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Amenable signatures, algebraic solutions and filtrations
of the knot concordance group

TAEHEE KIM

It is known that each of the successive quotient groups of the grope and solvable fil-
trations of the knot concordance group has an infinite-rank subgroup. The generating
knots of these subgroups are constructed using iterated doubling operators. In this
paper, for each of the successive quotients of the filtrations we give a new infinite-rank
subgroup which trivially intersects the previously known infinite-rank subgroups.
Instead of iterated doubling operators, the generating knots of these new subgroups
are constructed using the notion of algebraic n—solutions, which was introduced by
Cochran and Teichner. Moreover, for any slice knot K whose Alexander polynomial
has degree greater than 2, we construct the generating knots so that they have the
same derived quotients and higher-order Alexander invariants up to a certain order as
the knot K.

In the proof, we use an L?—theoretic obstruction for a knot to being 7.5—-solvable
given by Cha, which is based on L2—theoretic techniques developed by Cha and
Orr. We also generalize and use the notion of algebraic n—solutions to the notion of
R-algebraic n—solutions, where R is either the rationals or the field of p elements
for a prime p.

57M25; STN70

Dedicated to the memory of Tim D Cochran

1 Introduction

We address the structure of the grope and solvable filtrations of the knot concordance
group. Two oriented knots K¢ and K in the 3—sphere S* are concordant if there is a
topologically locally flat and properly embedded annulus in S3 x [0, 1] whose boundary
is the union of K¢ x {0} and —K; x {1}. It is known that Ky and K; are concordant if
and only if the connected sum Ko#(—K1) bounds a locally flat and properly embedded
disk in the 4-ball D*, namely, Ko#(—K1) is a slice knot. Concordance classes form
an abelian group under connected sum, which is called the knot concordance group
and denoted by C.
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In the late 1990s, Cochran, Orr and Teichner [15] introduced the grope and solvable
filtrations of the knot concordance group, denoted by {G,} and {F,}, respectively,
which are indexed by nonnegative half-integers. The subgroup G, consists of knots
bounding a grope of height n in D*, where a grope is a certain 2—complex constructed
by attaching surfaces along their boundaries. See Definition 2.1 for a precise definition
of a grope. Similarly, 7, is the subgroup of knots such that the zero-framed surgery
on the knot bounds an n—solution, where an n—solution is a 4—manifold satisfying
certain conditions on the (equivariant) intersection form with twisted coefficients (see
Definition 2.3). For all n it is known that G, 4, C F, [15, Theorem 8.11], and one
may consider an n—solution as an order n approximation of the exterior of a slice disk
in D*. These filtrations reflect classical invariants at low levels. For instance, a knot K
has vanishing Arf invariant if and only if K € Fy, and K is algebraically slice if and
only if K € Fy.5 [15]. Furthermore, a knot in F; 5 has vanishing Casson—Gordon
invariants [15], but it is known that there exists a knot with vanishing Casson—Gordon
invariants which is not in Fj 5; see Kim [31].

We review results on finding infinite-rank subgroups of the successive quotients
Fn/Fns and Gu4+2/Gny2.5 for n > 2. We are interested in the cases for n > 2
since the cases for n < 2 were well known from classical invariants. For finding
infinite-rank subgroups of the quotients, there are three different approaches, using

(1) rationally universal solvable representations;
(2) algebraic n—solutions;

(3) iterated doubling operators.

In this paper, by an iterated doubling operator we mean any of the iterated (general-
ized) doubling operators used in Cochran, Harvey and Leidy [11; 13], Cha [2] and
Horn [27]. For a more precise definition of an iterated doubling operator, see the proof
of Theorem 4.3.

First, in their seminal papers [15; 16], using the von Neumann—Cheeger—Gromov
p(z) —invariants associated to rationally universal solvable representations, Cochran,
Orr and Teichner showed that 7, /> s has an infinite-rank subgroup, giving the first
example of nonslice knots with vanishing Casson—Gordon invariants.

For each integer n > 2, Cochran and Teichner showed that F;, /7, 5 and Gn4+2/Gn+2.5
are infinite and have positive rank using Cheeger—Gromov’s universal bound on p‘® —
invariants and their new notion of an algebraic n—solution [17]. Later, Cochran and
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Teichner’s work was refined further by Cochran and the author [14]. Also in [14], the
notion of an algebraic n—solution was generalized.

Using iterated doubling operators and unlocalized higher-order Blanchfield linking
forms, Cochran, Harvey, and Leidy obtained the first example of an infinite-rank
subgroup of F,,/F,.5 for each integer n > 2 [11]. They extended their work further
and showed that the solvable filtration {F,} has refined filtrations related to primary
decomposition whose successive quotient groups have infinite rank [13]. For the grope
filtration, Horn [27] proved that G, +2/Gn+2.5 has an infinite-rank subgroup for each
integer n > 2, where the generating knots of the subgroups were constructed using
iterated doubling operators.

In all of the above work, knots were obstructed to being in F, 5 (hence not in G, 47 5)
using the p® —invariants associated to a representation mapping to a poly-torsion-free-
abelian (henceforth PTFA) group. By a PTFA group, we mean a group which allows a
subnormal series whose successive quotient groups are torsion-free and abelian. These
obstructions are essentially based on the vanishing criterion of the p(z) —invariants asso-
ciated to a PTFA representation given by Cochran, Orr and Teichner [15, Theorem 4.2].
For the reader’s convenience, we review the p(z) —invariant in Section 2.2, where the
p(z) —invariant is defined to be an L2—signature defect.

In [7], Cha and Orr developed L2—theoretic methods: for a representation to a group
which is amenable and lies in Strebel’s class D(R) for some commutative ring R,
they proved the homology cobordism invariance of the LZ-Betti numbers and the
p(z) —invariants, and presented a method for controlling the L?—dimension of homology
with L2—coefficients. (The reader may refer to [7] for definitions of amenable groups
and Strebel’s class D(R), but the definitions will not be needed in this paper.)

Based on the work in [7], Cha found a vanishing criterion of p(z) —invariants associated
to a representation to a group which is amenable and lies in Strebel’s class D(R),
where R =Q or Z, for a prime p [2, Therorem 1.3], which extends [15, Theorem 4.2].
In this paper, we call this extended vanishing criterion the amenable signature theorem
(for n.5—solvability); see Theorem 2.5. We note that the above class of groups includes
PTFA groups and some groups with torsion elements (see Lemma 2.7). Using the
amenable signature theorem, Theorem 2.5, Cha constructed an infinite-rank subgroup
of Fp/Fn.s for each integer n > 2 for which the p‘® —invariants associated to a PTFA
representation vanish [2, Theorem 1.4]. The generating knots of the infinite-rank
subgroups in [2] were constructed also using iterated doubling operators.
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In this paper, we combine algebraic n—solutions and the amenable signature theorem
to find new infinite-rank subgroups of the grope and solvable filtrations, and give
Theorem 1.1 below. In the following, Ak (¢) denotes the Alexander polynomial of a
knot K. For a group G, let G(® := G, and inductively for n > 0 define G"+1 :=
[G™, G™]. The group G is called the n™ derived subgroup of G. Also recall that
Gnya C JFp forall n.

Theorem 1.1 Let n > 2 be an integer. Let K be a slice knot with deg Ak (t) > 2.
Then there is a sequence of knots K1, K», ... satistying the following:

(1) Foreach i, there is an isomorphism
71 (S~ Ki)/m1 (82~ K) D — i (83 < K) /(87 ~ K) D

which preserves the peripheral structures.

(2) The K; are in G,4» and they are linearly independent modulo F, 5. In partic-
ular, the knots K; generate an infinite-rank subgroup in each of G,4+2/Gn+42.5
and ]Tn /fn.s .

(3) In Gu4+2/Gn+2.5, the infinite-rank subgroup generated by the K; trivially inter-
sects the infinite-rank subgroup in [27].

(4) In F,/Fn.s, the infinite-rank subgroup generated by the K; trivially intersects
the infinite-rank subgroups in [11; 13; 2].

In Theorem 1.1, the condition deg Ak (¢) > 2 is the best possible; by the work of Friedl
and Teichner [24], Theorem 1.1 does not hold for any # > 2 for a certain slice knot K
with deg Ak (¢) = 2 (also refer to [14, Proposition 5.10]). Properties (1) and (2) of
Theorem 1.1 are proven in Theorem 4.2. Theorem 4.3 gives properties (3) and (4).

An advantage of constructing the K; using not iterated doubling operators but algebraic
n—solutions is that Theorem 1.1(1) is obtained for any slice knot K with deg Ag (¢) > 2.
We remark that Theorem 1.1(1) is related to studying the structure on knot concordance
under a fixed Seifert form. It is well known by the work of Freedman and Quinn [20; 21]
that a knot with trivial Alexander polynomial is slice, and hence determines a unique
concordance class, namely the class of slice knots. It was asked if there is any other
Alexander polynomial or a Seifert form which determines a unique concordance class.
This question was answered in the negative that for each Seifert form of a knot K with
nontrivial Alexander polynomial, there exist infinitely many mutually nonconcordant
knots K; having the Seifert form; see Livingston [35] and Kim [32] (also refer to
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Kim [34]). This result was refined further: in [14, Theorem 5.1] it was shown under the
condition deg Ak (¢) > 2 that for each n > 2 those mutually nonconcordant knots K;
can be constructed using algebraic n—solutions such that the K; are mutually distinct
in 7,/ Fn .5 and satisfy property (1) in Theorem 1.1. Furthermore, in [14] it was shown
that the K; have the same m" order Seifert presentation (see [14, Definitions 5.5
and 5.9]) as K for m =0,1,...,n — 1, and hence have the same Seifert form. In
this paper, in Theorem 1.1, we refine it further and construct the K; so that they are
linearly independent in F,/F, 5, still satisfying property (1) in Theorem 1.1. We
also note that the K; in Theorem 1.1 have the same m" order Seifert presentation for
m=0,1,...,n—1. (This can be easily shown using the same arguments in the proof
of [14, Theorem 5.1] and will not be discussed in this paper.)

We also refer the reader to Cha and Kim [33; 5] for more applications of algebraic
n—solutions to doubly slice knots and the solvable filtration of the rational knot con-
cordance group.

