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Bridge trisections in CIP? and the Thom conjecture

PETER LAMBERT-COLE

We develop new techniques for understanding surfaces in CP? via bridge trisections.
Trisections are a novel approach to smooth 4-manifold topology, introduced by Gay
and Kirby, that provide an avenue to apply 3—dimensional tools to 4—dimensional
problems. Meier and Zupan subsequently developed the theory of bridge trisections
for smoothly embedded surfaces in 4-manifolds. The main application of these
techniques is a new proof of the Thom conjecture, which posits that algebraic curves
in CPP? have minimal genus among all smoothly embedded, oriented surfaces in
their homology class. This new proof is notable as it completely avoids any gauge
theory or pseudoholomorphic curve techniques.

57R17, 57R40

1 Introduction

A trisection of a smooth, oriented 4—manifold X is a particular decomposition into
three elementary pieces. It is a 4—dimensional analogue of Heegaard splittings, where
a 3—manifold is bisected into two handlebodies glued together along their boundary.
Recently, Meier and Zupan have extended this perspective to bridge trisections of
knotted surfaces in 4-manifolds [13; 14]. Bridge trisections are a 4—dimensional
analogue of bridge position for links in a 3—manifold. A bridge splitting of a link L is
a decomposition of L into a pair of trivial tangles. Similarly, a bridge trisection of a
knotted surface is a decomposition into a triple of trivial disk tangles.

The projective plane CP? admits a genus 1 trisection well adapted to its complex and
toric geometry. This geometric compatibility makes it possible to apply topological
methods in 3—dimensional contact geometry to the study of smooth surfaces in CIP2,
In this paper, we introduce several new techniques, concepts and results regarding
bridge trisections and diagrams for bridge trisections. The main application is a new
proof of the Thom conjecture.
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Theorem 1.1 (Thom conjecture [10]) Let K be a smoothly embedded, oriented,
connected surface in CP? of degree d > 0. Then

g(K) = 1(d—1)(d-2).

The conjecture was originally proved by Kronheimer and Mrowka using Seiberg—Witten
gauge theory [10]. A generalization to Kdhler manifolds — that complex curves mini-
mize genus — was subsequently proved by Morgan, Szab6 and Taubes [15]. Alternative
proofs of the original conjecture in CPP? were subsequently given by Ozsvith and
Szabd using Heegaard Floer homology [17] and by Strle [21].

The novelty of this trisections proof is that we completely avoid any gauge theory or
pseudoholomorphic curve techniques. In particular, using the techniques introduced in
this paper, we can reduce the adjunction inequality to the ribbon-Bennequin inequality.

Theorem 1.2 (ribbon-Bennequin inequality) Let L be a transverse link in (S, £4q)
and let F be a ribbon surface bounded by L. Then

sI(L) < —x(F).

This is the ribbon surface equivalent of the well-known slice-Bennequin inequality,
which was conjectured by Bennequin [2] and first proved by Rudolph [19]. Rudolph
proved that slice-Bennequin is equivalent to the local Thom conjecture on the slice
genera of torus knots.

Theorem 1.3 (local Thom conjecture [9]) The slice genus of T (p, q) is
3(p=Dg—1).

The local Thom conjecture was also proved by Kronheimer and Mrowka [9], using
Donaldson invariants. Later, Rasmussen [18] introduced a concordance invariant in
Khovanov homology and gave a combinatorial proof of the local Thom conjecture.!
Shumakovitch [20] then noted that the slice-Bennequin inequality is also easily deduced
using the s—invariant. Consequently, as the slice-Bennequin inequality trivially implies
the ribbon-Bennequin inequality, our proof of Theorem 1.1 reduces to Rasmussen’s

combinatorial proof and avoids gauge theory.

In effect, the proof uses the local Thom conjecture to deduce the (global) Thom
conjecture. This reverses the standard approach, such as in Kronheimer and Mrowka [9]

I'Theorem 1.3 is referred to as the Milnor conjecture in [18].
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and Lisca and Mati¢ [12], whereby a global adjunction inequality is used to deduce
information about slice genera. As the local Thom conjecture can be easily deduced
from the global version, we have the following corollary:

Theorem 1.4 The Thom conjecture is equivalent to the local Thom conjecture.

Moreover, based on the way in which a trisection decomposition shuffles the topology
of a 4-manifold, applying these ideas in larger 4—manifolds is a promising strategy to
recover and extend adjunction inequalities. For example, the most general version of
Theorem 1.1 is the symplectic Thom conjecture, proved by Ozsvith and Szabé [16],
which posits that symplectic surfaces in a symplectic 4-manifold minimize genus in
their homology class. There has been some progress in trisections of Kéhler surfaces and
curves on them; see Meier and Zupan [14] and Lambert-Cole and Meier [11]. However,
the interaction between trisections and Kéhler or symplectic geometry remains a deep
open question.

Finally, as mentioned above, our proof reduces to the ribbon-Bennequin inequality.
Interestingly, this is purely a 3—dimensional statement, as opposed to the 4—dimensional
slice-Bennequin inequality. It would be extremely interesting to give a proof using only
3—dimensional contact geometry, perhaps by reducing it to the Bennequin—Eliashberg
inequality. Given the deep geometric connection between tight contact structures and
the adjunction inequality, this would complete an extremely satisfying proof of the
Thom conjecture.

1.1 Trisections

Let X be a smooth, closed, oriented 4—manifold. A (d+1)—dimensional 1-handlebody
of genus g is the compact (d+1)—-manifold 2 (S! x D9).

Definition 1.5 (Gay and Kirby [6]) A (g; k1, k2, k3)—trisection T of X is a decom-
position X = X; U X, U X3 such that

(1) each X, is a 4—dimensional 1-handlebody of genus k;,
(2) each H) = X;_1 N X, is a 3—dimensional 1-handlebody of genus g, and

(3) X =X;NX,NJXj; is aclosed, oriented surface of genus g.

If ky =k, =ks =k, wecall T a(g,k)—trisection of X.
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Figure 1: The moment polytope of CIP2 with the trisection decomposition described.

The orientation of X induces orientations on each X; and each boundary Y) := 0Xj .
We choose to orient H) by viewing it as a submanifold of Y;. As a result, the
orientation induced on ¥ as the boundary of H) is independent of A. Moreover, we
have that Y, = H; Usx —H, 4 as oriented manifolds.

The spine of a trisection 7 is the union H; U Hy U H3. The spine uniquely determines
the trisection 7 and can be encoded by a trisection diagram (e, 8, y) consisting of
three cut systems for . A cut system for 3 consists of g disjoint simple, closed
curves whose complement in ¥ is a planar surface. Each cut system corresponds to
one handlebody H, . The spine is constructed by attaching 2—handles along each curve
in the cut system, followed by a single 3—handle for each handlebody H, . If X admits
a (g;kq, ko, k3)—trisection, then

x(X)=2+4+g—ki—ky—ks.
1.2 Trisection of CPP?

The toric geometry of CIP? yields a trisection 7 as follows. Define the moment map
p: CP? — R? by the formula

perizin = (oo A2,

21l + |22l + 23] |21 + |z2| + |z3]
The image of u is the convex hull of the points {(0, 0), (3,0), (0, 3)}. The fiber of u
over an interior point is 7°2; the fibers over an interior point of a face of the polytope
is S'; and the fiber over a vertex is a point. The preimage of an entire face of the
polytope is a complex line Ly = {[z1 :z;:z3]: z), = 0} for some A.

The barycentric subdivision of the simplex p(CIP?) lifts to a trisection decomposition
of CIP2 Define subsets

Xy ={lziizz] a2+ Slza—aly, Hy:={ziziz] |z Szl = |z 13-

Geometry & Topology, Volume 24 (2020)
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In the affine chart on CIP? obtained by setting z3 = 1, the handlebody X is exactly
the polydisk
A=DxD ={(z1,22) : |z1].|z2] = 1}

Its boundary is the union of two solid tori
H =S'xD and H,=DxS"'.
The triple intersection X; N X, N X3 is the torus
Y= {[e’.gl cel02 1]: 64,6, €0, 27]}.
Furthermore, the intersection By = Lj; N H) is a core circle of the solid torus.

We therefore have shown the following proposition:
Proposition 1.6 The decomposition CP? = X; U X, U X3 is a (1, 0)—trisection.

1.3 Bridge trisections

Let {7;} be a collection of properly embedded arcs in a handlebody H. An arc collection
is trivial if they can be simultaneously isotoped rel boundary to lie in dH. If {7;}
is trivial, then there exists a collection of disjoint disks A = {A;}, embedded in H,
such that dA; = t; U s;, where s; is an arc in 0X. We call each A; a bridge disk and
the arc s; the shadow of t;. A bridge splitting of a link L in the 3—manifold Y is a
decomposition (Y, L) = (Hy, t1) Uy (H,, 12), where Hy and H, are handlebodies
and the arc collections 77 and t, are trivial. Finally, a collection D = {D;} of properly
embedded disks in a 1-handlebody X are rrivial if they can be simultaneously isotoped
rel boundary to lie in d.X.

Definition 1.7 A (b; ¢y, ¢, c3)—bridge trisection of a knotted surface (X,K) is a
decomposition (X, K) = (X1, D) U (X2, D,) U (X3, D3) such that

(1) X = X;UX,U Xj is a trisection of X,
(2) each D, is a collection of ¢ trivial disks in X}, and

(3) each tangle 1) = D;_1 ND, is a trivial tangle in H) consisting of b arcs.

If (X, K) admits a bridge trisection, we say that K is in bridge position with respect to
the trisection X = X; U X, U X3.

Geometry € Topology, Volume 24 (2020)
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Let K; C Y, be the boundary of the trivial disk system D, . Since D,, is trivial, the link
K is the unlink with ¢) components. If K is oriented, then each trivial disk system D,
inherits this orientation. We choose to orient t) by viewing it as a submanifold of 9D, .
With these conventions, the induced orientation on the points of dt; is independent of A
and moreover agrees with their induced orientation as the transverse intersection X M .
Finally, we have (Y3, K3) = (Hj, 7)) Us (—Hp 41, 75 +1) as oriented manifolds.

The main result of [14] is that every knotted smooth surface (X, ) can be put into
bridge position.

Theorem 1.8 [14] Let T be a trisection of a closed, connected, oriented smooth
4-manifold X. Every smoothly embedded surface K in X can be isotoped into bridge
position with respect to T.

The spine of a surface K in bridge position is the union 7 U7, Uts. The spine uniquely
determines the generalized bridge trisection of K [14, Corollary 2.4]. If X admits a
(b; c1, ¢y, c3) bridge trisection, then

(1—1) X(/C)=C1 +C2+C3—b.

