Gronwall’s
lemma and the Lipschitz regularity with respect to q of the various mappings involved (Ma , 0, F1,a ,
F1,b and F2). This allows us to prove that there exists ε2 in (0, ε1] such that for any ε ∈ (0, ε2] we have
Tε,0 ≥ T and ‖q̃ε − qε,0‖C1([0,T ])→ 0 when ε→ 0+, uniformly for (q1, q ′1) in B((q0, q ′0), r2). This ends
the proof of Proposition 22.

6D. Proof of Proposition 23. First we may extend Lemma 24 to the solutions qε,γ to (5-16) in the
following manner.

Lemma 25. There exists εb in (0, ε2) such that ‖q ′ε,γ ‖C([0,Tε,γ ]) is bounded uniformly in ε ∈ (0, εb] for
any γ ∈ [−1, 1] and for (q1, q ′1) ∈ B((q0, q ′0), r2).

It is indeed a matter of adding the “electric field” E in (6-6), and noting that E is bounded on Qδ; the
“magnetic field” B gives no contribution to the energy.

We now finish the proof of Proposition 23. Using a comparison argument we obtain that there exists
ε3 in (0, εb] such that for all ε ∈ (0, ε3], there exists γ0 > 0 such that for any γ ∈ [−γ0, γ0], we have
Tε,γ ≥ T and ‖qε,γ − qε,0‖C1[0,T ] converges to 0 when γ → 0, uniformly for (q1, q ′1) in B((q0, q ′0), r2).
This concludes the proof of Proposition 23.
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7. Design of the control according to the solid position: proof of Proposition 19

This section is devoted to the proof of Proposition 19.

7A. The case of a homogeneous disk. Before proving Proposition 19 we establish the following similar
result concerning the simpler case where the solid is a homogeneous disk. In that case, the statement
merely considers q of the form q = (h, 0). Thus in order to simplify the writing, we introduce

Qh
δ := {h ∈ R2

: (h, 0) ∈Qδ}.

Also throughout this section when we will write q, it will be understood that q is associated with h by
q = (h, 0).

Proposition 26. Let δ > 0. Then there exists a continuous mapping ḡ :Qh
δ×R2

→ C such that the function
ᾱ :=A[q, ḡ(q, v)] in C∞(F(q);R) satisfies

1ᾱ(q, x)= 0 in F(q) and ∂nᾱ(q, x)= 0 on ∂F(q) \6, (7-1)∫
∂S(q)
|∇ᾱ(q, x)|2n dσ = v, (7-2)∫

∂S(q)
ᾱ(q, x)n dσ = 0. (7-3)

In order to prove Proposition 26, the mapping ḡ will be constructed using a combination of some
elementary functions which we introduce in several lemmas.

To begin with, we will make use of the elementary geometrical property that {n(q0, x) : x ∈ ∂S(q0)} is
the unit circle S1 and of the following lemma.

Lemma 27. There exist three vectors e1, e2, e3∈{n(q0, x) : x ∈∂S(q0)} and positive C∞ maps (µi )16i63 :

R2
→ R+ such that for any v ∈ R2

3∑
i=1

µi (v)ei = v. (7-4)

Proof. One may consider for instance e1 := (1, 0), e2 := (0, 1), e3 := (−1,−1), and

µ1(v)= v1+
√

1+ |v1|2+ |v2|2, µ2(v)= v2+
√

1+ |v1|2+ |v2|2, µ3(v)=
√

1+ |v1|2+ |v2|2. �

In the next lemma, we introduce some functions that are defined in a neighborhood of ∂S(q0) (for
some q0 = (h0, 0) fixed), satisfying some counterparts of the properties (7-1) and (7-2).

Lemma 28. There exist families of functions (α̃i, j
ε )ε∈(0,1), i, j ∈ {1, 2, 3}, such that for any i, j ∈ {1, 2, 3},

for any ε ∈ (0, 1) the function α̃i, j
ε is defined and harmonic in a closed neighborhood V i, j

ε of ∂S(q0) and
satisfies ∂nα̃

i, j
ε = 0 on ∂S(q0), and moreover one has for any i, j, k, l in {1, 2, 3},∫

∂S(q0)

∇α̃i, j
ε · ∇α̃

k,l
ε n dσ → δ(i, j),(k,l)ei as ε→ 0+.
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Proof. Without loss of generality, we may suppose that S(q0) is the unit disk. Consider the parametrization
{c(s) = (cos(s), sin(s)) : s ∈ [0, 2π ]} of ∂S(q0) and the corresponding si such that n(q0, c(si )) = ei ,
i ∈ {1, 2, 3}.

