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Towards conservativity of G,,—stabilization
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We study the interplay of the homotopy coniveau tower, the Rost—Schmid complex of
a strictly homotopy invariant sheaf, and homotopy modules. For a strictly homotopy
invariant sheaf M, smooth k—scheme X and ¢ >0, we construct a new cycle complex
C*(X, M, q) and we prove that in favorable cases, C*(X, M, q) is equivalent to
the homotopy coniveau tower M @ (X). To do so we establish moving lemmas for
the Rost—Schmid complex. As an application we deduce a cycle complex model
for Milnor—Witt motivic cohomology. Furthermore we prove that if M is a strictly
homotopy invariant sheaf, then M_, is a homotopy module. Finally we conjecture
that for ¢ > 0, 7o(M @) is a homotopy module, explain the significance of this
conjecture for studying conservativity properties of the G,,—stabilization functor
SHS 1(k) — SH(k), and provide some evidence for the conjecture.
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1 Introduction

Motivation

Classically, a very helpful fact for understanding invariants of topological spaces is the
following: the functor Spc« — D(Ab) sending a space to its singular chain complex
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is conservative on simply connected spaces.! Using this fact, one reduces homotopy-
theoretic questions to questions in homological algebra, which are in general more
accessible. This conservativity statement can be split in two: the functor X°°: Spcy —
SH is conservative on simply connected spaces, and the canonical functor SH — D(Ab)
is conservative on bounded below spectra.

We would like to address the analogous question in the motivic context. We work over
a perfect base field k. Recall the category of pointed motivic spaces H(k)«, given
by pointed A!—invariant Nisnevich sheaves (of spaces) on the category of smooth
k—schemes Smy . By stabilizing #(k)«, one obtains the category of motivic S!—
spectra SHS 1(k) —see Morel [33, Section 4] — and then the motivic stable homotopy
category SH(k), by further stabilization with respect to G, . Work of the first author [4]
investigates the problem of conservativity of the functor of taking the associated motive,
ie the functor SH(k) — DM(k). As in the classical situation, the functor Egol
is conservative on simply connected motivic spaces; see Wickelgren and Williams
[39, Corollary 2.23]. Hence the main remaining question is the following: to what
extent is the functor ¢ := Eoo SHS! (k) > SH(k) conservative? We believe
that this functor is conservative after Gy —suspension, ie that Eoo L suS 1(k)(l) —
SH (k) is conservative on bounded below objects, where SHS' (k)(n) for n =0 denotes
the localizing subcategory of SHS! (k), generated by X, E°° X4+ for X €eSmg. Bya
standard argument using ¢ —structures (see eg [4, Corollary 4] ) this would be a corollary
of the following statement:

Conjecture 1.1 (see Conjecture 6.10) Let n = 1. Then the canonical functor
bopoes SHS (k) ()® — SH (k)"

is an equivalence of abelian categories.

Here SH (k)" is the localizing subcategory generated by the image of SHS 1(k) in
SH(k) under Eg’m , and the hearts are taken with respect to homotopy ¢—structures
on these categories (note that S (k)™ is not equivalent to SH (k)T N SH(k)®). In
this work, among other things, we show some evidence for this conjecture.

Remark 1.2 The functor EZ;O,S: SHS l(k)(7 — SH(k)* is not an equivalence (ie

00Q

Conjecture 1.1 is false with n = 0), since its right adjoint w is not essentially

I'Whenever we call a functor conservative, we mean that the induced functor on homotopy categories
is conservative.
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Towards conservativity of G,,—stabilization 1971

surjective: there exists a strictly homotopy invariant sheaf that does not admit framed
transfers (a minor modification of the arguments from Levine [28, Section 2] provides an
example). It could be possible that E%’m: SHS l(k)ZO — SH(k) (or even its extension
to unbounded spectra) is nonetheless conservative, but that seems somewhat unlikely.

Remark 1.3 To the best of our knowledge, Conjecture 1.1 is the first concrete sugges-

tion for a “Freudenthal G,,—suspension theorem”.?

Some recollections about motivic stable homotopy theory

The heart of the 7 —structure on SHS 1(k) is given by SHS l(k)o ~ HI(k), the category
of strictly homotopy invariant (Nisnevich) sheaves [33, Lemma 4.3.7]. Furthermore,
SH(k)V ~ HI(k), the category of homotopy modules [33, Theorem 5.2.6]. An object
in HL (k) is given by a sequence of strictly homotopy invariant sheaves {M;};cz with
isomorphisms M; ~ (M;y1)—1, where M_; is the so-called contraction of a sheaf
of abelian groups M, which models Qg,, M. The functor ®*°: SH(k) — SHS l(k),
right adjoint to 0°°, induces a “forgetful” functor w°°: HI (k) — HI(k) which sends
{M;}icz to My. We say that a strictly homotopy invariant sheaf is a homotopy module
if it belongs to the essential image of w°.

For any E € SHS 1(k), X € Smy and g > 0, Levine defines a simplicial spectrum
E@(X, ), called the (g™ level of the) homotopy coniveau tower of E (at X ) [27].
This is a generalization of Bloch’s cycle complex. Without recalling the entire construc-
tion of E@ (X, e) here, let us note that if £ = M € SHS l(k)CQ ~ HI(k) corresponds
to a strictly homotopy invariant sheaf, then E (4 (X, n) is built out of complexes of the
form RTz(Y, M), where Y is a smooth scheme, Z C Y is closed of codimension > ¢,
and RI'z denotes derived global sections with support. The starting point of this article
is the observation that there is a very efficient complex which can be used to compute
RTz(Y, M), namely the Rost-Schmid complex (with support) C7 (Y, M) constructed
by Morel [34, Chapter 5]. Defined by means of explicit transfer maps on contractions
of M, the Rost—Schmid complex is canonically isomorphic to the Gersten complex.
We recall features of the Rost—Schmid complex in Section 2.

2Levine’s result [27, Theorem 7.4.2 implying Conjecture 7.4.1] is arguably a “G,,; —(—1)—connected”
Freudenthal G, —suspension theorem: it states that for E € SHSl(k)(n) the map £ — Qg,,XgG,, E
induces an isomorphism on slices s; for i < n. In this terminology, Conjecture 1.1 asks for an “S1-0—
connected” Freudenthal G, —suspension theorem.
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1972 Tom Bachmann and Maria Yakerson

The Bloch-Levine-Rost—-Schmid complex

For M € HI(k), X € Sm; and ¢ > 0, in Section 4 we construct an explicit complex
C*(X, M, q) and establish some functoriality properties. It is obtained by splicing
together the Rost-Schmid complex C*=9(X, M) with a degreewise truncated version
of the homotopy coniveau tower (see Definition 4.1 for details). Here is our first
main result, which provides an explicit model for the homotopy coniveau tower of a
homotopy module.

Theorem 1.4 (simplified version; see Theorem 4.7) Let k be a perfect field, M a
homotopy module and X € Smy be affine with trivial canonical line bundle wy . Then
there is a canonical equivalence of spectra

MD(X)~C*(X,M.q).

where M9 (X) denotes the geometric realization of the simplicial spectrum M @(X, o)
and the complex C*(X, M, q) is considered as an H 7 —module.

Let us point out that if M = KM then C*(X, M, q) is Bloch’s cycle complex, and
in this case our theorem recovers the comparison of higher Chow groups and motivic
cohomology for such k—schemes X. As a further application, we provide a cycle-
complex presentation of Milnor—Witt motivic cohomology (also called “generalized
motivic cohomology”), defined in Calmes and Fasel [10].

Corollary 1.5 (see Corollary 4.10) Let X be a smooth scheme over a perfect field k
of characteristic # 2. Then for any ¢ > 0 and i € Z there is a canonical isomorphism

HIY (X, Z(q)) = HL (X, C*(— K}V . 9)).

The key ingredients for the proof of Theorem 1.4 are moving-lemma-type results for
the Rost—Schmid complex of a homotopy module, which we prove in Section 3. The
proofs follow the familiar pattern established by Levine in [26], suitably adapted for the
Rost—Schmid complex, of course. Let us mention for the expert reader that the usual
proof of the so-called “hard moving lemma” uses transfers. This is why we need to
ask that M should be a homotopy module. Moreover, transfers on homotopy modules
depend on certain orientations; this is why we need to ask that wy should be trivial.

Contractions and homotopy modules

Both the homotopy coniveau tower M @ and the complex C*(X, M, q) make sense
for M € HI(k), not just M € HI.(k). It seems natural to ask if the equivalence

Geometry & Topology, Volume 24 (2020)



Towards conservativity of G,,—stabilization 1973

C*(X,M,q) >~ M @(Xx) might extend to such more general M. Indeed one has the
feeling that, in essence, C* (X, M, ¢) only depends on the g—fold contraction M_,, and
for ¢ >0, M_, already has some kinds of transfers [34, Chapter 4]. Instead of redoing
the moving lemmas in this more complicated context, we make two observations:

(1) the same proof as before shows that C*(X, M,q) ~ M@ (X) provided that
M_; is a homotopy module (even if M is not); and

(2) M_, is often a homotopy module for g > 0.

We should justify claim (2); in fact this is the content of Section 5. Using the recent
developments in motivic infinite loop space theory, in particular of Elmanto, Hoyois,
Khan, Sosnilo and Yakerson [17], it is possible to identify the homotopy modules
among strictly homotopy invariant sheaves. To explain this, recall the subcategory
of effective motivic spectra SH (k)™ C SH(k); see Voevodsky [38, Section 2]. This
subcategory also has a f—structure (see [3, Proposition 4(4)] of the first author), with
heart SH (k)™ ~ HIy(k) consisting of so-called “effective homotopy modules” (this
is a full subcategory of HI.(k)). Moreover, using results of [17] we prove that
Hly (k) ~ ]_[fr(k), where ]_[fr(k) denotes the category of (strictly) homotopy invariant
sheaves with framed transfers (see Theorem 5.14). In other words, in order to prove
that M_,; is a homotopy module, it suffices to exhibit a structure of framed transfers on
it. Our second main result provides an infinite delooping for the two-fold contraction
of a strictly homotopy invariant sheaf.

Theorem 1.6 (simplified version; see Example 5.2 and Theorem 5.19) Let chark =0
and M € HI(k). Then M_, is a homotopy module.

The above theorem is also an immediate consequence of Conjecture 1.1. Indeed, given
M € HI(k), there exists fy°M € SHS'(k)(2)° with M_y ~ (f3°M)—5. By the
conjecture, fZQM is a homotopy module, and hence so is its two-fold contraction.

Effective covers and transfers

In the final Section 6 we reinterpret some parts of the above results in more abstract
terms, closing the circle with the motivational section from the beginning of this
introduction. The inclusion i4: SHS 1(k)(q) — SHSl(k) preserves colimits and hence
has a right adjoint r,: SHSl(k) — S?—[Sl(k)(q). By the main theorem of [27], at least
if k is infinite, the functor E + i,ry E is equivalent to the functor E - E @ In other
words, the homotopy coniveau tower is inextricably linked with G, —stabilization.
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1974 Tom Bachmann and Maria Yakerson

The functor oy: S’HSl(k) — S’HSl(k)(q), E +— E AGp?, has a right adjoint
wg: SHS'(k)(q) > SHS' (k). E > Q% ig(E).

which is easily seen to be monadic (in the co—categorical sense). The composite
wgqtq is equivalent to QY o and consequently, for M € HI(k), it must be possible
to think of the spectrum iyry M as some extra structure on Q?GmM ~ M_,4. The
equivalence igry M(X) ~ M@W(X) ~ C*(X,M,q) (for X affine with wy ~ Ox)
reveals what this structure is. Indeed, C*(X, M, q) is built out of groups H %(Y, M)
for certain smooth schemes Y and closed subschemes Z C Y of codimension ¢;
inspection of the Rost—Schmid complex shows that H%(Y, M) only depends on M_,.
However, the boundary maps in C*(X, M, g) are built out of the following types of
maps: given a closed immersion i: Y’ — Y such that Z’ :=i~!(Z) C Y’ still has
codimension > ¢, there is a pullback i *: HZ(Y, M) — HZ,(Y', M"). The results of
Section 4 (in particular Remark 4.17) imply that this is precisely the extra structure
needed to recover M @ from M_, .3

On the other hand, we already have a significant amount of extra structure on M_, (at
least for ¢ > 2): it is a homotopy module. Could there really be further extra structure?
Our instinct would be to guess that this is not the case (see Remark 4.18). Upon further
reflection this is equivalent to the following statement, rephrasing Conjecture 1.1, which
we started with: the functor ©*°~9: Hly(k) — SHSl(k) (¢)¥ (obtained by factoring
0®: SH(k) — S’HSI(k) through wy: S’HSI(k)(q) — S’HSI(k)) is an equivalence
for g > 0 (see Conjecture 6.10). Our third main result is some more progress towards
establishing this conjecture.

Theorem 1.7 (see Theorem 6.9) Let k be a perfect field and q > 0. Then the functor
w4 Hlg(k) — SHS'(k)(q) is fully faithful.

To prove this result, we first show that the “forgetful” functor i? : SHS l(k)(q)o —
SHS l(k)o ~ HI(k) is fully faithful and has as essential image those sheaves F such
that wo(f4 F) — F is an isomorphism (Corollary 6.3(2)). We thus need to show that
sheaves of the latter form carry a unique structure of framed transfers. For this we use
the homotopy coniveau tower again. Consider the case ¢ = 1. It is shown by Levine
in [29] that for a field K, there is a surjection €: C%(K, M, 1) — mo(f1 F)(K). The
group C°(K, M, 1) is built out of contractions of strictly homotopy invariant sheaves,

3Technically speaking, we also need the GW —module structure on M_g4.
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Towards conservativity of G,,—stabilization 1975

and in particular has a structure of transfers and GW-module. Surjectivity of € implies
that there is at most one compatible structure on wo( f1 F)(K). We show that if F is
a homotopy module then this compatible structure exists and is indeed given by the
canonical transfers on F (Proposition 6.8). Theorem 1.7 follows from this and our
study of homotopy invariant framed sheaves in Section 5.

Use of co—categories

We think of the categories Spc, D(Ab), H(k), SH(k), etc as oco—categories (see
Bachmann and Hoyois [7, Sections 2.2 and 4.1] for a definition of H(k) and SH(k)
as oo—categories); concretely we have in mind the model of quasicategories as set out
by Lurie in [31; 32]. For most parts of this paper this is irrelevant, and the reader can
instead safely think of homotopy categories of the corresponding model categories.
Certain isolated proofs really do use the higher structures; we will point this out
explicitly each time.

Notation and conventions

We use cohomological notation for complexes (cochain complexes), but we call them
“chain complexes” for brevity.

Whenever we write “sheaf” we mean a Nisnevich sheaf, unless otherwise specified.
Given a sheaf M, a morphism of schemes f: X — Y and m € M(Y), we sometimes
denote f*(m) by m|x.

If M € Ab(Xnis) is a sheaf of GW-modules, and £ is a line bundle on X, we denote
by M(L) := M xg,, L =M ®gzg,,] Z[L™] the twist of M by L. We also denote
its sections by M(X, £). We write X (4) C X for the set of points of codimension d
ie those x € X such that dim X, =d.

For X an essentially smooth k—scheme, we denote by wy the line bundle QB}‘?’;C,
ie the highest nonvanishing exterior power of the sheaf of Kéhler differentials. For
f: X — Y amorphism of essentially smooth schemes, wy,y = vy := wx ® f*w;l.
Note that wy is isomorphic to the determinant of the cotangent complex L s of f.

For a point x € X with residue field K, we view x as a scheme isomorphic to Spec(K),
coming with a canonical morphism of schemes x — X. If X is a smooth scheme over
a perfect field, then x is an essentially smooth scheme.

We extend presheaves defined on smooth schemes to essentially smooth schemes by
taking colimits; this is well defined by Grothendieck [20, Proposition 8.13.5].
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Given objects £ and F in some (higher) category C, we denote the set of (homotopy
classes of) maps from E to F by [E, F], at least when no confusion can arise.

We follow Morel’s convention for the indexing of homotopy sheaves: given E € SH(k),
we denote by 7; (E); the sheaf associated with X — [E€X[i], E A G,/,;j].

We write HI(k) for the category of strictly homotopy invariant sheaves on Smy and
HI (k) for the category of effective homotopy modules. For M € Hly (k) we abusively
denote by M also its image in HI(k) under the forgetful functor v®°: Hly(k) — HI(k),
which can be interpreted as forgetting the structure of framed transfers. For a sheaf
M eHI(k)~SHS l(k)(9 we denote the corresponding motivic S ! —spectrum also by M.
Given a vector bundle V' on a smooth variety X, we denote by Th(V) = V/V \ 0
the associated Thom space object, in various contexts. If Z C X is a smooth closed
subvariety with normal bundle Nz, x, then in all our situations there will be a purity
equivalence X /X \ Z ~ Th(Nz,x) —see Hoyois [22, Theorem 3.23] and Morel and
Voevodsky [35, Theorem 2.23] — which we will use without further comment.

