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THE GRADIENT FLOW OF THE MOBIUS ENERGY
e-REGULARITY AND CONSEQUENCES

SIMON BLATT

We study the gradient flow of the Mobius energy introduced by O’Hara (Topology 30:2 (1991), 241-247).
We will show a fundamental e-regularity result that allows us to bound the infinity norm of all derivatives
for some time if the energy is small on a certain scale. This result enables us to characterize the formation
of a singularity in terms of concentrations of energy and allows us to construct a blow-up profile at a
possible singularity. This solves one of the open problems listed by Zheng-Xu He (Comm. Pure Appl.
Math. 53:4 (2000), 399-431).

Ruling out blow-ups for planar curves, we will prove that the flow transforms every planar curve into a
round circle.

1. Introduction

In their seminal paper, Freedman, He, and Wang [Freedman et al. 1994] suggested the study of the negative
gradient flow of the Mobius energy introduced by O’Hara [1991]. For a closed curve y € C%'(R/1Z, R"),
[ > 0, this energy is given by

1 1
Blr)= - @1y )] dx dy, L1
) /f(R/IZ>2<IV(X)—y(y)I2 dy(x,y)2>|y Iy ldxdy (1-1)

where d,, (x, y) denotes the distance of the two points y (x), ¥ (y) along y. Among many other things,

Freedman, He, and Wang showed that curves of finite energy are tame and that the Mobius energy can
be minimized within every prime knot class. Abrams et al. [2003] proved that the circle minimizes the
energy among all closed curves. It is an open problem whether these energies can be minimized within
composite knot classes or not.

The evolution equation is governed by the law

dy =—Hy, (1-2)
where N
2 Pi(y(x+w)—yx)) ly'(x + w)| dw
H :=2p.v. Y _ )
yix) pv/_m( ratw—rorE ) rw -y P
and

/ !/
Pyl,w = w—<w, J/_/> )//
Y1y
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denotes the orthogonal projection onto the normal part along the curve y [Freedman et al. 1994,

Lemma 6.1]. Here, p.v. fi/ziz denotes Cauchy’s principal value, i.e., is an abbreviation for lim, g /| L.

where I, = [—1/2,1/2]\ (=&, ¢). '
If y is parametrized by arc-length, this further reduces to

2, pLt —
< (v (x +w) J/(x))_y,, )) dw (1-3)

H =2p.v. '
7o p“f [y (ot w) — y ()2 [y (et w) =y ()2

—12

Zheng-Xu He [2000, Theorem 2.1] observed that (1-2) is a quasilinear equation of third order and stated
a short-time existence result for smooth curves using the Nash—-Moser implicit function theorem. Using
refined estimates, in [Blatt 2012b] we proved short-time existence for embedded C>*%-curves by Banach’s
fixed-point theorem. Furthermore, we have shown, using a Lojasiewicz—Simon gradient estimate, that
local minimizers of the energy are attractive in the sense that there is a C?>T%-neighborhood of initial
data for which the flow exists for all time and converges to a local minimizer. Lin and Schwetlick [2010]
considered the elastic energy plus some positive multiple of the Mobius energy and the length. They
could show long-time existence for the related negative gradient flow and convergence to critical points
by essentially treating the flow as a perturbation of the elastic flow investigated in [Dziuk et al. 2002].

In this paper we derive an e-regularity result for the evolution equation (1-2) that will be essential in
the analysis of the long-time behavior of the flow. As for the Willmore flow [Kuwert and Schitzle 2002]
or the biharmonic and polyharmonic heat flow in the critical dimension [Lamm 2004; Gastel 2006] a
quantum of the energy has to concentrate whenever a singularity forms.

For any measurable subset A C R" we define the localized energy

1 1
Ea(y):= — ' "(y)| dx dy. 1-4
") //w1(A>)2<|)/(X)—V(y)l2 dy(x,y)2>|y (Ol Oldxdy (-

Theorem 3.1 (e-regularity). There are constants gy > 0 and Cy < 00, k € N, depending only on n and
E (yo) such that the following holds: Let vy, t € [0, T), be a maximal smooth solution of (1-2) and let
to €10, T), r > 0, be such that

sup Ep,(x)(¥) < €o.

xeRn
Then T > to+r> and

Ck
1053l < sy forall € (o o+ 7).

Though the structure of this result is similar to many well-known e-regularity results for critical
evolution equations, due to the nonlocality of the equation one has to develop new techniques in order
to prove this theorem. These techniques will certainly be applicable to other nonlocal geometric partial
differential equations. The main strategy is to consider the evolution of localized energies and derive
differential inequalities. Due to the nonlocality of the equation, however, nonlocal terms appear in
these inequalities which make it impossible to apply Gronwall’s lemma. We will see that instead a
“point-picking method” will help us out.
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As a first consequence of this result we prove the following concentration compactness alternative for
the flow.

Theorem 4.1 (characterization of singularities). Let y € C*°([0, T) x R/Z, R") be a maximal smooth
solution of (1-2). There is a constant ey > 0 depending only on n and E (yy) such that if T < oo there are
times ty T T, points x; € R", and radii ry |, 0, with

EBrk (xx) (ytk) Z &p-

If a singularity occurs, then, by choosing the points x; in the last theorem more carefully, we can
furthermore construct a so-called blow-up profile. It is simpler to formulate this theorem using the
intrinsically defined local energies

. 1 1
EN ()= / f ( - )|y’<x>| Y ()] dx dy.
B (o) dy (y,x0)<r Jdy(x,x0)<r |V(x) - V(y)|2 dy (x, Y)2

Theorem 4.2 (blow-up profile). There is an gy > O such that the following holds: Assume that y; is a

solution to (1-2) that develops a singularity in finite time, i.e., T < o0 and rj — 0. Then there are points x;
and times t; — T such that

int
Let us now choose the points x; € R and times t; € [0, T) such that

Sup E};I,tj(x)(ytj) S Ean)t, (x)(yt]) = &0,

t€[0,4],xel’;
and let y; be reparametrizations by arc-length of the rescaled and translated curves
—1
rj (ytj - xj)

such that y;(0) € By(0). Then these curves subconverge locally in C™ to an embedded closed or open
curve Yoo : I = R", I =R/1Z or I =R resp., parametrized by arc-length. This curve satisfies

oy /”2 (ZP#@(y)—f(x»_K (x)> dy
U Iy —y@? Ty () — vy (02

=0 forallxel, (1-5)

and
int ~
EE. ) (Yoo) = 0.

This solves Problem 2 of the open problems list in [He 2000]. In the last part of this paper, we
deduce a geometric interpretation of the Euler—Lagrange equation of the Mdbius energy. In the case of
codimension 1, he could show that the only closed critical curves of the Mdbius energy are the circles.
We will see that unfortunately the blow-up profiles are noncompact. Therefore we cannot apply this result
of He in this context. Our new interpretation of the Euler-Lagrange equation allows us to show that the
only planar solutions to the Euler—Lagrange equation (1-5) are straight lines and circles. Combining this
result with a careful analysis of the asymptotic behavior of the flow, we can finally show:
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Theorem 4.8 (planar curves). Let yy C R? be a closed smoothly embedded curve. Then the negative
gradient flow of the Mobius energy exists for all times and converges to a round circle as time goes to
infinity.

Though from the topological point of view the case of planar curves is of no interest, the techniques
that lead to this last result reduce the study of the flow to the study of compact and noncompact smooth
solutions of the Euler—Lagrange equation (1-5) in the very intuitive geometric form (4-3). Surprisingly, in
the classification of planar blow-up profiles this equation is only used in one point, which gives hope that
this geometric version of the equation might help to classify blow-up profiles in other situations.

2. Preliminaries and notation

As for most of our estimates the precise algebraic form of the terms does not matter, we will use the
following notation to describe the essential structure of the terms.

For two Euclidean vectors v, w, we denote by v x w a bilinear operator in v and w into another
Euclidean vector space. For a regular curve y, let 9, = d,/|y’| denote the derivative with respect to
arc-length. For , v € N, a regular curve y € C*°(R/Z, R"), and a function f :R/Z — R, let P}'(f) be
a linear combination of terms of the form st Lfkeox 8{ " f, where ji + - - -+ j, = . Furthermore, given
a second function g : R/Z — R, the expression P} (g, f) denotes a linear combination of terms of the
form 87 g % 0 f %0 fx-- %3] f, where ji+-- -+ jo =

2A. Decomposition of the gradient and the operator (. We will always assume that our curve is
parametrized by arc-length at the fixed time ¢ we currently consider. Whenever we have to estimate H we
will write it as

PiH, 2-1)
where
12 /
- y(u+w)—yW)—wy'(u) ” ) dw
H =2p.v. 2 - ’
yx) pV/_z/z< ly (u+w) —y @) ) ly (u+w) —y @)

and take the decomposition

Hy = Qy + Riy + Roy = Qy + Ry, (2-2)
where

1/2 o - ’
vt =g [ (LU0 w0 st

—1)2 w |w]

7zl K(x 4+ sw) —k(x) ~

=4p.v./ f (1—y%) 5 dsdw = Qk(x),
—12Jo |w]
12 / 1 1

RIV(X)=4/_U2(7/(X+w)—V(X)—w)/ (X))(ly(x+w)_y(x)|4 _F> dw,

2 [ ! ! d
R =: — — .
2y (%) /_1/2K(X)<w2 |y<x+w>—y<x>|2> v
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He observed that the operator Q can be written as a multiple of the fractional Laplacian (—A)%/? plus an
operator of order 2 [He 2000]. Let us state the consequences of his result for the operator @ of order 1:

Lemma 2.1. For every smooth function f € C*°(R/1Z, R") we have
~ 1 A A
=Y i),
Of =72 1/t
kez

where f (k) denotes the k-th Fourier coefficient and Ay = /3 + O(1/k). Hence, forl > 1 we have

13721 F1%, = 10 £112.] < ClfI12..

Let us add another useful identity for the operator Q to the two identities we already have given above.
For smooth f, g we observe, using first partial integration and then discrete partial integration,

1/2 1 " e
/ p.V./ / (l—s)f (xFsw) = f %) dsdw g(x)dx
R/1Z 0

—1/2 |wl|?

12 pl / o
=/ p.V./ / (1= 5l XFSW =@ ) ax
R/1Z 0

) lw|?

