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SHARP VARIATION-NORM ESTIMATES FOR
OSCILLATORY INTEGRALS RELATED TO CARLESON’S THEOREM

SHAOMING GUO, JORIS ROOS AND PO-LAM YUNG

We prove variation-norm estimates for certain oscillatory integrals related to Carleson’s theorem. Bounds
for the corresponding maximal operators were first proven by Stein and Wainger. Our estimates are sharp
in the range of exponents, up to endpoints. Such variation-norm estimates have applications to discrete
analogues and ergodic theory. The proof relies on square function estimates for Schrodinger-like equations
due to Lee, Rogers and Seeger. In dimension 1, our proof additionally relies on a local smoothing estimate.
Though the known endpoint local smoothing estimate by Rogers and Seeger is more than sufficient for
our purpose, we also give a proof of certain local smoothing estimates using Bourgain—Guth iteration and
the Bourgain-Demeter £> decoupling theorem. This may be of independent interest, because it improves
the previously known range of exponents for spatial dimensions n > 4.

1. Introduction

Letn > 1 and @ > 1 be fixed. Given a Calder6n-Zygmund kernel K : R” — R we define a modulated
singular integral by

HW fx):= | fx—0e K@) dt, ueR. (1-1)
Rn
The maximal operator
sup [H" f| (1-2)
ueR

was introduced in [Stein and Wainger 2001] as a generalization of the Carleson operator studied in
[Carleson 1966; Fefferman 1973; Lacey and Thiele 2000]. In this paper, we study variation-norm
estimates for the family {H® f},cr. Apart from the intrinsic interest in such bounds, another strong
motivation is given by the connection to certain discrete analogues of (1-2) that are the subject of recent
works [Krause and Lacey 2017; Krause 2018] (see Section 1A below).

If J is a subset of R and {a, : u € J} is a family of complex numbers indexed by 7, then for any
1 <r < oo the r-variational norm of {a,},c 7 is defined to be

J 1/r
V'{a, :u e J}:=sup sup (Z lay, —ay,_, |’> .

JeN U UL yeeny MJEJ i—1
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Closely related to it is the jump function of the family {a, },c7: for A > 0, the A-jump function of {a,},c 7,
namely N,{a, : u € J}, is defined to be the supremum of all positive integers N for which there exists a
strictly increasing sequence s; <t < sy <t <--- < Sy < ty, all of which are in 7, such that

|atj _aSj| > A

forall j=1,...,N. Forr € (1,00) and p € (1, 00), we will study the L?” mapping properties of the
maps

fr—V{HYf ueR},

fr— AN {HY FrueRNY", r>0.

Henceforth f will always be a Schwartz function on R”; the goal is to establish a priori bounds for
all such f. If in dimension n = 1 we take o« = 1 and replace |t| by ¢, then this corresponds to the
variation-norm Carleson operator, which has been studied in [Oberlin, Seeger, Tao, Thiele, and Wright
2012; Uraltsev 2016]. We refer the reader to [Bourgain 1989; Pisier and Xu 1988; Campbell, Jones,
Reinhold, and Wierdl 2000; 2003; Jones, Seeger, and Wright 2008] for earlier results concerning jump
function and variation-norm inequalities for other operators arising in harmonic analysis.
Let us assume that K is a homogeneous Calderon—Zygmund kernel, in the sense that
Q(x)

|x["

K(x)=p.v.

for some function €2 that is smooth on R" \ {0}, homogeneous of degree 0. The assumption that K is
homogeneous is not strictly necessary. It is there to help simplify the presentation of the proof of the
theorem. We also assume that fgn_. Q(x)do (x) =0, where o denotes the surface measure on S"~ .

Theorem 1.1. Letn > 1, o € (1, 00) and define H™ as in (1-1). If r € (2, 00), p € (1,00) and r > p'/n,
then we have

IVAHO frue R < Cll Sl (1-3)

In addition, ifn > 2 and p € 2n/(2n — 1), 00), then

|AWNAHO fueRY| < CUFI,.
Here the constant C is allowed to depend on n, «a, p and r.
Moreover, up to endpoints, we show that this is the best we can expect:
Theorem 1.2. The estimate (1-3) fails if r < p’/n.

Thus, the range of exponents for which estimate (1-3) holds is given by the quadrilateral in Figure 1
below (up to endpoints).

It is natural to ask what happens when « is less than 1. Our methods do not seem to be able to handle
this case. But if n = 1, an easy adaptation of our methods allows us to obtain a positive result where the
phase function |#|* in (1-1) is replaced by sgn(z)|#|% In particular, if « is an odd positive integer, we may
replace |¢|* in (1-1) by #* and still obtain a positive result.
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Figure 1. The range of exponents for which estimate (1-3) holds.

The inequality (1-3) can be understood as an extension of the well-known result from [Stein and
Wainger 2001] (also see [Guo 2016] for the case when « is not an integer):

Hsug HOfI], SUfIl,  forevery p>1. (1-4)
ue

1A. Connection with discrete analogues. Further motivation stems from the study of a discrete analogue
of the maximal operator (1-2). Fix an integer d > 2 and let u € R. Consider the following operator H(Z")

acting on functions f :Z — C:

HOfo = Y flx— t)ei”’d%, xeZ
1€Z\(0}

This is a discrete analogue of our operator H™ for n = 1 and « = d. Bounding the associated maximal
operator f — sup,cg I”H(Z”) fl on £7(Z) is significantly more difficult than bounding Stein and Wainger’s
maximal operator and until recently, no such bounds were known. For the recent progress on this problem
and further discussion of discrete analogues, we refer to [Krause 2018; Krause and Lacey 2017]. A
careful analysis of the multiplier of H(Z”), which is much in the spirit of the Hardy-Littlewood circle
method, reveals a natural splitting of the problem into a number-theoretic and an analytic component. In
the case p = 2, the core estimate for the analytic component is a variant of Bourgain’s classical maximal
multifrequency lemma [1989, Lemma 4.1]. The precise statements can be found in [Krause and Lacey
2017, Section 3; Krause 2018, Sections 5 and 10.2]; see, in particular, Theorem 3.5 of [Krause and Lacey
2017]. Using a small refinement of our Theorem 1.1 (see Theorem B.3 below), together with the argument
from [Bourgain 1989], one can obtain an alternative simple proof of (a small extension of) Theorem 3.5
of [Krause and Lacey 2017]; we include some details in Appendix B.

Discrete analogues are intimately related to ergodic theorems and this connection provides a further
application of our variation-norm estimates. Krause [2018, Theorem 1.2] made use of a variant of the

estimate (1-3) in his recent work on a pointwise ergodic theorem.

1B. Outline of the proof. We now briefly describe an outline of the proof of Theorem 1.1. To control
the left-hand side of the estimate (1-3), we split the contribution into two parts: long variations and short
variations. For each j € Z, define the short variation on the u-interval [2/%, 20U+D?] by

er”H,f(x) = Vr{?-[(”)f(x) ‘ue [zja, 2(j+1)oz]}.
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Also define y
S, (Hf)(x) == (Z |V;Hf(x)|’) :
jez

NN x) = N HE) f(x) 1 j e 7).

We will use the following lemma (see, for example, [Jones, Seeger, and Wright 2008]):

Lemma 1.3. Forr € [2, 00) we have
MNAHY £ o> ONY" S S, (HF) + AN, 5 (HAY”
uniformly in A > 0.

(Hereafter, A < B means A < C B for some absolute constant C.)

By this lemma, and by Bourgain’s argument [1989] of passing from jump norms to variation-norms
(see also [Jones, Seeger, and Wright 2008, Section 2]), to prove Theorem 1.1 it suffices to prove the
following two propositions.

Proposition 1.4. For every p € (1, 00) and r € [2, 00) we have
dyad
AN S O 1, S AN

uniformly in A > 0.

Proposition 1.5. Letn > 1 and p € (1, 00), r € (2, 00) withr > p’/n. Then we have

IS (HOp S Ul p-
If n > 2, then the inequality also holds for r = 2.

The proof of Proposition 1.4 depends on a jump function inequality of [Jones, Seeger, and Wright
2008] that is based on a Lépingle inequality for martingales.

By interpolation with the inequality (1-4) of [Stein and Wainger 2001], it suffices to consider the case p €
(2n/(2n—1), 0o) to prove Proposition 1.5. The proof of Proposition 1.5 then depends on a square function
estimate for Schrodinger-like equations, which is due to [Lee, Rogers, and Seeger 2012]. In one dimension,
we additionally need a local smoothing estimate for these equations. The following local smoothing result
is more than sufficient for our needs: indeed we will only need the following estimate for n = 1 and some
p < oo. We are including the full theorem here only because it may be of independent interest.

Theorem 1.6. Let y > 1 be a real number and let I be a compact time interval. For any dimension n > 1
and exponent p < 0o satisfying

204nt7) e

> i1 if n=—1 (mod3),

P> 2”:3 if n=0 (mod3), (1-5)
4(n+2)

Il if n=1 (mod 3),
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we have
o I p 1/p
( f / e 5 (&) d%‘ dxdt) Se I lwesen gy (1-6)
R x 1 n
whenever € > 0 and
é_n<l_l)_l
14 2 p/ p

Here we write WP (R") = (I — A)™*/2LP(R") to denote the standard Bessel potential space.

Let us take a moment to compare Theorem 1.6 with results in the existing literature. Rogers [2008]
considered the case y = 2, namely a local smoothing estimate for the Schrodinger propagator ¢''2. He
proved that (1-6) holds whenever y =2, p e (2+4/(n+ 1), o0) and € > 0 (in the rest of this section
B will always be as specified in Theorem 1.6). This was improved subsequently by Rogers and Seeger
[2010], who obtained the endpoint case € = 0 for all y > 1: they established that (1-6) holds with e =0
forall p e 2+4/(n+1),00) and all y > 1. In particular, this implies Theorem 1.6 for n =1, 2, 3.
Theorem 1.6 gives a larger range of p in dimensions n > 4, albeit with an e-loss in smoothness. We also
note that in the case y = 2 (i.e., for the Schrodinger propagator), Lee, Rogers and Seeger [2013] obtained
an improvement of the aforementioned result of [Rogers and Seeger 2010]; in particular, in Proposition 5.2
of [Lee, Rogers, and Seeger 2013], they proved that if the dual Fourier restriction conjecture holds at an
exponent g, in the sense that

NEf Laownsry S I Nl 2o qo, 11
for some exponent yy < 2(n+3)/(n+ 1), where E is the Fourier extension operator for the paraboloid in
R™*! given by

Ef(x, 1) = FEECETED g (x, 1) e R" x R, (1-7)
[0,1]"

then (1-6) holds for y = 2 with € = 0 whenever p € (g, 00), where g, is defined by

_2n+3) . _1/go—(n+1)/2(n+3))
4= (I =y, q0), withy(n, qo):= (1t D)2— 1+ 2D/d0)

A direct computation shows that

2
n>—n(4—qo)/(go—2)

As a result, even if one can establish (1-7) in all dimensions n with gg = go(n) that decays like go(n) =

4
Gx=2+——
n

24+ (2+1)/n+ O(1/n?) for some A > 0 (the Fourier restriction conjecture shows that the best one can
hope for is A = 0), using the above result of Lee, Rogers and Seeger, one can only establish the local
smoothing estimate (1-6) for p € (g.(n), o), where

4 1
() =2+-+0(— |
n n
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On the contrary, if p,(n) is the Bourgain—Guth exponent given by the right-hand sides of (1-5), we see that
3 1
p«(n)=2+-+0(—= ),
n n

so our range of the exponent p is larger than that of Lee, Rogers and Seeger in high dimensions 7, even
for the Schrédinger equation case.

