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THERMAL BUCKLING AND FREE VIBRATION OF
TIMOSHENKO FG NANOBEAMS BASED ON THE HIGHER-ORDER

NONLOCAL STRAIN GRADIENT THEORY

GORAN JANEVSKI, IVAN PAVLOVIĆ AND NIKOLA DESPENIĆ

A size-dependent Timoshenko beam model is derived within the framework of the higher-order nonlocal
strain gradient theory. Nonlocal equations of motion are derived through Hamilton’s principle and solved
by applying an analytical solution. The solution is obtained using the Navier solution procedure. The
paper investigates the thermal effects on buckling and free vibrational characteristics of functionally
graded (FG) size-dependent nanobeams subjected to various types of thermal loading. The influence of
higher-order and lower-order nonlocal parameters and strain gradient scale on buckling and vibration are
investigated for various thermal conditions. To validate the solutions, the obtained results are compared
with previous research.

1. Introduction

Thermal buckling of beams, as major solid structural components, has been the topic of many studies for
a number of years. The development of functionally graded materials, which are a new type of materials,
has attracted increasing attention recently. Structural elements such as beams in the micro or nanolength
scale are commonly used as components in electromechanical systems. Therefore, understanding the
mechanical properties of a functionally graded nanobeam in a thermal environment is necessary for its
practical application.

There are various methods for static and dynamic analysis of nanostructures, such as molecular dynam-
ics simulations [Neek-Amal and Peeters 2010; Alshehri and Hill 2017] and nonclassical continuum me-
chanics. Eringen’s nonlocal elasticity theory [Eringen 1983; 2002] is one of the nonclassical continuum
methods, which includes size-dependent effects, i.e., where stress at a reference point depends not only
on the strain in this point but also on the strain in other points in the nearby region. The gradient elasticity
theories [Aifantis 1992; Mindlin 1964] are also examples of the nonclassical continuum theories that can
predict the stiffness enhancement effect. Based on the gradient elasticity theories, materials should be
considered as atoms with a higher-order deformation mechanism at a small scale.

Lim et al. [2015] presented the higher-order nonlocal strain gradient theory starting from the point of
view that the length scale present in the nonlocal elasticity and the strain gradient theory describe two
entirely different physical characteristics. The nonlocal elasticity theory does not include nonlocality of
higher-order stress. On the other hand, the strain gradient theory only considers local higher-order strain
gradients. The higher-order nonlocal strain theory is primarily based on the nonlocal effects of the strain
gradient field, i.e., nonlocal effects in a global sense.

Keywords: Timoshenko beam theory, thermal buckling, vibration, functionally graded materials, higher-order strain gradient
theory.
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Ebrahimi and Salari [2015a] studied the free vibration of an FG nanobeam subjected to an in-plane
thermal loading. Material properties of the FG nanobeam vary along the thickness of the beam with
power law graduation in the transversal direction. Using the Timoshenko beam theory, the authors
considered the influence of the thermal effect, material distribution profile and small-scale effect based
on the nonlocal elasticity theory of Eringen. The Navier type solution for a simply supported nanobeam
was given for the first time. Temperature varied linearly as a function of thickness. For the same beam,
as in the previous case, Ebrahimi and Salari [2016] studied the free vibration of the FG nanobeam where
the temperature changed uniformly and varied linearly and nonlinearly.

The influence of the material distribution profile, thermal effect, small-scale effect, mode number
and boundary conditions on the normalized natural frequencies of the temperature-dependent FG Euler–
Bernoulli nanobeams was investigated in [Ebrahimi and Salari 2015b], where the nonlocal equations
were solved by applying the differential transform method. Based on the nonlocal elasticity theory of
Eringen, the authors considered the influence of the thermal effect, material distribution profile and small-
scale effect, where the FG nanobeam was subjected to an in-plane thermal loading, which varied linearly
and nonlinearly.

Li et al. [2016] studied the free vibration of an FG Timoshenko and Euler–Bernoulli nanobeam based
on the nonlocal strain gradient theory. Material properties of the FG nanobeam depended on the through-
thickness power-law variation of the two materials. The authors investigated the effect of the power-law
and small length-scaled effect on natural frequencies of a simply supported FG nanobeam. In this paper,
comparisons of the natural frequencies of Timoshenko and Euler beams were performed.

Xu et al. [2017] studied the bending and buckling of Euler–Bernoulli beams using the nonlocal strain
gradient theory and the von Kármán nonlinear geometric relation.

Lu et al. [2017] studied the free vibration of the sinusoidal shear deformation of a nanobeam model
based on the nonlocal strain gradient theory. Navier’s method was utilized to obtain analytical solutions
for natural frequencies of simply supported nanobeams.

Trinh et al. [2016] presented an analytical method for vibration of a functionally graded beam under
mechanical and thermal loads. The FG nanobeam was subjected to an in-plane thermal loading, where
three types of temperature distribution through the thickness were taken into account: uniform temper-
ature rise, linear temperature rise and nonlinear temperature rise. The effects of boundary conditions,
temperature distributions and material parameters were investigated as well.

Chen et al. [2019] developed a nonlinear dynamical model for nonlocal strain gradient beams and
analyzed its nonlinear free vibration. Based on the nonlocal strain gradient theory, the nonlinear govern-
ing equation of boundary conditions of the nanobeam was derived first. The effect of the slender ratio
parameter, which might be also interpreted as the thickness-dependent size effect, was caused by the
stress on account of the thickness-direction strain gradient. In the nonlinear free vibration analysis, an
analytical solution for predicting the nonlinear free vibration frequencies was derived via the homotopy
analysis method. It was shown that the nonlinear frequencies of the nanobeam display significant size-
dependent phenomena for large values of the slender ratio parameter and either stiffness-softening or
stiffness-hardening behavior might occur.

Based on the nonlocal strain gradient theory and various higher-order shear deformation theories, Al-
shujairi and Mollamahmutoǧlua [2018] studied the buckling and free vibration of functionally graded
sandwich microbeams resting on an elastic foundation. The authors reported on the effects of the nonlocal
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parameter, the length scale parameter, gradient index, different cross-section shapes, temperature change
and stiffnesses of Winkler and shear layer springs on the dimensionless critical buckling load and dimen-
sionless frequencies.

In the manuscript [Ghazavi et al. 2018], the second strain gradient theory is applied to study the fluid-
conveying Euler–Bernoulli nanotubes. Based on the high-order nonlocal strain gradient theory, Yang
et al. [2018] studied the wave propagation behaviors of fluid-filled carbon nanotubes.

Ebrahimi and Haghi [2017] studied a rotating FG thermoelastic nanobeam under different temperature
distributions. Based on the refined beam theory by using the nonlocal strain gradient theory, the authors
analyzed the effects of temperature changes, angular velocity, nonlocal parameter, length scale parameter
and material graduation on wave dispersion characteristics.

Pavlović et al. [2019a; 2019b] studied the stability and instability problem of a nanobeam subjected
to the compressive axial load based on the higher-order nonlocal strain gradient theory. According to
the direct Lyapunov method, the authors obtained the bounds of the almost sure asymptotic stability and
instability, which was verified by numerical results using the Monte Carlo simulation method.

In this paper, size-dependent Timoshenko nanobeam models, which account for through-thickness
power-law variation of two-constituent FG materials, will be deduced within the framework of the
higher-order nonlocal strain gradient theory. This theory is employed to study effects of the buckling
and vibrational behavior of nanobeams in different thermal environments. Equations of motion will be
derived using Hamilton’s principle. By employing an analytical solution procedure, the closed-form
critical buckling temperature and frequency will be obtained for simply supported boundary conditions.
The obtained results are compared with the literature to confirm the validity of the solution. The influence
of higher-order and lower-order nonlocal parameters and strain gradient scale on buckling and vibration
will be investigated. Finally, certain important conclusions will be summarized.