We construct the K; in Theorem 1.1 using a well-known process called infection or
satellite construction, which involves a seed knot, axes (knots) and infection knots (see
Section 3). Then, we show that the K; are linearly independent modulo F;, 5 using the
amenable signature theorem, Theorem 2.5, following the ideas in [2]. We give more
details: Let J be a nontrivial linear combination of the K;. Given any n—solution V
for J, to obstruct V' from being an n.5—solution, we use the p(z) —invariants associated
to a representation factoring through 7 W — 7y W/P"* 17 W, where W is a certain
4-manifold containing V. Here, P W ois a subgroup of 71 W obtained from a
certain mixed-coefficient commutator series of w1 W which is defined depending on
the choice of a prime p. See Definition 2.6 for a precise definition of P17z W. We
remark that, as can be seen in the proof of Theorem 4.2, the choice of a prime p is
specific to the linear combination J. Namely, we can choose a representation specific
to J and use the corresponding 0@ —invariant, and this makes it easier to show that J
is not trivial modulo 7y, 5. In the representation, the quotient group 71 W/P"* g W
has torsion elements, hence is not a PTFA group. But it is amenable and lies in
Strebel’s class D(Zp), and this fact enables us to use the amenable signature theorem,
Theorem 2.5, and obtain desired computations of p(®)—invariants.

When we construct the K; using infection, we need to choose the axes in a subtle way:
for a given slice knot K with deg Ax () > 2, we use K as a seed knot and choose axes
n; for 1 <i < m such that for each homomorphism on ; induced from the inclusion
M(K) — W, where M(K) is the O—surgery on K and W is an n—solution for K, the

Algebraic & Geometric Topology, Volume 20 (2020)



2418 Taehee Kim

axes 7; should satisfy a certain nontriviality property under the homomorphism. The
desired nontriviality property and existence of such axes are given in Theorem 3.4,
which is a key technical theorem in this paper. Roughly speaking, the nontriviality
property requires that for a given n—solution W and P"*!m; W, there exists some
n; such that n; ¢ P"*lzW. To prove Theorem 3.4 we generalize the notion of an
algebraic n—solution in [17; 14] and define the notion of an R-algebraic n—solution,
where R = Q or Z, for a prime p (see Definition 5.8). We also use a nontriviality
theorem on homology with twisted coefficients which is obtained using higher-order
Blanchfield linking forms (see Theorem 5.2 and the proof of Theorem 3.4).

We prove Theorem 1.1(3)—(4) in Theorem 4.3, following the ideas in [13, Section 9].
For each positive half-integer n, a prime p and a group G, we define a subgroup Gc(gt), p
of G using a localization of a group ring (see Section 4.2). Then, using it we define
the notion of (n, p)—solvable knots (Definition 4.4). We note that G™ ¢ GC(;’Q p for
all prime p, and an n—solvable knot is (n, p)—solvable for all prime p. Finally, we
show that a nontrivial linear combination of the K; in Theorem 1.1 is not (n.5, p)—
solvable for some prime p, but a knot concordant to a linear combination of the knots

in [27; 11; 13; 2] is (n.5, p)—solvable for all prime p.

Other than finding infinite-rank subgroups of F,,/F,.5 and G,42/Gn+2.5, there are
many interesting results on the grope and solvable filtrations; see Kim and Kim [29; 30],
Cochran, Harvey and Leidy [13; 12], Burke [1], Davis [18] and Jang [28]. For instance,
it is known that for each integer n > 2 and for each of F,,/F, .5 and Gu42/Gn+2.5,
there exists a subgroup infinitely generated by knots of order 2 [12; 28]. These knots
are constructed using iterated doubling operators, and it is unknown whether or not
one can construct a subgroup infinitely generated by knots of order 2 using algebraic
n—solutions.

We can also define the grope and solvable filtrations {G;} and {F;} of the smooth
knot concordance group. We note that all the results in this paper also hold under this
smooth setting: all our examples of manifolds and gropes are constructed smoothly,
and the obstructions obtained from the amenable signature theorem, Theorem 2.5, are
topological obstructions. Moreover, by the work of Freedman and Quinn [21], it is
known that in fact the smooth and topological filtrations are equivalent, that is, K € G,
(resp. K € F,)if and only K € G} (resp. K € F},); see [3, Remark 2.19; 13, page 454].

This paper is organized as follows. In Section 2, we introduce the grope and solvable
filtrations of the knot concordance group and give the amenable signature theorem,
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Theorem 2.5. In Section 3, we discuss the construction of examples using infection (or
satellite construction). We prove Theorem 1.1 in Section 4, and discuss higher-order
Blanchfield linking forms and the notion of R—algebraic n—solutions in Section 5.

In this paper, manifolds are assumed to be compact, and oriented, and Z, denotes the
field of p elements for a prime p. By abuse of notation we use the same symbol for
a knot and its homotopy class and homology classes. Homology groups come with
integer coefficients unless specified otherwise. For a knot K, we denote by E(K)
and M(K) the exterior of K in S3 and the O—surgery on K in S3, respectively.
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2 Preliminaries

In this section, we review the grope and solvable filtrations of the knot concordance
group, and recall necessary results on amenable signatures and mixed-coefficient
commutator series of a group in [2].

2.1 The grope and solvable filtrations

In this subsection we review the notions of a grope, an n—solution, an n—cylinder and
the grope and solvable filtrations of the knot concordance group.

Definition 2.1 [22; 15, Definition 7.9] A grope of height 1 is a compact connected
surface with a single boundary component. This boundary component is called the
base circle. Let X be a grope of height 1 of genus g. Let {o;, B; }1<i<g be a standard
symplectic basis of circles on X such that ¢; and B; are dual to each other. For an
integer n > 1, a grope of height n + 1 is a 2—complex obtained by attaching gropes of
height n to each «; and B; along the base circles. A grope of height n.5 is a 2—complex
obtained by attaching gropes of height n to each «; and gropes of height n — 1 to
each f; along the base circles. Here, the surface X is called the bottom stage of the
grope, and a grope of height 0 is understood to be the empty set. For a grope embedded
in a 4-manifold, we require that the grope has a neighborhood which is diffeomorphic
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to the product of R and the standard neighborhood of the (abstract) grope in R3. In this
paper, a grope in a 4—manifold means a grope smoothly embedded in the 4—manifold
in this way. We also note that in the literature a grope defined in this way is called a
symmetric grope.

Let Ngo = NU{0}. Foreach n € %N 0, we denote by G, the subset of C which consists
of knots bounding a grope of height n in D*. It is known that each G, is a subgroup
of C and G, C G, for m > n, and hence {G,} is a filtration of C. We call it the grope
Sfiltration of C.

For a group G, recall that G™ denotes the n™ derived subgroup of G. Now, for a
4-—manifold W, let w :=m W and let R:=7, Q or Zj,. Then, for each n > 0, there
is the equivariant intersection form

AR Hy(W: Rt/ 7 ™) x Hy(W; R[/7™]) = R[z/x ™).
We drop the decoration R from AR when it is understood from the context. Below, we

generalize the notions of an n—cylinder and a rational n—cylinder in [14].

Definition 2.2 (Section 2 of [14] for R=Z and Q) Let R=7Z,QorZ,. Letn bea
nonnegative integer. Let W be a compact connected 4—manifold with W = ]_[f=1 M;,
where each M; is a connected component with H;(M;) =~ R. Let 7 := m W and
r = 1 rankg Coker{ H>(0W; R) — H(W; R)}.

(1) W is an R—coefficient n—cylinder if each inclusion from M; to W induces an

isomorphism on Hy(M;; R) and there exist x1, x2,...,x, and y1,y2,..., Vr
in Hy(W:; R[r/7™)]) such that An(xi,x;) =0 and A, (x;,y;) =6;; for 1 <
i,j<r.

(2) W is an R—coefficient n.5—cylinder if W satisfies (1), and furthermore there
exist lifts X1, X2, ..., % of x1,%X2,...,X, in Ha(W; R[r/7®@*+D]) such that
Ang1(Xi,Xj)=0for 1 <i,j<r.

We also require W to be spin when R = 7Z. A Z—coefficient n—cylinder is also called
an n—cylinder. The submodule generated by x1, x2, ..., X, (resp. X1,X2,...,Xr) is
called an n—Lagrangian (resp. (n—+1)—Lagrangian), and the submodule generated by
V1,Y2,...,yr is called its n—dual.

It is obvious that an n—cylinder is a Q—coefficient n—cylinder. An n—cylinder in [14]
appeared as a generalization of an n—solution in [15]. Below we generalize the notion
of an n—solution to the notion of an R—coefficient n—solution.
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Definition 2.3 (Section 8 of [15] for R = Z and Q) An R-—coefficient n—cylinder
with a single boundary component is also called an R—coefficient n—solution. A
Z—coefficient n—solution is called an n—solution. A closed 3—manifold M with
H1(M) = Z is n—solvable via W if there exists an n—solution W with boundary M.
A knot K in S3 is n—solvable via W and W is an n—solution for K if M(K) is
n—solvable via W.

For each n € %No, we denote by F;, the subset of n—solvable knots in C. It is known
that 75 is a subgroup of C and F,, C Fy, if m > n [15]. Therefore, {F,} is a filtration
of C, and we call it the solvable filtration of C. The filtrations {G,} and {F,} have the
following relationship.

Theorem 2.4 [15, Theorem 8.11] Let n € %NO. If a knot K bounds a grope of
height n + 2 in D*#, then K is n—solvable. That is, Gn12 C Fy.

It is unknown whether or not the converse J, C G, > holds in general, but it is known
that 7, = G, 42 when n =0,0.5 [15, Theorem 8.13 and Remark 8.14].

2.2 Amenable signatures

In this subsection, we briefly review the von Neumann—Cheeger—Gromov p? —invari-
ants [9], and introduce the amenable signature theorem, Theorem 2.5. For a closed
3—manifold M, let I' be a countable group and y: w1 M — I' a group homomorphism.
Then Chang and Weinberger [8] showed that there exists a group G containing I’
and a 4-manifold W with dW = M such that ¢: 7 M Y, I < G extends to
71 W — G. Then, for N'G, which is the group von Neumann algebra of G, using ¢ we
obtain a homomorphism Z[w; W] — NG and the corresponding equivariant hermitian
intersection form
A Hy(W;NG) x Hy(W;NG) - NG

and the L?—signature sign(Gz)(W) € R. Let sign(W) be the ordinary signature of W
and let Sg(W) = sign(Gz)(W) — sign(W), an L2-signature defect. Then the von
Neumann—Cheeger-Gromov p® —invariant associated to (M, ) is defined to be

PP (M. ) = Sg(W).
It is known that it is independent of the choices of a group G and a 4—manifold W. For

more details on the von Neumann—Cheeger—Gromov ,0(2) —invariants, refer to [17; 2].
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Using LZ—theoretic techniques and the amenable signature theorem on homology
bordism developed in [7], Cha obtained the following obstruction for a knot to be
n.5—solvable, which generalizes the obstruction from the p(®—invariant associated
with a PTFA representation in [15]:

Theorem 2.5 (amenable signature theorem for n.5—solvability [2, Theorem 1.3]) Let
K be an n.5-solvable knot. Let G be an amenable group lying in Strebel’s class D(R)
for R=Q or Z, such that GV ={e}. Let ¢: 1 M(K) — G be a homomorphism
which sends the meridian of K to an infinite-order element in G. Suppose ¢ extends
to an n.5—solution for M(K). Then p(z) (M(K),¢)=0.