We consider families of smooth functions β i, j
ε : [0, 2π ] → R, i, j ∈ {1, 2, 3}, ε ∈ (0, 1), such that

suppβ i, j
ε ∩ suppβk,l

ε =∅ whenever (i, j) 6= (k, l), diam(suppβ i, j
ε )→ 0 as ε→ 0+,∫ 2π

0
β i, j
ε (s) dσ = 0 and

∣∣∣∣∫ 2π

0
|β i, j
ε (s)|

2n(q0, c(s)) ds− ei

∣∣∣∣→ 0 as ε→ 0+.

Then we define α̃i, j
ε in polar coordinates as the truncated Laurent series

α̃i, j
ε (r, ϑ) :=

1
2

∑
0<k≤K

1
k

(
r k
+

1
r k

)
(−b̂i, j

k,ε cos(kϑ)+ âi, j
k,ε sin(kϑ)),

where âi, j
k,ε and b̂i, j

k,ε denote the k-th Fourier coefficients of the function β i, j
ε . It is elementary to check that

the function α̃i, j
ε satisfies the required properties for an appropriate choice of K . �

Now, for any h ∈Qh
δ , we may define

V i, j
ε (q) := V i, j

ε − h0+ h,

which is a neighborhood of ∂S(q), and

α̃i, j
ε (q, x) := α̃i, j

ε (x + h0− h)

for each x ∈ V i, j
ε (q). We have for i, j, k, l in {1, 2, 3},∫

∂S(q)
∇α̃i, j

ε (q, x) · ∇α̃k,l
ε (q, x)n(q, x) dσ =

∫
∂S(q0)

∇α̃i, j
ε (x) · ∇α̃

k,l
ε (x)n(q0, x) dσ.

Proceeding as in [Glass 2001] (see also [Glass 2012, p. 147–149]) and relying in particular Runge’s
theorem, we have the following result which asserts the existence of harmonic approximate extensions on
the whole fluid domain.

Lemma 29. There exists a family of functions (αi, j
η )η∈(0,1), i, j ∈ {1, 2, 3}, harmonic in F(q), satisfying

∂nα
i, j
η (q, x)= 0 on ∂F(q) \6, with for any k in N,

‖αi, j
η (q, · )− α̃

i, j
ε (q, · )‖Ck(V i, j

ε (q)∩F(q))→ 0 when η→ 0+. (7-5)

We now check that the above construction can be made continuous in q .

Lemma 30. For any ν > 0, there exist continuous mappings h ∈ Qh
δ 7→ ᾱi, j (q, · ) ∈ C∞(F(q)), where

q = (h, 0), i, j ∈ {1, 2, 3}, such that for any h ∈Qh
δ we have 1x ᾱ

i, j (q, x)= 0 in F(q), ∂nᾱ
i, j (q, x)= 0

on ∂F(q) \6 and ∣∣∣∣∫
∂S(q)
∇ᾱi, j (q, · ) · ∇ᾱk,l(q, · )n dσ − δ(i, j),(k,l)ei

∣∣∣∣≤ ν. (7-6)
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Proof. Let us assume that the functions αi, j
η were previously defined not only for h ∈Qh

δ but for h ∈Qh
δ ;

this is possible by using a smaller δ. Hence we may for each h ∈Qh
δ find functions αi, j

η (for some η > 0)
satisfying the properties above, and in particular such that (7-6) is valid.

Next we observe that for any h ∈ Qh
δ , setting q = (h, 0), the unique solution α̂i, j

η (q̃, q, · ) (up to an
additive constant) to the Neumann problem

1x α̂
i, j
η (q̃, q, x)= 0 in F(q̃),

∂nα̂
i, j
η (q̃, q, x)= 0 on ∂F(q̃) \6,

∂nα̂
i, j
η (q̃, q, x)= ∂nα

i, j
η (q, x) on 6,

is continuous with respect to q̃ ∈Qδ . It follows that when a family of functions αi, j
η satisfies (7-6) at some

point h ∈Qh
δ , it satisfies (7-6) (with perhaps 2ν in the right-hand side) in some neighborhood of h. Since

Qh
δ is compact and can be covered with such neighborhoods, one can extract a finite subcover and use a

partition of unity (according to the variable q) adapted to this subcover to conclude: one gets an estimate
like (7-6) with Cν on the right-hand side (for some constant C). It is then just a matter of considering
ν/C rather than ν at the beginning. �

Finally our basic building blocks to prove Proposition 26 are given in the following lemma, where we
can add the constraint (7-3).

