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FEDERER’S CHARACTERIZATION OF
SETS OF FINITE PERIMETER IN METRIC SPACES

PANU LAHTI

Federer’s characterization of sets of finite perimeter states (in Euclidean spaces) that a set is of finite
perimeter if and only if the measure-theoretic boundary of the set has finite Hausdorff measure of
codimension 1. In complete metric spaces that are equipped with a doubling measure and support a
Poincaré inequality, the “only if” direction was shown by Ambrosio (2002). By applying fine potential
theory in the case p = 1, we prove that the “if”” direction holds as well.

1. Introduction

In the past two decades, there has been great interest in studying problems of first-order analysis in the
setting of general metric measure spaces; see, €.g., [Ambrosio 2002; Ambrosio et al. 2004; Bjorn and
Bjorn 2011; Heinonen and Koskela 1998; Miranda 2003; Shanmugalingam 2000]. In particular, Sobolev
functions (sometimes called Newton—Sobolev functions in the metric setting) and functions of bounded
variation (BV functions) have been topics of central interest. In much of the literature (as well as in the
current paper) one assumes that the space is complete, equipped with a doubling measure, and supports a
Poincaré inequality; see Section 2 for definitions. Studying questions in such an abstract setting provides
an opportunity to unify the theories developed in specific settings such as weighted Euclidean spaces,
Riemannian manifolds, Carnot groups, etc. Moreover, without having the Euclidean structure available,
one is forced to develop novel methods and proofs, giving new insight into various problems.

In the theory of BV functions in the Euclidean setting, a key result originally due to De Giorgi states that
if E is a set of finite perimeter, then the perimeter measure P (E, -) coincides with the (n—1)-dimensional
Hausdorff measure restricted to the measure-theoretic boundary 0*E. In particular, P(E, R") < oo
implies "1 (3" E) < co. By a deep result of [Federer 1969, Section 4.5.11], the converse holds as well,
so in fact P(E, R") < oo if and only if H""1(3*E) < oco. This is known as Federer’s characterization of
sets of finite perimeter. In the metric setting, where it is natural to formulate this kind of result by means
of the codimension-1 Hausdorff measure #, the “only if”” direction of the characterization was shown in
[Ambrosio 2002], but the “if”” direction has remained an open problem. In the current paper, we show
that this direction holds as well.

Theorem 1.1. Let Q C X be an open set, let E C X be a pu-measurable set, and suppose H(9* EN) < oo.
Then P(E, Q) < 0.
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The “only if” direction of Federer’s characterization is part of a more general structure theorem for
sets of finite perimeter, which in the metric setting states that the perimeter measure is comparable to the
Hausdorff measure of codimension 1 restricted to the measure-theoretic boundary. This structure theorem
is an indispensable tool in analysis of sets of finite perimeter, and hence more general BV functions as well.
While not equally essential, the “if”” direction of Federer’s characterization has a number of applications
as well. For example, in [Kinnunen et al. 2012] the authors proved a characterization of Newton—Sobolev
functions with zero boundary values by means of a natural Lebesgue point-type condition on the boundary.
However, the proof relied on assuming that Federer’s characterization holds; now we know that this is the
case under the usual assumptions on the space. We will discuss other applications in Section 5.

Previously there have been some partial results toward a proof of the “if”” direction. The paper [Korte
et al. 2015] showed that if the metric space is assumed to contain a “thick” bundle of curves between
each pair of points, then the “if” direction can be proved by mimicking the Euclidean proof. In the
current paper we take a completely different approach, which relies on fine potential theory. In the case
1 < p < oo, fine potential theory deals with superharmonic functions as understood by means of the fine
topology; see [Adams and Hedberg 1996; Heinonen et al. 1993; Maly and Ziemer 1997] for the theory
and its history in the Euclidean setting, and the recent papers [Bjorn and Bjorn 2015; Bjorn et al. 2015;
2016; 2018] for similar results in the metric setting. In [Lahti 2017a], the author proved some analogous
results in the case p = 1, by relying on certain continuity properties of BV functions proved earlier in
[Lahti 2017b; Lahti and Shanmugalingam 2017]. An application of these results led to the following
characterization of sets of finite perimeter, which is in the same vein as Federer’s characterization. Below,
d' I denotes the fine boundary of E, or more precisely of its measure-theoretic interior; one always has
I*E Co'lg.

Theorem 1.2 [Lahti 2017a, Theorem 1.1]. For an open set 2 C X and a t-measurable set E C X, we
have P(E, Q) < oo if and only if H(3' g N Q) < oo. Furthermore, H((3'Ix \ 3*E) N Q) = 0.

In the current paper, our main goal is to show that if H(9*E N Q) < oo, then H(@'IE \I*E)YNR) =0
and thus Theorem 1.1 follows from Theorem 1.2. The proofs will be given in Section 4, and they rely
mostly on properties of the 1-fine topology proved in [Lahti 2017a; 2020], as well as boxing inequality-
type arguments. Our methods and the underlying theory should be of interest already in Euclidean spaces,
where Federer’s original argument has remained (as far as we know) essentially the only known proof for
the characterization.

2. Preliminaries

In this section we introduce the standard definitions, notation, and assumptions used in the paper.

Throughout this paper, (X, d, ) is a complete metric space that is equipped with a metric d and a
Borel regular outer measure p satisfying a doubling property, meaning that there exists a constant C; > 1
such that

0 < u(B(x,2r)) < Cau(B(x,r)) <00
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for every ball B(x,r) :={y € X :d(y, x) <r}. We assume that X consists of at least two points. Given
aball B= B(x,r) and 8 > 0, we sometimes abbreviate § B := B(x, fr). Note that in metric spaces, a
ball (as a set) does not necessarily have a unique center point and radius, but we understand these to
be prescribed for all balls that we consider. When we want to state that a constant C depends on the
parameters a, b, ..., we write C = C(a, b, .. .).

All functions defined on X or its subsets will take values in [—00, 00]. A complete metric space
equipped with a doubling measure is proper; that is, closed and bounded sets are compact. For any open
set Q C X, we define Lip,,.(£2) as the set of functions that are in the class Lip(2") for every open Q' € ;
here Q' € Q means that Q' is a compact subset of 2. Other local function spaces are defined analogously.

For any set A C X and 0 < R < oo, the restricted spherical Hausdorff content of codimension 1 is
defined as o o

Hr(A) ::inf{ WBCLTD) L g B ), 1 < R}.

The codimension-1 Hausdorff measure of A C X is then defined as
H(A) := lim Hr(A).
R—0

In the Euclidean space R"” (which we always equip with the Euclidean metric and the Lebesgue measure £",
unless otherwise specified) this is comparable to the (n—1)-dimensional Hausdorff measure.

By a curve we mean a nonconstant rectifiable continuous mapping from a compact interval of the real
line into X. A nonnegative Borel function g on X is an upper gradient of a function # on X if for all
curves y, we have

IM(X)—u(y)IS/gds, 2.1

1
where x and y are the endpoints of y and the curve integral is defined by using an arc-length parametriza-
tion; see [Heinonen and Koskela 1998, Section 2], where upper gradients were originally introduced. We
interpret |u(x) — u(y)| = oo whenever at least one of |u(x)|, |[u(y)]| is infinite. An upper gradient of a
function u € C'(R") is given by |Vu].

