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Monopole contributions to refined Vafa—Witten invariants

TIES LAARAKKER

We study the monopole contribution to the refined Vafa—Witten invariant recently de-
fined by Maulik and Thomas (work in progress). We apply the results of Gholampour
and Thomas (to appear in Compos. Math.) to prove a universality result for the
generating series of contributions of Higgs pairs with 1-dimensional weight spaces.
For prime rank, these account for the entire monopole contribution by a theorem of
Thomas. We use toric computations to determine part of the generating series and
find agreement with the conjectures of Gottsche and Kool (Pure Appl. Math. Q. 14
(2018) 467-513) for ranks 2 and 3.
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2782 Ties Laarakker

1 Introduction

1.1 Vafa—Witten invariants

In [20], Yuuji Tanaka and Richard Thomas proposed a definition of an SU(r) Vafa—
Witten invariant [22]. Let (S, H) be a polarized smooth complex surface with canonical
bundle wg. A Higgs pair is a pair

(E,¢) with E € Coh(S) and ¢: £ - E Q wg.

Choose a rank r, Chern classes ¢; and ¢, on S, and a line bundle M on S with
c1(M) = cy. Assume that r, ¢; and c; are chosen in such a way that stability and
semistability of Higgs pairs coincide (see Section 3). Let

Nifge, ={(E.¢) |t =0, 1k(E) =r, det E = M., c3(E) = ¢3}

r

be the moduli space of Gieseker stable trace-free Higgs pairs with fixed determinant.
In [20] a symmetric perfect obstruction theory on N rLM e is constructed. Its dual
complex is given by the cone

(1.1) Ritomy (E, E)g Lol Rtomy (E,EQws)y— T,
where (E, ¢) is a universal Higgs pair on NrJ-M o, XS and

. 1 i
. Nr,M,cz xS _)Nr,M,cz

denotes the projection. The C*—action on N rJ-M er? which is given by scaling the Higgs
field, can be lifted to an equivariant structure on E. It gives rise to a localized virtual
class, which is used to define the Vafa—Witten invariant by

1
(1.2) VW",C[ ,C2 (S) - /

[(NiM’CZ)(C*]Vir e(NVir) s

1 . . J_ C* . J_ 1
where NY" is the virtual normal bundle to (Nr, M, Cz) in Nr’ M.cs and e(N'M)
denotes its equivariant Euler class.

A Higgs pair (E, ¢) in the fixed locus (N rJ’-M, CZ)C* can be equipped with a C*-action
and hence decomposes into weight spaces. We may assume the 0 is the highest
weight appearing in the decomposition. As explained in [20], the Higgs field acts with
weight —1. Hence we can write

k
E=@E&t" and ¢=1....00): E> EQuws ®t,
i=0
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Monopole contributions to refined Vafa—Witten invariants 2783

where the E; are torsion-free sheaves of rank r;, and ¢ decomposes into maps

¢i: Ei1 > EiQus®t fori=1,...,k.

We will write
)

for the open and closed locus of Higgs pairs with weight spaces of dimensions 7, . . ., 7.
The locus

My ={(E.¢) € Wi ) 1 ¢ =0}

is called the instanton branch; see Lothar Gottsche and Martijn Kool [10]. It is
isomorphic to the moduli space of torsion-free rank r sheaves, and its contribution to
the Vafa—Witten invariant is the (localized) virtual Euler characteristic (up to a sign).
Its complement in the C*—fixed locus is called the monopole branch. In this paper,
we will discuss the contribution of the locus Myr = M(q...;) of Higgs pairs with
I-dimensional weight spaces to the monopole branch. As an application of work of
Gholampour and Thomas [7], we will describe the structure of the generating series of
the contributions of M to the Vafa—Witten invariant and compute them in some cases.

Maulik and Thomas (work in progress; see also [21]) define a refined version of the
Vafa—Witten invariant. It is a rational function in ,/y, rather than a rational number. It
specializes to the unrefined invariant at y = 1. The instanton contribution to the refined
Vafa—Witten invariant is given, up to a sign and a power of y, by the x,—genus —see
Fantechi and Gottsche [3] — of the component M,y, which refines the virtual Euler
characteristic; see Gottsche and Kool [11]. We will discuss the contribution of Mr to
the refined invariant.

1.2 Nested Hilbert schemes

Fix a rank r. For an r—tuple of nonnegative integers n = (ng,...,n,—1) and an
(r—1)—tuple B = (B1,...,Br—1) of classes in H?(S,Z), let

sl = Hilb" (S)

denote the Hilbert schemes of n; points on S, and let Hilbg, (S) be the Hilbert schemes
of curves on S with class 8;. We will also write

Hilb%(S) — Slnol . glrr—1] Hﬂbﬂ1 (S)x---x Hﬂbﬂs ().
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2784 Ties Laarakker

The nested Hilbert scheme

(1.3) i S/g"] > Hilb}(S)

is defined as the incidence locus
{Io,...,lr_l,Cl,...,C,_l | I;_1(—Cy) CI; }

The nested Hilbert schemes are studied by Gholampour, Sheshmani and Yau in [5], in
which a perfect obstruction theory is constructed. Write 7 (i1 for the universal ideal
sheaf on Sl x S, and let

D; — Hilbg, (S) x S

be the universal curve with class B;. Finally, write

. ¢lnl [n]
T Sﬂ XS—)Sﬂ

for the projection.

Theorem 1.4 [5] The nested Hilbert scheme Sl[gn] admits a perfect obstruction theory,
the dual of which is given by a cone on

r—1 r—1
(@ R A omy (z[”i],z["f])) — P RAomy (211, i) (Dy)),
i=0 i=1

in which the left-hand side is the cocone of the trace map

r—1

@ R¥omy (I["i], I[”"]) — R Og.

i=0
In [7], Gholampour and Thomas give another construction of the perfect obstruction
theory, using virtual resolutions of degeneracy loci of complexes. Moreover, they give
a formula for the induced virtual class in the ambient space (1.3). We will give the
statement in the following restricted setting.

Let S be a surface satisfying
H'(Og)=0 and pg(S)>0.
Fori =0,...,r—1,let Og(B;) be the line bundle with ¢;(Og(B;)) = Bi, so that
Hilbg, (S) = |05 (B1) := P (H (Os(B1)).
We will write

F(Bi) =F ®Os(Bi)
for any sheaf F on S.

Geometry & Topology, Volume 24 (2020)
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Theorem 1.5 [7, Theorem 5.6] After pushforward by i, the virtual class of Slg"] is
given by

r—1
B[S = [ e(RmeOs (i) — RAomg (zi=1), T B;)))

i=1

N [S[no] Xeee X S[”V—l]] X SW(B1) x -+ x SW(B,-1)
€ Ang+n, (Hilb'é(S)),
in which

SW(pi) € Ao(|0s (Bi)]) = Z

is the Seiberg—Witten invariant of B;, considered as a O—cycle.

Remark 1.6 We write
e(Rmx O (Bi) — R omy (Z1Mi-1) TI1(B;)))

for the (n;_1+n;)™ Chern class of the K—theory class in the brackets, which behaves
in some sense like a rank n,_q-+n; vector bundle. For example, by the generalized
Carlsson—Okounkov vanishing — see Gholampour and Thomas [6] —its Chern classes
vanish beyond its rank.

Remark 1.7 For the definition and some basic properties of Seiberg—Witten classes
of algebraic surfaces with H!(S) =0 and Dg > 0, we refer the reader to Mochizuki
[18, Section 6.3.1] or Gholampour, Sheshmani and Yau [4, Section 4].

Remark 1.8 It is Theorem 1.5 that allows us to compute the M- contributions to
the Vafa—Witten invariant. A large part of our paper should be seen as an application
of the result by Gholampour and Thomas.

1.3 Results

The moduli space M- is a union of nested Hilbert schemes S[[;n] [4; 20]. Moreover,
the C*-localized virtual class from [20] agrees with the virtual class from Theorem 1.4.
It follows that the contribution of each component M- to the Vafa—Witten invariant
is topological [7]. The observation that the generating series of these contributions is
multiplicative — see Gottsche [9] —leads to the following result.

Notation 1.9 We will write
VWI’,C],CZ (S’ y)
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2786 Ties Laarakker

for the contribution of Mr = Mir ¢, ¢, to the refined Vafa—Witten invariant of Maulik
and Thomas (work in progress) and
q(l—r)/(Zr)cf

BT r—— VWir S, €2
#HZ(S,Z)[}’] Z 1 ,(,‘1,6'2( y)q

cr€Z

ZS,r,cl (g,y) =

for the generating series of such contributions. Here
H*(S,Z)[r] ;= ker(H*(S,Z) —> H*(S, 7))
denotes the r—torsion subgroup of H2(S,Z).

Theorem A Fix arank r > 1. There are universal Laurent series

A,B.Cij e Q)¢ for1<i=<j=<r—1,

depending only on r, such that for any surface S with H'(Og) = 0 and pg(S) >0
and any class ¢; € H?(S, Z) such that semistability of Higgs pairs implies stability for
all ¢, we have

2 _ igJ
(1.10) Lsrei(q.y) = AXOIBES Y swpl).-sw(p"H ] C;j. P
B i=j
where the sum is taken over tuples B = (B!, ..., ") e (H*(S,Z))" ! with
c1=) i modrH*(S.Z).

1

Remark 1.11 The condition H'(Og) = 0 in Theorem A is superfluous. However, for
expository reasons, we will work with this condition throughout the paper. Moreover,
(1.10) can be shown to hold for all ¢c; when we extend the definition of the left-hand side
to the semistable case. This will be subject of future work.

