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We establish scale-invariant Strichartz estimates for the Schrédinger flow on any compact Lie group
equipped with canonical rational metrics. In particular, full Strichartz estimates without loss for some non-
rectangular tori are given. The highlights of this paper include estimates for some Weyl-type sums defined
on rational lattices, different decompositions of the Schrodinger kernel that accommodate different positions
of the variable inside the maximal torus relative to the cell walls, and an application of the BGG-Demazure
operators or Harish-Chandra’s integral formula to the estimate of the difference between characters.
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1. Introduction

We start with a complete Riemannian manifold (M, g) of dimension d, associated to which are the
Laplace—Beltrami operator Ag and the volume-form measure pg. Then it is well known that Ag is
essentially self-adjoint on L?(M) := L?(M, dug); see [Strichartz 1983] for a proof. This gives the
functional calculus of Ag, and in particular gives the one-parameter unitary operator ei*As which provides
the solution to the linear Schrédinger equation on (M, g). We refer to e!2¢ as the Schridinger flow. The
functional calculus of Ag also gives the definition of the Bessel potentials, and thus the definition of the
Sobolev space

H*(M) = {u € L>(M) | |lullzzsay = (1 = B)2ul| L2 (ar) < 00}
We are interested in obtaining estimates of the form
le™ 25 fllLoLraxary < CIf sy (1-1)
MSC2010: primary 42B37; secondary 22E30.
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where I C R is a fixed time interval, and L? L9(I x M) is the space of L? functions on / with values
in L9(M). Such estimates are often called Strichartz estimates (for the Schrodinger flow), in honor of
Robert Strichartz [1977] who first derived such estimates for the wave equation on Euclidean spaces.

The significance of Strichartz estimates is evident in many ways. Strichartz estimates have important
applications in the field of nonlinear Schrédinger equations, in the sense that many perturbative results
often require good control on the linear solution, which is exactly provided by Strichartz estimates.
Strichartz estimates can also be interpreted as Fourier restriction estimates, which play a fundamental rule
in the field of classical harmonic analysis. Furthermore, the relevance of the distribution of eigenvalues
and the norm of eigenfunctions of A in deriving the estimates makes Strichartz estimates also a subject
in the field of spectral geometry.

Many cases of Strichartz estimates for the Schrodinger flow are known in the literature. For noncompact
manifolds, first we have the sharp Strichartz estimates on the Euclidean spaces obtained in [Ginibre and
Velo 1995; Keel and Tao 1998]:

||€itAf||Lqu(Rde) < Clf I 2way (1-2)

where % + % = %, p.q9>2, (p,q,d) # (2,00,2). Such pairs (p, g) are called admissible. This implies
by Sobolev embedding that

"2 fllLo 1 @xray < C LS grs - (1-3)
where
d 2 d
—_ —— = = — > -
s = 2,y >0, (1-4)

p.q =2, (p,r,d) # (2,00,2). Note that the equality in (1-4) can be derived from a standard scaling
argument, and we call exponent triples (p, r, s) that satisfy (1-4) as well as the corresponding Strichartz
estimates scale-invariant. Similar Strichartz estimates hold on many noncompact manifolds. For example,
see [Anker and Pierfelice 2009; Banica 2007; Ionescu and Staffilani 2009; Pierfelice 2006] for Strichartz
estimates on the real hyperbolic spaces, [Anker et al. 2011; Pierfelice 2008; Banica and Duyckaerts
2007] for Damek—Ricci spaces which include all rank-1 symmetric spaces of noncompact type, [Bouclet
2011] for asymptotically hyperbolic manifolds, [Hassell et al. 2006] for asymptotically conic manifolds,
[Bouclet and Tzvetkov 2008; Staffilani and Tataru 2002] for some perturbed Schrodinger equations on
Euclidean spaces, and [Fotiadis et al. 2018] for symmetric spaces G/ K, where G is complex.

For compact manifolds, however, Strichartz estimates such as (1-2) are expected to fail. The Sobolev
exponent s in (1-1) is expected to be positive for (1-1) to possibly hold. And we also expect sharp
Strichartz estimates that are non-scale-invariant, in the sense that the exponents (p, r,s) in (1-1) satisfy

For example, from the results in [Staffilani and Tataru 2002; Burq et al. 2004], we know that on a general
compact Riemannian manifold (M, g) it holds that, for any finite interval /,

le™ 2 flloLraxmy < CIf lgiean (1-5)
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for all admissible pairs (p, r). These estimates are non-scale-invariant, and the special case of which
when (p,r,s) = (2, dz—_dz, %) can be shown to be sharp on spheres of dimension d > 3 equipped with
canonical Riemannian metrics. On the other hand, scale-invariant estimates are out of reach of the local
methods employed in [Staffilani and Tataru 2002; Burq et al. 2004], and they are not well explored yet in
the literature. To my best knowledge, the only known results in the literature in this direction are on Zoll
manifolds, which include all compact symmetric spaces of rank 1, the standard sphere being a typical

example, and on rectangular tori. We summarize the results here. Consider the scale-invariant estimates

le" ¢ fllLoxy < CILf Igar—a+2r0 - (1-6)

In the direction of Zoll manifolds, (1-6) is first proved in [Burq et al. 2007] for the standard three-sphere
for p = 6. Then in [Herr 2013], (1-6) is proved for all p > 4 for any three-dimensional Zoll manifold, but
the methods employed in that paper in fact prove (1-6) for p > 4 for any Zoll manifold with dimension
d > 3 and for p > 6 for any Zoll surface (d = 2). The paper crucially uses the property of Zoll manifolds
that the spectrum of the Laplace—Beltrami operator is clustered around a sequence of squares, and the
spectral cluster estimates [Sogge 1988] which are optimal on spheres. In the direction of tori, (1-6) was

2(d+4)
d

first proved in [Bourgain 1993] for p > on square tori, by interpolating the distributional Strichartz

estimate
Aopl(.x) € I x T |12 (N 2A) f(0)] > 17 < CN 57| £l o ray
< Cl fllgarz—a+2/p(ray (1-7)
for A > N4/4 p> @, N =1, with the trivial subcritical Strichartz estimate
le" ¢ fllp2¢xray < I f llz2cray- (1-8)

The estimate (1-7) is a consequence of an arithmetic version of dispersive estimates:

d
; N
||€ltAg<P(N_2Ag)||LOO(W) = C( 1 ) | fllL1crays (1-9)
/2 T9)
Va(l+ N[z =2[")
where || - || stands for the distance from O on the standard circle with length 1, H % — ?IH < qLN’ a,q are

nonnegative integers with a < ¢ and (a,q) =1, and ¢ < N. Here T is the period for the Schrodinger
flow e/*A¢. Then in [Bourgain 2013], the author improved (1-8) into a stronger subcritical Strichartz
estimate

le"* ¢ fll2a+va xyay < ClLf I2qray, (1-10)

which yields (1-6) for p > @ Eventually, (1-6) with an e-loss is proved for the full range p > #

in [Bourgain and Demeter 2015], and (1-7) can be used to remove this e-loss. Then authors in [Guo et al.
2014; Killip and Visan 2016] extended the results to all rectangular tori. We will see in this paper that
by a slight adaptation of the methods in [Bourgain 1993], we may generalize (1-7) to all rational (not
necessarily rectangular) tori T¢ = R4 /T", where ' 2 Z¢ is a lattice such that there exists some D # 0
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for which (A, ) € D717 for all A, u € T, which can also be used for the removal of the e-loss of the
results in [Bourgain and Demeter 2015] to yield (1-6) for the full range p > @ on such rational tori.

The understanding of Strichartz estimates on compact manifolds is far from complete. It is not known
in general how the exponents (p, r, s) in the sharp Strichartz estimates are related to the geometry and
topology of the underlying manifold. Also, there still are important classes of compact manifolds on
which Strichartz estimates have not been explored yet. Note that both standard tori and spheres on
which Strichartz estimates are known are special cases of compact globally symmetric spaces, and since
all compact globally symmetric spaces share the same behavior of geodesic dynamics as tori, from a
semiclassical point of view, it’s natural to conjecture that similar Strichartz estimates should hold on
general compact globally symmetric spaces. An important class of such spaces is the class of compact
Lie groups. The goal of this paper is to prove scale-invariant Strichartz estimates of the form (1-6) for
M = G being any connected compact Lie group equipped with a canonical rational metric in the sense

2(r+4)
s

that is described below, for all p > , ¥ being the rank of G. In particular, full Strichartz estimates

without loss for some nonrectangular tori will be given.

2. Statement of the main theorem

2A. Rational metric. Let G be a connected compact Lie group and g be its Lie algebra. By the classifi-
cation theorem of connected compact Lie groups, see [Procesi 2007, Chapter 10, Section 7.2, Theorem 4],
there exists an exact sequence of Lie group homomorphisms

15 A—>Gx=T"xK -G — 1,

where T” is the n-dimensional torus, K is a compact simply connected semisimple Lie group, and 4 is a
finite and central subgroup of the covering group G. Asa compact simply connected semisimple Lie
group, K is a direct product K; x K» x --- x Ky, of compact simply connected simple Lie groups.

Now each K; is equipped with the canonical bi-invariant Riemannian metric g; that is induced from
the negative of the Cartan—Killing form. We use (-,-) to denote the Cartan—Killing form. Then we
equip the torus factor T” with a flat metric g¢ inherited from its representation as the quotient R” /27"
and require that there exists some D € N such that (A, 1) € D=7 for all A, u € T'. Then we equip
G=T"xK 1 X - -+ X K,;, with the bi-invariant metric

m
g=Q) B¢ (2-1)
j=0
B;j >0, j =0,...,m. Then g induces a bi-invariant metric g on G.

Definition 2.1. Let g be the bi-invariant metric induced from g in (2-1) as described above. We call g a
rational metric provided the numbers By, . .., B, are rational multiples of each other. If not, we call it an
irrational metric.

Provided the numbers Bo, ..., B are rational multiples of each other, the periods of the Schrédinger

flow e/*2% on each factor of G are rational multiples of each other, which implies that the Schrédinger

flow on (~}, as well as on G, is also periodic (see Section 5).
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2B. Main theorem. We define the rank of G to be the dimension of any of its maximal torus. This paper
mainly proves the following theorem.

Theorem 2.2. Let G be a connected compact Lie group equipped with a rational metric g. Let d be the
dimension of G and r the rank of G. Let I C R be a finite time interval. Consider the scale-invariant
Strichartz estimate

||eitAgf||LP(1xG) <C ||f||Hd/2—(d+2)/p(G)- (2-2)
Then the following statements hold true:
(1) (2-2) holds forall p > 2 + %.

(ii) Let G = T be a flat torus equipped with a rational metric; that is, we can write T4 = R4 /2nT
such that there exists some D € R for which (A, u) € D™YZ forall A, u € T'. Then (2-2) holds for
allp>2+ 4.

The framework for the proof of this theorem will be based on [Bourgain 1993], in which the author
proves some Strichartz estimates for the case of square tori, based on the Hardy-Littlewood circle method.
We also refer to [Bourgain 1989] for applications of the circle method to Fourier restriction problems on
tori. Note that part (ii) of the above theorem provides full expected Strichartz estimates without loss for
some nonrectangular tori. We then have the following immediate corollary.

Corollary 2.3. Let d = 3,4 and let T? be the flat torus equipped with a rational metric (not necessarily
rectangular). Then the nonlinear Schrédinger equation i duy = —Au + |u |4/ @=2)y s locally well-posed
for initial data in H'(T?). Furthermore, for d = 3, we have i du; = —Au = |u|?u is locally well-posed
for initial data in HY/2(T9).

We refer to [Herr et al. 2011; Killip and Visan 2016] for the definition of local well-posedness and a
proof of this corollary.