1.4 Transverse bridge position

In Section 3, we introduce transverse bridge position and transverse torus diagrams.
The motivation was to find a class of bridge trisections and diagrams that have geometric
rigidity, in analogy to grid diagrams for knots in S3. However, initial attempts suggest
that it is unlikely for there to be a suitable notion of grid diagrams for surfaces in CIP2.
In homogeneous coordinates, the handlebody H, can equivalently be defined as

Hy ={[z1:z2:z3] |zp| =1, |zp41| =1, zp—p = 1},
Using standard polar coordinates
0 10541

z =ne' i+1 = TIt1€

we have coordinates (6 41,73, 60) on Hy = S! xID. The solid torus Hj, is foliated
by holomorphic disks. The plane field tangent to this foliation is the kernel of the
1-form d6) ;.

The complex geometry of CIP? naturally induces contact structures on each 3—manifold
Y, of the trisection decomposition. Specifically, each piece X; of the trisection
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decomposition can be approximated by a Stein domain X A.N 1n its interior and the
hyperplane field g], n of complex tangencies on its boundary )A’A, ~N = S3 is the standard
tight contact structure. As X A, N converges to X , the contact structure SA;L, N converges
nonuniformly to the foliations of H; and —Hj ; by holomorphic disks.

A knotted surface (CPP?,K) in CP? in general position with respect to the standard
genus 1 trisection is geometrically transverse if, in each solid torus H) , the arcs of
the spine are positively transverse to the foliation by holomorphic disks. If (CPP2, K)
is in bridge position and is geometrically transverse (with a restricted model near the
bridge points; see Section 3.4), we say that it is in transverse bridge position. If a
surface is geometrically transverse, then for N sufficiently large it intersects each
(?N,A, EA, ) along a transverse link. Furthermore, if it is in transverse bridge position
then it intersects along transverse unlinks.

Every surface in transverse bridge position satisfies the adjunction inequality. The
degree, self-intersection number and Euler characteristic of C, along with the self-
linking numbers of the transverse links in each ﬁ, can be easily computed from a
torus diagram. Combining these with the Bennequin bound on the self-linking number
yields the required bound.

Theorem 1.9 Let (CP2, K) be a connected, oriented surface of degree d in transverse
bridge position. Then K satisfies the adjunction inequality:

x(K) <3d —d?.

An immediate corollary is that there are surfaces in CIP? that cannot be put into
transverse bridge position. For example, nullhomologous spheres violate the adjunction
inequality. A natural question is therefore:

Question 1.10 Which surfaces can be isotoped into transverse bridge position?

It is unknown whether every essential surface in CIP? can be put into transverse
bridge position. All complex curves in CP? can be isotoped into transverse bridge
position [11]. But the class of surfaces admitting transverse bridge presentations
includes more than just complex curves and symplectic surfaces. It is straightforward
to attach handles and obtain surfaces in transverse bridge position with nonminimal
genus, which therefore cannot be symplectic.

Geometry € Topology, Volume 24 (2020)
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1.5 Algebraic transversality and adjunction

As mentioned above, there are surfaces in CP? that cannot be isotoped into transverse
bridge position. To prove Theorem 1.1 in full generality, we introduce the weaker
notion of algebraic transverse bridge position.

Recall that the solid torus Hj = S! x D is foliated by holomorphic disks. In polar
coordinates on H, , the plane field tangent to the foliation is the kernel of the 1-—
form d6; 1. A knotted surface (CP2,K) in CP? is algebraically transverse if for
each A, the integral of d6),; along each component of 7, is positive. Clearly, a
surface in transverse bridge position is also in algebraic transverse bridge position. In
addition, this geometric condition is sufficiently flexible to accommodate every surface
of positive degree.

Theorem 1.11 Let (CPP2, K) be a connected, oriented surface of degree d > 0. Then
KC can be isotoped into algebraic transverse bridge position.

By further manipulations, we can completely isolate the obstruction to isotoping an
algebraically transverse surface to be geometrically transverse. Specifically, we can
reduce to the case where the bridge trisection of a surface K has a finite number of
simple clasps (see Figure 13). These clasps may be undone by a regular homotopy of
the spine of the bridge trisection, which corresponds to a finger move of the surface K.
The result is an immersed but geometrically transverse surface that intersects each )A’,
along a transverse link. Applying the ribbon-Bennequin inequality to a modification of
this link, we can recover the adjunction inequality and prove Theorem 1.1.

Theorem 1.12 Let (CP2,K) be a connected, oriented surface of degree d in alge-
braic transverse bridge position. Then K satisfies the adjunction inequality:

x(K) <3d —d>.
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2 Diagrams for surfaces in CIP?

Given a surface (CIP2, K) in general position with respect to the standard trisection, we
can obtain a forus diagram S(K) = (A, B, C) on the central surface X of the trisection.
Algebraic information about /C, including its homology class and normal Euler number,
can be computed from the diagram S(K).

2.1 Trisection diagram for CP2

We can obtain a trisection diagram for the standard trisection of CIP? as follows. Recall
that ¥ = {[e?1 :¢i%2:1]: 0;, 6, € [0, 27]} is the central surface of the trisection. In
homogeneous coordinates, we have that

Hy = {[z1:e"%:1]: || < 1, 6, € [0, 2]}

Thus the curve o := {[e!?1 : 1: 1]} bounds a disk in H;. Similarly, the curves 8 :=
{[1:¢%2:1]} and y := {[1:1:¢%3]} bound disks in H, and Hj, respectively. Therefore,
the triple (X;a, B, ) is a trisection diagram for the standard trisection of CP2. We
will also use the notation

when appropriate.
2.2 Handlebody coordinates

The natural coordinates on CP? are homogeneous, not absolute. Many of the argu-
ments, definitions and statements are triply symmetric and it is convenient to work in
different affine charts on CIP2. We adopt the following convention. When describing
an object associated to a fixed but unspecified A € {1,2,3} —such as Hy, Y, 7y,
etc — we will use the coordinates inherited from the affine chart z)_; = 1.

For example, when A =2, we set z; = 1 in homogeneous coordinates and obtain affine
coordinates z, and z3. In polar form, we then have

(23 03

Zy = 1pe’ z3 = r3e’

These restrict to give coordinates (63, r,,6,) on H, 2= S! x D. However, the solid
torus H, (with the opposite orientation) is also contained in Y. It has a second
coordinate system, denoted by (61, 2, 6,), that is induced by setting z3 = 1. Beware
that despite equivalent notation, the angular coordinate 6, differs between the two
systems and depends on context (whether A =1 or A = 2).
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2.3 Orientations

The standard orientation on CIP? orients each of the pieces of the trisection as follows.
Let Y, be oriented as the boundary of X, with outward-normal-first convention. In
particular, in the affine chart obtained by setting z; _; = 1, we have coordinates

zZ) = r;nem*, Z41 = rk+lei9*+1

and a frame {9y, , dg,,9r,,,, 99, ,} for TX,. Along H,, the vector 9, , is the
outward normal to X, so the frame {dg, ,,dr,,0q, } determines the orientation
on Y. We fix an orientation H; C Y; by restriction. Finally, we orient the central
surface X as the boundary of H) C Y, with its induced orientation. Since 9, is the
outward normal, we get an oriented frame {dg, , dg,  , } on . As the construction is
triply symmetric, the induced orientation on the central surface ¥ is well defined.

The canonical orientation of the holomorphic disks induces an orientation on each
curve «, B and y. In homology, we have that

[v] = —lo] = [B].

Furthermore, each pair

ol [B1y ABLIYE, Aly) ledy

is an oriented basis for Hy(X;Z).

2.4 Surfaces in CP?

Let (CPP?,K) be an immersed surface. After a perturbation, we can assume that X
is in general position with respect to the genus 1 trisection of CPP2. Specifically, the
surface K intersects the central surface X transversely in 2b points; K intersects each
solid torus H), transversely along a tangle t; ; and all of the self-intersections of K are
disjoint from the spine of the trisection. By abuse of terminology, we refer to the points
of XN X as the bridge points of K and to b as the bridge index of K. Moreover, after
a perturbation we can assume that each tangle ), is disjoint from the core B) of H, .

Recall that we have chosen orientations on each handlebody H; and the central surface
¥ is oriented. If K is oriented, we get orientations on the 25 points of K M X and the
b arcs of T) = K H . For a bridge point v, let o(v) denote this orientation. Since X
is nullhomologous, the algebraic intersection number [K]-[X] vanishes and so we have
exactly b positive bridge points and b negative bridge points. The orientation on a
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- b

+1

Figure 2: Left: a torus diagram for a bridge trisection of a cubic curve in CP2,
Right: a banded link diagram corresponding to the bridge splitting of the
cubic.

bridge point agrees with its orientation as the boundary of every tangle arc. In particular,
if the oriented boundary of some arc 7 ; is v{ —v;, then o(v1) =1 and o(vy) = —1.

2.5 Torus diagrams of surfaces in CP?

Define the projection map my: Hy ~ By — X in coordinates by

A (Or41.72.00) = (05, O 4 1).

Let (CP2, K) be an immersed surface in general position. Set A= 71 (z1), B=m(12)
and C = m3(t3). In addition, we will use the notation A; := m; (1) ). After a perturba-
tion of IC, we can assume that the projections A, B and C are mutually transverse and
self-transverse, with intersections away from the bridge points. In diagrams, our color
conventions are that A consists of red arcs, B consists of blue arcs and C consists of
green arcs. A torus diagram for the cubic curve in CP? is given in Figure 2.

The orientation on the tangles induces orientations on the projections. We can therefore
interpret A, B and C as oriented 1—chains on T2 satisfying

JdA =098 =4C.
The closed 1—chains
S(Ky):=A-B, S(K;):=B-C, S(K3):=C-A

are the projections of the oriented links K, K, and K3 onto the central surface.
These projections may be homologically essential in X, living in the classes

[S(KD] = pilal+q1[Bl.  [S(K2)] = p2[B]+q2ly].  [S(K3)] = p3[y]+gqsle]

for some integers {py,qx}-
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Aa L LI

Figure 3: Left: a positive and negative bridge point in the shadow diagram.
Right: a positively twisted, untwisted, and negatively twisted band in the
shadow diagram.

We define a secondary sign €(v) for each bridge point v, according to the cyclic
ordering of the incoming shadows. If the three incoming arcs of A, B and C at v are
positively cyclically ordered with respect to the orientation on X, we set €(v) = 1;
otherwise we set €(v) = —1. See Figure 3.

