


ANALYSIS AND PDE
Vol. 13, No. 5, 2020

https://doi.org/10.2140/apde.2020.13.1301

EPSILON-REGULARITY FOR p-HARMONIC MAPS
AT A FREE BOUNDARY ON A SPHERE

KATARZYNA MAZOWIECKA, REMY RODIAC AND ARMIN SCHIKORRA

We prove an e-regularity theorem for vector-valued p-harmonic maps, which are critical with respect to a
partially free boundary condition, namely that they map the boundary into a round sphere.

This does not seem to follow from the reflection method that Scheven used for harmonic maps with free
boundary (i.e., the case p = 2): the reflected equation can be interpreted as a p-harmonic map equation
into a manifold, but the regularity theory for such equations is only known for round targets.

Instead, we follow the spirit of Schikorra’s recent work on free boundary harmonic maps and choose a
good frame directly at the free boundary. This leads to growth estimates, which, in the critical regime
p = n, imply Holder regularity of solutions. In the supercritical regime, p < n, we combine the growth
estimate with the geometric reflection argument: the reflected equation is supercritical, but, under the
assumption of growth estimates, solutions are regular.

In the case p < n, for stationary p-harmonic maps with free boundary, as a consequence of a mono-
tonicity formula we obtain partial regularity up to the boundary away from a set of (n— p)-dimensional

Hausdorff measure.
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1. Introduction

Over the last few years the theory of half-harmonic maps received a lot of attention, beginning with the
pioneering work of Da Lio and Riviere [2011a; 2011b]; see also [Schikorra 2012; 2015¢; Da Lio 2013;
Millot and Sire 2015]. Half-harmonic maps appear in nature as free boundary problems —e.g., they are
connected to critical points of the energy

||Vu||iz(D RM) such that u(d D) C N in the a.e. trace sense.
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Here, D C R" is an open set and A C RY is a smooth closed manifold. The Euler-Lagrange equations of
the latter problem are

Au=0 in D
u in D, (1-1)
opu L T,N onaD,
where v denotes the outer normal vector.
For D =R’ and 9D = R"~! x {0} the equation (1-1) is equivalent to
Au=20 in R" ,
! 12 " - (1-2)
(=A)giu LT,N on R"™ x {0}.

Here, (— A)R” , denotes the half-Laplacian acting on functions defined on R"~! x {0}. The equation

1/2
(M)l

The equivalence of (1-1) and (1-2) is crucially related to the fact that we are considering critical points

u L T, N is the half-harmonic map equation; for an overview see [Da Lio and Riviere 2011b].

of an L2-energy. Several notions of fractional p-harmonic maps have been proposed. H*'?-harmonic
maps, i.e., critical points of

I(=A)*2ul|? such that u(x) € N for a.e. x € R"~!, (1-3)

L!’(R" 1 RN)

were considered in [Da Lio and Schikorra 2014; 2017]. In [Schikorra 2015b] energies with a gradient-type
structure were studied, namely

IDull?, @1 gy, Suchthatu(x) e N forae. x e R, (1-4)

where D® = DI'~* is the Riesz-fractional gradient; see also [Shieh and Spector 2015; 2018]. Finally,
W*-P-harmonic maps, that is, critical points of the energy

/ / lu@) —u|? dxdy such that u(x) e N forae. x e R*!, (1-5)
poot S — ylrr
were studied in [Schikorra 2015a]; see also [Mazowiecka and Schikorra 2018]. All these versions of
fractional p-harmonic maps have one thing in common: they do not seem related to a free boundary
equation (1-1). For (1-3) and (1-4) this is clear, since the energies are defined on the “wrong” function
space H*P. Indeed, a map in WL-P(D) has a trace in W'=V/7-P(3 D), but W'=1/P-P (3 D) £ H'=V/P-P(3 D)
for p # 2. For the W*-P-energy (1-5) it is an interesting open problem if it is possible to find a p-harmonic
extension that interprets this problem as a free boundary problem.

In this work we concentrate on free boundary problems. We focus on smooth bounded domains, so in
the sequel D is such a domain. We prove regularity at the free boundary for critical points u : D — RY
of the energy

IVul? such that u(d D) C N in the a.e. trace sense. (1-6)

LP(D,RV)

It is not clear that the space A := {u € W'?(D,R") : u(3D) C N} possesses a natural structure of a
smooth Banach manifold. That is why we shall define what we mean by critical point.
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Definition 1.1. We say that u is a critical point of | p |Vu|? in the space A if u satisfies
/ IVulP2Vu-Vop =0 (1-7
D

for all ¢ in Wh?(D, R") such that its trace ¢ (x)|sp is in Tu(x»N a.e. Such a critical point is called a
p-harmonic map with free boundary.

Equation (1-7) is obtained by requiring that for every C'-path y : (=1, 1) — A such that ¥ (0) = u we
have

d —_—
&l [ revor=o (1-8)

Remark. Although this is not relevant for our purpose, let us remark that equation (1-7) can be interpreted
as u satisfying in a distributional sense

div(|Vu|P~2Vu) =0 in D, (1-9)
|Vul|?~28,u L T,N  ondD.
Note that, by definition, u is a solution of (1-9) in the sense of distributions if and only if
/ IVulP2Vu-V¢p =0 (1-10)
D

for all ¢ € C*(D, RN) with ¢(x) € T,y for H"~'-a.e. x € dD. Indeed, taking ¢ € C>°(D, R") we
obtain the interior equation
div(|Vu|?"2Vu)=0 in D.

As for the boundary equation, we can see that if u is smooth enough and satisfies (1-10) then after an
integration by parts we find

f IVulP~2 du-¢ =0. (1-11)
oD

Since any ¢ € C*°(0D, RY) with ¢ (x) € Tu(x/N can be extended in a function ¢ € C"o(ﬁ, RM), (1-11)
implies
|VulP~29,u L T,N ondD.

The equivalence between being a solution of (1-9) in the sense of distributions and being a critical
point of the p-energy in the space A is true if u is smooth enough; for example u € C!(D, R") is
sufficient. Indeed, in this case we can see that we have density of {¢ € C®(D,R") : ¢ € T,N} in
{pe WP (D,RY): plap € TN}

The natural starting point, when studying equations of the form (1-9), is the regularity theory. The
interior regularity is known and follows from the interior equation and results of [Uhlenbeck 1977;
Tolksdorf 1984]; see also [Kuusi and Mingione 2018]. Hence, the main difficulty is the regularity up to
the boundary. For an arbitrary manifold A a regularity theory for a solution (1-9) is out of reach: even
the regularity theory for the interior problem

div(|Vu|’P 2 Vu) L TN
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is known only for homogeneous targets \; see [Fuchs 1993; Takeuchi 1994; Toro and Wang 1995;
Strzelecki 1994; 1996; Schikorra and Strzelecki 2017]. For this reason we shall restrict our attention to
the sphere SV~  R". In the rest of the paper we consider the problem

div(|VulP2Vu) =0  in D,
\Vu|P~23,u L T,SV=' ondD, (1-12)
u(®dD) c SN,

We remark that the free boundary conditions can be viewed as boundary conditions mixed between

Dirichlet and homogeneous Neumann boundary conditions. Indeed, in the sphere case we have a Dirichlet

boundary condition for the norm of u, |u| =1 on d D, and a homogeneous Neumann condition for the

“phase”, d,(u/|u]) = 0. To see that, in the case of a general manifold we can use Fermi coordinates near

some points of A, as explained in [Fraser 2000, pp. 938-939] in the context of minimal surfaces with

free boundaries (for more on minimal surfaces with free boundaries, see also [Fraser and Schoen 2013]).
Our main theorem is the following e-regularity-type theorem.

Theorem 1.2 (e-regularity). Let D C R" be a smooth, bounded domain and p > 2. Then there exist
e =€(p,n,D)>0and a =a(p,n, D) > 0 such that for any u € WHP (D, RN) solution to (1-12) the
following holds: If for some R > 0 and for some xo € D

sup  sup pp_"f [Vul? < e, (1-13)
[yo—xol<R p<R B(yo,p)ND

then u and Vu are Holder continuous in B(xg, R/2) N D. Moreover, we have the estimates

1/p
ux)—u
sup MjR‘“( sup  sup ,0”_”/ |Vu|”) ,
x.yeB(xo,R/2) X — Y|* lyo—xol<R p<R B(y0,p)ND

Vu(x)—Vu 1/p
sup Vi) &l jR“"_l( sup  sup pp_”f |Vu|”> .
[Yo—xo|<R p<R B(yo,p)ND

x,yeB(x0,R/2) lx — y[®
When p = n this e-regularity implies directly (from the absolute continuity of the Lebesgue integral)

that n-harmonic maps with free boundary and their gradients are Holder continuous.
Corollary 1.3. Let u and « be as in Theorem 1.2 with p = n. Then u is in C*(D, RV).