12 pl / _ g
= 1(/ p.v./ / (1 —s)f (xtsw) = f (x)g’(x) dsdwdx
2\Jrjiz 0

-2 lw|?

12 o1 / _
_/ p.v./ / (1 —s)f (x+sw)2 f (x)g/(x—i-sw)dwdx)
R/1Z 0 |

—1)2 |w

12 pl / _ g / — o
:1/ p.v'/ f (l—s)(f (x +sw) — f/(x)(g'(x +sw) — g'(x)) ds dw dox.
2 Jpsiz 0

—1/2 w2

Hence, as we do not need the principal value to make sense of the last expression we have

/2 1 / _ ! / o/
/ (Qf,g)dszzf / / (1 G0 = Ot sw) =g 0) o
R/1Z R/1Z 0

—1/2 w2

2B. Coercivity of the Mobius energy and bi-Lipschitz estimates. Of fundamental importance in the
following is the deep connection between the M&bius energy and fractional Sobolev spaces observed
in [Blatt 2012a], which was sharpened in [Blatt 2018, Theorem 3.2]. We showed there that the Mobius
energy of an embedded curve parametrized by arc-length is finite if and only if the curve is of class w3/%2,

More precisely, we have

Theorem 2.2 (characterization of finite energy curves). Let y € C Y(R/1Z,R") be a curve parametrized
by arc-length. Then the energy E(y) is finite if and only if y € W3/%2. Moreover there exists a constant
C < o0 not depending on y such that

1y llwsr2 < CE(y)). (2-4)

So in particular, for a solution of the gradient flow (1-2), the W3/%2-norm of the gradient after
reparametrizing the curve by arc-length is uniformly bounded in time. An essential ingredient of the
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proof of the theorem above and the analysis in this article is the following bi-Lipschitz estimate for curves
of finite energy of [O’Hara 1991]. This bi-Lipschitz constant is also well known under the term Gromov
distortion.

Lemma 2.3 (bi-Lipschitz estimate). For an injective curve y € W3/>2(R/1Z, R") we get the following
bound of the Gromov distortion:

_ Ay Y) g E/
b == =8

If y is parametrized by arc-length, we obtain

] < 18¢EM/A forall x, w e R, Jw| < L. 2-5)
ly (x +w) =y (x)] 2

Let us sketch how this bi-Lipschitz estimate was used in [Blatt 2012a] to prove Theorem 2.2. For a
curve y € W3/22(R/1Z, R") parametrized by arc-length, x € R/1Z, and 0 < |w| < /2, we deduce using

this bi-Lipschitz estimate the following estimate for the integrand of the energy:

1 1 w? 1—lyx+w)—yx))?/w?
ly(x+w)| -y w2 |y +w) —yx)? |w?|
séflfl 1y (x + syw) —ZJ/(JH-Szw)IZdslds2
w

1
<2/3/ |]/(X+Sw) V(X)|2d (2-6)

One then derives the statement of Theorem 2.2 by basically integrating this inequality over all x and w.
More generally, for @ > 0 and using that the function

1_x2+ot
xX—> —
1—x2
is locally bounded on (0, co) we get
lw|* 1 |w[*+* L=y +w) =y )P/ lw+
PO+ —y@FE2 T w [yt w) -y @) lw?|
Lol w —y @/ P
|w?|

1 2
<C//'wu+nm Yool

SC/‘wu+wo—<mF
0

) ds, 2-7)

where the constant C depends only on an upper bound for g like E(y) and «. Furthermore, we have

1 1 w/lyac+w) —y@)F—1 _ 182F0/2 1
lyx+w)—y@PF w2 w? '

w?
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So we get the rough estimate

1 1 * dw
—— |dwd C — < C(B). 2-8
/B,(x) /l/2>|w|>Ar<|)/(x+w) —y(x)|? w2> wdx =€) Ar W2 =C) 9

2C. Fractional Sobolev spaces and Besov spaces. In our calculation, fractional Sobolev spaces as well

as Besov spaces naturally appear. For an introduction to Besov spaces we refer to [Triebel 1983; 1992].
Let f € L'(R/1Z). For s € (0, 1) and p, g € [1, 0o) and for open subsets Q C R/IZ we also consider
the Besov-type seminorm

R/2

RI2 4wy — £ @) du)? \Va
| f 1B, (Brx)) = (/B()( R2 ) dw) . (2-9)

Pq | w | I+gs

It is shown in the Appendix that

| f1B ,Brx) = CILfIBs, (Barx))
I f s, (Brexy < CUS B, (Bak D+ £ 110 5yp0n)-

3. An e-regularity result
In this section we prove the main result of this article, an e-regularity result for the flow (1-2):

Theorem 3.1 (¢-regularity). There are constants € > 0 and Cy < 00, k € N, depending only on n and
E (yo) such that the following holds: Let y;, t € [0, T) be a maximal smooth solution of (1-2) and let
to € [0, T), r be such that

sup Ep,(x)(vy) <. (3-1)

xeR®
Then T > ty+r> and

Cr
||ask)/,0+r3 || oo < (rl‘)(k—_])ﬁ forallt € (ty, to —I—I’3].

Remark 3.2. Note that the assumptions in the theorem are highly nonlocal. It is a very interesting and
challenging question whether one can prove a local version of this regularity theorem.

Clearly, one only has to prove Theorem 3.1 for the special case fo =0 and r = 1. Scaling and translation
in time then give the full statement.

We will prove Theorem 3.1 in three steps using energy estimates for this special case. First we control
the energy within a ball of radius 1 at later times, before we estimate the elastic energy, i.e., the L2-norm
of the curvature. In a last step we will then bound higher-order energies. The general strategy will
always be to derive evolution equations for the quantities and use the quasilinear structure together with
interpolation estimates in order to derive differential inequalities (see Lemmas 3.10, 3.19, and 3.20).

Due to the nonlocal structure of the inequalities, though we start with local quantities these differential
inequalities are also nonlocal, which makes the usual application of Gronwall’s lemma impossible. A
kind of point-picking method will help us there.
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3A. Estimates for the energy density. Let us fix a radial cutoff function ¢ (x) = ¢ (|x]) € C°(R") such
that

XB1(0) = @ =< XB,(0)-

For xo € R" we set ¢, (x) := ¢ (x — xo) and define the localized energy

—yWI?  dy(x,y)?

A straightforward calculation leads to the following evolution equation for E?. We leave the proof to

1 1
E®(y):= // < - )l)//(x)l Iy (M bx, (¥ (x)) dx dy. (3-2)
®/22 \ |y (x)

the reader.

Lemma 3.3 (evolution equation for local density). Let y; be parametrized by arc-length and (d/dt)y, =V
be orthogonal to y;. Then we have

1/2 y(x +w) —y(x) Ky (x)
E¢(J/t) =2p.v. _/1/2 /Il€<2|y(x+w)_y(x)|4 - ly(x +w) —y )2’ V(X)>¢(V(X))dwdx
+2/ /1/2 (v +w) =y @) —wy'(@0) = 5ly (@ +w) =y )Pk (), V()

R/1Z J-1/2 ly (o +w) —y()l*
X (@(y(x+w)) —¢(y(x))dwdx

12 !
/ f (ke (x), V(x)>(¢(y(x+w)+¢()/(x))—2f ¢(y(x+tw))dr)) dwdx
R/1Z 0

12 lwl|?

12 .

Vix),V dwd

/R/ll/l/2(|)/()€+w)—y(x)|2 w |2>< (x), Vo (y(x)))dwdx
::II+I2+I3+I4,

where [ is the length of y,.

In the rest of this section we estimate these terms for the case
V="Hy.

To make the calculations and formulas as simple as possible, we always assume that the curve y; is
parametrized by arc-length at the current time . We will use the intrinsically defined quantities

/‘/2 /’/2 Iy (x + w) — 7' (x)]?

—172J-172

M3/, = M3)5(t) = sup
xeR/1Z

dwdx,

< a3 yanz
(Ba+j(x)\B (x))
S3(x) = $30x,1) = [13; yt||L2(BA(X))+Z ),

”Hyt ”LZ(B/H_ (x))
(A/24 j)?

$30) =836, 1) = 11y ()5, ) + Z

for A = 1000 - 18e£™)/4 < 0o, Note, that due to Lemma 2.3 the quantity 18eZ®0)/4 bounds the Gromov
distortion of the curves y; for all . Hence, A is large compared with the Gromov distortion of y.
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To prevent complicated terms in the estimates, we will assume throughout this section that
Msp < 1.
Furthermore, we will assume that y(0) € B»(0) to get some preliminary estimates in terms of the

intrinsically defined quantities above. In the final differential inequality we will use the extrinsic quantity

ext 2 2 Y 1218 08 00
S30 1) = Iy 21,0+ 2 5
j=1

J

in place of S3(0).
Let us start with the following easy, but useful lemma that will help us to control the part of the integrals
defining /;,i =1, ..., 4, for the case that |w| is large.

Lemma 3.4. Foralls € [0, 1], p €[1, 00), and x € Bg(0) we have

p
| f(x +sw)|? p IFNLe B, 0)—Basjr0)
/|sz 0 w=Clf s, +,~% (At )2

Proof. The statement obviously holds for s = 0. For s > 0 we get substituting w = sw

If(x+sw)|”d lf(x+w)|? lf(x+w)|”
-5 w=s ~—2du)+s =5 dw
w=A w A/22[B|=sA/2 w |b|=A/2 w

|f@)P
<CIfif +s/ v
AN Lr sy olza W2

LN rBa s @\Bass1 @)
<CUf I+ S A, H
= (A+))

We start with estimating the term /;, which contains the terms of highest order. The guideline for
estimating the remainder terms will be throughout this section to distinguish between areas where |w|
is small and where |w| is big. Combining this idea with the commutator estimates and interpolation
inequalities in the Appendix (see Lemmas A.3 and A.4) we obtain the desired estimates.