Remark 1.12 For odd rank r, the Laurent series have coefficients in Q(y), rather
than in Q(,/y) (see Proposition 8.4).

The following corollary is implicitly in the statement of Theorem A.

Corollary 1.13 Fix arank r, and let S be a surface with H'(Og) =0 and Pg(S)>0.
Let ¢; be a Chern class for which semistability implies stability for all c;. Then
Zs r.c,(q, ) is independent of the choice of a polarization of the surface S.

We will define the Laurent series in the theorem explicitly in terms of tautological
integrals over products of Hilbert schemes of points on the surface .S (see Sections 5,
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7 and 8). Although for surfaces with deg(Kg) <0, the locus M r is empty by stability,
the Hilbert schemes and the integrals are still defined. We will prove universality of
these integrals for all surfaces (Proposition 7.6). As usual [9], the coefficients of the
power series can be determined by evaluating these integrals on P2 and P! x P!,
where we have access to toric methods, as we explain in Section 9.

1.4 Gottsche-Kool conjectures

In [10], Gottsche and Kool conjecture a formula for the generating series of the x,—
genus of the instanton branch for ranks 2 and 3. Moreover they conjecture, motivated
by S—duality [22], that the generating series of refined Vafa—Witten invariants has
modular properties that relate the contributions of the instanton branch to those of the
monopole branch. Using this, they give a conjectural formula for the contribution of
the monopole branch to refined Vafa—Witten invariants of ranks 2 and 3. For rank 2,
their conjectures refine the predictions in the physics literature [22].

The formulas of [10] that predict the monopole contributions to the Vafa—Witten
invariants in ranks 2 and 3 have precisely the structure of the generating series (1.10)
of the Mr contributions. This suggests that M- accounts for the entire monopole
contribution.

Conjecture 1.14 For S and ¢y as in Theorem A and r prime, we have

1
VWieres (S,3) =VWir ¢ ¢,(S,¥)
forall co € 7.

The conjecture has now been proved by Thomas in [21].
Theorem 1.15 (Thomas) Conjecture 1.14 holds.

It follows that Theorems A and 1.15 prove the structure of [10, Conjecture 1.5],
generalized to arbitrary prime rank. The rank 2 and 3 conjectures of [10] give the
universal series appearing in the formula explicitly in terms of functions

¢_2,1(X,_]/'), A(X), ®A2,(1,0)(X’y)’ ﬁ(x)» 92(x’y)7 93(an’) and Wi(x,J’L

which we give in Appendix A. The following conjectures imply [10, Remark 1.7 and
Conjecture 1.5].

Notation 1.16 To emphasize the dependency on r, we will write A7), B¢ for
the series appearing in Theorem A.

Geometry & Topology, Volume 24 (2020)
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Conjecture 1.17 For rank 2, the universal series appearing in Theorem A, and defined
in Section 8, are given by

1

AD () — yi—y o) n(q)’ c® —03(q.5)
= it D ey YT e

Conjecture 1.18 For rank 3, we have

1 _1 ~ 1
A(3)(y)= yz—y12~ _ B(B)(y): H(Q)?’W—(le,y)’
$—21(q3.y%)2 A(g?)2 O4,.1.0(92. )
1 1 1
CP0) =Wi(g2, »Wo(g2,y), P =cPy) = -
W_(q2.y)

1.5 Toric computations

As remarked before, the universality result of Proposition 7.6 allows us to determine the
first few terms of the power series of Theorem A by toric computations. I implemented
the Atiyah—Bott localization formula for the surfaces P2 and P! x P! in Sage [19]
and found agreement with Conjectures 1.17 and 1.18.

Define multiplicative subgroups

U =144V Q(r)Igl € Q) (g )

for all », N > 1, and consider series
P = qu/(2r)(1 +p1q+p2q2 +---) and P = C/qz//(Zr)(l +p'1q+p'2q2 o)

with ¢, ¢’ € Q(/¥)*, pi, p; € Q(/y) and z,z" € Z. The Laurent series appearing in
Theorem A and Conjectures 1.17 and 1.18 are all of this form. Then we have

P=P modU"

Ny1 (e PP Ul(vr+1)

if and only if
c=c¢, z=2z and plzpll,...,pszﬁv.

Theorem B Let S be a surface with H'(Og) = 0 and pg(S) > 0. The rank 2
conjectures of [10] correctly predict the first 15 terms of the universal series of
Theorem A. The rank 3 conjectures correctly predict the first 11 terms. In other
words, the equations of Conjecture 1.17 hold modulo U (2)

|5 » and the equations of
Conjecture 1.18 hold modulo U (3).
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1.6 K3 surfaces

Let S be a K3 surface. Then 0 € H?(S,7Z) is the only Seiberg—Witten basic class
of S, and for ¢; = 0, Equation (1.10) becomes

“Zsrolg, y)” = (4)2,

Note that in our setting, the left-hand side has not been defined for r > 1, due to the
existence of strictly semistable sheaves. Hence we cannot apply Theorem A directly
to determine the power series AT We can, however, evaluate on .S the tautological
integrals that are used to define the universal series A . This leads to the following
result, which we prove in Section 10.

Theorem C We have

1

y% —y_i
1 ~ 1
$—2,1(q",y")2 A(g")2

(1.19) AV (y) =
foranyr > 1.

Remark 1.20 Refined Vafa—Witten invariants of K3 surfaces have been computed
in [21]. In [15], we will extend Theorem A to the semistable case, so Theorem C will
follow also from the results of [21].

1.7 A special case

Let S be a surface with H!(Og) =0 and pg(S) >0, and assume the Picard group
Pic(S) =Z-[C]

of S is generated by a smooth very ample canonical curve C € | Kg|. Let ¢c; = Kg. For
rank 3, only B = (Kg, 0) contributes to the right-hand side of (1.10) (see Lemma 11.1).
In rank 2, and in a slightly more general setting [20], the only contribution is given
by 8 = (Kgs). By Theorem A, we have

2
(1.21) Zs,rk5(q.y) = (=AD ()OI (B (5)C ) (9)Ks
for r = 2, 3. Here we have used the equation
(1.22) SW(Kg) = (—=1)X©Os)

by eg Mochizuki [18, Proposition 6.3.4]. In this setting, our computations are slightly
faster, and we find the following result.

Geometry & Topology, Volume 24 (2020)
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Theorem B’ Let S be a surface with H' (Og) = 0 and pg(S) > 0, and assume that
the Picard group of S is generated by a smooth very ample canonical curve. Then

¢—2,1(q2,y2)%1(q2)% 02(q.y)

1 1 2
—(vZ — v 2 x(Os) ~r\3 K3
Zs3.k5(¢.7) E( (y3 3y1~) 3 1) (L)l) mod UG,
¢—2,1(q 7)/ )ZA(C] )2 ®A2,(1,0)(q2,y)

mod U 1(?

ZS,Z,KS (q’ .V) = (

For S a surface as in Theorem B’ and rank r = 2, the moduli space M2 g ., is
smooth for ¢, < 3. In [20] and [21], this is used to compute the Vafa—Witten invariant
by direct intersection-theoretic calculations. The rank 2 equation of Theorem B’ is
proved modulo U3(2) in [21]. In [20], it is proved modulo U, 4(2) in the unrefined case.

For rank 3, the moduli space M3 g, is smooth if and only if ¢; <2 (see Proposition
11.2). This allows us to compute the Vafa—Witten invariants by the methods of [20]
and [21]. As a result, we obtain an alternative proof by direct calculations, discussed
in Section 11, for the rank 3 equation of Theorem B’, modulo U3(3).

Acknowledgements I thank Martijn Kool and Richard Thomas for sharing early drafts
of their papers [10] and [7] with Lothar Gottsche and Amin Gholampour respectively. I
thank Amin Gholampour, Richard Thomas, and especially my PhD supervisor Martijn
Kool for many useful discussions and suggestions.

This paper is partially based on work that was done at MSRI in Berkeley, CA, during
the Spring 2018 semester.

2 The moduli space

Let S be a smooth projective surface with H'(Og) =0, and fix arank r. As mentioned
in the introduction, the locus M- of Higgs pairs with 1-dimensional weight spaces is
a union of nested Hilbert schemes. In this section, we will introduce some notation
and describe universal Higgs pairs over the components.

Write s :=r —1 andlet L = (L, ..., Ls) be an r—tuple of line bundles on S.

Notation 2.1 Define classes

Bi=ci(Li® LT | ®@ws) € H*(S,7)

Geometry & Topology, Volume 24 (2020)
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fori =1,...,s, and write

p=pB(L)=(P1,....Bs).
We will also write
B’ = Ks — B
fori =1,...,s and an s—tuple B = (B1,...,Bs) € (H?*(S,Z))*. In particular, when
B = B(L), we have
B =ci(Li-1 ®L))

fori =1,...,s.
Remark 2.2 We will use the convention
si=r—1
throughout the paper. Furthermore, L will always denote an (s+1)—tuple of line
bundles on S, and B an s—tuple of classes in H*(S,Z).
Consider the product of complete linear systems

Hilbg(S) = Hilbg, (S) x -+ x Hilbg (§) = [Os(B1)| x---x[Og(Bs)I.

and write
105 (Bi)| x S <2~ Hilbg(S) x § —1—+ §
ln
Hilbs ()
for the projections, where i = 1,...,s. We will write Og, (1) for the canonical line

bundle on |Og(B;)|.