Contrary to [Rogers and Seeger 2010], which relied on bilinear restriction estimates, our proof of
Theorem 1.6 relies on the Bourgain—Guth argument [2011] (see also the presentation in [Bourgain and
Demeter 2017]), and the Bourgain—Demeter decoupling inequality [2015]; see [Wolff 2000; Laba and
Wolff 2002] for some earlier foundational work on decoupling inequalities, and their applications to local
smoothing estimates. The multilinear estimates developed in [Guth 2018] might be useful in establishing
(1-6) for a larger range of exponents, but we did not pursue this here.

Organization of the paper. In Section 2 we state two preliminary results, namely a consequence of the
classical Lépingle inequality, and a consequence of the Plancherel-Pdlya inequality. In Section 3 we
control long jumps; that is, we will prove Proposition 1.4. The treatment for short jumps (that is, the
proof of Proposition 1.5) will be split into two parts. In Section 4 we prove Proposition 1.5 in two special
cases: n>2, p>2n—+2)/n,and n =1, p > 2. These are the main cases to be considered. In Section 5
we indicate the modifications necessary to prove the remaining case of Proposition 1.5: namely, n > 2
and 2n/(2n — 1) < p <2(n+2)/n. The proof of Theorem 1.2 is in Section 6. In Section 7 we provide
the proof of a vector-valued generalization of a multiplier theorem of [Seeger 1988], which we used in
the proof of the short jump estimates in Section 4. In Appendix A we prove the local smoothing estimates
in Theorem 1.6. In Appendix B we refine our Theorem 1.1 by obtaining a good bound on the growth of
the constant C in (1-3) as p =r — 27 (see Theorem B.3), and use it to provide an alternative simple
proof of a maximal multifrequency estimate of Krause and Lacey [2017, Theorem 3.5].

2. Prerequisites

2A. A jump function inequality of Jones, Seeger and Wright. We recall a jump function inequality for
convolutions with dyadic dilations of a fixed measure from [Jones, Seeger, and Wright 2008, Theorem 1.1].
It is a consequence of the more classical Lépingle inequality for martingales.

Proposition 2.1 [Jones, Seeger, and Wright 2008]. Let o be a compactly supported finite nonnegative

Borel measure on R" whose Fourier transform satisfies

l6E)|=<ClEI™
for some a > 0. For k € Z, define oy by
| S don) = @ ) do(x).

R)l
Then

|AVNu{f % on : k € Z} | Loy < Cpll fllLr @

forall 1 < p < oo, uniformly in A > 0.
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We will apply this proposition as follows. Let S be a nonnegative smooth function with compact
support in [—1, 1]" and fR" S(x)dx = 1. For k € Z and any Schwartz function f on R", let

S f (x) = f* S (x),

where Si(x) = 2K §(2%x). If o is the measure on R” given by

F) do(x) = /R F@Swdx,

Rﬂ
then oy (x) coincides with Si(x)dx, and hence f * o = Si f for all k € Z. Proposition 2.1 then gives

|2V NuASKf 2k € 2} ) oy < Coll FllLr e (2-1)

for all 1 < p < 0o, uniformly in A > 0. Note that §(O) =1 and §($ ) decreases rapidly to zero as |§| — oo.
So later it helps to think of §(§ ) as localized to |£] < 1, and interpret S f as a localization of f to
frequency < 2K,

Next, let {c¢}72, be a complex sequence with |c¢| = 0(27%%) for some « > 0. Let §k be the operator
defined by

o0
Sif =) ceSetf. 2-2)
£=0
We will use (2-1) to prove that

|/ Nu(Sif k€ 23] o gy < Cpll e (2-3)

for all 1 < p < oo, uniformly in A > 0. Recall the definition of the jump norm Nk{gk fx):k e}
it is the supremum of all positive integers N for which there exists a strictly increasing sequence
S]<h <8§<tbh<---<Sy <Ly, all of which are in Z, such that

1S, f(x) =S, f ()] > A (2-4)
forall j=1,...,N.Butifs; <t <s) <tp <---<sy <tyisassuch,thenforall j=1,..., N we have
1Sy~ f(X) = Sy,—e f ()] 2 2572

for at least one £ > 0. Hence,

NSk f (x) ik €ZY S Nowry (S f (x) 1k € Z),

=0
which implies
0
VNuSif ik €Z) S/ Nowry (S f k€ Z).
£=0

This further implies

o0
A Nu{Si f ik e D gy S > 2722520/ Nowup {Si f Kk € Z)| oy SN
£=0

This finishes the proof of the estimate (2-3).
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2B. An inequality of Plancherel and Pélya. Next, let F(u) be an L? function on R whose Fourier
transform F. (&) is supported on the set |£]| < 1. Such an F is sometimes said to be in a Paley—Wiener space.
An inequality of Plancherel and Pélya [1936; 1937] says that for any such F and any r € [1, co), we have

SIFGI =6 [ IFar du 2-5)
jez R
where C, is a constant independent of F. This holds because if F is supported on |£| < 1, then, by the
uncertainty principle, F' is essentially constant on every interval of length 1 (see also [ Young 1980] for
an alternative proof based on complex analysis).

From (2-5) we can deduce the following variation-norm estimate (see also page 6729 of [Jones, Seeger,
and Wright 2008]):

Proposition 2.2. Let F(u) be a function on R whose Fourier transform F (&) is supported on the set
{I€| < A}. Then for every 1 <q <r < 00, we have

VI{F ) :u € Ry < Ag 29| Flla, (2-6)
with a constant A, , depending only on q and r.

Proof. By rescaling we may assume that A = 1. Now let k e N and u; < - - - < uy be a strictly increasing
sequence in R. We let k(0) =1, n1 = [u,(0)] and let k(1) be the largest integer in {1, ..., k} such that
ey <ni+ 1. If k(1) <k, we let np = |u,1)+1] and let « (2) be the largest integer in {1, ..., k} such
that u, 2y < ny + 1. Clearly this process will terminate in finitely many, say m, steps. In this way we
collect the points uy, ..., ug into intervals [ny, ny 4+ 11, [n2, no +11, ..., [y, n,y + 1] of length at most 1.
Now for s =1, ..., m — 1, by the triangle inequality, we have

|F (tie(s)) = F (e )41 STF (Uie(s)) — F (g + D"+ F (ng+ D"+ F (ng4 )|+ F (ng41) — F (Uesy+1)1
This shows

k—1

D IF (i) —F(uis )|’

i=1
m

m
S ZaF(ns>|’+|F<ns+1>|’>+Z(|F(ns>—F<uK<s_n>|’
s=1 s=1 r r
+ Y ) —F i) +IF () —F (041D ).
k(s—1)<i<k(s)
(Indeed, for s = 1, we do not need the terms |F (n,)|" and | F (ng) — F (u,(s—1y)|" on the right-hand side;
similarly for s = m, we do not need the terms |F(ns + 1)|" and |F (u«)) — F(ns + 1)|". But there is
no harm putting them in, which makes the expression on the right-hand side more symmetric.) By the
mean-value theorem, for s =1, ..., m, we have

|F(ns) = F (ue—1)1" + Z |F(ui) = FuipDI" + |F (ui()) — F(ng + DI

k(s—1)<i<k(s)

<IF' <|ns —tenl D i — il e — (s 1>|’),

k(s—1)<i<k(s)
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and the quantity inside the parentheses in the last line is < 1 since we have the elementary inequality
A4+, <4 +1s)
whenever t;,...,f; > 0and 1 <r < 0o. Now since F is supported on || < 1, Bernstein’s inequality
implies
IF |z S IF e
whenever 1 <r < oo. Altogether, we see that

k—1

D IF @) = Fui)l” S IF N+ Y _(F 0l +F (g + DI

i=1 s=1

SeIFIL + Y IFGDI S IF I
jez
whenever 1 <r < oo, the last inequality following from (2-5). Since Fis supported on {|£]| < 1} and

1 < g <r, Bernstein’s inequality again implies || F| .- <4.r | Fllze. This completes the proof of (2-6). [J

3. Long jump estimates

Our goal in this section is to prove Proposition 1.4. Indeed, we will prove something slightly stronger,
including the case 0 < o < 1.

Proposition 3.1. Fixa >0, a # 1. For 1 < p < 00, we have

II/\\/NA{H(ZM)J” tk € ZHLr@wy SIS e (3-1)
uniformly in .. > 0. Here H g defined as in (1-1).

First we decompose H®) into

W p0 = [

1] <27k

= Hp,—ocof (X) + Hi 00 f (X).

Flx—0)e M K (1) dt +/ Flx — )2 M K (1) dt

[t]>2-*

In the term H oo f, We are integrating over small 7, and the exponential e/2“"I" is approximately 1. This
motivates us to further decompose Hi,—oo f as

Moo f () = f fx—nK@)dt+ / flae—0E@ 1" DK @) dt
|r]<2-F || <2-*
= Hio f (¥) + Hio f (x). (3-2)

For the other term, we take the decomposition

Mool ()= 3 Wi f =3 [ Fe =01 K (1 ar.
(=1 =1

k+¢—1 <|t|§27k+£

The former term in (3-2) is a truncated singular integration. We have:
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Lemma 3.2 [Campbell, Jones, Reinhold, and Wierdl 2003, Theorem A].

|AV N o f k€ 2| pgn S 1 llLon
forall1 < p < o0.

Hence it remains to estimate the jump norms of Hy o f(x) + Zz’il Hi o f (x) = Z?io Hio f(x). To
do so, we carry out a Littlewood—Paley decomposition. For each £ > 0, apply

Hiof =HieSk—ef +Hio(f — Sk—e f).

(see Section 2 for the precise definition of S f). Notice that S;_, f is approximately constant at the
physical scale 27¥+, Thus, Hy ¢Si_¢ f is almost just a multiple of S;_, f. This motivates us to further
take the decomposition

HioSk—ef = ceSk—e f + Hi eSk—e f —ceSk—e f),

where
co = / @"" —1D)K@)dt and ¢ = / MK () dr for > 1 (3-3)
l7]=<1 1/2<t|<1

are constants. Here we choose the constants cg and ¢, as such because K is assumed to be homogeneous.
Hence

o o0 o0 o

D Hef@) =D coSi—ef + ) HieSe—ef = ceSi—ef)+ D Hielf = Sk—e f)-

£=0 =0 =0 £=0

Since a simple integration-by-parts argument shows that |c;| = O (27%%), the contribution from the first
term to the desired jump norm can be controlled using (2-3). To handle the latter two terms we use a
square function. It suffices to show that

00 1/2
> (Zl’Hk,eSsz—CeSkzﬂz) S llzr s (3-4)
e=0" Nkez LP@®R™)

00 1/2

> (Z [Hio(f — Skéf)|2> SISl (3-5)

e=0" “kez LP(R")

since the square functions dominate the desired jump norms pointwisely. To establish these estimates we
apply a finer frequency decomposition. Let

A(x):=2"S2x) — S(x) and Ag(x) :=2"A2%x)

and write Ay f := f * Ay so that

Sk—lf:ZAk—Z—jf and f_Sk—Zf:ZAk—Z—i-jf-

=1 j=0
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By the triangle inequality, to prove (3-4) and (3-5), it suffices to prove the existence of some constant y > 0
such that

1/2 .
H (Z [ Hee Do j f—ceBi—i- ,-f|2) S22 f e, (3-6)
kez LP(R")
1/2 .
H (Z |Hk,€Ak—Z+jf|2> S277Y9HY £l ey (3-7)
kez LP(R™)

for every j, £ > 0 and every 1 < p < oo. Throughout the paper, we use y to denote a positive real number
that might vary from line to line, if not otherwise stated.

