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WHEN DOES A PERTURBED MOSER-TRUDINGER INEQUALITY
ADMIT AN EXTREMAL?

PIERRE-DAMIEN THIZY

We are interested in several questions raised mainly by Mancini and Martinazzi (2017) (see also work of
McLeod and Peletier (1989) and Pruss (1996)). We consider the perturbed Moser—Trudinger inequality
I () at the critical level o = 47, where g, satisfying g(t) — 0 as t — 400, can be seen as a perturbation
with respect to the original case g = 0. Under some additional assumptions, ensuring basically that g does
not oscillate too fast as + — +o0o, we identify a new condition on g for this inequality to have an extremal.
This condition covers the case g = 0 studied by Carleson and Chang (1986), Struwe (1988), and Flucher
(1992). We prove also that this condition is sharp in the sense that, if it is not satisfied, 7 fﬂ (€2) may have
no extremal.

1. Introduction

Let © be a smooth, bounded domain of R? and let HO1 = HOl (€2) be the standard Sobolev space, obtained
as the completion of the set of smooth functions with compact support in €2, with respect to the norm

I~ Il given by
lull7y = /Q Vu(x)*dx.
Throughout the paper, €2 is assumed to be connected. Let g be such that
geC'(R), sl}irlloog(s) =0, git)>—1 and g@)=g(—t) forallt (1-1)

(see also Remark 1.6). Then, we have

Cea(S2):= sup / (14 g(w)) exp(u®) dx (I3 ()
Q

L.y, 12
uefﬂrﬂuﬂmifa

is finite for 0 < o < 47 and equals +oo for & > 4. This result was first obtained in [Moser 1971] in the
unperturbed case g = 0. Still by that work, we easily extend the g = 0 case to the case of g as in (1-1).
Finally, [Moser 1971] gives also the existence of an extremal for (I3 (S2)) if 0 < o < 47 (see Lemma 3.1).
If now o = 4, getting the existence of an extremal is more challenging; however, Carleson and Chang
[1986], Struwe [1988] and Flucher [1992] were also able to prove that (/ fﬂ (€2)) admits an extremal in
the unperturbed case g = 0. Yet, surprisingly, McLeod and Peletier [1989] conjectured that there should
exist a g as in (1-1) such that (/ fn (2)) does not admit any extremal function. Through a nice but very
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implicit procedure, Pruss [1996] was able prove that such a g does exist. Observe that, since g(u) — 0
as u — +ooin (1-1), (14 g(u)) exp(uz) in (I§ (R2)) seems like a very mild perturbation of exp(uz) as
u — 400 and then, this naturally raises the following question:

Question 1.1. To what extent does the existence of an extremal for the critical Moser—Trudinger inequality
(Z fn (2)) really depend on asymptotic properties of the function ¢ — exp(z?) as t — +00?

To investigate this question, we may rephrase it as follows: for what g satisfying (1-1) does (/ fn ()
admit an extremal? This is Open Problem 2 in [Mancini and Martinazzi 2017], stated in this paper for
Q = D?, the unit disk of R2. In order to state our main general result, we introduce now some notation.
For a first reading, one can go directly to Corollary 1.3, which aims to give a less general but more
readable statement. We let H : (0, +00) — R be given by

H(t) =1+g(t)+g2(tt), (1-2)
so that we have
[(14 g(t)) exp(t*)] = 2t H(t) exp(?). (1-3)

We set t H(¢t) =0 for t =0, so that ¢ — t H (¢) is continuous at 0 by (1-1). This function H comes into
play, since the Euler—Lagrange associated to (/5 (R2)) reads as

Au = \uH (u) exp(u?) %n Q, (1-4)
u=>0 in 0€2,
where A € R is a Lagrange multiplier and A = —0d,, — 9y, (see also Lemma 3.1 below). Now, we make

some further assumptions on the behavior of g at +00 and at 0. First, we assume that there exist §p € (0, 1)
and a sequence of real numbers A = (A(y)), such that:
(1-52) H(y —t/y) = Hy)(1+ A()t +o(|A(y)|+y ™) in C (R,) as y — +o0.
(1-5b) There exists C > 0 such that |[H(y —t/y) — H(y)| < CIHW)|(AY)| + yHexp(8ot) for all
y>landall0 <7< y2

(1-5¢) limy, 4o A(y) =0.

In (1-5a) and (1-6a), y is a parameter and the Cl(z)c
also assume that there exist 86 €(0,1), « =0, &g €{—1, +1}, F given by F(t) := &pt*, and a sequence

([0, +00)) convergence is in the ¢-variable. We

B = (B(y)), of positive real numbers such that:

(1-6a) (1/y)H(1/y)=B(y)F(t)+o(IB(y)|+y~") in C}, (0, +00),) as y — +oo.
(1-6b) There exists C > 0 such that |(¢/y)H(t/y)| < C(|B(y)| + y‘l)exp(%t) for all y > 1 and all
0<t<y?
Observe that we may have B(y) = o(y~!) as y — 400, in which case the precise formula for F is

not really significant. Since ¢ — (14 g(¢)) exp(tz) is an even C! function, we have

lim B(y) =0, (1-7)

y—>+00
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in view of (1-3) and (1-6). Following rather standard notation, we may split the Green’s function G of A,
with zero Dirichlet boundary conditions in €2, according to

1 1
Ge(y) = — (1og ——+ Hx<y>) (1-8)
4w "% x =y

for all x # y in Q, where 7, is harmonic in € and coincides with —log 1/|x — -|? in 2. Then the
Robin function x +— H, (x) is smooth in €2, and goes to —o0 as x — 9€2, so that we may set

M = max H,(x),
xeR

Ko ={yeQ:Hy,(y)=M]}, (1-9)
s=max [ G.0)PEG.0)ay.
zeKq Q
where F'is as in (1-6). For N > 1, we let gy be given by
too ok
2 2 !
(1+gn(®) exp(t?) = (1 +g(0) (1 +1 >+(1+g<r>>( 3 F)’ (1-10)
k=N+1

so that gy < g, gn(0) = g(0) forall N > 1, while g = gy for N = 1. We also set

Ag(Q):=  max /((1+g(u))(1+u2)—(1+g(0)))dx. (1-11)
Q

ueHOlzlluHiIé <47

We are now in position to state our main result, giving a new, very general and basically sharp picture
about the existence of an extremal for the perturbed Moser—Trudinger inequality (/, fﬂ ().

Theorem 1.2 (existence and nonexistence of an extremal). Let Q be a smooth bounded domain of R>.
Let g be such that (1-1) and (1-5)—(1-6) hold true for H as in (1-2), and let A, B and F be thus given.
Assume that
= i Y TRAM) 4y exp(—1 = M)B()S
y—+o0 y AW+ y 3 B(y))

exists, where M and S are given by (1-9). Then:

(1-12)

(D) If I > 00r Ag(2) >  exp(l + M), then (Ifﬂ (£2)) admits an extremal, where A 4(S2) is as in (1-11).
(2) If I <0and Ag(2) < exp(l + M), there exists No > 1 such that (IfN (2)) admits no extremal for

T
all N > Ny, where gy is given by (1-10).

Observe that, for all given N > 1, gy satisfies (1-1) and (1-5)-(1-6), with the same A, B and F as
the original g, in view of H(y) — 1 as y — +00; see (3-3). Moreover it is clear that Ag, (£2) < A4(£2).
Then, this second assertion in Theorem 1.2 proves that the assumptions on g in the first assertion are
basically sharp to get the existence of an extremal for (/ fﬂ(Q)). As a remark, Pruss [1996] concludes that
the existence of an extremal for the critical Moser-Trudinger inequality is in some sense accidental and
relies on nonasymptotic properties of exp(u?). Theorem 1.2 clarifies this tricky situation: the existence or
nonexistence of an extremal for ([ fn (£2)) may really depend on a balance of the asymptotic properties of g
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both at infinity (given by A(y)) and at zero (given by B(y)). Yet, it may also depend on the nonasymptotic
quantity Ag(€2) (see Corollary 1.4). Observe that Ag(£2) = 47 /11(£2) in the unperturbed case g =0,
where A1(€2) is the first Dirichlet eigenvalue of A in .

From now on, we illustrate Theorem 1.2 by two corollaries dealing with less general but more explicit
situations. Let ¢, ¢’ € R, (a, b), (a’, b") € £, where

&={(a,b) €[0,4+00) x R:b > 0if a =0}. (1-13)

Let R’ > 0 be a large positive constant. If one picks g such that

(1) := g(0) + cttlog(1/1)]7? in (0, 1/R'],
ey =] & g/ ) A g(1/ n ©. / (1-14)
8oo(t) :=c't7 [logt] in [R’, +-00),
!/ in (1-12) of Theorem 1.2 can be made more explicit. Indeed, we can then set
14 g(0) cla+1)
B(y) = 5
2y¢(logy)
Min@ D i e £,
Fﬁ)={ - (1-15)
otherwise,
1.,—(@'+2) 1 - ifa >0
Ay=c xfor ) ey Bota =0
b'y~2(logy)~+D  ifa' =0

(see also Lemma 3.3). Theorem 1.2 is even more explicit in the particular case = D?. Indeed, in this
case we have that Kp2 = {0} in (1-9) and

1 1
Go(x) = — log —.
0(x) o g|x|

Still on the unit disk D?, it is known that

4

D) <Te (1-16)

Ao(D?) =

(A (D?) ~ 5.78). Property (1-16) shows in particular that the second assertion Ao(D?) > me of
Theorem 1.2(1) is not satisfied. In some sense, this is an additional motivation for the nice approach of
[Carleson and Chang 1986], proving the existence of an extremal for (/ fﬂ (D?)) via asymptotic analysis.
As an illustration and a very particular case of Theorem 1.2, we get the following corollary.

Corollary 1.3 (case Q = D?). Assume that or @ =D?. Let ¢’ #0 and (a’, b') € € be given, where € is as
in (1-13). Let goo be as in (1-14):

(1) If we assume a’ > 2 or ¢ > 0, then for any even function g € C'(R) such that g > —1,

(g — 8N (1) =0(*) (1-17)
ast — 0 and
gVt =gl ) (1 +0(1)) (1-18)

ast — +oo foralli € {0, 1}, the inequality (Ifﬂ (D?)) admits an extremal.
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(2) Ifwe assume a’ <?2 and ¢’ < 0, there exists an even function g € C'(R) such that g > —1 and (1-17)
and (1-18) hold true, while (1 fﬂ (D?)) admits no extremal.

Our main concern in Corollary 1.3 is to write a readable statement. In this result, the existence of
an extremal in the unperturbed case g = 0 is recovered for quickly decaying g’s, namely if @’ > 2; see
[Mancini and Martinazzi 2017]. But a threshold phenomenon appears (only if ¢’ < 0) and there are no
more extremals for less decaying g’s, namely for a’ < 2. Note that Theorem 1.2 also allows us to point
out the existence of a threshold ¢’ < 0 in the border case a’ =2, b’ =0 (see Remark 1.5). Indeed, proving
Corollary 1.3 basically reduces to giving an explicit formula for / in (1-12), which only depends on €2 and
on the asymptotics of g at +o0c0 and at 0. On the contrary, we do not care about the precise asymptotics of
g in the following corollary, thus illustrating the role of A,(€2) in Theorem 1.2.

Corollary 1.4 (extremal for A,(S2) large). Let Q be a smooth bounded domain of R2. Let 11(2) >0
be the first Dirichlet eigenvalue of A in Q2 and M be given as in (1-9). Let A be such that 4(1 + A) >
A () exp(1+ M) and let C > A be given. Then there exists R >> 1 such that (I fn (2)) admits an extremal
for all g satisfying (1-1) and

g(0)=A, g>g0) in[l/R,Rl and |g/<C inR. (1-19)

We give now an overview of the proof of Theorem 1.2, since it is a bit intricate. First, we comment on
part (1). For all 0 < ¢ <« 1 small, we start by picking an extremal function u. for (I jfﬂ(l_ 8)(|D2)). Under
the assumptions of part (1), we only need to rule out the case where (2-1) holds true, as described in
the proof of Theorem 1.2(1) in Section 2. Then we assume by contradiction that (2-1) holds true. By
Lemma 3.4, Case 2, we get expansions of the u,’s, and then expansions both of the Moser—Trudinger
functional (see (2-4)) and of the Dirichlet energy (see (2-5)). These results are gathered in Proposition 2.1
below, whose proof (see Section 4) amounts to showing that not only M but also S in (1-9) may have
to be attained at a blow-up point of our sequence of maximizers (u.). (see Lemma 4.1). Observe that
this two-fold maximization property is necessary to get a sharp picture in Theorem 1.2. Moreover, this
is not seen when restricting to the case = D2, where Kg in (1-9) contains only the single point 0,
so that expanding the Dirichlet energy of a blowing-up sequence of critical points (u.). is sufficient;
see [Mancini and Martinazzi 2017]. Theorem 1.2(1) is eventually obtained by getting a contradiction
with (2-1): either by comparing (2-4) with our assumption Az(£2) > 7 exp(1 + M), or by comparing
||i10l =4m (1 —¢) (see (3-8) in Lemma 3.4) and (2-5) with our assumption [ > 0.

Now we comment on part (2). Making our assumptions of part (2) and assuming also by contradiction

llue

that there exists an extremal function u, for (/ fj’:‘? (2)) such that N, — +o00 as ¢ — 0, we get from
Lemma 3.4, Case 1 that our assumption A (£2) < m exp(l + M) automatically implies (2-1) (see Step 2),
so that we may get expansions of the u.’s and then (2-10). This gives a contradiction by comparing

2
ey = dor

and (2-10) with our assumption / < 0, as developed in the proof of Theorem 1.2(2) in Section 2. These
key ingredients are gathered in Proposition 2.3. In comparison with the expansions of part (1), the key
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observation is that the delicate N.-dependence generates additional terms which may only reduce the
Dirichlet energy, as explained in the proof of Proposition 2.3 of Section 4.

Overall, the proof of Lemma 3.4, Case 1 is the most delicate part: we need to use first that the u,’s
are maximizers to check that we are in a Moser-Trudinger critical regime (see Step 2 and Remark 3.5)
and that the pointwise and global gradient estimate (3-52) is true. In both Cases 1 and 2, resuming the
approach of [Druet and Thizy 2017], this last point is the key ingredient to be in position to use the
radial model B studied in the Appendix. To conclude, the case of a general domain €2 addressed by
Theorem 1.2 requires sharp estimates, not only at small scales close to a blow-up point x,, as performed
in the radial case by [Mancini and Martinazzi 2017], but also in the whole €2 (see (3-99) or (4-1)). This
allows in particular to get a useful accurate expansion of the Lagrange multiplier A, in (4-12), when
proving Proposition 2.1. As a remark, in the process of the proof below (see Remark 2.2), we answer the
very interesting Open Problem 6 of [Mancini and Martinazzi 2017].

