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On the Alexander theorem for_’the
oriented Thompson group F

VALERIANO AIELLO

Recently, Vaughan Jones introduced a construction which yields oriented knots
and links from elements of the oriented Thompson group F. Here we prove, by
analogy with Alexander’s classical theorem establishing that every knot or link can
be represented as a closed braid, that, given an oriented knot/link i, there exists an
element g in F whose closure E(g) is L.

57TM25

1 Introduction

Recently, Vaughan Jones has introduced a method to construct unitary representations
of the Thompson groups (and more generally of groups of fractions of certain cate-
gories) [10; 11], many of which arise from planar algebras [9]. A connection between
unoriented knots/links and the Thompson groups F and T was also established by
showing that, given any element of these groups, one may construct a knot/link (see
Jones [12] for a review of the recent development in this field, and also Aiello, Conti
and Jones [3; 1; 2]). Moreover, it was shown that the elements of the oriented subgroups
Fand T give rise to oriented knots/links. Within this framework Jones proved a result
analogous to the Alexander theorem for braids and links [4]. In particular, he showed
that given any unoriented knot/link L there exists an element g in F' whose associated
link is equal to L. For the oriented case a similar (but slightly weaker) result was
proven. In fact, the knot/link was shown to be reproduced only up to disjoint union
with unlinked unknots [10, Theorem 5.3.15]. In this paper we show that actually the
oriented knot/link can be exactly reproduced. This answers a question posed by Jones
in [12, Section 7, Question (2)] and reinforces the idea that the oriented subgroup F
can be considered as an alternative to the braid groups.

The paper is organized in two sections. In the first one we recall the definitions of the
Thompson group F and of the oriented subgroup F'; we then describe the construction
of oriented knots/links from elements of F' providing an example. In the second section,
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after recalling the definition of the semidual graph, we state and prove the main result
of this paper.

2 Preliminaries on the Thompson groups and Jones’s
construction of knots and links

There are many equivalent descriptions of R Thompson’s group F. The one that is most
appropriate for our work in this paper uses tree diagrams. An element of F' is given
by a pair of rooted, planar, binary trees (7, 7—) with the same number of leaves. As
usual, we draw a pair of trees in the plane with one tree upside down on top of the other.
Two pairs of trees are equivalent if they differ by a pair of opposing carets; see Figure 1.
Thanks to this equivalence relation, the following rule defines the multiplication in F':
(T4, T)- (T, T-) := (T4, T-). The trivial element is represented by any pair (7, T)
and the inverse of (7, 7_) is just (7—, T4+). We refer to [7; 5] for further details and
more information on the Thompson group F.

Given an element (74, T_) of the Thompson group F one may construct the graph
I'(T4+, T-) [10, Section 4.1]. We describe the procedure with an example. We pick
the element X in Figure 1. We place the leaves of (74, 7—) on the half-integers,
ie. at (1,0), (2,0), (3.0), (Z.0), (3.0) and (4'.0). The vertices of T'(T, T-)
are (0,0), (1,0), (2,0), (3,0), (4,0) and (5,0). Now the edges of I'(74, T_) pass
transversally through the edges of the top tree sloping up from left to right (herein we
refer to them by the west—north edges, or just WN = /) and the edges of the bottom
tree sloping down from left to right (we call them the west—south edges or simply

WS = \). See Figure 2 for the I'—graph of the element X depicted in Figure 1.

Figure 1: A pair of opposing carets and two equivalent elements in F.
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Figure 2: An example of a I'—graph.

We observe that I'(74, T—) comes with a natural orientation [10, Section 4.1]. Indeed,
if an edge has vertices («,0) and (b,0) with a < b, we call (a,0) the source and
(b,0) the target. The edges may also be endowed with signs: + for the edges in
the upper half-plane and — for the edges in the lower half-plane. We point out that
giving I'(T+, T-) is equivalent to giving the pair of trees (T4, 7—) as the latter may
be reconstructed (for a proof see [10, Lemma 4.1.4]).

We are now in a position to define the oriented subgroup
F:={(T+,T-) € F|T(T4, T_) is 2—colourable},

where by being 2—colourable we mean that it is possible to label the vertices of the
graph with two colours such that whenever two vertices are connected by an edge,
they have different colours. See [6, Chapter V] for more information about vertex
colourings. We denote the two colours by + and —. Since the graph I'(74, 7-) is
connected, if it is 2—colourable, there are exactly two colourings. By convention we
choose that in which the leftmost vertex has colour +. We mention that this group was
shown to be isomorphic to the Brown—Thompson group F3 [8, Lemma 4.7]; see also
[13, Theorem 5.5] for an alternative proof.