2. Mathematical model

2.1. Problem description. Consider a nanobeam of functionally graded material, where the graded prop-
erties are assumed to be in the through-thickness direction. The system of interest is a rectangular
functionally graded nanobeam of length L , width b and thickness h (Figure 1). The beam is subjected to
an in-plane thermal loading, where, according to the rule of mixture, the effective material properties P f

are distributed as [Şimşek and Yurtcu 2013]

P f (T, z)= Pc(T ) Vc(z)+ Pm(T ) Vm(z), (1)

where the volume fraction of the ceramic Vc(z) and the volume fraction of the metal Vm(z) constituent
of the beam may be expressed using the power-law distribution

Vc(z)=
(

1
2
+

z
h

)p

, Vm(z)= 1− Vc(z), −
h
2
≤ z ≤

h
2
. (2)

The temperature-dependent material properties (such as Young’s modulus E , thermal expansion coeffi-
cient α, mass density ρ, thermal conductivity κ and Poisson’s ratio ν) can be written as [Touloukian
1967]

P(T )= P0(P−1T−1
+ 1+ P1T + P2T 2

+ P3T 3), (3)
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Figure 1. Geometry and coordinates of the functionally graded beam.

material properties P0 P−1 P1 P2 P3

Si3N4 E (Pa) 348.4300 · 109 0 −3.010 · 10−4 2.160 · 10−7
−8.946 · 10−11

α (K−1) 5.8723 · 10−6 0 9.095 · 10−4 0 0
ρ (kg/m3) 2370 0 0 0 0
κ (W/mK) 13.723 0 −1.032 · 10−3 5.466 · 10−7

−7.876 · 10−11

ν 0.24 0 0 0 0

SU 304 E (Pa) 201.0400 · 109 0 3.079 · 10−4
−6.534 · 10−7 0

α (K−1) 12.3300 · 10−6 0 8.086 · 10−4 0 0
ρ (kg/m3) 8166 0 0 0 0
κ (W/mK) 15.3790 0 −1.264 · 10−3 2.092 · 10−6

−7.223 · 10−10

ν 0.3262 0 −2.002 · 10−4 3.797 · 10−7 0

Table 1. Temperature-dependent coefficient of Young’s modulus E , thermal expansion
coefficient α, mass density ρ, thermal conductivity κ and Poisson’s ratio ν for Si3N4

and SUS 304.

where P0, P−1, P1, P2 and P3 are the coefficients that can be seen in the table of material properties for
Si3N4 and SUS 304 (Table 1).

For the power-law distribution (2), the effective material properties are

P(z, T )=
(
Pc(T )− Pm(T )

)( z
h
+

1
2

)p

+ Pm(T ). (4)

The bottom surface (z =−h/2) of the FG beam is pure metal (SUS 304) and the top surface (z = h/2)
is pure ceramic (Si3N4).

2.2. The higher-order nonlocal strain gradient model for the FG nanobeam. Based on the higher-
order nonlocal strain gradient theory [Lim et al. 2015], the nonlocal stress in a reference point x depends
not only on the strain at that location but also on the strains in all other points in the nearby region.
According to this theory, the internal strain energy density function can be expressed as

U0 =
1
2

Ci jkl εi j

∫
V
α0(|x − x ′|, e0 a) ε′kl dV ′+

l2

2
Ci jkl εi j,m

∫
V
α1(|x − x ′|, e1a) ε′kl,m dV ′, (5)

where Ci jkl is the elastic modulus tensor of classical elasticity, εi j and ε′i j are the Cartesian components
of the strain tensor in points x and x ′; α0 and α1 are the kernel function related to the nonlocal effects
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with respect to the strain field and the first order strain gradient field; e0 and e1 are the nonlocal material
constants, a is the internal characteristic length and l is the strain gradient length scale parameter.

By using (5), the classical stress tensor σ , the higher-order stress tensor σ (1) and the total stress t can
be written as

σ =

∫
V
α0(|x− x ′|, e0 a)C : ε′ dV ′, σ (1) = l2

∫
V
α1(|x− x ′|, e0 a)C : ∇ε′ dV ′, t = σ −∇σ (1). (6)

In (6) the symbol “:” is used to denote the double-dot product. For an elastic material in the one-
dimensional case, the generalized nonlocal constitutive relations in a differential form based on the
higher-order nonlocal strain gradient theory may be simplified as(

1−µ1
∂2

∂x2

)(
1−µ0

∂2

∂x2

)
txx = E

[(
1−µ1

∂2

∂x2

)
− l2

(
1−µ0

∂2

∂x2

)
∂2

∂x2

]
εxx , (7)(

1−µ1
∂2

∂x2

)(
1−µ0

∂2

∂x2

)
txz = G

[(
1−µ1

∂2

∂x2

)
∂2

∂x2 − l2
(

1−µ0
∂2

∂x2

)
∂2

∂x2

]
γxz, (8)

where µ0 = (e0 a)2 and µ1 = (e1a)2. The normal and shear components of the total stress tensor of the
nonlocal strain gradient theory are defined as

txx = σxx −
∂σ

(1)
xx

∂x
, txz = σxz −

∂σ
(1)
xz

∂x
, (9)

where σxx and σxz are the classical normal stress and classical shear stress components, σ (1)xx and σ (1)xz are
the higher-order normal stress and higher-order shear stress components, εxx and γxz are the E normal
strain and shear strain, E is Young’s modulus, G = E/2(1+ ν) is the shear modulus, ν is Poisson’s
ratio. It is worth mentioning that for certain cases, the effect of structural thickness on the constitutive
behaviors of nanostructures is studied in [Tang et al. 2019; Li et al. 2018; Chen et al. 2019].

2.3. Kinematic relations. The displacement components of any material point in the x , y and z direction
can be written as

qx = u(x, t)+ zϕ(x, t), (10)

qz = w(x, t), (11)

where u and w are the displacement components of the mid-plane in the x and z direction, ϕ is the total
bending rotation of the cross-section and t is the time. Using (10) and (11), the nonzero components of
the beam are obtained as

εxx =
∂u
∂x
+ z

∂ϕ

∂x
, (12)

γxz =
∂w

∂x
+ϕ. (13)

The governing equations of motion are obtained based on Hamilton’s principle, which is expressed as∫ t2

t1
(δU + δV − δK ) dt = 0, (14)
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in a time interval t1 < t < t2; δU is the virtual strain energy:

δU =
∫

V

(
σxx δεxx+σxz δγxz+σ

(1)
xx
∂(δεxx)

∂x
+σ (1)xz

∂(δεxz)

∂x

)
dν

=

∫
L

(
Nδ
∂u
∂x
+Mδ

∂ϕ

∂x
+Qδ

∂w

∂x
+Qδϕ

)
dx+

[
N (1)δ

∂u
∂x
+M (1)δ

∂ϕ

∂x
+Q(1)δ

∂w

∂x
+Q(1)δϕ

]L

0
. (15)

Here we consider the following stress resultant:

N =
∫

A
txx d A, M =

∫
A

ztxx d A, Q = ks

∫
A

txz d A,

N (1)
=

∫
A
σ (1)xx d A, M (1)

=

∫
A

zσ (1)xx d A, Q(1)
= ks

∫
A
σ (1)xz d A,

(16)

where ks =
5
6 is the shear correction factor; δV is the variation of the work by thermal expansion:

δV =−
∫

V
E(T, z) α(T, z)(T − T0)

∂w

∂x
∂

∂x
(δw) dν =−

∫ L

0

(
N T ∂w

∂x
∂

∂x
(δw)

)
dx, (17)

where N T is the thermal resultant:

N T
=

∫ h/2

−h/2
E(T, z) α(T, z)(T − T0) b dz, (18)

and T0 = 300 K is the reference temperature; δK is the virtual kinetic energy:

δK =
1
2

∫
v

ρ(T, z)δ
[(
∂qx

∂t

)2

+

(
∂qz

∂t

)2]
dν

=

∫ L

0

{
I0

[
∂u
∂t
δ

(
∂u
∂t

)
+
∂w

∂t
δ

(
∂w

∂t

)]
+ I1

[
∂ϕ

∂t
δ

(
∂u
∂t

)
+
∂u
∂t
δ

(
∂ϕ

∂t

)]
+ I2

∂ϕ

∂t
δ

(
∂ϕ

∂t

)}
dx, (19)

where the mass moments of inertia are defined as

(I0, I1, I2)=

∫
A
(1, z, z2) ρ(z, T ) d A. (20)

By substituting (15), (17) and (19) into (14), using integration by parts and setting the coefficients of δu,
δw, δϕ to zero, one obtains the following governing equations of motion based on the Timoshenko beam
theory

δu:
∂N
∂x
= I0

∂2u
∂t2 + I1

∂2ϕ

∂t2 , (21)

δw:
∂Q
∂x
− N T ∂

2w

∂x2 = I0
∂2w

∂t2 , (22)

δϕ:
∂M
∂x
− Q = I1

∂2u
∂t2 + I2

∂2ϕ

∂t2 , (23)
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with the classical boundary conditions (at x = 0 or x = L)

δu: N = 0, or u = 0, (24)

δw: Q− N T ∂w

∂x
= 0, or w = 0, (25)

δϕ: M = 0, or ϕ = 0, (26)

and the nonclassical boundary conditions (at x = 0 or x = L)

δ
∂u
∂x

: N (1)
= 0, or

∂u
∂x
= 0, (27)

δ

(
∂w

∂x
+ϕ

)
: Q(1)

= 0, or
∂w

∂x
+ϕ = 0, (28)

δ
∂ϕ

∂x
: M (1)

= 0, or
∂ϕ

∂x
= 0. (29)

Considering the above and integrating (7) and (8) over the beam’s cross-section, the force-strain and
moment-strain relation can be obtained as(

1−µ1
∂2

∂x2

)(
1−µ0

∂2

∂x2

)
N = Axx

[(
1−µ1

∂2

∂x2

)
− l2

(
1−µ0

∂2

∂x2

)
∂2

∂x2

]
∂u
∂x

+ Bxx

[(
1−µ1

∂2

∂x2

)
− l2

(
1−µ0

∂2

∂x2

)
∂2

∂x2

]
∂ϕ

∂x
, (30)

(
1−µ1

∂2

∂x2

)(
1−µ0

∂2

∂x2

)
M = Bxx

[(
1−µ1

∂2

∂x2

)
− l2

(
1−µ0

∂2

∂x2

)
∂2

∂x2

]
∂u
∂x

+ Dxx

[(
1−µ1

∂2

∂x2

)
− l2

(
1−µ0

∂2

∂x2

)
∂2

∂x2

]
∂ϕ

∂x
, (31)

(
1−µ1

∂2

∂x2

)(
1−µ0

∂2

∂x2

)
Q = Cxz

[(
1−µ1

∂2

∂x2

)
− l2

(
1−µ0

∂2

∂x2

)
∂2

∂x2

](
∂w

∂x
+ϕ

)
, (32)

in which the cross-sectional rigidities are

(Axx , Bxx , Dxx)=

∫
A
(1, z, z2) E(z, T ) d A, Cxz = ks

∫
A

G(z, T ) d A. (33)

We introduce the following dimensionless parameters

ξ =
x
L
, U (ξ, τ )=

u(x, t)
L

, W (ξ, τ )=
w(x, t)

L
, τ =

t
L2

√
Ec(Tc)I
ρc(Tc)A

, (34)

where Ec(Tc) and ρc(Tc) are Young’s modulus and the mass density of ceramic Si3N4 at the tempera-
ture Tc, I = 1

12 bh3 is the moment of inertia of the rectangular cross-section of the beam and A = bh.
The explicit relation of the nonlocal normal force, bending moment and shear force can be derived by
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substituting the second and fourth derivative of these values from (21)÷(23) into (30)÷(32) as

N = Axx

{
L(3)

[
∂U
∂ξ
+kB

∂ϕ

∂ξ

]
+kI L(2)

[
kI 0

∂3U
∂ξ ∂τ 2+kI 1

∂3ϕ

∂ξ ∂τ 2

]}
, (35)

M = Axx L
{

L(3)

[
kB
∂U
∂ξ
+kD

∂ϕ

∂ξ

]
+L(2)

[
kN
∂2W
∂ξ 2 +kI kI 0

∂2W
∂τ 2 +kI kI 1

∂3U
∂ξ ∂τ 2+kI kI 2

∂3ϕ

∂ξ ∂τ 2

]}
, (36)

Q = Axx

{
kC L(3)

[
∂W
∂ξ
+ϕ

]
+L(2)

[
kI kI 0

∂3W
∂ξ ∂τ 2+kN

∂3W
∂ξ 3

]}
, (37)

where the linear differential operators are

L(0) = 1− kµ0∇
2, L(1) = 1− kµ1∇

2, L(2) = (kµ0+ kµ1)− kµ0 kµ1∇
2,

L(3) = L(1)− kl L(0)∇
2
= 1− (kµ1+ kl)∇

2
+ kµ0 kl∇

4, ∇ =
∂

∂ξ
,

(38)

and the marks are

kB =
Bxx

Axx L
, kC =

Cxz

Axx
, kD =

Dxx

Axx L2 , kN =
N T

Axx
,

kI =
I

AL2 , kI 0 =
Ec(Tc) I0

ρc(Tc) Axx
, kI 1 =

Ec(Tc) I1

ρc(Tc) Axx L
, kI 2 =

Ec(Tc) I2

ρc(Tc)Axx L2 ,

kl =
l2

L2 , kµ0 =
µ0

L2 , kµ1 =
µ1

L2 .

(39)

Substituting the derivative for N , M and Q from (35)÷(37) into (21)÷(23), the nonlocal governing
equations of the Timoshenko FG nanobeam can be derived as

L(3)

[
∂2U
∂ξ 2 + kB

∂2ϕ

∂ξ 2

]
− kI L(4)

[
kI 0
∂2U
∂τ 2 + kI 1

∂2ϕ

∂τ 2

]
= 0, (40)

L(3)

[
kB
∂2U
∂ξ 2 + kD

∂2ϕ

∂ξ 2 − kC

(
∂W
∂ξ
+ϕ

)]
− kI L(4)

[
kI 1
∂2U
∂τ 2 + kI 2

∂2ϕ

∂τ 2

]
= 0, (41)

kC L(3)

[
∂2W
∂ξ 2 +

∂ϕ

∂ξ

]
− kN L(4)

[
∂2W
∂ξ 2

]
− kI kI 0 L(4)

[
∂2W
∂τ 2

]
= 0, (42)

where the linear differential operator is L(4) = L(0)L(1) = 1− (kµ0+ kµ1)∇
2
+ kµ0 kµ1∇

4.