Remark 1.5 (links between Theorem 1.2 and [Carleson and Chang 1986; Flucher 1992; Mancini and
Martinazzi 2017; Struwe 1988]). For Q = D?, part (1) of Theorem 1.2 implies in general [Mancini and
Martinazzi 2017, Corollary 3], which gives itself the existence of an extremal function for (/ fn (2))
pioneered by [Carleson and Chang 1986] in the original case g = 0. Even if both [Mancini and Martinazzi
2017, Corollary 3] and Theorem 1.2 are much more general, we restrict there for simplicity to g’s
satisfying (1-17) and coinciding with g, for all £ > 1; see (1-14). Then [Mancini and Martinazzi 2017,
Corollary 3] covers the fast decaying case a’ > 2 (or ¢/ = 0) on the disk. By (1-15), thanks to the explicit
formulas above (1-16) for Q = D? and since sz (log |x N2dx = %, it is easy to check that we have in this
latter case that [ > 0 in (1-12), since we have

y T+ %A(y) +4ySexp(—1 — M)B(y)S = )/74(1 + %(1 + 8(0))) +o(y™

as y — +oo. Pushing further their asymptotic analysis, Mancini and Martinazzi [2017] cover also the
case a’ = 2 and then suspect (see Theorem 4—-Open Problem 2 in that work) that there could be no
extremal function for (/ fﬂ (D?)), if, in addition, ¢’ is a sufficiently large negative constant. Corollary 1.4
claims that there can actually be an extremal for such a g, whatever ¢’ is, and even independently from
the precise behavior of g close to 0 or +0c. However, part (2) of Theorem 1.2 gives with (1-15) the
following picture in this threshold case a’ = 2:

if ¢’ > —(1 + %(1 —|—g(0))) or Ag(l]])z) > me, there is an extremal for (Ifn (I]ZDZ)),

if ¢ < —(1 + %(1 -I—g(O))), A(D?) < e, and N> 1, there is no extremal for (15" (D).

Observe that there are many ways of building such g’s satisfying A g(IDZ) < me: one is given in the proof
of Corollary 1.3 in Section 2 (see also (1-16)). As observed just below Theorem 1.2, this gives a basically
sharp picture about how far we can get the existence of an extremal function for (/ fn (R2)), relying only on
the asymptotic properties of g (see Question 1.1). Theorem 1.2 gives a similar picture on any domain €2,
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and then gives back (for ¢ = 0) the results of [Flucher 1992; Struwe 1988]. Stronger perturbations, for
instance a’ <2 or even a’ =0 and b’ > 0, are also covered by Theorem 1.2.

We conclude this introductory section by the following remark about the relevance of the assumption
(1-1) on g introduced in [Mancini and Martinazzi 2017]. We also mention the nice and early result of
[de Figueiredo and Ruf 1995].

Remark 1.6 (about assumption (1-1)). Indeed, assume that g is a C', even function such that 1 + g > 0
in R. Assume also that g = lim;_, 1 g(f) € [—1, +00] exists. Firstly, if g = 400, it is easy to check
with the test functions of Step 1 that C, 45 (£2) = +00. Secondly, if g = —1, it follows from standard
integration theory (see for instance [Mancini and Martinazzi 2017, Lemma 7]) and from Moser’s result
[1971] that there exists an extremal function for (Ifn (£2)). Thus, up to replacing 1+ g by (14+g)/(1+g),
we have that (1-1) holds true in the remaining more sensitive case g € (—1, +00). To end this remark,
we mention that [de Figueiredo and Ruf 1995] already studied (1-4) in D?, permitting one to recover
the existence of an extremal in some subcases where g = —1. First, assuming that H given by (1-3) is
positive in (0, 400), it is clear that a nonnegative extremal for (/ fﬂ (£2)) turns out to be a positive solution
of (1-4) (for some A > 0). Now following [de Figueiredo and Ruf 1995], assume also that 2 = D2, that
t— tH(t) is C? and that, given a > 0, there exist K, C,o > Osuch that tH(t) = Kt “ forall t > 1
and such that H(¢) < CKt° for all > 0 close to 0. Then, [de Figueiredo and Ruf 1995, Theorem 1.1]
allows us to claim that there exists no positive solution of (1-4) for all 0 < A <« 1 small enough if a > 1,
while there exists a family of positive solutions of (1-4) blowing-up as A — 0 if @ < 1. From by now
standard arguments, this first property directly gives back the existence of an extremal in the subcase a > 1.
However, observe that g = —1 for all @ > 0, since 1 + g(¢) ~ 2Ke" 1’ s~ 8 ds = oO@t**t!)y > 0 as
t — 400, so that an extremal also exists in the subcase a € (0, 1). Actually we assert that a more precise
analysis in the spirit of [Mancini and Martinazzi 2017] allows us to exclude that the aforementioned
blow-up solutions of (1-4) are maximizers and to recover the existence of an extremal also in the subcase
a € (0, 1) through this approach using the Euler—Lagrange equation.

2. Proof of the main results

We begin by proving Corollary 1.3, assuming that Theorem 1.2 holds true.

Proof of Corollary 1.3. The first part of Corollary 1.3 is a direct consequence of the first part of Theorem 1.2:
plugging the formulas of (1-15) in (1-12), we get that [ > O for g as in case (1) of Corollary 1.3. In
order to prove the second part of Corollary 1.3, we apply the second part of Theorem 1.2. Let x be
a smooth nonnegative function in R such that x () = 0 for all r < % and x(¢) =1 forall r > 1. By
the Sobolev inequality and standard integration theory, we can check that gg := goo X x (- /R) satisfies
Agp (D?) - Ao(D?) as R — +o0. Then, by (1-15), (1-16), assuming a’ < 2, ¢’ < 0, the second part of
Theorem 1.2 applies, starting from g = gg for R >> 1 fixed sufficiently large. Observe that, for all given
N > 1, (gr)n (given by (1-10) for g = gr) satisfies (1-17)—(1-18). Il

Proof of Corollary 1.4. Let 2, A, A{(R2), C be as in the statement of the corollary. It is sufficient to prove
that there exists R >> 1 such that for all g satisfying (1-1) and (1-19), we have A4(€2) > 7w exp(1 + M),
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where A,(2) is as in (1-11). Let v > 0 in Q be the first eigenvalue of A normalized according to
||v||ill = 4. For all g satisfying (1-19), we have
0

Ag(£2) = /Q((1 +2(0)v” + (g(v) — g(0) (1 +v?)) dx

4

Z(HA)M(Q)

+/ (g(v) — g(0)(1 +v?) dx,
{vg[1/R,R]}
and, since we have

< A+ O)A+ [vlli=){v €[1/R, R]}| = 0

f (g(w) — g(0)(1 4+ v?) dx
{vg[l/R,R]}

as R — 400, we get the result using that 4(1 + A) > A1 () exp(1+ M). O

The following result is the core of the argument to get the existence of an extremal in Theorem 1.2(1).
Its proof is postponed until Section 4. It uses the tools developed in [Druet and Thizy 2017] that allow us
to push the asymptotic analysis of a concentrating sequence of extremals (u.). further than in previous
works. In the process of the proof of Proposition 2.1 (see Lemma 4.1), we show first that a concentration
point x of such u,’s realizes M in (1-9). But in the case where | B(y)| matters in (1-12) or, in other words,
where y3|A(y)| +y! < |B(y)| as y — 400, we also show that S in (1-9) has to be attained at x.

Proposition 2.1. Let Q be a smooth bounded domain of R?. Let g be such that (1-1) and (1-5)—(1-6) hold
true for H as in (1-2), and let A, B and F be thus given. Let (u;). be a sequence of nonnegative functions

such that u. is a maximizer for (If (178)(52))f0r all 0 < ¢ < 1. Assume that

TT
ue — 0 in Hy (2-1)

ase— 0. Then, ||u, =4 (1—e¢), there exists a sequence (A ). of real numbers such that u. solves in H(}

2
I,

Aug = ugH(ug) exp(ug), us >0 in Q, 2-2)
u, =0 on o2,
u, € CH(Q) (0 <06 < 1) and we have
Ve :=maxu, — +00. (2-3)
yeQ
Moreover, we have
lin})/ (14 g(ue)) exp(u?) dx =|Q2|(1+g(0)) +mexp(l+ M) (2-4)
E—> Q
and
el =4 (1+ 1 () +o(r AT + v 1B(e)D) (2-5)
as & — 0, where
I(ve) =y, '+ 3AW) + 4y, exp(—1 — M) B(y:)S, (2-6)

where |2| stands for the volume of the domain Q and where M and S are as in (1-9).
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Remark 2.2. Let g, H be such that (1-1), (1-2), (1-5)—(1-7) hold true. Let u, be a maximizer for
) fn (1— e)) such that (2-1) holds true, as in Proposition 2.1. Then, for such a sequence (i), satisfying in
particular (2-2) and (2-3), we get in the process of the proof (see (3-16) below) that the term I (y,) in
(2-5) is necessarily smaller than 0()/8_2) as ¢ — 0. Moreover this threshold 0()/8_2) is sharp, in the sense
that this term may be for instance of size yg_(2+a/) for all given a’ € (0, 2]. This can be seen by picking an
appropriate g such that fﬂ (£2) has no extremal, as in Corollary 1.3, and by using Proposition 2.1. Observe
that, for such a g, assumption (2-1) is indeed automatically true. This gives an answer to Open Problem 6
in [Mancini and Martinazzi 2017].

Proof of Theorem 1.2(1): existence of an extremal for (I fﬂ (£2)). We first prove the existence of an extremal
stated in part (1) of Theorem 1.2. Let g be such that (1-1) and (1-5)—(1-6) hold true for H as in (1-2),
and let A, B and F be thus given. Assume either that / > 0 in (1-12) or that A,(€2) > 7 exp(1 + M).
Using Lemma 3.1, let (u.). be a sequence of nonnegative functions such that u, is a maximizer for
( (- e)(Q)) for all 0 < ¢ <« 1. Then, up to a subsequence, (u.). converges a.e. and weakly in HO1 to
some ug. Independently, we check that

ggr(l) Cg,471(17£)(9) = Cg,4rr (€2), (2-7)

where C, (€2) is as in (I £()). Indeed, if one assumes by contradiction that the Cg 4n(1—¢)(£2)’s increase
to some [ < Cg 47 (R2) as & — 0, then we may choose some nonnegative u such that ||u||2 <4m and

/ (14 g(uw)) exp(u Ydx > 1.
Q
But, picking v, = u+/1 — ¢, we have ||vg||12L]l <4m (1 —¢) and
0
lim / (1+ g(v0)) exp(v?) dx = f (1 + g ) exp(u?) dx
E—> Q Q

by the dominated convergence theorem, using (1-1), v 2 <u? and exp(uz) € L'(Q). But this contradicts
the definition of / and concludes the proof of (2-7). Now by (2-7) and since ||ug ||2 <4, in order to get
that u is the extremal for ( - (£2)) we look for, it is sufficient to prove that

lim f (14 g (ue)) exp(u?) dx = f (1 + g (uo)) exp(id) dix. 28)
E—> Q Q

If up = 0, then Proposition 2.1 gives a contradiction: either by (2-4) and (2-7) if Ag(£2) > 7 exp(1 + M),
since it is clear that
Coan (§2) > Ag(€2) + (14 g(0)[€2],

or by (2-5) and (2-6) if [ > 0, since ||ug|| H] < 4m. Thus, we necessarily have that iy % 0. Then, noting
that
llue — ”0||H1 <4m — Juol?, o Fo,

the standard Moser-Trudinger inequality ( - (£2)) and Vitali’s theorem give that (2-8) still holds true,
and part (1) of Theorem 1.2 is proved in any case. O
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The following proposition is the core of the argument to get the nonexistence of an extremal in
Theorem 1.2(2). Its proof is postponed until Section 4.

Proposition 2.3. Let 2 be a smooth bounded domain of R2. Let g be such that (1-1) and (1-5)—(1-6) hold
true for H as in (1-2), and let A, B and F be thus given. Assume that A4(2) < m exp(1 + M), where
M is as in (1-9) and A4(2) as in (1-11). Assume that there exists a sequence of positive integers (N¢),
such that

lim N, = +o00 (2-9)
e—0
and such that (I ff;’g (£2)) admits a nonnegative extremal u. for all € > 0, where gy, is as in (1-10). Then we
have (2-1) and ||us||§ll =47 for all 0 < & < 1. Moreover, we have u, € C?(Q) (0 <6 < 1), (2-3) and
0

luellgy <4 (1+1(ve) +o(r " +1AWl + 7| Bre)D) (2-10)

as ¢ — 0, where 1 (y,) is given by (2-6).

Proof of Theorem 1.2(2): nonexistence of an extremal for (I szrv (2)), N > Ny. Let g be such that (1-1)
and 1-5)—(1-6) hold true for H as in (1-2), and let A, B and F be thus given. Assume [ < 0 and
Ag(R2) < wexp(l + M), where [ is as in (1-12), A, is as in (1-11) and M is as in (1-9). In order to
prove part (2) of Theorem 1.2, we assume by contradiction that there exists a sequence (N, ). of positive
integers satisfying (2-9) and such that (/ fgg (£2)) admits an extremal for gy, as in (1-10). We let (u.). be a
sequence of nonnegative functions such that u, is a maximizer for (/ f:g (2)) for all £ > 0. But this is not

possible by Proposition 2.3, since ||u, ||§{| = 45 contradicts (2-10), since we also assume now [ < 0. [
0

3. Blow-up analysis in the strongly perturbed Moser-Trudinger regime

We now aim to prove the main blow-up analysis results that we need to get both Propositions 2.1 and 2.3.
The following preliminary lemma deals with the existence of an extremal for the perturbed Moser—
Trudinger inequality (I5 (R)) in the subcritical case 0 < « < 4. Its proof relies on integration theory
combined with (/ fﬂ(Q)) and on standard variational techniques. It is omitted here and the interested
reader may find more details in the proof of Proposition 6 of [Mancini and Martinazzi 2017].

Lemma 3.1. Let Q be a smooth bounded domain of R%. Let g be such that (1-1) holds true. Then,
(I8 () admits a nonnegative extremal ug, for all 0 < o < 4. Moreover, we have that

(1) either ||Ma||i11 <aanduyH(uy) =0 a.e., or
0
2) |lug ||§1 , = « and there exists A € R such that u, solves in HO1 the Euler—Lagrange equation (1-4).
0

Remark 3.2. The first alternative in Lemma 3.1 may occur in general, but does notif  — (1+g(¢)) exp(tz)
increases in (0, +00).

The following lemma investigates more precisely the behavior of g and H when we assume (1-1)
together with (1-5)—(1-6).
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Lemma 3.3. Let Q2 be a smooth bounded domain of R>. Let g be such that (1-1), (1-5) and (1-6) hold

true for H as in (1-2), and let A, B and d, 86, F, k be thus given. Then:
(3-1a) We have

’ 2N _ 2B(y)F ()t (IB()/)I L)
<1+g(y))exp(y2)—(l+g(0))+—y(K+l) +o v -|-y2

in CI%C((O, +00);) as y — 4o00.
(3-1b) There exists C > 0 such that

t 1?
\(1 ra(2)) o) - a+0)
Y Y

forally > 1andall0 <t <2y.