Lemma 3.5 (estimate for I1). Let y be parametrized by arc-length, M3,> < 1, and y (0) € B>(0). Then
there is a constant a > 0

Ii= —/ [Hy P9 (y () dx = —/ QY ()P (y () dx + Ry,
R/1Z R/Z

where for all € > 0
R; < (C8M§‘/2 +)83(0) + C;
for some C, < 0.
Proof. We have
Hy (x) = Py (Qy (x) + Riy (x) + Roy (x)),
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where

x)=2lim 2
Qy(x) I 1,,8(

1 — ~
:4lim/ /(1—5)"(st|)2 “O) g = Ok ),
I1:/0

£l0 |w

yx+w) -y —wy'(x) K(x)) J
w4 |w|2

(3-3)

, 1 1
Riy( =4 | (Gt w) =y —wy <x>><|y(x+w) T F) dw,

1 1
Ryy (x) =2/Il"(x)<ﬁ_ |y(x+w)—y(x)|2>dw.

The bi-Lipschitz estimate together with y (0) € B(0) tells us ¢ (y (x)) =0 for all x ¢ B,g(0). This yields

[ i@y Psrendr == [ 10y@Perendr[ 10w,y ) ds
R/1Z R/1Z R/1Z

2B
<-— / |Qy<x>|2¢<y<x)>dx+/ HQy(x), )P dx.  (3-4)
R/1Z —28

Using that («, y’) = 0 and that é is a linear operator, we get

{Qy (x), ¥} = {0k (x), ¥") = QK (x), ¥) — Ol ik, y")1(x)]

> (Ol @)y (x) — é[x,-y,-’]u))‘.
i=1

Hence, applying first the commutator estimate (Lemma A.4) and then the interpolation estimates
(Lemma A.3) we obtain

I{Qy, ¥ M2(Bas0) = C(”K||Bj/22(BA(0))||V/”Bj_/22(BA(0)) + kNl 28, o) (1Yl co.1 B, 0y + 1))
< C(My);85%(0) + M3 0) < C(M3)5852(0) + 1). (3-5)

Using Taylor’s theorem and (2-6), we get

1/2 1 w2 1
|R1y(x>|=4‘/ /(1—s>x<x+sw>( ——)dsdw‘
~12Jo ly(x+w)—y@)?> w?
/ ) 2
<c [ [[ et sy PR EESOL iy, sy s
I; [0,1]3

lw|?

/ A 2
SC//f e (e + s1w)] (xﬂzw)z VO 4, dsydw
nJJiop |w]

= C(R11y(x) + Ri2y (%)),

Ru)/(X)z/ /f 8w,s1,5,(X) ds1ds>dw,
lwl<A/2 J J[0,112

Rny(X)z/ /f 8uw.s1,5(X)dsidsydw,
1/2>|w|=A/2 J J[0,112

where
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and 5
ly'(x + s2w) — y' ()]
gw,S|,S2(x) = |K(-x +S]U))| |w|2
Since .
ly' (- +s2w) = ¥'lI7s
(B25(0))
18515 (0P dx < e :
/Bzm B HBAO) wP?
we get
LY/ G+ saw) =¥/l
(B25(0))
IRy ()l 2 (500 < Cllell 48, 0 / / 5 L — ds dw
lwi<a,2 J Jo |w]
=< C||K||L4(BA(0))||J/ |12 BB, (0)"
Furthermore, since |y’| = 1 we get by Cauchy’s inequality and Lemma 3.4
1
k(x4 sw
Ry (o) <4 f Gt 5 ¢ au
1/2>|w|>A/2 |w]
K (x +sw)|?
=< (// e 2)| dw—i—l)
1/2|w|>A/2 |w|
112,
(Ba+j—Ba+j-1)
< ¢ (Il +Z e ).
Thus
R |K||L2(B/\+1_Bl\+1 1) 1
IR 12y ()l 283500 < C | 11725, 0y +Z i Y
Together with the interpolation inequalities from Lemma A.3 this leads to
el
2 2 14 L*(Bp+j—Ba+j-1)
1RV 132,500 = c(||x||L4(BA(0)>||y a2 o T 12280000 +Z T 1)

2 3. 14/3 s ||83y||
< C(M3/ZS3 + 119; y”LZ(B )+Z

L2(Basj—Batj-1) )
+1
(A+))?

< (CM3,+¢€)S3+ Ce,

where we have used the Cauchy inequality in the last step.
In the same way, one deals with the term R, to get

1Py RI1Z2 5, 0 < IR0 < (CM5)5 + )83+ Ce. (3-6)
From (3-4), (3-5), and (3-6) the assertion follows. O
Lemma 3.6 (estimate for I>). Let M3/, < 1 and y(0) € B>(0). For all ¢ > 0
|l < (834 53) + C.
for some C, < oo depending only on € and E (yp).
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Proof. We take the decomposition

I / /"/2 (Y +w) —y ) —wy' (@) — 3y +w) — y () (x), V(x))
2=
R/1Z

1/2 ly (x +w) —y (x0)[*
X (p(y(x+w)) —p(y(x))dwdx

_, / f’/z (yx+w) —y @) —wy'(x) — Hwk (), V(x))
vz ly (x +w) —y(x)*

(@(y(x +w)) —p(y(x))) dwdx

1/2 . 2 02
g O ), V@ e+ )~ g () dw
Rz J-12 Yy +w)—yx)l

=: D+ In.

Using the bi-Lipschitz estimate (2-5) and Taylor’s approximation up to the first order, we get

12 B
121<c/ f /'”(”s“’) KOy )1y (6 + w) — by (6)) | dis dw dix.
R/1Z

1/2
Observing that
d(y(x+w))—o(y(x) =0

if both |x|, |x + w]| > 28, this can be estimated by

12 .
I <c/ / e+ 51) = KOO ()16 (6 + w)) — b (y ()] ds dw dx
B (0) J—1/2 |w|

1 _
—|—C/ / |/<(x—|—sw)2 K(x)||v(x)||¢(y(x—|—w))—¢()/(x))|d5du’dx
R/1Z J x+weBa 2 |'LU|

12 B
< / / [k (x +sw) "(x)||V(x)||¢(V(x+w))—¢()/(x))|dsdwdx
Bpy2(0) J—1/2 |w|

+C/ / f lic (x + sw) 2:<(x+ )||V(x)||¢(y(x+w))—¢(y(x))|dsdwdx
R/1Z Jx+weBy lw|

+Cf / / |K(x+w) )||V(x)||¢()/(x—|—w))—¢(y(x))|dsdwdx
R/IZ Jx+weBap

12 _
= /B (O)f /lK(x+sw) ()||V(X)||¢(V(x+w))—¢(y(x))|dsdwdx
A/2

12

1/2 _
+C/ / f "‘(’”FT“")Z KOUy (e  w)l 1y (x4 w)) — by () ds dw dx
Bap2

1/2

+c Pl W) O )60 w)) — o) dw dix
B
AJ2

~12 lwl|?

12 _
sup f / |K(x—|—s1w)2 K(x)||V(x+szw)||¢(y(x+w))—¢(y(x))|dwdx_
51,82€[0,11 S Bpyp J—1/2 |w|
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To estimate this last supremum we decompose the integral into

12 _
[ Oy Gt s 19+ ) - 9 () dwdx
Bap2

1/2 lwl|?

/ /MZ |/c(x+s1w)—lc(x)||v( + syw)|dw dx
Bap2

AJ2
/ / IK(x+s1w)2_K(x)||V(x—|—szw)|dwdx.
Bap Jlwl=A/2 lwl

Then we can estimate the first term by

~ 2 ~
C”K“BZI/ZZ(BA) || V”LZ(BA/z) = 8S3 + C£ ||K||le/22(BA) = 8(53 + S3) + Cav

where we used the interpolation estimates in Lemma A.3 and M3/, < 1. We estimate the second term
using Lemma 3.4 and then again the interpolation estimates yield

C/ / IK(X+S1w)|2+IV(erSzw)I2
)CEBA/Q sz/Z |w|2
||K||L2(BA+j—BA+j1)>

<853+C8<IIKIIL2<BA(0>>+Z (A+j)?

~ 118y 17

o0
L2(Brsj—Batj-1) 1
<£‘S3+8||3 Al +¢ +C (H— —_—
BA(0) ]Zl (A+])2 & J; (A+])2

<&(S3+ 83) + Ce.
Hence,

L1 <e(S3+83) + Ce.

Similarly, we get

/2 1 ) 2
In = Cf / / yrtawm syt ik [V ]l@(y (x +w)) — (v (x))|dw dx
R/1Z [0,1]2

12 |w|?

12 pl — ' (x)|?
scf [ [ OVl 6 o+ w) - () dw d
r/1z J-172 Jo lwl

1 / l 2
x+siw)—y(x
< sup Cf / /'” 1) =Y P 1 (x4 syw)|
s1.2€00.1] I Bap©) Jiwl<t72 Jo |w|

X [V(x +s2w)l [ (y (x +w)) —¢(y (x))| dw dx,

which as above can be estimated by
(83 + 83) + Cs. O

Lemma 3.7 (estimate for I3). Let M3/, < 1 and y(0) € B>(0). Given ¢ > 0 we have

1] < &(S3+83) + C,

for some C, < o0.
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Proof. We use that

1
‘¢(y(x+w>)+¢(y(x))—2/o (v (x +Tw) d| = CluP
and for x ¢ Bx2(0)
0 for |w| < [x| —28,
‘¢(y(x+w>>+¢<y<x>)— /¢(y<x+rw>>dr <12 forix|—28 < |w| < x| + 28,

2/lw| for |x[+2f < |w|

to get

/1/2 o0+ w) +6 () =2y oy (xtTwhdr|

—1/2 w2

if |x| > A/2 and

/’/2 Py (x +w) + b (y(x) =2 [ p(y (x + Tw)) dr| .

<C
—1/2 w2 -

if |x| < A/2. These estimates then imply

Vv
1350(/ @IV el + [ wdx)
Bp2(0) R/1Z—Ba 2(0) | x|

From here again Holder’s inequality together with Lemma 3.4 and the interpolation inequalities of
Lemma A.3 imply the assertion of the lemma as in the proof of Lemma 3.6. ]

Lemma 3.8 (estimate for I). Let M3/, < 1 and y(0) € B>(0). For all ¢ > 0

[I] < &(S3+83) + Ce

for some C, < o0.

Proof. To estimate 14 we use (2-6) to get

12 {
Vx),V dwd
/[R/IZ/I/2(|V(X+w)—y(x)|2 lw |2>< (x), Vo (y(x)))dw dx
1/2 o )
<Cf / /f [y’ (x +s1w) — y'(x + s2w)| VoLV ly ()| dsy dsy dw dx
R/1Z [0,1]2

4] =

12 lw|?