Now each of the estimates (3-6) and (3-7) holds for 1 < p < oo without the small factors on the right,
since |H ¢ f| S Mf where M is the Hardy-Littlewood maximal operator on R”, allowing us to invoke
the Fefferman—Stein vector-valued inequality for the maximal function [Stein 1993, Chapter II.1]. Hence
by real interpolation, it suffices to prove the case p =2. Todo so, fix @ >0,  # 1 and £ € N. Let m,(§)
be the multiplier defined by

mo(§) := / (" — e K (1) dt,
[r]<1
mye (&) ::/ e”zwae—"t"?K(I) dt for ¢ >1.
1/2<|t|1<1
Let m, (&) be the multiplier defined by
o E) = / ("~ 1) (e — 1K () dt,
[t]=1
e (§) ;=/ 21 (=1 YK (t)dt for £> 1.
1/2<t]<1

Since K is assumed to be homogeneous, for £ > 0 the multiplier for Hy ¢ is m (2% g Tt follows that
for £ > 0 the multiplier for Hy , — ¢ is m(27K*tE). Then (3-6) and (3-7) with p = 2 follow from the
pointwise estimates for multipliers

1/2

1/2
<Z |A(Z—k+i+j$)n”;le(2—k+ls)|2) + (Z |A(z—k-l-z—js)mg(z—k-i-fé)lZ) S 2_V(Z+j)_ (3_8)

kez keZ

We need the following lemma, which is a consequence of the van der Corput lemma (details omitted):

Lemma 3.3. We have

Ime(€)] <min{277¢,2%48177Y forall € €R. (3-9)
In particular,

Ime(§)] S Q772212 forall € €R. (3-10)
We also have
min{277E, (g} S22 g1V for gl < 1,

Iﬁu(é)lﬁ{l for 8] > 1.
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We are ready to prove (3-8). The estimate is invariant upon replacing & by 2&; hence we only need to
prove it when |&| >~ 1. First consider the first term on the left-hand side of (3-8). When k < 0, we bound
e (275 g) < 1 and |AQFHHig)| < 2710Ck+6+) Summing over k < 0, we obtain 27 10¢+7),

When k > 0, we bound |7, (275 &)| < 27v4/22=k/2+4/2 and

2710k if 0 <k <€+,

A 2—k+£+j < ]
A 5)|N{2—k+@+f ifk>0+ .

Summing over k > 0, we obtain 277 “*/) for some y > 0. This finishes the proof of the first half of (3-8).
Next we turn to the second term on the left-hand side of (3-8). What we need to prove can also be
written as

A .
(Z |A(2k$)me(2k+]§)|2) 2D for ||~ 1. (3-11)
kezZ
We work on two different cases. Let C,, > 0 be a sufficiently large constant. Assume that we are in the
case j > C,£. We bound the left-hand side of (3-11) by
Z 2—10k2a62—yk—yj + Z 2k (20{@ X 2—y£2—yk—)/j)1/2 < 2—)/(£+j)'
k=0 k<0

Here for the case k > 0 we applied (3-9), and for the case k < 0 we applied (3-10).
Finally, we assume that 0 < j < C,£. We bound the left-hand side of (3-11) by

Z 2 10kp—yt 4 Z 2kp=rt < pmvtkD),
k>0 k<0

Here in both cases k > 0 and k& < 0 we applied (3-9).

4. Short jump estimates for large p

We are now going to start the proof of Proposition 1.5. Recall that by interpolation, we only need
to establish Proposition 1.5 when p € (2n/(2n — 1), 00) and r € (2, 0o) (see discussion following
Proposition 1.5). In this section we will do so for all sufficiently large values of p. More precisely, let
a > 1,let H® be as in (1-1), and let VIHf(x) = VI{H® f(x):u e [2/%,20FD2]} We prove

1/r
‘ (Z |V;<Hf)|’) SUFly (4-1)
JjeZ p
whenever
peR,00), n=1, re(2,00) (4-2)
or
pe(Z—i—%,oo), n>2 rel2 00). (4-3)

This proves Proposition 1.5 when n = 1. In the next section, we extend (4-1) to all p € 2n/(2n — 1), 00)
when n > 2, r € [2, 00). That would complete the proof of Proposition 1.5 when n > 2.
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4A. Main tool: a square function estimate for the semigroup e’ (a2

(4-1) under condition (4-2) or (4-3) is a square function estimate, due to [Lee, Rogers, and Seeger 2012]:

. The main input to our proof of

Proposition 4.1 [Lee, Rogers, and Seeger 2012]. (1) Letn =1, p € [2, 00) and A > 1. Then for any
compact time interval I,
2 1/2
dg

{

2) Letn>2,pe (2(n+2)/n,00) and A > 1. Then for any compact time interval I,
S lwer ey

2 12
( o)
1 LP(RY)

£any-)-4

We will apply the above estimates with A = o' := /(o — 1) (remember « > 1). Recall that we are

SIfllLr@y-
LP(R)

/ ¢ (&) g
R

f ¢t f(£)eE dg
Rn

with

interested in the variation of H® f(x), where u is restricted to the range [2/¢, 2U+De] for some jEZ.
To estimate this, we decompose the kernel ¢/*/!lI K (¢) into a part where oscillation plays no role and a
part where the oscillation becomes important. More precisely, for £ € Z, let

HY f(x) = 5 fx =0 oK (1) dt, (4-4)

where ¢, (1) = @o(27¢t) and ¢y is radial, smooth and compactly supported on an annulus {|¢| ~ 1} so that
forr #0 we have ) ,_, ¢,(r) =1. When u =~ 27% || ~2¢7J, the phase e!*I'l" in (4-4) is approximately 1
precisely when £ < 0. Thus, it makes sense to take the decomposition
HY fx) =D M, F () (4-5)
tez

and expect that the terms £ < 0 in the above sum are essentially nonoscillatory.

It suffices to show that y
P

rau) r

S| (S, r)

tez jez

Sl (4-6)
p

To do so, we introduce a Littlewood—Paley decomposition in the x-variable. Let P; be a multiplier
operator defined by 151;7 &)=y @27%) f (&), where i is a smooth function with compact support on the
annulus % < |&] <2 so that for £ # 0, we have ) , _, Y (27%&) = 1. We further take the decomposition

H F) =Y H Py f (). (4-7)
keZ
We will estimate
MV HE Preflle 4-8)

for each k, ¢ € Z, and sum the estimates at the end. (Hereafter, for compactness of notation, we write Kjr.
for the £" norm over all j € Z.)
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4B. Estimates for £ < —k[(2(o + 1)): bounding the Vj’ norm by the W1 norm. First there are two
simple estimates for (4-8). One way to estimate (4-8) is to bound the Vl.r norm by the Vl.l norm, which in
turn is bounded by the W'! norm on the u interval [2/¢, 20+D?] We get

\/f%ﬁ“_)jP,-+kf(x)§/H y 2“—f>“f” y NP f(x =DK@ dt du S2°M Py f (%),
u|~27% t|>2t—J

where M is the Hardy-Littlewood maximal function, so by the Fefferman—Stein inequality and the
Littlewood—Paley inequality, we have

VA Pk fF Ol e S2“0 f e, 1< p < oo, (4-9)

For the second simple estimate, recall that fl K({@)do(t) =0 for all R € (0, 00). Since ¢ was

t|=R
chosen to be radial, we have

/ e g (K (1) dt = 0.

(u)

Thus, in computing Vj’”;’-[é_ i Pjvk f(x), we could have instead computed the Vj” norm of

M P 0= Baaf ) [ g 0K @)

This expression is equal to
/ [Psxf (x = 1) = Prya f ()™ g0 (1)K (1) dt.
R)l

The variational norm of this expression is controlled by its W' ! norm in the u interval [2/¢, 20U+De],
which in turn is controlled by
2T M P f (),

where }A’}Jrk is a variant of the Littlewood—Paley projection P;j, so arguing as before, we see that
MV H Prac f el e S22 flle, 1< p < oo (4-10)

We can sum (4-10) over all pairs (k, £) with £ < —k/(2(a+ 1)) and k < 0. We can also sum (4-9) over
all (k, £) with £ < —k/(2(a + 1)) and k > 0. Thus, it remains to bound (4-8) when
k
S (@11)
2(a+1)
and sum over all such pairs of (k, £).

4C. Estimates for £ > —k/(2(x + 1)): division into three cases. First we look at Hé”_) in+k f(x) in
terms of its multiplier:

H P f () = / ) f(é)(w<2—f—ks> e e (0K @) dr)d’"f dx.

Qm)m

The multiplier is an oscillatory integral in ¢ with phase ¢ (t) = —¢-& +u/|t|% which (assuming |u| ~ 2% and
|€] 2 2/+K) has a critical point in the annulus {|¢| 2~ 27/} if and only if 24+¢ ~ 2/ that is, if and only if
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k=4{(ax—1)4 O(1). In that case, using stationary phase (see, for example, [Stein 1993, Chapter VIII.5.7]
or [Sogge 1993, Theorem 1.2.1]), the multiplier can be written as
Y@k (el @ T TV g (afpTg ptagivy) 4 e(2t2 g, 210 Ty, (4-12)
where o/ = /(¢ — 1), cq = (@ — 1)/a®, a € ST2(R"!) and e € S~°°(R"+!). If there are no critical
points in the annulus {|¢| 2~ 2=/}, then the multiplier is simply
V(IR e(227 T g, 20Ty, (4-13)

(In the above, by a € S~2(R"*1) we mean

10802 a (&, )| So (14 €] + luf) /21

for every multiindex o = (¢, @”) € Z';ng, and by e € S~ (R"*!) we mean

1029 (€, u)] S (14 €]+ Ju) ™V 1o

for any positive integers N and any multiindex «.)
The above motivates us to consider three cases separately (under our earlier standing assumption (4-11)):
Case 1: £ >0, k=L(a—1)+ O(1).
Case 2: k > (e — 1) + C for some C > 0.
Case 3: k < £(a —1) — C for some C > 0.

4D. Estimates in Case 1. Now we consider Case 1. Our goal is to bound (4-8) given k and £ as in Case 1.
We proceed in a few steps.

4D1. Application of Plancherel-Pdélya. First we will essentially show that if r € [2, 00), then
IV HE, P Flle g S 2P @R P f gl 2 (4-14)

for any g € [2, r] and any p € [1, oo]; here x (1) is a smooth function with compact support on [%, 2‘”1]
that is identically equal to 1 on [1, 2*]. Indeed, when n > 2 (and p, r are as in (4-3)), we will only need
(4-14) for g = 2. But for n =1 (and p, r as in (4-2)), we will need (4-14) for both g =2 and g =r. We
will see that this is the case after we prove (4-14).

To prove (4-14), let us temporarily write g = P;4 f. As a function of u, H(”) i8 has frequency morally
supported on the annulus of size ~ 2~/ centered at the origin. Thus, we 1ntroduce Littlewood—Paley
projections in the u-variable (denoted by P® so that P((@zi j)o 18 projection onto frequency =~ 2=y and
estimate

VIH" ()]
< V(PG Ix @ wH ", g<x>1>|+Z|V’<P(f>,+k)a Q7 wH gD, (4-15)

2 ._ 2)
(Here P2y, == Zkgz—j P. )
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The first term on the right-hand side of (4-15) is the main term and can be estimated using Proposition 2.2.
In particular, it is bounded by

2D} @ Hy 8 () g
(recall g € [2, r]). By changing variable in u, this is just
21 x ()HE g ()l -

Hence the contribution of the first term of (4-15) to the left-hand side of (4-14) is bounded by

2/
2119 |11 x ey " Piacf g ller I

Since r > g, we have £" norm bounded by £9 norm; hence the above is bounded by the right-hand side of
(4-14).
On the other hand, for the second term on the right-hand side of (4-15), since k > —C, one can integrate

2

by parts in u, using the fact that the multiplier for P itia vanishes to infinite order at 0, and obtain

1P e @M g1l Sv 275V B X @Y ()] (4-16)

for any positive integer N, where P@isa Littlewood—Paley projection similar to P, and ﬁzu_) j is the
same as Hé"_) j defined in (4-4), except that the cutoff ¢ is replaced by a smooth multiple ¢ of ¢. Hence
by repeating the above argument, and summing over k using the additional convergence factors 27KV
that we gained in (4-16), the contribution of the second term of (4-15) to the left-hand side of (4-14) is

bounded by i
2HNNX OH " Pracf (g lles - @-17)

Since H and H satisfy the same estimates, we will not distinguish the two, and declare that we can also
bound (4-17) once we can bound the right-hand side of (4-14).