< C('B(’/)| + %)t exp(8h1)
y vy

(3-1c) liglLem) < +oo.
Additionally:
(3-2a) We have
1 +g(J/ — %) =HW)(1+AW(t+ 1) +o(AW|+y ™)

. ~0
inC .

(3-2b) There exists C > 0 such that

(Ry) as y — +o0.

< CIHWINAW)|+ v Hexp(dot)

t
‘1+g(y——)—H(V)
14
forally > landall0 <t <2y.

In particular, we have
H(y)—1 asy — +oo.

Proof of Lemma 3.3. We first prove (3-3). Using (1-3), we write
(1+g(r) exp(r?) — (1+g(0)) =2 f sH(s) exp(s?) ds
0

for all » > 0. Then, as y — 400, setting r = y, we can write

5 v u u u?
1+ g(y) =exp(—y )(1+g(0))—|—2/ l—— JH(y — = )exp| —2u+ — | du
0 14 14 14

2 v? u u?
= O(exp(—y“) +2H(y) / (] — —2> exp(—2u +— du
0 Y 14

(3-3)

(3-4)

72
+ 0(|H(J/)|(|A(V)| + V_4)/0 exp(—(1 —édo)u) eXP(—“<l - %)) d”)

= O(exp(—y %) + H(y)(1 —exp(—y?) +o(H (y)),
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using (1-5). This proves (3-3) since g satisfies (1-1). Observe that (3-1a) and (3-1b) follow from (1-6)
and (3-4) with r =t /y, while (3-1c¢) is a straightforward consequence of (1-1). We prove now (3-2b). As
y — 400, we write forall 0 <t <y

2
(1+g< —5)) exp(( —%) )—(1+g<y—1>>exp<<y—1>2>

y—t/y
=2 f rH(r)yexp(r®)dr
y—1

2
=2/y<1—12)H(y—z> exp(y2—2u+u—2) du
t Y Y Y
2 y
=H<y)(exp(( —i) )—exp((y—l)%)w<|H(y>|(|A<y>|+y4) / exp(y2—<2—60>u)du), (3-5)
t

using (1-5b). Multiplying the above identity by exp(—(y — (t/¥))?), using ¢ < y, (1-1) and (3-3), (3-2b)

easily follows. Using now (1-5a) in the second-to-last line of (3-5), we also get (3-2a). Il
In the sequel, for all integers N > 1, we let gy be given by (see also (3-36) below)
~+00 lk
en(t) = o (3-6)
k=N+1"

The main results of this section are stated in the following lemma.

Lemma 3.4. Let Q2 be a smooth bounded domain of R?. Let g be such that (1-1) and (1-5)—(1-6) hold
true for H as in (1-2), and let A, B and F be thus given. Let (a;). be a sequence of numbers in (0, 47 ].
Let (N.). be a sequence of positive integers. Assume

lirr(l) o, =4m  and ug > 0is an extremal for (IiNg (2) (3-7)
£—

forall 0 < & K 1, where gy, is as in (1-10). Assume in addition that we are in one of the following two
cases:
Case 1: lim;_,g Ny = +00, oy =4m for all &, and Ag(2) < m exp(l + M), where A4(R2) is as in (1-11)
and M is as in (1-9).
Case?2: N, =1 forall ¢ and (2-1) holds true.
Then, up to a subsequence,
luell?, = o, (3-8)
0

and u, € CH?(Q) (0 <6 < 1) solves

Aug = AeucHy, (ug) exp(ug), u, >0 in Q, (3-9)
u, =0 on o2,
where Hy (t) = 1+ gn(t) + g (1) /(2t). Moreover, by (2-4) we have
4 1
+o(l) (3-10)

*T YZexp(1+ M)’
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A(ye) =26 = 0(&e), (3-11)
Xxe—>x (xeKgq) (3-12)
as € — 0, where x., y. satisfy
Ug(xg) = rngazlx Ug =Y = +00 (3-13)
as ¢ — 0, where & is given by
VZ(NS—l)
& - (3-14)

N1 (P Ne = DY
and where C; is given by

~ 1
Ce =maX(ﬁ, IA(Vs)I,Sa)- (3-15)

Finally, (3-97)—(3-99) below hold true for . as in (3-40) and t, as in (3-41).

Observe that N, = 1 in Case 2 reduces to say that gy, = g. From (3-30) obtained in the process of the
proof below, we get that £, = o(1/ )/82) in Case 2, so that (3-11) is then equivalent to

1
A(ye) = 0(—2), (3-16)
Y

&

as discussed in Remark 2.2.

Proof of Lemma 3.4. We start by several basic steps. First, a test function computation gives the following
result.

Step 1. For all g such that (1-1) holds true, we have
Co,4x () = [R2[(1 +2(0)) + 7 exp(1 + M),
where Cyq 47 (£2) is as in (I8 () (¢ = 4m) and where M is as in (1-9).
Proof of Step 1. In order to get Step 1, it is sufficient to prove that there exist functions f, € HO1 such that

||fg||§{01 = 47 and such that

/Q (14 g(f) exp(f2) dy = [21(1 + g(0)) + 7 exp(l + M) + o(1) (3-17)

as ¢ — 0. In order to reuse these computations later, we fix any sequence (z.). of points in €2 such that

&2 1\
dGz as2>2=0<(1°g5) ) -

For 0 < ¢ < 1, we let v, be given by

Ue()’) :log +HZ£’5’

&2+ |y —zel?
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where H,, . is harmonic in €2 and such that v, is zero on 9€2. Then, by the maximum principle and (1-8),

we have 5

&
d(ze, 9Q)?

where H._ is as in (1-8). Then, integrating by parts, we compute

Heee () =Ho (y) + 0( ) for all y € Q, (3-19)

foelByy = [ vesvedy
Q

= loe—+log——mM8M8M8 — +H. d
/Q e2(1+ |ze — y|2/82)2( g &2 g 141y _Zg|2/82 zé,a()’)) y

=4r <10g 812 + 0(1)) —4n(14+0(1)) +4mw(H,, (ze) +0(1))

1
=4r <10g o 14+H,, (Zg)) +o(1), (3-20)
where the change of variable z = (y — z.) /¢, (3-18), (3-19) and
H;, (ze +e2) =H,, (2:) + O & (3-21)
7e Ze ) = 1z, Qe d(z.. 09) s

(see for instance Appendix B in [Druet and Thizy 2017]) are used. From now on lim inf, o d(z¢, 0€2) > 0
is assumed. Let f, be given by 4x vg = f£2||v€ ”%—Il' We can write
0

1 2
2 2
=|{log —————— ) +2H log———+H
fe(y) (( g|z£—y|2+92> 26 (¥) g|z£—y|2+92 Zg,g(y)>
1 —1 1 !
x | log — l—i—HZE(ZS) +o )
&2 log 1/&2 log1/¢
using (3-20). Then, writing
lo ! 1 ! +1
————— =log 5 +log ————,
Sle—yP+e? r T B oy
we get
| asstexndy
B, (Fe)NQ
-2 2 — 1
:f (1+0(1))exp( (V) + Hzgj(y) H,, (ze) + 1)
B, (Fe)NQ2 3
2 M 22
t; 1+12 1+1¢
0 £ d
) ex"(log /s " (1og /62 " (log 1/e2>2)> !
=1 exp(H;, (z¢) + D1 +o(1)) (3-22)

as ¢ — 0, using (1-1), (3-19) and (3-21), where 7;(y) = log(1 + |z — y|?/€2) and where 7, is given by

~2
T 1 1
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Now, we can check that
1 - 1 2
f:(0)? < (log -+ 0(1)) <10g — T 0(1)>
& lze — ¥l

1
< (10g ﬁ + 0(1)) (% +0(1)) for all y € Q\B,, (7¢),
g — )Y
using (1-8), (3-19) and our definition of 7., so that we also get
[ avetmendy - a+goie (3-23)
Q\B;, (")
as ¢ — 0, by the dominated convergence theorem, using (1-1). Property (3-17) and then Step 1 follow

from (3-22) and (3-23), choosing z. € Kq as in (1-9). [

From now on, we make the assumptions of Lemma 3.4. In particular, we assume that either Case 1 or
Case 2 holds true. Given an integer N > 1, observe that Step 1 applies to gy, since gy satisfies (1-1), if
g does. Then, using o, =47 in Case 1, or (2-7) and gy, = g in Case 2, we get

Co. ax in Case 1,
QI(1+g(0) + 7 exp(l + M) < { ~#¥ 32
1€2](1 4 g(0)) + 7 exp( )_{Cg,ag-l-O(l) in Case 2 20

as ¢ = 0%, where Cg o (£2) is as in formula (1§ (2)) and where M is as in (1-9). Let us rewrite now (3-9)
in a more convenient way. Let Wy be given by

Wy (1) = (14 gn (1)) exp(t?). (3-25)
Observe in particular that

(1+gM)(1+1%) < Wy (1) < (14 g(0)) exp(t?)
for all ¢ and all N, by (1-1). Using (1-2), (1-3) and (1-10), we may rewrite (3-9) as

1 .
{AMEIE)\.E\IJZ/VS(MS), u, >0 in Q, (3-26)
u, =0 on 0<2,
with
(2N )
Wi (1) =20 H (1) (1 + 12 + oy (t2) +21(1 +g(t))<ﬁ —t )
2N

=2tH()on (t%) + 2t (1 + W) (1+g(0) +& @) (1+1%). (3-27)

Indeed, in (3-9), it turns out that

W (t —12

Hy (1) = M‘ (3-28)

2t

Observe that by (1-1) and (3-3), using the first line of (3-27), we clearly have that there exists C > 0 such
that
(Wi, (0] < Crexp(t?) (3-29)

for all + > 0 and all ¢. In Case 2, (2-1) is assumed to be true.
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Step 2. Assume that we are in Case 1. Then (2-1) holds true. Moreover, if y. := esssup u, < +00 for
all e, we have
2
Jim inf 2% 7)
e—=0 exp(y2)

— ——
:=68.€(0,1)

>0, (3-30)

and, in other words,

2

. . yg - Né‘

lim inf > —00, 3-31
e—0 /Ng¢ ( )

where @y is as in (3-6).

Proof of Step 2. By (3-7) and (3-24), we get
[ dy = 1+ )91+ 7 expc1 + ) (3-32)
Q
Writing now
Wy () = (14g(0) + ((1+ g (1 +1%) — (1+g(0) + (1 + g(t)pn (%)

and using (1-1) we also get

/ Wy, (ue)dy < (14 g(0))|2] + Ag(£2) +/ (14 gue))on, () dy, (3-33)
Q Q
where Ag is as in (1-11). Then by (1-1) and Case 1, we get from (3-32) and (3-33) that
lim inf / on, (u?) dy > 0. (3-34)
e—0

Up to a subsequence, u; — ug in HO1 for some ug € HO1 such that ||uo||i,l <4m. Let 0 < B <K 1 be given.
0
First we have

2 = A+ )=+ (1+ 5 )

Independently, by the Moser—Trudinger inequality, we have
weHj = forall pell,+00), exp(u®)eL”. (3-35)

Therefore, if ug % 0 and lim,_¢ ||us — uo||2 ] < 47, then there exists pg > 1 such that (exp(uz))g is
bounded in L?°, by Moser’s and Holder’s 1nequa11t1es Then, by Vitali’s theorem, since ¢y, < exp in
[0, +00) and since N, — 400 in Case 1, we get

up#0 = /¢N8<u§)dy=o<1>
Q

as ¢ — 0, which proves (2-1), in view of (3-34). Noting that the function ¢ — @y (¢) exp(—t) increases in
[0, +00), we can write

/ on, (u?) dy prg‘}; exp(u;) dy
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and conclude that (3-30) holds true by (3-34) and Moser’s inequality. Observe that

r gV
on () =expI) exp(—s)— ds. (3-36)
0 N!

Setting I' = )/82, N = N; and s = N, + u/N,, we get (3-31) from (3-30), using Stirling’s formula and

N
u 2
1—|——) e_”*FNSe_” /2
(+ 7
for —/N <u < 0. O

The next steps applies in both Case 1 and Case 2.
Step 3. We have that (3-8), (3-9) hold true, and that u. is in cl(Q).

Proof of Step 3. Assume by contradiction that (3-8) does not hold true, or in other words that |u | ] <
for all ¢ <« 1, up to a subsequence; then it follows from the fact that u, is an (unconstrained) crltlcal
point of our functional that W/ (u,) = 0 a.e. in Q. The key property is now that the Lebesgue measure of
|2 > 0, where Tu, € HOl is the
truncation of u; —fo as O when u, <tq and as t; —fy when u, > t1; this shows that \Ifjvg =01in (0, y.) and then

1+g(0)
1+ 12+ @n, (1%)

for all ¢t € [0, y.). If y. = 400, a contradiction arises; then y, < 400 and one can use Step 2 to show

{to <u., <t} is positive for all 0 <ty < #; < y,, as it follows by fg VT u,

(I4g@) = (3-37)

that y, — 400, still reaching a contradiction. Then (3-8) is proved, so that (3-9) holds true in Hol. Thus
for all given &, u, is uniformly bounded and then in C'-? by (3-9) and elliptic theory. We also use there
that g appearing in the formula (3-27) of W}, is assumed to be C Vin (1-1). O

The previous steps give in particular that (3-13) makes sense and holds true.
Step 4. It holds that A, > 0 for all 0 < ¢ < 1. Moreover
de —> 0 (3-38)
as € — 0, where A, is as in (3-9).

Proof of Step 4. By (2-1), we have u; — 0 a.e. and in L? for all p < +00. Since [, _,, Wy, (ue) dx —
(1+ g(0))|L, by (3-24) one has

e—0

lim inf/ Wy, (ug)dx > mwexp(l + M)
ug>Mp
for all given M( > 0; one can now use (3-27) with (1-1), (3-3) and some standard integration argument to get

lim inf/ [lIJ;\,S (ug)+2(1+ g(ug))ug]u£ dx = +o0. (3-39)
Q

e—0
Then, multiplying (3-26) by u. and integrating by parts, we get A, > 0 and

47 4+ o0(1) = / |V |>dx > A,
Q
which proves (3-38). Il
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Then, using (3-3), we may let u, > 0 be given by

AeH (e uzyion.—1(v2) =4, (3-40)

where @y is as in (3-6). Before starting the core of the proof, we would like to make a parenthetical
remark.