Remark 2.4. To the best of my knowledge, the only known optimal range of p for (2-2) to hold is on
square tori T¢, with p > 2 + % [Bourgain 1993], and on spheres S¢ (d > 3), with p > 4 [Burq et al.
2004; Herr 2013]. For a general compact Lie group, we do not yet have a conjecture about the optimal
range. We will prove (Theorem 6.2) the following distributional estimate: for any p > 2 + %,

: _ 1 d_d+2
Aopd(t,x) €I xG |25 p(NT2Ag) f(X)] > A7 <CN27 7 || fllL2(6) (2-3)

for all A > N4/277/4 It seems reasonable to conjecture that the above distributional estimate could be
upgraded to the estimate (2-2) forall p > 2 + % (which is the case for the tori). But this still will not be
the optimal range for a general compact Lie group, by looking at the example of the three-sphere S3,
which is isomorphic to the group SU(2). The optimal range for S3 is p > 4, while Theorem 2.2 proves the
range p > 10, and the above conjecture indicates the range p > 6. Estimate (2-2) for S on the optimal
range p > 4 is proved in [Herr 2013] by crucially using the L?-estimates of the spectral clusters for the
Laplace—Beltrami operator [Sogge 1988], which are optimal on spheres. On tori and more generally
compact Lie groups with rank higher than 1, such spectral cluster estimates fail to be optimal and do
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not help provide the desired Strichartz estimates. On the other hand, the Stein—Tomas argument in our
proof of Theorem 2.2 seems only sensitive to the L°°-estimate of the Schrodinger kernel (Theorem 6.1)
but not to the L?-estimate (as in Proposition 7.28). This failure of incorporating L?-estimates for either
the spectral clusters or the Schrodinger kernel may be one of the reasons why Theorem 2.2 is still a step
away from the optimal range.

2C. Organization of the paper. The organization of the paper is as follows. In Section 3, we will first
reduce the Strichartz estimates on G =~ G /A to the spectrally localized Strichartz estimates with respect
Littlewood—Paley projections of product type on the covering group G. In Section 4, we will review the
basic facts of structures and harmonic analysis on compact Lie groups, including the Fourier transform,
root systems, structure of maximal tori, Weyl’s character and dimension formulas, and the functional
calculus of the Laplace—Beltrami operator. In Section 5 we will explicitly write down the Schrodinger
kernel and interpret the Strichartz estimates as Fourier restriction estimates on the space-time, which
then makes applicable the argument of Stein—Tomas type in Section 6. Then comes the core of the
paper, Section 7, in which we will derive dispersive estimates for the Schrodinger kernel as the time
variable lies in major arcs. In Section 7A, we will estimate some Weyl-type exponential sums over the
so-called rational lattices, which in particular will imply the desired bound on the Schrédinger kernel
for the nonrectangular rational tori. In Section 7B, we will rewrite the Schrodinger kernel for compact
Lie groups into an exponential sum over the whole weight lattice instead of just one chamber of the
lattice, and will prove the desired bound on the kernel for the case when the variable in the maximal
torus stays away from all the cell walls by an application of the Weyl-type sum estimate established in
Section 7A. In Section 7C, we will record two approaches to the pseudopolynomial behavior of characters,
which will be applied to proving the desired bound on the Schrodinger kernel when the variable in the
maximal torus stays close to the identity. In Section 7D, we further extend the result to the case when the
variable in the maximal torus stays close to some corner. Section 7E will finally deal with the case when
the variable in the maximal torus stays away from all the corners but close to some cell walls. These
cell walls will be identified as those of a root subsystem, and we will then decompose the Schrodinger
kernel into exponential sums over the root lattice of this root subsystem, thus reducing the problem
into one similar to those already discussed in previous sections. This will finish the proof of the main
theorem. In Section 7F, we will derive L?(G) estimates on the Schrodinger kernel as an upgrade of the
L°°(G)-estimate.
Throughout the paper:

e A < B means A < CB for some constant C.

* A <4p,.. B means A < CB for some constant C that depends on a, b, .. ..

* A, p are short for the Laplace—Beltrami operator A, and the associated volume-form measure jig
respectively when the underlying Riemannian metric g is clear from context.

LY, HS, LY, LYLL, LY are short for LP(M), HS(M), LP(I), LPLI(I x M), LP(I x M)

respectively when the underlying manifold M and time interval I are clear from context.

e p’ denotes the number such that % + % =1
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3. First reductions

3A. Littlewood—Paley theory. Let (M, g) be a compact Riemannian manifold and A be the Laplace—
Beltrami operator. Let ¢ be a bump function on R. Then for N > 1, Py := ¢(N ~2A) defines a bounded
operator on L?(M) through the functional calculus of A. These operators Py are often called the

Littlewood—Paley projections. We reduce the problem of obtaining Strichartz estimates for e?2 to those

for Pye'tA.

Proposition 3.1. Fix p,q > 2, s > 0. Then the Strichartz estimate (1-1) is equivalent to the following
statement: given any bump function @,

IPne™ fllLoraaxany < N¥Ifllz2an)

holds for all dyadic natural numbers N (that is, for N = 2", m € Z>¢). In particular, (2-2) reduces to

, d_d+2
IPne"™ fllLraxey < N2 7 |If 26 (3-1)

This reduction is classical. We refer to [Burq et al. 2004] for a proof.
We also record here the Bernstein-type inequalities that will be useful in the sequel.

Proposition 3.2 [Burq et al. 2004, Corollary 2.2]. Let d be the dimension of M. Then forall 1 < p <r <oo,

1_1
1Py Fllran < NG fllzsan. (3-2)

Note that the above proposition in particular implies that (3-1) holds for N <1 or p = oo.

3B. Reduction to a finite cover.

Proposition 3.3. Lef 7 : (M ,&) —> (M, g) be a Riemannian covering map between compact Riemannian
manifolds (then automatically with finite fibers). Let Ag, Ag be the Laplace—Beltrami operators on
(M , &) and (M, g) respectively and let [i and |1 be the normalized volume-form measures respectively,
which define the LP spaces. Let w* be the pull-back map. Define
CR2(M) :=*(C (M),

and similarly define Cx (M), L2(M) and H s (M). Then the following statements hold:

1) 7*:C(M)— Cy (M) and w* : C®°(M) — CX (1\7) are well-defined and are linear isomorphisms.
(i) #*: LP(M) — Lﬁ(M ) is well-defined and is an isometry.
(iii)) Ag maps C2° (M) into C2° (]\7) and the diagram

C®(M)a, — CX(M)

L

cooM) —T— (i)

commutes.
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(iv) €'z maps LJZT(]\Z ) into L%(M ) and is an isometry, and the diagrams

L2(M) iing AN L2(M) L2(M)p,, AN L2(M)
l leimg l le (3-3)
L2(M) —" 12(i) L2(M) —= 120l

commute, where Py stands for both o(N~2Ag) and (N2 A z)
(v) n* :H(M) — HS (M ) is well-defined and is an isometry.
Proof. Parts (i), (ii) and (iii) are direct consequences of the definition of a Riemannian covering map.
For part (iv), note that (i), (ii) and (iii) together imply that the triples (LZ(M ),C®(M),Ag) and
(Lf,(AZ ),CX° (M), A ) are isometric as systems of essentially self-adjoint operators on Hilbert spaces,
and thus have isometric functional calculus. This implies (iv). Note that the H*(M) and H; (]\2 )

norms are also defined in terms of the isometric functional calculus of (L?(M),C%®°(M), Ag) and
(L,ZI(M), cr (1\7) Ag) respectively, which implies (v). O

Combining Proposition 3.1 and 3.3, Theorem 2.2 is reduced to the following.
Theorem 3.4. Let K;’s be simply connected simple Lie groups and let G = T" x Ky x --- X K, be
equipped with a rational metric as in Definition 2.1. Then
itA q4_d42

[Pne""® fllLraxey SN2 7 |1 fllL2c) (3-4)
holds for p>2+ % and N 2 1.
3C. Littlewood—Paley projections of product type. Let (M, g) be the Riemannian product of the compact
Riemannian manifolds (M;, g;), j =0,...,m. Any eigenfunction of the Laplace—Beltrami operator A
on M with the eigenvalue A < 0 is of the form ]_[;-"zo V), » where each ¥/, is an eigenfunction of A; on
M; with eigenvalue A; <0, j =0,...,m,suchthat A =Ag + -+ Ap.

Given any bump function ¢ on R, there always exist bump functions ¢;, j =0, ..., m, such that for
all (xo,...,xm) € R';SLI with ¢(xo + -+ 4 xm) # 0, we have [, ¢;(x;) = 1. In particular,

m
o-[Toix) =0
j=0
For N > 1, define
Py = (N T2A),

Py :=9o(N?A0) ® -+ @ om(N > Apm)
as bounded operators on L2(M). We call Py a Littlewood—Paley projection of product type. We have
Py o Py = Py.

This implies that we can further reduce Theorem 3.4 into the following.
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Theorem 3.5. Let G = T" x K1 X - -+ X Ky, be equipped with a rational metric. Let Ao, A1, ..., Ay be
respectively the Laplace—Beltrami operators on T", Ky, ..., Kp. Let @; be any bump function for each
Jj=0,....m. For N > 1,let Py = Q[_o9;(N">Aj). Then

- d_d+2
IPne"™ fliLrasey SN2 7 |1 fli2o) (3-5)

holdsforp22+§andN21.

On the other hand, similarly, for each Littlewood-Paley projection Py of product type, there exists a
bump function ¢ such that Py = ¢(N 2 A) satisfies Py o Py = Py. Noting that | Py f ;2 < | f |l 2
(3-2) then implies

1_1
1Py f oo S NG fl2an (3-6)
forall2 <r < oo.

4. Preliminaries on harmonic analysis on compact Lie groups

4A. Fourier transform. Let G be a compact group and G be its Fourier dual, i.e., the set of equivalent
classes of irreducible unitary representations of G. For A € G, let 2 . V3, — V; be the irreducible unitary
representation in the class A, and let d) = dim(V)). Let u be the normalized Haar measure on G. Then
for f € L?(G), define the Fourier transform

o= [ r@metdn
Then the inverse Fourier transform
f) =" dytr(f Mma(x)
1eG

converges in L?(G). We have the Plancherel identities

17120 = (3l Fs) @)
reG
(f. 82y = Y drte(f(MEN)®). (4-2)
1eG

Here || - |us denotes the Hilbert—Schmidt norm of endomorphisms.
For the convolution

(f % g)(x) = f £y g0 du(y).
G
we have

(f*2) ) = f()HEG). (4-3)

If g(A) = ¢y -1dg, xa, , where ¢}, is a scalar, then

I/ *gllL2) < Slip leal - 1/ 26y (4-4)
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We also have the Hausdorff—Young inequality
A 1 A
IfMllns <di | flipi) foralldeG. (4-5)

4B. Root system and the Laplace—Beltrami operator. Let G be a compact simply connected semisimple
Lie group of dimension d and g be its Lie algebra, and let gc denote the complexification of g. Choose a
maximal torus B C G and let r be the dimension of B. Let b be the Lie algebra of B, which is a Cartan
subalgebra of g, and let bc denote its complexification. The Fourier dual B of Bis isomorphic to a lattice
A C ib*, which is the weight lattice, under the isomorphism

A= B, At (4-6)
We have the root space decomposition gc = bc @ (@aeq, g%). Here ® C ib*,
of ={X €gc|Adp(X) =e%(b)X forall b € B},
and dimg¢ g& = 1. This implies
|®|+r=d. 4-7)

The Cartan—Killing form (-,-) on i b* becomes a real inner product, and (W, (-, -)) becomes an integral
root system, that is, a finite set ® in a finite-dimensional real inner product space with the following
requirements:

(i) &=-9o.

(i) aed, keR, kaed=k ==1.
(ii1) $o® = P forall a € D.

@iv) 2{a, B)/{a,a) € Z for all a, B € .

