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Pluripotential Kihler—Ricci flows
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We develop a parabolic pluripotential theory on compact Kédhler manifolds, defin-
ing and studying weak solutions to degenerate parabolic complex Monge—Ampere
equations. We provide a parabolic analogue of the celebrated Bedford—Taylor theory
and apply it to the study of the Kéhler—Ricci flow on varieties with log terminal
singularities.
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Introduction

The Ricci flow, first introduced by Hamilton [24], is the equation

0

5781 = —2Rij,
evolving a Riemannian metric by its Ricci curvature. If the Ricci flow starts from a
Kéhler metric — the underlying Riemannian manifold being complex Kéhler — the
evolving metrics remain Kéhler and the resulting PDE is called the Kidhler—Ricci flow.

After the spectacular use of the Ricci flow by Perelman to settle the Poincaré and
geometrization conjectures, it is expected that the Kdhler—Ricci flow can be used
similarly to give a geometric classification of complex algebraic and Kihler manifolds,
and produce canonical metrics at the same time.
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Understanding the existence of canonical Kédhler metrics on compact Kihler manifolds
has been a central question in the last forty years, following Yau’s solution to the Calabi
conjecture [40]. The Kihler—Ricci flow provides a canonical deformation process
towards such metrics, as shown by the works of many authors (see eg Cao [5], Phong,
Song, Sturm and Weinkove [29; 30], Song and Tian [32], Song and Weinkove [34],
Song, Székelyhidi and Weinkove [31], Collins and Tosatti [8], Tosatti and Zhang [38],
Collins and Székelyhidi [7] and Berman, Boucksom, Eyssidieux, Guedj and Zeriahi [3]).

Writing locally g;; = ¥i; = 8,~5j Y, it is classical that the K&dhler—Ricci flow can be
reduced to a nonlinear parabolic scalar equation in y, of the form

det(y;) = ell}t+H(l,x)+AWz ,

where H is a smooth density and A € R depends on ¢1(X).

The classification of complex algebraic manifolds requires to work on singular varieties,
as advocated by the minimal model program. Defining the Kéhler—Ricci flow on mildly
singular projective varieties was undertaken by Song and Tian [33] and requires a
theory of weak solutions for degenerate parabolic complex Monge—Ampere equations,
where ¥ is no longer smooth and H can blow up.

Eyssidieux, Guedj and Zeriahi [14] have developed a parabolic viscosity approach. It
applies to the Kdhler context, but requires the densities to be continuous. This enabled
one to study the behavior of the Kéhler—Ricci flow on minimal models with positive
Kodaira dimension and canonical singularities; see Eyssidieux, Guedj and Zeriahi [15].

While both the approach of Song and Tian and the viscosity one permit a good under-
standing of the first singular situations encountered in the minimal model program, one
needs to extend these theories in order to treat the fundamental case of Kéhler pairs with
Kawamata log terminal (klt) singularities. This is the main objective of the present work.

From an analytic point of view, kit singularities lead one to deal with densities that
may blow up, though belonging to L? for some exponent p > 1 whose size is related
to the algebraic nature of the singularities.

We develop in this article a parabolic pluripotential approach to the complex Monge—
Ampere flows

(CMAF) (w; 4 100¢)" = P TFEX0) o (1) dV(x)
in X7:=10,T[x X, where T €]0, +o00] and

e X is a compact Kihler n—dimensional manifold;
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t — w(t,x) is a C?>—family of closed semipositive (1, 1)—forms such that
0(x) < ws(x), where 0 is a closed semipositive big form with

—ACl)l < d)t < %(l)t and C'l)[ < Aa)t
for some fixed constant A > 0;

e (t,x,r)— F(t,x,r) is continuous in [0, T[x X x R, quasi-increasing in r,
locally uniformly Lipschitz and semiconvex in (¢, 7);

e gelLP(X,dV), p>1,with g > 0 almost everywhere;

¢: [0, T[x X — R is the unknown function, with ¢; := ¢(¢,-).
Here dV is a fixed normalized volume form on X.

We introduce a notion of pluripotential solutions to such equations, a parabolic analogue
of the theory developed by Bedford and Taylor in their celebrated articles [1; 2].

We interpret the above parabolic equation on X as a second-order PDE on the (2rn+1)—-
dimensional manifold X7:

* the left-hand side becomes a positive Radon measure (w; +dd ;)" Adt, which
is well defined for paths ¢ — ¢; of bounded w;—psh functions [2];
o the right-hand side e? *F %9 g(x) dV(x) Adt is a well-defined Radon mea-

sure if t > ¢;(x) is (locally) uniformly Lipschitz.

It is useful in practice to allow the Lipschitz constant to blow up as ¢t approaches
zero, so we introduce the corresponding class P(X7, w) of parabolic potentials (see
Definition 1.1).

We develop the local side of this theory in [19] by a direct approach, taking advantage
of the Euclidean structure of C”. We approximate here (CMAF) by smooth complex
Monge—Ampere flows and establish various a priori estimates to prove our first main
result:

Theorem A Let ¢g be a bounded wqy—psh function. There exists a parabolic potential
¢ € P(XT,w) such that

e (t,x) @(t,x) is locally bounded in [0, T[x X ;

e (t,x) > @(t,x) is continuous in |0, T [ x Amp(0);

e > @y is locally uniformly semiconcave in 10, T[x X ;

Geometry & Topology, Volume 24 (2020)



1228 Vincent Guedj, Chinh H Lu and Ahmed Zeriahi

e o is a pluripotential solution to (CMAF);
e ¢ — o ast — 0" in L1(X) and pointwise.

Here Amp(8) denotes the ample locus of 6, ie the largest Zariski open subset of X
where the cohomology class of 6 behaves like a Kéhler class.

It turns out that ¢ + ¢; (x)—n(t logz —t)+ Ct is increasing for some fixed C > 0. The
convergence at time zero is therefore rather strong (it is eg uniform if ¢g is continuous).

The semiconcavity information of the solution ¢ constructed in Theorem A is a
crucial tool for approximation purpose (see Theorem 1.14). We show that it is the
unique pluripotential solution with such time regularity, by establishing the following
comparison principle:

Theorem B If ¢ € P(XT,w) is a bounded pluripotential subsolution to (CMAF) and
¥ € P(Xr,w) is a bounded pluripotential supersolution which is locally uniformly
semiconcave in t, then

Yo =Yo = ¢ =V.

In particular, there is a unique bounded pluripotential solution ®(g, F, w¢, o) to
(CMAF) which is locally uniformly semiconcave in t .

This comparison principle also allows us to establish the following stability result,
which generalizes our [16, Theorem B]:

Theorem C Assume
* (gj) are densities which converge to g in L?,
e F; converges to F with uniform constants,
* wy,; are smooth semipositive forms smoothly converging to wy,
 @o,; are bounded wy, ; —psh functions converging in L' (X, d V) to ¢o.

Then ®(g;, Fj, wy,;, ¢o,;) locally uniformly converges to ®(g, F, w;, ¢o).

It is delicate to compare pluripotential and viscosity concepts in general. We refer the
interested reader to [17], where we prove, when g is continuous, that the viscosity
solution constructed in [14] coincides with the pluripotential solution ®(g, F, ws, o).

The present pluripotential approach allows us to deal with noncontinuous data. We
can, in particular, define a good notion of weak Kéhler—Ricci flow on varieties with
terminal singularities (and more generally on kit pairs), as we explain in Section 5,
where we prove the following:
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Theorem D Let (Y, wg) be a compact n—dimensional Kéhler variety with log terminal
singularities and trivial first Chern class (Q —Calabi—Yau variety).

Fix Sy a positive closed current with bounded potentials, whose cohomology class is
Kéhler. The Kéhler—Ricci flow

dwr

ot
exists for all times t > 0, and deforms So towards the unique Ricci flat Kdhler-Einstein

= —Ric(wy)

current wgg cohomologous to Sy as t — +00.

This extends previous results of Cao [5], Tsuji [39] and Tian and Zhang [35], avoiding
any projectivity assumption on X [33], nor any restriction on the type of singularities
[14; 15]. We refer the reader to Section 5 for much more general and precise results.

Assumptions on the data and notation

Assumptions on the manifold In the whole article we let X be a compact Kahler
n—dimensional manifold. We fix T € ]0, +oc]. Except for Section 5 we are mainly
concerned with finite time intervals, ie 7" < 400, and we implicitly assume that our data
are possibly defined in a slightly larger time interval, ie on ]0, T + ¢[ for some & > 0.

We let X1 denote the (2n-+1)—dimensional manifold X7 =10, T[x X with parabolic
boundary
X7 :={0} x X.

We fix 6 a smooth closed semipositive (1, 1)—form whose cohomology class is big,
ie contains a (singular) positive closed current of bidegree (1, 1) which dominates a
Kahler form. We let Q2 denote the ample locus of 6,

Q := Amp(6),

which is a nonempty Zariski open subset of X.

Assumptions on the forms We assume throughout the article that (w¢);e[o,7[ is a
C?—-smooth family of closed semipositive (1, 1)—forms on X satisfying

0 < w;

for all ¢ € [0, T[. For finite times we can also assume without loss of generality that
w; < O for some Kihler form ®.
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By the end of Section 2 we need to assume that ¢ — @; moreover satisfies
W < Awy

and

(0-1) —Aw; < 0y < Awy

for some constant A > 0. The lower bound in (0-1) is equivalent to the fact that

t + e w, is increasing. In particular,

Wits = e Moy > (1- As)w,, s> 0.
The latter will be used on several occasions in the sequel.

Assumptions on the densities We assume throughout the article that
e dV is a fixed volume form on X ;
e 0<gelP?(X,dV) forsome p > 1, and Vol({g = 0}) =0;
e (t,x,r)— F(t,x,r) is a continuous function on [0, T[x X xR;
e r+ F(-,-,r) is uniformly quasi-increasing, ie there exists a constant Az > 0
such that for every (¢, x) € [0, T[ x X, the function
0-2) r— F(t,x,r)+ Afpr isincreasing in R;

e (t,r)— F(t,-,r) is locally uniformly Lipschitz, ie for all J € [0, T[x R there
is k7 > 0 such that for every x € X, (t,r), (t',r') e J,
(0-3) |F(t.x,r) = F(t'.x.r)| <wg(jt =t'| +|r =]
e (t,r)+— F(t,x,r) is locally uniformly semiconvex, ie for every compact J &
[0, T[x R there exists Cy > 0 such that for every x € X,
(0-4) (t.,r)+— F(t,x,r)+Cy(t?*+r?) isconvexin J.
Note that if F is CZ—smooth then the local conditions (0-3) and (0-4) are automatically

satisfied, while (0-2) is a global assumption.

Invariance properties of the set of assumptions We check in Section 5.1.2 that the
above conditions are satisfied for the parabolic equations that describe the evolution of
the normalized (as well as the nonnormalized) Kihler—Ricci flow on a mildly singular
Kéhler variety.

The family of parabolic complex Monge—Ampere equations we consider enjoys several
useful invariance properties. We refer the reader to Section 3.3 for more details.
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Organization of the paper

We describe the class of potentials we are using in Section 1.1 and define parabolic
complex Monge—Ampere operators in Section 1.2. We establish fundamental a priori
estimates in Section 2, which are then used to prove Theorem A in Section 3. We study
uniqueness and stability of pluripotential solutions in Section 4, establishing Theorems B
and C. In Section 5 we use these tools to study the long-term behavior of the normalized
Kihler-Ricci flow on varieties with log terminal singularities and nonnegative Kodaira
dimension, proving Theorem D and several other convergence results.

Acknowledgements This work is a natural continuation of [14; 15]. We thank Philippe
Eyssidieux for many useful discussions. We are indebted to the referee for a very
careful reading and for numerous useful suggestions which improve the presentation
of the paper.

The authors are partially supported by the ANR project GRACK.

1 Parabolic potentials and Monge-Ampere operators

1.1 Families of quasiplurisubharmonic functions

1.1.1 Compactness properties Recall that a function u: X — [—o00, +00[ is w;—
plurisubharmonic (w; —psh for short) if it is locally given as the sum of a smooth and a
plurisubharmonic function and the current

w: +ddu>0

is positive on X. Here d = 3+ 9 and d = i(d — d) are both real operators.
Definition 1.1 The set of parabolic potentials P(X7,w) is the set of functions
¢:]0,T[x X — [—00, +0o0[ such that

e x> ¢(t,x) is ws—plurisubharmonic on X for all ¢ € ]0, T'[,

e ¢ is locally uniformly Lipschitz in ]0, T[.
The last condition means that for any compact subset J C |0, T'[ there exists k =
kj (@) > 0 such that

(1-1) o, x) <@(s,x)+«k|t—s| forall s,te€J and x € X.

Geometry & Topology, Volume 24 (2020)



1232 Vincent Guedj, Chinh H Lu and Ahmed Zeriahi

We say that a family ® C P(X7,w) is locally uniformly Lipschitz in ]0, 7| if the
inequality (1-1) is satisfied for all ¢ € ® with a uniform constant k = x(J, ®) > 0
which only depends on J and .

A parabolic potential ¢ € P(X7,w) can be extended as an upper semicontinuous
function on [0, T[ x X with w;—psh slices.

Proposition 1.2 Assume ¢q is wo—psh and ¢ € P(X7,w) satisfies o;—>¢q in L!
as t — 0. Then the extension ¢: [0, T[ x X — [—00, +00] is upper semicontinuous.

Proof It is classical that for all x € X, @o(x) = limsup,,_, limsup,_, ¢:(y). It
therefore suffices to prove the following more general result: Assume that u € P(X7, w)
is bounded from above near 1 = 0 and define

uo(x) :=lim sup(lim sup u; (y)).
y—>Xx t—0

Then the extension u: [0, T[x X — [—00, +00[ is upper semicontinuous.

The upper semicontinuity inside X7 follows from the semicontinuity in space and
Lipschitz regularity in time. Assume that (¢, x;) is a sequence in X7 converging
to (0, xg) with xo € X. We want to prove that

limsupu(t;, x;) < uop(xo).
J

Since the problem is local, we can assume that the functions u;, are psh and negative
in a neighborhood B C C” of x¢. Fix r > 0 such that B(xg,2r) C B. Fix § €]0,r[.
For j large enough, x; € B(xo,d), hence B(xo,r) C B(x;,r +§) and, since u;; <0
in B, we have

1

xXj) <
77T Nol(B(xj. 1 +8)) JBx; r+6)
1
<
Vol(B(x;,r +8)) JB(xo.r)
_ Vol(B(x0,7)) 1
Vol(B(x;, r + 8)) Vol(B(xo,7)) JB(xo,r)

Since limsup; uy; (x) <ug(x) forall x € X, letting j — +00 we obtain

1
limsupu(t;, x;) <
; J> Vol(B(xg,7 +6)) JB(xo,r)

u(t;, u(ti,x)dV(x)

u(tj,x)dV(x)

u(ty, x)dV(x).

uo(x) dV(x).

Now, we first let § — 0 and then » — O to obtain the result since ug is psh. a
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We next prove a compactness result for this class of functions.

Theorem 1.3 Let (¢;) C P(X1,®) be a sequence which
e is locally uniformly bounded from above in X
e is locally uniformly Lipschitz in |0, T'[;
e does not converge locally uniformly to —oo in X .

Then (¢;) is bounded in Llloc(X T) and there exists a subsequence which converges to

some function ¢ € P(XT) in the LIIOC(X T)—topology.

If (¢;) converges weakly (in the sense of distributions) to ¢ in X, then it converges
in LY (X7) forall p>1.

The classes L? are here defined with respect to the (2rn+1)—dimensional Lebesgue
measure associated to a fixed volume form d¢ A dV. For convenience we normalize
dV sothat [, dV =1.

Proof The proof of this result is local in nature and follows closely the classical proof
of the analogous result for quasiplurisubharmonic functions, once we have a substitute
for the submean value inequality.

We can thus assume here that X = Q C C” is a bounded strictly pseudoconvex domain.
The Poincaré lemma ensures that w; = dd€p; for a family of plurisubharmonic
functions p; which is Lipschitz in . Changing ¢; in ¢; + p;, we reduce further to
the case when w; = 0. The corresponding compactness and convergence properties
have then been obtained in [19]. m|

Corollary 1.4 The class P(X1,w) is a subset of Lf:)C(XT) for all 1 < p, and the
p

inclusions P(XT,w) < L;..