As usual, an e-regularity result such as Theorem 1.2 implies partial regularity for stationary p-harmonic
maps with free boundary; see (6-1) for the definition.

Theorem 1.4 (partial regularity). Let D C R" be a smooth, bounded domain, p > 2, and assume that
ue Whr(D,RN), with trace u € W'=1/P-P(dD, SN~1), is a stationary point of the energy (1-6) with free
boundary. Then there exists a closed set & C D such that " P(£)=0and u € Cl"’(l—)\E), where o > 0
is from Theorem 1.2.

Remark. Although some of our results work for unbounded domains we note that finite energy, stationary
p-harmonic maps with free boundary satisfy a Liouville-type theorem; see Proposition 6.3. This is why
we focus on bounded domains.
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Moreover, besides giving regularity in the case p = n and partial regularity in the case p < n, an
e-regularity could be useful to describe the possible loss of compactness of sequences of n-harmonic
maps with free boundaries and an energy decomposition theorem. In the case p =n =2, i.e., for harmonic
maps with free boundaries, such a result was proven in [Da Lio 2015; Laurain and Petrides 2017]. Our
case requires completely different methods, due to the nonlinearity of the p-Laplacian for p # 2.

Let us comment on our strategy for the proof of Theorem 1.2. The natural first attempt to prove a
result like Theorem 1.2 is to adapt the beautiful geometric reflection method used in [Scheven 2006] to
obtain an e-regularity result up to the free boundary for harmonic maps, i.e., for the case p =2 (see also
[Berlyand and Mironescu 2008], where the authors also devised a reflection technique to prove regularity
up to the boundary of solutions of some Ginzburg—Landau equations with free boundary conditions).
This way, one would hope to be able to rewrite the Neumann condition at the boundary as an interior
equation. For p =2 the reflected equation has again the structure of a harmonic map (with a new metric
in the reflected domain). Thus, the regularity theory for harmonic maps with a free boundary follows
from the interior regularity for harmonic maps developed in [Hélein 1991]; see also [Riviere 2007]. For
p > 2 there is a major drawback to that strategy: as mentioned above, the regularity theory for the interior
p-harmonic map equation is only understood for round targets. It was not clear to us how to interpret
the reflected equation as a map into such a round target. The reflection, which generates a somewhat
“unnatural metric” seems to destroy our boundary sphere-structure. Indeed, up to now, only the regularity
theory for minimizing p-harmonic maps with free boundary was understood; see [Duzaar and Gastel
1998; Miiller 2002], where it is shown that such a map is in C La for some «, outside a singular set S
with dimy (S) =n — | p] — 1 and S is discrete if n — 1 < p < n. For p =2, free boundary problems for
minimizing harmonic maps were studied in [Duzaar and Steffen 1989; Hardt and Lin 1989].

In this work we follow in spirit the recent work [Schikorra 2018], which does not use a reflection
technique, but rather computes an equation along the free boundary and applies a moving frame technique
to this free boundary part of the equation itself. This strategy leads to growth estimates, Proposition 2.1,
which for the critical case n = p implies directly Holder regularity of solutions. Once the growth estimates
are established we can apply the reflection. Since the reflection is explicit, it is easy to see that the growth
estimates still hold for the reflected solution, which we shall call v. Now v solves a critical or supercritical
equation of the form

| div(|Vu[P~2 Vv)| X |VulP.

In principle, solutions to this equation may be singular, e.g., x/|x| or loglog 1/|x|. But with the growth
estimates from Proposition 2.1, which transfers to v, one can employ a blow-up argument due to [Hardt
et al. 1986; Hardt and Lin 1987] and then bootstrap for higher regularity.

The outline of the paper is as follows: In Section 2 we state and prove the crucial growth estimate for
solutions to (1-12). In Section 3 we show how this implies Holder continuity of solutions for the case
p =n. For p < n we show in Section 4 how a generic supercritical system implies Holder regularity of
solutions once the growth estimates from Proposition 2.1 are guaranteed. Combining this with Scheven’s
reflection argument, we give in Section 5 the proof of Theorem 1.2. Finally, in Section 6, we prove the
partial regularity of solutions, i.e., Theorem 1.4.
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Notation. We denote by B(x, r) the ball of radius r centered at x € R". We write R, = R x (0, 00),
R* =R" x (—00,0), and B (x,r) = B(x,r)N R’ . By (u)q we denote the mean value of a map « on a
set 2; i.e., (u)o = (1/|2]) fQ u.

2. The growth estimates

Recall that we assume that D is a bounded set with a smooth boundary. In view of Lemma A.1 we know
that |u| < 1 holds for any solution to (1-12). The arguments can be also extended to unbounded domains
like R" under the assumption that u € L} (R} ); see Lemma A.2. Note that in principle, the constants
may depend on the L°°-norm of u.

The main result in this section, and the crucial argument in this work, is the following growth estimate
that one could interpret as a kind of Caccioppoli-type estimate. We were not able to obtain such an
estimate by a geometric reflection argument, since that reflection changes the metric, and only in the case
of round targets, such as the sphere, is regularity theory (and in particular the related growth estimates)

known.
Proposition 2.1 (growth estimates). Let p > 2. There exists a radius Ry depending only on 0 D such that
for any u € WP (D, RN) satisfying (1-12) the following holds:
Whenever B(xg, R) C R", R € (0, Ry), is such that for some A € (0, 00) it holds
sup r”‘"f [Vul|? < AP, 2-1)
B(yo,r)CB(x0,R) B(yo,r)ND
we have, for any B(yy, 4r) C B(xo, R) and any i > 0,

|Vu|”—|—C,u_1/ |VulP. (2-2)

/ |Vul? < C(h+pP")
B(yo,r)ND (B(y0,4r)\B(y0,r))ND

B(yo,4r)ND

Alternatively, we have the following estimates:
If B(yo, 2r)\D = O, then
| warsenf vup +cxrrr = W ponanopl?.  (23)
B(yo,r) B(yo,4r)ND B(yo,4r)ND
If B(yo, 2r)\D # &, then

/ |Vul|? SC?»/ IVulp—i-C)»l_”r_”/ lu — () B(yo,4r)nD1"
B(yo,r)ND B(yo,4r)ND B(yo,4r)ND

+C,\1—Pr—l’f Nul> =117 (2-4)
B(yo,4r)ND

for a constant C = C(n, p, D).

Our strategy, in principle, is to adapt the method for harmonic maps into spheres developed in [Hélein
1990]; see [Strzelecki 1994] for the n-harmonic case. To motivate our approach, we briefly outline their
strategy for a p-harmonic map w € W!?(D, S¥~1), i.e., a solution to

div(|Vw|?~2Vw) L T,,S¥ 1. (2-5)
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The first step is to rewrite this equation. Since w € SV~! we have w € (T, SV~!)*. Consequently, (2-5)
can be rewritten in distributional sense as

/|Vw|P—2wa-v¢=f IVw P72 Vuwk - v(wkw'¢), (2-6)
D D

which holds forall ¢ e C2°(D) andi =1, ..., N. Here and henceforth, we use the summation convention.
Next, from |w| =1, we get wkVwk = %V|w|2 = (. Consequently, (2-6) can be written as

/|Vw|P—2va'-v¢:/ IVw P2 Vuwk - (Vwk w’ — V' wk) ¢. (2-7)
D D

Now one observes that from (2-6) a conservation law follows, a fact that for p = n = 2 was discovered
by Shatah [1988],
div(|Vw|?2(Vuw* w' — V' w*)) =0 in D. (2-8)

Thus, |[Vw|P~2 Vw* - (Vw* w’ — Vw’ wk) is a div-curl term and with the help of the celebrated result of
Coifman, Lions, Meyer, and Semmes [Coifman et al. 1993], one obtains a growth estimate.