Unless stated otherwise, we will assume that the base field k is perfect.
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2 The Rost—-Schmid complex

Let M be a strictly homotopy invariant sheaf on Smy and X € Smy . Recall the Rost—
Schmid complex C*(X, M) [34, Definitions 5.7 and 5.11]: this is a chain complex of
abelian groups with

CPX.M)= @ M_p(x.0xx).
xeX )

Recall that for M € HI(k) its contraction M_; is the sheaf [33, Definition 4.3.10]
X > ker(M(X x (A1\ 0)) > M(X x 1)),
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Towards conservativity of G,,—stabilization 1977

and M_, for n > 1 denotes the iteration of this operation. This is canonically a
GW-module (the natural G,,—action factors through a GW-action by Morel [34,
Lemma 3.49 and the paragraph before]), so the twisting makes sense.* Recall also
that we identify the point x with the essentially smooth scheme Spec(k(x)); so
we write M(x) for what is often denoted by M (k(x)). The Rost—Schmid complex
computes the (Zariski or Nisnevich) cohomology of M on X, and is in fact isomorphic
to the Gersten complex [34, Corollary 5.44]. Let us quickly recall the definition
of the differentials. For every x € X(@ and y € X“@*D | there is a differential
05 M_gq(x, 0x/x) => M_gq—1(y, wy/x), and the total differential is the sum of these
local differentials. If y ¢ X, we have 9} = 0. Otherwise, 93 is built out of certain
canonical transfer and boundary maps [34, Definition 5.11].

For an open subset U C X with closed complement Z, let C7(X, M) denote
the kernel of the evident surjection of complexes C*(X, M) — C*(U, M). Since
C*(X, M) computes H*(X, M) and similarly for U, we find that C7 (X, M) com-
putes H (X, M).

We note that if £ is a line bundle on X, then one may twist all the terms in the
Rost-Schmid complex in an evident way, except for C°. If M is a homotopy module
then this problem goes away and we obtain a new complex, which we denote by
C*(X,M(L)).

2.1 Pullbacks

We shall need to make some use of the functoriality of the Rost—Schmid complex.

2.1.1 Flat pullback Recall that by [34, Corollary 5.44] there is a canonical isomor-
phism of chain complexes C*(X, M) ~ E ik 0 (X, M), where the right-hand side is
the Gersten (Cousin) complex. It is defined as the ¢ = 0 line of the E;—page of the
coniveau spectral sequence (see [11, Section 1]),

EPYX.M)= @ HITU(X.M)= HPT4(X. M),
xeX®
where H (X, M) = colimy HZ.,, (W, M), the colimit being over open neighbor-

hoods W of x in X. This spectral sequence arises from the fact that when dim X =d,

4Morel twists by AX := det(TxX). Since for the relative cotangent complex we have L /X =
Cy/x[1], where Cy/x denotes the conormal sheaf, we find that wy,y =det(Ly/x) = det(Cx/X)V ~
det(Tx X). In other words, our twist is canonically isomorphic to Morel’s.
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one has

+
@B HIT(x. M) ~cohm Hy '\ (X\Zps1. M),
xeX @

where {Z} runs through chains of closed subsets @ =Z;4,, CZ; C---CZo=X
such that codim(Z,, X) > p. The E|—page is then built from long exact sequences,
associated with chains {Z},

_>HP+‘1 (X, M)—>Hp+q(X M) —>H§+\‘JZ WX\ Zp1. M)

1
— Hy X M) — -

A morphism f: Y — X induces a pullback map
. -1
f*- ng\zp—kl (X \ Zp+1v M) g H}tl(zp)\ffl(zp_i_l)(y \ f (Zp+1)’ M)

If £ is flat, codim(f~1(Z,),Y) > codim(Z,, X) (see [8, Tags 02NM and 02R8]),
so for a chain {Z} in X its preimage { f ~!(Z)} gives a chain in Y with the same
condition on codimensions. Hence, for x € X we obtain f*: H}(X,M) —
@yey(m HJ (Y, M), which is 0 when f~1(x) = @ and otherwise is induced by the
pullback H}(X, M) — H” - )(Y M).

Lemma 2.1 Let f: Y — X be a flat morphism.

(1) The induced pullback map f*: ET’O X, M)— ET’O(Y, M) is a map of chain
complexes.

(2) For composable flat morphisms f and g, one has (f og)* = g*o f*.
Proof This follows from functoriality of the pullback on cohomology with support. O

Let x € X(@_ Then, since f is flat, we have frox x = op-1(y)y [8, Tag 08QQ]. If

£ is furthermore smooth then f~!(x) is essentially smooth, and for every y € ¥ (@)

with f(y) = x we have a canonical isomorphism w,,/y >~ f*wy/x|y. Hence there is

a canonical map C*(X, M) — C*(Y, M) sending M_;(x,wx/x) to M_;(y,®,/y)

via f*: M_;(x) - M_;(y) and the previous isomorphism.

Lemma 2.2 Let f: Y — X be a smooth morphism. Then the flat pullback
f*C*(X,M)— C*(Y,M)

is given by the above explicit map.
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Proof Let y € Y@ and x = f(y). The component

o M_g(x,0x/x) > M_q(y,0yy)

of the map f*: C*(X,M)— C*(Y, M) is obtained as follows. Let V' be an open
neighborhood of y € Y and f(V) C U an open neighborhood of x € X. Shrinking
U and V sufficiently, we may assume that C :=XNU and D := y NV are smooth
and D = f~1(C) NV (for this latter condition we use that f is smooth). Then
there is an induced map ay,y: Th(Np,y) ~ V/V\ D — U/U \ C =~ Th(N¢c,yv).
Applying M and taking the colimit over U and V, we obtain the map «. Note that
f:(V,D)— (U, C) is a morphism of smooth closed pairs (see [22, Section 3.5]). It
follows from functoriality of the purity equivalence in morphisms of smooth closed
pairs that oy, is the thomification of the canonical map By,y: Np/y — Nc v . The
colimit of M(Th(By,v)) is the explicit pullback constructed above. This concludes
the proof. |

2.1.2 Action by K illw From now on we assume that M € HIg(k), ie M is an
(effective) homotopy module [33, Section 5.2]. In particular, we assume given strictly

homotopy invariant sheaves M;, M4, and so on together with isomorphisms
(M1 (n+1))—1 = M4y (and Mo = M).

Suppose given A € KI}/IW(X), eg A = [a] for some a € O(X)*. We define a morphism
of graded abelian groups

Ax: C*(X, M) — C*(X, M41).

The morphism Ax in components is just givenby M_z(x, wx/x)—>M_g11(x, 0x/x),
m > A x m, coming from the action of K}™(X) — K™ (x) (see [34, Lemma 3.48]
for details).

Lemma 2.3 Let M € Hly(k). The morphism of graded abelian groups U x commutes
with the boundary up to multiplication by € := —(—1).

Proof This is stated in [34, just before Lemma 5.36]. O

2.1.3 Boundary morphism Let Z C X be closed, smooth and everywhere of codi-
mension 1, with U C X the open complement. There is a morphism of graded abelian
groups

d=05: C*(U, M) — C*(Z, M_1(0z/x)),
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1980 Tom Bachmann and Maria Yakerson

defined as follows. Given x € U@ and y € N Z (so y € Z@), we have the
Rost-Schmid boundary map 95 M_4(x, wx/x) = M_q-1(y, wy/x). We compose
this with the isomorphism w,,;x ~ wy,/z ® wz,x , which is given by (=19 times
the canonical isomorphism. Altogether we obtain a morphism M_;(x, wx/x) —
M_4_1(y,wy/z ®wz/x), as needed.

Remark 2.4 The peculiar choice of isomorphism above is somewhat justified by
Lemma 2.6 below. Also the same factor occurs in the definition of » in [34, Proof of
Theorem 5.38], and in [2, page 10].

Lemma 2.5 Let M € HI(k). The morphism of graded abelian groups
3%: C*(U, M) — C*(Z, M_1(0z/x))
commutes with the boundary up to multiplication by €.
Proof Let x € U and z € X® N Z. Since C*(X, M) is a chain complex, we have
0=@>2F= Y o+ Y 0o
yex(OnU yex(Ohnz

The first term is Bg o d, and the second term is (—1)do ag, because of our choice of
isomorphism. The result follows. |

2.1.4 Closed pullback Now suppose we are given ¢t € O(X) such that Z := Z(¢t)
is smooth. Write i: Z — X for the closed immersion. Then, for any M € HIy(k),
there is a pullback morphism i *: C*(X, M) — C*(Z, M), defined as the composite

X\Z
C*(X, M) — C*(X\ Z, M) X c*(x\ z, My1) 25 c*(z, m),

where in the last step we have trivialized wz,x via . See also [36, Section 3; 34,
Section 5.3].

Lemma 2.6 Let M € Hly(k).
(1) Fori: Z— X asabove, i*: C*(X,M)— C*(Z, M) is a morphism of chain
complexes.
(2) i* is compatible with open immersions.
(3) Let f: X — Z be smooth of relative dimension 1, and suppose that also

foi=idz. Theni* f* =id.

Proof (1) follows from Lemmas 2.3 and 2.5 (together with €2 = 1), while (2) is clear
by construction. For (3), apply [34, Lemma 5.36] together with Lemma 2.1(2). |
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Remark 2.7 It follows from Lemma 2.6 that for M € HIy(k) we have a commutative
diagram of chain complexes of sheaves, on the small Nisnevich site of X,

M——— C*X, M)

I

ixM —— i,C*(Z, M)

This implies that the map i*: H*(X,M) ~ h*(C*(X,M)) — h*(C*(Z,M)) ~
H*(Z, M) is the canonical pullback map on cohomology, and similarly for cohomology
with support.

Remark 2.8 Let M, € HL. (k). Since C*(X,®* M) only depends on My, Lemma
2.6 holds for My in place of M as well. In fact there exists M’ € HIy(k), an effective
cover of My, with a map M’ — M, € HIL(k) inducing an isomorphism M} >~ M.
Similar observations apply for some other results below, where we forgo apparent extra
generality by working with effective homotopy modules only.

2.2 Transfers

Let f: X — Y be a finite flat morphism of essentially smooth k—schemes. Then, for
any M € Hly(k), there is a transfer map [34, Corollary 5.30]

trp: C*(X, M(wxy)) — C*(Y, M).

For the convenience of the reader, we recall its definition. Given x € X@ let
y = f(x). Then y € Y@ since f is finite and flat. The component of try from
M_;(x,0x/x ®wx/y) to M_g(y,w,,y) is given by the absolute transfer

tI‘x/yI M_d(x,a)x/y) - M—d(y)’

which exists on any homotopy module (see [34, Section 5.1] and Example 5.7), twisted
by Wy /Y -

We make use of the following result in transfer arguments. It is inspired by (and
reduces to) [17, Proposition B.1.4]. Here and elsewhere, given a morphism f: Y — X
in Smy and a trivialization wy e O, we denote by tr;: C*(Y,M)— C*(X, M) the
morphism obtained from the absolute transfer try: C*(Y, M(wr)) — C*(X, M) via
the isomorphism C*(Y, M(wys)) >~ C*(Y, M) induced by y.
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Lemma 2.9 Let Y be (essentially) smooth and X — A%, be cut out by a monic
global section P of degree n. Write f: X — Y for the projection, and assume that f
is finite étale. Let y: wy )y =~ @y /al, ®C‘)A;,/Y|X ~ Oy be the canonical isomorphism
induced by P and the coordinate t. Then, for any M € Hly(k) and a line bundle L
on Y, the composite

* r)’
C*(Y. ML) L5 (X M(f*L) T C*(v. ML)
is given by multiplication by n¢ := 3" ((—=1)'1).

Proof Let y € Y@ Since X — Y is smooth, sois f~1(y) — y. In particular,
f~1(y) is a finite union of points on X of the same codimension. We have

(+) [Ty y = op-0)x
since f is flat. According to Lemma 2.2, the pullback

[T CFY. ML) - C* (X, M(f7L))
is just given on the component corresponding to y by the map
M_4(y, wy)y @ L)

= M_g(f7 () 0p-10yx ® L) = M_g(f 7 (), f*(@y)y ® L)),
We have
(%) Of-1()/y = Ox/¥ 110
again by flatness of f. The transfer map
tre: C*(X, M(f* (L) @ wxy)) — C* (Y. M(L))
on the components corresponding to f~!(y) can thus be rewritten as
M_g(f7' (). 0r-105)x ® (L) @ wx v lp-1(3)) = M_a(y. wy)y ® L),

using () and (**). In other words, it suffices to prove the result in the case where Y
is the spectrum of a field extension of k and * = 0. In particular, we may assume that
L>~0Oy.

Observe that the pullback and transfer actually come from maps defined over Y. We
may thus base change everything to ¥ and assume that k = Y.°

Y need not be the spectrum of a perfect field, but this does not affect the argument below.
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We can view M € S”HSl(k). The composite tr}ﬁ o f*: M_y(k) > M_q(k) is given
by pullback along a map of spectra 8: G, — G,,. We will show that 8 = n,. This
implies what we want since M is a homotopy module, so itself of the form M’ .
We know that [Gm,Gm]SHSI(k) >~ GW(k) >~ [Gm, Gm]suk) (this is essentially
[34, Theorems 6.39 and 3.37]; see also [7, Theorem 10.12] and its proof), so it suffices
to prove this for the image of § in SH (k). The explicit construction of tr} using the
homotopy purity theorem (reviewed for example in the beginning of Section 5.4.2)
shows that B corresponds to the map

P! > pl/@E\ X) ~Al /(AN X) £ A/ AN\ 0) ~T.

This is precisely the action of the tangentially framed correspondence Jx Ly

(with the cotangent complex Ly trivialized by P) on the sheaf GW (see Section B.1.1
of [17] for definitions, and Example 5.13 for a closely related statement). Hence the
result follows from [17, Proposition B.1.4; 18, Example 3.1.6]. a

Lemma 2.10 Let r,s € Z be coprime and k a field. Then (r¢, s¢) generate the unit
ideal of GW(k).

Proof We may assume that r is odd, say r =2n + 1. Then 1 =rc —nh, where h :=
14 (—1). Since r and s are coprime, there are a, b € Z with ar+bs =n. Consequently
(noting that (—1)h = h) we have nh = (ar¢ +bsc)h andso 1 = (1 —ah)re —bhse. O

2.3 Functoriality in M

We remark that if M — N is any morphism of strictly homotopy invariant sheaves
(respectively (effective) homotopy modules), then there is an induced morphism
C*(X,M)— C*(X,N), which is compatible with the flat pullback and boundary
morphism (respectively all constructions in the previous subsections).

3 The g-good Rost—-Schmid complex

Let M € HI(k).
Definition 3.1 Let X € Smy, ¢ > 0. Let C be a finite family of irreducible, closed
subsets of X. For notational convenience, we always assume that X € C.

(1) A closed subset Z C X is said to be in g—good position with respect to C (we
abbreviate this to “g—good”) if for every W € C, the codimension of Z N W
inside W is at least ¢.
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(2) We put

ClyX.M)= P M_y(x.0xx) CCHUX. M).
xeX(d)
X g—good

This is the eponymous “g—good Rost—Schmid complex”.

Note that since X € C we have Cé,q(X, M) =0 for i <g. Note also that

C¢,(X.M) = colim CZ(X.M).
’ Z g-good

In particular, CZ,(X, M) indeed is a subcomplex of C*(X, M), and it computes
colimz H7 (X, M), where the colimit is taken over g—good closed subsets.

The aim of this section is to show that the inclusion
o Czq(X,M) - C*(X, M)

induces an isomorphism on the cohomology groups 4’ for i > ¢, at least in favorable
cases. Note that if ¢ = 0 then « is an isomorphism, so we shall usually assume that
q > 0. For readers familiar with [26], let us point out that the results we are going to
prove are analogs of the results in that paper, just for the Rost-Schmid complex instead
of the homotopy coniveau tower. Naturally, we will employ similar strategies of proof:
using a weak homotopy invariance property and the action by general translations we
can deal with the case X = A", and then employing general projections we can extend
to all smooth affine X provided that wy ~ Oy . This latter condition is a new twist,
which occurs because we need to pushforward in an unoriented situation.

We shall assume throughout this section that M is an effective homotopy module (ie
an object in the image of the forgetful functor w®°: Hly(k) — HI(k)). Some of our
results hold without this assumption, but this would unnecessarily clutter our notation.

3.1 Weak homotopy invariance

In this subsection we establish an analog of the weak homotopy invariance result [26,
Lemma 3.2.3]. Throughout we fix X € Smy.

Definition 3.2 We write p: Al x X — X for the canonical projection and ig: X —
Al x X for the inclusion corresponding to 0 € Al. Given a closed subset Z C A! x X,
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denote by Z C P! x X its projective closure, and write io_o1 (Z) = ZN{oo} x X, which

we also identify with a closed subset of X. We put

C¢ (A x X, M), = P M_g(x, 0 /n1xx) C CHA x X, M).
xe(AlxX)@

iy 1 (%), i (%), p(x) g-good

As before, it is immediate that C7", (Al'x X, M)y, is a subcomplex of Cty (Alx X, M).

For Z C X, we have p(p~1(2)) = io_l(p_l(Z)) =il (p™(2)) = Z. 1t follows
that
P (CE (X M)) C CF (A x X, M)
Note that, by construction,
i (CE (A x X, M)y) C CF (X. M) C C*(X. M).

Consider the closed subscheme ino: {00} x X < (P1\ 0) x X, cut out by the section
—1/T on P!\ 0. According to Section 2.1, there is an induced pullback map

i%: C*A'x X, M) — C*((P*\{0,00})x X, M) — C*({oo} x X, M) =~ C*(X, M).

In more detail, one has i3, = 8?£}f<§ o([~1/T]x) 0 (G x X — Al x X)*, where

Ofookx X /(P1\{0})xx 18 trivialized via —1/T. As for iy » we have, by construction,

i5(CE AY X X, M)y) C CE (X, M) C C* (X, M).

Proposition 3.3 Let M € Hlo(k). The map p*: C} (X, M) — C&Q(Al x X, M)y,
is a chain homotopy equivalence with inverse i}, .

Proof By Lemma 2.6(3) applied to ¢: (P \ 0) — X, we have i% p* =i% ¢* =id.
It hence suffices to exhibit a homotopy H: CJ, (Al x X, M), — CZ ;1 (A x X, M),
between p*i% and id.