12 ;1. 2
/ / ly (JC-I-Sw)2 Y ()] WV (x)| ds dw dx
By (0) J—-172 Jo |w]

| /\

12 ! —y' () 2
/ (/‘ ly (JCJrSlw)2 y ()l dx) dwds||V2s,0))-
172J0 x€B(0) |w
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Since

" /1 ( / Y (x+s1w) -y () dx)‘” dwds
—172J0 \JxeBy0) lwl|?
1 psi)2 / PNV ERNG
S// (/ ly ()C-i-w)2 Y ()] dx) duw ds
0 J—s1/2 \JxeBs0) |w]

1 pA/2 / ., 4 1/2
5/ / (/ 'y@+m2V@”dQ dwds +C
0 J-a2\JxeB 0 |w]

= CUY 120, 0y F D>

again the interpolation Lemma A.3 gives the assertion. U
The final ingredient shows that the summands in §3 and S3 are essentially the same.

Lemma 3.9. Let M3, < 1 and y(0) € B>(0). For all ¢ > 0 we have
| mPar=c [ gyPds+ €yt .
B1(0) Bupg(0)

and hence in particular
S3<C(S3+1).

Furthermore, we have for all € > 0
| yPar=c [ pyPdse s, tosi+C
B1(0) Byg(0)

and hence in particular
3 < CS3+ (CeM$), +)S3+ C
for some C; < 00 depending ¢ and the bi-Lipschitz constant of y. If M3, is small enough, we have
S3 < C(S3+1).

Proof. Lemma 3.5 tells us that

‘/ |Hy|2¢><y)dx—/ |0y Po(y) dx| < C(M5), +£)S3(x) + C,
R/Z R/Z

and hence in particular

/ My |* dx —f |Qy | dx
B (x) B (0)

Let € C*(R) be such that xp,0) < ¢ < xB,©0)- We get

1O | 28,00 = ¥ O U N L2850y
< 101¥k] — ¥ Olk] — & QLW 2y + I QLYK L2 (8yc0y) + 1 OTY Tl 128500y

< C(M§/2+8)S3(x)+Cs. (3-7)
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The commutator estimate (Lemma A.4) and the interpolation estimate (Lemma A.3) tell us that
> lie}

~ ~ L4(B '\B i_1)
101 ] — ¥ Olic] = QLY 1725, 0y < Clicl%s e,  +CY. L
j=1

B, (Ba(0)) B} BA(0) (A+ )2

<eS3+C..
As by Lemma 2.1

||§[¢K]||L2(Bz(0)) < Cl¥«llwizwizy < CUOsYkllL2wyiz) + 11K 12)

< CUI*Y Il 2y 0y + N Nl 2208500
and

Il QLY 1 2B, (0)) = Cllxc |l 28,0y
we get using again the interpolation estimates
125,00 = 1 QU 125,10 < CISY I 2(s0) + €53 + Cee. (3-8)

The estimates (3-7) and (3-8) imply the first inequality. Summing up yields the second.
On the other hand, for a cutoff function ¢ € C*°(R) such that xp, ,0) < ¥ < x5,(0) We have

1O¥ 28,0y = 1V OV IlL2(B,0))
which implies as above

19¥ 28,00 = 1Q (WK 2 — 83+ Ce.
Using Lemma 2.1 we get

IV < 1@+ (1725, 0y + €53 + Ce
and hence using an interpolation estimate
2 2 2
||VIC I|L2(Bl/2(0)) 5 ” Q(WK) ”Lz(Bl(O)) + C ”K I|L2(Bl(0)) + 8S3 + Cé‘

< ClQW 725,10y + €53+ Ce.
Using (3-7) we obtain

2 2
”VK ||L2(Bl/2(0)) = ”HV ”LZ(Bl(O)) + C(Méx/z + 8)53()6) + Ce»
and covering the ball B;(0) by balls of radius % we get
HVKHiZ(Bl(O)) = ||H)/ ”%2(32(0)) + C(Méx/z + 8)S3()C) + Ce-
This implies the remaining three inequalities of the lemma. U

Gathering all the estimates above, we can now show:

Lemma 3.10 (differential inequality). For 1 > & > 0 there is a constant C. < oo such that

d o Jex
EEM)/:) +/ Hy ¢ < (Ce M55 (1) +£) S350, 1) + C:
R/1Z

whenever M3, is sufficiently small.
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Proof. If y,(R/Z) N B3(0) = @ we have

d
aEsm == [ Hnle,
R/1Z

since both sides of the equation are vanishing. Let us now assume that y (x;, t) € B»(0) for some x, € R/Z.
Then the Lemmas 3.5, 3.6, 3.7, 3.8, and 3.9 tell us that

d ~
—Eg(yi) + [Hyil*¢ < (CeMS (1) +€)S3(xs, 1) + Ce.
dt R/1Z
It is an easy exercise to show using the bi-Lipschitz estimate that
$3(x;, 1) < CS$(0, 1),

where the constant C depends on the bi-Lipschitz constant of y. Hence,

d ~
EEq&(Vt)""f Hy ¢ < (Ce M3y (1) +)S37(0, 1) + Ce. U
R/1Z

Exploiting this result, we get:

Proposition 3.11. For every § > 0 there are constants ey > 0 and C < oo such that sup,.cpn E,(x)(V1,) < €0
for some ty € [0, T') implies

t
// 1 |Hy:|*dsdt <C and Ep,(y:) <38
o Jy; (Bi(x))

for all T € [ty, min{T, to + 1}) and x € R".

Proof. We assume without loss of generality that ) = 0. Clearly we only have to show the claim under
the additional assumption that § > 0 is small. Furthermore, it is enough to show that

t
/f 183y:>dsdt <C and Ep, o (y:) <8
10 Jy N (Bi(x))

for all T € [ty, min{T, tp + &,}) and x € R" for a sufficiently small &,. One then obtains the assertion in
its original form by applying the preliminary result to the rescaled flow

5 Cra 1) 1 X t
X, = s |
: e Ve e
which satisfies by a standard covering argument

N 1
Ep 0)(¥) < angl-

Lemma 3.10 tells us that

d @ X
e+ [ [ irPe s CoMyrestC (39)
R/1Z J By,4(0)
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Let us assume that #; is the first time such that

sup EB] (Vn) > 3.

xeRn

14
IM; = sup// |Hy|*ds dr.
xeR JO Jy=1(Bja(x))

After a translation we can assume that

1
IM3:// |Hy|*ds dr.
0 Jy~1(B14(0))

Due to the definition of §3 (x) and Lemma 3.9 we know that

We set

t1~ t1~ t1~
/ S3dT§C/ S3d‘[+C(Méx/2+8)/ S3dt +Ct; <CIMz+ C(ty —t1).
0

to 0

Integrating (3-9) and using xp,(0) < ¢ < x8,0) We hence get
Ey(v) +col M3 < E4(y0) + C(8* +&)IM3 + Cet) < g9+ C(8% +)I M3+ Cet. (3-10)
If C(8% 4+ ¢) < ¢o/2, this implies
%IM3 <s0+Ct.
Plugging this back into the inequality (3-10), we get for all x € R”
Eg y(¥1) < Ep, (V) <0+ C(8" +€)(eo+Ct) + Cety <6

if we first choose gy > 0 and then ¢ small enough. ]

3B. Estimating the elastic energy. In this section we derive estimates from the evolution equations of
energies containing higher order terms. The following lemma was proven in [Blatt 2018]:

Lemma 3.12 (evolution of higher-order energies). Let y be a family of curves moving with normal
speed V. Then

a,/ |af;<|2¢ds:2/ (92, a§K>¢ds+2/<P2’<(V, )T, 35 i) ds
R/Z R/Z

+2/<P3’<(V, K), 85y ds — f 10Xk (e, V) ds +f 105k |Vypds.  (3-11)
R/(Z

In this section, we will derive estimates for the right-hand side of (3-11) for the case that V = —%H.

We use both the evolution equations from Lemma 3.12 and these estimates to bound the so-called elastic

energy of the curve y, i.e., the L>-norm of its curvature.

Proposition 3.13 (estimate for the elastic energy). Let y : [0, T) x R/R — R", T > 1, be a smooth
solution of (1-2). There is an &y > 0 depending only on n such that

sup Epg(y(-,1) <&
(x,1)eR*x(0,1)
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implies

sup/ |/cy,|2ds§C, and inf/ |05k | ds < C.
xeR/Z J By (x)ny, 1€[0.11 J By (x)

3B1. Preliminary estimates. To estimate the respective integrals appearing on the right-hand side of
(3-11) we have to distinguish as before between |w| big and |w| small. The next lemma helps us to deal
with the part where |w| is big:

Lemma 3.14. Let us assume that p € [1,00), [; e N, [; > 2, p; € [1,00) fori =1,...,r,and let € N
be chosen such that
li <m, l,-—lfm—l, and L:l
Pi 2 ~pi P
For A = 1000 - 18¢E0)/4 ype set
3y (x +siw
g(x) ::/ 1_[1 1| )/(2 1 )| sdw
I=|w|=A Jsefo, 1y [w]
and assume that M3, < 1. Then there is a constant By, B> > 0 such that
m
1815y 0y < COMEL + M )Z 179 W% o + i 018000
EllLrdi0) = /27T 372 V28,00 (A+j)? :
where
li— o
91 =p ll
2

and C < oo only depends on n and E (yy).

Proof. Using Jensen’s inequality, we obtain

/ lg(x)]? dx =/ (/ [Tizi 19"y (x +siw)] ds dw)p dx
B1(0) B1(0) \Jiz[w|=A Jsel0,17 |wl|?

F.L w)|P
5(7/ / iz 0%y G A si)l” o
B1(0) JI>|w|=A Js€[0,1]

lw?