The above argument heavily relied on the fact that w*Vw* = 0. It is important to observe that this
trick will not work in the situation from Theorem 1.2: if we only know that u|3p C SN=1 then there is
no reason that u - Vu = 0 in D. Nevertheless, we will stubbornly follow the strategy outlined above, just
along the boundary 3 D, keeping the extra terms that involve u* Vu*. First, we find:

Lemma 2.2. Foru € Wh?(D, RN) satisfying (1-12) we have
/ IVulP~2Vu' -V =/ IVu|P~2Vuk - v (ubul ¢)
D D

for any ¢ € WhP (D).
Let us stress that the test function ¢ above does not need to vanish at the boundary.

Proof. Let = (0, ..., ¢,...,0) (only the i-th coordinate is nonzero and equal to ¢). Observe that
& —ulu, ®)gy € T,SV~' ae.ondD.

The claim follows now from the definition of p-harmonic maps with free boundary (1-7). O
Also we have the following conservation law.
Lemma 2.3. Let u € WhP(D, RV) satisfy (1-12). Then, for
Qi = W' Vu! —u/Vu',
we have
div(|Vu|P?Q;;) =0 in D

up to the boundary. That is, for any ¢ € C*°(D) and anyi, j=1,..., N,
/ |VulP~2Q;;- V¢ =0. (2-9)
D

Additionally, (2-9) is also satisfied for every ¢ in WP N L>(D).
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Proof. By the product rule,

/D V- |VulP2 ' Vu! —u! Vu') = /D(V(qbu") AVulP2Vul = V(gul) - |Vu|P72 Vu').
Therefore, by Lemma 2.2, we find

/D |Vu|P2 Qi -V = /D IVulP2Vuk - v ubu'u/ ¢) — /D IVulP2 Vi -vbulu'g)=0. O

We combine Lemmas 2.3 and 2.2. In contrast to the argument for the p-harmonic map w, we find
additional terms. Namely, instead of having w* Vw* =0 we merely have u* Vu* = 1V (|ju|>—1). However,
it is an improvement, because |u|*> — 1 € Wol’p(D).

Lemma 2.4. Let u € WP (D, RN) satisfy (1-12). Then for any ¢ € WLP(D) we have

f IVulP2vu' - V¢
D

1

=/ IVu|”—2wk-szik¢+/ IVuI”‘2Vu”-V<|u|2—1)¢+§f |VulP2 Ve - V(ul* — u'.
D D D

It is important to observe that in particular we do not obtain an equation of the form | div(|Vu/|? “2Vu)| =
|Vu|P, as in the case for p-harmonic maps (i.e., the interior situation). This is why for p < n we are
forced to combine our growth estimate with the geometric reflection argument; see Proposition 5.3.

Proof of Lemma 2.4. By Lemma 2.2 we have for any ¢ € C*°(D)
/ IVulP~2vu' - V¢ :/ IVu|P~2 Vuk - vu* u"¢>+/ IVulP~2 Vuk - kv (' ¢).
D D D
Using the definition of €2;; from Lemma 2.3 we write
/ IVulP~2Vu' -V =/ |Vu|”_2Vuk-Q,-k¢+2/ \VulP2Vul Vi uk g+ | |VulP2 Vb ul uk V.
D D D D
Since u* Vu* = %V(|u|2 — 1), we have shown that
/ IVulP=2Vu' - V¢
D
_ P2 k P—2 i 2 1 P2 2 i
= |VulP=Vu" - Q¢+ | |Vul?"*Vu'-V(u| —1)¢+§ [VulP~*V¢ -V(ul|*—Du'- O
D D D

For the second and third terms on the right-hand side of the equation in Lemma 2.4 we observe that
lu|> — 1 has zero boundary values on 8 D. In addition, and this is another crucial ingredient here, we can
choose u or (its coordinates) as a test function in Lemmas 2.2, 2.3, and 2.4 since u is in WP NL>®(D, RN)
from Lemma A.1.

Moreover, in view of the interior equation for u, (1-9),

/ IVulP2Vu' -V(ul>=1) =0.
D
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Proof of Proposition 2.1. For notational simplicity we prove the growth estimates when the boundary is
flat. More precisely we treat the case where B (0, R) C D C R"} for some R > 0, and 8D N B(0, R) =
oR%. N B(0, R). The following argument can be easily adapted to general D — here is where one has to
choose Ry = Ry(D) for flattening the boundary. We leave the details to the reader. We also recall that,
since we work in a smooth bounded domain, from Lemma A.1 we have that |u||z«p) < 1.

Let n € C°(B(0, 2)) be the typical bump function that is constantly 1 in B(0, 1). Let yo € R", r > 0,
be such that B(yg, 4r) C B(0, R). Define

X =)o
77B(y(),r)(x) = 77( , )

‘=N B(y,r) (u - (M)B‘*'(yo,Zr))’

Set

<

<>

= (1 = 1Bo.m)NBo.n U — (@) B+(y9,2r))-
Since np(y,,r) = 1 on B(yo, r) we have

/ |Vu|1’§/ |Vu|P~2 Vi - Vi.
B*(yo.,r) R

i
We compute

Vit -Vii=Vu-Vii —Vu-Viu — VUB(yo,r) -Vuu+ VnB(yo,r) (u— (u)B+()»072r)) -Vu. (2-10)

Since |Vnpynl 3771
/ |VulP (VY peyy.nit) - Vi jr_I/ IVulP~ ). (2-11)
R} B+ (30.2r)\B* (y0.7)

This can be further estimated in two ways. For the estimate (2-2), by Young and Poincaré inequalities we
have for any u > 0

- ~ 1 —
/ [Vul? Z(Vng(yo,r)u)-Vuj— [Vul? + u? 1/ [Vul?.
R} K J B+ (y0.20\B* (0.1) B*(y0.2r)
For the estimates (2-3) and (2-4), by Young’s inequality we have for any A > 0
/ |Vl/t|p_2 V1B(yo,r) -Vuﬂjk/ IVMIP—{—)»]_”F_”/ |u—(u)3+(y0,2,)|p.
R} Bt (y0,2r) Bt (y0,2r)

For the last term of (2-10)

/ IVu|?~2 V. (0 — () g+ yp.2r) - Vil
R

3r? f \VulP~% |u — (u) g+ (yp.2m >+ 77! / IVulP~ 1w — () g (y0.20)|-
B+ (y0,2r)\B* (y0,7) B+ (y0,2r)\B* (y0,7)

By a similar estimate, we easily get for any p > 0

_ ~ 1
/ |vu|p 2 VnB(yo,Zr) (u— (u)B‘*'(yo,Zr)) -Vu :5 -
Ry

/ IVulp+up1/ Vul?
K J Bt (y0,2r)\B* (y0,r)

B*(y0,2r)
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and for any A > 0

|Vulp+)»l_pr_p/ |l —(u) g+ (39,2 |7

/ IVulP~2 V(.20 (u—(u)Bﬂyo,zr))'Wﬁ*/
L B+ (30,2r)

B*(y0,2r)

Consequently, we found

f |Vu|”j/ IVulP~2Vu - Vi +[ IVulP~2Vu - Vi
Bt (yo,r) R% R%
+l/ |Vu|p+,up1/ IVul?  (2-12)
K JB*(y0.2r)\B* (yo.r) B+ (y0.2r)

and

/ |Vu|P = V |VulP~2Vu-Vii
B*+(y0.7) R"

+Kf |Vu|p+kl—pr—p/ |lu — (u)B+(y0,2r)|p~ (2-13)
B+t (y0,2r) B+ (y0,2r)

+

/ |VulP~2Vu-Vi
R

If we are in the interior case, i.e., B(yo, 2r) C BT (0, R), then supp &t Usupp i C B*(0, R) and thus
div(|Vu|?~2 Vu) =0 in BT(0, R) implies

+ —0.

/ |Vu|?~2Vu- Vi / |Vu|P~2Vu-Vi
R R
Thus, for B(yg, 2r) C B1(0, R) the claim is proven.

