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Recognition of being fibered for compact 3—manifolds

ANDREI JAIKIN-ZAPIRAIN

Let M be a compact orientable aspherical 3—manifold. We show that if the profinite
completion of 71 (M) is isomorphic to the profinite completion of a free-by-cyclic
group or to the profinite completion of a surface-by-cyclic group, then M fibers over
the circle with compact fiber.

57M27; 20E18, 20J05, 57TMO05

1 Introduction

Let I" be a finitely generated residually finite group. It is natural to ask what properties
of I' are determined by the set of its finite quotients. Recall that two finitely generated
groups have the same collection of finite quotients if and only if their profinite comple-
tions are isomorphic (see the discussion around Theorem 2.2 of A Reid [15]). Thus,
our previous question can be reformulated as follows:

Question 1 Let I and I be two finitely generated groups. Assume that they have
isomorphic profinite completions. What group-theoretic properties are shared by 17
and I,?

There are many recent developments around this question. We recommend the reader
to consult the survey of Reid [15], where all these new results are described.

In this paper we consider a particular case of Question 1, where the groups I and I3
are the fundamental groups of 3—manifolds. This case has been also studied actively
in recent years (for more details, see [15, Section 4]).

Throughout this paper, all manifolds are connected and aspherical. We allow 3-—
manifolds to have nonempty boundary, but we assume that there are no spherical
components.

By a free-by-cyclic group we mean a group F <7, where F is a finitely generated free
group, and a surface-by-cyclic group is a group S x Z, where S is the fundamental
group of a compact closed orientable surface. Our result shows that the profinite
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completion of the fundamental group of a 3—manifold determines whether the manifold
fibers over the circle with compact fiber.

Theorem 1.1 Let M be a compact orientable 3—manifold. Assume that the profinite
completion of wy(M) is isomorphic to the profinite completion of a tree-by-cyclic
group or to the profinite completion of a surface-by-cyclic group. Then M fibers over
the circle with compact fiber.

Under some additional conditions, this result has been proved by Bridson and Reid [5],
Boileau and Friedl [4] and Bridson, Reid and Wilton [6]. Our proof and all the
previous proofs use in an essential way results of I Agol [1; 2] and P Przytycki and
D Wise [14; 18] on separability of 3—manifold groups.

Corollary 1.2 Let M and N be two compact orientable 3—manifolds such that
mw1(M) = w1 (N). Then M fibers over the circle if and only if N does.

Let us explain briefly the strategy of the proof of Theorem 1.1. If I" is a finitely
generated group, then we say that a nontrivial class ¢ € H!(I", Z) = Hom(T', Z) is
fibered if ker ¢ is finitely generated. If ' = w{(M) is the fundamental group of a
compact orientable 3—manifold M, then, by a well-known result of J Stallings [17],
fibered classes in H!(w;(M),Z) are in one-to-one correspondence with fibrations
of M over the circle with compact fiber.

Now, let us assume that M satisfies the conditions of Theorem 1.1. First we have
to find a useful criterion for a class ¢ € H!(w;(M),Z) to be fibered. We start with
a criterion proved by S Friedl and S Vidussi (Proposition 3.3). In Section 3.1 we
explain the notion of cohomological goodness introduced by J-P Serre [16]. Using
that the fundamental group of a 3—manifold is cohomologically good we reformulate
Proposition 3.3 in terms of the profinite completion of (M) and obtain Corollary 3.4.
It tells us that ¢ € H'(7w;(M),Z) is fibered if certain homology groups of some
subgroups of m are finite. The latter property can be understood in terms of
certain rank functions, which we study in Section 2. In Section 4 we prove a proposition
that together with Corollary 2.2 allows us to find a desired class. All this is explained
again in more detail in Section 5.
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2 Rank functions

Let R be a commutative domain and let Q(R) denote its field of fractions. Given a ma-
trix A over R we denote by rkg(A4) the Q(R)-rank of 4. Similarly, if ¢: M; — M,
is a homomorphism of finitely generated free left R—modules, we denote by rkg(¢)
the Q(R)-rank of the induced map Q(R) ® g M1 — Q(R) ®p M.

We may extend the previous notation in the following way. Let S be a ring and assume
that So is a subring of S such that S 2 (Sp)* for some k > 1 as a left So—module. If
a: So — R is a homomorphism of rings, then o induces a structure of right Sy—module
on R. Take A € Mat,x;;(S) and consider the homomorphism of finitely generated
free left R—modules

oL (R®s, S)" = (R®s, S)™,  (X1s.+.sXn) = (X1, ..., Xn)A.
If R is a commutative domain, then we put rk, (A4) = rkg (q&&‘l).