As > i_o 1/pi = 1/p, we get by Cauchy’s inequality

r li . Di
/ 18(OIP dx < —— / / Lizi 19 y(x2+s,w)| dsdwdx. (3-12)
B1(0) AP I 0) Jizjw=a Jselo,11 [w]

We can estimate the summands further substituting w = sw by

al . Di
/ / / | V(x+2s,w)| s dw dox
Bi(0) Jiz[w|=A [w]

Pi Pi
B 7= O B L7
B1(0) A |B|=sA [w] B1(0) 1> %= A |w]

18y (y)]Pi
<3y, +/ — 5
LRBAO) T ] sae YR

dy. (3-13)
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Applying a Gagliardo—Nirenberg-type inequality (Lemma A.3), we obtain for

Li—1-— p—
91' = pl 1 l
L)
that
(pi—0i)/2 pi/2
||8 y”LP[(Bl(())) = C||8m)/||L2(B (0))M3/2 +M3/2 .
Scaling this inequality, we get

(pi 9)/2 pi/2
||8 y”LP;(BA(())) = C(||8my||L2(B (0))M3/2 M3/2 )

Furthermore,

. . Lia, 11Pi
f YOI € LC i 19" Y N anss 00
I=lyi=a2 Y1 e ER A (A+))?

(o.¢]

(pi—6)/2 L. 0 Li. 0 pi/2

S CM3/2 (”a y”Lz(BA(O)) + Z ||a y”LZ(BA(O))) + CM3/2 :
j=1

From (3-12) and (3-13) the assertion follows. [l

The second ingredient is the following lemma, which helps to deal with small |w|.

Lemma 3.15. Let

,
g(x) :=/ f / [T1e"y @+ siw)l
lwi<A Jsel0,1) Jo1,12€[0,1] ;_;

oy nw) -3y (4 )19y (- nw) — 32y (x4 Tow)|

5 de‘Eld‘Ezdw.
w
Letiizliforiz1,...,randii=li+%f0ri:r+1,r+2. If@fmandl —pi<m——f0rall
i=1,...,r+2, then there is a constant a > 0 such that

IglLr(sy < (CeMS), +e>(||a'"y||iz(BM +Co),

where
= m—% .

Proof. We write
g(x) :/ / // &xn.nX, wydsdr drdw,
Iy Js€[0,1] J J11,10€[0,1]

8"+ y (ctriw) =8y (x+aw) |92y (e Tiw) =32y (x+rw))|
5 .

where

8srm(row) =] [18%y (x+s;w)| "
i=1
Using Holder’s inequality, we get for |w| < A

[Tjmi2 1875y (- + (1 = 2)w) = 3"+ y || rrss a)
5 .

.
I;
I8s.71,m (- W llLr(Ba ) = 1_[ 107 vl ri (B, 0))

w
i=1
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Since

[Tioi 10y (- + (11— )w) — 3 +iy |2,
// / = 5 LTH(A) dwdt dt
71,12€[0,1] J|w|<A w

Jooa 1854y (- 4 (11 — m)w) — "4y |12, 172
=< f/ ( wi=A LI+ dw) dridr
71,72€[0,1] j=1,2

w?

Sijen 1375y (- +0) =0y 1l7,,., 12
S/f m—nl? [] ( =2 — L) dﬁ)) dri dv
71,12€[0.1] =12 w

[
< [T 19" vlsmuwm.
j=1.2
we obtain

.
l; Ly
< i . r+j X
lgllLrBa) =< .1_1[2 l_! 10y | LPi (Boa 0 10 )/ller/r;,-z(BM(O))-
j=12 i=

As above, the assertion follows from the Gagliardo—Nirenberg interpolation estimates in Lemma A.3. [

3B2. Estimating the derivatives of H. For k € Ny, s € (0, 1), we define

0%y (y)—0*y (2)]? — 1 0%y (y)—0*y ()]
Ba) ly—zl e (A+))* JIBysj00\Bay 1) 1y—2]

195V 1228, o\ Bas 1 )

SkC) = 195¥ 13 205, 0)F D )’ |
ot (A+))

and

1 ak+1 k+1 2

~ ~ 0"y (y+w) =3y (y)l

Miy32 = M;?Jrg/z(X) = / f i dx(y(y))dwdy.
R/1Z J -1

As before, we will assume that y (0) € B,(0) to get some preliminary estimates in terms of the intrinsically
defined quantities above. In the final differential inequality we will use the extrinsic quantity

0%y (v) — 0%y (2)1? — 1 0%y (y) — 'y (2)I?
st = [ - dzdy Y = o didy
y By 1Y =2 oI e 1y =2l

in place of Si44(0).
We start with an estimate for . Again we use the decomposition

Hy (x) = Qy(x) + Riy (x) + Ray (x) = Qy (x) + Ry (x),

where

x)=2lim 2
Qy(x) o 1,,8(

1 —_ ~
:4lim/ /(1—s)K(x+sw) “O) g = Ok ),
&0 Jp,..Jo Jw|?

Y +w)—yx) —wy'(x) K(x)) J
- w
w? |w|2
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) 1 1
Riy(x)=4 I](V(X‘HU) —yx)—wy (X))<|y(x+w) VT m) dw,

1 1
Rzy(x)=2/llK(X)(ﬁ_ |y(x+w)_y(x)|2)dw,

and set R=R; + R».

Lemma 3.16. Let M3, < 1 and y(0) € B>(0). For all k > k there is a constant « > 0 that for all ¢ > 0
kpl kpy2 0
195 Py (R 28,09 + 195 Rl 23, 0y) < (CeM3)o +)S7,,(0) +Ce

for some constant C, < 00, where 6 = (2k +3)/(2k + 1). Hence, for every ¢ > 0 and k| > k there is a
C. < oo such that

195 H — 85 Q117 2, 0y < €513+ Ce-

Proof. First we will show that the two summands building R can be brought into a common form and can
thus be dealt with simultaneously.
To this end we first use Taylor’s theorem to rewrite

1 1 1
Ry () :4/1,/0 K<x+sw)(|y<x+w) —yol F) ds dw.

For > 0 we observe

1 S wl? =y t+w) -y @)/ lw?
ly@+w)—y@lf  (wlf  Jy@+w) -y’ P
—G® y(u+w) —y(u) 2—2|y(u+w)_y(u)|2/w2
w lw|?
1 p1 _ , L )
=f/ G(ﬂ)(y(u+wu3 y(u))ly (u+r1w)|wl,ﬁ/ wrnof
0J0
where ﬂ
1 1—|z|
G® L S 1
(2) P T=1eP

is an analytic function away from the origin. Defining

K(u+sjw)

@B (. w) =GP (V(” +w) — V(”)) ' (u+1yw) — y'(u + mow)|*

gSl,fl,fz w |w|(¥

we thus get

1
Ry (x) =4/ // / g?’l’ztl L, wydrydryds dw
wel; J J[0,112 Jo U

_2/ // gé’fl ,2(X,w)dr1d12dw. (3-14)
wel 0,12

We now give the details of the estimate for the first term. The second term can be estimated analogously.
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We differentiate under the integral to get

1
O Riy(x) =4 / / / / gl L (x,wydrdrdsdw
wel; [0,112 J0O

1
:4/ [f / 8fgfl’2rl n&x,wydtdrndsdw
lwi=A J J[0,112 Jo o 1
+ / / / / g2 o, (x, w)dT dryds dw.
lwi<A J J10,112 J0O o

The product rule and Faa di Bruno’s formula tell us that

k2.2

,, y (x4+w)—y (x) 31Bly (x+w)—a'Bly (x)
= X (T aron( TR ) [ )

h+bL+3+ 1=k nEHll Berm
0"y (x+1iw) -2y (x+1w) (35T y (x+1iw) -85y (x+row))
X 5 0"k (x+s1w),
w
where I1;, denotes the set of all partitions of the set {1,...,/;}. Using the fundamental theorem of

calculus this can be brought into the form

k 22
3xgs1,fl,fz(x’ w)

. 1
- ( > (a|n|G5)(W++W) 1—[/ a'B'+1y(x+st)dsB>
0

L+l + 3+ =k 7161_[[1 Ben
(02 y (x+1iw) -2y (x+row)) (35 y (x+ryw) -5y (x+ow))
X 5 0%k (Xx+sjw).
w

We choose pp = p; = (#m +4)p and observe that
Bl +1—o- <[Bl+1<k+1<k+2—;
and
3_ 1 3 3 1
li+§—§§li+§§k+§§k+2—§.
Hence, we can apply Lemmas 3.14 and 3.15 to get an estimate as claimed for each of the summands with
(ll+lz+l3+l4+5—3)—%
0 < = .
= 73
2

Using the identity
Pi(R)=R—(R,y")y'
and treating the second term in this difference in the same way as above, we get the second estimate in
the assertion. O
Lemma 3.17. We have
18, — 85 Qll 725, 0y < (CeM3)p +8)(Ser3 +Ce)
for suitable constants « > 0 and

185 H 12y 0y < (CeMS )+ ) Stas + Ce(MB +1).
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Proof. We use
Hy (x) = Py (x) = Hy (x) — (Hy (x), )y’

together with the decomposition
H=Q+R
to write
_ T 1
H=Q—-P,0+P, R

where P; denotes the projection onto the tangential part.
Lemma 3.16 tells us that

195 PyiRI7> < C(M$)5+€)Siy3 + Ce.
To deal with the term containing Q we use PVT, 0 =(Qy, y')y’ Leibniz’s rule yields
Q. y)Y) =@ Q. vy + 1,
where [; is a linear combination of terms
Q13 192y '8y,

with ki, kz, k3 € No, ki +kp + k3 =k, and kp + k3 > 1. By Holder’s inequality the L%-norm over Byg(0)
of all these terms can be estimated by

CIOO ¥ 2B 1057 Il 13Bapy 1052V 11 L3 Bap) -
As in the proof of Lemma 3.9 we see that
108 ¥ ll 2835 0) < CINOT ¥ | 20y 0y + € St43 + Coe.
Hence, the interpolation estimates give
I < €Spy7/2+ Ce.
We now pick up the argument from the proof of Lemma 3.5 to estimate the term

(0 Qv vy
Using the linearity of O, we can rewrite

n
(050, vy =Y (O3 ly — Ol9Fkiv)1.
i=1
From Lemma A.4 we then get

10X Qv v")v Il L2820
(e || x /
<C ||8 | 1/2(33(0))”7/ | BY2(B3(0)) + Z (At )2 + Cll05 k| L2500 UV Nl cor By 0y + 1)

< (CMy)3 + )85+ Ce O
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3B3. Estimate of the highest-order term.