4D2. Application of the square function estimate. Now fix k, £ as in Case 1. In other words, fix k, £ > 0
with k = £(a — 1) + O(1). We will try to bound the right-hand side of (4-14) when g = 2. The multiplier
for 7—[22_!;") P; 1 f is given by (4-12) with u replaced by 2/%y. For u € R, let /i, (£) be the multiplier

(otfl)l%-‘o(,

(€)= x )y 27FE) (e a(2'€,2%u) +e(2', 2"u)), (4-18)

where a € ST2(R"1) and e € ST°(R"*!) are as in (4-12). Then the multiplier of the operator
X (u)?-[f:;”)PHk is precisely 71, (27/£). Now expand x (u)a (2%&, 2'*y) in Fourier series in u: let ¢ be a
small enough constant depending on « so that the support of x () is contained in [0, ¢~!]. Using the
smoothness in the variable u, we get

X@aQ'€,2u) =" (1 + k) 2ac(2'6)e™"
kecl
for u € [0, ¢~'], where a, € S7"/*(R") uniformly for every x € cZ. Similarly, expand x (w)e (2L, 2%y)
in Fourier series in u:

X@e'€,2u) =Y (1 4|k e 2'E)e™

KkecZ
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for u € [0, ¢~ '], where ¢, € ST ®(R") uniformly for every k € cZ. This shows
(€)=Y (L4 2™ P (27E) (ac (2°8)e " +ec(2'8))
kecZ
foru [0, ¢ ']. Temporarily let g be the function such that g(§) = f E)Y(27%E)a, (2°€); note that when

k >0, we have ||g|| L @) < 2kBp=UdOn/2 £ L» @) by the Hérmander-Mikhlin multiplier theorem, with
an implicit constant independent of k. This is further bounded by pta=Dpp—tan/2) £ Lr(®r) since we are

71/((171)'5'0/

in Case 1, where k = £(a — 1) + O(1). We apply Proposition 4.1 with g in place of f and obtain

/ e F eV @k E)a, 2te)ei T E g

¢ Lﬁ[O,c*l] LP(R™)
<271 fler® if pe[2,00)andn =1, 4-19)
~ | 2teln 2=t p=1 20— ten 2| £l gy if poe (244, 00) and n > 2.

71/((171)'&-'0/

We get a better decay if a, (2/€)e" above is replaced by e, (2°£). Summing over «, and

simplifying the exponent in the case n > 2, we get

H ‘ 272 Fllrw) if pe[2,00)andn =1,

PRy {2_&‘/22_6“"/”||f||LP(Rn) if pe (242, 00) and n > 2.
But recall that the multiplier of the operator x (u)’}{f_j;”) P; 1 is precisely m,(277&). By scale invariance,

| e Feerin, e de

2
L u

we have

H\

for all j € Z, where the implicit constants are independent of j. (The Fourier series expansions used

276“/2||f||LP([R€) if pel2,00)andn =1,

@/u)
L@y {2_5“/22_5“"/”||f||Lp(Rn) ifpe(2+ %, c0) and n > 2

x )M, P f (4-20)

L

to remove the dependence on u are very reminiscent of the method used to prove L? boundedness of
multipliers in S%; see, for example, [Stein 1993, Chapter VI.2].)

Recall that our goal now is to bound the right-hand side of (4-14) when ¢ = 2. Hence we need a
vector-valued version of (4-20), where we will have an additional £> norm over j € Z inside the L? norm
on the left-hand side of (4-20). To do so, we need Proposition 4.2.

4D3. Application of Seeger’s theorem for multipliers with localized bounds. First we state a vector-valued
variant of a theorem of Seeger, about multipliers with localized bounds:

Proposition 4.2 [Jones, Seeger, and Wright 2008; Seeger 1988]. Ler I C R be a compact interval. Let
{m,(&) : u € 1} be a family of Fourier multipliers on R", each of which is compactly supported on
{S : % <& < 2} and satisfies

sup |8§n~1u(§)| <B foreachO<|t|<n+1

uel

for some constant B. Foru € I and j € Z, denote by T, ; the multiplier operator with multiplier m,, 277 ¢).
Fix some p € [2, 00). Assume that there exists some constant A such that

sup [ T, j fll 2y s @y < AlLFllzs @) (4-21)
z

je
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g !

This proposition was stated without proof on page 6737 of [Jones, Seeger, and Wright 2008]. It is a

for both s = p and s = 2. Then
1/2—1/p

N T 2l @y S A I fllewny-

vector-valued analogue of Theorem 1 of [Seeger 1988], and we provide a proof of this proposition in
Section 7 for the convenience of the reader.

Recall that our goal is to bound the right-hand side of (4-14) when g = 2. Also recall that if m, (§) is
defined as in (4-18), and T}, ; is the multiplier operator with multiplier 2, (2™ J£) as in Proposition 4.2,
then T, ; f is precisely x (u)’H(2 ”)Pj+k f. Thus, if we could apply Proposition 4.2, we would obtain a
bound about the right-hand side of (4-14) when g =2. To do so we verify the hypothesis of Proposition 4.2.
From the explicit expression (4-18), we have

sup |87 it (&) < 2N

uel
for some large positive integer N if || < n+ 1. The hypothesis (4-21) for s = p is given by (4-20), where
A can be chosen to be relatively small if £ is large. On the other hand, by considering the L°° norm of
the multipliers, we also get

xR P fll2 ey S 2720 f 2y forall n > 1, (4-22)
which gives us the hypothesis (4-21) for s =2, where A can be chosen to be relatively small if £ is large.
More precisely, suppose first n > 2 and p € (2+4/n, c0). Then we invoke (4-20) and (4-22). Since
p—tan/2 < p—tef2p—tan/p \we may apply Proposition 4.2 with A = 27¢«/22=ten/p and B = 2N for some
large positive integer N depending only on «. Thus, if n > 2 and p € (2+4/n, 00), then we get
M GOHE Py f Oz el Se 27227 P2 £l o
u J X
for any € > 0. Taking ¢ = 2 in (4-14), this shows that
NIV HE P ey Se 2772 flliogany ifn>2, pe (242, 00) and r € 2, 00).

Note that the power of 2 here is negative. So this estimate can be summed over all £ > 0, and this gives
the desired bound for (4-8) whenn > 2, p € (2+4/n,00) and r € [2, 00) for k, £ as in Case 1.

On the other hand, if n = 1 and p € [2, 00), then in light of (4-20) and (4-22), we may apply
Proposition 4.2 with A =27%/2 and B = 2V for some large positive integer N depending on . We
obtain

1 @R P f O 12 lelly Se 272 fllzow ifn=1and p €2, 00)
for any € > 0. Taking ¢ = 2 in (4-14), this shows that
NV H Piacfllellp Se 2N fllrgy  ifn=1,pel2,00) andr €[2,00).  (4-23)

This is not good enough to be summed over all £ > 0, so we need to gain a slightly better decay in £.
This is achieved via the local smoothing estimate in Theorem 1.6.
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4D4. Application of a local smoothing estimate in dimension n = 1. The goal of this subsection is to
prove that

V7 P fllelp S 27PN fllrgy  ifn=1, p=r € 4, 00). (4-24)

Assume for the moment that this has been established. Interpolating (4-24) against (4-23) using complex
interpolation of vector-valued L? spaces (see [Bergh and Lofstrom 1976, Theorem 5.1.2]), we get

VI HE Prx flelly S27 N f v ifn=1, p e (2,00), 1 € (2,00), (4-25)

where y = y(p, r) is a positive constant. This can be summed over all £ > 0, and this gives the desired
bound for (4-8) whenn =1, p € (2, 00) and r € (2, 00) for k, £ as in Case 1.

To prove (4-24) we use the local smoothing estimate in Theorem 1.6. Suppose n =1, p =r € (4, 00).
We use (4-14) with ¢ = r = p. Thus, the left-hand side of (4-24) is bounded up to a constant by

2P S Praacf @ g ller - (4-26)

Consider first

| [ i@ ae

We first use Fubini’s theorem to interchange the integrals in # and x, and use the Hormander—Mikhlin
multiplier theorem (for each fixed u) to get rid of the multiplier a(2°£, 2*u). Since k = £(a — 1) + O (1),
this gives

for any positive integer N. Thus, Theorem 1.6 applies, and when k > 0 we have

But recall that the multiplier of the operator x (u)’}{f_j;”) P; 1 is precisely m,, (277&). By scale invariance,

P
Ly

= H Hx(u) 5 e f &) 7kE) (el

LY

*‘/(‘**”Iél"'a(zﬁg, 20 y) +e(2%, 2%u)) de

LylLy

/ e f ()i (&) dé

Lyiey
—(N
, +27 N fllr @)
Ly

= “’“u) /R e fEep @R gere T g

P
L u

< 22k A= YD=RY £ @y ifn=1, p e (4,00).

| e feerinaerde

LIy

and remembering that k = (o — 1) + O(1), we have

2/ _ .
X OHE S Prx f Gz le S22 N fllry ifn=1, p € (4, 00).

Replacing f by ]A’}-Jrk f, taking the Ef norm on both sides, and using the Littlewood-Paley inequality
(remember p > 2), we get

2je - :
X R P f @ gl lle 27PN f @ ifn=1, p e @, 00).

Thus, (4-26) is < 2=/ £l Lr®)- This establishes (4-24), and our treatment for Case 1 is now complete.
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4E. Estimates in Cases 2 and 3: further gains over Case 1. Next we estimate (4-8) for &, £ as in Case 2.
Fix k, € such that k > £(a — 1) + C for some positive constant C. If C is large enough, then the multiplier
for Hf_j;”) P 1 f is given by (4-13), since the phase function of the oscillatory integral defining the
multiplier has no critical point in that case. For u € R, let m11,,(§) be the multiplier

(&) = x (WY (27 8)e(2°E, 2" ),

where e € ST°(R"*!) is as in (4-13). Then the multiplier of the operator x (u)Hfzzjju)RHk is precisely
m,(277€). For every N € N we can write

i (§) = 275N y yy 276)en 2%, 2u)
for some symbol éy € S™°(R"*!). Thus, applying Proposition 4.2 as in the proof of (4-23), we get
VA Prak Fllerlp S 27 “HON I fll e

whenever one of the following two conditions is fulfilled: n =1, p € [2, 00) and r € [2, 00), or n > 2,
p € 2+4/n,00), and r € [2, o0). The right-hand side in the above display equation can be summed
over all k, £ that satisfy k > £(a — 1) + C and the standing assumption (4-11), and this gives the bound
for (4-8) for such p, n, r for all k, £ as in Case 2.

Finally we estimate (4-8) for k, £ as in Case 3. Fix k, £ such that k < £(a — 1) — C for some positive
constant C. As in Case 2, if C is large enough, then the multiplier for HEZ_J;”)PJHC f is given by (4-13).
For u € R, let m, (&) be the multiplier

i (§) = x WP (27 E)e(2', 2%),

where e € ST (R"*!) is as in (4-13). Then the multiplier of the operator x (u)Héz_j;“)PHk is precisely
m,(277€). For every N € N we can write

i (€) = @ “w) x 0y 27 )en (2%, 2u)
for some symbol éy € S~ (R"*!). Thus, applying Proposition 4.2 as in the proof of (4-23), we get
VA P flle iy S 27N o

whenever one of the following two conditions is fulfilled: n =1, p € [2, 00) and r € [2, 00), or n > 2,
p € (2+4/n,00),and r € [2, 0c0). The right-hand side in the above displayed equation can be summed
over all k, £ that satisfy k < £(a — 1) — C and the standing assumption (4-11). This gives the bound for
(4-8) for such p, n, r for all k, £ as in Case 3.