The only amenable groups in Strebel’s class D(R) which we will use in this paper are
the groups given in Lemma 2.7 below, and we will not need the definitions of amenable
group and Strebel’s class D(R). (One may find the definitions in [7].)

2.3 Mixed-coefficient commutator series

In this subsection, we give examples of groups which are amenable and in D(R).
Namely, for a group G, we will construct a certain subnormal series {Pk G} of G such
that G/ PXG are amenable and in D(R).

Definition 2.6 [2, Definition 4.1] Let G be a group and P = (Rp, R;,...) be a
sequence of rings with unity. The P—mixed-coefficient commutator series {Pk G} of G
is defined inductively as follows: Let P°G := G. For a nonnegative integer k, we
define

PkG PkG

PG .= Ker] P¥G — N
“ [PKG.PKG]  [P¥G.PkG]

®z Rk -

Note that (P¥G/[P¥G,P¥G]) @z Ry = H1(G: R¢[G/P¥G)). Also, G® c PkG
for all P and k, and the group P¥G/P¥*1G injects into H1(G; R [G/P¥G)).

Using P-mixed-coefficient commutator series, we obtain groups which are amenable
and in D(R) as below.

Lemma 2.7 [2, Lemma 4.3] Let G be a group and n be a nonnegative integer. Let
P = (Ro, Ry, ...) be a sequence of rings with unity such that for each k < n, every
integer relatively prime to p is invertible in Ry . Then, for each k < n, the group
G/P¥G is amenable and lies in D(Z »)-
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Later, in the proof of Theorem 1.1, we will use a P—mixed-coefficient commutator
series where P = (Ro, R1,..., Ry) with R; =Q for 0<i <n—1 and R, =Z, for
some prime p and a representation to the group G/P"+1G for some group G. In this
case, G/P"T1G has a subgroup P*G/P"+t1G which injects into a Z,—vector space
H1(G;Zp[G/P"G)). (Therefore G/P"T1G has p-torsion elements and it is not a
PTFA group.)

3 Construction of knots bounding a grope of height n + 2

In this section, we discuss how to construct a knot bounding a grope of height n + 2
in D*. We will construct such a knot using a process called infection or satellite
construction. Let K be a knot in S3 and n a positive integer. Let 1y, ..., 7, be
disjoint simple closed curves in E(K) such that n; € 71 E(K)® for all i . Suppose
the n; form an unlink in S3. Let Jy,..., J;, be knots. For each 1 <i < m, remove
the open tubular neighborhood of 7; in S3 and glue in the exterior of J; by identifying
their common boundaries using an orientation-reversing homeomorphism in such a
way that a meridian (resp. a 0-linking longitude) of »; is identified with a 0—linking
longitude (resp. a meridian) of J;. The resulting 3—manifold is homeomorphic to S3,
and now the knot K becomes a new knot in this S3. We denote this knot by K(n;; J;)
or K(n1,...,0m;J1,...,Jm) and say that it is obtained by infecting K by J; along n; .
In the case that J; = J for some knot J for all i, we simply write K(91,...,0m:J)
or K(n;i;J). Wecall K, n; and J; the seed knot, the axes and the auxiliary knots (or
infection knots), respectively. For more details, we refer the reader to [16].

Roughly speaking, a grope of height n + 2 bounded by K(n;; J;) is constructed by
“stacking” gropes of height 2 bounded by J; and gropes of height n bounded by 7; .
Construction of a grope bounding the knot resulting from infection was investigated
in [17] and later in [27]. Afterwards, a more systematic way of construction was given
in [3; 6]. For instance, the following theorem is implicitly proved in [6, Definition 4.4].
In the following, a capped grope is a grope with disks attached along symplectic basis
curves on the top stage surfaces of the grope, where the disks are called caps.

Theorem 3.1 [6] Let K be a knot and let n; for 1 <i < m be curves in S3< K
which form an unlink in S3. Suppose that n; bound disjoint capped gropes of height n
in S3 which do not meet K except for the caps. For each i with 1 <i < m, suppose
that J; is a knot which bounds a grope of height 2 in D*. Then the knot K(n;; J;)
bounds a grope of height n + 2 in D*.
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The following lemma shows how to find axes 1; bounding gropes of height »n:

Lemma 3.2 [17, Lemma 3.9] Let K be a knot and let n; for 1 <i <m be curves in
S3 < K which form an unlink in S3. Suppose n; € 71(S3~ K)™ . Then there exist
capped gropes G; of height n disjointly embedded in S> such that G; do not meet K
except for the caps and for each i the grope G; is bounded by a knot in the homotopy
class of n;.

Note that in the above lemma, the base circles of G; form an unlink in S3 since G; are
disjointly embedded capped gropes. Theorem 3.1 and Lemma 3.2 yield the following
corollary immediately:

Corollary 3.3 Let K be aknot and let n; for 1 <i <m be curves in S3~ K which
form an unlink in S3. Suppose n; € m1(S>~ K)® . Foreach i with1 <i <m,
suppose J; is a knot bounding a grope of height 2 in D*. Then we can homotope 1n;
so that the knot K(n;; J;) bounds a grope of height n + 2 in D*.

We discuss further how to choose 7n; and J;. Namely, to prove Theorem 1.1 we will
need to construct infinitely many knots bounding a grope of height n +2 in D* which
are linearly independent modulo F, 5. For that purpose, we need to make specific
choices for n; and J;.

The following theorem is a generalization of [14, Theorem 5.13], and in Section 4 it
will be used for the choice of axes 7; in the construction of the generating knots of the
subgroups in Theorem 1.1.

Theorem 3.4 Let n > 1 be an integer. Let K be a knot with nontrivial Alexander
polynomial Ak (t). Suppose deg Ag(t) >2 if n > 1. Let ¥ be a Seifert surface
for K. Then there exists an unlink {n1,...,nm,} in S which does not meet ¥ and
satisfies the following:

(1) Foralli,n; € T M(K)™ and the n; bound capped gropes of height n which
are disjointly embedded in S3 ~ K. Here, the caps are allowed to intersect K.

(2) Let P=(Ro,R1,....Ry), where R; =Q for0<i <n—1and R, =7Zp,
where p is a prime greater than the top coeftficient of Ak (t). Then, for each
n—cylinder W with M(K) as one of its boundary components, there exists
some n; such that j.«(n;) ¢ P"Tm W, where ji: myM(K) — m W is the
inclusion-induced homomorphism.
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Figure 1: A clasper surgery description of the knot P, .

We note that the {ni,...,ns} is independent from the choice of P and W. The
above theorem is the most technical part of the paper, and its proof is postponed to the
end of Section 5.2, where we give a proof using the notion of algebraic n—solutions.
Theorem 3.4 is significant since it shows that there is a finite set of 7; in S3 <~ K
(in fact, in S3 ~ X) which satisfies the nontriviality property in Theorem 3.4(2) for
every n—cylinder for M(K). (If one needs to find a finite set of 7; satisfying the
nontriviality property for a specific choice of an n—cylinder, it can be more easily done
using Theorem 5.2.) We also note that the »; are explicitly constructed by taking
conjugates and commutators of the curves dual to the bands of X; see the proofs of
Theorems 3.4 and 5.11.

We will need the following lemma for the choice of infection knots J; when we show
linear independence of knots K(#1,...,Nm; Ji) for i > 1 in the proof of Theorem 1.1.
In the following, o, denotes the Levine—Tristram signature function for J;.

Lemma 3.5 [28, Proposition 3.4] For any positive constant C, there exists a sequence
of knots J1, J2, ... and an increasing sequence of odd primes p1, p», ... which satisfy
the following; let w; := e27V=1/pi

(1) Each J; bounds a grope of height 2 in D*.

@ Y og @) > pi-C.

3) Yr o @) =0 for j <i.
In [28, Proposition 3.4], the J; were constructed to satisfy more conditions, such
as [g107;(w)dw = 0, to obtain the knots K(11,...,7m: J;) for which the p@—

invariants associated to a PTFA representation vanish. We do not need this property
in this paper, and for our purpose we can use simpler J;. That is, the proof of [28,
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Proposition 3.4] tells us that, in Lemma 3.5, for each i we can take J; to be a connected
sum of N copies of Py, | #(—Pp;), where N is an integer bigger than %C, Py, is
a knot whose clasper surgery description is as given in Figure 1, and my,m,,... isa
certain increasing sequence of positive integers. In Figure 1, the knot Py, is obtained
from the unknot U by performing clasper surgery along the tree 7. The knot P,, for
m =1 was given in [17, Figure 3.7], and the knots P, for m > 1 were given in [27].
The surgery descriptions of Py, are given in [17, Figure 3.6; 27, Figure 3].

4 Infinite-rank subgroups of filtrations

In this section, we prove Theorem 1.1, which will be a direct consequence of Theorems
4.2 and 4.3. First, we construct the generating knots of the desired subgroups in
Theorem 1.1. Let n > 1. Let K be a slice knot with deg Ag () > 2. Let {n1,...,0m}
be an unlink in S3 lying in E(K) given by Theorem 3.4. By Corollary 3.3, we
can homotope 7; so that K(n;;J) bounds a grope of height n + 2 in D* for ev-
ery knot J which bounds a grope of height 2 in D*. By the work in [9; 36],
there exists a constant C such that |p® (M (K), $)| < C for all homomorphisms
¢: miM(K) — G for every group G. (Moreover, in [4] it was shown that we can
take C = 69713280 (crossing number of K).) Using Lemma 3.5 with this constant C,

choose a sequence of knots Ji, J,,... such that the prime p; is greater than the
top coefficient of Ag(¢z). Finally, for each i > 1 define K; := K(n1,...,0m; Ji).
(Therefore, the choice of 711, ..., n, is independent of K;.)