Let 1 < p < oo (we will work almost exclusively with p = 1). The p-modulus of a family of curves I
is defined as

Mod,,(T") ::inf/ ofdu,
X

where the infimum is taken over all admissible test functions p, which are nonnegative Borel functions

such that ]y pds > 1 for every y € I'. A property is said to hold for p-almost every curve if it fails only

for a curve family with zero p-modulus. If g is a nonnegative p-measurable function on X and (2.1)

holds for p-almost every curve, we say that g is a p-weak upper gradient of u. By only considering

curves y in a set A C X, we can talk about a function g being a (p-weak) upper gradient of u in A.
Given an open set 2 C X, we let

lull i) := llullLe@) +infllgllLr(),
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where the infimum is taken over all p-weak upper gradients g of u in 2. The Newton—Sobolev space is
defined as

N'P(Q) = {u : llull vy < 00).

In R” this coincides, up to a choice of pointwise representatives, with the usual Sobolev space W7 (Q);
this is shown in Theorem 4.5 of [Shanmugalingam 2000], where the Newton—Sobolev space was originally
introduced.

We understand a Newton—-Sobolev function to be defined at every x € 2 (even though || - || yi.r(q)
is then only a seminorm). It is known that for any u € NIL’CP (£2) there exists a minimal p-weak upper
gradient of u in €2, always denoted by g,, satisfying g, < g almost everywhere in €2, for any p-weak
upper gradient g € Lf(’)c(Q) of u in ©2; see [Bjorn and Bjorn 2011, Theorem 2.25]. In R”, the minimal

p-weak upper gradient coincides (a.e.) with |Vu|; see [Bjorn and Bjorn 2011, Corollary A.4].
The space of Newton—Sobolev functions with zero boundary values is defined as

NyP(Q) :={ulg:u e N"P(X) and u =0 on X \ Q}.

This class can be understood to be a subclass of N7 (X) in a natural way.
The p-capacity of a set A C X is defined as

Cap,(A) :=inf [[ully1.r(x),

where the infimum is taken over all functions u € N7 (X) such that u > 1 in A.
The variational 1-capacity of a set A C 2 with respect to an open set 2 C X is defined as

cap; (A, Q) := inf f gud,
X

where the infimum is taken over functions u € N&’l (€2) such that u > 1 on A, and g, is the minimal
1-weak upper gradient of u (in X). For basic properties satisfied by capacities, such as monotonicity and
countable subadditivity, see [Bjorn and Bjorn 2011].

We will assume throughout the paper that X supports a (1, 1)-Poincaré inequality, meaning that there
exist constants Cp > 0 and A > 1 such that for every ball B(x, r), every u € Ll

1oc(X), and every upper
gradient g of u, we have
][ |M—M3(x,r)|dM§CPr][ gdu,
B(x,r) B(x,Ar)

where

1
UB(x.r) i= udyu = ——— udu.
(r) ][B(x,r) w(B(x,r)) Jp,r

The standard example of a complete metric space equipped with a doubling measure and supporting a
(1, 1)-Poincaré inequality is the (unweighted) Euclidean space. Other examples include certain weighted
Euclidean spaces (see, e.g., [Heinonen et al. 1993, Section 15]), complete Riemannian manifolds with
nonnegative Ricci curvature (see [Saloff-Coste 2002, Section 3.3.5]), as well as Carnot groups which we
will discuss briefly in Section 5.
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Next we recall the definition and basic properties of functions of bounded variation on metric spaces,
following [Miranda 2003]. See also, e.g., [Ambrosio et al. 2000; Evans and Gariepy 1992; Federer 1969;
Giusti 1984; Ziemer 1989] for the classical theory in the Euclidean setting. Let 2 C X be an open set.
Given a function u € LIIOC(Q), we define the total variation of u in €2 as

| Dul(Q) := inf{lig(i)gf/g gudpu; € NN (Q), uj — uin L}OC(Q)},

where each g,, is the minimal 1-weak upper gradient of u; in Q. In R" this agrees with the usual
Euclidean definition involving distributional derivatives; see, e.g., [Ambrosio et al. 2000, Proposition 3.6,
Theorem 3.9]. (In [Miranda 2003], local Lipschitz constants were used instead of upper gradients, but the
properties of the total variation can be proved similarly with either definition.) We say that a function
u € L' () is of bounded variation, and write u € BV() if || Du||(Q) < oo. For an arbitrary set A C X,
we define

| Dul|(A) :=inf{||Dul|(W): A C W, W C X is open]}.

Ifue LIIOC(Q) and || Du||(2) < oo, then || Du||(-) is a Radon measure on €2 by [Miranda 2003, Theo-
rem 3.4]. A u-measurable set £ C X is said to be of finite perimeter if | D xg||(X) < oo, where g is the

characteristic function of E. The perimeter of E in €2 is also denoted by
P(E, Q) :=|Dxell(£2).

Sets of finite perimeter include for example bounded domains with a Lipschitz boundary in R”, and in
this case the perimeter is simply the (n—1)-dimensional Hausdorff measure of the boundary. However,
sets of finite perimeter can also be highly irregular, as demonstrated by Example 2.6 below.

Applying the Poincaré inequality to sequences of approximating locally Lipschitz functions in the
definition of the total variation, we get the following BV version: for every ball B(x, r) and every
ue LIIOC(X), we have

[ Dull(B(x, Ar))
w(B(x,Ar))

For a u-measurable set £ C X, this implies the relative isoperimetric inequality

f lu — “B(x,r)l du < Cpr
B(x,r)

min{u(B(x,r)NE), wu(Bx,r)\ E)} <2CprP(E, B(x, Ar)); 2.2)

see, e.g., [Korte and Lahti 2014, equation (3.1)].
The measure-theoretic interior of a set £ C X is defined as

B(x, E
Ip := {xeX:limM=O},
r—0  u(B(x,r))
and the measure-theoretic exterior as

OE::{xeleimM: }
r—0 [,L(B(X,r))
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The measure-theoretic boundary 9*E is defined as the set of points x € X at which both E and its
complement have strictly positive upper density; i.e.,

. p(B(x,r)NE) . w(B(x,r)\ E)
limsup—— >0 and limsuyp——

r—0 w(B(x,r)) r—0 w(B(x,r))
Then X = IE U OE Uo*E.
For an open set 2 C X and a pu-measurable set £ C X with P(E, Q) < oo, we know that for any
Borel set A C €,

> 0. (2.3)

P(E,A) = / O dH, 2.4)
d*ENA

where O : 0*E — [«, Cy], witha =a(Cy, Cp, 1) > 0; see [Ambrosio 2002, Theorem 5.3] and [ Ambrosio
et al. 2004, Theorem 4.6].
If Q C X is an open set and u, v € Ll (Q), then

loc

1D min{u, v}[[(£2) + [[D max{u, v}[|($2) < | Du||(€2) + || Dv||(£2); 2.5

for a proof see, e.g., [Lahti 2018, Lemma 3.1].
The measure-theoretic boundary 9*E is always a subset of the topological boundary 9 F but the
boundaries can be quite different, as shown by the following example of the so-called enlarged rationals.