2.4. Temperature rise. In the case of a uniform temperature rise (UTR), the temperature of the FG beam
uniformly rises by 1T . Since the temperature is constant in the z-direction, then

T (z)= T0+1T = const. (43)

In the case of a linear temperature rise (LTR), the temperature of the FG beam varies linearly along the
thickness of the beam

T (z)= Tm +1T
(1

2
+

z
h

)
, (44)
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where the temperature of the top and the bottom surface of the nanobeam are

Tc = T (h/2), Tm = T (−h/2), (45)

where 1T = Tc − Tm . In this paper, it is assumed that the temperature of the bottom surface is Tm =

T0+ 5= 305 K.
In the case of heat conduction across the thickness, the temperature of the FG nanobeam varies non-

linearly (NLTR) along the thickness of the beam. The one-dimensional steady state heat conduction
problem can be formulated by a differential equation [Fu et al. 2012]

d
dz

(
κ(z, T )

dT (z)
dz

)
= 0, (46)

where the known temperature boundary conditions on the bottom and the top surface are given as in (45).
In order to present an analytical solution for (46), it is common to assume that thermal conductivity
κ = κ(z) is independent of temperature. Taking this into account, the solution of (46) can be obtained in
a power series as

T (z)= Tm +
1T
λ

n∑
i=0

1
ki + 1

(
1
2
+

z
h

)ki+1(
κm − κc

κm

)i

, (47)

where

λ=

n∑
i=0

1
ki + 1

(
κm − κc

κm

)i

. (48)

2.5. Solution procedures. This section presents the analytical solutions for the vibration problem de-
scribed by equations (40)÷(42). The Navier solution approach will be used to determine the analytical
solutions of vibration frequencies and critical buckling temperature for simply supported boundary con-
ditions. In the case of simply supported boundary conditions, one should specify the classical boundary
conditions

N = 0, w = 0, and M = 0, (at ξ = 0 and ξ = 1). (49)

As stated above, we consider the nonclassical boundary conditions in the case of the Timoshenko beam

∂u
∂x
= 0, Q(1)

= 0, and
∂ϕ

∂x
= 0, (at ξ = 0 and ξ = 1). (50)

By using (6), (9) and (12), Q(1) can be obtained in the displacement form

Q(1)
= Axx

{
kC

[ k2
µ1

kµ0−kµ1
L(0)L(3)−

k2
µ1−k2

l (kµ0−kµ1)

kµ0−kµ1

(
1−

kµ0kµ1k2
l

k2
µ1−k2

l (kµ0−kµ1)
∇

2
)](

∂2W
∂ξ 2 +

∂ϕ

∂ξ

)

+
k2
µ1

kµ0−kµ1
L(1)L(2)

(
kI kI 0

∂3W
∂ξ ∂τ 2+kN

∂3W
∂ξ 3

)}
. (51)



116 GORAN JANEVSKI, IVAN PAVLOVIĆ AND NIKOLA DESPENIĆ

The displacement functions can be assumed to be periodic in time in the form

U (ξ, τ )=
∞∑

n=1

Un cos(nπξ)eiωnτ , (52)

W (ξ, τ )=

∞∑
n=1

Wn sin(nπξ)eiωnτ , (53)

ϕ(ξ, τ )=

∞∑
n=1

ϕn cos(nπξ)eiωnτ , (54)

where i =
√
−1, U j , W j , ϕ j ( j = 1, 2, . . . , n) are the unknown Fourier coefficients to be determined for

each n value and ωn is the frequency of vibration. It can be checked that the series solution (52)÷(54)
satisfies the classical boundary conditions (24)÷(26) and nonclassical boundary conditions (27)÷(29).

Eliminating U and ϕ from (40)÷(42), the governing differential equation becomes

L(8)
(
L(5)L(7)−L2

(6)
)
W + k2

C L2
(3)L(5)

∂2W
∂ξ 2 = 0, (55)

where the linear differential operators are

L(5) = L(3)∇
2
− kI kI 0 L(4)

∂2

∂τ 2 , L(6) = kB L(3)∇
2
− kI kI 1 L(4)

∂2

∂τ 2 , (56)

L(7) = kD L(3)∇
2
− kC L(3)− kI kI 2 L(4)

∂2

∂τ 2 , L(8) = (kC L(3)− kN L(4))∇
2
− kI kI 0 L(4)

∂2

∂τ 2 . (57)

Substituting (53) into (55) and neglecting the coefficient of ω6
n , we get the following characteristic equa-

tion

α2
4 Aω ω4

n +α3 α4 Bω ω2
n +α

2
3Cω = 0, (58)

where

Aω =−k2
I
[
(α1α6+α3α5 kI 0) n2π2

+α3 kC k2
I 0
]
,

Bω = kI [(α2α3 kI 0+α1α5) n4π4
− kC kI 0(α3− kN α4)] n2π2,

Cω = kC kN α4 n4π4
−α1α2 n6π6,

α1 = kC α3− kN α4,

α2 = kD − k2
B,

α3 = 1+ (kµ1+ kl) n2π2
+ kµ0 kl n4π4,

α4 = 1+ (kµ0+ kµ1) n2π2
+ kµ0 kµ1 n4π4,

α5 = kI 2− 2kB kI 1+ kD kI 0,

α6 = kI 0 kI 2− k2
I 1.

(59)
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The smaller root (the eigenvalue λn = ω
2
n) of (58) is

ω2
n =

α3

α4

−Bω+
√

B2
ω− 4AωCω

2Aω
. (60)

By setting the fundamental frequency ω1 to zero, we find the critical buckling temperature 1Tcr (for
n = 1). This condition is satisfied if the coefficient Cω = 0. After a simple transformation, we come to
a relation among the parameters of the system that meets the required condition

kl =
1+ kµ1 n2π2

1+ kµ0 n2π2

kN (1+ kµ0 n2π2)(kC +α2 n2π2)− kC α2 n2π2

kC α2 n4π4 . (61)

It is interesting that the parameters of the system (59) can be simplified to certain interesting cases:

Case 1 (Eringen’s nonlocal continuum theory). In the case where the strain gradient length scale (l = 0)
and the nonlocal parameter (µ1 = 0) are zero, the parameters of system (59) are

Aω =−k2
I
{
kC k2

I 0+ n2π2
[kI 0 α5+ kC α6− kN α6(1+ kµ0 n2π2)]

}
,

Bω = kI n2π2
[kC kI 0+ n2π2(kI 0 α2+ kC α5)− kN (1+ kµ0 n2π2)(kC kI 0+α5 n2π2)],

Cω = n4π4
[kN (1+ kµ0 n2π2)(kC +α2 n2π2)− kC α2 n2π2

],

α3

α4
=

1
1+ kµ0 n2π2 .

(62)

By setting the strain gradient length scale (l = 0) and the nonlocal parameter (µ1 = 0) to zero we can
find the critical temperature 1Tcr from (61) as

kµ0 =
α2 n2π2(kC − kN )− kC kN

kN n2π2(kC +α2 n2π2)
. (63)

Case 2 (classical continuum theory). In the case where the strain gradient length scale (l = 0) and the
nonlocal parameters (µ0 = 0, µ1 = 0) are zero, the parameters of the system are

Aω =−k2
I {kC k2

I 0+ n2π2
[k10 α5+α

6(kC − kN )]},

Bω = kI n2π2
{kC kI 0(1− kN )+ n2π2

[kI 0 α2+α5(kC − kN )]},

Cω = n4π4
[kC kN −α2 n2π2(kC − kN )],

α3

α4
= 1.