Remark 3.5. Case 1 is particularly delicate to handle, since the nonlinearities (\IJ},P)E are not of uniform
critical growth, even in the very general framework of [Druet 2006, Definition 1]. A more intuitive way
to see this is the following: if (y.), is a sequence of positive real numbers such that y, — +o0, but not
too fast, in the sense that 7752 <« Ng, then it can be checked with (1-1) and (3-3) that

WY (7e) = Ae(1 +0(1) 72T
as ¢ — 0, where ig = A¢/(Ng!). Then, in the regime 0 < u, < y,, at least formally, (3-26) looks at first
order like the Lane—Emden problem, namely

Au, = Xgung“, u, >0 in Q,

u, =0 on 0L,

Ny —> 400,
for which very interesting, but very different concentration phenomena were pointed out; see for instance
[Adimurthi and Grossi 2004; De Marchis et al. 2016; 2017; Esposito et al. 2006; Ren and Wei 1994; 1996].
A real difficulty in concluding the subsequent proofs is to extend the analysis developed in [Adimurthi
and Druet 2004; Druet 2006; Druet and Thizy 2017] for the Moser—Trudinger “purely critical” regime,
in order to deal also with such other intermediate regimes. As a last remark, a much simpler version of

the techniques developed here permits us also to answer some open questions about the Lane—Emden
problem, as performed in [Thizy 2019].

We let ¢, be given by
lx — xe|2
fg(X) = IOg 1+ T . (3-41)

&
Here and in the sequel, for a radially symmetric function f around of x, (resp. around 0), we will often
write f(r) instead of f(x) for |[x —x.| =r (resp. |x| =r).

Step 5. We have
Ve(Ve — e (Xe + e, ) = To :=log(1 +1- ) in CY (R?), (3-42)

where v, x¢ are as in (3-13) and i, is as in (3-40). Moreover, we have
lim i(r)lfxsyf > 0. (3-43)
E—>

At this stage, by taking the log of (3-40), by estimating A, with (3-38) and (3-43) we get from (3-3)
and (3-30) that

1
log i y2(1+0(1)) (3-44)

as ¢ — (. Observe in particular that (3-44) holds true in Case 1.
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Proof of Step 5. We first sketch the proof of (3-42). In Case 2, (3-42) follows closely Step 1 of the proof
of [Druet 2006, Proposition 1]. Thus, we focus now on the proof of (3-42) in Case 1. Observe that
N NN 1+o(1)

2
— exp(—t°) = —exp(=N) = 3-45
flelg N! exp( ) N! exp( )N—>+oo 27N ( )

by Stirling’s formula. Then, by (1-1), (3-3), (3-13), (3-27) and (3-30), we have

M2Ng
W, (o) = ueH e)pn, (u9) + e (14 g ) o + 007

¢!

< (1 +o(M)yepn,—1(¥D). (3-46)

Observe that, by (3-13) and elliptic theory, we must have supg, qu!;vg (ug) — +00 as ¢ — 0. Then, (3-46)
implies Asyg(pNg_l(ysz) — +o00 and then . — 0 as € — 0, by (3-40). Let 7, be given in (2 — x.)/u. by
Te
Ueg(Xe + e ) = Ve — —.

Ve

Then, since At, = — ,ugyg(Aug)(xg + e - ), we get from (3-26), (3-40) and (3-46) that there exists C > 0
such that |At,| < C, while 7, > 0, 7.(0) = 0. As in [Druet 2006, p. 231], we have u, = o(d(x,, 02)).
Then, by standard elliptic theory, there exists tp such that

7. —> 10 in C19 (R?) (3-47)

loc

as ¢ — 0. Note that for all I', T > 0 and all N, we have

r N
on(T) = oy () exp(=(I" = T')) —exp(T) /T CXP(—S)% ds. (3-48)

Writing the previous identity for N = N, — 1, I' = y? and T = u? = y2? — 27, + t2/y2, noting from
(3-45) and (3-47) that

v sNe—1 1
) ds=0| —
/ug FPE N (fzv)

in [RilzoC and resuming the arguments to get (3-46), we get

A(—10) = 4exp(—2710)

using also (3-26), (3-30) and (3-40). Now, choosing R >> 1 such that |g(#)| < 1 and H(¢) > O for all
t > R, we easily see that there exists Cg > 0 such that

uel Uy ()™ < Crlue| +dul, (3-49)

by (1-1), (3-3) and (3-27), where t~ = — min(z, 0). Then, we have

e , .
> Qus[q’Ng(us)] dy =4m +o(1),
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by (3-8), (3-26), (3-38) and (3-49), where ¢ = max(z, 0). For all A > 1, we get
. . )\'6 / +
4 exp(—2tg) dy <liminf — [ u,[Vy (us)]" dy,
Bo(A) e—0 2 Q €

by (3-47) and, since A is arbitrary, we get then that f[R2 exp(—21p) dy < 4o00. Thus, by the classification
result of [Chen and Li 1991], since 7y > 0 and 79(0) = 0, we get to(y) = log(1 + |y|2). Thus (3-42) is
proved by (3-47). Similarly, we may also choose some A.’s such that A, — 400 and such that

by 27 +o0(1)
> W, (e dy = ==
B.\’g (Aepte) yé‘
We use (3-45) to write
2 2N,
<p1v£(yg)2 1 Ve = 1+o(])
N, —1(V5) Ne! oy, —1(v9)

as ¢ = 0. Thus, since 0 < Wy, (1) < (1+g(®)) exp(tz) for all > 0, and since Cg 4, (£2) < +00, we get
(3-43) from (1-1). O

By Step 5 and estimates in its proof, since we assume ||u8||§1,1 <4m, we get that
0
lim lim (Aus(Y) Y u.dy =0. (3-50)
R—+4+00e—0 Q\By, (Rite)
We let Q2. be given by
{yeQ:on 1u:(»)*) = uc(y)*+1} inCase 1,
Q= .
Q in Case 2.

Now, despite the difficulty pointed out in Remark 3.5, we are able to get the following weak, but global
pointwise estimates.

Step 6. There exists C > 0 such that

| —x|?|Auglu, <C  in Q, (3-51)
and such that
| - —x¢||Vuglue <C  in Q, (3-52)
forall e.
In Case 2, it is not so difficult to adapt the arguments of [Druet 2006, §3,4] to get Step 6. Thus, in the

proof of Step 6 just below, we assume that we are in Case 1. Then observe that 2, # @ by Step 2. Given
no € (0, 1), writing

tNeNNe (XL (en)Ve (1
@N.—1(INg) = NI (;t +0(1))—m<:+0(1)>,

by Stirling’s formula, where o(1) — 0 as ¢ — 0 uniformly in |¢| < 59, the unique positive solution I'; of
on,—1(I'g) =T 4 1 satisfies I'; = (1 +0(1))(N,/e). Then, since ¢y, —1/(1 4 -) increases in (0, +00),
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we clearly get
N,
(14 0(1))—= < minu?. (3-53)
e Qe
Observe also that (3-53) almost characterizes €2 in the following sense: given § > 0, for all € <« 1 so that
(14 8)(N;/e) > Iy, one has that u,(y)> > (14 8)(N,/e) implies y € Q.
Proof of Step 6, formula (3-51). As previously mentioned, we still assume that we are in Case 1. Thus, in

particular, we assume that N, — 400 as ¢ — 0. Assume now by contradiction that

max |y = xe P Aue (D) ue () = |ye = X[ A (ye) e () — +00 (3-54)

&

as ¢ — 0, for some y.’s such that y, € Q.. First for any sequence (Z.). such that 7, € Q., we have
Aug(Zg) >0, g/(Ma(Ee)) = o(us(Z¢)) and

W (e (Ze)) = (1 + 0(1))2ue o) on,—1 (e (Ze)?) (3-55)
as ¢ — 0, using (1-1), (3-3), (3-27) and (3-53). Additionally, we have

Ug(ys) = 400 (3-56)
as ¢ — 0. Let v, > 0 be given by

V2| Aug (ye) lue (ye) = 1.

Then, using also (3-54), we have
[ve — x|

lim ——— = +o0, (3-57)
e—0 Ve

and, in view of Step 5,
fim e =%l o (3-58)
e—0 Me

For R > 0, we set Qg ¢ = By, (Rv,) N2 and S’ER,E = (QR.¢ — Y¢)/ve. Up to harmless rotations and since
Q is smooth, we may assume that there exists B € [0, +o00] such that QR,O — (—00, B) xRas R — +o0,
where S~2R,‘9 — S~2R,0 as € — 0. In this proof, for z € EZR,S, we write z, = y, + V.2 € Qg ¢. Let it be given
by

Ue(2) = ue (V) (e (ze) — ue(¥e)), (3-59)
so that we get
(Aug)(ze) _ \p;vs(”s(zs))

(Aug)(z) = = . (3-60)
’ (Aug)(ye) Wy (e (ye))
First, we prove that for all R > 0 there exists Cg > O such that
|Aiig] <Cr in Qg (3-61)

for all 0 < ¢ « 1. Otherwise, by (3-60), assume by contradiction that there exists z, € Qg . such that

|\IJ/ g(ua(ze)” > \IJ;VS (e (ye)) (3-62)
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as ¢ — 0. If, still by contradiction, z. & 2., we have u.(z.) < u.(y.) and

ON,—1(1e (26)?) < o, —1 (e (96)?),

by the definition of €2, and since ¢y /(1 + -) increases in [0, +00), and then

|“IJ;\/‘g (e (ze))l S ug(ze)(1+ ua(Zs)Z + ON.—1 (ua(Zs)z)) 5 \Ij;vg (e (ye)),

using (1-1), (3-3), (3-27), (3-55) and y, € 2, again. This contradicts (3-62) and then it must be the
case that z, € Q.. Thus, since y, is a maximizer on €2, in (3-54), we get from (3-57) and (3-62) that
ues(ze) < us(y.). But this is not possible by (3-55) and (3-62), which proves (3-61). Now we prove that,
forall R > 0,

lim sup sup us(z) <0. (3-63)

e—0 7€QR .

Until the end of this proof, we set ¥, := u.(y.). If (3-63) does not hold true, since i1,(0) = 0 and by
continuity, we may assume that there exist z, € Qg . such that

Be = [Ve(us(ze) — ¥e)1 = Bo € (0, +00) (3-64)
as ¢ — 0. Since u.(z:) > u.(y.) for 0 < ¢ « 1 by (3-64), we have z. € Q.. Moreover, since y, is
maximizing in (3-54), we then get from (3-55), (3-56) and (3-57) that

o1 (e (ze)7) < (1+0(1) o, 1 (7).

Independently, since ¢y is convex, we get
ON -1 (e (26)7) = ON 1 (D) + O, 1 (7)) (e (ze)* — 77)
> (1+2B0(1+o(D))pn, -1 (7). (3-65)

using (3-64) and ¢ (1) > ¢y (t) for ¢t > 0. But (3-64)—(3-65) cannot hold true simultaneously, which
proves (3-63). As in [Druet 2006, p. 231], #1,(0) =0, u, =0 on 9L, (3-61) and (3-63) imply

lig 4O 980
m-——————- =

e—0 Ve

Moreover, by standard elliptic theory, i, (0) = 0, (3-61), (3-63) and (3-66) give

+00. (3-66)

iie — ug in CL.(R?) (3-67)
as ¢ — 0, for some ug € C!'(R?). Given R > 0, we prove now

liminf inf (A#g)(z) > 0. (3-68)

e—0 2€QR .

Using (3-27), (3-56) and (3-67), we have

Wi, (1e) = 27N, 1 @)1+ 0(1) +0(7),
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uniformly in Qg . Then, coming back to (3-60), using (3-55) and y, € 2., we get

oN,—1(U:(20)?)

Aiig)(z) = (1+0(1 y
(Aug)(z) = (I4+0(1)) oN.—1(72)

+o(1),

uniformly in z € Q r.e. Now, we write (3-48) with I" = )782 and T = ug where u, stands for u,(z,;) here
and below. Then, in order to conclude the proof of (3-68), using also (3-36), it is sufficient to check that
there exists ng < 1 such that

~2 ~ ~
2 72 N 7 exp(—s) (s /N, 1) ds
Bim— exp(ug)~2 : / exp(—s) e ds = 24 - <nr  (3-69)
5. (Vo) exp(— (s —up)) Ju2 N,! 7 exp(=s)(s¥e /N.Y) ds

for all 0 < & < 1, uniformly in Qg ., where ﬁg = N, — 1. If u, > y,, the last inequality in (3-69) is
obvious. If now u, < y,, we write

S pexp(=0+1/7Vedr [ exp(Ne/2 = 1)+ ONer?/7)) dt
—_ & < &

& - — < & — - — - S nR
Lo exp(=0 A +1/7DNedt ™ [ oo exp(t(Ne/72 — D)+ O(Net? /7)) dt

using (3-67), where I, is as in (3-69). We get the last inequality using (3-53) and y, € 2.: (3-69) and
then (3-68) are proved in any case. Let R > 0 be given. By (3-57), (3-58) and (3-68), we clearly get

&

/ (At () " 1p dy = / Aus(y) e (v) dy
Q\ By, (Rue) By, (ve)

for all £ small enough. Using now (3-56) and (3-67), we write that u, = ¥ (1+o0(1)) uniformly in B, _(v),
so that

e—0

liminf/ Au(V)u:.(y)dy = liminff A (z)(1+0(1))dz > 0,

By, (ve) e=0 JBo(1)

by (3-68). Since this last term is independent of R > 0, this contradicts (3-50), which concludes the proof
of (3-51). O

Proof of Step 6, formula (3-52). Remember that we assume that Case 1 holds true. Assume then by
contradiction that there exists (y.). such that y, € Q. and

grgglzx [y = xe[[Vue (D) ue (y) = |ye — x| I Ve (ye) [ue (ye) := Ce — +00 (3-70)

as ¢ — 0. Then, by (3-53), (3-56) holds true. Let v, > 0 be given by
Ve = min(|xs — yel, d(ys, 952)). (3-71)
For all R > 1 and all ¢, we let Qg . and Q Rr.c be given by the formulas above (3-59). Let w, be given by
We (2) = Ue (Ve + Ve2).

