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PARABOLIC L? DIRICHLET BOUNDARY VALUE PROBLEM
AND VMO-TYPE TIME-VARYING DOMAINS

MARTIN DINDOS, LUKE DYER AND SUKJUNG HWANG

We prove the solvability of the parabolic L? Dirichlet boundary value problem for 1 < p < oo for a PDE
of the form u;, = div(AVu) + B - Vu on time-varying domains where the coefficients A = [a;;(X, )] and
B = [b;] satisfy a certain natural small Carleson condition. This result brings the state of affairs in the
parabolic setting up to the elliptic standard.

Furthermore, we establish that if the coefficients A, B of the operator satisfy a vanishing Carleson
condition and the time-varying domain is of VMO type then the parabolic L? Dirichlet boundary value
problem is solvable for all 1 < p < oo. This result is related to results in papers by Maz’ya, Mitrea and
Shaposhnikova, and Hofmann, Mitrea and Taylor, where the fact that the boundary of the domain has a
normal in VMO or near VMO implies invertibility of certain boundary operators in L? forall 1 < p < oo,
which then (using the method of layer potentials) implies solvability of the L” boundary value problem in
the same range for certain elliptic PDEs.

Our result does not use the method of layer potentials since the coefficients we consider are too rough
to use this technique, but remarkably we recover L? solvability in the full range of p’s as in the two
papers mentioned above.

1. Introduction

Let us consider a parabolic differential equation on a time-varying domain €2 of the form

{u, =div(AVu)+ B-Vu in Q c R

u=f on 9%, -1

where A =[a;;(X, t)] is an n x n matrix satisfying the uniform ellipticity condition with X € R", t € R.
That is, there exist positive constants A and A such that

MEP <D aij (X, DEE < AEP (1-2)
iJj
for almost every (X, #) € Q and all £ € R". In addition, we assume that the coefficients of A and B satisfy
a natural, minimal smoothness condition (1-6) and we do not assume any symmetry on A.
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It has been observed via the method of layer potentials that when the domain on which we consider
certain boundary value problems for elliptic or parabolic PDE:s is sufficiently smooth, the question of L?
invertibility of a certain boundary operator can be resolved using Fredholm theory since this operator is
just a compact perturbation of the identity. This observation then implies invertibility of this boundary
operator for all 1 < p < oo and hence solvability of the corresponding L? boundary value problem in
this range.

The notion of how smooth the domain has to be for the above observation to hold has evolved. Initial
results for constant-coefficient elliptic PDEs required domains of at least C'* type. This was reduced
to C! domains by Fabes, Jodeit, and Riviere [Fabes et al. 1978]. Later the method of layer potentials
was adapted to variable coefficient settings, and the results were extended to elliptic PDEs with variable
coefficients [Dindo§ 2008] on C! domains.

Further progress was made after advancements in singular integrals theory on sets that are not necessary
of graph type [Semmes 1991; Hofmann et al. 2010]. It turns out that compactness of the mentioned
boundary operator only requires that the normal (which must be well-defined at almost every boundary
point) belongs to VMO.

This observation for the Stokes system was made in [Mazya et al. 2009], where boundary value
problems for domains whose normal belongs to VMO (or is near to VMO in the BMO norm) were
considered. In [Hofmann et al. 2015] symbol calculus for operators of layer potential type on surfaces
with VMO normals was developed and applied to various elliptic PDEs including elliptic systems.

So far we have only mentioned elliptic results. One of the first results for the heat equation in Lipschitz
cylinders is by Brown [1989]. Here the domain considered is time-independent and Fourier methods in
the time variable are used. Domains of a time-varying type for the heat operator were first considered in
[Lewis and Murray 1995; Hofmann and Lewis 1996] and again the method of layer potentials was used
to establish L2 solvability. The question of solvability of various boundary value problems for parabolic
PDEs on time-varying domains has a long history. Recall that in the elliptic setting [Dahlberg 1977] has
shown in a Lipschitz domain that the harmonic measure and surface measure are mutually absolutely
continuous and that the elliptic Dirichlet problem is solvable with data in L? with respect to the surface
measure. R. Hunt then asked whether Dalhberg’s result holds for the heat equation in domains whose
boundaries are given locally as functions ¢ (x, ), Lipschitz in the spatial variable. It was conjectured
(due to the natural parabolic scaling) that the correct regularity of ¢ (x, #) should be a Holder condition of
order % in the time variable ¢ and Lipschitz in x. It turns out that under this assumption the parabolic
measure associated with (1-1) is doubling [Nystrém 1997].

However, to answer R. Hunt’s question positively, one has to consider more regular classes of domains
than the one just described above. This follows from the counterexample of [Kaufman and Wu 1988],
where it was shown that under just the Lip(l, %) condition on the domain €2 the associated caloric measure
(that is, the measure associated with the operator 9, — A) might not be mutually absolutely continuous
with the natural surface measure. The issue was resolved in [Lewis and Murray 1995], where it was
established that mutual absolute continuity of caloric measure and a certain parabolic analogue of the
surface measure holds when ¢ has % of a time derivative in the parabolic BMO(R") space, which is
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a slightly stronger condition than Lip(l, %) We shall say such domains are of Lewis—Murray type.
Hofmann and Lewis [1996] subsequently showed that this condition is sharp. We thoroughly discuss
these domains in Section 2A.

Further work was done in [Hofmann and Lewis 2001; Rivera-Noriega 2003; 2014] in graph domains
and time-varying cylinders satisfying the Lewis—Murray condition, where they proved the L? Dirichlet
problem was solvable for all p > p’ for some potentially very large p’ (due to the technique used, there
is no control on the size of p’). Finally, [Dindo§ and Hwang 2018] established L? solvability 2 < p < oo
in domains that are local of Lewis—Murray type under a small Carleson condition.

While researching literature on domains of Lewis—Murray type and ways this concept can be localized
(in the time variable the half-derivative is a nonlocal operator, and hence any condition imposed on it is
difficult to localize), we have realized that important results we have planned to rely on have issues (either
in their proofs or even worse are simply false; see in particular Remark 2.7 in the next section). This has
prompted us to write Section 2A on parabolic domains in substantially more detail than we originally
intended to. This sets the literature record straight and more importantly in detail explains the concept of
localized domains of Lewis—Murray type. For readability of the paper and this section, we have moved
long proofs into an Appendix.

We establish L? solvability results for parabolic PDEs on time-varying cylinders satisfying locally the
Lewis—Murray condition in the full range 1 < p < oo, improving the solvability range from [Dindos§ and
Hwang 2018] as well as older results such as [Hofmann and Lewis 1996], where only p =2 was considered.
The coefficients we consider are very rough and, in particular, the method of layer potentials cannot be
used. Despite this, we recover (in the parabolic setting) an analogue of [Mazya et al. 2009; Hofmann et al.
2015]. When the domain €2, on which the parabolic PDE is considered, is of VMO type (that is, certain
derivatives both in temporal and spatial variables will be in VMO) and the coefficients of the operator
satisfy a vanishing Carleson condition the L? solvability can be established for all 1 < p < oo. Remarkably
this is the full range of solvability that holds for smooth coefficients (via the layer potential method).

Our proof is however completely different from the layer potential method; for example at no point
is compactness used. The proof is also substantially different than the case 2 < p < oo of [Dindo$§ and
Hwang 2018] in the following way. We were inspired by [Dindos et al. 2007] and have used a so-called
p-adapted square function to prove L” solvability. However, due to the presence of the parabolic term, a
second-square-function-type object will arise, namely

/ Jus (X, )P lu(X, |P728(X, 1)’ dX dt, (1-3)
Q
where (X, t) is the parabolic distance to the boundary defined as
§(X,r)= inf (X—=YP+|t—t])"%
(Y,7)€dQ

When p = 2 such an object was called the “area function” and in [Dindo§ and Hwang 2018] it was
shown that it the usual square function can dominate it. It turns out however that the case 1 < p < 2
is substantially more complicated and we were only able to establish required bounds for (1-3) for
nonnegative u after a substantial effort.
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There is also an issue of whether the p-adapted square function is actually well-defined and locally
finite (as the exponent on |u| is negative). We prove that when u is a solution of a parabolic PDE the
p-adapted square function is indeed well-defined by adapting a recent regularity result [Dindos and Pipher
2019]. That paper deals with complex-coefficient elliptic PDEs but the method used there can be adapted
to the parabolic setting; see Theorem 4.1 for details.

Many results in the parabolic setting are motivated by previous results in the elliptic setting and ours is
not different. Let us, therefore, give an overview of the major elliptic results related to our main theorem.
The papers [Kenig et al. 2000] and [Kenig and Pipher 2001] started the study of nonsymmetric
divergence elliptic operators with bounded and measurable coefficients. Kenig and Pipher [2001] used
[Kenig et al. 2000] to show that the elliptic measure of operators satisfying a type of Carleson measure
condition is in A, and hence the L? Dirichlet problem is solvable for some, potentially large, p. In
[Dindos et al. 2007], the authors improved the result of [Kenig and Pipher 2001] in the following way.
They showed that if
$(X)7'( osc a,‘j)2 and 8(X)( sup b,‘)2 (1-4)
Bsx)2(X) Bsx)2(X)
are densities of Carleson measures with vanishing Carleson norms then the L? Dirichlet problem is
solvable for all 1 < p < co. A similar result for the elliptic Neumann and regularity boundary value
problem was established in [Dindos et al. 2017].
The parabolic analogue of the elliptic Carleson condition (1-4) is that
S8(X, z‘)_1 sup( 0sc aij)2+8(X, t)( sup bl-)2 (1-5)
i,j BsxinpX.n) Bsx.n2(X,1)
is the density of a Carleson measure on €2 with a small Carleson norm and & (X, t) is the parabolic distance
of a point (X, t) to the boundary 9€2.

The condition (1-5) arises naturally as follows. Let Q= {(xg, x, ) : xo > ¢ (x, t)} for a function ¢ which
satisfies the Lewis—Murray condition above. Let p : U — €2 be a mapping from the upper half-space U
to Q. Consider v =u o p. It will follow that if u solves (1-1) in €2 then v will be a solution to a parabolic
PDE similar to (1-1) in U. In particular, if p is chosen to be the mapping in (2-26) then the coefficients of
the new PDE for v will satisfy a Carleson condition like (1-5), see Lemma 2.18, provided the original
coefficients (for u) were either smooth or constant.

Furthermore, if we do not insist on control over the size of the Carleson norm, then we can still infer
solvability of the L? Dirichlet problem for large p, as in [Hofmann and Lewis 2001; Rivera-Noriega
2003; 2014].

Finally, we ready to state our main result; some notions used here are defined in detail in Section 2.

Theorem 1.1. Let Q2 be a domain as in Definition 2.10 with character (£, n, N, d) and let A be bounded
and elliptic as in (1-2), and B be measurable. Consider any 1 < p < oo and assume that either

1) d =[8(X, 1) "sup( osc  a;)’+8(X,1) sup |BI*]dXds (1-6)
i,j BsxnpX.n) Bsx.na(X.t)

is a Carleson measure on 2 with Carleson norm ||i1||c,
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(2) or assume in addition that V A, 9; A are well-defined at a.e. point in 2 and
dus = (8(X, DIVAP* +8(X, 1)’ |3, A]* + 8(X, )| B|*) dX dt (1-7)

is a Carleson measure on Q with Carleson norm ||u2||c and

S(X, D|IVA|+8(X, )23, Al +8(X, )| B| < [|all/. (1-8)

Then there exists K = K (A, A, £, n, p) > 0 such that if for some ro > 0

max{n, [uillc,rn} <K or max{n, |uzllc,r} <K

the L? Dirichlet boundary value problem (1-1) is solvable (see Definition 2.26) and the following estimate
holds for all continuous boundary data f € Cy(0<2):

IN@Lr@e, doy SIfllLree, do),

where the implied constant depends only on the operator, n, p and character (£, n, N, d), and N (u) is
the nontangential maximal function of u.

Corollary 1.2. In particular, if Q is of VMO type (n in the character (£, n, N, d) can be taken arbitrary
small), and the Carleson measure ( from Theorem 1.1 is a vanishing Carleson measure then the L?
Dirichlet boundary value problem (1-1) is solvable for all 1 < p < oc.

2. Preliminaries

Here and throughout we consistently use Vu to denote the gradient in the spatial variables and u, or d,u
to denote the gradient in the time variable.

2A. Parabolic domains. In this subsection, we define a class of time-varying domains whose boundaries
are given locally as functions ¢ (x, #), Lipschitz in the spatial variable and satisfying the Lewis—Murray
condition in the time variable. At each time t € R the set of points in Q with fixed time ¢ = 7, that is,
Q; = QN {t = t}, is a nonempty bounded Lipschitz domain in R". We start with a discussion of the
Lewis—Murray condition, give a summary and clarification of the results in the literature, and introduce
some new equivalent definitions.

We define a parabolic cube in R*~! x R, for a constant r > 0, as

1/2

Qr(x,t)z{(y,s)elR"*lxR:|x,-—yl~|<rf0ralll§i§n—l, |t —s|/° <r}.

Let J, C R"~! be a spatial cube of radius r. For a given f : R" — R let
1

101 Jo,
When we write f € BMO(R") we mean that f belongs to the parabolic version of the usual BMO space

fo,

f(x,1)dx dr.

with the norm || f||+, where

1
£ 1l+ = sup

/|f—fQ,|dxdt<oo. 2-1)
o, 19rl Jo,
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Recall that the Lewis—Murray condition imposed that a half-derivative in time of ¢ (x, t) belongs to
parabolic BMO. There are a few different ways one can define half-derivatives and BMO-Sobolev spaces,
and there are also some erroneous results in the literature which we correct here. To bring clarity, we start
by discussing the various definitions in the global setting of a graph domain 2 = {(xg, x, 1) : x0 > ¢ (x, 1)},
where ¢ : R x R — R. We follow the standard notation of [Hofmann and Lewis 1996].

If g € CP(R) and 0 < o < 2 then the one-dimensional fractional differentiation operators D, are
defined on the Fourier side by

Dg(r) =|t|*4(v).