Here s is the reflection about the hyperplane o+ orthogonal to «; that is,

sa(x):=x _2(x,oz)a
(o, )
Let P be a system of positive roots such that & = P LI —P. Then by (4-7), we have
d—

P|=5" (4-8)
We can describe the weight lattice A purely in terms of the root system

2(A,

A={Aeib* ( a)EZforallaqu%. (4-9)
o, o

The set ® of roots generate the root lattice I' and we have I' C A and A/ T is finite.
Let
2{A, &)

o, o)

A+:=%Aeib* eZZoforallaeP}
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be the set of dominant weights. We describe A, A7 in terms of a basis. Let {7, ..., a,} be the set of
simple roots in P. Let {wq, ..., w;,} be the corresponding fundamental weights, i.e., the dual basis to the
coroot basis {2a1 /{1, 1), ..., 20 /{0y, 0z )}. Then

A=7Zwi+:--+Zw,,

AT = Zsow1 + -+ Zsowr.
Let
C =Rsowy +---+Rsow, (4-10)

be the fundamental Weyl chamber, and we have the decomposition

ib* = (s|€_|WsC) |_|(

where W is the Weyl group. Here Ul stands for disjoint union.

U{Aeib*l(/\,a)zo}), (4-11)

aed

Define
,
1 _ .
p.—EZa—Zw,. (4-12)
aeP i=1
Then we have
GxAT

such that the irreducible representation 73, corresponding to A € A™ has the character y; and dimension d;
given by Weyl’s formulas

det s)esAtP)
Y sew (dets)es?
g, = acp (@A +p) (4-14)
l_[aeP (Ol, P)

Let H € b. We can think of —i H as a real linear functional on i b*, and by the Cartan—Killing inner

product on i b*, we thus get a correspondence between H € b and an element in i b*, still denoted as H.

AMH) = o1 {(4H) and we rewrite Weyl’s character formula as

> e (dets)el SGF0)H)
Y sew (dets)elle-H)

Also under this correspondence between b and i b*, we have

Under this correspondence, e

(4-15)

xa(exp H) =

B ~ib*/2nT",

where

2001 20,
4.+ 7
(g, 01) (o, )

rv=z

is the coroot lattice.
We define the cells to be the connected components of {H € ib*/27xTY | (o, H) ¢ 277} and call
{H €ib*/2nTV | (o, H) € 2 Z} the cell walls.
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We also record here Weyl’s integral formula. Let f € L(G) be invariant under the adjoint action
of G. Then

1
| £ = [ @1DpGIP ab. (4-16)
G Wl Js
Here du, db are respectively the normalized Haar measures of G and B, and

Dp(H) =Y (dets)e’ )
seW
is the Weyl denominator.

Finally we describe the functional calculus of the Laplace—Beltrami operator A. Given any irreducible
unitary representation (wy, V) of G in the class A € G =~ AT, the operator A acts on the space
My ={tr(mw)T) | T € End(V))} of matrix coefficients by

Af =—k, f forall fe My, AeG,
where
ky =1+ pl*—|pl*. (4-17)

Let f € L?(G) and consider the inverse Fourier transform f(x) = Y ca+ d tr(my (x) f (1)); then for
any bounded Borel function F : R — C, we have

F(A)f = ) F(—kp)d; tr(m (x) f (V).

AeAt
In particular, we have
A f =" e dy r(ma(x) f (M), (4-18)
AeAt
. k . .
Pye'tA f = Z ¢(—N—/12)e_”k*d,x tr(mwy (x) £ (A)). 4-19)
AeAt

Example 4.1. Let M = SU(2), which is of dimension 3 and rank 1. Let a = R be the Cartan subalgebra
and A = R/27Z be the maximal torus. The root system is {+«}, where « acts on a by «(6) = 26. The
fundamental weight is w = %a. We normalize the Cartan—Killing form so that |w| = 1. The Weyl group W
is of order 2, and acts on a as well as a* through multiplication by 1. For m € Z>¢ = Z>ow = AT, we

have
dm =m+1, (4-20)
i(m+1)0 _ ,—i(m+1)0 : 16
@) = —¢ _sinm D6 -y ranz, (4-21)
610 _e—19 sin O
km=(m+1)2—1. (4-22)

5. The Schrédinger kernel

Let f € L%(G). Then (4-19) implies

. k . A
(Pre™® 1170 =0 5 )™ F b,
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Define

ki i
(K90 = 0 35 )4 0

which implies
ka \ itk
Ky(t.x)= > ‘P(Nz)e " dy (). (5-1)

) AeEAT
Then we can write

Pye"™ f = Kn(t,)* f = f*Kn(,-),
and we call Ky (¢, x) the Schridinger kernel. Incorporating (4-14), (4-15) and (4-17) into (5-1), we get

Ky (t,x)= Z e—ir(lx+p|2—|p|2)(p(|A+P|2—|P|2)Haep(a,k+p) 3 o (dets)el (sG+0).H) 52)
| AeAt N? [loep{e.p) ZSGW(dets)ei<S(P),H) )

Example 5.1. Specializing the Schrodinger kernel (5-2) to G = SU(2), using (4-20), (4-21), and (4-22),

we have
00 . j 0 _ ,—i(m+1)0
_ (m + 1)2 1 —i((m+l)2—1)t el(m+l) e
KN(I, 9)—m2_0§0(T (m+1)e ei@_e—ie s QER/QJL’Z (5-3)

More generally, let G = R" /27Ty x K1 x --- x K, be equipped with a rational metric g as in
Definition 2.1. Let A be the dual lattice of I'g and A; be the weight lattice for K;, j =1,...,m. Let
Py = ®71:0 @i (N —2A ) be a Littlewood—Paley projection of product type as described in Section 3C.
Define the Schrodinger kernel Ky on G by

Pye''f = fxKn(t.-)=Kn(t.")* f. (5-4)
Then m
Ky=]]Kn,;. (5-5)
j=0

where the K ;’s are respectively the Schrodinger kernels on each component of G

Kno= Y —1A0*\ —itg5 a0l i tho. Ho)
No = Yo e € ’

2
),()eA() ﬂON
—Aj + 07 P+ 105 P\ itp1 1A 40, 1P+, P2
Kn,j = Z W( J /3~JN2 T eth e e )dAjUj’
AjEAj_ /
Jj =1,...,m. Here the p;’s are defined in terms of (4-12). We also write
Ky =) o0 Ne ™ rd;y;,
reG

where

A=Aos-  Am) €G = Ao x AT x---x A,

m
—kz = =By [hol>+ Y B (—1As +pi >+ 10j 7). (5-6)
j=1
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—[2o?\ —[Aj +pi 1>+ 10 7
o (L, N) =<Po( ) 11w duhaliing] 5-7)
BoN j=1 lng
m ) m
d/1 — l_[ d/ljv x1= el(lo,HO) 1_[ XA, -
j=1 j=1

Tracking all the definitions, we get the following lemma.
Lemma 5.2. Let d, r be respectively the dimension and rank of G
() [ e G lhky SN2 SN,
(i) dy < N@=/2 yniformly for all A € G such that k) < N2
Now we interpret the Strichartz estimates on G as Fourier restriction estimates.

Lemma 5.3. For a compact simply connected semisimple Lie group G and its weight lattice A, there
exists D € N such that (A1, A2) € D~ l7 forall Ay, Ay € A.

Proof. Let ® be the set of roots for G. Then by Lemma 4.3.5 in [Varadarajan 1974], («, B) are rational
numbers for all o, f € ®. Let S = {1,...,a,} C P be a system of simple roots. Since the set of
fundamental weights {w1, ..., w,} forms a dual basis to {201/ (o1, ®1), ..., 20, /{ty, @)} With respect
to the Cartan—Killing form (-, -), and (@;, ;) are rational numbers for all 7, j = 1,...,r, we have that
the w;’s can be expressed as linear combinations of the «;’s with rational coefficients. This implies that
(w;, w;) are rational numbers for all i, j =1, ..., r. Since there are only finitely many such numbers as
(wi, wj), there exists D € N so that (w;, w;) € D~17 for all i,j=1,...,r. Thus (A1,A,) € D17 for
all A1, A € A, since A =Zwy + -+ Zw,. O

For G =R" /27y x K1 X --- X Ky, by the previous lemma, there exists for each j = 1,...,m some
D; € N such that (A, u) € Dj_ll forall A, u € A;.r, which implies by (4-12) that

—[4j + 0 * + 1o 1> = =1A; 1> = (4;.2p;) € D} 'Z

forall A; € A;. Also recall that we require that there exists some D € N such that (1, v) € D17 for all
u,v € I'yp. This implies that there also exists some D¢ € N such that (A, ) € D(le forall A, u € Ayp.
By Definition 2.1 of a rational metric, there exists some D, > 0 such that

Bol..... B, e DYIN.
Define
m
T =2xD.-[] D;. (5-8)
j=0
Then (5-6) implies that Tk, € 2w Z, which then implies that the Schrodinger kernel as in (5-5) is periodic

in ¢ with a period of 7. Thus we may view the time variable ¢ as living on the circle T = R/7Z. Now
the formal dual to the operator

T:L*G)— LP(TxG), [ Pye''®, (5-9)
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is computed to be

T* :Lp/(TxG)—>L2(G), F|—>/ PNe_’.SAF(s,-)%, (5-10)
T
and thus
ds

TT*:L? (TxG)— LP(TxG), Ft—>/P]%,ei(t_s)AF(s,-)7:fN*F, (5-11)
T

where
Ky =) ¢*A.Nye"™dy; =Ky*Ky.
reG
Note that the cutoff function ¢?(A, N) still defines a Littlewood—Paley projection of product type and
K N is the associated Schrodinger kernel. Now the argument of T T * says that the boundedness of the
operators (5-9), (5-10) and (5-11) are all equivalent; thus the Strichartz estimate in (3-1) is equivalent to

the space-time Strichartz estimate
2(d+2)

IKn * FllLoaxey SN 7 IF L0 rxo): (5-12)

We have the space-time Fourier transform on T x G as follows. For (n, 1) € ZT”Z x G, we have

~ A,N)-1d if n =—kj,
KN(n,A,) — (p( ) d)»Xd)» 1In . A (5-13)
0 otherwise.

Similarly, for f € L?(G), we have

: AN -fQ)  ifn=—ky,

(Pye'™ f(x)) (. ) = | £ NS D) i = (5-14)
0 otherwise.

For m(t) = ZnE(ZJr/T)Z m(n)e'™, we compute

(mKn)N(n, L) =mn +kp)e(A, N)dg, xq, - (5-15)

6. The Stein—-Tomas argument

Throughout this section, S! stands for the standard circle of unit length, and || - || stands for the distance

from 0 on S1. Define
) 1 a 1 }
=t r—— —,
Maq { €S ‘H qH<qN
where

a€Zsy, qeN, a<gq, (a,q)=1, ¢g<N.

We call such Mg 4’s as major arcs, which are reminiscent of the Hardy—Littlewood circle method. We
will prove the following key dispersive estimate.

Theorem 6.1. Let Ky be the Schrodinger kernel (5-5) and T be the period (5-8). Then
Nd

|Kn ()| S -
(Va(l+N| 55 - 2]'%)

t . .
Jor 5-5 € Ma g, uniformly in x € G.
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Noting the product structure (5-5) of Ky, the above theorem reduces to the cases on irreducible
components of G.

Theorem 6.2. (i) Given G = T? = R? /27T such that there exists D € R for which (A, 1) € D7 for
all A, € T'. Then the Schrodinger kernel

2
P g e
’ N

AEA

d
|KN<r,H)|s( il al/z)
Val+N|zp—2[7)

satisfies

for ﬁ € Mg, g, uniformly in H € T".

(i) Let G be a compact simply connected semisimple Lie group. Let A be the weight lattice for which
(A, ) € D7Z forall A, u € A for some D € R. Let Ky be the Schridinger kernel as defined in (5-2).
Then N

(Va(L+N |55 -2]"%)

|Kn (. x)| < (6-1)

for ﬁ € Mag,q, uniformly in x € G.