We have thus completed the proof of (4-1) for all p, n, r satisfying (4-2) or (4-3).

5. Short jump estimates for p <2

In this section, we establish

SUf . (5-1)
p

1/r
H (Z \4 (’Hf)l’)

jez
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whenevern >2, 2n/(2n—1) < p <2, and r € [2, 00). By complex interpolation (see [Bergh and Lofstrom
1976, Theorem 5.1.2]) with (4-1), we will then have (5-1) whenever n > 2, p € 2n/(2n — 1), 00), and
r € [2, 00), which concludes the proof of Proposition 1.5.

The key here is the following square function estimate.

Proposition 5.1. Letn >2, 1 < p <2 and A > 1. Then for any compact time interval I,
S lwer ey

2 \1)2
(f )
Y Lr(R)

1 1
)

The proof of this proposition is postponed to the end of this section.

Nowlet2n/(2n—1) < p<2, n>2,and r € [2, 00). We proceed to establish (5-1). As in Section 4, we
decompose #™ £ as in (4-5) and (4-7), and estimate (4-8) for every k, £ € Z. The inequalities (4-9) and
(4-10) still hold under our current assumptions of p, n, r, and these estimates can be summed whenever
{ < —k/(2(x+1)). Thus, it remains to consider pairs of (k, £) for which (4-11) holds, and we still divide
into Cases 1, 2, 3 as before. We will only treat Case 1 here which is the main case; an easy adaptation of

/ e f(&)e"E! ag
Rn

with

this argument gives Cases 2 and 3.
Solet¢{ >0and k =¥€(x— 1)+ O(1). By (4-14) with g = 2, the left-hand side of (5-1) is bounded by

2PN X @HE " P f llz e s (5-2)

We analyze the multiplier of Hézjju)PHk as before, but in (4-19) we use Proposition 5.1 instead of

Proposition 4.1 (since now p € (2n/(2n — 1), 2)). So instead of (4-20), we get
2j‘7‘ _ _ _ ’
X OHE " Py fllz Loy S 25V PD27 02 oy = 27 f oy (5-3)

uniformly in j € Z. Thus, we apply Proposition 4.2 with A = 2~t"/ P and B = 2N for some large
integer N depending only on «. This gives

2jot _ ’
X GOHEE S Pk fllz e ey Se 27 /P2 f Loy
for all € > 0. Continuing from (5-2), we see that the left-hand side of (5-1) is bounded by
22&/22*20[”/1”2[6 || f ” LF(R”) .

Since p € (2n/(2n — 1), 00), the above exponent of 2 is negative if € is sufficiently small. Thus, we can
sum over all £ > 0 in this case, establishing the bound for (4-8) for all k, £ in Case 1. A similar argument
establishes a bound for (4-8) for all k, £ in Cases 2 and 3. This completes the proof of (5-1), modulo the
proof of Proposition 5.1.

Proof of Proposition 5.1. We will prove a slightly more general result. Let us write

T, f(x) = f e mae) de.
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where
ma(§) = E (L (5P~ EHR,

Theorem 5.2. Let I be a compact interval not containing 0. If A > 1, B =ni/2 and y € R, then
5 ||f||H1(Rn)§

12
H (f |Tuf<x)|2du)
I LY(R)

that is, T maps the Hardy space H'(R") boundedly into L}C(R”; Li(l)).

All implied constants may depend on A, 8, n, I, but not on f, v, x, u.

Theorem 5.2 implies Proposition 5.1 via complex interpolation; see, for example, [Stein 1993,
Chapter 1V.6.17] for a discussion of interpolation between Hardy spaces. For the scalar theory of
the multiplier m, (for fixed u) we refer to [Miyachi 1981; Fefferman and Stein 1972; Fefferman 1970].

Recall that an H' atom of radius r is a bounded function @ on R" that is supported in a ball of radius r
and satisfies ||a]oo <r~" and eran a=0. The Hardy space H'(R") is a Banach space consisting of functions
of the form f = Zj cjaj, with Zj |cj] < oo, where the (a;); are H' atoms. Its norm is defined as

1A g1 ey = i0f Y el
j
where the infimum is taken over all atomic decompositions of f =) jciaj-
To prove Theorem 5.2 it suffices to show that
ITallpr2) S 1 (5-4)

holds for every H' atom a of radius . We may assume the support of a to be centered at the origin.
For j > 0, let P; denote the usual Littlewood—Paley projection with I”]\f = f Y; supported on
€| ~ 2. Let Py f = o f, where v is such that

T=vo+Y v

j>0
(Note that Py here is actually P<o from the previous section.) For j > 0 we denote by &j a smooth positive
function that equals 1 on the support of ¥; and whose support is contained in a small neighborhood of
the support of ;. Define

K (x) = iy 7 (x) = fR EFET (1 4 (5P PRy 6) d.

Before we begin, we record the following pointwise estimates for K L(,j ) (x). From estimating the second
derivative of the phase we obtain
KD (x)| <27"C7D forallx e R, uel. (5-5)
Here we used that 8 = nA /2. Estimating the first derivative of the phase we obtain
KD (x)| Sy 272727 |x)™  for x| 22/ D uel (5-6)

for all N > 0. Note that these estimates are uniform in u € I.
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Let us prove the main estimate (5-4). The first step is to apply the triangle inequality:

ITallpiz < Y KD *allpia).
Jj=0

We will estimate the summand in two different ways: in particular, it will be shown below that
1KY sallpizy S @)™ +277F,
Ik kallpiy S 27r.

These estimates immediately imply (5-4).

To prove (5-7) we first split up' the integral in x:

1KY %all g2y <T+IL
where '
1=K kall L1 @\ B(C20-D4r):L2(1)>

M=K xallp1gcaionim;i2a)-

We claim that I <y 277V, Indeed, we see from (5-6) that

‘ 2 12
= (/(/ |K;f><x—y>a<y>|dy) du) dx
lx|=C2/¢=D4r \JT \J|y|<r

<y 277N / | / =y N a(y)| dy dx
Ix|=C2/0=D4r Jy|<r

<2720~ g, / x| 7N dx < 27PiginkpmiNk

Ix[2210-D

1479

(5-7)
(5-8)

which implies the claim (since N is arbitrary). To estimate the second part we use the Cauchy—Schwarz

inequality:
< (C2% D 412K *all 22
Then we have by the Fubini and Plancherel theorems that
1KY xall 22 = K *alallzqy S 277Plalla S277Fr 72,
which implies
n< (2/' A=Dn/2 rn/z)zfjﬁ,ﬁn/z — (21})*”/2 + 2*/'/3’

as desired (we used that 8§ = nA/2). This proves (5-7).
It remains to show (5-8). Clearly we have

1K xallpiz) < lsup |KY *allly.
uel
We claim that

I sup |[KY xallly SIIPall.

uel

1C is a constant that may depend on the parameters A, 8, n.

(5-9)

(5-10)
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To see this replace v/; by I,Zj in the definition of K| sz ) and call the resulting kernel K L(,j ) Then we have
K9 sa=RKY « Pa.

It is clear that K sz ) satisfies the same pointwise estimates (5-5), (5-6) (possibly with larger constants).
Thus, there exists a positive function w; on R" such that [Jw;|l; <1 and

K (0] < wjx)
for all x € R" and u € I. As a consequence,

I'sup |[KY xallly < || sup |K| % | Piallly < llwj * | Piallly < | Piall,

uel uel

which is our claim (5-10). But by the mean zero property of a and the mean value theorem we have

1
Pja(x) = R(Wj(x—y)—llfj(x))a(y)dy=—/ /0 y-Vyi(x —ty)dta(y)dy.
This implies
1
||P,-a||ls//|| /0|y||w,-<x—ty>||a<y)|dtdydx,szfr.
n ySr

In view of (5-9) and (5-10), this establishes (5-8). Il

6. A counterexample: the proof of Theorem 1.2

Let ¢ be a smooth test function supported in the annulus % < || <2 and define f; for k € Z by

f@® =p27 ).

On the one hand, clearly,

1/p
||fk||,,=2""( |¢(2kx>|f’dx> ~ 2P
Rn
On the other hand, we claim that
||Vr{'H(”)fk ‘ue R}”p Z Zk(—n(a—l)(l/ﬁ)-ﬁ-a/r). (6-1)

If (1-3) were to hold, then plugging in f; into the estimate (1-3) and letting k — oo, we see that
1 o n
—n@—1)—+=<—,
porp
which is equivalent to p’ < nr.
For simplicity we will verify this only in the case n = 1, K(t) = p.v.(1/¢t), « = 2. The general case
can be treated in the same manner. In this case (6-1) takes the form

IV {HY fiiu e RY||, 2 282/, (6-2)

We can choose ¢ such that

%= prj(t)

jez
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for all 7 # 0, where ¢; (1) =27/ ¢(27/t). By Fourier inversion we have

H(M)fk(x) — Z/ ¢(2—/(%-)61')(5e—it$+iu[2§0j+k(t) dt a’§

jez
2k —i2%e4i2%u
:sz/eﬂ"xéd)(s)/‘e 2% 1E+i2? tz(pj(t)dtdé:zzlj-
Jjez jez

(Keep in mind that I; also depends on k, x, u.) Let us take u € [1, 2]. Then the phase of the oscillatory
integral in ¢ has no critical points if |j| > 10. This motivates us to set

M= 3%"1; and 1= ) I,
[j1=10 [j1>10
Write B = [2K, 2*+1] and estimate
VAR firu € R = IVHHY ficru € (1,20 o)
> [V{I™ cu e [1, 2 Lresy — VI cu € [1, 2| Lrs)-
In order to verify (6-2) it suffices to show that
IV € (1, 203 e ey 2 26 HHVPTRI0, (6-3)
IV s € 11 2D oot oty S 2775 (6-4)
We begin with the proof of (6-3). Write

[main :2k/eizkxs(p(g)/e—izzktg+i22kutzp(t) dt de.

where p (1) = Z‘ <10 %j (t). Note that the phase of the integral in ¢ has a critical point at ., = £/(2u). By
the principle of stationary phase [Stein 1993, Chapter VIIL.5.7; Sogge 1993, Theorem 1.2.1] we have

.~k e~ 2 2k . &2, —1
fe—lz tE+i27 ut ,O(t) dt = 2—kC0612 c1&u u—l/zp(zi) + 0(2—2]{)‘
u
Here cg, c; are nonzero constants. To simplify the calculation, let us take co = ¢; = 1. Thus, the main
contribution to I™" jg

f ¢ EETET & ) dE,

where x = 2¢x € [2%, 251 and a (&, u) = ¢ (&)u""?p(£/(2u)). Note that the u-derivative of the error
term coming from the stationary phase is also O (27%). Therefore that term contributes only 0(2%) to
the variation-norm and we can ignore it. From another application of the stationary phase principle we
see that the previous integral can essentially be written in the form

27K M b(u) + 027,
where b(u) = ¢ (Xu/2)p(x/4). Let uy = €x /x?* for x>/ < £ < 2x?/m. Then

5 5 1/r
§ : |etx Uerl _ pix ug|r> ~ 22k/r’

x2/m<€<2x?/m
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which implies the claim (6-3) (the contribution of b(u) is negligible).
It remains to treat [*". Compute

aqu — i23k+2j / ¢)($)ei2kXi: / e—i22k+jl§+i22k+2jul‘2tz(p(t) dt ds

:i23k+2j/q’g(22k+jt_2kx)ei22k+zfut2t2¢(t)dt.