(Xr) are continuous.

The topologies induced by the classes L2 are thus all equivalent when restricted to the
class P(Xr1,w).

1.1.2 Slices and time derivatives We now estimate the L!—norm on slices.

Lemma 1.5 Fix u,v € P(X7,w) and 0 < Ty < Ty < T. Then

1/2
(e, ) = (.Y 1oy < 2M max =il 12 =l cp)

forall Ty <t <Ty, where M :=max{./k, (T —Ty)~'} and « is the uniform Lipschitz
constant of u —v in [Ty, T].
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This lemma expresses in a quantitative way the following fact: for functions in
P(XT,w), the convergence in L'(X7) implies the local uniform convergence of
their slices in L!(X): if (u;) C P(X7,w) converges to u in L'(Xr) and is locally
uniformly Lipschitz in ]0, 7'[, then u;(t,-) converges to u(t,-) in L1(X) for each
slice 1.

Proof The proof is identical to the corresponding one in the local context; we refer
the reader to [19]. O

Fix p a (finite) Borel measure on X, and let £ denote the Lebesgue measure on R .

Lemma 1.6 Fix ¢ € P(X7,w). Then 0:;¢(t, x) exists for all (¢,x) ¢ E, where
E C X7 is L®u—negligible.

In particular, ;¢ € L{° (X1) and h(d;¢){ ® 1 is a well-defined Borel measure on X1
for any continuous function h € C°(R, R).

Proof The proof is identical to the corresponding one in the local context; we refer
the reader to [19]. |

When ¢ is semiconvex or semiconcave in ¢, we can improve this result.

Definition 1.7 We say that ¢: X7 — R is uniformly semiconcave in ]0, 7'[ if for any
compact J € |0, T'[, there exists x = k(J, ¢) > 0 such that for all x € X, the function
t — @(t, x) —kt? is concave in J.

The definition of uniformly semiconvex functions is analogous. Note that such functions
are automatically locally uniformly Lipschitz.

Lemma 1.8 Let ¢: X7 — R be a continuous function which is uniformly semiconvex
in 0, T[. Then
90([ +S,X) _(P(Lx)

s

3;"(p(t, x)= lim
s—>0Tt

is upper semicontinuous in X1, while

ot +5,x)—9(t, x)
s

0, 0(t,x) = SE)I(I)I_

is lower semicontinuous in X7 . In particular, B;Wp and 0; ¢ coincide and are continu-
ous {®u—almost everywhere in Xt .

Proof The proof is identical to the corresponding one in the local context; we refer
the reader to [19]. O
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1.1.3 Topology on P(X7,w®w) We introduce a natural complete metrizable topology
on the convex set P(X7,w).

We first consider a partial Sobolev space ngi’o)’oo(X 7): this is the set of functions
u e Llloc(XT) whose partial time derivative (in the sense of distribution) satisfies

u = dsu € L3, (X7). It follows from Lemma 1.6 that

P(X7,w) c W02 (x )

loc

The local uniform Lipschitz constant of ¢ € P(X1,®) on a compact subset J €10, T'[

is given b
sy (s, %) — (. %)]
sup  sup

t,selJ,s#t xeX |s —1]

= [|@llLoorxx)

where sup* is the essential sup with respect to a volume form dV on X.

(1,0),00
I/I/IOC

We can therefore consider the following seminorms on (X7): given a compact

subset J €]0,7T[ and u € Wl(l’o)’oo(XT), we set

ocC

Py () = it poo () + /J /X (e, )| dV () d.

1.2 Parabolic complex Monge-Ampere operators

As explained in the introduction, we assume in this section (without loss of generality)
that 6 < w; <©, where 6 is a semipositive and big (1, 1)—form and ® is a Kihler form.

1.2.1 Parabolic Chern-Levine—Nirenberg inequalities We assume here that ¢ €
P(XT,0)NLX(XT). Forall t €]0, T[, the function

loc
X >R x> i(x) =9, x),

is w;—psh and bounded, hence (w; + dd€p;)" is well defined as a positive Borel
measure on X, as follows from the works of Bedford and Taylor [1; 2].

Since 0 < w; <O for 0 <t < T, the positive Borel measures (w; + dd€p;)" have

uniformly bounded masses on X,

/ (@0 +ddop)" < / (© +dd g,)" < / on.
X X X

These can be considered, alternatively, as a family of currents of degree 2n on the
real (2n+1)—dimensional manifold X7 =10, T[ x X. It follows from Bedford and
Taylor’s convergence theorem [1; 2] that ¢ — (w; + dd€¢;)" is continuous as a map
from ]0, T'[ to the space M(X) of positive Radon measures on X endowed with the
weak * —topology. More generally we have:
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Lemma 1.9 Fix ¢ € P(X7,w) N LX(X7) and x a continuous test function in Xt .

loc

The function t — [y x(t,-)(w; +dd ¢,)" is continuous in |0, T [ and bounded, with

< en".
< (fgf;Xle)/X

More generally, if y € L°°(XT) is upper semicontinuous (resp. lower semicontinuous)

sup
0<t<T

/ () (s + ddCgr)”
X

on Xt with compact support, then so is the function t — [y x(t,-)(w; +dd )" .

Proof Fix a continuous test function y on X7 and fix a compact interval J € ]0, T'[
such that J x X contains the support of .

Fix 9 €]0, T[. The Lipschitz property of ¢ ensures that ¢; uniformly converges on
X to ¢4, as t — to. The continuity of ¢ — w; and Bedford and Taylor’s continuity
theorem then ensure that (w; + dd¢;)" converges to (ws, + dd gs,)" as t — to.
Since x; uniformly converges on X to y,, the first statement follows. The second
statement follows from the fact that [y (w; +dd€¢;)" < [, ©" forall 1 €]0, T'.

If y is merely upper/lower semicontinuous with compact support, there is a sequence of
continuous test functions y; which decreases (resp. increases) to y. By the monotone
convergence theorem we have that, for all ¢ €]0, T,

lim/ 1t ) +dd )" =f () wr +dd )",
J X X

By the previous result the functions 1 — [y x;(t,-)(w; + dd ¢,)" are continuous
in ]0, T[. Therefore, the limit is upper semicontinuous (resp. lower semicontinuous)
in ]0, T'[. a

Definition 1.10 Let ¢ € P(X7,w) N L2 (X7). The map

T
(1-2) w/ )(dt/\(a),-i-dd"(p,)”::/ di (/ X(f,')(wr-l—ddc%)n)
Xr 0 X

defines a (2n+1)—current on X7, denoted by dt A (ws + dd€¢;)", which can be
identified with a positive Radon measure on Xr.

That (1-2) is well defined for continuous test (or Borel) functions y follows from
Lemma 1.9. The operator can also be defined by approximation in the spirit of Bedford
and Taylor’s convergence results [1; 2]:

Proposition 1.11 Fix ¢ € P(X7,w) N LX(X1) and let ¢’/ be a monotone sequence

loc

of functions (/) in P(X1,w) N LX(X1) converging to ¢ almost everywhere in X7 .

loc

Geometry & Topology, Volume 24 (2020)
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Then
dt AMw; +dd o))" — dt A(wr +dd )",

in the sense of measures on X .
Proof Let y be a continuous test function in X7 . By definition, for all j, we have

fXTdeMA(goJ'): /Osz ([Xx(z,.)MA(go{)).

We can apply Bedford and Taylor’s convergence theorems [2] to conclude that, for all
t€]0,T],

/ 2t wr + ddCpl ' — f )@+ ddC o).
X X

Since [y x(t.-)(w; +dd "(ptj )" is uniformly bounded (Lemma 1.9), the conclusion
follows from the Lebesgue convergence theorem. a

It is classical that one can then define similarly mixed parabolic Monge—Ampere

operators
dt AMwy +ddolY A A(wr +ddCel)
whenever ¢!,... ¢" € P(X7,0) N L (X7). We note, for later use, the following

stronger version of the Chern—Levine—Nirenberg inequalities:

Proposition 1.12 Assume ¢!, ..., ¢" € P(X7,0) N L2(XT) and ¢ € P(XT,0).
Then, for all J €10, T,

[ Wi A @it dat ol nen o+ ddel)
X

§V01(®)/J(|supx lﬁtl—l-Zosc((ptj)) dt—i—/J R || dt AO".
j=1 x

In particular, ¥ € L} (X7,dt A (w0 +ddCo}) A+ A (wr +ddC¢lh)).

Proof Fix y € P(X7,w) and J €0, T[. Setting v; = ¥ + supy ¥; and using the
triangle inequality, we can write

/J B || dt A (w; —i—ddcgo,l)/\m/\(a)t +dd¢e})
X

< / [T di A (@ +dd o) A A w; +dd® o) + Vol(©) / jsupx V| d1.
JIxX J
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We can thus assume that supy ¥; = 0 for all # € J. A series of integration by parts as
in [20, Corollary 3.3] yields

n
[ i@+ ddc gl e n @i+ daef) < Y osex @l Vol + [ walof
=1

n
< Vol(©) Y osex (o) + [ Ivile”.
j=1 X
Integrating on J yields the desired estimate. a

1.2.2 Convergence results

Definition 1.13 A family ® C P(X7, ) is uniformly semiconcave in |0, T[ if, for
any compact subset J € ]0, T'[, there exists a constant x = «(J, ®) > 0 such that any
¢ € ® is uniformly «k—concave in J.

Fix p a Borel measure on X, and let £ denote the Lebesgue measure on R.
Theorem 1.14 Let (f;) be a sequence of positive functions which converge to f in
LY (X7.L® ). Let (¢/) be a sequence of functions in P(X7,w) which

e converge {®u—almost everywhere in Xt to a function ¢ € P(XT,®);

e is uniformly semiconcave in |0, T'[.

Then lim; s 4 @7/ (t,x) = ¢(t, x) for {Qu—almost any (t,x) € X7, and

h(g?) [iL @ — h(g) fL R,

in the weak sense of Radon measures on Xt , for all h € C°(R,R).

Proof The proof is identical to the corresponding one in the local context; see
[19, Proposition 2.9]. For the reader’s convenience we sketch the argument here. Fixing
compact subintervals J € J' €0, T'[, there exists a constant C such that the functions
u’ (t,x):= ; (t,x)—C1? are concave in J' for all x € X fixed. The 7 —concavity of u’
on J’ ensures that 11/ (¢, x) is uniformly bounded in J x X and ¢/ (¢, x) converges
pointwise a.e. to ¢(¢, x) in J x X.

To conclude, it suffices to prove that /(¢;) f; converges to h(¢) f in L' (J x X, £® ).
Assume by contradiction that there exist a subsequence of (f;), still denoted by (f;),
and a constant a > 0 such that

(1-3) 17(0)) fi =D fllLr g xx oo =@ T =1
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Extracting (f;) again we can assume that || fj — fi+1llp1 (7 xx,e@u) = 27/ . Setting
g=f+nN +Zj+ﬁ(1° | fi+1— fjl, we have that

max(fj,f)fgeLl(JxX,E@)M), j>1.

It therefore follows from Lebesgue’s theorem that /(¢;) f; converges to h(¢) f in
LY(J x X,£® 1), contradicting (1-3). This completes the proof. o

2 A priori estimates

In this section we assume that ¢(¢, x) = ¢ (x) is a smooth w;—psh solution to (CMAF),
where ¢ — w; is a smooth family of Kéhler forms, and F and g are smooth with g
positive. Our aim is to establish various a priori estimates that will allow us to construct
weak solutions to the corresponding degenerate equations.

For convenience we will also assume that 6 is Kiahler, and ¢¢ is smooth and strictly
wo—psh. It follows however from [12; 23; 36] that all the a priori bounds below remain
valid when 6 is semipositive and big, and ¢q is merely wo—psh and bounded.

We will make various extra assumptions, depending on the a priori estimates that we
are interested in.

2.1 Controlling the oscillation of ¢,

Recall that 6(x) < ws(x) < O(x), where 8 and ® are Kihler forms. We let V;
(resp. V») denote the volume of {8} (resp. {®}),

V1=/9n and V2=/®n.
X X

We fix c1, ¢z € R normalizing constants such that V; = e pu(X), where u = gdV. It
follows from [27; 12] that there exists p; a bounded 8—psh function (respectively pa
a bounded ®—psh function) such that

@ +ddp)"=e“"'u and (O®+dd pr)" =e?pu.
The functions p; and p, are moreover unique once normalized by
=infp, =0.
S;P p1=101p>

Note that in proving existence of solutions the form 6 will no longer be Kihler but
merely semipositive and big. But the L°° bound on p; remains uniform thanks to
[12, Proposition 2.6].
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Proposition 2.1 The following uniform a priori bound on ¢; holds:

ArT
los(x)] < Co := C(ekFT + Q)
AF

where C is the uniform constant

C =sup|F(t,x,0)|+ (AF + 1) sup(|p1]| + |p2]) + sup |¢o| + max(—cy, c2).
X7 X X

Recall that A > 0 is a constant such that, for all (¢, x) € X7, the function r +—
F(t,x,r) 4+ AFr is increasing on R.

Proof Set, forr e R,
C(e*rt —1)

y(t) := sup go|e* ! + :
X AF

where C is as in the statement of the proposition. A direct computation shows that
y(0) = supy |@ol and y'(t) —Ary(1) = C.

Set u(t, x) := p1(x)—y(t) for (¢, x) € X7. Observe that u; is 6—psh, hence w;—psh,
that ug < ¢ and that

(@ +ddup)" = (0 +dd pr)" = e p = MO0y,
The last inequality follows from our choice of C: since r +— F(-,-,r) + Apr is
increasing, and p; <0 and u; <0, we obtain
F(t,x,u (x)) +ip = F(t,x,u,(x)) = y'(1)

S F(t.x,00=Ap(p1—y(®)—¥'(®)
<F(@t.x.00+Ar|p1|-C
<cy.

It thus follows from the maximum principle that ¢ > u on X7.

Set now v(t, x) = p2(x) + y(¢), (t,x) € XT. We let the reader check similarly that
v; 1S ©—psh, it satisfies

(@ +ddcl)t)n < eatv(t,x)'f'F(t,X,Ut)ng,

and vg > ¢o. Now ¢y is a subsolution to this new parabolic equation since w; < ©.
It follows therefore from the maximum principle that ¢ < v on X7, and the desired
estimates follow. O
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The following construction of the subbarrier will be useful in showing that the pluri-
potential solution to (CMAF) has the right value at t = 0:

Proposition 2.2 Forall 0 <t <1,

APt ]
Ar

¢ > (1—t)e Ao +1tp1 +n(tlogt —1)—C
where C is the uniform constant

C:=supy, F(t,x,0)+(A+AF + 1)(supX |wo| + supy |p1] +n) —c1.

Proof Recall that A denotes a positive constant such that &; > —Aw; forall ¢ €10, T.

—At

In particular, w; > e~**wo and w; > 6. Recall also that Ar > 0 is a constant such

that r — F(t,x,r) + Afr is increasing in R for all (¢, x) € X7.

Consider the function

eAFt 1
A

us(x):=(1 —t)e_Atgoo +tp; +n(tlogt—t)—C

where C is the uniform constant defined in the proposition.

At o and w; > 0, we have

Using that w; > e~
(@ +ddup)" = (1= + (1 =1)e”Hdd g + t(wr +dd*py))"

> 1" (w; +ddpr)"

>t"elgdV.
Since u; <0 and r — F(t,x,r)+ AFr is increasing, a direct computation yields
s+ F(t,x,uy)
=nlogt+p1 +e_At(A(1 —t)+ 1)(—<p0)—CeAFt +F(t,x,u;))+Arpu;—Aru;
<nlogt+ (A+1) supy|go| +supy,. F(z,x,0)+Ag (supy|@o|+supy|p1|+n)—C
<nlogt+c;.