4.1 Linear independence of examples

In this subsection, in Theorem 4.2 we show that the knots K; defined as above satisfy
Theorem 1.1(1)—(2). To prove Theorem 4.2, we will need the following lemma. Recall
that for a 4-manifold W with a homomorphism ¢: 7 W — G, we let Sg(W) :=
sign(z) (W) —sign(W).

Lemma 4.1 Let K be a slice knot. Let {n1,1n2,...,Nm} be an unlink in E(K) such
that n; € T E(K)™ forall 1 <i <m. Let M := M(K(n;: J;)). Suppose J; is a
knot with vanishing Arf invariant for 1 <i <m. Then, letting Z o, := Z, we have the
following:

(1) There exists an n—solution W for M satisfying the following: suppose that
¢: myW — G is a homomorphism, where G is an amenable group lying in
Strebel’s class D(R) for some ring R. Then Sg(W) =Y 1, o@D (M), di),
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where for each i the map ¢;: w1 M(J;) — Zg, is a surjective homomorphism
sending the meridian of J; to 1 € Z g, with d; the order of ¢(n;) in G.

(2) There exists an n—cylinder V' with 0V = M(K) U (—M) satisfying the fol-
lowing: suppose that ¢: m1V — G is a homomorphism, where G is an
amenable group lying in Strebel’s class D(R) for some ring R. Then Sg(V) =
>, o@D (M(J;), ¢;), where for each i the map ¢;: ;iM(J;) — Zg, is a
surjective homomorphism sending the meridian of J; to 1 € Z4, with d; the
order of ¢(n;) in G.

Proof Part (1) is essentially due to [2, Proposition 4.4] and its proof, noticing that

m
p@ (M. §) = pP(M(K). ¢)+ > pP(M(J;). ).
i=1
where, by abuse of notation, ¢ also denotes the restriction of the map ¢: miW — G
to the corresponding subspace.

We prove part (2). Since each J; has vanishing Arf invariant, it is O—solvable. Let W;
be a O—solution for J;. By doing surgery along Wl.(l) if necessary, we may assume
that w1 W; = Z, generated by the meridian of J;.

Let V = M(K)x[0,1]U(L]7Z, —Wi), where each —W; is attached to M(K) x [0, 1]
by identifying the solid torus M (J;) ~ E(J;) C dW; with the tubular neighborhood
of n; x0 C M(K) x 0 in such a way that a 0-linking longitude of 5; is identified
with a meridian of J; and a meridian of 5; is identified with a O-linking longitude
of J;i. Then dV = M(K) LI (—M) and an inclusion from a boundary component
M(K) or M to V induces an isomorphism on first homology. Using Mayer—Vietoris
sequences, one can also show that 0—Lagrangians and O—duals of W; give rise to an
n-Lagrangian and its n—dual of V. This shows that V' is an n—cylinder.

As in [11, Lemma 2.3], one can obtain that

m
PP (M(K), k) — pP (M. dpr) = =) _ pP(M(Ji). 1),

i=1
where ¢x, ¢ppr and ¢; are the restrictions of ¢ to the corresponding subspaces. By
the definition of p® —invariants, we have p@ (M (K), px) — p@ (M, ¢par) = S (V).
Note that since ¢; factors through 71 W; =~ Z, the image of ¢; is the abelian subgroup
in G generated by the image of the meridian of J;. Since the meridian of J; is
identified with the O-linking longitude of n; in M(K), by the subgroup property of

Algebraic & Geometric Topology, Volume 20 (2020)



2428 Taehee Kim

@ —invariants (see [16, page 108]) we may assume that the map ¢;: 71 M (J;) — Zg;
is a surjective homomorphism sending the meridian of J; to 1 € Z4, with d; the order
of ¢(n;) in G. a

Theorem 4.2 Let n > 2 be an integer and let K be a slice knot with deg Ag (t) > 2.
Let K; be the knots obtained from K as in the beginning of Section 4. Then
K; € Gy4o forall i, and K; are linearly independent modulo F, 5. Moreover, letting
G :=m1(S3~K) and G; := m1(S>~ K;), we can construct K; such that for each i
there is an isomorphism G; / Gl-(n+1) — G/G®*D preserving peripheral structures.

Proof Since there is a degree 1 map from E(J;) to E(unknot), for each i, there
is a degree 1 map f;: E(K;) — E(K) relative to the boundary such that f; is the
identity outside the copies of E(J;). Since 1, € 1y M(K)® forall £ =1,...,m, by
[10, Theorem 8.1] the f; induces an isomorphism Gi/Gl.(n'H) — G/G®*D which
preserves peripheral structures. This proves the last part of Theorem 4.2.

The K; bound a grope of height n 42 in D* by Corollary 3.3 and Lemma 3.5, hence
Ki € Gnyo. Let J := #; a; K;, where a; € Z, a nontrivial connected sum of finitely

many copies of K; and their inverses —K; . To prove the theorem it suffices to show
that J is not n.5—solvable.

Suppose J is n.5-solvable. We may assume a1 # 0 while preserving the properties
given by Lemma 3.5, and, furthermore, by taking the inverse of K; if necessary, we
may assume a1 > 0. Note that the J; have vanishing Arf invariant since they bound a
grope of height 2 in D* and hence are 0—solvable. We construct building blocks for a
certain 4-manifold as follows:

(1) Let V be an n.5-solution for M(J).

(2) Let E be the standard cobordism between M(J) and |[; a; M(K;) as con-
structed (with the name C) in [16, page 113]. We may assume that JFE =

(LI ai M(Kp) L (=M (J)).
(3) Let V7 be an n—cylinder with 0V = M(K) LI (—M(K1)) as given in Lemma
4.1(2).
(4) Let W; be an n—solution for M(K;) as given in Lemma 4.1(1).
Let by :=a1—1 and b; = |a;| for i > 2. For 1 <s <b;, let W be a copy of —¢; W;,
where €; = a;/|a;|. Now we define

W=VUEU(V1H(]_[ﬁW,-S)),

I_E 0+E i s=1
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M(K)

M(Ky)

M(J) &

Figure 2: Cobordism W.

where 01 E =[], a; M(K;) and 0_E = M(J). See Figure 2. Note that )W = M(K).
Using Mayer—Vietoris sequences, one can easily show that the n—Lagrangians and
n—duals of 17, Wl.s and V form an n-Lagrangian and its n—dual for W, and therefore
W is an n—solution for M(K).

Let P := (Ro,R1,....,Ry), where R; = Q fori <n—1 and R, = Zj,. Using
Definition 2.6, we obtain P/ W for 1 < j <n + 1, which are subgroups of 71 W.
Let G :=m W/P”“nl W, which is amenable and lies in D(Z,,) by Lemma 2.7, and
let ¢: m1 W — G be the quotient map. For convenience, we denote a restriction of ¢
by ¢ as well.

Since W = M(K), we have Sg(W) = p(z)(M(K),qﬁ). On the other hand, by
Novikov additivity, we have
b;
S¢(W)=Sc(V)+Sc(E)+Sc(V)+)_ > Sc(W).

i s=1
Here, Sg (V) = 0 by the amenable signature theorem, Theorem 2.5.

Also, Sg(E) = 0 since Coker{H2(d—_E) — H>(E)} = 0 (see [16, Lemma 4.2;
11, Lemma 2.4]).
By Lemma 4.1(2), m
S (Vi) == pP (M), ),

i=1
where ¢;: m1M(J1) — Zg, is a surjective homomorphism such that d; is the order
of ¢(n;) in G and ¢; sends the meridian of J;, which is the 0—linking longitude of 7;,
to 1€Zg, . Since ; € 71 M(K)™ | one can see that ¢(n;) lies in Py W/P "t lm W,
Since P*miW/P"Tlmi W injects into Hy(m1W; Zp, [m1W/P" w1 W]), which is a
Zp, —vector space, we have d; =1 or py.
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Then, by [16, Proposition 5.1] (or by [23, Corollary 4.3]), p®(M(J1).$i) = 0 if
di = 1, and p® (M (J1).¢) = (1/p1) XL 04,27 V=1P1) if d; = py, where
oy, denotes the Levine—Tristram signature function for Ji. Furthermore, since the
ne for 1 <€ < m were chosen using Theorem 3.4, there exists some 7; such that
¢(n;) # e in G. Therefore d; = p; for some i and we have

p1—1
SG(Vl)E_% Z O.Jl(ean«/jl/Pl)'

r=0

We compute Sg(W,"). By Lemma 4.1(1), we have

Sc(Wi) =Y pP M), $)).

j=1
When i =1, W}’ = —W; and hence
r1—1

Se(W) == o7, Y71P1) or 0,

r=0
computed as above. When i > 2, similarly to the case i = 1, we have

p1—1
Sc(W?) = :I:i Z UJi(eZ””_l/p‘) or 0.
P r=0

But, by Lemma 3.5(3), we have Sg(W;®) =0 for i > 2.

Summing up the above computations, we obtain that

r1—1

1 2nra/—1/p
Seg(W) < —— oy, (e !
cW) = -~ > o )

r=0

and therefore we have |Sg(W)| > C by our choice of J; and Lemma 3.5(2). But,
from Sg (W) = p@ (M (K), ¢) and our choice of C, we have |Sg(W)| < C, which
is a contradiction. a

4.2 Distinction from the knots constructed via iterated doubling
operators

The purpose of this subsection is to prove Theorem 4.3 below. We note that in [27]
it was shown that a nontrivial combination of the knots generating the infinite-rank
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subgroup of Gn4+2/Gn+2.5 in [27] is nontrivial modulo 7, 5. That is, the infinite-
rank subgroup of G, 42/Gn+2.5 in [27] injects into F;, /F,.5 under the quotient map
C/Gnt+25—>C/Fns.

Theorem 4.3 Let n > 2 be an integer and let K; be the knots in Theorem 4.2. In
Fn/Fn.5, the infinite-rank subgroup generated by the K; trivially intersects the infinite-
rank subgroups of F,/Fn.5 in [11; 27; 13; 2]. In particular, in Gy+2/Gn+2.5, the
infinite-rank subgroup generated by K; trivially intersects the infinite-rank subgroup of

Gn+2/Gn+2.5 in[27].