Define the following line bundles on Hilbg(§) x S':
Lo := Ly,
Ly:=L;pri0g (1),

Ls:=L;®priOg (1) ®-- ®@prrog (1).

The tautological sections

OlosBiixs = Op; (1) W O5(Bi)

Geometry & Topology, Volume 24 (2020)



2792 Ties Laarakker

induce maps
bri: Li-1 = Li®q ws

fori =1,...,s.

Let t be an equivariant parameter for the trivial C*—action on a point. Define the
locally free sheaf

Er:=(Lo@t)® B (L @),
The maps ¢.,; define a C*—equivariant Higgs field
b= B, brs) Ec—> Ec®q 05 ®t.
Now choose nonnegative integers n = (ng, . .., ng) and write
Hilbfy(S) = S0l ... x St 5 Hilbg (),

as in the introduction. Let Z] denote the universal ideal sheaf on Sl x S. Define
the following sheaf on Hilb% (S) x S, suppressing obvious pullbacks:

EM .= (o0 o) e o L1 0 t).
The nested Hilbert scheme is by definition the maximal subscheme
i S}g”] > Hilbl}(S)
over which ¢, restricts to a Higgs field
¢>[£"]: E[L"] — EB'] Quws ®t;
ie there exist (necessarily unique) dotted arrows completing the diagram

Or.i
Li_1 = Li®q*ws

L

Pri
Limg @ZMi-11 75 £, @ I @ g*wg

of sheaves on S[[an] xS (where we suppress obvious pullbacks), defining the Higgs
field ¢/, and the subscheme S}/ C Hilb3(S) is maximal with this property.

Remark 2.3 Throughout the paper, the letter n is reserved for (s+1)-tuples of
nonnegative integers, and Hilbg (S) will always denote a product of Hilbert schemes
as above.
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Proposition 2.4 [4; 20] The scheme M is a disjoint union of components that are
uniquely represented by a triple

(S EX o),

as constructed above.

By Proposition 2.4, Myr consists of components that are naturally indexed by tuples
L=(Ly,...,Ls) and n = (ng,...,ns).

Definition 2.5 We denote a component of M r represented by a triple (S [n], E [En], d)gl])
by M[Ln].

Obviously, not every pair (L, n) corresponds to a component of Mr. The nested
Hilbert scheme might be empty, or the Higgs pairs in the family (EE?], ¢B1]) might be
unstable. The other restriction is the Chern data of the Higgs pairs. We will address

stability in Section 3. We finish this section with a lemma regarding the second issue.

Lemma 2.6 The total Chern class (in cohomology) of any fibre E of E[ﬁn] over Sg’]
is given by
¢(E)=1l+ci+nl-pt+ Y e(Ler(L))
0<i<j<s
u s
. i 2
=1+(S+1)01(L5)+;l,3’+|n|~pt+2(s+1)cl
is+1—j) . i(s+1—-i) i,
- Y B =Y S

I<i<j=s s+1 I1<i<s 2(S+1)

where
c1=c1(Lo)+---+c1(Ls) and |n|=no+---+ng,
and pt denotes the Poincaré dual of the homology class of a point.
Proof This is a straightforward computation. For the second equation, note that
i s
(s+Der(Li)=Y_—kpF+ Y (s+1-k)pF +¢

k=1 k=i+1

for i =0,...,s. Substituting this into
> a@er(L))

0<i<j<s

and interchanging sums gives the result. a

Geometry & Topology, Volume 24 (2020)
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3 Stability

By Proposition 2.4, Mr consists of components that are isomorphic to nested Hilbert
schemes Sﬁ[;"], with

B=(B1,....B8s) and n=(ng,...,ns)

tuples of divisor classes on S and integers, respectively. The Hilbert scheme is empty
if and only if one of the B; is not effective, or 8; = 0 and n;—; < n; for some 7.
Obviously, the virtual class of the nested Hilbert scheme vanishes in this case.

We will give dual conditions on 8 and n which hold whenever the Higgs pairs
parametrized by S'gn] are Gieseker unstable and which in turn imply the vanishing of
the virtual class. We recall the definition of stability of Higgs pairs.

Definition 3.1 Let H be a polarization of the surface S. A Higgs pair (E, ¢) is called
slope stable (resp. slope semistable) if

deg(F) deg(E) deg(F) _deg(E)

< resp. =

rk(F) rk(E) rk(F) rk(E)
for every ¢—invariant subsheaf 0 # F ¢ E with tk(F) <rk(E). It is called Gieseker
stable (resp. Gieseker semistable) if we have inequalities of polynomials in

X(FmH)) _x(EmH) (  x(FmH) _ x(E(mH))
tk(F) k(E) ©ork(F) T rk(E)

for every proper ¢—invariant subsheaf 0 # F C E. By “(semi)stable”, we will always

mean Gieseker (semi)stable.

Let E=Ey®---® E; be a sum of torsion-free rank 1 sheaves, equipped with a Higgs
field

¢=(d1.....05): E—> EQug
given by homomorphisms
¢i: Ei1 > EiQwg fori=1,...,s.

Note that all Higgs pairs in M- are of this form.

Lemma 3.2 Assume that (E, ¢) is indecomposable, ie ¢; #0 fori =1,...,s, and
assume that
deg(E;—1) > deg(E;) fori=1,...,s.

Geometry & Topology, Volume 24 (2020)
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Then the pair (E, ¢) is slope semistable. It is slope stable unless

deg(Egy) = --- = deg(Ey).
Proof Let FF C E be a ¢—invariant Higgs field. Let j be maximal, such that
3.3) FCE;j®---® Ej.

I claim that F has rank s + 1 — j. It follows that if F is a destabilizing subsheaf, so
isE;j@®---® Es.

In order to prove the claim, consider the filtration
F=F'>...o FF /o Fstl=i =9
of F given by
Fi— Kgi ® ¢° (F).
Then
F CEj+i® - ®E;s

fori =0,...,5+1—j. Note that for i =0,...,s— j, by injectivity of @;1; -+ ;41
and by the choice of j, the composition

F'CEj4+i® - ®E;— Ejy;

is nonzero, and hence its image has rank 1, since Ej4; is torsion-free. On the other
hand, its kernel contains Ft1. It follows that we have

tk F>tk Fl1>...>tk FST17/ =0
and hence rtk(F) = s+ 1—j by (3.3), proving the claim.
It follows that (E, ¢) is slope semistable if and only if

> i deg(Ei) - Y i—odeg(E;)  deg(E)

s+1—j5 = s+1 rk(E)
for j =0,...,s. This clearly holds when deg(E;) < deg(E;_;) for all i. Finally note
that (£, ¢) is slope stable if one of the inequalities is strict. a

The hypothesis of Lemma 3.2 certainly holds when ¢ (E;—1) — ¢ (E;) is effective for
each 7. In this case, the condition

deg(Eo) = --- = deg(Es)
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implies that
c1(Eq) =+ =c1(Ey).

Although such a Higgs pair is not slope stable, it might still be Gieseker (semi)stable.

Lemma 3.4 Assume that (E, ¢) is indecomposable, and assume that
c1(Eo) =---=c1(Es) and c3(Eg) <--- = c2(Ey).
Then the pair (E, ¢) is Gieseker semistable. It is Gieseker stable unless

2(Eg) =+ = c2(Ey).

Proof The proof is similar to that of Lemma 3.2. Simply note that by Grothendieck—
Riemann—Roch, the hypothesis implies

X(Ei—1(m)) = x(Ei(m))

fori =1,...,s, with equality whenever n;_; =n;. O

Now let S be a surface with pg(S) >0 and H'(Og) =0. Let Ly, ..., Ls be line
bundles on S and let n = (nyg, ..., ns) be nonnegative integers. Let f = B(L) (and B;
and B* fori =1,...,s) be given as in Notation 2.1, and consider the flat family of
Higgs pairs (E [En], qu:n]) over the base SIE}”], as defined in Section 2.

In terms of B and n, Lemmas 3.2 and 3.4 tell us that whenever the family (E[L”], d)gl])
is not Gieseker semistable, there is an i € {1, ..., s} such that the divisor class B is
not effective or such that '=0and nj_; > n; (compare to the introduction of this
section!). As we will see in the following proposition, this suffices to show that we

have i,k[S[[;"]]Vir = 0 in this case (recall that we write i: S/[S”] — Hilbg (S)).

Proposition 3.5 Assume that
R[S £ 0.

Then the family (E[En], ¢r) of Higgs pairs is (Gieseker) semistable for any polarization
of S. It is stable unless Lo =---= Lg and ny = --- = ny.

Proof By Theorem 1.5, (1.22) and the hypothesis, we have

SW(BY)---SW(B*) = (—1)*XOISW(B;)--- SW(By) # 0.
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It follows that 7 > 0 for i =0,...,s, by definition of the Seiberg—Witten class. By
Lemma 3.2, the fibres of (£ [ﬁn], ¢r) are slope stable, and hence Gieseker stable, unless
Ly =.--= L. Assume the latter. By Lemma 3.4, we need to show that n;_; < n;
for all i. Assume that n;_; > n; for some i. Then the nested Hilbert scheme

i Slrisni—il <y gl o glni-1]
is empty, and we have by Serre duality and Theorem 1.5

(3.6) e¢(Rmsws — R omy (T 1Ml @ wg))
= (—1)"i=1 i e (Ry, (Og) — RA omy (T, TlMi-11y)
— (_l)n,'_l-i-ni i*[S[ni,ni_l]]vir

=0.
By the assumption Ly = --- = L, we have in particular 8; = Kg. It follows that
the expression of Theorem 1.5 has a factor as in (3.6). We find i >|<[Sﬁg"]]Vir = 0, which
contradicts the hypothesis. a

Recall from Proposition 2.4 that Mjr ¢, ., is a union of Hilbert schemes S/g"]. We
will also write i for the morphism

i Mir ey e, — || HilbB(S)
B.n

which is given on each component of Mr ¢, ., by the inclusion

i Sg’] — Hilb3(S).