In Jones’s construction of knots and links, after taking an element of the Thompson
group and producing the I'—graph, we need to make three further steps. The first
one is the construction of the medial graph M (I'(T+, T-)) of I'(T4, T—). We recall
from [6, Chapter X] that given a connected plane graph G, its medial graph M (G) is
obtained by putting a vertex on every edge of G and by joining two new vertices by an
edge lying in a face of G if the vertices are on adjacent edges of the face. Since all the
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M(D(Ty, To)) = = A Q&

Figure 3: From the medial graph of a I"'—graph to an oriented link.

vertices of M (I' (T4, T-)) are 4—valent, in order to obtain a knot/link we just need
a rule to turn the vertices into crossings. For the vertices in upper half-plane we use
the crossing <, whereas for those in lower half-plane we use X. For example, for the
element X given in Figure 1 we get the graph and link diagram shown in Figure 3, top.

Now it is possible to shade the link diagram in black and white (by convention the
colour of the unbounded region is white) and obtain a surface in R3 whose boundary
is the knot/link £(T4, T-); see [10, Section 5.3.2]. By construction the vertices of the
graph ['(T4, T-) are precisely in the black regions and each one has been assigned
with a colour + or —. One can easily see that, in our example, the colours of the
vertices of I'(T4,T_) are 4+, —, +, —, +, — (from left to right). These colours
determine an orientation of the surface and of the boundary (+ means that the region
is positively oriented). Therefore, we get the oriented link shown in Figure 3, bottom.

3 Main result

Before stating the main result of this paper, we recall the definition of the semidual
graph I’ (Z) associated with an oriented link L [10, Definition 5.3.2]. Given an oriented
link diagram, we colour the regions of the diagram in black and white (the unbounded
region is coloured in white). The vertices of the semidual graph F(Z) correspond to
the black regions of the link diagram, while its edges correspond to the crossings and
come with a sign according to the rule shown in Figure 4.

Moreover, if a shaded region has boundary positively oriented, we assign + to the
corresponding vertex of I'(L). Similarly, we assign — to the vertices corresponding to
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-X - X

Figure 4: Signs of crossings.

the shaded regions whose boundary is negatively oriented. Semidual graphs are as good
as link diagrams in representing knots and links. In this framework one can describe
the three Reidemeister moves. In this paper we don’t need all the moves, therefore we
recall in Figure 5 only the three local moves relevant to the proof of the main result (if
an edge has no sign, it means that the sign is arbitrary). We say that two signed graphs
Il and I3 are 2—equivalent if they differ by planar isotopies and any of these three
moves. Clearly, if two signed graphs are 2—equivalent, then the associated knots/links
are the same because, in terms of knot diagrams, the three moves are just Reidemeister
moves of type I and II.

We recall from [10, Section 5.3.1, page 34] that given an element (74,7_) of
the Thompson group, the semidual graph of £(74,7-) coincides with the graph
I'(T+, T-) described in the previous section.

type I

type Ila
<>

type IIb
<>

Figure 5: The Reidemeister moves relevant to this paper. A move of type I
allows us to add (or remove) a 1—valent vertex and its edge. In the presence
of a 2—valent vertex whose edges have opposite signs, the two edges may be
contracted according to a move of type Ila. In a move of type IIb a pair of
parallel edges with opposite signs may be added (or removed).
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Here follows a simple lemma which will come in handy in the proof of the main result
of this paper.

Lemma The following signed graphs are 2—equivalent:

where the edges of the red subgraph are positive if they lie in upper half-plane and
negative if they are in the lower half-plane (all the other edges are arbitrary).

Proof It’s possible to recover the graph on the left from the other one by applying
six moves. First of all, one erases the two pairs of parallel edges (type IIb moves) and
contracts the two consecutive edges with opposite signs (type Ila move). Then, one
applies a type IIb move to erase the new pair of parallel edges and, finally, the graph
on the left is recovered thanks to two type I moves. |

We are now in a position to state the main result of this paper.
Theorem Given an oriented link L there is an element g€ F such that E(g) =L.