We give a proof of Theorem 4.3 at the end of this subsection. The proof of the above
theorem is based on ideas in [13, Section 9]. Using the terms in [13, Section 9], our
knots K; can be considered as generalized COT knots, and on the other hand the knots
in [11; 27; 13; 2] are called CHL knots. Therefore, to prove Theorem 4.3, we need to
extend the results in [13, Section 9], which are about distinguishing COT knots from
CHL knots, to the case of generalized COT knots. We will do this by showing the
following:
(1) For each n > 0 and a prime p, we define a subset ]-";Ot’p of the set of (isotopy
classes of) knots in S3.
(2) We show that if K is a nontrivial linear combination of the K; in Theorem 4.2,
then we have K ¢ ]-'z(_);’p for some prime p.
(3) We show that if a knot K is concordant to a nontrivial linear combination of
CHL knots, then K € ]-'Cn?;’p for all prime p.
First, for each n > 0, we define a subset fﬁm’p , which generalizes the subset ]-",20‘
defined in [13]. Let G be a group such that H{(G) = Z. For each k > 0, let G;k) be
the k' rational derived subgroup of G. That is, GSO) =G and

G;k) Gr(k)

— ®ZQ.
67,61 6.6

Gr(k+1) := Ker Gr(k) —

Now fix an integer n > 0 and a prime p. Since G / Gr(") is a PTFA group [26,
Proposition 2.1], Zp[G(l) / G;n)] embeds into its skew quotient field, say K (see
Lemma 5.1). Since H{(G) = G/GW = Z, the group ring Zp[G/an)] can be
embedded into the noncommutative Laurent polynomial ring K[r*!], which is a
noncommutative PID. Now we define

G}Sn) G}gn)

(n+1) ,_ n) +1
G = Ker! G,V — — K[t .
66" 6.6

cot,p

®z16/6]
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Note that G+D ¢ GC(ZQ;}) for all prime p and

G

1y o e TE!
6™ 6™ K= = Hi(G:K[r*1])

©216/6)

since K[t*!] is a flat left module over Z[G/ Gr(")] by [37, Proposition I1.3.5].

For a 4—manifold W with Hy(W) =~ Z, let & := m; W. For each n > 0 and a prime p,
there is the equivariant intersection form

AP Hy(W: 2 /a2 ) x Ho(W; 2 /2 )]) — Zl /78 ).

Definition 4.4 Let n be a positive integer and p a prime. A knot K is (n, p)—
solvable via W if there exists a compact connected 4—manifold W with boundary
M (K) satisfying the following; let 7 := 7 W and r := %rankz Hy(W).

(1) The inclusion M — W induces an isomorphism Hy(M) — Hy(W).

(2) There exist x1,x2,...,Xr and y1, y2,..., Yy in H2(W;Z[n/7r(fgt),p]) such that

)L,l,)(xi,x]-) =0 and A,If(xi,yj) =g for 1 <i,j<r.
We say K is (n.5, p)—solvable via W if the following additional condition is satisfied:

(3) There exist X1,X2,...,x, in Hy(W; Z[n/nc(gtj,l)]) such that Ag+1()?i,>7j) =0
for 1 <i,j <r and X; and x; are represented by the same surface for each i.

We denote the set of (1, p)—solvable knots and (1.5, p)—solvable knots by Fy"?
and ]-'Z(.’;’p , respectively. The submodules generated by x; and y; are called an (n, p)—
Lagrangian and an (n, p)—dual, respectively. The submodule generated by X; is called
an (n+1, p)-Lagrangian.

(n)

cot,p
prime p. We note that the notion of Gc(gt), p is not functorial. That is, for a group

homomorphism ¢: G — H, in general, ¢(G§;’3 ») & HC(:t?p. Due to this fact, the
subset F,,""? does not descend to a subgroup of C.

Since 7™ c 7« if a knot K is n—solvable, then it is (n, p)—solvable for all

Theorem 4.5 below generalizes [13, Theorem 5.2; 2, Theorem 3.2]. Theorem 4.5 can
be proved using the arguments in the proof of [2, Theorem 3.2], and therefore we give
only a sketch of the proof.
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Theorem 4.5 Let p be a prime and n a positive integer. Let K be a knot which is
(n.5, p)—solvable via W. Let G be an amenable group lying in Strebel’s class D(Zp).
Let 7w := m1 W and suppose we are given a homomorphism

¢: miM(K) —> 71— n/nc(gtj;l) -G

which sends the meridian of K to an infinite-order element in G. Then
PP (M(K).$) =0.

Proof sketch We have p@ (M(K), $) = Sg(W) = signg)(W) —sign(W), and we
will show that Sg (W) = 0. From Definition 4.4, we have an (n+1, p)-Lagrangian
in Hz(W;Z[Jr/nC(g:;,l)]) generated by X1,X2,...,Xr and we have its n—dual in
Hy(W, Z[n/ngt),p]) generated by y1, y2,...,Vr, where r = %rankz Hy(W). The
images of X; and y; consist of a 0—Lagrangian and its O—dual in H>(W;Q), and
therefore sign(W) = 0.

We show that sign(Gz)(W) =0. Let NG be the group von Neumann algebra of G and
A Hy(W;NG) x Hy(W;NG) - NG

be the corresponding intersection form, where the coefficients of the homology groups

(n+1)

cot,p » We have the

are twisted via ¢. Since ¢: m1 M(K) — G factors through 7/
induced map Ha(W; Z[x/xt V) — Hy(WiNG).

Let H be the submodule of H,(W; N'G) generated by the images of X; under this map,
and H be the submodule of Hy(W;Z p) generated by the images of X; . Since the image
of X; in Ha(W;Zp) has a dual, which is the image of y;, we have dimz, H =r.By
Lemmas 3.13 and 3.14 in [2], we have dim® Ho(W; N'G) =dimgz, Ha(W;Z,) =2r,
where dim® denotes the L2-dimension function on A’G —modules. By Theorem 3.11
of [2], we have

dim® H > dim® Hy(W;N'G) —dimz, Ha(W;Zp) +dimg, H = r.
Now, by [2, Proposition 3.7], we have sign(Gz)(W) =0. O
Now we give a proof of Theorem 4.3.

Proof of Theorem 4.3 Since G, 2.5 C Fy.5, the last part follows from the fact that the
basis knots of the infinite-rank subgroup G, +2/Gn+2.5 in [27] are linearly independent
modulo F;, 5, which is shown in the proof of [27, Theorem 5.2].

Let J be a nontrivial linear combination of the K; and let L be a knot which is
concordant to a linear combination of the n—solvable knots in [11; 27; 13; 2], which are
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constructed using iterated doubling operators and generate an infinite-rank subgroup
of Fn/Fns. We will show J ¢ F, 2P for some prime p, but L € F, e for all
prime p, and this will prove the theorem.

First, suppose J = #; a; K; with a; € Z. As in the proof of Theorem 4.2, we may
assume a1 > 0. We will show J ¢]—";(.);’p ', Suppose to the contrary that J is (n.5, p1)—
solvable via V. We follow the proof of Theorem 4.2 with the changes and observations
below:

(1) Now V is not an n.5-solution; it is only an (7.5, pj)-solution.

(2) Use ml/ch:,J;ll ) instead of PPl W. We keep P"m W as it is, noting that

PnTmW = 7'[1Wr(n).

3) P'miW/m WCE,'ZI,}) is a Zp, —vector space: from the definitions, one can see

that P"tlm W C my Wc(orf;]l) , and therefore P W/m; I/VCE,'Z’;II) is a quotient

group of Py W/P" 1z W, which is a Z,, —vector space.
(4) We change the definition of G: let G := 71 W/m; chf;}) Then G admits a
subnormal series

fetcGWcGgrVe...ceWcao

whose successive quotients are abelian and have no torsion coprime to pj.
Therefore, the group G is amenable and lies in Strebel’s class D(Zp,) (see
[7, Lemma 6.8]).

(5) Use Theorem 4.5 instead of Theorem 2.5 to show Sg (V) =0.

(6) The crucial part is to show that there is some 7; such that ¢(n;) # e for the
homomorphism ¢: 73 W — G. In the proof of Theorem 4.2, we use Theorem 3.4
to show this when G = m W/ Pl W. Theorem 3.4 is proved in the end
of Section 5.2, in which we show that there exists some 7; such that 7; ¢
P+l W. But in that proof a stronger fact is proved for 7; : this 7; maps to
a nontrivial element in Hy(W;K[tT']), where K is the skew quotient field of

Zip[m1 W/ Wr(n)] (in our case p = pyp). This implies that this 7; maps to a
(n+1)
|44

nontrivial element even in P" 7y W/my Wy )

P(ni) #e.

Then, we obtain |[Sg(W)| > C as in the proof of Theorem 4.2, which is a contradiction.
This completes the proof that J ¢ ]—'Cn(');’p I

. Therefore, for this 7;, we have

Next, we show L € ]-'Z(.’;’p for all prime p. The proof is similar to that of Proposition 9.2
in [13]. Suppose L is concordant to a knot J := #; a; J;, where a; € Z and J; are
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n—solvable knots in [11; 27; 13; 2], which are constructed using iterated doubling
operators and generate an infinite-rank subgroup of 7,/ Fy 5.

We explain iterated doubling operators in more detail. Let R be a slice knot and «
be a finite set of simple closed curves {n1,72,...,7m} in S~ R such that the n;
form an unlink in 3 and n; € 71(S3 ~ R)M for all i . For a given knot J, we write
Ry (J) for the knot R(n1, ..., Nm; J), the knot obtained by infecting R by J along
ne for 1 <€ <m as defined in Section 3, and we say Ry is a doubling operator. Then,
an iterated doubling operator (at level n) is obtained by applying doubling operators
n times: Ry o R(’;n__ll 0---0 R‘}“ . In this paper, by a knot constructed using iterated
doubling operators we mean a knot (R, o RZ;_ll 0--+0 Rc}m )(J) for some knot J
with vanishing Arf invariant. Here, we need J to have vanishing Arf invariant to make
the resulting knot n—solvable (see [16, Proposition 3.1]). Furthermore, to simplify
notation we consider only the iterated doubling operators where each «; for R’ is a
single curve. Our proof can be easily and straightforwardly adapted to the general case

of iterated doubling operators with multiple curves at each level.

Now, since L is concordant to J = # a; J;, there exists a homology cobordism V
between M(L) and M(J). Let C be the standard cobordism between M (J) and
[TaiM(J;). Then V UC, the union along the common boundary M (J), has boundary
3V UC) = [(—a;: M(J;)) LI M(L).

Let us write J; = (Rp, © Rg;_ll 0--+0 qu)(-]io) for some knot Jl-o. Let 1o be the
meridian of JiO. Let W; be an n—solution for M (J;) such that Hy(W;) = H»(V;) for
a O—solution V; for Jl-O. We may assume V; C W; and 71 V; = Z, which is generated
by the meridian pg of JI.O. The existence of such W; is well known in the literature

(see the proofs of [13, Theorem 6.2; 2, Proposition 4.4]).