Lemma 31. For any ν > 0, there exist continuous mappings q = (h, 0) ∈ Qδ 7→ ᾱi (q, · ) ∈ C∞(F(q)),
i ∈ {1, 2, 3}, such that for any q = (h, 0) ∈ Qδ we have 1x ᾱ

i (q, x) = 0 in F(q), ∂nᾱ
i (q, x) = 0 on

∂F(q) \6 and ∣∣∣∣∫
∂S(q)
∇ᾱi (q, · ) · ∇ᾱ j (q, · )n dσ − δi, j ei

∣∣∣∣≤ ν, (7-7)∫
∂S(q)

ᾱi (q, · )n dσ = 0. (7-8)

Proof. Consider the functions ᾱi, j given by Lemma 30. For any q = (h, 0) ∈ Qδ, for any i ∈ {1, 2, 3}
the three vectors

∫
∂S(q) ᾱ

i, j (q, · )n dσ , where j ∈ {1, 2, 3}, are linearly dependent in R2; therefore there
exists λi, j (q) ∈ R such that

3∑
j=1

λi, j (q)
∫
∂S(q)

ᾱi, j (q, · )n dσ = 0 and
3∑

j=1

|λi, j (q)|2 = 1. (7-9)

Then one defines ᾱi (q, · ) :=
∑3

j=1 λ
i, j (q)ᾱi, j (q, · ), and one checks that it satisfies (7-7) with some Cν

in the right-hand side. Again changing ν in ν/C allows us to conclude. �

We are now in position to prove Proposition 26.

Proof of Proposition 26. Let δ > 0. Let ν > 0. We define the mapping S which with (h, v) ∈Qh
δ ×R2

associates the function

α̃(q, · ) :=
3∑

i=1

√
µi (v)ᾱi (q, · ),
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in C∞(F(q)), where the functions µi were introduced in Lemma 27 and the functions ᾱi were introduced
in Lemma 31. Next we define T :Qh

δ ×R2
→Qh

δ ×R2 by

(h, v) 7→ (T1, T2)(h, v) :=
(

h,
∫
∂S(q)
|∇α̃(q, · )|2n dσ

)
, where α̃ = S(h, v).

Using (7-4) and (7-7), one checks that T is smooth and that

∂T2

∂v
= Id+O(ν).

Hence taking ν sufficiently small, we see that ∂T2/∂v is invertible; hence ∂T /∂(h, v) is invertible.
Consequently one can use the inverse function theorem on T : for each h0 ∈ Qh

δ it realizes a local
diffeomorphism at(h0, 0), and hence on Qh

δ × B(0, r) for r > 0 small enough. This gives the result of
Proposition 26 for v small: given (h, v) ∈Qh

δ × B(0, r), we let (h, ṽ) := T −1(h, v). Then the functions
ᾱ :=

∑3
i=1

√
µi (ṽ)ᾱi (q, · ) and ḡ := 16 ∂nᾱ satisfy the requirements. The general case follows by the

linearity of (7-1) and (7-3) and by the homogeneity of (7-2). This ends the proof of Proposition 26. �

7B. The case when S0 is not a disk. We now get back to the proof of Proposition 19. We will denote
by coni(A) the conical hull of A, namely

coni(A) :=
{ k∑

i=1

λi ai : k ∈ N∗, λi ≥ 0, ai ∈ A
}
.

The first step is the following elementary geometric lemma.

Lemma 32. Let S0 ⊂� bounded, closed, simply connected with smooth boundary, which is not a disk.
Then coni{(n(x), (x − h0)

⊥
· n(x)) : x ∈ ∂S0} = R3.

Proof. Suppose the contrary. Then there exists a plane separating (in the large sense) the origin in R3

from the set coni({(n(x), (x−h0)
⊥
·n(x)) : x ∈ ∂S0}). We claim that a normal vector to this plane can be

put in the form (a, b, 1), with a, b ∈ R. Indeed, otherwise it would need to be of the form (a, b, 0), and
the separation inequality would give (a, b) · n(x) ≥ 0 for all x ∈ ∂S0. However, since ∂S0 is a smooth,
closed curve, the set {n(x) : x ∈ ∂S0} is the unit circle of R2; therefore we have a contradiction.

Now we deduce that we have the separation property

(a, b) · n(x)+ (x − h0)
⊥
· n(x)≥ 0 for all x ∈ ∂S0.

Setting w = (a, b)− h⊥0 , this translates into (w+ x⊥) · n(x)≥ 0. But using Green’s formula, we get

0≤
∫
∂S0

(w+ x⊥) · n(x) dσ =
∫
S0

div(w+ x⊥) dx = 0,

and consequently, we deduce that (w+x⊥)·n(x)=0 for all x in ∂S0. This is equivalent to (x−w⊥)·τ(x)=0
for all x in ∂S0. Parametrizing the translated curve ∂S0 − w

⊥ by {c(s) : s ∈ [0, 1]}, it follows that
c(s) · ċ(s)= 0, for all s in [0, 1], and therefore |c(s)|2 is constant. This means that ∂S0−w

⊥ is a circle,
so S0 is a disk, which is a contradiction. �
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Fix q0 ∈ Qδ . Recalling the definitions of the Kirchhoff potentials in (2-2) and (2-3), we infer from the
previous lemma that

coni{∂n8(q0, x) : x ∈ ∂S0} = R3.