From now on we assume that the ball B(yy, r) is close to the boundary; i.e,

B(yo. 2N {R"~" x {0}} # @.
By Lemma 2.4,
/ \VulP~2 V' - Vil =1+ 11+ 11,
R

where
I:.= / |Vu|P~2 Vuk - Qi it
R
11 ::/ IVulP~2Vu' -V (|u)* = Di',
RYL
1l ::/ IVulP72 Vi -V (|ul> = Du'.
R%
Since u is p-harmonic and by Lemma 2.3, all three terms above contain products of divergence-free and
rotation-free quantities. However, the div-curl estimate by Coifman, Lions, Meyer, Semmes [Coifman
et al. 1993] is only applicable when at least one term vanishes at the boundary; otherwise there are
counterexamples. See [Da Lio and Palmurella 2017; Hirsch 2019].
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The term I: Let B C BT (0, R) be a smooth, bounded, open, and convex set such that B (yg, 2r) C B C
B(yo, 3r) and dBNIR" = B(yo, 2r) N oR’.. By Hodge decomposition1 (see [Iwaniec and Martin 2001,

/

(10.4)]) we find & € W2 (B), with p’' = p/(p —1), and ¢ix € W,"” (B, \’R”) such that

|VulP~2Q = V& +Curl ¢ in B. (2-14)
Moreover, we have

1z lwrr &) 3 NVulP ikl o poo.am)- (2-15)
(B) (B(y0,3r))

The boundary data of ¢ and Lemma 2.3 imply

/;Véik -V = /~ |Vu|p_2S2,~k -Vo —/NCurl tik- Vo =0 forany ¢ € COO(E).
B B B
That s, & is harmonic with trivial Neumann data, and thus &;; is constant. In particular, (2-14) simplifies to

|VulP~2Q;, = Curl ¢;  in B. (2-16)
Consequently,

Curl &y - vkl = / Curl &, - Vuk it

n

-

The last equality is true, since ;x vanishes on dR’, N B(0, R) and we can extend it by zero to R" N B(0, R).

n
+

Now we use the div-curl structure and apply the result by Coifman, Lions, Meyer, Semmes [Coifman
et al. 1993]. Recall that BMO is the space of functions f with finite seminorm [ f]gmo < 00. Here,

[ £IBMoO := sup |B|—1f If = (f)sl,
B B

where the supremum is taken over all balls B. Observe that by the Poincaré inequality,
1/p
[flemMo T sup (,0”_"/ IVfI”) : (2-17)
xo€R", p>0 B(xo,0)

Coifman, Lions, Meyer, Semmes [Coifman et al. 1993] showed that the inequality

/ F-G¢ ZIFllLr@n 1G] g []emo

holds whenever F' and G are vector fields such that div F/ = 0 and curl G = 0. See also [Lenzmann and
Schikorra 2020] for a different proof. In our situation this inequality implies?

) ~
12 MVul?=" ikl Lo 5+ y0.4ry) VUl L2 B+ (39,4 [ ]BMO

r—\<1 “Vu”{p(BJr(yOAr))[ﬁ]BMO- (2-18)

"More precisely, one argues, e.g., as in [Schikorra 2010, (3.6), (3.7)]: One solves the system A¢jx = curl(qul”_ZQik) in B,
¢ix =0on B, such that (2-15) is satisfied. Then one sets H := [Vu |p72§2,-k — Curl ¢;¢. By the Poincaré lemma we can write
H =VE&.

2Here, ii is extended into the whole space R" in such a way that [i]gpmo = A. This can be done by an appropriate reflection
of u outside of Bt (v, 3r).
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The last estimate follows readily from the definition of €2 in Lemma 2.3. Thus, for the A from (2-1) we

11132 / Vul”.
Bt (yo,4r)

The term /I: Since div(|Vu[P~* Vu) =0 in BT(0, R), there exists §; € W'7(B™ (yo, 2r), /\2IR”) such
that

obtain

|Vu|P~2Vu! =Curl¢;  in Bt (yo, 2r).
We can extend ¢ to all of R” so that
-1
”{”WLI”(R") :j I|Vu||ZP(B+(y0,2r))'

Also, since u is assumed to be bounded we have |u|> € W'?(B*(0, R)), and in the sense of traces
lu|> =1 on B(0, R) N {R"~! x {0}}. This is equivalent to saying that the extension of |u|> — 1 by zero
to B(0, R) N R™ belongs to W!7(B(0, R)); that is, we have, (|u|* — 1)xg: € WP (B(0, R)) and the
distributional gradient satisfies

V((Jul* = Dxge) = xge VIul*  ae.in B(O, R).
In particular, since (ul>=1) xR is zero on B(yg, 2r) N R* we can use the Poincaré inequality to get
utl> = 1l Lo s+ o2y 37 Nl oo B+ (v0,4r0) 1V Lo (B (30,40 - (2-19)
By using that [Vnp(yy.21)| r~1, (2-17), the triangle inequality in L? and (2-19), for the A from (2-1),
[(|ul? - D) Xr1 nB(y0.2r) IBMO 3 A-

We also observe that Vit = np(y,,2-) Vit. Thus, integrating by parts we obtain

1= / Curl £ - Vil (uf — 1) xe 10020,

Hence, with the div-curl theorem from [Coifman et al. 1993], see also the localized version [Strzelecki
1994, Corollary 3], we find
1| 3 )‘||vu||§p(3+(yo’4r))‘

The term I11: Observe that

Vil -V (u)>=Du'
= V' -V (|ul* =)0yt +V1B(yg.r) ' =W gt (y0,20) -V (|u]* =)’
= Vu' -V (ul =)' +Vu' -V (ul =10 ) B+ 30,20+ VN80 @ = W) Bt (30.20) -V (uP =D’

By integration by parts, using that div(|Vu|P=2 Vu) =01in BT(0, R), |u|> — 1 is zero on oR: N B(0, R)
and then arguing as in the argument for /1,

[ Va1 VP = 0 == [ 191V Vi = 1) SRV gy
+ +
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Moreover, again since div(|Vu|P~2Vu) = 0in BT (0, R) and |u|> — 1 is zero on R N B(0, R),

/ IVul?~2 V' -V (|ul* = Dnpeyer @) B+ (v9.20)
R’

n
+

/ IVulP~2Vu' - (u)? — I)VUB(yO,r)(Mi)BﬂyO,Zr)
RY

—1 -1 2
j r ”u ||L°°(B+(0,R)) ”VM ||Z”(B*(yo,2r)\3+(yo,r)) ” |M| - 1||LP(B+()70,2r))-

This leads to two estimates. Firstly, if we want to find (2-4), by Young’s inequality,

-2 i 2 j 1—- - 2
/R” [VulP~=Vu' - V(|lul"— 1)773(y0,r)(ul)3+(y0,r) :5 )‘”vunip(gﬂyo,zr)) +A 7P r P Jul =1 ||€1’(B+(y0,2r))'
i

Secondly, for (2-2) by (2-19) and by Young’s inequality we have for any u > 0

p—2 i 2 i -1 p p—1 p
- |VM| Vu V(|u| l)nB(yo,r) (u )B*(yo,Zr)j/’L “Vu”LP(B+(yO,2r)\B+(y0,r))+'u ||Vu||LP(B+(yo,2r))'
+

The last remaining term can be treated in a similar way and we have

/ IVulP~2 Vi @ — @) pro2n) - V(ul* = 1) o'
R’

n
+ -1 P -1
Su IVl P2Vl

P
(B+(y0.2r)\B* (yo.ry) T H LP(B*(y0.2r))

and

[ 191 Vg @ = 20V 1

R l—p —

N )L”VMHZI’(B*(yo,Zr)) +A P r P lu — (M)B+(y0,2r) HIL)P(B*(yO,Zr))‘
Combining the estimates of I, II, and I/l and plugging them into estimates (2-12) and (2-13), we
conclude. Il

3. Holder regularity for the case p =n

For the case p = n, Holder continuity of the solution u from Theorem 1.2 follows from Proposition 2.1
by a standard iteration argument. For higher regularity, and for p < n, we need to combine the growth
estimates from Proposition 2.1 with the reflection method.