By the vanishing of Proposition 3.5, we can sum in the following proposition over all
pairs (L,n) or (B8, n), rather than the ones that correspond to components of stable
Higgs pairs. In particular, the pushforward by i of the virtual class does not depend on
the polarization of the surface S.

Proposition 3.7 Let S be a surface with pg(S) > 0 and H'(0g)=0. Fix r, ¢;
and ¢, such that Gieseker semistability of Higgs pairs implies Gieseker stability. Then

B8) My o) = Z R[S ]

- Z iR[SPT - #ker(H2(S. Z) D g2 (S, 7)),
B.n
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where the sums are taken over pairs (L, n) with

N
c1=Y c(Li) and cy=In[+ Y er(Liey(Ly).
i=1 0<i<j<s
and, respectively, pairs (8,n) with
N
ey =Y if" mod(s+ 1)H*(S.Z),
i=1
B s 5 i(s+1=7) ,i,j i(s+1—i) i,
=ty 2 T PP 2 S 0

1<i<j=<s 1<i<s

Proof The c,—conditions on the pairs (L,n) and (B, n) appearing in the sums are
given by Lemma 2.6. Moreover, it is easy to see that for an s—tuple of curve classes f =
(Bi,...,Bs) € (H*(S, 7)), there is a tuple of vector bundles L = (Lo, ..., L) with

cr=Y ci(Ly) and B=p(L)
i=1

if and only if

N
cr=Y if" mod (s + 1)H*(S.Z).
i=1

Now assume that Sé"] >~ M[]f] C Mir ¢, ¢, 1s a component (see Definition 2.5) . For

a curve class
y e ker(H2(S,Z) S5 H2(S,7)) = K

there is a component
Sple MY Mir gy .
where
L(y)=(Lo®Os(y).....Ls ® Os(y)).

In fact, there is a K—torsor of components of M;r ., ., that are isomorphic to Sg'].
This explains the second equation of (3.8).

Finally, note that pairs (8, n) for which the scheme S/g"] is empty obviously do not
contribute to the right-hand side of (3.8). By Proposition 3.5, for pairs (8, n) for which
Sl[gn] parametrizes unstable Higgs pairs, the pushforward of the virtual class i *[S/[gn]]
vanishes. Hence these pairs also do not contribute to the right-hand side of (3.8). For
this reason, the sum can be taken over all pairs (8, n) rather than only over the ones
corresponding to components of Myr ¢, ¢, - O
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4 Tautological integrals

Choose line bundles L = (Lg,...,Lg) on S andlet 8 = B(L) = (B1,...,Bs) and
L = (Ly,...,Ls) be defined as in Section 2. Let n = (ng, ..., ns) be nonnegative
integers. Recall that we write

EM=ri@rm et .orL,0r et

for the sheaf on

Hilbjy(S) x S = S0l ... x ST |0g (B1)| x -+ x |05 (Bs)| x S
and for its restriction to the nested Hilbert scheme

i S,[g”] < Hilb’}(5S).
over which we have a canonically defined Higgs field ¢,: E[L”] — EE’] Ruws R t.
Define a class
T .= RAomz (EM, E™M @ wg & t)g — R#om (EX, EM),
€ K§ (Hilbj(S)),
and denote its pullback to Sg’] by the same symbol. Note that 7' E[n] depends only on 3,
rather than on L (or on £). We will write
Nﬁ["] — TL["] _ (TL["])C*

for its moving part. Let e denote the C*—equivariant Euler class, and define the rational
number

[n] . 1
@.1) vwi .= / L
B [S5Hr e(N L[”])

It (EE'], ¢r) represents a component
M = (s EP o8 € My ¢, e

then TE["] is the class in K—theory of the cone (1.1) in the introduction and hence equals
the C*—localized perfect obstruction theory of [20] on Mg'] . Over M%] ,the class N [[:”]
is the virtual normal bundle to the C*—fixed locus (N rJ,‘M, CZ)C* in NV rfM, o BY
definition of the Vafa—Witten invariant (1.2), the contribution from the component M[Ln]

is given by VWE;].
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If the Higgs pair (EB'], ¢r) contains fibres that are not Gieseker semistable, it does
not represent a component of any M;r ., ., and hence does not contribute to the

(]

Vafa—Witten invariant. On the other hand, by Proposition 3.5, we have VW g = 0 in

this case. It follows that, using the notation from Proposition 3.7, we have

VWirce = 3 VW

B(L)
L.,n
=3 VWil sker(H3(S. 2) s B2 (S, 2)
_ : , 7).
B,n

Now define a line bundle
KM= der(7MY)

on Hilb[é’](S ). Note that T[[:"] is defined as the difference between a complex and its
dual, up to a factor t. Hence its determinant is by construction a square, up to a factor t.
Hence, after choosing once and for all a square root of t, the line bundle KE’] has a
canonical square root, denoted by (K[ﬁn])% . Over Sl[gn] , the bundle KB’] restricts to the
virtual canonical bundle [21], and its square root restricts to the canonical square root

of [21, Proposition 2.6].

By [21], the contribution to the refined invariant can be computed by

(nly1
R .
4.2) B ) /[Sl[g”]]vir ch(A'(Ngl]V)) (T2 )ch(t)=y

where ch and Td denote the C*—equivariant Chern character and Todd class respec-
tively. Again, in the language of Proposition 3.7, we have

(4.3) VW]" ,C1,C2 (J’) = Z VW%(]L) (y)
L,n

= VWEI(y) - #ker(H2(S.2) 6D H2(S, 7).
B.n
By Theorem 1.5, we have

iS5 = [ ] e(Rma (O (i) — RAoma (=11, 1) (51)))

i=1

NSl SIsl] s SW(B1) x -+ x SW(Bs).
The factor

SW(B) := SW(B1) x -+ x SW(By) € Ao (|05 (B1)] X+ x |05 (By)])
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annihilates all Chern classes in the integrands of (4.1) and (4.2) that are pulled back
from

|Os(B1)] %= x[0s(Bs)I.

It follows that we can rewrite (4.1) and (4.2) as integrals over
Hilb"(S) = S0l x ... x s,
Define the sheaf
EM— L@t et e. .o Lo @t on Hilb"(S)x S

and classes

T/ = RAomy (Y, EM @ ws ® )0 — Rt om (EY), EYY),,

NI i (rlmher,

KM= dey(T}")
in Ko(Hilb"(S)). Again, note that since H'(Og) =0, the classes TL[n], N L[”] and KE’]

depend on B = B(L), rather than on L. We have, now considering SW(f) as an
integer,

1
@4 vwhl=sw(p) / —or
[Hilb” ()] e(N,")

x [ [ e(RrsO(Bi) — RA omz (211, 201 (B;)))
i=1
and

@5 vwily)

= SW(B) [/ w Td((Tl[,n])C*)
i ($)] ch(A*(N 1))
x [ e(RrsO(Bi) — R omy (I["f—”,z["f](ﬂi)))}

i ch()=y

1
S Removing trace

The generating series
[7] n
D VWi'q
n
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has leading term

1
vwil = SW(B)—gr-
e(NL )

We can renormalize the series by dividing through the factor 1/e(N IEO]) (which is
F(S, B) in the notation below). In terms of the integrals of (4.4), this comes down to
considering “traceless” integrands. By this we mean the following. Note that the inte-
grand of (4.4) can be written as product of (equivariant) Euler classes of terms of the form

Rtomy (E, F)

with £ and F torsion-free rank 1 sheaves. Then a traceless version of the integral
of (4.4) (denoted by Q,(S, B) below) is given by replacing each such term by

Ri€om (€, F)o = RFomy (E, F) — R omy(det £, det F).

It is easy to see that the resulting expression computes the renormalized generating series
(see (5.1) below). In Section 6, we will deal with the normalizing factor separately.

We keep the notation from the previous section. Moreover, we will write
Ep=EV=Li®® 0L,
for the vector bundle on S, and furthermore
Tp =T = RHom(EL, EL ® ws ® t)o — RHom(EL, EL)o,
Ny =N =1 — (1),
Kp = KY =det Ty

for the classes in the equivariant K—group of a point. Finally, we will also use the
notation

T =T -T,. Ny =N"-N, and K]\ =K]"®K}

for the classes in Ko (Hilb"(S)), where we suppress pullbacks from the point. Define

1
F(S,B):= e(ND)'
0.(S,B) = /[H'lb”(S)] (N—[”]) 1_[ e(Rn*O(ﬂi) — R%Omn(z[ni—l]’I[Vli](lBi)))’
! eWUVL o) i=1
so that
5.1) VWET = SW(B) F(S. ) 0u(S. B).

B
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In the refined case, define

1
ch(K})

sy T,

ch(h=y

F(S.B.y) = [

ch((K"™)7)
n Sa ) = :
On(S,B,») [/[?ilb"(S)] Ch(A’((NL[’ﬂ))V))

x [ Te(RmO(B1) = RA o (21, I["f](ﬂ,-)))} :
ch(t)=y

i=1

Td(T}) ")

so that

(5.2) VWEL () = SW(B) F(S. B, ) On(S. B, »).

