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WEAK SOLUTIONS TO
THE QUATERNIONIC MONGE-AMPERE EQUATION

MARCIN SROKA

We solve the Dirichlet problem for the quaternionic Monge—Ampere equation with a continuous boundary
data and the right-hand side in L? for p > 2. This is the optimal bound on p. We prove also that the local
integrability exponent of quaternionic plurisubharmonic functions is 2, which turns out to be less than an
integrability exponent of the fundamental solution.

1. Introduction

Pluripotential theory, initiated in the seminal papers [Bedford and Taylor 1976; 1982], has become
a powerful tool for solving problems in complex analysis and geometry. It has been generalized in
many directions in the last decade. The most general setting is that of calibrated geometries, which
were extensively studied in a long series of papers by Harvey and Lawson [2009b]. Even before that
the basics of pluripotential theory in H" were recreated in [Alesker 2003b], and more generally on
hypercomplex manifolds in [Alesker and Verbitsky 2006]. In this paper we wish to concentrate on the
flat space H".

The short historical overview is as follows. Quaternionic plurisubharmonic functions in H" and their
basic properties were investigated in [Alesker 2003b]. Inspired by [Bedford and Taylor 1976], Alesker
developed there the foundations of pluripotential theory in the quaternionic setting showing among
other things that a quaternionic Monge—Ampere operator defined for smooth functions as the Moore
determinant [1922] of a quaternionic Hessian can be extended to the class of continuous functions. In
[Alesker 2003a] he solved the Dirichlet problem in a quaternionic strictly pseudoconvex domain 2 C H”
with a continuous boundary data and the Monge—Ampere mass continuous up to the boundary. Only
recently Wan [2020] obtained another result in this direction. Following the approach of [Kotodziej 1995;
2005] she proved that the Dirichlet problem admits a bounded solution provided the right-hand side is
a finite Borel measure and a subsolution to the problem exists. Motivated by reasoning presented in
[Cegrell and Persson 1992] and using comparison of real and quaternionic Monge—Ampere operators she
showed existence of continuous solutions to the Dirichlet problem for densities in L9, g > 4. To sum up,
the strongest known result concerning existence of a continuous solution to the Dirichlet problem with a
degenerate right-hand side is as follows.
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Theorem. Suppose Q2 C H" is a quaternionic strictly pseudoconvex domain and f € L9(2) for g > 4 is
a nonnegative function. Then the Dirichlet problem

u e QPSH(Q)NC(Q),
(09,u)" = [,
UpQ = ¢ € C(8§2)

has a unique solution.

The regularity of solutions (except for a ball, which was discussed earlier in [Alesker 2003a]) was
proven in [Zhu 2016]. More precisely using the ideas presented in [Caffarelli et al. 1985], he proved the
following result.

Theorem. For a quaternionic strictly pseudoconvex domain Q C H", f € C®(Q x R) a positive function
such that f is nonnegative on Q x R and ¢ € C*(d), the Dirichlet problem

u € QPSH(Q) NCX(Q),

82
det( f“‘”) = flq ulg) 9,
992 09p a,pell,...,n}

Uy =¢

has a unique smooth solution.

In the meantime quaternionic pluripotential theory was further developed in [Wan and Zhang 2015;
Wan and Kang 2017; Wan and Wang 2017], of which we will make an extensive use. Contents of those
papers will be discussed below in more detail. For results concerning Dirichlet problems in this more
general approach, one can consult [Harvey and Lawson 2009a] for the flat case, [Harvey and Lawson
2011] for manifolds and [Harvey and Lawson 2019] for a degenerate case.

In this note we are interested in finding weak solutions to the Dirichlet problem for the quaternionic
Monge—Ampere operator in H” with a more degenerate right-hand side and a continuous boundary data.
It turns out to be possible whenever densities are in L? for p > 2 and the exponent is optimal as we
show. To do that we follow the approach of [Kotodziej 1996; 1998]. Probably the most interesting
results are these which actually allow us to apply his method of proof. Among them is comparison of a
quaternionic capacity and volume (Lebesgue measure). We prove it in the quaternionic setting, coupling
two things. The first is the trick of Dinew and Kotodziej [2014] which allowed them to show similar
comparison for the capacity related to a complex Hesssian equation in C". It reduces to noting that
although plurisubharmonic functions are rare among m-subharmonic ones still they realize this m-Hessian
capacity. The second is a fact that is interesting in its own right, namely the comparison of complex and
quaternionic Monge—Ampere operators. To our knowledge it was not known or used before and relies
on the observation that the Moore determinant of a hyperhermitian matrix is in fact the Pfaffian of an
associated complex matrix. Afterwards we obtain an L°° estimate for the solutions. The last step before
proving the main theorem is stability of solutions in terms of their densities and boundary data, but here
the proofs are more standard. All of this is done in Section 4. In Section 3 we discuss the problem of
finding the local integrability exponent for quaternionic plurisubharmonic functions. The proof of the
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main theorem there is inspired by the one presented in [Hormander 1994] for plurisubharmonic functions
in C". It turns out that the class of quaternionic plurisubharmonic functions exhibits an unusual property
in this context; namely, the integrability exponent of a general function is 2, which is smaller than 2n
occurring for a fundamental solution. This phenomenon can be excluded assuming boundedness of the
function near the boundary of a domain, which is proven in Section 4.