In place of Lemma 27, we have the following lemma which is a straightforward consequence of Lemma 32
and of a repeated application of Carathéodory’s theorem on the convex hull.

Lemma 33. There are some (xi )i∈{1,...,16} in ∂S0 and positive continuous mappings µi : R3
→ R,

16 i 6 16, v 7→ µi (v), such that
16∑

i=1

µi (v)∂n8(q0, xi )= v.

We are now in position to establish Proposition 19. We deduce from Lemma 33 that for any q :=
(h, ϑ) ∈Qδ, for any v in R3

16∑
i=1

µi (v) ∂n8(q, xi (q))=R(ϑ)v,

where xi (q) := R(ϑ)(xi − h0)+ h and R(ϑ) denotes the 3× 3 rotation matrix defined by

R(ϑ) :=
(

R(ϑ) 0
0 1

)
.

Due to the Riemann mapping theorem, there exists a biholomorphic mapping9 :C\B(0, 1)→C\S(q)
with ∂S(q) = 9(∂B(0, 1)), where C denotes the Riemann sphere. We consider the parametrizations
{c(s) = (cos(s), sin(s)) : s ∈ [0, 2π ]} of ∂B(0, 1) and {9(c(s)) : s ∈ [0, 2π ]} of ∂S(q), and the corre-
sponding si such that xi (q)=9(c(si )) for i ∈ {1, . . . , 16}.

Then, for any smooth function α : ∂S(q)→ R, due to the Cauchy–Riemann relations, we have

∂nα(9(x))=
1

√
| det(D9(x))|

∂nB (α ◦9)(x),∫
∂S(q)
|∇α(x)|2 ∂n8(q, x) dσ =

∫
∂B(0,1)

|∇α(9(x))|2 ∂nB8(q, 9(x))
1

√
| det(D9(x))|

dσ

for any x ∈ ∂B(0, 1), where n and nB respectively denote the normal vectors on ∂S(q) and ∂B(0, 1).
Note that, since 9 is invertible, we have | det(D9(x))|> 0 for any x ∈ ∂B(0, 1).

For each ε > 0, i ∈ {1, . . . , 16}, j ∈ {1, 2, 3, 4} (here the index j belongs to {1, 2, 3, 4} rather
than {1, 2, 3} in order to adapt the linear dependence argument of Lemma 31 to the case of the three
linear constraints (5-13)), we consider families of smooth functions β i, j

ε : [0, 2π ] → R satisfying
suppβ i, j

ε ∩ suppβk,l
ε =∅ for (i, j) 6= (k, l), diam(suppβ i, j

ε )→ 0 as ε→ 0+,∫ 2π

0
β i, j
ε (s) ds = 0,

and ∣∣∣∣∫ 2π

0
|β i, j
ε (s)|

2 ∂n8(q, c(s))
1

√
| det(D9(c(s)))|

ds− ẽi

∣∣∣∣→ 0 as ε→ 0+,



682 OLIVIER GLASS, JÓZSEF J. KOLUMBÁN AND FRANCK SUEUR

where

ẽi :=
1

√
| det(D9(c(si )))|

∂n8(q, xi (q)).

Then one may proceed essentially as in the proof of Proposition 26. The details are therefore left to
the reader.

Acknowledgements

We would like to thank Jimmy Lamboley and Alexandre Munnier for helpful conversations on shape
differentiation. The authors also thank the Agence Nationale de la Recherche, Project DYFICOLTI, grant
ANR-13-BS01-0003-01 and Project IFSMACS, grant ANR-15-CE40-0010 for their financial support.
Sueur was also partially supported by the Agence Nationale de la Recherche, Project SINGFLOWS
grant ANR-18-CE40-0027-01, Project BORDS, grant ANR-16-CE40-0027-01, the Conseil Régional
d’Aquitaine, grant 2015.1047.CP, The Simone and Cino Del Duca Foundation, and the H2020-MSCA-
ITN-2017 program, Project ConFlex, grant ETN-765579. Furthermore, Kolumbán would also like to
thank the Fondation Sciences Mathématiques de Paris for their support in the form of the PGSM Phd
Fellowship.