(64)

In a special case of the homogenous beam, based on expressions (20), (33) and (39), one can obtain

kI 0 = 1, kI 1 = 0, kI 2 = kI , kB = 0, kC =
ks

2(1+ ν)
, kD = kI . (65)

Based on expressions (60), (64) and (65), the frequencies of the beam can be derived as

ω2
n =

1
2k2

I

ks kI n2π2(1− kN )+ 2k2
I n4π4

[1+ ν+ ks − 2kN (1+ ν)] − kI n2π2
√

D
ks + kI n2π2[ks + 2(1+ ν)(2− kN )]

, (66)
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where

D=[ks(1+kN )+2kI n2π2(1+ν)]2+8kN kI n2π2(1+ν)[ks+2kI n2π2(1+ν)]−8ks k2
I n4π4(1+ν). (67)

Finally, in the case when the homogenous beam is without a thermal environment (kN = 0), the frequen-
cies of the beam can be derived as

ω2
n =

1
2k2

I

ks kI n2π2
+2k2

I n4π4(1+ν+ks)−kI n2π2
√
[ks+2kI n2π2(1+ν)]2−8ks k2

I n4π4(1+ν)

ks+kI n2π2[ks+4(1+ν)]
. (68)

Case 3. In the case where the strain gradient length scale (l = 0) is zero, the parameters of the system
are

Aω =−k2
I (1+ kµ1 n2π2)

{
kC k2

I 0− n2π2
[kN α6(1+ kµ0 n2π2)− kC α6− kI 0 α5]

}
,

Bω = kI n2π2(1+kµ1 n2π2)[kC kI 0+kI 0 α2 n2π2
+kC α5 n2π2

−kN (1+kµ0 n2π2)(kC kI 0+α5 n2π2)],

Cω = n4π4(1+ kµ1 n2π2)[kN (1+ kµ0 n2π2)(kC +α2 n2π2)− kC α2 n2π2
],

α3

α4
=

1
1+ kµ0 n2π2 .

(69)

It is noticeable that in this case the natural frequency does not depend on the nonlocal parameters µ1,
but only on the parameter µ0. By setting the strain gradient length scale (l = 0) to zero we can find the
critical temperature 1Tcr from (61) as

kµ0 =
α2 n2π2(kC − kN )− kC kN

kN n2π2(kC +α2 n2π2)
. (70)

It is noticeable that in this case the critical temperature 1Tcr does not depend on the nonlocal parame-
ters µ1, but only on the parameter µ0, and is the same as the one we can determine from conditions (63)
in Case 1.

Case 4 (lower-order nonlocal strain gradient theory). In the case where the nonlocal parameters are equal
(µ1 = µ0) the parameters of the system are

Aω =−k2
I (1+kµ0 n2π2){(1+kl n2π2)[kC k2

I 0+n2π2(kC α6+kI 0 α5)]−kN α6 n2π2(1+kµ0 n2π2)},

Bω = kI n2π2(1+ kµ0 n2π2){(1+ kl n2π2)[kC kI 0+ n2π2(kI 0 α2+ kC α5)]

− kN (1+ kµ0 n2π2)[kC kI 0+α5 n2π2
]},

Cω = n4π4(1+ kµ0 n2π2){kN (1+ kµ0 n2π2)(kC +α2 n2π2)− kC α2 n2π2(1+ kl n2π2)},

α3

α4
=

1+ (kµ0+ kl) n2π2
+ kµ0 kl n4π4

1+ 2kµ0 n2π2+ k2
µ0 n4π4

.

(71)

By setting µ1 = µ0 we can find the critical temperature 1Tcr from (61) as

kl =
kN (1+ kµ0 n2π2)(kC +α2 n2π2)− kC α2 n2π2

kC α2 n4π4 . (72)
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In this case, when the ratio is lµ = l2/µ0 = l2/µ1 = 1, the parameters of the system are

Aω =−k2
I (1+ kµ0 n2π2)2{kC k2

I 0+ n2π2
[kI 0 α5+α6(kC − kN )]},

Bω = kI n2π2(1+ kµ0 n2π2)2{kC kI 0(1− kN )+ n2π2
[kI 0 α2+α5(kC − kN )]},

Cω = n4π4(1+ kµ0 n2π2)2 [kC kN −α2 n2π2(kC − kN )],

α3

α4
= 1,

(73)

and the natural frequency does not depend on the nonlocal parameters µ0 and µ1, but also not on the
strain gradient length scale l. The natural frequencies of the system are equal to the frequencies for the
case of the classical continuum theory.

Case 5 (strain gradient theory). In the case where the nonlocal parameters are zero (µ1 = µ0 = 0) the
parameters of the system are

Aω =−k2
I {(1+ kl n2π2)[kC k2

I 0+ n2π2(kC α6+ kI 0 α5)] − kN α6 n2π2
},

Bω = kI n2π2
{(1+ kl n2π2)[kC kI 0+ n2π2(kI 0 α2+ kC α5)] − kN [kC kI 0+α5 n2π2

]},

Cω = n4π4
{kN (kC +α2 n2π2)− kC α2 n2π2(1+ kl n2π2)},

α3

α4
= 1+ kl n2π2.

(74)

By setting µ1 = µ0 = 0 we can find the critical temperature 1Tcr from (61) as

kl =
kN (kC +α2 n2π2)− kC α2 n2π2

kC α2 n4π4 . (75)

3. Results and discussion

This section examines the influence of temperature change, FG distribution and small-scale effect on the
nondimensional natural frequencies. Varying amounts of small-scale parameters are observed and the
variations of the critical buckling temperature and nondimensional natural frequencies with respect to
the variations of small-scale parameters are discussed. The functionally graded nanobeam is composed
of metal (SUS 304) and ceramic (Si3N4), where its bottom surface is pure metal and top surface is pure
ceramic nitride. The considered beam has the following dimensions: length L = 10 nm, width b = 1 nm
and thickness h varies.

The validity of the proposed method is confirmed by comparing the obtained results with those from
the literature [Thai 2012; Rahmani and Pedram 2014]. First, for this purpose, the same parameters are
used as in [Thai 2012]. A comparison of the fundamental nondimensional natural frequency for the SS
nanobeam is shown in Table 2 for different values of kµ0 = 0, 0.01, 0.02, 0.03 and for ratios L/h = 5, 10,
20, 100. The results that are compared are derived from expression (52) for parameter values (62), (65)
and kN = 0.

Similarly, a comparison of the results for the FG simply supported nanobeam is given in Table 2 for
different values of kµ0 = 0, 0.01, 0.02, 0.03, ratio L/h = 50 and the power-law exponent p = 0, 0.5, 1, 5.
The results that are compared are derived from expression (60) for parameter values (62) and kN = 0. The
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L/h
kµ0 5 10 20 100

0 9.274405 (9.2740) 9.707484 (9.7075) 9.828127 (9.8281) 9.867933 (9.8679)
0.01 8.848045 (8.8477) 9.261214 (9.2612) 9.376311 (9.3763) 9.414286 (9.4143)
0.02 8.475550 (8.4752) 8.871325 (8.8713) 8.981576 (8.9816) 9.017953 (9.0179)
0.03 8.663606 (8.6636) 6.799808 (6.7998) 6.141394 (6.1414) 5.216644 (5.2166)

Table 2. Comparison with [Thai 2012] of the nondimensional fundamental frequency
for a SS FG nanobeam with various nonlocal parameters µ0 and ratios L/h.

p
kµ0 0 0.5 1 5

0 9.863157 (9.8631) 7.741301 (7.7413) 6.991723 (6.9917) 5.938935 (5.9389)
0.01 9.409730 (9.4097) 7.385419 (7.3854) 6.670301 (6.6703) 5.665911 (5.6659)
0.02 9.013589 (9.0136) 7.074500 (7.0745) 6.389487 (6.3895) 5.427381 (5.4274)
0.03 8.663606 (8.6636) 6.799808 (6.7998) 6.141394 (6.1414) 5.216644 (5.2166)

Table 3. Comparison with [Rahmani and Pedram 2014] of the nondimensional funda-
mental frequency for a SS FG nanobeam with various nonlocal parameters µ0 and power-
law indices p when ratio L/h = 50.

same parameters of functionally graded material constituents (steel and alumina) are used as in [Rahmani
and Pedram 2014].