It thus follows that u, is a subsolution to (CMAF) with ug < ¢g. The desired estimate
follows from the classical maximum principle. |

2.2 Controlling the average

We establish the following control on the average of ¢;, which will be useful in proving
convergence at zero.
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Proposition 2.3 Set u = g dV. The following bound holds:

/wtduff podu+Ct,
X X

where C3 is the uniform constant

C = —u(X)log(u(X)/V2) — [inf C]F(l,x,r)M(X)

7X[—Co0,Co

and Cy is the uniform constant defined in Proposition 2.1.

Proof Set —C’:=infy, x[_c,,co] F (¢, Xx,r)>—00. It follows from the flow equation

that
/ e?1=¢’ duf/ wf < V,.
X X

On the other hand, it follows from Jensen’s inequality that

5 A1 : du)
@t
/Xe u(X)ZeXp(/x“”u(X) '

Combining these two estimates we arrive at

| $1g v =€ i= Clux) + (X log Va = (X log (X),

The function 7 > |, v ¢t di — Ct is therefore nonincreasing, hence

/(p,duf/(podu+(5t. O
X X

2.3 Lipschitz control in time

We now establish an a priori bound which will allow us to show that the solutions ¢;
to degenerate complex Monge—Ampere flows are locally uniformly Lipschitz in time,
away from zero.

For the convenience of the reader we first state and prove our theorem in the simpler case
when ¢ — wy is affine and r — F (¢, x,r) is increasing. A more technical statement
follows, together with its proof.

Recall that we assume here our data are smooth (g > 0 is smooth, F' is smooth, 6 is
Kihler, and ¢q is smooth and strictly wo—psh). We will explain in Theorem 3.4 below
how to reduce to this case.
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2.3.1 Affine dependence on time

Theorem 2.4 Assume t — w; = wg + ty is affine and r — F(-,-,r) is increasing.
Then, for all (t,x) € X,

nlogt —C < ¢;(x) < %,

where C depends explicitly on T', ||0F /0r||poc, ||0F/0t| Lo, |||, and Cp.

Here and below Cy denotes the constant from Proposition 2.1, and the Lipschitz
constants ||0F /0r| oo, ||0F/0t|L are computed on X7 x [—Cy, Co].

Proof For notational convenience we set i = g d V. We first establish the bound from
above. Consider

H(t,x) =1t¢:(x) — (91 — ¢o) — B,
where

. oF
nt XTx[l—nCO,CO] at (t,x,7)

Set S; := wy + dd€¢; and observe that
oH

o 1¢t — B,
with
¢r = log(S; /i) — F(t,x,¢1),

hence

B = D, G) + o, (60) = (6, 1.90) = @0 G (6, 1,90),
where . -

As, f ::nM and Trg,(n) ::n&.

St St
On the other hand,
As,(H) =tAs,(¢1) —n + Trg, (wr +dd ¢o),

therefore

9 OF . OF .
(57— A, ) (H) = =150 = 1905~ 4 n = B} =Trs, (So) + Trs, (w0 + i — ).

The assumption that 7 — w; is affine ensures Trg, (wo + tw; — w;) = 0, while our
choice of B yields

9 . OF
(E_AS’)(H) < _l_t(pta_r(t’x’(pt)'
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If H realizes its maximum Hp,.x along (¢ = 0), we obtain

H(t,x) < Hpax = sup H(0,x) =0,
xeX

which yields the desired upper bound for ¢y .

If H realizes its maximum Hp,x at some point (fg, xo) with 9 > 0, then

9
0= (55— As, ) (H) (0. x0).
hence

. oF
fo@ro (Y0) 5 - (10, X0, @1y (o)) = —1 <0.
Since 0F/dr > 0 and ty > 0, we infer ¢;,(xo) <0, hence

Hmax = _(§0t0 - <P0)(x0) = C’

where the last inequality follows from Proposition 2.1. This yields again the desired
upper bound.

We now take care of the lower bound. We first deal with the particular case when
m(x) = h(x)0" (x),

where 4 > 0 is a bounded density. Fix D >> 1 so large that all our quantities are well
defined and under control on [0, 7 + 1/D] x X. Observe that

X+Dws =Dwsyy/p > DO.
We set
G(t,x) =¢i(x)+ Dot (x) —nlogt,
and compute

5 B OF OF7. n
(g—AS[)(G) = TrSt(X+ DC()[)—DI’Z _W + [D — W](’Dt —?
n

- 2

’

where f; = e%’. We have used here

n\1/n n 1/n
Trs,(x + Dwy) > D Trs,(0) > nD | — :an‘l/” ")
t B ! o S7 t eF(t’x"/’l)y,(x)
—1

=
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(the last inequality uses our assumption that . = h6" with i bounded), the fact that
dF /0t <c¢ and 0F/dr < ¢/, and the inequality

@r =log fr > —”€fz_1/n —nGCe,
valid for & > 0 arbitrarily small (since ex > log x — C, for x > 0).

The function G attains its minimum on ]0, 7] x X at a point (¢g, x¢) with zo > 0. At
this point we therefore have a control on the density f;, namely

ftgl/n(xo) <CiC+ %,
hence
P1(x0) = log fi,(x0) = —n log[clcz + %]
We infer

G (to. x0) = D@y (x0) —nlog[C1Cato +nCa] = —Cs3,
using Proposition 2.1. The desired lower bound follows.

We now get rid of the extra assumption made on . We fix as earlier p; a smooth
6 —psh function such that

(O +ddp1)" =ep

and supy p1 = 0. We set
51=C()t +ddc,01, @t3=(ﬂt—:01 EPSH(X,@[)
and
F(t.x,r)=F(t,x,r + p1(x)).

Observe that (?J', = ¢, ;0 = drw; and

& >0=0+ddp.
Moreover, F has the same Lipschitz constant (in ¢ and r) as that of F and

(@1 +dd G)" = P HFEx00 p(x)

C

with 6" = e i, hence yu = h6" with bounded density i = e=¢1. We can thus use

the same reasoning as above to conclude. a
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2.3.2 Refining the hypotheses We now establish similar uniform bounds on ¢;
under less restrictive assumptions on ¢ — w; and r — F(-,-,r). Recall that r
F(t,x,r) 4+ Afr is increasing on R.

Theorem 2.5 Assume w; > —Aw;. Then, for all (¢t,x) € X1,
nlogt —C < ¢s(x).

If there exists A > 0 with w; < Awy, then, for all (t,x) € Xr,
, C
@r(x) < rR

Here again C depends explicitly on 7', ||0F/0r| Lo, ||0F/0t|L, |gllL» and Cp
(defined in Proposition 2.1). The norms ||0F/dr||pc and ||0F/0¢||pc are computed
on [0, T[ X X X [—C(), C()].

Proof Consider
H(t,x) = t¢:(x) — Coy,
where C := (A + Afp)T 4 2. We let the reader check that

(%—Ast)(H) <C'—[18,F +C —1]¢.

The upper bound then follows just as in the proof of Theorem 2.4.
We now establish the lower bound. Consider, for (z,x) €]0, T] x X,
G(t,x): =@+ AQeps —p1) —nlogt,
where p; € PSH(X, 0) is the unique normalized solution to
(0 +ddp1)" =egdV.
Using the same notation as in the proof of Theorem 2.4 we obtain
As,G = As, 1 + A(Trs, Qws +2dd o — w; — (0 +dd°p1)))
< Ags,¢1 +2nA— ATrs, (w) —Trs, (0 +dd°pr)
< As, @1 +2nA 4 Trs, (@) —ne'1=¢=FEe)/n

—1/n
t

<Trs, (w0 +dd ;) +2nA— c
1
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It thus follows that

—1/n
) . . n OF OF\ . | Ji n
(E Ast)(G)—(p, 249-2 75,62~ <2A+W)<pt+ oA
We can then conclude as in the proof of Theorem 2.4. a

Remark 2.6 The lower bound for ¢; ensures that
0 > @o+n(tlogt—t)—Ct,

which is a simpler lower bound than the one provided by Proposition 2.2.

2.4 Semiconcavity in time

Our goal in this section is to establish that w;—psh solutions to (CMAF) are x—concave
in time away from zero, with a uniform a priori constant .

2.4.1 A particular case

Theorem 2.7 Assume that t — wy is affine and r +— F(-,-,r) is convex and in-
creasing. Let ¢; be a smooth solution to (CMAF). Then there exists C > 0 such
that

gr(x) < % forall (¢t,x) e X7,

where C depends explicitly on T, the L>° —norms of dF /dr, 0F /dt, 0> F/drdt and
32F/0t2, ||glp and Co.
Recall that Cy is an upper bound for |¢;| established in Proposition 2.1, and the norms

on the partial derivatives of F' are computed on X7 x [—Cyp, Co].

We will establish a similar (though less precise) control under less restrictive assump-
tions on ¢ — w; and F. We postpone this to the next subsection, as the a priori estimates
are already quite involved.

Proof Set w; = w +ty, so that w; = y. Writing

¢r = log[(w; +dd¢.)" /g(x) dV(x)] = F(t,x.¢).

we differentiate in time to obtain

. ) . oF . OF
¢r = As, (@1) + Trs, (wr) — W(t,x, ®r) —<th(f’ X, 01).
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It follows from the Lipschitz a priori estimate (Theorem 2.4) that
=1Lt xon=c
ar
is uniformly bounded on X7, hence
tfr =t Trs, (x +dd ¢) + O(1).
Differentiating again yields

( +ddc<p)/\S”_1 2 (x +dd¢ )2/\5”_2

Yr = AS[ (QDI) _nZ(
2

5 (X1, 91) — 2%3 5 (x,2,01) — <pt (x 1@r)— (‘Pt) (x 1, 1)

Set H(z, x) = t(ﬁ, — Bt with B > 0. It follows from the Lipschitz control ¢|¢;| < C
and Lemma 2.8 below that

(Z?t ASr)H = [l—t%—F](p _m(()(-l-ddc;p;)/\s;c—l)z

if we choose B > 0 so large that
2
F . 0°F
- g >
t 5.2 (t,x, 1) + 2t 5797 (t,x,9:)+ B >0.
We use here the simplifying assumption that » +— F(-,-,r) is convex, so that
., 0°F
—(901)2370, x,¢1) <0.

We will remove this assumption in the next subsection.

Let (¢0, x0) € X7 be a point at which H realizes its maximum. If o = 0 then H <0,
hence ¢; < B and we are done. If 7o > 0, then 0 < (9/dt — Ag,)H at the point
(t0, x0); thus, for (z,x) = (fo, Xo),

I .o Ty OF7.
(0 Trs, (4 dd“p0))? < [1-15" 1@
with 9F 5F
t(,'é;:tTrSt()(+ddc¢t)—t5(t,x,(pt)—t(j)ta—r(l,x,got)
= Trs, (¢ +dd®¢r) + O(1).

It follows that 9@y, (xo) is uniformly bounded from above, hence so is H < C. Thus
t¢; <Bt+C <C’on Xr. O
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We have used the following differential inequality, which is probably well known. We
include a proof for the reader’s convenience.

Lemma 2.8 Assume n > 2. Let w be a Kihler form and let n be a closed (1,1)—

differential form. Then
772 A wn—2 nA wn—l 2
" = " '

Proof This is a pointwise inequality, hence it reduces to linear algebra. Since w is

a Kihler form, we can assume that w(x) is the Euclidean Kéhler metric. Perturbing
n(x) if necessary, we can also make a change of local coordinates so that n(x) is given
by a diagonal matrix with diagonal entries Aq,..., A, . We infer

772 A wn—2

1
T2 ()= —— ) had

(=)= ()

The desired inequality follows from the elementary computation

| — 2 1 1 )
(ﬁzla)‘mg"“ TP

a=1

while

2.4.2 More general bounds We assume in this subsection that there exists a constant
A > 0 such that, for all ¢ €]0, T,

(2-1) —Aw; <0y < +Aw; and & < Awy.

We also assume that (¢,r) — F(¢,x,r) is uniformly semiconvex, ie there exists a
constant Cr > 0 such that for every x € X, the function

(2-2) (t,r)+— F(t,x,r)+ Cr(t? +r?) isconvex in [0, T[x [-Co, Co].

Theorem 2.9 Assume that w; and F(-,-,r) are as above. Let ¢; be a solution of
the above parabolic Monge—Ampére equation. Then there exists C > 0 such that

C
$r(x) < 5 forall (t,x)e Xr,
where C depends explicitly on A, T, Cr, Ap, ||0F/0r| e, ||[0F/0t| L, |Iglp
and Cy.
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Here Cy is the constant given in Proposition 2.1 and the norms ||0F/0dr| o and
|0F/0t| Lo are computed on X7 x [—Cp, Co].

Proof In the proof below we use C to denote various constants under control. Set
ar :=w; +dd€¢; and S; 1= ws +dd ¢y, and, for h € C*° (X, R),

Ath:=Tri(ddh) :=Trs,(ddh) = n%.
Writing t

¢r = log[(wr +dd¢0)" /g(x) dV(x)]— F(t,x,¢).
we differentiate twice in time to obtain, as in the proof of Theorem 2.7, that
(2-3) tgr =t Trroy —t0: F —t @0, F =t Tryay + O(1),

where we use the uniform bound #|¢;| < C (thanks to Theorem 2.5), and

2 n—2 n—1
ay NS} —nz(at NS

. i > 9F
Ot :Trt(ozt)—i-n(n—l) ) —<Pta_r(tvx,(/’t)

St A
9°F . 92F . L 0°F
_m_z(t’x"pt)_2‘p1m(t»x"/’t)_(90t) F(I,Xﬂﬂt)

. 1 . 0F .
< Tre(a;) — E(Trtat)z - (pt%_r(t’ x,00) + Cr((¢0)* + 1),

using the convexity condition (2-2) and Lemma 2.8. The Lipschitz control #|¢;| < C
(provided by Theorem 2.5) yields

2-4) 25 = 2Tty — 20 [T @) — 2605 (v, + C.
Set H(t,x) =t%@, — ATtg,. It follows from (2-1) and a direct computation that
(2-5) AH > t*Tria; + (ATt — At2)Try () — AnTt > t2Trp; — C.

It follows therefore from (2-4) and (2-5) that

<% - At)H <t$:(2—19,F)—t*n" (Tro1)* + C.

Let (to, x0) € X7 be a point at which the function H realizes its maximum. If zy =0
then H <0, hence t2¢; < C and we are done. If #o > 0, then 0 < (9/9¢ — Ag,)H at
the point (g, xo); thus, for (¢, x) = (f0, X0),

1G:(t3, F —2) 4+ t>n Y (Tr;0;)? < C.

Using (2-3) we conclude that t2¢, <C on X7, finishing the proof. m|
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2.5 Conclusion

2.5.1 The estimates We summarize here the a priori estimates we have obtained so
far. We assume that the forms and densities are smooth and satisfy the uniform bounds
listed in the introduction, involving the constants A, p, Ar and CF.

Theorem 2.10 There exist Cy, C1, Ca > 0 such that, for all (¢t,x) € X1,
(1) —Co < ¢r(x) < Co;
(2) nlogt—C1 <¢i(x) <Cy/t;
3) ¢r(x) < Caf1?;
where the C; dependon A, B, p, Cr and Af, and
» Co explicitly depends on T, 6, ©, infx @o, supy ¢o and supy.. |F(z, x,0)[;
e (C; explicitly depends on Cg, T, ||0F /0r| oo, ||0F/0t||L and | gl|lLe;
e (; explicitly depends on Cy, Cy and T.

The norms ||0F/0r ||z and ||0F/0t| o are computed on X7 x [—Cy, Co].

2.5.2 Convergence of semiconcave functions It is useful to know when a sequence
of w;—psh functions is uniformly semiconcave. It allows one to obtain the convergence
of the associated parabolic Monge—Ampere operators, as the following result shows:

Theorem 2.11 Let g;(t, x) be a family of L'(XT)—densities such that gj — g in
LY(X7). Let F;(t, x,r) be continuous densities which uniformly converge towards F.
Let ¢j(t, x) be a family of w;—psh functions such that

e (¢j) is uniformly bounded;

e ¢; =< C/t? for some uniform constant C > 0.

Then there exists a bounded function ¢ € P(XT,w) such that, up to extracting and
relabeling, ¢; — ¢ in L (Xr) and

loc

eli tE X0 0X) o (1 x)dt ANdV(x) — e9TECXCEN o1 x)dt AdV(x),

in the weak sense of Radon measures on X .
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Proof Since (p;) is bounded in L?(X7), it is weakly compact. Extracting and
relabeling, we assume that (¢;) weakly converges to ¢ € L2(X7).