References

[Aronsson 1973] G. Aronsson, “Global controllability and bang-bang steering of certain nonlinear systems”, SIAM J. Control
11:4 (1973), 607–619. MR Zbl

[Boulakia and Guerrero 2013] M. Boulakia and S. Guerrero, “Local null controllability of a fluid-solid interaction problem in
dimension 3”, J. Eur. Math. Soc. 15:3 (2013), 825–856. MR Zbl

[Boulakia and Osses 2008] M. Boulakia and A. Osses, “Local null controllability of a two-dimensional fluid-structure interaction
problem”, ESAIM Control Optim. Calc. Var. 14:1 (2008), 1–42. MR Zbl

[Bressan 1996] A. Bressan, “Impulsive control systems”, pp. 1–22 in Nonsmooth analysis and geometric methods in deterministic
optimal control (Minneapolis, MN, 1993), edited by B. S. Mordukhovich and H. J. Sussmann, IMA Vol. Math. Appl. 78,
Springer, 1996. MR Zbl

[Brunovský and Lobry 1975] P. Brunovský and C. Lobry, “Controlabilité bang bang, controlabilité différentiable, et perturbation
des systèmes non linéaires”, Ann. Mat. Pura Appl. (4) 105 (1975), 93–119. MR Zbl

[Chambrion and Munnier 2012] T. Chambrion and A. Munnier, “Generic controllability of 3D swimmers in a perfect fluid”,
SIAM J. Control Optim. 50:5 (2012), 2814–2835. MR Zbl

[Coron 1993] J.-M. Coron, “Contrôlabilité exacte frontière de l’équation d’Euler des fluides parfaits incompressibles bidimen-
sionnels”, C. R. Acad. Sci. Paris Sér. I Math. 317:3 (1993), 271–276. MR Zbl

[Coron 1996] J.-M. Coron, “On the controllability of the 2-D incompressible Navier–Stokes equations with the Navier slip
boundary conditions”, ESAIM Control Optim. Calc. Var. 1 (1996), 35–75. MR Zbl

[Coron et al. 2017] J.-M. Coron, F. Marbach, and F. Sueur, “On the controllability of the Navier–Stokes equation in spite of
boundary layers”, pp. 162–180 in Mathematical analysis of viscous incompressible fluid (Kyoto, 2016), edited by Y. Maekawa,
RIMS Kôkyûroku 2058, Kyoto Univ. Inst. Math. Anal., 2017.

[Coron et al. 2020] J.-M. Coron, F. Marbach, and F. Sueur, “Small-time global exact controllability of the Navier–Stokes
equation with Navier slip-with-friction boundary conditions”, J. Eur. Math. Soc. 22:5 (2020), 1625–1673.

[Gaines 1969] R. Gaines, “Continuous dependence for two-point boundary value problems”, Pacific J. Math. 28:2 (1969),
327–336. MR Zbl

http://dx.doi.org/10.1137/0311047
http://msp.org/idx/mr/0401252
http://msp.org/idx/zbl/0271.49019
http://dx.doi.org/10.4171/JEMS/378
http://dx.doi.org/10.4171/JEMS/378
http://msp.org/idx/mr/3085093
http://msp.org/idx/zbl/1264.35163
http://dx.doi.org/10.1051/cocv:2007031
http://dx.doi.org/10.1051/cocv:2007031
http://msp.org/idx/mr/2375750
http://msp.org/idx/zbl/1149.35068
http://dx.doi.org/10.1007/978-1-4613-8489-2_1
http://msp.org/idx/mr/1411704
http://msp.org/idx/zbl/0864.49023
http://dx.doi.org/10.1007/BF02414925
http://dx.doi.org/10.1007/BF02414925
http://msp.org/idx/mr/0433302
http://msp.org/idx/zbl/0316.93007
http://dx.doi.org/10.1137/110828654
http://msp.org/idx/mr/3022088
http://msp.org/idx/zbl/1320.76131
http://msp.org/idx/mr/1233425
http://msp.org/idx/zbl/0781.76013
http://dx.doi.org/10.1051/cocv:1996102
http://dx.doi.org/10.1051/cocv:1996102
http://msp.org/idx/mr/1393067
http://msp.org/idx/zbl/0872.93040
http://www.kurims.kyoto-u.ac.jp/~kyodo/kokyuroku/contents/pdf/2058-11.pdf
http://www.kurims.kyoto-u.ac.jp/~kyodo/kokyuroku/contents/pdf/2058-11.pdf
http://dx.doi.org/10.4171/JEMS/952
http://dx.doi.org/10.4171/JEMS/952
http://dx.doi.org/10.2140/pjm.1969.28.327
http://msp.org/idx/mr/0240379
http://msp.org/idx/zbl/0182.11703


EXTERNAL BOUNDARY CONTROL OF THE MOTION OF A RIGID BODY 683

[Glass 2000] O. Glass, “Exact boundary controllability of 3-D Euler equation”, ESAIM Control Optim. Calc. Var. 5 (2000), 1–44.
MR Zbl

[Glass 2001] O. Glass, “An addendum to a J. M. Coron theorem concerning the controllability of the Euler system for 2D
incompressible inviscid fluids”, J. Math. Pures Appl. (9) 80:8 (2001), 845–877. MR Zbl

