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A PROOF OF THE INSTABILITY OF ADS FOR
THE EINSTEIN-NULL DUST SYSTEM WITH AN INNER MIRROR

GEORGIOS MOSCHIDIS

In 2006, Dafermos and Holzegel formulated the so-called AdS instability conjecture, stating that there
exist arbitrarily small perturbations to AdS initial data which, under evolution by the Einstein vacuum
equations for A < 0 with reflecting boundary conditions on conformal infinity Z, lead to the formation of
black holes. The numerical study of this conjecture in the simpler setting of the spherically symmetric
Einstein-scalar field system was initiated by Bizén and Rostworowski (Phys. Rev. Lett. 107:3 (2011),
art. id. 031102), followed by a vast number of numerical and heuristic works by several authors.

In this paper, we provide the first rigorous proof of the AdS instability conjecture in the simplest
possible setting, namely for the spherically symmetric Einstein-massless Vlasov system, in the case
when the Vlasov field is moreover supported only on radial geodesics. This system is equivalent to
the Einstein-null dust system, allowing for both ingoing and outgoing dust. In order to overcome the
breakdown of this system occurring once the null dust reaches the center » = 0, we place an inner mirror
atr =ro > 0 and study the evolution of this system on the exterior domain {r > r¢}. The structure of the
maximal development and the Cauchy stability properties of general initial data in this setting are studied
in our companion paper (2017, arXiv: 1704.08685).

The statement of the main theorem is as follows: We construct a family of mirror radii ryp. > 0 and
initial data S,, ¢ € (0, 1], converging, as ¢ — 0, to the AdS initial data Sy in a suitable norm, such that, for
any ¢ € (0, 1], the maximal development (M., g.) of S, contains a black hole region. Our proof is based
on purely physical space arguments and involves the arrangement of the null dust into a large number of
beams which are successively reflected off {r = ry.} and Z, in a configuration that forces the energy of a
certain beam to increase after each successive pair of reflections. As ¢ — 0, the number of reflections
before a black hole is formed necessarily goes to +-00. We expect that this instability mechanism can be
applied to the case of more general matter fields.
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1. Introduction
Anti-de Sitter spacetime (MZJC{SI, gAads), n > 3, is the simplest solution of the Einstein vacuum equations
Ric,, —3Rguy + Aguy =0 (1-1)

with a negative cosmological constant A. In the standard polar coordinate chart on M aq4s, the AdS metric
takes the form

gads = —(1— 2 A\ a1 — 2 ap
nn—1) n(n—1)

where gg-1 is the round metric on the (n—1)-dimensional sphere; see [Hawking and Ellis 1973].

1
dr? +r’gei, (1-2)

Despite being geodesically complete, (Mags, gads) fails to be globally hyperbolic. In particular, it can
be conformally identified with the interior of (R x S'}, gg), where S| is the closed upper hemisphere of
§" and gg is the metric

nn—1)
= —di* + [———— ) ger. 1-3
8E + ( A )gS (1-3)
Through this identification, the time-like boundary
I"=Rx3S" ~RxS"! (1-4)

of (Rx S, gg) is naturally attached to (Mags, gads) as a “conformal boundary at infinity”; see [Hawking
and Ellis 1973].

Maldacena [1998], Gubser, Klebanov, and Polyakov [Gubser et al. 1998] and Witten [1998] proposed
the AdS/CFT conjecture, suggesting a correspondence between certain conformal field theories defined
on Z" (in the strongly coupled regime) and supergravity on spacetimes asymptotically of the form
(./\/l”AJgS1 x Sk, gags + g sk), where (Sk, g sk) 1S a suitable compact Riemannian manifold of dimension k.
Following the introduction of this conjecture, asymptotically AdS spacetimes (i.e., spacetimes (M, g)
with an asymptotic region with geometry resembling that of (Mags, gads) in the vicinity of 7)) became a
subject of intense study in the high-energy physics literature; see, e.g., [Aharony et al. 2000; Hartnoll
2009; Ammon and Erdmenger 2015].

The correct setting for the study of the dynamics of asymptotically AdS solutions (M, g) to (1-1) is
that of an initial value problem with appropriate boundary conditions prescribed asymptotically on Z. The
issue of the right boundary conditions on Z leading to well-posedness for the resulting initial-boundary
value problem for (1-1) was first addressed by Friedrich [1995]. Well-posedness for more general boundary
conditions and matter fields in the spherically symmetric case was obtained in [Holzegel and Smulevici
2012; Holzegel and Warnick 2015]; see also [Holzegel et al. 2020; Friedrich 2014]. In general, most
physically interesting boundary conditions on Z leading to a well-posed initial-boundary value problem
can be classified as either reflecting (for which an appropriate “energy flux” for g through Z vanishes)
or dissipative (allowing for a nonvanishing outgoing “energy flux” for g through 7'), with substantially
different global dynamics associated to each case; see the discussion in [Holzegel et al. 2020].

Dafermos and Holzegel [2006a], see also [Dafermos 2006], suggested the following conjecture:
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AdS instability conjecture. There exist arbitrarily small perturbations to the initial data of (M ads, gAds)
for the vacuum Einstein equations (1-1) with a reflecting boundary condition on T which lead to the
development of trapped surfaces and, thus, black hole regions. In particular, (Mags, gads) is nonlinearly
unstable.

This conjecture was motivated in [Dafermos and Holzegel 2006a] by the study of asymptotically AdS
solutions to (1-1) with biaxial Bianchi IX symmetry in 4 + 1 dimensions, a symmetry class in which the
vacuum Einstein equations (1-1) reduce to a 1+ 1 hyperbolic system with nontrivial dynamics. This model
was introduced in [Bizon et al. 2005]. In this setting, it was observed in [Dafermos and Holzegel 2006a]
that perturbations of the initial data of (Mags, gags) (which, if not trivial, necessarily have strictly positive
ADM mass Mapw, in view of [Gibbons et al. 1983]) cannot settle down to a horizonless static spacetime,
since Mapwm is conserved along Z under reflecting boundary conditions and no static asymptotically AdS
solution of (1-1) with Mapm > 0 exists (according to [Boucher et al. 1984]). This picture was supported
by results of [Anderson 2006].

The following remarks should be made regarding the statement of the AdS instability conjecture:

 The perturbations referred to in the conjecture are assumed to be small with respect to a norm for which
(1-1) is well-posed and (M ags, gads) is Cauchy stable as a solution to (1-1) (otherwise, the conjecture is
trivial).! For such perturbations, Cauchy stability implies that the “time” elapsed before the formation of
a trapped surface tends to +oo as the size of the initial perturbation shrinks to 0.

« The AdS instability conjecture stands in contrast to the nonlinear stability of Minkowski space (R**!, 1),
in the case A = 0 (see [Christodoulou and Klainerman 1993]), or de Sitter space (Mgs, g4s), in the
case A > 0 (see [Friedrich 1986]). The proof of the nonlinear stability of (R3*1 1) and (Mgs, gds) is
based on a stability mechanism related to the fact that linear fields on those spacetimes satisfy sufficiently
strong decay rates. The decay rates are, however, borderline in the case A = 0, and thus the stability of
(R3*1, ) is a deep fact depending on the precise nonlinear structure of the system (1-1), whereas, in
the case A > 0, the decay is exponential and stability can be inferred relatively easily. In contrast, on
(Mads, gAads), it can be shown that linear fields satisfying a reflecting boundary condition on Z remain
bounded, but do not decay in time. It is precisely the lack of a sufficiently fast decay rate at the linear
level which is associated to the possibility of nonlinear instability.

 The prescription of a reflecting boundary condition on Z is essential for the conjecture: for maximally
dissipative boundary conditions, it is expected that (Mags, gags) is nonlinearly stable, in view of the
quantitative decay rates obtained for the linearized vacuum Einstein equations (and other linear fields)
around (Mgs, gads) by Holzegel, Luk, Smulevici, and Warnick [Holzegel et al. 2020].

« In the biaxial Bianchi IX symmetry class, all perturbations of (M ags, gads) leading to the formation of
a trapped surface can be shown to possess a complete conformal infinity Z and are expected to settle down
to a member of the Schwarzschild-AdS family; see [Dafermos and Holzegel 2006a; 2006b]. However,

Here, Cauchy stability of (Mags, gads) refers to Cauchy stability of the conformal compactification of (M aqgs, gAds)
(including, therefore, the time-like boundary 7); see the discussion in the next section.
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in the absence of any symmetry, the picture regarding the end state of the evolution of general vacuum
perturbations of (Mags, gads) 1s complicated; see the discussion in the next section.

Starting from the pioneering work [Bizon and Rostworowski 2011], a plethora of numerical and
heuristic results have been obtained in the direction of establishing the AdS instability conjecture, mainly
in the context of the spherically symmetric Einstein-scalar field system. See the discussion in Section 1A.

In this paper, we will prove the AdS instability conjecture in the simplest possible setting, namely
for the Einstein-massless Vlasov system in spherical symmetry, further reduced to the case when the
Vlasov field f is supported only on radial geodesics. We will call this system the spherically symmetric
Einstein-radial massless Vilasov system. In fact, this is a singular reduction; the resulting system is
equivalent to the spherically symmetric Einstein-null dust system, allowing for both ingoing and outgoing
dust. This system has been studied in the A = 0 case in [Poisson and Israel 1990].

A serious problem with the spherically symmetric Einstein-null dust system is that it suffers from a
severe breakdown when the null dust reaches the center r = 0. In particular, in any reasonable initial-data
topology, the spherically symmetric Einstein-null dust system is not well-posed and (Mags, gads) 1s not
a Cauchy stable solution of it. One way to restore the well-posedness of this system (a necessary step
for the study of the AdS instability conjecture in this setting) is to place an inner mirror at some radius
sphere {r = ro} with ro > 0 and study the evolution of the system in the exterior region {r > ro}. However,
fixing the mirror radius rg results in a trivial global stability statement for (Mags, gads), as initial data
perturbations with total ADM mass mapm < %ro cannot form a black hole. Thus, it is necessary to allow
the radius rg to shrink to O as the total ADM mass of the initial data shrinks to 0, in order to address the
AdS instability conjecture in this setting. See the discussion in Section 1B.

A nontechnical statement of our result is the following:

Theorem 1 (rough version). The AdS spacetime (/\/l?;d“é, gAds) s nonlinearly unstable under evolution
by the spherically symmetric Einstein-radial massless Viasov system with a reflecting boundary condition
on I and an inner mirror, in the following sense.

There exists a one-parameter family of spherically symmetric initial data S., ¢ € (0, 1], and a family of
inner mirror radii r = ro, (With rog 20, 0) satisfying the following properties:

(1) As e = 0, |Sellecs = 0; i.e., the S converge to the initial data Sy of (M ags, gads)-

(2) For any ¢ > 0, the maximal future development (Mg, g¢) of S¢ contains a trapped surface and, thus,
a black hole region. Moreover, (M., g.) possesses a complete conformal infinity 7.

The norm | - |lcs in 1 measures the concentration of the energy of S in annuli of width ~ ro. and has
the property that the radial Einstein-massless Vlasov system is well-posed and (Mags, gads) is Cauchy
stable with respect to || - ||cs independently of the precise value of ro.. See Figure 1.

For progressively more detailed statements of Theorem 1, see Sections 1C and 4. For further discussion
on the need of an inner mirror at r ~ ro. and its relation to natural dispersive mechanisms appearing in
other matter models, see Section 1B.
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r =Troe

Figure 1. The family of initial data S, that we construct for the proof of Theorem 1
gives rise to a large number of Vlasov beams, which are successively reflected off 7
and the inner mirror at r = rg.. The Cauchy stability statement for || - ||cs implies that
the number of reflections necessarily goes to 400 as ¢ — 0 (see the remark after the
statement of the AdS instability conjecture).

We should also note the following:

o Except for the condition rg. < 2(Mapm). referred to earlier, where (Mapm). is the ADM mass of S,
there is considerable flexibility in the choice of the mirror radii ro. in the statement of Theorem 1 and
this can be exploited to one’s advantage. For simplicity, we choose rq. to satisfy ro. ~ (Mapm). (see
also the discussion in Section 1C).

o While we do not address the issue of the end state of the evolution of S;, it can be easily inferred from
our proof of Theorem 1 that the spacetimes (M, g.) settle down to a member of the Schwarzschild-AdS
family; see also [Moschidis 2017].

The trivial instability at r = 0 occurring for the spherically symmetric Einstein-null dust system is
absent in the case of smooth solutions to the general spherically symmetric Einstein-massless Vlasov
system (not reduced to the radial case). In particular, the smooth initial value problem for the spherically
symmetric Einstein-massless Vlasov system is well-posed, and placing an inner mirror at r =rg > 0 is
not necessary.”> For a proof of the AdS instability in this setting, see our forthcoming [Moschidis 2018].

1A. Earlier numerical and heuristic works. Restricted under spherical symmetry, all solutions to the
Einstein vacuum equations (1-1) are locally isometric to a member of the Schwarzschild-AdS family; see
[Eiesland 1925]. Thus, any attempt to search for unstable vacuum perturbations of (Mags, gaqs) for (1-1)
in 3+ 1 dimensions cannot be reduced to a problem for a 14 1 hyperbolic system (where the wide variety
of available tools would make the problem more tractable).> For this reason, instead of (1-1), numerical

2In fact, well-posedness for the smooth initial value problem for the Einstein—Vlasov system also holds outside spherical
symmetry; see [Choquet-Bruhat 1971]. In the case A = 0, the stability of Minkowski spacetime for the Einstein-massless Vlasov
system without any symmetry assumptions was recently established in [Taylor 2017].

3This problem is circumvented in 4 + 1 dimensions by the biaxial Bianchi IX symmetry class referred to earlier; see [Bizon
et al. 2005].
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and heuristic works on the AdS instability have so far mainly focused on the Einstein-scalar field system

RiC//,v _%Rguv + Agp_v =8m T;Lv[w],
O, =0, (1-5)
Tuwl@] = 0,0 0,0 — $8,109%0 da .

The system (1-5), whose mathematical study in the case A = 0 was pioneered in [Christodoulou 1999],
admits nontrivial dynamics in spherical symmetry, and spherically symmetric solutions to (1-5) share
many qualitative properties with general solutions of (1-1). Reduced under spherical symmetry in a
double null gauge (u, v) in 3 + 1 dimensions, i.e., a gauge where

g:—deudv+r2g§z, (1-6)
the system (1-5) takes the form
0,0y (r?) = =3 (1 = ArH)Q?,

QZ
3,0, log(Q?) = ﬁ(l +4Q72 8,7 d,r) — 87 3,0 3,0,
r

3 (Q720yr) = —4nrQ2(3,9)%, (1-7)
3, (Q729,r) = —4nrQ2 2(3,9)2,
Q2—409,rd
3u3v(r(/’) = _¢ re.
4r2

The well-posedness of the asymptotically AdS initial-boundary value problem for the system (1-7) with
reflecting boundary conditions on Z was established by [Holzegel and Smulevici 2012].

Numerical results in the direction of establishing the AdS instability conjecture were first obtained by
Bizon and Rostworowski [2011], who studied the evolution of spherically symmetric perturbations of
(Mags, gags) for (1-5) in Schwarzschild-type coordinates. More precisely, [Bizon and Rostworowski
2011] numerically simulated the evolution of initial data for (1-5) with ¢ initially arranged into small
amplitude wave packets. It was found that, for certain families of initial arrangements of this form (of
“size” &), after a finite number of reflections on Z (proportional to £ ~2), the energy of the wave packets
becomes substantially concentrated, leading to a breakdown of the coordinate system associated with the
threshold of trapped surface formation.

Following [Bizon and Rostworowski 2011], a vast amount of numerical and heuristic works have
been dedicated to the understanding of the global dynamics of perturbations of (Mags, gads) for the
system (1-5); see, e.g., [Dias et al. 2012a; 2012b; Buchel et al. 2012; Maliborski and Rostworowski
2013; Balasubramanian et al. 2014; Craps et al. 2014; 2015; Bizon et al. 2015; Dimitrakopoulos
et al. 2015; 2016; 2018; Green et al. 2015; Horowitz and Santos 2015; Dimitrakopoulos and Yang
2015]. In these works, the picture that arises regarding the long-time dynamics of generic spherically
symmetric perturbations is rather complicated: Apart from perturbations that lead to instability and
trapped surface formation [Dias et al. 2012b; Buchel et al. 2012], it appears that there exist certain
types of perturbations (dubbed “islands of stability”’) which remain close to (Mags, gads) for long
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times; see [Dias et al. 2012a; Maliborski and Rostworowski 2013; Balasubramanian et al. 2014; Dim-
itrakopoulos and Yang 2015]. Perturbations of the latter type might in fact occupy an open set in
the moduli space of spherically symmetric initial data for (1-5); see [Balasubramanian et al. 2014;
Dimitrakopoulos and Yang 2015]. The question of existence of open “corners” of initial data around
(Mads, gags) leading to trapped surface formation has also been studied; see, e.g., [Dimitrakopoulos
et al. 2015].

Another interesting problem in this context is the characterization of the possible end states of the
evolution of unstable perturbations of (Mags, gads). Holzegel and Smulevici [2013b] established that
the Schwarzschild-AdS spacetime (Msch, gsch) is an asymptotically stable solution of the system (1-5)
in spherical symmetry, with perturbations decaying at an exponential rate.* This result supports the
expectation that all spherically symmetric perturbations of (Mags, gads) for the system (1-5) leading
to the formation of a trapped surface eventually settle down to a member of the Schwarzschild-AdS
family; see [Dafermos and Holzegel 2006a; 2006b]. However, beyond spherical symmetry, Holzegel and
Smulevici [2013a; 2014] showed that solutions to the linear scalar wave equation

Uesnp =0 (1-8)

on (Msgch, gsch) (and, more generally, on Kerr-AdS) decay at a slow (logarithmic) rate, which is insufficient
in itself to yield the nonlinear stability of (Msch, gscn) (see our remark below the statement of the AdS
instability conjecture). Thus, [Holzegel and Smulevici 2014] conjectured that (Msch, gsch) 1S nonlinearly
unstable. On the other hand, based on a detailed analysis of quasinormal modes on (Mscp, gscn), Dias,
Horowitz, Marolf, and Santos [Dias et al. 2012a] suggested that sufficiently regular, nonlinear perturbations
of (Msch, gsch) still remain small, at least for long times. As a result, the picture regarding the end state
of the evolution of generic perturbations of (Mags, gaqds) outside spherical symmetry remains unclear;
see also [Horowitz and Santos 2015; Dias and Santos 2016; Rostworowski 2017].

Following [Bizon and Rostworowski 2011], the bulk of heuristic works have implemented a fre-
quency space analysis in the study of the AdS instability conjecture. A notable exception is the work
of Dimitrakopoulos, Freivogel, Lippert, and Yang [Dimitrakopoulos et al. 2015], where a physical
space mechanism possibly leading to instability for the system (1-7) is suggested. We will revisit the
mechanism of [Dimitrakopoulos et al. 2015] and compare it with the results of this paper at the end of
Section 1D.

1B. The Einstein-null dust system in spherical symmetry. A spherically symmetric model for (1-1)
which is even simpler than (1-5) is the Einstein-massless Vlasov system; see [Andréasson 2011; Rein
1995]. The case where the Vlasov field is supported only on radial geodesics is a singular reduction of
this system which is equivalent to the Einstein-null dust system, allowing for both ingoing and outgoing
dust; see [Rendall 1997]. This system was studied in the seminal work [Poisson and Israel 1990] on mass

4A similar result can presumably also be deduced for the vacuum Einstein equations (1-1) reduced under the biaxial Bianchi IX
symmetry in 4 4+ 1 dimensions, following by an amalgamation of the proofs of [Holzegel 2010] and [Holzegel and Smulevici
2013b].
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inflation. In 3 4+ 1 dimensions, it takes the form (in double null coordinates (u, v))

30y (r?) = —1(1 — ArHQ?,
2
8.8, log(2?) = %(1 4Q72 8, Bur),
0,(Q729,r) = —4nr 1Q72%7, (1-9)
0,(Q7209,r) = —4nr-1Q 21,
3,7 =0,
0,T = 0.

In certain cases, the Einstein-null dust system (1-9) can be formally viewed as a high-frequency limit
of the Einstein-scalar field system (1-7) (as was already discussed in [Poisson and Israel 1990]): Setting

T=r @)’ T=r200)

in (1-5) and dropping all lower-order terms from the wave equation for ¢, one formally obtains (1-9)
in the region where d,¢ d,¢ is negligible, i.e., outside the intersection of the supports of t, 7. While
this formal limiting procedure can be rigorously justified away from r = 0, the dynamical similarities
between (1-7) and (1-9) break down close to r = 0. A fundamental difference between these systems
is the fact that, while small-data asymptotically AdS solutions to (1-7) satisfying a reflecting boundary
condition at Z remain regular (and “small”) for large times, all nontrivial solutions to the system (1-9)
break down once the support of T reaches the axis y (i.e., the time-like portion of {r = 0}), independently
of the boundary conditions imposed at Z. This is an ill-posedness statement for (1-9), which needs to be
addressed before any attempt to study the AdS instability conjecture in the setting of (1-9).
We will now proceed to discuss this difference of (1-7) and (1-9) in more detail.

Cauchy stability for the Einstein-scalar field system. The following Cauchy stability result holds for the
system (1-7):

Proposition 1 (Cauchy stability for (1-7); see [Holzegel and Smulevici 2012]). For a suitable initial-
data norm || - |linitiat, (Mads, gads) is Cauchy stable as a solution of the system (1-7) with reflecting
boundary conditions on I. That is to say, for all fixed times T, > 0, any perturbation of the initial data of
(M ads, gadgs) which is small enough (when measured in terms of || - ||initial) With respect to Ty gives rise to
a solution of (1-7) which is regular and close to (Magds, gads) for times up to T,.

Remark. In the statement of Proposition 1, Cauchy stability of (Mags, gads) refers to stability over
fixed compact subsets of the conformal compactification of (Magds, gads), such as subsets of the form
{0 <t < T,}in the (¢, r, ¥, ¢) coordinate chart. Any such subset contains, in particular, a compact subset
of the time-like boundary Z.

The initial-data norm || - ||initia1, for which the Cauchy stability of (Mags, gags) follows from [Holzegel
and Smulevici 2012], is a higher-order, suitably weighted C* norm. However, this is not the only norm
for which (Mags, gadgs) can be shown to be Cauchy stable: An additional, highly nontrivial example of
such a norm is the bounded variation norm of [Christodoulou 1993] (modified with suitable r-weights
near r = 00). Similar low-regularity norms will also play an important role in this paper (see Section 1B).
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Assuming, for simplicity, that initial data are prescribed on the outgoing null hypersurface corresponding
tou =0, for 0 < v < v,, a necessary condition for Cauchy stability of (M ags, gads) for the system (1-7)

with respect to an initial-data norm || - [|initia1 iS that, for any given Ry > 0, || - [linitial cOntrols the quantity
m(0, vp) —m(0, v
M= sup (O, v2) = m(©, v1) : (1-10)
0<vi<vr<v, (0, v2) —r (0, v1))[log(r(0, v2)/r(0, vi) — 1)
r(0,v2)/r(0,v1)<3/2
r(0,v2)<Ro
where m is the renormalized Hawking mass, defined in terms of the Hawking mass m,
mi%r(l—4§2_2 Our 0yt), (1-11)
by the relation
m=m— LAr. (1-12)

This is a consequence of the fact that, when .# exceeds a certain threshold (depending on Ry), there
exists a point p = (u+, vy) in the development of the initial data, with 0 < u4 < vy, such that

2 g, v) > 1, (1-13)
a result proven in [Christodoulou 1991].5 The bound (1-13) implies that
Our(uy, v1) <0,  9yr(us, vy) <0, (1-14)

i.e., that the symmetry sphere associated to (u+, v+) is a trapped surface. In particular, (u+, v+) is contained
in a black hole.®

As a corollary, it follows that the total ADM mass of the initial data, though expressible as a coercive
functional on the space of initial data of (1-7), does not yield a norm for which (Mags, gads) is Cauchy
stable for (1-7), since the ADM mass manifestly fails to control (1-10).