Let us describe two concrete examples of rank functions that will appear in this paper.
Let I" be a residually finite group and H a subgroup of finite index. Put S = Z[I']
and So = Z[H]. It is clear that S is a left free So—module. We fix a prime p once
and for all throughout the paper.

(A) Let K be a normal subgroup of I" such that I'/ K is abelian and torsion-free. Let
ay: Z[H] — F,[H/H N K] be the canonical map. We define

Ko, (4)
IT:H|’
(B) For a profinite group G and a profinite ring 7' we denote by T[G] the completed

tkg x(4) = where A is a matrix over Z[I'].

group algebra

T[G] = lim T[G/U].
U<,G
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Now let G be a profinite completion of I". We identify I" with its canonical image in G.
Let U be the closure of H in G and let N be a closed normal subgroup of G such
that G/ N is an abelian and torsion-free pro- p group. Let a: Z[H]— F,[U/UNN]
be the canonical map. In this context we define

ke, (A)

|G:U|’

This rank function coincides with the previous one in the case K = I' N N. Indeed, for

tkg n(4) = where A is a matrix over Z[I'].

every matrix 4 over Z[I'] we have the equality
kg, (4) = 1Ky, (A)

because o, is the composition of «; and the canonical embedding of F,[H/H N K]
into F,[U/U N N]. Thus, we obtain that

(H kg rnn(4) =r1kg N (A).

The rank functions rkg g and rkgy n are examples of Sylvester matrix rank functions
on Z[I']. The interested reader can find more information about them in [11]. We need
the following elementary lemma about rank functions:

Lemma 2.1 Let S be aring and assume that Sy is a subring of S such that S is a
finitely generated free left So—module. Let w: Ry — R, be a homomorphism between
two commutative domains and «1: Sg — R; a homomorphism. We put oy = m oy .
Then for any matrix A over S we have

kg, (4) > 1kg, (4).

Proof For simplicity of exposition, let us assume that 4 € S (thatis, 4 is a 1-by-1

matrix).
Let {vq,..., v} be a basis of S as a left So—module. Consider the matrix associated
to ¢I‘3 with respect to {vy, ..., vg}. Itis a k-by-k matrix B = (b;;) over S¢ defined

by means of .
VA= Zbijvf‘
ji=1

Let By =« (B) and B, = a»(B), and observe that By = w(B). Thus, tkg, (B;) >
kg, (B3). Therefore, we obtain that

kg, (A) =1kRg, (B1) > 1kR,(B2) = 1ko, (A). m|
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We will apply the lemma in the following situation:

Corollary 2.2 Let I" be a residually finite group and let G = [. Let N be aclosed
normal subgroup of G such that G/N = Z, and let K be a normal subgroup of T’
such that '/ K = 7. Assume that ' " N < K. Then, for every matrix A over Z[I']
and every subgroup H of T' of finite index,

tkg N (A) = 1tkg g (A).

Proof Using (1), we obtain that tky rnn(A4) =rkg n(A4). Since ' NN < K, the
previous lemma implies that rkg rAn (A4) > kg, k (4) Hence we are done. |

3 Preliminaries on 3—manifolds

3.1 Cohomologically good groups

Let I" be a group and T its profinite completion. The group I' is called cohomologically
good if the homomorphism of cohomology groups

i"(M): H' (T, M) — H"(T', M)

induced by the natural homomorphism i: I' — [ isan isomorphism for every Z[I']-
module M having a finite number of elements. This notion was introduced by Serre (see
[16, Section 1.2.6]) and has been studied in several papers (see for example [10; 9; 13]).

It is known that free, surface, free-by-cyclic, surface-by-cyclic and 3—manifold groups
are cohomologically good. The result on 3—manifold groups (see for example [7; 9,
Remark 5.14; 3]) uses the recent advances in the theory of 3—manifolds, including the
solution of the virtual Haken conjecture by Agol [2]. We want to point out that under
the hypothesis of Theorem 1.1 that the profinite completion of 71 (M) is isomorphic
to the profinite completion of a free-by-cyclic group or to the profinite completion of a
surface-by-cyclic group, the cohomological goodness of 71 (M) can be proved directly
as in [9, Corollary 5.4].

In the case where I' is an FPs,—group there is an alternative way to define the coho-
mological goodness.

Proposition 3.1 Let I be an FPo, —group and let
s ZIN) 2 Zr -t s S T 2L 20— Z - 0
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be a resolution of the trivial Z[I'|-module Z . Then T" is cohomologically good if and
only if the induced sequence

o DI 2L 2T — - 2T 25 2T = Z — 0

1S exact.

Proof The “if” part is clear. Let us show the “only if” part.