Finally, we will use the following convention to determine over/undercrossings. Recall
we have a Heegaard decomposition Y = H) U—H, ;. We view X from the perspec-
tive of the core of —H, 11, so that the tangle 7) 4 is in the foreground and 7 is in
the background.

Thus, the arcs of 7y 1(7)41) always pass over the arcs of 7 (7). In absolute terms,
the arcs of B always pass over the arcs of A, the arcs of C always pass over the arcs
of B and the arcs of A always pass over the arcs of C. Using the color conventions of
red, blue and green for A, B and C, respectively, we have the convention: blue over

red, green over blue, red over green.

For self-intersections of 1) (7 ), the strand further from X passes under the strand
closer to X. The opposite occurs for self-intersections of 7y 41(ty+1). Thus, the
crossing information for (7)) depends on whether the ambient manifold is Y3
or Y;_;. When drawing diagrams, as in Figure 4, we always assume that ambient
manifold is Y} .

Figure 4: An example piece torus diagram. Crossing 1 contributes —1 to the
writhe w(K3). Crossing 2 contributes +1 to the writhe w(XK;). Crossing 3
contributes +1 to w(K;) and —1 to w(K3).
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2.6 Degree formulas

Let L; denote the complex line {z; = 0} in CP2. This complex line intersects
the handlebody H, along a core B; of the solid torus, geometrically dual to the
compressing disk bounded by «) . We view Bj, as an oriented knot in A C Yy = 93X,
oriented as the boundary of the disk £, n := L) N X . The mirror image with the
reverse orientation — B, which is an oriented knot in —H) C ¥,y = dX 1, is also
the oriented boundary of the disk £y g := L) N X;_;.

Proposition 2.1 Let (CP2,K) be an immersed, oriented surface in general position
with respect to the standard trisection. The degree d of K is given by the following
formulas:

(1) Let L) be the complex line {z), = 0}. Then
d =[L,]-[K],
where - denotes the intersection pairing on H,(CP?;Z).
(2) Let By C H,, denote the intersection of Lj with H, . Then
d =Iky, (K. B)) + Iky, _,(Kx—1.—B;).
(3) Let [)_;] and [a) 4] denote classes in H(T?;Z). Then

d = (S(Kp), lant1]) + (fea—1]. S(Kn-1)),
where () denotes the intersection pairing on H,(T?;Z).
Proof In CP2, the degree of K is given by the algebraic intersection number of ¥
with any surface of degree 1. We can choose this surface to be L .

The complex line L decomposes as the union £y y U Ly g. It follows immediately

that
d= Y o= Y o+ Y. o).

xeLj i yG,C)L’thD)L yGL)L,thD)L,I

where o denotes the sign of the intersection. The surfaces (Dy, K3 ) and (L v, B))
are properly immersed in (X}, Y)) and the surfaces (Dy—1, K1) and (Ly,s,—Bj5)
are properly immersed in (X3 _1, Y3 _1). Consequently,

Y. o(y) =lky, (K. B, > o) =lky,_ (Kj—1.—B})
YLy NMD;, yer shDy_y

and the second formula follows.
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Finally, we can compute linking numbers via the intersection pairing on H;(X;Z). Let
F be a compressing disk bounded by oy 41 in —H) 4 and extend it into /) to obtain
a Seifert surface F for B, in Y, . By an isotopy, we can assume that there is a one-to-
one correspondence between points of Kj rh F in Y, and points of «) 1 h S(K})
in 72, Counting with signs shows that

Iky, (K. By) = (S(Kp). [ +1])-
A similar argument shows that
Iky,  (Ka—1,—B}) = ([ea—1]. S(Ky-1))
and the third formula follows from the second. |
Corollary 2.2 Let (CIP2, K) be knotted surface of degree d in bridge position with

shadow diagram S. Then there exist integers p, q and r such that, in H,(T?;Z), the
links represent the homology classes

[S(KD] = p-la]+(d—q)-[Bl.
[S(K)]=q-[B]+(d—r)-[y].
[S(K3)]=r-[y]+(d - p)-[a].

Proof This follows immediately from Proposition 2.1 since the intersection pairing
on H;(T?) is nondegenerate. |

2.7 Bridge stabilization

There is a natural notion of stabilization for surfaces in bridge position that increases
the bridge index by 1 [14]. The only type of stabilization we will need in this paper is
what we will call a mini-stabilization. In dimension 4, a mini-stabilization corresponds
to an isotopy given by a finger move of the surface X through the central surface %
of the trisection. Specifically, take a neighborhood in X of an arc of ) and push it
towards the central surface. After pushing through X, the isotoped surface X' now
intersects X 1 in an extra trivial disk. Diagrammatically, this can be seen as creating
two bridge points along some arc of the shadow Ay and adding a new arc to both
Aj+1 and Ay _1. See Figure 5. It is clear that this corresponds to a bridge stabilization
of the links K; _; and K, while it introduces an extra unlinked, unknotted component
to Kj +1. Thus, we still have a bridge trisection of K.
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B /:/
A C

Figure 5: A torus diagram depiction of a mini-bridge stabilization.
2.8 Braid stabilization

An isotopy of 1), that passes through B) changes the homology classes represented by
S(Kj—1) and S(K,). In particular, after the isotopy we obtain a new projection Ai
such that [Ay — A} ] = j[oy] in H\(T?;7) for some integer j. When j = £1, we
refer to this as a braid stabilization. See Figure 6.

Proposition 2.3 Let (CP2, K) be an immersed surface of degree d in general position
with torus diagram S. Then, for any integers p, q and r there exists a sequence
of braid stabilizations such that the links represent the following homology classes
in H(T?*Z):

S(Ky) = p-la]+(d —q)-[B].

S(Kz) =q-[B]+(d—r)-[y].

S(K3) =r-[yl+(d—p)-[a].

Proof By Corollary 2.2, we can find some choice of integers p’, ¢’ and r’. Now
perform p— p’ a-stabilizations, ¢ —¢q’ B-stabilizations and r —r’ y —stabilizations. O

2.9 Surface framings

In a torus diagram, we assign a formal writhe to each link projection S(K}3) as follows.
Each S(Kj) = A) — Ay 41 is a collection of oriented, self-transverse curves. In
addition, at each self-intersection point we have crossing information and can therefore

4 B B
v, +— H-

JAL €« s

Figure 6: Left: ov—stabilization. Right: B —stabilization.
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assign a sign in the standard way. Define the writhe w) (S(K)) as the signed count of
crossings of S(K3 ). The writhe wy (S(K)) describes the framing of K determined
by pulling back the surface framing of S(Kj), up to a correction term determined by
the homology class of S(Kj).

Lemma 2.4 Suppose that [S(K})] = p-[op] + ¢ -[ep+1]. Then the framing on K,
induced by the surface framing of S(Ky) is w) (S(K)) + pq.

Proof If S(K)) liesinadisk on X, then p = ¢ = 0 and the surface framing is exactly
given by the writhe w) (S(K)). Furthermore, any isotopy of K that induces a regular
homotopy of S(Kj ) preserves the surface framing as well as w; (S(K)). To obtain
the formula, we just need to check that it does not change under braid stabilization.

Isotope K to K i by a single braid stabilization through Bj and let S(K i) denote the

resulting projection. Thus [S(K;)]—[S(K})] = [ax]. This does not change the surface

framing but does change the signed count of crossings, as is evident in Figure 6, by
wi(S(K") = w1 (S(K)) —q.

Consequently,

w1 (S(KN) + (p+ g =wi(S(K)) —q + pg +q = wi(S(K)) + pg.

An identical argument shows that the sum w{(S(K)) + pq is invariant under braid

r

a1 as well. O

stabilization passing through —B

Proposition 2.5 Let (CP2, K) be an immersed surface of degree d in general position
with respect to the trisection and with torus diagram S. Suppose that the projections of
the three links of the bridge trisection represent the classes

[S(KD]= p-la]+(d—q)-[B],
[S(K2)]=q-[B]+(d—r)-[y],
[S(K3)]=r-[y]+(d—p)-lo]
in H{(X). Then
(S(Kp), S(Kpy)) =d*>—d(p+q+r)+ pg+qr+rp,
= w1 (S(K)) + wa(S(K)) + w3(S(K)) + 3 ;Gs(v)-

Proof The computation of the algebraic intersection number (S(K}),S(Kj+1))
follows immediately since

(lol.[B) =1 and [y] = —[a]-[B].
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L XX

Figure 7: Surface-framed pushoffs of the B—arcs in Figure 3.

In addition, we can also compute the algebraic intersection number (S(K} ), S(Kj+1))
from the torus diagram S. There are five types of potential contributions:

(1) A/B crossings,

(2) B/C crossings,

(3) C/A crossings,

(4) self-intersections of A, B and C, and
(5) Aj4—arcs.

Contributions may arise from .4 41 —arcs because the projections S(K}) and S(Kj +1)
coincide along these arcs.

The first three contribute to w{(S(K)), w,(S(K)) and w3 (S(K)), respectively, and,
with our orientation and crossing conventions, the signs agree. Each self-intersection
point of some A, contributes opposite signs to wy (S(K)) and wy_1(S(K)), since
the crossing data changes. Thus the fourth contributes 0 on net.

Finally, the remaining contributions to the algebraic intersection number come from
the Aj 4 —arcs. Take a surface-framed pushoff of the diagram S to &’ = (A], A}, A})
such that A& +1 is disjoint from A; ;. See Figure 7. Let v{ and v, be the endpoint
of some arc Ay ;. If €(vy) = €(v2) = 1, then we can perturb S(K) 1) to add a single
positive intersection point. Similarly, if €(v{) = €(v,) = —1, a perturbation yields a
negative intersection point. Finally, if €(v;) = —e(v;), we can perturb S(K; 1) and
locally remove any intersection point along the arc. The total contribution over all

A 41—arcs is exactly half the e—count of bridge points. |

When the homological data is triply symmetric and the bridge points are positively
cyclically oriented, we get the following corollary, which relates the homological
self-intersection number of /C, the intersection pairing applied to the shadow S, the
writhe of the shadow S and the bridge index.
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Figure 8: S viewed as the join S x S, obtained by identifying the top and
bottom faces and identifying the front and back faces. The Heegaard surface
{%} x T? is shaded in gray. The B curve bounds a blue compressing disk;
the « curve bounds a red compressing disk. The oriented edges become the
positive Hopf link in S3.

Corollary 2.6 Let (CP?,K) be a knotted surface of degree-d surface in bridge
position with shadow diagram S. Suppose that the shadows of the three links of the
bridge trisection represent the classes

[S(KD]=d -[a]+0-[f]. [S(Kp)]=d-[B]+0-[y]. [S(K3)]=d [y]+0:[a]
in H;(X) and es(v) =1 for all bridge points. Then

d? = (S(K3), S(Kpt1)) = w1 (S) + wa(S) + w3(S) —b.