Break down at r =0 and “trivial” Cauchy instability for the Einstein-null dust system. The following
instability result holds for the system (1-9) (see [Moschidis 2017]):

Proposition 2 (Cauchy instability for (1-9)). Any globally hyperbolic spherically symmetric solution
(M, g; T, T) of (1-9) with nonempty axis y “breaks down” at the first point when a radial geodesic in the
support of T reaches y: Beyond that point, (M, g; T, T) is C° inextendible as a spherically symmetric
solution to (1-9). As a result, (Mags, gads) is not a Cauchy stable solution of (1-9) for any “reasonable”
initial-data topology.

For the precise definition of the notion of C? inextendibility as a spherically symmetric solution to
(1-9), see [Moschidis 2017]. Note that this is a stronger statement than (M, g; 7, T) breaking down as a
smooth solution of (1-9). We should also note the following regarding Proposition 2:

3The result of [Christodoulou 1991] was restricted to the case A = 0, but the proof can be readily modified to include the
case A < 0.

5We should remark that (1-14) follows from (1-13) under the assumption that 9,7 < O (which always holds provided, initially,
Ourlu=0 < 0, see [Christodoulou 1993]).



1680 GEORGIOS MOSCHIDIS

« Proposition 2 holds independently of the value of the cosmological constant A. In particular, Minkowski
spacetime (R3*!, 1) is not Cauchy stable for (1-9) with A = 0 for any “reasonable” initial-data topology.

 Proposition 2 yields a uniform upper bound on the time of existence of solutions (M, g) to (1-9) for
any initial data set for which 7 is not identically equal to 0, depending only on the distance of the initial
support of T from the axis and, thus, independent of the proximity of the initial data to the trivial data (in
any reasonable initial-data norm). We should also highlight that the instability of Proposition 2 has nothing
to do with trapped surface formation: Up to the first retarded time when a radial geodesic in the support of
T reaches y, any solution (M, g) to (1-9) arising from smooth initial data close to (M ags, gads) remains
smooth and close to (Mags, gads), and (M, g) contains no trapped surface. In fact, in this case, despite
being C? inextendible as a globally hyperbolic spherically symmetric solution to (1-9), (M, g) is globally
C*°-extendible as a spherically symmetric Lorentzian manifold; see [Moschidis 2017].

o The Cauchy stability statement for (M ags, gads) for the system (1-7) stated in Proposition 1 can be
informally interpreted as the result of a natural dispersive mechanism close to the axis y displayed by the
system (1-7), which does not allow the energy of ¢ to concentrate on scales smaller than 7 in O (1) time,
provided a suitable initial norm of ¢ (controlling at least (1-10)) is small enough. No such mechanism is
present for the system (1-9), as is illustrated by Proposition 2.

Resolution of the “trivial” instability of (1-9) through an inner mirror. In order to turn the spherically
symmetric Einstein-null dust system (1-9) into a well-posed, Cauchy-stable system (a necessary step
for converting (1-9) into an effective model of the vacuum Einstein equations (1-1)), it is necessary to
explicitly add to (1-9) a mechanism that prevents the breakdown at » = 0 described by Proposition 2, so
that, moreover, an analogue of Proposition 1 holds for (1-9). This can be achieved by placing an inner
mirror at r = rg > 0, i.e., by restricting (1-9) on {r > ry}, for some ro > 0, and imposing a reflecting
boundary condition on the portion yg of the set {r = r¢} which is time-like.

Remark. The reflecting boundary condition on y; can be motivated by the fact that, for smooth spherically
symmetric solutions (M, g; ¢) to (1-5), the function ¢, viewed as a function on the quotient of (M, g)
by the spheres of symmetry, satisfies a reflecting boundary condition on the axis.

The well-posedness and the properties of the maximal development for the system (1-9) with reflecting
boundary conditions on Z and yq are addressed in the companion paper [Moschidis 2017]. The following
result is established in that paper:

Theorem 2 (well-posedness for (1-9) with an inner mirror). For any ro > 0 and any smooth asymptotically
AdS initial data set (r, 22, T, T)|u—o on u = 0, there exists a unique smooth maximal future development
(r, Q%,7,7) on {r >ry}, solving (1-9) with reflecting boundary conditions on T and yy, where r|,, =ro
and yy coincides with the portion of the curve {r = ro} which is time-like (fixing the gauge freedom by
imposing a reflecting gauge condition on both T and yy). For this development, T is complete and {r = ry}
is time-like in the past of I (see Figure 2).

In the case when the future event horizon H™ is nonempty, it is smooth and future complete. A necessary
condition for H to be nonempty is the existence of a point (u+, v+) where (1-13) holds. If the total mass



PROOF OF THE INSTABILITY OF ADS FOR THE EINSTEIN-NULL DUST SYSTEM WITH AN INNER MIRROR 1681

e fH
I
~ T
Yo
Q
P

Figure 2. Schematic depiction of the domain on which the maximal future development
(r, Q%, 7, T) of a smooth initial data set on u = 0 (with reflecting boundary conditions on
7 and yy) is defined. A gauge condition ensures that Z and yy are straight vertical lines.
Conformal infinity 7 is always complete in this setting. In the case when the future event
horizon H ™ is nonempty, it is smooth and has infinite affine length. In this case, apart
from the mirror yy, the boundary of the domain has a space-like portion on which {r =rg}.

m|z and the mirror radius ry satisfy
2m|z

<1-—1As2, 1-15
ro 34T ( )

then necessarily H™ = &.

For a more detailed statement of Theorem 2, see Section 3 and [Moschidis 2017].

In view of the fact that H* = & in the case when the total mass 7|7 and the mirror radius r( satisfy
(1-15), in order to address the AdS instability conjecture for the system (1-9) with reflecting boundary
conditions on Z and yy, it is necessary to allow ry to shrink to O with the size of the data. Thus,
addressing the AdS instability conjecture in this setting requires establishing a Cauchy stability statement
for (Mags, gads) which is independent of the precise value of the mirror radius ry. This is the statement
of the following result, proved in our companion paper [Moschidis 2017]:

Theorem 3 (Cauchy stability for (1-9) uniformly in rg). Given € > 0, u, > 0, there exists a § > 0 such
that the following statement holds: for any ro > 0 and any initial data set (r, Q2, T, T)|u—o satisfying
Ir, %, 7, Dllu=o
. /' 7(0, v) V=Adv
= sup
u

2\ ! 3
5 Ju=0 1p(0,v) — p(0, V)| +tan~ 1 (/—=Arp) 90 (0,v) +iilé( (1 B T) B 1' _Am)
) (1-16)

<e¢

where

00, v) = tan~' (vV=Ar)(0, v), (1-17)
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the corresponding solution (r, Q2, T, T) to (1-9) with reflecting boundary conditions on I and yy will

satisfy
sup [, 2%, 7, D llu=i < 5. (1-18)
0<u<u,

For a more detailed statement of Theorem 3, see Section 3 and [Moschidis 2017].

Notice that the norm (1-16) vanishes only for the trivial initial data (r, Q2,0,0). Informally, Theorem 3
implies that, if the energy of the initial data concentrated on scales proportional to the mirror radius ry is
small enough, then the energy of the solution to (1-9) (with reflecting boundary conditions on Z and yy)
will remain similarly dispersed for times less than any given constant. In particular, no trapped surface
can form in this timescale if € is chosen sufficiently small.

In Section 3, we will also present a Cauchy stability statement for general solutions of (1-9) with
reflecting boundary conditions on Z and yp, which will be used in the proof of Theorem 1 (see Theorem 3.6).

1C. Statement of Theorem 1: the nonlinear instability of AdS. According to Theorem 3, a Cauchy
stability statement holds for (Mags, gads) for time intervals which are independent of the precise value
of the mirror radius ry, depending only on the smallness of the initial-data norm (1-16). As a result, it is
possible to study the AdS instability conjecture for the system (1-9) with reflecting boundary conditions
on Z and yy, for perturbations which are small with respect to (1-16), allowing the mirror radius rg to
shrink with the size of the data. In this paper, we will prove the following result:

Theorem 1 (more precise version). There exists a family of positive numbers ro. (satisfying rogﬂ)O)
and smooth initial data (r, Q2, T, T)®|,—q for the system (1-9) satisfying the following properties:

(1) In the norm || - || =0 defined by (1-16),
1r, 2, 7, ©)@lumo <=2 0. (1-19)

(2) For any & > 0, the maximal development (r, Q2 1, 7)® of (r, Q% 7, 71)®|,—0 for the system (1-9)
with reflecting boundary conditions on L and yy, r|,, = ro. contains a trapped sphere; i.e., there

exists a point (ug, ve) such that
2m®
r(s)

(e, ve) > 1. (1-20)

Thus, in view of Theorem 2, (r, Q2, 7, 7)® contains a nonempty, smooth and future complete event
horizon Ht and a complete conformal infinity T.

For the definitive statement of Theorem 1, see Section 4. The following remarks should be made
concerning Theorem 1:

 In view of the Cauchy stability of (Mags, gadgs) with respect to (1-16) (see Theorem 3), the time’
required to elapse before (1 —2m‘®) /r®)) becomes negative necessarily tends to +o0o as ¢ — 0. However,
our proof yields a quantitative upper bound (increasing to +00 as ¢ — 0) on the time of trapped sphere
formation for the development of (r, Q2, 7, 7)®|,—0 (see (4-6)).

7Where time is measured with respect to the (dimensionless) coordinate function = /— A (u + v).
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o In view of the fact that %4+ = & when (1-15) holds, in order for (r, Q2, 7, 7)® to satisfy both (1-19)
and (1-20), it is necessary that ro. — 0 as € — 0, at a rate which is at least as fast as that of 2m@|7.8 ie.,

roe < 2m®|7. (1-21)

In fact, we choose the family rqg, (r, Q2. 7, 7)®|,_0 of Theorem 1 to saturate the bound (1-21) in the
limit ¢ — 0; i.e.,
im —%_ 1, (1-22)
e—0 27 ©) |7
For the proof of Theorem 1, (1-22) is not essential and can be relaxed; however, it is fundamental for our
proof that rg, is bounded from below by some small multiple of 7 |7.

o It follows from the proof of Theorem 2 that, in the case A = 0, Minkowski spacetime ([R{3+1, n) is
globally stable (for the system (1-9) with reflecting boundary conditions on the inner mirror {r = ry}) to
initial data perturbations which are small with respect to the norm (1-16), independently of the precise
choice of rg. This fact further justifies the choice of the matter model and the norm (1-16) as a setting for
establishing the AdS instability conjecture.

e The proof of Theorem 1 also applies in the case A =0 when placing an outer mirror at r = Ry > rg (in
addition to the inner mirror at » = ry), i.e., restricting the solutions of (1-9) in the region {ry <r < Ry}
and imposing reflecting boundary conditions on both {r = r¢} and {r = Rp}. This is in accordance with
the numerical results of [Buchel et al. 2012] for the system (1-5).

o It can be readily inferred by Cauchy stability (see Theorem 3.6 in Section 3D) that, for any y, =
(r, @2, 7, 7)®|,— in the family of initial data of Theorem 1, there exists an open neighborhood W, of
initial data around y, such that, for all y € W,, the maximal future development of y also contains a
trapped surface. In particular, the set of initial data leading to trapped surface formation is open. An even
stronger genericity statement would be the existence of an open instability corner in the space of initial
data around (M ags, gads) (see [Dimitrakopoulos et al. 2015]), i.e., the existence of a ¢; > 0 such that
{y :dist(y, ye) <cillYellu=o} C W, for all ¢ > 0 (with dist( -, - ) being the distance function associated to
(1-16) for ro = ro.). While we have not addressed the issue of genericity of the unstable initial data in
this paper, we expect that the proof of Theorem 1 can be adapted to yield the existence of an instability
corner around (M ags, gAds)-

o A plethora of numerical works, see, e.g., [Bizon and Rostworowski 2011; Buchel et al. 2012; Bizon
et al. 2015; Dimitrakopoulos et al. 2015], suggest that, in the case of the Einstein-scalar field system

(1-5), for families of initial data (gog(o), gog(l)) for the scalar field ¢ of the form

@, o) = (e, ep) (1-23)

(where (9@, V) is a fixed initial profile), trapped surface formation occurs at time ~ ¢ 2. However,
any rigorous formulation of this statement for general families of initial data, not necessarily of the form
(1-23), requires fixing an initial-data norm for which the initial data size is measured, with different

8Note that the renormalized Hawking mass () is constant on Z when imposing a reflecting boundary condition.



1684 GEORGIOS MOSCHIDIS

r =70

o0+ =4

Figure 3. The initial data (r, Q2, 7, T)®|,—9 give rise to a bundle of ingoing beams
which are successively reflected off {r = ro.} and Z = {r = +o00}. While the number of
beams goes to infinity as ¢ — 0, for simplicity, we only depict here a bundle of three
beams. As long as the total width of the bundle of beams remains small, the interaction
set naturally splits into a part which lies close to {r = ro.} and a part near Z. We have
also marked with a red dashed line the beam lying (initially) to the future of the rest.

choices of (scale-invariant) norms possibly leading to different time scales of trapped surface formation
for initial data of size ~ ¢. For this reason, given that the initial data (t, 7)®|,_o in Theorem 1 cannot be
viewed as a rescaling of a fixed profile of the form (1-23), we have not tried to optimize the time required
for trapped surface formation in Theorem 1 in terms of the initial norm (1-16).

1D. Sketch of the proof and remarks on Theorem 1. We will now proceed to sketch the main arguments
involved in the proof of Theorem 1.
Construction of the initial data. The family of initial data (r, Q2, 7, 7)©®|,—¢ in Theorem I is chosen so
that its total ADM mass 77®) |7 and the mirror radius ro, satisfy (for & < 1)
roe, |z ~ e(=A) 712, (1-24)
In particular, fixing a function % (¢) in terms of ¢ such that
e L h(e) <1,

the initial data (r, Q2, 7, T)®©|,—o are constructed so that the null dust initially forms a bundle of narrow
ingoing beams emanating from the region r ~ 1; see Figure 3. The number of the beams is chosen
to be large, i.e., of order ~ (h(g))~!, and the beams are initially separated by gaps of r-width ~
(h(e))"te(=A)"V2. The large number of beams and their initial separation are chosen so that

e—0

I(r, @, 7, ©) lyuo ~ h(e) == 0. (1-25)
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Remarks on the configuration of the null dust beams. As the solution (r, Q2, 7, T)®) arising from the
initial data set (r, Q2, 7, T)©|,—o evolves according to (1-9), the null dust beams are reflected successively
off yp = {r = ro.} and Z, as depicted in Figure 3. The beams separate the spacetime into vacuum regions
(the larger rectangular regions between the beams in Figure 3), where the renormalized Hawking mass
m‘® is constant (recall the definitions of the Hawking mass and the renormalized Hawking mass by (1-11)
and (1-12), respectively). The interaction set of the beams consists of all the points in the spacetime
where two different beams intersect (depicted in Figure 3 as the union of all the smaller dark rectangles,
lying in the intersection of any two beams). As long as the total width of the bundle of beams remains
small, the interaction set can be split into two sets, one consisting of the intersections occurring close to
the mirror yy and one consisting of the intersections near Z (see Figure 3).

Every beam is separated by the interaction set into several components. To each such component, we
can associate the mass difference ®m between the two vacuum regions which are themselves separated
by that beam component. The mass difference ©nm measures the energy content of each beam component
and, in view of the nonlinearity of the system (1-9), it is not necessarily conserved along the beam after
an intersection with another beam. Precisely determining the resulting change in the mass difference after
the interaction of two beams will be the crux of the proof of Theorem 1.

Beam interactions and change in mass difference. In Figure 4, the region around the intersection of an
incoming null dust beam ¢;, and an outgoing null dust beam ¢y is depicted. This region is separated

by the beams into four vacuum subregions Ry, ..., R4 with associated renormalized Hawking masses
mi, ..., my (see Figure 4). Before the intersection of the two beams, the mass difference of the incoming
beam ¢j, is

D _i = i3 — g, (1-26)

while the mass difference of the outgoing beam &y is
D_m =my —my. (1-27)

After the intersection of the beams, the mass differences associated to &, and ¢y, become

D i =iy — i, (1-28)
Dim=m3—my, (1-29)
respectively.
Assuming that
27”” <1, (1-30)
0yr < 0 < 0yr, (1-31)

we can readily obtain the following differential relations for  and m from (1-9):

0 4
oy log(;r> LA

1—2m/r =3

91 —oy,r dT T
gl ——— | =——
v o8 1-2m/r 7 Oyr

(1-32)
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Figure 4. The region in the (u, v)-plane around the intersection of an incoming beam
¢in and an outgoing beam ¢oy. The regions R;, i = 1,...,4, are vacuum and the
renormalized Hawking mass m is constant (and equal to 71;) on each of the R;’s.

and
B 1-2m/r
o,m = —2 T,
—0yr
(1-33)
5 1—-2m/r\ _
opm =2x| —— |t.
oyr

‘We will also assume that:

e The null dust beams ¢, and &,y are sufficiently narrow so that, on their intersection iy N Lout, 7 CaN
be considered nearly constant:’

sup r— inf r<e(—A)"12 (1-34)
ZinNout CinNout

o D1 —D_in and D i — D _in are relatively small.'”
Then, (1-32)—(1-33), combined with the conservation laws
0,7=0, 09,71=0,

yield the following relations for the change in the mass difference associated to &, and oy after their

intersection: S
Doi=D i-exp| L——" 4 Eery ), (1-35)
rl1—2my/r
2 D_m
D =D i -exp<———m + eaom), (1-36)
r1—2my/r

where the error terms €rtj,, Evryy are negligible compared to the other terms in (1-35), (1-36) (see also
the relations (6-51) and (6-52) in Section 6A2). In particular, whenever an ingoing and an outgoing null
dust beam intersect, the mass difference of the ingoing beam increases, while that of the outgoing beam
decreases.

9This is possible in view of the fact that, for solutions (7, Qz, 7, 7) to (1-9), r remains uniformly continuous in the limit when

7, T tend to §-functions in the u-, v-variables, respectively.
10Note that, necessarily, ® ym —®_m = —(Dpm —D_m).
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Remark. Notice that, according to (1-35) and (1-36), the change in the mass difference of each of the
beams Cin, Loy after their intersection can be estimated in terms of the mass difference of the other beam
and the value of r and inf(1 — 2m/r) in the region of intersection. A relation for the change of the mass
difference of two infinitely thin, intersecting null dust beams was also obtained in [Poisson and Israel 1990].

The instability mechanism. Let us now consider, among the null dust beams arising from the initial data
(r, Q%, 7, 7)®|,—o, the beam ¢, which initially lies to the future of the rest (this is the beam marked with
a dashed line in Figure 3). Defining

& [1+] = mass difference associated to o at o N {u +v =1}, (1-37)

we will examine how &, changes along o, after each successive intersection of ¢y with the rest of the
beams:

(1) Starting from u = 0 up to the first reflection of ¢ off the inner mirror yy, the beam ¢ is ingoing and
intersects all the other beams after they are reflected off yy. Thus, applying (1-35) successively at each
intersection of o with an outgoing beam, we infer that £, increases at this step by a multiplicative factor

20l = Egli=o) | 8)>’

Ty

App > eXP( (1-38)

where r,, is the value of r at the region of intersection of ¢y with the first beam which is reflected off
{r = ro¢} (note that r,, is also the r-width of the bundle of beams when ¢y first reaches the mirror yp). In
obtaining (1-38), we have assumed that

roe K ryp K (—=A) V2 O ~re,  Egylumo < 1P|1

(where the latter holds in view of the way the initial data where chosen).

(2) The mass difference &, right before and right after the reflection of ¢y off yy is the same, in view of
the reflecting boundary conditions on .

(3) From its first reflection off yy up to its first reflection off Z, the beam ¢y is outgoing and intersects
(again) the rest of the beams in the region close to Z (after these beams are reflected off 7). Applying
(1-36) successively at each intersection, we infer that &, decreases at this step, being multiplied by a

7)., —
1> Aou > eXp(— 2z g§0|u:0) <( ! ) +8)>, (1-39)

1 2
rz 1—8—§AI’I

factor

where r7 is the value of r at the region of intersection of ¢y with the first beam which is reflected off Z.
In obtaining (1-39), we have assumed that rz > (—A)~1/2 (which holds in view of the way the initial
data where chosen).

(4) The mass difference &, right before and right after the reflection of ¢o off 7 is the same, in view of
the reflecting boundary conditions on Z.
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Therefore, provided r), < (—A)_l/ 2 « rz, we infer that, after the first reflection of Lo off yp and Z,
the mass difference &, increases by a factor

20 ® |1 — Ery lu= 20 ® |1 — Epy lu= 1
A Ap Ay = oxp( 2T = Ealuz0) () 2001 = Ex o) e
1 A2
Ty 'z (1_5_§Arz)
g | _
> exp(w). (1-40)
r)’o

The steps (1)—(4) in the above procedure can then be repeated for each successive reflection of ¢y off y
and Z, as long as

172

roe K Fypin K (=)~ L r:n, (1-41)

where ry,.,, rz., are the values of r,, rz,, after the n-th reflection of ¢y on yy and 7 (note that ., is
also the r-width of the bundle of beams at the n-th reflection of ¢y off y4). Thus, as long as (1-41) holds,
denoting with &, the value of &, at the n-th reflection of ¢y off yy, the following inductive bound holds:

Eqoin Z Atotin - Egin—1, (1-42)
where the multiplicative factor
7, (8)
m — &
Avotin = eXP(M> (1-43)
Tyoin

is always greater than 1, since &,., < m® |7 (see also the relation (6-13) in Section 6A). This is the main
mechanism driving the instability, and the proof of Theorem 1 is aimed at showing that, for some large
enough n(e) depending on ¢,
n(e)
A — 1-44
H totzn > 25{()'” — (1-44)
Inequality (1-44) implies (in view of (1-42)) that

28,
Shone) o, (1-45)

o

i.e., that, after the n(e)-th successive reflection of o on yp and Z, the mass difference £, has become so
large that a trapped surface (in particular, a point where 2m /r > 1) necessarily forms before ¢y reaches the
mirror Yy = {r = ro.} for the (n(e)+1)-th time (provided ¢y was initially chosen sufficiently “narrow”).!!