Proposition 3.1 (e-regularity for p = n: Holder continuity). Let D C R" be a smooth, bounded domain.
Then there are positive constants € = €(n, D), a = a(n, D) such that the following holds for p = n:
Any solution u € WH" (D, RN) to (1-12) that satisfies, for R > 0 and for xo € D,

/ |Vul" < e
B(xo,R)ND

is Holder continuous in B(xq, R/2) N D. Moreover, we have the estimate

lu(x) —u(y)l _
sup —————— Z R VullLB(xo. R)ND)-

x,yeB(xo,R/2)ND lx =yl
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Proof. Let A := €'/ and apply Proposition 2.1 to any B(yg, 4r) C B(xg, R/2), for it > 0 to be chosen

below. We add
cu! f Vul"
B(yo,r)ND

to both sides of (2-2). Then we find
(A+Cp™ [Vul" < C (/" + "+ V.
B(yo,r)ND B(yo,4r)ND
We choose €, u > 0 small enough so that T < 1, where

C(El/n +Mn—l +M_1) 1/n
T .= .
( 1+Cp! )

We have for any B(y, 4r) C B(xo, R/2)

IVullLrsiyo,nnpy < TIVUllLr(B(yo,4mND)-

Iterating this on successively smaller balls, see, e.g., [Giaquinta 1983, Chapter III, Lemma 2.1], we find
that for a uniform o = «(7r) > 0 and for any B(yg, 4r) C B(xg, R/2),

o
-
IVl n(B(yo,rnD) 2 (E) IVullLr(Bxo, R)ND)-

In particular, we have by the Poincaré inequality

—a—1 _
sup "l — () Byo,r)nD Il L7 (B(yo,nnDy S R™ NIV ull L2 (B(xo, R)ND)-
B(y,4r)CB(x0,R/2)

By the characterization of Campanato spaces and Holder spaces, e.g., see [Giaquinta 1983, Chapter 111,
p. 75], this implies

() —u(y)|

sup Ty~ R~ VullL»(B(xo. R)ND)- U

x,yeB(xg,R/2)ND
4. Holder-continuity for solutions to a supercritical system

In Proposition 2.1 we showed that solutions from Theorem 1.2 satisfy certain growth estimates. For
p = n these growth estimates imply Holder continuity by an iteration argument, as we have seen in
Proposition 3.1.
For p < n more work is needed. The following proposition shows that, under a smallness assumption,
solutions to systems satisfying
| div(|VulP"> Vu)| 2 [Vul? (4-1)

are Holder continuous once the growth conditions from Proposition 2.1 are satisfied, that is, when (4-5)
and (4-6) below are assumed a priori. Observe that without assuming a priori the growth conditions (4-5)
and (4-6) below on the solution u, there is no hope for proving any regularity for solutions to systems that
have the structure of (4-1). Indeed, it is easy to check that loglog(2/|x|) and sinloglog(2/|x|) satisfy
(4-1) for p =n.
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In the next section, in order to prove Theorem 1.2, we use the reflection method from [Scheven 2006]
to obtain an equation of the form (4-2). Since we already obtained the necessary growth estimates in
Proposition 2.1, the following proposition then leads to regularity.

Proposition 4.1. Let D C R" be a smooth, bounded domain and let M be a smooth, compact (n—1)-

dimensional manifold. Assume that u € WLP(D, RN) is a solution to
div(|G @) Vu)[P7> G(x)Vu(x)) = fu(x), (4-2)
where f, € L'(D, RN) satisfies the estimate
| fu@O| < CIVu(x)|” (4-3)
and G € C®(D, GL(n)).

Moreover, assume a priori that for every B(xg, R) C D, X > 0, such that

sup r”_"/ [Vul? < AP, (4-4)
B(yo,r)CB(x0,R) B(yo.r)

the solution u already satisfies the following growth condition on any B(yg, 4r) C B(xg, R):
If B(yg,2r)N M = O, then

/ [Vul|? < C)»/ |[Vul? + C)»l_pr_pf |lu — (M)B(y0,4,)|p 4-5)
B(yo,r) B(yo,4r) B(yo,4r)

and, if B(yg, 2r) "M # &, then

[ werson waree=er [ e wmgenr
B(y0,r) B(y0,4r) B(yo,4r)

+CAlPr / lu — () (yo,4mnm|”
B(yo.4r)
+CAlTPrp f |t — () B(yp.aryml” (4-6)
B(yo,4r)NM

Then there exist constants « = a(G, p,n, C, D), € > 0 such that if (4-4) holds on some B(xy, R) C D
for A <€, thenu € C*(B(xg, R/2), RN). Moreover, we have the estimate

1/p

ulx)—u

sup lu@@) —uly)l < Cy R"‘( sup rp”/ IVulp) .
x,yeB(xo,R/2)  1X —y|* B(y0,r)CB(x0, R) B(yo.r)

The constant Cy depends on M, D, C, and G.

To prove Proposition 4.1 we follow the strategy developed in [Hardt et al. 1986; Hardt and Lin 1987,
Theorem 2.4]. The crucial result is that the equation for u together with the growth assumptions (4-5)
and (4-6) on u imply the following decay estimate.

Proposition 4.2. There are uniform constants €, 0 € (0, 1) and R = R(M) € (0, 1) so that the following
holds:
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Let u and D be as in Proposition 4.1 and assume that for a ball B(xo, R) C D and R € (0, R) it holds

E(xg, R)(n) := sup r”_"/ [Vul|? < €?. 4-7)
B(yo.r)CB(x0,R) B(yo,r)
Then
E(x0, R)(u) < 5E(x0, R)(w). (4-8)
Proof. 1t suffices to prove
(GR)I’_”/ |Vul|? < %E(xo, R)(u) forany B(yg,40R) C B(xg, R/2). 4-9)
B(y0,0R)

Indeed, (4-8) follows from (4-9) by taking smaller 6 and observing that B(x{, R;) C B(x, Ry) implies
E(x1, R1)(u) < E(x2, Ry)(u).

Assume the claim (4-9) is false. Then, for any 8 € (0, 1) we have a sequence of balls with B(y;, 40 R;) C
B(x;, R;/2) C D, a sequence (¢;)72 satisfying lim; ., €; =0, and a sequence (u;);2, C wlr(D,RN)

of solutions to (4-2) satisfying the growth assumptions of Proposition 4.1 such that

sup rp_”/ |Vu;|? =€, (4-10)
B(y,r)CB(xi,Ri) B(y.r)
but

(eR,»)P—"/ |Vui|? > Je!. (4-11)
B(yi,0R;)

For simplicity, we assume that R; = Ry and x; = x¢ for some Ry > 0 and xo € R™
This is no loss of generality, since we can rescale the maps u by the factor Ry/R;. Observe that this
rescales the manifold M, but in a way that (4-6) still holds. Set

1
w; 1= Z(ui — (i) B(xq.Ro))-
1
Clearly,
(Wi)B(xy.Ry) =0 foralli e N.

Thus, we can apply the Poincaré inequality and have by (4-10)
SUP V00 1y S R and SUP Iy S R
Thus, up to a subsequence denoted again by w;, we find w € W7 (B(xo, Ro), RY) such that as i — oo
w; = w weakly in W"?(B(xg, Ro)),
w; — w strongly in L (B(xg, Rp)),
w; — w strongly in L?(B(xq, Ro) N M, dH" 1),
w; — w H"-a.e.on B(xg, Rg) and H"~! -a.e. on B(xg, Rg) N M.
In particular,

(w)B(xo,R()) = Oa (4_12)

and also

p n—p p n—p+1
INWIL B roy < Ro ~ and Mwlipppe.ry < Ro
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Moreover, for any ¢ € C2°(B(xo, Ro)),
/ |GV w;|P">GVw; - V¢ = (ei)lp/ |GVu;|P2GVu; -Vo.
B(x0,Ro) B(xo,Ro)

Now, by (4-2) and (4-3),

) - »
/B(xo R0 |GVw;|P7* GVw; - V¢‘ ;j () p||¢||L°°(B(xo,Ro)) ”vui”LP(B(xO,RO))'

That is, by (4-10)

/ |GV w; [P~ GVw; 'V¢' S Bl L Bxo, RN Ry € < €l Loo(Bxo, Ro))-
B(x0,Ro)

Now as in [Dolzmann et al. 1997, Section 4]
div(|GVw|?P 2 GVw) =0 in B(xo, Ro). (4-13)

From (4-12) and the Lipschitz estimates for solutions to (4-13), see [Uhlenbeck 1977; Mingione 2011;
Duzaar and Mingione 2011; Kuusi and Mingione 2012, (1.7)], we have for any B(z,r) C B(xg, Ro/2)

s el S0
B(z,r)
and if additionally B(z,r) "M # @ and r < R for R = R(M) small enough, then
rl f [lw — (W) pmnpenl? +r™" / lw — (W) pmnpeEnl? IrP.
MNB(z,r) B(z.r)

On the other hand, by strong L”-convergence of w; to w, we find i () € N so that for i > i(6) and for
any r € (8 Ro, Ro) such that B(z,r) C B(xg, Rop)

rl_”f |w,~—w|1’+r_"/ lw, —w|? <67,
B(z,r)NM B(z,r)