If 0 < @ < 1 then by standard results

(8D —g)
Dag(t)_c/R—V—sl”“ ds

Therefore, we define the pointwise half-derivative in time of ¢ : R"~! x R — R to be

t d(x,s) —d(x,1)
D¢ (x, 1) =cp . s — 17 ds (2-2)

for a properly chosen constant c¢,,; see [Hofmann and Lewis 1996]. In order for the Fourier transform to
be well-defined, ¢ should be a tempered distribution modulo first-degree polynomials in x; see [Hofmann
1995; Strichartz 1980].

However, this definition ignores the spatial coordinates. Instead by following [Fabes and Riviere 1967]
we may define the parabolic half-derivative in time of ¢ : R"~! x R — R to be

— T A~
Dn¢ (€, 7) = mma ), (2-3)

where £ and 7 denote the spatial and temporal variables on the Fourier side respectively, and ||(x, )| =
|x| + |£]'/? denotes the parabolic norm. In addition we define the parabolic derivative (in space and time)
of p :R" ! xR— Rtobe

DéE ) =& DIGE ©. (2-4)

D! is the parabolic Riesz potential. Again, we assume here that ¢ is a tempered distribution modulo
first-degree polynomials in x. One can also represent D as

n
j=1

where D; =0, for 1 < j <n—1, D, is defined above and R; are the parabolic Riesz transforms defined
on the Fourier side as

= i&; .
Ri¢,1)=——— forl<j=<n-—1,
R [ (g’r‘f) I (2-6)
R n)=—>.
S T

Furthermore the kernels of R; have average zero on (parabolically weighted) spheres around the origin,
obey the standard Calderén—Zygmund kernel and therefore by standard Calderén—Zygmund theory each
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R; defines a bounded operator on L”(R") for 1 < p < oo and is bounded on BMO(R") [Peetre 1966;
Fabes and Riviere 1966; 1967; Hofmann and Lewis 1996].

We say that ¢ : R"! x R — Ris Lip(l, %) with Lipschitz constant £ if ¢ is Lipschitz in the spatial
variables and Holder continuous of order % in the temporal variable. That is,

j (x, 1) — ¢ (v, D] < (|lx — y| + |t —s]'/?). (2-7)

The Lewis—Murray condition on the domain €2, for which they proved the mutual absolute continuity
of the caloric measure and the natural surface measure, is ¢ € Lip(l, %) and || D} /2¢>||* < n; note this
BMO norm is taken over R".

It is worth remarking that none of the operators D] /2 D, or D easily lend themselves to being localized
to a function ¢ : Q; — R due to their nonlocal natures. However, our goal is to provide a theory where
the domain is locally given by graphs satisfying the Lewis—Murray condition. The parabolic nature of the
PDE (especially time irreversibility and exponential decay of solutions with vanishing boundary data)
suggests we should expect to need only local conditions on the functions describing the boundary.

To this end, we state the following theorems, where we show some statements equivalent to the
Lewis—Murray condition for a global function ¢ : R"~! x R — R. Furthermore, the final conditions admit
themselves to being localized easily as well as amiable to an extension; see Theorem 2.8 for details on an
extension.

The equivalence of (1) and (2) below is shown in [Hofmann and Lewis 1996] with an equivalence of
norms in the small and large sense; see (2.10) and Theorem 7.4 in that work for precise details, and see
(2-5) and (2-6).

Theorem 2.1. Let¢p :R"' xR — Rand ¢ € Lip(l, %) Then the following conditions are equivalent:
(1) Di/2¢ € BMO(R").
(2) D, € BMO(R").
(3) D¢ € BMO(R").
We also note that since D,¢ = R,D¢ we have ||D,¢|l« < [|[De|« by the boundedness of R, on
BMO(R").
We now extend this theorem by adding three more equivalent statements. To motivate (6) of
Theorem 2.3 below we first recall a characterisation of BMO from [Strichartz 1980, p. 546]. Let

M(f, Q)=1/|0D fQ f denote the average of f over a cube Q, and let ép (x) be the cube of radius p
with x in the upper-right corner.

Lemma 2.2 [Strichartz 1980]. We have f € BMO(R") is equivalent to

n 1 r - - de
S“pz 10, / / IM(f, Qp(x)) — M(f, Qp(x — pex))|"— dx = B < 00, (2-8)
O k=1 r » J0 p

where e are the usual unit vectors in R", and ||f||i ~ B.
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The equivalence of (3) and (4) in the theorem below is a generalisation of [Strichartz 1980] to the
parabolic setting that is stated in [Rivera-Noriega 2003]; see also [Fefferman and Stein 1972; Calderén
and Torchinsky 1975; 1977]. We have some questions about the proof given in [Rivera-Noriega 2003];
however, the argument we give for (5) also works for (4) and hence the claim in that paper is correct.

Theorem 2.3. Let¢p : R ' xR — Rand ¢ € Lip(l, %) Then the following conditions are equivalent:
3) D¢ € BMO([R”

Jt4s)—2d(x, 1 —y,t—s)|?
4)  sup f / 9ty 1+9) 20 (x 3+J§¢(x VI 4 dsdxdr = By <00, (2:9)
o, 19r1Jo, Jio.s)1<r Iy, )l
lp(x+y,1) —2¢(x, 1) + ¢ (x — y,1)]?
O) (@ sgp 0 |/ / ] dydx df = B(s5.4) < 00. (2-10)
r riJo, Jyl<r
p(x, 1) — ¢ (x,5)|?
(b) 0 Sl;p . |Q | ¢ T 32 dsdrdx = B(5_b) < Q. 2-11)
r rX r Qr r -
(6) Letu = (', u,) € S"" ! and let e, be the unit vector in the time direction. Fork =1, ...,n—1 let

1
A= /0 pu' - (M(V, Op(x + rpu'. 1) = M(Vep, Oy (x + Ap' — pey. 1)) di

1
A, :/o pu’ - (M(Vd), Qp(x+rpu', 1)) — MV, Q,(x + rpu', t —,02))) di

Then
" |Ak|2
(a) supz |Q |f f 1/ dp dudx dt = Be.a) < 00, (2-12)
o, k=1 ueS"-
p(x, 1) — ¢ (x,5)|?
(b) sup IQ | TEE ds drdx = By < 00. (2-11)
0.=1.xI, 1¢rl Jo, JI, -

Furthermore we have equivalence of the norms
ID@|I7 ~ By ~ Bs.a) + Bsy ~ Bi6.ay + Bio.v)- (2-13)
We give a proof of this result in the Appendix at the end of the paper.

Remark 2.4. Condition (6.a) does not immediately look too similar to its supposed motivation, (2-8) in
Lemma 2.2. However, if we move back into Cartesian coordinates and undo the mean value theorem,
then we obtain something very similar to a combination of (2-8) and an endpoint version of [Strichartz
1980, (3.1)]. The reason why we can obtain the endpoint, whereas [Strichartz 1980, (3.1)] can only be
used for a fractional derivative smaller than 1, is due to additional integrability and cancellation coming
from (A-1). Consider

A =M@, Q.1 (x +3.1)) = M(¢, Ojy.0)(x. 1))
—M(P, Qi) (x +y =11y, $)llex, 1)) + M (P, Q.1 (x — 1y, $)llex, 1)),

=M, Oy (X +, 1)) = M9, Oy (X, 1))
— M@, Q.1 X+, t =1, I+ M@, Oy x, £ — 1, ).
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Then (6.a) is equivalent to

sup

2
A =
dydsdxdr = Bga) < 0. (2-14)
0, =101 / /0 ol<r 10, 9 o

Proposition 2.5. Let ¢ : R"™! x R — R and ¢ € Lip(1, 3). Let B(s.) and B(.a) be as in Theorem 2.3.
Then we have

Bew SIVOIZ,  Bisa SsuplVe(-, Dligvom 1
t

where BMO(R" 1) denotes the BMO norm in the spatial variables only.

Proof. The statement V¢ € BMO(R"~!) implies (5.a) follows from [Strichartz 1980, Theorem 3.3]. In
order to establish the second claim, for the ease of notation let us fix O, and kin 1 <k <n — 1. Then
since |u’| < 1 after changing the order of integration (and the substitution y = x + Apu’ € Q,) we get
that B(s.q) defined by (2-12) is bounded by

1 r 1 - - 5 d,O
/ / f (M(Vu, Qy(y, 1)) — M(Vu, Q,(y — pex, 1)))| dy dr == du da.
o Jsn-tJo 10r] Jo,, P

Then by Lemma 2.2 the two interior integrals are bounded by C||V¢ ||ﬁ. Therefore B .q) is controlled by
ClIVelL. O

It is not immediately obvious whether the opposite implication is true or false due to the highly singular
nature of Riesz potentials; see (2-5) and (2-6).

Corollary 2.6. Let ¢ : R"~! x R — Rand ¢ € Lip(1, 3). If V@l Snand By S n? then |Dll < n.

Here we have replaced conditions (5.a) and (6.a) by the slightly stronger but easier to verify condition
IVoIls < n. We believe that, without too much extra work, one could formulate our main theorem and
associated lemmas with a local version of (5.a) in place of | V@||..

Remark 2.7. In [Rivera-Noriega 2003, Lemma 2.1], it is stated that another condition is equivalent
to those given in Theorems 2.1 and 2.3; however this claim is not correct and only one of the stated
implications holds.

Theorem 3.3 in [Strichartz 1980] states that in the one-dimensional setting D' /2¢ (t) e BMO(R) is
equivalent to the one-dimensional version of (5.b) and (6.b)

R 12
sup (i / W =¢©F ds> < B, (2-15)
I'cR rJr

17| |t —s]?

with B ~ | D} »,¢ () llBMmo®).-
In [Rivera-Noriega 2003, Lemma 2.1] it is claimed that given ¢ : R"~! x R — R and ¢ € Lip(1, )
the pointwise n-dimensional analogue of (2-15)

B 2 12
sup sup<|1|/ Pl 1) =P, 5)| dtds) <B (2-16)

xeRn-1 I'CR |t —s|?
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is equivalent to D¢ € BMO(R") with B ~ ||D¢||smorr). This does not appear to be correct. The paper
[Rivera-Noriega 2003] does not give a proof and provides instead a reference to [Strichartz 1980] that
is irrelevant for the claim. By [Strichartz 1980] (2-16) is equivalent to Di /2¢ (x, ) € BMO(R) pointwise
for a.e. x. After some tedious and technical calculations we were able to show sup, Di /2¢ (x,-) e BMO(R)
implies Di /qu € BMO(R") and hence D¢ € BMO(R") via (4) of Theorem 2.3. However, whether the
converse holds is not clear even if we assume more structure for the function ¢ (x, ¢). This is due to the
fact that there is “no reasonable Fubini theorem relating BMO(R") to BMO(R)” [Strichartz 1980, p. 558].

Fortunately, the lack of a converse implication does not cast doubt over the subsequent results of
[Rivera-Noriega 2003] since the author only uses the claimed equivalence in the correct direction —
that (2-16) implies D¢ € BMO(R").

2B. Localisation. After the comprehensive review of the Lewis—Murray condition for a graph domain €2
we continue in our aim to construct a time-varying domain which is locally described by local graphs ¢;.
For a vector x € R"~! we consider the norm x| = sup; |x;|.
Consider ¢ : Qgg; — R"! x R. The localised version of (2-11) from Theorem 2.3 is simply

1 7t - ) 2
sup —— P, 1) ¢§x DI 45 dr dx < 0o, (2-17)
o,=1x1, 19rl Jo, J1, [t —s|
QrCQSd

We denote by || f||«,s the BMO norm of f where the supremum in the BMO norm, see (2-1), is taken
over all cubes Q, with r < d. For a function f : J x I — R, where J C R"~! and I C R are closed
bounded cubes, we consider the norm || f || sx; defined as above where the supremum is taken over all
parabolic cubes Q, contained in J x I. The norm || f ||« sx1.4 1S Where the supremum is taken over all
parabolic cubes Q, with r < d contained in J x I. If the context is clear we suppress the J x I and write
I I or [ f ll.a-

Recall that VMO(R") is defined as the closure of all bounded uniformly continuous functions (which
we denote by Cp, ,(R")) in the BMO norm or equivalently BMO functions f such that || f|. s — O as
d — 0. Alternatively, if we define

d(f, VMO) := heCl;gf(R”) If = hll«
then f € VMO if and only if d(f, VMO) = 0; for f € BMO this measures the distance of f to VMO.
In our case, the boundary of the parabolic domains we consider can be locally described as a graph of
a continuous function. However, as our domain is unbounded in time, we may potentially require an
infinite family of local graphs {¢;}. Therefore we need to measure the distance to VMO uniformly across
this infinite family.
Leté: Ry — Ry, §(0) =0 and § be continuous at 0. Then we define Cs to be the set of bounded
continuous functions with the same modulus of continuity §. That is,

Cs={g:R">R:|gx)—g(y)| <é(x —y| for all x, y, and g is bounded}. (2-18)
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Note that every family of bounded equicontinuous functions is a subset of Cs for some modulus of
continuity 6. Also Cp , = Ua Cs. For f: Ogs — R we define d(f, Cs) as

d(f.Cs) = inf If = hlls,0-
8

We are now ready to state and prove the result on the extensibility of ¢ : Qg — R to a global function.

Theorem 2.8. Let ¢ : Qgq C R""! xR — R be Lip(l, %) with Lipschitz constant £. If there exist a
scale ry, a constant 1 > 0 and a modulus of continuity & such that

1 9t - ’ 2
sup L lp(x, 1) ¢(2x 7)| drdtdx§n2 (2-19)
o,=sx1, 1Qsl Jo, Ji, 1t =
05;CQs4, <11
and
d(Ve¢,Cs) <n (2-20)

then there exists a scale d’ < d that only depends on d, 8, n, and ry and not ¢ such that for all Q, C Quu
with r < d' there exists a global Lip(l, %) function ® : R"~! x R — R with the following properties for
all0<e < 1:

(i) @lg, =lo,-
@ii) The Lip(l, %) constant of ® is £.
(iil) |V Se n'~* +nt.
: 1 |CI>(x,t)—(D(x,‘L’)|2
(iv)  sup >
0,=Jx1, 1Qsl Jo, Ji, It — 1|
Therefore by Corollary 2.6, |D® |, <, n'~¢ + nt.

drdrdx < 9%

We again give the proof of this result in the Appendix. We are now ready to define the class of parabolic
domains on which we will work. Motivated by the usual definition of a Lipschitz domain we have:

Definition 2.9. Z C R" x R is an ¢-cylinder of diameter d if there exists a coordinate system (xg, x, t) €
R x R"~! x R obtained from the original coordinate system by translation in spatial and time variables
and rotation only in the spatial variables such that

Z={(xo,x,0): x| =d, [1]'? = d, x| < (¢ +1)d)
and for s > 0

sZ :={(x0, x, 1) : |x| < sd, |t|"?* < sd, |xo] < (£ + 1)sd}.