Example 2.6. Let X = R? (unweighted). Let {‘lj};il be an enumeration of Q. Define

o
E:= U B(g;,27).
j=1

Then by (2.5) and the fact that the perimeter is clearly lower semicontinuous with respect to convergence
in L1(R?), we get
o0 (o)
P(E,R?) < Z P(B(g;,277),R*) =27 Z 27/ =2n¢.
j=1 j=1

Thus E is of finite perimeter, and so by (2.4) we get H'(3*E) < oo, where #! is the 1-dimensional
Hausdorff measure. On the other hand, E is dense in R?, so that dE = R?\ E and thus £2(3E) = oco.
This illustrates that the measure-theoretic boundary is the natural boundary to consider.

The lower and upper approximate limits of a function # on X are defined respectively by

u’(x) = sup{t eR:lim p(Bx, r) Niu < 1)) = 0}
r—0 w(B(x,r))

and

Y (x) ::inf{t eR: lim KB DO > 1) :0}.
r—0 w(B(x,r))

Unlike Newton—Sobolev functions, we understand BV functions to be p-equivalence classes. To
consider fine properties, we need to consider the pointwise representatives u” and u”. We note that
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for u = xg with E C X, we have x € Ig if and only if u”(x) = u”(x) = 1, x € Og if and only if
u™(x) =u"(x) =0, and x € 3*E if and only if u"(x) =0 and u" (x) = 1.

Throughout this paper we assume that (X, d, () is a complete metric space that is equipped with the
doubling measure w and supports a (1, 1)-Poincaré inequality.

3. The 1-fine topology

In this section we have gathered all the results concerning the 1-fine topology that our argument will rely
on. For these, we refer to [Lahti 2017a; 2017b; 2020]. Most of the results are analogous to those that
hold in the case 1 < p < oo, which has been studied in the metric setting in [Bjorn and Bjorn 2015; Bjorn

et al. 2018; 2015].
Definition 3.1. We say that A C X is 1-thin at the point x € X if
) cap; (AN B(x,r), B(x, 2r))
lim r =
r—0 (B (x,r))

We also say that a set U C X is 1-finely open if X \ U is 1-thin at every x € U. Then we define the 1-fine
topology as the collection of 1-finely open sets on X.

0.

We denote the 1-fine interior of a set H C X, i.e., the largest 1-finely open set contained in H, by
fine-int H. We denote the 1-fine closure of a set H C X, i.e., the smallest 1-finely closed set containing H,
by H'. The 1-fine boundary of H is 3' H := H'\ fine-int H. Finally, the 1-base b H is defined as the set
of points where H is not 1-thin.

See [Lahti 2017b, Section 4] for discussion on this definition, and for a proof of the fact that the 1-fine
topology is indeed a topology. By [Bjorn and Bjorn 2011, Proposition 6.16], a set A C X is 1-thin at
x € X if and only if

im cap; (AN B(x,r), B(x, 2r)) _0
r—0 cap,(B(x,r), B(x, 2r)) ’

and so it is clear that W C b; W for any open set W C X.
Now we collect some facts concerning the 1-fine topology proved in [Lahti 2017a]. According to
Corollary 3.5 of that work, the 1-fine closure of A C X can be characterized in the following way:

Al=AUbBA. (3.2)

From this it easily follows that for any A C X and any ball B(x, r), we have A'NB(x,r)c ANB(x,r)!,
and then by [Lahti 2017a, Proposition 3.3] we get

Calpl(A_l N B(x,r), B(x,2r)) =cap;(ANB(x,r), B(x, 2r)). (3.3)

By Lemma 4.6 of the same work the 1-fine boundary of a measure-theoretic interior can be characterized
as follows: for any p-measurable set E C X,

3N g=bIeNby(X\ IE). (3.4)
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By [Lahti 2017a, Lemma 3.1] we know that for any p-measurable set £ C X,
IECd'lg. 3.5
Conversely, if 2 C X is open and E C X is u-measurable such that P(E, ) < oo, then by Theorem 1.2,

H(D'IE\O*E)NQ) =0.
Combining this with (2.4) gives

aHO IENQ) < P(E, Q) < C,HO Iz NQ). (3.6)

In fact this holds for every p-measurable E C X; to see this we can assume that H(O' Iz N Q) < oo, and
then P(E, ) < oo by Theorem 1.2.

We also have the following version of the relative isoperimetric inequality: for every ball B(x, r) and
every p-measurable E C X,

min{u(B(x,r) N E), p(B(x,r)\ E)} <2CpCarH(d' Iz N B(x, Ar)); (3.7
this follows from the ordinary relative isoperimetric inequality (2.2) and (3.6).

Remark 3.8. It may seem strange to talk about 3!/, as it seems that we are first taking the interior
in one topology and then the boundary in another. However, if we define the measure topology more
axiomatically, then /g is actually not the interior of E in the measure topology, and should be seen as a
measure-theoretic quantity rather than a topological one; see [Lahti 2017a, Remark 4.9]. Moreover, 0*E
is actually the boundary of I in the measure topology; let us denote it by 3°1x. Thus '/ is a natural
set to consider as well. Finally, we can note that 91y = 31 Op; see [Lahti 2017a, Lemma 4.8].

The following weak Cartan property in the case p = 1 was proved in [Lahti 2020, Theorem 5.2].

Theorem 3.9. Let A C X and let x € X \ A be such that A is 1-thin at x. Then there exist R > 0 and
Eo, E; C X such that xg,, xg, € BV(X), max{xgo, Xg\l} =11in AN B(x, R), Xgo(x) =0= Xgl (x),
{max{x ;. xz,} > O} is 1-thin at x, and
_ P(Eo. Bx.r) _ P(E1, B(x.r)
limr———= =0, limr——= =0
r—0  u(B(x,r)) r—0  p(B(x,r))

The following simpler formulation will be sufficient for our purposes.

(3.10)

Corollary 3.11. Let A C X and let x € X \ A be such that A is 1-thin at x. Then there exist R > 0 and
F C X such that xp € BV(X), ANB(x, R) C I, I is 1-thin at x, and

. P(F,B(x,r))
limr———= =
r—0  u(B(x,r))

Proof. Take Ey, E1 C X as given by Theorem 3.9, and set F := EqU E|. By (2.5) we obtain xr € BV(X),
and (2.5) and (3.10) together give (3.12). From the fact that max{x go, X gl} =11in AN B(x, R) we obtain

3.12)

ANB(x,R) CIgUlg, C IF.
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Finally, since {max{XEO, XEl} > 0} is 1-thin at x, so is
IEOUIEIUG*Ean*ElDIF. O

In [Lahti 2020, Lemma 4.4] it was also shown that if A C X is 1-thin at a point x € X \ A, then there
exists an open set that contains A and is also 1-thin at x; that is:

If x ¢ AUDb| A, then there exists an open W D A such that x ¢ b1 W. (3.13)

4. Proof of the characterization

In [Korte and Lahti 2014, Theorem 3.11] it was shown that for any pu-measurable set E C X, we have
0*E = d1; that is, the closure of the measure-theoretic boundary (in the metric topology) is the whole
topological boundary of a suitable representative of E (namely the measure-theoretic interior /g). Now
we prove the analogous result with the metric topology replaced by the 1-fine topology. This will be the
crux of our proof of Federer’s characterization.

Theorem 4.1. For any p-measurable set E C X, we have 3*E' = ' I.

Note that by Remark 3.8, the above can be written as 8°_IE I'=3'Ir, showing that the result describes
the interplay between the measure topology and the 1-fine topology. It is natural to ask which other sets
and topologies would satisfy an analogous property, but we will not pursue this problem here. Previously,
properties of the measure topology and fine topologies have been studied in [Lukes et al. 1986].