Let W be the union of V' UC and [ [ a; W; along their common boundary | [ a; M(J;).
Then dW = M(L). We will show that W is an (n.5, p)—solution for L for all prime p.

Using Mayer—Vietoris sequences, one can see that Hy (W) = @Hz(Wi)|“f|, and
therefore H,(W) =~ & H>(V;)4il Since a; € 71(S3~RHD for j=12,...,n,
one can easily see that pg € ﬂlM(Ji)(n), and hence pg € mW("). Since mV; = Z
is generated by the meridian pg, the 0—Lagrangians and 0—duals of V; for all i form
an n—Lagrangian, say [L;], and n—dual, say [D;], of W. Since ™ c Jrc(ggp, (L]
and [D;] are an (n, p)—Lagrangian and its (n, p)—dual, respectively, for all prime p.
We will show that the [L;] form an (n+4-1, p)-Lagrangian of W for all prime p, which
implies that W is an (n.5, p)—solution for all prime p. Since each of the L; is a
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surface in V; for some i and V; C W for all i, it suffices to show that 1 V; maps to

T WCE)':;D by the inclusion-induced homomorphism. Since 71 V; = Z is generated by

W(n—i—l)‘

the meridian o, we only need to show jo € 71 Wy p

Fix a prime p and let G := m;W. Since po € G™, by the definition of Gc(g:;,l)

we only need to show pg € G;n)/[Gr("), Gr(")] is K[t*!]—torsion, where K is the
skew quotient field of the group ring Z,[GM/ an)]. From the iterated doubling
operator construction of J;, the meridian ¢ is identified with the curve o;. Let
Jl-l = Rél (Jl-O) and let ;1 be the meridian of Jl.l. Again since o; € 1(S3~ R/
for all j, one can easily prove j1; € G®~1  Therefore 1, M(Jl.l) c G and hence
mMIHD 6™ and 7 M(JHP [G™, G™]. Now let A7) be the Alexander
polynomial of Jl.l, which is the same as that of R!. Since a; € m1(S3 ~ RH)D),
the polynomial A(z) annihilates « in the module 71 M (Jl.l)(l) /M (Jil)(z), and
therefore A(w1) annihilates o in the module Gﬁ") / [Gﬁ"), Gﬁn)]. Since n > 2 and
u1 € GV we have uy € GO and A(uy) € Zp[G(l)/Gﬁn)] c K c K[t*1].
Furthermore, since A(i;) augments to 1,ie A(1) =1, A(u1) # 0 in K[r*!]. This
implies that o is K[t*!]—torsion. O

5 Modulo p Blanchfield linking forms and algebraic
n-solutions

This section is devoted to proving Theorem 3.4. To this end, in Section 5.1 we give
Theorem 5.2, which asserts the nontriviality of some homomorphisms on first homology
with twisted coefficients induced from the inclusion from M (K) to an n—cylinder one
of whose boundary components is M (K). Then, in Section 5.2 we introduce the notion
of Z,—coefficient algebraic n—solutions, which generalizes the notion of algebraic
n—solutions in [17; 14], and relevant theorems. Finally, we give a proof of Theorem 3.4
at the end of Section 5.

To have a quick look at the proof of Theorem 3.4, one may read Theorem 5.2,
Proposition 5.10, Theorem 5.11 and the paragraph following Theorem 5.11, and then
skip to the proof of Theorem 3.4.

5.1 Modulo p Blanchfield linking forms

The aim of this subsection is to prove Theorem 5.2 below, which plays a key role in
the proof of Theorem 3.4. Theorem 5.2 generalizes [14, Theorem 3.8] to the case of a
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homomorphism on first homology whose coefficient group is a localization of a group
ring with Z,—coefficients.

First, we need the following lemma:

Lemma 5.1 (Proposition 2.5 of [15] for R = Q and Lemma 5.2 of [2] for R =7Z,)
Let R=Q or Z,. If T is a PTFA group, then RT" is an Ore domain. That is, R’
embeds in the (skew) quotient field K = RT'(RT ~ {0})~!.

Let R=Q or Z,. Let I" be a PTFA group such that H{(I') = I'/[I,T] = Z. Let £
be the (skew) quotient field of RI" obtained by Lemma 5.1. Since a subgroup of a
PTFA group is also PTFA, the group [I', I'] is PTFA. By Lemma 5.1, the group ring
R[T, T'] embeds into the (skew) quotient field, say K. Since H (') = Z = (¢t), we
have a (noncommutative) PID K[r*!] such that R c K[r*!] Cc K.

Theorem 5.2 (Theorem 3.8 of [14] for R=Q) Let n>1 be an integer. Let R =Q
or Zy. For a knot K, let W be an n—cylinder with M(K) as one of its boundary
components. Let T be an PTFA group such that H; (') = Z = (t) and T = {e}. Let
¢: myW — I be a homomorphism which induces an isomorphism Hy(W) — H(I").
Let d :=rankgr H1(Mx; R), where M, is the infinite cyclic cover of M(K). Then
we have

1d=2) ifn>1,

1 oo
5d ifn=1,

rankg Im{ix: Hy(M(K); K[t£1]) - H;(W:K[t£1])} >

where i, is the inclusion-induced homomorphism.

We give a proof of Theorem 5.2 at the end of this subsection, after showing needed
materials.

We note that the image of i, is nontrivial if d > 2 when n > 1 and if d > 0 when
n = 1. In the above setting, when R = Q, the rank d is equal to the degree of Ag(¢).
When R = Z,, the rank d is still equal to the degree of Ak (¢) if the prime p is bigger
than the top coefficient of Ag(¢).

To prove Theorem 5.2, we need to generalize the various results which were used for
the proof of [14, Theorem 3.8] to the case of homology with twisted coefficients, which
are obtained as a localization of a group ring with Z,—coefficients. A key ingredient of
the proof of Theorem 5.2 is higher-order Blanchfield linking forms, which are adapted
to homology with such coefficients.
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We briefly review higher-order Blanchfield linking forms. The Blanchfield linking
form in a noncommutative setting was first defined by Duval [19] on boundary links
over a group ring of a free group. Then Cochran, Orr and Teichner introduced the
noncommutative (higher-order) Blanchfield linking form for a knot over a group ring ZT"
of a PTFA group I' and its localizations [15]. This was generalized to the Blanchfield
linking form for a knot over a group ring Z,I" for a PTFA group I' by Cha [2]. In this
paper, we need the Blanchfield linking form for a knot over a (PID) localization of a
group ring Z,I" for a PTFA group I'. It will be defined in Theorem 5.3, and will be
used to prove Theorem 5.2.

Let I' be a PTFA group and R = Q or Z,. Then, by Lemma 5.1, RI" has the (skew)
quotient field of K. If R is aring such that RI' C’R C K and M is a closed 3—manifold
such that H1 (M) =~ Z and m1 M — T is a nontrivial representation, then we have the
composition of maps

Hi(M;R)— H?>(M;R) - H'(M;K/R) — Homg(H{(M:;R),K/R),

where the maps are Poincaré duality, the inverse of a Bockstein homomorphism and
the Kronecker evaluation map. Here, the inverse of a Bockstein homomorphism exists
since H'(M;K)= H?(M;K) = 0 and hence the Bockstein homomorphism is in fact
an isomorphism (see [15, Proposition 2.11]). Also, H*(M;R) are made into right
‘R—modules using the involution of R.

The following theorem shows that under this setting, if R is a PID, then the composition
gives rise to a nonsingular symmetric linking form.

Theorem 5.3 (Theorem 2.13 of [15] for R =Q and essentially due to [2, Section 5] for
R=7Z7Zp) Let R=Q orZ,. Let M be a closed 3—manifold with Hi(M) = 7. Let
¢: myM — T be a nontrivial PTFA coefficient system. Let R be a (noncommutative)
PID such that RT' C R C K where K is the (skew) quotient field of RI". Then there
exists a nonsingular symmetric linking form (called the Blanchfield linking form)

Bl: HH(M;R) - H2(M;R) —» HY(M;K/R) — Homg(H{(M;R),K/R).

Proof When R = Z,, the proof is identical to that of [15, Theorem 2.13] except for
the following change: in the proof, replace [15, Proposition 2.11] by [2, Lemma 5.3]. O

Lemma 5.4 below is needed to prove Proposition 5.5. When R = Q, it was proved
in [14]. The proof for the case R = Z is essentially the same as that for the case
R = @Q, and hence it is omitted.
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Lemma 5.4 (Lemma 3.5 of [14] for R=Q) Let R=Q orZ,. Let W be an R—
coefficient n—cylinder with M as one of its boundary components. Let T" be a PTFA
group such that T™ = {e}, and let ¢: 71 M — T be a nontrivial coefficient system
which extends to w1 W. Let R be a (noncommutative) PID such that RI' C R C K,
where K is the (skew) quotient field of RI'. Then the sequence of maps

THy(W,M;R) — H{(M;R) — H{(W;R)

is exact. (Here for an R—module N, TN denotes the R—torsion submodule of N.)

For an R—submodule P of H{(M;R), we define
PL:={xe Hi(M;R)|Bl(x)(y) =0 forall y € P}.

We say that a submodule P of Hyj(M;R) is self-annihilating with respect to Bl if
P = P~ The following proposition generalizes [15, Theorem 4.4; 14, Proposition 3.6]:

Proposition 5.5 (Proposition 3.6 of [14] for R = Q) Suppose the same hypotheses
asin Lemma 5.4. If P =Ker{ix: Hi{(M;R)— H{(W;R)}, where i, is the inclusion-
induced homomorphism, then P C pPL. Moreover, if W is an R—coefficient n—
solution for M, then P = P+,

Proof For R = 7, , make the following changes in the proof of [14, Proposition 3.6]:
replace Corollary 3.3 and Lemma 3.5 in [14] by [2, Lemma 5.3] and Lemma 5.4 above,
respectively. a

The proof of the following lemma is based on the ideas in [10, Sections 3 and 4]. In
particular, Lemma 5.6(1) is a direct extension of [10, Lemma 3.9].

Lemma 5.6 (1) Let G be a PTFA group and R = Z,. Let A be a wedge of m
circles. Suppose we have a nontrivial coefficient system w1 A — G. Then
rankgg H1(A; RG) =m—1.