2. Preliminaries

General references for quaternionic linear algebra and basic properties of quaternionic plurisubharmonic
functions are [Alesker 2003a; 2003b; Alesker and Verbitsky 2006], while for quaternionic pluripotential
theory see [Wan and Zhang 2015; Wan and Kang 2017; Wan and Wang 2017]. Let us fix the notation for
an algebra of quaternions

H = {xo + x11+ x2) + x3¢ | x0, x1, X2, X3 € R},

where i, j, £ satisfy quaternionic relations and we consider H" as a right quaternionic module. With
such a choice we denote by 1, J, K the complex structures induced by i, j, £ when treating H" as a flat
hypercomplex manifold. We introduce two coordinate systems,
-1 2n—1 2
H" > (g5 = ()75 e €
in such a way that ¢; = zp; +jz2;+1 (this is a holomorphic chart for the complex structure /), and

H" 5 (g2 = ()itg! e R

in such a way that g¢; = x4; + X4;+11+ Xa;42) + X4; 3% (this is just a real chart). It is easy to see that
zj=x2j+ (=1)xpj14i for j=0,...,2n—1.

As always 9 and 9 are the canonical differential operators induced by the complex structure I and
d=0+9, d° =1i(d — ). We also introduce the twisted differential

ay ::J_loé_)o./,

considered in [Alesker and Verbitsky 2010; Verbitsky 2002], which plays the role of 9 in the hypercomplex
setting (e.g., the quaternionic Dolbeault or Salamon complex). For its properties we refer to the mentioned
papers. Most notably we will only use

3y ARV — A0, since J 2 ADTHY) - ATPHY),
39, 40,0 =0,
32 =0.

Later on it may happen frequently that we skip the subscript / and understand that A*°(H") come from
considering degrees with respect to /. One can check that for a smooth function u : H" — R the following
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formulas hold:

2n—1

2n—1
du= ) (8;u)dz. du= (3;u)dz;,
i=0 i=0
2n—1
du=Yy (=1)*@;,  wydz, 00u=Y (d,0;u)dzu AdZj,
i=0 i,j
ddu=3y (=/*o,0:  wydzndz
i,j
=Y (-1, 8, U~ (—=D*1o,0;, ) dzi Adz;.
i<j

Suppose that f : H" — H is a C? function; we define the formal quaternionic derivatives

0 0 0 0 0

O W e M

0Ge  0X4g  OX4qq1  OXd4g42  0X4g43
of _of _of __af of __of
99q 0G0 0X4¢ 0X4041 0X4q42 X413 ‘

Let us observe that for any f : H" — H of class C?

g 9 9 0
aqa 8%3 8%3 aécx ‘
Furthermore for a real-valued f one has
3 0 3 3 3 3> 3 (0 3 0
— /= {‘i‘ 2f + 2f + 2f and —_< f>=T_f
qa 9qu Oxjy  Xggyr  OXjypn  0Xg3 9qa \0qp

As a consequence the matrix

3% f
Hess(f,H) = —
992 09p a,pe(l,...,n}

.....

is a hyperhermitian matrix for any real-valued f. The following relations are known to hold for a smooth
real-valued function u:

_ 82 .
(dd )™ =22 (i 05u)>" = 42" (2n)! det(a 8” )(% dzo /\dZo) A A (
zi 9Z;

i _
5 dzop—1 N dZZn—l>’

n! 9%u
(38114)” = 47 det(a_ p )(dZO /\le AR /\dZZn—Z /\dZZn—l)a
41~ qk

where in the last expression det is the Moore determinant, see [Moore 1922] for the original definition,
of a hyperhermitian matrix. The last formula was computed in [Alesker and Verbitsky 2006] and, in
a different setting, in [Wan and Wang 2017]. For further simplifications we introduce some canonical
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differential forms:

2n—1 |
i _
Wy = E Edzl' AdZ;,
i=0
n—1
Bn = ZdZZi Ndziy1,
i=0

n
Q, = —': =dzoNdzi AN~ Ndzop_o Ndzon—1.
n!

Since we will extensively use facts from pluripotential theory reproved in the quaternionic setting in [Wan
and Zhang 2015; Wan and Wang 2017], it is desirable to compare differential operators d, d;, which we
use with their formally defined operators dy, d;. Those were introduced by D. Wan and W. Wang [2017];
we refer to their work for more details. They considered the “coordinates”

=2+ (=) =g,
i1 j+1 . j+1
= (=D g xgeenyni= (D gy
for j =0,...,2n — 1 and the associated formal derivatives
Vjo =y, + (= 1)/ 811 = 205,

Vit = (=110 1) = Bxar i = (D720,

(=D
Afterwards they fixed a complex basis @°, ..., w?""! of C* ~ C>"* and an associated one ! =
wi, N---Awj,, for I =(iy, ..., i) such thati; <--- <i; belongto {0, ..., 2n — 1}, of a complex exterior

product A¥(C?") ~ AK(C?"™). Finally they defined operators
di . Ak,O(lH]n) ~ COO(IH]n, Ak(EZI’l) - COO(H_[II’L’ Ak-‘rlczn) ~ Ak-‘rl,O(IH]n)
fori =0, 1 in the following way. Suppose that F =", fio!; then

diF= Y (Vifno o'

From formulas for Vi; we obtain

dF= > (wfere' = Y 20 et Ao,

1,k€{0,...,2n—1} 1,ke{0,...,2n—1}
dF= Y (Vafpere = Y 2=, et rel.
1,k€{0,...,2n—1} 1,ke{0,...,2n—1}

Proposition 1. For the basis of = (— 1)k dZpq(—1)k
d0:28J, d1:—28 and A=d0d1=488].
Proof. Let us recall that 3; = J~! 0 o J and one can check that J acts as

J(dzi1) =dza,  J(dzy) = —dZaig1, i€, J(dz) = (=D dz o
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As before, for F =), fro', we obtain