Remark 2.7 Lemma 2.4 quantifies the difference between the surface framing of
S(L1) and the nullhomologous framing in terms of the writhe. Thus, Proposition 2.5
can also be interpreted as a linear constraint on the surface framings of the three links
comprising the spine of the surface.

3 Transverse bridge position

The complex geometry of CIP? naturally induces contact structures on each 3—manifold
Y, of the trisection decomposition.

3.1 The contact structure (S3, &join)
We may view S3 as the join S! * S! and from this perspective construct the standard
tight contact structure on S3.

Consider M =[0,1]x S! x S! with coordinates (¢, x, y). Choose a smooth function
h(t): [0,1] — [0, 1] with 2(0) = 0 and 4(1) = 1 such that 2’ > 0 on (0, 1) and such
that 2 and 1 — / vanish to second order at # = 0 and ¢ = 1, respectively. For the rest
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of the paper, we will let /i denote any such function. Define the contact structure
&, = ker(sin(%nh(t)) dx + COS(%]Th(l‘)) dy).

At t =0, the contact form is dy, and at ¢ = 1, the contact form is dx, and for ¢ € (0, 1),
the contact planes turn monotonically counterclockwise through a total angle of %n.
Up to isotopy, the contact structure & is independent of the function /. To obtain
St S identify (1, xg,y) ~ (1,x0, ") and (0, x, yo) ~ (0,x’, yo). This contact
structure descends to the smooth contact structure &joi, on S leSt =383

Lemma 3.1 The contact structure (S 3 &join) 1s the standard tight contact structure.

Proof View S3 as the unit sphere in C2. The standard contact structure is the
kernel of the 1-form o = x1dy; — y1dx| + x,dy, — ypdx,. Consider the map
Vi [0,1]x S x ST — C?2, defined by setting

W([’x’y) = ([eixv \ 1_t2€iy)'

The pulled-back contact form is ¥ *(a) = t?dx + (1 —t?)dy. The resulting contact
structure is &, for h = % arctan(t2 /(1 —t2)). O

Remark 3.2 The expert reader should beware:

(1) The contact structure (S3, &join) admits an open book decomposition with the
positive Hopf link as its binding. However, the Heegaard decomposition obtained
from this open book does not agree with the obvious Heegaard decomposition
here along {%} x T'2. In particular, the Heegaard surface here is not the union of
two pages of the open book decomposition.

(2) Inthe standard convention for front diagrams with the contact form o« =dz—y dx,
the vector d,, points into the xz—plane. However, we will adopt the convention
that the vector d; points out of the x y—plane. In particular, at # = 1 the contact
structure is vertical and is cooriented to the right (positive x direction), while at
t = 0 the contact structure is horizontal and is cooriented to the top (positive y
direction).

3.2 Projections of transverse links

Let L be a nullhomologous transverse link in a contact manifold (Y, £). For simplicity,
we assume that e(§) = 0. The self-linking number of L is a Z—valued invariant,
well defined up to isotopy through transverse links. Let F be a connected, oriented
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Seifert surface for L. The bundle &|F is trivial and so admits a nonvanishing section s.
Along L, the section s determines a framing and a pushoff L’ in the direction of this
framing. The self-linking number is defined to be

SI(L, F):=1k(L,L).

Since the Euler class of the contact structure £ vanishes, the self-linking number is
independent of the surface F.

Given a link L C S! % S! disjoint from the Hopf link, we can lift L to a link in
M =0, 1] x T? and consider its projection onto the Heegaard surface ¥ = {%} x T2

By abuse of notation, we also refer to this link as L. In T2 set « = S! x {0} and
B=1{0} xS

Proposition 3.3 Let L be a transverse link in (S?3, &join) disjoint from the positive
Hopf link Bo U—Bj. Lift L to alink in M = [0, 1]x T? and project onto {1} x T2.
Let D be the resulting diagram, let w(D) denote the signed count of positive and
negative crossings in D, and let p[a]+ q[B] be the homology class of L.

The self-linking number of L is given by the formula
sI(L) =w(P) +pqg—p—q.

Proof Choose a Seifert surface F C S for L. After multiplying by a suitable
nonnegative function, the vector field d; on M descends to a section v of £y, that
vanishes only along the Hopf link H = B, U —B'g. We can use this vector field to
compute the self-linking number, provided we add a correction term corresponding to
the intersection points F M By, U—B /’9 In particular, we obtain a section v of &;| that
vanishes precisely at the points F th H. Near each intersection point, we can choose
Darboux coordinates (x, y, z) with contact form dz + xdy — ydz such that F lies
in the plane {z = 0}, that H is the z—axis, and that v = xdx + yd,. The sign of the
zero of v, viewed as a section of &;|F, is the same as the sign of the intersection of F
with H. Thus, the framings of L determined by v and by a nonvanishing section s
differ by Y .cpt g 0(x), where o denotes the sign of the intersection.

Now, let L; denote a pushoff of L by d;. Then we have
S(L, F) =Ik(L. L)~ Y 0(x),
xeFhH

=Ik(L,.L))—p—q.
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The formula now follows by applying Lemma 2.4 since d; is transverse to {%} xT?
and therefore determines the surface framing. O

Remark 3.4 Similar formulas for the classical invariants of Legendrian and transverse
knots were obtained in [5; 8].

3.3 The contact structures (17;“, N> g}, N)

Recall that in the affine chart obtained by setting z)_; = 1, the sector X} is ex-
actly the polydisk A = {|z)|, |za+1] < 1}. This polydisk can be approximated by a
holomorphically convex 4-ball. Specifically, consider the function

1
NG Z41) = ﬁ(|Zk|2 + 1zt + 12PN + 2 Y

for some N > 0.

Lemma 3.5 Let X, A, N be the compact sublevel set fk_]l\,((—oo, 1]) of fy n for
N >0.

(1) For N sufficiently large, the level set EA’A,N = BA?;\,N =83 is CO—close to ;..

(2) Let U be a fixed open neighborhood of the central surface . For N sufficiently
large, the level set ?k, N is C® —close to Yj, outside U.

3) X A,N 1s a Stein domain contained in the interior of X .

(4) The field §A, N of complex tangencies to ?)», N Is the standard tight contact
structure.

Proof On any compact subset, for large NV, the function ( f, MY jsa perturbation
of the L2V —norm. Thus, the level set f): ]1\,(1) is a perturbation of the unit circle in C?2
with respect to the L2V —norm. These level sets then must converge to Y , which is
the unit circle with respect to the L°°—norm. This convergence is uniform outside a

fixed open neighborhood of X. The complex Hessian is
—dd® fi n =00 fin = (5 + 212V 2)dz A dF,

1 - _
+ (ﬁ + 2Nz 2N 2) dzy41 AdZy41.
This is clearly positive-definite and the function fj n is strictly plurisubharmonic for
all N > 1. Therefore its sublevel sets are Stein domains and the field of complex

tangencies along its boundary is a contact structure.
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|Za+1]
Y

YN

Y

Figure 9: As N — oo, the level set ﬁ, N~ approaches Y .

Consider the family fy n; = %(|Zk|2 + 23411 + t (22PN + 2341 1?Y). For all
t €0, 1], the function fj a, is strictly plurisubharmonic with a single critical point at
the origin. Thus, as ¢ varies in [0, 1], the family fk_,le, ,(1) is a smooth isotopy of contact
hypersurfaces, with f):]l\,’o(l) the sphere of radius ~/N and f):}v’l ()= )A’;L, N. O

3.4 Transverse bridge position

The 4-dimensional picture above motivates the introduction of transverse bridge
position and transverse shadow diagrams in this section. Roughly speaking, a surface
(CPP2,K) is in transverse bridge position if it is in bridge position with respect to the
standard genus 1 trisection and it intersects each (}7;” g]) in a transverse unlink.

For unit complex numbers x, y, the complex line xz{ + yz; + z3 = 0 intersects X
at the points [x¢: y¢2:1] and [x¢2: ¢ : 1], where ¢ is a primitive 3™ root of unity.
One of these intersections is positive and the other is negative. We say that a surface
(CIP2,K) has complex bridge points if for each point [x : y:1] € K h =, it locally
agrees with this projective line through that point. In particular, the surface K locally
agrees with the projective line {(¢/x)z; + (£2/y)z2 4 z3 = O}.

Lemma 3.6 Suppose that v € K h X is a complex bridge point.

(1) Suppose K locally agrees with the projective line {({/x)z1 +({?/y)zy +23 =0}
at [x:y:1]. The sign of v as an intersection point of K and X is positive (resp.

2mi/3 —2mi/3y,

negative) if { = e (resp.if { =e

(2) We have es(v) = 1, where S is the torus diagram of K.

Proof For both parts, it suffices to check at the point [1:1: 1], as every other point
can be obtained by rotating this computation by the complex angle (x, y).
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i

First, let ¢ = —% + 0731' , with ¢ € {£1}. In affine coordinates, the complex line is
¢z1 +&%z3 + 1 =0 and the vector {?d,, — {3, is tangent to this line. Changing to
rectangular coordinates, a basis for 77;.1.1)K is given by

u = _axl +U\/§ayl + 8X2 +O—\/§8y2, Ju = _O'\/gaxl _ayl _O'\/ga)(jz + ayz

A basis for T[y.1.1)Z is {dy,,0y,}. The determinant of the tuple {u, Ju,dy,,dy,}
is 0/3.

Second, the tangent plane T7;.;.1}H; is spanned by the basis {0x,,dy,,dy,}. The
tangent vector to X N Hy at [1:1:1] is

oN3u+Ju=—-02/30,, +20y, +40y,.

Projecting onto X, the tangent vector of the arc A at v is 20,, + 40y,. The triple
{0y,,20y, +40,,,0y,} is positively cyclically ordered. Similar calculations hold by
cyclic symmetry. In particular, the tangent vector to C N H, must lie between d,, and
—dy, — dy, and the tangent vector to LN H3 must lie between —d,,, —dy, and 9,,, .
Combining this information, we see that es(v) = 1. m|

Given the above observation about the limiting behavior of .g? 1., we make the following
definition:

Definition 3.7 A knotted surface (CIP2, K) is geometrically transverse if

(1) K is in general position with respect to the standard trisection,
(2) K has complex bridge points, and

(3) each tangle t) = K h Hy, is positively transverse to the foliation of Hj by
holomorphic disks.

Furthermore, if (CP2, K) is geometrically transverse and in bridge position, we say

that it is in transverse bridge position.