Lemma 3.18. If M3,, < 1 and y(0) € B»(0), we have
— [ (@ 00 ds < Bl )+ CMSeiapO),
R/1Z

Proof. The main strategy is to use partial integration to move 1+ % derivatives from the term 8;‘*27-[ to
the term Bfk. But first we want to get rid of the projection onto the normal part contained in the definition
of H. We have

Hy (x) = Py, (Qy (x) + Ry (x)).
Let us first deal with the terms containing R. Integration by parts gives
- / D2 (PL Ry 1))k ds
R/1Z
- / (P (Ry ()} kp ds +/ 0T (P ) (Ry (X)) k¢ ds,
R/1Z R/1Z
which we can estimate using the product rule, Holder’s inequality, and Lemma 3.16 by

2(k+1)43)/(4(k+2
(CMS), + &) S H T D ke 12 < (CMEy + £) Siqjn + Ce.

So we get

- /R . 02 (P (Ry ()3 k¢ ds < (CM5)y + ) Sky7/2 + Ce. (3-15)

To estimate
/ (0P Q. k) ds
R/iZ
we write

P}y Qv (x) = Qy (x) = (Qy (x). ¥ (1))y'(x) = Qy — PL.Q.
Using

(Qy (), y'(x)) = dsdwdx

/ / (1— (V'(x+Sw)—V’(x))(K(ersw)—K(x))

w2
we get from Lemmas 3.14 and 3.15

k+1 pT 2 (2k+3)/(2(2k+4))
”aer P)/,(Q)”Lz(leg(O)) S C(M:’(’x/z +¢€ )Sk+7/2

Hence, Cauchy’s inequality implies

_/ 3;{HP;QV35’{HK¢LZS < &Sky7/2 + Ce. (3-16)
R/1Z

f (0520, 8kk) ds
R/1Z

The term
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can be rewritten using (2-3) as
[ worstcoas
R/1Z

:[ (0% Kk, 0%k )p ds
R/1Z

_2f ff(l 10t K(x+sw)2 9+ ()| 5o dsduds
R/1Z

8k+1 8k+1
+2/ //(1 ( K(x+sw)— K(x))(¢(V(X+Sw)) ¢>(J/(x)))ak+1 (v-tsw)dsdwdox,
R/1Z
We observe that
1 pl k+1 k+1 2
d —0
f //(1—s)|5 K(x“w)z s O ) ds dw dx
R/1z J-1J0 w
I pl k41 k41 2
05 — 0!
z/ //(1—s)|5 Kbt sw) 287 K s g dix
B1(0) 0 w
1 sl qk+1 ~ k41 2
05 — 05
z/ /(l—s)s/ 19 K(x+w~)2 s KO 5 ds dx
B1(0) —sl w
/2 |kt gk+1 2 ~
>co/ f | K(x+w)2 s KO i dx > o 2(0).
Bi(0) J—1/2 w
Furthermore, we take the decomposition
I pl k+1 k41
0 — 0 —
/ / f (1—s) ( Kk(x+sw) K(X))2(¢(V(X+Sw)) ¢(y(x)))3k+llc(x+sw)dsdwdx
R/1Z w

w2

1 k+1 k+1

9 .

+/ f /(1— )10 K Cx t sw) KOO gt (x4 sw)| ds dw dix.
Ba(0) Jw|<A lw|

1 gk+1 — gk+1
5/ f /(1—s)| s el sw) = 0T KOO ket (4 4 sw)) ds duw dx
BA(0) Jw|=A

We use Lemmas 3.14 and 3.15 to estimate the first term and the second term by

0 1-6
Sev72M3,, + M3,

where
2%k +3+1%
=—=<
2k+4
Hence, Cauchy’s inequality yields
— [ @20y, 0'4) ds = —coMisna(0) + et + Co (3-17)
R/1Z

The inequalities (3-15), (3-16), and (3-17) prove the statement of the lemma. U
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Lemma 3.19 (differential inequality for energies of higher order). For every € > O there is a constant
C. < oo depending only on ¢, n, and k and cy > 0 such that

3 /M 051 [} ds + cxMy 72 < C(M5), + ) Sg 2(0) + Ce.
Proof. From (3-11) we get
a,f |a§/c|2¢ds=2f (92, af/c>¢ds+2/<1)2’<(v, )T, 35 i) ds
R/Z R/Z
—|—2/(P3"(V, K), 8kic)p ds —f 18Xk (e, V) ds +fR/lZ 105k |Vypds.  (3-18)

Lemma 3.18 gives

2 /R /Z<a§+2v, O k)pds < —Mii7/2(0) + (M3, + £)& Sk 32+ Ce.
Let k1 4+ ko = k. Holder’s inequality, standard interpolation estimates and Lemma 3.17 give

/R/IZ VxR kT x5 e ds < 9BV || 21052 ol 05 i 0

= C(Mg/z +&)Sk+7/2 + Ce,
and hence

/(sz(v, )T, 05 i) pds < C(MS), +€)Skqry2 + Ce.
Similarly we get the estimate

f(Pf(v, ), 36)p ds < C(MS)5 + &) Sa72 + Ce
and

/R . 05> Vv ds < (19517l V |2 < (CeM$)5 + €)Skyryn+ Ce.
Hence, we have
2/<P2’<(v,/<)r, af+lx>¢ds+2/<133’<(v,/<),af;c>¢ds
—f 18Xk (e, V) ds +fR/lZ 105k |Vyp ds < 5eSpi7/0+ Co(ME +1).
Together, these estimates imply
o [ P ds £ M) 5 COME 4005k Co

As Si72 < CSPY, /o We get the assertion. O
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3B4. Proof of Proposition 3.13. We get from Lemma 3.19
O / |kc[*¢ ds + coM2(0) < (CeMS), + £)(S535(x) + Ce).
R/Z

Integrating this inequality and using that M3,, < &9 < 1 we get
1 1
/ licy, |2¢ds+cof M7/2(0,1)dt 5/ IKyrlzgi)ds—I—(Cgsg—l-s)/ 5935 (x, 1) di+C.(1-1)
R/1Z T R/1Z T

1
5/ |Kyr|2ds—|—(C888l+8)/ SO (e, D d1+Co(1-1).  (3-19)
R/1Z T

Integrating again over 7 € [0, %] yields

/2 p1 1/2 1/2 pl
Co/ M7,2(0, 1) dt 5/ / |/<,,r|2¢(y)ds+(C588‘+8)/ f S?’/“z(x,t) dtdt+Ce(1—1)
0 0 JR/IZ 0 Jr

T

1/2 172 pl
5/ / |Ky,|2¢(y)ds+(C888‘+8)/ f S35 (x, 1) dt + Ce.
0 JR/IZ 0 Jr

We can estimate the first term, using interpolation estimates as in Section 3A, by

12 _
C(/ S§’“dt+1)§C(IM3+1),
0

which is bounded by Proposition 3.11. Assuming that

1/2 p1 1/2 p1
IM7/2= sup/ M7/2()C,l) dt dt =/ M7/2(0, 1) dt,
0 0

xeRn hH T
and using that

172 p1

172 pl ~
sup / / S?’/‘E(x, t)drdt = / M7,2(0,t)dt dt < CIM7),
xeR/1Z JO T 0 T

we deduce
C()IM7/2 <C+ (C888l +8)IM7/2+C€.

Choose first ¢ > 0 and then gy > 0 sufficiently small; then we get
IM7/2 <C.
Plugging this back into (3-19) we get the assertion

3C. Estimates for higher-order energies. 1t is tempting to just iterate the above argument to get control
of higher-order energies. Unfortunately, one would have to adapt &; in each of the steps which would not
yield to the desired result. Instead we improve the differential estimate from the end of the last subsection
assuming that M, is finite. By literally the same argument as in the proof of the Lemmas in the last
subsection but interpolating in all the arguments between W*+7/2.2 and W22 instead of W*+7/2:2 and
W3/2.2 we get:
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Lemma 3.20 (differential inequality for energies of higher order). For every ¢ > 0 there is a constant C,
depending only on €, n, and k and a constant c; > 0 such that

at/ 185k 2 ds + cx Mii72(0) < &SP, + Ce M.
R/z

Now we are finally able to conclude the proof of the e-regularity theorem. We prove inductively the
following statement

Proposition 3.21. There is an gy > 0 and constant Cj, < oo such that

sup Eg,(x)(Y0) < o
xeRn

implies
k -
sup [|9;« 2 = .
XGRRL 195Ky ) 1 2By (x)) =< tk/3-1/2

Proof. We prove by induction on k that

k < Cr
195 &y ) 1208y (x)) = tk/3-1/2

and .

Cr
sup | Misrp(x,t)dt < ——s e
xeRn Ji/2 / rk/3=3/2

Again by scaling properties of the solution it is enough to show these inequalities for t = 1. Let us fix
€o > 0 such that we can apply Propositions 3.11 and 3.13, i.e., such that the Mdbius energies on balls of
radius 1 are small and the elastic energy on unit balls is bounded for times larger than ¢ = [—11. Hence, the

statement is true for k = 0.

Let us assume that we have the bound claimed for k — 1 and let t = % By Lemma 3.20 for every ¢ > 0

we have
0 f |05 Kc1*¢ ds + cx My a1k (x) <SPy 0+ Ce. (3-20)
R/Z

Integrating the inequality, we get for all 0 < 7 < 1 that
1 1
/ ENSIRXA —I—ckf M7 244 (x, 1) dt 5/ ENARES +e/ St p (e, ) dt +Ce(1—1).

R/Z T R/Z T
We integrate this inequality for 7 € [}T, %] to get
1 12 p1
y | wpeasta [ [ i ndias
4 Jr/z

1/4 Jt
1/2 1/2 p1
5/ / |8S]‘Kf|2¢dsdtdf+8/ fsgﬁm(x,;)dmcg.
1/4 JR/Z 1/4 Jr

Since interpolation estimates yield

1/2 1/2 1/2
f [ 185k, 12p ds dt dt < cf (S5, + D dt < C sup f (Mg—1y+72(x, 1) +1)dt < C,
/4 JR/Z 1/4 xeRn J1/4
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by the induction hypotheses, we deduce that

/2 p1 172 pl1
}L/ |a§/q|2¢ds+ckf / M7 pp4i(x, 1) dt dT §C—|—8/ / Se . D di+Ce. (3-21)
R/Z 1/4 Jr 1/4 Jrt

Let us now assume that the supremum

12 p1
IMk+7/2= sup/ Mk+7/2(x,l)dl‘
xeRrJ1/4 Jt

is attained in the point x = (. Since

12 o1
/ / Slfx+t7/2(x, t)dt < CIMy7)2,
1/4 Jo

we deduce from (3-21)
IMiyq2 < elMjyq72+ Cs.