Definition 2.10. Q C R" x R is an admissible parabolic domain with character (¢, n, N, d) if there exists
a positive scale r, and a modulus of continuity § such that for any time t € R there are at most N
£-cylinders {Z; }JNZI of diameter d satisfying the following conditions:

(1) 9N {lr — 7| < d?} = U;(Z; N o).

(2) In the coordinate system (xo, x, ¢) of the £-cylinder Z;

ZiNQ D {(xo,x,1) € Q: x| <d, |t| <d?, 8(xo, x,1) <d/2}.
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(3) 8Z; N a2 is the graph {xo = ¢;(x, 1)} of a function ¢; : Ogs — R, with Qg; C R"~! x R, such that
| (x, 1) — ¢ (v, )| < €(|x — y|+ 1t —s"*) and ¢;(0,0) =0. (2-21)

4) d(Ve;, Cs) <n (2-22)
and

1 / 16,6, ) =& DF 4 4 de <n’ (2-23)
Is

sup
0,=sx1, 1Qs| Jo, It — 1|2

QsCQsgd,S=r1
Here and throughout 8 (xg, x, ¢) := dist((xo, x, t), 3€2), and by dist we denote the parabolic distance
dist[(X, 1), (Y, $)] = [X = Y|+t —s|'/%.
We say that 2 is of VMO type if 5 in the character (¢, n, N, d) can be taken arbitrarily small (at the
expense of a potentially smaller d and ry, and larger N).

Remark 2.11. When (2-22) holds for small or vanishing 7 it follows that for a fixed time t the normal v
to the fixed-time spatial domain 2; = Q2N {t = t} can be written in local coordinates as

- (~1,V¢;
V=g YY)

and hence d(v, VMO) < n. Therefore €2, is similar to the domains considered in [Mazya et al. 2009;
Hofmann et al. 2015], which dealt with the elliptic problems on domains with normal in or near VMO.

Remark 2.12. It follows from this definition that for each v € R the time-slice ; of an admissible
parabolic domain Q2 C R" x R is a bounded Lipschitz domain in R” and they all have a uniformly bounded
diameter. That is,

inf diam(€2;) ~ d ~ sup diam(€2;),
TeR

teR

where d is the scale from Definition 2.10 and the implied constants only depend on N. In particular, if
O C R" is a bounded Lipschitz domain then the parabolic cylinder Q2 = O x R is an example of a domain
satisfying Definition 2.10.

Definition 2.13. Let 2 C R” x R be an admissible parabolic domain with character (¢, n, N, d). The
measure o defined on sets A C 02 is

o(A) = /OO AN AN((X, 1) € 9Q)) dr, (2-24)

where 7"~ is the (n—1)-dimensional Hausdorff measure on the Lipschitz boundary 9%;.

We consider solvability of the L? Dirichlet boundary value problem with respect to this measure o. The
measure o may not be comparable to the usual surface measure on 9€2: in the 7-direction the functions ¢;
from Definition 2.10 are only %—Lipschitz and hence the standard surface measure might not be locally
finite. Our definition assures that for any A C 8Z;, where Z; is an {-cylinder, we have

H"(A) ~o({(9j(x, 1), x,1): (x,1) € A}), (2-25)
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where the constants in (2-25), by which these measures are comparable, only depend on £ of the character
(¢, n, N, d) of the domain 2. If 2 has a smoother boundary, such as Lipschitz (in all variables) or better,
then the measure o is comparable to the usual n-dimensional Hausdorff measure .#". In particular, this
holds for a parabolic cylinder Q2 = O x R.

Corollary 2.14. Let Q2 be defined as in Definition 2.10 by a family of functions {¢;}, ¢; : Qsa — R. Then
there exists an extended family {®;}, ®; : R"! x R — R, such that
(1) {DPjlos, } still describes 2, as in Definition 2.10, but with character (£, n, ﬁ, r) instead of (£, n, N, d),
where N > N andr <r; <d an by Theorem 2.8,
(i) IVD;ll« e n'~* + e, and
(i) D ®;ll« Se n' ™ + 1.
Here, N , T depend on the original character variables £, n, N, d, the modulus of continuity § and the

dimension n.

Proof. This follows from Theorem 2.8 and by tiling the support of each ¢; into parabolic cubes of size 8r
with enough overlap. (|

Corollary 2.15. If Q is a VMO-type domain then we may take n arbitrarily small in Corollary 2.14, or
in (2-22) and (2-23) of Definition 2.10, by reducing r.

2C. Pullback transformation and Carleson condition. We now briefly recall the pullback mapping of
Dahlberg, Kenig, Necas and Stein on the upper half-space U p : U — €2, see [Hofmann and Lewis 1996;
2001], in the setting of parabolic equations defined by

p(x0,x,1) = (x0+ Pyyy@(x,1), x,1). (2-26)

For simplicity, assume
Q:{()co,x,t)G[RXIR’“1 XR:xg>¢(x,1)}, 2-27)

where ¢ (x, 1) : R"! x R — R and satisfies (4) and (3) of Definition 2.10. This transformation maps the
upper half-space
U={(x,x,0):x0>0, xeR"", 1 R} (2-28)

into 2 and allows us to consider the L? solvability of the PDE (1-1) in the upper half-space instead of in
the original domain €2.

To complete the definition of the mapping p we define a parabolic approximation to the identity P to
be an even nonnegative function P(x, t) € C;°(Q1(0, 0)) for (x,1) € R"~! x R, with f Px,t)dxdr =1
and set

=t p( X T
Po(x,1) =1 P(A,Az).

Let P, ¢ be the convolution operator

Poo(x,t) :=/ Pox—y,t—s)p(y,s)dyds.
Re—1xR
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Then P satisfies for constants y

lim P ) =d(x. 1
(50,¥,8)—(0,x,1) )’)’04’()7 )=¢/( )

and p defined in (2-26) extends continuously to p : U — . The usual surface measure on dU is
comparable with the measure o defined by (2-24) on 9€2.
Suppose that v =u o p and f¥ = f o p. Then (1-1) transforms to a new PDE for the variable v
vy =div(A'Vv)+ BY- Vv inU,
{v = f? on dU,
where AV = [al.”j (X,1)], B*=[b/(X,t)] are (n x n) and (1 x n) matrices.
The precise relations between the original coefficients A and B and the new coefficients A’ and B" are
detailed in [Rivera-Noriega 2014, p. 448]. We note that if the constant ¥ > 0 is chosen small enough then

(2-29)

the coefficients al.”j, b} : U — R are Lebesgue measurable and A" satisfies the standard uniform ellipticity
condition with constants A¥ and A", since the original matrix A did.

Definition 2.16. Let 2 be a parabolic domain from Definition 2.10. For (¥, s) € 992, (X, ), (Z, 1) €
and r > 0 we write
B.(X,H={(Z,7t) e R" xR :dist[(X, 1), (Z, )] < r},
0,(X,)={Z,1)eR"xR:|x; —zi| <rforall0<i<n—1, |t —7|"? < r},
A (Y,s)=0QN B, (Y,s),
T(A)=QNB:(Y,s),
5(X,t)= (Y,i?;fag dist[(X, 1), (¥, s)].

Definition 2.17 (Carleson measure). A measure u : Q — R™ is a Carleson measure if there exists a
constant C = C(d) such that for all r < d and all surface balls A,

n(T(Ay) < Co(A)). (2-30)

The best possible constant C is called the Carleson norm and is denoted by ||it||c.q4. Occasionally, for
brevity, we drop the d and just write ||u| ¢ if the context is clear. We say that u is a vanishing Carleson
measure if ||p|lc.g = 0 as d — 0+.

When 92 is locally given as a graph of a function xg = ¢ (x, t) in the coordinate system (xg, x, ¢) and
W is a measure supported on {xg > ¢ (x, t)}, we can reformulate the Carleson condition locally using the
parabolic boundary cubes Q, and corresponding Carleson regions 7 (Q,). The Carleson condition (2-30)
then becomes

w(T(Q,)) <ClQ,|=Cr"th. (2-31)

Note that the Carleson norms induced from (2-30) and (2-31) are not equal but are comparable.

We now return to the pullback transformation and investigate the Carleson condition on the coefficients
of A and B. The following result comes directly from a careful reading of the proofs of Lemma 2.8 and
Theorem 7.4 in [Hofmann and Lewis 1996] combined with Theorems 2.1 and 2.3.
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Lemma 2.18. Let o and 6 be nonnegative integers, o = (o, . . ., &¢y_1) a multi-index withl = o + ||+,
d a scale and fix y. If ¢ : R"! x R — R satisfies for all x,y € R"™\, t,s € R, and for some positive

constants £ and n
lp(x, 1) —p(y, )| < €(lx —y|+ |t —s|'/%),

(2-32)
Dol <n
then the measure v defined at (xg, x, t) by
P 2
dv = <—V"°¢ ) x93 dx dr dxg
dx§ dx*9r?
is a Carleson measure on cubes of diameter < d /4 whenever either o +6 > 1 or || > 2, with
v[(0,7) x Qr(x, )] S1lQr(x, )],
where r < d /4. Moreover, if | > 1 then at (xg, x, t), with xo < d /4,
0' Py
— PP < (14 0)x 2-33
where the implicit constants depend on d, L, n.
The drift term B from the pullback transformation in (2-29) includes the term
ad
5 Pny¢uxo.
From Lemma 2.18 with 0 = |a| = 0 and 6 = 1, we see that
P 2
xo[gl’yx(@(x, t)] dX dr
is a Carleson measure in U. Thus it is natural to expect that
dui (X, 1) = x| BY2(X, 1) dX dt (2-34)
is a Carleson measure in U and BV satisfies
xol BUI(X. 1) < Ap <l d”. (2-35)
Indeed, this is the case provided the original vector B satisfies the assumption that
du(X, ) =8(X, [ sup |B|]2 dX dr (2-36)

Bs(x,n2(X,1)

is a Carleson measure in 2. Here ||| ||c depends on 1 and the Carleson norm of (2-36).
Similarly, for the matrix A" if we apply Lemma 2.18 and use the calculations in [Rivera-Noriega 2014,
§6] then
dua(X, 1) = (x| VAP + x3| AV P (X, 1) dX dt (2-37)

is a Carleson measure in U and AV satisfies

(ol VAY| +x2IAY (X, 1) < palld? (2-38)
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for almost every (X, t) € U provided the original matrix A satisfies that

duX,n=6X,0[ sup VAP 48X, 0°[ sup [3,A[]°)dX de (2-39)
Bs(x,n2(X,1) Bsx,n2(X,1)
is a Carleson measure in €2.

We note that if both ||u||c » and n are small then so too are the Carleson norms ||1llc.» and ||u2]lc.r
of the matrix A¥ and vector BY, at least if we restrict ourselves to small Carleson regions r < d; this
comes from Theorem 2.8, Corollary 2.14 and Corollary 2.15. Then by Lemma 2.18 we see that |1 ||c »
and ||u2|lc.r only depend on 1 and ||u||c  on Carleson regions of size r < d. In particular, they are
small if both 7 and || ||c - are small. It further follows by Corollary 2.15 that we can make ||t ]/¢c  and
l2llc.- as small as we like if p is a vanishing Carleson norm and the domain €2 is of VMO type.

Observe that condition (2-39) is slightly stronger than (1-6), which we claimed to assume in Theorem 1.1.
We replace condition (2-39) by the weaker condition (1-6) later via perturbation results of [Sweezy 1998].

Definition 2.19. We define p; : U — 8Z; to be the local pullback mapping in 87Z; associated to the
function ®; in Theorem 2.8, the extension of ¢; from Definition 2.10.

Remark 2.20. By [Ball and Zarnescu 2017] and its adaptation to the setting of admissible domains in
[Dindos and Hwang 2018, §2.3], one may construct a “proper generalised distance” globally when 7 in the
character of the domain is small. The smallness of 7 in the character of the domain is used to guarantee
that overlapping coordinate charts, generated by a local construction, are almost parallel. We may then
use the result of [Ball and Zarnescu 2017, Theorem 5.1] to show there exists a domain ° of class C*, a
homeomorphism f¢ : Q — Q° such that f¢(3Q) = dQ° and f°: Q — Q° is a C™ diffeomorphism.

2D. Parabolic nontangential cones, maximal functions and p-adapted square and area functions. We
proceed with the definition of parabolic nontangential cones and define the cones in a (local) coordinate
system where 2 = {(xg, x, t) : xo > ¢ (x, t)}, which also applies to the upper half-space U.

Definition 2.21. For a constant a > 0, we define the parabolic nontangential cone at a point (xg, x, t) € 92

by

172

Ca(xo, x,8) ={(yo, y,8) € Q: |y —x|+|s =17 <a(yo—x0), X0 < yo}-

We occasionally truncate the cone I" at the height r:

1/2

I (xo, x, 1) ={(yo, y,5) € Q:ly —x|+|s—t]/" <a(yo—x0), xo <yo <xo+r}

Definition 2.22 (nontangential maximal function). For a function u : Q — R, the nontangential maximal
Sfunction N,(u) : 92 — R and its truncated version at a height r are defined as

Ng(u)(xo, x,1) = sup lu(yo, y, )1,

(30,y,8)€lq (x0,x,1) (2-40)
N, (u)(xo, x, 1) = sup lu(yo, y,s)| for (xo, x, 1) € IS2.

(30, ¥,8) €l (x0,x,1)

The following p-adapted square function was introduced in [Dindo$ et al. 2007] and has been modified
appropriately for the parabolic setting. It is used to control the spatial derivatives of the solution. When
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p = 2 it is equivalent to the usual square function and when p < 2 we use the convention that the
expression |Vu|? |[u|P~? is zero whenever Vu vanishes.