Combining these estimates we get for any i > i(6) and for any r € (8 Rg, Ro) such that B(z,r) C
B(x0, Ro/2)

”_"/ luj — (Wi)penl’ = G,P”_"/ lwi — (W) gl 3 € P +07).
B(z,r) B(z,r)
If additionally B(z, r) N M # &, then

F_"f lui — i) Beryml? =€ r_"/ lw; — (W) g rnml? S’ P +67)
B(z,r) B(z,r)
and

”l_n/ lui — i) Berynml? 3l (P +0P).
B(z,)NM
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We now apply the growth estimates (4-5) and (4-6) of the solutions u; with A =€ > ¢; to find
(9Ro)p_"/ IVui|? < Cel (eg+ ¢y 767).
B(yi.6 Ro)

Choosing € and 6 sufficiently small so that eo—i—eé_p 0r < %, we arrive at a contradiction with (4-11). [

Proof of Proposition 4.1. We argue as in the proof of Proposition 3.1: Assume that (4-4) is satisfied
on B(xg, R) for some A < €. Iterating the estimate from Proposition 4.2 on successively smaller balls,
see [Giaquinta 1983, Chapter III, Lemma 2.1], we find a small @ > 0 such that for all » < R and

B(yo,r) C B(xo, R/2) u
P f VulP % (5) E(xo. R).
B(yo.r) R

In particular, for all r < R and B(yg, r) C B(xo, R/2),
r_ap_"/ lu — () Byo.n’ 3 Vp_ap_"/ [Vul? 3 R™*PE (xo, R).
B(yo.r) B(yo.r)

We conclude by the identification of Campanato and Holder spaces; see [Giaquinta 1983, Chapter 111,
p- 75]. ]

5. e-regularity: proof of Theorem 1.2

The proof of Theorem 1.2 is a combination of the growth estimate for solutions, Proposition 2.1, the
reflection method as in [Scheven 2006], and Proposition 4.1. More precisely, we use the reflection
method to find a solution to (4-2) from Proposition 4.1. The growth estimates (4-5) and (4-6) required in
Proposition 4.1 come from Proposition 2.1: they hold for the unreflected solution and by an easy argument
hold also for the reflection. To set up the reflection method we first gather some standard results.

Lemma 5.1. Let D be a smooth, bounded domain in R". There exists some Ry = Ry(D) such that the
following holds for any R € (0, Ry). Let u € WP (D, RN) be a solution to (1-12) and € € (0, 1). If
sup rP=" / |Vul? < €? (5-1)
B(yo,r)CB(x0,R) B(yo,r)ND
and B(xg, R/2)N 0D # &, then
sup  dist(u(x), SV’ < Ce.
x€B(xg,R/2)ND

Here C is a constant depending on 9 D.

Proof. Fix x € B(xg, R/2)ND. Letr := ﬁ) dist(x, 0 D). Then by (5-1) and the interior Lipschitz regularity
for the p-Laplace equation, see [Kuusi and Mingione 2012, (1.7)],
lu(x) — () x.rl” 5”’_"/ |Vul? < e”.
B(x,5r)
Denote by z; € 0D N B(xg, R/2) the projection of x onto d D N B(xg, R/2). Here we assume that R < Ry
for Rg = Ro(D) small enough such that z; is well-defined.
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Let yo, y1, - .., y10 be pairwise equidistant points on the line [x, z;], where yp = x and y;o = z;. That

is, |yi — yit1l =r.
By the triangle inequality, the Poincaré inequality and again by (5-1),

10
[() Bx,ry — @) B(zy,mnDIP 2 Z |() B(yi,ynD — W) B(yis1.rnDI”
i=0
10
er”_"/ |[Vul|? < €P.
i=0 B(y;,4r)NnD

From the first to second line, before applying the Poincaré inequality, we also used that |y; — y; 11| =7,
and thus (see footnote 3)

|() B(yi,ynD — () B(yis1,rnDI” ,5][ lu — () B(y; .4nnDI"
B(y;,4r)ND

Now for any z, € 0D
dist(() p(zy.np. SV Zr7" / |u(z3) —u(z2)| dzs.
B(z1,r)ND
Integrating z, over 0D N B(zy, r) we find

dist((u) gz, ynps SN 1)

Sr” / lu(z3) — W gy .nropldzs +r' " / lu(z2) — () B(zy,napl dza.
B(z1,r)ND B(z1,r)N0D

By the Poincaré inequality, the trace theorem, and (5-1),

dist(() pey.np, SV e

~

Now the claim follows by the triangle inequality for the distance,

dist(u(x), S"™1) < ux) = @) e, + 100 Beer) = @) By npl +dist(@ sy nap, SV O
As an immediate corollary we obtain:

Corollary 5.2. Let u and D be as in Theorem 1.2. There exists €y > 0 such that if B(xg, R/2)NdD # &
and (5-1) holds for some € < €, then |u| > % in B(xg, R/2)N D.

As a consequence, when we reflect the maps from Theorem 1.2, we obtain a critical equation with the
growth estimates such that Proposition 4.1 is applicable.

Proposition 5.3. Let u and D be as in Theorem 1.2. There exists €y = €o(D) > 0 such that for any
B(xg, 4R) C R" on which u satisfies (5-1) for some € < € there exists v e W'P(B(xg, R), RV) such that

v=u in B(xg, RYND,
| div(|Vv|P~2 V)| < |Vul? in B(xg, R). (5-2)

Moreover, v satisfies the growth conditions from Proposition 4.1.
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Proof. The main point is to prove that v satisfies the growth conditions. The estimate (5-2) follows from
the geometric reflection, more precisely [Scheven 2004, Lemma 2.5]. But for the reader’s convenience
we state the argument in full in the case where the boundary is flat. This means that we work in a ball
B(xg, 4R) such that B*(xo, 4R) C D C R’ and 8D N B(xo, 4R) = dR", N B(xo, 4R).

If B(xo, R) C R} then we can just take v = u. So assume that B(xp, R) N9R’ # &. Then for ¢y small
enough we have |u| > % in BT (xg, R) by Corollary 5.2.

Denote by u the even reflection; i.e.,

a(x’, x,) = u(x', |x,)).

Moreover, set

o(q) =15, qeR"\(0}.
g1

Now we define the geometric reflection v as

() = {u(x), x € BT (xo, R),
" o)), xe B(xo, R)\R™.

Since |u| > % and u is uniformly bounded by Lemma A.1, v is well-defined in B(xg, R).

We also set o
: 8i; —24'q’ /1q)?
%ij(q) =007 (q) =~ 3
g
That is, for x € B(xg, R)\R",
Vo(x) = Z(u(x)) Vi(x). (5-3)

Observe that X is symmetric, and

1
$(q) = —2(1—2i®i)
lq] lgl — lql

and that ¢ /|g| is an eigenfunction to the eigenvalue —1/|¢g|?, and any orthonormal basis of (¢/|g|)* is
the basis of the eigenspace of the eigenvalue 1/|¢|2. In particular,

1
1Z(g)w| = W|w| for all w € RV.
q

Thus,
[Vit(x)], x € BT (x0, R),

~ ~ 2 n (5_4)
[Va(o)l/lu(x)]%,  x € B(xo, R) \ RY.

[Vu(x)| = {
Also observe that for |¢| =1,
S(@)v=TI(g)v—T*(g)v forallve RV,

where I1(g) := 1 — g ® g is the orthogonal projection onto TQSN_I =gt and [T1(q) := g ®q is the
orthogonal projection onto (TQSN 1L = span{q}.
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Therefore, for ¢ € C2°(B(xo, R), RM), since d,u L T, SV1,

/ |Vu|P~? Vu-v¢+/ |Vi|P~2 Vi - V(Z(i)g) = 0.
B*(x0,R) B(xo, R)\R"

In particular,

/ |va|P—2vU-v¢=—/ IVi|P~2 Vi - V(Z (1)) ¢.
B(xo,R) B(xo, R)\R’}
Combining this with (5-4),

f |Vv|p2Vv-V(m¢)=—f |V P2 va-v<z<a>>¢+/ IVv|P2Vv-Vm ¢,
B(xo,R) B(xo, R)\R'} B(xo,R)

where
1, in Bt (xg, R),
m(x) = ~ 2 72 .
|i(x)[*P=2, in B(xo, R) \ R™.