Morel proves [34, Theorem 5.38] that p*: C*(X, M) — C*(A! x X, M) is a quasi-
isomorphism by exhibiting an explicit homotopy H between p*i% and id, defined
on C*Z2. Under our assumption that M is a homotopy module, H extends to all
of C*, and remains a homotopy between p*i% and id. In order to conclude, we need

to prove that H(Cg"q(Al x X, M)p) C C&;l(ﬂl x X, M)y,.

Thus let y € (A' x X)) and p(y) = y’. Then y’ has codimension d or d —1. In
the first case, H is defined to be zero on the summand corresponding to y, so we are
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done. In the second case, H is defined to take the summand corresponding to y to the
summand corresponding to A! x y’, which satisfies the required conditions as soon as
y contributes to CC*’ q (Al x X, M), (since then y’ is g—good, by assumption). This
concludes the proof. O

Corollary 3.4 The two maps iq , i%: CZ, A' x X, M), — C¢,(X, M) induce the
same maps on cohomology groups.

Proof We have ij p* =id by Lemma 2.6(3). Since p* induces an isomorphism on
cohomology groups by Proposition 3.3, i} is inverse to p* on cohomology, and in
particular i = i, inverses being unique. a

3.2 Easy moving

Our aim in this subsection is to establish the following result:

Theorem 3.5 Let k be a pertfect field, M € Hly(k), n >0, g >0, L/k a field and
C a finite family of closed, irreducible subsets of A} , with A7 € C.

Then the canonical map o: ngq (A" M) — C*(A?, M) induces a surjection on h’
for i > q, and an isomorphism fori > q + 1.

If n =0 or ¢ =0, o is an isomorphism, so we do not need to treat these cases. Of
course H (A”, M) =0 for i > 0, so the theorem just says that A’ (Cg‘,q (A7, M)) =0
fori >gq.

We now recall the translation operations [26, Section 3.3]. That is, given a k —scheme X
and v € A"(k), we define the map

hy: Al x X x A" - X x A", (t,x,a) — (x,1v+a).

Let p: Al x X x A" — X x A" be the projection. By construction, A, o iy = id, and
hy oiy =: s, is the translation along v. Note that &, and s, are smooth: s, is an
isomorphism, and 7, is the composite of the isomorphism A! x X xA” — Al x X x A",
(t,x,a) — (t,x,tv + a), and the smooth projection Al x X x A" — X x A". The
following is the main geometric input of our argument. It is an adaptation of [26,
Lemma 3.3.2]. Recall that if V' is an irreducible variety, we say that a certain property
holds for a general point of V' if there exists a nonempty open subset U C V' such that
the property holds for all points of U.
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Proposition 3.6 Let k be a field and C be a finite family of irreducible, closed subsets
of A7. Let X be a k—scheme of finite type. For Z C X x A" closed, we say that Z
is g —good if it is g —good with respect to {X x W | W € C}.
(1) Let Z C X xA" have codimension > g . Then, for general v, s, 1(Z) C X x A"
is g —good.
(2) Let Z C X xA" have codimension > g+ 1 and be g —good. Then, for general v,
the set p(hy'(Z)) is g—good.
(3) Suppose that X = Speck. Let Z C A" be a proper closed subset. Then, for
general v, the set p(h,;'(Z)) is closed, and iZ!(h,'(Z)) is empty (so in
particular g —good).

Proof All the statements we wish to prove hold for Z if and only if they hold for all
irreducible components of Z. We may thus assume that Z is irreducible.

Fix W € C, and consider the closed subset
Y={(v,(z1,z2),w) |[w+v=2z} CA" x Z x W,

where (z1,z2) € X x A" are the corresponding coordinates of z € Z. Under the
projection 7: ¥ — A", the fiber over vy € A" is given by X, := 7 ({vo}) ~
Soo (Z) N (X X W). Let

Y ={s € ¥ | dimg 2a(s) zdimW +dimX —cz 4+ j} C X.

Here cz is the codimension of Z in A} (which is well behaved since Z is irreducible).
In other words, | J 0 ¥/ consists of the points where the fiber has bigger dimension
than expected, ie this is the “bad locus” where SU_OI (Z) meets X x W in unexpectedly
low codimension.

By upper semicontinuity of fiber dimension [8, Tag 02FZ], %/ is closed in . We
put B/ = 7(X/). By Chevalley’s theorem [8, Tag 054K], B/ is constructible and in
particular contains the generic points of its closure BJ. Applying Lemma 3.7 below to
these generic points, and using that ¥ ~ Z x W, we find that

dim B/ <dmX-dim¥; <dimZ +dimW —(dim W +dim X —cz + j) =n—j.
In particular, B! has positive codimension in A", and (1) immediately follows.

For (2), since B2 has codimension >2and 0 ¢ B2, we find that a general line L
through the origin in A” does not meet B2 and is not contained in B!. Let 0 #
veL. Write ’: ¥ — X x W for the projection (v, (z1, z2), w) = (z1,w). Then
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p(hy"(Z2))N X x W = 7/(ZL), where £ := 7~ 1(L). Since L avoids B? and
meets B! in finitely many points, all but finitely many fibers of 7: ¥; — L have
codimension > ¢+ 1 in X x W (after applying 7"), and the others have codimension ¢ .
It follows that p(h;l(Z )) N X x W has codimension > ¢ in X x W, as needed.

It remains to establish (3), so now X = Spec k. We need to show that for Z C A" of
codim(Z,A™) > 1 and a general v, the subset p(h,!(Z)) C A" is also closed, and
that io_o1 (h;l(Z )) = &. We show both at the same time. Consider the embedding
A" C P", and let P! be the hyperplane at infinity. For a vector 0 # v € A" let {v} =
(Al-v)NP" T, The morphism 4, can be extended to a morphism /,: P! xA” — P" by
sending (0o, a)+—v. Let Z CP" be the closure of Z. Since Z was of codimension > 1
in A", for a general vector v one has U ¢ Z. Hence (hy)"1(Z) = hy1(Z), and it
is a closed subscheme of P! x A" . In particular, i (h;1(Z)) = @. The projection
p: PLx A" — A" is proper, hence p(h,!(Z)) is closed in A”. It remains to notice
that p(hy ' (2)) = p(hy ' (Z)). O

In the above proof we have made use of the following straightforward geometric fact,
for which we unfortunately could not locate a reference.

Lemma 3.7 Let f: X — Y be a morphism of finite type k —schemes and y € Y with
Xy #@. Then dim X > dim X, +dimy.

Proof Replacing X by f~!(y) and Y by y, we may assume that f is dominant
and Y is irreducible with generic point y. There exists a nonempty open subset
U CY with f(X) D U. Since dimU = dimY, we may replace Y by U and X
by f~1(U); now f is surjective. Let x € X, with dimy X, = dim X, =: e. Let
x" be a closed specialization of x. Put y’ = f(x’); this is a closed point [8, Tags
00G1 and 00GB]. By upper semicontinuity of fiber dimension [8, Tag 02FZ], we have
dimy Xy > dimy X;, = e. By [8, Tag 000S], there is a sequence of proper closed
subsets Y =Yy DY D---DY; ={y'}, withd =dimY. Let X; = f~1(Y;). Then
X; # Xiy1,since f is surjective. Let X,y = X3 D Xg41 DD Xg4e # D bea
chain of proper closed subsets in Xy-; this exists by construction. We have shown that
dim X > d + e, as needed. O

Proof of Theorem 3.5 We put i’ := /' (CZ (A7, M)). By strict homotopy invariance
of M it suffices to show that 4’ =0 for i > q.

We first prove this assuming that L is infinite. Thus let a € h’ with i > g. We can
find a ¢—good subset Z of codimension i > ¢ supporting a and a cycle ¢ supported
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on Z representing a. Choose a vector v € A} (L) satisfying the conclusions of
Proposition 3.6(2)—(3) for Z (which is possible since any nonempty open subset of A”
over an infinite field has a rational point®). Then /}(c) € Cg‘, q (Al x A7, M)y, and
i (hy(a)) =0,s0 a=ij(h}(a)) =0 by Corollary 3.4 and Lemma 2.6(3).

v
Finally, we use a transfer argument to treat the case where L is finite. Let a €
ht (Cc*, g(A7.M)) with i > ¢. Suppose L has characteristic p, and let [ # p be a
different prime. Let p: Spec(L’) — Spec(L) be an infinite [/ —extension. The pullback
map p*: C*(A7, M) — C*(A},, M) maps C} (A7, M) into C7 (A},, M), by
Lemma 3.8(3) below. Since the theorem is proved for L', we find that p*(a) = 0.
By continuity, there is a finite subextension Spec(L’) — Spec(Lg) —> Spec(L) with
q*(a) = 0. Since L is perfect, Lo/L is simple and we may choose an embedding
Spec(Lg) — Ai. Using the minimal polynomial, we may trivialize wy,/ , and hence
we obtain trgz C *(A”O, M) — C*(A7, M). By Lemma 3.8(2) below again, the trans-
fer trg maps CZ (A7 . M) into CZ (A7, M). We have 0 = trg q*(a) =[Lo: L)ea,
by Lemma 2.9. Applying the same argument again for some p # [’ # | and using
Lemma 2.10 yields the desired result. O

In the above proof we made use of the following observation:

Lemma 3.8 Let f: X — Y be a morphism.

(1) Suppose f is finite and surjective. Let C a family of closed subsets of X. Denote
by f(C) the family { f(W) | W € C}. Let Z C Y. Then Z is q—good (with
respect to f(C)) if and only if f~1(Z) is g—good (with respect to C).

(2) Suppose that f is finite, flat and surjective. Let C be a family of closed subsets
of Y. Denote by f~1(C) the family

(W' | W' acomponent of f (W) for some W € C}.
Let Z C X. Then Z is g—good (with respect to f ~1(C)) if and only if f(Z) is
q —good (with respect to C).

(3) Suppose that f is flat. Let Z C Y be g—good with respect to C. Then f~1(Z)
is ¢ —good with respect to f ~1(C), defined as in (2).

Proof Suppose f is finite and surjective. Let Z; C X and Z, C Y be closed.
Consider the composite Z; N f~1(Z,) < f~1(f(Z1) N Z3) AN f(Z1) N Z,.

OWe could not find a reference for this well-known statement. A proof is available on MathOverflow at
https://mathoverflow.net/a/264212/5181.
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Since f is finite and surjective, so is its restriction f’. One checks easily that f'i
is also surjective. It follows that all three of Z; N f~1(Z3), f~1(f(Z1) N Z3) and
f(Z1) N Z, have the same dimension. Taking Z; = X or Z, =Y, we in particular
find that dim Z; = dim f(Z;) and dim Z, = dim f~1(Z3).

Now (1) follows by taking Z; € C and Z, = Z. For (2) we take Z1 = Z and Z, €C,
noting that all components of f~!(Z;) have the same dimension.

For (3) we just note that f~1(Z xx W) = f~1(Z) xy f~1(W), and flat pullback
preserves codimension [8, Tags 02NM and 02R8]. Hence Z meets all components
of W in the same codimension as f~!Z meets f~'W. |

3.3 Hard moving

We now prove a more general moving lemma. Let us first note the following reformu-
lation:

Lemma 3.9 Let X € Smy, C a family of closed subsets, ¢ >0 and M € HI(k). Then
the following statements are equivalent:

(1) The canonical map «: Cg‘,q (X, M) — C*(X, M) induces a surjection on h' for
i > ¢, and an isomorphism fori > q + 1.

(2) Foreachi >¢q, Z C X g—good (and closed) and each a € H' (X \ Z, M),
there exists Z C W C X g—good (and closed) such that a is in the kernel of
H(X\Z, M)— H\(X\W,M).

Proof Since filtered colimits preserve exact sequences of abelian groups, we have a
long exact sequence

o> W' (CE (X, M) > H' (X, M) — czongfl H'(X\Z,M)=K —---.
V4 qggood
Thus statement (1) is equivalent to K? = 0 for i > ¢, which is just a reformulation
of (2). |
The main argument of our hard moving result is contained in the following lemma:
Lemma 3.10 Let k be an infinite perfect field and let X € Smy be affine with
wxy ~Ox.Let M e Hly(k) and i > g > 0.

Let ZC X beg-goodand ac H' (X \ Z, M). Then there exists Z C W C X q-good
and closed such that the image of a in H' (X \ W, M) vanishes.
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Following [26], we prove Lemma 3.10 by employing general projections. Thus let
X be affine of dimension d, embedded in AN. By a general projection, we mean a
general element 7 of the space of full-rank, affine-linear projections from A onto Al
The geometric basis of the method of general projections is the following:

Proposition 3.11 Let k be perfect and X a smooth affine variety. Possibly after a
Veronese reembedding of degree > 2 (see eg [24, Section 3.2.2] for this notion), the
following hold:

(1) A general projection |y is finite and flat.

(2) Let Z C X be g—good. For a general n, n(Z) C A? is g—good (with respect
to w(C)).

(3) Let Z C X have positive codimension. Then, for a general &, Z — n(Z) is
birational, and m is étale around the generic points of Z.

(4) Let Z C X have codimension > g and be r—good, with r < q. Then, for a
general 1, we have an equality of closed subsets 7~ (w(Z)) = Z U W, where
W has codimension > g and is (r+1)—good.

(5) Let Z C X have codimension > g and be r —good, with r < q. For general
w(Z N R) is (r+1)—good, where R denotes the ramification locus of .

(6) Let Z C X. For general , m~'(7(R)) meets Z in codimension > 1.

Proof Statement (1) is mentioned in [24, last sentence before Section 3.2.1], for
example. Statement (2) follows from statement (4) with r = g — 1, and Lemma 3.8(1).
For statement (3), see [24, Section 3.2.3; 25, Lemma I1.3.5.4]. Statement (4) is the
content of [25, Lemma I1.3.5.6].

(5) By Lemma 3.8(1), we need to show that for general 7, 7~ (m(RN Z)) is (r+1)—
good. For general 7 we have 7 ' (m(RNZ)) C n~ ' (n(Z)) = Z UW, where W is
(r+1)—good, by (4). Hence it suffices that 7~ ' (z(RNZ))NZ C n~ Y (x(R))N Z
be (r+1)-good. Let F € C. Since Z is r—good, Z N F has codimension > r in F.
It thus suffices that 7! (7 (R)) meets Z N F in positive codimension. We have thus
reduced to (6).

(6) We may assume that Z is irreducible. We thus need to show that Z ¢ 7~ (7 (R))
for general m. The condition is open, so we need only show that the set of such
projections s is nonempty. For this we may enlarge the base field, so we may assume
that Z has a rational point in each component. Thus we may assume that Z is a rational
point x. A general projection is finite and flat, and hence we have 7~ !((R)) # x
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if and only if 7 is étale along w1 (;(x)). This is true for general 7, by [24, last
paragraph of Section 3.2.2]. |

Proof of Lemma 3.10 We prove the result by induction on ¢g. For ¢ = 0 there is
nothing to prove, since we may take W = X. Hence assume that the result has been
proved for some g —1; we shall prove it for g. Since i > g > g — 1, by induction there
exists Z C Wi C X (g—1)—good such that a vanishes when restricted to X \ Wj. The
exact sequence H;VI\Z(X \Z,M)— H (X\Z,M)— H (X \W, M) shows that
a can be supported on Wj. In other words there exists a cycle ¢ € C{,Vl (X\Z,M)
representing a. Because of the form of the Rost—Schmid complex, we may also assume
that W1 has codimension > i > ¢. Using Proposition 3.11 and the fact that k is infinite
(so a nonempty open subset of affine space has a rational point), we find a projection
7. X — A¢ with the following properties:

(1) m 1is finite flat,

) #(Z) is g—good,

(3) = is birational on W and étale around the generic points of Wy,
@) 7 Yx(Wy)) = Wi UW, with W, g—good,

(5) @(WiNR)is g—good, where R is the ramification locus of .

Put Wy = n(Z U [W1 N R]). By (2), (5) and Lemma 3.8(1), we know that W3 :=
a1 (W3) is g—good. Choose a trivialization of wy, ie a nowhere-vanishing section
s € wy (X). We can write

det(dm):=dmi A---ANdmg =us, ueOX).

By definition, the vanishing locus of u is precisely R. In particular, u is a unit
around the generic points of Wi, and so there is a well-defined chain (u)c. More-
over, d({u)c)|x\wy = (u)d(c)|x\w; = 0, since u is a unit around all points of
W1\ R D supp(c|x\w;)- The trivialization s of wx and the canonical trivialization
of wpa provide us with a trivialization of wy /e, and hence via the construction
from Section 2.2 with a transfer map trs,: C*(X \ W3, M) — C*(A4 \ W/, M). We
obtain a cycle try ((u)c|x\w;) on A4\ Wj;. By easy moving, ie Theorem 3.5, and the
reformulation in Lemma 3.9, we know that the result we want holds for A4 Tt follows
that there is a g—good subset W] C W, C A% such that [t (e lxyws) ]l laa\wy = 0.
Let Wy=nm"1 (W,); this is g—good by Lemma 3.8(1) again. We conclude that c|x\w,

is cohomologous to

¢ i=c—m* (el (u)elx\w,)).
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using that transfers are compatible with pullback along open immersions, as is clear
from the pointwise definition of both operations. Here 7 * denotes the flat pullback
from Section 2.1. We claim that ¢’ is supported on W, ; this will conclude the proof
(taking W = W4a U W5).