Definition 2.23 (p-adapted square function). For a function u : 2 — R, the p-adapted square function
Sp.a(u) : 92 — R and its truncated version at a height r are defined as

1/p
Spa)(Y,s) = (f IVu(X, )2 lu(X, )|P728(X, )" dX dt) ,
Faleo) (2-41)

1/p
S (Y, 5) = ( / IVu(X, )] |u(X, )| 28(X, )" dX dr) :
T7(Y,s)
By applying Fubini we also have
1Sp.a @I » 37y ~ f |V | |u|P~%x0 dxo dx dr. (2-42)
U
It is not known a priori if these integrals are locally integrable even for p > 2. However, Theorem 4.1

shows that these expressions make sense and are finite for solutions to (1-1).

We also need a p-adapted version of an object called the area function, which was introduced in
[Dindo§ and Hwang 2018] and is used to control the solution in the time variable. Again when p = 2 this
is just the area function of that work.

Definition 2.24 (p-adapted area function). For a function u : Q — R, the p-adapted area function
Apq(u): 92 — R and its truncated version at a height r are defined as

1/p
Apa)(Y,s) = ( / Jue Plu(X, HIP28(X, 1) 7" dX dz) :
Fa(ls) (2-43)

1/p
AL (Y, s) = < / | [ |u (X, O1P728(X, 1)> " dX dt) .
I(,5)
Also by Fubini
1A a1 o ~ /U Pl =22 o dix . (2.44)

As before, it is not known a priori if these expressions are finite for solutions to (1-1) but in Lemma 4.5
we establish control of A, , by S, 2, and use the finiteness of S, , from Theorem 4.1.

2E. The LP? solvability of the Dirichlet boundary value problem. We are now in the position to define
the L? Dirichlet boundary value problem and our main results.

Definition 2.25 [Aronson 1968]. We say that u is a weak solution to a parabolic operator of the form (1-1)
in Qifu, Vu € L2 (), sup, |lu(-, D2 () < ooand

loc

/(—uqb,+Avu-v¢—¢3-vu)dth=0
Q

for all ¢ € C°(R2).
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Definition 2.26. We say that the L? Dirichlet problem with boundary data in L”(d€2, do’) is solvable if
the unique solution u to (1-1) for any continuous boundary data f decaying to 0 as t — 300 satisfies the
nontangential maximum function estimate

IN@lLroe,doy SN FlLroe, do)s (2-45)

with the implied constant depending only on the operator, n, p and €.

Remark 2.27. Since the space Cy(£2) is dense in L?(R2) for p < oo it follows that the solution operator
f — u has a unique extension onto the whole space L”(£2) with the bound (2-45) being satisfied for
such u. Hence we can assign to every boundary datum f € L?(£2) a unique solution « such that (2-45)
holds.

3. Basic results and interior estimates

In this section, we now recall some foundational estimates that will be used later. First, we state interior
estimates of a weak solution of the parabolic operator

u; =div(AVu)+ B - Vu. (3-1)

Definition 3.1 [Aronson 1968]. We say that u is a weak solution to a parabolic operator of the form (3-1)
inQifu, Vue L2 (Q), sup, flu(-, t)||le (@) <0 and

loc

/(—ud),—{—AVu-VqS—qSB-Vu)dth:O
Q
for all ¢ € C§°(£2).

Lemma 3.2 (a Caccioppoli inequality, see [Aronson 1968]). Let A and B satisfy (1-2) and (2-35) and
suppose that u is a weak solution of (3-1) in Q4 (X, t) with 0 < r < §(X,t)/8. Then there exists a
constant C = C (A, A, n) such that

P sup u)’<C  sup / W3 (Y, s)dY+C/ |Vu|?dY ds
O, (X, p)N{r=s} 0, (X,1)

Qrpp(X,1) t—r2<s<t+r?
C2
== u2(Y, s)dY ds.
F= Joyx.n

Lemmas 3.4 and 3.5 in [Hofmann and Lewis 2001] give the following estimates for weak solutions
of (3-1).

Lemma 3.3 (interior Holder continuity). Let A and B satisfy (1-2) and (2-35) and suppose that u is a
weak solution of (3-1)in Q4 (X, 1) with0 <r < 6(X, t)/8. Then for any (Y, s), (Z, 1) € Q2 (X, t)

Y — Z|+|s — r|1/2>°‘
r

sup |ul,

lu(Y,s) —u(Z,t)| < C(
Q4 (X,1)

where C=C(A, A,n), a=a(r,A,n),and0 < a < 1.
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Lemma 3.4 (Harnack inequality). Let A and B satisfy (1-2) and (2-35) and suppose that u is a weak
nonnegative solution of (3-1)in Q4,(X, 1), withO <r <5§(X, t)/8. Suppose that (Y, s), (Z, 1) € Q2. (X, 1).
Then there exists C = C(A, A, n) such that, for v <s,

Y -z
u(Z,t) <u(Y,s)exp|C| ———+1)|.
ls — 7|
We state a version of the maximum principle from [Dindo§ and Hwang 2018] that is a modification of
[Hofmann and Lewis 2001, Lemma 3.38].

Lemma 3.5 (maximum principle). Let A and B satisfy (1-2) and (2-35), and let u and v be bounded
continuous weak solutions to (3-1) in Q. If |u|, |v| — 0 uniformly as t — —o0 and

limsup (u —v)(¥,s) <0
Y,s)—(X,1)

forall (X,t) € 02, thenu < v in Q.

Remark 3.6 [Dindo$§ and Hwang 2018]. The proof of Lemma 3.38 from [Hofmann and Lewis 2001]
works given the assumption that |u|, [v| — 0 uniformly as t — —o0. Even with this additional assumption,
the lemma as stated is sufficient for our purposes. We shall mostly use it when # < v on the boundary of
QN {t > 7} for a given time 7. Obviously then the assumption that |«|, |[v| — O uniformly as t — —o0 is
not necessary. Another case when the lemma as stated here applies is when u|yq, v|aq € Co(9€2), where
C(0€2) denotes the class of continuous functions decaying to zero as t — F=0o. This class is dense in any
LP (0L, do), 1 < p <00, allowing us to consider an extension of the solution operator from Cy(d€2) to L.

The following result is from [Dindo$§ and Hwang 2018], which was adapted from the elliptic result in
[Dindo$ 2002].

Lemma 3.7. Letr > 0 and 0 < a < b. Consider the nontangential maximal functions defined using two
set of cones I', and T"}. Then for any p > 0 there exists a constant C, > 0 such that for all u : U — R

N,(u) < Ny(u) and |Ny@)llrrouy < CplIN;@)llLr@uy-

4. Improved regularity for p-adapted square function

Here we extend recent work of [Dindos and Pipher 2019] for complex-coefficient elliptic equations to

the real parabolic setting. The goal is to obtain an improved regularity result for weak solutions of (1-1)

1
loc

square function S, , is well-defined at almost every boundary point.

implying that |Vu|?|u|?~2 belongs to L1 () when 1 < p < 2. Having this it follows that the p-adapted

Theorem 4.1 (see [Dindos and Pipher 2019, Theorem 1.1]). Suppose u € W1’2(Q) is a weak solution to

loc

Lu =u;, where Lu =div(AVu)+ BVu, A is bounded and elliptic and B is locally bounded and satisfies

S5(X,)|B(X,t)| <K (4-1)
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for some uniform constant K > 0. Then for any parabolic ball B4 (X,t) C Q and p, q € (1, c0) we have
the following improvement in regularity:

1/p 1/q 1/2
(][ |u|P) < C(][ W) +e(][ |u|2>. 4-2)
Br(X»t) Bz,(X,t) BZr(XsZ)

Here the constant C, only depends on p, q, €, n, A, A, and K but not on u, (X, t) or r. In addition, for all

p/2
rzf VP P < cs][ l? +e<f |u|2), 4-3)
B, (X,1) By (X,t) By (X,1)

where again the constant only depends on ¢, p, n, the ellipticity constants of A, and K. This also shows
that |u|P~2/>Vu € L?_(Q).

loc

l<p<oo

Remark 4.2. If ¢ > 2 in (4-2) or if p > 2 in (4-3) then one can take & = 0 because the L? averages can
be controlled by the first term on the right-hand side of these inequalities.

We focus only on the case 1 < p < 2 as the p > 2 result above follows from the Caccioppoli inequality,
Lemma 3.2. We shall establish the following lemma for the 1 < p < 2 case, which concludes the proof of
Theorem 4.1.

Lemma 4.3 (see [Dindo$ and Pipher 2019, Lemma 2.7]). Let u be a weak solution to Lu = u, in Q2 for
A elliptic and bounded, and B bounded satisfying (4-1). Then for any p < 2, any ball B,(X, t) with
r<46(X,t)/4,and any e >0

p/2
r2/ |W|2|u|"—zscg][ |u|f’+s<][ |u|2> , (4-4)
BF(XJ) BZr(Xst) BZr(Xst)

1/2 1/p 1/2
(][ |u|2) scs<][ |u|"> +e<][ |u|2> , 4-5)
BF(XJ) BZr(Xst) BZr(Xst)

where the constants only depend on n, €, ., A and K. In particular, lu|?=2/2Vu LIZOC(Q).

Proof. We start by assuming that A and B are smooth. Then the solution u to Lu = u; is smooth. We prove
the above inequalities have constants that do not depend on the smoothness of A or B. It follows then that
the smoothness assumption can be removed by a limiting argument; that is, A and B are approximated by
sequences of smooth functions for which (4-4) and (4-5) hold uniformly. This is done in detail in the
elliptic setting in [Dindo$ and Pipher 2019, Lemma 2.7] and a similar argument in the parabolic case is
shown in [Hofmann and Lewis 2001]. We skip further details as the argument is fairly standard.

To simplify notation, we suppress the argument of the ball B, (X, ¢). Let

§(r=2/2 <s <8,
ps(s) = {s(pz)/z .y (4-6)

The choice of cut-off function ps in this proof is inspired by [Langer 1999, p. 311; Cialdea and Mazya
2005, p. 1088]. We multiply Lu = u, by p§(|u|)u and integrate by parts to obtain

/BV(p§(|u|)u)AW=/Bp§<|u|)uut+f3 p§(|u|)B-w+/aB (p3 (lu)v- AVudo(y,s), (4-7)
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where v is the outer unit normal to B,. Consider E5 = {u > &}. Then the left-hand side of (4-7) is

/ V(p; (|u))u)AVu = 57~ f
B, B

and by the ellipticity of A on the open set B, N Es we have for some A" > 0

w-Aw+/ AV -V(|lulP~%u) (4-8)

V\ES B,NE;s

)J/ |u|”_2|Vu|2§/ AV -V(|u|P"2u). (4-9)
B,.NE;s B,NE;s

Our strategy is to let § — 0 and show all the integrals involving B, \ Es tend to 0.
First, we use the following result from [Langer 1999]. They proved if u € C%(B,) and u =0 on 8B,
then for g > —1

lim 34/ [Vul?> =0. (4-10)
§—0 Br\E8

To deal with the boundary integral in (4-7) we note that (4-7) to (4-9) remain valid for any enlarged
ball By, forl <a < %. We write (4-7) for every By, and then average in « over the interval [1, %] The
last term in (4-7) then turns into a solid integral over Bs,/4 \ B,. Therefore,

N/ |u|P~2|Vul|?
B,NE;

< sup / p3(|uluu; |+ sup / pi(|u)uB - Vu| + r_l/ p3(|uuv - AVu|+o(1)
ae[1,5/411J Bq, ae[1,5/411J Bq, Bsar/a\ By
=1+1+ I +o0(),

where o(1) contains the integral over B,, \ Es, which tends to 0 as § — 0. We bound I/ and III as
[Dindo$ and Pipher 2019]

I+ 11 < Car_Z/

lu|? + er/ IVul? + o(1).
Bs; 4 Bs; 4

Now we turn to / and use the same idea as the proof of (4-10) in [Langer 1999, (3.3)] to show [
converges as expected. By splitting the integral with the set Ej, using the fact 8772 < |u|”~2 on B, \ Es
(since p < 2), and the smoothness of #, which implies |u|P~2uu, € L' (B,,), we obtain

2 -2 -2
[t = [ o [
By, By NES Bor\Es

< / P, + / P uu,
By NES Bor\Es

5/ lP iy | < 0.
By

Therefore by the dominated convergence theorem

/ P (b, — / . (“-11)
Bo(r Bar
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We change from working with balls to integrating over parabolic cubes Q,, and denote by Q|5 the
cube Q,, restricted to the hypersurface {t = s}. Using the fundamental theorem of calculus, we obtain in

the limit that
/ |u|p_2uu,~/ i(|u|P)dde
Bor Bay 01

9 to+(ar)? d
5/ —(Iul”)dtdxzf — lu|P dX ds
or 8[ l‘()—(Otr)z dt Qozrlx
< [leell? + [lue]l? (4-12)

p p .
LX(Qar|t0+(ozr)2) Lx(Qar‘to,(a,)Z)

Observe that (4-12) holds for all time-restricted cubes Qg1+ (r)2 With @ € [1, 1.1]. Once again we
average over these cubes to show

1
/ P Puu, S — ul? dX dr.
Bar r

L.lar

Since Qi.14r C By, in the limit as § — 0
1
15— |u|? dX dr.
r By
Therefore grouping the estimates we have the bound

)J/ |u|p_2|Vu|2§C8r_2/ |u|P+arP—2/ IVul? +o(1). (4-13)
B,.NE;s B, B5r/4

We let § — 0 and proceed as [Dindos and Pipher 2019] to obtain (4-4) and (4-5) for smooth A and B.
Finally, since no constants depend on the smoothness of A or B, we can remove the smoothness assumption
by the same argument as in [Hofmann and Lewis 2001]. We suppose A is just elliptic and bounded,
and B satisfies (4-1). Then we approximate A and B by smooth matrices and vectors respectively. For
each smooth approximation, we have (4-4) and (4-5) and then passing to the limit we obtain analogous
estimates for Wll)’cz solutions u of Lu = u,, with the constants having the same dependence as before. []

It follows that the p-adapted square function S, , is well-defined. The paper [Dindo$ and Hwang
2018] also considered an area function and established in its Lemma 5.2 that the usual square function
can control this area function. The case 1 < p < 2 is significantly more complicated so for this reason we
focus only on nonnegative solutions u.