0F = ) @ fndune',

1,ke€{0,...,2n—1}
a,F:J—loé<Z fIJ(a)’)) =J—1( > (szfl)dik/\J(a)l)>
I 1,kef0,....2n—1}

=J—‘( > (azkﬂMﬁ)dzkﬂ_l)kw(w’))
Ikef

0,....2n—1}

= > (O WD @) A

1,kel0,....2n—1}
= Z (azkﬂ—l)" fl)(_l)k_H dz A o',
1ke{0,...2n—1}

This results in

Lkel0,...,2n—1}

=2 Z (_l)k(aik f de+(_1)k Aol
1.ke(0,....2n—1}

=2 Z (—1)k+1(azk+(_l)k f)dz Aol =20, F,
1,ke(0,....2n—1}

Lke{0,....2n—1}
=2 Z (=1, s [1) A2y 1y A’ = —20F. O
1,ke{0,....2n—1}

Remark 2. Let us just emphasize that the choosing of 9, d; over dy, d; has a deeper meaning than just
the conventional one. These are the natural intrinsic operators not only in H” but on any hypercomplex
manifold. In fact on an abstract hypercomplex manifold, quaternionic plurisubharmonic functions are
defined only with their aid, see [Alesker and Verbitsky 2006], since the local chart definition is not
possible due to nonintegrability of a generic hypercomplex structure, i.e., nonexistence of quaternionic
charts.

From Proposition 1 it follows that we are able to use all results from [Wan and Zhang 2015; Wan and
Kang 2017; Wan and Wang 2017] as well as those from [Alesker 2003a; 2003b; Alesker and Verbitsky
2006]. We just give here the necessary details and refer to the mentioned papers for more details. The
quaternionic plurisubharmonic functions were defined in [Alesker 2003b].

Definition. Let 2 be a domain in H". We call an upper semicontinuous function f : Q2 — R (strictly)
quaternionic plurisubharmonic, qpsh for short, if f restricted to any affine right quaternionic line intersected
with Q is (strictly) subharmonic as a function on a domain in R* The set of all gpsh functions on € is
denoted by QPSH(£2).
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Remark 3. If we fix ¢ € {ai+ bj +ct | a> +b? +c? = 1} an imaginary unit and consider H" as a complex
vector space where multiplication by i is given by a right multiplication by ¢ then psh functions with respect
to this complex structure are gpsh since quaternionic lines are complex 2-planes. We will use that remark
only for t =1, i.e., only for H" treated as C?" via the chart introduced in the beginning of the section.

For a smooth function being gpsh is equivalent to d9;u > 0 in a quaternionic sense. Let us elaborate. The
cones of strongly positive SP*(Q) c A%Rk’O(Q) and positive A?RIT;OO(Q) C A?Rk’O(Q) forms were introduced
in [Alesker and Verbitsky 2006]; see also [Verbitsky 2010] for a careful and extended treatment. Here
Aék’O(Q) c A%0(Q) is the space of forms « such that J (o) = «. To introduce them we firstly argue for
a point, an element 2, € AHZQ”’O(H" ~ ToH™) is chosen to be strongly positive and a convex combination
of elements of the form G*($2;) for G : H" — HF a quaternionic linear map is strongly positive. When
the reasoning is applied pointwise we obtain the notion of strong positivity for differential forms in €.
As always the cone of positive elements is the dual one. We have mentioned above that (00;u)" agrees
with Moore’s determinant of a quaternionic Hessian Hess(u, H) for a smooth function, Alesker [2003a],
motivated by [Bedford and Taylor 1976], showed that (dd;u)" can be interpreted as a measure for
continuous u# and proved certain convergence for this operator. It is a cornerstone for having proper
pluripotential theory. Later in [Wan and Wang 2017] the authors proved that dd,u is a positive current
(where positivity is defined using the cone of strongly positive forms) for any gpsh function. More
importantly they showed that like in the complex case, see [Bedford and Taylor 1982], one can define
(00 u)" for any locally bounded u and treat it as a measure. From there one can recreate most of theorems
which hold for psh functions. Among other things they showed weak convergence of this operator on
decreasing sequences of gpsh functions and Chern-Levine—Nirenberg inequalities; see [Wan and Wang
2017]. In [Wan and Zhang 2015] the quaternionic relative capacity is introduced in the spirit of Bedford
and Taylor. Let K C €2 be a compact set; then

cap(K, Q) = sup{f 00;u)" |u e QPSH(RQ), 0<u < 1},
K

and this can be extended to Borel subsets as well. What is more, the authors proved quasicontinuity of
gpsh functions and most notably the comparison principle, which is probably the most powerful tool in
pluripotential theory. The statement is exactly as we know it in the complex case, but we recall it for the
reader’s convenience.

Theorem [Wan and Zhang 2015]. Let u, v € QPSH(Q) N L2 (Q). If, for any & € €2,

loc

lim inf — >0
Sgl[égg(u(q) v(g)) =

/ (09,v)" S/ (00 u)".
{u<v} {u<v}

In particular if (00;v)" > (00;u)" as measures then u > v in Q.

then

Finally they characterize maximality of a bounded gpsh function in terms of the vanishing of its
Monge—Ampere mass. Here we mean that u € QPSH(2) is maximal if it is above any other qpsh
function on compact sets K C €2 provided the values of both functions are the same on 0 K.
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3. Local integrability of qpsh functions

In this section we address the question of local integrability of gpsh functions in a domain  C H".
For psh functions it is well known that they are locally integrable with any exponent. The proof of the
proposition below is inspired by the presentation in [Hormander 1994].

Proposition 4. Suppose u € QPSH(L2) is such that u %= —oo. Then u € LIOC(Q) forany p <2 and the

bound on p is optimal. Additionally, if u; # —o0 is a sequence of qpsh functions converging in Llloc(Q) to
(2) for any p < 2.