To establish the claim, we need to compute 7 * (trfr((u)c| X\W4)), or at least its com-
ponents at the generic points n € W; of codimension i in X. Let b € C{;Vl (X, M)
be any chain. We shall compute 7*(tr. (b)), in terms of b, € M_;(n, w,,x). Since
7 is birational on Wy, n — m(n) is an isomorphism, and # is the only point of W}
mapping to 7(n). It follows that try (b)z(y) € M—i (7w (1), Wz (yy/aa) is the element
corresponding to b, under the isomorphisms 7 >~ (1) and

~ ~ ~ V ~
Or(n)/ad = Opjad = On/x @ Wx/pa = W/ x QWX Wy = Wy/x,

where in the last isomorphism we have trivialized wy via s and wpe via T =
dti A---Adty . Indeed this follows from the definition of the transfer on the Rost-Schmid
complex (Section 2.2), our choice of trivialization of wy /ad and the observation that if
L /K is an isomorphism of fields, then the corresponding transfer is inverse to pullback.
If b € C'(A?, M) and 1 € W) as before, then since 7 is étale and hence smooth
around 7, we know (from Lemma 2.2) that 7*(b'), € M_;(n,wy,x) corresponds
to b;r(n) € M_;(m(n), wg(y),x) under the isomorphisms 1 ~ 7(n) and w,/x =~
¥ Wr(py/ad In- All in all we find that 7* (tr (b)), corresponds to by € M—_;(n, M),
twisted by an automorphism of wy;x . Tracing through the above explanation, the

automorphism is

~ v ~ ~
Wn/x = Op/ad @ Wy pa = Oyypd = On/x

where the first is the tautological isomorphism, the second comes from wy /qa >~ Ox
via s, and the third is induced by 7*.

Let us show that this automorphism is precisely multiplication by u(1)~!. To do so,
we write everything in terms of the absolute sheaves w; and so on; the automorphism
is thus

-
Wy @ Wy ~ Wy @Wyy ® Wpa @ Wy ~ Wy @ WYy M, y ® wy .

Here the first equivalence is via the canonical isomorphism (‘)Xd ® waa >~ Ox and the

second one uses wye =~ Ox via T and wy ~ Ox via sV . We can write any element in

the source group as o ® s (for some « € wy), which is mappedto ¢ @ ¥ ® T Q 5

under the first equivalence (note that this is the same as ¢ ® T’V ® T/ ® sV for a
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generator t’ € wya ). Then the second equivalence takes this to & ® TV, and the third
one to @ ® 7*(7)V . Hence the automorphism is multiplication by the unit v such that
7*(t)Y = vsV. Since 7*(r) = det(dx), we obtain v = u~! =u(n)~!.

Hence 7*(tr5,(b))|, = (u(1))by, and consequently n*(trf,((u)c))n =cp. m|

Theorem 3.12 Let k be a perfect field, M € Hly(k), X € Smy, affine and ¢ > 0.
Assume that wy >~ Ox . Let C be a finite family of irreducible, closed subsets of X (as
always with X € C). Then the canonical map «: Cci'jq (X,M)— C*(X, M) induces a
surjection on h' fori > ¢q, and an isomorphism fori > ¢q + 1.

Proof If k is infinite, then the result follows via the reformulation in Lemma 3.9 from
Lemma 3.10. It thus remains to deal with k finite.

We shall reduce to the case of infinite fields by a transfer argument. Let Z C X be
g—good and a € H' (X \ Z, M). Suppose chark = p. Let [ # p be another prime,
and k’/k an infinite /—extension. Since the theorem is proven for k', there exists
Zyr CZ1 C Xpr q—good such that alx, ,\z, = 0. By continuity, there exists a finite
subextension k C ko C k" such that Zy = Z5 xg, k' for some Zy, C Z> C Xk,
g—good, and aleO\Zz = 0. By Lemma 3.8(2), the image Z3 of Z5 in X is g—
good. Replacing Z by Z3, we may assume that a| X\ Zkg = 0. We have a transfer
' C*(Xgy \ Zy» M) — C*(X \ Z, M), obtained via embedding Spec(kg) into A]i
and trivializing @,/ using the minimal polynomial. Now 0 = tr0 q| Xio\Zky =
[ko : k]ea, by Lemma 2.9. Applying the same argument for some [ # [’ # p yields
the desired result, using Lemma 2.10. O

4 The Bloch-Levine—Rost—Schmid complex

Recall the cosimplicial scheme A® [27, Section 2.1].

Definition 4.1 Let X be a smooth scheme, M a strictly homotopy invariant sheaf and
g > 0. Call aclosed set Z C X x A" g—good if it meets all faces in codimension > ¢ .
We define the weight ¢ Bloch—Levine—Rost—-Schmid complex C*(X, M, q) of M on X
as follows. We put

C"(X,M,q)=C"(X,M) if n>gq.
For n = ¢ —i with i > 0 we put

C"(X,M,q) = cho}l(if(nAi H%(X X Ai,M),
Z g-good
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which is the same as the g™ cohomology of the g—good Rost—Schmid complex
C&,(X x N, M), where C is the family of all faces X x A/ for j <i. The dif-
ferential C*(X, M, q) — C"t1(X, M, q) for n > q is the Rost-Schmid differential.
For n < g —1 itis obtained as the alternating sum of the pullbacks along the face maps.
For n = g — 1, note that Z C X x A® is g—good just when it has codimension > ¢;
hence
ZconmO HL(X, M) ~ker(CY(X, M) — CIt1 (X, M)).
CXxA
Z g-good
We define the differential as the composite
CT Y (X, M.q)= colim HL(XxA', M)1Z0 colim HE(X, M) CU(X, M).
ZCXxA! ZCXxA?
Z q-good Z g-good
It is immediate from the definition that C*(X, M, ¢) is indeed a complex. Moreover,
by homotopy invariance of M, we find that C*(X, M, 0) is chain homotopy equivalent
to C*(X,M).

Example 4.2 If M = KM then C*(X, K g” ,q) coincides up to a shift with Bloch’s
cycle complex [9]. Indeed, the Rost—Schmid part vanishes because C" (X, K 2’1 ) =0 for
n>q (since K lM =0 for i <0), and the Bloch-Levine part is exactly Bloch’s cycle com-
plex because for Z C X x Al of codimension g one computes that H g (X x A K fy )
is the free abelian group on points of codimension ¢ in X x A’ which lie in Z.
Consequently we find that CH?(X,n) >~ h?9™"(C*(X, Kf]”,q)), where CHY (X, n)
denotes Bloch’s higher Chow groups.

Definition 4.3 Guided by Example 4.2, we put Gﬁq(X, n):= H%a_rn (C*(X, Kg’lw, q))
and call this the higher Chow-Witt groups of X.

Remark 4.4 In [14, Example 4.1.12(2)], the term “higher Chow—Witt groups” is used
as the name for the Borel-Moore homology theory, associated to Milnor—Witt motivic
cohomology. In favorable cases this definition agrees with ours; see Corollary 4.10.

Remark 4.5 1In contrast to our definition, Bloch defines his higher Chow groups as just
the cohomology groups of his cycle complex, not the Zariski hypercohomology. Since
Bloch’s cycle complex satisfies Zariski descent (as a consequence of the localization
theorem [27, Corollary 3.2.2]), taking hypercohomology would not change the answer
in Bloch’s case. The comparison theorem, Theorem 4.7, below implies that for X
affine with wy >~ Oy, taking hypercohomology is unnecessary, too.
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4.1 Comparison with the homotopy coniveau tower

Recall the homotopy coniveau tower from [27]. In brief, for E € SHS l(k) one puts7
E@(X,n) = colim Ez(A%),

ZCNy

g—good
where Ez(A%) means E(A /A% \ Z). The above construction is clearly functo-
rial in n € A°P; hence we obtain a simplicial spectrum. Its geometric realization is
denoted by E@(X). Since a (g+1)—good subset is g—good, there is an evident
map E@tD (X, ) - E@ (X, «) (hence the name “tower”). Moreover, all of these

constructions can be made functorial in X, in an appropriate sense (but this is highly
nontrivial; see the reference).

Hence, in particular, for any ¢ > 0 and M € HI(k) we obtain a simplicial spectrum
M@ (X, ¢) whose geometric realization is denoted by M (@) (X).

Remark 4.6 The Rost-Schmid complex is not functorial in pullbacks along closed em-
beddings of faces,® so we cannot use it as a strict model for M @ (X, o). Nevertheless,
each separate term RI'z (A, M) is equivalent to the complex C7 (A%, M).

Theorem 4.7 Let k be a pertect field, ¢ > 0, M € HI(k) and X € Smy, affine such
that wyx >~ Ox . Assume that M_; is a homotopy module. Then there is a canonical

equivalence of spectra
MD(X)~C*(X,M,q).

(Here we treat C*(X, M, q) as an H Z-module, and hence spectrum, in the usual way.)
We will prove a stronger version in Proposition 4.14 below.

Remark 4.8 The equivalence depends on neither the isomorphism wy >~ Ox nor the
choice of a homotopy module structure on M_ . Ultimately these assumptions are only
used to apply Theorem 3.12 to deduce that certain canonical maps are isomorphisms.

Corollary 4.9 Let k be a perfect field, g > 0 and M € HI(k) such that M_, is a
homotopy module. Then there is a canonical equivalence of spectra

MD(X) ~ Ly,C*(X, M. q).

7The indexing category is filtered, so this is automatically a homotopy colimit.

8Even if M is a homotopy module, so that we can use the closed pullback construction from
Section 2.1.4, the pullback morphism depends on a choice of equations for the face and so, if i and j are
composable face inclusions, we cannot ensure that (i o j)* = j* oi™, on the level of complexes. See also
[36, Section 13].
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where Lz, denotes the Zariski-localization functor on the category of presheaves of
chain complexes (also known as taking hypercohomology).

Proof The proof of Proposition 4.14 below shows that for any X, there is a canonical
map a: C*(X, M, q) — M@ (X), which is functorial in X in open immersions. By
Theorem 4.7, Lz, («) is an equivalence. Since the right-hand side is a Zariski sheaf,
the statement follows. O

Corollary 4.10 Suppose that chark # 2 and ¢ > 0 and p € Z. Then there is a
canonical isomorphism

CHY(X,2q — p) ~ HP(X,7)

between the higher Chow—Witt groups of a smooth k —scheme X and the Milnor—Witt
motivic cohomology of X in the sense of [10, Definition 6.6].

Proof MW-motivic cohomology is often only defined for smooth schemes over
perfect fields. However, the constructions given turn cofiltered limits with smooth
affine transition maps into filtered colimits, and hence it makes sense to define MW-
motivic cohomology of pro-smooth (often called essentially smooth) k—schemes as a
colimit. Since any field is pro-smooth over its prime subfield, this allows us to define
MW-motivic cohomology of smooth schemes over any field. Our definition of higher
Chow—Witt groups works over any field, and also turns pro-smooth cofiltered limits
into colimits. Hence, to prove the claim it suffices to treat the case where k is perfect.

MW-motivic cohomology is represented by the spectrum fo KMW, which is the effec-
tive cover of the homotopy module of Milnor—Witt K —theory [6, Theorem 5.2]. Since
the homotopy coniveau tower implements the slice tower [27, Theorem 9.0.3], we have
(SoKMYAGHT)(X) ~ (K I‘}/IW)(‘I)(X ). Hence the result follows from Corollary 4.9. O

Remark 4.11 Forany p, g € Z such that p >2g—1, it was known that H?4(X, 7))~
HP4(X,K g/lw) for a smooth scheme X [13, Theorem 4.2.4]. This comparison agrees
with our result since the right-hand side can be computed via the Rost—-Schmid complex.

4.2 Functoriality and the proof of comparison

Let f: Y — X be a flat map. Then we have obvious maps f*: C"(X,M,q) —
C™(Y,M,q) for n < g. We also have such maps for n > ¢, via the construction from
Section 2.1. Thus altogether we obtain a map of graded abelian groups

f*C*(X,M,q) - C*(Y,M,q).
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Lemma 4.12 (1) The map f*: C*(X,M,q) — C*(Y,M,q) is a morphism of
chain complexes.

(2) The following diagram commutes in the derived category:

C*(X,M,q) —— M@ (X)

f*l f*l
C*(Y.M,q) —— M@(Y)

Proof (1) Note that if we have a commutative square, in Smy,

B ", p

i’T iT
A5 .4

and given Z C B, then the following square also commutes:

h*
Hl . 5 (B".M) «——— HZ(B. M)

() wl iﬂ

q ’ 8 q
Hl-/—lh—l(z)(A ’ M) — Hl-—l(Z)(A’ M)

Applying this with A = X x A", B=X x A"t A/ =Y x A", B’ =Y x A**1,
g and h induced by f, and i and i’ corresponding to an inclusion of a face, we
deduce that the map f*: C*=9~1(X, M,q) — C*=971(Y, M, q) is a morphism of
chain complexes. The map f*: C*29(X, M, q) — C*=4(Y, M, q) is also a morphism
of chain complexes; this follows from Lemma 2.1. Let us put
C'%(X,M,q)= colim HL(X,M),
ZCXxAY
Z g-good

and similarly for Y. Consider the diagram

i1 (X. M,q) -1 ca-1(v. M. q)

d d
C'UX, M.q) L 'Y, M. q)
1| i|

Cq(X’Maq) f—> Cq(Y1 M,f])
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Here the middle horizontal morphism f* is the one coming from the functoriality of
Hz(X,M) in (X, Z), just like the top horizontal morphism. The map d denotes the
boundary map of the homotopy coniveau tower, ie an alternating sum of maps of the
form i*, and j denotes the canonical inclusion. In particular, the vertical composites
are the boundaries in the BLRS complex; what we need to show is that the diagram
commutes. Commutativity of () immediately implies that the upper square commutes,
so it suffices to show that the lower square commutes. By construction of the flat
pullback from Section 2.1.1, this follows again from (), applied with B = X, B’ =Y,
Z of codimension ¢, and A = U an open neighborhood in X of a generic point 7,
of Z and A’ an open neighborhood of a generic point of f~1(Z) over n. (If f is
smooth, this can also be seen more directly by appealing to Lemma 2.2.)

(2) The construction of the map C*(X, M,q) > M @(X) in the proof of Proposition
4.14 below is easily seen to be functorial in flat maps. |

In order to define pullbacks along closed immersions, we need to further adapt the
BLRS complexes.

Definition 4.13 Let W C X be a closed subset. We call Z C X x A" (W, q)—good if
Z meets all faces of X x A" in codimension > ¢, and also meets all faces of W x A"
in codimension > ¢. In particular, Z C X is (W,q)-goodif ZC X and ZNW C W
are of codimension > ¢g. We put

C"X,M,q)w = cZoli)I? CZ(X,M) ifn>gq.
Z(Wag)—gOOd
For n = q —i with i > 0 we put
C"(X,M,q)w = colim Hg(XxAi,M).

ZCXxA
Z (W, q)-good

There is an obvious map C*(X, M, q)w — C*(X, M, g), which is in fact an injection,
and exhibits C*(X, M, q)w as a subcomplex of C*(X, M, q). Recall that there is a
similarly adapted homotopy coniveau tower M @) (X )y [26, Section 7.4]. Note that if
W =g, then C*(X,M,q)w =C*(X, M, q), and similarly for the homotopy coniveau
tower. Consequently the next proposition is indeed a strengthening of Theorem 4.7.

Proposition 4.14 Let k be a perfect field, M € HI(k), g > 0 such that M_; is a
homotopy module, X € Smy, affine such that wx ~ Ox and W C X a closed subset.
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Then there is a canonical equivalence
C* X M.q)w => MDP(X)w
making the following diagram commute:

C*(X,M,q)w —— MD(X)w

| |

C*(X,M,q) —— MD(X)

Remark 4.15 The vertical map M @ (X)y — M@ (X) is an equivalence if M is a
homotopy module or k is infinite [26, Theorem 2.6.2(2)]. Consequently so is the other
vertical map C*(X, M, q)w — C*(X, M, q). Thus we think of C*(X, M, q)w as a
version of the BLRS complex adapted to the geometry of W C X.

Proof Throughout this proof we employ the theory of co—categories. We identify
ordinary 1-—categories with appropriate co—categories, via the nerve functor. All
categories are co—categories, all functors are co—functors, and so on.

Let D denote the “fat simplex” category, in other words the category of finite totally
ordered sets and injections. There is a canonical functor D — A which is coinitial [31,
Lemma 6.5.3.7]. Hence, if F': A°° — C is any functor (with C an co—category), then
colimaer F' =~ colimpop F.

Denote by Fun(DP, H Z—Mod)' C Fun(D°P, H Z—Mod) those functors F such that
F([n]) € HZ~Mods>_4 for n>0.% Since colimits in diagram categories are computed
sectionwise, the canonical inclusion Fun(DP, H Z—Mod)" — Fun(D?, H Z—Mod)
has a right adjoint t, by the adjoint functor theorem. We determine 7, as follows. For
each n we have the functor ev,: Fun(D°?, HZ-Mod) — HZ-Maod, F > F([n]).
This functor preserves limits so has a left adjoint F}, given by left Kan extension
[31, Proposition 4.3.2.17]. The (defining) formula for the left Kan extension says that
for X € HZ-Mod we have Fy,(X)([m]) >~ colimy,,j,[,] X = Mapp([m], [n]) ® X.
This implies that Fo(HZ-Mod) C Fun(D, HZ~-Mod)" and also for n > 0 we
have F,(HZ-Mods_g4) C Fun(D?, HZ-Mod)'. From this we deduce that for F €
Fun(D, H Z—Mod) we have t(F)([0]) = F([0]) and t(F)([n]) = t>—¢(F([n])) for

9Here H Z-Mod>—g C HZ-Mod denotes the full subcategory on those chain complexes Cx such
that H;(Cx) =0 for i < —¢q.
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n > 0. We verify similarly that the semisimplicial structure maps in t(F) are the
canonical ones, and that the adjunction morphism 7(F) — F is the canonical one.