We fix a boundary point (Y, s) € d€2 and consider A, (Y, s). Clearly, the nontangential cone I', (Y, s)
can be covered by a nonoverlapping collection of Whitney cubes {Q;} with the properties:

(Y, s) C U Qi CToa(Y,s), ri=diam(Q;) ~dist(Q;, 92), 4Q; C €, (4-14)
i
and the cubes {2Q;} having only finite overlap. It follows that

[Apa¥, )17 Sy )" | g Pul ™ dX de
i Qi

52@»)2—"/ IV2u|?uP=2 + (\VA> + |B/»)|Vu?uP "2 dX dr. (4-15)
i Qi
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We need the following estimate on each Q;.

Lemma 4.4. Assume the ellipticity condition (1-2) and that the coefficients A and B of (1-1) satisfy the
conditions

IVAX, )| <K/5(X,t) and |B(X,t)|<K/5(X,1),

for some uniform constant K > 0. Then for all nonnegative solutions u of (1-1) and any parabolic cube
Q such that 4Q C 2 we have the estimate

/ |V2u|?uP~2dX dr < r_2/ |Vu|?uP~2dX dr, (4-16)
o 20
where r = diam(Q).

Proof. Since we assume differentiability of the matrix A in the spatial variables, we may also assume that
A is symmetric. Let us set W = (wy), where wy = dgu for k =0, 1, ..., n — 1. Differentiating (1-1) we
obtain the following PDE for each wy:

(wi)r —div(AVwy) = div((0g A)W) 4 0 (B - W). 4-17)

We multiply (4-17) by wru?~2¢?, integrate over 2Q and integrate by parts. Here 0 < ¢ < 1 is a smooth
cut-off function equal to 1 on Q, vanishing outside 2Q and satisfying r|V¢ | + r?|¢;] < C for some C > 0
independent of Q. This gives

/(wk)twkup_zgdedt—i—/ a;; (3 wi)d; (wuP ¢y dX dt
20 20

:_/ (Bkaij)wjai(wkup_zé’z)dth—f biw; o (weuP~2¢?)dX dt.  (4-18)
20 20

We rearrange and group similar terms together:

-2
1/ [(weu?’?10)?), dx dr — 2= wiu?3u,c* dX dr
2 )1 2 Jro

+f AV (wpOuP?Y  (V(weOHuP>~ 1y dX dr
20

+(p—2) / A e - (Vaywu?> ) dX dr
20

:f |wk|2up_2§§,dth+/ |wk|2u”_2AV§-V§dth—f biw; O (wil)uP~2¢ dX dr
20 20 20
—(p-2) / biwi (B wg? 20 )P/~ dX dr
20
—/ b,-w,-wkup_2§§kdth—/ (da; ) wjwruP 2 ¢ dX dt
20 20
— | Qraij)w; (d;wpl)uP ¢ dX de
20

—(p —2)/ (dea; Dw; (@u)weu?? 2y uP* ¢ dX dr. (4-19)
20
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All the terms after the equal sign are “error” terms since they either contain a derivative of ¢, or
coefficients VA or B. These will be handled using the Cauchy—Schwarz inequality and the estimates for
I[VA|, |B| < K/r. The four main terms are on the left-hand side of (4-19). The term that needs further

work is the second term, and we use the PDE (1-1) for u,. This gives
-2

N —— wiu?u, ¢ dX dt
2 Jo

-2 )
=P w,%up—-‘div(AW)gdedt—p—/ wiu? B -WerdX dr.  (4-20)
2 Ja 2 Ja

Again the second term will be an “error” term. For the first term, we observe the equality
uP=3div(AVu) = div(A(Vi)u?=3) — (p = 3)A(Vu)u?/*>72) - (Vu)uP*7?).
It follows (by integrating by parts) that

_p_—2 w,%u"’_3 div(AVu)c? dX dr
2 20
—(p-2) f A e - (Vaywpu?>2) dX di
2
iy 2iChad O} )2(3_” ) / AV weu??720) - (Vi weu??2) dX de. - (4-21)
20

We now group all main terms together; these are the first, second and fourth terms on the left-hand side
of (4-19) and the terms of (4-21). This gives

LHS of (4-19) = %/ [(wru?*'¢)?], dX dt
20
+/ ANV (wiuP?™ N - (V(weOuP/>~ Yy dX dr
20

+2(p—2)f AV (weOuP?™ Y - (Vu)wru/?>72¢) dX dr
20

n 2-pB-p
2 20

=3 /2 w102 ax ar

A((V)weuP?720) - (Vu)wu?> %) dX dr

+<1—ﬂ) / AV eu?’) - (V (g )u>1 dX dr

5 (,/ Y e R et 2t L NS 241)
- (,/ %[V(wmum—l] - W[m)wkum—zc]) ax di

—Da
> 1 [(weu??>710)?, dth-i—u/ IV (weOuP/>~ 112 dX dr. (4-22)
2 3— p 20

20
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Here we have first completed the square (using the symmetry of A), and then used the ellipticity of the
matrix A. The important point is that for all 1 < p < 2 the coefficient (p — 1)1/(3 — p) is positive.
We also we could have completed the square differently and, instead of (4-22), obtained the estimate
(p—D2—p /
2

2

LHS of (4-19)3% / [(weuP?>7 '), dX dr + |(Vu)weu?> 2> dX dt. (4-23)
20 0

It follows that we could average (4-22) and (4-23) and have both
/ IV (weOuP’> 112dX dr  and / |(Vu)weu?>2¢)? dX dt
20 20

in the estimate with small positive constants.
Now we briefly mention how all the error terms of (4-19), (4-20) and (4-22) can be handled. Some can
be immediately estimated from above by

r2 f |W|?uP~2dX dt,
20

where the scaling factor » 2 comes from the estimates on V¢, ¢;, |[VA| and |B|. For other terms (for
example the third term of fourth line of (4-19) or the term on the fifth line) we use Cauchy—Schwarz.

One of the terms in the product will be

172
(r2 / |W)2uP~2dX dt) ,
20
while the other term is one of

1/2 1/2
(/ |V(wk§)u”/2_1|2dth) or (/ |(Vu)wku”/2_2§|2dth> .
20 20

It follows using the e-Cauchy—Schwarz inequality that we can hide these on the left-hand side of (4-19).
Finally, we put everything together by summing over all £ and recalling that W = Vu. This gives for
some constant € = e(p, A,n) >0 withe - 0as p — 1,

sup/ |Vu|>uP=? dX+e/ IVZuPuP=2dx dt+e/ |Vul*uP~*dX d
T JON{r=t} 0 0
<Cr? / IVul?uP=2dX dr. (4-24)
In particular (4-16) holds. e Il
After using (4-16) in (4-15) we can conclude the following.

Lemma 4.5. Let u be a nonnegative solution of (1-1) with matrix A satisfying the ellipticity hypothesis
and the coefficients satisfying the bound |VA|, |B| < K /6. Then given a > 0 there exists a constant
C= (A, A, a, K, p,n) such that

Apa)(X,1) < CSprau)(X, 1). (4-25)
From this we have the global estimate

1A a2 rag < C21Spa@Ihra0)- (4-26)
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As far as the proof goes, the calculations above clearly work for solutions # with a uniform bound
u > ¢ > 0. Hence considering v, = u + ¢ and then taking the limit ¢ — 0+, using Fatou’s lemma
yields (4-25) for all nonnegative u, where we have used the convention that |Vu |>u?~? = 0 whenever
u =0 and Vu = 0 with a similar convention for the second gradient in A ,.

5. Bounding the p-adapted square function by the nontangential maximum function

We slightly abuse notation and only work on a Carleson region 7' (A,) in the upper half-space U even
though we formulate the following lemmas on any admissible domain €2. The equivalence of these
formulations via the pullback map p is discussed in Section 2C and [Dindo$ and Hwang 2018], and hence
we omit the details. We start with a local bound of the p-adapted square function by the nontangential
maximal function.
Lemma 5.1. Let Q be an admissible domain from Definition 2.10 with character (£,n, N,d). Let
1 < p <2 and u be a nonnegative solution of (1-1), with the Carleson conditions (1-7) and (1-8) on the
coefficients A and B. Then there exists a constant C = C(A, A, N, Cy) such that for any solution u with
boundary data f on any ball A, C 02 withr < min{d /4, d/(4Co)} we have

/ IVul?|ulP2xgdxodx dr < CA+ lulD(1+€3) | (N* (u))*dx dr. (5-1)

T(A,) Aoy
In addition, we have the following global result.

Lemma 5.2. Let Q2 be an admissible domain with smooth boundary 092. Let 1 < p < 2 and u be a weak
nonnegative solution of (1-1) satisfying (2-34), (2-35), (2-37) and (2-38) with Dirichlet boundary data
f € LP(0R2). Then there exist positive constants C| and C; independent of u such that for small ro > 0

we have

Cl ro/2 2 ro
—/ / |Vu|2|u|p_2xodxdtdxo+—// u? (xo, x, 1) dx dt dxg
2 Jo Jaa ro Jo Jaq

5/ up(ro,x,t)dxdt+/ u? 0, x, t)dx dr
FI9) P19
1/2 r
+ Co(llllc,2r + llp2llc,2r + ||IL2||C<2,)/ (N ()P dx dr.  (5-2)
EYo)

Proof of Lemmas 5.1 and 5.2. Let Q,(y, s) be a parabolic cube on the boundary with r < d and let ¢ be a
smooth cut-off function independent of the xp-variable. As long as there is no ambiguity we suppress
the argument of Q, and extensively use the Einstein summation convention. Let ¢ be supported in Q,,
equal 1 in Q, and satisfy the estimate r|V¢| 4 r2|¢;| < C for some constant C.

We start by estimating

r .
/ / |u|1’*2“i(a,»u)(aju)gzxo dx dr dxo, (5-3)
0 JQor aoo
where by ellipticity we have

)\‘ r r ..
—/ |Vu|2|u|p_2xodxdtdx0§ff 1P =2 5L (3,00 (8u) ¢ 20 dx dit dxg.
A Jo Jo, 0 JO, aoo
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Now we integrate by parts whilst noting that v = (1, 0, 0, .. ., 0) since the domain is {x¢ > 0}:
' —2 4ij 2
/ / |ue| P —=(3;u) (dju) ¢ “xo dx dt dx
0 JQa aoo

=l/ Ofa(m(rx HIP)re? dx dr — f/ 2 ey 9y0) 2o d dr g
Q2r Q

2 400

/f ( >|u|p ua;;9;u¢xo dx dt dxo —2 // 4y |u|!’ 2u(dju)¢ d; ¢ xo dx d dxg
2r aOO 2r

—f/ 20 1P~ 2u(dju)e dxdtdxo—// iai(|u|f’—2)u(aju)g2dxdzdxo
Q2r Q2r aOO

aoo

=I4+1+1+1IV+V4+VI (5-4)

Our strategy is to further estimate all these terms and then group similar terms together. First consider 1/;
we use that u is a solution to (1-1):

/f @luw 2uu, g dethdxo+// a_()()|u|p 2uby 8t xo dx dr dxg = 11y + 11,
Q2r Q2r

Using the identity 2xg = 80x3 we integrate by parts in xo to obtain

1 = ——// —|u|p 2uu, g2 E)oxodxdtdxo
02 400

=——/ —|u(r X, 0P 2ur, x, Ou, (r, x, t){zrzdxdt-i- /f
2 0, @ Qor

// a—lulp 280uut§ xodxdtdxo+ f/ a—lulp Zuaoatu; xodxdtdxo
0, 00 0, 400

< )|u|p 2uu, &% x3 dx dr dxg

=11+ +1h3+114.
Consider the boundary term /1, and we integrate by parts in #:

1
i, =—1 / —u(r, x, 0P8, (r, x, 1)) 2r* dx dt
4 Jo,, aoo

1
= l/ 8,(—>|u(r,x, OI1P2u*(r, x, t)g“2r2dxdt
4 Jo,,  \aoo

1 1
+—/ —|u(r,x,t)|p_2u2(r,x,t)§g‘,r2dx dr
apo

1 ) 2.2
+ 2= —u(r, x, D" ulr, x, Hu,(r, x, 1) r-dx de
4 Jo, aoo

=1l + 12+ 113.

Since p < 2,50 p —2 < 0, we can absorb [1;3 into /11| and save I, to bound later on.
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Considering 114, we swap the order of differentiation on dyd;u and integrate by parts in ¢ to show

== // —|u|P 2ud, dous>x dx dt dxg
Q2r aOO

= 9 L lu|P~2 _r—- P 2.2
= A ul u80u§ dxdtdxo |u| u,80u§ xg dx drdxg
2 0Jo, \doo 5 400

// —|u|p 2LtE)()M{{,xOdxdtdxo
QZ}

aoo
=114 +11ao+1143.

Observe that 1114 = — 1113 so these terms cancel. We bound //14; by
r
0,a
Iy = 1 // d Oolulp 2udousx3 dx dr dxo
2 Jo Jo,, ag

r 12/ or 12
g(// |A,|2|u|px8§2dxdtdxo) (ff |Vu|2|u|f'—2x0;2dxdzdxo) .
0 Q2r 0 Q2r

Two parts of 11; we have left to bound are 1/}, and I1143. Both of these integrals involve ¢ {; and therefore
if ¢ is a partition of unity, when we sum over that partition these terms sum to 0.
The terms I, and 111 are simply dealt with by

r 1/2 r 1/2
1125(// |B|2|u|"x0§2dxdtdxo) (/f |Vu|2|u|p2x0§2dxdtdxo> ,
0 er 0 Q2,
r 1/2 r 1/2
1115(// |VA|2|u|px0§2dxdtdxo> (// |Vu|2|u|p2xo§2dxdtdxo) .
0 er 0 er

The integral in the term IV contains the terms ¢ 0;¢{ and as before if ¢ is a partition of unity then after
summing this term cancels out. Therefore the terms that we have yet to estimate are I, V, and V1.