Control of ry;, and the final step before trapped surface formation. The main obstacle to establishing
(1-44) (and, thus, Theorem 1) is the following: Once &, exceeds c - ro. for some fixed (small) ¢ > 0,
the total r-width of the bundle of beams close to yy, i.e., ry,., in (1-43), increases after each successive

1we should remark that, once a trapped surface S has formed, {r =rg.} N J +(S) (where J *(8) is the future of S) will be
space-like and we will not study the evolution of the spacetime beyond {r = (.} N J T (S). In particular, no more reflections of
the beams will occur in the future of S. See Theorem 2.
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reflection off yo and Z. Thus, the multiplicative factor (1-43) decreases as n grows. The increase in ry,,,
is more dramatic when the spacetime is close to having a trapped surface, i.e., when 2m/r is close to 1.2
Controlling the growth of r,., is achieved by establishing an inductive bound of the form

2Ern—
Tyoin = Pyoin—1+ (1 +Co e ( log(l - io—nl)‘ + 1)) (1-46)
Oe

Tygin—1
(see also the relation (6-14) in Section 6A). Obtaining the bound (1-46) is one of the most demanding
1
Yosn
beam ¢ at the n-th reflection off y; for all n < n(e), i.e., establishing a bound of the form

parts in the proof of Theorem 1 and requires controlling the r-distance r_ . of ¢y from the second-to-top

(1)
r &
i - 1+CO( 4“0,0). (1-47)

r0e r0s

(see (6-12) in Section 6A). The bound (1-47) is in turn obtained by establishing an inductive bound of the

form
(D

rd o & .
log( Yot 1) < Cy log(ﬂ), (1-48)
r(l) 5{0;11—1

Yoin

estimating the decrease of r)(,(l))n by the increase of &, at each reflection (see (6-129) in Section 6A2).
The bound (1-47) is inferred from (1-48), in view of the fact that £.,, > £.,—1 and

n(e)

Eg Egy
Zlog( i ):10g<—§°*”(”) §log< i ) (1-49)
n=1 gCo:ﬂ—l €§0:0 28{0:0

At the level of the initial data, obtaining (1-46) and (1-48) requires introducing a certain hierarchy for the

scales of the r-distances and mass differences associated to the beams initially (see (5-2) and (5-3) in
Section 5A).

Combining (1-42) and (1-46), we can show that there exists a large n(¢e) such that, after n(e) reflections
of ¢y off yy (but not earlier!), we have

2&¢,:
T S 1 —e(e), (1-50)
r0e
where c(e) < h(e) is a fixed function of €. Note that, compared to (1-45), (1-50) is a slightly weaker
bound, which just stops short of implying that a trapped surface is formed. In order to complete the proof
of Theorem 1, we therefore have to consider two different scenarios for ., (e):

Case 1: In the case when (1-45) holds, the proof of Theorem 1 follows readily, since (1-45) implies that,
before ¢y reaches {r = ro.} for the (n(¢)+1)-th time, a point arises where 2m /r > 1.

12The example of two outgoing null rays in the exterior of Schwarzschild-AdS, with mass M < (—=A)~Y2 serves to illustrate
this phenomenon: The r-separation of two rays emanating from the region close to the future event horizon 1, where 2m/r ~ 1,
increases dramatically by the time they reach the region r ~ (—=A)~Y2. This is, of course, nothing other than the celebrated
red-shift effect.
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Case 2: In the case when (1-50) holds but (1-45) is violated, we have the bound

28,
1 —c(e) < Z80n@) (1-51)
Yog

In this case, ¢ reaches {r = rq.} for the (n(e)-+1)-th time before a trapped surface has formed. One would
be tempted to repeat the above procedure for one more reflection, in an attempt to establish that a trapped
surface has formed before the (n(¢)+2)-th reflection of ¢y off 1. However, the bound (1-51) implies
that most of the bootstrap assumptions needed for the proof of Theorem 1 (which we have suppressed
in this sketch for the sake of simplicity) are violated beyond the (n(¢)-+1)-th reflection and, thus, the
above procedure cannot be repeated. For this reason, we choose a different path: Applying a Cauchy
stability statement backwards in time (see Theorem 3.6), we show that there exists a small perturbation
(', ()2, 1/, T)®|,—¢ of the initial data (r, Q2, 7, T)®|,—o (satisfying (1-25)), such that the perturbed
solution (', ()2, v/, T/)® to (1-9) satisfies (1-45) and, furthermore,

/

Zeinte) > 1 (1-52)

roe
(where & is similarly defined by the relation (1-37) for (', ()2, 7/, )@ in place of (r, Q%, 7, T)®).
Thus, we end up in the scenario of Case 1, and the proof of Theorem 1 follows readily.

Further remarks on the proof of Theorem 1. The proof of Theorem 1 involves many technical issues
related to the final step of the evolution before a trapped surface is formed. Most of these technical
issues simplify considerably in the case when one restricts to showing a weaker instability statement for
(Mags, gads), €.2., by replacing (1-20) with

(&)
(1 . 2m>
r

See Sections 4 and 6A1 for more details.

1
<5 (1-53)

(e ,ve)

The mechanism leading to trapped surface formation in the proof of Theorem 1 only made use of
the fact that we chose the initial data (r, Q2, 7, T)®|,—¢ so that the matter was supported in narrow null
beams, successively reflected off yy and Z, while the matter model satisfied the condition

T, = Qg8 Ty =0. (1-54)

Thus, we expect that the same mechanism can be adapted to the case of more general matter fields, which
allow for matter to be arranged into narrow and sufficiently localised null beams, satisfying (in a region
around the set of intersection of the beams)

Tuv’ |Q2gABTAB| < Tuu + Tvva (1'55)

with such a configuration arising moreover from initial data which are small in a norm for which
(Mags, gags) 1s Cauchy stable. For an application of this mechanism in the case of the spherically
symmetric Einstein-massless Vlasov system (without reducing to the radial case and without an inner
mirror), see our forthcoming [Moschidis 2018].
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Finally, let us remark that the general mechanism of instability suggested by the proof of Theorem 1
can be summarized as follows: In a configuration consisting of a relatively narrow bundle of nearly
null beams of matter that are successively reflected on Z and r = 0 (on an approximately (M ags, gAds)
background), the energy content of the “top” beam will increase after each pair of reflections. A similar
physical space mechanism was described for the Einstein-scalar field system (1-7) in [Dimitrakopoulos
et al. 2015], where it was suggested that, on a nearly null scalar field beam successively reflected off Z
and the center r = 0, the energy density on the top part of the beam tends to increase.

1E. Outline of the paper. This paper is organized as follows:

In Section 2, we will introduce the spherically symmetric Einstein-radial massless Vlasov system in
double null coordinates. We will also formulate the notion of reflecting boundary conditions for this
system on Z and on time-like hypersurfaces of the form {r = rp}.

In Section 3, we will formulate the asymptotically AdS characteristic initial-boundary value problem
for the spherically symmetric Einstein-radial massless Vlasov system. We will then recall the main results
established in [Moschidis 2017] regarding the structure of the maximal development and the Cauchy
stability properties for this system.

In Section 4, we will provide a technical statement of the main result of this paper, namely the instability
of AdS for the Einstein-radial massless Vlasov system with reflecting boundary conditions on {r = ry}
and Z. The proof of this result will occupy Sections 5 and 6.

2. The Einstein-massless Vlasov system in spherical symmetry

In this section, we will review the basic properties of the spherically symmetric Einstein-massless Vlasov
system in 3 4 1 dimensions, expressed in double null coordinates, following the conventions introduced
in [Dafermos and Rendall 2016]. We will also introduce the notion of the reflecting boundary condition
on time-like hypersurfaces for the radial massless Vlasov equation. To this end, we will follow the
conventions adopted in our companion paper [Moschidis 2017].

2A. Spherically symmetric spacetimes in double null coordinates. Let (M3, g) be a smooth Lorentz-
ian manifold such that M is of the form

M>~Ux S?, -1

where ¢/ is an open domain of R? with piecewise Lipschitz boundary 8/ and, in the standard (u, v)-
coordinates on U, g takes the form

g:—Qz(u, V) dudv+r2(u,v)g§z, (2-2)

where ggp is the standard round metric on S?and Q,r: U — (0, +00) are smooth functions. In addition,
we will assume that

infr > 0. (2-3)
u
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We will also fix a time orientation on M by requiring that the time-like vector field N = 9, + 9, is
future-directed.

Remark. Notice that the action of SO(3) on (M, g) through rotations of the S? factor of (2-1) is an
isometric action.

We will also define the Hawking mass m : M — R by the expression
m=r(1—g(Vr, Vr)). (2-4)
Viewed as a function on U/, m takes the form

m=ir(1+4Q723,r d,r). (2-5)

Equivalently, we have
2 4(_au”) dur

1—2m/r (2-6)

In any local coordinate chart ( yl, yz) on S?, the nonzero Christoffel symbols of (2-2) in the (u, v, yl, yz)
local coordinate chart on M are computed as

r =9a,log(2%, TV, =3a,log(Q?),
T =Q728,0")(gs)a, i =223,(0r*)(gs2)aB,
Tig=r""0,r8p, Tiog=r""0yrdg,
Fge = Ts2)pes

where the indices A, B, C are associated to the spherical coordinates yl, y2, 52 is the Kronecker delta

27

and ' are the Christoffel symbols of the round sphere in the (y!, y?) coordinate chart.
For any pair of smooth functions fi, f>: R — R with f{, f; # 0, the coordinate transformation

(u,v) = (fi(w), f2(v)), (2-8)

mapping U to U C R?, can be used to diffeomorphically identify M with I/ x S2. In these new coordinates,
the metric g takes the form

g =—%@, D) didv +r*(, v)gs, (2-9)
where
Q*i, v) = %sz%ffl(ﬁ), @), (2-10)
1t
r(i, o) =r(f @), 5 @). (2-11)

We will frequently make use of such coordinate transformations, without renaming the coordinates each
time.
Note that m is invariant under coordinate transformations of the form (u, v) — (f1(u), f2(v)); i.e.,

m(it, 0) = m(f; @), f; ' (9)). (2-12)
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2B. The radial massless Vlasov equation. Let (M, g) be as in Section 2A. Let f > 0 be a measure on
T M which is constant along the geodesic flow, that is to say, in any local coordinate chart (x°, x!, x2, x3)
on M with associated momentum coordinates (p°, p', p?, p?) on the fibers of T M, f satisfies (as a
distribution) the first-order equation

PO f =T, pP P78y f =0, (2-13)

where ng are the Christoffel symbols of g in the chart x°, x1, x2, x3). We will call f amassless Vlasov
field if it is supported on the set P C T .M of future-directed null vectors; any such vector (x; p) € T M
will satisfy

gup(X)p*pP =0. (2-14)

Associated to f is a symmetric (0, 2)-form on M (possibly defined only in the sense of distributions),
the energy momentum tensor of f, given by the expression

T = [ | st @-15)

where 7 ~!(x) denotes the fiber of T M over x € M and the indices of the momentum coordinates are
lowered with the use of the metric g, i.e.,

Py =8ys(x)p°. (2-16)

Remark. In this paper, we will only consider distributions f for which the expression (2-15) is finite for
all x € M and depends smoothly on x € M.

We will consider only distributions f which are spherically symmetric, i.e., invariant under the
action of SO(3) on M. In that case, in any (u, v, y!, yz) local coordinate chart as in Section 2A, the
energy-momentum tensor 7 is of the form

T = Ty (u, v) du® + 2T, (u, v) du dv + Ty (u, v) dv> + Tap(u, v) dy* dy®. (2-17)

Furthermore, we will restrict to radial Vlasov fields f, i.e., fields supported only on radial null vectors
which are normal to the orbits of the action of SO(3) on M. In any (u, v, y!, y?) local coordinate chart as
in Section 2A (with associated momentum coordinates (p“, pv, pl, pz)), a spherically symmetric, radial
massless Vlasov field f has the form

F,v, 38 y% p" pY, pt p?) = (Fn, v; p)F foutt, v; pV)) 8(V (852) a P pB) 8(Q22p* p?), (2-18)

where fin, fout > 0 and 4 is the Dirac delta function on R. In this case, the only nonzero components of
the energy momentum tensor (2-15) are the 7, and T, components. In particular, in terms of ﬁn, fout,
we (formally) compute

, dp’

v’

“+00
T tt, v) = [0 Q4 (p")? fo t, 3 V) r (2-19)

, dp”

w

+00
Tyott, v) = / QY (P finlut, v; p) (2-20)
0
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Remark. In this paper, we will only consider the case when fi, fou are smooth and compactly supported
in the p”-, pU-variables, respectively.

In the case when f is of the form (2-18), equation (2-13) is equivalent to the following system for fi,
and fout: i i
0u (R4 p" fin) + 8, (R 8,(Q%) r* () fin) = 0, (2-21)

3y (4 p four) + 80 (7 3,(2%) r* (") fow) = 0. (2-22)

The equations (2-21)—(2-22) readily yield the following transport equations for 7y, Tyy:
9 (r*Tow) =0, (2-23)
3 (r’Tyy) = 0. (2-24)

Remark. Under a coordinate transformation of the form (2-8), fin, fout transform as

FIN(Fi), f2(); fl@)p) = Fnlu, v; p), (2-25)
FEW (£1(), f20); f3@)p) = fouttt, v p). (2-26)

2C. The spherically symmetric Einstein-radial massless Vlasov system. Let (M, g) be a smooth Lor-
entzian manifold and let A < 0. Let also f be a nonnegative measure on T .M. The Einstein—Viasov
system for (M, g; f) with cosmological constant A is

{Ricmg) — 3R(©)8ur + Agyuv = 87 Ty,
p® e f — T4, pP p? 8pe f =0,
where T),, is expressed in terms of f by (2-15).

(2-27)

Restricting to the case where (M, g) is a spherically symmetric spacetime as in Section 2A and f is a
radial massless Vlasov field (i.e., has the form (2-18)), the system (2-27) is equivalent to the following
SyStem for (r’ 927 f_il’ls fT()ut):

30y (r?) = —3(1 = ArHQ?, (2-28)
2 Q? 2
0y log(Q) = 55 (14427 ur dyr), (2-29)
r

3, (Q729,r) = —4nwrT,,Q 72, (2-30)
0,(Q720,r) = —47rT,Q 2, (2-31)

3 (R p" fin) = =0, (Q2 () r* (p*)? fin), (2-32)
(Y P fou) = —0,0(Q% 3, (D) r* (P")? fou). (2-33)

where T,,, Ty, are expressed in terms of fout, fin by (2-19), (2-20), respectively. Notice that the system
(2-28)—(2-33) reduces to the following system for (r, Q2 Tous Too):

30, (r?) = —5(1 — ArHQ?, (2-34)

2
900, log(2) = %(1 F4Q720,r 0yr), (2-35)
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(2 0yr) = —4nr T, Q72, (2-36)
3,(Q7208,r) = —4nrT,, 272, (2-37)
9 (r*Tyy) =0, (2-38)
3y(r*Ty) = 0. (2-39)

Remark. The system (2-34)—(2-39) is the Einstein-null dust system with both ingoing and outgoing dust
(used as a model for self-gravitating radiation already in [Poisson and Israel 1990]). In the notation of
Section 1B of the Introduction,
r*Ty, =7, (2-40)
Pl =1. (2-41)
Defining the renormalized Hawking mass as

m=m— LAr, (2-42)

and using the relation (2-5), equations (2-34)—(2-39) formally give rise to the following system for
(r, m, Tyy, Tyy) (valid in the region of ¢ where 0,r >0, d,r <0 and 1 —2m/r > 0):

0 ’T,
dlog( — 2" ) = gt L (2-43)
1-2m/r —0yur
-9 ’T,
dy log T =471r*1r =, (2-44)
1—-2m/r oyt

21 — AP (=3,r) d,r

0y Opr = — , 2-45

uol r2 1—-2m/r (2-45)
1—2

B = —2m (_8—"1/r)r2Tm,, (2-46)
1-2

gt = 2 L7210 g (2-47)
a1

3, (r*Tyy) =0, (2-48)

3y (r*T,,) = 0. (2-49)

2D. The reflecting boundary condition for the radial Vlasov equation. Let (M, g) be as in Section 2A.
Recall that M splits topologically as the product

M=>~U xS
Let 0imi be the subset of the boundary ol of U C R? consisting of a union of connected, time-like
Lipschitz curves with respect to the comparison metric

8comp = —dudv (2-50)

on R2. Recall that a connected Lipschitz curve y in R? is said to be time-like with respect to (2-50) if,
for every point p = (u4, vy) € ¥, we have

y\p CIT(p)UI™(p) = ({u > u ) N{v> v DU {u <uN{v <vd). (2-51)
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A= u u gl

tim!

Figure 5. For a domain &/ C R? as depicted above, the time-like portion 3,2/ of the
boundary ol splits as the union of a “left” component agmu and a “right” component
a;m gmu and a;mu need not necessarily be straight line segments as
depicted above. However, in the following sections, we will impose a gauge condition
on the domains under consideration that will indeed fix agmu and a;mu to be vertical

line segments (see Definitions 3.2 and 3.3).

U. In general, 0

Let us fix w : U U 0y — R to be a smooth boundary-defining function of oy, /; i.e.,
w|atimu = 0’ dw|8timu ;é 0’ w|u > 0
We can split dim U/ into its “left” and “right” components as

dimU = 35, U U B U (2-52)
(see Figure 5), where

BtimU = {(uo, v0) € diml : Byw (o, vo) > 0},

Byt = {(10, v0) € dimU : dyw (1o, vo) < 0}.
Remark. Notice that any future-directed radial null geodesic of M =/ x S? with a future-limiting
point on agmu x §? (in the ambient R? x S? topology of I/ x S?) is necessarily ingoing. Similarly,
future-directed radial null geodesics “terminating” at a;mu x S? are necessarily outgoing.

In the next sections, we will only consider the reflection of radial null geodesics on parts of 9y for

which either r — ry (for some constant rg > 0) or 1/r is a boundary-defining function.

Following [Moschidis 2017], we will define the reflecting boundary condition on 9y, U/ for the radial
massless Vlasov equation as follows:

Definition. A radial massless Vlasov field f on T M will be said to satisfy the reflecting boundary
condition on dimU x S? if and only if

'_
tim

- (f'out(uo, vo + I (—d,w/dyw) (uo, vo) - L2 (ug, vo +h) - p))
Sfin(uo — h, vo; Q72(ug — h, vo) - p)

« for any (up, vo) € . U and any p > 0

—1, (2-53)

h—0+



PROOF OF THE INSTABILITY OF ADS FOR THE EINSTEIN-NULL DUST SYSTEM WITH AN INNER MIRROR 1697

_'
tim

- (fm(m v (8w /3 w) (ur, v1) - Q2w £ 5, v1) p)) L
fout(ur, vi —h; Q72(uy, vy —h) - p)

Remark. In the above definition, the relations (2-53)—(2-54) are equivalent to the condition that the radial
Vlasov field f is constant along the reflection of radial null geodesics off 9, ; for a precise definition

e for any (4, v;) € . U and any p > 0

(2-54)

h—0t

of the notion of a reflected radial null geodesic, see [Moschidis 2017].

Note that the relations (2-53) and (2-54) for fin, four imply the following boundary relations for the
components (2-19)—(2-20) of the energy momentum tensor 7'

« For any (u, vo) € 8- U,

tim

r2 T, (ug, vo + h) — 0w ’
) , _ ’ . 2-55
i Dl 1o 1 < 2 Gy vo)) (2-55)
« For any (u1,v1) € 9, U,
FZTUU(M1+h Ul) _avw ’
) , _ ’ ' 2-56
P r2Tyu(uy, vi —h) ( O w o UO)> -

3. The boundary-characteristic initial value problem: well-posedness and Cauchy stability

In this section, we will formulate the asymptotically AdS initial value problem for the system (2-28)—(2-33)
with reflecting boundary conditions on {r = rp} and Z for some ry > 0. We will then recall the main
results established in [Moschidis 2017] regarding the well-posedness and the structure of the maximal
development for this system.

3A. Asymptotically AdS characteristic initial data. The following was introduced in [Moschidis 2017]:

Definition 3.1 [Moschidis 2017, Definition 3.1]. For any v; <v; and any r¢>0, letr,:[v, v2) — [rg, +00),
Q2 :[vy, v2) = (0, +00) and fm/, ﬁ,ut/ 2 [vr, v2) x (0, +00) — [0, +00) be C*® functions, such that

r/(vy) = ro, (3-D
Uli)ng r;(v) = +00. (3-2)
Let us define (9,7), : [v1, v2) — (=00, 0) by the relation
1 1 (" _ N
(3ur),(v) = o) (—r/ dury(v1) — 7 /vl (1= Ar}()Q7 (D) dv). (3-3)

We will call (r/, Q? fin/, fout/) an asymptotically AdS boundary-characteristic initial data set on [vy, v2)
for the system (2-28)—(2-33) satisfying the reflecting gauge condition at r = rg, +00 if:

e (r/,2)) satisfies the constraint equation

3y (2,2 0yry) = —4r)(Ty) Q) 7, (3-4)

where

dp*
u

+00 _
(Ty), () = /0 20" oy 057 700

(3-5)
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. fom / solves the massless radial Vlasov equation
3, (2 ) ) p fouy (. p)) + p0 (27 0, (DT ) (PY)? fouy (v, p*)) = 0. (3-6)

e (0,r), satisfies

lim (8ur)/ _

v>vy avr/

1. (3-7)

. fOut/» fin ; satisfy the following compatibility conditions at v = vy, v, for any p > O:

Jouy (V15 (=@ur);/0ur)) (1) - 272 (1) - p)

— — =1, (3-8)
Jinyi; 72 (1) - p)
and _ )
( finy(v2—h; @ury/ — @ur) (w2 —h) - Q2 (2 — ) - p)
lim = — =1. (3-9)
h—0* Jouy (2 —h; Q,“(v2—h) - p)
Remark. Notice that the constraint equation (3-4) implies
3,(Q;% dyr)) <0. (3-10)
Thus, (3-2) yields
dyr; >0 (3-11)

everywhere on [v1, v2).

Given any asymptotically AdS boundary-characteristic initial data set (r/, Qf, ﬁn /> fom/) on [v1, v2)
with reflecting gauge conditions at r = r¢, +00, we will also define the initial Hawking mass m, and
initial renormalized Hawking mass m, on [v;.v2) by the relations

my = Lr)(1 =492 0ur)) dur)), (3-12)
iy =m;—¢Ar), (3-13)
in accordance with (2-6), (2-42).

3B. Developments with reflecting boundary conditions on r =r¢, +00. We will only consider solutions
(r, Q2, fin, f_out) to (2-28)—(2-33) satisfying a reflecting gauge condition on ¢y, U, which fixes dim to
be a union of vertical straight lines in the (u, v)-plane. This motivates defining the following class of
domains Y in the plane (see [Moschidis 2017]):

Definition 3.2 [Moschidis 2017, Definition 3.3]. For any vo > 0, let %, be the set of all connected open
domains U of the (u, v)-plane with piecewise Lipschitz boundary o/, with the property that o/ splits as

the union
oU =pUIUS,,Uclos(y), (3-14)
where, for some 0 < u,,, uz < +00,
Yo={u=v}N{0 <u <uy}, (3-15)
IT={u=v—v}N{0<u <uz}, (3-16)

Sy = {0} x [0, vol, (3-17)
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o
A
Yo u //Q
(0, vp)
Suo
10, 0)
e
- \0

Figure 6. A typical domain U/ € %,, would be as depicted above. In the case when the
boundary set y is empty, it is necessary that both yy and Z are unbounded (i.e., extend
all the way to u + v = 00).

and y : (x1, xo) — R? is a Lipschitz, achronal (with respect to the reference Lorentzian metric (2-50))
curve, which is allowed to be empty (the closure clos(y) of y in (3-14) is considered with respect to the
standard topology of R?). See Figure 6.