Observe that m(x) and m(x)~! € LN WP(B(x, R)). Now (5-2) follows from (5-4).

It remains to establish the growth estimates from Proposition 4.1 which follow from Proposition 2.1.
Indeed, set M := B(xo, R) N 3R’} .

To obtain (4-5) let B(yg, 4r) C B(xg, R) and B(yg, 2r) N M=g. Let us consider first B(yg, 2r) C R".
Then we observe that by (5-4) combined with the fact that |u| > % on BT (xo, R) we have | B VU1 =

/ BGo.r) |Vu|?, where yy is the point yg = (yé, ..., yy) reflected along the hyperplane dR", i.e., yo

(yé, ...»—=Y,). Now applying (2-3) to u, we obtain
/ IVvlijA/ |Vu|p+Ck]_pr_p/ lu — () B+ (5,4 |7
B(yo.r) B*(3o,4r) B*(yo.,4r)
< Ck/ |VulP + CAl=PrP / it — (1) B~ (yg,4r) 17 (5-5)
B(yo,4r) B~ (yo,4r)

To estimate the remaining part we note that since v = i1/ |ii|> we have & = v/|v|? in R” and for any
v(y) v(y)

A C B(xo, R)\R":
flan-Gn) =L +f f e
Allvl? W2 )4l ~Jala AJallv@?  Jv(»)?
illvllli’;][ ][ |v<x>—v<y>|f’+||vl||i’;][ ][ P = PP, (5-6)
AJA AJA

Now, since for any a, b,

v(x) v(y) P

@2 )

lal* —b)* = (la| + |b])(la| — |b]) < (la| +|b])|a — b],

[P =P it . f v - oo
AJA AJA

L0l ][ v — W)l (5-7)
A

we have
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where the last inequality was obtained by adding and subtracting (v) 4 and by the triangle inequality. We
deduce from (5-6) and (5-7) that

A ()

Due to the fact that |u| > % and u is uniformly bounded we get

P
12 -1
S0 11+ 100 17 W) f 10— @117
A

][|L~t—(ﬁ)A|pj][ lv—(v)4|? forany A C B(xo, R) \ R’ (5-8)
A A

To conclude, we note? that since B(yo, 2r) C R" we have |B(yo, 4r)|/|B~ (yo, 4r)| & 1; thus

][ v — (V) B-(yp.an’ 3 ][ v — (V) B(yp,4r) |7 (5-9)
B~ (y0,4r)

B(yo,4r)

Combining estimates (5-5), (5-8), and (5-9) we obtain (4-5). The second case B(yo, 2r) C R’} is easier
and we leave it to the reader.
Finally, for (4-6) we apply (2-4) and observe that |u 2=1onZ:=B(yy, 4r)N oR’. Thus,

/ ul® = 17 2 (lull e + 1) [l — (Jul)z]”.
B (yo.,4r) BT (yo,4r)
Now

u(2)| — (lu))zl S][ llu(2)| — lu(z2)|l dz2 S][ lu(z) —u(z2)l dza

T T

and thus

f nm—umnWﬁf’ |u—@hv+fnwwmﬂﬂ

BT (yo,4r) BT (yo,4r) z

Proposition 5.3 is now established. U

Proof of Theorem 1.2. For p = n, Holder continuity for u follows from Proposition 3.1. For p < n, it
follows from the combination of Propositions 5.3 and 4.1. Now C!%-regularity follows from the reflection,
Proposition 5.3, and the fact that a Holder continuous solution to the reflected system is C'* for some
a > 0; see [Hardt and Lin 1987, Theorem 3.1] (which is stated for minimizers but actually only uses the
continuity of the solution and the equation). See also [Riviere and Strzelecki 2005, Theorem 1.2].

Note that for p = n there is also a more elegant argument to pass from C* regularity to C'-%. Testing
(1-12) in x and x + & with ¢ (x) :=n(x)(v(x +h) —v(x)) for a suitable cutoff function 1 one obtains from
the Holder continuity of u that for some o > 0 we have Vv € W, In particular, by Sobolev embedding
vueL"b,
a consequence of the potential estimates for p-Laplace equations; see [Kuusi and Mingione 2012; 2018].
We leave the details to the reader. ]

and by [Duzaar and Mingione 2010] we get a Lipschitz bound for v. Now, C!*-regularity is

3 Indeed, for any A C A we have by enlarging the domain of integration and applying Jensen’s inequality JCA lw—(w) 4 L
(AI/IADF o lw = (W) AP
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6. Partial regularity: proof of Theorem 1.4

For simplicity we assume in this section that BT (0, R) C D C R’ and DN B(0, R) = 0R" N B(0, R).
We begin with recalling that a map u € WLP(B*(0, R), RV) is said to be stationary p-harmonic with
respect to the free boundary condition #(d D N B(0, R)) c SV ~1if in addition to (1-9) it is a critical point
of the energy with respect to variations in the domain. The latter is equivalent to u satisfying

/ |VulP~2(|Vul*8;; — p du d;u) 3£ =0 (6-1)
Bt (0,R)

for£ =(&',...,&N e Cé’o(@’i N B(0, R), R") with £(0R’}) C oR’} .
By choosing the test function as £ (x) := ¥ (x)(xo — x) in (6-1), where ¢ € Cfo(@i N B(0, R), [0,1])
is a suitable bump function, one obtains the following.

Lemma 6.1 (monotonicity formula). Let u € W7 (B*(0, R), RY) be a stationary p-harmonic map with
respect to the free boundary condition u(B¥(0, R) N {x, = 0}) C S¥~! and let xo € BT(0, R) N {x,, = 0}.
Then, the normalized p-energy is monotone. In particular,

2

Ju
rf""/ |Vu|f’—pp—”/ |Vu|”=p/ |x —xo|” " VulP 2
B*(x0.7) B+ (x0.p) B (x0,)\B* (x0,p) v

forall 0 < p < r < R — |xg|, where v is the outward-pointing unit normal for dB(xg,r), v(x) :=
(x —x0)/|x — xo|. For xo € BT(0, R)\ OR" the same holds if r is such that Bt (xg,r) = B(xg, 1) C R

(6-2)

This well-known fact was proved for Yang—Mills fields and stationary harmonic maps in [Price 1983];
see [Evans 1991; Bethuel 1993; Simon 1996, Section 2.4]. Fuchs [1989] observed that (6-2) holds for
stationary p-harmonic maps. As pointed out in [Scheven 2006, p. 137] the proof holds true in the case of
a free boundary condition.

We will need the following lemma; see, e.g., [Ziemer 1989, Corollary 3.2.3].

Lemma 6.2 (Frostman’s lemma). If f € L?(R"), p > 1, and 0 < @ < n, then for

E:= {xe[R{”:limsupr_“/ |f(y)|p>0}’
B(x,r)

r—0

we have H*(E) = 0.

We shall show, using monotonicity formula (6-2) and Frostman’s lemma (Lemma 6.2), that the set
outside which the condition (1-13) is satisfied is of zero (n— p)-Hausdorff measure. We then obtain
Theorem 1.4 from Theorem 1.2.

Proof of Theorem 1.4. Let

S = {xe@’i:limsuprp"/ |Vu|p>0};
Bt(x,r)

r—0

by Lemma 6.2, we have H"~7(S) =0.
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‘We define for € as in Theorem 1.2

Y= {xe@i:forallR>O sup supp”_”/ |Vu|”ze};
|yo—x|<R p<R B*(y0.0)

clearly X, is a closed set. We will prove that H"~7(X.) = 0. Then Theorem 1.4 is a consequence of
Theorem 1.2.
Let A. be the set on which the condition (1-13) is satisfied for €; i.e.,

A= R’i \ Ze = {x € @1 : there exists R > 0 such that sup sup p”_”f [Vul? < e}.
[yo—x|<R p<R B*(y0.0)

In order to prove the theorem it suffices to show that (@i \S) C A..
Let xg € (@’jr \ S), i.e., be such that limsup, _, o r?™" fB*(xo,r) |[Vu|? = 0. There exists an R > 0 such

that
Rp_”/ |[Vul? < 4P "¢,
Bt (x0,R)

‘We shall show that

sup sup p”_"/ [Vul? < e.
[yo—xol<R/4 p <R/4 B*(y0.0)