Choosing ¢ > 0 small enough and absorbing, we get

IMyyq2 <C.

Hence, in particular

1
/1/2 Siiap(x,ndt <C  forall x € R".
Plugging this back into (3-21), we derive
f 185k (s, D¢y ds < C  forall x € R". O
R/Z

Proof of Theorem 3.1. Using scaled Sobolev embeddings we get the claimed estimates from Proposition 3.21
as long as the flow exists. So the only thing left is to show that 7 > 1. But this follows by standard
methods from the uniform estimates in Proposition 3.21. (I

4. Applications

4A. Blow-up profiles. Using Theorem 3.1, we get the following classification of finite time blow-up.

Theorem 4.1 (characterization of singularities). Let y € C*°([0, T) x R/Z, R") be a maximal smooth
solution of (1-2). There is a constant ey > 0 depending only on n and E (yy) such that if T < oo there are
times ty 1 T, points x; € R", and radii ry | O with

EB,, (o0 (V) = €0-

Proof. Let us assume that 7 < oo and that there is an r > 0 such that for all # € [0, 7') and all x € R" we
have

Ep, () (v (1)) < &0.

Then Theorem 3.1 would tell us that T > #; + rj3 — T+ |
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Picking the concentration times more carefully, we can construct a blow-up profile at a singularity. As
mentioned in the Introduction, we localize the energy intrinsically for this purpose; i.e., we work with
E}' ., instead of Ep,(r). We do this for the simple reason that E}}"

In the rest of this article we will express from time to time the integrals occurring as integrals over the

is continuous in r and x.

image
I'yi=yR/IZ,1).
Theorem 4.2 (blow-up profiles). There is an g9 > 0 such that the following holds: Assume that y; is a

solution of (1-2) that develops a singularity in finite time, i.e., T < o0 and rj — 0. Then there are points x;
and times t; — T such that

Eglri (x_,-)(tj) > &9.

Let us now choose the points x; € R and times t; € [0, T) such that

sup Egl:j(x)(ytj) = E;I;; w (V) = €o,

7€[0,t],xel’;

and let y; be reparametrizations by arc-length of the rescaled and translated curves
~1
r]’ (Vt,- - x])

such that y;(0) € B>(0). Then these curves subconverge locally in C* to an embedded closed or open
curve Yoo : I = R", I =R/1Z or I =R resp., parametrized by arc-length. This curve satisfies

pV/WZ@P$W00—PuD_K(m) dy
o Yy —y@12 )y =y

=0 forallxel, 4-1)
-1/2
and

E%llt(o) (Vo) = €0.

Proof. The first statement is an immediate consequence of Theorem 4.1 and the bi-Lipschitz estimate
(2-5). We consider the rescaled flows

~ (i 1
PG D =y () = xg)
J

for t € (—t; /rj3, 0] which still solve (1-2). Under the assumptions of the theorem we get

. ~ 5 t.
Eg‘lt(o)(y,(j)) <egy forallte [—r% 0:|,
J

and thus from the bi-Lipschitz estimate

Eg ") <ey forallte [—%, o]
I
J

Hence we can apply Theorem 3.1 to find

1057l cx < Ci
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forall k e Nand r € [ /rj3 +1,0). As —¢; /rj3 — —o00, we can use the Arzela—Ascoli theorem to get,
after going to a subsequence,

Vi—=Vv
locally smoothly in time and space. Since all derivatives of Y., are uniformly bounded we furthermore

deduce that 1
) Py () —7 () ) dy
Hyo(x) = pv. [ (2 - v (v) — v (x)12
Voel) ‘”/I( o —vor T ey or

is well-defined. Furthermore, we have

0 .
[ [ o wp ardi= £t~ B 0 (42)
—80 JR/,Z J
for some subsequence j and hence after going to a subsequence
Hy D (x) = 0
pointwise almost everywhere. We now show that
H);j - H?oo
pointwise. For this purpose we again use the decomposition

Hy = Qy + Riy + Ray.

As
Jw]® ol Y e tsiw) =y ot sow) P dsi sy
y(c+w) —yPre w? = wl?
. 1
< Cmm{ &1l oo (B (x) W}

we get that the integrands of both R;(y;) and R>(y;) are uniformly bounded. As all the integrands also
converge pointwise to the integrands of R|(y~) and R (Yo ), the dominant convergence theorem yields

R(yj) — R(yso).

For the integrand of Q we use Taylor’s approximation up to order 2 to get

y(x+w)—y(0) —wy'(x) = Jwly"(x)  fy (=) (x +sw)ds
w* B w

Oy = / Idw,
R/IZ

{I(x, w) = (fol(l —9)?y"(x +sw) —y" (x)ds) /2w for |w| <1,
I(x,w):= (fol(l —5)y"(x +sw) —y"(x) ds)/lwl2 else.

and write

where
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The mean value theorem tells us that |7 (x, w)| < Clly""|| LB, () if lw] <1, and I (x, w) < w2y || oo}
else. We get using the dominated convergence theorem Qy; — QY. This completes the proof of

HPD — Hne
pointwise.
We get in view of (4-2)

0 0 )

/ f [Hoo|? dH' (x) dt < lim / / 11y, (x) > dx dt = 0.
—80 JT j—=oo ) g JR/1Z

Since Yoo is smooth, we obtain Hys, = 0. Furthermore, the local smooth convergence together with

Eié‘lt(o)(Fj) = g implies

int =
EE[(O)(FOO) > £p. |

Using the evolutionary attractivity of critical points proven in [Blatt 2012b] we can further show that
the blow-up profile cannot be compact.

Proposition 4.3 (blow-ups profiles are never compact). The blow-up profile constructed in Theorem 4.2
cannot be compact.

Proof. Let us assume that y, is compact, i.e., that Yo, € C*°(R/[Z, R") for suitable /. Then there would be
a subsequence of y; converging smoothly to the critical point Y, of E. Since furthermore E(y;) > E(Vwo),
we get from [Blatt 2012b, Theorem 1.5] for all ¢ € [0, T'), that for j large enough the flow y; exists for
all time and converges to a stationary point of E, which contradicts the assumption 7' < oo. U

4B. Planar curves. For a regular curve y the curvature vector k is given by

4

=YL
Pyt

which is equal to y” if y is parametrized by arc-length.

Given two points x, y € I there is either a unique circle or a straight line — which we like to think of
as a degenerate circle — going through y (x) and y (y) and being tangent to y at x. See Figure 1. Note
that this is the same circle used to define the integral tangent-point energies. We denote by kr(x, y) the
curvature vector of this circle in x and set - (x, y) = 0 if the tangent on I" in x is pointing in the direction
of y — which is the curvature of the straight line.

Lemma 4.4. We have N
Py —yX)

ly (x) —y (»)?

Proof. If the vectors y" and y (x) — y (y) are colinear, both sides of the identity obviously vanish. So we

l,(x)(y (y) —y(x)) # 0. The circle going through y (x) that is tangential to y in the

ky(x,y)=2

can assume that P

Y
point x with curvature vector k = aP*(y(y) —y(x)) is the set of all points z € R” satisfying
@) © |? 1
7—yx)——| = —5.
PETRE] T P
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Figure 1. This picture shows the two circles playing a role in the geometric interpretation
of the Euler—Lagrange equation of the Mobius energy: the inner circle, with curvature
vector k(x), is the osculating circle at x, while the outer circle, with curvature vector
k(x,y), is the circle going through x and y and tangent to I" at x.

This circle contains y (y) if and only if

) -y =N 2

a

Thus, a = 2/|y (x) — ¥ (y)|> which proves the lemma. (Il
Using Lemma 4.4 we immediately get the following geometric interpretation of (4-1).

Lemma 4.5 (geometric interpretation of the Euler-Lagrange equation). The curve y parametrized by
arc-length satisfies Hy = 0 if and only if

lim Ky(xv)’)_’cy(x)

1 _
€40 Jr\B,(x) lx —y? ;=0 @)

forall x € 1.
In codimension 1, (4-3) is equivalent to

lim {ky (x, y) — Ky (x), n(x))

dH'(y) =0, (4-4)
eNO0 J1/B,(x) Ix — y|?

where 7 is a unit normal along y We are now looking for a situation that implies that the integrand on the
left-hand side of (4-4) has a sign and thus must vanish identically. For x € I in which the curvature of y does
not vanish, we denote by OB (x) the open ball whose boundary is the osculating circle along y in x; i.e.,

OB(x) := B /jc(x)| (V(x) + #)

Lemma 4.6. If there is a point x € I such that
OBx)Ny(I) =9

or
y(I) C OB(x)
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then
' =00B(x),

i.e., I' is a circle.

Proof. If ' NOB(x) = &, we get

(kr(x, ), n(x)) < (kr(x), n(x)),
and if I' C OB(x)
(kr(x, y), n(x)) = (kr(x), n(x)).
So in both cases
(kr(x, ¥), n(x)) — (kr(x), n(x))
has a sign that is independent of y € I'.
Since Hy = 0 implies
. ((y (x, y) — Ky (X)), n(x))
im

dH' () =0
eNO Jr/B, (x) ly () —y (x)|? Y

and the integrand has a sign, we get

«Ky(x’ y) _Ky(x)), nx))=0

for all y € I'. But this implies

Ky(x, y) = Ky(x)
for all y € I', which by the definition of «r (x, y) implies
y € 0 OB(x). [l

Theorem 4.7. Let ' : I — R? be a properly embedded smooth curve parametrized by arc-length satisfying

.v./ 00 3) = ky () o,
1 ly() —y@)?

Then y is either a straight line or a circle.

Proof. Let us assume that y is not a straight line. We will show that then there is a point x € I with
k(x) # 0 and
OBx)Ny() =2,

where OB(x) is the open ball surrounded by the osculating circle on y at x; i.e.,

OB(x)::{ye[RZ:‘y—<y(x)+ ) )‘< ! }

k)2 )|~ ()]
Then the statement follows from Lemma 4.6. We construct this point as follows: As I' = y (/) is not a
straight line, we find a point x| € I with «p(x1) % 0. Let n be the continuous unit normal field pointing
in the direction of «r(x;) at the point x;. Then if OB(x;) NI' = &, we set x = x;. If on the other hand
OB(x;) NT # @, there is a ball B; C OB(x) touching I in x| and at least one other point. Let x| be




936 SIMON BLATT

one of these touching points nearest to x; and let I'; denote the closed curve consisting of the arc of I
between x; and xi and the part of the boundary of B; that makes this curve C! and let Q; be the open set
bounded by this curve.