[Glass 2012] O. Glass, “Some questions of control in fluid mechanics”, pp. 131–206 in Control of partial differential equations
(Cetraro, Italy, 2010), edited by P. Cannarsa and J.-M. Coron, Lecture Notes in Math. 2048, Springer, 2012. MR

[Glass and Horsin 2010] O. Glass and T. Horsin, “Approximate Lagrangian controllability for the 2-D Euler equation: application
to the control of the shape of vortex patches”, J. Math. Pures Appl. (9) 93:1 (2010), 61–90. MR Zbl

[Glass and Horsin 2012] O. Glass and T. Horsin, “Prescribing the motion of a set of particles in a three-dimensional perfect
fluid”, SIAM J. Control Optim. 50:5 (2012), 2726–2742. MR Zbl

[Glass and Horsin 2016] O. Glass and T. Horsin, “Lagrangian controllability at low Reynolds number”, ESAIM Control Optim.
Calc. Var. 22:4 (2016), 1040–1053. MR Zbl

[Glass and Rosier 2013] O. Glass and L. Rosier, “On the control of the motion of a boat”, Math. Models Methods Appl. Sci. 23:4
(2013), 617–670. MR Zbl

[Glass and Sueur 2012] O. Glass and F. Sueur, “The movement of a solid in an incompressible perfect fluid as a geodesic flow”,
Proc. Amer. Math. Soc. 140:6 (2012), 2155–2168. MR Zbl

[Glass and Sueur 2015] O. Glass and F. Sueur, “Uniqueness results for weak solutions of two-dimensional fluid-solid systems”,
Arch. Ration. Mech. Anal. 218:2 (2015), 907–944. MR Zbl

[Glass et al. 2012] O. Glass, F. Sueur, and T. Takahashi, “Smoothness of the motion of a rigid body immersed in an incompressible
perfect fluid”, Ann. Sci. Éc. Norm. Supér. (4) 45:1 (2012), 1–51. MR Zbl

[Glass et al. 2014] O. Glass, C. Lacave, and F. Sueur, “On the motion of a small body immersed in a two-dimensional
incompressible perfect fluid”, Bull. Soc. Math. France 142:3 (2014), 489–536. MR Zbl

[Glass et al. 2018] O. Glass, A. Munnier, and F. Sueur, “Point vortex dynamics as zero-radius limit of the motion of a rigid body
in an irrotational fluid”, Invent. Math. 214:1 (2018), 171–287. MR Zbl

[Grasse 1981] K. A. Grasse, “Perturbations of nonlinear controllable systems”, SIAM J. Control Optim. 19:2 (1981), 203–220.
MR Zbl

[Grasse 1982] K. A. Grasse, “Nonlinear perturbations of control-semilinear control systems”, SIAM J. Control Optim. 20:3
(1982), 311–327. MR Zbl

[Henrot and Pierre 2005] A. Henrot and M. Pierre, Variation et optimisation de formes: une analyse géométrique, Math. Appl.
48, Springer, 2005. MR Zbl

[Houot et al. 2010] J. G. Houot, J. San Martin, and M. Tucsnak, “Existence of solutions for the equations modeling the motion
of rigid bodies in an ideal fluid”, J. Funct. Anal. 259:11 (2010), 2856–2885. MR Zbl

[Imanuvilov and Takahashi 2007] O. Imanuvilov and T. Takahashi, “Exact controllability of a fluid-rigid body system”, J. Math.
Pures Appl. (9) 87:4 (2007), 408–437. MR Zbl

[Kolumbán 2020] J. Kolumbán, “Control at a distance of the motion of a rigid body immersed in a two-dimensional viscous
incompressible fluid”, J. Differential Equations 269:1 (2020), 764–831. MR Zbl

[Lohéac and Munnier 2014] J. Lohéac and A. Munnier, “Controllability of 3D low Reynolds number swimmers”, ESAIM
Control Optim. Calc. Var. 20:1 (2014), 236–268. MR Zbl

[Marsden and Ratiu 1994] J. E. Marsden and T. S. Ratiu, Introduction to mechanics and symmetry: a basic exposition of classical
mechanical systems, Texts in Appl. Math. 17, Springer, 1994. MR Zbl

[Munnier 2009] A. Munnier, “Locomotion of deformable bodies in an ideal fluid: Newtonian versus Lagrangian formalisms”,
J. Nonlinear Sci. 19:6 (2009), 665–715. MR Zbl

[Ortega et al. 2005] J. H. Ortega, L. Rosier, and T. Takahashi, “Classical solutions for the equations modelling the motion of a
ball in a bidimensional incompressible perfect fluid”, M2AN Math. Model. Numer. Anal. 39:1 (2005), 79–108. MR Zbl