Applying this to F = M@ (X, )y, we obtain a morphism of semisimplicial objects
a: t(MD(X, o)) > MD (X, o).
We claim that
(1) |a|:= colimpe & is an equivalence, and
@ [t(MDX. )| = C*(X. M. q)w.
All results follow from this.
To prove claim (1), we shall utilize the spectral sequence of a semisimplicial object

[32, Proposition 1.2.4.5, Variant 1.2.4.9] (applied to C = H Z-Mod with its standard
t—structure). We thus obtain a morphism of spectral sequences

& EF*(x(M D), X) — EX* (M@, X).

On the E;—page we see the semisimplicial abelian groups Aﬁi ) =7 (MD (X, &)w).
More specifically, E f "~!(M @) is the unnormalized chain complex associated with A%
Also, by construction we have

EFT(M@) if —i <qorx<0,

EFT (t(M@)) =
1 (z( ) 0 otherwise.

The spectral sequence E}*(M (©) wants to converge to 7+(M @) (X)w ) and similarly
EX*(t1(M@)) wants to converge to m4(t(M @ (X)w)). We shall show that the
spectral sequences converge and & induces an isomorphism on the E—pages. This
implies that |«| is an equivalence, by spectral sequence comparison. In order to get
convergence, we wish to know that M @ (X, o)y: D — HZ—-Maod takes values in
HZ-Mods_pn for some N, and similarly for 7(M @) . In other words we need to
show that E T " =0 for i > N. In order to get the isomorphism of E,—pages, it
suffices to show the following condition:

(%) Fori > g the semisimplicial abelian group Afi) is constant.

This also implies the vanishing we need for convergence: for i > max{g,dim X} =: N
we get AD ~ A(()i) ~ HIZ;V (X, M) =0. Itis thus enough to show (%): each of the semi-
simplicial structure maps of AD for i > q is an isomorphism. Let j: FxX — A" x X
be the inclusion of a codimension 1 face; we have to show that

J¥H) 2(N x X, M)— H} -(FxX,M)
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is an isomorphism. Here F denotes the union of the families F’x X and F’x W, where
F’ runs through all faces of A”. Let M be a homotopy module with A?_q ~M_4.
We have a diagram

H} o(N'xX, M)==H] -(A"xX, M) AN H} o(FxX,M)==H} -(FxX, M)

l Lo |

Hi(A'xX, M) =——=H (N xX, M) —— HI (FxX, M) =—— H (FxX, M)
The horizontal identifications come from the fact that by looking at the Rost—Schmid
complex, we see that H? (Y, M) for i > ¢ only depends on M_4~ M_q. The vertical
maps are the natural ones from cohomology with support to cohomology without
support; in particular, the diagram commutes. Since i > g, the outer vertical maps are
isomorphisms by Theorem 3.12. The lower middle horizontal map is an isomorphism
by strict homotopy invariance of M. Hence j* is an isomorphism.

To prove claim (2), it remains to observe that we have
t(M DX ) = 12-g(MP (X, n)w) = CT"(X, M, q)w if n>0,
M@ X w)o =MD X.0)w = C=U(X. M.q)w,
essentially by construction. Indeed, by Remark 4.6, we may compute M @ (X, n)w
as a colimit of complexes C7 (A}, M), where Z runs through (W, g)—good subsets
of A% . We have that C7 (A%, M) = 0 for * < g (since Z has codimension q),
hence 7>—,C7 (A% . M) is given by the chain complex concentrated in cohomological

degree g with value the abelian group H g (A%, M). The truncation commutes with
filtered colimits, so the first equivalence follows; the other one is similar.

The geometric realization of the semisimplicial object (M @ (X, ¢)w )« is the as-
sociated unnormalized chain complex, which is isomorphic to C*(X, M, q)w by
inspection. This concludes the proof. a

Now let i: W < X be a closed immersion with W smooth. For n < g we have an
obvious map
i*: C"(X,M,q)w — C"(W, M, q),

induced by contravariance of cohomology with support. In fact, note that

(t=—qC*(X. M. q)w)? = colim HZ(X M),
- ZCXxA0
Z g—-good

and consequently the construction extends to t=_,C* (X, M, q)w by the same formula.
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Lemma 4.16 (1) The map of graded abelian groups i *: t>_4,C*(X, M, q)w —
7>_¢C*(W, M, q) is a morphism of chain complexes.

(2) The above construction induces a commutative diagram in the derived category

> qC*(X, M, Q)W —— M D (X))

| |

togC*(W, M.q) —— M@ W)

Proof (1) This is essentially the same as the proof of Lemma 4.12(1).

(2) We use ideas and notation from the proof of Proposition 4.14. Given F: D°° —
HZ-Mod, we had the truncation t(F) — F. We can form a further truncation
o(F)— t(F), where 0(F)o = t>—¢7(F)o. This is constructed precisely as before:
let o be the right adjoint to Fun(D, HZ-Mod)"” < Fun(D, H Z—Mod)', where
F € Fun(D°?, HZ-Mod)" exactly when F([0]) € HZ-Mod>_4 as well. Thus we
obtain a commutative diagram

o(M(q)(X, W) —— r(M(Q)(X, W) —— M@D(X, w

| | |

a(M(‘J)(W, ) —— r(M(‘I)(W, ) —— M(‘I)(W, °)

We have |o(M @ (X, ¢)w)| = 7>—¢C*(X, M, q)w and similarly for W, and the left-
hand vertical map is the one constructed above. The result follows. |

Remark 4.17 Employing the usual strictification procedures (see eg Theorem 4.1.1
of [27]), the construction X +— 7=_,C*(X, M, q) can be promoted to a functor
F: (Smy)° — HZ—Mod together with a natural transformation a: F = M (@) Since
M@ is —1—connected in the Nisnevich topology (see [29, Proposition 3.2(1)]) and
F(X)~1t>_4C*(X,M,q) ~ rZ_qM(‘I) (X) Nisnevich locally on X, we see that «
is a Nisnevich-equivalence (ie induces an isomorphism on homotopy sheaves). Since
M@ is a sheaf in the Nisnevich topology, we conclude that

MD ~ [ F € Fun((Smg)®, H Z-Maod).

In other words, we have reconstructed M @ from the complexes t>_4C*(—, M, q)
together with the smooth and closed pullback maps constructed above. More concretely,
we have reconstructed M @ from the sheaf M_; together with the (smooth and closed)
pullback maps on cohomology of M with support in codimension g (which as a group
only depends on M_,).
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Remark 4.18 If M is a homotopy module, then the closed pullback on cohomology
with support can be computed using the construction from Section 2.1.4. In particular,
this operation only depends on the sheaf M_; together with its structure of transfers and
GW-module. For a general M we also can define a closed pullback by the construction
from Section 2.1.4 (at least when g > 2), but we do not know if it coincides with the
sheaf-theoretic pullback on cohomology with support. For this reason, even if M_; is
a homotopy module we cannot conclude that oM ) is a homotopy module.

5 Strictly homotopy invariant sheaves with generalized
transfers

5.1 Presheaves with Al —transfers

Recall that if M € Pre(Smy) is a presheaf of sets on Sm; and X is an essentially
smooth k—scheme (eg the spectrum of a finitely generated field extension of k), then
we can make unambiguous sense of M(X), by taking a colimit.

Definition 5.1 By a presheaf with Al —transfers we mean a presheaf of abelian groups
M € Ab(Smy) together with, for each finitely generated field K/k, the structure of
a GW(K)-module on M(K), and for each point x € (A}a(l) (ie each monogeneous
extension K(x)/K) a transfer map

Tx: M(K(x)) > M(K).

A morphism of presheaves with A!—transfers from M; to M, is a morphism of
presheaves ¢p: M1 — M> such that ¢ is compatible with the GW-module structures and
the transfers. We denote the category of presheaves with A! —transfers by Ab (Srnk)Al r,
We write HI(k)Altr C Ab(Smk)Altr for the full subcategory on those presheaves with
Al _transfers such that the underlying presheaf is strictly homotopy invariant.

We note that in the definition of the category Ab(Smk)Altr (and consequently also
HI(k)A] ") we do not ask for many of the usual compatibilities: we do not require M
to be a presheaf of GW-modules, we do not require any base change or projection
formulas, and so on. In cases of practical interest, these additional properties will
usually hold, of course.

Example 5.2 The functor HI(k) — HI(k), M — M_y, factors canonically through
the forgetful functor HI(k)Altr — HI(k), yielding HI(k) — HI(k)Altr, M M~:
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for the structure of the transfers, see [34, Section 4.2]; for the structure of a module
over GW =K IS/IW, see [34, Lemma 3.49]. The constructions of these structures make
it clear that if M — M’ € HI(k) then M_; — M, respects the transfers and GW—
module structure; hence we indeed have an induced morphism M~ — M _L . For the
iterated contractions M_, , we similarly denote by M5, = (M—_,41)~ the canonical
lift to HI(k)"'*.

Example 5.3 The functor ©®°: SH (k)™ — SHS l(k)o ~ HI(k) factors canoni-
cally through the forgetful functor HI(k)Altr — HI(k), yielding o™ SH(k)H© —
HI(k)Altr. Indeed, w*°(E) ~ (a)°°((E A (Grm)fo))_1 , and so we can use the factor-
ization from Example 5.2.

5.2 Twisted transfers

Definition 5.4 Let M € Ab(Smk)N“. We say that M satisfies the first projection
Sformula if, for every monogeneous extension K(x)/K, every a € GW(K) and m €
M(K(x)), we have tx(a|g(x)m) = atx(m).

Suppose that M € Ab(Smk)Altr. For X the spectrum of a finitely generated field
extension, denote by M(w)(X) the group M(wx)(X) = M(X) ®z[o=(x)] Zlwg].
Assume that M satisfies the first projection formula. Given a finite monogeneous
extension K(x)/K, define

g oy k° M(@)(K(x)) > M(w)(K)

as follows. Denote by x € A}{ the closed point corresponding to K(x)/K. We have
Wy > Wy /Al ®a)A}(|x. The coordinate # on Al induces Wl o~ COK|A}<- The second
fundamental exact sequence induces Al = (mx/m2)*, which we may trivialize by
the (dual of the) minimal polynomial of x. Consequently we have found an isomorphism
Wy >~ wK|x. Now define trﬁ(x) /K S Txs twisted by the above isomorphism of line
bundles. In other words, t@( )/ k(M@ a|g(x)) = tx(m) ® a; this is well defined by
the projection formula assumption. See also [34, Section 5.1].

Remark 5.5 Suppose that K(x)/K is separable. Let df; A--- Adf, generate wg,
so that df] A--- Adfy|x generates wy, by separability. Tracing through the definitions,
the above isomorphism wy >~ wg|x sends dfy A---Adfy to P'(x)dfy A+~ ANdfylx,
where P denotes the minimal polynomial of x. Hence we get the formula

tr(a @ dfi A+ Adfrlx) = e ((P'(x))a) @ dfi A+ Adfy.
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This recovers the construction of the cohomological transfers from the geometric ones
in [34, Section 4.2]. In general, our construction coincides with Morel’s absolute
transfers; see [34, Remark 5.6(2)].

More generally, given a finite extension K(xy, ..., x,)/K, define recursively

X,

X1 yeens n X1 Xn
= (o]
Uk Cepoxn) /K = UK Ceponrxn 1)/ K O 1

K(X1sees2n) ) K(X1 e Xn—1)"
M(w)(K(x1,...,%x3)) > M(w)(K).

Definition 5.6 Let M € Ab(Smk)N“. We will say that M admits twisted trans-
fers it M satisfies the first projection formula and, for any finite extension L/K
and any two sets of generators Xxi,...,Xn; V1,.- .l,ym € L, we have trl’i‘/K =
trzl/’k“’y ™ We denote by Ab(Smy)™ C Ab(Smy )™ U the full subcategory on those
presheaves with A!—transfers that admit twisted transfers. We also put HI(k)™ =
HI(k)*'" N Ab(Smg)™. For M € Ab(Smy)™ we put try g := uylz " for any
choice of generators x1,...,x, € L.

We stress that HI(k)™ is still “too large”, ie contains objects that are not well behaved.
For example, we did not require the individual GW(K)-module structures to come
from a GW-module structure. Nonetheless we find HI(k)"Y useful as a bookkeeping
device.

Example 5.7 For n >2 and M € HI(k), we have M5, € HI(k)™ C HI(k)Altr. This
is the content of [34, Section 5.1] (for the projection formula, see Lemma 5.24(3)).

Example 5.8 For E € SH(k)*™ we have o> (E) € HI(k)™ C HI(k)*'. Indeed,
we have w®(E) = (0®((E AG/?)<0))_,-

As we have seen in Example 5.7, if M € HI(k) then M_, admits twisted transfers.
The following lemma provides a geometric explanation for a weaker statement:

Lemma 5.9 Let M € HI(k), K/k finitely generated and Spec(L) € (A”K)(”). Con-
sider the collapse map
p: PH™ ASpec(K)4 — (P ASpec(K)+/[(P1)™N A Spec(K)+ \ Spec(L)]

>~ A’;(/A?( \ SPCC(L) ~ Th(NSpec(L)/A'I’()~

Then (p[—n])* =trp jx: M_p(L,0p/x) = M_y(K).
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Let us clarify the statement a bit. The embedding Spec(L) < A% provides us with
generators Xi,..., X, of L over K. We are claiming that (p[—n])* = trzl/’l}"x" ®a)l_<1
in the notation of Definition 5.6. Technically speaking, this only makes sense if M_j,
satisfies the projection formula, which we do not have if n = 1. In this case, by
try g M—1(L,wp k) — M—1(K) we mean the map M_(L,wp/g) >~ M—_1(L) —
M_1(K), where we are given a generator x € L, the first equivalence is via the minimal
polynomial of x and the second map is t,, defined for M_; (see Example 5.2).

Proof In the case n = 1, the map (p[—1])* is the transfer map by construction, so
we will reduce to this case.

Let us first clarify the following standard abuse of notation.

By definition, (P')"* A Spec(K)+ is the (pre)sheaf obtained from (P!)*” x Spec(K)
by contracting down the sub(pre)sheaf d(P1)*" x Spec(K).

Now, Spec(L) € A% C (P1y*" x Spec(K) is disjoint from d(P1)*" x Spec(K), so
it makes sense to define (P')"" A Spec(K)/[(P1)"* A Spec(K)+ \ Spec(L)] as
(P1HY*" x Spec(K)/[(P1)*" x Spec(K) \ Spec(L)]. Throughout this proof, we will
commit similar notational abuses without comment.

We write P" := (P1)"". We put Z; = Spec(K(x1,...,x;)) and hence obtain a tower
of finite morphisms Spec(L) = Z, — Z,—1 — - — Z1 — Zo = Spec(K), together
with closed embeddings Z; 1 < Alzl- . Since Z;y is finite over Z;, the induced map
Zit1y+ =P 1 AZ;4+ “is also a closed embedding”, in the sense that Z; {1 — PlxZ;
is a closed embedding with image disjoint from {oo} x Z;. Smashing with P"~i~1,
we obtain a filtration

Zn—>P'ANZpyr = PPAZp—ayy <+ PP AZoq.

We have thus factored the total collapse map p into the composite of partial collapse
maps

pit P"AZoy |P"AZos \P" ' NZiy — P"NZoy [JP" AZoy \P" TV AZ 11y

where, for a pointed set A and (not necessarily pointed) subset B C A, we put
AJ/B =A/(BU{x}).

Note that for pointed sets A, B and C with A C B, we have

(1) C ABJ/(CAB\CAA)~C A[BJ/B\ Al
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Applying this with C = P"™, B = P' A Zo+ and A = Z;, we find that the source
of p; is
P" NPT AZoy [|P' A Zow \ Zi] = P" ATh(NZ,cpinz,,)-
Noting that [P”_i A Th(NZicpf,\ZOJr),M[n]] ~ M _,(Zi,wz,/z,), we find that
(pi[—n])* takes the form
a:= (pi[-n)*: M_y(Zis1, 0z, ,/z,) = M-n(Zi, 07,;)z,)-

We shall prove that this is precisely the twisted transfer for the extension Z;y1/Z;
(twisted by wz, ), which implies the desired result.

Noting that (}) is functorial, we find that p; = idps—i—1 A p;, where
pir PPTYAZoy P YA Zoy \PY A Ziy = PTYY A Zoy [ PTTYA Zog \ Z 11y

is the canonical collapse map. Let X — NZO be the henselization of Z; in NZO. Then
PAXy — PITUAZg, is a Nisnevich neighborhood of P! A Z; . and hence pi is
canonically isomorphic to the collapse map

Pl PPAXLPYAXI\PYAZiy > PP AXLPYAX\ Z41)4-

Now Z; — X has a smooth retraction (see eg [12, Corollary 5.11]), so we obtain
T X > NZ,- with 771(0) = Z; . In other words, 7 is a Nisnevich neighborhood of
zero. It follows that p is (using these choices) isomorphic to

p/" PP AAY JPYAAY (\P'AZiy - P'AAY JP'AAY N\ Z41)4

Using (%) once more, we find that p}” =idz: A g;, where

gi: P'ANZiy > PYAZiy [P ANZig \ Z( 1)+
is the collapse map. This gives us precisely the definition of the twisted transfer

B: M_n(Zit1, 0z, ,,/z;) = M-n(Z)).