Since ||u, ||i1 , < 4m, we get from Moser’s inequality that fQ exp(ug) dy = O(1) and then that, for all
0
given p > 1,
02 well Lo @,y = O(1) (3-72)
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for all €. Set X, = (x; —y¢)/ve. Now, for any given R > 1 and any sequence (z.), such that z, € Qg o\ {x¢}
(i.e., Zg == (2e — Ye) /v € QR,E\{)ES})’ we get

1/(”8(Z8)|Z£ _-i:8|2) if z, € Q¢,
AeVZIWY (ue(z))| = OOevi(1 4 ue(26))  if 2o & Qe

using (3-51) for the first line, and (3-27) for the second one. Then, using either (3-53) or (3-38) with
(3-72), we get

|Awe(Ze)| = V§|A”e(zs)| 5 {

IAwellLr &g \Be 1/R) = O (3-73)

as ¢ — 0. Independently, since ||u,|| H = O(1), we easy get

/N IVw,|>dz = 0(1). (3-74)
QR,&

Observe that |x.| > 1. Now, we claim that up to a subsequence,

d(e, 982)

ve > 0 and
|xXe — Vel

+o00 (3-75)

as ¢ — 0. In particular, by (3-71), this implies v, = |x; — y|. Now we prove (3-75). Indeed, if we assume
by contradiction that (3-75) does not hold, for all R >> 1 sufficiently large, we get that the (w,/us(y:))’s
converge locally out of By, (%) to some C' function which is 1 at 0 and 0 on the nonempty and smooth
boundary of limpg_, ;o limg_, ¢ Q R.e (maybe after a harmless rotation). We use here the Harnack inequality
and elliptic theory with (3-56), (3-73) (with p > 2) and (3-74), since u, =0 in d<2. This clearly contradicts
(3-74) and (3-75) is proved. Up to a subsequence, we may now assume

% — i |F=1, (3-76)

as ¢ — 0. By (3-56), (3-73), (3-74), and similar arguments including again Harnack’s principle, we get
We

e (Ye)

using also (3-75). By (3-72) and (3-77), we get that for all p > 1

— 1 in CL.(R*\{%}), (3-77)

e ug(ye) = O(1) (3-78)
as ¢ — 0. Let now w, be given by
~ we — we(0)
w&‘ = —9
Ve Vg (ye)l

so that |[Vw,.(0)] = 1. For any given R > 1 and any sequence (z.). such that zZ, := (z, — y.)/ve €
Qr.e\Bi(1/R), we get

1/(C£|Zs _i8|2) if z € Qg,
()\s/Cs)‘)é;zlfts(ys)4 if 7o & Q

ug(ye)

&

[Awe(Ze)| = [Awg (Ze)] S {
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for all ¢, using (3-51), (3-70) and (3-77). Then, since A, = o(1), we get from (3-70), (3-75) and (3-78)
(with p > 4) that

Ay — 0 in L2 (R*\{x}) (3-79)
as ¢ — 0. By (3-70), (3-76) and (3-77), given R > 1 and Z, € QR,g\Bg(l/R), we get
[Vue(ze)| _ue(ye) 1 _T+o()
IVue(¥e)| — ue(ze) 1Xe — Zel — 1Xe — Zel
for all 0 < ¢ <« 1. Then, by (3-79), (3-80) and since w,(0) = 0, there exists a harmonic function X in
RZ\{#%} such that lim,_,o W, = H in CL_(R?\{%}). Now, for all given B > 0, integrating by parts, we get

loc

f Uyt do = C, (f 0, Hdo —I—o(l)) < / |Vue|?dy +/ us(Aug)tdy = 0(1),
9By, (Bve) 3Bz (B) Q 2

using (3-70) and (3-77), as ¢ — 0. Since C, — +00, this implies fBB;(ﬁ) d0yH do = 0. Then, also by
(3-80), B being arbitrary, H is bounded around X and then the singularity at X is removable. By the
Liouville theorem, A is constant in R?, which is not possible since |Vw,(0)| = |[VH(0)| = 1. This
concludes the proof of (3-52). Il

Ve (Ze)| = (3-80)

Remark 3.6. We do not assume that the continuous function \IJ;\,F is positive and increasing in [0, 4-00).
Then, standard moving plane techniques [Adimurthi and Druet 2004; Gidas et al. 1979; Han 1991;
de Figueiredo et al. 1982] do not apply. We use in the proof below the variational characterization (3-7)
of the u,’s to get that x € K, Kq as in (1-9), and that, in particular, x ¢ 02 in (3-12).

Let B, be the radial solution around x, of

1
{ AB, = E)\8\115\,5(35), (3-81)
By (xe) = v,
where Y, is still given by (3-13). Let u. be given by
1
Ue(z) = ——— / usdo (3-82)
27 |xe =zl JoB,, (x.—zD)
for all z # x, and u.(x.) = u.(x:) = y.. Let gg € (/1/e, 1) be given. Let p, > 0 be given by
te(pe) = (1 —£0) ;. (3-83)
By (3-44), we have
p7 = exp(—(e0 +o(1)y?). (3-84)
Let r. be given by
re =sup{r € (0, pc] : lug — Be| < 1/ye in Bx,;(r)}- (3-85)

Observe that r. > u. by Step 5 and the Appendix. Then, we state the following key result.
Step 7. We have
- 1
ug(re) = Bg(ra)+0(—) (3-86)

&



1396 PIERRE-DAMIEN THIZY
and then r, = p, for all 0 < ¢ < 1. Moreover, there exists C > 0 such that

[V(Bs —ug)| <

in By, (pe) (3-87)

EVE

forall 0 < e K 1, where (x;). is as in (3-13), B, is as in (3-81), u. is as in (3-82), p, is as in (3-83) and
re is as in (3-85).

Since B.(x;) = u.(x:) = Y., (3-87) obviously implies

| iy B (p) (3-88)

PeYe

|Be —ug| <C

for all 0 < ¢ <« 1. Then, combined with the Appendix, Step 7 provides pointwise estimates of the u.’s in
Bxg (0¢).

Proof of Step 7. The proof of Step 7 follows the lines of [Druet and Thizy 2017, Section 3]. We only
recall here the argument in the more delicate Case 1. Let v, be given by

e = By + ve. (3-89)

By the Appendix, we have that B, is well-defined, radially decreasing in B, (p.), and
te te
Be=y:——+ 0<_) (3-90)
e Ve

uniformly in By, (o¢) as € — 0, where . is given by (3-41). Then, we get first from (3-83) and (3-90) the
lower bound

min B, > y.(g9 + o(1)).

Xg (re

Let us introduce now an intermediate radius 7, given by
~ . 1 .
Fe = sup{r € (0, re] : 3e0¥e|xe — -|[Vite| < C in By (r)}

for C as in (3-52). We prove now that 7, = r, for all ¢ < 1. Indeed, by Wirtinger’s inequality on 0 By(r),
0 <r <rg, we have

_ 2C
litg —ug| < T,
E0Ye
so that, by (3-85),
2nC _1
[ve| = |Be —ug| < | — +1 Ve
&0

in By, (7;). Then, we get a lower bound on u, as well, namely

min ue > ye (g0 + o(1)), (3-91)
By, (7o)

so that, by (3-52), the condition in the definition of 7, never saturates: 7. = r, for all £ < 1. Observe
for this that (3-91) combined with (3-53) (see also the paragraph below (3-53)) and with our assumption
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est > 1 implies By, (7¢) C Q.. Observe in particular that (3-31) provides y? > N, (1+o0(1)). Summarizing
what we have just obtained in B,, (r;), we may write

1
Ixe — - [|[Vuelll Lo, ¢e) = 0(—),
Ve
and |
vell oo (B, (o)) = O (—) (3-92)
Ve
We also have
B: <y, (3-93)

in B, (r;). By combining (3-26) and (3-81), (3-92) allows us to linearize (3-81) to control v,. More
precisely, (1-5) and Lemma 3.3 permit us to compute the variations of \Ijzlvg in (3-27), even if g is only C'!
in (1-1), so that ‘ijvg is only continuous. Namely, we get from (1-5a) and (1-5¢) and from Lemma 3.3 (for
y = B,) that
1 .
[Avg| = |A(ug — Be)| < C/)»aJ/gZQDNS—z(Bg)[Wd +0<_)i| m BxS (re)

&

for all €, using (3-48), (3-91)—(3-93) and some computations. Then, (3-90) gives

—2t:(1 D) +12/y? 1
A | < cr SR H D) 1) [|vs| +o<—)] in B,, (ro) (3-94)
I e
using (3-30), (3-40) and (3-45). Starting now from (3-92)—(3-94), we can compute and argue as in [Druet
and Thizy 2017, Section 3] in order to get (3-86)—(3-87). U
Conclusion of the proof of Lemma 3.4. Let g( € (g9, 1) be fixed and let p] > 0 be given by
te(pp) = (1 — o)y, (3-95)
so that, by (3-44),
(p)* = exp(—g5(1 +o(1)y). (3-96)
In order to conclude the proof of Lemma 3.4, by Steps 1-7, it remains to prove (2-4), (3-10)—(3-12), that
4 G G
ug(y) — T[—XS(y)‘ = O(M) (3-97)
Ve Ve
uniformly in By, (p))¢, that
t S S S _
e =Ye =+ 5+ L (Alre) = 26) = +o<rf—€) (3-98)
yS yg yg & &€

uniformly in By, (p.), where the S; .’s are as in (A-5), and that

4 LA As(Aye)—26
“s()’)=Gxg(y)(_n+Z T HA S))

& i=0 yg Vs

4B(ye)
vZexp(14+H,,

Le [ B(ye)l
Gy(X)FAn Gy, (x))dx+o| =G, (M+——>— ], (3-99)
(xe)) Ja Ve Y,

&
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uniformly in By, (p}), as € — 0, where F and B(y,) are given in (1-6), where the A;’s are as in (A-3),
and where ¢, is given in (A-8).

(1) In this first point, we aim to get pointwise estimates of the u,’s out of By, (p,). Let G be the Green’s
function in (1-8). It is known that (see for instance [Druet and Thizy 2017, Appendix B]) there exists
C > 0 such that

C
and 0< G, (y)<—log

IVyGe()] =
lx =yl 2r " lx =yl

(3-100)

for all x, y € 2, x # y. By (3-87) and since | u, ||2 <4, it is possible to prove (see for instance the
proof of [Druet and Thizy 2017, Claim 4.6]) that, glven p <1/g,

Il expu) | Lo 8., (o /29 = O(1) (3-101)
for all &, where By, (p;/2)¢ = Q\By, (p./2). In the sequel, p’ > 1 is chosen such that
1 1
—+—=<1
p pr

Let now (z.). be any sequence of points in By, (p;)¢. By the Green’s representation formula and (3-26),
we can write

g ,
ua(z8)=?/QGz€(y)‘I’ (e (y)) dy.

By (3-100), we have that there exists C > 0 such that
lxe — -1

Pe

in By, (p./2) for all €. Sett, = 1 + .. By (3-44) and (3-84), we have

|Gz, (xe) =G | =C (3-102)

| -« —xg| f, -~
l_0o —85 in Qg :={y:t.(y) <y}
Ve Pe Ve

as ¢ — 0, and then, by (3-88), (A-9) holds true for v, as in (3-89). Independently, using (3-29), (3-40),
(3-88) and (A-3) with (A-7), we clearly get that there exists C > 0 such that
exp(=2t +12/y7)

he| Wiy, ()] < C : = in By, (301) (3-103)
ngs

for all . Then, we get

AWy (ue) —2te+12/y2)| - —
Ms(Ze) = ng (xe) TE TN TE dy+0</ exp( et 8/y£ )l x8|
By (02/2)

By, (0./2) 2 W2y p}
A(ye)—26,

= st(xg)‘m (H— +—+0(Z€))+0(i>+0(”u6”Lp’), (3-104)
Ve Vg 2 Ve

dy) +O (Aellue ||Lp’)

where Es is given by (3-15). We start by focusing on the first equality of (3-104): (3-102) and (3-103)
are used to get the first two terms. The last term is obtained from (3-29), (3-100), (3-101) and Holder’s
inequality. We focus now on the second equality of (3-104), resuming the previous one term by term:



WHEN DOES A PERTURBED MOSER-TRUDINGER INEQUALITY ADMIT AN EXTREMAL? 1399

The first term is easily computed by integrating (A-9) in Q. and by plugging the values of the A;’s from
(A-2)—(A-4) on the one hand, and by estimating roughly in By, (,o;)\fzg with (3-103) on the other hand.
The last term obviously follows from A, = o(1). As for the o(1/y,), we get first O (1. /(p,¥:)) using
&y > %, which clearly concludes by (3-95). Using first that u, <y, and (3-84) in B,, (o), and then (3-104)
with (3-100) in @\ By, (p,), we get

1 1
””s”LP’ = 0(; + ||ua||Lp’) +0 (E)
This implies with (3-104)

Ue(ze) = MGyﬂQ + iz + % +0(4:8)) +o<yi). (3-105)

(2) In this second point, we prove
44o0(1)

T yZexp(l+ M)
as ¢ — 0, for M as in (1-9). Observe that (3-105) implies
4Gy, +o(1)

&

(3-106)

ug = (I+o(1))

in Q\ By, (p¢). By (1-1) and (3-100), our definition of p, and the dominated convergence theorem, this
implies

lim Wy, (ue) dy = |2|(1 + g(0)). (3-107)
e=>0JQ\B,, (p.)

Independently, (A-7) and (3-88) give
1 1))t
e = Ve — SO (3-108)
Ve
in By_(p¢), since g < pe. Then, using (3-30), (3-45), 8(2) > 1/e and resuming the arguments to get (3-55),
we have
Wy, (ue) = (1+o(D))gn, 1) and Wy (ue) =2(1+0(1)) uepn, 1 () (3-109)
in By, (p¢). Independently, observe that, for all I', § > 0,
oy =dexp(I'’) = forallT €[0,T], on(T) <dexp(T), (3-110)

since @), > ¢y in [0, +00]. Then we get

47 (1 1
/ Wy, (ue) dy = drd+o) jo( 2 (3-111)
By, (pe) Yihe

as ¢ — 0, by (3-30), (3-40), (3-108), (3-109), with (3-48) for |y — x| < e, or with (3-110) and the
dominated convergence theorem for |y — x| > .. Then, because of (3-7), we get that (3-106) holds
true, by combining (3-107), (3-111) with (3-24).
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(3) In this point, we conclude the proof of (3-10), and prove (2-4) and (3-12). For R > 1, let x. r be
given in Q, g 1= Q\ By, (Ru) by
Xe,R = 47TA8,R st

for A g > 0 to be chosen later such that
Xe.r s on dBy (RiL). (3-112)

Integrating by parts, we can write

/ |Vue|*dy = f IV xe.r|* dy — 2f (v Xe.R) (e — Xe.R) dO +/ IV (e — xe.r)|* dy
QS,R QE,R ana (Rllfs) QS,R

z/ |V xe.r|* dy, (3-113)
QS,R

where v is the unit outward normal to the boundary of By, (R), using (3-112). Indeed, by [Druet and
Thizy 2017, Appendix B] for instance, since d(x., 9€2) > . by Step 5, we have

0,Gy, on 0By, (Ru,). (3-114)

1
=— (0]
2mRus (d(xg, am)
Now, by (3-3), (3-40), (3-42), (3-45), (3-84), in order to have (3-112), we can choose A, g such that

2 2 2 -1
Aor= yi(l _ log(1 + fz) +0(1)) (1 " log(8she vy /(4R ))/)2—'_ Hy, (x¢) +0(1)) , (3-115)

with 8, € (0, 1] as in (3-30). In (3-115), we use

He
Hy, —H =0|—— ) =001
|Hx, — Hx, (xe)] (d(xg,89)> o(1)
uniformly in 0 B, _(Rpu.), using Step 5 and computing as in (3-21). Now, by (1-8), (3-44), (3-84), and
(3-114), we compute and get first that

/ IVxe rI*dy > — / 3y Xe.R) Xe.R A
Q2 R ang (Rpe)

2 2 2 —1
. (1 B 2log(1 —I—yl; )—i—o(l)) (1 N log(8:Aevs /(4R ))2—1- Hy, (x¢) +0(1)) ’

Ve
using also (3-115). Independently, we compute and get also that

/ |Vu8|2dy:4—7;<10g(1+R2)— S +0(1)>,
By (Rie) Vi 1+ R?

by (3-42). Thus, since ||u€||§{(} <4m and by (3-7) and (3-113), we eventually get

log §ehe + Hy, (xe) -

vé -

Moreover, using the definition (1-9) of M, (3-106), §. < 1 and that R > 0 may be arbitrarily large, we get

o(1).