We will prove this theorem in the next section. Now we show how this theorem implies Strichartz
estimates.

Theorem 6.3. Let G = T" x Ky X --- X Ky, be equipped with a rational metric g and T be a period of
the Schrodinger flow as in (5-8). Let d, r be the dimension and rank of G respectively. Let f € L*(G),
A > 0 and define

my = pi(t.x) € Tx G | |[Pye’™ f(x)] > AL},

where i = dt-dug, with dt being the standard measure on T =R/ TZ and dug being the Haar measure
on G. Let

2(r+2)
Po = . .
Then the following statements hold true:
a r
D my, <e N%—(d+2>+€A—P0||f||{g(G) forallA>= N%~%, &>0.
(D) my S NE@DP| 2, o forall Az NET5, p> po.
itA g-d+2
(IID) [Pne'"® fllLrarxe) SN27 7 | fllL2 ) (6-2)

holds for all p > 2 + %.

(IV) Assume it holds that
d+2

7 N fllz2 ) (6-3)

it A d_
|Pne'™ fllLrrxG) Se N2

for some p > po; then (6-2) holds for all ¢ > p.
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The proof strategy of this theorem is a Stein—Tomas-type argument, similar to the proofs of Proposi-
tions 3.82, 3.110, 3.113 in [Bourgain 1993]. The new ingredient is the nonabelian Fourier transform. We
detail the proof in the following.

Let w € C2°(R) such that ® > 0, w(x) =1 forall |[x| <1 and w(x) =0 forall |[x| >2. Let N be a
dyadic natural number. Define

w1 =w(N?.),

o+

Q)W = a)(NM-)—a)(ZNM~),

where
1<M < N, M dyadic.
Let
N .
N1 = 10" 1 <0 < Ny, Q dyadic.
Then
1 1
> @i =1 on [———] (6-4)
0N N NQ NQ
. 2 2
Z w_ 1 =0 outside [——,—]. (6-5)
0N NM NQ NQ
Write

t
1= Z‘ Z [( Z‘ 53) *le}(T) + p(2). (6-6)
Note the major arc disjointness property

ai 2 2 ar 2 2
T e B
(‘11 NQ1" NO; q2 NQ>" NO» )

for (aj,qi) =1, Qi <qi <20, i =1,2, Q1 < Qs < Nj. This in particular implies

0<p(t)<1 forallt eR/TZ, (6-7)
1" 1 (T t 202
( pa w) enlr)] o=z [ ( o by ) oy (7)< S 09

0=<g<20 0=<q<20

which implies

=0z Y Y ‘[( > 53)*%(;)T(O)_

1<Q<N; Q<M <N (a,q)=1
0=gq<20

By Dirichlet’s lemma on rational approximations, for any % e S1, there exists a, q,withae€Z=g, g €N,
(a,q) =1, ¢ < N, such that | - — &|< . If p(£) # 0, then (6-4) implies ¢ > Ny = N/2'. This

(6-9)
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implies by (6-1) and (6-7) that

o) Kn (2, )| Loo(rxay < N972.

Now define coefficients ag as such that

[( > 5)*%(?)} (0) = ag.m H(0).

(a,9)=1

0=q<2Q
Then (6-8) and (6-9) imply
Q2
OlQ,M =~ W

Write
Kyex)= ), >, KN(t,x)[(( > 83) xo_1 (7)) —aQ,Mp] (®)

O<N; Q<M <N (a,q)=1

0=q<2Q
+ (1 + Z OlQ,M)KN(tvx)P(I),
o.M

and define

Ao(t.x) = KN(z,x)[(( 3 8;)*w1¢(%))—ag,w]<z>.

(a,q9)=1
0=<qg<20

Then from (6-1), (6-10), (6-12), we have

(M2
IA o mllLoorxe) S N? 2(5) -

Next, we estimate IA\Q, M . From (5-15), for

2r -, % A
ne TZ = —[r, A« S G’
we have
AQ}M(”,)&) ZA’Q,M(H’A)'Idd)LXd)Ly
where

romtn D =p M| (X 8e) -0 (T —agud |+ k)

(a,q9)=1
0=<g<20

Note that (6-11) immediately implies

Aomm,A)=0 forn+k)=0.

(6-10)

(6-11)

(6-12)

(6-13)

(6-14)

(6-15)

(6-16)

(6-17)

(6-18)

Let d(m, Q) denote the number of divisors of m less than Q; using Lemma 3.33 in [Bourgain 1993],

(5 som

(a,q9)=1
0=<g<20

T
Se d(2—n, Q)QH_S, n#0,¢e>0,
T

(6-19)



STRICHARTZ ESTIMATES FOR THE SCHRODINGER FLOW ON COMPACT LIE GROUPS

we get

ot (Twtky ) 0
o d (P 0) + 2 ibn k)l

Ao.m (. M| Se (A, N)
Using
d(m7 Q) SS mg’

(6-19) and (6-6), we have

1+¢ s
p= Yy LG N o
1<Q0<N; O<M <N
thus
0 T(n+ky) 0
<o 0L, N)—=—| gea (L5
hoan )l 5o o N2 0% (T LR o) 1 €
NE
SepOL NS for ] S N2,

Proposition 6.4. (i) Assume that f € LY (T x G). Then

(M
1/ * Agmllzoaxay SN2 =) 1S ILiaxe).
0
(ii) Assume that f € L*>(T x G). Assume also

Ff(m,\)=0 for|n|= N2
Then
ON?®

If *Ao.mllL2rx6) 58 ”f||L2(T><G)v

1+2r

1,_B 4
—M||f||L2(TxG) +M'LTINZ| flpiaxe)

I/ *Ao.mlL2rxG) <v.B
N

for all
L>1, 0<t<l, B>g, N > (LO)E.

Proof. Using (6-15), we have

L (M)\2
1f * Agatllzeqix) < 1 1Ly 1A 0t lzmerxay < N 2(5) 1l 56

1191

(6-20)

(6-21)

(6-22)

(6-23)

(6-24)

(6-25)

(6-26)

(6-27)

This proves (i). (6-25) is a consequence of (4-4), (6-16), and (6-22). To prove (6-26), we use (4-1), (4-3)

and (6-16) to get

1
~ 2
1S % Apatlli2nc) = (Z il £ o )2 MQ,M(n,A)P) ,
n,A

which combined with (6-18), (6-20), and (6-21) yields
I * Ao mlL2rx6)

1+¢
. 9

. T k 2\3 2
s S (Teavranioniksa (TR 0) )+ R o
n,A

2 MN?2—¢

(6-28)
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Using Lemma 3.47 in [Bourgain 1993] and Lemma 5.2, we have

nl ks S Nz,d(””—”“, Q) . D}

oo :

<ep (D7BQTN2+08). max [{(n,A) |n+k; =m}
m|SN?
<o (D7BQ*N?2+ 0B) .11 e G | ky < N2
<. (D"BQ"N2+0B).N". (6-29)
Now (4-5) gives
Lf . MiEs S dall f 171 oy

and Lemma 5.2 gives
(A, N)dF| S NI,

which together with (6-29) imply
I/ *Ao.mllL2rxa)

Q1+8D Q2 Q1+8 B B 4
s (Gt s )M Mzceor+ 2 -0 20N+ 0N A f 1oy 630

This implies (6-26) assuming the conditions in (6-27). O
Now interpolating (6-23) and (6-25), we get

r_2d— r+2

d—5— teprs—E2 -4
If *Ag.mllLrrxe) Se N°72 Mz Q72 (6-31)
Interpolating (6-23) and (6-26) for
2(r +2 244
» 2042 L j0r which implies o = - — T F2TAT g (6-32)
r 2 p
we get

2d—r+2  r

If * Ao.mlLraxe) Sep N? T MaT Q Lp”f”Ll’ %G
—=(1—% r_r _B _r_d—-r
+ Q r(l p)MZ de 2 D ”f”Ll(TXG)' (6—33)

Now we are ready to prove Theorem 6.3.

Proof of Theorem 6.3. Without loss of generality, we assume that || f||;2(g) = 1. Then for F' = Py eltA f,
(3-2) implies

IFlz S 1, (6-34)
IFllL SN%. (6-35)

Let F
= X|F|>A" (6-36)

|F|
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Let P ~ be a Littlewood—Paley projection of product type such that P N o Py = Py. Let K N be the
Schrodinger kernel associated to P yelt A Then by (4-3), (5-13), and (5-14), we have
F+«Ky=F.
Let Q y2 be the Littlewood—Paley projection operator on L2(T x G) defined by

—k A= I’l2
N4
for some bump function ¢ such that Q 52 o Py = Py. Then by (4-2) and (5-14), we have

<F’H>L%,X = (QN2F7H>L%’X = (F, QNZH)L%X-

(QOn2H)" :=<o( )Fl(n,m

Then we can write
)&m)L < (F,H)L% = (F*I?N,QNzH)L% .

Using (4-1) and (4-3) again, we get
Amy <(F.Qn2H xKn)2 <|Fll2 1Qn2H*Kylp2
SIOn2H «Kylp2 =(On2H*Ky.Qn2H*Kn)p2

=(Qn2H. Qn2H  (Ky xKy))p2 (6-37)
Let
H/=QN2H, I’EN=I?N*I?N.

Note that H’ by definition satisfies the assumption in (6-24) and we can apply Proposition 6.4. Also note
that Ky is still a Schrodinger kernel associated to a Littlewood—Paley projection operator of product type.
Finally note that the Bernstein-type inequalities (3-2) and the definition (6-36) of H give

1
IH L < HlLp Smy. (6-38)
Write
A=Y > Aom. Ky=A+Ey-0),
1<Q=<Ni OQ<M=<N
where A g s is defined as in (6-14) except that Ky is replaced by K ~ - We have by (6-37)
APmi < (H' H'x N> +(H' H %Ky —N)p2

SUH Iy 1H 5 Ay +1HIZ, 1Ky = Allgs,- (6-39)

L7,
Using (6-31) for p = pg := w, then summing over Q, M, and noting (6-38), we have

_2d+4 _2d+4 =
VH' |, | H % Al <N 770 o H)12,, S NOT T Fom o,
th r.x Lo
’ 1.x

From (6-10) and (6-12) we get
IKy — Allpes, S N2, (6-40)
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which implies
|HI7) 1Ky = Al S NT2IHZ, S NO2m (6-41)

Then we have

which implies for A > N4/2-r/4
e N

Thus part (I) is proved. To prove part (II) for some fixed p, using part (I) and (6-35), it suffices to prove
it for A > N4/2—¢, Summing (6-33) over O, M in the range indicated by (6-27), we get

2d+4

_ _B _d+2
|H % AllLp S LN H | + LT NI H (6-42)

where

A1 = Z AQ’M
0<0,
O<M=<N
and Q; is the largest Q-value satisfying (6-27). For values Q > Q1, use (6-31) to get

2d+4 —(L—rt2
[H % (A=Al So N5+ 675

1H' - (6-43)

Using (6-39), (6-41), (6-42) and (6-43), we get

£ 2/ 1
s o 4—2d+2) N 2 B _g_d+2 1+ d—L 2
AmkﬁN p L—f—w mx +L PN ﬂmk + N ka-

2
oy ”

For A > N4/277/4 the last term of the above inequality can be dropped. Let Q1 = N% such that § > 0
and

(LN8)B <N (6-44)
such that (6-27) holds. Note that

for p > po + 107 and ¢ sufficiently small; thus

20a+2) 2’ B d+2 14+
Nmi<NTTS T Lm +LTP N o my 7

This implies

my, < NG 5 -p o yp(d—52) By —2p

<oy

d
2

d
NT)pL’z’ 4+ N—d-2 (%)ZPL—B.
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d
N2\ p
L = , B>=
(/\) T

and § be sufficiently small so that (6-44) holds; then

Let

d prT
_aa NZ\PT2
mst‘”(—) .