Remark. It follows readily from Definition 3.2 that I/ is necessarily contained in the future domain of
dependence of S,,, U yp UZ (with respect to the comparison metric (2-50)). In the case when y = & in
(3-14), it is necessary that both yy and Z extend all the way to u 4+ v = +00.

A development of an asymptotically AdS boundary-characteristic initial data set for the system (2-28)—
(2-33) with reflecting boundary conditions on r = ry, 400 is defined as follows (see [Moschidis 2017]):

Definition 3.3 [Moschidis 2017, Definition 3.4]. For any vy > 0 and ro > 0, let (r/, 7, fin/, fou) be a
smooth asymptotically AdS boundary-characteristic initial data set on [0, vg) for the system (2-28)—(2-33)
satisfying the reflecting gauge condition at r = r¢, +00, according to Definition 3.1. A future development
of (r/, Qf, ﬁn/a fom/) will consist of an open set U € %,, (see Definition 3.2) and smooth functions
riU — (rg, +00), Q% :U — (0, +00) and f_in, fout :U x (0, +00) — [0, +00) satisfying the following
properties:

(1) The functions r, 2, f_in, fout solve the system (2-28)—(2-33) on U.
(2) The functions r, 2, ﬁn, fout satisfy the given initial conditions on S,, = {0} x [0, vp), i.e.,
(r, @, fins foudls,y = (), 2], finss fou))- (3-18)
(3) The functions (r, f_in, f_out) satisfy on yy the boundary conditions
'y = ro, (3-19)
f_out(u*7 Vy; p) = fin(u*, Vs D), (3-20)
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for all (uy, vy) € yo and p > 0, and on Z the boundary conditions

(1/rlz =0, (3-21)
lim ( j_Fin(u* +h, v; Qiz(”* +h,v,) - P) ) —1, (3-22)
=0+ \ four(Us, Vs — h; sz(u*’ ve—h)-p)
for all (uy, v4) € Z and p > 0.
(4) The following are satisfied on yy and Z:
ul'lyy = —0uT s (3-23)
0u(1/r)|z =—0y(1/7)|z. (3-24)

Remark. Notice that the boundary conditions (3-19) and (3-21), combined with the form (3-15) and
(3-16) of yp and Z, respectively, imply the relations (3-23) and (3-24). However, the relations (3-23)
and (3-24) should be viewed as gauge conditions fixing, in conjunction with (3-19) and (3-21), the form
(3-15) and (3-16) of yy and 7.

If 2=U;r, Q2 fin, fou) and 2" = U'; ¥, ()2, i;, Out) are two future developments of the same

initial data (r/, Q2 7 fm/, fout/), we will say that 2’ is an extension of 9, writing 2 C &/, if Ul CU’ and
the restriction of (+/, ()2, f-’ , f_(;m) on U coincides with (7, Q2, fin, four)-

Remark. If 2 = U; r, Q%, fin, fou) and 2" = U'; ¥/, ()2, fm, f(;ut) are two future developments of
the same initial data (r/, Q2 7 fm/, fout/), then

(r, Q% fins foudlurwe = ', (2, fins foud luruars (3-25)
see [Moschidis 2017].

3C. The maximal development. The following result was established in [Moschidis 2017]:

Theorem 3.4 [Moschidis 2017, Theorem 1]. For any vy > 0 and ro > 0, let (r/, Q% fin/, fout/) be a
smooth asymptotically AdS boundary-characteristic initial data set on [0, vy) for the system (2-28)—(2-33)
satisfying the reﬂecting gauge condition atr =rg, +00, according to Definition 3.1, such that the quantities
Q? / ( 1Ar/z), r2(Tyy) /> and tan™ r/ extend smoothly on v = vg. Then, there exists a unique, smooth
future development U; r, 2, fin, fou) Of (r/, Q fm/ fout/) which is maximal; i.e., any other future
development (U'; r’ (Q "2, fm, fout) of (r), Q2 7 fm /> fout/) with r’ > ry everywhere on U'satisfies ' CU
andr', ()2, fm oo are the restrictions of , Q2, fin, f_out onlU.

The maximal future development U; r, Q2, fin, four) satisfies the following properties (for the definition

of the curves yy, L, v, see Definition 3.2):
(1) The renormalized Hawking mass m is conserved on yg and Z, i.e.,

m|y, = nlyynu=0) (3-26)

m|z = mlznu=0- (3-27)
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(2) The curve T is conformally complete; i.e., 822/(1 - %Arz) has a finite limit on T and

QZ
/ ‘/ ﬁ du = —+00.
7 — 30Tz
(3) We have
a,r <0,
(1 — 2—’”)‘ >0
r J=(@DHUI~(vo)
Wrli-@ui-o) > 0,
where

J (D)= {Ogu <supu}ﬂL{
z

is the causal past of T and

J () = {05 V< supv}ﬂu
Y0

is the causal past of yo (with respect to the reference Lorentzian metric (2-50)).

4) Inthe case U\J ~(T) # O, the future event horizon
HY=UN0J(Z)={u=supu}nis
T

has the following properties:

(@) HT has infinite affine length, i.e.,

/ Q% dv = +o0.
’H+

(b) We have
supr =rg
H+
and
inf(1 - 2—’") =0,
HE r
where rg defined by the relation
lim,_, - m/(v)
1— v T % r§ =0
rs
(5) In the case H* # @, the curve yy is bounded and satisfies
g J (@),

i.e., Yy contains points lying to the future of H™.

(3-28)

(3-29)
(3-30)

(3-31)

(3-32)

(3-33)

(3-34)

(3-35)

(3-36)

(3-37)

(3-38)

(3-39)

(6) In the case H' # &, the curve y is nonempty, piecewise smooth and r extends continuously on y

with r|,, = ro. Furthermore, for any point (uy, v1) € y, the line {v = v} intersects 7.1

131n other words, there is no point in y which lies on the curve {v = vz}, where (u7, v7) is the future limit point of Z.
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Remark. In the case when U/\J ~(Z) # @ (and thus H' # @), in view of (3-36), (3-38) and the fact that
r > rg on U, it is necessary that

lim,_, - m/(v)
Ceew T IArd. (3-40)
ro

In a similar way, we can uniquely define the maximal past development (U;r, Q2, f_in, f_out) of
(r/, Q? fin/, fout/), satisfying the properties outlined by Theorem 3.4 after performing a “time reversal”
transformation (u, v) — (—v, —u). Notice that such a coordinate transformation turns an asymptotically
AdS boundary-characteristic initial data set on # = 0 into an asymptotically AdS boundary-characteristic
initial data set on v = 0. However, Theorem 3.4 also holds (with exactly the same proof) for such initial
data sets.

3D. Cauchy stability in a rough norm, uniformly in ro. In [Moschidis 2017], the following “norm” was
introduced for smooth asymptotically AdS boundary-characteristic initial data sets (r/, Q%, fin /s Fout /) on
[0, vo) for the system (2-28)—(2-33):

Gy, Q7. fing» foup)lles

- V=R sup iy )]+ (—A) sup / 1 (F/Z(T””)/)md‘
=4/ — up |m,(v — u — v)dv
0<v<wg / 0<v<wy JO P/(U)—P/(v)+/?/(0) 81)/0/

2m
+ sup maxy——-,0¢, (3-41)

0<v<wg ry

where

p;(v) = tan~! (/= Ar/ (v)). (3-42)

Remark. Note that, in (3-41),
p;(0) = tan~! (Vv —Arp).

The expression (3-41) is invariant under gauge transformations, as well as scale transformations of
the form (u, v) = (e, 2v), (r, 1, A) = (hr, dait, A2 A), 1o = 2o, (fins fou) = O™ fia, 274 fouo)-
Moreover, || (r/, 27, fin/» fou))llcs = 0 if and only if (r/, 7, fin/, fou) are the initial data for pure AdS
spacetime on {r > rog}, i.e., if f_in/ = fout/ =0and m = 0.

The following Cauchy stability result for the trivial initial data was established in [Moschidis 2017]:
Proposition 3.5 [Moschidis 2017, Corollary 1]. For any (possibly large) . > 0, there exists a (small)
g0 > 0 and a constant Cj, > 0 depending only on L., so that the following statement holds: for any vo > 0 and
0<rg<(—=A)"12 if (r/, Q%, fin/, fout/) is a smooth asymptotically AdS boundary-characteristic initial
data set on [0, vo) for the system (2-28)—(2-33) satisfying the reflecting gauge condition at r = rg, +00,
according to Definition 3.1, such that the quantities Q?/(l — %Ar/z), r/z(Tvv)/, and tan™! r; extend
smoothly on v = vy and moreover

Gy, Q7. finy: fouplles < € (3-43)
for some 0 < ¢ < g, then the maximal development (U; r, Q2, f_in, fout) satisfies

W, ={0<u<Luv}N{u<v<u+uv}Ccld (3-44)
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and

1—1Ar?
V—A sup|m|—|—suplog( 3 )
W

Wi, 1 —max{2m/r, 0}

rTyy rTu
+ sup dv +sup du < Cpe. (3-45)
i Ju=a)nw, 0 Jp=o)nw, (—ur)

Remark. Proposition 3.5 should be interpreted as a Cauchy stability statement for the pure AdS initial
data set with respect to the topology defined by (3-41) which is independent of the radius r(y of the
reflecting boundary.

Considering the spherically symmetric Einstein-scalar field system (1-7) with an inner mirror placed at
{r = ro}, the analogue of the initial-data norm (3-41) (obtained using the substitution (7,); — (9y¢)|u=0)
is rougher compared to the bounded variation norm of Christodoulou [1993]. It is not known whether
(1-7), restricted to the exterior of an inner mirror at {r = ry}, satisfies a Cauchy stability estimate with
respect to the analogue of the initial-data norm (3-41) which is independent of r( (although local existence
and uniqueness follow trivially in this case for fixed rp).

In fact, Proposition 3.5 is a special case of the following Cauchy stability estimate established in
[Moschidis 2017]:

Theorem 3.6 [Moschidis 2017, Theorem 2]. For any vi<v; and 0<ro<(—=A)~"72 let (r/i, 27, finji» fouyi)»
i =1, 2, be two smooth asymptotically AdS boundary-characteristic initial data sets on [v1, v2) for the
system (2-28)—(2-33) satisfying the reflective gauge condition at r = ry, +00, according to Definition 3.1,
such that the quantities Q%i/(l — %Ar/zi), r/zi(Tvv)/,-, and tan™! r/; extend smoothly on v = v,. Assume,
also, the following conditions:

(1) For some ug > 0, the maximal future development (Uy; ry, Q% Fints fout) Of (r/1, Q%l, fin/l, fout/l)

satisfies
o =10<u<up)Nfut+vi <v<u+wv} Cl (3-46)
and
Q? 20,1 1—-2m/r
ol oo (=) e ) e () v
W 1—§AI"1 - ml/rl 1—§Ar1

T T,
+sup/ r1( w)! dv+sup/ ( )1 du=Cy < +o0. (3-47)
i Ju=ajw,, Ol 5 Jw=a)nmw, " o

(2) The (r/;, Q%i, fin/,-, fout/i), i =1, 2, are é-close in the following sense:

Q2 Q2
sup { log(%) —log(+>
velvr,vz) 1—3 /1 1-— §A 2
20 20
+ log(—”r/1 )—log(—vr/2 )‘—l—
1—2m/1/r/1 l—2m/2/}’/2

1-2 1-2
1og<1L/1/”/‘) _10g(1L/2/”/2)‘ + v/~ Al —nw}(v) <5 (348)

1 2 1 2
- §Ar/1 — §Ar/2

+
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and

r/zl( uv)/l( )_

sup (—A)

ve(vy, ] V]

2 ( vv)/z
Oy P

(v )‘ lo/ () — p/(V)] +,0/(v1)) dv <, (3-49)
where C| is a large fixed absolute constant, § satlsﬁes

0<d6<é= exp(— exp(Cl(l + Co) )) (3-50)
V2 — Vg

and p, is defined by the relation
. _ A
p,(v) = tan l<\/ —gr/(v)). (3-51)

Then, the maximal development (Uy; 1>, Q%, finz, f_outz) of (r)2, Q%Z, fin/z, fout/z) satisfies

Wiy CUs (3-52)
and
Q32 Q2 20 29
o loe( 1) o)+ ) e
Wi 1—3Ar] 1—21Ar; 1 —=2m;/r 1 —=2my/rp

+

1—-2mq/r 1—=2m,/r 5 -
log(l—l/zl>—log<]—2/22> +V—A|m1—m2|}
1—§AI"1 —§AI’2

+sup/ Ir1(Tyo)1 _"Z(Tvv)ZldU'i'Sup/ |71 (Tyu)1 — r2(Tuu)2| du
{u—ﬁ}ﬂWuO {v—ﬁ}ﬂWuO

i v

< exp(exp(C1 (14 Co)) vzbfvl )5. (3-53)

Remark. By repeating the proof of Theorem 3.6, the Cauchy stability estimate (3-53) also holds in the
case when (U;; r;, Q%, fin;,-, fout;,-), i =1, 2, are the maximal past developments of (r;, Q?i, f_in/,-, f_out/,-),
i.e., when W, is replaced by

ngo—)ﬁ{—uogu<0}ﬂ{u+v1<v<u+v2} (3-54)

and (3-47) holds on W,E;) in place of W,,.

4. Final statement of Theorem 1: the nonlinear instability of AdS

The main result of this paper is the following:

Theorem 1 (final version). For any € € (0, 1], there exist roe, vo. depending smoothly on ¢ such that

roe =% 0, 4-1)

V=Ave =% 3, (4-2)

as well as a family (r(a) (Q}S))z, f_ff/), f (jt) /) of smooth asymptotically AdS boundary-characteristic initial

1 8]

data sets for the system (2-28)—(2-33) satisfying the reflecting gauge condition at r = ry, +00, such that
the following hold:
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(1) The family (r}”, ()2, £, fae)) satisfies

in/ * Jout

I @2 7). Fidles <=5 0, (4-3)

where || - ||cs is the norm defined by (3-41).
(2) There exists a trapped sphere, i.e., a point (u+, v+) in the maximal future development (Us; 1., Qz,
Fines foue) of () (2, fi) Fouy) such that
2
g, o) > 1. (4-4)
’

In particular, in view of Theorem 3.4, (U,; re, Qg f_ine, f_outg) has a nonempty future event horizon
H (defined by (5-30)), satisfying the properties (4a) and (4b) of Theorem 3.4, and a complete
conformal infinity T (satisfying (3-28)).

Remark. If
5(e) = 116}, @)%, fi Fales: (4-5)

the point (u+, v;) satisfies the upper bound
s < exp(exp(8°(e)))vo. (4-6)
On the other hand, in view of Proposition 3.5, we necessarily have
e—0
us 2% oo, 4-7)

In the simpler case when one is interested in a weaker instability statement, such as the existence of a
point (u+, v+) where
2m 1

m 1 4-8
r(us,vy) = 2 ( )

(instead of the stronger bound (4-4)), the proof of Theorem 1 can be substantially simplified. In the case
of (4-8), the upper bound (4-6) can be improved into a polynomial bound

ur < (8(£)) g 4-9)

for some fixed C; > 0.

5. Construction of the initial data and notation

As described already in Section 1D of the Introduction, the initial data family in Theorem 1 will be such
that their development consists of a large number of initially ingoing Vlasov beams. In this section,
we will construct such a family (7., Q2 T fm /8, fom/g) of asymptotically AdS boundary-characteristic
initial data for (2-28)~(2-33). The family (v, ()2, £, fue))) in the statement of Theorem 1 will
be eventually obtained from (r/,, Q2 Tes fm/g, fout/g) after possibly adding a suitable perturbation (see

Section 6).
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This section is organized as follows: In Section 5A, we will introduce a certain hierarchy of parameters
that will be necessary for the construction of (r/,, Q?e, fin/g, fout/g) in Section 5B. In Section 5C, we
will introduce some basic notation related to the maximal future development (Us; re, @2, fine, foute)
of (r/e, Qﬁg, fin /e fout/s). Finally, in Section 5D, we will perform some basic geometric constructions
on (Ug; re, Qg, f_ing, f_outg), related to the separation of U/, into various subregions by the Vlasov beams
arising from the initial data.

5A. Parameters and auxiliary functions. Let us fix some smooth and strictly increasing functions
ho, hi, hy 1 (0, 1) — (0, 1), so that

limg_, g+ ho(e) = limg_ o+ h(e) = limg_ o+ ho(e) =0, (5-1)

. 1 . 1
B exp((fn (s))ﬁ) ~ i @e (e"p< (ho(s))6)> -0 2
1118+ ha(e) -exp(e %) = 0. (5-3)

In particular, the following relations hold for ¢ < 1:
ha(e) <& K hi(e) K ho(e) K 1. (5-4)
Let x : R — [0, 1] be a smooth cut-off function, satisfying x|[—1,1) =1, x|r\[—2,2) = 0 and
xl=2,2 >0, (5-5)

and let 9 < 1 be a small enough absolute constant. For any 0 < ¢ < gy and any rg > 0 satisfying
0

;
2/v=N)e — 3Ar]

(note that (5-6) implies that ro/—A/(2¢) =1+ O(exp(—Z(hO(s))*“)) as ¢ — 0), we will define the
following function on [0, +00) x (0, +00):

1 —exp(—2(ho(e)) ™) < < 1—Lexp(—2(ho(e)™ (5-6)

i [1/hi(e)] !
, u =Cr u_3 .
fe.p)=Cory D> x(P"=3) hz(g)x(

j=0

(v — v/ —=A —2hy(e)
ha(e)

) hijy(e) - (5-7)

for some constant Cy,, to be specified in terms of ¢, g later, where [1/h;(¢)] denotes the least integer
greater than or equal to 1/ h(e)

W= € (5-8)
= hi(e)v—A
forany 0 < j <[1/hi(e)],
h(o) = hg, (5-9)
hejy =m (5-10)

forall 1 <j <[1/hi(e)].



PROOF OF THE INSTABILITY OF ADS FOR THE EINSTEIN-NULL DUST SYSTEM WITH AN INNER MIRROR 1707

5B. Construction of the initial data family . For any 0 < ¢ < g and any ry satisfying (5-6), we will define
the following asymptotically AdS boundary-characteristic initial data set according to Definition 3.1:

Definition 5.1. For any 0 < ¢ < gy and any ry satisfying (5-6), we define vg = vo(rg, €) > 0 and the set
of smooth functions 7/, : [0, vg) — [ro, +00), st 1 [0, vg) = (0, +00), f_in/g 1[0, vg) x (0, +00) —
[0, +00), and fout/s : [0, vo) x (0, +00) — [0, +00) by the requirement that (r/,, Qfg, fin/g, fout/g) is
an asymptotically AdS boundary-characteristic initial data set on [0, vg) for the system (2-28)—(2-33)
satisfying the reflecting gauge condition at r = ry, +00, so that

av"/s . Q?s
1—21’}’1/8/1"/5 481,}"/8’ (5_11)
avr/g . l
1= 3Ar/elpg 2
Jouse =0, (5-12)
finge(w, p") = fe(v, p") (5-13)
for all 0 < v <wp and p“ > 0. The constant C,,, in (5-7) is fixed in terms of ¢, rp by the requirement that
L. 3
Jim e = J—A (5-14)

(in particular, there exists some fixed (large) Co > 1, independent of ¢, rg, so that C,, € [Cy ! Co] for
any 0 < & < &, any rq satisfying (5-6).'* See Figure 7.

Remark. The conditions (5-11)—(5-13) determine (implicitly) vy and r /g, Qfs uniquely in terms of ¢, ry,
provided &g has been fixed small enough: in view of the fact that (5-11) is equivalent to

Bvr/g . _aur/s

1—=2mye/r).  1—=2my/r).’
8v’"/a 1

1= 3Ar/elmo 2

(5-15)

(where m , is defined in terms of 7, Q?S by (3-12)), from (5-14) and (2-44) (which is equivalent to the
constraint equation (3-4)) we infer that
avr/es 1

———=-+0(¢ 5-16

a2 (e) (5-16)
and, therefore,

w=y =27+ 0. (5-17)
While (r /e, Q%s, fin /e fout/g) depend on both ¢ and ry, we will only use the subscript ¢ in their notation,
since most of the estimates that we will later establish for their maximal development will depend only
on €.

141n fact, it suffices to choose Cp =50.
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Figure 7. The initial data (r,/, Qg /> fins /5 foutg /) giverise to k+1 Vlasov beams, initially
arranged as depicted above (using, for convenience, the abbreviation k = [1/h(¢)]
and [ = (—A)~!/?). For any 0 < j <k, we can associate to the beam centered around
v =v"Y) 42h,(¢)l the initial mass difference @nﬁﬁj ), defined as the renormalized Hawking
mass difference between the two vacuum regions surrounding the beam. The top beam
(centered initially around v = v+ 2h5(e)l) has a greater initial mass difference than the

rest of the beams.

The initial data (r/(e), (Q;‘e))z, fiff/), f. (jt) /) in the statement of Theorem 1 will eventually be chosen to

[y

be small perturbations of (r/,, Q?S, finses fout/e) (see Section 6).

5C. Notational conventions and basic computations. For any 0 < ¢ < gy and any ry satisfying (5-6),
let (r/e, Q%a, fin/g, fout/e) be the initial data set defined by Definition 5.1. Assuming that &g is fixed small
enough, for any 0 < ¢ < g9 and any ry satisfying (5-6), the initial data set (r /¢, Qfg, fin /e fout/g) satisfies
the following estimate depending only on &:

160 Q¢ finger fouye)les < Chole), (5-18)

where || - ||cs is defined by (3-41) and C > 0 is a fixed constant.
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Let (U; re, Qg, fmg, fomg) be the maximal future development of (r/, Q?S, fin/e, fout/e) (see
Theorem 3.4). In view of Proposition 3.5, the bound (5-18) implies that, for any fixed u, > 0
and any § > 0, there exists an g5, > 0 sufficiently small depending only on § and u. so that, for any
0<e<eésy,,

Wiy, ={0<u<uN{u<v<u+tv}Ccl (5-19)

and

1 —LAr2
v —A sup |mg| —i—suplog( 3¢ )

Wi, W, 1 — max{2m,/r,, 0}

it Oyre v (—0ure)

where m,, mg, (T,,)s, (Tyy)e are defined in terms of r,, Qgﬁng, foute by (2-5), (2-42), (2-19) and (2-20).
In particular, if

T T
+ sup/ reTode o Supf reTwde 4, < 5. (5-20)
{u=u}NW,, {fv=0}NW,,,

8Ads = _Qids,ro,vo du dv +rads.r.v8s? (5-21)

is the pure AdS metric in a spherically symmetric coordinate chart (u, v) such that rags v, = 7o On
{u = v} and rags,ry,v, = +00 On {U = v — vo}," then Us; re, Qg, fing, fouw), when restricted on W,_,
is §-close to (W, ; rAdS, ry,vo» QZAdS’rO’Uo, 0, 0) with respect to the (gauge-invariant) distance defined by
(3-41). Notice also that (5-20) implies that, provided ¢ is small enough, the spacetime (W, x S?, g,)
does not contain any trapped surface, where

ge=—Q2dudv+rigs. (5-22)

Notice that, in view of the conservation of m on yy and Z (see (3-26) and (3-27)), we have

mely, =0, (5-23)
- .- £
Mmelz = UILHJO mye(v) = = (5-24)
Foreach 0 < j <[1/h;(e)], we can associate to the beam centered at
— ()
v=v' + hy(e
the mass difference
~ () - o~ ; 4 - ;
D) =iy (v + ﬂhz(s)) — it e (D). (5-25)
Notice that ho(6)
~ (0) 0l&)€
Dm;’ >~ 5-26
VN (-20)
and, forall 1 < j <[1/hi(e)],
~(j)  M(e)e
) 1
Dm;’ ~ ——. 5-27
VN -2

15Note that such a coordinate chart is not unique.
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Furthermore
[1/h1(e)]

Y D = lim e (v) = ——. (5-28)
= v _

gm

5D. Some geometric constructions on U,. For any 0 < ¢ < gy and any r satisfying (5-6), we will define
some special subsets of the domain U/, of the maximal future development (I; 7, Qg, fing, f_outs) of the
initial data set (r/e, Q%s, f_in/g, fout/e).