Choose any yg such that |yp — xo| < R/4 and any radius p < R /4. First observe that we may take yg € @’jr.
Indeed, suppose that y; € B(xg, R/4) N R" ; then for any p < R/4 we can choose yy € B(xg, R/4) N @1
such that B(y, p) N @:‘_ C B(yp, p) N @:’L. Thus

sup sup p”_”/ |Vul|? = sup sup ,01’_"/ [Vul?.
[y1—xol<R/4 p<R/4 B*(y1,p) Yo€B(xo, R/HNRY p <R/4 B*(y0,0)

Now assume that yo € dR’.. We have B* (yo, p) C B*(yo, R/4) C B (xo, R). Thus

R\P™"
p”"/ Vul? < (—) / Vul? 54"PRP"/ Vul? <e,
B*(y0,p) 4 B*(y0,R/4) B (x0,R)

where the first inequality is a consequence of the monotonicity formula (6-2).
Now, let us assume that yo ¢ dR"} . Let p = dist(yo, dR’,) and yo be the projection of yo onto IR’} . We
can assume that p < p. Indeed, if not we would have

P / Vul? < / Vul? =27 2p)P " / Vul?
B*(y0,p) B*(30,2p) Bt (30,2p)

R\P™"
52”"’(—) / |Vu|”§4"_”R”_”/ [Vul? <e.
2 B*(50,R/2) B (x0,R)

Next, we note that p < R/4 and observe the inclusions

B(yo, p) C B(y0, p) C B* (50, 2p) C B (3o, R/2) C B (x0, R)
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and the following inequalities which are consequences of the monotonicity formula (6-2):
p”_"/ |Vu|l’§(,5)1"”f |Vul?,
B(y0,0) B(y0,0)

R\
(2,3)1’—"/ |Vul? < (—) f IVul?.
BT (30,20) 2 B*(3.R/2)

prr f IVl < ()P / VulP <225 / Vul?
B(yo,p) B(y0,p) B*(50,2p)

R\P7"
52"_17(—) / |Vu|p§4”_pRp_"/ [Vu|? <e,
2 B* (50, R/2) B*(x0,R)
which gives xg € A..

We conclude X, C S and thus H"7?(X,) =0. O

Thus

A Liouville-type result. We note that the monotonicity formula in Lemma 6.1 can be used to prove
partial regularity but also Liouville-type results in the spirit of [Liu 2010]. Indeed, if we work in R’} , for
ueWhP(R", RY) we can say that u is stationary p-harmonic with respect to the free boundary condition
u(dR™) € SN~ if u satisfies (1-9) and

/ |VulP~2(|Vul|*8;j — p d;u dju) 367 =0 (6-3)
Rn

"
for £ = (€1,..., ") € C*(R", R") with £(9R™) C R™. We then have:

Proposition 6.3. Let 2 < p < n and u € WP (R™, RN) be such that u is a finite-energy, stationary
p-harmonic map with respect to the free boundary condition u(9R',) C SN=L Then u is constant.

Proof. By contradiction, assume u is not a constant. Then there exists Ry > 0 such that f B+(0.Ro) |Vul|? >
¢ > 0. Now by the monotonicity formula (Lemma 6.1) we have that for any R > Ry

R\"7? R\"7P
/ Vul|? > (—) / Vul|? > (-) c. (6-4)
B+(0,R) Ry B+(0,Ro) Ry

We can then let R go to +00 and we obtain that the p-energy of u in R’} is infinite. This is a contradiction
since we assumed that u € W7 (R, RM). O

Appendix: On boundedness of p-harmonic maps

The following lemma is well-known. However, we could not find it explicitly in the literature, so we state
it here for the convenience of the reader.

Lemma A.1. Let D C R" be a smooth, bounded domain. Assume that u € WP (D, R") is a solution to
div(|Vu|?~2Vu) =0 in D.

Ifulyp € L*(0D), then ||u| p=~py < llullL>@D)-
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Proof. For scalar functions this is a consequence of the weak maximum principle for the p-Laplacian; see
[Lindqvist 2006, Theorem 2.15]. However, here we work with a system. For € € (0, 1) we find smooth
solutions u, € WH» N C>®(D, RV) of the uniformly elliptic system

div((e + [Vu[)P=/2Vue) =0 in D, (A1)
Uc=1U on dD.
The solution is smooth in the interior, and a direct computation shows that
div((e + |Vue )P 22V |u *) > 0. (A-2)
Thus the weak maximum principle for scalar solutions of uniformly elliptic operators in divergence form
implies
sup |luellLepy < llullL=@D)- (A-3)
€€(0,1)

Moreover, we can test (A-1) with u. — u, which is trivial on 0 D, and thus
[ 1vdr = [ e 1902 9P = [ (e 190 Ve
D D D

consequently, by Young’s inequality,
[ 1vur <5 [ ur+c [ 1var+cqi.p.
D D D

Thus, u, is uniformly bounded in W7,

sup /qu€|p<oo. (A-4)
ec(0,)JD

On the other hand,
/ (€ + [Vue )P~ Vu, —|Vul|P~2 Vu) - (Vue — Vu) = 0.
D

Applying then the well-known inequality
la = bI” 3 (lal”~%a = |b|"~*b)(a — b),
we find that as € — 0
[ 1vu=vud Zoa) [ qvar v,
D D
Therefore, in view of (A-4) and the boundedness of D,
Ue =% 4 in wblP(D).

In particular, up to a subsequence, we have pointwise almost everywhere convergence, and from (A-3)
we have

lullz=py < lullL=@D)- O
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Lemma A.2. Let D C R" be a possibly unbounded domain with smooth boundary 0 D. Assume that
p>n—1landuc WI’P(D, RN is a solution to
div(|Vu|?"2Vu) =0 in D.
Ifulyp € L®(d D), then for every compact set K C D we have
lull Lok < 0.
Proof. For compact K we find by Fubini’s theorem a smooth, bounded domain D O K such that
lypop € W

Since p > n — 1 we conclude that, by Morrey—Sobolev embedding, u is continuous on 3DN D, and in
particular u € L*°(9 5). Now we can apply Lemma A.1 to D to obtain the result. U

We now prove a maximum principle analog of Lemma A.1 but for maps defined in the half-space R’ .
We work with maps with finite energy; i.e., we work with

WP (R, RY) = {v e DR, RY): Vv e LP(R", RV)}.

We remark that a map in W7 (R, RV) isalsoin L{ (R™, RV) and hence has a trace on R :=R"~! x {0}

which is well-defined.
Proposition A.3. Letu € wtr (R™, RN) be a solution to
div(|VulP 2 Vu) =0 inR",
that is,
-2 =
/[R” IVulP™*Vu-Vo =0 forall p € C(R).
"

Assume that u|gn-1,0y € L®(R* 1 x {0}). Thenu € L*>®(R’}) and

lull Loy < llellLooome)-
Proof. We define g := u|gn-1 1oy and M := ||g|| L>(sr?). From Proposition A.4 below we know that u is
the unique minimizer of the energy [, [Vv|? in

+

X :={ve W'’(R", RY) : v|gi-1,0 = g in the trace sense}.

Now we define
- {u if lul <M,
U=

Mu/|lu| if |u| > M.

By a direct computation we can see

J

Additionally, we have i|; RT =§. Thus by uniqueness we deduce that # = u and |u| < M in R’} U

|va|f’s/ Vul?.
R

n 1
+ +
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It remains to prove:

Proposition A.4. Let u € WP(R"™, RN) be as in Proposition A.3 a solution to
div(|VulP 2 Vu) =0 inRL.
Let us denote by g = u|gn-14 the trace of u. Then u is the unique minimizer of the energy fm [Vvu|? in
X :={ve W'PRL, RY) : v|gi-140 = g in the trace sense}.

Proof. By the direct method of calculus of variations we can prove that there exists a minimizer uq of
fR’i |[Vu|? in X. Besides, by strict convexity of the p-energy we have that this minimizer is unique and it
is the unique critical point of the p-energy in X. That is, there is at most one map with a trace equal to g
which satisfies

/ |Vugl” > Vug -V =0 forall¢p € WP(RL,RY),  @lgi-1,0 =0. (A-5)
R

n
Observe that C2°(R”, RY) is dense in the space
Yi={p e W'PRLRY): ¢lgi1,0 =0},

which can be proven as in, e.g., [Willem 2013, Proposition 6.2.5]. We conclude that there is at most one
map with a trace equal to g which satisfies

/ IVuol?~2 Vug -V =0 forall ¢ € C(R™). (A-6)
Ry

This implies the claim. O
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