Proof. Suppose without loss of generality that # < 0 in a neighborhood of a quaternionic polyball P (0, 1)

some u, necessarily belonging to QPSH(S2), then convergence holds in L10C

of radius 1 centered at O contained in €2, that u(0) > —oo and fix p < 2. Let us deal firstly with the case
n = 1. From the Riesz representation theorem, see Theorem 3.3.6 in [Hormander 1994],

u(q)=h(g)+/|gl g6 du(®)

for some nonpositive harmonic function 4 in B(0, 1) := Bj, nonnegative Borel measure i and Green’s

function
1 1

+ .
lg — &1 (g —&/1E1MIE11?

By Harnack’s inequality, see Theorem 3.1.7 in [Hormander 1994], for any ||g| < % we have

L+ gl
0<— Tl
=MD =G50

Gg.8)=—

(—h(0)) < 12(=h(0)).
This shows that
100 (50,1) = Clh(O)]

for a constant C,, depending only on p < 2, which we may still need to increase (see below).
For estimating the second component of the decomposition of u, let us introduce the notation

H(q,§)=-G(q,8) =0;
for £ =0 we have

1

H(q,0)=—>—

lgl?

We consider two cases depending on whether & is close to the center or to the boundary of Bj.
In the first case, say when || &|| < 3 we use the estimate

1
0<H(q.§) <
llg — €17
for any ¢ and &; consequently
1

zl) 1 P

S T —

(/”qM( @ordt@) =(f ot

([ imee) =ei( )
<3 Igize =) =" g

A
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for a constant C /p independent of £ and depending only on p < 2, since the expression 1/||£[> — 1 is
bounded from below for ||&] < %.

In the second case, say when ||§| > 43'1’ we note that for any fixed & the function H (-, £) is nonnegative
and harmonic in B 3. Applying Harnack’s inequality for each fixed & we obtain that for all ||§|| > % and
for all [|g| < 2

3\2 3 +llgll

0=H@.§=(3) AR

hence for all [|£]| > 2 and |l¢|| < 3

1
0<H(g, <45\ —= —1}.
=H@5) = (nsn2 )

To sum up we have proven that there exists a constant C,, = max{C/, 45}, independent of £, such that
for ||§]| < 1

1
HHC Lo (s(0.1)) = Cp(w - 1)~

From Minkowski’s inequality and Minkowski’s integral inequality we obtain

p P
dﬁ‘*(q))

f H(g. &) du(€)
IENI<1

el Lo (50, 4)) = Wl Le(p0.4)) T </|

1
L7||<§

SCplh(0>|+/ (/” ” 1H<q,s)1’d.c“(q>)"du(s>
ql<3

l§l<1

1
scp<|h<0>|+ / (—2— 1) du(é)) = C,lu)]
1<t \ g

Using Fubini’s theorem and the estimate above, one obtains that in the case of n > 1 we have

lullzr(po,1)) = Chlu(0)].

To the end observe that €/, the set of points in € in a neighborhood in which u is integrable with
exponent p, is an open set by definition. It is closed by what we have just shown. This is so because
if g € @ and r > 0 is such that P(g, 3r) € Q then we can find an element ¢’ of Q’ within a distance
of 5 from ¢ and a point ¢” € © within a distance of 5 from ¢’ such that u(g") is finite. We note that
P(q", 2r) € Q; consequently u is integrable with the exponent p on P(q”,r), and ¢ € P(¢”, r). What
is more, Q' is nonempty by the assumption u # —oo. The bound on p is optimal as the example of
—1/lIgol|?> in H" for n > 1 shows.

For the proof of the second assertion we note that the sequence u; — u is bounded in L{;C(Q) for any
1 < p < 2. To prove this it is enough to show that the sequence u; is bounded in Lﬁ)c(Q). Fix any point
q € 2 and let r > 0 be such that P(q, 3r) € Q2. We claim that L? norms of u; in P(q, %) are bounded.
Suppose to the contrary that they are not. Let us choose a subsequence ji such that ||u;, ||, r(P(q.5)) — O©
We know that the u, are locally uniformly bounded from above, see Theorem 3.2.13 in [Hérmander
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1994], so we may assume that u and the u;, are nonpositive in P (g, 3r). It is possible to find a point ¢’
within a distance of 5 from g such that u(g’) > —oo and limsup,_, ., u;.(¢") = u(g’) since both of these
properties hold almost everywhere in 2; see Theorem 3.2.13 in [Hormander 1994]. We assume without
loss of generality that limy_, o 1}, (¢") = u(g’), for if not we take a subsequence again. In particular there
exists C > 0 such that u, (") > —C for any k. This together with the estimate we have proven shows that
the sequence ||uj, || Lr(p(g,r)) is bounded. Because we also know that P(q, %) C P(q’,r), contradiction
with [|u;, ||L,,(P(q7%)) — 00 is obtained. Fix 1 < p < 2 and observe that for any compact K C €2 we have

2—p 3p=2
fK|u,-—u|Pdc4"=fK|uj—u| > uj—ul T dLM

2-p »
5(/ |uj—u|2_2p220d£4”) i </ |uj—u|3p2_2127d£4n)2
K K
5e £
2
:(/ |uj—u|d£4"> (/ |uj—u|3_1’d£4")
K K

by Holder’s inequality. By the assumption the first term tends to zero, while second one is bounded since
1<3-—- % < 2. This proves that the u; tend to u in Lf;C(Q) forany 1 < p <2. 0

Proposition 5 [Wan and Wang 2017]. The function f(q) = —1/|Iq||? is a fundamental solution for the
quaternionic Monge—Ampére operator in H". More exactly
2" 2!