Observe that if x € [2%, 2811, |t] € [1,2] and |j| > 10 we have
12247t — 2% x| ~ 2% max(1, 2/).
Since ¢ decays rapidly, we obtain
VALt e (1,21 S0l qrop Sy 227 7Y min(1, 27M)

for every N > 1. Taking N large enough (N = 3 suffices) and summing over |j| > 10, we obtain (6-4).

7. Proof of Proposition 4.2

In this section we provide a proof of Proposition 4.2, which was stated in [Jones, Seeger, and Wright
2008] without proof. Indeed, Proposition 4.2 is a vector-valued analogue of Theorem 1 of [Seeger 1988].
The proof of Proposition 4.2 follows closely that of the scalar-valued case in [Seeger 1988]. On the other
hand, at one point in the scalar-valued case, Seeger used a duality argument between L? and L”, which
is not available in the vector-valued setting. This is why we had to assume that hypothesis (4-21) holds
not just for s = p, but also at s = 2.

To prove Proposition 4.2, one key tool is the Fefferman—Stein sharp function. Let B be a Banach space.
For us we will only need the case B = ¢>(Z)L?(I). For each measurable function F : R" — B, define its
Hardy-Littlewood maximal function M F by

MF(x) = Sup][ |F(y)Ipdy
xeQ JQ

for each x € R", where the supremum is over all cubes Q containing x. Also define the sharp function F*
of F by

F(x) = SUP][ |F(y)— Fglpdy,
xe0Jo

where Fp = fQ F(y) dy; again the supremum is over all cubes Q containing x. We have the following
lemma about F*:
Lemma 7.1. Suppose 0 < p < oo. Let F € LP°(R", B) for some 0 < py < p. If F* € LP(R"), then
MF € LP(R"), and

IMF Lo @y Snp I1F* oo

We give a proof of this lemma at the end.
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Now given f € L? N L*(R"), define Tf : R" — B by

Tfx)=Tujfx)uer jez-
Note Tf € L>(R", B). Then

T Fllzcnlealer@y = NTFleler@n < IMT @ Snp 1T Lo @),

where in the last inequality we invoked the lemma with py = 2. Note that for a.e. x € R”

(TH ()~ ][ TfO) = (TP lsdy

O«

for some cube Q, containing x; we may choose Q, such that the side length of Q, is 2" for some
integer r(x). Then we split

(TH*x) So1((Tyj ), x) +02((Pr f), X),

where N is a positive integer to be chosen; here

12
al(G,x)=][( Z ||Gu,j()’)—(Gu,j)Qx”iZu)) dy,

O Hr()I=N
1/2
o3(H, x) = ][( > ||Tu,jHj(y>—(Tu,,-Hﬂquiz(,)) dy
(=N

for any functions G = (G, ;) : R* — B and H = (H;) : R" — €*(Z). We claim that

o1 (G, ) L@y S NYZYPINNG ;)2 ler @yl Le ey (7-1)
loa(H, )l Le@ny S (A+ B2 H; 02z ll e ey (7-2)

forany G = (G, ;) :R"— Band H = (H;) : R" — ¢%(Z). But when Gu,j =T, ;f, we have

NG, j CONl L2y ller @ llLe@ny = W T, j f CONl L2y |l e @ny llerz)
S AP; f ) Le®nller @)
S AP f )2zl e we
S AN fllLr@we

(we used assumption (4-21) in the second inequality, p € [2, co) in the third inequality, and Littlewood—
Paley inequality in the last). Also, when H; = P; f, we have

HH; Ol 2 zylr@ny SN IlLe -
Hence

TP @y S ANV A+ B2 £ vy

Choosing N >~ log(2 + B/A) gives the desired conclusion of the proposition. It remains to prove (7-1)
and (7-2).
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To prove (7-1), we interpolate between p =2 and p = oo. Indeed, we prove

101(G, )l 2@y S MG j O 20 L2 Il L2y »
12
lo1(G, ) llzo@y S N2HNGu,j @)l 2 e @l Lo .-

The desired estimate (7-1) then follows by complex interpolation and linearizing o7.
The estimate (7-3) follows since

1/2
m(G,x)sz][( 3 ||Gu,,-(y)||’iz(,)) dy.

Tl (0)I=N
o)

01(G,x) S f HGu ;D 2aylee@y dy S MINGu,jllL2aylle2z) (),

X

where M is the standard (scalar-valued) Hardy-Littlewood maximal function on R"”. Hence

lo1(G, )l L2y S NG, j GOl L2 12zl L2®m)
as in (7-3).
To prove (7-4), note that for each x € R", we have, from (7-5), that

1/2
1(G, x) <2 sup ( > G, j<y>||iz(,>) < NYZ sup supl|Gu () 21y,
yeR? Lj+r ()| <N yeR" jeZ

with constants uniform in x. This gives (7-4).
Next, to prove (7-2), we will prove
loa(H, ) || 2qeny S ANH; ) 22y | L2y s
loa2(H, ) | 2@y S (A+ B2 [IH; (D) e @) |-

The desired estimate (7-2) then follows by complex interpolation and linearizing o5.
To prove (7-6), note that

1/2
az(H,x)§2][( > ||Tu,jHjlliz<I)) dy,

lj+r@)>N
o)

oo(H,x) S f T, j Hill L2yl e2zy dy S MINTo, Hill L2y L2z () -

X

Hence
loa(H, ) | 2qeny S W T, j Hy GO 2y L2z I L2 ey -

We commute the £2(Z) norm outside. Since

W T, j Hy GOl 2y l2wey S AINH; G |l 2wy »
one can conclude that
loa(H, )|l 2@ey S AIH; O | 2@y 22

which gives (7-6) upon a further change in the order of the norms on the right-hand side.

(7-3)
(7-4)

(7-5)

(7-6)
(7-7)

(7-8)
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Now we proceed to prove (7-7). For each x € R", we take the decomposition
Hj(y) = (x20. H) () + (xeooH) (¥)
for all y € R". Then we plug this back into the formula for o> (H, x). We find that
o2(H, x) S 1(x) +1(x),

where

12
I(x) =][ <Z 1Ty, i (x20, H)(y) — [Tu,j(XZQXHj)]Q_,-||iz(1)) dy,

0. \ig7

12
H(X)Zf( Z ”Tu,j(X(ZQX)CHj)(Y)_[Tu,j(X(2Qx)‘Hj)]Qj”i2(1)> dy.

Tl @=N

We estimate I(x) by

1/2

Ox \jez

1/2
< (][ > T Gao HYD 2y dy)

Y jez

S W” T ;20 H) D 2l 2wy L2z
X

A
S W” (20, H) Dl 2@y 122y »

where in the last inequality we used the estimate (7-8). Then

1/2
I(x) S A(][ I1Hj D le2z) dY> S Asup [HiDle2z),
20« yeR?

which shows that
11O ooy S ANH; () |22yl oo ).

Next we estimate II(x). Let K, ; be the convolution kernel of 7, ;. Then

K, j(x) =2/"K,(2/x),
where

Ku(x) = / i ()7 diE.

Now by our assumption on 85 m, (&), we have

sup |[K, (x)| +sup |V, K, (x)| S ————.
ueII)| u(X)] HEII)| Ky (x)] (I

We claim now
2\1/2
sup ( (/ sup|Ku,j(y—w)—Ku,j(z—w)mw) ) < B2V
y,2€0x (

tr (>N N @207 uel

1485

(7-9)
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uniformly for x € R". Indeed, suppose y, z € Q, and j +r(x) > —N. Then we have the estimate

/ Suleu,,-(y—w)—Ku,j(z—w)ldw5/ sup(| Ky, j (y — w)| + [Ky,j(z — w)]) dw
(20)° uel (20.)¢ uel

<o f B qw<Brw,
~ [w—x|=2r®) 27w _x|)n+1 ~

On the other hand, if y,z € Q,, and j +r(x) < —N, then

/ sup [Ky,j(y —w) = Ky j(z —w)| dw
(2Qx)° uel

is bounded by a constant times

1
[ suply=ali9uk =y iz - wldwdi 2729 [ 27T k)@ w)ldw £ 5274
0 (ZQX)(‘ n

uel

Summing over j such that j +r(x) > N and j +r(x) < —N respectively, we see that (7-9) follows.
Finally, it suffices to observe that

12
II(X)§][ ][< Z ”Tu,j(X(ZQx)ij)()’)_Tu,j(X(ZQx)CI_Ij)(Z)”%2(1)> dydz

lj+r(x)|>N
2 1/2
L2(1)>

/ (Ko (v = w) = Kuj (2 — w)]H; (w) dw
(204)

= sup <
V-2€0x N ()] >N

2\1/2
< sup ( (/ 1Ky j(y —w) — Ky j(z—w)l2p dw) ) 1l Hjll ez l| Loo ()
}",ZEQX \j+r(x)|>N (ZQX)C
2\1/2
< sup ( (/ suleu,j(y—w)—Ku,j(z—w)ldw> ) 1 Hjlle2(z) Il oo @y -
Y2€0x \|jfp()|>N Y (2Qx)° uel

Invoking (7-9) yields
TG | oo @y S B2 N H; () L2z | Low @)

which together with our earlier estimate about || I(x)]| Lo () gives (7-7).

Proof of Lemma 7.1. The key is a relative distribution inequality. Fix the Banach space B. For any n > 1,
we claim that there exists b, € (0, 1) such that for any b, ¢ > 0 with b < b,, we have

Hx e R" : MF(x) > a, Fﬁ(x) <ca}| Spel{ix e R": MF(x) > ba}|.

If this is true, then by taking c sufficiently small, we can use Lemma 2 of Chapter IV.3.5 of [Stein 1993]
(see also the remark on the bottom of page 152 there) and conclude the proof of Lemma 7.1.

To prove the above relative distributional inequality, let b € (0, 1) first. Let F' € L?(R", B). Decompose
the open set {x € R" : M F(x) > ba} into an essentially disjoint union of Whitney cubes {0}, so that the
distance of each Q from the complement of this set is bounded by 4 times the diameter of Q. Now since
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{x eR": MF(x) > a, FF(x) < ca} is a subset of {x € R" : M F(x) > ba}, we just need to show that for
each Whitney cube Q as above, we have

l{x € Q: MF(x) > a, F*(x) < ca}| S, |0l

This inequality would be trivial if the set on the left-hand side were empty. So let’s assume there exists a
point xq € Q such that F* (xo) < ca. Now let é be any cube that intersects Q and that has diameter at
least that of Q Then 20Q will contain a point y where M F(y) < ba. Hence fQ |F|p <20"ba for all
such cubes Q If x € Q and MF(x) > «, then by taking b < 207", we see that M(F x30)(x) > . We
also have f3Q |F|g <20"ba. Thus,

{(xe Q: MF(x) > «a, Fﬁ(x) <ca}C {x € Q:M(F}@Q—f F>(x) > (1—20”[))01},
30

where the measure of the right-hand side is bounded by

Fx30(y)— F30lpd Cn 30|F%(x) < 3"Ch
mf|)(%gy 3Q|B y_m| 0l xo_m|Q|

where C, is the constant arising in the weak-type (1,1) bound of M : L'(R", B) — L“*(R"). This
proves the desired relative distributional inequality. 0

Appendix A: An improved local smoothing estimate

In this section we prove Theorem 1.6. Let x : R* — R be a nonnegative smooth bump function supported
on 1 < |&| <2. Define

Eof(x. 1) = /R FE X&) EHIE g,
We will prove

IEo fll Lo @rxi—rip S A2 YPF £l ey (A-1)

for every A > 1. Once this is proved, a rescaling argument shows that

(/...

whenever f (&) is supported on the k-th annulus, that is, |§| ~ 2% Asa consequence we obtain Theorem 1.6.
We will prove (A-1) for every elliptic phase. Let ¢y be a small positive real number. Let ¢ : R — R
be a smooth function with

)4 1/p
/ e"xff@)e”'fl’dé‘ dxdt> S 2R IPERE| £y ey (A-2)

1
BE+IVEEN ST, col, < (V2)(E) < C_Oln for every [§| < 10, (A-3)

where I, is the identity matrix of order n x n. Let xo : R” — R be a nonnegative smooth bump function
supported on |£| < 2. Define

Eyf(x.1):= /Rn FE) xoE)e™ O g,
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We will prove

sup 1 Ep fllLr@oxi—aap S A 2VPREN £l ey (A-4)
¢:(A-3)

for every A > 1.
For a ball B, ¢ R*t! of radius A, we will let B, denote its projection in the first n variables, i.e.,
spatial variables. That is, B,  is a ball of radius A in R". We also define the associated weight

1
YO T e — el

Here ¢ denotes the center of B, . We remark that in the argument below, various implicit constants

for x € R".

depend on this choice of weight. However, this dependence is not important, and to avoid unnecessary
technicalities, we will not make these details explicit. We refer the interested reader to [Li 2020], which
contains all the necessary details that are required to run the Bourgain—Guth argument [2011].