Proof. By (3.5) we have
FE' collg' =9I,

where the last equality follows from the fact that boundaries are closed sets in every topology. Thus we
only need to show that 9*E' D 8'Ix. Let xo € 3'Ir and let U 3 xq be a 1-finely open set. We need
to show that 3*E N U # &. By (3.13) there exists an open set W D X \ U that is 1-thin at x¢. Since
W!=WUbW =b W by (3.2), we have xo ¢ W'. We will show that 3* E \ W # @; suppose that instead
*E\W=0.

Claim. Letx € d' I\ W' and s, > 0. Then there exists yeB(x,s1)Nd I\ Whand 0 < s, < s1/2 such
that

1 - u(E N B(y, s2)) - 1
2C£10g2(3)“)-|+1 - M(B(y, SZ)) - 2Cd|—10g2(3)‘)-‘ ’
where [a] is the smallest integer at least a € R.

Proof of claim. Step 1: We can assume that x € Og; the case x € Ig is handled analogously (recall that
3'Ir = 3' O from Remark 3.8). Since x € 3! /g, by (3.4) we have

. cap;(Ig N B(x, r), B(x, 2r))
limsup r
r—0 u(B(x,r))

> 0. 4.2)



1510 PANU LAHTI

Since x belongs to the 1-finely open set X \ W', we have

. cap;(W'NB(x,r), B(x,2r))
lim r —
r—0 w(B(x,r))

0.

We apply Corollary 3.11 to find R > 0 and F C X such that I > W' N B(x, R) and I is 1-thin at x.
Then by (3.3), also

. cap;(Ir' N B(x,r), B(x,2r))
lim r —
r—0 w(B(x,r))

0.

Combining this with (4.2), by subadditivity of the variational 1-capacity we get

li Capl((IE\IT:l)mB(x,r)’B(-x72r))
msupr >

0. 4.3
r—0 n(B(x,r)) @

According to Corollary 3.11, the set F also satisfies

. P(F,B(x,r))
mr——7m—— =
r=0 (B(x,r))

Thus by (3.6) and the doubling property of u,

H@' [N B(x,2r)) 0

lim 7 4.4)
r—0 w(B(x,r))
Combining the fact that x € O with (4.3) and (4.4), we find a number a > 0 and a radius
in(R.
0<ry< M 4.5)
such that
ENB(x,2 1
u( (x,2r¢)) < 4.6)
w(B(x,2ry)) chogz(éom
and
IE\IFYNB(x,rs), B(x,2
rfcapl(( e\IF)NB(x,rf), B(x,2rys)) -y @7
w(B(x,rf))
and
HO'IFNB(x,2
(0" Ir N B(x,2ry)) a 4.8)

< .
uw(B(x, rf)) 16C‘510g2(10}\)]+2CP

Step 2: Let D consist of all points z € B(x, rf) \ Ir' for which there exists a radius 0 < < (10A)~!r/
such that
w(FNB(z, 1)) _ 1
u(B(z,1)) 4Cy’
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Consider z € D and the corresponding radius ¢. Since z ¢ Ir! D Ir UJ*F (recall (3.5)), we have

uw(FNB(z,r))
im— =
r—0  wu(B(z,r))

Take the smallest k =0, 1, ... such that

w(F N B(z,27%t)) _1
w(B(z,2 %))  — 2

4.9)

If k=0, letr, :=t so that

1 _pu(FNBG. ) 1
4Cs ~ u(B(z,r)) ~ 2

IA

If k > 1, let r, :==27%*1¢, and then
w(FNB(z,r) 1
mriiPerd) 1
w(B(z,r;)) 2
and
W(FNB(z, 1)) uw(FNB(z, 275 1))
w(B(z,r)  u(B(z, 27%+11))
_ h(B(, 275 1)) — (B2, 27 1) \ F)
- n(B(z, 275+ 1))
_ (B 27 ) — p(B(:. 271)) /2
B n(B(z, 27%+1r))

by (4.9)
1

<1l-——.
- 2Cy

Thus in both cases, we have r, < (IOA)_lrf and

1 w(F N B(z,72)) 1
< <1- .
4Cy w(B(z,r;)) 2Cq

By the relative isoperimetric inequality (3.7) we now obtain
W(B(z, 1)) <8C3CprH(' IF N B(x, Ary)). (4.10)

Performing the same for every z € D, we obtain a covering {B(z, Ar;)};cp. By the 5-covering theorem,
we can extract a countable collection {B; = B(z;, rj)}32, such that the balls AB; are pairwise disjoint

and D C U;’il SAB;. For each j € N, define the Lipschitz function
dist(-, 5AB;
nj := max O,I—M ,

5)»1’]

so that n; = 1 on 5AB;, n; = 0 outside 10AB;, and the minimal 1-weak upper gradient satisfies
gy = (SArj)_]Xlowj; see [Bjorn and Bjorn 2011, Corollary 2.21]. Moreover, r; < (1Ok)_1rf and
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son; € N&’I(B(x, 2ry)) for all j € N. Now we have

cap,(D, B(x, 2ry)) < cap; (U SAB;j, B(x, 2rf)> < anpl(SABj, B(x,2ry))
j=1 j=1

00 00 o0
w(10AB;) Mog, (100)] N~ M(Bj)
52/@@52—_ <C Y
o x = SArj o

(0]

<8C, 220, S (' 1p N By by (4.10)
j=1

<8¢ "2 L3 1r 0 B(x, 2rp)).

Thus by (4.8),
cap (D, B(x, 2ry))

<4

w(B(x,ry)) 2
and so
_capy (U \ (Ir' UD)) N B(x, ry), B(x,2rf))
! W(B(x, 7))

. rfCapl((IE\Erl)ﬂB(x,rf), B(x,2rs)) —cap,(D, B(x,2ry)) NPT
w(B(x,ry)) 2

by (4.7).

Step 3: Now consider z € (Ig \ (Ir' U D)) N B(x, ry). We have

WENBGE )
—0 u(B@r)

and so we can choose 0 <t < (201)~!r r such that

w(ENB(z,1) 1

> =
n(B(z, 1)) 2
Note also that for any r € [(ZOA)_lrf, (IOA)_lrf], we have B(x, 2ry) C B(z, 60Ar) and so

WENB(z 1) _ (N10g (601 HWENBXx,2rp)) _ 1
— d >~=
w(B(z,r)) w(B(x,2ry)) 2

by (4.6). Set r, := 2F¢ for the smallest k € N such that

1(E N B(z,2"1))
(B(z, 2k1))

<L
-2
Then we have 0 < r; < (IOA)_lrf and

1 w(ENB(z,r;) 1
< < —
2Cq w(B(z,r;) ~ 2

(4.12)
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and since z ¢ D,
1 _W(ENF)NBGE ) _1
4Ca = w(B(z, 1) 2

IA

Then by the relative isoperimetric inequality (3.7), we have

n(B(z, 1))

ry

< 8C3CPH (D' Ip\r N B(z, Ary)).