Furthermore, in order to validate the results of the present work, equation (63) is solved by considering
l = 0 and µ1 = 0, and the results of the critical buckling temperature are compared with the literature
[Ebrahimi and Salari 2016] and tabulated in tables 4–6. The influence of the gradient indices p and
nonlocal parameter µ0 on the critical buckling temperature 1Tcr and nondimensional natural frequencies
for the simply supported FG nanobeam is considered in detail in [Ebrahimi and Salari 2016]. Here, the
effects of different parameters such as the higher-order nonlocal parameter µ1 and the strain gradient
length scale l on the thermal buckling of the FG nanobeam are investigated.

Tables 4–6 present the critical buckling temperature of the simply supported FG nanobeam for various
values of the nonlocal parameters and strain gradient scale (µ0 = 0, 1, 2, 3; µ1 = 0, 1, 2, 3; l2

= 0, 1, 2, 3)
based on the present method, for UTR, LTR and NLTR. It can be concluded from the results in tables 4–6
that an increase in the strain gradient length scale leads to an increase in the critical buckling temperature.
Therefore, it can be concluded that an increase in the nonlocal scale parameters µ0 and the higher-order
nonlocal scale parameter µ1 leads to a decrease in the critical buckling temperature. Variations of the
critical buckling temperature 1Tcr of the simply supported FG nanobeam with respect to the nonlocal
parameter µ0 for different values of the power-law index (Eringen’s nonlocal continuum theory, l = 0,
µ1 = 0) are presented in Figure 2. Examining this figure, it can be concluded that an increase in the
nonlocal parameter µ0 leads to a decrease in the critical buckling temperature. In addition, it can be seen
that 1Tcr decreases with the increasing power-law index.
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l2 (nm2)
µ0 (nm2) µ1 (nm2) 0 1 2 3

0 0 28.5602 (29.1086) 31.3219 34.0737 36.8153
1 28.5602 31.0742 33.5801 36.0777
2 28.5602 30.8673 33.1675 35.4608
3 28.5602 30.6919 32.8176 34.9375

1 0 26.0379 (26.4938) 28.8087 31.5695 34.3207
1 26.0379 28.5602 31.0742 33.5802
2 26.0379 28.3526 30.6603 32.9612
3 26.0379 28.1766 30.3093 32.4362

2 0 23.9251 (24.3100) 26.7035 29.4718 32.2301
1 23.9251 26.4543 28.9752 31.4878
2 23.9251 26.2462 28.5602 30.8672
3 23.9251 26.0697 28.2082 30.3408

3 0 22.1296 (22.4588) 24.9144 27.6892 30.4538
1 22.1296 24.6646 27.1914 29.7098
2 22.1296 24.6228 26.7754 29.0878
3 22.1296 24.2791 26.4226 28.5602

Table 4. Nonlocality parameters and strain gradient length scale effects on the 1Tcr (K)
of the SS FG nanobeam in the UTR case when p = 1 and L/h = 50.

l2 (nm2)
µ0 (nm2) µ1 (nm2) 0 1 2 3

0 0 49.0533 (50.4274) 54.7761 60.4733 66.1440
1 49.0533 54.2631 59.4516 64.6183
2 49.0533 53.8345 58.5977 63.3430
3 49.0533 53.4710 57.8734 62.2606

1 0 43.8219 (44.9580) 49.5684 55.2889 60.9846
1 43.8219 49.0533 54.2631 59.4520
2 43.8219 48.6229 53.4057 58.1707
3 43.8219 48.2579 52.6784 57.0837

2 0 39.4363 (40.3903) 45.2027 50.9429 56.6569
1 39.4363 44.6858 49.9135 55.1196
2 39.4363 44.2539 49.0533 53.8343
3 39.4363 43.8877 48.3235 52.7436

3 0 35.7065 (36.5182) 41.4901 47.2472 52.9776
1 35.7065 40.9716 46.2148 51.4360
2 35.7065 40.5385 45.3520 50.1470
3 35.7065 40.1712 44.6201 49.0533

Table 5. Nonlocality parameters and strain gradient length scale effects on the 1Tcr (K)
of the SS FG nanobeam in the LTR case when p = 1 and L/h = 50.



122 GORAN JANEVSKI, IVAN PAVLOVIĆ AND NIKOLA DESPENIĆ

l2 (nm2)
µ0 (nm2) µ1 (nm2) 0 1 2 3

0 0 50.8666 (52.0963) 56.8402 62.7871 68.7142
1 50.8666 56.3045 61.7195 67.1184
2 50.8666 55.8581 60.8287 65.7855
3 50.8666 55.4810 60.0705 64.6536

1 0 45.4148 (46.4459) 51.4038 57.3710 63.3165
1 45.4148 50.8666 56.3006 61.7162
2 45.4148 50.4179 55.4061 60.3786
3 45.4148 50.0375 54.6474 59.2440

2 0 40.8519 (41.7270) 46.8540 52.8351 58.7987
1 40.8519 46.3160 51.7616 57.1936
2 40.8519 45.8665 50.8666 55.8520
3 40.8519 45.4853 50.1042 54.7138

3 0 36.9746 (37.7267) 42.9889 49.3428 54.9579
1 36.9746 42.4489 47.9091 53.3495
2 36.9746 41.9978 47.0107 52.0053
3 36.9746 41.6153 46.2487 50.8666

Table 6. Nonlocality parameters and strain gradient length scale effects on the 1Tcr (K)
of the SS FG nanobeam in the NLTR case when p = 1 and L/h = 50.
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Figure 2. Variation of the critical buckling temperature of the SS FG nanobeam with
respect to the nonlocal parameter µ0 for different values of the power-law index and
LNR (p = 1 L/h = 50, µ1 = 0, l2

= 0).
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It can be further concluded from tables 4–6 that a decrease in the strain gradient scale l and an increase
in the higher-order nonlocal scale parameter µ1 lead to a decrease in the critical buckling temperature.
With the increasing strain gradient scale l, the effect of increasing the higher-order nonlocal parameter µ1

is compared with the effect of increasing the nonlocal parameter µ0. It can still be concluded that at small
values of the strain gradient scale l, increasing the nonlocal parameter µ0 has more effects on decreasing
the critical buckling temperature than increasing the higher-order nonlocal parameter µ1. In cases where
the strain gradient length scale is zero (see (70)), variations on the higher-order nonlocal parameter µ1

will have no effect on the critical buckling temperature. To have a better understanding of this issue,
variations of the critical buckling temperature of the FG nanobeam are plotted in Figure 3 with respect
to increasing the strain length scale and different values of the nonlocal parameters µ0 and µ1. For the
same reason, Figure 4 presents variations of the critical buckling temperature 1Tcr with respect to the
new scale factor

lµ =
l2

µ
, (76)

for different values of the nonlocal parameter where µ= µ0 = µ1. It can be concluded that the critical
buckling temperature is smaller than the result of the classical solution when the nonlocal parameter is
smaller than the strain length scale (lµ < 1); the critical buckling temperature is larger than the result of
the classical solution when the nonlocal parameter is larger than the strain gradient length scale (lµ > 1).
When the nonlocal parameter is equal to the strain gradient length scale lµ = 1, the critical buckling
temperature is equal to that of the classical solution. Also, when lµ = 0, the results are equal to those
from the nonlocal elasticity theory.
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Figure 3. Variation of the critical buckling temperature of the SS FG nanobeam with
respect to the strain length scale for different values of the nonlocal parameters and LNR
(p = 1 L/h = 50).
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Figure 4. Variation of the critical buckling temperature of the SS FG nanobeam with
respect to ratio lµ, strain length scale for different values of the nonlocal parameters and
LNR (p = 1 L/h = 50 µ0 = µ1 = µ).