Proposition 3.8 Let (CP2,K) be in general position with respect to the standard
trisection.

(1) If K is geometrically transverse, then for N sufficiently large, the intersection
K, =K }?A,N is a transverse link.

(2) If K is in transverse bridge position, then for N sufficiently large, the intersection
K) :=K MY, y is a transverse unlink.
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Proof By assumption, the surface K has complex bridge points. Thus, we can choose
some € > 0 such that, within the open set

Ue :=={|1—|z1l|

22| | < €},

the surface IC agrees with a collection of complex lines. Furthermore, by Lemma 3.5,
we can choose N such that outside of Ue the level set Yj n is C*°—close to Y.

The surface K is geometrically transverse, hence it is transverse to the foliation of
Yy ~ U¢ by holomorphic disks. Since IA’;L, N 1s C*®—close to Y; outside U, we can
assume that IC remains transverse to the hypersurface f’k N and positively transverse to
its field of complex tangencies on Y;L n outside Ug. In other words, outside U, the in-
tersection K 3 is a 1-manifold that is positively transverse to the contact structure é AN
ie a transverse link.

To complete the proof, we need to check that these properties also hold within U, . The
contact structure is the field of complex tangencies along )A’k, ~ - This complex line
field is the kernel of the holomorphic 1-form dfy n (see [7, Lemma 5.3.3]). We have
that

1 —2\= 1 —2\=
G- fin = (5 + NPV 2)5dn + (5 + Vo PV 2o da

The vector x{d;, — yd;, spans the complex tangent line to /C at [x : y : 1], where { is
a primitive 3" root of unity. We then have

03 N 90z —x02) = (1 + N ) ) + 7)) = (1 + N ) =) #0.

Part (2) follows immediately from part (1), since if K is in bridge position, it intersects
each Y} , and therefore )A’;L, N, along an unlink. |

3.5 Total self-linking number

When ((CIP’2 K) is geometrlcally transverse, the total self-linking numbers of the three
links K 1 K2 and K3 can be computed from a torus diagram of K and is completely
determined by algebraic information of .

Lemma 3.9 Suppose that K is geometrically transverse with torus diagram S. If

[S(K)] = palaa] + galon41]
in homology, then

sI(Ky) = wp (S(K)) + paga — i — G-
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Proof This formula is the combination of Lemma 2.4 with Proposition 3.3. In
particular, we have a commutative diagram

W, N A~ ~ R
0, 1)xT? —" = ¥y vy~ (Hyn) —— (Hy~ By) U (=Hy 11~ B 11)

J lﬁA’N JﬂxUﬂ)ﬂ-l

(L x7? N San R 5

where

(1) ’ﬁ[;“ ~ is the Hopf link obtained as the intersection of ?A, N Wwith the lines
{z, =0} and {z 4+ = 0};
2) ) A,N s the torus obtained as the intersection of }A’k, N Wwith the subset
{Gzn 240 ol = lza 1

(3) W, n isthe map

Wi N (E61,02) = (a0 12,0 v (D€);
(4) R, is the radial projection map
(€01, (rp/11)e®2) if ry =1,
((r1/r2)e'? €%y if ry <r,.

In order to use the self-linking formula of Proposition 3.3, we need to check that

Ry (1%, rpe’®?) = {

\Il;f N@, ~) = &y for some function /. Since f} n is strictly plurisubharmonic, the
form —d € Ja.N =—dfy nyoJ =2Im(df;, n) is a contact form for the field of complex
tangencies along ?A, ~ [7, Section 5.4]. From (3-1), we have that

1 _
2@ n) = (3 + Va2V 72) (adva = 2. dn)
1 _
+ (ﬁ + Nz Y 2)(xx+1 dyat1 = Ya+1dXp+1),
which in polar coordinates is

1 - 1 -
2Im(@dfsy) = (ﬁ + N2V 2)rfd9x ¥ (N + Nr2N; Z)rfﬁdem.
We can view 1y, and ry 4 as functions of ¢ € [0, 1]. Consequently, the pulled-back
contact structure is &, where

1 2N-2),2
~ + Nr r
h(t) = %arctan( (N A ) A ) |

(% + Nr)%ivl_z)r)%ﬂ
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Proposition 3.10 Let (CP2,K) be a geometrically transverse, oriented surface of
degree d > 0 and bridge index b. Let K r=KnN i;k, n for N sufficiently large. Then

sI(K1) + sl(K5) + sl(K3) = d? —3d —b.

Proof By Corollary 2.2, the three links have diagrams on the torus representing the

classes
[S(KD] = pla]+(d —q)B],
[S(K2)]=q[B]+ (d —r)ly].
[S(K3)]=rly]l+ (d - p)le]

for some p, g and r. The self-linking formula of Lemma 3.9 yields
(K1) = wi(8) + p(d —q)— p—(d —q).
sI(K2) = wa(8) +q(d —r)—g—(d ~r),
sI(K3) = w3(8) +r(d —p)—r—(d —p).

Adding all three together, we obtain
SI(K1)+51(K) +1(K3) = w1 (8)+wa (§)+w3(8)+d (p+q-+r)=3d—(pg-+qr+rp).
Conversely, from Proposition 2.5 we also know that

w1(8) +w2(S) + w3 (S) = —d(p +q +1) + (pq +qr +rp)+d* —b.
Substituting this into the previous equation yields the required equality. |

An easy corollary is that any surface in transverse bridge position satisfies the adjunction
inequality.

Proof of Theorem 1.9 Since K is in transverse bridge position, each K is the ¢ —
component unlink. Thus the Bennequin bound implies that sl(Kj) < —c¢; . Summing
over the three components and applying the formula of Proposition 3.10, we obtain the
inequality

d2—3d—b <—C —Cy —C3
or, equivalently,

3d —d*>c1 434+ c3—b = x(K). O
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4 Algebraic transverse bridge position

4.1 Algebraic transversality

Let (CP?,K) be in general position with respect to the standard trisection. Recall
that IC is geometrically transverse if each oriented tangle t) is positively transverse to
the foliation of Hj by holomorphic disks. We have polar coordinates (631, 7, 63)
on H, . The hyperplane field tangent to the foliation is the kernel of the 1-form d8) 4 .
Therefore, the surface is geometrically transverse if and only if for each A we have
that d0) 11 (ty) is everywhere positive.

Definition 4.1 A surface (CP2, K) is algebraically transverse if, for each A and each
component 1) _; of ), we have that

/ d91+1 > 0.
Tx.j

An algebraically transverse surface in bridge position is in algebraically transverse
bridge position.

Clearly, if (CPP?, K) is geometrically transverse, it is algebraically transverse. We will
also refer to a fixed tangle (H,, 7)) as geometrically or algebraically transverse if it
satisfies the appropriate criterion.

Lemma 4.2 Let (CP2,K) be in algebraically transverse bridge position. Then K
is regularly homotopic through algebraically transverse surfaces to a geometrically
transverse surface.

Proof The tangle 7; lives in H; ~ S! x D2 For any properly embedded arc ©
satisfying [ o dBy+1 > 0, there is an arc T with the same endpoints that lifts to a
(geometrically transverse) straight line in the universal cover R x D? and satisfies

[ i1 = [L6rs
T T

The fundamental group of Hj is Z. The integral of d6)_ is a homotopy invariant of
properly embedded arcs with fixed endpoints; in fact, in Hj it determines the homotopy
class rel endpoints. Consequently, t and 7T are homotopic rel boundary (in fact,
regularly homotopic). More generally, it follows that an algebraically transverse tangle
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is regularly homotopic, through algebraically transverse tangles, to a geometrically
transverse tangle.

Given such a regular homotopy of 1) with fixed endpoints, we can extend this to a
regular homotopy of the surface K. O

Remark 4.3 It is useful to note that homotoping 1, through a crossing change corre-
sponds to a finger move of the surface K. To see this, choose local coordinates Hj x R
such that X is the product of the h—component tangle t; with the R—factor and such
that 7, is the image of ¢: [ [,[0, 1] — H, . Now let ¢; be the homotopy of 7, through
a crossing change. We can extend this to a homotopy of X such that, afterwards, the
intersection of K with H; x[—1, 0] is the trace of ¢; and its intersection with H; x[0, 1]
is the trace of the inverse homotopy. This introduces two self-intersections to K, one
positive and one negative, corresponding to the moment of the self-intersection of t,
during the homotopy.

4.2 Isotopy to algebraic transversality

Every essential, oriented, embedded surface in CP? is isotopic to a surface in alge-
braically transverse bridge position.

Proposition 4.4 Let (CIP2, K) be an embedded, oriented, connected surface of posi-
tive degree. Then K can be isotoped into algebraically transverse bridge position.

Proof We will fix absolute coordinates and work in the coordinate chart z3 = 1. Then
we have polar coordinates

4 :rle’x, Zzzl’zely

in this chart that induce coordinates x, y € [0, 1] on the central surface 3. We can
assume that the intersection of C with the spine of the trisection lies in this coordinate
chart and therefore evaluate algebraic transversality in these coordinates. Recall that
the foliation of H) by holomorphic disks is determined by a 1—form d6) ;. In the
current coordinates, these 1—forms are

do, =dy, db;=—dx, db;=dx—dy.

By Theorem 1.8, we can assume X is in bridge position. Thus, each tangle ) is
boundary-parallel and we can assume that each projection 7 (t;) is a collection of
embedded arcs.

Geometry & Topology, Volume 24 (2020)



Bridge trisections in CP? and the Thom conjecture 1599

Figure 10: A torus diagram for /C, standardized with respect to K; and with
¢y = 2. The content of the C—arcs is not depicted.

First, we standardize the torus diagram with respect to K. Since K is the unlink with
¢1 components, there is an isotopy so that S(K) is embedded and with each component
isotopic in T2 to o and with the same orientation. In particular, every bridge splitting
of the unlink in S3 is standard and so any two bridge splittings are isotopic [13].
Furthermore, by braid stabilizations of C, we can ensure that, in homology,

[S(KD] = cila] +0[Bl.  [S(K2)]=d[p]+0[y]. [S(K3)]=d[y]+ (d —ci)la].

We can assume that for any € > 0, each component of S(K) lies in an open annulus
S1 x (o, yo + €) and that these annuli are pairwise disjoint. Within each annulus,
we can isotope B so that each arc has slope —1. Furthermore, we can assume that,
projecting the B-arcs onto the curve {0} x S, they are nested: for any pair of arcs B;
and Bj, either the endpoints of B; are contained in the interval between the endpoints
of Bj, or vice versa. Also, by a perturbation, we can assume that each bridge point has
a unique x— and a unique y—coordinate. An example standardized diagram is depicted
in Figure 10.