Remark. In the rest of this section, we will adopt the convention that the boundary d A of a subset A C U,
is the boundary of A as a subset of R? (with respect to the ambient topology of R?).

Let us define the domain of outer communications D, of I/, as
D, =J (T)NUg, (5-29)

where J~ (Z) is the causal past of Z with respect to the reference metric (2-50) (see (3-32)). In accordance
with Theorem 3.4, we will also define the future event horizon H; of U, as

HI =D, NU. (5-30)

Note that we allow H] to be empty. In view of Theorem 3.4, in the case when ;" is nonempty, it is
necessarily of the form

HT ={u=uys}NU; (5-31)
and has infinite affine length.
We will also define

Je =T (Yo) NU. (5-32)

Notice that, as a consequence of Theorem 3.4, on 7, U D, we have

- 27’” > 0; (5-33)

i.e., trapped spheres can only appear in the region U\ (J: U D;). In the case H, # &, Theorem 3.4 also
implies that J.\D, # &.
For any v, € [0, vo] and any integer n > 1, we will define

U,(ve) = v+ (n — vy, (5-34)
Vi (x) = vy + nVp. (5-35)

We will also set
Vo(vs) = Vs (5-30)

Notice that the segment {u# = U,,(v4)} NU; is the image of the ingoing null geodesic of ¢/, emanating from
the point (0, v,) after n reflections off yy and n — 1 reflections off Z, while the segment {v = V,,(v,)} NU;
is the image of the same null geodesic after n reflections off ), and n reflections off Z; see Figure 8.
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(Un(vy), Vi (v4))

Yo

(Un (U*), Vn—l (U*))

Figure 8. Schematic depiction of the lines v = V,,_1(vy), u = U, (vy), and v = V,(v,).

Let us define the domains R, U, foranyneN, 0<i <[1/h1(e)],andi < j <[1/h1(e)]+i+1
by the relation

RGD = {0, (v + —Z=hae)) < < Uy}

n {V,, (v<f'> n J%_Ahz(g)) <v< Vn(v(j_l))} U, (5-37)

4
V—A

where we have used the following conventions in the expression (5-37):
(1) U, (v = Uppq (0 T/ 11Dy,
(2) VMm@ 4 oy = v, v~V +¢) for any integer 1 <1 < [1/h;(¢)] and any ¢ > 0.

Remark. The boundary of the domains Rg,;i), 0 <i < [1/h(e)], contains a segment Z, while the
boundary of the domains Rg,;“/hl(g)H]J”), 0<i <[1/h((¢)], contains a segment in yy. See Figure 9.

Notice that 7,,, = T,, =0 in Rgn] ) n particular, all the domains (Rg;j ) % S?, g¢) are isometric to
a region of a member of the Schwarzschild-AdS family (or to a region of pure AdS spacetime), and
the renormalized mass function i, is constant on them. We will define for any 0 <i < [1/h(¢)],
i <j<T1/hi(e)]+i+1andn eN such that R # @,

G = e . (5-38)

In view of (5-23) and (5-24), we immediately calculate that for all 0 <i <[1/h;(¢)] and all n € N such
that Réirli) Rgir;fl/hl(S)PrlH) £ @

nilél";fl/hl(8ﬂ+l+i) =0, (5-39)

LGy (i €
D =% = : (5-40)

g
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Yo

0
@, v®)

(k) k
( n+]? U( ))

@, o)

~— R

en

0,k+1
RGHY

% kK
3 e Rg‘n)

w®

n >’

by

) ,,0
(un ’ U’171

(1,k+2)
RE}'I

k,2k+1
REHHD

@®, o™ )

Figure 9. Schematic depiction of the domains Rg,,] ) for 0 <i<kandi<j<k+i+1

(where k = [1/h1(e)]). We have used the shorthand notation u(] ) = U,(v) and

(]) =V, (). Having assumed that /1, (¢) < ¢), all the beams of the form {U, w®) <

u<U, v+ (4/ﬂ)h2(e))} and {V,,(v) <v <V, (v + (4/+/—A)hs(¢))}, which
separate the domains Ren ), are depicted as straight line segments.
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Figure 10. Typical arrangement of neighboring vacuum domains not intersecting yo
or Z. The point A at the lower corner of Rf,l’] ) satisfies r(A) = r,El’] ) For simplicity, we
have used the shorthand notation [ = (—A)~'/2.

ForanyneN, 0<i<[1/hi(e)]andi+1<j <[1/hi(e)]+1i, we will define the interaction regions

4 4
J—h J—h

NG = 0,00 <u =0, (V0 + —E=ha@) | 0 [V su = v (00 + =) | Nk

(5-41)
where the conventions stated below (5-37) hold regarding indices smaller than O or larger than [1/%(e)].
See Figure 10.

Let us define for any 0 <i < [1//h(e)], i < j < [1/h1(e)]+i+1, and n € N such that RS # @

rg[f)ﬁrg(Un<v(i)+ \/i_Ahz(e)>,Vn(v(j)+ \/i_Ahz(e )) (5-42)

Note that r{5"” = 400 and /M EOTHTD — 0
Finally, let us remark that, in view of property (6-204) of the cut-off used in the construction of the

initial data and (2-48)—(2-49), forany 1 <n <ny, 0<i <[1/hi(e)], i <j <[1/h1(e)1+i+1, we have

T,, >0 on {Un(v(i)) <u<U," + \/%_Ahz(e))}, (5-43)
T,,>0 on {Vn(v(j)) <u<V,09+ \/i_Ahz(s))}. (5-44)

6. Proof of Theorem 1

In this section, we will prove Theorem 1. In order to simplify our notation, from now on, we will often
drop the subscripts ¢ in notation related to the maximal future development (I/; ., Qg, fins, fouw) of the
initial data (r/c, 27, fin/e, fouye) (see Definition 5.1).
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For any 0 < ¢ < gy (provided ¢y is fixed sufficiently small) and any ry > O satisfying (5-6), let
Us; 1, 2, fin, four) be the maximal future development of (e, 9?8, fin/g, fom/a), and let us define

u+isup{u*>0:1—27m>h3(£) onugﬂ{u<u*}} (6-1)
and
U =U: N {u < minfur, (h1(e)) voe}}, (6-2)
where
h3(e) = exp{— exp((h1(£)) "> exp(—2(ho(£)) )} (6-3)
Let us also set
k=T1/hi(e)], (6-4)
ny =L —v)/vol, (6-5)

where [x] denotes the least integer greater than or equal to x, while | x| denotes the largest integer less
than or equal to x.
The proof of Theorem 1 will follow in two steps: First, in Section 6B, we will show that

sup(l - 2—’") — h3(e), (6-6)
U r
i.e., that 24 contains a nearly trapped sphere. Then, in Section 6C, we will show that, at the final step of
the evolution, either a trapped sphere is formed, or there exists a small perturbation of the initial data
(r/e, 938, fin/g, fout/g) giving rise to a trapped sphere.

Before proving (6-6), we need to establish some necessary bounds for the evolution of (r, Q2 fin, fout)
in the region ¢/;". These bounds, which will be obtained in Section 6A, will be used both in Section 6B
and in Section 6C.

6A. Inductive bounds for the evolution in the region U7. In this section, we will establish a number of
useful bounds for (L[;r or, Q2 fin, fout). These bounds will include a number of inductive bounds for the
quantities nﬁ,ﬁl’kﬂ), r,gk’kH), and r,(,l’kH) (with k defined by (6-4)) that will be of fundamental significance
in the proof of Theorem 1.

In particular, we will prove the following result:

Proposition 6.1. For any 0 < ¢ < &, the following bounds hold for (U ; r, Q2. fins fou):

(1) OnlU}, we can estimate

log( —2" | + lio %r < (h1(e)) " *log((h3(e)™h (6-7)
g —%ArZ g 1—2myr)|= 1 glin3 .
(2) Forany 1 <n <ny,

on 5 £ 0 6-8

r, > , -
"z = (6-8)

1/2

plekth < £ (6-9)
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~ ~ (1,k+1
20|z — m{TY)

> exp(—2(ho(e)) ™), (6-10)
ro
~~(1k+]D)
20z =)y Lo, 6-11)
7o Co
r(l,k—‘rl)
”m — 1 >exp(—(ho(e)) ™), (6-12)

where Cy > 1 is a large fixed constant (independent of all the parameters).
(3) Forany2 <n <ny,
7 }(11,k+1)

1 —4 ro
nﬁ(l’k+1) >1+ 1 eXp(—Z(l’lQ(é‘)) )m, (6-13)

n—1
2n7l(1’k+1)
log(l — ;1>' - (ho(s))_4>- (6-14)
ro

Before presenting the proof of Proposition 6.1 (in Section 6A2), we will briefly comment on the nature
of the bounds (6-7)—(6-14) and their relation with the specific choice of the parameters (5-2)—(5-3).

1
plek+D)

LkET)

ro ro
=1+2C0 @rm
n—1 o Fa—1

6A1. Remarks on Proposition 6.1. The bounds (6-7)—(6-14) in Proposition 6.1 lie at the heart of the
proof of Theorem 1. The precise form of the initial data (5-7), the range (5-6) for the mirror radius ry and
the asymptotic bounds (5-2)—(5-3) on the parameters hg, i1, ho were carefully chosen so that (6-7)—(6-14)
can be obtained. We will now proceed to briefly comment on the role of the bounds (6-7)—-(6-14) in the
proof of Theorem 1. The reader is advised to review first the sketch of the proof in Section 1D of the
Introduction. Let us remark that, in the notation of Section 1D,

Egyin = MY, (6-15)

Fyon = 1A HD, (6-16)
) _ (1k+1

Py = p{LAFD, (6-17)

The bound (6-7) is a “trivial” bound controlling quantities related to the chosen gauge. The right-hand
side of (6-7), upon integration across any specific beam (in a direction transversal to the beam), will yield
a small quantity, in view of the fact that the width of the null beams emanating from u =0, v ~ v/) was
chosen to be ~ h,(¢) and, moreover, /;(e) was chosen in (5-3) to be small compared to the right-hand side
of (6-7). This fact will prove convenient for the proof of Proposition 6.1 and Theorem 1, as it will enable
us to “ignore” the variation of certain quantities across the width of any specific beam. That is to say, the
bound (6-7) will enable us to frequently treat the null beams as line segments having negligible width.

The bounds (6-8)—(6-9) are quantitative expressions of the fact that the set of interactions of the beams
splits into two portions, one close to r = ry and one close to Z.

The lower bound (6-10) is necessary in order to establish (6-13). In order to obtain (6-10), it is
necessary that rg satisfies the upper bound of (5-6).
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The upper bound (6-11) implies that a trapped sphere (i.e., a sphere where 2m /r > 1) cannot be formed
at Ré’n] ) for any j > k + 1, since one can also show that m < m|z — r?z,gl’kﬂ) in those regions. In order to
obtain (6-11), it is necessary that the mirror radius ry satisfy the lower bound of (5-6).

In the language of Section 1D of the Introduction, the bound (6-12) states that, when ¢g reaches {r = ryp}
for the n-th time, the r-distance of the top beam ¢y from the second-to-top beam {1, i.e., r,(,l'kH) —rp, can
be bounded from below by a small multiple of ro which is large compared to &1 (¢)rg. As a consequence
of (6-12) and the bound (5-6) for rg, for any i # 1, Rg;kH) does not contain a trapped sphere. As a result,
combining (6-11), (6-8) and (6-12), we infer that, among all regions Rgn’ ), a trapped sphere can only
appear for i =1, j =k 4 1. This fact serves to simplify the proof of Theorem 1, by avoiding considering
multiple scenarios of trapped surface formation. Furthermore, it is crucial in obtaining (6-14).

Establishing (6-12) is the most demanding part of the proof of Proposition 6.1. It requires obtaining a
lower bound in the rate of decrease of r,gl’kﬂ) in terms of the rate of increase of rhill’kﬂ), using also the
fact that nﬁf,l’kH) < r¢ before a trapped sphere is formed (see the relations (6-129) and (6-154) in the next
section).

The bound (6-13) is a technical version of the bound (1-42), and its proof follows from the ideas
outlined in Section 1D. In obtaining (6-13), the lower bound of (6-10) is necessary.

Finally, the bound (6-14) is a technical version of the bound (1-46) in Section 1D and provides an
estimate for the decrease of the multiplicative factor in the right-hand side of (6-13). In obtaining (6-14)
when 2m /r >~ 1, the fact that 2m/r is bounded away from 1 everywhere but on RS,/ Vs crucially used
(in particular, the bound (6-12) is necessary for (6-14)).

Remark. As is evident from the above discussion, most of the technical difficulties in the proof of
Proposition 6.1 are associated to issues related with the near-trapped regime 2m/r =~ 1. In the case when,
instead of the stronger bound (4-4), one is merely interested in establishing the weaker instability estimate
(4-8), the proof of Proposition 6.1 simplifies substantially: In that case, it is not necessary to demand that
the worst instability scenario take place in Rg,’kH). In particular, the bounds (6-11) and (6-12) can be
omitted from the proof. Moreover, the lower bound for rg in (5-6) can be relaxed, and the exponentials in

the relations (5-2) between h(¢g), h1(e) can be replaced by polynomial functions.

6A2. Proof of Proposition 6.1. In this section, we will make use of the O(-) convention: for any pair of
functions F, G defined on the same domain, with G > 0, the notation

F=0(@)
will imply that

|IFI=C-g

for some universal constant C > 0 which is independent of all the parameters in the statement of Theorem 1.
We should also remark that, throughout this proof, we will adopt the convention on the indices stated
under (5-37); i.e.,

(D) U, 0) = U1 (v®),
2) V,*D) 4 ¢) =V, (wD 4 ¢) for any integer 1 </ <k and any ¢ > 0.
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In view of (6-1), on U we have
our <0 < 0yr, (6-18)

0,m <0 < 9ym. (6-19)
We will split the proof of Theorem 1 into two parts: In the first (and shortest) part, we will establish

the bound (6-7) through a standard continuity argument. The proof of (6-7) will also yield (6-8) and (6-9).
In the second (and more extended) part, we will establish the bounds (6-10)-(6-14) by induction on 7.

Part I: proof of (6-7)—(6-9). Let u, > 0 be such that on

U =US N {u < uyl, (6-20)

we can bound

log(%)‘ = 2(h1 (8))74 IOg((hg,(s))*l), (6—21)
—2m/r

0 —_—
& 1— %Ar2

By showing that (6-7) holds on £}, it will follow (by applying a standard continuity argument) that (6-7)
holds on the whole of /..

Inductive formulas for d,r and d,r and proof of (6-7). From (2-45), we can readily derive the following
renormalized equation:

3. ([ A __@(1—1\#)( —r )( dor ) )
avau{ = tan (\/ 3r)}_ 2r2(1_%Ar2) i ) (6-22)

Letn>1,0<i<k,i<j<k+4i, u <u, and v, be such that

) 4 _ o
U, (v“) + ﬁhz(8)> <ii <UDy

and
V) = = 1, (094 —Ehate).

Integrating (6-22) for u = u from v = V,(v9) up to v = v, using also the fact that

o —%tan”(\/gr)} _

1—1Ar?
we obtain
—o,r
1-1A72 | @y, o)
—dyr m( —oyr Oyr
=—F— +0( sup —2( - 2) (] 5 )hg(e)). (6-23)
1=3A72 G0y \u=a)n (V0D + @A Do) <v<V, -0y T~ \1—=3Ar2/ \1=2m/r

Using the bootstrap bound (6-21), combined with the trivial bounds
€

, (6-24)

m<nmlz=

]

r>ro (6-25)
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(following from (2-46), (2-47) and (6-18)), as well as the relation (5-3) for h;(¢), the relation (6-23)
yields
—o,r

=T _1A2
(@1, V() 1-— §Ar2

—o,r

— O((h 172y, 6-26
-y +0((ha(e)'"?) (6-26)

(,vp)

Similarly, integrating (6-22) for v = from u = U, (v\")) up to u = uy, for any

i 4 - i
V(0 ha@) ST V)
and any
. ; 4
Un™) 2y = Uy (o + o)
(assuming that u;, < u,), we infer
oyr yr
— =— + O((ha(e)'/?). (6-27)
1 — §AF (Un(v(’>),17) 1 — §Ar (up,v)
By multiplying and dividing each factor by
jo2m g _2m Ly
r r 3

the relations (6-26) and (6-27) are equivalent to

~ 1
—9,r _ —dyr ‘ ( 1 —2m/(r(1 — §AF2))|(ﬁ,vb) 4 O((hz(e))]/2)> (6-28)
L=2m/r |G y,ooy  1=2m/rlGuy \1=2m/(r(1=3A2)| v o
and
1=2m/(r(1 —1Ar? -
dyr _ Oy ( - /( ( : 3 ))|(ub,v) +0((h2(8))1/2)>. (6-29)
1=2m/r|y,woye 1—=2m/r{y, 5 \1-— 2m/(r(1 - §Ar2))|(Un(v(i)),z7)

Remark. In the vacuum case, where m is constant, the factors in the right-hand side of (6-28) and (6-29)
become identically 1. In our case, however, where matter is present, by relaxing our definition of 4,
and considering the limit 4, — O for fixed ¢, the dominant terms in the factors in the right-hand side of
(6-28) and (6-29), i.e., the first summands, do not converge to 1. This is because, in this limit, while the
function r remains C, the renormalized Hawking mass 7 has a jump discontinuity across the beam.

Since T,,, = T,, =0 on Rg;j) foranyn > 1,any 0 <i <k and any i < j <k +i+ 1, the relations

(2-43)—(2-44) imply
—a,r 07
Oo| ———— =0\ ——
1 =2m/r ) |gipn 1-2m/r

In particular, along lines of the form {u# = u}, the quantity —d,r/(1 — 2m/r) remains constant on

{fu=u}n Rgnj ) for any u < u, such that {u =u}n Rg’,,] ) is nontrivial. In view of (6-28), the quantities

=0 (6-30)
R,
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=0 /(1 =2m /)iy eren and =3,/ (1=2m /)|, o (for any i <, such that w=a}nRrRE"
is nontrivial) are related by

—Oyr
L=2m/r |y, —iynrf:d

~ 1 2

_ _aur ( 1— (2m/r(1 — §AI" ))|(12,Vn(11(j))) n 0((/’1 (8))1/2)) (6 31)
1 _ A . ~ 1 2 : -

1—=2m/r |, _ iRl 1—2m/(r(1—gArZ))|(ﬁsvn(v<j)+(4/ﬂ)h2(8)))

Similarly, the quantity d,r/(1 —2m/r) remains constant along segments of the form {v =v} N Rgn] ), and

dyr/(1 — 2m/r)|{u:5}m72“+"“ and d,r/(1 — 2m/r)|{v:ﬁ}mz(,.,> are related (in view of (6-29)) by

o7 0y
L=2m/r |_pynrlh 1—2m/r =p)NRUHD
1_2’”/(”( _%Arz))| O 3
( - e GtD 4 0((h2(8))1/2))- (6-32)
=27/ (r(1 = 3Ar%)) |<Un<v<f)+<4/ﬂ>hz<e>),ﬁ>

We infer, therefore, that for any point (u, v) € R(l 7 for some n >2,0<i<kandi<j<k+i+1
such that u < u,, the following relations hold between (i, v) and (& — vg, v — vg) € R

e,n—1°
— oyt _ —0ur
1—2m/r (i1,0) 1_2m/r (4—vp,v—10)
ki 1—=2m/(r(1=1Ar))] .
XH( _ (1( : 3 ))‘(u,Vn(v(/))) +O((h2(8))1/2)>
A\ =2/ (r(1 = 3Ar ))|(ﬁ,v,,<v<i>+<4/ﬁ>hz(s>))
kti 1— 2/ (r(1—1Ar? .
xl_[< . /(1( e st +0((h2(8))1/2))
L \E=20/(r (1= 387) [ 4, 00 apv=Romsen.
kt 1—2m/(r(1=1Ar?))] - 7
< I1 <1 i (15\ A vy +0(<h2<a>>”2>)
Fekpitl VT m/(r(1—3Ar ))|(a_uo,vn(u<f>+(4/ﬂ>hz(s>)) 633)
and _
07 _ Oyt
1—2m/r (i1, 7) 1—2m/l" (#—vp,v—"10)

- - 1
XJl_[< 1—2m/(r(1—§Ar2))|(Un(v(?>),ﬁ)

O((h 1/2)
1-2i1/(r(1-1Ar2)) +0((ha(e)) ')

|<Un<v<f>+(4/ﬂ)hz<e>),ﬁ)
k+j( 1_2rh/(r(1_%Ar2))|(12—v0,V,,(v(JT)))

1_2"7‘/(r( _%Arz)) |(.z—vo,vn(v(f>+(4/ﬂ)h2(e))>

+0((hz<e>)‘/2>)

. - 1
xﬁ( 1—2m/(r(1——Ar2))|(Un v®),5—v0)

+0((h2(8))1/2)>- (6-34)
1- 2m/( ( ))\(U WD +(@4//=RA)hy(€)),5—10)
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Yo

Figure 11. In order to obtain the formula (6-33) relating —d,7/(1 —2m/r) at the point
C = (u, v) with the same quantity at the point C’ = (i —vg, v — vg), we apply the relations
(6-31) and (6-32) along the dashed path depicted above, using also the reflecting gauge
condition on y and Z.

The relation (6-33) is obtained as follows (see also Figure 11): First, (6-31) determines the evolution
of —d,r/(1 —2m/r) (according to (6-31)) along the line {# = i} in the past direction, from (i, v) up
to yp. Then, using the boundary relation

-0 0
Tl =) (6-35)
1=2m/r|, 1=2m/r{,
one repeats the same procedure for d,7/(1 —2m/r) along {v = u} from yp up to Z. Finally, using
- 0
=] (6-36)
1-2m/r|; 1-=2m/r|;

and following the evolution of —d,r/(1 —2m/r) along {u = u — vy} from Z up to (2 — vy, v — vp), One
arrives at (6-33). The relation (6-34) is similarly obtained by following the same procedure along the
lines {v="v} (upto Z), {u = v — vo} (from Z up to yp) and {v =v — vy} (from Z up to (& — vy, v — vp)).