In order to investigate the vibration characteristics of the simply supported FG nanobeam, the first three
nondimensional frequencies are presented in tables 7–15. Tables 7–9 present the natural frequencies of
the simply supported FG nanobeam subjected to a uniform temperature rise for various values of the
nonlocal parameters and the strain gradient length scale parameter (µ0 = 0, 1, 2, 3; µ1 = 0, 1, 2, 3;
l2
= 0, 1, 2, 3) based on the present method. Also, tables 10–12 and tables 13–15 present the natural

frequencies of the simply supported FG nanobeam subjected to a linear and a nonlinear temperature rise,
respectively. It can be concluded from the results given in these tables that an increase in the strain
gradient length scale l leads to an increase in the nondimensional frequency. On the other hand, an
increase in the nonlocal scale parameters µ0 and the higher-order nonlocal scale parameter µ1 leads to
a decrease in the nondimensional natural frequency. It can still be concluded that at small values of the
strain gradient scale l, increasing the nonlocal parameter µ0 has more effects on decreasing the nondi-
mensional frequency than increasing the higher-order nonlocal parameter µ1. With the increasing strain
gradient scale l, increasing the nonlocal parameter µ1 has more effects on decreasing the nondimensional
frequency than increasing the higher-order nonlocal parameter µ0. To have a better understanding of this
issue, variations of the frequency ratio

kωn =
ωn

ωnc
, (77)

are plotted in figures 5–7 with respect to the nonlocal scale parameters µ0 for different values of the
strain length scale l and the nonlocal parameter µ1, where ωn is the nondimensional frequency calculated
using the nonlocal theory (for the parameters of system (59)) and ωnc is the nondimensional frequency
calculated using the classical local theory (for the parameters of system (64)). This frequency ratio
serves as an index to quantitatively estimate the effects of the nonlocal parameters µ0 and µ1, and the
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l2 (nm2)
µ0 (nm2) µ1 (nm2) 0 1 2 3

0 0 5.4110 (5.4110) 5.7233 6.0195 6.3018
1 5.4110 5.6960 5.9674 6.2270
2 5.4110 5.6730 5.9235 6.1638
3 5.4110 5.6535 5.8860 6.1097

1 0 5.1101 (5.1102) 5.4398 5.7506 6.0454
1 5.1101 5.4110 5.6960 5.9674
2 5.1101 5.3868 5.6500 5.9014
3 5.1101 5.3663 5.6107 5.8449

2 0 4.8446 (4.8446) 5.1911 5.5159 5.8226
1 4.8446 5.1609 5.4500 5.7416
2 4.8446 5.1356 5.4110 5.6730
3 4.8446 5.1140 5.3700 5.6142

3 0 4.6075 (4.6075) 4.9706 5.3089 5.6269
1 4.6075 4.9391 5.2497 5.5430
2 4.6075 4.9126 5.1998 5.4720
3 4.6075 4.8900 5.1571 5.4110

Table 7. Nonlocality parameters and strain gradient length scale effects on the first
nondimensional frequency ω1 in the UTR case when p = 1, L/h = 20, 1T = 30 K.

strain length scale l on the vibration solution. It can be clearly seen from the figures that the frequency
ratio is less than unity when l = 0, regardless of the values of the nonlocal parameters µ0 and µ1. The
frequency ratio has higher values for higher frequencies. It is observed that increasing the nonlocal
parameters will decrease the frequency ratio and decreasing the strain gradient length scale will decrease
the frequency ratio. With an increase in the order of frequency, the greatest influence on the frequency
ratio is exterted by the nonlocal parameter µ1. In the cases where the strain gradient length scale is zero
(see (70)), variations of the nonlocal parameter µ1 will have no effect on the frequency ratio. In the case
when l2

= µ0 = µ1, the frequency ratio is one for all orders of frequency and all values of the nonlocal
parameters µ0 and µ1 and the strain length scale l.

4. Conclusions

This paper investigates the thermal buckling and vibration of the FG nanobeam subjected to different
temperature distributions in the through-thickness direction (UTR, LNR and NLTR). By using the vari-
ational approach, the equations of motion are obtained based on the Timoshenko beam theory within
the framework of the higher-order nonlocal strain gradient theory. The effect of the nonlocal parameters
and strain gradient length scale on the critical buckling temperature and nondimensional frequency is
observed. Numerical results are presented for certain characteristics of the rectangular cross-section of
the beam. It is concluded that an increase in the nonlocal parameters will decrease the critical buckling
temperature and nondimensional frequency, while a decrease in the strain gradient length scale will lead
to a decrease in the critical buckling temperature and nondimensional natural frequency. For small values
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l2 (nm2)
µ0 (nm2) µ1 (nm2) 0 1 2 3

0 0 22.9433 (22.9447) 27.2682 30.9954 34.3203
1 22.9433 26.1168 28.9445 31.5195
2 22.9433 25.4508 27.7325 29.8402
3 22.9433 25.0162 26.9301 28.7166

1 0 19.2535 (19.2547) 24.2458 28.3729 31.9716
1 19.2535 22.9433 26.1168 28.9445
2 19.2535 22.1821 24.7668 27.1062
3 19.2535 21.6821 23.8649 25.8641

2 0 16.8433 (16.8443) 22.3799 26.7959 30.5807
1 16.8433 20.9617 24.3944 27.4004
2 16.8433 20.1257 22.9433 25.4508
3 16.8433 19.5733 21.9666 24.1236

3 0 15.1044 (15.1054) 21.1022 25.7384 29.6585
1 15.1044 19.5918 23.2279 26.3672
2 15.1044 18.6947 21.6988 24.3349
3 15.1044 18.0986 20.6634 22.9433

Table 8. Nonlocality parameters and strain gradient length scale effects on the second
nondimensional frequency ω2 in the UTR case when p = 1, L/h = 20, 1T = 30 K.

l2 (nm2)
µ0 (nm2) µ1 (nm2) 0 1 2 3

0 0 51.2311 (51.2374) 70.7310 85.9135 98.7896
1 51.2311 62.3227 71.7190 80.0194
2 51.2311 59.0016 65.8615 72.0715
3 51.2311 57.2152 62.6300 67.6126

1 0 36.9478 (36.9524) 61.1833 78.2409 92.1949
1 36.9478 51.2311 62.3227 71.7190
2 36.9478 47.1349 55.4820 62.7280
3 36.9478 44.8786 51.6046 57.5498

2 0 30.1914 (30.1952) 57.3565 75.2863 89.7010
1 30.1914 46.5941 58.5705 68.4835
2 30.1914 42.0485 51.2311 59.0016
3 30.1914 39.5027 47.0044 53.4636

3 0 26.0345 (26.0379) 55.2815 73.7177 88.3886
1 26.0345 44.0146 56.5400 66.7553
2 26.0345 39.1708 48.8969 56.9865
3 26.0345 36.4244 44.4487 51.2311

Table 9. Nonlocality parameters and strain gradient length scale effects on the third
nondimensional frequency ω3 in the UTR case when p = 1, L/h = 20, 1T = 30 K.
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l2 (nm2)
µ0 (nm2) µ1 (nm2) 0 1 2 3

0 0 5.6111 (5.6105) 5.9136 6.2013 6.4763
1 5.6111 5.8871 6.1506 6.4033
2 5.6111 5.8648 6.1080 6.3418
3 5.6111 5.8459 6.0716 6.2891

1 0 5.3209 (5.3204) 5.6390 5.9400 6.2265
1 5.3209 5.6111 5.8871 6.1506
2 5.3209 5.5878 5.8425 6.0865
3 5.3209 5.5679 5.8044 6.0316

2 0 5.0659 (5.0654) 5.3989 5.7126 6.0100
1 5.0659 5.3699 5.6576 5.9313
2 5.0659 5.3455 5.6111 5.8648
3 5.0659 5.3247 5.5715 5.8078