By [16, page 15], since I' is cohomologically good we have that for every n > 1,
every prime p, every subgroup H of I' of finite index and every o € H k(H,F )
there exists another subgroup 7 of finite index in H such that the restriction of «
to T vanishes in Hk(T, Fp). Hence the direct limit of Hk(H, Fp) (when H runs
over all subgroups of finite index of I') is equal to zero, and so the inverse limit of
Hy (H,Fp) is also equal to zero. Now we can apply [12, Theorem 2.5] and conclude
that Hy (T, Zp[[f‘]]) = 0 for each p, and therefore Hj (T, Zﬂf‘]]) = (. This implies the
exactness of the second sequence in the statement of the proposition. a

3.2 Profinite completions of 3—manifold groups

In the following proposition we show that the hypotheses of Theorem 1.1 impose
several restrictions on the boundary of M.

Proposition 3.2 Let M be a compact orientable 3—manifold and let I" be a free-
by-cyclic group or a surface-by-cyclic group. Assume that w1(M) = . Then the
boundary of M is a union of incompressible tori or it is empty.

Proof If I' is a free-by-cyclic group, the proposition follows from [5, Corollary 4.3].
If T is a surface-by-cyclic group, then Jm is of cohomological dimension 3. Since
1 (M) is cohomologically good, 71(M) is of cohomological dimension 3 as well,
and so M does not have boundary. a

3.3 A criterion for fibering

Let ¢: I' = Z be a nontrivial homomorphism and let H be a subgroup of finite index
in I'. We denote by Hy the intersection H Nker¢. We have the following criterion
of fibering, stated in a slightly different way in a paper of Friedl and Vidussi [8]:
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Proposition 3.3 Let M be a compact orientable 3—manifold with toroidal or empty
boundary and let ¢: w1 (M) — Z be a nontrivial map. Then the class ¢ is fibered if and
only if for every normal subgroup H of m{(M) of finite index the group H;(Hy,IFp)
is finite.

Proof The “only if” part is clear, since if ¢ fibers, ker ¢ is finitely generated.

Let H be a normal subgroup of 71 (M) of finite index and assume that Hy(Hy,Fp)
is finite. Hence H;(m(M),Fp[ni(M)/Hy]) = H\(Hgy,IFp) is also finite. Put L =
Fp[m1(M)/H]. The tensor product

L =TFp[r(M)/ker¢] ®F, L

is a finitely generated right 7y (M )-module (the elements of m1(M) act diago-
nally on Lg). The i h twisted Alexanier polynomial Aﬁl’ i is the order gf the
Fplmi(M)/ ker ¢]-module H;(mi(M), L) (see [4] for details). Observe that L is a
direct sum of a finite number of copies of Fp[m((M)/Hg]. Therefore, Hy(m(M), Z)
is also finite. Hence

Fplm1(M)/H]

AJ\I/},¢>,1 # 0.

Thus, we can apply [8, Theorem 1.1] and obtain the “if” part of the proposition. O

Let I' be a finitely generated group. A map ¢: I' — Z induces a homomorphism
Ok r— Zp/kap. We put

b= lim g -2z,

and say that ¢ is associated to ¢.

Let G be a profinite group, U an open subgroup and ¢: G — Z, a nontrivial homo-
morphism. We denote by U,, the intersection U Nker ¢. Note that U/ U, = Z,. Now
we present a profinite analogue of Proposition 3.3.

Corollary 3.4 Let M be a compact orientable 3—manifold with toroidal or empty
boundary and let ¢: w1(M) — Z be a nontrivial map. Denote by ¢: m{(M) — Z,
the homomorphism associated to ¢ . Then the class ¢ is fibered if and only if for every

normal open subgroup U of Jm the group H, (U, )) is finite.

Proof The “only if” part is clear. Let us prove the “if” part.
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We write a projective resolution of Z as a left Z[m;(M )]-module
LIy (M) 75 Zlmy (M) — Z[my (M)] — Z — 0,

where m p is multiplication by a matrix B. Since, 71 (M) is cohomologically good,
using Proposition 3.1, we obtain an exact sequence

2Im (MY 28 2 (M) — 2w (M)] — Z — 0.

Let H be a normal subgroup of m{ (M) of finite index and let U be the closure of H
in w{(M). Then U is a normal open subgroup of 7;(M ). Note that

Hy(Ug, Fp) = Hy (1 (M), Fplle1 (M)/ Ug]).
Thus, since Hy (U3, Fp) is finite, we obtain that rk ker(};(B) =d — 1. Now, observe
that, by (1),
K xerg (B) = rkH’kera(B) =d—1.
Therefore,

Hy(Hy.Fp) = Hi(m (M), Fplm(M)/Hy))

is also finite. Hence we can apply Proposition 3.3 and obtain the “if” part of the
corollary. a

4 Finding a fibered class

The following proposition will be a key result that will help us to find a fibered class in
Theorem 1.1.