Remark 5.3 A priori, Q(S, B, y) is a rational function in ,/y, due to the fractional

exponent of the virtual canonical bundle. However, an easy computation shows that the

equivariant parameter t appears in K;[3n1)’ with even exponent, and hence, Q,(S, 8, y)

is in fact a rational function in y.

In Section 6 we will compute F (.S, 8) under the assumption SW(B) # 0. In Section 7
we will show that the numbers Q(S, ) are given by universal polynomials P, (S, 8)
in the Chern numbers of S and 8 = (81, ..., Bs). We will deal with the refined version
at the same time.

6 The leading term
In this section we compute the factor F(S, 8, y). Let L =(Lg,...,Lg) bean (s+1)-
tuple of line bundles on S, and let 8 = B(L) be as in Notation 2.1. Also recall

Ep=Ly®t’® - ®L; @t".
Assume that

SW(B) =SW(B1)---SW(Bs) # 0.
Then, by [18, Proposition 6.29], we have (/)% = (8! K) or, equivalently,

x(B) = x(Os).

for i =1,...,s. Using Serre duality, we can express 7, as follows:
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Tr = RHom(Ep,E; Qws @t g— RHom(EL,Er)g

:Z(ﬁl—t—")(Zx(L;‘H@Lj ®ws)- Y x(Li ,-®L,~_1>)—(t—1)-x<os)
i=0 =0 j=1

Zx(ﬁf+---+ﬂ"+f)),

j=1

:Z(ti+1—t_i)(X_:X(,Bl+j+"‘+/3i+j+KS)_
j=0

i=1

where the second sum starts with i = 1, since the coefficient of (t— 1) equals

N s
(Z X(Ks)— 3" x(ﬂf)) x(05) =0
j=0 ji=1

by the assumption SW(S) # 0. Note that, in particular, we have
(6.1) Tr = Np.
Moreover, note that
X' 4+ BT+ Ks)

=3B+ + T 1 Ks)- (B -+ ) + 4 (0s)

= > BB +x0s),

J<k=<I<i+j
and, similarly,

X oot B = 3 (B o+ B (B 4+ BT — K)) + 4(Os)
= > BB +x0s)

J<k<I<i+j
It follows that for & </, the multiplicity with which the term
(1 ). gkpl
appears in 77, is given by
wli k) =#j|0=j<k=<I<i+j=<s}—#j|0<j=<k<l=<i+j=s}
=#{j|0,l—i<j<k—l,s—i}—#j|1,l—i <j<k,s—iand k <[}
—1 if =k <i <min(/,s—k+1),

B 1 if max(/,s—k+1)<i <y, if k<l,
o 0 otherwise,
min{i,s—k+1,k,s—i+1} if k=1,
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so we have

N

6 N=To=3(x©s)+ L ptikl)-pip!) - 7,

i=1 k=<l

We define the following rational numbers:

—1
Fés+1) . (=1

s+1°
k
(s+1) . (=1)*
Fkk —W forlfkfs,
k
G+ . ls+1-k)
F =——" for 1 <k<l<s.
Kl (—let+n o -rsi=d

Proposition 6.3 Recall that we assume SW () # 0. We have

k gl
F(S.B) = (F(gs+1))X(OS) H(FIS"‘I))ﬂ B .
k=<l

Proof Applying 1/e(-) to (6.2), we obtain

F(S.B) = —e(fm

2805

s \—x(0s) s , \—B B
=e(2t'+1—z—’) ]‘[e(zu(i,k,z)(t’“—z—’)) .

i=1 k<l i=1

Note that we have . )
—i

e(tH‘l —t_i) - i+1°

i a) L —leee—i (DF
i+1 _ i _ _
e(z(t t)) T2+ st

i=1

and hence

For k <[ we find
min(/—1,s—k)

s , N —i
e(Zu(i,kJ)'(f’“—f_’)) - 11 (35)

i=1 i=l—k i=max(/,s—k+1)

s+ 1-k)
T U=kt

Finally, write

a:=min(k,s+1—k) and b:=max(k,s+1—k),
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so that
s —1 a ; i b—1 . s . NSH1—i
: il i — —r
(Bmewn-en—o0) =T1(=5) I TE)
i=1 i=1 i=a+1 i=b
sk l---a (—1)5k
=D = o
bG+1D---(s+1) (k)
Notation 6.4 We will use quantum integers, which are given by
1
yzt—y~3
[y ==~
y2 —y 2
We will also use the notation
i i, - [i—7+1
(l.) = i)yl J_+ b for nonnegative integers i < j.
Iy [y - Uly
Define the following rational functions in y% :
(s+1) (=1)*
F = ,
o W [s + 1]y
k
(s+1) (=D°
Fo ()= (s+1) for 1 <k <s,
k Jy
1—k
FOtD(y) = Upls+ 1=kl oy <k <1<
[l —Klyls + 1],
Proposition 6.5 Assume that SW(S) # 0. Then we have
1 1 k gl
F(S,B.y) = (FS TV o) OO TTESTV ().
k=l
Proof Recall (6.1) that 77, has no fixed part, so we have
L 1
ch(K?) C* ch(det(N,))2
F(S.B.y) = [—L Td((T¢) )] = [—]
ch(A*(N})) =y L hA(N)) Leny=y
Note that we have
|:ch(det((ti+1 —t_i)v)%):| =2 vl _ [i]y
ch(A*((E+1 —t71)V)) h(O=y yitl—1 [i +1]y
Now follow the proof of Proposition 6.3. O
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Remark 6.6 If r = s+ 1 is odd, F(S, B, y) is a function in y, rather than in VY
for any 8 = (B, ..., Bs) with SW(B) # 0.

Example 6.7 For rank 2 we have

1
_yz
14y

’

x(0s)+B' B!
F(S.B. ) = ( )

and for rank 3

F(S,ﬂ,y)z( -

XOs)TBIBIHBB* (), )2 \B'E?
1+y+y2) ( ) '

1+y+y?
7 Universality

Let S be a smooth projective surface, not necessarily with H!(Og) = 0 or pg > 0.
For nonnegative integers n = (ng, ..., ns) and classes 8 = (B4, ..., Bs), consider the
rational number Q, (S, B) defined in Section 5 as an integral over

Hllbn(S) = S[nO] X oo X S[”s]
Using the notation
ql’l = qgo q;lb

we form the generating series
> 0u(S.B)q".
n

The following universality result, Proposition 7.3, or rather its refinement, Proposition
7.6, is the main ingredient for the proof of Theorem A.

Remark 7.1 In Section 5, the integrals Q, (S, ) were defined in terms of a lift of 8
to a vector of line bundles L, such that 8 = B(L) (see Notation 2.1). Since we do not
assume H'(Og) = 0 in this section, this lift involves a lift of the f8; to divisor classes
of S. We assume we have made such choice, and we consider S as a vector of classes
in A1(S). By Proposition 7.3, 0, (S, 8) does not depend on this choice.

Notation 7.2 In the following we will use the formal symbols

x(0s), K3, Kspi, B'B/ for 1<i<j<s.
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Formally, they form a dual basis of the vector space of cobordism classes (with Q-
coefficients) of surfaces together with an s—tuple of divisors. In particular they can be
evaluated on (classes of) such pairs. For example, we have

Ksp2(P2, (H, H,0)) = Kp2 H = -3,
where H is the class of a hyperplane. In general we write, a bit informally,

N(S, p) =N

Proposition 7.3 For each symbol
N e {x(Os), K_fq KsB' B B }i<i<j=<s.

there is a power series Ag§+1) € Qlqo, - . ., gs], starting with 1 and depending only

> 0a(s.B)g" = [Jag+)™
n N

on s such that

for any smooth projective surface S and classes B, ..., Bs € A (S).

Proof By the techniques of [2] (see also [12]), the integral O, (S, B) can be universally
expressed as a polynomial P,(S, ) in the Chern numbers of S and the classes
B, ....B*. Following [9, Proposition 2.3], it suffices to show that the generating series
is multiplicative, ie

> Ou(SUS B+BYG" = Ou(S.B)g"- Y On(S".B)q"
for surfaces S and S’ and s—tuples B and B’ of classes in A!(S) and A!(S’) respec-
tively.
Note that
Hilb"(S U S’) = (S u Sl x ... x (S b sl
= I_l (S[io] x S/[jo]) e x |_| (S[is] % S/[js])

io+jo=no is+js=ns
— |_| Sliol o gliol i ... x §lis] « §'Lis]
io+jo=no,
is+j:s=ns
(7.4) = | | Hilb'(S) x Hilb/ ("),
i+j=n
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in which the last sum is taken over (s+1)-tuples i = (ig,...,is) and j = (jo,..., js)
of nonnegative integers with n =i + j. Consider the universal ideal sheaves

el for k=0,... .5

Sus’
on
Hilb" (S U S") x (SuS’).
For fixed i and j withi + j =n and for k =0, ...,s, we will write

pr: Hilb' (S) x Hilb/ (') x § — STl x s,
qr: Hilb' (S) x Hilb’ (S") x 8" — §'UKl x 5
for the projections. Over the components in the decomposition (7.4), the universal
sheaves are given by
el - , — prliK] @ *7 Lk
SUS’ IHilb (S)xHilb/ (S)x(Sus”) = Pk+s dxts’
Write

7S =%, a8 —>% and wUA:SUS — x

for the projections. Let M and M’ be line bundles on S and S’ respectively. It
follows that for 0 < k,/ < s we have

(1.5)  RA om0, THL @ (M @ M)

= Z R%amn(pzfgk], pl*Ig’]®M)@R,%”0mn/(qZIg;"],qug{’]®M/)
i+j=n

in the ring
Ko(Hib"(SUS") = P KoHilb'(S) x Hilb/ (S")).
i+j=n
For any pair i and j of (s+1)-tuples of nonnegative integers, write
p: Hilb! (S) x Hilb’ (") — Hilb' (S) and ¢: Hilb'(S) x Hilb’ (S”) — Hilb’ (S).