@3y )" = ) 80.

We see that the fundamental solution to the quaternionic Monge—Ampere equation is in Lf;c(l]-l]”) for
any p < 2n, while a generic qpsh function is only for p < 2, which is in contrast with the case of psh
functions.

4. Dirichlet problem for quaternionic Monge—Ampere equation

In this section we aim to solve the Dirichlet problem

u€ QPSH(Q) NC(Q),

(09yu)" = fQy,

ujpe = ¢ € C(3%2),
where f € L9(R2) for ¢ > 2 and Q2 € H" is a smoothly bounded, strictly quaternionic pseudoconvex
domain, which is a global assumption for €2 in this section. Let us recall:

Definition. 2 € H”, a smoothly bounded domain, is strictly quaternionic pseudoconvex if there exists v,
a smooth strictly gpsh function in a neighborhood of €, such that v < 0in , v =0, but Vv # 0 on 3<2.

Let us just mention that the Dirichlet problem for the complex Monge—Ampere equation with densities
in L? for p > 1 was solved in [Kotodziej 1996]. In fact he proved it for densities in appropriate Orlicz
spaces being subspaces of L! and in particular cases reducing to L”. For the real Monge—Ampére equation
one can always solve the above problem for any density in L'; see [Rauch and Taylor 1977].
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The first goal is to compare complex and quaternionic Monge—Ampere operators. We start with
smooth functions, in which case we have to compare complex and quaternionic Hessians, or rather their

determinants to be precise.

Lemma 6. For a smooth functionu : 2 — Rand anyl, k €{0,...,n—1}
0, 0g,u = 0g; (Oxgy U — 10y U — )0y U — €0y 5 U)

= 0g, (202 — 2§07y, u) = (207 + 2)0zy,,) (2024 — 250z, 1)

= 4(8221 812ku + aZz1+1 822k+1 u) + 4j(8221+1 812ku - aZ21 822k+1 u).

Let us recall that we distinguish the set PSH(2) of plurisubharmonic functions in 2 by identifying
H" with C?" via a chart introduced in Section 2.

Lemma 7. For a function u € PSH(2) N C*(Q) C QPSH(R) the following holds:

% \\ 92
(det( u )) > 42 det( “ )
aézafh 9z aZj

Hess(u, C) ( O )
ess(u, C) = ,
82i zj /i,j=0,....2n—1

.....

0%u
Hess(u, H) = .
(. 10 (aéz a‘[k )l,k:O,...,n—l

Proof. Let us define

D

Note that

0°u

2 - 9%u
det( ) = det Hess(u, C) = det Hess(u, C) = det( ) .
i,j=0,....2n—1 i,j=0,....2n—1

aZi aZj ..... afi 2j /i,j=0,...,

The last matrix is Hermitian positive since it is just Hess(u, C)”. If Hess(u, H) = G 4 jH then we define

W (Hess(u, H)) = (Z _g> .

By Lemma 6 we obtain

¥ (Hess(u, H)) = 4 (wfzz 8Z2ku + 8121+1 822k+1”]1,k [_azzl+1 afzku + 8Zzz azzk+1u]l,k>

[8521+1 azzk” - azzz 822k+1 ”]l,k [8221 822ku + 8521+1 asz+l ”]l,k

=4< (025,00 tt]ik [0z 070 Uik )+4 ([3@,“ Ozye Ul k [—3221+1312ku]1,k) ‘
(0751 0zt k [0z41 0z Uik (=020 020 ik [025 0z u)i k

Following [Cegrell and Persson 1992] we introduce three matrices

A =[0z,0ulix, B= [8221+1812k”]l,k’ C= [8221+1azzk+1”]1,k'

- _
W(Hess(u,[}-ﬂ))=4(2 B )+4( ¢ _B>.

Under this notation

C —BT A
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(5¢)

is the conjugate of a Hessian of u with respect to the coordinates zo, ..., 22,2, 21, - - - » 22n—1, SO it 18

Note that

Hermitian positive as well. Moreover

82 nT
det “ = det A B .
aziaz_,. B C
0 -1,
=i )

Consider the matrix
with the inverse

and determinant equal to 1. Note that

C -B\,, (A BT
’(—BT A)’ —(Eé)’

and the last matrix is the conjugate of the one just shown to be Hermitian positive so as such is also

(53

is positive, being similar to one of that kind. Now we use the equality between Moore’s determinant of a

Hermitian positive. Consequently

matrix M and the Pfaffian of an associated complex matrix ¥ (M), as proved in [Dyson 1970], which

32u \\> , A BT C -B
(det<aq,atk>> — det ¥ (Hess(u, H)) = 4> det((B i )+(_BT A))

nT 82
> 42" det (A B ):42”det( “ )
B C 0.,0:,

as we desired to prove. 0

results in

Having this, the announced comparison of quaternionic and complex Monge—Ampere operators for
nonsmooth functions follows from the standard approximation procedure as presented in the proof below.
Real and quaternionic Monge—Ampere operators were compared in [Wan 2020].