Fix a compact subinterval J € |0, T'[. There exists a constant C = Cy > 0 such that
the functions ¢ > ¢; (¢, x) — Ct? are concave in J for all x € X fixed. The same
property holds for the limiting function ¢(¢, x) by letting j — +o00. For ¢ fixed, the
functions x — @;(t, x) are w;—psh and uniformly bounded, hence x — ¢(¢, x) is
w;—psh and uniformly bounded in X7.

I (X7) and @;(7,x) — ¢(t, x) almost

everywhere in X7 with respect to the Lebesgue measure. The conclusion follows by

It follows from Theorem 1.3 that ¢; — ¢ in L

applying Theorem 1.14. a

3 Existence and properties of sub/super/solutions

From now on we assume that 7 — w; and the densities g and F satisfy the conditions
listed in the introduction.

For bounded parabolic potentials ¢ € P(X7)N L% (XT), the equation (CMAF) should
be understood in the sense of measures on ]0, T x X :

(CMAF) (i +dd p)" Adt = P TFEX0) o (x) dV(x) Adit.

It follows from Definition 1.10 that the left-hand side is a well-defined Radon measure,
while Lemma 1.6 ensures that so is the right-hand side.

3.1 Stability estimates

We establish in this section uniform L>°—L! stability estimates needed in the proof of
the existence theorem.

Proposition 3.1 Fix 0<g;,g,€ LP?(X) with p>1,and 0 < Ty < Ty <T. Assume
ol 9% e P(XT,0) NC®(XT) both satisfy

dt AMwp +dd€el )t = e? CIFFW 0D g gp A gV,
Then, for all (t, x) € [Ty, T1] x X,
(3-1) o' (t.x) = 9> (€. 1) = Blo' = 01T 1 xp-

where 0 < @ = «a(n, p) while 0 < B depends on Ty, T1, 6, ©, and upper bounds for
g e xy 1 FillLooxsy, 102 FillLoo(x7) and |[9r FillLoo(x7)-
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Proof We are going to use the stability results of [12; 21]. These rely on important
estimates which we recall for the convenience of the reader. The uniform bounds
0 <w; <O and [11, Lemma 2.2] show that there exists a uniform constant 41 > 0
such that

Vol(K) < Aq Cap,, (K)?

for all ¢ € [0, T'] and all compact sets K C X, where
Cap,,, (K) := sup{/ (w; +ddu)* :u e PSH(X,w;) with0 <u <1
K

is the Monge—Ampere capacity associated to the form wy.
Fix To < T7 < T and consider the densities
f[i = e‘i)i(tr')"’_Fi(lrxa(pi)gi(x)’ l — 1’2

It follows from Theorem 2.5 that t¢' (¢, x) is uniformly bounded by C;, while
Proposition 2.1 ensures that the ¢’ are uniformly bounded. The L?-norms of the
densities fti are thus uniformly bounded from above by

Ay = eI (gl Loy + g L (x)
when t € [Ty, T1]. It follows therefore from [12, Proposition 3.3] that
max [¢1(,-) = @*(t, )| = Clle" (1) = > (1,7
for all ¢ € [Ty, T1], where y €]0, 1] only depends on p and n. Lemma 1.5 yields
le't,) =02t )l xy < Amax{lig! =02 lL1 ), o' =021k, b
where A :=2max{/k, (T —T1)"'}.

The proof is completed by combining the last two inequalities. a
In practice, this proposition yields the following useful information:

Corollary 3.2 Assume ||g;||L7, | FjllLoe, |0: FjllLo and ||0, Fj||r o are uniformly
bounded. If a sequence (¢/) of solutions to (CMAF) Fj.g; converges in LY(X7) to ¢,
then it uniformly converges on compact subsets of 10, T x X.
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3.2 The Cauchy problem

We are now in position to prove Theorem A of the introduction.

Definition 3.3 A parabolic potential ¢ € P(X7, w) is a pluripotential solution (respec-
tively sub/supersolution) to (CMAF) with initial values @9 € PSH(X, wg) N L°(X) if
¢ satisfies (CMAF) (or the inequality > or <, respectively) in the sense of measures
on X7 and ¢; — ¢@o in L1(X) as t — 0.

Theorem 3.4 Assume that ¢g is a bounded wg—psh function in X, and (w, F, g) is
as in the introduction. There exists ¢ € P(X7,w) solving (CMAF) such that, for all
0<T <T,

e (t,x)+> o(t,x) is uniformly bounded in 0, T'] x X ;

e (t,x) > @(t,x) is continuous in |0, T[ x 2;

e (> @(t,x)—n(tlogt —t)+ Cyt is increasing on |0, T'[ for some C; > 0;

e (> @(t,x)+ Cylogt is concave on |0, T'[ for some C, > 0;

o ¢ —goast — 0" in L1(X) and pointwise.
Recall that €2 is the ample locus of 8. The solution we provide is in particular locally

uniformly semiconcave in ¢ € ]0, T[. We will study the uniqueness issue in the next

section.
Proof Fix 0 < T’ < T. We prove the existence of a solution on ]0, 7'[ x X. The
uniqueness result (Corollary 4.5) then ensures that a solution exists in [0, T[ x X.
We approximate
* g by smooth densities g; > 0 in L?(X);
e F by smooth densities F; with uniform constants « Fj> C F; and A Fjs

e o from above on X by smooth (wo+27/ ®)—psh functions ©o,;

e ; by smooth (in ?) a)tj such that a),} > w; +27/0 and wt] satisfies the
assumptions in the introduction.

It is well known (see eg [37]) that there exists a unique smooth solution ¢/ € P(X1, w’)
to (CMAF)Fj’gj , le

(32 di Al +ddpl)" = e COTEGx0 60 g gp A dV(x).
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It follows from Theorem 2.10 that the ¢/ are uniformly bounded and the derivatives ¢/
are locally uniformly bounded from above in X7 . Extracting a subsequence of (¢/)
and relabeling it, Theorem 2.11 ensures that there exists ¢ € P(X7) N L2 (X7) such
that ¢/ — ¢ in L1(X7) and

o®’ (t.X)+F; (t,x,<pj(t,x))gj (t,x)dt AdV(x) — ePECOTFEX0ED) o () di AdV(x),
in the sense of currents on X7.

We claim that ¢/ — ¢ locally uniformly in X7 . This follows indeed from the stability
estimates established in Proposition 3.1 above. Fix 0 < Ty < T7; < T. Since the
densities g; have uniform L”-norms, Theorem 2.5 ensures that the sequence (@7) is
uniformly bounded in [Ty, T] X X. By (3-1), for all j and k large enough, ¢ € [Top, T1]
and x € X, we have

97 (1) —p* (1. )| < Cllg? =" 131 %,

where C > 0 and 0 <« < 1 are uniform constants which do not depend on j, k and
t € [Ty, T1]. This proves our claim.

Therefore dt A (a)tj + da’c<ptj)” — dt A (wy + dd€p)" in the sense of measures
on X7, hence ¢ solves (CMAF).

One shows similarly that ¢ is uniformly semiconcave in ]0, 7'[: the densities g;
in (3-2) are uniformly bounded in L?(X), hence Theorem 2.9 ensures the existence of
a uniform constant C > 0 such that

@/ (t,x) < C/1?

forall j € N, (¢, x) € X7. Thus, for each compact subinterval J € ]0, T'[ there exists
a constant Cy > 0 such that the functions ¢ — ¢/ (t) — Cst? are concave in J, and
the same property holds for ¢ by letting j — oo.

The continuity of ¢ on ]0, T[ x © follows from the elliptic theory, as will be shown in
Proposition 3.12 below. The lower bound ¢; > nlogt — Cy, provided by Theorem 2.5,
ensures that t — ¢; —n(tlogt —t) + Cyt is increasing, hence any cluster point (in
L'—topology) of ¢; (as t — 07 is greater than ¢g. On the other hand, it follows from
Proposition 2.3 and Lemma 1.5 that

/(p,ngf/wong-l-Ct
X X
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for a uniform constant C > 0. Let ug be any cluster point of (¢;) as t — 07 . Then,
as explained above, up > @g. On the other hand, the average control above ensures that

/uongS/fﬂong-
X X

Since the set {g = 0} has Lebesgue measure zero, we infer uy = ¢y almost everywhere,
hence everywhere. a

Remark 3.5 Proposition 1.2 ensures that the pluripotential solution constructed above
is upper semicontinuous on [0, [ x X. The functions ¢; quasidecrease to ¢g as ¢ \ 0.
The convergence at time zero is thus quite strong: If ¢o is continuous, it follows
for instance that the convergence is uniform. For noncontinuous initial ¢g, there is
convergence in capacity: a sequence of functions u; converges in capacity to u if for
all ¢ > 0 we have

lim Capg({x € X : [u;(x) —u(x)| > &}) = 0.

Jj—>+o00

Remark 3.6 The way the density is allowed to vanish is crucial. Theorem A does not
hold for an arbitrary density g > 0: If g vanishes in a nonempty open set D C X then
(CMAF) has no solution with initial value ¢q unless @g is a maximal wo—psh function
in D. Indeed, the complex Monge—Ampere operator is continuous for the convergence
in capacity, so (w; + dd ¢;)" = 0 would converge to (wo + dd pp)* =0 in D.

3.3 Invariance properties of the set of assumptions

The family of parabolic complex Monge—Ampere equations we consider,
(@0 +dd g,)" = P TFEXDg(x) dV (),

has several invariance properties, as we now briefly explain.

3.3.1 Translations We canreplace ¢;(x) by ¥ (x) = ¢;(x)+C(t) without changing
the Monge—Ampere term, while the density F is modified into

F(t,x,r)=F(t,x,r —C(t)) = C'(t).
We let the reader check that F satisfies the same set of assumptions as F.

More generally we can replace w; by n; = w;—dd p;, changing ¢;(x) in ¢;(x)+pz (x).
The density g remains unchanged while the new density F is

F(t,x,r)=F(t,x,r — p(t,x)) — d;p(t, x).
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3.3.2 Scaling A more involved transformation consists in scaling in space and re-
normalizing in time, so that the equation keeps the same shape. Namely we replace
wr by y(s)wyss) as well as ¢ (x) by Vs(x) = y(s)@s(5)(x), where s = y(s) > 0 is
smooth and positive, 7(0) = 0 and ¢'(s) = 1/y(s), so that

y'(s)

dsYs = mws + at‘Pt(s)-
The density g remains unchanged while the density F' is transformed into
~ _ y' ()
F(s,x,R)= F(t(s),x,r(s, R)) + nlogy(s) — ) R,
y(s

where r(s, R) = R/y(s).

A classical example of such a transformation is when y(s) =e® and t(s) =1 —e™ %,

allowing one to pass from the Kéhler—Ricci flow to the normalized Kédhler—Ricci flow.

We let the reader check that F remains quasi-increasing in R and locally uniformly
Lipschitz in (s, R). It is slightly more involved to keep track of the semiconvexity

property:

Lemma 3.7 The function (s, R) — F (s, x, R) is locally uniformly semiconvex
in (s, R).

Proof Fix 0 < So < S, Top = t(Sp) and a compact interval J/ € R. We want to
prove that (s, R) — F (s, R) is semiconvex in [0, So] x J. We omit in the sequel the
dependence on x as it is not affected by the transformation.

We can assume that F' is smooth and proceed by approximation. The goal is to prove
that the Hessian matrix H (s, R) of (s, R) — f(s, R) satisfies
H(s,R)+CI, >0,

where [, is the identity matrix in M»(R), and the constant C is under control. Increas-
ing C, we can also assume that F is convex in [0, Sp] x J. Recall that F is Lipschitz
on [0, To] x J and s — y(s) > 0 is smooth. Using this we can write

PE  2F 9i\2  _92Fordr  0°F [9r\2

w7 = a7 (3s) T2 9555 + 5z (5;) +OW.
P2F  9%F /9r\2

5 = a2 (ag) T oW,

PF _ 0*F 3r or |, 9°F or ot

5R3s — a2 0Ras " areror s T O
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ab
[b C:|20,

It remains to check that

where a= CE (Y 2 Er it P o2
T 92 \0s 0tdr ds s 0r2 \ods/ '’

0%2F /9r\2

=52 (5k)

_O?F 9r 9r  9%F dr ot

= 92 9R3s T 9r9t 0R s

The convexity of F and a direct computation ensure that @, ¢ > 0 and ac —b% > 0. O

We note, for later use, that such a transformation allows one to reduce to the case when
r+— F(-,-,r) is increasing:

Lemma 3.8 Assume that r — F(-,r) is quasi-increasing with A > 0. Consider
y:s€[0,S[—1—AFs €0, T[, where S < )Ll_,l is defined by fOS(l—)u::r)_1 dr=T.
The function R — ﬁ(s, R) is increasing for all s € [0, S|.

Proof The function F is given, for (s, R) € [0, S[x R, by

F(s,R)= F(t(s), R/y(s)) + nlogy(s) + A—R
y(s)

Using that r — F (¢, x,r) + Ar is increasing, it is straightforward to check that F is
increasing in R. a

3.4 Pluripotential sub/supersolutions

3.4.1 Definitions Our plan is to establish a pluripotential parabolic comparison prin-
ciple. The latter is easier to obtain under an extra regularity assumption in the time
variable, so we introduce the following terminology for convenience:

Definition 3.9 A parabolic potential u € P(X7, ) is called of class !/ if for every
t €10, T[ fixed, d;u(¢, x) exists and is continuous in €2.

Definition 3.10 A parabolic potential ¢ € P(X7)N L% (X7) is called a pluripotential
subsolution of (CMAF) if

(1 +dd p)* Adt > P TFEXO o) dV(x) A dt

holds in the sense of measures in |0, T[ x X.
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Similarly a parabolic potential ¢ € P(X7) N L°°(X7) is called a pluripotential super-
solution of (CMAF) if

(w1 +dd e Adt < e®TFEXO o) dV(x) Adt
holds in the sense of measures in ]0, T x X.
In many cases one can interpret these notions by considering a family of inequalities
on slices:

Lemma 3.11 Fix u € P(X7) N L*®(XT).

(1) If u is a pluripotential subsolution of (CMAF) such that 8;ru exists and is lower
semicontinuous in t € |0, T|, then, forall t €10, T,

+ . .
(w; +ddu;)" = €% “*Fg dV  in the sense of measures in X.

(2) If u is a pluripotential supersolution of (CMAF) such that d; u exists and is
upper semicontinuous in t € |0, T'[, then, for all t €10, T,

(w; +dd u;)" <e®¥+tFg dV  in the sense of measures in X.

Proof We will prove the result for subsolutions. The corresponding result for super-
solutions follows similarly. Assume the right derivative 8?'14 exists for all (¢,x) € X1
and is lower semicontinuous in ¢ for x fixed. It follows from [19, Proposition 3.2] that
for almost every ¢ €10, T,

(@ +ddCu;) > % g gy,

in the sense of measures on X. Any ¢ € |0, T[ can be approximated by a sequence
(j)jen for which the inequality above holds. The limiting inequality follows from the
lower semicontinuity of Bfu(t, x) in ¢ and Fatou’s lemma. m|

3.4.2 Properties of supersolutions We use some properties of solutions to complex
Monge—Ampere equations to show that parabolic supersolutions automatically have

continuity properties.

Proposition 3.12 Assume that € P(X1) N L°(XT) is a supersolution to (CMAF).
Then v is continuous in |0, T x .
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Proof Fix 0 < Ty < Ty < T. For almost every ¢ € |0, T we have
(wr +ddCy)" < elﬁ(t,-)+F(t,',Wz)ng
in the weak sense on X.

Since ¥ is locally uniformly Lipschitz in ¢ and F is bounded, there exists M > 0
such that 1}(1,-) + F(t,-,v¥:) < M for almost any ¢ € [Ty, T1]. Thus,

(wr +ddy)" <eMgav,

for almost every t € [Ty, T1]. By (weak) continuity (in ¢) of the left-hand side, it
follows that this inequality actually holds for any ¢ € [T, T1].