(Note that the right-hand side could be infinity.) Let

A= U B(z, Ar;) C B(x, 2ry).
ze(Ie\IF'UD)NB(x,ry)

1513

(4.13)

(4.14)

Consider the covering {B(z, Arz)}ZE(IE\(fFlUD))HB(X’U). By the 5-covering theorem, we can extract a

countable collection {B; = B(z;, rj)}iO | such that the balls A B; are pairwise disjoint and

U\ Ir' UD)NB(x, rp) | 54B;.
j=1

Just as in the previous step, for each j € N define the Lipschitz function
dist(-, SAB;) }

R 0,1-—

so that n; = 1 on SAB;, n; = 0 outside 101 B;, and the minimal 1-weak upper gradient satisfies g,, <
(5Ar})~" X105, Moreover, r; < (10A)~'r and so n; € Ny (B(x, 2ry)) for all j € N. Now we have

cap, (Ie\(Ir'UD)NB(x, rs), B(x,2r)) < cap, <U 5AB;, B(x, 2rf)> < cap,(5AB;, B(x,2r))

j=1 Jj=1

= = (10AB)) Mlog, (101)] S

j 0g, (101
=X [ yan= G <ty
=1 =1 =1

o0
<8Cy B M0, N 10 1p OBy by (4.13)

j=1
<8C 2010 1k pNA).

Step 4: Next we show that
3 g C @ Ip\TpHUI Ip.

w(Bj)
-

J

(4.15)

(4.16)

To see this, note that X \ Ir' c Of (recall (3.5)) and so Ip\r \ Il =1Ig \ Ir!. Since X \ Irlisa 1-finely
open set, it follows that BIIE\F \ Irt =0d'Ig \ Ir!'. Moreover, Ig\r Nfine-int Ir = & and fine-int I is

1-finely open, and so a1 p\r Nfine-int Ir = &. From these, (4.16) follows.
By (4.11) and (4.15),
H@ I rNA) a
ry > .
w(B(x, )~ jecheRt™e,




1514 PANU LAHTI

Now by first using (4.16) and the fact that A C B(x, 2r) (recall (4.14)), and then (4.8) and the above
inequality, we get

H(@ I\ IrHNA) . H@O g\ rNA)—HO IFNB(x,2ry)) 0
>r
1(B(x, 1)) ! 1(B(x, ry))
In particular, there exists a point y € (@' I\ Ir') N A. Recall from (4.5) that 0 < ry <min{R, s1}/2, and
so WN B(x, 2rf) C Ir N B(x, 2rs). Thus
ye @ Ig\WHNBx,2rp) c @1\ WHNB(x,s1),

as desired. By the definition of A (recall (4.12), (4.14)) there is a point z € X and aradius 0 <r, < (100~ tr f

such that y € B(z, Ar;) and
L _ p(ENB(z,17)) L
2Cq wu(B(z,rz)) 2

For s, := 2Ar, < s1/2 we then have B(z,r,) C B(y, s2) C B(z,3\r;), and so

I _WMENBY.s) _wBO$)) —pBEr)/2 _ ]
pc PRI u(B(y. ) T (B(y, $2)) = gt
This completes the proof of the claim. (I

Define ryp = 1. We use the claim repeatedly, first with the choice x = x¢ and s; = ry, to find a sequence
of points x; € B(xj_1,rj—1) N g \ W' and a sequence of numbers 0 < r; < r;_/2 such that

min{M(B(xjv’”j)mE) u(B(x,-,rj)\E>}> |
w(BGj ) (B, ry) | T pclleethIH

for all j € N. By completeness of the space and the fact that W is open, we find x € X \ W such that
xj — x. For each j € N we have

(,¢] oo
d(x,x;) <D d(rg, xepr) < Y re <215
k=j k=j
Thus B(x;,r;) C B(x, 3r;) C B(xj, 5r;) forall j €N, and so
w(B(x,3rj)NE) - w(B(xj, rj)NE) - L,u(B(xj, ri)NE) - 1
w(B(x,3r;))  —  w(B(x,3r) T Cy w(B(xjrp)) Yo
and similarly
HWB,3rp\E)  pBxj,r)\E) 1 pBGr)\E) 1
u(B(x,3rj))  — w(B(x.3r)) T Cj w(B(xj.r)) T pchoetHIH
Thus
I p(Bx,r)NE) , p(Bx,r)\ E)
imsup——— >0 and limsup —— >0,
r—0 w(B(x,r)) r—0 u(B(x,r))

and so x € 3*E \ W, which proves the theorem by the discussion in the first paragraph of the proof. [
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By using another argument involving Lipschitz cutoff functions, it is easy to see that, for any A C X
and any ball B(x, r),
cap;(ANB(x,r), B(x,2r)) < CaH(AN B(x,r)). “4.17)

Theorem 4.18. Ler Q C X be open and let E C X be pu-measurable with H(0*E N Q) < co. Then
H(@'TE\O*E)NQ) =0.

Proof. By a standard covering argument (see, e.g., the proof of [Kinnunen et al. 2014, Lemma 2.6]) we

find that

. HO*ENB(x,r))
lim r =0

r=0  u(B(x,r))
for all x € Q\ (3*E U N), with H(N) = 0. Then by (4.17), also

: cap;((3*EUN) N B(x,r), B(x, 2r)) . H(B@*EUN)NB(x,r))
limsupr < Cylimsupr
r—0 n(B(x,r)) r—0 (B (x,r))
. HO*ENB(x,r))
= Cylimsupr =
r—0 u(B(x,r))

forall x € Q\ (0*EUN). Thus Q\ (0*E U N) is a 1-finely open set. Now by Theorem 4.1,

AN'IEN(Q\(O*EUN)) =0
and the result follows. O
Now we can prove our main theorem.

Proof of Theorem 1.1. By Theorem 4.18 we have H(d'Ir N Q) < co. Then by Theorem 1.2 we have
P(E, Q) < oco. ]

5. Some consequences and discussion

Theorem 1.1 is, in particular, new in Carnot groups, which are a class of connected and simply connected
Lie groups. We point out that the metric space theory we consider is consistent with the Carnot group
theory involving vector fields, since the so-called horizontal Sobolev spaces defined in Carnot groups by
means of distributional derivatives coincide with the Newton—Sobolev spaces defined in metric spaces.
See [Hajtasz and Koskela 2000, Theorems 11.6 and 11.7]. The Lebesgue measure on a Carnot group is
doubling and supports a (1, 1)-Poincaré inequality; see [Hajtasz and Koskela 2000, Proposition 11.17] as
well as [Heinonen et al. 2015, Section 14.2].
We state Federer’s characterization in metric spaces as follows.

Corollary 5.1. Let Q2 C X be open and let E C X be p-measurable. Then P(E, Q) < oo if and only if
HO*EN Q) < o0.

Proof. This follows by combining Theorem 1.1 and (2.4). (Il

In general, the sets 3*E and 8! I can be quite different.
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Example 5.2. Let X = R (unweighted). Let {g; J }OO be an enumeration of all rational numbers and let
E = U = B(g;,2” 7y. Then £!(Ig) <2 and £! (8 E) =0 by Lebesgue’s differentiation theorem. On the
other hand, it is straightforward to check that for any A C R, we have 3' A =9 A. Thus 3' Iz =91z DR\ I
and so £'(3' 1) = o0

In the Euclidean setting, the “if”” direction of Federer’s characterization is proved by first showing that
almost every coordinate line intersecting /r and O also intersects 9* E; see [Federer 1969, Section 4.5.11]
or [Evans and Gariepy 1992, pp. 222-226]. Proving this fact relies heavily on the Euclidean structure,
but now we have the following generalization to metric spaces.