Theorem 8. Let u € PSH(Q) N C(Q) satisfy the equation
(ddcu)Zn — f242na)%z
for some nonnegative f € L?(Q2), p > 2. Then

@3,u)" = fU.
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Proof. Since the property is local we may assume that €2 is strictly pseudoconvex, otherwise we argue as
below but for some ball contained in 2. Approximate f by a sequence of smooth positive functions f;
in L? norm and u uniformly by a sequence of smooth functions ¢; on d2. Let us solve the family of
Dirichlet problems

Ui € PSH(Q)NC®(Q),

(ddCu;)¥" = fi242nw§;z,

u; = (b,‘ on 9<2 ,

which is possible due to [Caffarelli et al. 1985]. Observe that the u; converge uniformly to u due to the
stability of solutions in L9, g > 1, for the complex Monge—Ampere equation; see [Kotodziej 1996; Dinew
and Kotodziej 2014]. From Lemma 7

1 9%u; 9%u;
@0yu;)" = — det| =1 ) Q" > /det| — ) = fQ"
4" 86?1 aqk dz,, 0z

as measures. The right-hand sides converge as measures to f €2/ and the left ones converge to (00,u)"
since convergence of u; is uniform, see [Wan and Wang 2017], completing the proof. O

We are going to prove an inequality between the volume and quaternionic capacity which was an
essential component of Kotodziej’s proof of solvability of the complex Monge—Ampere equation for
densities in appropriate Orlicz spaces; see [Kotodziej 1996; 2005]. Similar inequality for the capacity
associated to a complex m-Hessian equation was proven in [Dinew and Kotodziej 2014] with the use of
an observation that psh functions, although an extremal example of m-subharmonic ones, still realize
the m-Hessian capacity. Here we couple that trick with a comparison of quaternionic and complex
Monge—Ampere operators proved in Theorem 8.

Lemma 9. For a fixed p € (1,2) there exists a constant C(p, R) such that for any 2 C B(0, R) and
KeQ
LY(K) < C(p, R) cap? (K, Q).

Proof. Suppose that £(K) # 0; otherwise there is nothing to prove. Take any € € (O, %) and consider
f =L(K)>* 'xk. Let us solve the Dirichlet problem

u € PSH(B)NC(B),
(ddu)* = f4* w3,
u=0 ondB,

which is possible due to [Cegrell 1984]. By Theorem 8 the quaternionic Monge—Ampere operator of the
solution u satisfies

@0,1)" = /£
Taking ¢ = 1 + €, one checks that

/ fq(42n(2n)' )q dE4n — (42/1(2”)‘ )qE(K)(Zé_])(1+E)+1 — (42’1(2]’1)' )qE(K)2€2+E < (42”(2’1)’ )2R4n;
B
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i.e., the LY norm of f is bounded by a quantity depending only on R. By Kotodziej’s L> estimate [1996;
1998], there exists a constant c(€, R) such that

[7AIEES < .
llull L (B)_C(G,R)

Put v = c(€, R)u; then since v is a qpsh function such that —1 <v <0

cap(K, ) = / (80,v)" > nlc(e, R (LY (K))™T
K

and consequently

1 2e+1 %(K Q) - £4n (K)
_ cap2e+ , > .
n!c(e, R)" P

This gives the claim since when € varies in (O ) the exponent varies in (1, 2). U

2e+1

In the previous section we have proven that any gqpsh function belongs to L? for p < 2 locally and that
this is the optimal exponent. The lemma below gives the estimates on capacity and volume for sublevel
sets of certain qpsh functions. In particular it shows that in the case of u € QPSH (£2) bounded near the
boundary of 2 the local integrability of |u|? is ensured for p < 2n. Again this bound is optimal as the
example of —1/||q |> shows.

Lemma 10. Fix p € (1,2). Let u € QPSH(R) N LX () be such that

loc

liminf(u(g) —v(g)) >0
q4—>40

for any qo € 92 and some fixed v € QPSH(Q) N C(Q). Then there exists a constant C(p, diam(2))
depending only on p and the diameter of Q2 such that for U(s) ={u <v—s} € Q

cap(U s), ) < 200"
A

LW () < C(p, diam(ey 1202 9<Sa’”)"

Proof. Take € > 0 and a compact set K C U (s). By definition one can find w € QPSH(Q) N L
such that —1 < w <0 and

(€2)

loc

/ (89yw)" = cap(K, Q) —e.
K

Due to the way we have chosen K and the comparison principle

cap(K, Q) —¢ < f @0, w)" < / (80,w)" < / (39, w)"
K ‘s—f<§—1} {%<§+w}

= / (88’ (E +w)) = lf (3dyu)" < M.
{4<truw} s {e<tiw} sh

Letting € tend to O and taking the supremum over all compact sets K we obtain the first claim. The
second one follows from Lemma 9. g
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The next goal is to prove the a priori L estimate for continuous solutions of the Dirichlet problem.
Firstly note that by Alesker’s result [2003a] on the Dirichlet problem with continuous density and boundary
value, and characterization of maximality of qpsh functions as in [Wan and Zhang 2015], we can find
veC(Q) solving

(09,v)" =0,
{UaQ =¢ € C(9Q);

i.e., is the maximal gpsh function matching our boundary condition. For such a fixed v we set

Uis)={u<v—s}CQ
and introduce the function

1
b(s) = (cap(U (s), ).
Theorem 11. There exists a constant C(q, || f ||La@), l19llL>0g). dilam(2)) depending on q., || f |14 ()
¢l L= a0) and diam(S2) such that any solution u of the Dirichlet problem

u € QPSH(Q) NC(Q),
(00 u)" = [,
upe = ¢ € C(9L2),

for f € L1(R2) and q > 2, satisfies |u| L~ < C.

Proof. Take any s > 0, t € [0, 1] and w € QPSH(L2) such that 0 < w < 1. Then

t"/ (aa,w)”=/ (881(tw—t—s))"=/ (30, (tw —1 — 5))"
U(s+t) U(s+t) {u<v—s—t}

< / @9, (1w —1 — )"
{u<v—s+tw—t}

5/ (00;(v+tw—1—1s5))"
{u<v—s+tw—t}

= [ o< [ o= [ @
{u<v—s+rw—t} {u<v—s} U(s)

due to inclusions of appropriate sets, superadditivity and the comparison principle. To conclude

" (b(s +1))" 5/ (39,u)".