A

Note that conditions for p, T indicated in (6-32) imply that p + % can take any exponent > pg = w

This completes the proof of part (II).
The proofs of parts (III) and (IV) are then identical to the proofs of Propositions 3.110 and 3.113
respectively in [Bourgain 1993]. O

Proof of Theorem 2.2. Part (i) is a direct consequence of Theorem 6.3(III). Part (ii) is a direct consequence
of Theorem 6.3(IV) and the result from [Bourgain and Demeter 2015] that full Strichartz estimates hold
on any torus with an e-loss. O

7. Dispersive estimates on major arcs

In this section, we prove Theorem 6.2.

TA. Weyl-type sums on rational lattices.

Definition 7.1. Let L = Zwj +--- + Zw, be a lattice on an inner product space (V, (-,-)). We say L is
a rational lattice provided that there exists some D € R such that (w;, w;) € D™1Z. We call the number
D a period of L.

By Lemma 5.3, any weight lattice A is a rational lattice with respect to the Cartan—Killing form. As a
sublattice of A, the root lattice I' is also rational.
Let f be a function on Z" and define the difference operator D; by

Dif(ny,....ny):= f(ny,...,nji—1,n; + Lnjy1,...,n,)— f(ny,...,np) (7-1)
fori =1,...,r. The Leibniz rule for D; reads
n n
D,-(l_[ f,-) =Y > Difi,;:Difi,- [] &5 (7-2)
Jj=1 I=1 1<ki<-<k;<n J#K1,e.k
1<j=n

Note that there are 2" — 1 terms in the right side of the above formula.

Definition 7.2. Let L =~ 7" be a lattice of rank r. Given A € R, we say a function f on L is a
pseudopolynomial of degree A provided for each n € Z

|Djy -+ Dy, f(ny1,...,n,)| S NAT" (7-3)

holds uniformly in |n;| SN, i =1,...,r,foralli; =1,...,r, j=1,...,n,and N > .
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A direct application of the Leibniz rule (7-2) gives the following lemma.

Lemma 7.3. Let L be a lattice and f, g two functions on L. Assume f, g are pseudopolynomials of
degrees A, B respectively. Then [ - g is a pseudopolynomial of degree A + B.

Now we have the following estimate on Weyl-type sums, which generalizes the classical Weyl inequality
in one dimension, as in Lemma 3.18 of [Bourgain 1993].

Lemma 7.4. Let L = Zw; + --- 4+ Zw, be a rational lattice in the inner product space (V, (-,-)) with a
period D > 0. Let ¢ be a bump functionon Rand N > 1, A € R. Suppose f : L — C a pseudopolynomial
of degree A. Let

it |A]?
F(t.Hy=Y_ eV +’<*’H>¢(W) -f (7-4)
A€L
fort € Rand H € V. Then for D € Mg 4, we have
NA-l—r
|[F(t. H)| < (7-5)

(Va(L+ N |55 —2]"%)

uniformly in H € V.
Note that part (i) of Theorem 6.2 is a direct consequence of this lemma.

Proof. By the Weyl differencing trick, write

. : SR el
FR= Y e—nqm2—|A2|2)+1<A1—A23H>¢(| 1 ) | 2 ) f () f(R2)

N2
Al,A2€L
= Y et 5 et (IEREY (B r ) 7
n=A1—Az A=4z
AR\ (AP
= X [ (2R, (1 )f(u+k)f(/\)'

lwlSN A

Now let L = Zwq + - -+ + Zw,. Write

r
A=Zn,~w,~

i=1

112 112
g(x)zw('“ | ) (' | )f(u+k)f(k)

and

N2

Note that as functions in A € L, both ¢(|u + A|?/N?)| and ¢(|1|?/N?) are pseudopolynomials of
degree 0, and both f (i + A) and f(1) are pseudopolynomials of degree A, which implies by Lemma 7.3
that g(A) is a pseudopolynomial of degree 2A4. That is, g(A) satisfies

|Dj, -+ Dy, g(A)] < N24™" (7-6)
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uniformly for [A| < N and N > 1, forall iy,...,i, € {1,...,r}. Write

Z e—izt(u,k)g(k) _ Z (1—[ e—itni(u,Zwi))g(;\)‘ (7-7)

AeL ni,..ny€Z Ni=1
By summation by parts twice, we have

. e-it(M,ZU)]) 2 .
Z e_””l(”’zwl)g = (—1 _ )) Z e_”"l(“’zw‘)ng(nl, NS (7-8)

_e—lt(u,Zwl
ni1€z n1€z

then (7-7) becomes

12,0 emit(w2wn) N2 T —itmi2wn)) 2
Yo = () L ([T w2 pten....onn

A€L ni,...nr€Z Ni=1

Then we can carry out the procedure of summation by parts twice with respect to other variables nz, ..., n,.
But we require that only when

. _lt<u’52w) L
[1—e N=x

do we carry out the procedure to the variable n;. Using (7-6), we obtain

A2 A2 1
il (B2 Yo (W5 )t | < w2 o
i=1 (max{l —e~itln2wi), o })
r
< NZA—I' 1

¥

i=1 (max{|| 5zt (w. 2w;) .
Writing u = Z;=1 mjw;, m; € Z, we have

r

|F|25N2A r Z 1 .
Im,|<N i=1 (max{ |5zt 30—y mj (wy. 2wi) |, &)
j=1,..
Let
r
n,:ij-(wj,Zw,-).D, i:],‘”,r’ (7_9)

where D > 0 is the period of L so that (w;,w;) € D™'Z. Then n; € Z. Note that the matrix
({wj,2w;)D);,; is nondegenerate, which implies that for each vector (ny,...,n,;) € Z" there exists
at most one vector (my,...,m;) € Z" so that (7-9) holds; thus

r

|F|2§N2Ar2 l_[ 1

mi=n i=1 (max{] mipni
i=1,...,r

RuE

r

T 2 )
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Then by a standard estimate as in the proof of the classical Weyl inequality in one dimension, we have
1 N3

<
Ini|SN (maX{Hﬁ”i

2 ~ ’
DT (VA Nt = 5]
which implies the desired result

N2A+2r
|F|? < . O

T (VA + N 5 -2 )

Remark 7.5. Let Ao be a constant vector in R” and C a constant real number. Then we can slightly

generalize the form of the function F(¢, H) in the above lemma into

; ; A+Aol2+C
F(t.H)= Ze_”'““'zﬂ(l’mw(—l * 1\(;|2 * )'f
A€l

such that the conclusion of the lemma still holds.

7B. From a chamber to the whole weight lattice. To prove part (ii) of Theorem 6.2, we first rewrite the
Schrodinger kernel as an exponential sum over the whole weight lattice A instead of just a chamber of it,
in order to apply Lemma 7.4.

Lemma 7.6. Recall that Dp(H) = )y (det s)e!-H) s the Weyl denominator. We have

eltlo” i, (IMP=lp
Kn(t,x) = o—itlal +z<a,H>¢( ) @) (7-10)
(Tuer (e p) Dp (H) ;i N2 11
citlo? By 12— ol2 dets)e! (s().H)
= Z e ltMleD(M) 1_[ (o, A) ZsEW( ) o (7-11)
(Hd€P<a7 ,O))|W| AEA N aEP Zsew(dets)e L)

Proof. To prove (7-11), first note that from Proposition 7.13 below, [[,cp (o, ) is an anti-invariant
polynomial, that is,

[ (e s) = (dets) [ ] {e. 1) (7-12)

aeP aeP
for all A € ib*. Recall that the Weyl group W acts on i b* isometrically; that is,

|s(M)| =|A| foralls e W, Ae€ib*. (7-13)

Also recalling the definition (4-12) of p and the definition (4-10) of the fundamental chamber C, we may
rewrite K as in (5-2) into

; 2
eitlol

K _ i (A =1pl? Jy i(s(A).H)
N, x)= Z e [0) Nz l_[(a, )Z(dets)e .

(naePW’p))DP AEANC aeP seW
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Using the (7-12) and (7-13), we write

1 o[2
Kn(t.x) = eitlol Z Z —it|A|? (MI —2|,0| )H(a,s(k))e”sm’m
(Maep (o) Dr i, S N a€P
P12
_ eltlel Z Z —it|s(A)|? (|S(A)|2—|P|2)l—[< s(A))e’ i(s(A),H)
(oep (@) Pr o e aeP
eitlol? itIA]2 (Iklz—l 2 -
_ —it|Al P ) i(A,H)
= oo ol ——) ] (e.1e . (7-14)
(Ieep(@.p) Dp Aellyew s(ANC) N wcP
which then implies by (4-11) that
eitler e, (142 =lol? -
Ky(t,x) = e~ itlAl (ﬂ(—) (a,k)e’(A’H).
(ITgep (. p)) Dp % N2 alel
This proves (7-10). To prove (7-11), write
it AP+ |AI> = 1p?
3 i +1(A,H)¢)( — TT (e 3
A€A acP
) ) A 2 _ 112
= Ze—”'sm'%<S(“H>¢(—|S( )lNz o ) [Tlsm). @13

AEA aeP

which implies using (7-12) and (7-13) that

i), (1AP=lel? 1) = (det it (1A=l )
Ze P\ 7Nz l_[(ot, )_(es)Ze P\ 7Nz H(Ol’ )

AEA aeP AEA aeP

which further implies

_it|A? |A> —1pl?
Ze it|Al*+i(AH) ( =3 H(avk>

AEA aeP
AP, A2 = 1o i(s(A),H)
o Z 73 [T 2) )" (dets)e .
| | AEA acP seW
This combined with (7-10) yields (7-11). O

Example 7.7. Specializing (7-10) and (7-11) to the Schrodinger kernel (5-3) for G = SU(2), we get

—1
Kn(t,0) = —5——07 3 Titm+imd (mN2 )m (7-16)
mezZ
eit itm? m2_1 eimG _e—ime
=72e go( 3 )m P T 0 e R/2nZ. (7-17)

mez
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Corollary 7.8. (6-1) holds for the following two scenarios:
Scenario 1: x = 1g, where 1 is the identity element of G.

Scenario 2: H % (a, H) ” z % for any x conjugate to exp H. This is to say that the variable H is away
from all the cell walls {H } H %(a, H) ” = 0 for some a € P} by a distance of Z ﬁ

Proof. Scenario 1: When x = ¢, the character equals y; (1g) =dy =[[,ep (. A)/ [[yep (. p). Then
by (7-11), the Schrodinger kernel at x = 1 equals

itlp|? s 2.2 2
Kn(t, 1g) = e’ > et %W)(H(a,m) . (7-18)

(IMeep (@ P>)2|W| A€A acP

Note that f(1) = (]—[wep(cx,)t))2 is a polynomial in the variable A = njwy + --- + n,w, € A of
degree 2| P|, which equals d — r by (4-8). Thus f is also a pseudopolynomial of degree d — r. Then the
desired estimate is a direct consequence of Lemma 7.4.

Scenario 2: By Lemma 4.13.4 of Chapter 4 in [Varadarajan 1974], the Weyl denominator Dp =
> seW(dets)ei (s(0).H) can be rewritten as

aeP
Note that
|ei(oz,H) —1]
1< < 1.