In view of the bound
1= 2> (o) (637)

on Ut (see (6-1)), we can estimate in the region {r < e!/2(—=A)/2} Nt

2m _ 1-2m/r - lhl(e). (6-38)

1-— =
r( — %Arz) 1— %Ar2 —2
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On the other hand, in the region {r > el2(=M)12 N L{j , using (5-24) to bound m we can trivially
estimate (in view also of (5-2))
2m

l——— >
r(l — §Ar2)

2¢e
Combining (6-38) and (6-39), using also that 7it > s, = 0 on U, we can bound 1 —2it/(r (1 — 1 Ar?))
from above and below everywhere on /" as

2m

1
shy3(e) <l ——— <1
2h3( r(l—%ArZ)

(6-40)
Thus, by considering the logarithm of the relations (6-33)—(6-34) and noting that the resulting right-hand
side contains ~ k = [1/h(¢)] summands, each controlled with the help of (6-40), we readily obtain for

any n > 2, Ofi§k,andifjfk—i—i—l—landanypoint(ﬁ,f))eRg}j) with i < u,

log( 2" log ——2" < g™ (641
& 1=2m/r )| g L=2m/r ) |G vei—vy| _ H1(8) gl
and 5 9
log —r> _1og<;r <= log((hse)™)).  (642)
1 - 2m/l" (’;’1—)) 1 - 2m/r (ﬁ—vo,ﬁ—vo) hl(g)

In view of (6-28)—(6-29), the bounds (6-41) and (6-42) (stated in the case when (u, v) belongs to a vacuum

region Rgn] )) also hold when (i, v) belongs to a beam, i.e., when
. _ . 4
Un) i 2 U, (00 + o)

o . 4
Vo) <o <V, <U( Dy \/T_Ah2(8)>

or

forsomen >2, 0 <i <k,andi < j <k+1i+ 1. Therefore, for any n > 2, the bounds (6-28)—(6-29)
hold on the whole of
Uy = {Un ™) <u < Upy @)} N1 (6-43)

From (6-2) and the definition (6-5), it follows that
ny < (hi(e) > (6-44)

Since n < ny (because U C L{j), by substituting (u#, v) — (4 — vg, v — vp) in (6-41)—(6-42) n — 2 times
and using (6-44), (5-16), (6-40) as well as the Cauchy stability estimate of Proposition 3.5 for the region

{0 <u < 2vg}, we readily obtain
—a,r o7 C _

sup] [logl ———— )| + |log| —— <—— log((h3(e))™M). 6-45

vl S [ B G | R e L T S

Thus, (6-7) holds on ¢/ in view of the relation (5-2) for the parameter % (¢) (provided g is small enough).

Therefore (as explained in the beginning of the proof), a standard continuity argument yields that (6-7)
actually holds on the whole of /..
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Proof of (6-8) and (6-9). For any 1 <n < ny, we can bound, in view of the definition (5-8) of v and

the bound (6-7),
)

wr (-3)
K U 0O TRE) g

Un 0O +@/ = M2 (€), Va 0O+ / /= Nha () B IN{o=V, 0O+ 4/~ Mhae))

A 1—1a2 du
3 =B 1= 387 v, 00+ v =Rme)
CJ_
< Tyt EE) H® =)
Ce 1
(h (h1@)6 log((h3(e))™) (6-46)

and

' ((-3) Sy

t
Un 0O +@ /= Ma2()), Vy 0D+ /= Ma(e)))

YN {v=V, W*+D+4/V/=A)ha(e))}

A [Un0OFEN Do) g
du
(. Va D44/ = R)ha ()))

3 Ju,w®+@/=Rmae) 1_%Ar2
C«/_

< eyt e THIvE v

Ce 1
(h @) log((h3(e)) ). (6-47)

From (6-46) and (6-47) we readily obtain (6-8) and (6-9), respectively, in view of the relations (5-2) and
(6-3) for hy, h3, respectively, and the fact that r|,, = ro, r|z = +o00.

Part II: proof of (6-10)—(6-14). We will now proceed to establish the bounds (6-10)—(6-14). To this end,

~(i,])

we will first derive some useful estimates for the differences of the renormalized masses m1,,"’’ associated

to the vacuum regions around each interaction region Ns(n /) 16

Relations for the change in the mass difference of the beams. Let us introduce the notion of the
mass difference for the beams {U,(v") < u < U, + (4//—A)ha(e))} and {V,(v)) < v <
V() + (4//=A)ha(e))} around their interaction region N.o/): For any 1 < n < ng, 0<i <k,
and i + 1 < j < k+1i, we define the initial mass differences

~ (L] i+1,j+1 5 (0, j+1
(@)D = [T D, (6-48)
@ _iit) 6D = L) G+
_ n m, n
and the final mass differences () = 1) _ (i)
(@4_"7[) i,j +1,j (L] ,
n :, My (6-49)
n

(354_,;1)’(111]) J) naili,jH).

16 A relation for the change the mass differences of two intersecting, infinitely thin null dust beams was also obtained in
[Poisson and Israel 1990].
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@), (D )y

N ™~

7
A\
7
@ i {:5_,;, e

Figure 12. Schematic depiction of two intersecting beams, with associated incoming
and outcoming mass differences (D _ m)(l ) @_ m)(l ) and (’D+m)(l ) (”}5 N)(i j),
respectively. The point A satisfies r(A) = r(l ¥ , while the point B satisfies r(B) = F,(,’ 2
For simplicity, we have used the shorthand notation I=(=A)"12

Note that (®_m)" and (© )" are the mass differences around the outgoing beam {U, (v?) < u <
U, (0 +(4//—A)h,(g))} before and after crossing the region Ay, (@.J) , respectively, while D_ m)(’ /) and
(@ m)(’ /) are the mass differences around the ingoing beam {V,, W) <v < U, +@//—N)hy(e))}
before and after crossing the region Ay, () See Figure 12. Note the trivial identity

@_m)) + @)D = (@)D + (D i) ). (6-50)
We will establish the following bounds forany 1 <n <ny, 1 <i<kandi+1<j<k+i:

2 (@ (1 J)
@, J) 1— 2~(l+1 J)/—(l J) ]A(_(l J))z

@ i) ) = (@ _in) @) exp( (1—ew)(1 —@ai’;f’)), (6-51)

(D), "
ljr(lld) l_znjl’(/llﬁLl’]) fr(llaf) IA(-(Z J))2

(D i) ) = (@ﬁq)g’j)exp<— (1—€re)" ) (1-enf); ”)), (6-52)

where the terms thtgi”,{ ) in (6-51) and (6-52) are allowed to be different from each other, but they both
satisfy the bound

’:rgi,j) — 2% ~(i+1,j) _ %A(f,?’j)f

G.J)
0<eul <1- ] (6-53)

1
T (U (0©), Vi (044 =R (e))) — = 37| 0, 00,V 00+ =B ()
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and ¢re"Y) Gtt( J) satisfy the bounds

\n 2
i @ (U¥))
0< @‘Ct{r;j) <1- % (6-54)
. (@,j)
0< tht;l;lj) <1- % (6-55)
(D),

Moreover, the following estimate will be useful in the proof of (6-12): forany 1 <n <ny, 1 <i <k,
andk+1<j<k+i,

1 D @)
(— . (6-56)
5Cy flg”J )
Remark. Notice that, as a consequence of (6-51) and (6-52), during the interaction of the two beams
at j\/;(,;” ) the mass difference D of the ingoing beam increases, while the mass difference ®m of the
outgoing beam decreases.
Proof of (6-51) and (6-52). By differentiating (2-47) in u and using (2-43) and (2-48), we readily obtain
the wave-type equation for m

@) > (D_m){ exp(

0,0,m = —F (r, m) 0,md,m, (6-57)
where )
Forom)= ————. 6-58
. m) r—2m— %Ar3 (6-38)
Note that, formally, (6-57) can be rewritten as
oy log(—a,m) = —F (r, m) 0,m (6-59)
or
dy log(dym) = F(r, m)(—0,m) (6-60)

(note, however, that log(—d,m), log(d,m) will not be well-defined when d,m = 0 or d,m = 0).

Forany | <n<ny, 1 <i <k,andi+1<j <k+i, integrating (6-57) first in u, for U, (v")) <u <
U,(v® + (4//=A)h2(¢)), and then in v, for V,(v) < v < V(v + (4//—A)h2(g)), we obtain
n~1’(1i,j) _ n~1'(1i,j+1)

/ Va0 +(4// = N)ha(e)) /Un(v(i)+(4/v —M)ha(e)) — 9,1
\%

Q1| (), (v0)),v) 'eXP<2 du> dv. (6-61)
(u,v)

L (v)) U, (v®) r—2m

Remark. Note that, at the formal level, the derivation of (6-61) is easiest seen by integrating (6-60) first

in u, then exponentiating, and then integrating in v. This procedure can actually be done rigorously, since
3y < 0 < 9y in the interior of N/ in view of (2-46)—~(2-47) and (5-43)—(5-44).

In view of (6-18)—(6-19), we can bound for any U,v®) <u < U, (0" + (4//—A)hy(¢)) and any
V(D) v <V, 0D + @/ = N)ha(e))
’:’gi,j) _ 2n~1§li+1,j) . %A(fr(li,j))’j
<(r _2m)|(u,v)

(@, Jj+D

3
< Pl 00, va s/ Bsen — 20 = SAP 0,000 v, 00 1@ v Ty, (6762)
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where

P T = 1 0,04 4B Vawy

Therefore, using (6-62) to estimate 1/(r — 2m), from (6-61) we readily infer that
Va+@//=A)ha(e))

=) _ =G /V 8ol 0, w0

()

e p< 2 @, @0),0) = Ml w, w0+ @y R )

()]
— " — (1 —¢&re (v))) dv, (6-63)
};’gt,/) 1 — 2n~1’(2t+1,j)/};r(lt,1) _ lA(fr(zl’j))Z Ln

where, for any V,(v)) < v < V,(vY) 4+ (4//=A)ha(¢)), (’Ett(’ J)(v) satisfies the bound (6-53).
Equations (2-46), (2-44) and (2-23) imply that, for any Vn(v(/)) <v <V, + @/V=N)hy(e)),

A (1] 0, w0).0) = M (0, 0O+ =D e),0) = O (6-64)
and, therefore, for any V() <v <V, (0D 4+ (4//=A)ha(e)),

(@+Y;l),(li’j) <y, wo).v) — rﬁ|(Un(v(i>+(4/ /= Mha(e)),v) = (®_n~1)§f’”. (6-65)
The bound (6-65) implies that (6-63) can be expressed as
n~1’(1i,j) (z j+D _(~(z+1 ) ~£li+1,j+1))
2 @iy ./ )
CXP(F(L]) 1 _2n7l(i+1’])/f(l’]) lA(_(l ]))2(1 - @tt )(1 @tt ) (6'66)

where (‘Ett(’ /) satisfies the bound (6-53) and (’Ett(l /) satisfies the bound (6-54). In view of (6-48) and
(6-49), (6- 66) is equivalent to (6-51).

Similarly, integrating (6-57) first in v, for V,,(v") < v < V(v + (4/+/—A)h3(g)), and then in u,
for U, (v?")) <u < U, + (4//=A)ha(e)) (see also (6-59)), we obtain (6-52). O

Proof of (6-56). Recall F defined by (6-58) and let us define the function F:D 7 — (0, +00), where
*={(x,y)€[R?2x>Oandx—y—%Ax2>0}, (6-67)
by the relation

_ 2
Flx,y)= ——~ 6-68)
y) Ry (

Note that, in view of (6-7), (6-9), (5-6) and (5-3), for any u > 0 for which

inf  {r(u,v) —2u—1Ar*w, v)} > ha(e), (6-69)
(M,U)E./\/’g(:t"l)
we can readily bound
max F(r(u, v),nw) < min F@(u,v), 1) (6-70)
(u, v)eM (u, v)ej\/'(’ )
and
0uF (r(u, v), i), 9, F(r(u,v), 1) >0 (6-71)

(note that F (| AL w) and F(r| AL ) are well-defined and positive under the condition (6-69)).
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Forany 1 <n <ny, 1 <i <k,and k+1 < j < k+1i, let us consider the following characteristic
initial value problem on N7):

By Oyt = — F (r, 1) 3,0 8y on N0

— ~ . . 4
m=m on [U,,(v(’))), U, (v(’)+ﬂ

x[Va @), v, (v9+

h2@)) | x (Va @ODHUL DN (6.72)
4
ﬂhz(8)>]'

Note that 1 satisfies the same characteristic initial value problem with F (r, i) in place of F(r, m). Notice
also that, in view of (2-46)—(2-47) and (5-43)—(5-44), the initial data for m and m satisfy

3,7 <0 on {Un(v(i)) <u<U,(?+ JL_Ahz(g))}, (6-73)

3, >0 on {V,,(W')) <u<V,09+ hz(e))}. (6-74)

v=A
Therefore, in view of (6-70)—(6-71) and (6-73)—(6-74), an application of Lemma A.1 (see Section Al
of the Appendix) with i1, m in place of z5, z1, respectively, yields the following a priori bounds for a
solution m of (6-72):

on NG/ (6-75)

&en

m
<0 < d,m in the interior of NV, S(,’;’j ), (6-76)

N
A

Oy

N

Notice that the a priori bound (6-75) and the initial data in (6-72) imply that = > 0 and that (6-69) holds
for w = m and w = m; in particular, F(r,m) is well-defined and positive on Ng(,i’j ) Thus, it readily
follows (using standard arguments) that (6-72) indeed has a unique smooth solution 2 satisfying (6-75).

With m defined on /\fg(,i’j) asabove forany 1 <n <ny, 1 <i<k,andk+1=<j=<k+i, wewill
define the following modified versions of (6-48) and (6-49):

NG = o
(D)) = 171 0, 00), Va0 — T (0, w04 (/=B ). Va0

i) - - : (6-77)
(O_mm),"" =1l 00) v,00+ @/ Thae)) ~ W00, V,00))
and
=SNG ) -
(D-411)y 7 = 10, 00V, 00+ =R e) ™ U, 00+ =R 0)). Vi 0O+ 4/ V=2 (e) 678)
D) Z 18] (1, 0044 =R E0). Vo 0+ () RV a ) — T U (0044 R Va6, Vi (0
Note that, in view of the initial data for (6-72),
@)y = @)y,
— b= i) (6-79)
®_m), = ®_m),"’,
while, in view of the bound (6-75) (and the initial data for (6-72)),
@), = (D)),
" " (6-80)

@) < @)D
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By repeating exactly the same steps that led to (6-51) and (6-52) but using (6-72) instead of (6-57), we
obtain forany 1 <n <ny, 1 <i<k,andk+1=<j <k+i,

(:D )(l 20D
@) 1— ~(l+1 J)/—(l ) 2A(_(i’j))2
I'n

(z_)m)fj»f'):(i‘)_na)g,ﬁ.exp( (1—&r")(1- @rr“”)), (6-81)

2 (@ )(l 2
fr(zi’j) 1= ~(l+1 J)/ @) ZA(fr(zi’j))z

(@ i) ) = (@_n_z)g’j)-exp<— (1—Cee)" ) (1- e ”)), (6-82)

where

fr(li’j) _ ~(H‘1sj) _ gA(flgqu)):;

()]
0< )"/ <1- ‘ _ Sy . , (6-83)
Pl (U ®),V, 00+ Ry ey)) ~ M 7| U 0®), Vi 0D 4/ V=B (0)))
and
. D.m (U¥))
0<Ce,” <1- (+—)(1) (6-84)
(D_m),
. @ m @,J)
0<Crf) <1- (—)(1) (6-85)
(D1m)y
(and, as before, we allow the terms G_ttgi’nj) in (6-81) and (6-82) to be different).
Because
it <z < Frg < 3707 (6-86)

(in view of (5-24), (5-6), (6-18) and (6-19)), from (6-82) (using also (6-9) and that &rr", Ewr{l: > 0)
we can estimate forany 1 <n <ny, 1 <i <k,andk+1=<j<k+i

2 (®+ )(l 20D
f(lv.]) 1 — 7 (H‘l ])/rr(Ll o) _ %A(fr(ll’j))z

(@) = (D)) -eXP<_ (1 - &) (1 - e_trﬁ’;")>)

o 8 CD @,J)
> (D_n'q)fl”f) -exp( #) (6-87)
f(l )
n
In view of the fact that
@) = @)D = D) — D < il —0 < 3y < 2700
(following from (6-80)), (6-87) yields
(@) ) > =13 i) 0D, (6-88)
In view of (6-84), (6-88) implies
. 1
- &) > o (6-89)
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Using (6-89) in (6-81), we obtain

2 (@ )(l J)
Cor ! V=it 1D i — SN2

@)D > (D _m) @) -exp( (1— & ”)). (6-90)

In view of (6-86) and (6-9), we can also estimate

(’Ett(’ J) 1
| — it J)/—(l J) 2A( Fiy2 = =T (6-91)
and, thus, (6-90) yields
()]
D, m)(t A > (@D_ m)(l ). exp<520 (:D,:rgl—f))) (6-92)
From (6-92) and the relations (6-79) and (6-80), we readily obtain (6-56). O
Proof of (6-11). For any 1 <n <ny, from (6-51) we readily obtain that, for any 1 <i <k,
(D 4i) KD > (D _gj) TAFD, (6-93)
Applying (6-93) successively fori =1, 2, ... k, using also the identity
@_m)8 = @)t (6-94)

(which follows from the fact that m is constant over each R( / )) we thus infer that, for any 1 <i <k,

@)D = @)D = (gt — ). (6-95)
Since
) =) = il (6-96)
and
(©+n~1)}(10_’11) — n~1](11_11) _ n~1(0 1) (@ m)(k k+1) (6-97)

from (6-95) we infer that, for any 1 <i <k,

@)D = (@ i)Y, (6-98)

Similarly as for the derivation of (6-93), applying the relation (6-52) successively for i = 0 and
j=1,2,...,k (with n — 1 in place of n), we infer
(D), ")

k ©.5)
2 ®_ ), . .
_ = (0.k) _ 1 0D N1 g0 i
= @_m)"* exp< 2} T 0D 0D A (01))2( e ea/n_l)). (6-99)
j=1"n—

(0,k)

In view of the bound (5-24) for the total mass m|z, the lower bound (6-8) for r,, ' and the fact that

(0 J) ((illc) (0 J)(1+(h2(8))1/2)

n 1
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for 1 < j <k (following from (6-7), and (5-3)), we can estimate

o2 @)Y ©.)) 0.y < 32,
(1— €, (1 — ey M) <6 (6-100)
]2; ’:r(lO {) 1— ~(0 J)/—(O \J) IA(—(O J))z Ln—1
Therefore, (6-99) yields
D 0.1)
log (+—)(o;<) > 32, (6-101)
(D-_m),”
From (6-98) and (6-101) we thus infer that, forany 1 <i <k and any 2 <n <ny,
@ ~)(i,k+1)
log _Jf(l EETE —e'l% (6-102)
m,
From (6-102) for i =1 and the fact that, forany 1 <n <ny,
@)D = @) OF = @A, (6-103)
we thus infer that, forall 2 <n <ny,
7 (LA+D)
n 3/2
m,
Applying (6-104) successively n — 1 times, we thus infer, for any 2 <n <ny,
;7 (LAFD)
log —frp = —& 72— 1. (6-105)
m
The bound (5-6) for rg and the form (5-7) of the initial data imply
2 O+ 4/ J=Mh — 0
(m; (™ + (4/v=D)ha(e)) —m; (v )) h o(6). (6-106)
ro
Therefore, from (6-95) and (6-106) we infer that, forall 1 <i <1,
2D (i, k+1)
2O T A @), (6-107)
ro Co

From (6-105) and (6-107) for i = 1 (when (D7) \"* " =i {"*TD) using also the fact that n f < (h; (£)) 2
we thus deduce that, forall 1 <n <ny,

2n~@gl,k+1) 2

——>—h 6-108
e 0(€). ( )
The relations (5-24) and (6-108) readily yield (6-11). [l
Proof of (6-10). In view of the bound (6-37), we infer that, forany 1 <n <ny,
2’;1;1,1(“) .
1- = 3D, w0, vy 0D+ VR ey Z 13 () (6-109)

T (U 0), Vi 0D 44/ =R (e)))
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Using the bounds

rl M (k+1) /=N
(U, (v D), V, (v*+D 44/ A)ha(¢))) < 1+(h2(8))1/2 (6-110)
ro

(derived from (6-7), (6-9) and (5-3)) and

TN T < 1 e 200) ™ (6-111)

(from (5-6)), as well as the relation (5-24) for m|z, we can readily derive from (6-109) that
2(m|z r0~(1 k) > 2(1 4 (ha(e))/2) ! exp(=2(ho(e)) ) + %Arg(l ¥ (ha(e))'/). 6-112)
The bound (6-10) follows readily from (6-111) and (6-112). ]

Proof of (6-13). For any 2 < n < ny, applying the relation (6-51) successively for j = k + 1 and
i=1,2,...,k, using also the identity (6-94) and the trivial bound

@) (1 = € D) = (@ i) 4D (6-113)
(following directly from (6-54)), we obtain

(35_"_”71)5’1,/(4-1)

0.0 _ 0.0 @)+ kD) ( )
= (%0 Oy, exp( : : (1) (el ))
121: }’(ll k+1) 1—27 ~( +1, k-H)/—( ]) lA( =(i, k+1))
0.0 _ 0. @)y <Y k4D
> (i, )exp(g - - (1—Crr} ))- (6-114)
P r(zl k+1) 1—27m (H—l k—|—l)/—(l J) lA(fr(ll,k+l))

In view of (6-7), (5-3), (6-53), (6-9) and the fact that

ro < Fr(zi,k-i-l) < fr(lk,k-i-l)’

for 1 <i <k (following from (6-18)), we can bound, for any 1 <i <k,

2 1

(l k+l)
. . — . (I — €rry )
f,gl’k—H) 1 — 2n~/ll(/lz+l,k+l)/’—‘r(lt,j) . %A(f}gl,kJrl))Q

. 1
zme{ | _ _ 2~(u+1) A3 . ; ’
L0, 00,V (008 ey — 3T (U, D), V, 0D +(E/ =M ha(e)))
i }
flgi,j) _ zﬁlgﬂ,kﬂ) _ %A(fy(,i’k+l))3

2—0(¢)

=~k (6-115)
n
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Furthermore,

k k
Z(Q—Fﬁi)g’k—i_l) — Z(njl;li-l-l,k-{-l) _ Vhs’k—i_l)) _ mlI m(l k+l) (6-116)

Therefore, in view of (6-10), (6-115), (6-116) and the fact that

(5_‘,_”‘71)’(11,/(4-1) — n‘jl’(zl,k-l-l) _ r;lr(ll,k+2) — njlr(ll,k-‘rl), (6_1 17)
the bound (6-114) yields
- - - 2-0(¢) -
A = G = ) - e Bt )
> w0 — Yy, exp< (zsy exp(—2(h0(8))_4)). (6-118)
2r,
Using the bound (6-101) and the fact that
~.0,1) _ ~(1,1)  ~©01) _ ~00 ~(0,1)
(©+m)n | =My T, =M Ty,
-0,k ~ (1,k+1
@),y =,
we can estimate
FOD 70Dy > kD, (6-119)

From (6-118) and (6-119) we thus obtain (in view also of (6-9) and the properties (5-2) of hg(e))
~ - ro _
D > (LD exp(m exp(—2(0(e)) 4)). (6-120)
I'n

In particular, (6-13) holds forall2 <n <ny. O
Proof of (6-12). Combining (6-102) and (6-11) (using also (6-107) in the case n = 1, as well as (5-24)
and (5-6) for m|z, ro), we can readily estimate forany 1 <n <nyandany 1 <i <k
2D (i,k+1)
20’ L. (6-121)
ro C
Similarly, in view of (6-94), (6-97) and (6-101), we can bound forany 1 <n <nyandany 1 <i <k