Proposition 4.1 Let V = Z’; and let I = J = Z* be two dense subgroups of V. Put
V* =Hom(V,Z,). For ¢ € V* we denote by ¢|; the restriction of ¢ to I. Then, for
every ¥ € V* such that (1) < Z, there exists an element ¢ € V* such that ¢(J) < Z
and kerp|; <keryr|s.

Proof Let{vy,...,vg}and {uy,...,uy} be Z-basesof I and J, respectively. Define

elements v, ... v/, uy,...,uy of V* by means of
v;"(vj) = u;"(uj) = 5,’]’.
Since {v1,..., v} and {uy,. .., uy} are Zp-basesof V, {v},... v} and {u7,. .., uz}
are Zp—bases of V*. Hence there exists a matrix 4 € GLg(Zp) such that
() Wy, ....up)=(7,...,v0)A.
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Write A as
N
3) A=) Az,
i=1
where 4; € Maty(Z) and {z,...,zs} C Z), are Z-linearly independent.

Let R=Q)ty,...,1] be a polynomial ring. We put B =) ;_, A;t; € Maty(R). Since
A= ZIS.ZI A;z; is invertible over Z,, det A # 0. Hence det B # 0 as well and, as a
consequence, there are ¢y, ...,¢s € Z such that

N
det(z Aiqi) #0.
i=1
Let us put

s
) C=Y Aig.
i=1

We can express ¥ as

(5) v =av] +---+ogv;, whereo; € Z.
Since C is invertible over Q, there are B1,...,r € Z and 0 # n € Z such that
,Bl o1
(6) cl : |=n]| :
Br o7
Now we set
k B
o= Biuf=@}....o04| : (by (2))
i=1 P
s B
=Y ziof.oop4i [ 1| by o),
=1 Br
and define
B
7 i =l,....v0A4; | 1 | €Zof +---+ 2.
Bk
Then, since {z1,..., zs} are Z-linearly independent,

N
kerg|; = ker(z1 (1)1 + -+ z5(@s)|1) = () ker())ls.

i=1

Geometry & Topology, Volume 24 (2020)
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Thus, we obtain

K /31
ker ¢|; fker(qu(gz)j)h) =ker | (v],....v0))C| * |1 (by (7) and (4))
j=1 ,Bk
o1
=ker | (vi.....v0)| : |Ir (by (6))
ok
=ker ¥y (by (5)). i

5 Proof of Theorem 1.1

In this section we prove Theorem 1.1. Let I' = S x Z be a free-by-cyclic or a surface-
by-cyclic group. Then [~ SxZ. We write a projective resolution of Z as a left
Z[T']-module,

Z[T) 24 7T - Z[T] > Z — 0,

where m 4 is multiplication by a matrix 4. We will need the following lemma:

Lemma 5.1 Let ¢: |/ p be a nontrivial homomorphism and let H be a subgroup
of T' of finite index. Denote by U the closure of H in . Then Hy(Uy,Fp) is finite
if and only if TKg kerp(A) =d — 1.

Proof We may use the same argument as in the proof of Corollary 3.4, because I' is
cohomologically good. a

Let M be a compact orientable 3—manifold and assume that m and T are
isomorphic. By Proposition 3.2, M has toroidal or empty boundary.

Denote by «: Jm — T an isomorphism between m and T'. In order to show

that 1 (M) is fibered we want to use Corollary 3.4. To do so we are going to work

in I’ and then transport the obtained information from T to w1 (M) using 1.

Let f: I' — Z be such that ker /' = .S and let f N/ p be the map associated to f.
Denote by V' the maximal torsion-free abelian pro-p quotient of . Then V Z’; for
some k > 1. Let I and J be the images in V of I" and a(r;(M)), respectively.

Applying Proposition 4.1 for ¢ = ﬁ we obtain that there exists ¢: >z p such that

oa(mi(M)) <Z and keroNI <ker f.
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Let U be an open normal subgroup of ['. Put H =T NU. Observe that U is equal to
the closure of H in . By Corollary 2.2,

rkHsker(P(A) z I‘kH,kerf(A) =d-—1.
Hence, by Lemma 5.1, H;(Uy,Fp) is finite.

Now, we put
¢ =goalrn € H (m(M),Z).

Let qu J}T(—]\T) — Zp be associated to ¢. Then we have that ngS =gpod.
Thus, we obtain that

H (U3, Fp) = H, (O‘(Ua)va) = Hi(a(U)y.Fp)

is finite for every normal open subgroup U of m . Therefore, applying Corollary
3.4, we obtain that ¢ is fibered. This finishes the proof of Theorem 1.1.
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