R

Then by assumption the Weyl denominator satisfies

IDp(H)I 2 [l 55te H)| 2 NP (7-20)
aeP
Let 5 5
APt A2 = Ip|
F=Y et +1(A,H)(p( = f
AEA

where f = [],cp (. A). Note that f is a polynomial and thus also a pseudopolynomial of degree |P |
in A. Applying Lemma 7.4 to F we get

itlpl? 1 N7HP]
Kar(t, )] = ¢ ‘-|F|s L ‘-|F|5N'P'- o
Taer 1) D () PG (v + Nzt =417
Recalling |P| = %, we establish (6-1) for Scenario 2. |

Example 7.9. We specialize the Schrodinger kernel (7-16) and (7-17) to the case of G = SU(2). Scenario 1
in the above corollary corresponds to when 8 € 277 and

. 2
Z e—ll‘mZ(p(n/l]v2 )mz . (7_21)

mezZ

elt oo (m?—1
Kn(t6) =5 S (Mo Jn, K0 3
mez
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Scenario 2 corresponds to when |e!? —e | > L equivalently, when 6 is away from the cell walls {0, 77}
by a distance 2 + 1 . In this case,

KN 5 |

Z p—itm2 im0 (mN; 1 )m' 722

meZz

Then we get the desired estimates for (7-21) and (7-22) using Lemma 7.4.

7C. Pseudopolynomial behavior of characters. We have established the key estimates (6-1) for when
the variable exp H in the maximal torus is either the identity or away from all the cell walls by a distance
of 2 1 . To establish (6-1) fully, we need to look at the scenarios when the variable exp H is close to the
some of the cell walls within a distance of < +- 1 . In this section, we first deal with the scenario when the
variable exp H is close to all the cell walls w1th1n a distance of < +- 1 . To achieve this end, we first prove
the following crucial lemma on the pseudopolynomial behavior of characters.

Lemma 7.10. Let i € ib* For A € ib*, define

> e (dets)el SGA1H)

“AL H) = .
. : ZseW(detS)e’“(P),H)

Let L = 77 be the weight lattice or the root lattice (or any sublattice of full rank of the weight lattice),
and viewing y*(A, H) as a function in A € L, we have

Dy, - Dy y* (A, H)| S N“T°F (7-23)

holds uniformly in |A| < N, |H| < N’ and N > 1, for all k € Z>¢. In other words, y*(A,H) is a
pseudopolynomial of degree 5% in A uniformly in |H | < N

Using this lemma, applying Lemma 7.4 to the Schrodinger kernel Ky in the form of (7-11), we
immediately get the following corollary.

Corollary 7.11. Inequality (6-1) holds uniformly when x € G is conjugate to exp H such that |H| < %
In other words, when x is within < N a distance from the identity 1g.

We now prove Lemma 7.10 for L =~ Zw; + - - - + Zw, being the weight lattice (the case for the root
lattice or any other sublattice can be proved similarly). First note that as |H | < L for N large enough,
by (7-19), we have

Thus it suffices to show (7-23) replacing y*(A, H) by

S ey (dets)el (G- H)

K, H) =
x4, H) Macp (@ H)

(7-24)
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7C.1. Approach 1: via BGG-Demazure operators. The idea is to expand the numerator of )(‘1" (A, H)
into a power series of polynomials in H € i b* which are anti-invariant with respect to the Weyl group W,
and then to estimate the quotients of these polynomial over the denominator [ [, p (o, H). We will see
that these quotients are in fact polynomials in H € ib*, and can be more or less explicitly computed by
the BGG-Demazure operators. We now review the basic definitions and facts of the BGG-Demazure
operators and the related invariant theory. A good reference is Chapter IV in [Hiller 1982].

From now on, we fix an inner product space (a, (-,-)) and let ® be an integral root system in the dual
space (a*, (-,-)). Let P(a) be the space of polynomial functions on a. The orthogonal group O(a) with
respect to the inner product on g, in particular the Weyl group, acts on P(a) by

(sf)(H):= f(sT'H), s€O(), feP(), Hea
Definition 7.12. For o € a*, let 54 : a — a denote the reflection about the hyperplane

{Hea|a(H) =0},
that is,
a(H)
(o, )
where H € a. Here H,, corresponds to « through the identification a => a*. Define the BGG-Demazure
operator Ay : P(a) — P(a) associated to o € a* by

Ao(f) = f%"‘(f).

so(H):=H =2

Hy,

As an example, we compute Ay (A™) for A € a*:

m (A,a) \m
A, () — A" = =215 Ha) _ A — (A =2855)
o o

— ;(_1)"—1 (’?) (a?;)i A, @) =Iam=i. (7-25)

This computation in particular implies that for any f € P(a), the operator A, ( f) lowers the degree of f
by at least 1.
Let P(a)" denote the subspace of P(a) that is invariant under the action of the Weyl group W, that s,

P :={feP(a)|sf=fforallse W}
We call P(a)" the space of invariant polynomials. We also define
PV :={f e P(a)|sf = (dets) f forall s € W}.

We call P(a)gzt the space of anti-invariant polynomials. We have the following proposition which states
that P (a)ggt is a free P(a)" -module of rank 1.
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Proposition 7.13 [Hiller 1982, Chapter II, Proposition 4.4]. Define dqet € P(a) by

ddet = 1_[ o.

aeP

Then dge; € P(a)g‘e/t and
P(a)f, = daet P()7.

By the above proposition, given any anti-invariant polynomial f, we have f = d - g, where g is
invariant. We call g the invariant part of f. The BGG-Demazure operators provide a procedure that
computes the invariant part of any anti-invariant polynomial. We describe this procedure as follows. The
Weyl group W is generated by the reflections sg, , . .., Sq,, Where S = {o1, ..., @} is the set of simple

roots. Define the length of s € W' to be the smallest number k such that s can be written as s = sq; -+ Sq;, -
The longest element s in W is of length | P| = d;’

1990]. Write s = Sai, " Say, - Set

, and such s is unique; see Section 1.8 in [Humphreys
§=1Ng; - Ay,
and note that it is well-defined in the sense it does not depend on the particular choice of the decomposition
§ = Sq; *rSa;, s See Chapter 1V, Proposition 1.7 in [Hiller 1982].

Proposition 7.14 [Hiller 1982, Chapter IV, Proposition 1.6]. We have

4
ddet f

5f =

forall f € P(a)ggt.

That is, the operator § produces the invariant part of any anti-invariant polynomial (modulo a multi-

plicative constant). As an example, we compute § = Ag; - Ag;, ON A™. Proceed inductively using

(7-25), we arrive at the following proposition. "
Proposition 7.15. Let m > L. Then
som= > D [Tenge )P [Ttk e, ) [T a7
0,a(c,B),b(y),c(§),nez a<p 4 ¢

such that the following statements are true:

(1) In each term of the sum, 3 ., b(y) +n = m.

(2) In each term of the sum, 3 ¢ c(§) +n=m— L.

(3) In each term of the sum, 3, b(y) = ¢ c(§) = L.

(4) In each term of the sum, |a(a, B)| <mL and b(y),c({),n=0,1,...,m.

(5) There are in total less than 3L terms in the sum.

Note that since each BGG-Demazure operator Aaij ing = Ag;, -+ Ag;, lowers the degree of polyno-

1

mials by at least 1, & lowers the degree by at least L. Thus

SA™) =0 form< L. (7-26)
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Example 7.16. We specialize the discussion to the case M = SU(2). Recall that a* = Rw, where w
is the fundamental weight, and ® = {f+a} with « = 2w. P(a) consists of polynomials in the variable
A eRx~Rw. For)LEIR [Rw and f € P(a), we have

1}—)11)

)= f(=)
() = ===,
m—1
S(™M) = A , modd,
0, m even,
dget(A) = 2A. (7-27)

We can now finish the proof of (7-23).
Proof of Lemma 7.10. Recall that it suffices to prove (7-23) replacing y* (A, H) by le (A, H) in (7-24).

Using power series expansions, write

Z (dets)e! Ati-H) — Z (dets) Z —(1 (s(A+p), H)™

sew sew
Z Z (dets)(s(A + 1), H)™. (7-28)
m=0 ! sEW
Note that
Sn(H) = fn() = fn(A, H) := ) (dets)(s(A + ), H)™ (7-29)
seWw

is an anti-invariant polynomial in H with respect to the Weyl group W; thus by Proposition 7.14,

ddet( ) 1_[ P
H)= -8 eE . §fm(H
() = S 31, (1) = LSl 1),
This implies that we can rewrite (7-24) as
T im
YA H) = — —08fm(H).
O H) = i 22 b H)
Thus to prove (7-23), it suffices to prove that
1
> — D, -+ Dy 8fm())| S NETF
Om!
m=

for all k € Z>¢, uniformly in |n;| < N, where A = njwq + -+ 4+ n,w,. Then by (7-29), it suffices to
prove that

o0
1

Z —|Dj; -+ Dy Bl(sh + )™ DI 5 NE* forall s e W.
m

Without loss of generality, it suffices to show
o0

1
> Dy Dy B[(A +p)™D] s NETE. (7-30)

m=0
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Noting (7-26), it suffices to consider cases when m > L. We apply Proposition 7.15 to write
S((A+ ™) (H)

— > (=D [T (i tig)*@P T T4 + 0y )2 O T Jhetip HY @A+ o HY. - (7-31)
0,a(a.,B),b(y),c(£).n a<pB 4 ¢

First note that for A = njwy +---+n,wy, |n;| SN, i=1,...,r, we have
1< Hai o) <1, [(A+up,ai)| SN, (7-32)

. 1
and by the assumption |H| < «,

.
fors S e 1+ H) = | (st #)) + (e )| 51 (733)
i=1
These imply
18((X + )™ (H)| < Z C2a.pla@B+3, b(y)+3 e c(@)+n prdy c(y)=2¢ c(§) (7-34)

0,a(a,B),b(y),c(§).n

for some constant C independent of m. Now we derive a similar estimate for D; (6[(A + ©)™])(H). By
(7-31),

D; (8[(A + )™ (H) = S 0 [ ey i) P T Tl HY®
0,a(a,8),b(y);c(§).n a<pB ¢
- D; (H(A + 1.3, )PP (A . H>"). (7-35)
Y

For A =nywy 4 - -+ n,w;, we compute
Di({(A +p, i) = (i, aiy, ),
Di((A+u, H)) = (a;, H).
The above two formulas combined with (7-32), (7-33), and the Leibniz rule (7-2) for D; imply

‘D,- (T + s, PO 0411
Y

< Cy bW+ X, b(y)—1

This combined with (7-32), (7-33) and (7-35) implies
[Di (B[(A + )" D(H)| < 3 CZapla@B+L, b+, c@)+n T, b)=Ye c(@)—1
6.a(e,B),b(y),c(©).n
Inductively, we have
|Dj, -+ Di, B[(A+w)"])(H)| Z CXa.pla@B)+2, b(y)+Xcc@)+n N2, b(y)—X c§)—k
8.a(a,B),b(y),c().n

for some constant C independent of m. This by Proposition 7.15 then implies

1Dy, -+ Dig B3+ ™D (H)| = 3"ECEmENET, < cmy ok
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for some positive constant C independent of m. This estimate implies (7-30), noting that
— =<1 (7-36)

This finishes the proof. O

7C.2. Approach 2: via Harish-Chandra’s integral formula. This very short approach expresses x| M, H)
as an integral over the group G. We apply the Harish-Chandra’s integral formula [1957], which reads

3 (dets)elhn) = [locp (e A) - Tlaeplo. 1) / oA D) g
seW HaeP (Ol,p) G

where A, u € be, and dg is the normalized Haar measure on G. Then we can rewrite y} ", H) as

1Pl A .
wn gy = Haeple 2 1) [ trronscn g

HaeP (O" ,O>
Note that
naePWa IO)
is a polynomial in A € A of degree |P| = 45L. Also, as |H| < &, we have |Adg (H)| < N uniformly in

g € G, which implies that the integral

) = /G (At p.Adg () 1o

as a function in A is a pseudopolynomial of degree 0, uniformly in |H | < % Then by the Leibniz rule,

d—r

5+, uniformly in |H | < % This finishes

x'(A, H) as a function of A is a pseudopolynomial of degree
the proof of Lemma 7.10.

Remark 7.17. Note that Lemma 7.10 can be stated purely in terms of an integral root system without
mentioning the ambient compact Lie group, and it still holds true this way. It can be seen either by the
approach via BGG-Demazure operators, which is purely a root-system-theoretic argument, or by the fact
that, for any integral root system &, there associates to it a unique compact simply connected semisimple
Lie group equipped with this root system; thus the approach via Harish-Chandra’s integral formula still
works, even though the argument explicitly involves the group.