8. — 1, (3-116)
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and that (3-10) and (3-12) hold true. As a remark, in Case 2 where N, = 1, (3-116) is a direct consequence
of the definition (3-30) of 8.. Then, (2-4) follows from (3-10), (3-107) and (3-111).

(4) Now we prove (3-11). Since 86 > g9, we get from (3-84), (3-88), (3-96) and (A-7) that

t t t t.C
e =Y — — — —= — (Aye) —20) = +o< eg"’”) (3-117)
e Ve 2y, Ve

uniformly in {y € By, (p;) : t. > y./4}, using also (A-3). Then, noting that the averages of (3-105) and

(3-117) have to match on 9 By, (p,), we compute and get
_ 4
T yZexp(14 M+ 3y2(A(re) — 28) +o(Gev?))
by (3-12), (3-116) and (3-40) with (3-3) and (3-45). Observe in particular that

(3-118)

159,726, S, 15y, 51

on 3By, (p.), by (3-95) and (3-96) with (1-8) and (3-12). By (3-10) and (3-118), (3-11) is proved.

(5) Here, we conclude the proof of Lemma 3.4. As an immediate consequence of (3-105), we get that
(3-97) holds true. Pushing now one step further the above computations with very similar arguments, we
get that (3-98) holds true as well. At last, using in particular (3-10) with (1-6) to improve the estimates in
point (1) of this proof, we get (3-99). Il

Lemma 3.4 is proved. O

4. Proof of Proposition 2.1

Proof of Proposition 2.1. We make the assumptions of Lemma 3.4 in Case 2 with ¢, =47 (1 —¢). In
particular, we assume that u, is a maximizer for (/ fn ( 175)(9))’ for all 0 < ¢ « 1, and that (2-1) holds true.
Then, Lemma 3.4 in Case 2 will be currently applied in the sequel. In particular, we may let A, Ve, X¢, e
be thus given and it only remains to prove (2-5)—(2-6) to get Proposition 2.1.

Let z € Q2 be given. In view of (3-99), for y, u > 0, we let now U, ,, . be given by

lx — z|?

1 1
Uy (x)= ;(— log(l + PR ) + log E +H_1,M,Z(x)>

1
! Xx—z A; 1
+ IZ(; y3+2i (Sz( " ) + E(log ? +Hi,/L,z(x)) — Bi)

A x-z) A !
n () S, < + 22 log — +Hop:(x)) — B

15() / G (y)F(drG.(y) dy (4-1)
T exp(L+ H:2) Jo ) dy,
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where the §; are given by (A-2), where the A;, B; are as in (A-3), where H is as in (1-8), where the H; ,, .
are harmonic in 2 and given by

o I ! H W (s (222 = B;) +log 2
_ = — 10 T ———— or : = —— ; —_ : (0]
1.z g A i— P Jomez A i\ 4 J g

on 9%, for j € {0, 1, 2}. By the maximum principle and (A-3), we have that H; , ,(x) — H,(x) and
10, H j 1u,2(x)] < C e uniformly in x €  as u — 0, for all j. Then, setting f,, (1) = y ! U,y,(2)—1, using
that S;(0) = 0 and (4-1), it may be easily checked that £, (1) = —y 2 log u*(1+o0(1)) — 1, C'-uniformly
in u € (0, u(y)) as y = 400, where u(y) is given by —log M(y)2 = %yz. In particular, there exists
Y > 1 such that lim,_,¢ f) () = +o0, f,,(u(y)) <0 and f]ﬁ < 01n (0, u(y)), so that there exists a
unique ji(y, z) € (0, u(y)) such that f, (fi(y, z)) =0 for all y > y. Fixing K a compact subset of €2, it
is clear that y can be chosen independent of z € K; in particular, we may let [i. := ft(y., z) be the unique

w € (0, u(ye)) given by

Up.,yg,z(z) =Ve 4-2)

for all ¢ small. We write from now on ’;t[j,g,z =H; .. and U, := Uy, ,, .. The following result
concludes the proof of Proposition 2.1.

Lemma 4.1. We have

yg_3B(y8)

—e (4-3)
ve 1A

5= /Q G:(WFUrG: () dy if

as € — 0, where S is as in (1-9) and x as in (3-12). Moreover, (2-5) holds true in any case.

Proof of Lemma 4.1. Let K be a compact subset of €2 and (z.). be a given sequence of points of K. For
simplicity, we let in the proof below 28 be given by

. 1 B(y:
ZazmaX<—4,IA(Va)I,| (J;”).
Ve Y,

&

(4-4)

(1) We first derive the following more explicit expression of the [, from (4-2):

4 4 5
et 1 0 A 4A A 2
epG D72 yrexp 1 i, oy o T O Tl A
2
Ve A(ye) 4B(ye)
= - F(4 4-
X< 2 yeexp(l+Ha o) Jo 0 (ersz))dy) (4-5)

as ¢ — 0. By the maximum principle and (A-3), we get that there exists Cg > 0 such that |’;[ jezl < Ck
in €2, so that, by elliptic theory, the A j.e,z. S are also bounded in Cl

1oc(§2) for all & and j. We get from
(4-2) that |log 1/fi2 — y2| < C/, and then that

Hjez —Hel < Cpydexp(—y2) inQ, (4-6)
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forall0 <e < 1and j e {—1,...,2}, by the maximum principle, (1-8) and (A-3). Rewriting then (4-2)
as
1 A A A(ye)As A
2 0 1 Ve 0
=log —|1 H., 1
e T 08 ﬂ%( T T T 4 >+ Zé(za)( +4ny§)
B 4B(y.)
yg2 ve exp(l + M, (ze)) Ja

we easily get (4-5), using (3-16) and (A-3) with A;/(4m) — A%/(16712) — By =0.

G, (WF@En G, () dy+ 0@, +1A)),

(2) We prove now that
/ VU, P dx = 47 (1+ L (v) +0(E)) 4-7)
Q

as ¢ — 0, where I, (y,) is given by

—a, AWY) 4B(y:)
I c) = 4 z F 4 Z 4_
)=yt VA exp(l+ o (20) QG LMF@r G, (y)dy (4-8)

and where U, ., is given by (4-1)-(4-2). By (1-6) and elliptic theory,

(x — / GV FAn G, (y)) dy) is a bounded sequence in c! (Q). (4-9)
Q

&

By the construction of the j.e,z.» WE Can write

/ |VU,...(»)[*dy
Q

:/ AUs,zg()’) Ue,zg(Y) dy,
Q

_ f (A(—r}) L ASoe  AS +A(V3)A§2,s>
(yie()=ve}

Ve RZ A Ve
. S A 1 3 —z _
x <y£__8+ 0 +0<(| (el +—5>(1+t5)+ |y 8')) dy +o(y,™
£ £ Ve yg £

+ (0<ﬂ§y;‘>+ B0 F(4nng<y>))
(it ()=y: (e —D) veexp(l+H,, (z¢))

) (4nGyzg<y> .\ O(szy) +|B<V;>|)) dy, (4-10)

Ve Ve
where 7, (y) = log(1+4 |y — z¢|*/f12) and S; . = Si(|y — z¢|/fis). We use also here (1-8) with (3-16), and
the estimates of point (1) of this proof, including (4-5)—(4-6). The integral on {f, € (Ve, v:(¥: — 1))} gives
an 0(y8_4)—term. Estimate (4-7) follows from (4-10), the Appendix and some computations that we do
not develop here again; see also [Mancini and Martinazzi 2017, §5].

(3) We prove now that
/ Vi |* dx = 4 (1 + I, (ve) + 0(Z)) 4-11)
Q
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as ¢ — 0, where I, (y;) is given by (4-8), for (x;). as in (3-13). Now, we can push one step further the
argument involving (3-118), writing now that both formulas (3-98) and (3-99) must also coincide on
9By, (p.), where p, > 0 1is as in (3-95). We compute and then get for 1, in (3-40) the analogue of (4-5)
for [i,

4 1
A H(pe) = —(1+0(_))
T W2 exp(yR)y2 yd

4 .
= 1 2z,
yZexp(l + Hy (x2)) (1 +o(r:2)

5 (1 VAW 4B(y.)
2 Ve exp(l + Hy,

[ G.oranc.onay). @)
@) Ja

using (1-8), (3-16), (A-3)—(A-7). Independently, integrating by parts, resuming some computations in the
Appendix and using (2-2), (3-12), (3-44), point (1), and (3-97)—(3-99) (see also (3-89) and (A-9)), we get

/ |Vu8|2dx:/ ue e H (up)ute exp(uﬁ))dx,:/ Uex, AU, ., dx + 0(Z;). (4-13)
Q Q Q

In order to get the second equality and to apply the dominated convergence theorem, it may be useful to
split 2 as

1 1-4; , 1 1-6, ,
Q={y:t:(y) <y }Uy:t(y) > ¥, and log 5= Yo tUqy:log 5 < Yo s
|xe — ¥ 2 lxe — ¥ 2

where & is as in (1-6), and to use the first line of (4-12) with (1-5) (resp. with (3-29)) in the first region
(resp. in the second region), or (1-6)—(1-7) in the last region. Observe that the argument here is to show
that U; , (resp. AU, ,,) is in some sense the main part of the expansion of u, (resp. Au,). Thus we get
(4-11) from (4-7) and (4-13).

(4) We prove now that, for any fixed sequence (7.). of real numbers such that n, = 0()/8_2), we have
/ (148 (Vez ) exp(V2. ) dy = Q] (1+g(0)+7 exp(14+H;, (z)) (1—11:72)
Q

1 .
xH(yg>(1+y31h(ys>+ﬁ+o(y3<;s+|na|>>)

&

( 8B(ye)
x| 1+
Ye(k+1)exp(1+H;,

/ng(y)F(47Tng(y))dy), (4-14)
(o)) Jo
where « is as in (1-6) and where V, ;. > 0 is given by

V2, ==l (4-15)

&€,2¢

where U, ;, is given in (4-1). Computations in the spirit of the proof of (4-13) give

fg (14 8(Us.x,) exp(UZ, ) dy = /Q (1+ g (u,)) exp(ul) dy + o(¥ ), (4-16)
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not only by combining (1-1), (1-5)—(1-6), Lemma 3.3, (3-12), (3-97)—(3-99) and the Appendix, and by
splitting €2 as in (4-10), but also by using (4-5) and (4-12). In particular, once (4-14) is proved, choosing
ne =0 and z, = x., we get from (4-16) that

L(1+g(us)) exp(u;) dy = |Q|(1+g(0)+ exp(1+H,, (xc)) H (v.)

1 .
X <1 +nglxg (ve)+ ﬁ +0(V52§e))

&

( 8B(ye)
x [ 1+
Ve(k+1) exp(1+H,,

/ Gxg(y)F(4ﬂGxg(y))dy)- (4-17)
(xe)) Jo

It remains to prove (4-14). We compute and get

.72
Us,zg(y)z = ng — 21, + ﬁ +

& &

2§0’g

+O(UAGD + 7 HA+ 20D + 1y — z)) (4-18)
for all y such that 7, (y) < y,, using (1-7), (4-1)—(4-2), (4-5), (4-9) and (A-3). Then we get
f~ (14 g(Vee)) exp(V2, ) dy
{te<ye}
= / ~ H@) I+ O(A¥.)] exp(doie))) exp(y7) exp(—2i,) exp(—n:¥7)
{te<ve} ~
2428 _ s
x exp(‘fy—ﬁ) exp(O (7] + A + v H (A +iD) + 1y — zel) d,

&

using (3-2) and (4-15) with (4-18). Then combining n, = 0()/8_2), (3-16), (4-5), computing explicitly
Jr2 exp(—2T0)So dy = 0 and [, exp(—2Ty)T¢ dy = 27 for Ty as in (3-42), we get

/~ (14-g (Voo ) exp(V2, )dy
{te<ve}

_ Uy HO exp e, GOTD) (124 ) i)

2
8 (HVE A(ye) 4B(ve)

G, x)FArn G (x))dx—i-O(B(ye)))él-Tr(l-l—i). (4-19)
2 VseXP(Hzg(Ze)+1) Q “ “ ),2

& e

Independently, we get from (1-6), (3-1) (parts (a) and (b) in {y, 4G, (y) < %yg }, or part (c) otherwise),
(4-1), (4-5) and the dominated convergence theorem that

/ (I+g(Vez)) exp(Vg%ZE)dy
{ng)/s}

8t B(y, B(ye 1
— 19101+ + 2P [ G () FarG. () dy+o(' ol —2>. (4-20)
yele + 1) Jo A

Combining (4-19) and (4-20), we conclude that (4-14) holds true, using (3-3) and (4-5).
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(5) We are now in position to conclude the proof of Lemma 4.1. Let xo be a point in the compact set
Kqo @ Q where S is attained in the third equation of (1-9). Let 1. be given by

4 (1l —¢)
(l—ng)z—U —5 4-21)
1Ue0l
First, we can check that
Ne = Izy(Ve) — Lr, (¥e) +0(&e), (4-22)

so that the condition n, = 0()/8_2) above (4-14) is satisfied, using (1-7), (3-7), (3-16), (4-7) and (4-11).
Additionally, we have ||V, z, ”12L11 =4 (1 — &), by our choice (4-21) of 1., and then, by (3-7),
0

/Q (1 + g (ue)) exp(ud) dy > /Q (14 g (Vo)) exp(V2e ) dy:

this implies, in view of (4-14), (4-17), (4-22) and of our choice of x, that (4-3) is true and then, by (4-11)
again, that (2-5)—(2-6) are true as well. This concludes the proof of Lemma 4.1. Il

Proposition 2.1 is proved. O

Proof of Proposition 2.3. Let Q2 be a smooth bounded domain of R2. Let g be such that (1-1) and (1-5)—(1-6)
hold true for H asin (1-2), and let A, B and F be thus given. Assume that Ag(£2) <7 exp(1+M), where M
is as in (1-9) and A,(€2) as in (1-11). Assume that there exists a sequence of positive integers (N;), such
that (2-9) holds true and such that (/ fj’rvg (£2)) admits a nonnegative extremal u, for all € > 0, where gy,
is as in (1-10). Then, by Lemma 3.4 in Case 1, we have (2-1) and that (3-8) holds true for o, = 47 for all
0 < & < 1. Moreover, we have u, € C1%(Q) (0 <6 < 1) and (2-3) by (3-13). In order to conclude the proof
of Proposition 2.3, it remains to prove (2-10). Still by Lemma 3.4 in Case 1, (3-97)—(3-99) and (A-9) (v, as
in (3-89)) hold true. Concerning (3-97)—(3-99) and (A-9), observe that, contrary to Case 2, the term &,
cannot be neglected in Case 1, which we are facing here. Indeed, using also now (3-30), (3-40), (3-110)
and (A-9), we can resume computations of (4-10), (4-13) and the Appendix (now with (3-11)) to get

e Gy =47 (1+ 1) +o(r* + A + ¥ | B(re) | +0)
as ¢ — 0, where
I(re) =y, + L(A(e) — 28) + 4y, exp(—1 — M)B(y:)S,

so that (2-10) holds true, which concludes the proof. O

Appendix: Radial analysis

Let (x,), be a sequence of points in R? and (y,), be a sequence of positive real numbers such that
ye — 400 as ¢ — 0. Let g be such that (1-1) and (1-5) holds true for H as in (1-2), and let A be thus
given. Let (N;). be a sequence of integers. We assume that we are in one of the following two cases:
Case 1': N, — +oo ase— 0, and (3-30)—(3-31) hold true.