2(@,}’7/1 fli,k-i-l)

> —hg(e). (6-122)
ro Co
Using the relation
(@J’_n'jl);i,k-i-l) — ﬂl;i’k+1) _ ’,;;l’(,li,k-‘rZ) (6_123)
and the trivial bounds
n~1’(1i,k+l) <7z (6-124)
and
max i) = pkr? (6-125)

k42< j <k+i+1
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(following from the monotonicity properties (6-19) of 7), from (6-121) we obtain forany 1 <n <ny

—~ > —hp(e). 6-126
[min, p o (&) ( )
k+2<j<k+i+1
In view of (5-24) and (5-6) and the properties (5-2) of hg(e), from (6-126) we infer that, for any
I <n<ny,
2ty

max
1<i<k ro

1
<1——h . 6-127
7 < 3Co (&) ( )
k-+2<j<k+i+1

In particular, for any 1 <n <ny, (6-127) implies

1
Sup ———— < 4Co(ho(e) . (6-128)
fu=<v<V, @ )N usU, w0y 1 —2m/r

The main estimate that will be used in the proof of (6-12) is the following bound: for any 1 <n; <
ny <ny and any V,, 0% + (4//=A)ha(e)) < v <V, 0*TD)

NI (U, WO +@/ V=), 0) Z T L, 0O+ V=R (6),v— (12 —n1 Do)

I’(l’k_H) n*;L(lyk-H)
— n n
xexp<—cg(h0(s)) 3 max { }log<—n~1(f’k+l)>—281/2>. (6-129)

ni<n=<n
1=n=ny ro n

Proof of (6-129). Forany 1 <n <ny, 1 <i <k,andk+1 < j <k-i, integrating (2-43) from u = U, (v'")
up to U, (v + (4/+/=A)hy(¢)) (and using (2-46)), we infer that, for all V,, (v +D + 4/ /=A)ha(e)) <
v < V,(0Y),

o7
log| ————
1-2m/r

o7
U (0D).5) L=2m/r ]|, wo+@/v=Rhae)).0)

Up 0O+ V=Da®) T
=47‘[/ du
Uy (v) — 0T | (u,5)
U@+ E/V=Dh2(e) g
= 2/ _— du. (6-130)
U,,(v(i>) r(l - 2m/r) (u,z_))
In view of the monotonicity properties (6-18), (6-19) of r and m, we can estimate
Un 0O/ =B _g 5
> / e gy
Up () r(1=2m/r) | 5
2 Un (0D +(4/v/=M)ha(e))
< sup <—> / (—0,m) du
Uy 00 < <Uy 0+ 4/ =R (e)) N T=2m/ 1) ]|, 5y U, 00) (u,)
2 1 .
< : - sup (—)(”}3_713)(”/). (6-131)
r(Un(U(l)+(4/V —A)h;y(€)),v) U, D) <ii<U, (0D +(4//—=A)h2 (e)) 1=2m/r| @) "
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From (6-130), (6-131) and the bound (6-128) for 1 — 2m/r, we infer that

oyl oy’
log| —— —log| ——
1—-2m/r U, 0DY.5) 1-2m/r

Un 0D +(4/V/=A)ha(e)), V)
fygl’j) (@ (l J)

<8Co(ho(e))™! : - (6-132)
r(U, (0D 4 (4/+/—=M)ha(e)), b) P ’)
Notice that, in view of the bound (6-56), we can estimate
D m (@) D (7))
(<,—) <5Cy 1og<(+—)(l)>. (6-133)
! (D),

Thus, from (6-132) and (6-133), we deduce that, forany 1 <n <ny, 1 <i <k,andk+1=<j<k+i
and any V, 00t + 4/v/=K)ha(e)) < ¥ < Vu(0D),

log(—avr ) — log(—avr )
1 —Zm/l” (U,l(v(i)),ﬁ) 1 _2m/r

Un 0D +(@/V—D)h2()),V)

5 | ;(lvj) (©+ )(l 2J)
<40Cq(ho(e))~ . z - log< ) (6-134)
’ F(Un0® + 4/ =D)ha(e)), 1) \ (@D _si){)
Applying the relation (6-134) successively fori =1, ..., k and v = v, using also the fact that

o, (2" )
1-2m/r

on each R/ we obtain

0y’
1 =2m/7 |, 00 +@/v=Rhe)).5)
0
>_ W
L=2m/r|y,_ ](U<0>+(4/ﬂ)hz(s)),5)

| —(i k+1) D1 (z k+1)
40C5(h - lo . (6-135
XCXP( CO( 0(8)) Z (U (U(l)+(4/ /_—A)hz(g)) ’U) g((@ (a, k+1))) ( )

Foranyi=1,...,k, integrating (2-43) in u from u = U, (v?) up to U, 0V + (4//=A)hs(¢)) for
v = v, €[, V,(v")] and using (2-46) and the fact that 3,/ = 0 on R';”, we infer

g
1=2m/7 |, w0 +@//=Bomaen.v.)
3 U0 +@/V=RhaE)  _p q
1-2m/r (Un WD +(4//=N)h2(8)),v5) U (v®) r=2m—zAr’ v,

Using the fact that » > rg, from (6-136) we infer (in view of the monotonicity property (6-19) for 1) that
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07
1=2m /7 |y, w0 14/ v=Bhr(e)).v0)
07

Un(v(l)+(4/ﬁ)h2(5)) —0 ml(u Vy)
> T | exp( 2/ ) ~ 1 3 du)
=2m /7 |, w0+ @/ V=R (), 0.) Un®) o A
dyr

v Un 0O +@/V=M)ha(e)) 2| w,v,)
S R Y (e P
1-2m/r (Un D44/ = A)h2()),v4) Un @) !

dyr 1=2101] (1, (00,1 /TO— 5 AT
= : . (6-137)
1=2m/7 |, 0o+ @/v=Bhaen.wy =201, 004+ @/y=Kymae)).on /70— 3 AT
In view of the bounds (6-9) and (6-127), (6-137) yields
_ O S fo() (6-138)
1 =2m/7 |y, 0014/ vme)en 1= 20/ {0, 004@/ VB0 4C0

Integrating (6-138) in v, € [v, V,(vY)] and using (6-128) (and (6-9)) for the 1/(1 — 2m/r) factors, we
thus obtain

2
—(Lk+1) —(ik+1) o) 4 _\\ (ho(e)) )
Dz (D P @), 9) a2 (6-139)
and, thus (in view of (6-7), (5-3) and the fact that ro < min{r\"**V, (U, (0@ + (4//=K)ha(e)), D)})
—(t,k-H) ) (1 k+1)
< 16C2(ho(e)) 2™ . (6-140)
F(Un 0O + G/ =Dha(e)), 0) ~ O ro
From (6-140) and (6-94), it follows that
k -i =~ .~
Z ( Jk+1) N ((®+ )( ,k+1)>
= r Uy 0D + 4/ =Dha(e)),v)  \ (@)
(1 k+1) k (@ (i,k+1)
_2Tn
< 16CZ(ho(e))™ > o (W)
i=1 *m)”
(1 k+1) (i,k+1) (k k+1)
ol (D, m (D4
= 16C3(ho(e)) 2 { lo <— +log
; )(+1k+1) m|I_m£lO_,1])
(Lk+1) (1 k+1)
_ 2 —2"n (Dym
= 16C3 (ho(e)) - lo g( - N(O 7 )
(1 k+1) (1 k-‘rl)
rt D,
= 16C3 (ho(e)) 2 lg(( o )
ro (Dt >< :
(1,k+1) (1, k+l)
n @
< 16C3 (ho(e)) 2" {1 g<( L )+e3/2}
ro ®_ )( )
) Zr(l,k—i-l) 7y (kD) "
= 16C;(ho(e)) . {log(m(1 k+1)) +e& } (6-141)

n—1
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(where the inequality at the sixth line of (6-141) follows from (6-101)). Therefore, (6-135) and (6-141)
yield, forany I <n <ny and any V, (0“2 + (4/v/=M)ha(e)) < v < Va 0*HD),

o7
L=2m /7|y, 0 +@/v=Rmae).v)
) (1,k+1) ~ (1L,k+1)
L exp(—cg(ho(e))—3 n ilog(njzll—m) +s3/2}>. (6-142)
1 =2m/r (Up—1 (0O +(@4//=A)h2(e)),v) 7o My
In view of (2-44), we can bound for any U,_; (vD + (4/v/=A)ha(e)) <u < U, (v @)
-9 -3
o > ol _ (6-143)
1 — 2m/r (u,Vn_l(U(l))) 1 —_ 2m/r (u,Vn_l(U(k+l))
Hence, using that
« from (5-39), (6-9),
o1 _ oyl
1-2m/r Uy 0O 44/ /=N (8)),0) 1-— %Arz (U, 0O +(4//=N)ha(e)),v)
=1+ 0() 37 |y, WO+ @4/ V=B (e).0)° (6-144)
« from (2-45), (5-24), (6-8) and (6-7)
9 9
_ O = (14 0(e)), (6-145)
L=2m/r |, 00+@/v="menn 1 =2m/T |y, ,0o)w
 from (2-44), (2-43) and the gauge condition (3-24),
3 -
ol = , (6-146)
L =2m/r|pubnq_g 1 =2m/r|p0bng_5 y

the bounds (6-142) and (6-143) yield for any V,(v**+? + (4//=A)hy(g)) <v < V,(v**D)

W |, O +@/ V=R (e)).v)
—9

o> oul

—1-2m/r

(L) 7 (kD)

— n n

exp<—cg(h0(s)) 3 log<~(1’k+1))—81/2>. (6-147)
(v—v0, Vo1 (0%+D) ro m

n—1
In view of (5-39), (6-9) and the fact that

—0yr oyl

Tm/r (6-148)

R =gy 1= 2m/T |02 0, g

(following from the gauge condition (3-23)), from (6-147) we infer for any V,, W D 44/ = N)ha(e)) <
v < V,(* D)

W7 |, O +@/ V=B (e)).0)

(kD (L1
— n n
2 WU,y O+ @/ =B (€)), v—v9) EXP (_Cg (ho(e))™> o log<n~1(l,k+l)> - 281/2)' (6-149)

n—1

Iterating (6-149) for n; < n < nj, we thus obtain (6-129). [l
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Let 2 <n; < ny be such that

riPD <27, (6-150)
e > 21, (6-151)

Note that if no such n; exists, then (6-12) is automatically true ((6-151) holds for rl(l’kH)

of the Cauchy stability estimates of Proposition 3.5 and the choice of the initial data).

as a corollary

Let us also define

ny=max{n; <n <ngp:r "D <2 forall ny <1 <nj. (6-152)

In order to establish (6-12), it suffices to establish that, for all ny <n <n,,

1,k+1
r,E’H)

e 1 > exp(—C{ (ho(£)) " log((ho(e))™)). (6-153)
In view of the fact that
~ (1,k+1)
sup b < Colho(e))”! (6-154)
1511<12§n* I’;lll ’

(following from (5-7), (6-86) and the fact that the sequence nﬁ,ﬁl’kﬂ) is increasing in n as a consequence

of (6-120)), from (6-129) we infer that, for any n; <n < n, and any Vnz(v(k+2) +@/—=N)hy(e)) <v <
Vnz(v(k+1))’

NI |, 0+ /=B (e)),0)
2= 07| U,y 04,0 () EXP(—C0 Ur0(€)) 7 log((ho(e))™H).  (6-155)

Thus, integrating (6-155) from v = V,,(v*+? 4 (4//=A)h3(e)) up to v = V,(v**+P) and using (6-151),
we immediately infer (6-153). [l

Proof of (6-14). In view of (5-3), (6-32), (6-31), as well as the boundary condition (3-24) and the bounds
(6-8) and (6-9), the following one-sided bound holds for all 2 <n <ny:

kok+1 Va0 D@/ =R)ha(e))
r}E s )_r =\/;/ 8vr|(Un(v(k))av) dv

1 (029)

<

(I+0(e))dv

/Vn(v<k“>+(4/«/mhz(s>) 37
(ACRD)

Vn(v(Zk)) 1— 2m/r

(1+4+0(e))du. (6-156)
(1, Va1 @*FD 44/ /= M)k (¢)))

fUn_1<v(°)+<4N—A>hz(s>> —a,r

U1 (v®) 1— 2m/r

We can readily compute (using also (5-3), (6-9) and (6-45))
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10@) — 0,7
/ 0wl du
U1 0O +@/ Do) 1= 2M/7 |y, w44y = Rohae)))
— ~ (1,k+1) B
B f 1 (™) (l B 2’,nnfl _ lAr2| *kAD) 44/ /= N)h )
_ TAT v, D (4] R ()
Un o1 0044/~ Fyha(e)) L,V 0D 14/ V=R R (6))) u, Vo1 (v / 2(e

X (=0l (v, 4D 44/ =R o (o)) AU

(kD) - (1,k+1) 1
Tn-1 2m
:f (]_"—_1_%1\,2) dr
ro+0 ((ha(e))1/?) r

21’7’1<Lk+1)
log(l ;‘> ' (6-157)

ro

< r(l,k—H) (1, k—H)

— "'n—1

ro+ Com, "

From (5-6) and (6-12) we can similarly estimate

/Unl(vm) —d,r
Upr@®) 1=2m/r

(k,k+1)

g 21 !
du < f <1— 'I+0(s)) dr
(. Vo1 D44/ =R o (£))) (KDL 0((ha(e))1/2) r

-k k+1)+COm|I|1og(exp(ho(8)) 4)+1|

<r ki) rt U Comlz(ho(e) ™ (6-158)

n 1

From (5-3), (6-45), (6-156), (6-157) and (6-158) one readily obtains the bound (6-14). O

6B. Formation of a nearly trapped sphere. In this section, we will establish (6-6), using the bounds
(6-7)—(6-14) of Proposition 6.1.
Let us set
max = max{n, € N: RUATD i for all n < n,). (6-159)

Note that, in view of (6-2) and (6-5), nnax Satisfies

Ng<Nmax <ny+1. (6-160)
Thus, (6-1) implies
Nmax < (h1(6)) 72 (6-161)
Notice that (6-160) and the definition (6-2) imply that, if
Nmax < 3(h1(6)) 72, (6-162)

then, necessarily, (6-6) holds. Thus, in order to establish (6-6), it suffices to show (6-162).
We will show (6-162) by applying Lemma A.2 (see Section Al.1 of the Appendix). In particular,
setting for any 1 <n <npax + 1

2n~1(1,k+1)

oy = =, (6-163)
ro
(k k+1)
pp= (6-164)

ro
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the inductive bounds (6-13) and (6-14) imply that w,, p, satisfy

Pnt1 < oo+ Crlog((1 — )"t + 1),

ci (6-165)
Hn+1 = Hn CXP( )
Pn+1

for any 1 <n < npax + 1, with
C1 = (ho(e) ™, (6-166)
c1 = g exp(—2(ho(£)) ™). (6-167)

Furthermore, setting

8 =hj3(e) (6-168)

(where hi3(-) is defined by (6-3)), the definition (6-159) immediately implies

max pu, <1—4. (6-169)

0<n=<nmax

Note that, in view of Definition 5.1 and Proposition 3.5, we have
o ~ ho(e), (6-170)
po~ (hi(e)™". (6-171)

Hence, as a consequence of (5-2) and (6-3),

C 8
(—1) <™ (6-172)
C1 Mo
and \
(C1/c1)
5 < (@) . (6-173)
£0

The relations (6-165)—(6-173) allow us to apply Lemma A.2 (see Section Al.1 of the Appendix) with
ny = nmax + 1 for the sequence p,, i,. Thus, in view of Lemma A.2, we obtain the following upper
bound for 72y,x:

Nmax + 1 < exp(exp(2(ho(e)) ™) (h1 (). (6-174)
In particular, (6-162) (and, thus, (6-6)) holds.

6C. The final step of the evolution. In this section, we will complete the proof of Theorem 1, using
the near-trapping bound (6-6), the bounds (6-7)—(6-14) of Proposition 6.1, as well a backwards-in-time
Cauchy stability estimate (see Lemma A.3 in Section A1.2).
The bound (6-6), combined with the estimates (6-11) and (6-12) of Proposition 6.1, imply that,
necessarily (in view also of (5-2), (5-3), (6-7), (6-13) and (6-159))
2,7, (KA

Tkl S 2pa(e). (6-175)
ro
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Therefore, applying again Lemma A.2 for u,, p, (defined by (6-163), (6-164)) and n, = nyax + 1 yields,
in view of (6-175), that, either

Pt 1 > 14 h3(8), (6-176)
or
1= 213(8) < fhnpt1 < 1 +h3(e) (6-177)
and
e < 1 —exp(—exp(2(ho(e)) ™) (h1(£))* (6-178)
Max{ o, +1> Pupe ) < EXPEXP2(0(e)) ™)) (h1(£)) " og((hi(e))™"). (6-179)
Let us set

e = Vigott (070 + — 22 (0) (6-180)

4
v=A
(recall that (6-180) equals V,,, O + (4//=A)ha(g)), in view of our conventions on the indices). The
proof of Theorem 1 will follow by showing that

o either
inf (1 — 2—’") <0 (6-181)
u&:ﬂ{vzl—)*} r
(in which case (r(g) (Q;e))z, fiff/), fo(st)/) = (r/e, Q%S, finse» foure) in the statement of Theorem 1),
. or
/
inf_ (1- 20 <o, (6-182)
UeN{v=0,) r

where (', ()2, f,
ture development of an asymptotically AdS boundary-characteristic initial data set (v Te> (2 8)2, fin /e fo

fout) is a (possibly different) smooth solution to the system (2-28)—(2-33) arising as a fu-
ut/a

on {u =0}N{0 < v <.} (satisfying the reflecting gauge condition at r = rg, +00) which is (& (€))? close
to (r/e, Q2 /e fm/g, fout/g) with respect to the norm (3-41), i.e., satisfies, in particular, (A-68) and (A-69)

(in which case (r (Q(‘S))2 flff/) fo(jt) )= (), (] D% f e fl /) in the statement of Theorem 1).

Notice that, in both cases, (4-3) follows readily from (5-18) and (5-2). To this end, we will proceed to
treat the cases (6-176) and (6-177) separately.

Case I: Assume that (6-176) holds. Then, we will show that (6-181) also holds. We will argue by
contradiction, assuming that

inf (1 2—’”) > 0. (6-183)
U N{v=0,} r
Let us set
C = {Uneir (v + 4AM@95u<U%m«w%}mw=ﬁﬂn%. (6-184)

The renormalized mass 7 is constant on Cy, satisfying in particular

ile, = mlETD (6-185)

* Rmax+1
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Since d,7 < 0 on U, (see (3-29)), from (6-183) and the fact that C,. does not contain its future endpoint,
we infer the following stronger bound:

. (6-186)

r le,
Thus, we also have

dvrlc, > 0. (6-187)

We will now show that the future endpoint of C, is exactly (Unmﬂxﬂ(v(o)), vy). If there existed some
(up, 0s) € (BU\T) such that U, 11 (0D + (4//=A)hy()) < up < Uy, +1(v?), then Theorem 3.4 on
the structure of the maximal future development would imply that r extends continuously on (up, v.)
with

r(Up, Vy) = Foe. (6-188)

However, in that case, (6-176), (6-185) and (6-188) would imply that, for some u, close enough to uy,

1_2m
r

<0, (6-189)

(uh*sl_)*)

which is a contradiction in view of (6-183). Therefore,

4 _
{Unyt (v + ﬁhz(E)) < < Upoet @) | N o =510 (0U\T) = 2,
and, thus
_ M 4 ) _ i
Co = {Unpet 0V + T Su < Upp v =5 (6-190)

In order to complete the proof in the case when (6-176) holds, it suffices to establish that

lim sup @s 14 o haen'). (6-191)
1= Unpra 11 0©@) 70
Assuming that (6-191) holds, from (6-176), (6-185) and (6-191) (in view also of (5-3), (6-3)) we readily
obtain
lim inf (1 _ 2-’")

1= Upmax+1 (@)

< —3h3(e) <0, (6-192)

which is a contradiction in view of (6-183).
Let us set

B* = {Unmax+1 <U(1) +

Eho(®) < < Upyet @} N Von 09 sv =) (6:193)

From (6-190) and the structure of the maximal future development of general initial data sets for (2-28)—
(2-33) (see Theorem 3.4), we infer that
B. CU;.

Furthermore, in view of (2-30) and (6-187), we infer that

dyrls, >0 (6-194)
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and, thus (in view of (3-29))
1——1Ip, >0. (6-195)
r
In view of (6-159) and the bounds (6-11) and (6-12), we have
{u<U, . MYNU. cu. (6-196)
Therefore, as a consequence of (6-7), we can estimate
o1
log| ———
1-2m/r

Since (2-43) implies

< (h1(e)) *log((h3(2)™"). (6-197)
{L‘:Unmaerl (v(l))}mus

o1
dulog( —2—) <o, 6-198
0g(1—2m/r>_ (6-198)

from (6-197) (and (6-9)) we infer the one sided bound
durls, <2(hi(e)) *log((h3(e))™h. (6-199)
Integrating (6-199) from v =V, +1(v®) up to V,,__ 1 (v* D + (4//=A)ha(e)) using (5-3), we
finally obtain (6-191). Thus, the proof in the case when (6-176) holds is complete.

Case II: Assume that (6-177) holds. Then, (6-178) and (6-179) also hold.
As a consequence of (6-11), (6-12) and (6-13), the bound (6-178) implies

. 2m _
inf Q——ﬂ)z%wm—mmmmwn4»mmwf. (6-200)
{(U<Uppay WO +(4//=A)ha(e)) )N r

Therefore, using (6-11), (6-12) and (6-13) to estimate 1 — 2m/r in the region

4
{U"'“*‘X<v(0) + h2(8)> Sus Unmax+1(U(O))}\Rr(zlr;fxil1),

V=A

we infer that

inf (1= 2) = Lexp(—exp@Uio(e)™)(h1(0))>. (6-201)
(U< U 410D+ @/ V=R (2))) U r

Remark. Notice that, while 1 —2si2/r becomes ~ h3(g) in {u < Uy, +1(0 D)} N, (in view of (6-177)),

when restricting to the subregion {u < U, +1 WD 4+ (4//=A)ha ()} NU,, the improved bound (6-201)

holds.