We prove (A-4) by an inductive argument. Denote by Q; the smallest constant such that

sup | Eg fllLrsy < Qu- A" * VP fllrw, -
¢:(A-3) »

for every ball B; C R+ with B, C B, x [—A, A]. Of course our goal is to prove that

Q5. Se A (A-5)
for every € > 0. In the following, for the sake of simplicity, we will always abbreviate Ey f to Ef.

First, by translation invariance, we will assume that B, is centered at 0. We normalize f such that
IIfIILP(wB_A,))»"(]/Z_l/p) —1. (A-6)

Next, let K, be a large integer that is to be determined, satisfying

K, < A°.
For a large dyadic integer K, let Colg denote the collection of all dyadic cubes of length 1/K. We write

Ef = Y Efy,. withfy =Ff 1.
a,eCol,

Here {1,, }, forms a smooth partition of unity, and 1, is supported on 2c,,. On every ball Bk, C R+ of
radius K,,, by the uncertainty principle, we know that |Ef;, | is essentially a constant for every «,, € Colg, .
We let |E fy, |(Bk,) denote this constant. Denote by o the cube that maximizes

{|Efay, |(BK,1)}a,,eColK,, .
Consider the collection

Coly, = {an € Colk, : |Efa,|(Bk,) = K, " |Efuz|(Bk,)}-

Here the choice of the coefficient K is not strict. One can also use K, 2" or something even smaller.
There are three cases.

Case 1: There exists an integer 1 < j <n, and cubes oe,(,l), e a,(qj ) e Col}}n which are (1/K,,_1)-separated
such that every cube within Col}zu is in the 1/K,,_; neighborhood of some oz,(lj )
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Here K,,_1 < K, is also to be determined. Next, we have:

Case 2: There exist cubes a(l) .. ("H) € Coly that are (1/K,—1)-separated and do not lie in the
100/ K, neighborhood of any (n— 1)-d1mens10nal subspace.

If Case 1 and Case 2 are not satisfied, then we have:
Case 3: All cubes in Col*,}n lie in the C(K,—1)/K, neighborhood of a subspace of dimension n — 1.

Here C(K,_1) is a large constant depending on K,_; which may change from line to line (it always
suffices to take, say, C(K,_1) = K 0).

We deal with these three cases separately. In Case 1, we have

|[Efl S max |Efy,|+ max [Efy, | (A-7)
o, €Colg, 0{,,,1€C01Kn_1
In Case 2, we use
n+1 1/(n+1)
Ef| S K" (1‘[ Ef, 0 |)
j=1
In Case 3, we use
|Ef|< max |Efy, |+  max ‘ > Efa |- (A-8)
a,eColg,, L, _;: subspace
of dimension (n—1) @n—1:dist(ey—1,Ly—1)<1/Ky_
In the last summation, we implicitly assumed that o, € Colg, ,, and that
C(Ky-1) - 1 ‘
Kn Kn—]

Here we agree upon a convention: for 1 < j < n, whenever the symbol «; appears, we always assume
that ; € Colg;, to keep notation simpler. Combining (A-7)—-(A-8), we obtain

n+1 1/(n+1)
EfIS max |Efa,|+ max IEfa,,llJer"(l_[lEfml)
a, €Col

olg, ap—1€Colg, | =1

+ max

) Ef. |.
L,_: subspace Gn=l

of dimension (n—1) a1 :dist(ety 1, Ly— 1)<1/Kn 1

We raise both sides to the p-th power, then integrate over B, , and in the end sum over balls Bk, inside B;,

/IEfI”< 3 /lEfa,,|f’+ /BA|EfaH|

Ol,,GCOl[( Oy — ]ECO]](H 1

n+l p/(n+1)
+ Z /B Kﬁ!’”(l_[ IEfa,(,j) |>
j=1

oVl in Case 2
p
+ Z max/ Z Efo, (A-9)
Bk, CB, Bkn oy, dist(otn—1.Ly—1)<1/Kp_1

There are four terms on the right-hand side. It is the contribution from the last term that gives us the
ultimate constraint for the exponent p, as stated in (1-5).
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Let us be more precise. The first and second summands on the right-hand side of (A-9) can be taken
care of by parabolic rescaling. We will deal with the third summand using multilinear restriction estimates
due to [Bennett, Carbery, and Tao 2006]. The last term requires further careful analysis.

For the first and second summands, we will apply rescaling. The argument is the same in both cases.
Hence we will only write down the rescaling argument for the first summand.

\Ef,|” = /
B;, B;,

Here we apply the change of variable

3

& — ra +cq,, With ¢o, being the center of .
n

. . p
/ fu, (©) TIPS gl dx dt.

We obtain

k|

p
/ fa (Ki + Ca,) i /Kb ¥t 6/ Kitca) dé‘ dx dit
n

i
3

Next we apply the change of variables

p
/ f, (Ki + Coz,,) oiE/ Knx+i K7 (E/Kntea,)(t/KD) de| dx dt.
n

x/K, - x and t/K,% —>t

to obtain

)4
A n

Here Ex C R™*! is a rectangular box of dimensions A/K,, X - - - x A/ K, x A/K ,f centered at 0. The reason
of writing it in this form is that

P(€) = K3¢(Ki + ca”> — K, (Vo) (ca,), &) — K2¢(cq,) still satisfies (A-3).

By a change of variable, (A-10) can be bounded by

- p
Knnp+n+2/ / far (i + Can>ei§x+it¢(§)dg' dx dt.
ZE;L K}’l

Next we split the rectangular box 2B, into a union of cubes of side-length A/K2.

. e p
KK Y / fa,,(g +can>e’f*+”¢@>ds‘ dx dt

- K,
B}»/K,,Z C2B;,

+2 A \P/2=1/p) »

—np gn

SKK ) <_K2) "k /R
n

B)T/K%C ;/Kn

By k2
p

wp- (x)dx.
)"/Kll

o (? +can) (x)




SHARP VARIATION-NORM ESTIMATES FOR OSCILLATORY INTEGRALS 1491

Here we applied the induction hypothesis. We may now sum the weights over all B,

bound the above by
of A np(1/2—1/p) T N
n n
<K KT (KZ) A/K2/ fan(K—n+ca,)(x)

1/2—1
< K npKn+2Knp n A i/ /P |f (§)|Pw (x)dx
KZ A/KZ %n B

/K C B;/Kn, and

P
W (x) dx

Summing over «,,, we obtain

+2 A \P/2-1/p)
o ()

KZ

A/KZ nKan/ |fan| w37

< K npKn+2< K nKnp

1 np(1/2—1/p)
> ;\/K2

KZ
In the last step, we applied the normalization condition (A-6). Let the exponent of K, be equal to zero
and we obtain

1 1

2—2np<——;)=0 —

_ 2(n+1)
3 ==

n
This is exactly the exponent in the Fourier restriction conjecture. Moreover, the last display tells us
that, for the contribution from the first and second terms in (A-9), the induction can be closed whenever
p>2n+1)/n.

Now we deal with the third summand on the right-hand side of (A-9). When p > 2(n + 1)/n, by
multilinear restriction of [Bennett, Carbery, and Tao 2006] and by Bernstein’s inequality and Holder’s
inequality,

n+l p/(n+1)
|
Z / Kr%n (l_[ |Efa)(lf)|> S.; Kr%n Kr}OOn.)Le‘
B, .

057(11) ,,,,, 0!,(,"“) in Case 2

Again we see that there is no problem for this term as K,, can be chosen to be much smaller compared
with A€

In the end, we come to the last summand on the right-hand side of (A-9). Fix a ball B, C R"*!.
Assume that the maximum is attained at the (n—1)-dimensional subspace L,_;. We need to consider

/ ) 3 Efun

ay—p:dist(ay—1,Ly—1 )Sl/Kn—l
Notice that each |Ef,, ,|is essentially a constant on Bg

p

a ball of radius K,,_; which is much smaller

n—1°

compared with K. Hence tentatively we fix a ball B, , C Bk,. Leta;_; denote the cube that maximizes

{| Efanfl | (BK,Z,1 )}an,l «dist(oy—1,Ly—1)<1/Kp_1 -
Consider the collection

1
ColK = {an_l sdist(o—1, Lp—q) < %

n—1

and |Efq, ,|(Bk, ) = K, " |Efa: |(BK,,_|)}-

n—1

There are three further cases:
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Case 3.1: There exists an integer 1 < j <n—1, and cubes “(])1 (j)l € Col* ~ Wthh are (1/K,,—»)-
(j )

separated such that every cube within Col} ., isinthe 1/K,_» nelghborhood of some «,,
Here K,,_» < K;_, is also to be determined. Moreover, we have

Case 3.2: There exist cubes oz( )1, e, 0115"_)1 € Col”;(n_1 that are (1/K,,_»)-separated and do not lie in the

100/ K, neighborhood of any (n—2)-dimensional subspace.
If the above two cases are not satisfied, then we must have
Case 3.3: All cubes in Col}‘(}H lie in the C(K},—»)/K,,—1 neighborhood of a linear subspace of dimension n—2.

Here C(K,_») is a large constant depending on K, _,. It suffices to take C(K,—») = K,}(ioz”.

Similarly to (A-7)-(A-8), we have that for every point (x, t) € Bg,_,

IEf|§aIglaX |Efo,| + max  [Efg, |+ max |Efy, |

olk, ap—1€Colg, o€ 01an2
n 1/n
K,%L(H |Efa(j>||> +ILnaX Z Efa, |
j=1 "~ "2 edist(@n_2, Ln—2)<1/Kn_>

We first raise both sides to the p-th power, integrate over B, ,, and then sum over all balls B, , C Bk,

n?

and in the end sum over all balls Bx, C Bj:

fIEfI”< 3 f|Efan ) /|Efanl|

anECOl Oopy— IECOIKn 1

n p/n
/ |E fu,_, |7 + E / K,%ﬁ(l ||Efa<_/>l|)
B L. e

j=1

B,
o (") | in Case 3.2

n 1°
> Efu,

ay—:dist(ay,—2,L,-2)<1 /Kn—Z

Oy 2€C01K _n

+ )2 Ipa/B

B]{nCB)\ BKn—l CBK,,

p

n—1

There are five terms on the right-hand side of the last display. By the same scaling argument as above, we
can handle the first three summands. For the fourth summand, we again apply multilinear restrictions
due to [Bennett, Carbery, and Tao 2006]. However, notice that we are applying an n-linear restriction
estimate in R"*!. This will not give us the restriction exponent 2(n 4+ 1)/n, but something larger. To be
precise, we have

- p/n
2. / K,y <1_[ IEfo, I) < K2 K100
j=1

By
r(,l)| ..... ( ) , in Case 3.2

for every

which we assume.