We now start an iterative scheme in order to find the desired point x. So let x, € I" be the point on
the part of the curve between x; and x| which divides this arc into two parts of equal length. Note that
Xy ¢ B;. We choose

ry = sup{r : B, <x2 + %n(xz)) C Ql}

Then either By = B,, (x2+(1/r2)ny) touches I' in x up to second order and we set x = x, and have found our
point x, or we can choose xé € I'y to be one of the nearest points on I'; touching By = B, (x2 + (1/r2)nz).
But then x, must belong to the arc of I' between x| and x| since else B, touches B; from within and
hence B, C Bj, which is not possible, as x; € B> but x» o4 B;. Hence,

dr (x2, x3) < 5dr(x1, x7). (4-5)

Then we repeat the construction above, and either get our point x in a finite number of steps, or get a
sequence of points x;, xl./ and balls B; NI" = @ such that B; touches I" in x;, x{ , the intervals x;, x; are
nested, and the diameter of the balls B; is bounded by the diameter of I'; and from below by

-1
llxr |[x1,xi] ||Loo > 0.
In the latter case, there is a point x € I with
x = lim x; = lim x;
1—> 00 1—>00

and it is well known that
1

ke (x)]

ri —>

We get for every r < 1/|«(x)| that
1
B, (x + ;n(x)) C B,

for n large enough. Hence,

1
B.NT'=o forallr < —

k(x)’

which implies
OBx)NTI'=2. (]

Using the characterization of the solutions to (1-2) we can now show:

Theorem 4.8 (the evolution of planar curves). Let yy C R? be a closed smoothly embedded curve. Then
the negative gradient flow of the Mobius energy exists for all times and converges to a round circle as time
goes to infinity.

Proof. Let us first prove the long-time existence of the flow. Assume that a singularity occurs after
finite time. Then we construct a blow-up profile y» as described in Theorem 3.1. But Theorem 4.7
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implies that this blow-up must be a circle or straight line, which is not possible due to Proposition 4.3
and E};‘t(m()?oo) #0.

1
To prove the statement about the asymptotic behavior of the flow, we let, for ¢ € (0, o0) and g9 > & > 0

small enough, the radius r; > 0 and x; € y; be such that

Egin(x,) (Vi) = sup Egin(yy (1) = €.
XEY

Let us assume that

v 3
M = liminf -2 o, (4-6)
IE[0,00) It

Then we can choose a sequence #; — oo such that
rtj+r13j/2 S ZMrtj.

As in Theorem 4.2, let y; be reparametrizations of the rescaled curves

1
— —X
r; {Vt,- +ri /2 T M 2}

by arc-length such that y;(0) = 0. Then these curves y; subconverge locally smoothly to a curve yoo
satisfying Hy~ = 0, which is not a straight line. Hence, due to Theorem 4.7 y, is a circle. Since
Y4, = Voo smoothly we get that for j large enough, the flow starting with y; converges smoothly to a
circle as time goes to infinity. Hence, the same is true for y;.

Let us assume that (4-6) was wrong and let L, denote the length of the curve y,. Then for every A > 0
there is a 7o such that r, 5 » > Ar; forall 1 > 1p. We iteratively define #;41 :=1; +rj3/2, where rj :=r(t),
and get

rj > Nry. 47

Scaling our a priori estimates in Theorem 3.1 we obtain

Hyil < — ==
T—

for all times 7 € ¢ + (0, r}*) and hence

c
Y| =

d
<2 -

dt

L
t=t

4
dt
Integrating this inequality we obtain

3
r
L[+r?/2 5 C_tz + L[ S CL[.
Ty
Hence,

Lyt =CLy
and thus

rj 5 Ll‘j S CJLZ‘O’

which contradicts (4-7) for A > C and j large enough. ]
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Appendix: Besov spaces, commutator estimates and interpolation inequalities

For the convenience of the reader, let us gather some well-known and not so well-known facts about
Besov spaces in this section. We will stick to the notation used in [Triebel 1983] and will assume that
the reader is familiar with the definition of the Besov spaces Bj, / (R") on R" and the respective spaces
B, ,(£2) on smooth domains 2 C R”" as defined in Sections 2.3.1 and 3.2.2 of [Triebel 1983].

Essential for our analysis is the following characterization of these spaces using finite differences. For
an arbitrary function f : R" — R these are inductively defined by

(ALHYX) = fx4+h) — fx), (ALf)y=ALATf fori=2,3,....
Furthermore, for a set 2 C R" we set Q) = ﬂlj:O{x eQ:x—+ jh e}

Lemma A.1 (equivalent norms, see [Triebel 1983, Sections 2.5.12, 3.4.2, and 2.5.10]). The following
estimates hold:

(1) For0 < p,q <00, we have s > 6, :=n(1/min{p, 1} —1). If M > s and M an integer, then

AM FILP (R4 1/q
A, FILP(RY)]] Jh
|h|n+sq

1f1B5 RIS = 11 f ey + ( /
Rn

is an equivalent quasinorm on By, ,(R").

(2) If 2 C R" is a smooth domain 1 < p < 00,. s >0, and k, | integers with0 <k < s and s <l +k, then

. ‘ q/p dh 1/q
(LS, o reora) ™ 0)

Lf1B5 (DI = [ FILP(N + D

lor] <k

LP(Q) ”

is an equivalent quasinorm on Bj, ,(€2).
As an easy consequence, we get

Lemma A.2. For1 < p,q <ocoand1 > s > 0 we have

AM\LP(BiO)]19  \"4 ,
(fm o an) < 118, B0

|h|n+sq

and

IAMILP(By(0)) 19 "/
dh .
|h|n+sq

/1B, (B (O))]| < c( /B

2(0)
Proof. From the definition of the norm, we deduce that there is an extension f of f|B»(0) such that
I fllBs, Bioy < I flBs, @ =211 fllBs B0y

Lemma A.1 gives

M 1/q M F n l/q
(/ 1AM L (B, (0)]14 dh) SIIfILp(R")II+</ IAM FILP @) dh)
BI(O) n

|h|n+sq |h|n+sq

< CIIfIB, ,®")] < CIIfIBS (B2 ().
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To get the second estimate, we extend f|B;(0) to a function f such that

pr.q

M M
||f||3;_q(31(0)) <1 flla ®) = 2||f||3;q(32(0))-

and argue as above. (|

We will now state the following interpolation inequalities in Besov-space. Since it seems to be hard to
find a proof of this result in the literature, we include a proof here for the sake of completeness.

Lemma A.3 (interpolation inequalities). Let 2 C R" be a smooth bounded domain. If 0 < s; < sp < 53
and p € [2, 00) satisfy so —n/2 <sy —n/p < sy —n/2 then

LFIB, (I < ClLFIBL @I 1 FIBL @)
forall g € [1,00] with C =C(s, p, q, ) and

(s1—n/p)—(so—n/2)
§2 — 80 )

0=

Proof. By [Lunardi 1995, Proposition 1.3.2] we have to show that the real interpolation space
(B3,(), By (a1
is continuously embedded in B! . But this is indeed the case, as
(B3,(2), By, (2))o.1 = B (),

with § = (1 —0)so+0sy =51 +n/2—n/p > s1 by [Triebel 1992, p. 204] and the Sobolev embedding
for Besov spaces [Triebel 1992, p. 196] tells us that BZE’1 (R2) is continuously embedded into B;ll’l () C

B;‘l q(Q) for all g € [1, oo]. [l

One of the most important tools in this article is the following commutator estimate for our operator é
This is a very special case of well-known fractional Leibniz rule and known commutator estimates of
Kato and Ponce, which we still decide to prove here in order to make the article as easily accessible as
possible.

Lemma A.4 (commutator estimates). For f, g € C*°([—A, A]) we have

101 /81— gOLf1— fOlgll B0

| fII3,, 0 oy T €172, 0 0
<C + Z L2P(Bp+j+1(0)\Ba+;(0)) L2P(Bp+j+1(0)\Ba+;(0))
||f||Bl/4 (B, (0))“8”31/4 (BA(0)) (A + j)? ’

Proof. Remember that

Qf(x) /“2 /1(1 _ gkl tsw) —k()

172 Jo lwl|? i
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Since

0°[fgl—g Q[ f1—fO°lg]

4
. /”2 /1(1 fAswiglrtsw) = f D) =(f (rsw) = f () ()~ (G +sw) =g f(x)

1/2 lwl|?
/1/2 / (1—gy L s WEGtsw) —f (cswig () —f (g btsw)+(0g)
12 |wl|?
/’/2 / (- (f(x+sw) SO (gGrtsw)—g(x) |
12 lw|? v
we get

10°1fel—g O*Lf1—f O°LglllLr (5, 0)

1/
B fl/z fl(l—s)( / <(f(x+sw) FONtatsw)- gm)) x) " dw
1/2Jo B1(0) ]
1/2 Vr
. / . s)( / / ((f(x+w) f@) e Gw)= g<X>>> x) dw
B1(0) /—1/2 wl

A)2 1/p
SC(/B / ((f(x+w) f()il))g(ﬂrw) g(x))) x) duw
1(0) J—=A/2

1/p
+C</ / <(f(x+w) f(x))(f(erw) 8(X))> x) duw
Bi(0) Jjwi=A 2 |w]

(f (x4w)— f () (g (x+w)—g (x)) 1/p
=iz, 0 1805, (0)+C< B1(0) /wIZA/Z( |w? ) x) v

Factoring and using the Cauchy inequality, we can estimate it by

2 2 1/p
Cf </ [ f ()] ”Jrzlg(x)l P dx) dw
lw|>A \J B (0) w

2p 2p 1/p
+/ (/ | f(x+w)l +2|g(x+w)l dx) dw
[w|=A \J B (0) w

||f||L2P(BA+ \Batj-1) + ||g||L21’(BA+]\BA+J 1)
(A+))?

O

2 2
=CIflzr s8I LrBy© T Z
jeN
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