[Ortega et al. 2007] J. Ortega, L. Rosier, and T. Takahashi, “On the motion of a rigid body immersed in a bidimensional
incompressible perfect fluid”, Ann. Inst. H. Poincaré Anal. Non Linéaire 24:1 (2007), 139–165. MR Zbl

http://dx.doi.org/10.1051/cocv:2000100
http://msp.org/idx/mr/1745685
http://msp.org/idx/zbl/0940.93012
http://dx.doi.org/10.1016/S0021-7824(01)01210-7
http://dx.doi.org/10.1016/S0021-7824(01)01210-7
http://msp.org/idx/mr/1860818
http://msp.org/idx/zbl/1134.93314
http://dx.doi.org/10.1007/978-3-642-27893-8_3
http://msp.org/idx/mr/3220860
http://dx.doi.org/10.1016/j.matpur.2009.08.006
http://dx.doi.org/10.1016/j.matpur.2009.08.006
http://msp.org/idx/mr/2579376
http://msp.org/idx/zbl/1180.35531
http://dx.doi.org/10.1137/110845744
http://dx.doi.org/10.1137/110845744
http://msp.org/idx/mr/3022084
http://msp.org/idx/zbl/1263.76018
http://dx.doi.org/10.1051/cocv/2016032
http://msp.org/idx/mr/3570493
http://msp.org/idx/zbl/1388.93020
http://dx.doi.org/10.1142/S0218202512500571
http://msp.org/idx/mr/3021777
http://msp.org/idx/zbl/1355.35148
http://dx.doi.org/10.1090/S0002-9939-2011-11219-X
http://msp.org/idx/mr/2888201
http://msp.org/idx/zbl/1261.76009
http://dx.doi.org/10.1007/s00205-015-0876-8
http://msp.org/idx/mr/3375542
http://msp.org/idx/zbl/06481060
http://dx.doi.org/10.24033/asens.2159
http://dx.doi.org/10.24033/asens.2159
http://msp.org/idx/mr/2961786
http://msp.org/idx/zbl/1311.35217
http://dx.doi.org/10.24033/bsmf.2672
http://dx.doi.org/10.24033/bsmf.2672
http://msp.org/idx/mr/3295721
http://msp.org/idx/zbl/1329.76048
http://dx.doi.org/10.1007/s00222-018-0802-4
http://dx.doi.org/10.1007/s00222-018-0802-4
http://msp.org/idx/mr/3858400
http://msp.org/idx/zbl/06955477
http://dx.doi.org/10.1137/0319015
http://msp.org/idx/mr/605616
http://msp.org/idx/zbl/0457.93014
http://dx.doi.org/10.1137/0320024
http://msp.org/idx/mr/652209
http://msp.org/idx/zbl/0485.49025
http://dx.doi.org/10.1007/3-540-37689-5
http://msp.org/idx/mr/2512810
http://msp.org/idx/zbl/1098.49001
http://dx.doi.org/10.1016/j.jfa.2010.07.006
http://dx.doi.org/10.1016/j.jfa.2010.07.006
http://msp.org/idx/mr/2719277
http://msp.org/idx/zbl/1200.35222
http://dx.doi.org/10.1016/j.matpur.2007.01.005
http://msp.org/idx/mr/2317341
http://msp.org/idx/zbl/1124.35056
http://dx.doi.org/10.1016/j.jde.2019.12.021
http://dx.doi.org/10.1016/j.jde.2019.12.021
http://msp.org/idx/mr/4081538
http://msp.org/idx/zbl/07188432
http://dx.doi.org/10.1051/cocv/2013063
http://msp.org/idx/mr/3182699
http://msp.org/idx/zbl/1366.93057
http://dx.doi.org/10.1007/978-1-4612-2682-6
http://dx.doi.org/10.1007/978-1-4612-2682-6
http://msp.org/idx/mr/1304682
http://msp.org/idx/zbl/0811.70002
http://dx.doi.org/10.1007/s00332-009-9047-0
http://msp.org/idx/mr/2559025
http://msp.org/idx/zbl/1178.74055
http://dx.doi.org/10.1051/m2an:2005002
http://dx.doi.org/10.1051/m2an:2005002
http://msp.org/idx/mr/2136201
http://msp.org/idx/zbl/1087.35081
http://dx.doi.org/10.1016/j.anihpc.2005.12.004
http://dx.doi.org/10.1016/j.anihpc.2005.12.004
http://msp.org/idx/mr/2286562
http://msp.org/idx/zbl/1168.35038


684 OLIVIER GLASS, JÓZSEF J. KOLUMBÁN AND FRANCK SUEUR

[Rosier and Rosier 2009] C. Rosier and L. Rosier, “Smooth solutions for the motion of a ball in an incompressible perfect fluid”,
J. Funct. Anal. 256:5 (2009), 1618–1641. MR Zbl

[Yudovich 1962] V. I. Yudovich, “The flow of a perfect, incompressible liquid through a given region”, Dokl. Akad. Nauk SSSR
146 (1962), 561–564. In Russian; translated in Soviet Physics Dokl. 7 (1962), 789–791. MR Zbl

Received 13 Jul 2017. Revised 23 Oct 2018. Accepted 18 Apr 2019.