U(s)
Estimating the right-hand side gives
1

/ (@ayu)" = Fu < fllLa (/ 1d£4”)q
U(s) U(s) U(s) )
< I fllza(eyC (p, diam($2))(cap(U (s), 2))¢ = || f |l Loy C (p, diam(2)) (b(s))" I T*@),

where we used Holder’s inequality and Lemma 9 and p depends only on ¢’, which is the conjugate of ¢
and we choose it so that 5 > 1. This reassembles to

th(s +1) < A(q, || f | Las), diam(2)) (b(s)) ' T*@

for any s > 0 and ¢ € [0, 1].
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We would like to apply the De Giorgi lemma, stated below, for the function b. Let us just note
that Lemma 12(a) is satisfied since for s, N\ s we have U(s,) /" U(s) and under such an assumption
cap(U (s,), 2) — cap(U(s), 2); see [Wan and Kang 2017]. The condition (b) follows from the first
assertion of Lemma 10 as well as the dependence of 5o only on ¢, || f|lLs(e) and diam(€2). Indeed, it was
proven there that

a(q)

@@ oy ) (Jo@aw") Il elq. I fllLoe. diam(R))
b (s) =cap(U(s), )™ =< =@ = @ < @

a(q)

’

so surely 5o < (2Ac)a<17 and this estimate depends only on ¢, || f||zs(@) and diam(£2). By the De Giorgi
lemma there exists S(q, || fllzs(@), diam(£2)) such that b(s) = 0 for any s > S(q, || fllLe(@), diam(L2)).
This together with Lemma 9 gives our claim since then

lullze < sup |+ S(g, | fllLe(@), diam(£2)) = C(q, | fllza@), 1@l L= o), diam(£2)). O
Lemma 12 (De Giorgi lemma [Phong et al. 2012]). Let f : R+ — R satisfy the following conditions:

(a) f is right-continuous.
(b) f decreases to 0.

(c) There exist positive constants o, A, so that, for all s > 0 and all 0 <r < 1, we have
rf(s+r) < Aaf(s)'*.

Then there exists soo, depending only on o, A, and the smallest value sy for which we have f(s9)* <
(2A,)7 Y, so that f(s) =0fors > seo. In fact, we can take

Soo = 80+ 244 (1 =277 £(50)°.

The L*° estimate allows us to prove the stability of solutions to the Dirichlet problem in terms of
densities and boundary values. This will be needed for the proof of solvability of the Dirichlet problem
but is of course a result that is interesting in its own right. As we were told by S. Dinew the idea of
proving stability presented in Proposition 14 is due to N. C. Nguyen.

Lemma 13. There exists a constant C(q, diam(S2)) depending on q and diam(2) such that any solution u
of the Dirichlet problem

u € QPSH(Q) NC(RQ),

(00 u)" = f S,

upe =0,

1
for f € L1(2) and q > 2, satisfies |[u||L~q) < C(q, diam(S)) [ I, q)-

Proof. Suppose that || f||zs(@) 7 0; otherwise there is nothing to prove. The function

u

vi= ———
1F 10



WEAK SOLUTIONS TO THE QUATERNIONIC MONGE-AMPERE EQUATION 1771

solves the Dirichlet problem
v € QPSH(Q) NC(R),

f
00/ V)' = ———
O = e

Vg = 0.

ns

By Theorem 11 there exists a constant C(q, diam(£2)) := C(q, 1, 0, diam(£2)) such that ||v|[z =) <
C(gq, diam(€2)); this gives the claim. Il

Proposition 14. There exists a constant C(q, diam(S2)) such that if u and v satisfy

u € QPSH(Q) NC(Q),
(00 u)" = [,
U = d) (S C(BSZ)

and _
ve QPSH(Q)NC(R),

(09,v)" =gy,
vpe =Y € C(3RQ2)
for f, g € L1(R2), q > 2 then

1

llu —vllLe@) < sup ¢ — v+ C(q, diam(Q) | f — gll}4(q)-

Proof. Consider a function w that is the solution of

w e OPSH(Q) NC(Q),
@oyw)" = (f — 8)+u,
W = 0.

Note that on d€2 we have w + v + inf(¢ — ) < u, while
(09 (w+v+inf(¢p —¥))" > (f —g)+ +8 = f = (33 u)".

The comparison principle gives w + v + inf(¢ — %) < u in €, which by Lemma 13 results in

u—v=>w+inf(¢p —y) = —C(q, diam(@)I(f — &)+l74q) —sup l¢ — V|

> —C(q. diam() | f — gll}4(qy — SUP ¢ — V1.
The same reasoning gives

1
v—u>—C(q, diam(@)|| f — gll}siqy — supld — V.
This reassembles to our claim. O

Remark 15. Equicontinuity of a family of functions

P(g,co. @) = {u € QPSH(Q)NC(Q) | (3d;u)" € LI(RQ), /(381M)" < €0, UjpQ =¢}
Q
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for a quaternionic strictly pseudoconvex domain €2, ¢ > 2, co > 0 and ¢ € C(9<2) follows easily from
Proposition 14. In the complex case it was proven in [Kolodziej 2002].
Theorem 16. The Dirichlet problem

u € QPSH(Q)NC(Q),

(007u)" = fQu,

U = ¢ € C(BQ)
in a smoothly bounded, quaternionic strictly pseudoconvex domain Q for f € L1(2), q > 2, has a unique
solution.
Proof. Uniqueness follows from the comparison principle. For solvability we take a sequence of
continuous nonnegative functions f; converging to f in L7(€2). Solving Dirichlet problems for them
with our boundary condition, which is possible due to [Alesker 2003a], gives a sequence of continuous
solutions u;. Since, by Proposition 14, these solutions constitute a Cauchy sequence it follows that the

u; converge uniformly to some u. This is the solution we were looking for because of convergence of
Monge—Ampere masses; see [Wan and Wang 2017]. O

The example below shows that the exponent 2 is optimal in the sense that for densities in L?”(£2) with
p < 2 solutions may not even be bounded.
Proposition 17. Let f(q) =log(|lql|). Then it belongs to QPSH(H") and
n!