The elliptic theory (see eg [22, Theorem 12.23]) implies that v, is continuous in 2
for any ¢ € [Ty, T1]. Since ¥ is uniformly Lipschitz in [T, T1], it follows that ¥
is continuous in [Ty, 71] x 2. Indeed, let k be the uniform Lipschitz constant of ¥
on [Ty, T1]. Then, for any s,t € [Tp, T1] and x, y € Q, we have

[V (s, x) =@ < [¥(s,x) =¥ @, )+ Y@ x) =¥ y)
<kls—t|+ ]y x) =y, y)l,
which implies the continuity of i in [Ty, T1] X 2. a

Supersolutions admit uniform bounds from below:

Proposition 3.13 Assume that v € P(Xt) N L°(XT) is a pluripotential super-

loc
solution to (CMAF) which is locally uniformly semiconcave in t . There exist C > 0

and ty > 0 such that, for all (t,x) €0, to] x X,

V(. x) > (1—1)e M yo(x) + C(rlogt —1).

Here A is a positive constant such that
—Aw; <wy < Aw; forall t € ]0, T[

This implies in particular that w; ¢ > e~ At wg forall £,s >0 witht +s5 <T.

Proof Set M := My :=supy.. /> |¥|. The Lipschitz condition on F ensures that there
exists a constant k =k such that, for all ¢,¢’ € [0, %T], xe€Xandre[-M, M|,

|F(t,x,r)—F(@{' x,r)| <«|t—1|.
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Set 7o := min(1, %T, %k) As observed above, w;4s > e 4w forall s € ]o. %zo] and
t €]0,to[. Fix s €]0, to] and consider, for ¢ € ]0, o],

ug(t,x) 1= (1 —1)e Ay (x) +tp+ C(t logt —1),
vs(t, x) :=v(t +s,x)+ 2«ts,
where p is a 6 —psh function on X, normalized by supy p = 0, which solves
(@ +ddp)" =elgdV
with a normalization constant ¢, and C is a positive constant to be specified later.

The existence and boundedness of p follows from [12]. Observe that u, is of class C 1/0
in ¢ and, for each ¢ €]0, fo] fixed, us(¢,-) is continuous in Q2 (see Proposition 3.12).

A direct computation shows that, for ¢ € ]0, to],

(@45 +ddus)” = (1 = )op 45 + tor4s +dd° (1 —t)e A yy) +tdd p)"
> ((1—t)e 4 (ws +dd yy) +1(0 +dd®p))"
>elt"gdV.

A

In the second line above we have used w;+s > e~ 4" w; while in the last line we have

used ws +dd s > 0. Thus, since ¥ is uniformly bounded, by choosing C > 0 large
enough (depending on MFr ) we obtain

(a)t-i-s —I—ddcus)" > ea,us(l‘,')-i-F(t,',us(l‘,-))gdV

It is also clear from the definition that u(z, - ) convergesin LY (X, d V) to uz(0,-) =g
ast — 0%,

On the other hand, since ¥ is a supersolution to (CMAF), by Lemma 3.11 we have

(W45 +ddCvg)" < T VUFSITFUFs, Y+s. ) g gy
< eat_vs(t,-)—ZKs-i-F(t-i-s,-,1//(t+s,-))gdV

The Lipschitz condition on F ensures that, for all 7, s € [0, #o] and x € X,
F(t+s,x,9(t+s,x) < F(t,x,¥(t+s,x))+«s.
The quasi-increasing property of F' ensures that

F(t,x, ¥ +s,x)=F(t,x,vs(t,x) —2xts) < F(t,x,vs(t, x)) + 2K Ats.

Geometry & Topology, Volume 24 (2020)



1262 Vincent Guedj, Chinh H Lu and Ahmed Zeriahi

Thus, for t <19 < 12,
(wt—i-s +ddcvs)n < ea,vs(t,~)+F(t,-,vs(t,-))gdV

It follows from Proposition 3.12 that vy is continuous on [0, #o] x 2 and vs(0,-) = V.
We can thus apply Proposition 4.2 below and obtain uy < vg on |0, fo[ x X. Letting
s — 0 we obtain that, for all (z, x) €]0, #o] x X,

(1=0)e M yo(x)+tp+ C(tlogt —t) < Y (t, x).
The result follows since p is bounded. a
3.4.3 Regularization of subsolutions We introduce a regularization process for

subsolutions. Fix 0 < 7" < T and &g > 0 such that (1 +&¢)T’ < T. It follows from
(0-1) that there exists Ay > 0 such that, for all € ]0, 7'[ and s € [1 — &g, 1 + &o],

(3-3) wr > (1= A1ls — 1) wys,

where g¢ > 0 is a fixed small constant. For |s — 1| < g9 we set

|1 =s|

As: , ag:=s(1—A5)(1—Aq|s—1]) €]0, 1.
s
Up to shrinking g9 we can also assume that, for all |s — 1| < g9,
A
)/S = d Z Elv
l_as

where 1 = (5+ Al)_1 > 0.
We let p € PSH(X, 0) with supy p = 0 be the unique bounded solution to
(610 +ddCp)* =e‘lgdV

for some normalization constant ¢; € R (see [12]).

Lemma 3.14 Assume that u € P(X1) is a bounded pluripotential subsolution of
(CMAF). Then there exists a uniform constant C > 0, depending on My, := supy. |u|
and the data, such that, for every s € [1 — &g, 1 + &¢],

(1,2) > vs(t,2) = %u(zs,x) +(1—ag)p(x)=Cls—1|t

is a pluripotential subsolution of (CMAF) in X7-.
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Proof For notational convenience we set
1 - A,s

s

Bs = =1+ 0(s —1).

Since u is a pluripotential subsolution of (CMAF), using (3-3) we can write

(Bsw; + s~ ddu(st, )" = 57" (w5 + dd u(st,))"
>N logs+8fu(st,x)+F(ts,x,u(st,x))g(x) dv.

By the choice of p we also have
(yswr +ddCp)* > (10 +dd€p)" = e gdV.
Combining these with Lemma 3.15 below, we arrive at

(wr +ddvs(t,-))" =[(1 — Ag)wr + 5 Lasddu(st, ) + Asw; + (1 —as)dd € p]"

= s (Bswr + 5 'dd u(st. ) + (1 — as) (ys; + dd p)]”
- easafu(st,x)+a5F(t,x,u(st,x))+(1—as)cl—nas logsg(x) dv.

Since F(t,x,r) is uniformly bounded on [0, T[ x X x [-My, My] and a5z — 1 =
O(|s —1]), up to enlarging C we infer

(wt +ddcvs(t,-))" > 63[vs(t,x)—l—F(t,x,vs(t,x))g(x)dV

This concludes the proof. a
We have used the following mixed inequalities:

Lemma 3.15 Let 61 and 6, be two closed smooth semipositive (1, 1)—forms on X.
Let u; € PSH(X, 61) and u, € PSH(X, 6») be bounded and such that

(01 +ddur)" > ety and (0, 4+ ddus)" > e,

where f1 and f> are bounded measurable functions and & = hdV > 0. Then, for
every a € 10, 1],

(@ (81 +ddur) + (1 —a) (02 + ddCus))" > 1T L2

Proof The proof is identical to that of [19, Lemma 5.9] using the convexity of the
exponential together with the mixed Monge—Ampere inequalities due to S Kotodziej [28]
(see also [10]). O
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Let y: R — [0, +o00[ be a smooth function with compact support in [—1, 1] such that
Jr x(s)ds =1.For ¢ >0 we set yg(s) := el y(s/e).

Proposition 3.16 Assume that u € P(Xt) is a bounded pluripotential subsolution of
(CMAF). Let vg be defined as in Lemma 3.14.

If r— F(-,-,r) is convex then there exists a uniform constant B > 0 such that, for
¢ > 0 small enough, the function

ub(t,x):= /R vs (£, X)xe(s —1)ds — Be(t + 1)

is a pluripotential subsolution of (CMAF) which is C 1/0 in t and such that
sup[u®(0, x) —ug(x)] 20, .
X
When r — F(-,-,r) is merely semiconvex, the same conclusion holds if we further
assume that
(3-4) [0,u(t,x)|<C/t forall (t,x)€]0,T']xX.
Proof We first assume that » — F(-,-,r) is uniformly convex and increasing. In

this case we do not need the assumption (3-4). Fix ¢ as in Lemma 3.14. For each s
such that |s — 1| < g¢ the function v (%, z) is a pluripotential subsolution to (CMAF).

As in [19, Theorem 5.7, Step 3], we use [18, Main Theorem] and Jensen’s inequality
to show that, for any ¢ € ]0, T'[,

(3-5) (a)t—i—ddcua)"zexp(atus(t,x)+Bs+/R F(t,x,vs(t,x)))(g(s—l)ds)ng,
in the weak sense on X.
If F(¢,x,-) is convex for any (¢, x), then

/R F(t,x,vs(t,x)xe(s —1)ds > F(t,x,u® + Be) > F(t, x,u®),

since F is nondecreasing in r. Plugging this inequality in (3-5) we conclude that, for
any B >0, u® is a subsolution to the equation (CMAF).

If F is merely semiconvex, the function r — F(t,x,r) + Ar? is convex for any
(t, x) € X7 for some constant A > 0. Thus,

(3'6) /};F(t’x’ Us(t’x))Xs(S— l)dS z F(f’xaug(t,x))Xs(S— 1) ds +AQ8([’X),
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where

2
Qg(t,x):=/Rvs(t,x)2)(8(s—1)ds—(/R vs(t,x))(g(s—l)ds) .

We claim that there is C1 > 0 such that |Q.(¢, x)| < C;¢ for all (t,x) € [0,T] x X.
Indeed the family of function s — vy is uniformly bounded in [0, 7] x X by a constant
M > 0. Hence, for any (¢, x) € [0, T] x X and & > 0 small enough, we have

1046, )] szM/R [0 (1. ) — VE (. 1) s — 1) ds.

where vE(t, x) := [p vs(t, X) xe(s — 1) ds.

Recall that vs(z, x) := (s /s)u(s-t,x) + (1 —ag)p(x) —C|s —1|¢t. The condition (3-4)
ensures that the function dsvg is uniformly bounded in s € [1 — g9, 1 + &] and
(t,x) € Xt . Thus the family s > vy is uniformly L -Lipschitz in s € [1 —&g, | + &o],
which proves our claim with Cy :=2ML.

By (3-6) this implies that, for any (¢, x) € X,
/ F(l’xa vS(t’x))XE(S - 1) dS Z F(l’xa ug(t,x)))(e(s - 1) dS - C18~
R

Pluging this inequality in (3-5) and taking B > C; we see that u? is a subsolution to the
equation (CMAF). Taking B large enough we obtain furthermore that ©#*(0, x) <uo(x)
for all x € X.

We let the reader adapt these arguments to the situation when r — F(-,-,r) is merely
quasi-increasing. a

4 Uniqueness

We have shown in the previous section that the Cauchy problem for (CMAF) with
bounded initial data @9 € PSH(X, wg) admits a pluripotential solution which is locally
uniformly semiconcave in . We now prove that there is only one such solution.

4.1 Comparison principle, I
Our goal in this section is to establish the following comparison principle:

Theorem 4.1 Fix ¢, ¥ € P(X1,w) N L (X7) and assume that

(a) o is a pluripotential subsolution to (CMAF);
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(b) ¥ is a pluripotential supersolution to (CMAF);
(¢) xr+ @(-,x) is continuous in 2 and |d;¢(t,x)| < C/t forall (t,x) € Xr;
(d) W islocally uniformly semiconcave int €10, T'[;

(€) ¢ — ¢@o and Yy — Yo in L' ast — 0.

If 9o <o then ¢ < .
We first establish this result under extra assumptions:

Proposition 4.2 Fix ¢, € P(XT)NL*°(XT). Assume that ¢ (resp. ¥ ) is a pluripo-
tential subsolution (resp. supersolution) to (CMAF) such that

(@) ¢ is /0 in¢ and, for any t > 0, ¢(¢, ) is continuous on £2;

(b) ¥ is locally uniformly semiconcave in t;

(¢) ¢ — o and V¥; — Yo in L' ast — 0;

(d) the function (¢, x) — (¢, x) is continuous on [0, T x 2.
Then

9o =VYo = ¢ =Y on Xr.

A particular case of this result was established in [16, Theorem 3.1].

Proof We fix T’/ €]0, T[ and we prove that ¢ < ¥ on [0, T’] x X. The result then
follows by letting 7’ — T. Using the invariance properties of the family of equations
(see Section 3.3), we can assume without loss of generality that r — F(-,-,r) is
increasing. We proceed in several steps.

Construction of auxiliary functions We first introduce two auxiliary functions. Let
¢1 € PSH(X , %9) be a %Q—psh function with analytic singularities (in particular ¢; is
smooth in Q) such that ¢; = —o0 on d2. We need to use this function in order to
apply the classical maximum principle in €. Note that the ample locus of 8 coincides
with that of 16.

The standard strategy is to replace ¢ by (1—8)¢,+8¢1. However, the time derivative ¢,
may blow up as t — 0, so we need to use a second auxiliary function. Let ¢ €
PSH(X , %9) be the unique solution to

(30 +dd¢y)" =e1gdV,
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normalized by supy ¢2 = 0, where c¢; € R is a normalization constant. Then ¢ :=
¢1 + ¢2 is a O—psh function which is continuous in € and tends to —oo on 9€2.

Adaptation of the arguments in [16] Fix &,5 > 0 small enough and set
w(t,x) = (1=8)e(t,x) +8p(x)—w(t,x)—3et, t€[0,T], xeQ.

This function is upper semicontinuous on [0, 7'] x € (see Proposition 1.2) and tends
to —oo on 9€2, hence attains a maximum at some (Zg, xo) € [0, T'] x Q.

We claim that w(zg, xo) < 0. Assume by contradiction that w(zg, xo) > 0. Then ¢y > 0
and we set

K :={x e Q:w(t, x)=w(o, xo)}.

Since w tends to —oco on 92 it follows from upper semicontinuity of ¢ that K is a
compact subset of €. Since ¢( -, x¢) is differentiable in ]0, T'[, the classical maximum
principle ensures that, for all x € K,

(1-8)d,p(to. x) = 87 Y (t0. ) + 3e.

By assumption, the partial derivative d;¢(z, x) is continuous on 2. Moreover, by

Proposition 3.12, v; is continuous on €2 for all # € ]0, T'[. By local semiconcavity of

t — ; it then follows that, for ¢ €]0, T'[ fixed, 0, ¥ (¢, x) is upper semicontinuous in €2.

We thus can find n > 0 small enough that, by introducing the open set containing K,
D :={xeQ:w(ty,x)>w(ty, x9) —n} €2,

we have
4-1) (1—-0)0:p(to, x) > d; ¥ (to.x) +2¢ forall x € D.

We note here that D is open because the function x — w (%, x) is continuous in Q2 by
assumptions (a) and (d) and by the continuity of ¢ in 2.

Set u := (1 —58)p(tg,-) + 8¢ and v := ¥ (to,-). Since ¢ is a subsolution to (CMAF),
using Lemma 3.15 we infer

(@10 +ddu)* = [(1=8) (s, + dd o) +5(10 + dd ¢)]"

> =800, )+ Fto.x.0(t0. D)+t g g

Since F is bounded on [0, T'] x X x [-M, M] for each M > 0 and ¢ is bounded on
[0, T'] x X, there exists a constant C > 0 under control such that

(01, + ddu)"* > e(l—b’)azw(to,')+F(t0,x,¢(to,-))—5cg dv.
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in the weak sense of measures in €. Using (4-1) and choosing § < C~le, we then
have
(a)t() + ddCu)n Z eat_‘p(tOy')‘f‘F(to,x,(p(tO’.))+8g dV’

in the weak sense of measures in D. Since i is a pluripotential supersolution,
Lemma 3.11 ensures

(a)t() + ddcwto)n S eat_W(tO’.)J’_F(tO’x’w(tO: '))g dV’
in the weak sense of measures in D. The last two estimates yield
(a)l‘o + ddcu)n > eF(tO,-,u(.))—F(tO,-,v(.))-i-s(a)to + ddcv)".