Proposition 5.3. Let E C X be ju-measurable and suppose that H(0*E) < 0o. Then 1-almost every curve
intersecting Ig and Og also intersects 0*E

Proof. By Theorem 1.1, P(E, X) < oco. Then the result follows from [Lahti and Shanmugalingam 2017,
Corollary 6.4]. U

If the above property were true also in the case H(d*E) = oo, this could be useful when proving
generalizations of Federer’s characterization, e.g., to noncomplete spaces. One might expect that when
the measure-theoretic boundary is very large, then it should be “easier” for curves to intersect it. However,
the intersection property turns out to be false in this case.

Example 5.4. Let X = R? equipped with the Euclidean metric and the weighted Lebesgue measure
dp=wdL?, with w(x) =|x|73/%. It is straightforward to check that w is a Muckenhoupt A;-weight, and
thus p is doubling and supports a (1, 1)-Poincaré inequality; see, e.g., [Heinonen et al. 1993, Chapter 15]
for these concepts. Let

32

={x=@Lx)eR:0<x <2, —x;/" <x <x13/2}-

It is easy to check that

*E={xeR:x; >0, x| =x"?)

and then that #(0*E) = co. Now consider the curve family I" consisting of the curves
Vet (8) 1= (s, ts3/2), O<r<l1,—-1<t<l1,se[0,r]

Forall0 <r <1land —1 <t < 1, clearly y,.,(0) € O and y,,(r) € I, but y,, does not intersect 9*E.

Denote the image of y,; in X by the same symbol. Let p be an admissible function for I'. This means
that fym pdH!' > 1forall0 <r <1and —1 <t < 1, where #! is the 1-dimensional Lebesgue measure.
It follows that for every —1 <t < 1 and every k € N,

|

pd?—l1=/ pdH! > 1,
Y,

Litlj=j =it y—k+1

and so

Z pdH' = cc. (5.5)

le lrl[z jo— /+l
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Define the sets
Aj = {XEEIZ_j<X1§2_j+1}, JeN.

By the classical coarea formula we have

00 00 1
f ,OdlL > Zz3j/2—3/ pd£2 > Z 3]/2—32—3j/2/ / pd%l dt
R2 . _ Y
j=l1 =

—1yiilp-j 0-ity

0 1

:2—32/ / pdH'dt =
X —1Jy i i

le l,tl[zfj_zfjJrl]
by (5.5). It follows that Mod,; (I") = oo

It is reasonable to expect Federer’s characterization to find various applications especially in the
metric setting, where certain tools of Euclidean BV theory, such as the Gauss—Green theorem, are not
available. One likely application is in the study of images of sets of finite perimeter under quasiconformal
mappings (see [Kelly 1973] for the Euclidean case), since such mappings are known to preserve the
measure-theoretic boundary (see [Korte et al. 2012, Theorem 6.1]).

Now we discuss some existing applications. From the characterization it follows that the space supports
the following strong relative isoperimetric inequality introduced in [Kinnunen et al. 2012]; compare this
with (2.2) and (3.7).

Corollary 5.6. For every ball B(x, r) and every pu-measurable E C X, we have
min{u(B(x,r)NE), w(B(x,r)\ E)} <2CpCyrH(0*E N B(x, Ar)).

Proof. We can assume that the right-hand side is finite. By Theorem 1.1 we know that P(E, B(x, Ar)) < oo,
and now the result follows by combining the relative isoperimetric inequality (2.2) and (2.4). Il

In [Kinnunen et al. 2012] the authors worked with the same standing assumptions as we do in the
current paper, but additionally they assumed that the space supports the above strong relative isoperimetric
inequality. Now we know that this does not need to be separately assumed, and the following theorem
[Kinnunen et al. 2012, Theorem 1.1] holds under our standing assumptions (completeness, doubling, and
Poincaré).

Theorem 5.7. Let Q C X be a bounded open set and let u € NP (Q) with 1 < p < 0o. Then u € Né’p(Q)
if and only if

. 1
lim ————— uldu=0
r—0 W(B(x, 7)) Jonpx.r ldn

for Cap ,-almost every x € 952

Theorem 6.1 in [Lahti and Shanmugalingam 2018] considered an analogous characterization of a class
of BV functions with zero boundary values, also under the additional assumption of a strong relative
isoperimetric inequality. Such a class and the characterization are needed in an ongoing study of new fine
properties of BV functions and capacities, see [Lahti 2019; 2018], and this was in fact a key motivation
for the current paper. The strong relative isoperimetric inequality was also used in proving approximation
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results for BV functions; see [Lahti and Shanmugalingam 2018, Corollary 6.7, Theorem 6.9], as well as
[Lahti and Shanmugalingam 2017, Corollary 7.6] and the comment after it. Now we know that all of
these results hold in every complete metric space equipped with a doubling measure and supporting a
Poincaré inequality.

Acknowledgments

The author wishes to thank Nageswari Shanmugalingam and Juha Kinnunen for reading the manuscript
and giving comments that helped improve the paper.

References

[Adams and Hedberg 1996] D. R. Adams and L. I. Hedberg, Function spaces and potential theory, Grundlehren der Math.
Wissenschaften 314, Springer, 1996. MR Zbl

[Ambrosio 2002] L. Ambrosio, “Fine properties of sets of finite perimeter in doubling metric measure spaces”, Set-Valued Anal.
10:2-3 (2002), 111-128. MR Zbl

[Ambrosio et al. 2000] L. Ambrosio, N. Fusco, and D. Pallara, Functions of bounded variation and free discontinuity problems,
Oxford Univ. Press, 2000. MR Zbl

[Ambrosio et al. 2004] L. Ambrosio, M. Miranda, Jr., and D. Pallara, “Special functions of bounded variation in doubling
metric measure spaces”, pp. 1-45 in Calculus of variations: topics from the mathematical heritage of E. De Giorgi, edited by
D. Pallara, Quad. Mat. 14, Seconda Univ. Napoli, Caserta, 2004. MR Zbl

[Bjorn and Bjorn 2011] A. Bjorn and J. Bjorn, Nonlinear potential theory on metric spaces, EMS Tracts in Math. 17, Eur. Math.
Soc., Ziirich, 2011. MR Zbl

[Bjorn and Bjorn 2015] A. Bjorn and J. Bjorn, “Obstacle and Dirichlet problems on arbitrary nonopen sets in metric spaces, and
fine topology”, Rev. Mat. Iberoam. 31:1 (2015), 161-214. MR Zbl

[Bjorn et al. 2015] A. Bjorn, J. Bjorn, and V. Latvala, “The weak Cartan property for the p-fine topology on metric spaces”,
Indiana Univ. Math. J. 64:3 (2015), 915-941. MR Zbl

[Bjorn et al. 2016] A. Bjorn, J. Bjorn, and V. Latvala, “Sobolev spaces, fine gradients and quasicontinuity on quasiopen sets”,
Ann. Acad. Sci. Fenn. Math. 41:2 (2016), 551-560. MR Zbl

[Bjorn et al. 2018] A. Bjorn, J. Bjorn, and V. Latvala, “The Cartan, Choquet and Kellogg properties for the fine topology on
metric spaces”, J. Anal. Math. 135:1 (2018), 59-83. MR Zbl

[Evans and Gariepy 1992] L. C. Evans and R. F. Gariepy, Measure theory and fine properties of functions, CRC Press, Boca
Raton, FL, 1992. MR Zbl