Since the height of the annulus is €, the length of the S—arcs is at most +/2¢ and their
width in the horizontal direction is at most €. Consequently, we must have that

cl—be</ dx < cy.
A

/dxxv,/dyzo,
B B

so we can therefore conclude that

/dx%cl, [dx%d, [dy%O, /dy%—d.
A c A c
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Figure 11: Left: the arc A;. Right: the shadow diagram after translating the
arc A; in the y—direction.

In particular, we have that T" := fc(dx —dy) ~ 2d > 0. Take R? with basis {e;}.
The multiarc C determines a vector

o=y [ ws-an)e

i=1

This vector lies in the hyperplane Pr := {x; +---+xp =T'}.

Let A; be some arc of A and let C;; and C;, be the incident arcs at the endpoints.
Translation in the y—direction of the entire arc A; by M preserves the fact that
Aj; is algebraically transverse, while increasing fCi1 (dx —dy) by M and decreasing
fCiz (dx —dy) by M. We thus translate the vector C in Pr by M (e;, —e;,). Similarly,
let Bj be some arc and Cj, and Cj, the incident arcs. Each horizontal translation of B;
by M also translates C by M(ej, —ej,).

Consider the subspace {x; +---4x, = 0}. Itis spanned by vectors of the form e; —e¢; .
Observe that the vector e; —e; lies in the span of {e;, —e¢;,,e;, —ej,} if and only
if there exists a path from C; to C; consisting of arcs of A and B. The spine of X
is connected, since X is connected, so the collection of vectors {e;, —e;,,ej, —€j,}
spans the subspace {x; +---+ x, = 0}. We can therefore translate C to any point in
Pr by vertical translation of .4-arcs and horizontal translation of B-arcs. In particular,
since I > 0, we can assume that C lies in the positive orthant, ie that C is algebraically
transverse. m|

4.3 Braiding tangles in H)

Let M be an oriented 3—manifold with M = T2 A relative open book decomposition
on M is a pair (B, p) satisfying

(1) the binding B is an oriented link in the interior of M ;
(2) p: M ~B — S! is a fibration;
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(3) the restriction p|yps: M — S is a fibration;

(4) the closure of each fiber p~!(6) is a compact, oriented surface Fg, whose
boundary is the union of B with a simple closed curve in dM.

The surfaces {Fy} are the pages of the open book decomposition. An oriented tangle
(M, 1) is braided with respect to a relative open book (B, ) if the tangle is everywhere
positively transverse to the pages. In particular, the tangle is disjoint from the binding B.

On each solid torus Hj of the trisection of CIP2, we construct a specific relative open
book decomposition as follows. Recall that we have polar coordinates (641,73, 63).
The binding is the core circle By, := {ry = 0}. On the complement of Bj, we have a
fibration

pr: (Grt1. 7. 63) > Oy
The pair (B, p;) is then a relative open book decomposition of Hj, .

Thus, we now have two notions of positivity for tangles in H, : geometric transversality
and braiding. These correspond to two distinct ways of foliating H; and H) ~ B) .
See Figure 12. They can also be detected in a torus diagram; the following lemma
follows by definition.

Lemma 4.5 The tangle 1) is geometrically transverse if and only if A) moves mono-
tonically positively with respect to the 0, 1| —coordinate. The tangle t is braided if
and only if A); moves monotonically positively with respect to the 8, —coordinate.

Adapting the proof of Alexander’s theorem, we can braid any tangle with respect to
this open book decomposition.

Proposition 4.6 Let (H,,t)) be a tangle. There is an isotopy of t) such that it is
braided with respect to the relative open book decomposition (B, p;.).

|

§L I

Figure 12: Left: foliation of H) by holomorphic disks. Right: a relative
open book decomposition of Hj, .
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Proof Assume that ) is disjoint from Bj . The tangle t; is braided if and only if
dpy (‘E}/L) > 0 everywhere. First, we can isotope 1) to satisfy this condition near the
endpoints. After possibly a perturbation, we have a finite number of segments along
which t; fails to be braided. However, by isotoping these segments through the braid
axis Bj we can braid the tangle. O

The following lemma will be useful in the sequel:

Lemma 4.7 Mini-bridge stabilization along a geometrically transverse, braided arc
preserves geometric transversality of all three tangles 1, 1 and 13.

Proof The proof is Figure 5. In particular, choose the orientation on A so that is
moving up (ie geometrically transverse) and to the right (ie braided). Then, after a mini-
stabilization, the new B—arc is oriented from — to 4 and is moving monotonically to the
left, so is geometrically transverse, while the new C—arc is moving monotonically down
with respect to lines of slope 1 in the picture, so it is also geometrically transverse. O

4.4 Simple clasps

The prototypical example of a tangle in H), that is algebraically transverse and braided,
but not geometrically transverse, is the simple clasp in Figure 13. Each of the two
strands 77 and t, can individually be isotoped to be geometrically transverse, but not
both simultaneously.

In fact, these clasps are the entire obstruction to isotoping a braided, algebraically
transverse tangle t; into a geometrically transverse tangle. In the former, each arc
7; is isotopic to an arc v; that projects to a straight line of positive slope on 72 By
“pulling tight”, we can attempt to make 7 geometrically transverse by moving each
7; towards v;. The obstruction is clearly a collection of clasps. We can then apply
mini-bridge stabilizations to separate the clasps from one another.

Definition 4.8 A simple clasp is a tangle t in H) consisting of two arcs 71 and 7,
in T and a Whitney disk W satisfying
(1) t is algebraically transverse and braided, with 7; geometrically transverse;
(2) the Whitney disk W intersects t; transversely in a single point;

(3) the boundary of W is the union of two arcs T, and U,, where 7, is a connected
subarc of 7, and U, is a geometrically transverse arc.
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w

\

T2 ,/Uz‘

Figure 13: Left: a simple clasp v = t; U 7. Middle: a simple clasp t
is homotopic to geometrically transverse tangle v = v; U v,. Right: the
Whitney disk W directs the homotopy from 7 to v.

In addition, we define the degree of a simple clasp to be the maximum cardinality of
Ty Vo (x) for any x € W. An example of a simple clasp of degree 3 is given in

Figure 14.

Proposition 4.9 Let © be a tangle in H, that is algebraically transverse and braided.
Then, by a sequence of isotopies and mini-bridge stabilizations, we can assume that
each arc of t is either

(1) geometrically transverse and braided, or

(2) one of two arcs in a simple clasp.

Proof As described above, we can achieve the proposition by “pulling tight” and then
stabilizing. However, we should think of the tangle as living in 1 x T? = Hj ~v(B;),
which is not simply connected. Therefore, there is some subtlety in the fact that arcs
may wind around the torus before clasping. We therefore give a careful exposition of
this procedure.

Let 7; be an arc of T and choose a lift 7; to I x R2 The coordinates 6 and 6 4 pull
back to coordinates x and y on R2 “Pulling tight” can be achieved by an isotopy rel

IR
— ] —

71 71

T2 T2

Figure 14: Left: a simple clasp of degree 3. Right: this clasp is not simple,
as the Whitney disk intersects t; in three points.
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Nl

Figure 15: Left: initially, W is a Whitney disk that intersects 7; in three
points. Middle: by an isotopy that projects to a Reidemeister II move, we can
split off a Whitney disk W, that intersects 7; once. Right: repeating, we can
split W into three Whitney disks, leaving three simple clasps.

endpoints in the y—direction. Let U; be the arc obtained by isotoping 7; rel endpoints
in the y—direction until its projection to R? is a straight line and let v; be the image
of 0; in I x T2. By a perturbation of the bridge points, we can assume the union
v = [ J{v;} is embedded in I x T2. By an isotopy of 7 in the y—direction in I x T2,
we can assume that each point of each arc 7; has greater y—coordinate in 7 x R? than
its corresponding point in U;. Finally, we can assume that the projection of 7 to the
strip I x R, obtained by forgetting the y—coordinate, is generic with a finite number
of transverse double points.

Now, we can pull the tangle tight by isotoping 7; in the negative y—direction until it
agrees with v;. Clearly, the only potential obstructions lie above the crossings in the
projection to I x R. We can now assume that 7 and v agree outside an arbitrarily
small neighborhood of these potential obstructions. Let 7; and 7; be two arcs that
project to a crossing. Let p; and ¢; denote the preimages of the crossing in 7; and 7,
respectively. (Note that we may have i = j, provided that the points p; and ¢; are
distinct.) Choose lifts 7; and U; with the same endpoints and let R; be the difference
between the y—coordinates of 7; and U; at p;. The constant R; is independent of
the chosen lifts as all choices are related by translating in the y—direction by 2w n for
some integer n. Similarly, define S; to be the difference between the y—coordinates
of 7; and U; at ¢; for any choice of lifts of 7; and v;. Let A be the distance in the
positive 6 4 direction from 7;(p;) to 7;(g;) and let A’ = 2 — A be the distance in
the negative 6y direction.

‘We now have three cases:
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() If Ri—A<Sj<R;i+ A, then we can simultaneously isotope 7; to agree with
v; and 1; to agree with v .

(2) If Sj + A < R;, then to isotope 7; to v; we must homotope it through 7; at
least once. In fact, the number of times we must pass 7; through 7; is exactly

k= [R,'—Sj—A-|.

(3) If R; + A' < S;, then to isotope 7; to v; we must homotope it through ; at
least once. Again, the number of times we must pass 7; through 7; is exactly

k= [Sj—Ri—A/].

Given case (1), we are done. Thus, without loss of generality, by reordering the arcs t;
and 7; we can assume we are in case (2). We isotope t; to agree with v; and isotope
7; as far as possible until it locally forms a clasp with 7; as in Figure 13. The vertical
lines between corresponding points in 7; and v; form a Whitney disk W, which we
can perturb to be embedded. An example with k = 3 is given in Figure 14, right.

Note that W intersects 7; exactly k times, once for each crossing change necessary
to isotope 7; to v;. Thus we do not yet have simple clasps. However, by an isotopy
and mini-stabilizations, we can replace this tangle with & simple clasps, one of each
degree from 1 to k. Choose k — 1 properly embedded arcs that cut W into k disks,
each containing one intersection point with ;. Isotope 7; along these arcs to agree
with v;. This splits W into k disks, each corresponding to a single simple clasp. See
Figure 15. ]

S Ribbon-Bennequin inequality

To prove the adjunction inequality, we need to extend the ribbon-Bennequin inequality to
transverse links in #;(S! x S2, &sa) . This result can be deduced from the generalized
slice-Bennequin inequality of Akbulut and Matveyev [1] or Lisca and Mati¢ [12].
However, the aim of this paper is to use only 3—dimensional techniques. In this section,
we will use contact topology to reduce this general case to the ribbon-Bennequin
inequality in (S3, £gq).