(2) Suppose the same hypotheses as in Theorem 5.2. Suppose n > 1 and R =7,.
Then rankg Hi(E(K);K[tT']) >d —1.

Proof Note that A4 is a finite 1—complex with Euler characteristic 1 —m. By the invari-
ance of the Euler characteristic, we have rankgg Ho(A; RG)—rankgg H1(A; RG) =
1 —m. Since the homomorphism 714 — G is nontrivial, for the (skew) quotient
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field K of RG and the map ¢: 114 - G — K we have
Ho(A4;K) =K/{¢(g)a—a|gemA acK}=0.

Now we have rankgg Ho(A; RG) = 0 and rankgrg H1(A; RG) = m — 1. This
proves (1).

Let E be the infinite cyclic cover of E(K) and let G := [[',T] (so K is the quotient
field of RG). Then Hy(E(K);K[t*']) = H,(E;K) and d =rankg H;(E; R). Since
K is the (skew) quotient field of RG, we have rankg H (E; K) =rankgg H (E; RG),
and it suffices to show that rankgg Hl(E; RG)>d —1.

Let A be a wedge of d circles and let j: A — E bea map which induces a
monomorphism on Hi(—; R). For convenience we identify A with j(A). Since
E has the homotopy type of a 2—complex, we may assume (E ,A) is a 2—complex.
Let C; — C1 — Cp be the free RG —chain complex obtained from the cell structure
of the G —cover of (E, A).

Since Hy(E:R) = 0 and H,(A;R) — Hi(E;R) is injective, Ho(E,A;R) = 0.
Therefore, C; @ gg R — C1 ® g R is injective. Since PTFA groups lie in Strebel’s
class D(R) [38], the group G is in D(R). Therefore, C, — C; is also injective, and
hence H»(E, A; RG) = 0. Then it follows that the map H;(A; RG) — H,(E; RG) is
injective. Now rankgg Hi(E; RG) > rankgg H1(A; RG) =d —1, where the equality
holds by (1). O

Now we are ready to give a proof of Theorem 5.2.

Proof of Theorem 5.2 For R =7Z,, the proof is the same as that of [14, Theorem 3.8]
(for the case R = QQ) except for the following changes: noticing that an n—cylinder
is a Zp—coefficient n—cylinder by Proposition 5.7 below, replace [15, Theorem 2.13],
[14, Proposition 3.6] and the coefficients Q by Theorem 5.3, Proposition 5.5 and
the coefficients Z,, respectively. One also needs to replace [10, Corollary 4.8] by
Lemma 5.6(2). a

Proposition 5.7 An n—cylinder is a 7, —coefficient n—cylinder.
Proof Let W be an n—cylinder with connected boundary components M; for 1 <i </.

Since H1(M;)= H{(W)=Z, themap Hy(M;;Zp)— H1(W;Zp) is an isomorphism
for each i. For R =7 or Zp, let r(R) = rankg Coker{ H>(0W; R) — H>(W; R)}.
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By naturality of intersection forms, it suffices to show that r(Z) = r(Z,). From the
long exact sequence

0 — Coker{ H(0W; R) — H(W; R)} — Hy(W,0W;R)
—> H1(8W; R) — Hl(W; R) —0

and the fact that rankg Ho (W, dW; R) = rankg H>(W; R), we obtain that
r(R) =rankg Ho(W; R)— (£ —1).

Since Hy(M;) =~ H1 (W) = Z, the groups H1(W) and Coker{ H{ (W) — H1(W)}
have no p—torsion. Therefore, by [2, Lemma 3.14], we have

rankz, Hy(W) =rankz, Ha(W; Zp).

Therefore, r(Z) =r(Zp). a

5.2 Algebraic n—solutions

In this section, we introduce the notion of R—algebraic n—solution, where R = Q
or Zp, and use it we prove Theorem 3.4. The notion of an algebraic n—solution was
introduced by Cochran and Teichner in [17] and later generalized by Cochran and the
author in [14, Section 6]. The new notion of an R-algebraic n—solution generalizes an
algebraic n—solution to the case of Z,—coefficients. An R—-algebraic n—solution may
be considered as an algebraic abstraction of an n—cylinder.

All the results in this section are based on the ideas and results in [17; 14], which
deal with the case R = Q. In fact, the results in this section are mainly a Z,—
coefficient version of the corresponding result with Q—coefficients in [14, Section 6].
But, since Section 6 in [14] is quite technical, we rewrite the theorems with Z,—
coefficients carefully and completely, and clarify how one should modify the proofs of
the corresponding theorems in [14].

For a group G, let G :=G/ Gfk) , where Gfk) is the k™ rational derived subgroup of G.
Since Gy is a PTFA group, ZGj, (and QGy, ) embeds into the (skew) quotient field,
which we denote by K(Gg). By Lemma 5.1, the group ring Z, Gy also embeds into the
(skew) quotient field, and we also denote it by K(Gyg), or K,(Gg) to emphasize the
coefficients Z,. We write K for K(Gy) when it can be understood from the context.

The following is a generalization of an algebraic n—solution [17, Definition 6.1;
14, Definition 6.1]:
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Definition 5.8 (Definition 6.1 of [14] for R=Q) Let R =Q or Z, and let K(Gg)
be the (skew) quotient field of RGy. Let S be a group with H{(S; R) # 0. Let
F be a free group of rank 2g and let i: F — S be a homomorphism. A nontrivial
homomorphism r: S — G is an R-algebraic n—solution for i: F — S if the following
hold:

(1) For each 0 <k <n —1, the map r«: H1(S;K(Gr)) = H1(G;K(Gy)) is
nontrivial.

(2) Foreach 0 <k <n—1, the map ix: Hi(F;K(Gr)) — Hi1(S;K(Gy)) is
surjective.

A Q-algebraic n—solution is also called an algebraic n—solution.

Remark 5.9 (1) For k < n, an R-algebraic n—solution is an R-algebraic k—
solution.

(2) Since K(Gy) is a flat RG—module [37, Proposition 11.3.5], Hi(—; K(Gy)) =
Hi(—; RGy) ®rG, K(Gg).

(3) We have Hi(G:; RGy) =~ H1(G;ZGr) ®z R~ G® /[6%, 6P 27 R.

(4) The case k = 0 in the condition (2) implies that H;(F; R) — Hi(S; R) is
surjective.

The following proposition shows the relationship between n—cylinders and R—algebraic
n—solutions. Roughly speaking, for a knot K and an n—cylinder W for M(K), the
homomorphism on the fundamental groups of the infinite cyclic covers of M(K)
and W induced from the inclusion gives rise to an R—algebraic n—solution.

Proposition 5.10 (Proposition 6.3 of [14] for R = Q) Let n > 1. Let K be a
knot with nontrivial Alexander polynomial Ak (t). Suppose the degree of Ak (t) is
greater than 2 if n > 1. Let W be an n—cylinder with M(K) as one of its boundary
components. Let ¥ be a capped-off Seifert surface for K. Let S := 1 M(K)™) and
G:=mWWD . Let R:==Q or Zp, where p is a prime greater than the top coefficient
of Ak(t). Let F be a free group of rank 2g, where g is the genus of ¥ and let
F — ny(M(K) ~ X) be a homomorphism inducing an isomorphism on Hy(—; R).
Let i be the composition F — w1(M(K) ~ X) — S. Then the inclusion-induced map
j: S — G is an R-algebraic n—solution fori: F — S.

Proof For R = Z,, modify the proof of Proposition 6.3 in [14] (for the case R = Q)
as follows:
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)

2)
3)

“4)

(&)

(6)

Replace the coefficients Z by Z, and let K be the (skew) quotient field of
7,7V =7,G.

Replace [14, Theorem 3.8] by Theorem 5.2 in this paper.

In the proof of [14, Proposition 6.3], it was given that d :=rankg H1(Mx; Q),
where M, is the infinite cyclic cover of M(K), and it was used that d is
equal to the degree of Ak (7). In our case with Z,—coefficients, we set d :=
rankz,, H1(Mso; Zp). Note that d is still equal to the degree of Ag(¢) since
p is greater than the top coefficient of Ag(¢) by our hypothesis.

To establish property (2) in Definition 5.8, letting A be a wedge of 2g circles,
choose amap A — Y = M(K)~ X inducing F — 1Y that is 1-connected
on homology with Z,—coefficients.

Use the Zj,—coefficient version of [15, Proposition 2.10] to show that the map
F — m1Y induces a 1—connected map on homology with K (G )—coefficients:
Proposition 2.10 in [15] holds with Z,—coefficients since Gy lies in Strebel’s
class D(Zp) (see Lemma 2.7).

The proof of [14, Proposition 6.3] uses Harvey’s work in [25] with the (skew)
quotient field K of Z Gy, . We can still use Harvey’s work in the same way for
the case of Z,—coefficients with our K = K,(Gg), the (skew) quotient field
of ZpGy. O

We note that in the proofs of Proposition 5.10 and [14, Proposition 6.3], it is implicitly
proved that the map ix: Hi(F;K(Gy)) — H1(S;K(Gy)) is surjective for all £ > 0.

By Remark 5.9(3), for a group S and R = Q or Z,, in an abuse of notation we will
regard an element of S ) as an element of H;(S; RSy).

Theorem 5.11 (Theorem 6.4 of [14] for R = Q only) Let F be a free group of
rank 2g and let i: F — S be a group homomorphism. For each n > 0, there exists
a finite collection P,, of sets of 2g — 1 (if n > 0) or 2g (if n = 0) elements of F®
which satisfies the following:

If r: § — G is an R—algebraic n—solution fori: F — S forboth R=Q and R=17,,
then there is an element in P, which maps to a generating set of H1(S; K(G,)) under
the composition

F® ™ _ H,(S;RS,) 2> Hi(S; RGy) — H1(S:K(Gp))

forboth R=Q and R =7Z,.
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An element of P, is called an (unordered) fuple, and a tuple mapped to a generating
set of H1(S;K(Gy)) in the above theorem is called a special tuple. In the proof of
Theorem 3.4, the n; will be defined as the image of the elements of the tuples in P,
under the homomorphism i: F — §, which is a finite set, and the existence of a special
tuple will give us the existence of the desired curve 7; .

Proof Suppose that x1,x5,...,x2¢ generate F. Let Py = {{x1,X2,...,X2¢}}, 2
set consisted of a single 2g—tuple. When n = 0, the above composition becomes
F — H{(S; R) and the theorem follows since H;(F; R) — H1(S; R) is surjective
by Remark 5.9(4) and x; generate H;(F; R) = R?%.