The idea of the proof is fairly simple and we actually follow the same strategy used in
[10, Lemma 5.3.13]. Given an oriented link L we draw the semidual graph F(Z). If
r (Z) consists of two trees, I'y in the upper half-plane and I'_ in the lower half-plane,
satisfying the properties [10, Proposition 4.1.3]

(1) the vertices are (0,0), ..., (N,0);
(2) each vertex other than (0, 0) is connected to exactly one vertex to its left;

(3) each edge e can be parametrized by a function (x.(¢), ye(t)) with x/(¢) > 0 for
all ¢ €[0, 1], and either y,(¢) > 0 for all €0, 1] or y.(¢) <0, for all ¢ €]0, 1[;

then we know that it is the I'—graph of a certain element of F [10, Lemma 4.1.4].
If it doesn’t, we apply the Reidemeister moves (actually the proof only requires the
Reidemeister moves I and II) and get a graph which represents the same oriented
knot/link, but satisfies the aforementioned conditions. In order to give the proof, we
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recall the notation from Jones’s paper [10, Definitions 5.3.7 and 5.3.9]. Given a vertex v
of T'(L) we set

eP:={eec E(T (i)) | e lies in the upper half-plane},
%" .= {e € E(T'(L)) | e lies in the lower half-plane},

" :={e € E(T(L)) | target(e) = v},

e :={ee€ E(T'(L)) | source(e) = v}.

Here follows the proof of the theorem.

Proof Let L and F(Z) be an oriented knot/link and it semidual graph, respectively.
Thanks to [10, Lemma 5.3.6] we may suppose that F(Z) is standard in the sense of
[10, Definition 5.3.5]. This means the vertices are (0,0), ..., (N, 0) and each edge e
can be parametrized by a function (x.(7), ye(#)) with x,(z) > 0 for all 7 € [0, 1], and
either y,(¢) > 0 for all £ €]0, 1] or y.(¢) <0, for all ¢ €]0, 1[. There are some cases
that we have to consider now.

Case 1 There is a vertex w different from (0, 0) with egj = &. Denote by v the
vertex to the left of w. We have to consider two subcases depending on whether v
and w have the same colour or not, which (up to symmetry) are

The first subcase (i.e. the one in which the colour of v and w are different) can be
handled as in [10, Proof of Lemma 5.3.13, Case 1], while for the second one we need
a new substitution. Here follow the substitutions for both the subcases:

o+ — 7 Z N
) W v

(When we insert new edges, those in upper half-plane are positive, whereas those in
the lower half-plane are negative.) The graph on the left is clearly 2—equivalent to the
original graph. Indeed, it is enough to apply a type IIb move. As for graph on the right,
the claim is precisely the content of the lemma.

Case 2 F(Z) has a vertex w with |ell| = 1. We discuss the case in which the
incoming edge to w 1is in the upper half-plane; the other case can be handled in a
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similar manner. As in the former case we have two possible situations:

These two cases can be dealt with by the following substitutions:

The graph on the left is easily seen to be 2—equivalent to the initial graph thanks to an
application of the lemma (to the red subgraph) and a type I move. The graph on the
right can be dealt with the application of a type IIb move and a type I move.

Case 3 The graph F(z) has a vertex v with |el"Me"P| > 1 or [e" Nedo™| > 1. We
show how to deal with the first case, the other case being similar. Here is the situation
and the corresponding substitution:

The graph on the right can be seen to be 2—equivalent to the other one by applying the
lemma (to the red subgraph), a type I move and a type Ila move.

Case 4 After repeated applications of the previous substitutions all the vertices, except
the leftmost, have two incoming edges. The only problem that we may have is a
negative edge in the upper half-plane or a positive edge in the lower half-plane. We
show how to deal with the first case; the other case is similar. We have two subcases to

deal with:
-~ = + =
v < v <t

It is appropriate to say a note of warning: in order to distinguish the colours of the
vertices from the signs of the edges; we will colour the latter in red. For the first subcase
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we use the substitution

IS T AIRES IS S HSIIT I IS S 5 =

The substitution of the first subcase does not affect the associated knot/link because
one may apply the lemma four times to the red subgraphs, then four times a type I
move and finally twice the type Ila move. For the other substitution one may erase a
pair of parallel edges, apply the lemma three times to the red subgraphs, four times a
type I move and finally use twice the type Ila move. a

Now that we have an Alexander theorem for F at our disposal, to reinforce the analogy
with the braid groups it would be important to obtain an analogue of Markov’s theorem
in this framework. We plan to return to this problem in the future.
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