Tracing through the definitions we find that @ = B(wz, 7). as needed. m]

Remark 5.10 If M is a homotopy module, the above argument can be phrased more
succinctly in the language of tangentially framed correspondences [17, Section 2.3].
Let f: X — Y be a finite flat, and hence syntomic, morphism of semilocal, essen-
tially smooth k—schemes. Taking determinants induces a bijection between the set
of homotopy classes of trivializations of [Ls] in the K—theory space K(X) and
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trivializations of the line bundle wy. For every trivialization 7 of [Ls] we obtain
the tangentially framed transfer trl?l: M(X) — M(Y), and the untwisted transfer
et @D M(X) ~ M(X, 0x)y) = M(Y).

We claim that tr9et{™D = ¢[7] and that if X — AY then trl?] is the pullback along the
collapse map

PN = (PPN /PH)N\ X > Th(Ny/an) >~ T" A X+,

where the last equivalence is via t. Note that the first claim follows from the second: if
X /Y is monogeneous, then pullback along the collapse map is the definition of grdet(zh) |
and for the general case note that both sides are compatible with composition, and at
least if Y is a field then f can be factored into a sequence of monogeneous extensions.

To prove the second claim, we may assume given a Nisnevich neighborhood U of X
in A}, a smooth retraction r: U — X and global sections f1,..., fy € O(U) cutting
out X and inducing [z]. Then trl"] is defined, as in Example 5.13, to be the pullback
along the composite

EHM > e e\ X ~Uu N X LD A X

It suffices to observe that ( Ly of) the map ( f,, r) is homotopic to the purity equiv-
alence. Altogether we get the same description of trdetl) a5 stated in Lemma 5.9.

5.3 Framed transfers

We recall the following definitions from [17, Section 2.1]; originally they are due to
Voevodsky [37].

Definition 5.11 Let X,Y € Smy. An (equationally) framed correspondence, written
(Z,U, f,,g),from X to Y of level n = 0 consists of a closed subscheme Z C A},
finite over X, an étale neighborhood U — A¥ of Z, amorphism (f1, ..., fn): U —A"
such that Z = f,71(0) as schemes, and a morphism g: U — Y. Two framed corre-
spondences are equivalent if they have the same support and the morphisms are the
same up to refining the étale neighborhoods. We denote by Fr, (X, Y) the set of framed
correspondences of level n up to equivalence; it is pointed by the correspondence with
empty support.

Composition of framed correspondences is defined via maps Fr, (X, Y) xFry, (Y, V) —
Fry,+m(X, V) by sending

((Zv U’ fhg)v (Z,’ U/7 f./’ g,)) = (Z Xy Z,v U Xy U/v (f'? fo/)’ g,oprU/).
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With this composition we get a category Fry(k), where objects are smooth k—schemes
and morphisms are given by Fri«(X,Y) = \/20=0 Fr,(X,Y). There is a canonical
functor Smy — Fr.(k), sending morphisms of k—schemes to framed correspondences
of level 0.

Definition 5.12 A presheaf with framed transfers is a presheaf on the category Fry (k).
A presheaf with framed transfers is called A!—invariant (respectively a Nisnevich
sheaf) if its restriction to Smy is. A presheaf with framed transfers F is stable if
F(ox) =idp(x), where ox = (X, A}(,prm,prx) e Fri(X, X).

Example 5.13 Let £ € SH(k). The sheaf Q°°(E) acquires canonical framed trans-
fers as follows (see [18, Section 3.2.6]). A framed correspondence o = (Z, U, f,, g) €
Fr, (X, Y) induces a map of quotient sheaves

PHY M A X, = (PHMAXL /PN AXLNZ ~ U/ U\ Z Y28 an jan\ oa Yy,
which in turn induces a map of spectra

aA(PHN: TPx, A (PHN 5 20V, AA"/AT\ 0~ %Y, A (PHN,
Then o*: Q®(E)(Y) — Q%(E)(X) is given by the pullback in E along «.

Note that if £ € SH (k)™ then Q®°(E) ~ mo(E)o, and so mo(E)o acquires framed
transfers.

Theorem 5.14 Let k be a perfect field. Then the functor

o(=)o: SHI) — [T k)

induces an equivalence between SH (k)™ and the category ]_[fr(k) of A —invariant
stable Nisnevich sheaves with framed transfers of abelian groups.

Remark 5.15 By [19, Theorem 1.1], Al —invariant stable Nisnevich sheaves with
framed transfers of abelian groups are necessarily strictly Al —invariant, at least when
the base field k is perfect. This result was proved in loc. cit. only for perfect fields k
that are infinite and of characteristic not 2; these additional assumptions were later
removed in [15] and [16], respectively.

Similar results to Theorem 5.14 have also been proved in [1, Proposition 3.11; 5,
Proposition 29].

Geometry & Topology, Volume 24 (2020)



Towards conservativity of G,,—stabilization 2011

Proof We freely use the language of co—categories in this proof.

We use the motivic recognition principle [17, Theorem 3.5.14], which holds over any
perfect field. To recall it briefly, there is a semiadditive co—category Corr™™(Smy)
under Smy . Write (k) for the full subcategory of P(Corr™(Smy)) consisting of
A!—invariant presheaves of spaces on Corr'"(Smy) that satisfy Nisnevich descent after
restriction to Smy via the canonical functor Smy — Corr'™(Smy,). Since Corr™(Smy)
is semiadditive, each object of #"(k) is a presheaf of £,,—monoids in a natural way.
Denote by HT (k)& C H (k) the subcategory of presheaves of grouplike xo—monoids.
Then there is a canonical equivalence HT (k)% ~ SH(k)"e!; this is the recognition
principle.

Recall that for any co—category C, there is the subcategory C<o of O—truncated objects,
ie those objects £ € C such that for every F € C the space Map(F, E) is O-truncated.
With this notation, SH(k)*® = <S'”;’-[(k)"<e(f,f and consequently SH (k) ~ Hfr(k)ipo.
In other words SH (k)™ is equivalent to the category of presheaves on Corrfr(Sm_k)
which are 0—truncated, Nisnevich sheaves, A!—invariant and grouplike. For an oo—
category C, we have P(C)<o =~ Fun(C°, Spc<o) =~ Pre(hC) [31, Proposition 1.2.3.1],
where hC denotes the homotopy category of C and Pre means presheaves of sets.
Hence SH (k)™ is equivalent to the subcategory of Pre(hCorr™(Smg)) consisting of
Nisnevich sheaves (of sets) that are grouplike and A!—invariant. This is the same thing
as A'—invariant Nisnevich sheaves of abelian groups on hCorr' (Smy,). This category
is equivalent to ]_[fr(k) by the same argument as in [17, Remark 3.4.10] (replacing
Zariski descent with Nisnevich descent in loc. cit.). O

Suppose we are given a framed correspondence (Z, U, f,, g) € Fr,(X,Y). We recall
the construction of the cohomology class ¢(f,) € H7 (U, K MW) | corresponding to the
Koszul complex of the regular sequence f, (see [13, page 12]). Denote by | f;| the
vanishing locus of f;; then Z =] f1|N---N| fy| as aset. Bach [f;] € B, ey KMV (u)
gives an element [ f;] € D,y Ky™ (x, wy/y) supported on | f;|, which defines a
cycle ¢(fi) € Hllfil(U’ Kli/lw). One defines then

c(f)=c(fi)xxe(fu) € HZ(U. K3™).

If furthermore Z,eq is smooth, using the canonical isomorphism wz /v ~ wz,.,/x
we find that

c(fo) € H%(Zrea, GW(0z,,/x)) = HZ (U, K;™).
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Lemma 5.16 Let E € SH(k)*™ and « = (Z, U, f.,g) € Fr,(X,Y) such that Zq
is (essentially) smooth. Then a*: E(Y) — E(X) is given by the composite

E(Y) 58S E(Zia) Y% HO(Ziea. E(0z,,, /%)) —22% E(X).

(Here i: Zieq — U denotes the closed immersion and trz_,/x denotes the twisted
transfer from Section 2.2.)

Proof Put F = mo(E AG}), so in particular E ~ F_,. By Example 5.13, o* is
the pullback in F[n] along the map

PHY M A X, = (PHMAXL /PO AXLNZ ~ U/ U\ Z Y28 an jan\ oa Yy

In particular, we may assume that U =Y ; then h = (f,,idy): U — A" x U is a closed
embedding. In that case we express the pullback along 4 in F[n] as the composition

B E(U) => HlYy (A" x U, F) 25 HY(U, F) = H*(Zyeg. E(07,,/v))-

and apply the canonical isomorphism wz_,/uy >~ wz,,/x - The left-hand arrow is the
Thom isomorphism, and it factors as

EWU)2% HOA" x U E) X% HJ (A" X U, F).

Here tp € Hy, (A" x U, KMW) is the oriented Thom class of the trivial vector
bundle over U of rank n (see [30, Definition 3.4]). Let y; denote the coordinate
functions on A”. Note that ¢, = d1[y1] X+ -- X dy[yn] (Where 0; = 3?;:(:%})? this holds
since the Thom class is multiplicative with respect to direct sums of vector bundles
[30, Proposition 3.7(2)] and #; = d1[y1] by construction [30, page 29].

Let a € E(U); then h*(t, x a) = h*(ty) x h*(a) = h*(t,) x a because h™* o pry;, =
(pry oh)* =id. Since U ~ h(U) C A" x U is cut out by the equations { f; = y;}7_,,
we observe that

h*(tn) = h* (91 [y1]) X - - x B* (On[yn]) = 01 [f1] x - - x 0 [ fu] = c(f2)
(where 9, = B?f:o} in the Rost-Schmid complex for KMY; ie this is the boundary
map in the long exact sequence of cohomology with support). This holds because the
long exact sequence of cohomology with support is compatible with pullbacks. We
have thus shown that B(a) = c(f,) xi*(a).
Finally, the map H%(Zq, E (0z,.4/x)) el X, (X) was computed in Lemma 5.9 as
the pullback along the collapse map y: (PHY)MA Xy — (PHMAX L /(PHNMAXL\Z

(here we reduce to the case of X the spectrum of a field by unramifiedness of E').

Since a* = y* o B, as pointed out at the beginning, this concludes the proof. O
)4 p g g p
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Corollary 5.17 Let k be a perfect field. Then the functor 0> SH (k)™ —
Ab(Smy )™t is fully faithful.

Proof Under our assumptions on k, by Theorem 5.14 we have an equivalence between
SH(k)*® and the category of (strictly) homotopy invariant sheaves with an action by
framed correspondences. It is thus enough to show the following. If E, F € SH (k)
and ¢: w® (E)— w® (F)e Ab(Smk)Al ' is a morphism of the corresponding sheaves
preserving the GW—action and (twisted) transfers, then ¢ preserves the action by framed
correspondences.

Let o = (Z, U, f,,g) be a framed correspondence from X to Y. Let X© be the
set of generic points of X ; this is an essentially smooth scheme. Denote by ¢ the
restriction of & to X ©; this is a framed correspondence from X ©) to Y. The way
composition of framed correspondences is set up implies that the diagram

F(Y) —% F(X)

| L

F(Y) —— F(X©)

commutes, and similarly for £. By unramifiedness, the restriction F(X) — F(X (0))
is injective. It follows that ¢ preserves the action of « if and only if it preserves the
action of a®. Consequently we may assume that X is a finite disjoint union of spectra
of fields. Then Zq is essentially smooth, and hence by Lemma 5.16 the action of «
is determined in terms of the twisted transfers and the GW—action. By assumption, ¢
preserves the latter two, hence ¢ preserves the action of «. This was to be shown. O

Definition 5.18 We denote by HI(k)T c HI(k)™ C Ab(Smk)A ' the essential image
of the (fully faithful) functor @™ : SH (k)™ — Ab(Smy)*'v.

In a rather roundabout fashion, we have now arrived at the main theorem of this section.

Theorem 5.19 Let k be a perfect field and M € HI(k). Then M~ € HI(k) C
Ab(Smy )", If chark = 0, also M=, € HI(k)™ C Ab(Smy)'v.

Proof Let F =M_5 or M_3. Let @« = (Z,U, f,,g) be a framed correspondence
from X to Y. Let n € X be a generic point. For a € F(Y), define

o (@) 1= trp(c(fo)ni™ (g™ (a))) € F(1).

Here p: (Z;)wed — 7 is the canonical finite projection and i: (Zy)weq — U is the
inclusion. The elements a*(a), for various 7 define an element a*(@)® e F(X©).
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We claim that o*(a)©@ € F(X) c F(X©@) (here we use that F is unramified). By
the strong form of unramifiedness, it suffices to show that o*(a)©® e F(X,) for each
xeXx® (where X, denotes the localization in x). This is proved in Lemma 5.20
below. We denote by a*(a) := a*(a)® e F(X) c F(X©) this element.

It remains to prove that this action is compatible with composition of framed corre-
spondences. Denote by 8 = (Z’,V, h,, k) a further framed correspondence from Y
to W. The following diagram illustrates some of these schemes and maps:

N
<

Z12

| |

Zred < > U g Y
X

Here le = (Z Xy Z/)red-

Let b € F(W). We need to show that a*B*(b) = (B o)™ (b). Composition on both
sides is compatible with open immersions, so we may assume that X is connected.

~

Using unramifiedness, we may further assume that X is the spectrum of a field, and
in particular that Z..q is essentially smooth. Denote the composite Zq < U Loy
by r. Consider the composed correspondence

Bor=(Zwaxy Z', Zuaxy V,haopry, kopry).

In particular, the reduced scheme corresponding to the support of S or is Zj,. Note
that Z15 is essentially smooth, being finite and reduced over Z,.4, which is a finite
disjoint union of spectra of fields by our assumption on X. We have

(Bor)*(b) =trz,,/z,,(c(hsopry) x b)

(we denote by b also its restriction (pullback) to any scheme over W, in particular Z15).
By Lemma 5.21 below, we find that r*8*(b) = (B o r)*(b). Using the projection
formula (Corollary 5.25(3)) and compatibility of transfers with composition, we find that

a*B*(b) = trz, x (c(f) x (Bor)* (b)) =trz,,/x (pry; (c(fo)) x c(ha 0 pry) X b).

Since pr7;(c(f,)) = c(fs opry), we obtain that

a*B*(b) =trz,,/x(c(foopry, heopry) xb).

This is precisely (8 oa)*(b), as was to be shown. O
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Lemma 5.20 Use notation as in the proof of Theorem 5.19. Let C be the localization
of a smooth k —scheme in a point of codimension 1, and let « = (Z, U, f,,g) be a
framed correspondence from C to Y. Write n € C for the generic point. Then for
a € F(Y) we have a*(a), € F(C) C F(n).

Proof We shall denote by a also its restriction to other schemes, when no confusion
can arise (for example, we may say that a € F(U)). We may assume that ¥ = U and
=id.

Let x be the closed point of C. We are attempting to prove that 0 = dx(a*(a),) €
F_1(x,wx/c). Let Z denote the normalization of Z,eq. Then Z is essentially smooth
and p: 7Z — C is finite [8, Tags 035R, 0335 and 032S]. In particular, there is a
transfer map trg: C* (Z F(oz / ¢)) — C*(C, F) which is a morphism of complexes
[34, Corollary 5.30]. We have a € CO(Z F) and ¢ :=c(f,) € CO(Z GW(a)Z/C))
(here we use that (w3 / cIn = (wz../¢)ns Z and Z being birational). We obtain ac €
Cc%Z, F(wz/c)) and, by definition, a*(a), = trz(ac). Since trg is a morphism of
complexes what we need to show is that 0 = tr5(d(ac)). Here 0: CO(Z F(wz/c)) —
C! (Z Floz / ¢)) is the Rost-Schmid differential, which in degree zero is just the
canonical boundary map of a strictly homotopy invariant sheaf. Since a € F (Z ), we
get d(ac) = ad(c) (see Lemma 5.22(4) in the next subsection).

The transfer map try: cl\(Z, F(“)Z/C)) — CI(C, F) factors as
cl(Z, Floz,c) — > CNZ, F(wz/c)) =2 C'(C. F),

transfers being compatible with composition. Since a is pulled back from Z, by the
projection formula (Corollary 5.25(3)) we have try(adc) = a tri(dc). It thus suffices
to show that try (dc) = 0. But try o d is precisely the definition of the boundary map 0’
in the Rost-Schmid complex computing H7 (U, K %W) [34, Definition 5.11]. In other
words, by definition the following diagram commutes:

CUZ.GW(w3,) — CH(Z.GW(w3,,)))

|

GW(Z©, 0wy ) == C2U. kM) — L 2t (U, KMWY) — W (2D, 0wz )

Since actually ¢ = c(f,) € H;(U, K MW) by construction, we must have d'(c) = 0,
which is what we wanted to show. |

Geometry € Topology, Volume 24 (2020)


https://stacks.math.columbia.edu/tag/035R
https://stacks.math.columbia.edu/tag/0335
https://stacks.math.columbia.edu/tag/032S

2016 Tom Bachmann and Maria Yakerson

Lemma 5.21 Use notation as in the proof of Theorem 5.19. Let « = (Z, U, f,, g)
be a framed correspondence from X — Y and h: X’ — X a morphism of smooth
schemes. Denote by « o h the correspondence (Z',U xx X', fyoh, g oh). Then for
a € F(Y) we have h*(a*(a)) = (@ o h)*(a).

Proof If the result is true for composable morphisms /; and /5, then it is also true
for hq o hy. We may assume that g = id. Note that essentially by definition, the result
holds if 4 is an open immersion. In particular, we may assume that X’ and X are
connected. As usual we may factor / into a smooth morphism and a regular immersion,
at least locally on X’ [8, Tags 069M and 07DB], so we deal with those in turn.