Now assume n > 1. We define P, inductively as in the proof of [14, Theorem 6.4].
Define

Pro={xix1l, . [ xical i Xl - i x| 1 <0< 2g4,

which is a set of (2g—1)—tuples. Suppose Pj has been constructed for k > 1. We
define Py as follows: a (2g—1)—tuple {z1,..., 2241} is in Py, if and only if
there is {w1, ..., wag—1} € Pk such that foreach 1 <i <2g—1, z; = [w;, w;cj] for
some j with 1 <j #i <2g or z; = [w;, wg] for some k with 1 <k #i <2g—1.

.
Here w; 7 denotes x ;

Wi X; .

By [14, Theorem 6.4] the conclusion of the theorem holds when R = Q. That is, there
is an element in P, mapping to a generating set of Hy(S;K(G,)), where K(Gy) is
the (skew) quotient field of QGy,.

We assert that the above element in P, also maps to a generating set of H1(S;K(Gy))
when K(G,) = K,(Gy), the (skew) quotient field of Z,G,. This is proved by
modifying the proof of Theorem 6.4 in [14] as follows:

(1) Replace the group rings over Z—coefficients by the corresponding group rings
over Zp—coefficients. For example, change Z F,, to Z, Fy, .

(2) Let K(Gy) denote the (skew) quotient field of Z,G,.

(3) Use Lemma 5.6(1) in this paper instead of [10, Lemma 3.9].

(4) Use Lemma 5.12 below instead of [14, Lemma 6.5]. (Note that we need the
hypothesis that r: S — G is a (Q—)algebraic n—solution in Lemma 5.12.)

(5) Inthe last part of the proof, one needs to use that H{(F;Z,Gpn) — H1(S; Z,Gp)
is surjective after tensoring with K,(G,). Note that this is where we use the
assumption that r: § — G is a Zp—algebraic n—solution. O
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Let R be aring. Foreach 1 <i <2g,let 9;; F - ZF — RF be the Fox free
differential calculus defined by 9; (x;) = 8;; and 9; (gh) = d; g+ (d;h)g~'. For k >0,
let m: RF — RF} be the quotient map. By abuse of notation, denote by r the map
RF, — RGy induced from roi: F — S — G. We denote by dl.k the composition
romipodi: F— RGy for 1 <i <2g. We simply write d; for dl.k when the superscript
is understood from the context.

Lemma 5.12 (Lemma 6.5 of [14] for R = Q) Let n > 1. Suppose we are given
an algebraic n—solution r: S — G fori: F — S. Then there exists a (2g—1)—tuple
{wi, ..., wag—1} € Py such that the 2g — 1 vectors

{(d1(w;), da(w;), ..., drg—1(w;)) |1 <i <2g—1}

in (RG,)?8~! are right linearly independent over RG,, for R = Q and R = 7, for
all prime p.

Proof In the proof of [14, Lemma 6.5], for each 1 <k <n atuple {wll‘, el wlzcg_l} €
‘Pr was constructed inductively such that

{(d (W), dy(wh), ... dpg—1(wF)) [1<i <2g—1}

in (QGy)?6~1 are right linearly independent over QGy, using the fact that r: S — G
is a (Q-)algebraic n—solution.

We will show that for each k, the vectors
{(dy(wh), da(wh), ... dag1(WF)) |1 =i <2¢—1}

are also right linearly independent over Z, Gy, and it will complete the proof by taking
{wi, ..., wag—1} = {wf,...,wy,_;}. The proof follows the lines of the proof of
[14, Lemma 6.5], and we explain the needed modifications below.

For k =1, in the proof of [14, Lemma 6.5] we assume that (r o 771)(x2¢) is nontrivial
in G and take {w}, e, w%g_l} = {[x2g.x1], ..., [X2¢, X2¢—1]}. Then it was shown
that the vectors {(dl(wl.l), dz(wl.l), coondag 1 (wl.l)) | 1 <i <2g—1} are linearly inde-
pendent over QG (in the first paragraph of [14, page 1428]). Using the same argument,
it can be seen that {w%, cees w% g—l} are also linearly independent over Z, G .

We use an induction argument. Suppose that for k < n it has been shown that the
vectors {(d} (wlk), dz(w{‘), cee, dzg_l(wlk)) | 1 <i <2g—1} are linearly independent
over Z,Gy . In [14] it was shown that we may assume (r o nk+1)(w]f) #ein Gyyq.
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Then {w]f'H, ce wlzcg'_ll} was defined in [14] as follows: we take wlk‘"l =[w

if (r 077k+1)(w,k) # e in Gg4q and wlk‘"l = [wlk, w’f] otherwise.

k ng]

Then it was shown in [14] that in ZGg ., for some t; € ZF,

@ L dy T . dgg ()

= (@f T wh). a5 T W), AR b)) - (rome ) ().

where (r o g +1)(t;) # e in ZGy1. We note that, using the same argument in [14]
one can show that (r o g 41)(%;) # e in Zp Gy 41 as well. This implies that it suffices

to show that the vectors {(d{‘“(wlk), df“(wlk), e, d;‘;_ll(wf)) |1<i<2g-—1}
are linearly independent over Z, Gy 4 .
For simplicity, for 1 <i <2g—1,let v} *! = (@ *' (k). dy T (k). ... dF " (wh))

and vl]-C = (d{c (wll‘), dé‘ (wlk), cee, dé‘g_l (wlk)). By the induction hypothesis, the vec-
tors vlk for 1 <i <2g—1 are linearly independent over Z, G4 (and over QGg 4q).

Let H = Gr(k) / Gr(]j_)l = Ker{Gy4+1 — Gg}. Then H is a torsion-free abelian group,

and hence lies in Strebel’s class D(Z,) [38]. In the last paragraph of the proof of
[14, Lemma 6.5] it was shown that linear independence of the vectors vl’-C
implies linear independence of the vectors vf-‘ *1 over Z Gy 41 . Using the same argu-

ment and the fact that the group H lies in D(Zp), changing the coefficient group for

over Z Gy,

group rings from 7 to Z, in the proof, one can show that linear independence of the
k k1
1 1

This completes the proof. a

vectors v; over Z, Gy implies linear independence of the vectors v over ZpGpy1.-

Now we give a proof of Theorem 3.4.

Proof of Theorem 3.4 Let p be a prime greater than the top coefficient of Ag (¢) and
W an n—cylinder one of whose boundary components is M(K). Let P = (R, ..., Ry)
where R; = Q for i <n—1 and R, = Zj,. With this P, recall that for a group G
and k <n, PkG = G,gk), the k™ rational derived subgroup of G. Recall that for a
group G, we denote G/ G;k) by Gy.

For convenience, we also denote by X the capped-off Seifert surface for K. Suppose
Y has genus g. Let M := M(K), S : =MW and G := 1 WD . Let F be a free
group of rank 2g and F — 71 (M ~ X) a homomorphism inducing an isomorphism
on Hi(—;R) for R=Q and Z,. Let i: F - 71(M ~X) — S be a map induced
from this map. Since G,—1 is PTFA [26, Proposition 2.1], Z;,G,—1 embeds into the
(skew) quotient field, say K, by Lemma 5.1.
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Now, by Proposition 5.10, the inclusion-induced homomorphism j: S — G is an
R—algebraic n—solution for i: FF — S for R =Q and Z,, and hence an R—algebraic
(n—1)—solution for both R = Q and Z, (see Remark 5.9(1)). Let P,_; be the
finite collection of tuples of 2g — 1 (if n > 1) or 2g (if n = 1) elements of F@=D
obtained using Theorem 5.11 with the map i: FF — S above (note that P,_; is
independent of the choice of P). The image of the elements of the tuples in P,
under the homomorphism i: F' — S is a finite subset of S (=1 = 7, M™ | which
we denote by 71,72, ... 0m. Since the map i factors through 71 (M ~ X), we can
find the representatives 7; in S3 ~ X, and by crossing change we can make 1; form
an unlink. Now since j: S — G is an R-algebraic (n—1)—solution for i: F — S,
by Theorem 5.11 there exists a (2g—1)—tuple {wy, w2, ..., wag—1} C F®=D (ora
2g—tuple {w1, ..., wag} C F if n = 1) which maps to a generating set of H;(S;K)
as a K—module. Therefore, the n; for 1 <i <m form a generating set of H;(S;K)
as a K—module.

Let Moo and Wy, denote the infinite cyclic covers of M and W, respectively. Let
Ci=mW/P"miW =m 1 W/m Wr("). Then I is a PTFA group such that T = {e}.
Since Hi(I') = Z = (t) and

0.0 =m, W)V /myw™ =G/60 D =G,_y,
we have I = G, x (t). Therefore, we have
Hi(Woo: K) = Hi (Weo; ZpGn—l) ®Z,Gn_ K
=~ Hi(Woo; Zp[I. T]) ®2,6,_, K
~ H{(W; ZPF) ®ZpGn—1 K
> H{(W:Zp[Gn—1 % (1)]) ®2,6,_, K
=~ H;(W:K[t£1]).
Similarly, we have Hi(Myo; K) = Hi(M;K[t%1]).

Therefore, since H1(S;K) = Hi(Mso; K) 2= H{(M;K[t*1]), the n; for 1 <i <m
can be regarded as a generating set of Hy(M;K[t*!]) as a K—module.

Let d :=deg Ak (t) =rankg H1(Mxo:; Q). Since p is greater than the top coefficient
of Ak (), we have d =rankz, Hi(Moo; Zp). Note that d > 4 if n > 2 and d > 2 if
n =1 by assumption. Since I is a PTFA group such that '™ = {¢}, by Theorem 5.2
this implies that the map Hy(M;K[t*1]) — H;(W;K[tT']) is nontrivial. Therefore,
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since the n; generate Hy(M;K[t*!]) as a K—module, there exists some element 7;
which maps to a nontrivial element in Hy (W; K[t 1]).

Note that Hy(W: K[t £!]) = H;(W: Z,T")®2z,6,_, K. By the definition of P" 17, W,
the group P" 1 W/P" W injects to Hy(myW;Z,T) = H(W;Z,T). Since n; €
mM (”), it maps into W(n), hence into P" 1 W. From these observations, one can
deduce that the element 7; , which maps to a nontrivial element in Hy (W ; K[t*1]), also
maps nontrivially to Py W/P"* 1z W. In particular, we see that n; ¢ Pz W.

Finally, by Lemma 3.2 we can homotope all n; for 1 <i <m so that all of the 7; bound
capped gropes of height n which are disjointly embedded in S3 < K, as desired. 0O
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