(99, 1) = Wgn

Proof. We compute for fe(q) = %log(”qll2 +€)
2n—1

99 fe = a( D=0, S dzi)
i=0

2n—1 Z:
i+(=1)
2 ( )z+1 + Z')
(Z ||q||2

DO | —

21 2
l( Zn (—1)it! z+( o Mgl = 2zip iz dz-/\dZ)
1
2\, (lg I+ )2 '
= ]—
, 2
l - l+l l+( 1)'(”q” +6)_ZH—( 1)th
3 E (= 2 2
. (lgll*+e) (gl*+€) —z z
; . Dy ey (A l)dzAdz-)
l
(lql” +€)7? ’
B 2 i z i+ z
_l<2n 1(2(glJ+( b (gl +6) + (=D zip1yZj+ (DT Zj+(1)iZi)dZ_/\dZ.>
p— l ‘
2 Z,->,~ (Igl? +e)? :

Let us define
Mij = (=D'zp i+ D g0y
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as in [Wan and Wang 2017] and let 5! ‘”"2';1’ i”ll" be the sign of the permutation

Js ity enes nsin) = (0, 1,...,2n—1).

With this notation we see that
2" (lglI* +€)*" (39, fo)"

:< 3 (6“”5;;”{" H (23,”+< 1),,<||q||2+e>+Mi,j,>))9n

L jls_ilz-nsjnsin: .....
{j1,i1,- s jnsin)=10,....2n—1}
i]>jl, lE{l,...,n}
n (2k1)(2k1+1),...,(2ky) (2ky+1) An 2 n
=(p) X gD G g )2 4 6)
{k1,....kn }={0,...,.n—1}
n
Jritsees (k) 2kn+1) An—1 2 n—1
+(1) > e (gl + "My,
{J1.i1,2k2,2ko+1,...,2k; , 2k, +1}={0,...,2n—1}
i1>j1
k;€{0,...,n—1}
n
Tt J2582, 0, (2kn) 2ky+1) An—2 2 n—2
+<2) Z 8 ..... 2n—1 27 (g +E)( )Mlllelzjz
(1,01, J2,025...,2kn, 2k, +1}={0,...,2n—1}
i1>]1, i2> )2
ki€f0,....n—1)
n
Jlll ]nln
+"'+<n) Z 8 ..... -1 l_[ Ml/]/
{101,y Jnsin}={0,...,2n—1} lefl, ...,

ir>ji, le{l,...,n}
Note that for fixed indices j3, i3, ..., ju, i, the expression
/ _ ]lll ./nln .
Mh I3, nsin Z 8 ..... -1 Mtl]lMlzjz
JUi1,j

(1.1, 2,082,002k 2k +1} {0,....2n—1}
i1>j1,i2> o

vanishes; this was already noticed in [Wan and Wang 2017]. To see this let

{0,....,2n =13\ {j3, 03, ..., ju,in} = {k, I, m, n}
and k > [ > m > n. Then

1 / _ lk,nm’j3i3 ~~~~~ Jnin mk,nl, J303seees Juin nk,ml, J3134eees Junin
M]? 13yeesnsin 80 1 IWI<Ian+(S 2n—1 Mklin+8 yyyy n—1 Manlm

lk,nm, j3i3,..., jni
=80 2n—1 nn(Mklen_Mklin+Man1m)

= i(((_1)k2k+(—1)k51+(—1)I+IZZ+(71)/Zk) ((—1)mZm+(—1)mZn+(—1)"+lzn+(—1)n2m)
—((=D* 2y 1y Zm D"z cimZe) (D gy Zat (D" g i)

+(<—1)"zk+(_1>kzn+(—1)”+1zn+<_1)nzk)((—1)lz,+(_1)zzm+<—1)'"“zm+<_1>mzz))
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= i((— D g ik Znzm i 2 (= D 2 Tz <1 Zn
H D gy Emr eIt (D" i Com 2Rz 1y
+(— 1)k+l+1Zk+(—1)k5m21+<—1)’5n+(_ 1)k+le+(—1)’<Zn21+(—1)’5m
+(— 1)k+n+lzk+(_1)k212n+(_1)n5m+(— 1)k+n2k+(—1)k2mzn+(—1)” 2

(=) 2z 1 2 (= DT 2 (10 B (— 1y 2

+(— 1)"+l+1zn+(_1)n k2 (—1) Zm T (— 1)l+n21+(—1)’Zan+(—1)"Zm>
=0.

Because of that only the first two summands of the expression for (39, f)" do not vanish. We are left with

| 2
09110 = o (2 UalP +0 = 27 g P+ 0 lglP) 2, = SIS,
Finally since measures (99 f.)" converge weakly to (39, f)", see [Wan and Wang 2017], it is enough to
find the weak limit of
n! (llg1* +2¢)
2(llgll* +e)m+”
which by
n! (llqI* +2€) __n
2(llgl1? + e = 2ligl*

and Lebesgue’s dominated convergence theorem is

n!
2ligl1>
exactly as we wanted. O
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