Suppose now that /4 is smooth. Then £ is dominant (being open between connected
schemes [8, Tag 01UA]) and thus, using unramifiedness of F, we may replace X
and X'’ by their generic points. Since % is smooth, the following square is cartesian:

I
Zred I Zred

.

x — . x
The result now follows by naturality of ¢( f,) (ie h*c(f,) = c¢(f, oh)) and the smooth
base change formula from Lemma 5.26.

Now suppose that % is a regular immersion. We may replace X’ by its generic point x
and so in particular factor &7 =i o i/, where i is a regular immersion of codimension 1
and 7’ is still a regular immersion (eg use [8, Tag 0ONQ]). Thus we may assume that
h is of codimension 1. We may further replace X by its localization C in x. From
now on we use the notation from the proof of Lemma 5.20.

For any essentially smooth 1-dimensional scheme W with closed point x and generic
point 7, given a € O()* we can consider the operation s[4 = 3([a]e): F(n) —
F(x,wyx/x). We will need to use some technical properties of this operation established
in the next section. In particular, by Lemma 5.22, the map 514! is GW-linear, and
hence can be twisted.

Now we get back to the proof. Recall that /4 is a regular immersion (of codimension 1).
We know that a*(a) =trz(ac) € F(C). Then by Corollary 5.23 we have 2*(a*(a)) =
% ([1]trz(ac)), where ¢ denotes a chosen uniformizer of C in x. In other words,

h*(a*(a)) = s try(ac) € F(x,wy/x) =~ F(x),
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where w,/x >~ Oy via t. By Proposition 5.27, we get h*(a*(a)) = tr;(s[’]ac). As
before we factor try on C 1 as trpotr; and use the projection formula (Corollary 5.25(2))
and Lemma 5.22(2) to obtain

h*(@* (@) = trz(a tr1 (([]e))),

and again we have try(d([t]c)) = d'([t]c), where 0’ denotes the boundary map on
CZ (U, KMW). Since ¢ also cuts out Uy C U, it follows from Remark 2.7 that
tr1 (3([t]c)) = h*(c) = ¢(f, o h). We have thus found

h*(@*(a)) = trz(ac(fo o h)),

which is precisely the definition of (a o h)*(a). O

5.4 More about the M_,

In the proof of Theorem 5.19 we made use of some technical facts regarding specializa-
tion and transfer maps on sheaves of the form M_5. We collect them here. We are not
trying to be exhaustive; instead we only record the facts that we really use. Throughout
M denotes a strictly homotopy invariant sheaf.

5.4.1 Boundary formulas Recall first that for any essentially smooth local 1-dimen-
sional scheme X with generic point 7 and closed point x, there is the canonical
boundary map 9: M(n) — M—_1(x,wx/x) [34, Lemma 5.10]. Moreover, M_; is
automatically a sheaf of GW-modules [34, Lemma 3.49]. Furthermore, we have
a bilinear pairing K I;/IW ® M_; — M. Applying this to M_;, we obtain a pairing
KI;’IW ® M_», — M_;, which is in fact GW-linear [34, Lemma 3.49]. Finally, by
contracting the GW-action K" ® M_; — M_; we obtain KMY @ M_; - M_,.
The following result shows that all of these actions behave sensibly with respect to the
boundary maps:

Lemma 5.22 (1) Fora € KI}’[W(X) and m € M_1(n), we have d(am) = ead(m),
where a € K Ilww(x) denotes the restriction of a from X to x.
(2) Fora € K?’IW(U) and m € M_;(X), we have d(am) = d(a)m, where in €
M_1(x) denotes the restriction of m from X to x.
(3) ForbeGW(X) and m € M_1(), we have d(bm) = bd(m), where b € GW(x)
denotes the restriction of b from X to x.

(4) For b € GW(n) and m € M_,(X), we have d(bm) = d(b)m.
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Proof We prove (1)—(2) at the same time, by explaining that these results are essentially
formal. At the end we explain how to adapt the argument to (3)—(4). (We note also that
(1) and (3) were proved in [34, Lemma 5.10], but our proof would not be simplified by
only establishing (2) and (4).)

We have a morphism of sheaves K 1}4W ® M_; — M. This induces a morphism
KYV(X) ® HY (X, M—y) > H} (X, M),

and similarly H} (X, KY™)®@M_1(X) - H}(X, M). Write ": M(n) —> H1(X, M)
for the boundary map in the long exact sequence with support. Then in case (1) we have
d'(am) = ad’(m) and in case (2) we have d'(am) = 9’ (a)m, where all the actions are
the ones just constructed [23, I1.10.2]. This is the formal part of the argument. There are
moreover canonical isomorphisms H} (X, M)~ M_;(x, w, /x) and so on, and through
this isomorphism 9" and 9 correspond. However the map 6: HY (X, M_;) — M_5(x)
is not a morphism of K 1{’[W (X)—modules; instead, tracing through the definitions, one
finds that a switch on G, AGy, is involved, and hence 6(am) = eaf(m). This explains
the factor of € in (1). For (2), no switch is involved, and no € appears.

We can prove (3)—(4) similarly, by using instead the morphism of sheaves GWQM_; —
M_. O

If 7 is a uniformizer for X, then 7 defines a trivialization of wy,x, and hence
d: M(n) — M_1(x,wy/x) becomes a map 9": M(n) — M_1(x).

Corollary 5.23 Let m € M_1(X) and write i: x — X for the closed inclusion. Pick
a uniformizer 7t for X. Then i*(m) = 0™ ([x]m).

Proof By Lemma 5.22 we get 0™ ([z]m) = 07 ([7r])im = 0™ ([x])i * (m). It remains to
observe that 0" ([7r]) = 1 [34, Theorem 3.15]. m|

5.4.2 Projection formulas Now we come to the transfers. Recall that given a finite
monogeneous extension L /K with chosen generator x € L, the transfer

trr M1 (L, wp k) > M—-1(K)

can be defined in two ways. The generator x provides an embedding Spec(L) —
A}( c PL , and we can consider the composition IP}( — P}( / P}(\Spec(L) ~Th(wr k)
of the collapse map and the purity equivalence.

There is an equivalent algebraic definition: Given m € M—1(L,wy k) one has to find
m’ € M(K(T)) such that d(m’) =m and for x # y € (Ak)(l) we have d,,(m’) = 0.
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Then tr(m) = 0oo(m’). Here 0o corresponds to the point at infinity of P!, and
the uniformizer —1/7. This result is explained in [34, Section 4.2, page 99]. It
turns out that this construction is independent of the choice of x [34, Section 5.1].
Note also that x canonically trivializes wy /g, so we have an untwisted transfer
Tx: M_l(L) — M_l(K).

Lemma 5.24 (untwisted projection formulas) Given L = K(x)/K, the transfer
Tx: M_1(L) — M_1(K) satisfies the following:

(1) Fora € KIIVIW(K) and m € M_»(L), we have t(am) = aty(m).
(2) Forb e GW(L) and m € M_1(K), we have t(bm) = 1, (b)m.
Furthermore, the transfer t: M_»(L) — M_5(K) satisfies the following:

(3) For b e GW(K) and m € M_,(L), we have t5(bm) = bty (m).

Proof (1) Pick m’ € M_;(K(T)) with dx(m’) = m and 9, (m’) = 0 otherwise.
Then dx(aem’) = adx(m’) = am, and dy(aem’) = ad,(m’) = 0 otherwise, by
Lemma 5.22(1). Hence tx(am) = doo(aem’) = adoo(m’) = aty(m).

(2) Pick b’ € KW(K(T)) with dx(b") = b and dy(b') = 0 otherwise. Conclude as
for (1), appealing to Lemma 5.22(2).

(3) Pick m’' € M_{(K(T)) as in (1). Note that all the boundary maps are GW (K)—
linear, by Lemma 5.22(3). Hence 0y (bm’) =bdx(m’) =bm and 0y, (bm’) =bdy,(m’) =
0 for y # x. Hence tyx(bm) = doo(bm’) = bdoo(m’) = bty (m). O

Formula (3) above implies that the transfer can be twisted by an arbitrary line bundle:
given a line bundle £ on Spec(K), there is a transfer 7,,: M_»(L, L|1) —> M_2(K, L)
and similarly for the twisted transfer we have tr: M_>(L,wr /g ® L|1) — M—2(K, L).

Corollary 5.25 (twisted projection formulas) Let L/K be a finite extension. Let £
and L, be line bundles on Spec(K). Then the transfer

tr: M_>(L,op )k ® L1|L ® La]L) - M—2(K, L1 ® L3)
satisfies the following:

(1) For a € KIIVIW(K,El) and m € M_>(L,wr/x ® L2|1), we have tr(am) =
atr(m).
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(2) For b € GW(L,wp/x ® L1]) and m € M_1(K, L2|L), we have tr(bm) =
tr(b)m.

(3) ForbeGW(K,Ly) and me M _>(L,wr /g ®L2|1), we have tr(bm) = b tr(m).

Proof We may trivialize £; and £, and hence ignore them. We can furthermore pass
to the symmetrical absolute transfer tr: M_;(L,w;) — M_1(K, wg) in each of the
above statements. For example, to prove (1), it suffices to prove: for a € K IIVIW(K ) and
me M_»(L,wr), we have tr(am) = tr(a)m € M_1 (K, wg). The advantage is that if
now L/L1/K is an intermediate extension, in order to prove the statement for trz /g
it suffices to prove it for try /7, and try,, k. This way we reduce to monogeneous
extensions, ie Lemma 5.24. O

5.4.3 Smooth base change formula Recall that if p: X — Y is any finite flat
(ie componentwise dominant) morphism of essentially smooth schemes, then the
transfer on fields tr = trp: M_»(k(X),wx;y) — M—2(k(Y)) induces in fact also
trp: M2 (X, wx;y) — M—2(Y) [34, Corollary 5.30].

Lemma 5.26 Consider a cartesian square

X’LX

p’l pJ
Y’ L Y
of essentially smooth k —schemes, with p finite flat and f smooth. Then

frup =ty [ Mo (X, 0x/y) > M2 (Y').

Proof This is clear if f is an open immersion. By unramifiedness, we may thus
assume that Y is the spectrum of a field. Since f is smooth, the image of Y/ in Y isa
generic point. We may replace Y by this generic point and hence assume that Y is also
the spectrum of a field. Now X, being finite over Y and essentially smooth, is a disjoint
union of finitely many spectra of fields, and similarly for X’. Since both sides are
compatible with composition, we can assume that X is monogeneous over Y. We then
obtain an embedding X < [P’ly and similarly for X’ and Y’, and in fact a morphism
of smooth closed pairs (see [22, Section 3.5]) (IP;,, X’) — (PL, X). Naturality of
the purity equivalence in smooth closed pairs implies that the right-hand square in the
following diagram commutes:

Geometry & Topology, Volume 24 (2020)



Towards conservativity of G,,—stabilization 2021

Py, — P} /Py \ X —= Th(NX,/PIY,)
Py —— Py/Py \ X ==Th(Ny p1)

The left-hand square commutes trivially. The horizontal composites induce the transfers,
and the vertical maps induce f* and f’*. This proves the result. O

5.4.4 Transfer and twisted specialization Let X be an essentially smooth scheme
and a € K IIVIW(X )y Consider the operation

5% :=d(ae): COUX, M_p) - CY (X, M_y).
By Lemma 5.22(3), s¢ is GW (X )-linear and thus can be twisted: for any line bundle £
on X, we obtain s%: C%(X, M_»(L)) - CY (X, M_{(L)).

Proposition 5.27 Let p: X' — X be a finite flat morphism of essentially smooth
schemes and a € KIIVIW(X ©0)). The diagram

COX', Moa(@x/x)) —— CHX', My (@x/x))
trpl trpl
COX,M_p) — 5 . C\(X, M_y)
commutes in the following cases:
() M=M;
(2) X is the spectrum of advrand X'/ X is monogeneous;
(3) chark =0 and X of dimension 1.

Proof (1) Let m € CO(X',M_»(wx//x)) = CO(X'.M! ;(wx//x)). Then am €
co%x’, M’ ,(wx:/x)) and we get

trs*(m) = trd(am) = dotr(am) = d(a trm) = s*(trm),
where we have used [34, Corollary 5.30] to commute tr and d, and Corollary 5.25(1)
to commute tr and a.

(2) Exactly the same argument works, using [34, Theorem 5.19] instead of [34,
Corollary 5.30].

(3) All our operations commute with étale base change. It follows that we may replace
X by its henselization in a closed point. In this case X’ — X is a composite of two
monogeneous extensions [34, Remark 5.28], and so we have reduced to (2). O
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Remark 5.28 The operation s¢ also makes sense on M_j, as s4: CoX,M_)) —
C!(X, M), and one may show that it is still GW-linear. Moreover, Proposition 5.27(2)
remains valid in this more general setting, but the proof is much more difficult.

6 G,,—stabilization of

6.1 Generalities

Throughout we fix a perfect field k. Let n > 0 and write SHS 1(k) (n) for the local-
izing subcategory of SHS l(k) generated by G, A SHS l(k). We have the canonical
inclusion iy: SHSl(k)(n) — S’HSl(k) with right adjoint r,. We let f, =i or,.

We have the functor oy,: S?—LSl(k) — S?—[Sl(k) (n), E — E NG}, with right adjoint
wn: SHS'(k)(n) — SHS' (k). E > QY (in(E)).
We also have the adjunction
. sHS' (k) S SH(K) 1™
induced by stabilization with respect to G, . The functor 6°°: SHS l(k) — SH(k)T
factors through oy, as
o7 SHS (k) (n) > SHE)T,  E > 0®(in(E)) AGA™,

and 0" has a further right adjoint @>®~": SH (k)T — S?—[Sl(k)(n), factoring ™
through w,. We illustrate these factorizations in the pair of adjoint commutative

diagrams below:1?

T/\ Gm

|2

oco—n

SHS'(k)(2) SHS'(k)(2)
on TAG’” pass to wn QGm
oa . adjoints )
SHS (k)(1) 22 SHS (k)(1)
UIT/\G&I wllQG:?\
SHS (k) —<= SH(k)*" SHS (k) +2=— SH(K) "

10T see that the right adjoint of NGy SHS! (k)(n) — SHS! (k)(n + 1) is really given by Qg,,, , i
suffices to prove that Qg,, (SHS (k) (n + 1)) € SHS (k) (n), which follows from [27, Theorem 7.4 2]
at least over infinite fields. We will not actually use this fact.
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Note that we treat SHS l(k) and similar categories as co—categories; thus in (1) be-
low, “limits and colimits” means ‘“homotopy limits and colimits”. Since these are
stable categories and stable functors, preservation of colimits or limits is equivalent to
preservation of sums or products.

Lemma 6.1 (1) The following functors are conservative and preserve all limits and

colimits: wy,, ®*> and w®>™".

(2) The composite functor in&®™": SH(k)*T — SHS'(k) is equivalent to the
functor E — o (E AG").

Proof (1) All the functors are stable and have left adjoints preserving compact
generating families. This implies the claim.
(2) The composite S’Hsl(k)(n) dn SHSl(k) il ST\ N

oo—n

SH(k)*T is 07", By
adjunction, it follows that is equivalent to r, > (— A G/)"). It is thus enough
to prove that

w®(SHK)T(n)) ¢ SHS (k)(n) € SHS'(k),

where S#(k)(n) is the localizing subcategory of SH (k) that is generated by
GH* A SH(k)M. This follows from the fact that the effectivity tower commutes
with @®°, as proved by Levine [27, Theorems 7.1.1 and 9.0.3] (his Theorem 7.1.1 is
stated only for infinite perfect fields, but it applies more generally to any E satisfying
“axiom A3”, eg any spectrum of the form w®(—); see his Remark 9.0.4). m|

The category SHS l(k) carries a canonical ?—structure, with the nonnegative part
generated under colimits and extensions by Egol X4 for X € Smy . This is the ho-
motopy ¢—structure: the proof of [21, Theorem 2.3] for the case of SH(k) applies
essentially unchanged also to SHS 1(k). We denote the homotopy sheaves by r;(E).
We similarly put a ¢—structure on SHSl(k)(n) with nonnegative part generated by
on(SHS l(k)zo)- Finally, we put a —structure on S (k) with nonnegative part
generated by 0% (SHS l(k)zo)- This is the effective homotopy ¢ —structure [3, Propo-
sition 4(2)].

Lemma 6.2 (1) The following functors are right t —exact: oy, i, 0% and c*°7".

(2) The following tunctors are t —exact: wy, rn, ®*° and ®*™".

(3) LetE € SHSl(k)(n). The following are equivalent:
() E eSHS'(k)(n)=o.
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(i) 7i(inE)—n =0 fori <0,
(ili) 7i(inE)=0 fori <O.

Similarly, the following are equivalent:
(i) EeSHS'(k)(n)<o,
(") mi(inE)—p =0 fori >0.

Proof Statement (1) is clear by construction. Hence the functors from (2) are left #—
exact. Note that if F' is a conservative ¢ —exact functor and G is any stable functor such
that F'G is (right) f—exact, then G is (right) —exact. For (2), it is thus enough to prove
that the following functors are (right) z—exact: wy,, ®*° and w,ry, . The statement about
o follows from the description of the #—structures in terms of homotopy sheaves.
We have w,r, = Qf(’;m and gi(Qf(’;m E)=m;(E)_, [33, Lemma 4.3.11], so w,ry is
also 7—exact. Finally note that w, = Qfém oi, is a composite of right #—exact functors,
so is right #—exact.

It remains to prove (3). Since 7;(wy E) = ;i (i E)—y and wy is conservative and
t—exact, (i) is equivalent to (ii) and (i) is equivalent to (ii’). Since i, is right 7 —exact,
(1) implies (iii). Clearly (iii) implies (ii) as well. This concludes the proof. O

Corollary 6.3 (1) The functor w: ‘S";'-lsl(k)(n)O — ‘S'”;’-lsl(k)(9 ~ HI(k) is con-
servative and preserves limits and colimits. In particular, it is monadic.