[Federer 1969] H. Federer, Geometric measure theory, Grundlehren der Math. Wissenschaften 153, Springer, 1969. MR Zbl

[Giusti 1984] E. Giusti, Minimal surfaces and functions of bounded variation, Monogr. Math. 80, Birkhéuser, Basel, 1984. MR
Zbl

[Hajtasz and Koskela 2000] P. Hajtasz and P. Koskela, Sobolev met Poincaré, Mem. Amer. Math. Soc. 688, Amer. Math. Soc.,
Providence, RI, 2000. MR Zbl

[Heinonen and Koskela 1998] J. Heinonen and P. Koskela, “Quasiconformal maps in metric spaces with controlled geometry”,
Acta Math. 181:1 (1998), 1-61. MR Zbl

[Heinonen et al. 1993] J. Heinonen, T. Kilpeldinen, and O. Martio, Nonlinear potential theory of degenerate elliptic equations,
Oxford Univ. Press, 1993. MR Zbl

[Heinonen et al. 2015] J. Heinonen, P. Koskela, N. Shanmugalingam, and J. T. Tyson, Sobolev spaces on metric measure spaces:
an approach based on upper gradients, New Math. Monogr. 27, Cambridge Univ. Press, 2015. MR Zbl

[Kelly 1973] J. C. Kelly, “Quasiconformal mappings and sets of finite perimeter”, Trans. Amer. Math. Soc. 180 (1973), 367-387.
MR Zbl


http://dx.doi.org/10.1007/978-3-662-03282-4
http://msp.org/idx/mr/1411441
http://msp.org/idx/zbl/0834.46021
http://dx.doi.org/10.1023/A:1016548402502
http://msp.org/idx/mr/1926376
http://msp.org/idx/zbl/1037.28002
http://msp.org/idx/mr/1857292
http://msp.org/idx/zbl/0957.49001
http://cvgmt.sns.it/paper/1291/
http://cvgmt.sns.it/paper/1291/
http://msp.org/idx/mr/2118414
http://msp.org/idx/zbl/1089.49039
http://dx.doi.org/10.4171/099
http://msp.org/idx/mr/2867756
http://msp.org/idx/zbl/1231.31001
http://dx.doi.org/10.4171/RMI/830
http://dx.doi.org/10.4171/RMI/830
http://msp.org/idx/mr/3320837
http://msp.org/idx/zbl/1311.31006
http://dx.doi.org/10.1512/iumj.2015.64.5527
http://msp.org/idx/mr/3361291
http://msp.org/idx/zbl/1327.31025
http://dx.doi.org/10.5186/aasfm.2016.4130
http://msp.org/idx/mr/3525383
http://msp.org/idx/zbl/1359.46029
http://dx.doi.org/10.1007/s11854-018-0029-8
http://dx.doi.org/10.1007/s11854-018-0029-8
http://msp.org/idx/mr/3827345
http://msp.org/idx/zbl/1405.31013
http://dx.doi.org/10.1201/9780203747940
http://msp.org/idx/mr/1158660
http://msp.org/idx/zbl/0804.28001
http://msp.org/idx/mr/0257325
http://msp.org/idx/zbl/0176.00801
http://dx.doi.org/10.1007/978-1-4684-9486-0
http://msp.org/idx/mr/775682
http://msp.org/idx/zbl/0545.49018
http://dx.doi.org/10.1090/memo/0688
http://msp.org/idx/mr/1683160
http://msp.org/idx/zbl/0954.46022
http://dx.doi.org/10.1007/BF02392747
http://msp.org/idx/mr/1654771
http://msp.org/idx/zbl/0915.30018
http://users.jyu.fi/~terok/NLPT/NLPT.html
http://msp.org/idx/mr/1207810
http://msp.org/idx/zbl/0780.31001
http://dx.doi.org/10.1017/CBO9781316135914
http://dx.doi.org/10.1017/CBO9781316135914
http://msp.org/idx/mr/3363168
http://msp.org/idx/zbl/1332.46001
http://dx.doi.org/10.2307/1996672
http://msp.org/idx/mr/0357783
http://msp.org/idx/zbl/0271.30028

FEDERER’S CHARACTERIZATION OF SETS OF FINITE PERIMETER IN METRIC SPACES 1519

[Kinnunen et al. 2012] J. Kinnunen, R. Korte, N. Shanmugalingam, and H. Tuominen, “A characterization of Newtonian
functions with zero boundary values”, Calc. Var. Partial Differential Equations 43:3-4 (2012), 507-528. MR Zbl

[Kinnunen et al. 2014] J. Kinnunen, R. Korte, N. Shanmugalingam, and H. Tuominen, “Pointwise properties of functions of
bounded variation in metric spaces”, Rev. Mat. Complut. 27:1 (2014), 41-67. MR Zbl

[Korte and Lahti 2014] R. Korte and P. Lahti, “Relative isoperimetric inequalities and sufficient conditions for finite perimeter
on metric spaces”, Ann. Inst. H. Poincaré Anal. Non Linéaire 31:1 (2014), 129-154. MR Zbl

[Korte et al. 2012] R. Korte, N. Marola, and N. Shanmugalingam, “Quasiconformality, homeomorphisms between metric
measure spaces preserving quasiminimizers, and uniform density property”, Ark. Mat. 50:1 (2012), 111-134. MR Zbl

[Korte et al. 2015] R. Korte, P. Lahti, and N. Shanmugalingam, “Semmes family of curves and a characterization of functions of
bounded variation in terms of curves”, Calc. Var. Partial Differential Equations 54:2 (2015), 1393-1424. MR Zbl

[Lahti 2017a] P. Lahti, “A Federer-style characterization of sets of finite perimeter on metric spaces”, Calc. Var. Partial
Differential Equations 56:5 (2017), art. id. 150. MR Zbl

[Lahti 2017b] P. Lahti, “A notion of fine continuity for BV functions on metric spaces”, Potential Anal. 46:2 (2017), 279-294.
MR Zbl

[Lahti 2018] P. Lahti, “The variational 1-capacity and BV functions with zero boundary values on doubling metric spaces”, Adv.
Calc. Var. (online publication October 2018).

[Lahti 2019] P. Lahti, “A sharp Leibniz rule for BV functions in metric spaces”, Rev. Mat. Complut. (online publication December
2019).

[Lahti 2020] P. Lahti, “Superminimizers and a weak Cartan property for p = 1 in metric spaces”, J. Anal. Math. 140:1 (2020),
55-87. Zbl

[Lahti and Shanmugalingam 2017] P. Lahti and N. Shanmugalingam, “Fine properties and a notion of quasicontinuity for BV
functions on metric spaces”, J. Math. Pures Appl. (9) 107:2 (2017), 150-182. MR Zbl

[Lahti and Shanmugalingam 2018] P. Lahti and N. Shanmugalingam, “Trace theorems for functions of bounded variation in
metric spaces”, J. Funct. Anal. 274:10 (2018), 2754-2791. MR Zbl

[Lukes et al. 1986] J. Lukes, J. Maly, and L. Zajicek, Fine topology methods in real analysis and potential theory, Lecture Notes
in Math. 1189, Springer, 1986. MR Zbl

[Maly and Ziemer 1997] J. Maly and W. P. Ziemer, Fine regularity of solutions of elliptic partial differential equations, Math.
Surveys Monogr. 51, Amer. Math. Soc., Providence, RI, 1997. MR Zbl

[Miranda 2003] M. Miranda, Jr., “Functions of bounded variation on ‘good’ metric spaces”, J. Math. Pures App!l. (9) 82:8
(2003), 975-1004. MR Zbl

[Saloff-Coste 2002] L. Saloff-Coste, Aspects of Sobolev-type inequalities, London Math. Soc. Lecture Note Series 289, Cam-
bridge Univ. Press, 2002. MR Zbl

[Shanmugalingam 2000] N. Shanmugalingam, “Newtonian spaces: an extension of Sobolev spaces to metric measure spaces”,
Rev. Mat. Iberoam. 16:2 (2000), 243-279. MR Zbl

[Ziemer 1989] W. P. Ziemer, Weakly differentiable functions: Sobolev spaces and functions of bounded variation, Grad. Texts in
Math. 120, Springer, 1989. MR Zbl

Received 27 Apr 2018. Revised 3 Jan 2019. Accepted 12 May 2019.