We consider V in the two cases j = 0 and j # O separately. Since ¢ is independent of xg by the
fundamental theorem of calculus

Vij=0 = //Q lu|P~2u(Bou)c? dxdtdxo_——//Q do(lu|P¢c?) dx dr dxg
2r 2r

=—/ lu(0, x, )| ¢? dxdt——/ lu(r, x, 1)|P¢? dx dr.
p QZV p Q2r

For the j # 0 case we use that dgxg = 1 and integrate this case by parts in xg:
1 (" ao;
V{j#O}:__/ / —jaj(|M|p)§2d)Cdtd.x0
P Jo Jo,, doo

:—lf/ ﬂaj(|u|p)§280xodxdtd)m
Qo

Q

=_l/ 61013 (Ju(r, x, t)|l’); rdx df + — // OJa 80(|M|p); xo dx dr dxg
Q2r er

p
+—// ao<ﬂ)aj(|u|l’); xo dx dr dxg
P Jo Jo,. ano

=Vi+V,+ Vs
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Since Vi = —I{;+q), they cancel out. For V, we integrate by parts in x;:

==Yy - / 20 s do(u(r,x, H17)¢%r dx dt
j;éo 0y @

__/f ( 0]>ao(|u|p)§ Xdedtde——// aoj 80(|M|P)§a ¢xo dx dr dxg
& 0, 4

= Vo1 + Voo + Vpa.

The terms Vy; and V3 are of the same type and can be estimated as /1] by

( )V(|u|p)§ xo dx dr dxg
QZr

5// lulP "V Vu||VA|?xo dx dr dxg
Q2r

r 12/ pr 1/2
5(/[ |VA|2|u|”§2x0dxdtdxo> (// |Vu|2|u|”_2§2xodxdtdxo) .
0 er 0 Q2r

The final term from (5-4) to estimate is VI:
r r .
—// 4T o (u|P~ Hu(d;u)¢ dxdtdxo_(Z—p)// “J|u|f’—2(a,-u)(aju);2dxdzdxo
Q2r aOO 0 QZr aOO

and since 2 — p < 1 we can hide VI in the left-hand side of (5-4).
We are now at the stage where we can group all the similar terms and estimate them. There are four
different types of terms:

J1 = Ij=oy + 1111 + Vij=0y + V2, Jr = I,
B=Ig+IL+11+Y Vo+Y Vs, li=Ihn+Ia+1V+) V.
J#0 J#0 j#0

We shall use the following standard result multiple times to deal with terms containing |V A|?, |4,
or | B|; a reference for this is [Stein 1993, p. 59]. Let u be a Carleson measure and U the upper half-space.
Then for any function u we have

f ul? de < Il IN GOIL gy (5-5)

with a local version holding on Carleson boxes as well.
First we consider J;, which consists of boundary terms at (0, x, #) and (r, x, 1):

3
7 :l/ ao(|u(r,x,z)|l’)g2rdxdt—lf 100
p Q2r 4

0 aoo

lu(r, x, )P 2u’(r, x, )¢ *r? dx dr

+l/ |u(o,x,z)|1’;2dxdz—l/ lu(r, x, 1)|P¢* dx dt
p Q2r p Q2r

-y - / 207 o, x. 1) dx dt.
/#0 0y @
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The second term in Jy, originating from I1;;;, has the bound

0:a
I = —%/ tzoolu(r, X, t)|p_2u2(r,x, t)§2r2 dx dt
02 Y
172
||/~’L2”C2
PN @I,

1

<5z | Al x, DIP¢*rrdxde <
Q2r

For the term J,, we have

r 1
J2:l// 80<—)|u|p_2uut§2x§dxdtdxo
2 Jo Jo,,  \aoo

1 r 12/ por 1/2
< —2(/ / VA u|Pxpc? dx dt dxo> (/ f qulzlulp_zxggzdx dt dxo)
2)\' 0 er 0 QZr

1 r ~ 1/2
5ﬁwmnmr||N’<u>||2’p(Q2,>>‘/2(/ f e ] ZxS;dedrdxo) .
0 Q2r

With a constant C3 = C3(A, A, n) we can bound J3 by

r 12/ pr 1/2
Jngg(// (xo|VA|2+x0|B|2+x3|A,|2)|u|Pg2dxdtdxo) (// |Vu|2|u|p2xo§2dxdtdxo)
0 er 0 Q2r

, 1/2
<C3((luillcartlmalle ) IN" @I o, )" ( f \Vul* |ulP~*xos > dx dz dxo) :
0

Q2r
Finally, J4 consists of terms of the types ¢9,¢ and ¢0;¢. Later we take ¢ to be a partition of unity and so
when we sum up over the partition, all the terms in J4 sum to 0.

Therefore after all these calculations

/ / 1P~ 2L (3,00 (8u) ¢ 20 dx dr dxg
0 JQo aoo

= Ji+h+J3+J4

A
<% [ auerxoierdxdes [ o,
Qo

Q2r
1/2
e 2dxdr+m|w’( P
o, ¢ 2 UWNLr ()

1 r B 1/2
+§<||m||c,zr||N’(u)||§,,<Q2,)>‘/2( / g |ue] P zx(‘;’g“zdxdtdxo)
0

QZr
, 1/2
+cg<<||m||c,zr+||m||c,2r>||Nr<u>||ip(Q2,))”2( / / |W|2|u|f’—2xo<:2dxdrdxo> +Js. (5-6)

0 Q2r

By assuming that 2 is smooth as well as an admissible domain (see Definition 2.10) there exists a
collar neighbourhood V of 3 in R"*! such that 2 NV can be globally parametrised by (0, ) x 92 for
some small » > 0; see Remark 2.20 and [Dindo$§ and Hwang 2018] for details. Using Definition 2.10,
there is a collection of charts covering €2 with bounded overlap, say by M. We consider a partition
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of unity of these charts ¢;, with ¢; having the same definition, support and estimates as ¢ before, and
> ; ¢j = 1 everywhere. Therefore, when we sum (5-6) over this partition of unity the term on the left-hand
side is bounded below by

l r
—/f lul”"2(AVu - Vu)xg dx dr dxo,
A Jo Joa

which is comparable to the truncated p-adapted square function ||S7, (u) ||’Z r(3g)- Lherefore, remembering
that after summing J4 = 0, for any ¢ > 0 we have

A r P p—2
XHS,,(M)”U@Q) Iul [Vu| xodx dt dxg

<T do(Ju(r, x, t)|p)rdxdt+/ Iu(O,x,t)Ipdxdt—/ lu(r, x, t)|P dx dr

02 02 a2
Milpall 5, lallcar o op
—”N ( )”Lp(ag) + W”N (”)”LP(E)Q)

lwtllc2r + limzllc,2r
de

+s// s P23 dx dr g + C IN" @I 0,

—i—s/f IVu|? |u|P~2xoz? dx dr dxo. (5-7)
0 JoQ

By applying Lemma 4.5 to the p-adapted area function in (5-7) we see that the p-adapted square
function on the right-hand side of (5-7) is always multiplied by ¢. By choosing ¢ small enough we can
absorb this p-adapted square function into the left-hand side yielding

clns;,(u)uip(mff do(|u(r, x, 1)]7)r dx dr +f
Q2

[u(0, x, 1)|? dx dt —f lu(r, x, t)|” dx dt
a0

a0
+C(lmilicar+Hlwmzlle, 2r+IIM2IIC SN () 17r@g) (5-8)

We integrate (5-8) in the r-variable, average over [0, ro] and use the identity (dp|u|”)xo = do(|u|P xo) — |u|?
to give

ro x2 2 ro
C1// (xo——0)|Vu|2|u|p_2dxdtdxo+—// lu(xg, x, 1)|P dx dr dxg
0 JaQ ro ro Jo Jaq

5/ Iu(ro,x,t)|pdxdl+/ [u(0, x, 1)|P dx dt
a0 90
+C2(||M1||c2r+||M2||c2r+||M2||C2,)||Nr(u)||Lp(3Q) (5-9)

Finally truncating the first integral on the left-hand side to [0, r¢/2] gives

ro/2 2 ro
- / |Vu|2|u|p2xodxdtdxo+—// lu(xo, x, 1)|P dx dr dxg
0 Q2 ro Jo Joag

5/ |u(r0,x,t)|pdxdt+/ [ (0, x, 1)|P dx dt
R R 12
+ Co(lleille2r + l2llc2r + ||l/«2||c,2r)||Nr(u)||l£p(ag)- (5-10)
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The local estimate for Lemma 5.1 is obtained (exactly as in [Dindo§ and Hwang 2018]) if we do not
sum over all the coordinate patches but instead use the estimates derived for a single boundary cube Q,
in (5-6). 0

We need to control the first integral on the right-hand side of (5-2) to achieve our goal of controlling
the p-adapted square function. Thankfully this has already been done for us in the proof of [Dindo$ and
Hwang 2018, Corollary 5.3], which we encapsulate below.

Lemma 5.3. Let 2 be as in Lemma 5.2 and u be a nonnegative solution to (1-1). For a small ro > 0

depending on the geometry of the domain 2, there exists a constant C such that for ¢ = |1l c.2r +
1/2
In2llc2r + Izl s,

2 [
/ u(rg, x, )P dxdr < —/ / u(xg, x, )P dx dr dx0+C8||Nr°(u)||i,,(aQ).
02 ro Jo Jaq

Combining Lemmas 5.2 and 5.3 gives us the desired result.

Corollary 5.4. Let Q2 be as in Lemma 5.2 and u be a nonnegative solution to (1-1). For a small
ro > 0 depending on the geometry of the domain 2, there exist constants C1, C, > 0 such that for

12
e = llmllcr + lln2lic2r + lln2ll¢ s,

ro/2
HS;O/Z(M)”]ZP({)Q) N/(; AQ |VM|2|M|p_2X()dxdt dxo

< C1/ (0, x, 1)|P dx dt+C28||Nr°(u)||’L7,,(aQ). (5-11)
Q

6. Bounding the nontangential maximum function by the p-adapted square function

Our goal in this section has been vastly simplified due to [Rivera-Noriega 2003] proving a local good-A
inequality. We use this to bound the nontangential maximum function by the p-adapted square function.
We first bound the nontangential maximum function by the usual L2-based square function S, (u) but a
simple argument from [Dindos et al. 2007, (3.41)] shows that for 1 < p <2 and any ¢ > 0 we have

155 llLre) < CellS, @ llLroe) +eIN" @ llLroo). (6-1)

with a local version of this statement holding as well.
The good-A inequality from [Rivera-Noriega 2003, p. 508] is expressed in the following lemma.

Lemma 6.1. Let v be a solution to (2-29) and v(X,t) = 0 for some point (X,t) € Q,. Let E =
{0, x,8) € Oy : S2.4(v) <A} and g > 2. Then

{0, x,1) € Qr : No(v) > M S {0, x, 1) € Q1 $24(v) > A} + /\iq/ $2,a(v)? dx dr. (6-2)
E

If p > 2 then the following lemma is immediate from [Dindo§ and Hwang 2018, Lemma 6.1], which
is an adaptation of [Rivera-Noriega 2003, Theorem 1.3 and Proposition 5.3].
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Lemma 6.2. Let v be a solution to (2-29) in U and the coefficients of (2-29) satisfy the Carleson
estimates (2-34), (2-35), (2-37) and (2-38) on all parabolic balls of size < ro. Then there exists a
constant C such that for any r € (0, ro/8)

/ Ngj12(v)?P dx dr < C(/ Ay 4 (v)P dx dr +f S2.4(v)? dx dt) +r”+1|v(AAr)|p, (6-3)
Qr 2r QZr

where A, is a corkscrew point of the boundary ball A,. That is, a point 2r? later in time than the centre
of A, and at a distance comparable to r from the boundary and r from the centre of the ball A,.

Proof. We first assume that v(X, ) =0 for some (X, ¢) € O, and then we have the good-X inequality (6-2).
The passage from this good-A inequality to a local L? estimate is standard in the spirit of [Fefferman and
Stein 1972]. We remove the assumption v(X, #) = 0 for the cost of adding the ptl [v(Aa,)|? term in the
same way as [Rivera-Noriega 2003; Dindo§ and Hwang 2018]. U

From this local estimate, we can obtain the following global L? estimate by the same proof as the
global L? estimate from [Dindo$ and Hwang 2018, Theorem 6.3].

Theorem 6.3. Let u be a solution to (1-1) and the coefficients of (1-1) satisfy the Carleson estimates (2-36)
and (2-39) then

IN"@)llroe) S 1S3 @)liLroe) + lullLroe) (6-4)
and by (6-1)

IN")lLroe) SIS, @ llLroe) + lullLe oo (6-5)

7. Proof of Theorem 1.1

We only consider the case 1 < p < 2 and use interpolation to obtain solvability for p > 2. First assume
either the stronger Carleson condition of (2-39), or (1-7) and (1-8) hold. Therefore the Carleson conditions
on the pullback coefficients (2-34), (2-35), (2-37) and (2-38) hold.

Without loss of generality, by Remark 2.20, we may assume that our domain is smooth. Consider
ft =max{0, f} and f~ = max{0, — f}, where f € Cyp(92), and denote the corresponding solutions
with these boundary data by u™ and u~ respectively. Hence we may apply Corollary 5.4 separately to u™
and #~. By the maximum principle, these two solutions are nonnegative. It follows that for any such
nonnegative u we have

1/2
1S5 GONL n oy < CIF IS nagy + CARNE? + IO INT @IL g

and Theorem 6.3 gives

||Nr(u)||zp(agz) = C”f”{p(agz) =+ C”Sl,z;r(“)”{p(ag)»

where ||| is the Carleson norm of (1-7) on Carleson regions of size < ry. As noted earlier, if, for
example, 2 is of VMO type then the size of x appearing in this estimate will only depend on the Carleson
norm of coefficients on €2, provided we only consider small Carleson regions. Hence we can choose rg
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small enough (depending on the domain €2) such that the Carleson norm after the pullback is only twice
the original Carleson norm of the coefficients over all balls of size < ry.