(2) The functor i¥ = mgoin: SHS'(k)(n)® — SHS'(k)® ~ HI(k) is fully faithful.
Its essential image consists of those sheaves F' € HI(k) such that the canonical

map 7wo(inry F) — F is an isomorphism.

Proof (1) If C is any presentable stable co—category with an accessible ¢ —structure
and heart i: C¥ < C, and D: I — C® is a diagram, then colim; D =~ my(colim; iD),
and similarly for limits. Consequently, if F' is any #—exact functor preserving colimits
(respectively limits), then F< also preserves colimits (respectively limits). Hence a),?
preserves limits and colimits, and is clearly still conservative (since the same holds
for w, by Lemma 6.1(1), and w, is f—exact by Lemma 6.2(2)). It is monadic since all

the categories involved are presentable.

(2) Let Fe SHSl(k)(n)O. Then i, (F) € S’Hsl(k)zo and moreover 7; (i F)—p =0
for i >0, by Lemma 6.2(ii"). It follows that for E GSHSl(k)(n) we have [i, E,ip F]=
[inE,mo(in F)]. Suppose further that E € SHSl(k)(n)O. Then [i, E,mo(inF)] =
[(in E) <0, o (in F)], since 7o (in F) ESHSI(k)SO- Since (in E) <o = ZI?(E) (in being
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right ¢t—exact) and wo(in, F) = i,? (F), this is the fully faithfulness statement we
wanted.

It remains to describe the essential image of i,? . Let F e HI(k) ~ SHS 1(k)o. Since
rn is t—exact, wo(inry F) = i,?(r,?F) is in the essential image of i,?. Thus, if
F ~nmo(inrp F), then F is in the essential image of i,? . Conversely, suppose that F
is in the essential image of i ,say F ~ io(E) for some E € ‘S"i'{‘g](k)(n)Cp Then
wolinrn F) = lo(I’OF) = zo O iYE. Note that if o« and B are two right r—exact

n I’l n
functors, then «¥B° ~ («B)¥. It follows that r,? ,? ~ (rpin)® ~id” = id, and hence
wo(inrn F) ~ iV E ~ F. This concludes the proof. O

6.2 Virtual transfers

Given M € HI(k) and a field K, recall the group

C%K, M, 1) = &y HYAL, M).
xe(Ak)y\{0,1}

The edge map in the spectral sequence for M (K, #) induces a map C°(K, M, 1) —
oMW (K). It follows from [29, Proposition 3.2(2)] that this map is a surjection.
We will construct a GW-module structure and transfers on C%(K, M,1). If M €
‘S";’-[“(;l(k)(l)O then C%(K, M, 1) — M(K) is surjective, and consequently there is at
most one compatible GW—module structure and transfers on M (K). For this reason
we call the structure on C°(K, M, 1) virtual transfers.

Definition 6.4 Let M € HI(k).

(1) Let K be a field. We give C%(K, M, 1) the structure of a module over GW(K)
coming from the isomorphisms H!(AL, M)~ M_;(x) and the GW-module
structure on M_j.

(2) Let K(x)/K be a monogeneous extension. We define a map
e COUK(x), M, 1) > C%(K, M, 1)

as follows. Suppose given a closed point y € A}((x) with image z € A}{. We
need to define (tx): M_1(y) — M_1(z). But k(y)/k(z) is generated by x,
so we obtain the map (ty)} from the construction M 5 € HI®'* of Example 5.2.

Note that the construction C*(X, M, q) is obviously functorial in M, and hence so is
CO%(K, M, 1). Then the above definitions are functorial in M, in the following sense:
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Lemma 6.5 Let o: M — N € HI(k). Then the following hold:

(1) Let K/k be a field. The following diagram commutes:

Co%K,M,1) —== C°(K,N,1)

| |

M(K) —2—— N(K)

(2) Let K/k be a field. The morphism «: C°(K,M,1) — C°(K,N,1) is a
morphism of GW(K)-modules. In fact, for any x € (A}()(l), the morphism
a: M_1(x) > N_1(x) is a morphism of GW (x)-modules.

(3) Let K(x)/K be a monogeneous extension. Then the following diagram com-
mutes:
CO(K(x), M,1) —— C%(K(x), N, 1)

COoUK,M,1) —2— C°%K,N,1)

Proof (1) follows from the functoriality MM (K, ¢) - N (K, ) of the homotopy
coniveau tower and the associated spectral sequence and the edge map, while (2) and (3)
follow from the fact that multiplication by (a) and t, are obtained by applying M
(respectively N ) to a morphism (of pro-objects) in SHsl(k). |

Our main observation in this section is that if M is already a homotopy module, then
the virtual structures above are indeed the correct ones, in an appropriate sense. In
order to prove this we need to understand the map e: C°(K, M, 1) — M(K). Here is
what we can say for general M:

Lemma 6.6 Let M € HI(k), z € A}( \ {0, 1} a closed point and a € H} (AL, M).
Pick a € M(A} \ z) with 0d = a. Then €(a) = i} (a) — i (@).

Proof Consider the presheaf F of HZ-modules on Smg given by X — RT (X, M).
Using the injective model structure on presheaves of chain complexes, we obtain
F e Fun(Sm(I?, Ch) modeling F such that for every open immersion U — X the
pullback F(X) — F(U) is a fibration (of injective fibrant chain complexes). In
particular, for Z C X closed let Fz(X) = ker(F(X) — F(U)); then Fz(X) is
equivalent to the homotopy fiber of F(X) — F(U), and so computes RI'z(X, M).
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We can thus use F to build a strict model F.(q) of the homotopy coniveau tower
M@ (K, ¢). In other words, for each ¢ > 0 and n € A we have the chain complex
F,fq) = colim Fz(A%),

ZC AN g-good
these chain complexes fit together into a simplicial chain complex F.(q) , and there are
canonical maps F4T1 — F(@)

Note that if n < ¢ then A’ does not afford nonempty g—good closed subschemes,
SO Fn(q) = 0. Let a € H}(AL, M). Then a defines an element of thl(l) and
so can be represented by an element a’ € ker(F 1(1)’1 - F 1(1)’2). By the previous
remark, the vertical boundary of a’ is zero, and hence a’ represents a class in the
cohomology of the total complex (ie geometric realization of F.(l) ), or in other words
an element §(a) € (M M (K)); this is an instance of the “edge map” in the spectral
sequence corresponding to F,(l). Let «o: F.(l) — F.(O) be the canonical map; then
€(a) = |a|(8(a)). Since « is a map of simplicial chain complexes, a(a’) € Fl(o)’1
is also a cycle in the total complex of F(9; let us denote the cohomology class it
represents by 8(«(a’)). Then €(a) = §(a(a’)).

Since h!F 1(0) = H' (AL, M) =0, there exists @ € F 1(0)’0 with horizontal boundary
dp(@) = a(a’). Then a(a’) is cohomologous to the vertical boundary dy (@) in the
total complex of F©), and the edge map hOFO(O) — hO| F(®| ~ M(K) is the canonical
equivalence. Hence €(a) = dy(a). We can restrict a to U := A}( \ z. By functoriality,
dp(@|ly)=a(d’|y). But a’|y =0 (since it is supported on &), so dj,(@|y) =0 and a|y
defines an element of H°(U, M). By construction, if 3: H(U, M) — H}(AL, M)
denotes the boundary map in the long exact sequence of cohomology with support, then
d(a@|y) = a. Note that dy(a) = i{ (@) — i (a), and this factors through the restriction
to U. Hence €(a) = ij (@) —ig(a) for some @ € HO(U, M) with 3@ = a, namely
a=aly.

It remains to observe that if & € H%(U, M) with 03 = a, then @ = a|y + b|y for
some b € HO(AL, M)~ H%(K, M). In particular, ifb =i;b and so i} (@) —ig (a@) =
if (@) —ig(@). This concludes the proof. O

If M is a homotopy module, we can make the above recipe more concrete, generalizing
[29, Proposition 8.2] to the inseparable case.

Proposition 6.7 Let M e HIg(k), z € Ap\{0, 1} aclosed pointand a € H} (Ag, M).
Then

e(a) = ([l -z 'a),
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where we identify H!(AL, M) ~ M_,(z) by trivializing the normal bundle via the
minimal polynomial.

Proof Let Z C A}((z) denote the reduced (and hence essentially smooth) preimage
of z and z € Z the canonical lift. Consider the diagram

0 i ool 3 1al
H (K(Z)vM(a)K(Z)/K))<_H (AK(z)\Z’M(a)A}((Z)/A}())—)HZ (AK(Z)’M(wA}((Z)/Ak))

| |

0 IS ol 3 1 pl
H (K(Z)vM(wK(z)/K))<_H (AK(z)\Z’M(a)A}((Z)/A}{))HHZ(AK(z)’M(wA}((Z)/A}{))

[ !

HO(K, M) s HOAL\z, M) ? HIAL, M)

Here s € {0, 1}, d denotes the boundary map in the long exact sequence of cohomology
with support, j: A}((Z) \Z — A}((z) \ z is the inclusion, tr is the absolute transfer and
the unlabeled arrow is extension of support. Note that Spec(K(z))/Spec(K) is flat and
hence so is A}qz)/A}(. It follows that i;‘a)A}((z)/A}( >~ wk(z)/K - and the pullbacks i
make sense. It also follows that @pl iak ~ p*wk(z)/ K » Where p: A}((z) — K(z) is
the canonical projection.

Proposition 5.27 and Corollary 5.23 imply that the lower left-hand square commutes.
The lower right-hand square commutes since the absolute transfer is defined on
the level of the Rost—-Schmid complexes. The upper left-hand square commutes
since is factors through j, and the upper right-hand square commutes essentially
by definition. We are given a € HZ1 (AL, M) and need to determine €(a). By
Lemma 6.6, we need to find a € HO(A}( \ z, M) and compute i](a) —ij(a). We
shall find a; € HO(A}qZ) \z,M(a)A}m)/M{)) with tr(j*@;) = a@. Consequently
€(a) = u(if (@) —ig(@)).

The right-hand (composite) transfer tr: H} (A}{(Z), M (w1 /AL ) — H}AL, M) is

an isomorphism, which can be seen as follows:

1al N
Hz (AK(Z)’ M(w,&k(z)/,&}{)) = M—I(Z, wz/A}((z) ® Wp1

K(z)/A}{) ~ M_(z, CUZ/A}{),

and H}(AL, M) ~ M_1(z,0, /AL ) as well. Hence we obtain a unique element
a; € H} (A}((Z), M(a)A}((z)/A}()) with tr(a;) = a. Suppose we trivialize wg(z)/k
by using the minimal polynomial. This induces a trivialization of @pl iak s and
consequently we can drop all the twists in the upper row of the diagram. The induced

trivialization of wg(;)/k in the top-left corner is the one we started with (ie by the
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minimal polynomial), and so the left-hand transfer map turns into the geometric

transfer 7;. We have HZ1 (A}((z), M) >~ M_;(z) canonically (since z € A}((z) is a

rational point), and the above discussions shows that the isomorphism
~ glal ~ glial ~ 1al
M_1(z) ~ H; (AK(z)’ M)~ H; (AK(Z)’ M(wA}((Z)/A}()) T H; (AK» M)
is the one induced by the minimal polynomial.

Everything that remains to be done now only involves the top row of the diagram,
without any twists: we need to produce a, € H O(A}((z) \ z, M) with da; = a; and
show that i (@) —ig (d1) = [1—z"1]a;, where we use that a; € HO(A}((Z)) ~M_1(z)
canonically, so [1 —z]a; € M(z) makes sense. In other words, we have reduced the
problem to the situation where z is a rational point. It is not difficult to produce a
lift a; directly (it is given by [t — z]a1) and verify the claim; but this case was also
already dealt with in [29, Proposition 7.1]. a

Proposition 6.8 Let M € Hly(k) and K(x)/K a monogeneous field extension.
(1) The map e: C°(K, M, 1) — M(K) is a morphism of GW (K )—-modules.
(2) Consider the diagram
COK(x), M, 1) —=— C°%(K, M, 1)
| |
M(K(x)) ———— M(K)
which does not in general commute. Let y € A}((x) be a closed point and a €

H) (A}{(x), M). Then t,(e({a1)a)) =€(tx({az)a)) for appropriate {a1), (az) €

GW(K(x, y)) depending only on x and y.
Proof Let:z e A}{ \ {0, 1} be a closed point with coordinate z defined over K(z). By
Proposition 6.7, for a € H! (AL, M) we have €(a) = t,([z']a), where z’ :=1—z"1,

(1) By the projection formula (Lemma 5.24(3)), we have for b € GW(K) that €(ba) =
7.([z']ba) = bt;([z']a) = be(a). This was to be shown.

(2) Letye A}((X) \ {0, 1} be closed, with image z in AL, and a € Hy1 (A}{(x), M).

By Proposition 6.7, we have

x (€(a)) = k() k (TR (x,)/ K () ([V]0)).
e(tx(a)) = k() k ([Z' Ttk (x,y)/ K (2) (@)

We note that [z']|xx,y) = [V'].
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Now we make use of Morel’s absolute transfers; see [34, Section 5.1] and Section 5.2.
Briefly, for a homotopy module M and L/K a finite extension of fields, there exists the
absolute transfer trz /g: M(L,wp) — M(K, wg). These transfers satisfy the following
properties:

(@) If L = K(x)/K is monogeneous, then try jx is a twist of 7g(y)/x [34, Re-
mark 5.6(2)]. In other words, there exists a trivialization of wy g (depending
on x) such that tr;  x = Tg(x)/ Kk ® WK -

(b) For L'/L/K, the following holds: try/ g = tr /g otry//7 [34, Lemma 5.5].

Let us now choose trivializations of wg, wk(x), ®Wk(z) and wg(x,y). Property (a)
(together with the projection formula) implies that there exists ay € K(x)* such
that tx(x)/ k(=) = trg(x),k ({ax)—), where on the right-hand side we have identified
M (K, wg) with M(K) via our trivialization of wg , and similarly for M(K(x), ok x))-
Similar holds for the other transfers. The result thus follows from (b) together with the
projection formula (Corollary 5.25(1,3)). O

6.3 Applications to conservativity of G,,—stabilization

Recall that by Lemma 6.2(2) the functor 0™ ": SH (k) — SHS l(k)(n) restricts to
the hearts of the homotopy ¢ —structures on the corresponding categories.

Theorem 6.9 Let k be a perfect field. Then, for n > 1, both of the functors
. co—n QO
HIo (k) ~ SHk)™ 27" S5 (k) (n)® s sHS (k)© ~ HI(k)

are fully faithful.

Proof Since the second functor is fully faithful by Corollary 6.3(2), it suffices to show
that the composite is fully faithful. By Lemmas 6.1(2) and 6.2(2), the composite is also
given by

SH (k)0 LACHD=0 g ()eli® 0 698" ()

The functor SH (k)eff@%m{ (k) is fully faithful (with right adjoint/inverse
F + F_,). Denote its essential image by SH (k) (n). Hence it suffices to show
that the forgetful functor SH (k)™ (n) — HI(k) is fully faithful. In other words, by
Corollary 5.17, given F, G € SH(k)*™(n) with underlying sheaves F’, G’ € HI(k),
we need to show that any morphism of sheaves F’ — G’ already preserves the transfers
and GW-module structure. It follows from Corollary 6.3(2) and [29, Proposition 3.2(2)]
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that e: C%(K, F’,1) — F'(K) is surjective, and similarly for G’. Hence the result
follows from Lemma 6.5 and Proposition 6.8.

Let us spell this out in a little bit more detail. The preservation of the GW-module
structure is easier, so we focus on the transfers. Let a: F’ — G’ be a morphism of
sheaves and K(x)/K a monogeneous extension. Pick ¢ € F'(K(x)). We wish to show
that

a(r{ (1) = 77 (@)
By surjectivity of ¢, it suffices to prove this for ¢ = e¥ /(t’ ) for
0 —
1" eC%K(x), F',1) = &y Hy Ak oy F).
YEAL ) D\{0,1}

Since all our maps are homomorphisms, we may assume that ¢’ € H (Al K(x)’ F’) for
some y. Now we compute

a(tF (1)) = a(F ()

= a(cf (¥ (a1) (a1)1))))
8 a(eF'(f (a2)(an))))
2 ¢ (a(f (a2)lan)'y))
2 (8 @({az) at)
(0 a2><a1 a(1')))
228 anan)a)
= rf’(e”(a(ﬂ)))

e (" @)

= 8(a(1))

Here (i) is by Proposition 6.8(2); (ii), (iii) and (iv) are by Lemma 6.5(1), (3) and (2),
respectively; (v) undoes (i); and (vi) undoes (ii). O

As explained in the introduction, the following strengthening of Theorem 6.9 would
have very desirable consequences:

Conjecture 6.10 Let k be a perfect field. For n > 1, the functor
0 SH(K)™ s SHS (k) (n)®

is an equivalence.
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For any F € HI(k) there exists a map «: R — F with R € HI(k) a sum of sheaves of
the form 7 o(G}” A X+) such that «—, is surjective. Combining this with Corollary 6.3,
we find that ‘S’”z‘-lSl(k)(n)o is generated under colimits by (G, AX4) for X € Smy.

Since w7

is fully faithful by Theorem 6.9 and preserves colimits by Lemma 6.1(1),
we find that Conjecture 6.10 is true if and only if, for every X € Smyg, the sheaf
7o(G" A X4) is in the essential image of w®™"; in other words, if and only if
7o(G" A X4) is a homotopy module. We believe that this reformulation may be

more amenable to proof.
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