PANU LAHTI: panu.lahti@aalto.fi
Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing, China

mathematical sciences publishers :'msp


http://dx.doi.org/10.1007/s00526-011-0420-0
http://dx.doi.org/10.1007/s00526-011-0420-0
http://msp.org/idx/mr/2875650
http://msp.org/idx/zbl/1238.31008
http://dx.doi.org/10.1007/s13163-013-0130-6
http://dx.doi.org/10.1007/s13163-013-0130-6
http://msp.org/idx/mr/3149179
http://msp.org/idx/zbl/1295.26012
http://dx.doi.org/10.1016/j.anihpc.2013.01.005
http://dx.doi.org/10.1016/j.anihpc.2013.01.005
http://msp.org/idx/mr/3165282
http://msp.org/idx/zbl/1285.28003
http://dx.doi.org/10.1007/s11512-010-0137-x
http://dx.doi.org/10.1007/s11512-010-0137-x
http://msp.org/idx/mr/2890347
http://msp.org/idx/zbl/1278.30026
http://dx.doi.org/10.1007/s00526-015-0829-y
http://dx.doi.org/10.1007/s00526-015-0829-y
http://msp.org/idx/mr/3396416
http://msp.org/idx/zbl/1327.31026
http://dx.doi.org/10.1007/s00526-017-1242-5
http://msp.org/idx/mr/3708544
http://msp.org/idx/zbl/1377.30050
http://dx.doi.org/10.1007/s11118-016-9582-x
http://msp.org/idx/mr/3605168
http://msp.org/idx/zbl/1361.30108
http://dx.doi.org/10.1515/acv-2018-0024
http://dx.doi.org/10.1007/s13163-019-00341-y
http://dx.doi.org/10.1007/s11854-020-0082-y
http://msp.org/idx/zbl/07197784
http://dx.doi.org/10.1016/j.matpur.2016.06.002
http://dx.doi.org/10.1016/j.matpur.2016.06.002
http://msp.org/idx/mr/3597372
http://msp.org/idx/zbl/1359.30055
http://dx.doi.org/10.1016/j.jfa.2018.02.013
http://dx.doi.org/10.1016/j.jfa.2018.02.013
http://msp.org/idx/mr/3777630
http://msp.org/idx/zbl/1392.26016
http://dx.doi.org/10.1007/BFb0075894
http://msp.org/idx/mr/861411
http://msp.org/idx/zbl/0607.31001
http://dx.doi.org/10.1090/surv/051
http://msp.org/idx/mr/1461542
http://msp.org/idx/zbl/0882.35001
http://dx.doi.org/10.1016/S0021-7824(03)00036-9
http://msp.org/idx/mr/2005202
http://msp.org/idx/zbl/1109.46030
http://dx.doi.org/10.1017/CBO9780511549762
http://msp.org/idx/mr/1872526
http://msp.org/idx/zbl/0991.35002
http://dx.doi.org/10.4171/RMI/275
http://msp.org/idx/mr/1809341
http://msp.org/idx/zbl/0974.46038
http://dx.doi.org/10.1007/978-1-4612-1015-3
http://msp.org/idx/mr/1014685
http://msp.org/idx/zbl/0692.46022
mailto:panu.lahti@aalto.fi
http://msp.org

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF
Patrick Gérard
patrick.gerard @math.u-psud.fr

Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Massimiliano Berti ~ Scuola Intern. Sup. di Studi Avanzati, Italy Gilles Pisier  Texas A&M University, and Paris 6

Michael Christ

Charles Fefferman

Ursula Hamenstaedt

Vadim Kaloshin

Herbert Koch

Izabella Laba

Richard B. Melrose

Frank Merle

William Minicozzi IT

Clément Mouhot

‘Werner Miiller

berti @sissa.it

University of California, Berkeley, USA
mchrist@math.berkeley.edu
Princeton University, USA
cf@math.princeton.edu

Universitdt Bonn, Germany
ursula@math.uni-bonn.de

University of Maryland, USA
vadim.kaloshin @gmail.com
Universitit Bonn, Germany
koch@math.uni-bonn.de

University of British Columbia, Canada
ilaba@math.ubc.ca

Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk
Universitit Bonn, Germany

mueller @math.uni-bonn.de

Tristan Riviere

Igor Rodnianski

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andrds Vasy

Dan Virgil Voiculescu

Steven Zelditch

Maciej Zworski

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

pisier@math.tamu.edu

ETH, Switzerland

riviere @math.ethz.ch

Princeton University, USA

irod @math.princeton.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao @math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA

gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Northwestern University, USA
zelditch@math.northwestern.edu
University of California, Berkeley, USA
zworski @math.berkeley.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2020 is US $340/year for the electronic version, and $550/year (+$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:berti@sissa.it
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 13  No.5 2020

Regularity results for generalized double phase functionals
SUN-SIG BYUN and JEHAN OH

Epsilon-regularity for p-harmonic maps at a free boundary on a sphere
KATARZYNA MAZOWIECKA, REMY RODIAC and ARMIN SCHIKORRA

Uniform Sobolev estimates for Schrodinger operators with scaling-critical potentials and ap-
plications
HARUYA MIZUTANI

When does a perturbed Moser—Trudinger inequality admit an extremal?
PIERRE-DAMIEN THIZY

Well-posedness of the hydrostatic Navier—Stokes equations
DAVID GERARD-VARET, NADER MASMOUDI and VLAD VICOL

Sharp variation-norm estimates for oscillatory integrals related to Carleson’s theorem
SHAOMING GUO, JORIS ROOS and PO-LAM YUNG

Federer’s characterization of sets of finite perimeter in metric spaces
PANU LAHTI

Spectral theory of pseudodifferential operators of degree 0 and an application to forced linear
waves
YVES COLIN DE VERDIERE

Global existence for the derivative nonlinear Schrodinger equation with arbitrary spectral sin-
gularities
ROBERT JENKINS, JIAQI L1U, PETER PERRY and CATHERINE SULEM

Unconditional existence of conformally hyperbolic Yamabe flows
MARIO B. SCHULZ

Sharpening the triangle inequality: envelopes between L? and L” spaces
PAATA IVANISVILI and CONNOR MOONEY

1269

1301

1333

1371

1417

1457

1501

1521

1539

1579

1591



	1. Introduction
	2. Preliminaries
	3. The 1-fine topology
	4. Proof of the characterization
	5. Some consequences and discussion
	Acknowledgments
	References
	
	