Let K be a Legendrian knot in (M, £). In any neighborhood of K, we can find a tubular
neighborhood v(K) and a contactomorphism that identifies v(K) with a neighborhood
of the O—section in J!(S!). This identification determines a framing of K, called the
contact framing. Let M_(K) denote Dehn surgery on M along K with surgery slope
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(—1) relative to the contact framing. There is a unique extension £_(K) of the contact
structure £, restricted to M ~v(K), to M_(K) such that the restriction of &£_(K) to
the surgery solid torus is tight. We refer to (M_(K),&_(K)) as Legendrian surgery
along K.

Proposition 5.1 Let U be a k—component Legendrian link in #;(S! x S2, £4q)

th

whose i™ component is smoothly isotopic to S x {pt} in the i factor. The result of

Legendrian surgery on U is (S3, ).

Proof As mentioned above, we present a purely 3—dimensional proof. Experts will
easily think of a simpler 4—dimensional proof.

It follows from the assumptions that we can choose a collection S; U---U Sy of
essential spheres such that the geometric intersection number of the j sphere S 'j
with the i component of U is exactly 1 if i = j and 0 otherwise. Let U; denote
the i component. Take a small tubular neighborhood v(U; U S;). It is diffeomorphic
to S! x S? with a small ball cut out and its boundary is a reducing sphere. By a
C°°—small perturbation, we can assume the boundary sphere is convex. The restriction
of &gq to v(U; U S;) is tight. In particular, it is contactomorphic to the unique tight
contact structure on S! x 2 with a Darboux ball cut out. Legendrian surgery turns
this into a standard Darboux ball. The complement of all these neighborhoods is S
with k balls cut out and &gy restricts to the standard tight contact structure. Thus, after
performing all k surgeries, we are left with S* with k& Darboux balls cut out, then
reglued in. Thus, we have (S3, Extd) - O

If F is an immersed ribbon surface bounded by a link L C Y, we let x(F) denote the
Euler characteristic of the abstract source of the immersion, not the Euler characteristic
of its image as a subset of Y.

Lemma 5.2 Let L be a transverse link in #;(S I'x 82, &) that bounds a ribbon
surface F. There exists a transverse link L' in (S3, &sa) that bounds a ribbon surface F’
such that sI(L) = sl(L') and x(F) = yx(F’).

Proof Let U be the k—component link in #; S!xS? whose i component represents
S1 x {pt} in the i factor. By an isotopy, we can assume that U is disjoint from
the ribbon surface F and then Legendrian realize it by a C°—small perturbation. By
Proposition 5.1, the result of Legendrian surgery along U is (S3, £q). We can perform
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Legendrian surgery in an arbitrary neighborhood of U. In particular, the neighborhood
can be assumed disjoint from L and F. Let L’ and F’ be the images of L and F
after Legendrian surgery. Note that we can resolve the self-intersections of F' to obtain
a Seifert surface of L in an arbitrary neighborhood of F. Using this Seifert surface to
compute the self-linking number before and after surgery, we see that sl(L) =sl(L’). O

Theorem 5.3 Let L be a transverse link in #5(S! x S2, &sa) and let F be a ribbon
surface bounded by L. Then
sI(L) < —x(F).

Proof Ifthe pair L and F violate the ribbon-Bennequin inequality in #(S ' xS2, &)
then, by Lemma 5.2, we can find a pair L’ and F’ in (S3, &) that violate Theorem 1.2.
O

6 Adjunction inequality

Let (CPP2, K) be a surface satisfying the conclusions of Proposition 4.9. Specifically,
KC is in algebraically transverse bridge position and each arc of each oriented tangle 7
is either geometrically transverse, or one half of a simple clasp. By a regular homotopy
that undoes each of the simple clasps, we can replace (CPP?,K) with an immersed
surface (CIP2, £) that is geometrically transverse. In particular, each arc of each tangle
v) = LN H) is transverse to the foliations by holomorphic disks. Furthermore, this
regular homotopy does not change the bridge index.

Set (Y,&) = (Y1,&1) U (Y7,&) U(Y3,&3). Taking disjoint unions, we also obtain links
K=K{UKyUKzand L =L{UL,U L3 in Y, where L is transverse to £&. For
each simple clasp of 13, choose a point x € H; C Y in a tubular neighborhood of the
Whitney disk. Let X € —H; C Y, _; be its image in the mirror handlebody. Let Y be
the 3—manifold obtained by surgery on the O—sphere {x U X} for each simple clasp.
Each O—sphere {x U X} is trivially isotropic in (Y, &), thus we can perform contact
surgery to obtain a contact 3—manifold ()7, § ).

Lemma 6.1 The contact structure (17, §) is tight.

Proof Disjoint union preserves tightness, so (Y, &) is tight. Colin proved that contact
O—surgery preserves tightness [4], thus the resulting contact structure (Y, ) is tight. O
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Remark 6.2 The contact manifold (Y, § ) has a 4—dimensional interpretation. Set

(Y, 8) = N E.n) U (Yo N, E1.8) U3 N, E1N).

This is the boundary of a Stein domain X N = X 1,vu X 2, N U X 3,N Whose complement
in CP? is a neighborhood of the spine of the trisection.

For each pair of points x and X, we can choose a properly embedded arc in CP2~ X N
whose boundary are the corresponding points in Y; AN and Y;L LN - This arc is neces-
sarily isotropic and therefore we can attach a Stein 1-handle to X ~ whose core is this
arc. For details, see [3, Section 8.2]. After attaching all of the 1-handles, we obtain a
Stein domain whose boundary is (}7, §)

Let K be the link obtained from K by adding 2n untwisted, symmetric bands near
the simple clasps as in Figure 16. Specifically, if two arcs 7; and 7, form a simple
clasp, we can find an untwisted, symmetric band connecting each pair z; and —z; that
runs across the 2—sphere created by surgery on x U X. Resolving this band produces a
new 4—component tangle. Repeating for all simple clasps yields the link K. The same
bands exist connecting v; and v, to their mirrors. Let L be the resulting link.

Proposition 6.3 Let K and L be the links obtained from K and L, respectively, by
adding 2n bands.

(1) The links K and L are isotopic.
(2) The link K bounds a ribbon surface F with

x(F)=c1+cy+c3—2n.

Proof That the first statement is true near each simple clasp can be seen in Figure 16.
Move all of the crossings of T in Hj and then cancel by two Reidemeister II moves.
Moreover, this local model occurs by assumption in a neighborhood of the Whitney
disk, so we can simultaneously realize the isotopy at each simple clasp.

Secondly, the image of the link K in Y is the unlink with ¢1 + ¢3 + ¢3 components.
Therefore it bounds a collection of disjoint, embedded disks. Then K is obtained by
surgering 2n bands to the unlink K and the surface F is the union of the original
Seifert disks with these bands. O

Proposition 6.4 The link L admits a transverse representative with self-linking num-
ber
sSWL)=d?>—-3d —b +2n.
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Figure 16: The effect of attaching symmetric bands in H, U —H) . Top left:
bands attached to T U —7”. Middle right: the resulting tangle 7. Middle left:
bands attached to v U —v”. Bottom right: the resulting tangle U. The tangles

T and U are isotopic.
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U1
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A

Figure 17: Left: the resolved clasp vy, in H) . Right: the mirror vy in —H,,.

Proof The surface £ is geometrically transverse, so the link L = L U L, LI L3 has
self-linking number
s(L)y=d?>—3d—b

by Proposition 3.10. To prove the statement, we need to show that each band can
be attached to L so that the result is transverse and so that each band increases the
self-linking number by 1.

Topological 0—surgery on x U X is performed by cutting out B3 neighborhoods of x
and X and then identifying their boundaries. To perform this O—surgery in the contact
category, the boundaries must be convex surfaces with diffeomorphic characteristic
foliations. For a thorough description, see [7, Section 4.12].

Take polar coordinates (6 +1,73,6;) on H) . Let —H, denote H) with the opposite
orientation. Let ®,: H; — —H, be the identity map, which is an orientation-reversing
diffeomorphism. We view H, as a subset of Y, and so it inherits the contact struc-
ture &, . A contact form defining the restriction of & to H) is

oy =dOy11 +hy(r)do),

for some suitable increasing function /4 (r) satisfying /24 (0) = 0. In addition, we
view —H, as a subset of Yj_; and it inherits the contact structure &)_;. Along the
core B) = {ry = 0} of the solid torus, the contact structure &, _; is tangent to the
foliation by holomorphic disks. Consequently, a contact form defining the restriction
of & _1 to —H, is

a— =—dOy+1+h_(r)do,

for some suitable increasing function /s (r) satisfying s#_(0) = 0.
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By an isotopy, we can push each simple clasp into an arbitrary neighborhood of B;,
where the contact structure is C®—close to the horizontal foliation. Choose a disk D in
the torus {r) = €} for some small € > 0 near the simple clasp, as in Figure 17. Note
that only the tangle v is depicted, not the tangle t or the Whitney disk as in Figure 14.
And let D = ®; (D) be its mirror in —H,_. The characteristic foliations on D and D
are illustrated in Figure 17 as well. Note that the contact structures are not mirrors.

Thicken D to a ball v(D) with smooth boundary. We assume that the function 6 4 1,
restricted to dv (D), is Morse with a single maximum at p and single minimum at ¢.
Let v(D), p and 7 denote mirrors in —H,, . Near v(D), the contact structure £; on H,
is C%—close to the foliation ker(d®; 41). Thus, we can assume that the contact structure
has a positive tangency to dv(D) near p, a negative tangency near ¢ and no other
tangencies. This implies that the characteristic foliation F of dv(D) is the standard
foliation on S2, consisting of trajectories connecting these two points. Similarly,
near v(D), the contact structure £, _; on —H, is C°—close to the foliation —d6; ;.
Thus, we can assume that it has a positive tangency to v(D) near 7, a negative tangency
near p and no other tangencies. Again, this implies that the characteristic foliation F
of dv(D) is the standard foliation on S2, consisting of trajectories connecting these
two points.