Since we are assuming ||i||c is small, clearly we also have ||u|¢c < C||,u||lc/2. By rearranging these
two inequalities and combining estimates for u™ and u~, we obtain, for 0 < r < r(/8,

1/2
IN"GO12 sy < CIENE nagy + CHLIEZINY @12 00

By a simple geometric argument in [Dindo§ and Hwang 2018] involving cones of different apertures,
Lemmas 3.4 and 3.7 show there exists a constant M such that

INY 1] 50y < MIN" @175 50- (7-1)

It follows that if CM || || lc/ 2 < % by combining the last two inequalities we obtain

IN"GON] pagy < 2C 11T pia0)s

which is the desired estimate (for the truncated version of nontangential maximum function). The result
with the nontruncated version of the nontangential maximum function N (u) follows as our domain is
bounded in space and hence (7-1) can be iterated finitely many times until the nontangential cones have
sufficient height to cover the whole domain.

Finally, we comment on how the Carleson condition (2-39) can be relaxed to the weaker condition (1-6).
The idea is the same as [Dindo§ and Hwang 2018, Theorem 3.1]. As shown there, if the operator £
satisfies the weaker condition (1-6), then it is possible (via mollification of coefficients) to find another
operator £ which is a small perturbation of the operator £ and £, satisfies (2-39). The solvability of
the L? Dirichlet problem in the range 1 < p < 2 for £; follows by our previous arguments. However,
as L is a small perturbation of the operator £; we have by the perturbation argument of [Sweezy 1998]
L? solvability of £ as well.

Finally, for larger values of p we use the maximum principle and interpolation to obtain solvability
results in the full range 1 < p < oo. O

Appendix: proofs of results from Section 2

Proof of Theorem 2.3. We begin by proving the equivalence of (3) and (6) using ideas from [Strichartz
1980] and write F' = D¢, where F is a tempered distribution. Let

k_ . ~
©" = X0,00,0) ~ X01(er)"
Thenfor 1l <k <n-—1

_jr n—1

_ 2sin’(&/2) 1—e 1 —e i
Ek iT itk li‘_j

. 2sin%(1/2) Ly P

PrE 1) = [[——

T izl léj

orE D)

’

(A-1)
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with @* (&, ) ~ & for small & and 1 <k <n — 1. We let
L elE0u

G ol
and denote by ¥ (x, r) the usual parabolic dilation by p, that is,

Yux, ) =p "ytx/p, 1/ p?).

It is worth noting that (¢ s ) o= (pﬁ * ;. Therefore we may rewrite (6.a), by Remark 2.4, as

n—1
! ’ k 2 dp
sup / / /(z//”*go * F)*— dudx dt ~ B.a). (A-2)
0, ; 10r1 Jo, Juesr—1Jo 7P 7P P 0
Similarly if we let
R o 00U _ 1
Y= (A-3)
" &, ol
then we may rewrite (6.b) as
1 ! u 2 dp
sup (lﬂn’p * F) —du dx dr ~ B(6.b)- (A—4)
0. 19r1 Jo, Jues-1Jo P

The functions ¢* % * and Y all satisfy the following conditions for some &; > 0:

/wmm:a
W0, DS G D171 for )l = a > 0, (AS)
W& OIS IE DI for 1€, D)l <1,

W& DI SIE DI for [[(§, DIl = 1.

Therefore if D¢ = F € BMO(R") then B(g.a) S ||[D¢||i and Beb) S |||D¢||i by [Strichartz 1980, Theo-
rem 2.1]; this shows (3) implies (6).
For the converse, we proceed via an analogue of the proof of [Strichartz 1980, Theorem 2.6]. Consider

0 1) =E DIEE, 1),

where ¢ € Cj°(R). Let HOI0 be the dense subclass of continuous H'! functions g such that g and all
its derivatives decay rapidly; see [Stein 1970, p. 225]. Via an analogue of [Fefferman and Stein 1972,
Theorem 3; Strichartz 1980, Lemma 2.7] by assuming (6.a) and (6.b) if g € Holo([R”) then for each
1<k<n-—1

00 d
Yk gk x F(x, 1)0, % g(x. 1) dx dt—2 du| < BY2 ligl . (A-6)
gn—l 0 R”’IXIR P p /0 ( )
” Y ok F(x,1)0, * andxmgﬁdu<<BUzH|| (A-7)
sn-1 Jo Rr-1xR G p ~ PenI8lH!
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Forl<k<n-—1let

m(E, 7) = / / T4 pE. — PP (—pE. — DI DIL(PIIE ) dp du,
sn-1 Jo (A-8)

m& 0= [ [ Tt =0l Dol E Dl dpdu.

All of these functions m; are homogeneous of degree zero, smooth away from the origin and the associated
Fourier multipliers My, for 1 < k < n, are Calderén—Zygmund operators that preserve the class Hol0 and
are bounded on H'.

The nondegeneracy condition from [Calderén and Torchinsky 1975] on the family of functions {m};_,
holds — that is, the property that ) _, [m(r€, r21)|? does not vanish identically in r for (&, T) # (0, 0).
Therefore by [Calderén and Torchinsky 1975; 1977] we can find smooth homogeneous functions uy_ ; (&, )
of degree zero and positive numbers r; such that for all (&, 7) # (0, 0)

nojo

DD mi G D € ) =1, (A-9)

k=1 j=1

where my ,; are as my but with r; p replacing p in the arguments of @”, @ and 17/}‘ in (A-8) (but not ¢).

Let My ; and Uy ; be the Fourier multiplier operators associated to their respective multipliers my. ,,
and ug j. Then Y Y My Uy jg = g for all g € Hy,. By [Fefferman and Stein 1972, Theorem 3;
Strichartz 1980, Lemma 2.7] there exists h; ; € BMO(R") such that ||hk,j||i S Bs.a) Or By, and
(hi,j, g) = (F, My ;g) forall g € Holo- If we replace g by U; xg € Hol0 in the previous identity and sum
over j and k we obtain (h, g) = (F, g) for all g € HOIO, where h = Zk’j U,j"jhk,j; furthermore by the
BMO condition on Ay, we have ||h ||i < B.a) + Bsv)- The identity (A-9) does not need to hold at the
origin; therefore h—F may be supported at the origin and hence F = h + p, where p is a polynomial.
Due to the assumption ¢ € Lip(l, %) clearly F must be a tempered distribution. Hence as in [Strichartz
1980] we may conclude F' = h € BMO(R"). This implies equivalence of (3) and (6).

Similarly we may prove the equivalence of (4) and (5) to (3). The changes needed are outlined below.

We first look at (5) <= (3). In this instance we replace the convolutions ¢* % y* by

ei(§,0)~u _2_ e—i(S,O)'u
&, ’

which corresponds to (5.a), and we keep the convolution v, as it is in (A-3). The same proof then goes

YiE ) =

through to give that (5) holds if and only if (3) holds with equivalent norms, as in (2-13).
We now consider (4) <= (3). This case is stated in [Rivera-Noriega 2003, Proposition 3.2]. Again the
proof proceeds as above with one convolution

ei(s,f)q,t —_2_ e—i(&,t)-u

VUE T) = . O
V6 I1E. ol

Proof of Theorem 2.8. Without loss of generality, we only consider the case n < 1. When n > 1 the

existence of an extension with |[D®||, < n+ £ requires a much simpler argument.
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telR

Oor

x e Rr1
Figure 1. The reflection and tiling of the cube Q, C Qg defined in (A-10).

By (2-20) there exists f € Cs such that |[Ve — f|l« 0., <2n and a scale 0 < ro =r¢(§) < d such that

“f”*,di,r() S 277

Let d’ = nmin(rg, r1)/2 and consider some r < d’ and Q, C Q4y. Find a natural number k such that
R =2%r and Rn/2 < r < Rn. By our choice of d’ the cube Q»g, which is an enlargement of Q, by a
factor 2K*1 is still contained in the original cube Qg,.

It follows that

V@I, 000 <1,
’t - ) 2
sup / LACT) ¢(2x 2 dr dt dx < %
Qs=Jsx I |Qs| |I_T|
0sCOar

Without loss of generality, we may now assume that the cube Q»r is centred at the origin (0, 0) and
that ¢ (0, 0) = 0, since the BMO norm is invariant under translation and ignores constants. We first define
$ as an extension in time via reflection and tiling of the cube Q,:

d(x, 1), t € [—r2, r2] + 4kr?,

A-10
o(x,2r>—1), telr?3r’)+4kr?, keZ. ( )

Plx, 1) = {
See Figure 1 for an illustration of this. Clearly é coincides with ¢ on Q,.
It follows that ¢ is a function ¢ : {|x|eo < 2R} x R — R and (VQNS)Qr = (V¢)o,. Consider a cut-off
function p such that
1 if |x|eo <71,
(x) = .
0 if |x]eo > 2R,
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and |Vp| < 1/R < n/r. Finally define

®=¢p+(1-p)x-(Vh)o,). (A-11)

Clearly ® is well-defined on R"~! x R as p = 0 outside the support of ¢. We claim that & satisfies
(1)—(@v) of Theorem 2.8, which we establish in a sequence of lemmas below. Observe also that from our
definition of ® we have

VO = (Vd— (V)g,)p+Vp(p—x-(Vd)o,) + (Vo)g,, (A-12)
completing the proof. U

We start with a couple of lemmas that allow us to reduce our claim to the dyadic case; this is to make
the geometry easier to handle.

Lemma A.1 ([Jones 1980, Lemma 2.3], see also [Strichartz 1980, Theorem 2.8]). Let f be defined on

R"* and
1
sup —/ |f = fol = cn), (A-13)
o 19l Jo
where the supremum is taken over all dyadic cubes Q C R". Further, assume that
sup | fo, — fo,| = c(m), (A-14)
01,02

where the supremum is taken over all dyadic cubes Q1, Q2 of equal edge length with a touching edge.
Then

£l S ).
Below [(Qy) = s denotes the radius of a parabolic cube.

Lemma A.2 [Jones 1980, Lemma 2.1 and pp. 44-45]. Let f € BMO(Q) and Qo C Q1 C Q. Then

1(Q1)
— <1 2 %0 A-15
| foo — fol S Og( +I(Qo)>”f” .0 ( )

Furthermore, the same proof in [Jones 1980] gives the following slightly stronger result:

1 1(Q1)
— | If=folZlo (2+ >|| ll+,0- (A-16)
00l Jo, '/ T TR 10e B H gy )1 e

If Qo, Q1 C Q and [(Qgp) < 1(Q1) but they are not necessarily nested then
1(Q1) dist(Qo, 01)
| fo, — fo,l S (10 <2+ )—l—lo |:2+ —])Il ls.0- (A-17)
foo — fo g 1(00) g 1(0)) S0
If the cubes Qq, Q1 and Q are dyadic then we may replace BMO by dyadic BMO.

There is a typo at the top of [Jones 1980, p. 45]. It should read /(Q) < [(Q;) (it currently reads the
converse).
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Claim A.3. Let ¢ be defined as in (A-10), |V ||« 0,x Sn, and let Q be dyadic withr <1(Q) <2R. Then

~

\Y% \VJ <, ¢, A-18
|Q|/|¢> Fo,1 <o 1! (A-18)

Proof of claim. Let N € N be such that [(Q) =2V1(Q,). Let {Q'} be the 2V ~D dyadic cubes that are
translations of Q, and partition Q N{|¢| < r?}. Then by Lemma A.2

. 20| 1 [ i3
— V¢ —V = — V¢ —V
|Q|/Q' #=Véo =2 =10 1g1 J,, V4~ V00!

QZN'Qi'( /| 6 — Voor + Voo — Vo |>
o \|Q'] o oYY
< (m+nlog2+R/r)) Sn+nlog(1+1/n) Sen' 8. O

Lemma A.4 [Stegenga 1976]. Let g, h e L}

loc*

1
—_— h—(¢gh h—nh A-19
|Q|/Q|g (g >Q|<|Q|f|g( >|+|Q|f|g %0l. (A-19)

Proof. This small reduction is from [Stegenga 1976, p. 582]. First observe

Then

—(gh)g = g(h—hg) +ho(g — go) + 8oho — (8h)o

and
1 1 1
ho — (gh)p| = | — hop — — h| < — h—hg)l.
0ho — (gh)ol ’|Q|/Qgg |Q|/Qg'f|g|/g'g( o)l
Hence
1
_ h— (oh 2— h—h A-20
%Ql/ng (sh)ol |Q|/|g sol| < |Q|/|g< ol (A-20)
completing the proof. 0

We can now prove (iii) of Theorem 2.8.

Lemma A.5. Let & : R" — R be defined as in (A-11) with |V ||« 0,x S - Then VP € BMO(R") and
forall 0 <e <1

VD[, e n' ¢ +ne. (A-21)

Proof. Recall Vd = (Ve — (V¢)Q, Yo+ Vp(p—x- (V¢)Q,) + (V(,b)Q,, we can ignore the constant term
as the BMO norm doesn’t see it. Let ¢ = V¢ — (Vqﬁ)Qr and ) = ¢ —x - (V¢)Q We want to bound
low |« and ||V 00||.. We first tackle the term || pyr|| .

Step 1: (A-14) holds; that is, SUpp, 0, [(p¥)o, — (pY),| < c(n) for Q1, Q> dyadic cubes of equal side
length and with a touching edge.

Since ¢~) is the extension in the time direction by reflection and tiling (see (A-10)), and Q;, Q> and Q,
are all dyadic cubes, we may assume that if [(Q) <r then Q1, Q> C {|t| < r?}, and if I(Q1) > r then
{ltl <r?} C Q1.
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If Q1, Q2 C Q2 then [(p¥)g, — (p¥)o,| S 1Y I« dyadic, 0.p- Therefore, if we show (A-13) for
f = py then by Lemmas A.2 and A.4 clearly

I()Ow)Q1 - (/01//')Q2| S, ”pw”*,dyadic, Qor =< ||w||*,dyadic, Qor =< ||V(]~5||*’ dyadic, Qar S n.

Now look at the other cases: Q1 C Qg and Q>N QOog =F,0r Orp C Q1 and o N QOrp = <. In
both cases, we wish to control [(p¥)g, |.