Case 2': N, =1 for all ¢.
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Let B, be the radial solution around x, in R? of (3-81), for Wy as in (3-25), where (1), is any given
sequence of positive real numbers. Let Ty be given in R” by

To(x) = log(1 + |x|%). (A-1)
Let S;, i =0, 1, 2, be the radially symmetric solutions around 0 in R2 of
ASo — 8exp(—2Ty)So = 4 exp(—2To)(T§ — To),
AS) — 8exp(—2Ty)S; = 4exp(—2Tp)(So + 28§ —4ToSo + 28Ty — Ty + A T7)), (A-2)
ASy —8exp(—2Ty) Sy = 4exp(—2Ty) Ty

such that S;(0) = 0. In the sequel, we will use the C! expansions of the S;’s given by
Ag 1 2 _» 72
So(r) = —log — + Bo+ O(log(r)“r~*), where Ag =4n, By = — +2,
47 r2 6
Al 1 4 -2 71’2
$1(r) = T+ 1og = + Bi + O(log(r)*r ). where A; = 4 (3 n F)’ BieR, (A3
T r
A 1
So(r) = 4—2 log — + B+ O(log(r)r %),  where A, =2, B, €R,
T r

as r = |x| — +oo. Note that in particular

A= / AS; dox. (A-4)
R2
The explicit formula for Sy
2r? 1—r2 [ logt
S =T —— —I1y(r)? / —dt,
O(r) O(r)+1+l"2 2 (r>+1+l"2 | 1—t

and the expansions in (A-3) are derived in [Malchiodi and Martinazzi 2014; Mancini and Martinazzi
2017]. Let g9 € (1/1/e, 1) be given. Let . be given by (3-40) and 7, by (3-41). Let p. > 0 be given by
(3-83) and satisfying (3-84). Let S; . be then given by

(|x - xe|>
Sie(x) =5; (A-5)

&

fori =0, 1,2. Let& > 0 be given by (3-14). In Case 1’ where N, — 400 as ¢ — 0, we get & = O(N, /%)
by (3-30) and (3-45). Then, in any case, we clearly have

& —0 (A-6)
as ¢ — 0. Then we are in position to state the main result of this section.

Proposition A.1. We have

t S S S 1 A +
Be= e 2 2L (A — 26020 +o(ra<ﬁ Al S E)) (A7)
&

3 3 € 3 Ve

uniformly in [0, p.] as € — O.
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In particular, using also (1-1) and (3-3), it can be checked that B, is positive and radially decreasing in
[0, pe]. Observe also that &, < )/8*4 can be seen as a remainder term in Case 2'. Let £, > 0 be given by

1
Ce = maX(—4, lA(Ye)l, és)- (A-8)
Ve
Set 7, = 1 + t,. Resuming the computations below, we get as a byproduct of Proposition A.1 that
ve = o(f.y,”>) implies

AeWo(Be +ve) 4 exp(—2t;) | (ASO)((- —xe)/e)  (ASD(- —x6)/ 1he)
= + +
2 U2Ve v2 v

-—xg

+ (A(ye) — 2‘58)(A52)( ) + o0& eXP(gots))} (A-9)

e
uniformly in {y : z.(y) < y.}, for some given 8o € (89, 1), for 8 as in (1-5).

Proof of Proposition A.1. Since both arguments are very similar to prove for Case 1’ and Case 2/, for the
sake of readability, we only write the proof of Proposition A.1 in the more delicate Case 1’. Then, assume
that we are in Case 1. We let 7, be given by

B, =y — —. (A-10)
Ve
Let w, be given by
t. S S S w
Bomye— 24200 4 2le 4 (4 —0g,) 22 4 S0 (A-11)
y&‘ & & & )/8
Let § > 0 be fixed and let 7, > 0 be given by
e = sup{r > 0 : |w,| < 8t in [0, r]}. (A-12)

Now, since § > 0 may be arbitrarily small, in order to get Proposition A.1, it is sufficient to prove that
re = p, for all 0 < ¢ < 1. Using (A-12), we perform computations in [0, 7.] and the subsequent o(1) are
uniformly small in this set as ¢ — 0. First, by (1-5), (A-3), (A-6) and (A-12), we have

e =1:(14+0(1)). (A-13)

Observe that, as soon as we have AB; > 0 in [0, 7], the solution B, is radially decreasing and (3-93)
holds true in [0, 7¢]. Let Lf and L? be given by

H(B:)=H(y.)(1+ Lf), and then (14 g(B;)) = H(y.)(1+ Lf +L%). (A-14)

In view of (A-10) and (A-13), estimates of L, Lf are given by (1-5) and (3-2), respectively. We are now
in position to expand the right-hand side of (3-81). From now on, it is convenient to write

N.=N,—1. (A-15)
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Going back to (3-27), we have
w,, (Bo)

2
By (3-83), (A-10) and (A-13) and since 7, < p., we have

2N,
— BgH(m[(l + L)1+ g5, (B)) + L§<Ij;—, = Bfﬂ. (A-16)

[I(l)fli_n] B > (e0 +o(1))ye = +00 (A-17)

as ¢ — 0. Thus, by Stirling’s formula, we get

lﬁzN8> xp( N. (1 ’82+(1 2+ 1) +o(1)
e og — og ¢ o
Na! = eXp 3 gNa 2€o

and then, for all given integers k > 0,

2N,
B =o0(1) 1\2! (A-18)
in [0, ] as € — 0, using 8(2) > 1/e with (3-31). Similarly, for all given integers k > 0, we have
B
PCEI A1)

in [0, ] as ¢ — 0. Then, by (3-40), (A-10), (A-19) and (A-18), we may rewrite (A-16) as
bWy (B) 4 v (B) B2
— = (1 - %) [0<exp<—y3>> PRLAC (1 + LI+ 0(—“" 3 Lﬁ))] (A-20)
2 Wz Ve Y N (Ve Ne! oy, (B7)
in [0, r¢], as € — 0. Indeed, by (A-17), we have

LA =0(1) and L¢=o0(1) (A-21)

in [0,7.] as ¢ — 0, using (1-1), (3-3) and (A-14). In (A-20), the term O(exp(—ysz)) is equal to
(1+ Lf )/ PA. (ygz) and we thus get this control by (3-30) and (A-21). In the following lines, we expand
the terms of (A-20). By (3-48) with I' = 2 and T = B2, we get

o (BY) s o
£ =exp(B, —y;) — Fe,
o5, (r2) A
where F; satisfies in [0, 7]
BZNS ]/32—352 u 1\75
Fo=—t / exp(—u)<1 + —2) du
Nelog (v2) Jo B;
2 N N
exp(Bz) Ve sV 0 y\°©
= exp(—s) —— ds = & exp(B> — y%) exp(—y)(1+=) dy. (A-22)
o5, (V) Jge N,! B2—y2 Y
By (A-10) and (A-11), we may write

So.e S, _
Te=lp—— — 7 — (A(ye) — 2£)S2.c — LeWe.
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Then, keeping in mind (A-3), (A-6), (A-12), (A-13) and 7, < ygz, we may compute

72 i 1 21, S, _
exp(B2 —y2) = exp(—Z‘cs + —52> =exp| -2, + — (tf L O(Qtf))] (A-23)
y&‘ - & y£
in [0, r.] as € — 0. Observe that
N .
i yINH
_ L < L
exp(y) ;0 IS v oD

for all y € R and all integers N > 0. Then we draw from (A-23) that

T,
(l—y—i) exp(BZ—y2)

&

—exp(—2 i 2_ i 2 1.4 2 _ 43
= P( ts) 1+y2(2SO,s+tg t8)+ 4(2S1,s+250’8+2t8+2S0,5t8 4SO,sts t8+SO,8)

& &

76 3 2
+2<A<ye>—2sg>sz,g+2;ewe+o((t—;ﬁft; +;§f§) exp (o(&)#—@))} (A-24)
Y. Y, Y

& & &
in [0, 7] as ¢ — 0. Independently, by (3-30), (3-45), (A-10), (A-12), (A-13) and since B.(x;) = Y., for
all given R > 0, we have
H Bzﬁg BzNS
I3 &

— +
Nolog (BY)  Nelog (B

1 B2N:
L ([0,min(R e, 7e)] N O(M) and Ne! Sﬂﬁg(Bg) =1 (A-23)
in [0, 7.], the second inequality being obvious by (3-6) and (A-15). In the sequel, by (3-31), we may
assume that N
Be 1= % satisfies ah_r}% B = Bo €10, 1], (A-26)

up to a subsequence. Now, we give estimates for F given in (A-22). Up to a subsequence, we can split
our results according to the following two cases:

.~
lim YN 4o, (A-27a)
e—0 /Ns

y2—N

£ E=0(). (A-27b)

VN,
Observe that, since we assume (3-31), all the possible situations are considered in (A-27). Let (7). be

any sequence such that
re €10, ¢l (A-28)

for all &. We prove that, in the case of (A-27a),

O (Ecve exp(=2£. () (Bo +0(1))))  if Be(ro)? = N, + V.,

Fe( s) = ~ =~
' O(exp(—(1 4+ g0+ 0()te(re)))  if Be(re)* < No+ x/ﬁg,

(A-29)
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while we get in the case of (A-27b)

21 (re)ée exp(_zta(rs)(l + 0(1))) if 7. (re) = o(ye),
O(ts(rs)ga exp(_(l +é&o+ 0(1))ta(r£))) if ye = O(t:(re)).

Now we prove (A-29). We start with the first estimate of (A-29). Then, we assume that B, (re)?> ﬁg +v ﬁg,
and thus in particular that

For) = { (A-30)

N, _ 1+o)

1— > (A-31)
Bs(”s)z v/ Ng
Writing now F, according to the first formula of (A-22), using (3-93), (A-17) and
log(1+1) <t forallt > —1, (A-32)

we get first that

F, 2 s 1 N d
el (i
) < Gexp-2n0p) [ exp( y( Bgm)z» 3

and conclude the proof of the first estimate of (A-29), by (3-31), (A-13) and (A-31). In order to prove the
second estimate of (A-29), it is sufficient to write F, according to the second formula of (A-22), to check
that

s
/ exp(—s)=—ds =1,
R N!

that r, <r. < p, implies
te(Fe) < (1 —e0)y2, (A-33)

and to use (A-10), (A-13) and (3-30). Now we turn to the proof of (A-30). Then, we assume (A-27b)
holds true and in particular

&

1-B.=0 <i> in (A-27b). (A-34)

Writing F, according to the third estimate of (A-22), we get

1 2_p2
F. =& eXp<—rs <2 —~ %)) (vZ =B f eXP((Vf — B2y +N, 10g<1 _ e By yng)y)) dy (A-35)
0

& &

at r.. Expanding the log, we easily get the first estimate of (A-30) from (A-13), (A-34), (A-35) and the
assumption ¢, (r;) = o(y:). The second estimate of (A-30) can also be obtained from (A-35) by (A-13),
(A-32), (A-33) and (A-34). This concludes the proof of (A-30). Now, we prove that, in the case of

(A-27a), we have
Te 'uz
/ F.(Nrdr = 0(—2). (A-36)
0 Y

&
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Since r; < p, we get from (3-14), (3-30), (3-31), (A-29) and by Stirling’s formula that

/ B _ Fe(ryrdr
{rE[O,fe],Bg(r)22N8+V Ne}

Sexp(Y2Lf (Be) + O((logve) /vH]) { (A-37)

T if By > 3.
n2exp(y2(1—e)(1 — 2By +o(1))) if By < 3,
where f is the continuous function in [0, 1] given for 8 € (0, 1] by

f(ﬁ)zﬂlog%Jrﬁ—l-

Independently, since 7. < pg, if
re € Joi={r €[0,7]: Bo(r)? < Ne +V N, },
then J, # @ and )/82 < ﬁg, by (A-10), (A-13) and (A-33). Thus we have

~

Ve SV ﬁs L te(re),

~

using that we are in the case (A-27a) for the last estimate. Then, we get from (A-29) that

2
f Fe(r)rdr < / exp(—(l +e0+ 0(1))ts(r))r dr = 0(“—3). (A-38)
e {r<pe,te=ye} Y,

&

Observe that f and 8 — f(B) + %( 1 — 28) are negative in [0, 1) and [0, %] respectively. Moreover,
because of (A-27a) and by (3-31), we can check that

582%5 1 _ 51_1+i(1)§1_1+0(1)’
Y& 141/VN, vV N, Ve

since ygz > ﬁg +V ﬁg, and then that

1 (A-39)

0< _f (:38) S Y,
Thus, we get (A-36) from the first estimate of (A-37) with (A-39), from the second estimate of (A-37)
withl —gg<1—4/1/e < % and from (A-38). Computing as in (A-37), we get also that

§e = o(%) (A-40)

&€
in (A-27a) (see (A-39)). By (A-13) and the second part of (A-25), using that 7, < p., we may rewrite
(A-20) as

AW, (B)
2

__4 [(1—E+LH)exp(Bz—y2)—F+0<t—’“’|F|+exp(—y2)>
12y, y2 f e el TE y2 o f ¢

2N,

le 2 2 H ) B;
ol — B:— F, L L8 O||L8 B:— ——)|. (A-41
+ ((Vsz exp(B; —y,)+| sl)(| e |t g|)>+ (| Slexp(B; yg)Nslwﬁg(Bg) ( )
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By (3-84), we clearly have

Pe MZ
f exp(—y2)rdr = 0(—2). (A-42)
0 Ve
Integrating by parts, observe that w, given by (A-11) satisfies
Te
we(0)=0 and —r.w.(r;) = / (Awg)rdr, (A-43)
0
where, still using radial notation,
5) = 22 )
w,(r) = r).
¢ dr

From now on, we estimate w, in [0, 7] with (A-43). By (1-5) and (A-14), we may expand Lf in (A-41).
Now, since (3-81) holds true, by taking the laplacian of B, we get from (A-11) and (A-41) an estimate
of Aw, and then of the right-hand side of (A-43) for r, still as in (A-28). The key observation is that
the precise form of the ODEs in (A-2) generates a cancellation, when plugging (A-24) in (A-41). The
lower-order terms when taking the laplacian of (A-11) are estimated thanks to (A-3). We are left with
estimating the lower-order terms in (A-41), in both cases of (A-27). Assume first that we are in the case
of (A-27a). Estimating these lower-order terms amounts to gathering the appropriate previous estimates
(see (A-21), (A-25), (A-29), (A-36), (A-40), (A-42)). This gives after some slightly long, but elementary
computations that

re B _, Te/le Msrzdr e/ Me rdr
/ |<Aws>|rdr=0(||w8||mom> / W>+O</o m) (A-44)