Let us set 4
e = Upgoit (00 + Mhz(e)), (6-202)
noticing that
supp(r°Tyy) N{u = u,} C {r <&'/?} (6-203)

as a consequence of (6-8). Let us also fix a smooth cut-off function x, : [u4, u. + voe) — [0, 1] such that

xe@) =1 forve [Vnmax+1(v(k+l)), Vi 41 <v(k+1) + (6-204)

V%KM@D]
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and
xe(v) =0 for v € [uy, u*—i-v()a)\[ nmdx+l< k) _ th(é“)) nmdx+l< (kD) 4 \/%_AhZ(S)ﬂ'
‘We will then define the function TUU : [uy, usx + vo:) — R by the relation
Ty (v) = exp( 2¢? *)(hl(s» Xe (V) Ty (s, V), (6-205)
where C; is defined by (A-62). Notice that, since

dv = i) _ p (LD p (LD 6 5060

Vimax+1 @ +@/ /= A)ha(e)) (1—2m/r) 2
27[/‘; T nmax+1 Amaxt+1 = 7 Amax+17

nmax+l(v(k+l)) 8 r

(U, v)

we can readily bound in view of (6-205), (6-12), (6-177) and (6-206)

4) /+ r2 (i, V)| Tyw (0)]/30p (14, V)
/) Ip(u*’ U)_p(u*, l_))|+p(l/t*,l/l*

sup
U SUSUs+V0e

dv < exp(—cgﬁ>(h1(s))2, (6-207)
) Voe

where p is defined in terms of r by the relation

= tan”! (@r) (6-208)

Applying the backwards-in-time Cauchy stability lemma, Lemma A.3, (see Section A1.2 of the Appen-
dix), for u, given by (6-202) and fvv given by (6-205) (in view of (6-201), (6-203) and (6- 207)) we infer
that there exists a smooth asymptotically AdS boundary-characteristic initial data set (r/, (<2, 4 fL Je> fl Je)

on {u# = 0} for the system (2-28)—(2-33) satisfying the reflecting gauge condition at r = r., +00 with the
following properties:

(1) The initial data sets (r/c, 27, fin/e, fouse) and (), ()%, fit or Fiuye) satisty (A-68) and (A-69).

n/e’
(2) The maximal development (U.; r', ()2, f; . fo.) of (r/e, Q? T fm/g, fout/a) satisfies (A-70), (A-71)
and (A-72).

Using primes to denote quantities associated to (', ()%, £/, fi.)> We can readily estimate in view
of (A-70), (A-71), (A-72) and (6-205)

Vamaxc+1 (0D +(4/ V=R ha(e) (1 2m/ /')
~ (1=2m'/r") J
m |(u* Uy) — / a ( ) v
Vima +1(040) vl (u*,v)
Vimax+1 0V @/V=R0m2 @) (1 — 24/ /) P
= / - a4 . (Tvv + Tvv) dv
Vnmax+1(v(k+l)) avr (Us,V)

(6-209)

> <1+exp< 2c2 )(hl(s)))

Therefore, since 1|, 5,) = nﬁf:nif:l), the bound (6-177) (in view also of (6-3) and (A-62)) implies

(4, 05)

2m'|(u,.5,)

ro

> (l +eXp( 2¢; *)(hl(&‘)) )(1 —2h3(e)) = 1+ h3(e). (6-210)
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Since m|,,,s,) is constant on

O = {Unett (0 + —2ha(®)) <0 < Upyn @) | (o = ) 0

4
v=A
and satisfies (6-210), we can now repeat the same arguments as in Case I (i.e., the case when (6-176)
holds) in order to infer that (6-182) holds.

Thus, the proof of Theorem 1 is complete. (]

Appendix: A maximum principle and Cauchy stability backwards in time

In this section, we will prove some lemmas which are necessary for the proof of Proposition 6.1 and
Theorem 1.

Al. A maximum principle for 1+ 1 wave-type equations. The following lemma provides a comparison
inequality for certain 1 + 1 equations of wave type, and is used in the proof of Proposition 6.1.
Lemma A.1. For any ug <uy, vg <vyanda € R, let Fy, F, : [ug, ui] x [vg, v1] X (—o0, a] = (0, +00)

be smooth functions so that

max Fi(u,v,z) < min Fr(u,v, ) (A-1)
(u,v)€lupui]x[vo,v1] (u,v)€luoui]x[vo,v1]

for any z € (—o0, a] and
azFl(u,U, Z)v azFZ(u’ U,Z)EO (A_z)

Jorany (u, v, z) € [ug, u1] x [vo, v1] X (=00, a]. Suppose also z1, z3 : [ug, u1] x [vo, v1] = (—00, a] are
smooth solutions to the equations

ouz1 = —F1(u, v, 21) 0,21 0y21, (A-3)
0y0uz2 = —Fo(u, v, 22) 0,22 0422, (A-4)

satisfying the same characteristic initial data

z1(u, vo) = 22(u, vo) = 2\ (u), (A-5)
21(uo, v) = 22(up, v) = z/(v), (A-6)
where z; : [vg, vi] = (=00, a) and z\ : [ug, u1] — (=00, a) are smooth functions so that
z/(vo) = 2\ (v1), (A-7)
002/ (vo,v1) > 0, (A-8)
02\ luo,ur) < 0. (A-9)
Then, the functions z1, zo satisfy
0zi <0< 0yzi, 1=1,2, (A-10)
in (ug, up) x (vo, v1) and
21=22 (A-11)

everywhere on [ug, u1] X [vg, vi].
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Proof. We will first establish (A-10). By applying a standard continuity argument, rewriting (A-3) as
9y log(—dyz1) = —dvz1 F1(u, v, 21) (A-12)
and integrating in v, using also the property (A-9) of the initial data, we obtain that
0,21 <0 (A-13)
everywhere on (ug, u1) x (vg, vy). Similarly, rewriting (A-3) as
9y log(dyz1) = —8duz1 Fi(u, v, z1) (A-14)

and integrating in u, using (A-9), and then repeating the same procedure for z;, we finally obtain (A-10).
In order to establish (A-11), we will argue by continuity: Let u, € [ug, u1) be such that (A-11),

0v21 < 022, (A-15)
0,21 < 0422 (A-16)

hold on [ug, us] X [vg, v1]. Note that u, = u satisfies this condition: in this case, (A-11) and (A-15) follow

directly from (A-6), while (A-16) follows by integrating (A-12) (and its analogue for z;) and using (A-1).

We will show that there exists a § > 0, such that (A-11), (A-15) and (A-16) hold on [ug, uy +6) X [vg, v1].
For any v € (vo, v1], integrating (A-3) and (A-4) in v along {u.} x [vg, v], we obtain

v
10g(—3u21)(u*,17)=—/ Fi(uy, v, 21) 0yz1 dv +10g(—08,2\) (1), (A-17)
vo

v
log(—8,22) (ux, 17)2—/ Fy(uy, v, 22) 8y22 dv +1og(—8,2\) (u+). (A-18)

vo

Let us define the auxiliary functions Fi.,,5, F2.4,5 : (—00, a] = (0, +00) by the relations

Fl;u*ﬁ(Z) = max F (”*a v, Z), (A'19)
velvg,v

Fz;u*f}(z) = min_ FZ(M*, v, Z). (A-ZO)
vE(vo,v]

In view of (A-1), (A-2) and the fact that (A-11) holds on {u,} x [vo, v],'"” we can bound for any
v € [vg, V]
Frou,5(z21 (s, ) < Fou,5(21 (s, 0)) < Fou,5(22 (U, v)). (A-21)

Thus, subtracting (A-17) and (A-18) and using (A-21) and (A-15) (and the fact that 9,z > 0, v > vg), we
readily infer that

log(—0,z1)(us, V) —log(—0,22) (U, V)

v

= / F2;u*ﬁ(22(u*7 v)) 0y22(tts, V) dv _f Fl;u*ﬁ(zl(u*a V)) 0pz1(Uy, v) dv

) Vo

> 0.

7Note that we can immediately restrict from [u, u1] X [vg, v1] to {ux} X [vg, v] in (A-1).
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From (A-22) we thus infer that, for any vy < v < vy,
0421 (s, V) < 0,22(ux, V). (A-22)

Therefore, since zp, zp are smooth, there exists a continuous function §, : [vg, vi] — [0, 1), with
S8ul(wo.vy1 > 0, such that

0uz1(u, v) < 0yzo(u,v) forf{vg <v<wv}N{uy <u <u,+35,w))}. (A-23)

Similarly, by integrating (A-3) and (A-4) in u along [ug, u1] X {vp} and repeating a similar procedure
(using (A-5)), we also obtain that there exists a continuous function &, : [ug, 1] — [0, 1), with &, | (.41 >0,
such that

dyz1(, vo) < dyza(u, vo) for {uo <u <uy}N{vo < v <o+ 8, (u))}. (A-24)

From (A-22) and (A-24), we infer that there exists some § > 0, such that
71 <22 on (Us, uyx +8) X [vo, v1]. (A-25)

In particular, (A-11) holds on [ug, s + &) X [vg, v1]. Furthermore, for any u € (u,, u, + ) and any
v € (vg, vo + 8, (1)), repeating the procedure leading to (A-22) with u in place of u, and using (A-24)
and (A-25) in place of (A-15) and (A-11), respectively, we infer that

0,z1(u, v) < 0,z2(u, V). (A-26)

Thus, combining (A-23) and (A-26), we infer that (A-16) holds on [ug, u, + &") x [vg, v1] for some
0 < & < 4. Finally, the bound (A-15) on [ug, u, +8") x [vg, v1] follows in a way similar to the proof of
(A-22), by integrating (A-3) and (A-4) in u € [ug, u, +8") for any v € (v, v1) and using (A-1), (A-11)
and (A-16) (which we have shown hold on [uq, us +8') X [vg, v1]). We will omit the details. U

Al.1. A lemma for a system of inductive inequalities. The following lemma is used to show that the
inductive bounds (6-13) and (6-14) for rh,(f’kH) and r,gk’kﬂ) indeed lead to the formation of an almost-

trapped surface.

Lemma A.2. Let0<c; K 1 K Cr,and 0 < po K1 K po, 0 <8 K 1 be given variables, such that

C 8
<_1) <™ (A-27)
1 Mo
and \
(Cy/c1)
5 < (@) . (A-28)
£0

Let also w,, p, > 0 be sequences of positive numbers, with |1, increasing in n, such that for 0 <n < n,
they satisfy
Pri1 < P+ Crlog((l— i)~ + 1), (A-29)

g1 > [hn eXp( a ) (A-30)

Pn+1
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and
max W, <1-—34. (A-31)
0<n<n,—1
Then,
N ey
ne = () Pokg Ve (A-32)
1
Furthermore, if 1 — 6 < u,, <1438, we can bound
3
fono1 < 1— (c—‘) Py g " (A-33)
Ci
and
i\ po £0
max{pn,, Pn,~1} < (—) Clen? 1og(—>. (A-34)
C1 /'LO /€1 o

Remark. Notice that the right-hand side of (A-32) is independent of §.

Proof. Let us define for any integer k > 1

1
nkzmax{OSnfn*:mfl—z—k forallOflfn}, (A-35)
using the convention

ng=0. (A-36)

Notice that, in view of the fact that the sequence w,, is increasing, for all k > 1 and all ny_; < n < n; we

can estimate | .
1— Y] Spn<1-— 7% (A-37)
(note that, in the case n;_; = ng, there is no n satisfying ny_; < n < ny and (A-37)).
Using (A-37), from (A-29) we can bound for any k£ > 1 such that ny_; < ny and any n;_; <n <ny

Pu < Pug_y +2C1(l0g 2)k(n — n_y) (A-38)

and, therefore, for any 0 < n < n; we have
k—1
pn <2C1(log2) (Z l(ng—ni—1) +k(n — nk—l)) + o (A-39)
I1=1
(note that (A-39) holds for all 0 < n < ny, while the bounds (A-37) and (A-38) are nontrivial only for
those values of k for which n; > n;_1).
Let us set
) Ci
ky =32|log — |. (A-40)
cl

Then, (A-38) implies that, for all 0 <n < ng,,

pn < po+2Ci(log2)kin (A-41)
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and, thus, (A-30) implies

nkl nkl

Moy _ 1
lo —1> > o> el
2C1(log2)k
> ¢ 10g(p0+ 1(dog Dkim, )(4C1(10g 29k (A-42)
po +2C1(log 2)k,
From (A-35) and (A-42) we readily infer that
po +2C;(log 2)k1nk1) —1
c 1 4C1(log2)k <-—1lo A-43
1 ( 20+ 2C, (0g )k, (4C1(log2)k1)~" < —log(uo) ( )
and, therefore (using also (A-27))
L0
193 < m (A-44)
Ho

For any k > 2 such that n; > n;_; + 1, from (A-30), (A-35), (A-37) and (A-39) we readily infer

> log > o
2k 2 Mﬂ]\ 1+1 e V;—FZ
1
> ! — (A-45)
4C1(0g2) (k — 1)+ Y, (0 — Dy —ny—y) /(g — ng—y — 1)
and, hence
k=1
ne e 1 < Y U=Dm—ni_y)
2k=2¢1/(4C1(log2)) — (k— 1)
k(k—1)  maxy<j<k—1(n; —n;—1)
- 2 2]‘_2C1/(4C1 (log2)) — (k—1)
k(k—1 1
LMD (A-46)

=72 2k 20 /(4C(log2)) — (h—1) ¥
The relation (A-46) also holds (trivially) when n; < n;_; 4+ 1. Thus, for any k£ > k;, the bound (A-46)

yields
Cy
ng < (1 4 ZLo—tk= 2)/4)nk L+1 (A-47)
1
and, therefore, for any k > 2,
C
ng < 16—1(nk] + max{k — ky, 0}). (A-48)
C1
In view of (A-44), we thus obtain for any k > 2
C
e <1621 ( — 22 4 max{k —ky, 0}). (A-49)
c1 (Cr/en)
Mo
Let us set
(C1/c1)?
ky = 4y 420820 0 © ) (A-50)

log2
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Note that (A-28), (A-31) and (A-35) imply

g, < ni— 1. (A-51)
In view of (A-49), we have
C )3 £0
e <\— ) (A-52)
? (q plCren

and, for all kK > k, (in view of (A-46) and (A-49))
ng —ngp—1 <1. (A—53)

Furthermore, (A-39) implies (in view of (A-50) and (A-52)) that

i\ po £0
max{On,, +1, Pny, } < (—) oy logl — ). (A-54)
C1 o 17¢1 Mo

In view of (A-35), we have
My <1=272 < iy 4. (A-55)

We will consider two cases, depending on whether ji,, 41 is larger than 1 —§ or not.

(1) In the case Mongy+1 = 1 — 4, (A-31) implies that ng, + 1 = n,. Thus, (A-32) follows from (A-52).
Furthermore, (A-34) follows from (A-54), while (A-33) follows from (A-55).

(2) In the case Mgy 41 < 1 — &, we can assume without loss of generality that ng, < n, —2 (otherwise,
(A-32) follows from (A-52)). From (A-29), (A-54) and (A-55), we thus infer that

i po £0 _
pnk2+2 =< (_> W lOg — | + Cl log((l — Mnkz-i'l) 1) (A-56)
Cl 'LLO /€ Mo
Hence, setting
ci\’
M = (_1) Lz 10g(@)’ (A-57)
C1 M(()CI/CI) /“LO

from (A-30) and (A-55) we calculate

1
Mg, +2 = Hng,+1 eXp( )

pnk2+2
(1 —2H2)ec1/ M) if 10g((1 = jta,41)~1) < M/C,
ci ~ y (A-58)
1 fl 11— M/C;.
g ”"2“< e 1og<<1—unk2+1)1+1)> i 1og (1= fm, 1)) > M/C

If log((1 — unk2+1)_l) < M/Cy, in view of (A-50) and (A-57) we can bound (using also (A-27))

2Ci/e1)? 3 (Ci/en)?
(1 —27k2)ee1/@M (1—“0—2> <1+ﬂ(c—1> ’“‘0—> > 145, (A-59)
05 2\ C1/ polog(po/mo)
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If log((1 — Mony, + D™ > M/Cy > (Ci/c1)?, we can also estimate

€1 —log((1—ptn,_+1)7") €1
(1 R (B )
't ( C110g((1 = fhuy, +1) "+ 1) C1log((1 = pny, 40+ 1)

> 146. (A-60)

Therefore, (A-58) implies
Pongy+2 > 146 (A-61)
and, hence, ny,+2 = n.. Thus, (A-32) follows again from (A-52). [l

A1.2. Cauchy stability backwards in time. The following lemma, which is essentially a backwards-in-
time Cauchy stability estimate for late time perturbations of (Uy; r, 22, fin, four), is an easy corollary of
Theorem 3.6.

Lemma A.3. For any 0 < ¢ < gy (provided gy is sufficiently small) and any ro > 0 satisfying (5-6), let
Uy 1, 2, f_in, fout) be the maximal future development of (r/e, Q%, fin/g, f_out/s), and let us set

C. = exp(exp(—2(ho(e)) ") (hi(e)™?). (A-62)

Then, for any 0 < u, < (h1(g))"%voe such that

Wi, ={0 <u <u,)N{u <v <u+vg} CU, (A-63)
sup<1 — 2—’") <c., (A-64)

Wi r
Ui 4 v0e ¢ SUPP(r2 Ty (it - ), (A-65)

and for any Tvv T (Uy, ux+v9.) = R smooth and compactly supported satisfying Tvv( ) > =Ty (uy, -) and

A) f+ P2 (s )| T (0)1/80 (s, v)
T |9 (s V) = p (1t D) + p (i, 1)

sup

U SV=Suy

with

i < exp(_cgl%*)ml(e))z, (A-66)

o(u, v) = tan”! (@r) (A-67)

the following statement holds‘ There exists a smooth asymptotically AdS boundary-characteristic initial
data set (r;s, €94 8)2, ! ) on {u = 0} for the system (2-28)—(2-33) satisfying the reflecting gauge

in/e’ out/s
condition at r = ry., +00 with the following properties:
(1) The initial data sets (rje, ., finje fouye) and (r)o, ()%, fijor Fowye) are (h1(€))? close in the
(3-41) norm, and in particular

Q7 (2),)?
sup {log(—1 )—log(—1 p 2)
vel0.voe) 1= A7, 1—3A(,)
20,7 20,1
oo ) ol )|
m/e/r/a I’l’l/g/l"/‘9
1—2my /r/a) (I—Zm;s/r;a)‘ } )
+ log( ——L2 L) —log[ ———L L )|+ V—Alm m’ v) < (h(e A-68
g( [~ \T-Tae) Al e =1l | { () < (1 (2))* (A-68)

/s
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and

Ve
sup /
ve[0,v0:] /O

(2) The maximal future development (U.; r', ()2, _1;1 féut) of (r;s, (9/8)2, _i/n/s, _O/Ht/s) satisfies

2 (Tvv)/s

(T,
e @) = ()

L2 )| (1076 @) = pje W) + p(0) ' dv < (1 (6))%. (A-69)
vP/e 81),0/8

Wi, CUL., (A-70)
7' lfu=u)0supp(Ton) = T = }Nsupp(Tun) » (A-71)
T/ =y = Tovlw=ur) + Tov- (A-72)

Proof. In view of (5-6), (5-24), (6-11) and (6-12), we can readily estimate
2m\ 1 4
sup  (1=21) " < 2exp((ho(e ™). (A-73)
Wi\ U, REHHD "

Therefore, using (A-64) for |, RS"**" and (A-73) for W\ U, RS"“Y, the relations (6-33) and (6-34)
imply (in view of (5-3), (6-8) and the fact that u, < (h (&))" 2vp) that

1 —0,r L
su og| —

e \[ "8\ 1= 2m/r
Similarly, (2-43) and (2-44), in view of the relations (6-33), (6-34) (using again the bounds (A-64) (A-73))
imply

dy ~ )
log(#) D < (h1(¢)) 3 exp((ho(e)) 4), (A-74)
—2m/r

sup / 7 Tyy dv + sup / Ty du < (h1(8)) " exp((ho(e)) ™). (A-75)
{u=u}NW,, {v=0}NW,,

i v
Let us fix a set of smooth functions rj‘, (97)2 Cug, s +voe) = (0, +00) and
f_i:/y fo*ut/ sy, uy 4 v0e) x (0, +00) — [0, +00)
satisfying the following requirements:

(D) (r;‘, (97)2, _1:‘1 /> _O"‘ut /) is a smooth asymptotically AdS boundary-characteristic initial data set for the

system (2-28)—(2-33) on {u4 } X [u,, us+vo,) satisfying the reflecting gauge condition at r* =rg,, +00.

(2) The function r;‘ satisfies for any v such that (u,, v) € supp(7yy)

rj(v) = r|supp(Tw)ﬂ{u:u*}- (A-76)

(3) The function flfl / satisfies, for all v € [uy, us + vog),

dp?
pl)

+00 _ B
/0 ()W) ") fin) (i p*) ) (V)= = Ty (tts, v) + Ty (V). (A-77)
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(4) The function f* satisfies, for all (v, p¥) € [uy, us + voe) X (0, +00),

out/
f(;kut/(v; PY) = four(Us, v; p°). (A-78)

(5) The initial data sets (r, 2, fin, fout)luzu* and (rj‘, (827)2, _i:/’ _:ut/) satisfy

(e =) (=
sup og| ———— —log| —————
VE[Uy, Us+V0e) - %Arz U=, - %A(r}k)z
+ 10 28—Ur _10 L’f}k
N1=2mr )|~ T 2wty
1-2m/r 1—=2m7/r} - -
+ log(%> —log(l—/*/)‘ + VAt |y, —m7|}(u)
l—gAl" U=, 1—§A(l"/)
1 o u
< exp<—§C3U—:) (h1(e))? (A-79)
and
V2 12 Ty (s, 0) — ()2 (Ty) ()]
sup / Wi T T g gexp(—lc§ﬁ>(h1(e))2. (A-80)
velvy,va] Jug I,O/(v)—,o/(v)|+p/(v1) 2 Vo

Remark. As a consequence of (A-65), by suitably deforming r;k near v = u, -+ vg., we can always arrange
that (3-7) and (A-76) are satisfied simultaneously. Furthermore, since Ty, is compactly supported in
(U, uyx + vos), we can always choose fl:‘l/ = finl{u=u,) in a neighborhood of v = u,, u, + v, so that
(3-8) and (3-9) are satisfied. Finally, (r}", (827)2, _1: /> _O*ut /) can be chosen so that (A-79) and (A-80) are
satisfied because of (A-66) and the relations (2-6), (2-44) and (2-47).

Let us now consider the two sets of initial data (r, Q2, f_in, fout)|u:u* and (r}", (97)2, _1; /> fo*ut /) on
{u =u}N{uy <v < uy+vp.}. The maximal past development of (r, Q2, f_in, fout)|u:u* (see the remark
below Theorem 3.4) coincides with (W,_; r, Q2, fin, fout) when restricted on {u# > 0} and, in view of
(A-74) and (A-75), satisfies

Q? 20,r 1—2m/r
1 _— 1 _— 1 _ —Al|m
sl on (=T 3) e (T )| e ) v
—{—supf rdev—i—sup/ rT,,du
i Ju=i)nw,, b J{u=0)nW,,
< 4(h1(e)) > exp(—(ho(e)) ™). (A-81)

Therefore, in view of (A-81), (A-79) and (A-80), Theorem 3.6 applied for the past development of
(r, 2%, fins fou)lu=u, ON W, (see the remark below Theorem 3.6) implies that the maximal past develop-
ment U*; r*, (%)%, fit, foud) of 077, ()2, fir ), f)) satisfies

in’ in/’ Jout/

W, C U* (A-82)
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and
. Q? . (2%)? +h 20,r | 20,r*
su (0] —— | — 10 e E——— (0] — ) —10 D —
e LT Ta2) B s T ) P T2y ) T2
1-2 1—2m*/r*
+ log(#) —log(#)‘ +v—=Alm —nﬁ*l}
1—1Ar2 1—1A@)?
+SUPf [r Tyy — r*(Tvv)*l dv + Sup/ Ir Ty — r*(Tuu)*l du
i Ju=a)nW, v Ju=0)nw,,
< ((e)’. (A-83)

Thus, the proof of the lemma concludes by setting
() QD2 fings Fowy) = (. s Foo) lu=o- O
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