SHARP VARIATION-NORM ESTIMATES FOR OSCILLATORY INTEGRALS 1493

Hence it remains to handle the last summand

E max/
Lo JBg

Banl CB;,

p

> Efa, »

an72:di5t(an72»Ln72)§ I/anZ

n—1

We repeat this iteration until we reach

p
Z max / Z Efo, il > (A-11)
Bk, ,CB; I Br, oty —k—1:dist(ety—k—1, Lp—k—1) <1/ Kn—g—1
where k is the largest positive integer such that
n—1
k < 7 (A-12)

in other words,
(n—3)/3 itn=0 (mod3),
k=1(m—-1)/3 ifn=1 (mod3), (A-13)
(n—2)/3 itn=2 (mod3).

Collecting all the constraints on the exponent p from applying the multilinear restriction estimate, we

obtain
- 2m—k+1)

p= n—=~k

Instead of running the previous argument again on (A-11), we apply the decoupling inequalities of

(A-14)

[Bourgain and Demeter 2015]:

p
/ Z Efoln—k—l S (I(nfkfl)(n_k_1)(1/2_1/1”)[)+E Z |Ef0ln7k71 |p.
Bry i oy ——1:dist(@p—g—1,Ln—k—1)<1/Ky—k—1 on -1 ¥ BRni
The above inequality will hold as long as
2n—k+1)
<—. A-15
b=k (A-15)
In the end, we sum over all balls By, , inside B), and obtain
(Rpeaptbontoree S [ g,
i1 Y B
It is clear now that we should apply parabolic rescaling. This gives us
(K= DA2=ppte o (g )22 /2=1/p) o Qi’/Kz_k_,‘
By equating the exponent of K, _;_; with zero we obtain the constraint
2(n+k+3) (A-16)
n+k+1

This constraint is more restrictive than (A-14), by condition (A-12). By choosing k as in (A-13), and
substituting that into (A-16), we obtain the constraint on p in (1-5). To summarize, we have shown that for
p satisfying (1-5) and (A-15), we can close the induction. Thus, we have established (A-5) and therefore
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(1-6) for such p’s. Finally, by the result of [Rogers and Seeger 2010], we already know that (1-6) holds for
all p >2+4/(n+1) (even with € =0), which completes the proof of Theorem 1.6 for the claimed range in p.

Appendix B: A maximal multifrequency estimate of Krause and Lacey

Fix € € Z and d € N with d > 2. Take the decomposition 1 =), , ¢,(t), where @;(t) := ©o(27 %) for
some smooth even function ¢( supported on |¢| ~ 1. For u > 0, let
TOfx) =Y T fx),

>0

where
dt

e

T f (x) = fR Fx = Deee™

Following the method in [Bourgain 1989], we will prove the following maximal multifrequency estimate.

Theorem B.1. There exists a constant C such that for any T > 0, M € N and any 01, ..., 0y € R with
min15i<j5M |9, — Qj| > 2‘1,', we have
M M 1/2
(u) 2 2
sup > Mody, T“P, f,, Ly S Cllog ) (Z | f ||L2(R)) (B-1)
V=1 ® m=1
forall f1, ..., fu € L*(R), where P; is the Littlewood—Paley projection onto the frequency interval [—1, T].

Here Mody f (x) is the modulation Mody f(x) := e* f(x).
As a corollary, we obtain Theorem 3.5 of [Krause and Lacey 2017]:

Corollary B.2 [Krause and Lacey 2017]. There exists a constant C such that for any T > 0, M € N and

any 0y, ...,0y € Rwithmin|<; - j<py |0; — 0, > 2T, we have
M
sup| ¥ ~Modg, T (P; Mod_g, f) < Clog M| fll 2wy
u>0 m=1 L2(R)

for any f € L*(R).

Indeed, one can obtain the corollary by applying Theorem B.1 to f,, := P, Mod_g4, f, and noting that

then 30y Il fonll 72y < 1172

The corollary is slightly stronger than Theorem 3.5 of [Krause and Lacey 2017] because it allows one
to take supremum over all u > 0 (not just over u € (0, 2)).

To prove Theorem B.1, we use the following variant of our Theorem 1.1.

Theorem B.3. There exists a constant C such that for all p € (2, 3) we have
VAT fru> 0} le@ < Cp =27 I fllLew- (B-2)
Stein and Wainger proved that

Isup{T™ f :u > O}l Loy < Cyll f Il Loy (B-3)

for 1 < g < co. By complex interpolation, we then get the following corollary:
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Corollary B.4. There exists a constant C such that for all r € (2, 3) we have
VAT f 2 u >0}l 2@y < CO =27 I f ll 2wy- (B-4)

Indeed, for any r € (2, 00), one can obtain (B-4) by interpolating between (B-2) with p = (r 4 6)/4,
and (B-3) with ¢ = 3.
Below we first prove Theorem B.3, and then use Corollary B.4 to prove Theorem B.1.

Proof of Theorem B.3. By the argument in Section 3, we have

kd
sup AV NATZD 2k € ZY| oy < Coll fll ey
A>0

for 1 < p < oco. By the real interpolation argument in Lemma 3.3 of [Bourgain 1989] (see also Lemma 2.1
of [Jones, Seeger, and Wright 2008]), we have

VAT f ik € Ylwow < Cp =27 I fllr@y (B-5)

for all 2 < p < 3. Furthermore, by the argument in Section 4, we have
VTS flleriien lr@ < C(p =27 I flr@) (B-6)
for all 2 < p < 3, where V,.PT(W Fx):=VP{TW f(x):u e [2/¢,20+D4]} Indeed, the left-hand side

above is bounded by

Z Il ‘/jpT((z)j Pjyicfller(j:e—j=en) ey,
k.teZ

and the arguments of Sections 4B and 4E show that

Y. WV TE Pfle e < Coll flre (B-7)

k.teZ
t<—k/(2(d+1))

for 1 < p < 00, and

> + > VT2 Pia fll lr@y < Coll fleow  (B-8)

k,leZ k,teZ
£>—k/Q2(d+]1)), k>t(d—1)+C  £>—k/(2(d+1)), k<t(d—-1)-C

for 2 < p < oo, where the constants C, satisfy sup,.,.3 C, < 0o. Furthermore, the arguments in
Section 4D show that there exist absolute constants C and § > 0 such thatif £ >0and k =£(d—1)+ O(1),
then

- -2
VST, P fller ey < €272 £l o)

for all 2 < p < 3. Summing these up, we get

Yo > VTP lelre < Cr =27 Il (B-9)
£>0 k= d—1)+0(1)

for all 2 < p < 3. Inequality (B-6) then follows from (B-7), (B-8) and (B-9). Since
VIHTW fru> 0y < VT f ke ZV+ VI T fllon e
we obtain the desired conclusion (B-2) from (B-5) and (B-6). O
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Proof of Theorem B.1. We will deduce Theorem B.1 from Theorem B.3, following [Bourgain 1989] closely
(see Lemma 4.13 there). Suppose T > 0, and 60y, ..., 0y € R are such that min;<; - j<py |6; — 6;| > 27.
First, to prove (B-1), it will suffice to show that

Mo 2 1/2 M 1/2
(f sup| Y e TP, f, (x+w) dw) sC(logMY(Z ||fm||iz(R)) . (B-10)
wel0,1/(1000)] llu>01""—} LX(R) m=1

Morally speaking, this is the uncertainty principle at work: note that for every u > 0, the function
x> TWP, fm(x) has Fourier support contained in [—7, ], and hence | Modg, TWP, fm(x)| can be
thought of as locally constant on an interval of length >~ 1/7. To be precise, for each w € [0, 1/(10071)],
we have, by Plancherel’s identity, that

1P fn(-) = Prfn (- 4+ w)ll 2 < 31 fnl 2

whenever w € [0, 1/(1007)]. Thus if B is the best constant for which (B-1) holds, then for all w €
[0, 1/(1007)], we have

M M M 1/2
. B

sup| > " Mod,, T Py fu(x) <|sup| > e T@P, £, (x+w) +—<Z ||fm||iz(R)> :

u>0 m=1 L2(R) u>0 m=1 L2(R) 2 m=1

so taking L? average over all w € [0, 1/(1007)], and using (B-10), we have
2 B
B < C(logM)" + >
i.e., B <2C(log M)? as desired. Thus, it remains to establish (B-10), which can be rewritten as

2 12
dw)

M

(F 222
wel0,1/(1007)] u>0

m=1

e—iemweiemx T(u) P-[ ﬁn (x)

L2(R)

M 1/2
< C(log M)Z(Z ||fm||iz®) (B-11)
m=1

by first changing variable x +— x — w, and then interchanging the integrals in x and w.
To prove (B-11), for each x € R, consider the (bounded) set A, C R¥, given by

Ay :={(TYP, fi(x),..., TP, far(x)) : u > O}.

If X is bigger than the diameter of A, let E;, (x) = 0; otherwise let E, (x) be the minimal number of balls
in R of radius A that is required to cover A,. (E; (x) is sometimes called the entropy number.) One
then observes that for every s € Z, there exists a finite subset By(x) C Ay — Ay of cardinality at most
E>s(x) such that

Ibs| < 2°T1  for every by € By(x)
and such that every element a of A, admits a decomposition

a= Z by with by € By(x) forevery s € Z.

seZ
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Then the left-hand side of (B-11) is bounded by

Mo . 2 12
H Z max (f Z e 1w ity dw) ;
vez PE€Bs N Jwero,1/(1000)11, = L2(R)
here by = (bs.1, . .., bsm). Using Cauchy—Schwarz for the sum over m, the above displayed equation is
further bounded by
Mo ' 2 1/2
Zmln{2S+1M1/2’ ( Z f Z 6_19'"w819mxbs’m dU)) } (B—12)
seZ byeB, (x) ¢ WEL01/A00DIT, L2(R)
To estimate the integral in w above, observe that from the separation of the 6y, ..., 67, we have
Mo 2 1/2 M 172
(o o)< (S
wel0,1/(1007)] m=1 =1
indeed, the key is that if h : RY — RM is defined by
d T
(ha)y, = a,,

then the operator norm of § is bounded independent of M, which can be deduced, for instance, by
comparing it to the (continuous) Hilbert transform on R. Thus (B-12) is bounded by

Zmin{23+1M1/2, 2S+1E25 (x)l/Z}

seZ

=2

Zzs min{M "2, E» (x)'/?}
L*(R)

seZ

(B-13)

L2(R)
Now let
M 172
F(x):= (Z sup |T(”)Prfm(x)|2> .
=1 u>0
Then the diameter of A, is at most 2F (x). Hence the entropy number satisfies E»s(x) = 0 whenever
2% > 2F (x). We are then led to sum
> 2 min{M'?, Ep(x)'/?).
25<2F(x)

We split this sum into two, one where 2° < M~!/2F (x), and another where M ~!/? F (x) <2° <2F(x). The
former sum is bounded by F(x), while the latter sum is bounded by (log M)M/2=1/" sup__, 25 Eps (x)!/"
for any r € (2, c0). Now pick r € (2, co) such that

1 1 Ll
2 r—(lOgM) )

so that M!/>=1/7 ~ 1. Then (B-13) is bounded by

| F(x) + (log M) sup 2" B OV 2 gy
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But by Stein and Wainger’s inequality (B-3), we have

M 1/2
1F 2wy S (Z ||fm||iz(m) :
m=1

Furthermore, one can relate the entropy Es (x)!'/" with the 7-th variation norm pointwise:

M 1/2
sup 2* Eos (x)V/7 < (Z \VATW P, fru(x) :u > 0}|2> .

seZ m=1

Hence

M 1/2
| dog M) sup2* Ex: ()7 ) < (log M>(Z VAT P fon 2 u > 0}||22(R)> :
seZ

m=1

By Corollary B.4, the latter is bounded by

M 1/2
Clog M)(r —2)7" (Z ||fmniz(R)> :
m=1

and since (r —2)~! ~log M by our choice of r, this completes the proof of Theorem B.1. O
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