Recall that u(x) > v(x) + et¢ for any x € K. Shrinking D if necessary, we can thus
assume that u(x) > v(x) for all x € D.

Since r — F(t, x,r) is increasing, we thus get
(w1 +ddu)" > e®(wyy +ddv)",
in the sense of positive measures in D.

Consider now # := u + mingp (v —u). Since v > % on dD, the comparison principle
Proposition 4.3, below, yields

/ ef(wsy +dd v)" 5/ (w1, +ddu)” 5/ (wr, +ddv)".
{v<u}nD {v<u}nD {v<u}nND

It then follows that # < v almost everywhere in D with respect to the measure
(wso+dd€v)", hence everywhere in D by the domination principle (see Proposition 4.3).

In particular,

4-2) u(xg) —v(xg) + 1511i)n(v —u)=u(x)—v(x) <0.

Since K N oD = @, we infer w(tg, x) < w(ty, xo) for all x € dD, hence
u(x)—v(x) <u(xg)—v(xe) forall x €adD,

contradicting (4-2). Altogether this shows that 79 = 0, thus

(1=68)¢ + 8¢ — —3et < §sup|po|
X

in [0, T'] x Q. Letting § — 0 and then ¢ — 0 we arrive at ¢ < ¥ in [0, T'] x Q hence
in [0, 7] x X. O
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We have used the following semilocal version of the domination principle:

Proposition 4.3 Fix a nonempty open subset D C X and let u and v be 6 —psh
functions on X, which are bounded in a neighborhood of D, such that

liminf (u — > 0.
L ARRCE

/ or < / o,
{u<vinD {u<vinD

Moreover, if MAg(u)({u <v}ND)=0 then u > v in D.

Then

The proof is classical (see [6; 16]) but we include it for the convenience of the reader.
Proof Up to replacing v with max(v,—C), and # with max(#, —C) for a large
constant C, we can assume that ¥ and v are bounded on X.

Fix & > 0. By the assumption on the boundary values of ¥ and v we can find a compact
subset K € D such that max(u,v —¢) = u on D \ K. It follows from the Stokes
theorem that, for any smooth test function y € C°°(D) with compact support and
x = 1 in a neighborhood of K,

/)((Q—i-ddcmax(u,v—a))”:/)((9+ddcu)”.
D D

Letting y increase to 1p, we arrive at

/(9+ddcmax(u,v—8))”=/ (@ +ddu)".
D D

Since the Monge—Ampere operator is local with respect to the plurifine topology, we
have that

Laysy—ey (6 +dd max(u, v —¢))" = lysy—gy (0 +ddu)”
and
Li<y—ey (0 +dd° max(u,v—e¢))" = Ly (0 +ddv)".

Combining all these, we obtain

/(9+ddcu)” z/ (0+ddcu)”+/ (6 +ddv)",
D {u>v—e}ND {u<v—e}ND
hence
/ (0 +ddCv)" 5/ 0 +ddu)".
{u<v—se}ND {u<v—e}ND
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Letting ¢ — 0, we prove the first statement.

Now, assume moreover that MAg(u)({u < v} N D) = 0. Adding a constant to both u
and v, we can assume that v > 0. We can then apply the comparison principle above
to u and Av for A €]0, 1] to obtain that (8 + dd°Av)" vanishes in {u < Av} N D.
Since 6 > 0 in 2, it follows that ¥ > Av a.e. in D, hence everywhere in D because
these are quasi-psh functions. Letting A — 1, we arrive at the conclusion. a

We now remove assumption (d) in Proposition 4.2:

Proposition 4.4 Fix ¢,V € P(X7) N L (XT1) such that ¢ (respectively ) is a
pluripotential subsolution (respectively supersolution) to (CMAF). If the assumptions
(a), (b) and (c) of Proposition 4.2 are satisfied then

o=Yo = ¢=Y on Xr.

Proof We assume without loss of generality that » — F(-,-,r) is increasing and use
an argument similar to that of Lemma 3.14. Fix s > 0 small enough and consider

vs(t,x) =y (@ +s,x)+Cst+Cs—Cslogs
and

ug(t,x) :=aset,x)+ (1 —os)p—Cst —Cs,

where a5 := (1 —s5)(1 — As) € ]0,1[, A > 0 is defined in (0-1), p is a quasi-psh
function and C is a positive constant to be specified later. The goal is to show that for
C > 0 large enough (under control), vs is a supersolution while u; is a subsolution to
a parabolic equation and u4(0,-) < v4(0,-). We can then invoke Proposition 4.2 and
let s — O to obtain the result.

By considering s small enough we can assume that

for some uniform constant ;. We let p be the unique &;6—psh function on X
such that supy p = 0 and (¢;0 + dd€p)" = e gdV. By definition one has that
a5+ (1 —ag)Bs = 1 — As. Then one can show that

(Wr4s +ddus)" > [(1 = As)w; +asdd ¢ + (1 —a5)dd p]"

= [as(wr +dd ;) + (1 —ag)(Bswr +ddp)]"
> 0@ (@t F @0l D) +H(1=as)er g g,
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where in the last line we use Lemma 3.15. Since oy = 1 + O(s) and F is bounded, by
choosing C > 0 large enough (depending on MF, c1) we have

(r4s +ddCug)" > drusTFGus@) g gy,
On the other hand, for C > 0 large enough (which depends on k) we have
(a)t—i-s +ddcvs)n < eatvs—Cs—i-F(t-i-s,~,vs(t,~))gdV < eatv5+F(t,~,vS(t,~))ng

Up to increasing C it follows from Proposition 3.13 that vs(0, x) > ¥o(x). Since
us(0, x) < vs(0, x) it then follows from Proposition 4.2 that

us(t,x) <vs(t,x) forall (¢,x)€ Xr.

Letting s — 0, we arrive at the conclusion, finishing the proof. a

Proof of Theorem 4.1 Fix T’ < T. We regularize the subsolution ¢ by applying
Proposition 3.16. The family of subsolutions obtained this way is denoted by u.. Then
Ug is a pluripotential subsolution to (CMAF) and, up to enlarging the constant B > 0
in Proposition 3.16, we can also assume that u, (¢, x) converges to ¢g in L1(X,dV)
ast— 0%,

It follows moreover from Proposition 3.12 that for ¢ € |0, T[ fixed, v is continuous
in €. We can thus apply Proposition 4.2 and obtain u, < v on |0, T’] x X. Letting
¢ — 0 and then T’/ — T, we arrive at the conclusion. O

Corollary 4.5 Fix ¢¢ a bounded wo—psh function. There exists a unique function
@ € P(XT) N L*®(X7) such that

e x> ¢(t,x) is continuous on 2 foreacht €]0,T];

e |0;0(t,x)| <C/t forall (t,x)€]0,T[xX;

e > @(t,-) is locally uniformly semiconcave in |0, T'[;

o ¢, —qoin L'(X) ast —0;

e ¢ solves (CMAF) in Xr.

In particular, any smooth approximants converge towards this solution, hence the latter
is independent of the approximants.

Definition 4.6 Given data (F, g, w, @) we let ®(F, g, w, ¢y) denotes the unique
pluripotential solution to (CMAF), as in Corollary 4.5.
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4.2 Uniqueness and stability

We now establish a more general uniqueness result. The proof relies on a delicate
comparison principle and also yields stability results.

4.2.1 Stability, I

Proposition 4.7 Assume that (g, F,w;) and (g;, Fj, wy,;) satisfy the assumptions
in the introduction with uniform constants independent of j, and

e g; and F; are smooth;
e 0<g, convergein L?(X) to g € L?(X);

* o,; are uniformly bounded wo—psh functions which converge in LY(X) to-
wards @9 € L NPSH(X, wp);

e F; uniformly converge to F on [0, T[x X x J foreach J €R;

* wy,; uniformly converges to wy.

Let ¢; be the unique smooth solutions to (CMAF) with data (g;, Fj, wy,;,¢o,;). Then

1

(¢j) convergesin L; .

(XT) to ¢, where ¢ is the unique solution of (CMAF) with data
(g, F, wys, 9o) provided by Corollary 4.5.

Proof The sequence (¢;) satisfies the conditions of Theorem 2.10. Hence, Theorem
2.11 ensures that a subsequence of (¢;), still denoted by (¢;), converges in L} (X7)

loc

to a function ¢ € P(Xr,w) which

* is a pluripotential solution to (CMAF);
e is locally uniformly semiconcave in ¢ €]0, T'[;

e satisfies |0;¢0| < C/t on ]0, T[x X.

It follows from Proposition 3.13 that there exist uniform constants C > 0 and 7y > 0
such that, for all (¢, x) €]0, 0] X X,

0 (t,x) = (1—1)e " gg j(x) + C(t logt —1).
Letting j — 400 we obtain, for all (¢, x) €]0, o] X X,
o(t.x) > (1—1)e % po(x) + C(t logt —1).

This lower bound and Proposition 2.3 ensure that ¢; — @o in L1(X) as t — 01, It
finally follows from Corollary 4.5 that ¢ € P(XT, w) is uniquely determined. a
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4.2.2 Comparison principle, I We now extend the comparison principle (Theorem
4.1), avoiding the space continuity assumption on the subsolution ¢, as well as the
Lipschitz-type control at the origin:

Theorem 4.8 Assume that ¢,y € P(X7)N L°(XT) are such that

* ¢ is a pluripotential subsolution to (CMAF);
e 1 is a pluripotential supersolution to (CMAF);
e 3 is locally uniformly semiconcave in t ;

o @, — o and Y; — Yo in L' ast — 0.

If 9o < Yo then ¢ <.

Proof We fix T/ < T and prove that ¢ < v on [0, T'] x X. The result follows then
by letting 7’ — T. Using the invariance properties of our family of equations, we can
assume that » — F(-,-,r) is increasing.

If ¥ is the unique pluripotential solution constructed by approximation (see Corollary
4.5), Theorem 4.1 ensures that @ <11 on X7/. We can thus assume without loss of
generality that ¢ = 1; We proceed in several steps.

Step 1 Assume that the data (w;, g, F, ¥9) is smooth, g > 0, 8 is Kihler and the
time derivative d;¢(¢, x) is uniformly bounded in ]0, 7] x X.

Then v is smooth since there exists a unique smooth solution (as follows from
[23; 9; 36] and Corollary 4.5).

If x> ¢( -, x) were known to be continuous, we could invoke Theorem 4.1 to conclude.
In absence of this extra assumption, we take a little detour inspired by viscosity
techniques.

Step 1.1 Assume the following conditions:

(1) Forall x € X, ¢;(x) exists and ¢ — ¢;(x) is continuous in ¢ € ]0, T’].

(2) ¢; and ¢; are uniformly quasicontinuous on X. This means, for any ¢ > 0, there
exists an open subset U with Vol(U) < ¢ such that on the compact set X \ U
the functions x — ¢;(x) and x — ¢;(x) are continuous for all 7 €]0, T'].

The first condition ensures that the inequality

(wr +ddp)" > e¢z+F(t,',<pz('))ng
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holds in the pluripotential sense on X for all ¢ € ]0,7T’]. As will be shown later,
the regularizing family ¢.(¢, x) as constructed in Proposition 3.16 satisfies these two
conditions.

We introduce the constants M := 2 + M; + M, where

My:= sup |o(,x)|
[0,T]xX

and

My = sup (g () +F(t,x, ()| + | F (2, x, ¥ (x))]).
[0,T]xX

Fix & > 0 small enough. By uniform quasicontinuity of ¢; and ¢;, there exists an
open set U such that

o Vol(U) < e 4M/=,
e forall 7 €]0, T’], the functions ¢; and ¢; are continuous on X \ U.

Let p. be the unique bounded 6—psh function on X such that

0 +ddps)" =e*M1ygdV +aggdV, supps=0.
P X

Here 0 < a. is a normalization constant. The boundedness of g yields

/ eZM/eng < eZM/s sup g,
U X

hence, for ¢ > 0 small enough, a, > % Also, the L%Z—norm of the density of

(0 +dd€pe)" is uniformly bounded, hence, by [12, Proposition 2.6], p. is uniformly
bounded.

Set, for (¢,x) € X7/,
ug(t, x) := (1 —&)gr + &ps.
We prove that u; — ¥ — Cet <0 in [0, T’] x X, where C :=2M + Mk F . By contra-
diction assume that it were not the case. Since the function is upper semicontinuous
on the compact set [0, T’] x X, its maximum is attained at some (zg, xo) € ]0, T'] x X.
We then have
ug(fo. x0) — ¥ (f0, x0) = Ceto >0,

hence

4-3) @(to, x0) > Y (to, x0) — M.
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By the classical maximum principle we have

(4-4) (1 — &)1y (x0) > C& + Vg, (x0).

By assumption (1), 7 +> ¢;(x) is continuous on ]0, 7'[ for all x € X. Since ¢ is a
subsolution to (CMAF), Lemma 3.11 then ensures that

(a)to + ddc(pto)n 2 e¢t()+F(tOs . :(pto('))g dV
holds in the sense of measures on X. By construction of p., we also have

(@i, +dd pe)" = (0 +dd po)" = e/egdV,

h
where _(2MJe if xeU,

~ | -log2 if xeX\U.
It then follows from Lemma 3.15 that

fe:

(4-5) (w1 +ddug(to, )" > etegdv,

where
M if xeU,
(1 —&)@ry + (1 —e)F(to, x, ¢1y(x)) —elog2 if xe X \U.

The assumption (2) ensures that s is lower semicontinuous on X \ U. The choice

hg =

of M then shows that %, is lower semicontinuous on X and
(4-6)  he(x) > (1 —8)@sy(x) + (1 —&)F(to, x, ¢s5(x)) —elog2 forall x € X.

It then follows from Lemma 4.9 that (4-5) holds in the viscosity sense. The function
X = Y0 (X) — Yo (x0) + ug(to, Xo) is a smooth upper test for u(fp,-) at xo, hence

(w1 + dd ;)" > eMegdV
holds in the classical sense at xg. Now, from (4-4) and (4-6) we have
A7) (w1 +dd Ye)" (x0) > o V1o (X0)+(C —log 2)e+(1—¢) F (t0,x0,¢1, (x0)) g(xo) dV.
It follows from (4-3) and the monotonicity of r — F(¢, x, r) that
F (10, x0, ¢1y(x0)) = F(to, x0, Y1y (x0) — M1&) = F (1o, x0, Y1,(x0)) —kF Mie.
Hence,

(I —=¢)F(to, X0, ¢10(x0)) = F(to, X0, ¥1y(x0)) —kpMie—Me
> F(to, X0, V1,(x0)) — (C — M)e.
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This together with (4-7) gives a contradiction since ¥ is a solution to (CMAF).

We thus have that u, < ¥ + Cet on [0,7'] x X. Letting ¢ — 0 we arrive at the
conclusion.

Step 1.2 We next remove the assumptions on ¢ in Step 1.1.

Using Proposition 3.16 we can find ¢® which are pluripotential subsolutions to (CMAF)
and which satisfy the assumptions in Step 1.1. Indeed, it suffices to check that ¢; is
uniformly quasicontinuous on X. But this holds by quasicontinuity of ¢; and by the
Lipschitz condition. More precisely, for fixed ¢ > 0, there exists an open subset U
with Vol(U) < & such that ¢; is continuous on X \ U for all € |0, T[N Q. The
continuity of ¢; on X \ U for irrational points ¢ follows from the Lipschitz property
of the family ¢ .

Thus the previous step applies and yields ¢® < ¥ + O(¢). Letting ¢ — 0, we arrive
at o <.

Step 2 We finally remove the smoothness assumption on the data and the Lipschitz
condition on ¢ by using the stability result above together with an argument from [16].

Let (g;, Fj) be smooth approximants of (g, F'). Fix & > 0 small enough and consider
@s,j(t,x) =1 =68t +¢&,x)+6;p; +nlog(l1—35;)—(Bs; +Ce+nj)t,

where §; € |0, 5[ and 5; > 0 will be specified later, and p; € PSH(X, 6) is the unique
solution to

lg; —&llp

normalized by supy p; = 0 for a normalization constant a; > 0.