7D. From the weight lattice to the root lattice. We say exp H is a corner in the maximal torus provided

|5 (. H)| =0 foralla € P

In this section, we extend Corollary 7.11 to the scenarios when exp H is within a distance of < % from
some corner. That is, when

| (. H)|| < & foralla e P. (7-37)
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To this end, we rewrite the Schrodinger kernel Ky (¢, x) as a finite sum of exponential sums over the root
lattice:

KN(Z,X)

=C Z Z e—it(lx|z—|p|2)(p(IAIZ—IPP) Moep (@A) 3 e (dets)e! SGH)
N2 ) Tlgep (@.p) X sep (dets)ei (). H)

HEA/T Aeu+T

i (s (A
= C Z Z e_il(lk'i‘ﬂlz_lplz)(p (|A+/,L|2—|p|2) l_[aGP <a’k+l[’b> ZSGW(dets)el (S( +M)’H) , (7_38)
weA/T AeT N? [loep(a.p) ZseW(dets)el<s(p)’H)
where C = e/tlPl” /|W|.
Proposition 7.18. Let (1 be an element in the weight lattice A and let
KK’ @ x) 2 2 i (s(A+u), H
= e—n(|x+m2—|p|2)¢(lk + p1l* = ol ) [aep (oA + 1) 3y (dets)e - (7-39)
P N2 [aer @ p) X e (dets)elCOLH)
where x is conjugate to exp H. Then
Nd
|Ky ()] S : (7-40)
/2\\T
(Va(l+Nlzp=217)
for ﬁ € Mag.q, uniformly for ”%((x, H) H < %for allo € P.
Using (7-38) and the finiteness of A/I", we have the following corollary.
Corollary 7.19. Inequality (6-1) holds for the case when || 5= (o, H)|| < 3 for all a € P.
To prove Proposition 7.18, we first prove a variant of Lemma 7.10.
Lemma 7.20. Let > W(dets)e"(s(/’”%)’m
XA H) = . = (7-41)

T e p (e 1)

be defined as in Lemma 7.10. Assume in addition that i € A. Then y*(A, H) as a functionin A € T is a

pseudopolynomial of degree % uniformly in H such that ” %a(H ) H < ﬁ forallo € P.

Proof. For all H € ib* such that ” %(a, H) H < % for all & € P, by considering the dual basis of the
simple roots {a1, ..., 0, }, we can write

H=H;+ H, (7-42)
such that
| (ai Hi)| = || o= {ei . HY| S %, i=1.....r, (7-43)
and
(i, Hy) €2nZ, i=1,...,r. (7-44)

This implies that exp H» is a corner and
|H1l < % (7-45)
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Then for A € ' = Zay + -+ + Zay,
3o (dets)el (s H) i (s (). Ha)

192 — M —
1A H) = " (A Hi + Hy) = e~ (o Hi+Ho) [ _p (el @ HD — 1)

(7-46)
Note that, see Corollary 4.13.3 in [Varadarajan 1974], s(u) —u € ' for all © € A and s € W, which
combined with (7-44) implies

e S H2) — Qi Ho) - forall e A, s € W.
Then (7-46) becomes

el (1. Hz) . e (dets)el S+ HY)
e—ilp.H2)  o—i{p.H1) ] eilo,Hi) _1)

XL H) = eltntpH2) iy Hy), (7-47)
aeP(

which is a pseudopolynomial in A € T" of degree % uniformly in |H;| < + by Lemma 7.10. |

Proof of Proposition 7.18. Since ]_[O(E plo,A4+p)isa polynomial and thus also a pseudopolynomial in )t

of degree | P| = (o, H) H

for all « € P by the previous lemma,

f(k)::IIa€P<avk'+ﬁw‘

HaeP (Ol ,0>

is then a pseudopolynomial of degree d — r uniformly in H 2L o, H) H < % for all € P. Then the

x4, H)

desired result comes from a direct application of Lemma 7.4. O

Example 7.21. We specialize the discussion in this section to the case G = SU(2). Recall that A = Zw,
I' = Za with o = 2w; thus A/ T = {0, 1} - w. (7-38) specializes to

Kn(t,0) =L (K (t,0) + K} (t,0)),

where 5 - -
m —im
0 _ —itm2 (m“—1 e —e
Ky=2> ¢ <p( N2 )m 0l0 _ p—if
m=2k
kez
2 im6 —im6
1 —itm2 (M~ —1 e —e
Ky= > e <p( N2 )m 010 _ p—if
m=2k+1
kez

for 8 € R/2xZ. Condition (7-37) specializes to H 9 ” ﬁ Write 6 = 601 + 65, where |01] < N’ and
0y =0,7. Thenform =2k, k eZ,

1

_ L (,imby _ —im6
Xm(e) - 6_10(61291 . 1) (e ! e 1)

1 o0
= T D ()~ mo))
n= O
6
:m > —( 267 'm"), (7-48)

now
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and similarly form =2k + 1, k € Z,

ei92@1 i" n—1_n
xm(0) = B2 ) ) @01 m").
n odd

Note that we are implicitly applying Proposition 7.14 so that
O - 20n—1 n’ dd,
Jn(01) 1= (m61)" — (=m61)" =01 -8fn = % R
) n even.
If |k| < N, then it is clear that
DLyl SN'EL D yopsa SNV LeZs,
X X2k+ >

where D is the difference operator with respect to the variable k. These two inequalities will give the
desired estimates for K R, and K zlv respectively using the Weyl sum estimate Lemma 7.4 in one dimension.

7E. Root subsystems. To finish the proof of part (ii) of Theorem 6.2, considering Corollaries 7.8 and 7.19,
it suffices to prove (6-1) in the scenarios when exp H is away from all the corners by a distance of 2 %
but stays close to some cell walls within a distance of < % We will identify these other walls as belonging
to a root subsystem of the original root system ®, and then we will decompose the character, the weight
lattice and thus the Schrodinger kernel according to this root subsystem.

TE.1. Identifying root subsystems and rewriting the character. Given any H € ib*, let Q i be the subset
of the set ® of roots defined by

Thus
O\ O = fae || 5zla H)| > 5}
Define
®y :={a € |« lies in the Z-linear span of Qg }. (7-49)
Then &y D Qgy, and
|5=(a. H)| < & foralla € ®p, (7-50)

with the implicit constant independent of H, and
lssA(e. H)|| > & foralloa e ®\ ®p. (7-51)
Note that ®g is Z-closed in ®; that is, no element in ® \ ® g lies in the Z-linear span of .

Proposition 7.22. ®g is an integral root system.

Proof. We check the requirements for an integral root system listed on page 1182. Parts (ii) and (iv) are
automatic from the fact that ® g is a subset of ®. Part (i) comes from the fact that ® g is a Z-linear space.
Part (iii) follows from the fact that s4 8 is a Z-linear combination of « and 8 for all «, 8 € @, and the
fact that ®g is a Z-linear space. O



1210 YUNFENG ZHANG

Then we say that @ is a root subsystem of ®.

Let W be the Weyl group of ®f. Wy is generated by reflections s, for « € &g and Wy is a
subgroup of the Weyl group W of ®. Let P be a positive system of roots of ® and Py = P N ®g. Then
Pp is a positive system of roots of &g . We rewrite the Weyl character as

> e (dets)el S-H)

T e e p (T~ 1)
_ (1/|WH|) ZSHEWH Zsew(det(SHs))el<(SHS)()’)3H)
e P ([yep\pyy (€@ H) = D) ([Naepy, (¢@H) = 1))
_ 1 Z (det s) ZSHEWH (det SH)ei(SH (s(A),H)
Wi le= ) [Tyepy py, (e @H) —1) & [Taep,, (e@H —1)
5 ey (detsp)el (1 GONH)
=C(H) (dets) = =—"H . ’ (7-52)
SEZW HaePH (el(ot,H) —1)
where
1
C(H):= . _ _ (7-53)
| Wi le™ (0,H) HoeeP\PH (el(Ot,H) —1)
Then by (7-51),
|C(H)| < NIP\Prl, (7-54)

Let Vg be the R-linear span of ®g in V =ib* and let H I'be the orthogonal projection of H on V.
Let H- = H— HIl. Then H' is orthogonal to Vg and we have

(detsgy) ei (s ), HE+HT)

2 =C(H) Y (dets)- o<Wy

o HaePH (ei(oe,HL+HII) _ 1)

det spp)el SOV (D) i (51 (sG) HI)
=C(H) Y (dets)- Lty (et 51)

= naePH (ei(a,Hn) —1

(7-55)

Note that since H is orthogonal to every root in ®, H~ is fixed by sy for any a € ®g7, which in turn
implies that H - is fixed by any sz € Wy ; that is, sg (HL) = H-L. Then

i Ly 4 Il
o ) Sty Sy Gt O e 1
sew l_[(xEPH (el(d,H”) _ 1)

= H E L i(sp(s(A),H
. i(s(A),H—) X ZSHGWH (detSH)e

C( ) (dets) e i :

s€ II(XEPH(e — )

(7-56)

Note that by the definition of H I, we have

|2k (e, H")” <+ foralla € ®p. (7-57)
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This means that exp H I'is a corner in the maximal torus of the compact semisimple Lie group associated
to the integral root system Pg .
Using the above formula, we rewrite the Schrodinger kernel (7-11) as

itlpl?
C(H)e'™ Y (dets) - K (. %), (7-58)

K , =
N([ X) (HaeP(a’p>)|W| seW

where

1 Il
. 1y_; 2 |)t|2 — |p|2 ZSHEWH (detsH)el (s (s(A),H")
Kvslt, ) = 3 6O a0 (L0 (T o _
AEA N? aE€P HaePH (el(a’H”) - 1)

Noting that for any s € W, [s(A)| = |A|, [[yep (. 5(1)) = (dets) [ [,ep (. A) by Proposition 7.13, and
s(A) = A, we have

Kns(t, x) = (dets) Kna1(z, x),
where 1 is the identity element in W. Then (7-58) becomes

C(H)eltll?

KN (L X) B (H(xeP (O[, P))

Kna(t,x). (7-59)

Proposition 7.23. Recall that

_ _ 2_ 1502 det spr)ei (s ). H")
Kya(t.x) = Ze’“’H”""“zw(—w i )(H(a,x)) Lo ey (eL0H) . (7-60)

1 Il
A€A Nz aeP 1_[0661"171 (ez(oz,H )~ 1)

Then
NE—IP\Px|

(va(i+N|zp - 4"

K1t x)[ < (7-61)

for 55 € Maq, uniformly in x € G.
Noting (7-54) and (7-59), the above proposition implies part (ii) of Theorem 6.2.

Example 7.24. Figure 1 is an illustration of the decomposition of the maximal torus of SU(3) according
to the values of H % (a, H) H, o € ®. Here P ={a1, a2, @3 = a1 + a2 }. The three proper root subsystems
of ® are {£«;}, i = 1,2, 3. The association of &g to H is as follows:

H € regions of color — oy =097,
H € regions of color — by ={to},
H € regions of color — Oy ={taz},
H € regions of color — by ={tos},
H e regions of color = oy =0.
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Figure 1. Decomposition of the maximal torus of SU(3) according to the values of
|5 (e, H) |, @ € A.

7E.2. Decomposition of the weight lattice. To prove Proposition 7.23, we will make a decomposition of
the weight lattice A according to the root subsystem ®g . First, we have the following lemma about root
subsystems. Let Proj;; denote the orthogonal projection map from the ambient inner product space onto
the subspace U.