Let L and L’ be (s+1)—tuples of line bundles on S and S’, respectively, such that
B =pB(L) and B’ = B(L') (see Notation 2.1). Consider K—theory classes

[i] [f]
Loro Npo and Np

as defined in Section 5. (Note that these classes may depend on the choice of L and L/,
but will only depend on B and S’ after passing to numerical K-theory. See also
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Remark 7.1.) By definition, N g’i ' o is a linear combination of classes of the form (7.5),
and we find

It follows that

= T
e(NL[nj]LL/,o) it+j=n e(NL[l,]o) e(Ng?o)
Finally, the corresponding multiplicative property of the factor

N

[ [ e(RmO(Br) — Rotomz (21, 70 (B )
i=k

in the integrand of Q,(S, B) follows from the generalized Carlsson—Okounkov van-
ishing of [6] (see Remark 1.6). Integrating gives the result. a

The proof of Proposition 7.3 also gives the following refined result.

Proposition 7.6 For each symbol

N e {x(Os), &%‘ KsB' B B/ bi<i<j=s

there is a power series A;(JiJrl)(y) € Qlgo, - --,qs], starting with 1, such that
+1
> 0u(S. B )g" = ]S )T
n N
for any smooth projective surface S and classes B, ..., Bs € AL (S).

Proof A similar proof holds, using the multiplicative properties of ch, A®, det and Td.
Note that, by Remark 5.3, the universal series take coefficients in Q()), rather than

in Q(/»). |

8 Proof of Theorem A

As usual, we fix arank r = s + 1. In this section, we will make the identifications

q:=4q0="""={(s;
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so the equation in Proposition 7.6 becomes

8.1) > 0n(S. B 0™ =TTAF )"
n Nn

in the ring Q(»)[¢], where we use the notation |n| = ng + - -+ + ng.
Let L = (Lg,...,Lg) be line bundles on a surface S, and let
13:ﬁ(L):(ﬂl7"'7ﬂS):(Ks_ﬂ17"'7KS_ﬂs)

be given as in Notation 2.1. For nonnegative integers n = (ng,...,Hs) and ideal
sheaves I; € S [ ], consider the sheaf

E=LyQRIiD- - Ls® ;.

In the notation of Section 2, E is a fibre of the family E[En] of sheaves on S over
Hilb'é(S). By Lemma 2.6 we have

e - T g S D gy

i<j i

(E) = |n|+

We will write

a) =3 " pipr 5D g

i<j

so that we have

8.2) q(l_r)/(z’")cl(E)quz(E) _ q|n|+d(ﬂ)‘

Finally, recall that for any surface S with H!(Og) =0 and pg(S) >0 and any B with
SW(B) =SW(B1)---SW(Bs) # 0,

we have, by Proposition 6.5,

8.3) F(S.B.y) = (F (o) *©) TTES 0)F*.
k<l

where F(S, 8, y) is defined as in Section 5.
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Define the following Laurent series in ¢!/(2") with coefficients in Q(/):

A= FP(0) A% ) (1D,

x(Os)
=A%(y),
Cyj =" D () A ) for 1 <i<j<r—1,
o i(i=r))2r) () B ) :
Cij:=q'C r)/@r) Fl-r (y)Aﬂr,ﬂ,(y)ABr,K (y) for1<j<r—1I.

Proof of Theorem A First note that, by definition, the Laurent series are universal in
the sense that they only depend on r. Now let S be a surface with H!(Og) =0 and
pg(S) > 0. We have

q(l—r)/(2r)cl

LS,re(q,y) = m Z VWir e, .6,(S. 1)
= g(=n/@ne Z 3 VWil g2 by (4.3)
c2€Z B,n
=3 Y vwhl)ghtd® by (8.2)
B ne(Zzo)"
= stw)F(s B.y) D On(S.B.y)g" TP by (52)
ne(Z=o)"
- stw ) 4%(©s) pK3§ ]_[cglﬂ’ by (8.1) and (8.3).
i<j

Here the symbol Z denotes a sum over (r—1)-tuples 8 = (B4, ..., Br—1) satisfying
B

r—1

=Y ip" mod rH*(S.Z).

i=1

The sum i is taken over B as above and n € (Z>¢o)" with
B.n
= |n| + —cl +d(B);

see Proposition 3.7. Finally, we have used the notation Y = (8',...,8”~!) and the
equation

SW(BY) =SW(B')---SW(B"™") = (-1)"Dx©s) gw(p),

which follows from [18, Proposition 6.3.4]. O
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Proposition 8.4 Let S be surface with H'(Og) = 0 and pg(S) > 0, and let r, ¢;
and ¢, be Chern classes such that semistability implies stability. If r is odd, we have

ler,cl,CZ(S’ y) € Q(y) C Q(\/y)

Proof By Proposition 7.6 and Remark 6.6, the Laurent series 4, B and Cj; have
coefficients in Q(y). a

9 Toric computations

We will see how to compute the coefficients of the series
ASTY for Me N 1= {4(Os). K2 KsP' BB/ }1<i<j =

up to some degree N. In fact (see [9] and as we will explain in this section), it suffices
to evaluate the integrals

[Ti—; e(RuxO(Bi) — RAomy (-1, 710i1(B,)))
9.1 (S, =
( ) Q ( ﬁ) /[\Hilbn (S)] e (N[[,rf%))

for [n] <N on P2 and P! x P! and sufficiently many different B (see Section 5 for
notation and definitions).

Let w,,1s denote the Q—vector space of cobordism classes of surfaces with s—tuples
of line bundles, as defined in [16], and let B be a basis. For rank s + 1 = 2, we could
take

B=(P'xP', 0][P? 0] [P ws')),

and for rank s + 1 = 3,
B=(P'xP',(0,0).[P% (0,0),[P?, (0 O).[P2, (0, 0F"H]. [P (ws., ws))).

We can view the symbols 91 as coordinate functions on w; 1s. For a surface S, with
an s—tuple B € (H?(S,7Z))®, we write

N(S.p) =,

so we have

X(Os)(S.B) = x(Os), K3(S.B)=K5. Ksp'(S.B)=Ksp',

Then the fact that B is a basis can be expressed by the fact that the matrix

MOETD = [N(S, B)lis.p1eB.ten
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is invertible. For the bases for ranks 2 and 3 given above, we have, respectively,

(1 8 00 0 0 O0)
1 90 0 0 0 O
L8 o0 1599000
M® = and M®=]1 9-9 9 0 0 0
I 9 9 9
1 9.9 9 I 90 0 9 9 0
1 90 0-9 9 0
Kl 99 9 9 9 9)
Recall that, by Proposition 7.3, we have
> 0a(s.B)g" = [agt)™
n N
for any surface S and curve classes 8 = (81, ..., Bs). Taking the natural logarithm,
we obtain
log ¥ 0u(S.B)g" =D Nlog AGTY.
n N
By definition of M, we have
[log 3" 0u(s. ﬁ)q"] =M -[log A5 Ve
n [S.BleB -

Now assume we want to compute the power series Agﬂ) up to order N. Since M is

invertible, it suffices evaluate the integrals Q, (S, B) forall n € (Z>¢)*T! with |n| < N.
Note that, by Proposition 7.6, the discussion above also applies to the refined case.

Let S be any toric surface with a torus 7, and assume that we have equipped all line
bundles appearing in the integral (9.1) with an equivariant structure. Then, by applying
the Atiyah—Bott localization formula, we obtain

T R, O(B;) — R omy (Ti-11 7lnil(;
osp= o [Mmelnnor) ( )] )

Fe(Hilb"(S))T e(NEf%) | F)e(Thin (s),F)

0 = ¥ [ectflin.

Fe(Hilb"(S)T

in which e(-) denotes the equivariant Euler class for the torus 7" x C*.

Remark 9.3 In the factor

e((RmsO(Bi) — RAomy (21, Z0)(B;))) | )
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in the formula above, the Euler class e(-) should a priori be the 7—equivariant Chern
class c,{ _+n; (+), but by [1, Lemma 6] and Lemma 9.5 below, the K—theory class

1

(R O(Bi) — R omy (T, TN (B,)))| . € KT (F)

can be represented by an honest (7;_1 + n;)—dimensional representation of the torus 7.
It follows that the T—equivariant top Chern class agrees with 7T —equivariant Euler class.

Remark 9.4 The compact form of the expression (9.2) is due to the fact that it is
obtained by applying the Atiyah—Bott localization formula twice. The virtual version
of the formula, due to Graber and Pandharipande [14], expresses by definition the
contributions (4.1) of nested Hilbert schemes Slgn] to the monopole branch of the
Vafa—Witten invariant for a surface S with pg(S) > 0. The second time, however, we
applied the formula to Hilbert schemes of points on a toric surface.