Step 1.a: Case Q1 C Qag, Q2N Qg =2 and [(Q1) < Rn/L.
Q; is small here and touches the boundary of Q»g. This means that [|p|lz~(0,) S 1(Q1)/R since p

is 0 outside Qg. Therefore we apply the trivial bound

[(Q1)
R

Step 1.b: Case Q1 C Qar, Q2N Qg =@ and Ry/€ S1(Q1) <2R.

Since Q1 C Qrr we have Rn/¢ < 1(Q1) < 2R. Q; is dyadic so there exists N € Z such that
1(Q1) =21(Q,).
Step L.b.i: N <0.

This means that /(Q;) < /(Q,) and so by the reflection and tiling in time, (A-10), we may assume
Q1 C {|t| <r?} and by Lemma A.2

[(e¥)oi | < lpll=nll¥ L= S £

1 1
oV)or| < 1Wlg, = @fQ V¢ — Voo, | < @/Q Vé — Voo, | + Vo, — Vo,

Sn+nlog(l+6) +nlog(1+1/n) Se n'~f +nlog(1+£).

Step 1.b.ii: N > 0.
By Claim A.3 we obtain

1 7 g l1—e¢
(P¥)o, | < Wlo, = @/Q IV$ — Vo, | Sen'.

Step 1.c: Case Q2r C Q1, 02N Qrr =T s0l(Q1) >2R.
Let N satisfy [(Q1) = 2N1(Q2r), the number of dyadic generations separating Q1 and Q»g. Then Q

overlaps Qo (and its dyadic translates in time) exactly 22V times. Therefore by Claim A.3,

22N - - 2N 1 - - )
(pWo =Wlo = == | IV —=Vdo,| = sy | IV — Vo Sen'™".
= =000 Jo 1T N 0ol Jo, et

Hence, modulo the unproved statement || oy ||+, dyadic, 0>z S 7 We have shown
(0o, — (0¥)0,] Se n'~° +nlog(1+0).

Step 2: (A-13) holds; that is, || oV ||+, dyadic S ¢(1).
To apply Lemma A.4 we need to control two terms,

1
sup ||,0||L°°(Q)@/Q|1//—¢Q|

Q dyadic
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1Yol
sup lo— pol.
Q dyadic |Q| (0]

and

Step 2.a: Estimating
1
sup ||p||Loo<Q>@f W — vol.
Q

Q dyadic
In all the following cases we bound ||p|| L~y < 1.

Step 2.a.i: Case [(Q) <.
As before, by the reflection and tiling in time, we may assume Q C {|t| < r?} and so V(fb =V¢ on Q.
Hence

1 1 - ~ 1
_ _ - Vo — (V = — Vo —(V <.
IQI/QW Yol IQI/Q| ¢ —(Vo)ol IQI/Q| ¢—(Vool S

Step 2.a.ii: Case r < [(Q) <2R.
Applying Claim A.3 gives
1 1—¢
— [ W =Yool <¥loZen —°.
101 Jo

Step 2.a.iii: Case 2R < [(Q).
From Step 1.c it follows that

1
- _ < lfe‘
|Q|/Q|w Yol <I¥lo Sem

1Yol
= Ip pol-
QdyddlC |Q|

We have the following three cases to consider.

Step 2.b.i: Case Q C Qar, [(Q) <r and Q C {|t]| <r?}.
Because the cube Q might not be touching the boundary we can’t follow Section 7 and bound

1
@fglp—pgl

by |l pllz=(g), which here is likely be 1. However, we can use the mean value theorem and get a better

Step 2.b: Estimating

bound. By the intermediate value theorem there exists (z, 7) € Q such that p(z) = pp and using that p is

independent of time and |Vp| < 1/R we have
1(Q) l(Q)
lo(x) = pol = p(x) — ()| < Vpll(Q) S —— R mat

Then applying Lemma A.2 gives

1Yol Q) 1 v

o | lo—pol S = V9~ Vdo| =
0 Y

0]
1(0)
<", ), <
STy og<+l(Q)> ~

l(Q)l/V_v
<= | 196 =Yoo
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Step 2.b.ii: Case Q C Qg and r < I(Q) <2R.
This case is a straightforward application of Claim A.3:

I¥ol
| O]

Step 2.b.iii: Case Qrr C Q so I[(Q) > 2R.
This follows similarly to Step 1.c; let N be defined as there and

5 e
0] Ql/? ,0Q|S|Q| ) é — Voo,,

Therefore by Lemma A.1, ||py |« <. n'=¢ 41 log(1+ ¢).

/ 10— ol < Vol <o 1.
0

2N

< W“V(ﬁ”*,gm =n.

It remains to tackle the harder piece V p6 = Vp(q3 —X -V&Qr). Recall that supp(Vp) ={r < |x|cc <2R}.
Step 3: (A-14) holds; that is, supp, .0, [(Vp)g, — (VpB)g,| < c(n), where Qy, QO are dyadic with a
touching edge and [(Q) =[(Q»).

There are two different cases to consider:

(1) Q1 Nsupp(Vp) # & and Q> Nsupp(Vp) # 2.

(2) Q1 Nsupp(Vp) # @ and Q2 Nsupp(Vp) = &
Again (1) is controlled by ||V p8||4, dyadic, 0, by Lemma A.2 so we only have to deal with (2) and bound
SUPg, dyadic [(Vpb)o,l.

Step 3.a: Case Q1 C Qar and [(Q1) S Rn/L.
In this case Q; touches the boundary of the support of Vp so we have the estimate ||V pllzx0,) S

1(Q1)/R? since |V?p| < 1/R%. Also ¢(0,0) =0 and ¢ € Lip(1, 3) so
lpCx, Dllo)) < 6, Dl Lx(0r) S ER.

Finally ||x - Vo, | L(0.) S £ R. Therefore

l(Q) 1 (Ql)
R; o |¢(x 1) —x- Vg, |dxdt <

Step 3.b: Case Q1 C Qg and Rn/¢ SI1(Q1) <2R.
By the fundamental theorem of calculus, we may write

[(VpB)o, | = IVpllLxonlPlo, S

N

1

d?(x,t)—qs(r'x—' ) / Vo(rx, 1) dr.
r/lx|

Therefore, we have

|(VpB)o,| = [Vpllflo,

1
IVpl‘d)(r— I)+x-/ (Vo(rx, 1) = Veo,) di +x - — Vo,

r/Ix| | |
x|’

0
1

R

R

1 - ~ nRE
< +=-— (/ |v¢()\x,z)—v¢Qr|d,\) dxdr + —.
L~y  RI101] R

r/lx|
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Since ¢ defined by (A-10) is tiled and reflected in time on cubes of scale r, and (rx/|x|, 0) € Q, we
control the first term above by

1] -~
‘ ( ) [,

Recall that r ~ nR, Rn/€ <1(Q1) <2R and r < |x|s < 2R so n/2 < A < 1. We apply Fubini to the
second term:

Lr
< —||¢ #(0,0)|IL=0,) S I S .

1 1
b (/ IVQS(Ax,t)—V&erd)\>dxdt< L/ |Vé(rx, 1) — Vo, | dx dt di.
|01 r/1x] 1011 Jy2

Let él be the set formed by Q) under the transformation (x, ¢t) — (Ax,t). We may further cover
Ql by ~ A2 translations of AQ; with |AQ|/] él | < A2. Therefore a similar proof to Claim A.3, using
Lemma A.2, gives

1
IV¢>()»X D=Veo,|dxdr = —~— IV¢ Vo, |

R
|01 IQI
~ ~ r V4
Vo—V <nlog(2 < plog(14+—
/SQ.| »—Voo,lSn og( +SZ(Q1)>N77 Og( +n2>

<)j2
Sen' F+nlog(1+0)

T IsQil

and hence after harmlessly integrating in A we can control the second term by

1
L
f nlog(l + ¥> dr <e '+ plog(l +£).
n/2

Step 3.c: Case [(Q1) > 2R.
As before in Step l.c, [(Vp0)g,| < [(Vp0)g,,|, which can be further controlled by cubes that tile

supp(V p). Therefore, this case is bounded as in Section 7.
Step 4: (A-13) holds; that is, ||V 00 ||«, dyadic <c().
Here we have three cases to consider:
(1) O C O2.
(2) Q CR"\'supp(Vp).
(3) Q2r C 0.
Case (2) is obvious. Case (3) reduces down to (1) by Step 1.c, the reflection and tiling of d3, and
supp(Vp).
Case (1): Using Lemma A.4 this reduces down to showing that

|Q|/V_v <
0] Vo= (Vp)ol S c(n),

_ 0—0,) <
<>|Q|f|w< o) < cn)

for Q dyadic and Q C Q»g.



1264 MARTIN DINDOS, LUKE DYER AND SUKJUNG HWANG

Step 4.a: (a) holds for Q dyadic and Q C Q»k.

Step 4.a.i: Case Q C Qog and [(Q) < Rn/L.
By the naive bounds in Step 3.a, |#|p < ¢R. If we use the mean value theorem for Vp similar to

Section 7 then

1(0)
Vp—(V < |V2pll(Q) < —=Z.
|Q|/| P= Vo)l SIVPIQ) S —r-
Therefore 0
'|QQ|'/|Vp (Vo)ol SR (Q)Nn

Step 4.a.ii: Case Q C Qog and Rn/¢ <I1(Q) <2R.
Here we apply the same technique as Section 7:

]
10|
Step 4.b: (b) holds for Q dyadic and Q C Q3k.

V(0 — <
|QI/|p( I RIQI/'

We split this into the now-usual cases.

Step 4.b.i: Case I(Q) < Rn/X.
By the intermediate and mean value theorems |p — ¢~SQ| SU(Q)¢ and |x — xg| SI(Q) so

/ Vo = (Vp)ol < 10101V ol <o n'* +nlog(1 +0).

—x-V \Y <—l <.
&G 1001 = igr |1 —do Vo + - Viadol < @ 5
Step 4.b.ii: Case Rn/¢ <1(Q) < 2R.

10— 6] < — |9| ,
RIQI/ ¢ e

and then applying the result from Section 7 gives
1
0l / Vo0 —60)| Se '~ +nlog(1 4 0).
Q

Therefore by Lemma A.1 we have shown V& € BMO(R") and the bound (A-21) holds. O
To finish proving Theorem 2.8 we need to establish (iv).

Lemma A.6. Let & : R"™! x R — R be defined in (A-11) with

1 1) — T2
sup 9D =0 O 41 gy g < (A-22)
o,=Jx1, 1Qsl Jo,Ji, [t — 7|
QsCQOgd, s=r
then @ satisfies
1 |D(x, 1) — D(x, 1)

su dr drdx < (A-23)
0,=Jx1, 19sl Jo, /1, |t — 72
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Proof. Trivially since ® is defined globally

D (x, 1) — D(x, 1) ‘ 2
//' 00 =20 O g grdr < sup /"W )= OF gy ar,
[t —7| 0,=J; x1I; |Qs| 0, It —7|

sup
Qs=Js x I |Qs|

where we interpret the value of qg where it is undefined as 0, i.e., ¢~)(x, t) =0 when (x,1) & supp(</3). It
remains to establish

7 iy 2 _ 2
q pi o, ) = o, O (4 < sup L/ lp(x.1) —(x, 7)|
|1 t—t]?

dr dr dx A-24
A P ap (A-24)

pointwise in x, where Q, = J, x I, and is used to define ® in (A-11). To simplify our notation, we drop
the dependence on the spatial variables in qNS and ¢. We also set A := I;. Recall from (A-10) that

() = {¢(r) t € [—r%, r?] +4kr,

dQ2rr—1), telr? 3r?]+4kr?,
fork e Z. Let I = [—r2, r2]+4kr? and J;, = [r2, 3r2] + 4kr? be intervals in time for k € Z. We partition
A into disjoint pieces A = Ul- LU j J; UA1UAj, where Ay and A, are pieces that don’t contain either
I,‘ or Jj.

If A=A, UA,, we may as well assume (by translation and reflection) that A| = [a, r?], A, = [r2, b].
Let 7/, b’ and A}, be the images of 7, b and A; respectively under the map t + 2r> — 7. Without loss of
generality we only consider the case |A|| > |As|. Since |t — 7| = |t — r?| + |t/ —r?| > |t — T'| we have
forte Ay, T € Ay

// |¢><z)—¢<r)|2 // lp(t) —p(x ’)|2d
' dt
e, -t ot —=Qr2 =12

//” |<1>(t)—<25(f/)|2d dt<// () — ()] dr'dr.
[t —1'|? AJA t_T|2
Therefore

90 —dOF (// // f/)|¢(z>—¢>( P )
+2 Tdr < p-.
|A|/ e Y=\ L L LT e AR

In the general case when A = UieI Ly jeg J; UA1UA; we write the double integral over A in terms

(1) — @I 91 — ()
Z/ 9T Zf o

i,kel i€l jeJ

of integrals

and integrals that involve sets A; or A, or both (those are handled similarly to the earlier calculation).
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Dealing with the first case, if i #k, t € I; and T € Iy then |t —t| ~r?|i —k|;if i =k then |t — 7| = |t/ —/|.
Therefore

7 _z 2
/ CORTGTS
Iy

¢ ()—¢(0)|? .
/ lowd dt+Z i k|2./ | (t)—@(r)|"drds

2
i,keT |t T| ieZ i,keT
l;r’:k
t 2 t 2
SZ/ lp(1)— ¢(ZT)| dH_Z / | (1)— ¢(2T)| dr dr
ieT Ih/ Iy |t—f| k€I|l_k| Iy |t fl
z;ék
)— 2
<17 ¢ (2) ¢(27)| dedr.
IyJ Iy |t—T|

In the second case

() — d(D)?
Z f/ i dr dr

i€, jeJ
o (1) — ¢ (1)]? 1
//10 |t — 1|2 T Z m/k)/ |¢(t)—¢(r)| dr dr

ieL,jeJ i€l jeJ
li—jl<l li—jl=2

) —ao(1))?
<qz+1on [ [ 2OZ2OF .

Iy Iy |t_T|2

Since |A| ~ (IZ] + |T1)|1o| and Iy is one of the time intervals considered in the supremum of (A-24),

1) — 2 1 ) — 2
/ o (1) ¢(2)| drdr ~ lop (1) ¢>(2T)| dr dr < n. 0
|Al It — 7] ol J1yJ1, |t —7]
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