Lemma 7.25. Let ® be an integral root system in the space V with the associated weight lattice A g. Let
W be a root subsystem of ®. Then let I'y and Ao be the root lattice and weight lattice associated to V
respectively. Let Viy be the R-linear span of W in V. Let Yy be the image of the orthogonal projection of
A g onto Viy. Then the following statements hold true:

(1) Yy is a lattice and I'y C Ty C Ay. In particular, the rank of Yy equals the rank of 'y as well
as Awy.

(2) Let the ranks of Yy and Mg be r and R respectively. Let {wy, ..., w;} be a basis of Yy. Pick
any {uy,...,u,} C Ao such that ProjV\p(ui) =w;, i =1,...,r. Then we can extend {uy, ..., u,}
into a basis {uy,...,Ur,Ur4+1,...,UR} of A@. Furthermore, we can pick {uy+1,...,uR} such that
Projy,, (u;) =0 fori =r+1,..., R
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Proof. (1) It’s clear that Ty is a lattice. Let 'y be the root lattice associated to . Then I'y C I'g. Thus
F\IJ = Proj Vo (F‘I’) C PrOqu; (F¢) C PrOjV\p (Aq)) = T‘IJ

On the other hand, for any u € Ag, o € I'y, we have (Projy,, (1), @) = (u, a). This in particular implies

2(Pr0jV\p(M)’“> _ 2(%“)

€Z forallueAg, aely.
(o, o) (o, o
This implies Projy,, (1) € Ay for all 4 € Ag; that is, Ty = Projy,, (Ae) C Ay.

(2) Let S :=Zuy +---+ Zu,; then S is a sublattice of Ag of rank r. By the theory of modules over a
principal ideal domain, there exists a basis {u/,...,u’s} of Ag and positive integers dy|d3|-- - |d, such
that {du',...,d;u,} is a basis of Sg. Then we must have di = dp =--- = d, = 1, since

Zdy Projy,, () + -+ Zd, Projy,, (u}.) = Projy, (Se)
= Projy,, (Ae) D ZProjy,, (u}) + -+ + ZProjy,, (u,)  (7-62)
and v/, ..., u, are R-linear independent. Thus we have
Se =Zuy+ -+ Zu, =Zuy + -+ Zu,,

and then {u1,..., u,, u’r FETRR M’R} is also a basis of A . Furthermore, by adding a Z-linear combination
of uy,...,ur toeachof u,_ ;... ,up, we can assume that Projy,, (u;) =0fori =r+1,....,R. O

We apply the above lemma to the root subsystem ®g of ®. Let V' =ib*, Vg be the R-linear span of
&g in V, I'g be the root lattice for @, and let

Tg := Projy,, (A). (7-63)
Then by the above lemma, we have
Yg OTI'y. (7-64)
Let rg be the rank of ®g as well as of 'y and Yg, and let {w1, ..., w,, } C Tq such that

Yy =Zwi +- + Zwy,,.
Pick {u1,...,uy;} C A such that

Projy, (u;) =w;, i=1,...,rg.
Then by the above lemma, we can extend {u1,...,u,, } into a basis {u1,...,u,} of A such that
Projy, (ui) =0, i=rg+1,...,r, (7-65)
with
A=7ui+---+Zu,.
Set

Yy =Zuy +--++ Zuy, CA.
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Then
Projy, : Yy = TH.

Recalling (7-64), let F}I be the sublattice of T}I corresponding to 'y C Yy under this isomorphism.
More precisely, let {«q, ..., o, } be a simple system of roots for I'y; then

Projy, : Ty =Zda) +---+Za,, => Ty =Zoy +---+Zay,, oo, i=1,....rg, (7-66)

and we have
Yy/Ty =Yu/Tu, |Yg/Tyl=I|Yu/TH|<oo. (7-67)

Decomposing the weight lattice as

A= || W+Th+Zuryq+-+2up),
WEYy /Ty
we have
. , . , + A+ A2 —|pl?
Kya(t,x) = 3 ez(u+kl+k2,Hl)—ztM+A1+A2|2¢(|M 1 N22| o )
WeYy /Ty

A ’ 4
Al=na] +otnyy &y
A2=Nyp 41 Ur g1+ +0ruy

; / I
Z (det SH)el (SH (M"f_)'l +)'2)9H )
’ (l_[ (o, + A +)\2)) SHGWFII—[ (el HT) 1) (7-68)
acP acPy T
Note that (7-65) implies for Ao = ny,, +1Uz;; 41 + -+ - + n,yu, that
p H+ H+
(srr(Aa), H) = (a5 (H 1)) =0,
and (7-66) implies for A} =nia} +---+n,y, a}H that
(s (A9), HYY = (A4, s (HY) = (A1, s (HY) = (sur (A1), H'),
where Ay = njoy + -+ +n,, 0, € Vh. Similarly, also note that
(s (), H') = (sur (), HY),  where ul := Projy,,, (10).
Thus we write
2 2
Ky (t.x) = Z Z o A Ao, H ) =it |+ 4 +Az|2(p(|ﬂ+”1 +A2[%—|p] )
5 ’ 2
weYy /Ty A} =n1a;+-~-+nrHa;H N
Ar=nio+ iy g Oy
A2=nrH+1urH+1+---+nrur | I
j +A1),H
. l_[ (Ol ,LL+A/ +A.2> ZSHGWH (detsH)el(SH(M v ) (7—69)
oaEP ’ ' HaePH (ei(a’HH)_l) .

Remark 7.26. We have that in the above formula
Yo ew (detsH)ei(SH(M”Hn),Hll)
HEWH

Il
(AL HY = :
[Taep,, (e/@H) —1)
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is a character of the form (7-41). Also note that ,u” € Projy,, (A) lies in the weight lattice Ay of &y by
Lemma 7.25.

Noting (7-67), Proposition 7.23 reduces to the following.

Proposition 7.27. For p € Yy, /Ty, let

/ 2 2
K (1) = 3 ei(uﬂ’l+/12,Hi)—n|u+xq+xz|2(p(|M+M+lz| —pl )
N,1\" T N2
M=niaj+tnryop,,
Ar=nio+tny g Oy
A2=nrH+1urH-‘,-1‘|""+nrur

ni,....,n €7 i T4 p )HII)
detsg el (sm(i+A1),
( I1 (a,u+/\’1+xz)) Lonew ).( ol (7-70)
aEeP naePH (et\H7—1)
Then
" NA4—IP\Pg|
[Ky1 (6. 0)] < (7-71)
N t 1/2 r
(Va(l+N|zp—21")
for 515 € Maq, uniformly in x € G.
Proof. We apply Lemma 7.4 to the lattice Zat} + -+ + Zay, + Zuypy +1 + -+ + Zu,. Write
0y, iy = s e
l_[(xePH (el(a’H ) — 1)
Then it suffices to show that
‘D,-l < Dy ( [T (o1t + 25+ 22) ™ (21 H”)) < NA-IP\Pu =7k
oaeP
for 1 <iy,...,ig <7,
Ay =na -+,
AM=nion+- 0y Oy,
A2 =Nyt 41+ 0,
uniformly in |n;| SN, i =1,...,r. Since [[,ep(a, u + A} + A3) is a polynomial and thus a pseu-
dopolynomial of degree | P, it suffices to show that
D;, "'Dik(XM”(M, H))| < NO-IP\Prl=r=|PI=k _ y|Pr|—k (7-72)
Since (A1) does notinvolve the variables ny, 11, ..., nr, itsuffices to prove (7-72) for 1 <iy,...,ix <rg

uniformly in |A{| < N. But this follows by applying Lemma 7.20 to the root system ®g, noting
Remark 7.26. o
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7K. LP estimates. We prove in this section L?(G) estimates of the Schrodinger kernel for p < oo.
Though we do not apply them to the proof of the main theorem, they encapsulate the essential ingredients
in the proof of the L°°(G)-estimate and are of independent interest.

Proposition 7.28. Let Ky (¢, x) be the Schrodinger kernel as in Theorem 6.1. Then for any p > 3, we
have

N9=%
KNt ) L) S (7-73)

(Va(l+N| 55 —4]%)

for _Z;D € Mgyyg.
Proof. As a linear combination of characters, the Schrédinger kernel Ky (¢, - ) is a central function. Then
we can apply to it the Weyl integration formula (4-16)

KN 2 i) = / Ky (1.5)|?|Dp (b)[ db. (7-74)

Wi
where B is the maximal torus with normalized Haar measure db. Recall that we can parametrize B =exp b
by H €ib* =~ b, and write

B ~ib*/2nZay +---+2nZa)) = [0,27)a) + -+ +[0,27)e,’, (7-75)
where {&, = 2a; /(0tj, ;) | i =1,...,r} is the set of simple coroots associated to a system of simple
roots {ot; |i =1,...,r}.

We have shown in Section 7E that each H € i b* is associated to a root subsystem ®z such that (7-50)
and (7-51) hold. Note that there are finitely many root subsystems of a given root system; thus B is
covered by finitely many subsets R of the form

R={HeB| |5zl H)| =

(@, H)| > & foralla € @\ W},  (7-76)

where W is a root subsystem of ®. Thus to prove (7-73), using (7-74), it suffices to show

d P
/ |KN<r,expH>|P|Dp<epo)|2dHs( z 7 )N‘d. 3-7)
R (Va(l+ N | zp - gl

By (7-54), (7-59) and (7-61), we have

1 NE—IP\Q|

Ha,H) _ 1) 1/2
Macro@ @™ =1 (g(1+ N5t — 2"

where P, Q are respectively the sets of positive roots of ® and W with P D Q. Recalling Dp(exp H) =
[Tyep (e @H) —1), (7-77) is then reduced to

1
ei(a,H)

Kn(t,expH) <

H(e’(“H ‘ dH < NPIP\QI-d.
aeQ

Using
e — 1) 5 | g e, )| 5 Jet M) — 1],
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it suffices to show

1 ‘p—Z . 2
pIP\Q|-d
: [1l5 . H)|| dH SN : (7-78)
/R Muerrolzzte M1 1o ™
For each H € B, we write
H=H+ H,
such that
|5 (. H)|| = |5 (. H')|. (e, Ho) €277 forall a € P.
We write
RC g R’ + Hy, (7-79)
HopeB
(a,Hop)e2nZ NaeP
where
R={HeB||5%(a H)| Sy foralla € Q, |3(a, H)| > & foralla € P\ 0}. (7-80)
Note that (c, ozl.v yeZforalla € P andi =1,...,r due to the integrality of the root system; using (7-75),

we have that there are only finitely many Ho € B such that (@, Hp) € 27 Z for all « € P. Thus using
(7-79), (7-78) is further reduced to

/. : ECR

naeP\Q‘%(a’H” aeQ

Now we reparametrize B = [0, 27)ay’ +--- + [0, 27)a) by

p—2 2
dH < NPIP\QI=d (7-81)

,
HIZZ[w,', (ll,...,lr)GD,
i=1

where {w; |i =1,...,r} are the fundamental weights such that (a;, w;) = &;j|ai|[?/2, i, j =1,...,r,
and D is a bounded domain in R”. Then the normalized Haar measure d H equals

dH =Cdty---dt,
for some constant C. Let s < r such that

{og,...,as} C P\ OQ,

{@s+1,...,0,} C Q.

Using (7-80), we estimate

/ : . [ 115 1) Can
R\ Taepro |t 2 (. H)) o 27\
S/R/mN(p—z)(lP\QI—S)N—ﬂQdtlmdtr
< N@=2D(P\Q|=5) y 210 |1 |yl 512 md“...d” (7-82)

lts1lsenltr|S 4
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If p > 3, the above is bounded by
< N@=DUP\QI=5) y—21Q| pys(p=3)=(r—s) _ Ny PIP\Q|-d

noting that 2| P \ Q| +2|Q|+r =2|P|+r =d. O

Remark 7.29. The requirement p > 3 is by no means optimal. The estimate in (7-82) may be improved
to lower the exponent p. We conjecture that (7-73) holds for all p > p, such that lim, .« pr = 2, where
r is the rank of G.
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