We are going to prove that, for suitable choices of B, C, §; and 7;, the function ¢, ;
is a pluripotential subsolution to (CMAF) with data (ws,;, g/, F;), where

* wg, (1) is a smooth family of Kihler forms such that w ; satisfies the assump-
tions in the introduction, wg () > w(f +¢), and wg, ;(¢) converges to w(t + ¢)
as j — +o0;

* 0< g, issmooth and ||g; — gll, = 0;

e F; is smooth in |0, 7[ x X x R with the same Lipschitz and semiconvexity
constants as F, and F; locally uniformly converge to F.
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Let v, ; be the unique smooth solution to (CMAF) with the above data (wg,;, g, Fj)
such that ¥, ;(0,-) > (1 —6;)¢(e,-) and

/‘ﬂs,j(O,x)dV(X)S/(1—5j)<ﬂ(8,X)dV(x)+2‘j.
X X

It follows from Proposition 4.7 that the ¥ ; converge, as j — +o0 and ¢ — 0, to
some ¥ € P(X7) which is a pluripotential solution to (CMAF) with data (w;, g, F)
and initial value ¢¢. Moreover, 1; and ¢ satisfy the assumptions of Theorem 4.1,
hence {& <.

We now prove that ¢ < 1]7 by showing that ¢ ; is a subsolution to an approximate
(CMATF). Since ¢ is locally uniformly Lipschitz, there exists a constant C; (depending
also on ¢) such that

sup |¢| = Cy,
[e,T"1xX

hence
drp(t +6,x) > (1=8;)0rp(t +&,x) — C18; = 0r e, j (1, x) + (B —C1)8; + Ce+ ;.
A direct computation yields

(wa,j + ddc‘Ps,j)n

> oh log(l—Sj)+8,qo(t-i—a,x)-i—F(t+£,x,(p(t+£,x))gdV iy |gj - gl dv
- Mg —glp

Set My, := supy,. |¢| and J :=[-M,, My] and
nj i=sup{|F(t,x,r)— Fj(t,x,r)|: (t,x,r) € [0, T']x X x J}.
Then n; — 0 as j — +oo. Setting

. Ci+M
81 = e Mr g — gl

where
Mp :=sup{|F(t,x,r)|: (£, x,r) €[0,T[x J},

and considering j large enough (so that §; < 1), we obtain

(wg '—i-ddchg )n > en10g(1—8j)+8,(o(t-i—e,x)—i-F(t+e,x,(p(t+e,x))g. dv.
»J 5] J

The Lipschitz condition on F ensures that

F(t+e&x,0(+ex)—F(t,x,(1-8)¢( +¢x))>—Ca(8; +¢)
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for a uniform constant C, > 0. Choosing positive B and C large enough and using
log(1 —4d;) > —4§;, we conclude that

(0. (1. x) +dd s (1, x))" > p019e j HF X, j)+n; g dVv
> eat(ps,j +Fj(tvxs(p£,j)gj dv.
Thus ¢, ; is a subsolution to (CMAF) for the data (g;, Fj, wg,;).
We can now apply Step 1 to obtain ¢, ; < ¥ ;. Letting j — +o00 and then ¢ — 0
finally shows that ¢ < . a

We have used the following straightforward extension of [13, Proposition 1.5]:

Lemma 4.9 Assume that u is a psh function in an open set U C C" and (ddu)" >
e/ dV in the pluripotential sense, where f is lower semicontinuous in U. Then the
inequality holds in the viscosity sense.

Corollary 4.10 There exists a unique solution to the Cauchy problem for (CMAF)
which is locally uniformly semiconcave in t. It is the envelope of pluripotential
subsolutions.

4.2.3 Stability, I We are now ready to prove Theorem C of the introduction. We
assume here that
e F.G: )/(\TZ=[O,T[XXXR—>R are continuous;
e F and G are increasing in the last variable;
e F and G are uniformly Lipschitz in r with Lipschitz constants Lr and Lg.
e 0< figelLP(X) with p>1.
The Lipschitz assumption on F' means that, for all (¢, x) € X,

|F(t,x,r)—F(t,x,r')| < Lg|r—r|.

Theorem 4.11 Assume that ¢ € P(XT,w) is a solution to the parabolic equation
(CMAF) with admissible data (F, f) and ¥ € P(X7,w) is a bounded solution to
(CMAF) with admissible data (G, g).

There exists o € )0, 1[ and for any ¢ > 0 there exists A(e) > 0 such that

sup | — Y| < A@©)lpe — Vel Fi(x) + T sup|F = G|+ Ae)|lg — f1I,/"
[e,T[xX )?T

In particular, if

* (gj) are densities which converge to g in L?(X),
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» F; converges to F locally uniformly,

* o,; are bounded wo—psh functions converging in LY(X) to ¢,

then ®(Fj, g;j.po,;) locally uniformly converges to ®(F, g, ¢o).

Here we denote by ®(F, g, ¢o) the solution to the Cauchy problem for the admissible
data (F, g,¢o).

Proof Set ®/ = ®(Fj,gj.90,j) and & = ®(F, g,¢o). The quantitative estimate
is a simple consequence of Proposition 4.12 below. The norm ||®] — ®,|| L(x) 18

controlled by [|®/ — ®| ;1 (e, T]xx) s follows from Lemma 1.5. By Proposition 3.1,

1

J‘ .
@/ converges in L .

(XT) to @, hence the last statement of the theorem follows. O

The stability result is a consequence of the following quantitative version of the com-
parison principle:

Proposition 4.12 Assume ¢ € P(XT, w) is a subsolution to (CMAF) with data (F, f)
and ¥ € P(XT,w) is a supersolution to (CMAF) with data (G, g).

Fix & > 0. There exists a, A, B > 0 such that, for all (t,x) € [e,T[x X,

(6, %) =Y (t,x) < Bll(0s = V&) + 51 x) + T sup(G — F)+ + Al (g — /)+1,/",
Xr

where A, B> 0 depend on X, 6, n, p, a uniform bound on ¢, v, ¢ and ¥ on the set
[e, T[x X, supy,. G(t, x,supy.. ¢), and L¢.

Proof We use a perturbation argument as in [16] which goes back to the work of
Kotodziej [26]. For convenience we normalize 6 so that [y, dV = [, 6" =1. Set

mo:=infep, mi(e):= iInf ¢ and M :=sup(G—F)..
0:=infy 1(e) LI )?71?( )+

We first assume that |[(g — f)+[p > 0. It follows from [12] (see also [27] in the Kéhler
case) that there exists p € PSH(X, 6) N L°°(X), normalized by maxy o = 0, such that

(4-8) 6 +dd°p)" = (a n M) v,
(&= /F)+lp
where a > 0 is a normalizing constant given by
_ =N+l 0.1].
(g = )+lp
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We moreover have a uniform bound on p which only depends on the L# —norm of the
density of (6 + dd€p)", which is here bounded from above by 2,

(4-9) Iplloo = Cola+1) = 2Co,

where Cy > 0 is a uniform constant depending only on (X, 6, p).

For 0 <§ <1 and (¢, x) € X7, we set
ps(t,x):=(1—=8)p(t,x)+6p+nlog(1—38)— Bst — Mzt.

The plan is to choose B > 0 in such a way that ¢ is a subsolution to (CMAF) on
[e, T with data (G, g). The conclusion will then follow from the comparison principle
(Theorem 4.8).

Observe that for almost all ¢ € [e, T[ fixed, @s(¢, - ) iS w;—plurisubharmonic on X and
(0 +dd ps(t,-))" = (1-8)"(wr +dd¢)" +8"(0 +ddp)".

Using that ¢ is a subsolution to (CMAF) with data (F, f), we infer

(- )+
-2 - dV.
(g = f)+llp y

Noting that ¢ > @5 4+ §¢ and recalling that G is increasing in the last variable, we

(4-10) (w; +ddCps(t,-))" > P TEE e Fnloz1=8) £ gy 4 gn

obtain

o, x)+ F(t,x,p(t,x)) +nlog(l—35)
>@s(t,x)+ 8¢, x)+G(t, x,p(t,x))—M +nlog(l1—-8)+ B§+ M
> @s(t,x)+ 8¢, x)+ G(t, x,p5(t, x) +8¢(t,x)) + nlog(l1 —6) + BS
>@s(t,x)+ G(t,x,95(t,x) + dmg) + Smy(e) +nlog(l —§) + BS.
The Lipschitz condition on G yields, writing L = Lg,
o(t,x)+ F(t,x,p(t,x)) +nlog(l—235)
>@s(t,x)+G(t,x,05(t,x))+ BS — L|mg| + §m1(e) + nlog(l —9).

Using the elementary inequality log(1 —§) > —2(log 2)§ for 0 < § < 1, it follows that,
for0<§ =<3,

B& — L§|mo| +m1(e)d +nlog(l —8) > (B — L|mo| +m1(e) —2nlog?2)és.
We now choose B := L|mg|+2nlog2—m1(e), so that

(,Z)(t,x)—l—F(t,x,go(t,x))—l—nlog(l—&) Z¢5(l,X)+G([,X,§05([,X)),
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which, together with (4-10), yields

(- )+

(4-11)  (wr +ddCeg(t,- )" > P& HCC05)) g gy L gn S 77+
(g = )+lp

On the other hand, if we set

Mi(e):= sup ¢, Mpy:=supp and M, :=supG(t,x, My),
[e,T[xX Xr Xr

then the Lipschitz property of G ensures, for (¢, x) € [e, T x X,

@5, x)+G(t,x,¢5(t,x)) < (1=8) sup @+supG(t,x,(1-8)e(t, x))
[e,T[xX X7

<(1—=38)Mi(e) +supG(¢t, x, (1 —86)Mp)
Xr
<(A—=8M;(e)+ MyLs+ M,
< M» + max{L My, M1(¢)}.
Using (4-11), we conclude that, for 0 < § < %, x € X and almost all ¢ € [e, T,

(4-12)  (w;+dd es(t,-))"

> e¢8(l,-)+G(t,~’(p3(t’.))(f 4 §he—Ms3(©) (g— )+ ) av.
(g —f)+lp

where M3(e) := M» + max{L My, M1(e)}.
To conclude that ¢g is a subsolution, we finally set
(4-13) 8:= (g — )+l "M@,

Assume first that ||[(g — )+, < 27"e~M3(8) 5o that § < % It follows from (4-12)
that, for almost all ¢ € [e, T'[,

(0r +ddCes(t,))" = ePGITCE0s@N(f 4 (o £))dV
z e¢5(ta')+G(t7'7(p5(t"))g dV’

hence ¢g is a subsolution to (CMAF) for the data (G, g) on [g, T[. The comparison
principle ensures that, for all (¢, x) € [e, T[ x X,

03(1,2) = Y (1,3) = max(gs (e, ) — Y (e,
Together with (4-9) and (4-13) we obtain, for (¢, x) € [, T[ x X,

0(,2) =y (1, %) < max(@e, ) =¥ (&) + TM + 4@l = 1)+l
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where
A1(e) :=(Mp+2nlog2+ BT)eM3(8)/n.

When [[(g — f)+llp > 27"~ M3(8) e choose Az (g) > 0 so that
SUp(p(t, x) = Y/ (1, x)) < max(pe — o)+ + Aa(e)27"e M,
X7
We lastly set A(e) = max{A;(¢g), A2(¢)}.
Assume finally that ||(g — )+, = 0, which means that g < f almost everywhere

in X. In this case, the function (¢, x) — ¢(¢, x) — Mt is a subsolution to (CMAF) with
data (G, g) and the conclusion follows from the comparison principle.

Now observe that ¥, is a supersolution to the degenerate elliptic equation
(e +dd Ye)" <eP©@gav,
where D(e) is an upper bound of ¥ (7, x) + G(¢, x, ¥ (¢, x)) on [, T[x X.

By the L®—L! semistability theorem of [12, Proposition 3.3], it follows that there
exists @ € ]0, 1[ and a constant C(g) > 0 depending on D(¢), p, 0 and ||g||, such
that

m)?x(‘/’s —Ve)+ < C(e)|(pe — Ye)+ ”%I(X)’

concluding the proof. O

5 Geometric applications

In this section we show that our hypotheses are satisfied when studying the Kéihler—
Ricci flow on a compact Kihler variety with log terminal singularities. We prove
the existence and study the long-term behavior of the normalized Kihler—Ricci flow
(NKREF for short) on such varieties starting from an arbitrary closed positive current
with bounded potential.

The definition and study of the Kihler—Ricci flow on mildly singular projective varieties
has been undertaken by Song and Tian in [32; 33]. A different viscosity approach has
been developed by Eyssidieux, Guedj and Zeriahi in [14; 15].

Our approach allows one to avoid any projectivity assumption on the varieties, to deal
with more general singularities, to avoid any continuity assumption on the data, and also
provide more general uniqueness and stability results. The whole discussion extends to
the case of Kawamata log terminal pairs but we leave this discussion for later work.
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5.1 Analytic approach to the minimal model program

5.1.1 Log terminal singularities Let Y be an irreducible compact Kéhler normal
complex analytic space with only terminal singularities. Let 7: X — Y be a log-
resolution, ie X is a compact Kidhler manifold, 7 is a bimeromorphic projective
morphism and Exc(rr) is a divisor with simple normal crossings. Here Exc(w) :=
a LY\ Yreg) is the exceptional divisor. Denote by { £} g <¢ the family of the irreducible
components of Exc(sr). With this notation, one has furthermore

Kx =n*Ky +) agE.
E
where —1 <afg € Q, Ky denotes the canonical Q-line bundle on Y, whose restriction
to the smooth locus is the line bundle whose sections are holomorphic top-dimensional
forms (canonical forms), Ky the canonical class of X and E also denotes, with a
slight abuse of language, the cohomology class of E (we refer to [25] for more details).

The log terminal condition ag > —1 means that for every nonvanishing locally defined
multivalued canonical form 7 defined over Y, the holomorphic multivalued canonical
form %7 on X has poles or zeroes of order ag along E, so that the corresponding
volume form decomposes as

T (epn AT = ew+_w_dV(x),

where wt = > ap=0aElog|sglp, and w™ :_20>a5>—1 ag log|sg|p, are quasi-
plurisubharmonic with e* = continuous and e™" € L2 for some p > 1 whose precise
value depends on ming (ag + 1).

5.1.2 The (normalized) Kihler-Ricci flow The Kihler—Ricci flow is the evolution
equation of Kdhler forms on Y

00,

o —Ric(6;),

starting from an initial Kdhler form 6. These can be written as
Or = xe +dd¢; with x, =6 +1x,
where y € c1(Ky).

One can pull back these forms via a log-resolution of singularities and consider the
corresponding forms w; = 7™ y;, which are big and semipositive (they vanish along
Exc(m)). The latter satisfy our main assumptions:
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Lemma 5.1 Assume that n: X — Y is a proper holomorphic map onto a compact
normal Kahler space Y, with w; = 7* y; and 6 = n*wy , where wy is a Kahler form
on Y. Then there exists A > 0 such that

Q/A < wy, —Aa), < d)t < AC()t and C.()t < Aa)t.

Proof The corresponding inequalities are valid on Y since wy and 6y are Kéhler and
t — x; is smooth, as long as we work on a finite time interval (which is implicit). One
can then transpose the inequalities from Y to X by the holomorphic mapping #. O

One can similarly consider the normalized Kéhler-Ricci flow on Y

30 _
a_zt = —Ric(6;) — A6;,

starting from an initial data 6y = yo +dd o with ¢o being a bounded potential which
is plurisubharmonic with respect to the given Kihler form y¢ on Y, and where A € R.

By rescaling, one can reduce to the cases A = 1,0, —1. To simplify the discussion we
restrict to the case A = 1. At the cohomological level, this yields a first-order ODE
showing that the cohomology class of 6; evolves as

{0:} = e {00} + (1 - )Ky.
We thus define by

Tmax :=sup{t > 0:e {0} + (1 —e Ky e K(Y)}
the maximal (cohomological) time of existence of the flow.

Denote by X(Y) C H'(Y, PHy) the open convex cone of Kihler classes and let xo
be a smooth Kahler representative of the Kihler class {6y}. Here PHy is the sheaf
of real-valued pluriharmonic functions on Y (see [12, Section 5.2] for more details).
Assume / is a smooth Hermitian metric on the holomorphic Q-line bundle Ky . Then
¥ :=—dd€logh is a smooth representative of Ky € H(Y, PHy) and we set

xe=e xo+(1—eHy.