Similarly, we have

ouspn= > |

FeHib"(S)T
y [Ti=; e((Rm«O(Bi) — R omy (zMi=11 TMi)(B:))) | )
e(Twiw" (s),F)
[n] |1
ch((K¥0)2 ()
ch(A*(T"Y | F)

1
ch((KY)2 |F)
ch(A*(N}"Y | F))

Td(T;")C | F)

F e(H%(S NnT /
where ch and Td denote the (7 xC*)—equivariant Chern character and Todd class
respectively. By convention, we denote the Chern character of t by y = ch(t). Finally,
note that the second equation follows from the identity

e(L)
Td(L)

for any 1-dimensional T-representation L with ¢;(L) = «.

ch(A*(L*)) = 1 —exp(—a) =

Let F € Hilb"(S) be a T—fixed point. Let 0 <, j <, and write
=7 and g =170,
The class T E%| F 1s a linear combination of classes of the form
(Rtx M — Romy (T, 7M1 @ M))|p = (M) — RHomg (I, J @ M),

where M is a (T xC*)—equivariant line bundle on S.
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Lemma 9.5 Let {Uy}s=1
subsets; see [11, Section 4]. Then we have

e(s) be the maximal open cover of S by affine T —fixed

.....

9.6) x(M)— RHomg(I,J @ M)
e(S)
=Y T'(Us. M)— RHomy, (I|y,. ]y, ® M|y,).

o=1

Proof Write Uy = Uy NU, for o < 7. Since I and J are ideal sheaves of C*—fixed
0—dimensional subschemes of S, and Uy, does not contain any fixed points, we have

(U, Ext' (I, J @ M)) =T (Us N U, Ext' (Iy,.. (J @ M)|y,.))
= T'(Uyy, Ext (O, M))

for any 7 and a similar identity for intersections Uy, N Uy N U,. Now use the
local-to-global spectral sequence and the Cech complex for the covering {Up} (see
[17, Section 4.6]), to compare the classes x(M) and RHomg(/,J @ M). m|

Now [1, Lemma 6] gives — as does the proof of [11, Proposition 4.1]— an explicit
expression for the right-hand side of (9.6). This allows us to compute the integrals
0x(S, B) and Q,(S, B, y). We have implemented the computation in Sage [19] for
S =P!xP! and S = P? and for any B, n and rank. Part of the results for rank 3
are listed in Appendix B.

10 The universal series A

Fix a K3 surface S and nonnegative integers n = (79, ..., ns). Consider the inclusion
i S s Hilb"(S) = sl x... x sl

of the nested Hilbert scheme. In the case that n = (k, ..., k) for some nonnegative
integer k, we write

A Gkl ST = Skl = glkl o ... gtk
for the diagonal.

Lemma 10.1 Forn = (k,....k),
i [ S = [A gtk1x...x sUE1]-
Otherwise,

i*[S[n]]vir —0.
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Proof For the case n = (k, ..., k), see [5, Theorem 2] (note that in this case we have

and the perfect obstruction theory is just the cotangent bundle). Otherwise, note that,
by Theorem 1.5 and Serre duality,

i[STomr = TTe(x(Os) — R omy (2011, T1i)) M [Hilb" (5)]

1

= (=1)"*" [ Te(x(Os) — RAomy (211, 1i-11)) N [HiIb" (5)]

— (_l)no-l—nsj*[s[ns ..... no]]vir’
where j is the inclusion
ji Stsenol s Hilb" (S).

Now note that S[0--7s] or §ls:n0] is empty unless ng = - - - = ng. O

Set 8 =(0,...,0), so that ,Bi =Kg—Bi=0fori=1,...,s. By Proposition 7.3,
1
> 0u(S. Bg" = (AGED)
n

Recall that Q,(S, B) is by definition integral over the virtual class of S/[gn] = sl
Hence, by Lemma 10.1, we have Q,(S,8) =0 or ng = --- = ng. Assume that we
have n = (k, ..., k) for a nonnegative integer k. We will compute Q,(S, ).

We let L = (Og,...,0g) be the (s+1)-tuple of copies of the trivial line on S, so
that 8 = B(L). We write

EM =M =p3tll @00 @prizll e
for the sheaf on Hilb"(S) x S, where pr; denotes the i™ projection
pr;: Hilb"(S) = SKI x ... x Stk glK]

and its base change to S. We will write A: S (k] 5 STkl ... x SIKT for the diagonal
embedding (which of course can be identified with the embedding i ) and denote its
base change to S by the same symbol. We have an isomorphism

NEWM=TWHglg...e 1M g
of sheaves on Sl x S. Write
E=t"ad -0t ®0s
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for the vector bundle on S. Using the notation of Section 5, we have the following

equality in the C*—equivariant K-group of S [

A*T]") = R omy (A EM, A* EM @ t)y — R A omy (A EM, A EM),
—(RHom(E, E ® t)g — RHom(E, E)y)

s+1
= RAom, (1™, 1), ®t’—|—Z( RAomy(TH, 7)) & )
i=1 i=0

N
(10.2) =Tgu+ Z(Ts[k] Rt — Tyt @ ) — Tgpa @ 1.

i=1
Note that T'gix has even rank, so we have
e(Tgum ® ‘L_i) =e(Tgr ® ti),
and hence
N ) —
_; ; e(Tgrm@t)
e Teraa @t —Toug @t ) = — =1

(izzl( SIK] stk ® 1) ll:[l e(Tsm ® )

It follows that we have

1
On(S,pB) = /[s};”]v" (N[nz))

1
o /S[k] e(A* (Tl[dng))mov)

= / e(Tga ® ts'H)
STK]

= e(T
fypecrsw

= e(SH,
By Gottsche’s formula [8], we have

A= 3 0u(S. B)g"

ne(Zzp)s+!

= Y e(sTHgkeHD
kGZZQ

1 24
- (1_[ 1_qk(s+1)) '

k>1
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It follows that

12

(s+1) ((s+1) s+1 1 1

Fo " Ayo9 —s+1(n l_qk(s+1)) :
k>1

which is the specialization of the right-hand side of (1.19) at y = 1, as expected.
Now consider the integral

ch((K}")7) Ti"He*
n S’ ’ -
On(S.B.y) [ /[Sgﬂ]m Ch(A-((NEfO)v)) Td((T7 ) )}

Since T gk is self-dual and has even rank, we have by [21, Equation 2.28] the following

ch()=y

equation in the C*—equivariant K—group on S (1.

(det(Tgpr ® t — Tgua @ )¥)2  det(Tgg @) @ A* (T3, ® )
A* (T @t — Ty @ t)V) A (T ® )

It follows that, as above, the middle terms of (10.2) do not contribute to Q,(S, 8, ).

Remark 10.3 Taking the square root involves a choice. First of all, our choice here is
consistent with the one we made before. More importantly, after choosing a root Jt,
the choice is unique up to 2—torsion in PiC(S[[;"]), which is killed by ch.

Since Tgi is self-dual, so is Kgix1, and hence ch(Kgix)) = 1. Writing r =5 + 1,
we find

N ch((det(Tgu) — T @ ¥)¥)?2)
0n(S.B.) = [ L S s T s o)) Td(TS[k])i|

ch()=y

= |: / ch(Kgm ® trk) ch(A*(Tgu1 @ t")) Td(TS[k])i|
Sk] ch(®)=y

_— Z( )iy —”[U ch(A! Tgur) Td(T )

_yrk Z( l)l _”X(AiTs[k])

=: y—yr (S[k]).
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The generating series of x,—genera of the Hilbert schemes S (k] has been computed
in [13]. It follows that we have

(A((Os)(y))2 Z Qn(Svﬂ,y)q'”': Z X—yr(S[k])q’k

n€(Z=o)" k€Z=o

1
kl:ll (1 rk)20(1_y—rqu)z(l_yrqu)z'
We conclude

40 FO(3)4®) 1Y — 1
()= ) (Os)(y)( ) = [ ] 1_[ (1— ’k)lo(l—y_rq’k)(l—y’qu)

Y k=1

y%—y_i
= T~ T
$—2,1(q",y")2 A(g")?

proving Theorem C.

11 Smooth components

In the case that the monopole branch of the moduli space of C*—fixed Higgs pairs
is smooth, there is a direct method to compute the Vafa—Witten invariants. Let S be
a surface with H!(Og) =0 and pg > 0, and assume that Pic(S) is generated by a
smooth very ample canonical curve C. In this case, the only Seiberg—Witten basic
classes of S are 0 and K. For rank 2, the monopole branch
Miz = M2 kg ey © Wig )

is smooth precisely when ¢, = 0,1, 2, 3; see [20]. In particular, the virtual class is
given by the Euler class of the obstruction bundle and the Vafa—Witten invariants
can be computed using the intersection theory of (smooth) nested Hilbert schemes of
points on the surface and the smooth canonical curve. This method, which is carried
out in [20] (unrefined) and [21] (refined), can be generalized to rank 3, but only for
¢y =0,1,2. We have done the computations in this setting and have found that they
confirm our results (see the discussion after Theorem B).

Let (E,¢) € M3 g ., be a Higgs pair. Then E can be written as

E=LRotd;®0lelws,
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where I; € Sl for i =0,1,2 and a,b,c € Z such that @ + b + ¢ = 1. Moreover,
we have ¢ = (¢1, ¢,) for nonzero homomorphisms

¢1:Io®a)§—>11®wg+l and ¢,: 11®w§—>12®a)g+1.
Lemma 11.1 (a,b,c) =(1,0,0).