We also use (1-5) and (3-2) to estimate LZ and L£. The first term in the right-hand side of (A-44) uses
that, for all r € [0, r¢],

[We (1) < FIWLI L (0,r.])-

Observe now that (A-44) still holds true in the case of (A-27b), replacing (A-29), (A-36) and (A-40) by
(A-30) in the above argument. Since &g > % we clearly get from (A-43) and (A-44) that, in both cases of

A-27
( ), —/ y MS(FS/:“S)S (re/ljfs)z
r6|wg(r8)| = O(”wg”LC’O([O,rS])W) +0(m). (A-45)

Now we prove that
e Wy |l Lo qo,7,7) = o(1). (A-46)
If (A-46) does not hold true, then, by (A-45), there exists s, € [0, 7.] such that s, = O (ue), e = O(Se),

|1I);: (Ss)| = ||1D;||Loo([0’;g]) and lim sup //lelj);(sgﬂ > 0. (A—47)

e—0

In particular, up to a subsequence, we may assume that there exists «g € (0, +00] such that 7. /s — g
as ¢ — 0. Let w, be given by

We (¥) = We (e y) /(e Wy Lo (0,7.7)) -
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By (A-45) and (A-47), we get that (||(1 4+ - )W, || z(0.7 /u.1))s is @ bounded sequence. Then, computing
as in (A-44) and by radial elliptic theory with (3-81), we get w, — wg in C 2([0, ag]) if oty < +00 or in

C2 (10, ap)) if otg = 400, where g solves

AII)O =38 exp(—ZTo)li)o in B()(O[()),
wo(0) =0,
)y is radial around 0 € R?,

still making usual radial identifications, and where Ty is given in (A-1). By the standard theory of radial
elliptic equations, this implies wo = 0, which contradicts (A-47) and proves (A-46). Then, since w.(0) =0
and by the fundamental theorem of calculus, we get from (A-45) with (A-46) that 7, = p, in (A-12). By
the discussion just above (A-13), this concludes the proof of Proposition A.1. 0

Acknowledgements

The author warmly thanks the referees for several substantial remarks, and valuable suggestions and
comments.

References

[Adimurthi and Druet 2004] Adimurthi and O. Druet, “Blow-up analysis in dimension 2 and a sharp form of Trudinger—Moser
inequality”, Comm. Partial Differential Equations 29:1-2 (2004), 295-322. MR Zbl

[Adimurthi and Grossi 2004] Adimurthi and M. Grossi, “Asymptotic estimates for a two-dimensional problem with polynomial
nonlinearity”, Proc. Amer. Math. Soc. 132:4 (2004), 1013-1019. MR Zbl

[Carleson and Chang 1986] L. Carleson and S.-Y. A. Chang, “On the existence of an extremal function for an inequality of
J. Moser”, Bull. Sci. Math. (2) 110:2 (1986), 113-127. MR Zbl

[Chen and Li 1991] W. X. Chen and C. Li, “Classification of solutions of some nonlinear elliptic equations”, Duke Math. J. 63:3
(1991), 615-622. MR Zbl

[De Marchis et al. 2016] F. De Marchis, 1. Ianni, and F. Pacella, “Asymptotic analysis for the Lane—Emden problem in dimension
two”, preprint, 2016. arXiv

[De Marchis et al. 2017] F. De Marchis, I. Ianni, and F. Pacella, “Asymptotic profile of positive solutions of Lane—Emden
problems in dimension two”, J. Fixed Point Theory Appl. 19:1 (2017), 889-916. MR Zbl

[Druet 2006] O. Druet, “Multibumps analysis in dimension 2: quantification of blow-up levels”, Duke Math. J. 132:2 (2006),
217-269. MR Zbl

[Druet and Thizy 2017] O. Druet and P.-D. Thizy, “Multi-bumps analysis for Trudinger—Moser nonlinearities, I: Quantification
and location of concentration points”, preprint, 2017. To appear in J. Eur. Math. Soc. arXiv

[Esposito et al. 2006] P. Esposito, M. Musso, and A. Pistoia, “Concentrating solutions for a planar elliptic problem involving
nonlinearities with large exponent”, J. Differential Equations 227:1 (2006), 29-68. MR Zbl

[de Figueiredo and Ruf 1995] D. G. de Figueiredo and B. Ruf, “Existence and non-existence of radial solutions for elliptic
equations with critical exponent in R2”, Comm. Pure Appl. Math. 48:6 (1995), 639-655. MR Zbl

[de Figueiredo et al. 1982] D. G. de Figueiredo, P.-L. Lions, and R. D. Nussbaum, “A priori estimates and existence of positive
solutions of semilinear elliptic equations”, J. Math. Pures Appl. (9) 61:1 (1982), 41-63. MR Zbl

[Flucher 1992] M. Flucher, “Extremal functions for the Trudinger—Moser inequality in 2 dimensions”, Comment. Math. Helv.
67:3 (1992), 471-497. MR Zbl

[Gidas et al. 1979] B. Gidas, W. M. Ni, and L. Nirenberg, “Symmetry and related properties via the maximum principle”, Comm.
Math. Phys. 68:3 (1979), 209-243. MR Zbl


http://dx.doi.org/10.1081/PDE-120028854
http://dx.doi.org/10.1081/PDE-120028854
http://msp.org/idx/mr/2038154
http://msp.org/idx/zbl/1076.46022
http://dx.doi.org/10.1090/S0002-9939-03-07301-5
http://dx.doi.org/10.1090/S0002-9939-03-07301-5
http://msp.org/idx/mr/2045416
http://msp.org/idx/zbl/1083.35035
http://msp.org/idx/mr/878016
http://msp.org/idx/zbl/0619.58013
http://dx.doi.org/10.1215/S0012-7094-91-06325-8
http://msp.org/idx/mr/1121147
http://msp.org/idx/zbl/0768.35025
http://msp.org/idx/arx/1602.06919
http://dx.doi.org/10.1007/s11784-016-0386-9
http://dx.doi.org/10.1007/s11784-016-0386-9
http://msp.org/idx/mr/3625097
http://msp.org/idx/zbl/1380.35110
http://dx.doi.org/10.1215/S0012-7094-06-13222-2
http://msp.org/idx/mr/2219258
http://msp.org/idx/zbl/1281.35045
http://msp.org/idx/arx/1710.08811
http://dx.doi.org/10.1016/j.jde.2006.01.023
http://dx.doi.org/10.1016/j.jde.2006.01.023
http://msp.org/idx/mr/2233953
http://msp.org/idx/zbl/1254.35083
http://dx.doi.org/10.1002/cpa.3160480605
http://dx.doi.org/10.1002/cpa.3160480605
http://msp.org/idx/mr/1338473
http://msp.org/idx/zbl/0833.35036
http://msp.org/idx/mr/664341
http://msp.org/idx/zbl/0452.35030
http://dx.doi.org/10.1007/BF02566514
http://msp.org/idx/mr/1171306
http://msp.org/idx/zbl/0763.58008
http://dx.doi.org/10.1007/BF01221125
http://msp.org/idx/mr/544879
http://msp.org/idx/zbl/0425.35020

WHEN DOES A PERTURBED MOSER-TRUDINGER INEQUALITY ADMIT AN EXTREMAL? 1415

[Han 1991] Z.-C. Han, “Asymptotic approach to singular solutions for nonlinear elliptic equations involving critical Sobolev
exponent”, Ann. Inst. H. Poincaré Anal. Non Linéaire 8:2 (1991), 159-174. MR Zbl

[Malchiodi and Martinazzi 2014] A. Malchiodi and L. Martinazzi, “Critical points of the Moser—Trudinger functional on a disk”,
J. Eur. Math. Soc. 16:5 (2014), 893-908. MR Zbl

[Mancini and Martinazzi 2017] G. Mancini and L. Martinazzi, “The Moser-Trudinger inequality and its extremals on a disk via
energy estimates”, Calc. Var. Partial Differential Equations 56:4 (2017), art. id. 94. MR Zbl

[McLeod and Peletier 1989] J. B. McLeod and L. A. Peletier, “Observations on Moser’s inequality”, Arch. Ration. Mech. Anal.
106:3 (1989), 261-285. MR Zbl

[Moser 1971] J. Moser, “A sharp form of an inequality by N. Trudinger”, Indiana Univ. Math. J. 20 (1971), 1077-1092. MR
Zbl

[Pruss 1996] A.R. Pruss, “Nonexistence of maxima for perturbations of some inequalities with critical growth”, Canad. Math.
Bull. 39:2 (1996), 227-237. MR Zbl

[Ren and Wei 1994] X. Ren and J. Wei, “On a two-dimensional elliptic problem with large exponent in nonlinearity”, Trans.
Amer. Math. Soc. 343:2 (1994), 749-763. MR Zbl

[Ren and Wei 1996] X. Ren and J. Wei, “Single-point condensation and least-energy solutions”, Proc. Amer. Math. Soc. 124:1
(1996), 111-120. MR Zbl

[Struwe 1988] M. Struwe, “Critical points of embeddings of HO1 " into Orlicz spaces”, Ann. Inst. H. Poincaré Anal. Non Linéaire
5:5(1988), 425-464. MR Zbl

[Thizy 2019] P.-D. Thizy, “Sharp quantization for Lane-Emden problems in dimension two”, Pacific J. Math. 300:2 (2019),
491-497. MR Zbl

Received 6 Feb 2018. Revised 13 Mar 2019. Accepted 12 May 2019.

PIERRE-DAMIEN THIZY: pierre-damien.thizy@univ-lyonl.fr
Université Claude Bernard Lyon 1, CNRS UMR 5208, Institut Camille Jordan, Villeurbanne, France

mathematical sciences publishers :'msp


http://dx.doi.org/10.1016/S0294-1449(16)30270-0
http://dx.doi.org/10.1016/S0294-1449(16)30270-0
http://msp.org/idx/mr/1096602
http://msp.org/idx/zbl/0729.35014
http://dx.doi.org/10.4171/JEMS/450
http://msp.org/idx/mr/3210956
http://msp.org/idx/zbl/1304.49011
http://dx.doi.org/10.1007/s00526-017-1184-y
http://dx.doi.org/10.1007/s00526-017-1184-y
http://msp.org/idx/mr/3661018
http://msp.org/idx/zbl/1382.35010
http://dx.doi.org/10.1007/BF00281216
http://msp.org/idx/mr/981664
http://msp.org/idx/zbl/0687.46017
http://dx.doi.org/10.1512/iumj.1971.20.20101
http://msp.org/idx/mr/0301504
http://msp.org/idx/zbl/0203.43701
http://dx.doi.org/10.4153/CMB-1996-029-1
http://msp.org/idx/mr/1390360
http://msp.org/idx/zbl/0855.49008
http://dx.doi.org/10.2307/2154740
http://msp.org/idx/mr/1232190
http://msp.org/idx/zbl/0804.35042
http://dx.doi.org/10.1090/S0002-9939-96-03156-5
http://msp.org/idx/mr/1301045
http://msp.org/idx/zbl/0845.35012
http://dx.doi.org/10.1016/S0294-1449(16)30338-9
http://msp.org/idx/mr/970849
http://msp.org/idx/zbl/0664.35022
http://dx.doi.org/10.2140/pjm.2019.300.491
http://msp.org/idx/mr/3990817
http://msp.org/idx/zbl/07178656
mailto:pierre-damien.thizy@univ-lyon1.fr
http://msp.org




Massimiliano Berti

Michael Christ

Charles Fefferman

Ursula Hamenstaedt

Vadim Kaloshin

Herbert Koch

Izabella Laba

Richard B. Melrose

Frank Merle

William Minicozzi 1T

Clément Mouhot

Werner Miiller

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Patrick Gérard
patrick.gerard @math.u-psud.fr
Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Scuola Intern. Sup. di Studi Avanzati, Italy

berti @sissa.it

University of California, Berkeley, USA
mchrist@math.berkeley.edu
Princeton University, USA
cf@math.princeton.edu

Universitdt Bonn, Germany
ursula@math.uni-bonn.de

University of Maryland, USA
vadim.kaloshin@gmail.com
Universitdt Bonn, Germany
koch@math.uni-bonn.de

University of British Columbia, Canada
ilaba@math.ubc.ca

Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

Universitdt Bonn, Germany
mueller @math.uni-bonn.de

Gilles Pisier

Tristan Riviere

Igor Rodnianski

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andrés Vasy

Dan Virgil Voiculescu

Steven Zelditch

Maciej Zworski

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

Texas A&M University, and Paris 6

pisier @math.tamu.edu

ETH, Switzerland

riviere @math.ethz.ch

Princeton University, USA

irod @math.princeton.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA

gunther @math.washington.edu

Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Northwestern University, USA
zelditch@math.northwestern.edu

University of California, Berkeley, USA
zworski@math.berkeley.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2020 is US $340/year for the electronic version, and $550/year (4+$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:berti@sissa.it
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 13  No.5 2020

Regularity results for generalized double phase functionals 1269
SUN-SIG BYUN and JEHAN OH

Epsilon-regularity for p-harmonic maps at a free boundary on a sphere 1301
KATARZYNA MAZOWIECKA, REMY RODIAC and ARMIN SCHIKORRA
Uniform Sobolev estimates for Schrodinger operators with scaling-critical potentials and ap- 1333
plications
HARUYA MIZUTANI

When does a perturbed Moser—Trudinger inequality admit an extremal? 1371
PIERRE-DAMIEN THIZY

Well-posedness of the hydrostatic Navier—Stokes equations 1417
DAVID GERARD-VARET, NADER MASMOUDI and VLAD VICOL

Sharp variation-norm estimates for oscillatory integrals related to Carleson’s theorem 1457
SHAOMING GUO, JORIS ROOS and PO-LAM YUNG

Federer’s characterization of sets of finite perimeter in metric spaces 1501
PANU LAHTI

Spectral theory of pseudodifferential operators of degree 0 and an application to forced linear 1521
waves
YVES COLIN DE VERDIERE

Global existence for the derivative nonlinear Schrodinger equation with arbitrary spectral sin- 1539
gularities
ROBERT JENKINS, JIAQI L1U, PETER PERRY and CATHERINE SULEM
Unconditional existence of conformally hyperbolic Yamabe flows 1579
MARIO B. SCHULZ

Sharpening the triangle inequality: envelopes between L? and L” spaces 1591
PAATA TVANISVILT and CONNOR MOONEY

2157-5045(2020



	1. Introduction
	2. Proof of the main results
	3. Blow-up analysis in the strongly perturbed Moser–Trudinger regime
	4. Proof of Proposition 2.1
	Appendix: Radial analysis
	Acknowledgements
	References
	
	