The solution to the normalized Kihler—Ricci flow can be written as 6; = y; + dd ¢y,
with 7*¢ € P(X7). We now define

a*nAm*n

e CO(X, Q%"),
|0l

MNKRF = Cn
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. . . 0 n,n . .
which we view as a continuous element of C” (X, 2 Xr /[O,T[)’ where ¢, is the unique

complex number of modulus 1 such that the expression is positive. As the notation
suggests, UNkrF 18 independent of the auxiliary multivalued holomorphic form 7 but
depends on /.

In local coordinates punkrr has density of the form

onkrr = | [ 1/£1*% v,
E

where v > 0 is smooth and fg is an equation of E in these local coordinates.

Theorem 5.2 The Cauchy problem with initial data So := yo + dd€¢q for the nor-
malized Kéahler—Ricci flow on Y admits a unique pluripotential solution defined on
[0, Tmax[ X Y.

Proof Fix T < Tpax. Since e {wo} + (1—e ")Ky € K(Y) for any ¢ € [0, T], there
exists a smooth family of Kéhler forms (x;)o<s<7 € K(Y') such that for any ¢ € [0, T'],

e} = o}

We can write 8; = y; +dd¢p;, where ¢ is a solution to the corresponding Monge—
Ampere flow at the level of potentials,

(e +dd¢)" ="y,
on Y7 for some admissible volume form vy on Y, or, equivalently,
(5-1) (wr +ddCe;)" = eat¢+(pZMNKRF — e3z¢+F(l,X,<ﬂt)g dVy,

on a log-resolution m: X — Y, where punkrr is a volume form on X which can be
locally written as

INKRF = 1_[ | fE[P*E dVx = g dVy,
E

where ¢ = [[g | fE|*%F € L? for some p > 1, since —1 < ag forall E,and g >0

almost everywhere.

We write here ¢ := n*¢ and w; := 7n* ;. Since (y;)o<s<r is a smooth family of
Kihler forms on Y, it follows that the family of semipositive forms [0, T[> ¢ — 6;
satisfies all our requirements.

Theorem 3.4 can thus be applied (with F(¢, x,r) = r) and guarantees the existence
of a unique pluripotential solution to the Monge—Ampere flow on X7 for any fixed
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T < Tmax starting at ¢o. By uniqueness, all these solutions glue into a unique solution
of the Monge—Ampere flow on [0, Tiax[ X X starting at ¢g, denoted by ¢;. Pushing
this solution down to Y, we obtain a solution to the NKRF starting at Sg, denoted
by ¢:.

Now, assume that ¥, is another solution to the flow on Y. Then 7*v; is a solution
to the flow (5-1) on 7! (Yreg). Since X \ 771 (Y;eg) is pluripolar, the equation (5-1)
extends trivially to the whole of X. Corollary 4.10 thus yields that 7*v; = ¢; on X,
hence ¢; = ¢y on Y. a

5.1.3 Song-Tian program A natural and difficult problem is to understand the
asymptotic behavior of w; as t — T,x. Song and Tian have proposed in [33] an
ambitious program, combining the minimal model program and Hamilton—Perelman
approach to the Poincaré conjecture.

We focus here on the case when X has nonnegative Kodaira dimension. One would

ideally like to proceed as follows:

Step 1 Show that (Y, w;) converges to a mildly singular Kéhler variety (Y7, S1)
equipped with a singular Kdhler current S1, as t — 11 max.

Step 2 Restart the NKRF on Y; with initial data S .

Step 3 Repeat finitely many times to reach a minimal model Y, (Ky, is nef).

Step 4 Study the long-term behavior of the NKRF and show that (Y;, ®;) converges

to a canonical model (Y¢an, Wean), as t — +00.

This program is more or less complete in dimension < 2 (see the lecture notes by Song
and Weinkove in [34] or Tosatti [37]). It is largely open in dimension > 3, but for
Step 2, which has been completed in [33; 23; 9; 14; 36].

In the sequel we focus on the final Step 4, ie we assume that Ti,x = 400, so that ¥
is a minimal model with log terminal singularities. The normalized K&hler—Ricci flow
is then well defined for all times ¢ > 0, and our goal is to understand its asymptotic
behavior as t — +00.

5.2 Convergence of the NKRF

5.2.1 Convergence of the NKRF on log terminal varieties of general type Let Y
be a compact Kéhler variety with terminal singularities and assume Ky is big and nef.
It has been shown in [12] that there exists a unique positive closed current wgg on Y
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such that

e kg € C1(Ky) and it has bounded potentials;

e wkg is smooth in Amp(Ky), where it satisfies Ric(wgg) = —wkE.
The current wkg is called the singular Kihler—Einstein current.
Theorem 5.3 Fix Sy a positive closed current with bounded potentials, whose co-

homology class is Kahler. The normalized Kihler—Ricci flow continuously deforms Sg
towards wgg as t — +00 at an exponential speed.

Proof It is classical that the problem boils down to solving and studying the long-term
behavior of the parabolic scalar equation

(5-2) (fr +ddCe)" = eat(ptﬂ)’UY,

with initial data @g, where So = yo +ddpo and y; =e " yo+ (1 —e")yx. Here y
is a Kéhler form representing ¢ (Ky).

The existence of the unique maximal solution ¢; has been explained in Theorem 5.2,
so the problem is to show that ¢; — @kg as t — +00, where wkg = ¥ + dd ¢kE.
We let the reader check that

u(t,x) =e"'go+(1—e " )gke +h(t)e™
is a subsolution to (5-2), where
h(t) =n(e' —1)log(e’ —1) —ne’ loge’ = O(1).

The computations are the same as that of [14, Theorem 4.3, Step 1]. The comparison
principle (Theorem 4.8) yields

eke(x)—C(t + l)e_’ <u(t,x) <, x)
for some uniform constant C > 0.

The proof for the upper bound is similar. Since y is Kéhler, we can fix B > 0 such
that wg < (1 + B)y, thus y; < (1 + Be ")y for all . We set

v;(x) = (1 4+ Be g+ Ce ™",

where C is chosen so that vg > ¢g. The function v is a supersolution to the Cauchy
problem for the parabolic equation

([1 +B€_t]x+ddcvt)n — ea,v,—i-v,—i-n 10g[1+B€_t]vY < eatvt+v;+nBe_th
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with initial data g, while w(z, x) = ¢(f, x) —nBte™" is a subsolution to this equation
since

t

([1+Be 'y +ddw)" > (y: +dd¢;)" = eaz¢z+<ﬂsz — pdrwrtwi+nBe” vy.
The comparison principle thus yields
o(t,x) < pkp(x) + C'(t + 1)e™".

The conclusion follows. O

5.2.2 Convergence of the KRF on log terminal Q—-Calabi-Yau varieties In this
section we study the Kihler-Ricci flow on a log terminal Q—Calabi—Yau variety Y (ie
a Gorenstein Kihler space of finite index with trivial first Chern class and log terminal
singularities), and prove Theorem D of the introduction.

Theorem 5.4 Fix Sy a positive closed current with bounded potentials, whose co-
homology class is Kihler. The weak Kihler—Ricci flow

% = —Ric(wy)

ot
exists for all times t > 0, and deforms So towards the unique Ricci flat Kihler—Einstein
current wgg cohomologous to Sg as t — +00.

The existence of the singular Ricci flat Kidhler—FEinstein current wgg has been shown
in [12], generalizing Yau’s celebrated solution to the Calabi conjecture [40].

Proof It is classical that the problem boils down to solving and studying the long-term
behavior of the parabolic scalar equation

(5-3) (o +dd )" = "¢ vy,

with initial data g, where So = 6y + dd¢q.

The existence of the unique semiconcave solution ¢; has been explained in Theorem 5.2.
We are going to show that ¢; uniformly converges to ¢gg as t — 400, where
wkg = 6o + ddc(pKE with

(6o +dd ekp)" = vy,

and the bounded 6y -plurisubharmonic function ¢kg is properly normalized. We proceed
in several steps.
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Step 1 (C°—bounds and normalization) It follows from the comparison principle
that (¢;) remains uniformly bounded: indeed ¢gg — C (resp. gkg + C) provides a
static subsolution (resp. supersolution) to the Cauchy problem if C > 0 is so large that

¢ke — C = @o (resp. gk + C = o).
We assume without loss of generality that vy and 6y are normalized by

/YQ” =vy(Y)=1.

The concavity of the logarithm ensures that

/ dr @ VY =/ log[(Bp +dd ;)" Jvy]vy < log[/ (6o +ddc(pt)”] =0,
Y Y Y

hence ¢ — fY ¢; vy 1is decreasing. We therefore impose the normalization

/¢KEUYZ lim /fpsz-
Y t—>+o0 Jy

Step 2 (monotonicity of the Monge—Ampere energy along the flow) We now observe
that ¢ — E(¢;) is increasing, where

n

1 . .

B =7 2 [ onBo+ddco] a6y
Jj=0

More precisely:

Lemma 5.5 The function t — E(¢;) is differentiable almost everywhere with

d .
2 Elpr) = / ¢t (B0 +dd )" =0,
4 Y
for almost every t €0, +o0[.

Proof It is straightforward to check that ¢ — E(¢;) is locally Lipschitz, its differen-
tiability almost everywhere thus follows from Rademacher theorem. Our goal is now
to compute its derivative.

By the Lipschitz property of ¢ — ¢; we can find a subset I C 10, T'[ with ]0, +-o0[\ /
having measure zero such that, for every to € I fixed, the function ¢ — ¢(t, x) is
differentiable at 7o for almost every x € Y. By the first observation we can also assume
that ¢ +— E () is differentiable at every ¢ € I. The semiconcavity property of ¢; in ¢
moreover ensures that, for every ¢t € I and almost every x € Y,

o (x) = ¢ (x).
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The semiconcavity property of ¢ — ¢; ensures that, for x € Y fixed, the function
t— @, *(x) is lower semicontinuous, while ¢ @; (x) is upper semicontinuous in
10, +o0][. In particular, for fg € I fixed,

lim lnf¢t+(X) > @it (X) = @7 (x) = limsup ¢ (x),
t—to

for almost every x € Y.

Fix t9 € I and t € I with ¢t > ty. By concavity of the Monge—Ampere energy (see
[4, Proposition 2.1]) we obtain

/fp; (pto(e b ddCg) < E(¢r) — E(¢1,)
v - -

(Pto c n
Op +dd
t—1o _/Y (1 (0t Ade)

Using that ¢; is a solution to (5-3) and ¢; Tx)= ¢; (x) ae., we get

/% P10 ¢,ng< E(¢r) - E(ﬁﬂto)_/ gDtoewroga”/
y t—to t—to y I—1to

Letting I >t — ¢ and using the Lebesgue dominated convergence theorem, we arrive
at the desired formula for the derivative of ¢ — E(¢;) at tg.

It remains to check that %E (¢z) = 0. This follows from Jensen’s inequality,
4B = [ 9160+ ddce) =10 [ vy =0. o
Y Y

Step 3 (asymptotic behavior of ¢;(x)) We claim that there exists a constant C > 0
such that, forall t > 1 and x € Y,

|¢:(x)| = C.

Indeed, since ¢ — ¢;(x) is locally uniformly Lipschitz (away from ¢ = 0), there is
C > 0 such that |@s+1 —¢1| < Cs for every s € [0, 1]. Fix such s and consider, for
t>0and x €7,

us(x):=p(+t+1,x)—-Cs.

Observe that ug < ¢ and
(B0 +ddu)" = ety

Since the function (¢, x) — ¢(¢t + 1, x) solves the above equation, it follows from
Theorem 4.8 that u; < @;4+ for all £ > 0. Thus

Os+t+1 = @r+1 +Cs,
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and letting s — 0 yields a uniform upper bound for ¢;. The lower bound follows
similarly.

We now claim that there is a sequence of times 7; — +o00 such that ¢y; (x) — 0 for
almost every x € Y. Indeed, observe that the functional # > F(¢;) := E(¢;)— fY ¥t Vy
is increasing along the flow: for a.e. t > 1,

d . g — .
470 = [ o vy =7 [ alavy o
Y Y

Since F is uniformly bounded along the flow, there is #; — +o00 such that

| 16, vy 0.
Y

Since the time derivative ¢; is uniformly bounded for ¢ > 1, it follows that
e? 1

in LY(Y,dvy) for all 1 <g <2, and ¢;; (x) — 0 for almost every x € ¥ (up to
extracting and relabeling). It follows from the elliptic L!— L stability [21, Theorem C]
that ¢;; uniformly converges to some ¥ which satisfies

(Bp +ddy)" = vy

and [y ¥ dvy = [y ¢ke dvy, since [y ¢; dvy decreases to [} kg dvy . The unique-
ness of the normalized Kéhler—Einstein potential [12] now ensures that Y = ¢kg, ie
¢t; uniformly converges to ¢kE.

Step 4 (the semigroup property) The conclusion follows now from the fact that our
equation is invariant under translations in time: Observe that for all s > 0, the function
(t,x) = ¥ (t,x) = p(t + s, x) is again a bounded parabolic potential solution to the
equation

(O + ddy)" = PVt duy.

Fix ¢ > 0 and j large enough that
sup |</>(; —¢kE| <é.
b'¢

The function (¢, x) = ¢ge(x) — ¢ is a subsolution to the Cauchy problem for the
above equation with initial data ¢;; . Similarly, gxg(x) + ¢ is a supersolution to the
same Cauchy problem. The comparison principle (Theorem 4.8) therefore yields, for
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allt >0 and x € X,
(pKE(x) —&=< QO(Z +lj,X) = @KE(X) +eé.

Letting ¢ — +o00 and then ¢ — 0 yields the conclusion. O

5.2.3 Minimal models of intermediate Kodaira dimension We finally just say a
few words about the more delicate volume-collapsing case. We assume here Y is
an abundant minimal model of Kodaira dimension 1 < ¥ = kod(Y) < n, ie Ky is
a semiample Q-line bundle with Ky = f*Ky_ , where f:Y — Y, is the litaka

fibration, with Ky

can

an °

ample.

A generic fiber X, = f~!(y) is a Q—Calabi-Yau variety. We fix /4 a positive
Hermitian metric of A = Ky__ with curvature form 64, and 7 local (multivalued)

can

nonvanishing holomorphic section of Ky . Then
N

v(ha) = cn—2 T

71l F*ha

is a globally well-defined volume form on Y such that the measure f.v(h4) has
density in L'*¢ with respect to 6%.

Generalizing [32; 33], it has been shown in [15] that there exists a unique bounded
64 —psh function ¢¢un on Ye,, such that

o (Oa+ddpean) = e¥ fi(v(ha));

e the current wean = 04 + dd€@can is independent of Ay ;

e it is smooth in Y4y \ critical values of f;

o it satisfies Ric(@Wean) = —Wean + @wp in Yege \ critical values.

The Weil-Petersson term wwep is a semipositive (1, 1)—form which measures the change
of complex structures in the fibers of the litaka fibration. The current Tean = f *@ean
is an important birational invariant such that

T A l* = e%a®  y(hy).

Here wsr = wo + dd° p denotes the fiberwise family of Ricci flat KE metrics,
wsk|x, = unique Ricci flat metric in {wo}|x,,

whose existence has been obtained in [12].

Extending the main result of [15], the tools developed in this article allow one to
establish the following:
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Theorem 5.6 If dimc Y < 3 then the normalized Kihler—Ricci flow deforms wo
towards the canonical current T.,, ast — +00.

Proof For a suitable choice of the normalizing constants, the normalized Kédhler—Ricci
flow is equivalent to the parabolic complex Monge—Ampere flow of potentials

(wr +ddCpe)"

Cle—n—)t ety (h),
n

starting from an initial bounded potential @9 € PSH(X, wo). We have normalized here
both sides so that the volume of the left-hand side converges to 1 as t — +o00. Here
CF denotes the binomial coefficient C¥ = (3)- It follows from Theorem 5.2 that this
flow admits a unique bounded pluripotential solution.

Once the objects are well defined, the proof is then identical to that in [15, Theorem D].
The restriction on dimg¢ Y is related to a regularity issue for some families of Ricci
flat metrics. a
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