Proof Slope semistability of E implies that
CS% and %(b—l—c) < %
On the other hand, by the existence of the maps ¢; and ¢,, we have
a<b+1 and b=<c+I1.
It is easy to see that the only integral solution to these inequalities together with
a+b+c=1is (a,b,c) =(1,0,0). O
Proposition 11.2 Let S be given as above. Then M3 g ., is smooth if and only if
¢y < 2. In particular, we have
Mys ko = (SUx|Ks)uC,
Mys kg2 = (S x KU (sW x [Kshu st xeyucly.

in which
Cc— S

|

|Ks|

is the universal canonical curve and Cl[i(]sl — | Kg| the relative Hilbert scheme of pairs
of points.

Proof Note that for I; € Sl for i =0,1,2, we have

(g ®@ws ® 11 ® I2) =ng +ny +ny.
By Lemma 11.1, we find
~ [n0,n1,n2]
M13,Ks,02 = |_| S(O?K;) 2 ’
|n|=c2,n0=n1

where we have used that S ([gol,(n;),nz] is empty whenever ng < ny . In particular, we have

1,0,0 0,0,1]
Mys g1 =Sl x uslel) = (sMx ks uc,
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. [2,0,0] [1,1,0] [1,0,1] [0,0,2]
M3 ks.2 =S0.k5) U S0.k5) U S0.k5) U5 0.Ks)

=~ (S x| Kshu M x | Kshu s xeyuch .

The total spaces of the universal canonical curve C and the relative Hilbert scheme of

e

points C x|

are smooth by the assumption that Kg is very ample.
The component

S([éj}(’;]) = (SxC)U(Agx|Kg]) <> S xS x|Ks]

of M3 g, 3 has two irreducible components with nonempty intersection. More
generally, let ¢, > 3. For an ideal sheaf I on S, let Z; denote the corresponding
subscheme. Then the component

Soxs NS =tpes 1est Celks|: zrcCup

has two components given by the conditions p € Z; and Z; C C, respectively.
Hence, it is singular at points in the intersection given by p € Z; C C. It follows that
Mir kg.c, 18 singular. |

The connected components of M3 g 1, together with the restrictions of the universal
sheaf on M3 g | X S, are given as follows:

connected component restriction
Sl K| TN ®ws &t © Ok (1) ® 2
C ws 7! EB]'*(I[I]®O|KS|(1))®"_2
We write

j:CxS%S[l]x|KS|><S
for the inclusion. We have suppressed pullbacks along the several projections.

For ¢, = 2, we have:

connected component restriction
SEIx K| TP @ ws) @t & (O1x4(1) ®72)
S| Kg| IR ws)e @Mt ® (O (1) ®t72)
sllxc Clws)@t™ @ (j* @M e 0k (1) ®t7?)
cly, ws &t @ (TP ® 0k (1) @ t72)
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‘We have written
Ja: (ClK |><Sf—>S[2]><|KS|><S

for the inclusion. Again, we have suppressed pullbacks along projections. Now define
Higgs fields ¢ = (¢1, ¢2) by the several natural inclusions of ideal sheaves.

As the moduli spaces are smooth, we can compute the virtual class of each component
by taking the Euler class of the obstruction bundle. Write H := ¢{(O|g|(1)). Using
Theorem 1.4, we find, for ¢, =1,

[SM x| K]V = e(K§ + Qi g (1) = (=1)P -[C],

[C]'"" = e(Qkg (1) = (P t[C],
and, for ¢, =2,

(S | Ks[]T = e(@F™ + Q kg (1))

=[Cf In (Pt = (—npret[cl,

[SUx |Ks" = e(H'(ws)) =0,
[SUxCl™ = e(wf + Qkg(1) = (=1)P<-[CxC],
[CR "= e@gg() =(nr [l

It follows that the computation of the contribution of the Vafa—Witten invariant reduces
to computations in the intersection rings of C and C 21, Using Grothendieck—Riemann—
Roch to compute the Chern classes of the relative Hom complexes, this is a straightfor-
ward computation. The details are similar to the computations in [20] and [21].

12 Comparison to the Gottsche-Kool conjectures

For rank 2, the Laurent series that appear in Theorem A, and are defined in Section 8,
are given by

1 > 5
42 — — + T (()Os)( ), B® — ( ) (J/)
y 2Ty
2 _1 1 5 2
Cl(l) = _q 4 _1 + 1 A'E;l)ﬂl (y)A;l)K (y)
y 2 4y2 ==

and for rank 3 by

1
A(3)_—y_1+l+y ;3()05)@) B® = A(”z(y)
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©Jg 1 4B 3)
Ciy =4 Sy_lT 3151()’)14/311(5()/)
3 _ -1 1 43 (3) 1 (1+)? 3
sz =9 zy_1+1+ ﬂzﬂz(y) 2K (), C =4 31+y+y2 ﬂlﬁz(y)'

In Section 9, we have discussed a method for computing the terms of the generating
series Ag) appearing above. In Appendix B we have listed the first few terms of the
rank 3 pgwer series. The computations allow us to check the equations of Conjectures
1.17 and 1.18 term by term, leading to Theorem B. As an example, let us just verify

one term of C 1(3) We have

-1 (14 y)? A ()
1+y+ 241520

_1 (L4y)? (1 y +6y3+6y2+6y+1q+m)
1+y+y2 (y+1)2%y ’

3 _
Cy =

=q
On the other hand we have

l
©4,,00,00q2, )

W(g,y) =
O4,,a1, o)((]2 y)
I+ 2p4+2y g+
r+1+y7Dg5 + (2 + 14 72)g5 + -
_ g 1 1+ (2 +2y+2y 14y 2) g+
y+14y71 I+(y—-1+yHg+---
1 1 y:i+y+14+yt4y2
:q 3 1 — q+... s
y+1+4+y- y+1l+y
and hence

Wigh, 1) =g 351+ 5g+-).
It follows that

1 1
Wi(q2,y)W-(q2.y)
= W(g?, y)+3W(g?,1)

=q—%(1+ 1 —|—(y2+y+1+y_l+y_2+5)6]+"')
y+14y71 y+14y71

. ;(y+2+y ! (yz—l—y—l—l—l—y_l+y_2+5(y+1+y_1))q+m)
y+14y7! y+14y71
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_1 (14p)? (1 y“+6y3+6y2+6y+1qu )
L+y+»? (y+1)2y
3 3

ECl(z)(y) modUz(),

=49

where have used the notation

UP =1+ 4*Q0H)Igl c Q) (g)*

from the introduction.

Appendix A Functions appearing in the Gottsche-Kool
conjectures

These functions appear in the rank 2 and 3 conjectures of [10]:

1 L 2 (1=x"p)2 (1 =x"yp~ 12
¢—2,1(X,y):—(y7—y—z)21_[( x"y)*(1=x"y™")

n=1 (1 _xn)4 ’
a) = ] a—x",
n€Z~g
Ax)= [ a-x"*.
neZg
2
92(x’y):: x" yna
neZ-i—%
2
O3(x,p) = Zx" ",
nez
Oy, 000X 1) = Y x 2 —mnsn®) e,
(m,n)eZ?2

2_ 2 _ 1
Oy (1,0)(x, p) = Y xRkt ment ) mn,
(m,n)eZ?2

®A2,(0,O) (x,y)

W(x,y):= .
O 4,,(1,00(X, )

The functions Wy (x, y) are defined by the polynomial equation in w

w2 = (W(x, )2 +3W(x, )W(x, 1)) o + W(x, y) + 3W(x,1) = 0.

Geometry & Topology, Volume 24 (2020)



2826 Ties Laarakker

We will use the convention that W_(x, ») is the one with leading term

2
X3 1+ y),

so we have
2 2
1 yo+y+1 1 2y +3y+2
W_<qz,y)=—qs(1+— ),
y (y+1)?
1 y+D%y _2 y*+4y +3y2 +4y +1
Wi(g2,y)=—S——7q 3|1+ 2 +... ).
y +y+1 y+1

Appendix B Rank 3 results

We set ¢ :=qo = ¢q1 = ¢2, and for

Ne {x(Os), K3. B Ks, B Ks. B'B'. 28>, B' B},

we print the first few terms of A,(;)( ), each modulo ¢*:

yO+10y3+1

A%(J’)E TCI )
(3)( - (y2+y+1)2q_(2y4+7y3+12y2+7y+2)(y2+y+1)2qz
(y+1)2y y2y+1*
+m(5y12+39y“+150y10+382y9+705y8+1002y7

+1121p%4+1002y° +705y* 438233 +150y% 439y +5) ¢°,
3 3
Ak, ) = 4G ()
102 +r+DH(r=1)?

2 (y+Dhy
+l(23y4+68y3+142y2+68y—|—23)(y2+y+1)2qz
8 (r+D*y?
yi+y+1

- (15y194244)° +1006y* +2790y" +4719y°
16y3(y+1)6( y y y y y
+5780y° +4719p* 427903 + 1006y +244y +15) ¢°,

1(331)131 () = ;;32)/;2 )
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_1y4+3y3+6y2+3y+1
2 (r+1)32y
_ém@ys+30y7+109y6+218y5+280y4—|—218y3
+109y2 +30y+5)¢>

1

(1y" 4115y +571p10 +1868y° +-4205°
+6845y7 +8026y° +6845y° +4205y*
+1868y° +571p% + 115y +11)¢>,

+—
16y3(y+1)°

4B (y)=1+y4+6y3+6y2+6y+1 _y6+y5+8y4+8y3+8y2+y+1q2
Blg27 (y+1)2y (y+1)2y2
y6+3y4+4y3+3y2+1 3
y2(y+1)?
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