The map ®;, restricts to an orientation-reversing diffeomorphism from dv(D) to dv (D).
Thus we can use this identification to perform topological 0—surgery. Since the contact
structures & and &, _; are not mirrors, however, we need to replace ®; by an isotopic
map dDSL that identifies the characteristic foliations. Nonetheless, we can control CD&
in the following way: for a fixed arc / = {0, +; = const} in D, we can ensure that
@) = @, along /. If we orient / in the direction of 6 , then / is positively transverse
to &) . Moreover, the mirror arc / in — H) , again oriented in the positive 8 direction,
is also positively transverse to & _;. Now, extend / to a simple closed curve y+ that
separates the two singularities of the foliation F. Provided that / is short enough, we
can assume that this curve is transverse to the foliation. Similarly, we can extend [ to
a simple closed curve y_ transverse to the foliation F. To build &/ , we first declare
it to equal @, along /, then declare that it sends y+ to y—, then extend it over the
remainder of dv(D).

Now, via a transverse isotopy, we can flatten each arc v; to agree with some arc /
along the disk D and push it across dv (D) ~o! dv(D) into —H,, . It appears in —H),
as in Figure 18, left. The symmetric band is also depicted in Figure 18 and attaching
it is equivalent to resolving the negative crossing. The result is the right-hand side
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\ \
!
Figure 18: All figures represent the interior of the dotted box on the right
side of Figure 17. Left: the symmetric band to attach to L. Middle: the band
is isotopic to a band with a single positive twist. Right: attaching the band

is equivalent to resolving the crossing in the diagram, which can clearly be
made transverse to the contact structure &, ; = ker(a_).

of Figure 18. We can assume the resulting arcs of L are transverse to the horizontal
foliation, which is C%—close to &,_;, and therefore the resulting link can be assumed
transverse.

To compute the change in self-linking number, first choose a trivialization v of §| - By
a homotopy, we can assume that in each local model of a simple clasp, it agrees with
the vector field 9,, € ker(a—). In particular, this determines the blackboard framing
in Figure 18. The trivialization v extends to a trivialization v of §Z that agrees with
the vector field d,, in this local model. Thus, the change in the self-linking number is
the same as the change in the writhe in Figure 18. The result of attaching a band is
equivalent to resolving a negative crossing, so the writhe, and therefore the self-linking
number, increases by 1. Consequently, the result of attaching 2 bands is to increase
the self-linking number by 2n. |

We can now prove the Thom conjecture.

Proof of Theorem 1.1 Let ((C]P’z, KC) be an embedded, oriented, connected surface
of degree d > 0. By Theorem 1.8 we can isotope K into bridge position and, by
Proposition 4.4, we can assume that X is in algebraically transverse bridge position.
Furthermore, by Proposition 4.9, we can assume that the only obstruction to geometric
transversality are n simple clasps. Combining Propositions 6.3 and 6.4, we can obtain
a transverse link L that bounds a ribbon surface F with X(F)=ci+cy+c3—2n
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and such that
sSWL)=d?>—3d —b +2n.

Applying the ribbon-Bennequin inequality (Theorem 5.3), we see that
d?>—3d —b+2n=sl(L) < —x(F) = —c| — s — ¢3 + 2n.
Equivalently, we have that
X(K)=ci+cr+c3—b<3d—d>
Solving for the genus, we have

g(K)=Ld-1)d-2). O

References
[1] S Akbulut, R Matveyev, Exotic structures and adjunction inequality, Turkish J. Math.
21 (1997) 47-53 MR

[2] D Bennequin, Entrelacements et équations de Pfaff, from “Third Schnepfenried ge-
ometry conference, I’ (T Bernard, D an Hangan, R Lutz, editors), Astérisque 107-108,
Soc. Math. France, Paris (1983) 87-161 MR

[3] K Cieliebak, Y Eliashberg, From Stein to Weinstein and back, Amer. Math. Soc.
Collog. Publ. 59, Amer. Math. Soc., Providence, RI (2012) MR

[4] V Colin, Chirurgies d’indice un et isotopies de spheres dans les variétés de contact
tendues, C. R. Acad. Sci. Paris Sér. I Math. 324 (1997) 659-663 MR

[51 K Dymara, Legendrian knots in overtwisted contact structures, preprint (2004) arXiv
[6] D Gay, R Kirby, Trisecting 4—manifolds, Geom. Topol. 20 (2016) 3097-3132 MR

[7] H Geiges, An introduction to contact topology, Cambridge Stud. Adv. Math. 109,
Cambridge Univ. Press (2008) MR

[8] K Kawamuro, E Pavelescu, The self-linking number in annulus and pants open book
decompositions, Algebr. Geom. Topol. 11 (2011) 553-585 MR

[91 P B Kronheimer, T S Mrowka, Gauge theory for embedded surfaces, I, Topology 32
(1993) 773-826 MR

[10] PB Kronheimer, TS Mrowka, The genus of embedded surfaces in the projective
plane, Math. Res. Lett. 1 (1994) 797-808 MR

[11] P Lambert-Cole, J Meier, Bridge trisections in rational surfaces, preprint (2018)
arXiv To appear in J. Topol. Anal.

[12] P Lisca, G Matié, Stein 4—manifolds with boundary and contact structures, Topology
Appl. 88 (1998) 55-66 MR

Geometry € Topology, Volume 24 (2020)


http://journals.tubitak.gov.tr/math/issues/mat-97-21-1/mat-21-1-4-e2101-04.pdf
http://msp.org/idx/mr/1456158
http://www.numdam.org/item/AST_1983__107-108_/
http://msp.org/idx/mr/753131
http://dx.doi.org/10.1090/coll/059
http://msp.org/idx/mr/3012475
http://dx.doi.org/10.1016/S0764-4442(97)86985-6
http://dx.doi.org/10.1016/S0764-4442(97)86985-6
http://msp.org/idx/mr/1447038
http://msp.org/idx/arx/math/0410122
http://dx.doi.org/10.2140/gt.2016.20.3097
http://msp.org/idx/mr/3590351
http://dx.doi.org/10.1017/CBO9780511611438
http://msp.org/idx/mr/2397738
http://dx.doi.org/10.2140/agt.2011.11.553
http://dx.doi.org/10.2140/agt.2011.11.553
http://msp.org/idx/mr/2783238
http://dx.doi.org/10.1016/0040-9383(93)90051-V
http://msp.org/idx/mr/1241873
http://dx.doi.org/10.4310/MRL.1994.v1.n6.a14
http://dx.doi.org/10.4310/MRL.1994.v1.n6.a14
http://msp.org/idx/mr/1306022
http://msp.org/idx/arx/1810.10450
http://dx.doi.org/10.1016/S0166-8641(97)00198-3
http://msp.org/idx/mr/1634563

1614

[13]

[14]

[15]

[16]

(17]

(18]

(19]

[20]

(21]

Peter Lambert-Cole

J Meier, A Zupan, Bridge trisections of knotted surfaces in S*, Trans. Amer. Math.
Soc. 369 (2017) 7343-7386 MR

J Meier, A Zupan, Bridge trisections of knotted surfaces in 4—manifolds, Proc. Natl.
Acad. Sci. USA 115 (2018) 10880-10886 MR

J W Morgan, Z Szabé, C H Taubes, A product formula for the Seiberg—Witten invari-
ants and the generalized Thom conjecture, J. Differential Geom. 44 (1996) 706—788
MR

P Ozsvath, Z Szabé, The symplectic Thom conjecture, Ann. of Math. 151 (2000)
93-124 MR

P Ozsvath, Z Szaho, Absolutely graded Floer homologies and intersection forms for
Sfour-manifolds with boundary, Adv. Math. 173 (2003) 179-261 MR

J Rasmussen, Khovanov homology and the slice genus, Invent. Math. 182 (2010)
419-447 MR

L Rudolph, Quasipositivity as an obstruction to sliceness, Bull. Amer. Math. Soc. 29
(1993) 51-59 MR

A N Shumakovitch, Rasmussen invariant, slice-Bennequin inequality, and sliceness of
knots, J. Knot Theory Ramifications 16 (2007) 1403-1412 MR

S Strle, Bounds on genus and geometric intersections from cylindrical end moduli
spaces, J. Differential Geom. 65 (2003) 469-511 MR

School of Mathematics, Georgia Institute of Technology
Atlanta, GA, United States

plc@math.gatech.edu

http://www.math.gatech.edu/~plambertcole3

Proposed: Andras I Stipsicz Received: 24 March 2019
Seconded: Tomasz Mrowka, Ciprian Manolescu Revised: 11 September 2019

Geometry & Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.1090/tran/6934
http://msp.org/idx/mr/3683111
http://dx.doi.org/10.1073/pnas.1717171115
http://msp.org/idx/mr/3871791
http://dx.doi.org/10.4310/jdg/1214459408
http://dx.doi.org/10.4310/jdg/1214459408
http://msp.org/idx/mr/1438191
http://dx.doi.org/10.2307/121113
http://msp.org/idx/mr/1745017
http://dx.doi.org/10.1016/S0001-8708(02)00030-0
http://dx.doi.org/10.1016/S0001-8708(02)00030-0
http://msp.org/idx/mr/1957829
http://dx.doi.org/10.1007/s00222-010-0275-6
http://msp.org/idx/mr/2729272
http://dx.doi.org/10.1090/S0273-0979-1993-00397-5
http://msp.org/idx/mr/1193540
http://dx.doi.org/10.1142/S0218216507005889
http://dx.doi.org/10.1142/S0218216507005889
http://msp.org/idx/mr/2384833
http://dx.doi.org/10.4310/jdg/1434052757
http://dx.doi.org/10.4310/jdg/1434052757
http://msp.org/idx/mr/2064429
mailto:plc@math.gatech.edu
http://www.math.gatech.edu/~plambertcole3
http://msp.org
http://msp.org

	1. Introduction
	1.1. Trisections
	1.2. Trisection of CP^2
	1.3. Bridge trisections
	1.4. Transverse bridge position
	1.5. Algebraic transversality and adjunction
	Acknowledgements

	2. Diagrams for surfaces in CP^2
	2.1. Trisection diagram for CP^2
	2.2. Handlebody coordinates
	2.3. Orientations
	2.4. Surfaces in CP^2
	2.5. Torus diagrams of surfaces in CP^2
	2.6. Degree formulas
	2.7. Bridge stabilization
	2.8. Braid stabilization
	2.9. Surface framings

	3. Transverse bridge position
	3.1. The contact structure S^3,xi_join
	3.2. Projections of transverse links
	3.3. The contact structures Y-hat_(lambda,N), xi-hat_(lambda,N)
	3.4. Transverse bridge position
	3.5. Total self-linking number

	4. Algebraic transverse bridge position
	4.1. Algebraic transversality
	4.2. Isotopy to algebraic transversality
	4.3. Braiding tangles in H_lambda
	4.4. Simple clasps

	5. Ribbon-Bennequin inequality
	6. Adjunction inequality
	References