3 0 4.8391 (4.8388) 5.1868 5.5126 5.8201
1 4.8391 5.1565 5.4555 5.7389
2 4.8391 5.1311 5.4073 5.6701
3 4.8391 5.1094 5.3662 5.6111

Table 10. Nonlocality parameters and strain gradient length scale effects on the first
nondimensional frequency ω1 in the LTR case when p = 1, L/h = 20, 1T = 30 K.

l2 (nm2)
µ0 (nm2) µ1 (nm2) 0 1 2 3

0 0 23.1537 (23.1492) 27.4544 31.1673 34.4827
1 23.1537 26.3086 29.1237 31.6897
2 23.1537 25.6460 27.9167 30.016
3 23.1537 25.2138 27.1178 28.8967

1 0 19.4947 (19.4913) 24.4479 28.5544 32.1404
1 19.4947 23.1537 26.3086 29.1237
2 19.4947 22.3979 24.9658 27.2931
3 19.4947 21.9017 24.0692 26.0571

2 0 17.1127 (17.1100) 22.5942 26.9843 30.7540
1 17.1127 21.1871 24.5956 27.5860
2 17.1127 20.3585 23.1537 25.6460
3 17.1127 19.8113 22.1840 24.3264

3 0 15.4002 (15.3980) 21.3265 25.9321 29.8350
1 15.4002 19.8296 23.4363 26.5577
2 15.4002 18.9417 21.9183 24.5364
3 15.4002 18.3523 20.8914 23.1537

Table 11. Nonlocality parameters and strain gradient length scale effects on the second
nondimensional frequency ω2 in the LTR case when p = 1, L/h = 20, 1T = 30 K.
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l2 (nm2)
µ0 (nm2) µ1 (nm2) 0 1 2 3

0 0 51.4739 (51.4699) 70.9453 86.1214 98.9978
1 51.4739 62.5454 71.9325 80.2287
2 51.4739 59.229 66.0801 72.2847
3 51.4739 57.4455 62.8523 67.8294

1 0 37.2452 (37.2400) 61.4074 78.4509 92.4024
1 37.2452 51.4739 62.5454 71.9325
2 37.2452 47.3889 55.7155 62.9502
3 37.2452 45.1401 51.8464 57.7795

2 0 30.5377 (30.5340) 57.5866 75.4976 89.9086
1 30.5377 46.8499 58.7985 68.6995
2 30.5377 42.3209 51.4739 59.229
3 30.5377 39.7866 47.2589 53.7012

3 0 26.4253 (26.4225) 55.5154 73.9299 88.5962
1 26.4253 44.2793 56.7716 66.9729
2 26.4253 39.4563 49.1458 57.2172
3 26.4253 36.7249 44.7118 51.4739

Table 12. Nonlocality parameters and strain gradient length scale effects on the third
nondimensional frequency ω3 in the LTR case when p = 1, L/h = 20, 1T = 30 K.

l2 (nm2)
µ0 (nm2) µ1 (nm2) 0 1 2 3

0 0 5.6220 (5.6135) 5.9239 6.2112 6.4857
1 5.6220 5.8974 6.1605 6.4129
2 5.6220 5.8752 6.118 6.3514
3 5.6220 5.8563 6.0816 6.2988

1 0 5.3324 (5.3246) 5.6498 5.9503 6.2363
1 5.3324 5.6220 5.8974 6.1605
2 5.3324 5.5987 5.8529 6.0965
3 5.3324 5.5789 5.8149 6.0418

2 0 5.0778 (5.0707) 5.4102 5.7233 6.0201
1 5.0778 5.3812 5.6683 5.9416
2 5.0778 5.3568 5.6220 5.8752
3 5.0778 5.3361 5.5824 5.8183

3 0 4.8516 (4.8450) 5.1985 5.5236 5.8306
1 4.8516 5.1683 5.4666 5.7495
2 4.8516 5.1429 5.4186 5.6808
3 4.8516 5.1213 5.3775 5.6220

Table 13. Nonlocality parameters and strain gradient length scale effects on the first
nondimensional frequency ω1 in the NLTR case when p = 1, L/h = 20, 1T = 30 K.
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l2 (nm2)
µ0 (nm2) µ1 (nm2) 0 1 2 3

0 0 23.1647 (23.1233) 27.4639 31.1759 34.4906
1 23.1647 26.3184 29.1327 31.6982
2 23.1647 25.6560 27.9260 30.0249
3 23.1647 25.2240 27.1274 28.9058

1 0 19.5075 (19.4735) 24.4583 28.5636 32.1488
1 19.5075 23.1647 26.3184 29.1327
2 19.5075 22.4092 24.9761 27.3027
3 19.5075 21.9133 24.0799 26.0670

2 0 17.1272 (17.0980) 22.6054 26.9939 30.7626
1 17.1272 21.1990 24.6060 27.5955
2 17.1272 20.3708 23.1647 25.6560
3 17.1272 19.8239 22.1954 24.3369

3 0 15.4161 (15.3906) 21.3383 25.9420 29.8439
1 15.4161 19.8422 23.4472 26.5674
2 15.4161 18.9549 21.9299 24.5469
3 15.4161 18.3659 20.9034 23.1647

Table 14. Nonlocality parameters and strain gradient length scale effects on the second
nondimensional frequency ω2 in the NLTR case when p = 1, L/h = 20, 1T = 30 K.

l2 (nm2)
µ0 (nm2) µ1 (nm2) 0 1 2 3

0 0 51.4858 (51.3939) 70.9549 86.1302 99.0061
1 51.4858 62.5557 71.942 80.2377
2 51.4858 59.2397 66.0901 72.2942
3 51.4858 57.4565 62.8626 67.8393

1 0 37.2606 (37.1957) 61.4179 78.4600 92.4109
1 37.2606 51.4858 62.5557 71.9420
2 37.2606 47.4016 55.7267 62.9605
3 37.2606 45.1532 51.8582 57.7905

2 0 30.5561 (30.5042) 57.5976 75.5069 89.9172
1 30.5561 46.8626 58.8094 68.7093
2 30.5561 42.3347 51.4858 59.2397
3 30.5561 39.8012 47.2715 53.7127

3 0 26.4462 (26.4025) 55.5267 73.9393 88.6049
1 26.4462 44.2926 56.7826 66.9828
2 26.4462 39.4710 49.1581 57.2282
3 26.4462 36.7405 44.725 51.4858

Table 15. Nonlocality parameters and strain gradient length scale effects on the third
nondimensional frequency ω3 in the NLTR case when p = 1, L/h = 20, 1T = 30 K.
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Figure 5. Variation of the frequency ratio for the first nondimensional frequency of the
SS FG nanobeam with respect to the nonlocal parameter µ0 for different values of µ1

and l2 and LNR (p = 1, L/h = 50).
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Figure 6. Variation of the frequency ratio for the second nondimensional frequency of
the SS FG nanobeam with respect to the nonlocal parameter µ0 for different values of
µ1 and l2 and LNR (p = 1, L/h = 50).
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Figure 7. Variation of the frequency ratio for the third nondimensional frequency of the
SS FG nanobeam with respect to the nonlocal parameter µ0 for different values of µ1

and l2 and LNR (p = 1, L/h = 50).

of the strain gradient scale, the dominant influence is exerted by the nonlocal parameter, while for higher
values, the dominant influence is shown by the higher-order nonlocal parameter. If nonlocal parameters
are equal, then for the values of the strain gradient scale that are smaller than the nonlocal parameter,
the critical buckling temperature and nondimensional frequency are lower than in the classical solution,
and for the values of the strain gradient scale that are higher than the nonlocal parameter, the critical
buckling temperature and nondimensional frequency are higher than in the classical solution. In the case
when the strain gradient length scale is zero, the higher-order nonlocal parameters practically have no
effect on the critical buckling temperature and nondimensional frequency.
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