OLIVIER GLASS: glass@ceremade.dauphine.fr
CEREMADE, UMR CNRS 7534, Université de Paris-Dauphine, PSL Research University, Paris, France

JÓZSEF J. KOLUMBÁN: jozsef.kolumban@math.uni-leipzig.de
Institut für Mathematik, Universität Leipzig, Leipzig, Germany

FRANCK SUEUR: franck.sueur@math.u-bordeaux.fr
Institut Universitaire de France, Bordeaux INP, Institut de Mathématiques de Bordeaux, UMR 5251, Université de Bordeaux,
Talence, France

mathematical sciences publishers msp

http://dx.doi.org/10.1016/j.jfa.2008.10.024
http://msp.org/idx/mr/2490232
http://msp.org/idx/zbl/1173.35105
http://mi.mathnet.ru/eng/dan27018
http://msp.org/idx/mr/0163529
http://msp.org/idx/zbl/0139.20502
mailto:glass@ceremade.dauphine.fr
mailto:jozsef.kolumban@math.uni-leipzig.de
mailto:franck.sueur@math.u-bordeaux.fr
http://msp.org


Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Patrick Gérard
patrick.gerard@math.u-psud.fr

Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Massimiliano Berti Scuola Intern. Sup. di Studi Avanzati, Italy
berti@sissa.it

Michael Christ University of California, Berkeley, USA
mchrist@math.berkeley.edu

Charles Fefferman Princeton University, USA
cf@math.princeton.edu

Ursula Hamenstaedt Universität Bonn, Germany
ursula@math.uni-bonn.de

Vadim Kaloshin University of Maryland, USA
vadim.kaloshin@gmail.com

Herbert Koch Universität Bonn, Germany
koch@math.uni-bonn.de

Izabella Laba University of British Columbia, Canada
ilaba@math.ubc.ca

Richard B. Melrose Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Frank Merle Université de Cergy-Pontoise, France
Frank.Merle@u-cergy.fr

William Minicozzi II Johns Hopkins University, USA
minicozz@math.jhu.edu

Clément Mouhot Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

Werner Müller Universität Bonn, Germany
mueller@math.uni-bonn.de

Gilles Pisier Texas A&M University, and Paris 6
pisier@math.tamu.edu

Tristan Rivière ETH, Switzerland
riviere@math.ethz.ch

Igor Rodnianski Princeton University, USA
irod@math.princeton.edu

Yum-Tong Siu Harvard University, USA
siu@math.harvard.edu

Terence Tao University of California, Los Angeles, USA
tao@math.ucla.edu

Michael E. Taylor Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

Gunther Uhlmann University of Washington, USA
gunther@math.washington.edu

András Vasy Stanford University, USA
andras@math.stanford.edu

Dan Virgil Voiculescu University of California, Berkeley, USA
dvv@math.berkeley.edu

Steven Zelditch Northwestern University, USA
zelditch@math.northwestern.edu

Maciej Zworski University of California, Berkeley, USA
zworski@math.berkeley.edu

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2020 is US $340/year for the electronic version, and $550/year (+$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers

http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:berti@sissa.it
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/


ANALYSIS & PDE
Volume 13 No. 3 2020

627On the gap between the Gamma-limit and the pointwise limit for a nonlocal approximation of
the total variation

CLARA ANTONUCCI, MASSIMO GOBBINO and NICOLA PICENNI

651External boundary control of the motion of a rigid body immersed in a perfect two-dimensional
fluid

OLIVIER GLASS, JÓZSEF J. KOLUMBÁN and FRANCK SUEUR

685Distance graphs and sets of positive upper density in Rd

NEIL LYALL and ÁKOS MAGYAR

701Isolated singularities for semilinear elliptic systems with power-law nonlinearity
MARIUS GHERGU, SUNGHAN KIM and HENRIK SHAHGHOLIAN

741Regularity of the free boundary for the vectorial Bernoulli problem
DARIO MAZZOLENI, SUSANNA TERRACINI and BOZHIDAR VELICHKOV

765On the discrete Fuglede and Pompeiu problems
GERGELY KISS, ROMANOS DIOGENES MALIKIOSIS, GÁBOR SOMLAI and MÁTÉ
VIZER

789Energy conservation for the compressible Euler and Navier–Stokes equations with vacuum
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